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Characterizing the physical properties of the stochastic gravitational wave background (SGWB)
is a key step towards identifying the nature of its possible origin. We focus our analysis on SGWB
anisotropies. The existence of a non-trivial primordial scalar-tensor-tensor (STT) correlation in the
squeezed configuration may be inferred from the effect that a long wavelength scalar mode has on
the gravitational wave power spectrum: an anisotropic contribution. Crucially, such a contribution
is correlated with temperature anisotropies in the cosmic microwave background (CMB). We show
that, for inflationary models that generate suitably large STT non-Gaussianities, cross-correlating
the CMB with the stochastic background of gravitational waves is a very effective probe of early
universe physics. The resulting signal can be a smoking-gun for primordial SGWB anisotropies.

I. INTRODUCTION

The recent detection [1, 2] of gravitational waves (GW)
has ushered in a new era for GW astronomy. Opera-
tional and upcoming probes of the gravitational signal
also hold the potential for transformative changes in cos-
mology. From inflation to (p)re-heating [3-6], from cos-
mic strings to phase transitions [7, 8], there is a plethora
of early universe sources of GW that may be within reach
of LISA [9], DECIGO [10], the Einstein Telescope [11]
and other future missions [12]. In this context, one of the
key challenges will be to distinguish primordial sources
from astrophysical ones. Therefore, delivering a compre-
hensive characterization of the stochastic gravitational
wave background (SGWB) signal is paramount. Ob-
servables include the GW amplitude, scale-dependence,
polarization, anisotropies [13-15] and non-Gaussianities
[16]. In this work, we stress the importance of yet another
handle on GW cosmology, namely cross-correlations with
probes of the electromagnetic spectrum. We describe un-
der what conditions the cross-correlation of CMB with
SGWB data may reveal precious information on early
universe physics.

Inflation generates three-point correlation functions of
the scalar-tensor-tensor (STT) type. In the limit of a
long-wavelength (soft) scalar mode, this STT correlator
may be probed by studying the effect of the long mode
on the GW power spectrum. The effect, as we demon-
strate in this paper, takes the form of an anisotropic
GW signal. Because the GW anisotropies are generated
by the same scalar density fluctuations, this anisotropy
is correlated with the cosmic microwave background
anisotropies. This cross-correlation is not only sensi-
tive to primordially-induced GW anisotropies, but also

to those due to propagation of GW through an inhomo-
geneous Universe (see e.g. [17-20]). However, while the
propagation anisotropies are necessarily small, we show
that in the presence of a primordial (squeezed) bispec-
trum component, the cross-correlation can be very large.

Several classes of inflationary models, those generat-
ing a sufficiently large STT-type non-Gaussianity, may
deliver the leading contribution to the GW anisotropies
and can therefore be tested also via cross-correlation.
All such setups go beyond the minimal single-field slow-
roll paradigm. Multi-field models are the prototype of
well-motivated [21] non-minimal inflationary realizations
that may generate large bispectra in the soft limit. Non-
Bunch-Davies vacua exemplify the possibility of excited
initial states whose signatures include a different momen-
tum dependence of the three-point function with respect
to the standard scenario. Finally, models with alterna-
tive symmetry-breaking patterns exhibit a rich and dis-
tinctive phenomenology.

This paper is organized as follows: we begin in Section
IT with a review of the origin of intrinsic (a synonym of
“primordial” for the purposes of our work) and induced
anisotropies of the gravitational wave power spectrum; in
Section III, we cross-correlate the GW anisotropy with
those in the cosmic microwave background and compute
the corresponding statistical uncertainty; we devote sec-
tion IV to a survey of inflationary models that can sup-
port a large STT correlator in the squeezed configuration;
we conclude in Section V.



II. SGWB ANISOTROPIES

In this section, we show how primordial scalar curva-
ture fluctuations, ¢, induce an anisotropic contribution,
daw, to the energy density associated with the SGWB.
We begin by reviewing anisotropic SGWBs to introduce
our notation (see, e.g., Ref. [22]), before focussing on in-
trinsic and induced sources of anisotropy in Sections IT A
and II B, respectively.

Experimental searches for a SGWB signal focus on the
normalized energy density per unit frequency

1 dpcw
Q = — 1
aw(f;x) o dIn f (1)

where p., is the critical density, pgw is the GW energy
density. We have allowed for position dependence via x,
the magnitude |x| accounts for the time elapsed from GW
horizon (re-)entry until today, while & indicates the direc-
tion of observation. The quantity Qaw ([, x) is obtained
by averaging the GW signal over all GW directions 7

Qow(f,x) = % /d2ﬁwgw(f, ax) . (2)

One codifies within wgw (f, 71,x) both an isotropic
part as well as possible SGWB anisotropies.  The
parametrization is (see also e.g. [17-20]) as follows:

wew (f, 7,x) = wew(f) 1 +daw(f, 1,x)] . (3)

In general, there are two distinct effects that source the
anisotropy dgw: intrinsic or primordial anisotropies, and
induced anisotropies. We now consider each case sepa-
rately. We note here that the standard sub-horizon evolu-
tion is implicit in Egs. (2-3). More specifically, in Eq. (3)
it is the factored out term waw(f) to be understood as
the result of the usual time evolution (all the way to to-
day) regulated by the appropriate transfer function.

A. Intrinsic SGWB anisotropies

It is well-known that large non-Gaussianities can in-
duce anisotropies in the SGWB. A case in point is the
analysis of Ref. [23, 24] showing how a large squeezed ten-
sor 3-point function leads to a quadrupolar asymmetry
in the SGWB. In the present work, we consider instead
the STT case arising from a primordial ((yy) correlator.

We work in comoving gauge, where the perturbed
Friedmann-Robertson-Walker line element reads

ds® = —a®(n) {dn® — [(1 = 2¢)dij + ~iz] de'da’ } , (4)

where, 7 is conformal time, ( is the scalar curvature fluc-
tuation, and +;; is the transverse-traceless tensor pertur-
bation. The scalar and tensor power spectra are

Gy Co)' = P (k1) (M6 M) = Py (k1) , (5)

and the scalar-tensor-tensor correlator bispectrum B is
defined as:

Bsrr (ki, k2, 1) = (7, Y Car)' (6)

where the symbol ’ denotes the correlators, excluding the
wavenumber delta functions.

In analogy! with the results of [24], we find that the
existence of mode-coupling, in the form of a non-trivial
squeezed bispectrum, modulates the primordial tensor
power spectrum according to

d3QL

(2r)?

mod
P} (x,k) = Pv(k) [1 —I—/
(7)
where
_ Bsrr(k+aqr/2, -k +qr/2, —qz)

FNL (qLa k) - Pfy(k) PC(qL) . (8)

The modulated spectrum in Eq. (7) is to be understood
as a primordial quantity, i.e. the spectrum at horizon
re-entry for the k modes. Its sub-horizon evolution is
accounted for in standard fashion through the transfer
function in the expression for the energy density Qaw.

We stress here the implicit assumption that the STT
bispectrum in Eq. (8) is one that breaks consistency rela-
tions (CRs). If this were not the case, the leading order
term in the squeezed BspT would amount to a gauge ar-
tifact and the resulting physical contribution would be
suppressed (see Section IV for examples of models that
break CRs).

We further note that the integral in Eq. (7) only spans
large scales (¢, < k). Expressing quantities in terms of
GW frequency and direction, the resulting GW energy
density is

2

7T2 2 1 2 ~ pmod ~
QGw(f,X):gHgf [M/any (f?nvx)]7 9)

and the quantities waw, dgw introduced in Eq. (3) read

272

@Gw(f):?HgﬁPw(f)’ (10)

SR (f, 1y %) = (11)

/ 72d / @iy O By (fuig, ) C(fLiin) |
[fol<If]

where q; = 2nfrny and k = 27 fn. The intrinsic
anisotropy can therefore be very significant in models
with an enhanced STT correlator. In such cases the pri-
mordial contribution becomes the leading one and the
induced counterpart, 58{}\,, to be described in the next
Section, can be safely neglected.

I The pioneering work on fossil fields includes [25-29].

€' Fyp(ag, k) ¢(ag)|



B. Induced SGWB anisotropies

A second source of anisotropy of the SGWB is due
to the scalar perturbations present in an inhomogeneous
universe as primordial GWs travel over cosmological dis-
tances. The effect is the GW analog of the Sachs-Wolfe
effect: long wavelength scalar fluctuations modulate the
GWs frequency and direction and induce anisotropies
in Qgw (see e.g. [17-20]). We consider the case of
scalar fluctuations that re-enter the horizon during mat-
ter domination.? Following [17], we assume the gravita-
tional waves reenter the horizon when the universe can
be treated as a perfect fluid with p = wp. The induced
SGWB anisotropy (see [17, 20] for a derivation) is given
by

s (f =2 (ve1-"D) @, 02)

with v = 2/(1 4+ 3w) and np the standard tensor tilt.
The overall coeflicient on the right hand side of Eq. (12)
is then expected to be of order one. This is to be com-
pared with Eq. (11), whose contribution can be signifi-
cantly larger than the induced term for large primordial
STT non-Gaussianity. Indeed, inflationary models such
as those in Section IV can support signals in excess of
Fni, ~ 103.

In what follows we consider cross-correlation of GW
anisotropies with CMB temperature anisotropies under
the assumption that the former receives the leading con-
tribution via Eq. (11).3

IIT. CORRELATING ANISOTROPIES IN THE
SGWB WITH THE CMB

We now compute the cross-correlations between
the gravitational wave anisotropies and the CMB-
temperature anisotropy, focusing on the contribution due
to gy - The starting point is given by

rim * /A dgk ik-x
5%W,Zm :/dQQE Ylm(x) /k<<k Wek FNL(k7k*)C(k)7

(13)
where Y} (%) are spin-0 spherical harmonics, k. = 27 f.,
is the short modes momentum and, for the sake of sim-
plicity, we consider a Fni, that depends only on the mag-
nitude of the momenta in Eq. (8). Similarly, for temper-
ature anisotropies one has:

T 3 A
b0 = (i) 2T / %n’;ﬂ(k)jz(krlss)c(k% (14)

2 Our conclusions do not depend qualitatively on this assumption.
See e.g. [20] for the general case.

3 Curvature fluctuations also contribute to anisotropies of the as-
trophysical SGWB: ¢ induces matter inhomogeneities in the large
scale structure, where astrophysical GW sources are located. The
amplitude of the resulting SGWB anisotropies are at most of the
order of 64, see e.g. [13].
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FIG. 1. Cross-correlation of the GW anisotropy with the
CMB in the Sachs-Wolfe limit. The correlation decays expo-
nentially with a characteristic scale £, ~ 44.

where the subscript “;ss” in 755 = 1Mo — Mss Signals the
last scattering surface. The resulting angular cross-power
spectrum is

< IC):rIi/II/I,lem ;,(’m’> = 5@[’ 6m,,n/CZGVW_T — (15)

2 . .
Sut St / dk k2o (k r1gs)je (k) e (k. k) P (k) |

where 7, is the time between between today and horizon
re-entry for the tensor modes. The expression in Eq. (15)
can be further simplified under the assumptions of (i) a
scale invariant power spectrum P (k) = (272 /k3) Ag; (ii)
a constant value for Fyr. The corresponding ¢ depen-
dence of CEW~T is represented in Fig. (1), normalised
by CZ_T, for the case of Fx;, = 1. The plot is largely
insensitive to the value of r, so long as this quantity
corresponds to modes that have re-entered the horizon
during radiation era, i.e. those that are relevant both for
PTA and laser interferometers such as LISA.

It is both useful and straightforward [30] at this stage
to provide an estimate of the statistical error in the mea-
surement of the key primordial quantity Fni,. Equipped
with the entries of the matrix

CTT CTfG'W
C, = (CEZGW éeGW ) ) (16)

where CIT = 21 A,/[25¢(¢ + 1)] (in the Sachs-Wolfe
regime), and CF"W is the auto-correlation of GW
anisotropies, we obtain the Fisher matrix for Fxr,

fmax 272
e Z (2€+1)ASIZ.

CTTNGW (a7)

£=Lymin

Iy is given by Iy = (4n/5) [dk - 1/k - jo(kriss)je(kry)
and we have assumed the Sachs-Wolfe approximation
and a noise-dominated regime, CS" ~ NEW  for GW
anisotropies. The error on Fyy, is simply given by § Fnp, =



1/v/F. In calculating 6 Fxy, we follow [31] and adapt* the
associated code schNell to the case of BBO. We refer the
interested reader to [32] for more details. We find that
a relative error of a few percent for d Fny,/Fni, is achiev-
able by BBO if e.g. (i) Fxr ~ 10® and nr = 0.25 or (ii)
Fni, ~ 10° and ny = 0.12, to give a few examples. Here
np is the spectral index of the primordial GW spectrum
and we refer the reader to the next section IV for infla-
tionary models that support a positive np and sizeable
values for Fyr, .

IV. SURVEY OF INFLATIONARY MODELS

The detection of a primordial non-Gaussian signal in
the squeezed (soft) limit by current or near-future probes
would be a tell-tale sign of an early universe scenario be-
yond the single-field slow-roll (henceforth “minimal”) in-
flationary paradigm. Several scenarios that go beyond
the minimal realization break the so-called consistency
relations (CRs). CRs connect the squeezed limit of an
N + 1-point function with its N-point function counter-
part. They stem from a residual diffeomorphism (diff) in
the description of a physical system. CRs are famously
[33] in place for minimal inflationary setups. As a re-
sult of CRs, the leading contribution to the soft bispec-
trum limit can be shown to be a gauge artifact (see e.g.
[34, 35]), thus leading to a suppressed physical signal.
Crucially, whenever CRs are broken, the leading three-
point function contribution may be physical, which can
lead to enhanced signals in the squeezed limit.

Schematically, CRs are broken (i) whenever several
long modes transform both non-linearly and indepen-
dently under a residual gauge diff; (ii) when the vac-
uum is modified with respect to the “minimal” Bunch-
Davies prescription; or (iii) whenever the inflationary
background breaks space diffs or, in general, has a dif-
ferent symmetry breaking pattern from standard single-
clock inflation. In addition to CRs breaking, a feature
for the models we are after is a blue-tilted tensor power
spectrum, or more broadly one that is significant at small
scales. This is already known to occur when isocurvature
fields are present [36] and alternative diff breakings con-
sidered [37, 38].

We now provide an estimate of the size of the STT cor-
relator for a general class of multi-field models that falls
under category (i). We then argue that it is reasonable to
expect an enhanced signal also in classes of inflationary
models belonging to category (ii) as well as (iii).

4 We are indebted to Ameek Malhotra for precious help and insight
on this matter.

FIG. 2. Top: o-sourced contributions to the scalar (A) and
tensor (B) power spectra. Bottom: main contribution to
(¢¥7). The solid line stands for ¢ propagators, wiggly lines are
for ~, dashed lines are for 0. The bispectrum diagram at the
bottom relies on the po® interaction in the cubic Lagrangian
(see 3rd line of Eq. 18) for the vertex. It builds instead on
the oom and o2y mixing in the quadratic Lagrangian (1st line
of Eq. 18) to contract external legs with internal ones.

A. Isocurvature fields

Consider a setup comprising an extra spin-2 particle
045 during inflation. We focus on the case of a 0;; directly
(i.e. non-minimally) coupled to the inflaton field. This
allows 0;; to be effectively light compared to the Hubble
scale and, in turn, the bispectrum to have a significant
squeezed component [39, 40]. The mixing quadratic and
cubic Lagrangian of the effective setup read

SO [|dtdPza| - -2
—/ “[ V2eH

— /dtd3x a3 |:26H+]\4Pla_2(ai7rcajﬂ'cdij

+2HO;m 0jme07) + u(o)? 4 ... } ,

afz&ﬁjwca” + 59% ijo'”:|

(18)

where m is the mass of the spin-2 field, . = yMp;, and
. = +/2e; HMp 7 is the canonically normalized Gold-
stone boson, linearly related to the curvature fluctuation
via ( ~ —Hm. The quantities g, u are coupling con-
stants, and ¢; labels the sound speeds for the helicity
modes (0,1,2) of 0;;. For completeness, we provide here
the free part of the quadratic action for o (see [39] for a
derivation):

Slo] = L [ dtda®a® [(dw‘ )2 — Ba~2(9;07)?

[\SI[9N)

(3~ B)a2(Br0)? — m3(0¥)2].

The diagram at the bottom of Fig. 2 represents the
leading-order contribution to (¢yv). We focus on the
c2 < 1 regime where the leading contribution to met-
ric tensor modes is due to o;; (Diagram B at the top of
Fig. 2). One can estimate, via the in-in formalism, the
amplitude of the bispectrum contribution to obtain

1
~AYV2A (2 Y L o
<C’Yy> o—mediated ¢ v (H\/g (H) C%V ’( 0)

where, as in the setup of Ref. [39], we impose u/H <
1, g/(Hy/€) <1, and A7 = k*P, ¢(k)/27. The ampli-

(19)



tude of the bispectrum then reads

NL PC P’Y @) ( ) X C%” Aé/z ( )

For very light extra field content, a scaling of the form
~ 1/(k3k3) is expected in the squeezed configuration of
the bispectrum. Sizable STT non-Gaussianity is there-
fore possible by virtue of the terms 1/A¢ and 1/c3”, given
that co < 1. For a nearly massless extra spin-2 one has
v ~ 3/2, which gives overall Fyi, « 1/c3. Assuming
conservatively that the small factor O(u/H) due to p/H

and g/(H+/e) is counterbalanced by Agl/Q, a value of the

sound speed® in the range 1/100 < ¢z < 1/10 corresponds
to Fit, ~ 10% — 10°. These numbers are not expected to
qualitatively change upon performing the full calculation
through the in-in formalism. We leave this to future
work. The enhanced bispectrum in Eq. (21) motivates
our analysis of cosmological (cross-)correlations sensitive
to a squeezed primordial signal. It is worth stressing at
this stage the following notion. Both a non-trivial GW
power spectrum scale dependence (e.g. a blue tilt) and a
sufficiently large STT non-Gaussianity are necessary for
the signal we are after to be detectable. We shall point
to recent literature [36, 41] that shows how, for exam-
ple, the effective field theory description of isocurvature
modes just discussed can satisfy both such conditions.
The work in [41] showed in particular how such set-up
can generate a tensor tilt np ~ 0.27, certainly within
reach for BBO, and a sufficiently large STT i.e. one in
the 10% < Fyp, < 10° range, whilst satisfying all available
CMB bounds.

In order to provide a broader overview of models that
may engender a large squeezed STT correlator, we now
move on to setups with, respectively, excited initial states
and alternative symmetry breaking patterns. Our analy-
sis in what follows is more qualitative in nature compared
to Subsection A; we leave a more in-depth study for fu-
ture work [42].

B. Excited initial states

The existence of a pre-inflationary era may be probed
by exploring the signatures of excited initial states. In
the most general case, both scalar and tensor fluctuations
can have non-Bunch-Davies (nonBD) initial conditions.
NonBD initial states were first investigated for the scalar
degree of freedom in single-field slow-roll (SFSR) infla-
tion [43] and then extended to the effective field theory
(EFT) framework [44]. For derivative interactions such
as those in the EFT (e.g. e, ('(aig)2), the squeezed limit
of (¢3) has a ksnort/kLong €nhancement with respect to

5 This range of values for cz is safe in terms of observational con-
straints, perturbativity, and stability [36, 39].

the so-called local shape.® This is particularly relevant
for correlations between modes at widely different scales.

We use the analogy with the scalar bispectrum to es-
timate the ((y7y) momentum scaling when interactions
beyond those of SFSR are considered. Let us focus on in-
teractions present in the EFT approach to inflation [45].
One may recall that for ((3), the typical interactions in
the EFT of inflation are (3 | ((8;¢)2. Because analogous
interactions can be found in the cubic tensor and STT
Lagrangians (see e.g., [46]), we expect in the EFT case
a kg/kr enhancement for ((yy) similar to the one for
(¢3)|grr. Furthermore, using an EFT framework, Ref.
[47] finds that tensor-scalar-scalar bispectra are amplified
for nonBD initial states, which supports our expectation
of a large squeezed ({v7) signal.

C. Alternative symmetry-breaking patterns

In solid inflation [37], scalar fields with a space-
dependent background break spatial translations and
rotational invariance. The homogeneity and isotropy of
the cosmological background is preserved by resorting
to internal symmetries of the theory. The violation
of consistency relations in solid inflation, including
for (¢y7), has been verified [48], with a scaling of the
squeezed limit bispectra similar to the local template.
This result implies a strong enhancement with respect to
SFSR inflation which can potentially be constrained by
means of CMB-interferometer cross-correlations studied
in this paper. Similar considerations apply for supersolid
inflation [38, 49], a related scenario with non-standard
symmetry breaking patterns. We conclude that this
class of models can deliver a naturally large signal
for mixed bispectra that can potentially be tested via
CMB-interferometer cross-correlations.

It is worth to point out at this stage that it is in prin-
ciple possible to distinguish among the various classes of
models in section IV by focussing, for example, on the
k scaling of non-Gaussianities in the squeezed configu-
ration. As mentioned above, in the case of excited ini-
tial states the three-point function is enhanced w.r.t. the
standard single-field slow-roll scenario by integer pow-
ers of kg/kr. This is in contradistinction to the case
discussed in subsection IV A whose three-point function
momentum scaling is generally non integer (i.e. non ana-
lytical) in powers of kr,/ks. The exponent x in (kg/ky)*
will depend on both the mass and the spin of the iso-
curvature field(s) [50]. As for models such as solid infla-
tion (section IV C), the STT scaling is the same as the
leading term in single-field slow-roll inflation (but the
tensor spectrum is blue in solid inflation). It is therefore
different from both the one for the class of models in sec-
tion IV A (unless mass and spin of the iso-curvature mode

6 The local template has a simple scaling ~ 1/(kiong kghort)'



combine in such a way as to precisely give an analytical
scaling) and those in section IV B.

V. CONCLUSIONS

The past few years have witnessed an explosion of
new exciting opportunities for gravitational wave physics.
The detection of signals from astrophysical sources has
provided key tests of the models of stellar evolution, as-
trophysics, gravity, and dark energy. Ground based and,
in the near future, space-borne interferometers hold the
potential to test the very early universe, including the
inflationary era where many models produce GW signals
that can be detected by e.g., LISA observatory. In this
work, we have investigated how to further characterize
the primordial component of the stochastic background
of GW. The physics corresponding to the existence of a
non-trivial intrinsic squeezed bispectrum can be probed
by studying the GW power spectrum anisotropies. This
is the case in particular for the STT correlator. Our anal-
ysis takes a step further and cross-correlates STT-sourced
GW anisotropies with CMB temperature fluctuations.
We find that for sizeable primordial non-Gaussianities,
Fni, = 103, the intrinsic contribution dominates GW
anisotropies and can be tested via cross-correlation with
the CMB. The corresponding statistical error is of the or-
der of a few percent. We conclude that large correlations
between the SGWB and CMB would be strongly sugges-
tive of a primordial origin for the SGWB anisotropies.
Naturally, the effectiveness of cross-correlations as a
probe of primordial physics relies in no small part on the
ever-increasing sensitivity of GW interferometers and de-
pends on their frequency band. For example, a midband
experiment such as BBO/DECIGO would improve de-
tectability with respect to e.g. LISA in two ways: (i) it
has a higher sensitivity to the SGWB and (ii) for a blue
tensor spectral index, the signal is expected to be larger
at those scales.

Our findings call for further investigation into sev-
eral complementary directions. It would be interesting
to perform a detailed derivation of the observables de-
scribed in Section IV-B and IV-C [42]. From a broader
perspective, possible degeneracies with cross-correlations
of astrophysical origin should be accounted for. In par-
ticular, one may explore correlations of the GW signal
due, for example, to white dwarf binaries with CMB
foregrounds (e.g. synchrotron emission, cosmic infrared
background, or Sunyaev-Zel’dovich). While this goes be-
yond the scope of the present analysis, we hope to address
this topic in a forthcoming work.
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