ING'S
OPEN (5 ACCESS College
LONDON

King’s Research Portal

DOI:
10.1016/).fss.2020.12.015

Document Version
Peer reviewed version

Link to publication record in King's Research Portal

Citation for published version (APA):

Han, M., Lam, H. K., Liu, F., & Tang, Y. (2022). More relaxed stability analysis and positivity analysis for positive
polynomial fuzzy systems via membership functions dependent method. Fuzzy Sets and Systems, 432, 111-
131. https://doi.org/10.1016/j.fss.2020.12.015

Citing this paper

Please note that where the full-text provided on King's Research Portal is the Author Accepted Manuscript or Post-Print version this may
differ from the final Published version. If citing, it is advised that you check and use the publisher's definitive version for pagination,
volumel/issue, and date of publication details. And where the final published version is provided on the Research Portal, if citing you are
again advised to check the publisher's website for any subsequent corrections.

General rights
Copyright and moral rights for the publications made accessible in the Research Portal are retained by the authors and/or other copyright
owners and it is a condition of accessing publications that users recognize and abide by the legal requirements associated with these rights.

*Users may download and print one copy of any publication from the Research Portal for the purpose of private study or research.
*You may not further distribute the material or use it for any profit-making activity or commercial gain
*You may freely distribute the URL identifying the publication in the Research Portal

Take down policy
If you believe that this document breaches copyright please contact librarypure@kcl.ac.uk providing details, and we will remove access to
the work immediately and investigate your claim.

Download date: 07. Oct. 2023


https://doi.org/10.1016/j.fss.2020.12.015
https://kclpure.kcl.ac.uk/portal/en/publications/015d0e17-c38b-460d-8b21-e8e99475bd58
https://doi.org/10.1016/j.fss.2020.12.015

More Relaxed Stability Analysis and Positivity
Analysis for Positive Polynomial Fuzzy Systems via
Membership Functions Dependent Method

Meng Han?®, H.K.Lam®*, Fucai Liu®, Yinggan Tang®

“Key Laboratory of Industrial Computer Control Engineering of Hebei Province, Yanshan
University, Qinhuangdao, Hebei 066004, China. (e-mail: 1169140050@qq.com;
lfc@ysu.edu.cn)

b Department of Engineering, King’s College London, London WC2R 2LS, United Kingdom.
(e-mail: hak-keung.lam@kcl.ac.uk;)
¢Institute of Electrical Engineering, Yanshan University, Qinhuangdao, Hebei 066004,
China. (e-mail: ygtang@ysu.edu.cn)

Abstract

In this paper, the conservatism source of the positivity and stability analysis
results of positive polynomial fuzzy-model-based (PPFMB) control system are
studied. Also, in order to improve the flexibility of controller design, a fuzzy
controller that does not depend on the membership functions of the fuzzy model
is designed. In the existing literatures, it is proved that the LCLF can reduce
the conservatism of stability results. However, the LCLF generally results in
non-convex conditions which is still a conservatism source. To handle the non-
convex conditions, the sector nonlinear concept is applied to handle non-convex
terms in stability conditions, and the obstacles caused by mismatched member-
ship functions can be eliminated by PLMF dependent method. In addition, to
relax the conservatism caused by the lack of membership functions information,
the PLMF dependent positivity analysis are performed for the first time. Mean-
while, PLMF dependent method is extended to stability conditions to obtained
more relaxed conditions. Finally, a simulation example is presented to verify

the feasibility of this method.
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linear copositive Lyapunov function (LCLF), sector nonlinear concept,

piecewise linear membership functions (PLMF) dependent method.

1. Introduction

Positive systems are a class of systems whose states are always confined
in the positive orthant whenever the initial conditions are non-negative. Such
kind of systems are common in the practical industry and life, such as energy
market [I], DC-DC power converters [2], and pharmacokinetics [3]. Consid-
ering the practical significance of investigating positive systems, some papers
[4, Bl 6 7, [8, @] started the research process of positive systems from positive
linear systems. Paper [5] established the necessary and sufficient conditions
with quadratic form for the existence of positive observer. Papers [6] and [7]
gave the linear necessary and sufficient conditions based on the consideration of
the properties of the positive system to guarantee the existence of the positive
observer and asymptotic stability of the system, respectively. Whereafter, in
order to facilitate systematic research on the positive systems, the literature
[4] reviewed some basic properties and applications of positive linear systems.
In recent years, some papers [8 [9] investigated positive linear systems by us-
ing linear copositive Lyapunov function (LCLF) because this kind of Lyapunov
function makes the analysis process more concise.

Although the research on positive linear systems has a good foundation, there
are still some problems in the study of positive nonlinear systems. One problem
is that the nonlinear terms in positive nonlinear system model increase the
difficulty of system analysis. In order to deal with the nonlinearity of the positive
nonlinear systems, Takagi-Sugeno (T-S) fuzzy model was used in [10] for the first
time. Whereafter, T-S fuzzy model was widely used in various types of positive
nonlinear systems with different control requirements, including the stability
analysis of positive T-S fuzzy-model-based (FMB) continuous-time systems with
time delay [I1], stability analysis of positive T-S FMB discrete-time systems

with time delay and bounded control [12], stochastic stability analysis of positive
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T-S FMB Markov Jump systems [13},[14], positive L1 observer design for positive
fuzzy Semi-Markovian switching systems [15], stability analysis and synthesis
for switched T-S fuzzy positive systems [16], observer-based control for positive
T-S FMB systems [17], output-feedback control for positive T-S FMB systems
[18], tracking control [19] and filter design [20] for positive T-S FMB systems,
etc.

T-S fuzzy model demonstrates a strong expressing capability for model-
ing the nonlinear dynamics through fuzzy combination of local linear systems.
When polynomial systems are used as local systems as proposed in polynomial
fuzzy model [21], 22], its expressing capability is further enhanced with fewer
number of rules in general. For polynomial fuzzy model based systems, sum
of squares (SOS) based analysis approach is used instead of the linear-matrix-
inequality (LMI) and linear programming (LP) based analysis approaches. Fol-
lowing the SOS based analysis approach, the conditions in terms of SOS are
obtained in work [2I], and the solutions of these SOS-based conditions can be
found numerically by using the third-party MATLAB toolbox SOSTOOLS [23].
To the best of our knowledge, polynomial fuzzy model is rarely applied on posi-
tive systems in the existing literatures. The polynomial fuzzy model will be used
in this paper to model positive nonlinear systems and perform polynomial-based
fuzzy control for those significant advantages.

Another problem for the study of positive nonlinear systems is that the
positivity analysis methods of positive linear systems are not perfect for pos-
itive nonlinear systems. For example, although the positivity conditions of
positive linear systems can guarantee the positivity of fuzzy positive systems
[11, 12 [13), [14], 24] 25] [26], positivity analysis results of fuzzy positive systems
under these positivity conditions are very conservative because these positivity
conditions are membership function independent (MFI). To handle this prob-
lem, the membership-function-dependent (MFD) positivity conditions are given
in this paper for the first time by adapting the positivity conditions shown in
paper [4] and improving the piecewise linear membership functions (PLMF)

dependent method [27].
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In addition to the problems in positive analysis for fuzzy positive systems,
there are also some problems in the stability analysis. For example, in order
to relax the stability analysis results of positive nonlinear systems, by consid-
ering the positive characteristics of system states, linear-copositive-Lyapunov-

function-based analysis method [T, T3], 14 [I8] 28] 29], fuzzy-linear-copositive-

Lyapunov-function-based analysis method [15] and quadratic-copositive-Lyapunov-

function-based analysis method [19, 30, [31] were proposed to replace the quadratic-
Lyapunov-function-based analysis method [32]. However, these Lyapunov func-
tions generally lead to non-convex stability conditions which cannot be directly
solved by convex programming technique such as LMI, LP, and SOS. Therefore,
some iterative algorithms were applied in the exiting literatures [11], [I8] [19] 30],
which may bring computational complexity. In order to avoid this shortcom-
ing of iterative algorithms, the work [14] adopted the convexification method
in work [8] to handle the non-convex conditions derived by LCLF. However,
this convexification method is only applicable to a special nonlinear positive
systems where the input matrix of the sub-systems in the T-S fuzzy model is
required to be a common matrix. In order to make the designed control strat-
egy applicable to a wider range of systems, the work [29] designed a novel fuzzy
controller which allows the input matrices of the sub-systems in the polynomial
fuzzy model to be different, and it allows the imperfect premise matching (IPC)
concept [33] [34] 25 [35] [B7] being used to increase the flexibility of
controller design. IPC concept suggests that the membership functions between
the fuzzy model and fuzzy controller can be different, which provides more free-
dom for the controller design and thus makes it possible to reduce the cost of
controller implementation. However, the membership functions of the controller
designed in work [29] are not completely different from the membership func-
tions of the fuzzy model, they must same with the membership functions of
the input matrices of the fuzzy model. Thus, the controller design in work [29]
is less flexible, which motivates us to design a fuzzy controller that does not
depend on the membership functions of fuzzy model at all, and give an effective

convexification method to handle the generated non-convex conditions.
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In this paper, the stability and positivity of positive polynomial fuzzy model
based (PPFMB) system are investigated. The polynomial fuzzy model is used to
represent a wider range of positive nonlinear systems, and IPC concept is applied
to provide the possible to reduce the controller implementation costs. In order to
relax the analysis results, the MFD positivity conditions are given by adapting
the positivity conditions in literature [4] and using the PLMF dependent method
[27]. Also, its ability to relax analysis results is compared with the ability of
parallel distributed compensation (PDC) method in this paper. Furthermore,
LCLF is applied in this paper to perform the stability analysis. Considering
that the existing literatures have not given effective convexification method for
the non-convex conditions caused by LCLF, an effective convexification method
combining sector nonlinear concept and PLMF dependent method is proposed
in this paper.

The contributions of this paper are listed as below:

1) Flexible controller design:
Under the stability analysis framework based on LCLF, a more flexible
controller design strategy is adopted. Different from the existing litera-
tures, the membership functions of the fuzzy controller in this paper are
allowed to be completely different from the membership functions of the
fuzzy model. This controller design strategy will effectively reduce the

implementation cost of the controller.

2) Convexification of positivity and stability conditions:
For the non-convex conditions caused by LCLF which is applied on the
PPFMB system under IPC concept, an effective convexification method
is first proposed by integrating sector nonlinear concept and PLMF de-

pendent method.

3) The relaxed MFD positivity conditions:
The MFD positivity conditions with a complete proof process are given for
the first time by adapting the existing positivity conditions and adopting

PLMF dependent method, so that more relaxed results are obtained.
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The organization of this paper is as follows. In Section [2| the notations
and the formulation of polynomial fuzzy model, polynomial fuzzy controller are
described. In Section [3} the LCLF is adopted to perform the stability analy-
sis of the PPFMB system, and an effective convexification method is proposed
to handle the non-convex stability conditions. In Section [, the PLMF de-
pendent method is applied on positivity conditions and stability conditions to
obtain more relaxed analysis results of PPFMB system. Also, the PDC analy-
sis method is applied on positive analysis to compare the characteristics of the
PLMF dependent method and PDC analysis method. In Section[f] a simulation
example is provide to illustrate the advantages of the proposed control scheme.
In Section [6} a conclusion is drawn. In Appendix, the proof of Lemma [I] is

provided.

2. Preliminaries

2.1. Notation

The following notations are used throughout the paper. A monomial in
x(t) = [21(t), 22(t), .. ., 2 (t)]" is a function in the form of 2 ()P (t) ... 2% (¢),

where d; > 0,4 € {1,2,...,n} are nonnegative integers. The degree of a mono-

mial is d = ) d;. A polynomial f(x(t)) is an SOS if there exist polyno-
i=1

mials fi(x (), f2(X (£)), ., fn(x (1)) such that f(x(£) = > f2(x (£)), where
fi(x(t)) is a polynomial and m is a nonnegative integer. It i;:cllear that f(x (¢))
being an SOS naturally implies f(x (¢)) > 0 for all x(t) e R”. A < 0and A >0
mean that all elements of A are negative and positive, respectively; A < 0
and A > 0 mean that A is negative definite and positive definite, respectively.
A(@P) denotes the at™ row, 8 column element of A. AP is a vector denoting
the 8 column of A. A(®) is a vector denoting the o' row of A. AT denotes
the transpose of the matrix A. Matrix Q is called Metzler matrix [4], if its off
diagonal elements are all nonnegative. p represents {1,2,...,p}, where p is a

non-zero integer.
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2.2. Polynomial Fuzzy Plant Model

The nonlinear system is described by a polynomial fuzzy model with p rules.

The i** rule is of the following format:

Rule i : IF fy(x (t)) is M{ AND--- AND fy(x(t)) is M},

THEN x(t) = A, (x(t))x(t) + Bi(x(t))u(t)

where x(t) € " and u(t) € R™ are the state vector and control input vector
of the system, respectively; n, m are their dimensions, fy(x (¢)) is the premise
variable and Mfé is the fuzzy set corresponding to its premise variable in rule 1,
i€p, ¥ €, and ¥ is a positive integer; A;(x(t)) € R"*", By(x(t)) € R"*™
are the known polynomial system matrices and input matrices, respectively.

The dynamics of the nonlinear system is defined as follows:

x(t) = Z wi(x(8))(Aq(x())x(t) + Bi(x(t))u(?)), (1)
3 P Y
where w;(x(t)) = 0];[1 tars (fo(x(¢)))/ kZ::1 191;[1 tiars (fo(x (1)) is the normalized

P
grade of membership, w;(x(t)) > 0, and > w;(x(t)) = 1; pupgi (fo(x (1)) is the
i=1
grade of membership corresponding to the fuzzy term M}.
Definition 1. The polynomial fuzzy system 1s said to be positive only if for

every mnonnegative initial state, its state variables and outputs are all nonnega-

tive.

By adapting the proof of the positivity conditions in reference [4], the posi-
tivity conditions of the PPFMB system are given in the following lemma.
P
Lemma 1. A polynomial fuzzy system (1) is guaranteed to be positive if >, w;(x(t))A;(x(t))
i=1
p
is a Metzler matriz; input matrices satisfy the conditions that > w;(x(t))B;(x(t)) >

i=1
0 when u(t) is nonnegative.

Proof 1. The proof of Lemmal[] is given in the Appendiz.
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2.8. Polynomial Fuzzy Controller

The IPC concept is adopted to design a polynomial fuzzy controller with p
rules for the polynomial fuzzy system , the j*" rule of the polynomial fuzzy

controller is as follows:

Rule j : IF g1 (x (t)) is N{ AND--- AND g,(x (£)) is N7,
THEN u(t) = G;(x(t))x(t)
where gg(x(t)) is the premise variable and Ng is the fuzzy set corresponding

to its premise variable in rule j, j € p, ¥ € ¢, and ¢ is a positive integer. The

polynomial fuzzy controller is defined as follows:

= > my (1) Gy (x()x(), (2)

¢ p ¢
where my;(x(t)) = 191;[1 pys (99 (x (1)))/ k; 191;[1 pnvi (99 (x (1)), m;(x(t)) = 0, and

)
> omj(x(t) = 1; Fini (go(x(t))) is the grade of membership corresponding to

the fuzzy term Ng. G, (x(t)) is the polynomial fuzzy controller gain, which is

defined as G;(x(t)) = ST lm:(;c?t))]iJTL];g((izzt))em € R™*" where X is the Lya-

punov function variable which will be introduced in the following section; e,, =

[1,..., 1T € Rm*1 ek denotes only the k" element of e,, is 1, other elements
are 0; Dj,(x(t)) € R'*™ is to be determined, ¢« € m . For example, m = 2, n =
3, ey = [LO]", ef = (0,17, Dyu(x(t) = DY (x(1)). D37 (x(1)). DJY (x) (1),
D (x(t)) = [DJ3) (x(1)), D33 (x(1)), D3 (x)(1)], 12y 1, D (x(1)) =

DY (x(1) x(1))
) DR (x(t) x(t))
Remark 1. In reference [8], the linear positive system was investigated, and
the controller was design as % to avoid the non-convex terms in sta-
bility conditions. When T-S fuzzy positive system is investigated in [T, this
kind of controller also can be applied to obtained convex conditions. However, it

need to limit the input part of the system to be linear, which means that B; = B
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for any i € p. In this paper, in order to eliminate this restriction, the mem-

bership functions dependent controller gain S 2z ‘(iﬁﬁgﬁifi)em 1s designed. It

can be seen that the membership functions in the denominator of this designed
controller gain are consistent with the controller membership functions, so this
novel controller allows that the membership functions between the fuzzy model

and the fuzzy controller are different.

3. Novel Stability Analysis Results for PPFMB System

In the following analysis, for simplicity, the time ¢ is dropped for the situation
without ambiguity. From (1) and , the closed-loop control system is rewritten
as follows:

P D
=D > wix)m;(x)[(Ai(x) + Bi(x)G;(x))x]. (3)
i=1 j=1

In order to make the PPFMB control system positive and asymptoti-
cally stable, the polynomial fuzzy controller is designed through the following

Theorem.

Theorem 1. For the PPFMB control system , if there exist A € R™"*1, poly-
nomial vectors Dj,(x) € R1*" and Dj(x) € R1*", Vj € p, ¢ € m, polynomial
scalars Yy, and R, Vk € {1,2,3,4}, ke {1,2,3}, v € p, s € g, such that the
following SOS-based conditions are satisfied:

vIA@D — ey is SOS; Yaen (4)
v (DS (x) = DS (x))w is SOS, Vj € p,o € m, B € m; (5)
— T (@Y (x) — 22(x))v is SOS, Vi, j € p,av € m; (6)
— (857 (x) — ea(x))v is SOS, Vi, j € p,ov € s (7)
v (Vi (x) — e4(x))v is SOS, Vk € {1,2,3,4},v € p; (8)
V! (Viw(x) — 0,(x) — e5(x))v is SOS, Vk € {1,2,3,4},v € p; (9)
v (Ry (x) — e6(x))v is SOS, Vi € {1,2,3},< € o; (10)
VT (Miyig.ins (%) — e7(X))v is SOS; Vi, ia, ... in € {1,2},s €a (11)
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I/TAgilizmiﬁg(X)l/ 8 SOS, Vil,ig, s, lp € {1,2},§ ca (12)
VTA3Z‘1¢2“,%§<X)V 18 SOS, Vihig, e, lp € {1, 2}, seao (13)

VT(GE?S’B) (x) —es(x))v is SOS, Vi, j,s € p,a# B €n. (14)

where 15 (x) and Eg;j(x) are defined in and , respectively; Aiiyiy.. i,¢(X),
Noiyin.inc(X) and As; 4y 4. c(X) are defined in , and , respectively;
@E?S’ﬁ )(X) is defined in ; fmin and fmax are the predefined positive scalars;
v is an arbitrary vector independent of x with appropriate dimensions; €1 > 0,
ea(x) >0, ..., es(x) > 0 are predefined scalar polynomials, then the system
1s asymptotically stable and positive. The polynomial fuzzy controller gain can

be obtained by G;(x) = Zgz?ﬁl(iggggi’(‘i)em.

Proof 2. This proof contains two parts. The first part provides the derivation
process of stability conditions, so the title of this part is Stability Analysis. Cor-
respondingly, the part titled Positivity Analysis provides derivation process of

the positivity conditions.

Part I: Stability Analysis

In order to perform stability analysis, a LCLF candidate V(x) = xT X is
chosen, where every element of A € R™*! is positive. The time derivation of
V(x) is as follows:

V(x)=xTA
=33 i om; ()xT (A (0) + Bi(0)G () TA  (15)
i=1 j=1

The polynomial fuzzy controller gain G;(x) has been designed as G;(x) =

7 :L:l(z")\]?g(’&)e . Suppose that there exist polynomial vector variables ljj(x)
T ms s(X)em

such that f)j(x) = Dj,(x), Vi € m, which means that the k' element of every
D, is less than the k™ element of D;(x), where k € n, then can be derived

as follows:
V(x)

10
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e
M=

wi(x)m; (x)x" (AL ()X + G (x)B] (x)A)

i=1 j=1
Y 2oty DJ, (%) (e},)"
= wi(x)m; (x)x" AT ()X + =57 T Bl (A
;; ’ 2 ms( JenBI (x)A
Y >t DY (x)(ep)”
= wi(x)m; (0)x" (AT ()X + =57= T Bl (N
2 2w, S m (X)L BT GO
P P m et TRT
2ima Wi(¥) D22 (er) " By (X)A
= ( ) TAT A_Ar_ ms [ X) 1= 1=
; Z D, Ymims(x)ef, BI(x)A
(16)
where 3" (el )T = el .
Remark 2. In reference [29], the non-convex term i i%l(rzns(x)efnngT(f’;( X)A

s avoided by making the membership functions of the fuzzy controller consistent
with the membership functions of the input part of the fuzzy model. Although
this method makes stability analysis easier, it reduces the flexibility of controller
design. In this paper, in order to increase the flexibility of controller design, a
fuzzy controller that does not depend on the membership functions of the fuzzy
model at all is designed, and an effective method to deal with the non-convex

. m L \NTRT
term Zg;lzqff(xz}if);(fg; (’1(3)&(;:))\ is proposed in the following.
s=1 s mos

. v \T
For the non-convex term Zf:gﬁ:?ﬂ%ix)e& B)T(f) GO m , the sector non-

ms

- P w;(x m (et YTBT (x
linear technique [38] is applied on the nonlinear term f(x) = 2 1215( Ex)ifT B)T(f'); LY
=1

Assume that positive scalar foin and frmee are the minimum and mazimum
value of f(x) in the operating domain of x defined in prior, respectively. Then,
according to the sector nonlinear technique, the nonlinear term f(x) is repre-

sented as follows:

f(X) = Hm (X)fmin + pm2 (X)fmaau (17)

f(x) fmaz ( )

where pyp(x) = e, e (x) = 1 — vt (X). fronax and foin are two

constants that are slightly greater than and less than 1 respectively in a case

that w;(x) and m;(x) are closed to each other.

11



According to , it follows from that:

> wix)xTAT (A + ; ()% DT (x) i1 o <1 ;Z( . E%l ;BZT(B) A( X)A

=Y wi)x"AT (A + Y m;(x)x" D (x Zuw
i=1 j=1
2 p
:ZZZMML xX)w; (x m]( X)X T<AT( )A""DT( ) 1), (18)
1=1 i=1 j=1
where fl = fmzn and f2 = fmaz'
Defining
E1ij(x) = AT (X)X + DT (%) frin, (19)
EZij (X) = AzT (X)A + ﬁgr(x)fmam (20)

Since 0 < pngt (X), iz (x) < 1, the condition V(x) < 0 can be guaranteed by

Z Zwi(x)mj(x)auj(x) <0, (21)
Z Z wi(X)mj (X)EQij (X) <0, (22)
oo i i) (@) BN (23)

s—1ms(x)ef, BT (x)A

The conditions and can be guaranteed by E1,;(x) < 0 and Ba;;(x) <
0, Vi € p,j € p, which are expressed in terms of SOS in @ and , However,
the difficulty of analysis is that the restricted condition cannot be guaran-
teed when membership functions are ignored. Thus, the MFD analysis method
needs to be used. In this paper, the PLMF dependent method [27] is adapted to
apply on the condition , The membership functions w;(x) and ms(x) are
approzimated by PLMFs 1;(x) and 1s(x). Suppose that there are d,. + 1 inter-
polation points for state variable x,, the number of substate spaces of x, is d,
and the overall state space W is divided into o connected substate spaces which

are denoted as W, ¢ € o, 0 = [[_,;d.. In substate space W, the original

12
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membership functions are denoted as w;c(x) and msc(x), and they are approx-
imated by PLMF's ;c(x) and 1hsc(x). Then, in whole state space, the PLMFs

are defined as follows:

Z Pq (x)ic (x
= Z%(X) Z Z Y T vries @) G (24)

tha=1r=1
Z‘pc X) Mg (x
o 2 2 2 @
=Y o) > > [T vrive@e)nsivin i (25)
=1 —lis=1 ip=lr=1

where N is the number of the system state variables on which the membership

functions w;(x) and m;(x) depend; oc(x) =1 if x € Oe; o (x) =0 if x ¢ P ;

the predefined interpolation functions vy .c(x,) have the properties that 0 <
Upi, (@) <1 and vpic(zr) +vpac(zr) =1 forr € i, 4, € {1,2}; constant scalars
Ciivig...in 0Nd Nsiyiy.. i, denote the values of the membership functions w;(x) and
ms(x) at the interpolation POINt X = [T14,,T2ig, - - - Tii, ], respectively.

It is difficult to obtain an approximate function without error, so approxi-
mation errors need to be considered when approximation functions are intro-
duced in conditions. Defining Aw;c(x) = wic(x) — Wic(x) and Amg(x) =
Mse(X) —Mse(X) as the approzimated errors of w;(x) and mg(x) in the substate
space W, respectively. The lower and upper bounds of Aw;.(x) are denoted as
3;. and &,, the lower and upper bounds of Am (x) are denoted as Py and pg. .

1S
Referring to . denote 0;(x) = 3" (e4,)TBT (x)A and 05(x) = eI, BT (x)A,

771 m

S w0 X <,,L>TBT<x>A 5P wi ()6 (x)
then S R T BIGOA S ma (00, (0

Suppose that there exist positive decision variables Y1;(x) such that Y1,(x) >
0;(x), based on the PLMF dependent analysis method, the following conditions

can be obtained:

P

> wi(x)0i(x)

=1

13



s=1 =1
<D 0e(x) D (i (x) + 8;)0i(x) + (Bic — 8;0)Y1i(x)]
=1 i=1

Similarly, suppose that there exist positive decision variables Ya;(X) such that

Y2,(x) > 0;(x), the following conditions can be obtained:

> m0n)
_ ; oe(%) é[(m () + Bi)0s(3)  (w36) — g () — B )]
> Z 2c(x) i[(wk () + Ti0)61(x) + (8, — Fo) Var ()]
W, (%) @)

Following the same line of the above, suppose that there exist positive deci-
sion variables Yz (x) such that Y3s(x) > 04(x), the following conditions can be

obtained:

o D

< ee(x) D [(se (%) + p, )05(x) + (B — 2,

s=1 s=1

)Y3s(x)]

S

Suppose that there exist positive decision variables Yys(x) such that Yis(x) >

0s(x), the following conditions can be obtained:

g p

> 0a(x) Y [(1se(%) + Puc)bs(x) + (P, — Pug) Vs (%)]

s=1 s=1

=M, (x). (29)

14



Then, the following inequation can be obtained:

W, (x) < Ef:l w;(x) ET (e )TBT( )A < \\
My(x) = Xiims(x)elBI(x)A  ~

(30)

2=
SN
LIk

x Wo(x w;(x m BT (x)A
1f Fnin < 2200 and J2CL < [ are guaranteed, fngn < ZiAp IS ) BLLOX o

fmaz can be satisfied. In addition, since Y °_, my(x)0s(x) > 0, (28) can lead to
Mpy(x) > 0. Thus, can be guaranteed by the following inequality:

M,(x) > 0. (31)
wa(x) - fmanG(X) Z Oa (32)
fmaxMe (X) - WG (X) >0, (33)

In addition, in order to avoid false approximation errors caused by the global
searchability of the SOSTOOLS for state variables, the threshold functions are
defined as follows:

2 2
Ef‘g'(x) = Z Z Z H Umrg ‘mem)(l"f‘gmar - ZL’»,@), Vs € g

2 n
i1=112=1 in=1r=1
(34)

where Ticmin 0Nd Ticmar are the minimal and mazimal value of the system

state x; in substate space W, respectively, so &c(x) has the properties that
Erc(x) > 0ifx € . and &c(x) < 0 if x ¢ O . According to the S-procedure
concepts, if there exist positive slack scalars Ric(x), Roc(x) and Rsc(x) such
that:

Ma ( Z Z grs R1§ >0 (35)

Wo(x) = frminMa(x ng ng )Raq(x) >0, (36)

fmaxMe( ZQOC Zfrg R3< = 07 (37)

then , and hold.

15



From , , and , the inequalities , and are

equivalent to the following:

Z‘P< {Z mS< + psg)e ( )"' (/) psg Y4s qu Rlc } >0
¢=1

(38)
Z Pc(x Z [(tic (%) + 805 (x) + (8¢ — 0ic) Yai(x)]
- fmin Z[(Ths§ (X) + Bsg)es (X) + (psg - B }/35 Z STS RQS } > 0
(39)
Z 99% {fmar Z[(mss (X) + lﬁsc)es (X) + (Esg' - ﬁsc)Y‘ls (X)]
— Z (,0g Z wu + 61( 9 ( ) + (Si( - le qu R3< } 2 0
(40)

In the definition [24) and [25). the positive scalars ¢ (x) and vy, (2,) are
2 f )
ia=1 "Ziﬁ,:1 H:}:1 Uri,(zr) = 1 in

substate space W, s0 o (x) and v, (x,) can be removed from the conditions

, and . Thus, these conditions can be guaranteed by the following

independent of rule i and s, and Z =1 Z

conditions:
AliliQ...’i{LC(X) > 0, Vil,ig, ce ,iﬁ S {1, 2},§ co, (41)
Noivig.ine(X) >0, Viy,ig,... 15 € {1,2},¢ € g, (42)
Asivig.ine(X) >0, Viy,ig, ... i € {1,2},¢ € 0. (43)
where

Atiyig...ine(X)

p n
Z[(nszlzg K + Psg)a ( )+ (P Psg Y;ls Z lmmm l7<mam -

s=1 =1

(44)

16
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Asiyiy.ins(X)

p p
= WGiiniaein 4 0:)05(%) + (83 = 8:)Y2i(X)] = frnin D _[(Msiriz...i,, (%) + p, )05 (%)
=1 s=1
-+ (ﬁsg - P Y,?,s Z — Ty gnmn «lrgmaac - «/L'f’)RQC (X)a (45)
r=1
Asiyiy..ine(X)
p p
:fmam Z[(nsilig...iﬁ +ﬁs§)es(x) + (P psg Y4S Z g’ﬂllz 1n +é1§)9 ( )
s=1 =1
+ (Sig — 9 le Z r'rgnun T?'Qmux - xﬁ)R3c(X)~ (46)
r=1

As a result, the condition can be guaranteed by Yi,(x) > 0, Yi,(x) —

= 0y(x) > 0, Ry (x) >0, Vk € {1,2,3,4}, k € {1.2,3}, v € p, < € ¢ and

conditions —, these conditions are expressed in terms of SOS in —
()

Part II: Positivity Analysis

The PPFMB control system can be regarded as a PPFMB system without
input matrices, with A;(x) + B;(x)G;(x) being the system matriz. Similar to
the previous literature [T)], the positivity of the PPEMB control system (3] is

achieved by conditions
AP (x) + Bga’:)(x)Gg’ﬁ)(x) >0; Vi,j € pa#pe€n. (47)

According to the definition of G;(x), ng’ﬂ) (x) in the above condition is
L= 1 ngLB)(x)

20 replaced by ST m GONTBL (e | Due to e, > 0, Bi(x) > 0, A > 0, as a result,
S my(x)ATB(x)en, > 0.

Thus,
(08) () 1 o) () v D5 (%)
A7 (%) +B; ()Z o GON B e
&Y m(x)0"(x) >0 (48)

17



245

250

255

where

ijs

017 (x) = ATB,(x)e, A"V (x) + B{*(x) Y e, DNV (x).  (49)
=1

Then, the positivity of the PPFMB control system can be guaranteed by

the following conditions:

©\%7 (x) > 0; Vi, j,s € p,a# B €n, (50)

ijs

these positivity conditions are expressed in terms of SOS in .

4. Membership Functions Dependent Positivity and Stability Analy-

sis

In the last Section, the positivity conditions and stability conditions all are
MFT conditions, which means that every sub-condition of these basic conditions
for any ¢, 7 and s needs to be positive or negative, so the MFI conditions lead to
conservative results. It should be pointed that PLMF dependent method is only
applied to the restricted conditions for the purpose of handling non-convex
problem in the last Section, the conservativeness of the results caused by the
lack of membership functions information has not been eliminated. Thus, the
PLMF dependent method is applied on all resultant conditions in this section to
relax the results. In addition, considering the characteristics of positivity con-
ditions, PDC-PLMF dependent method (combination of PDC analysis method
and PLMF dependent method) is also applied to the positivity conditions to
compare the ability of PDC analysis method and PLMF dependent method to

relax the results.

4.1. PLMF Dependent Positivity Analysis
According to Lemma [I} the MFD positivity conditions are obtained as fol-

lows:

ZZwi(X)mj (X)ms(x)('-)l(-;‘s’ﬁ)(x) >0, Vi,j,s €p,a# B En, (51)

i=1 j=1s=1

18



In order to handle the membership functions in , PLMF dependent
method is performed in this section. Denote ¢;;5(x) = w;(x)m;(x)ms(x), and
the corresponding PLMF's is denoted as §;;s(x). In substate space ¥, g;;5(x)
and §;;s(x) are denoted by ¢;jsc(x) and §;jsc(x), respectively. Then, PLMF's
ijs(x) can be defined as

Gijs(x) = Z Pc (%) ijsc (%)

o n

2 2 2
=2 06 2, v 2 [ vricl@nmioninniss (52)
=1 1=11i2=1 in=1r=1

In addition, we denote Ag;jsc(X) = ¢ijsc(X) — Gijsc(X) as the approximation
error, and the minimum and maximum values of Ag;;s.(x) are denoted as Qijse
and ;;,, respectively. If there exist positive scalars N¢(x) and positive scalars
FE}ag?)( ) that satisfy I‘( ’ﬂ)( ) > ('“)”aéﬂ (x), Vi, j,5 € p, s € g, a # f3, following

the same line of Sect10n' can be guaranteed by the following conditions:

p p p
Z Z Z Rzgsuu 1,1 ) +§zgsg)®§?sﬂ)( ) + (Qijsg’ - Ezgsg)rz(]ozﬂ)( )]
i=1 j:l s=1
— Tpcmin (xfgmam - wf)N§(x) > 0;
r=1
Vi, j, s € pyit,ia,...,in € {1,2},c €0, a # B €n. (53)

Theorem 2. For the PPFMB control system , if there exist A € R, poly-
nomial vectors D;,(x) € R and D;(x) € R, Vj € p, t € m, polynomial

scalars Yy, (x) and Ry (x), Yk € {1,2,3,4}, ke{1,23},ve P, s € g, poly-
( 713)

ijs

SOS-based conditions are satisfied:

nomial scalars ;527 (x) and N.(x), Vi, j,s € P, S € g, such that the following

vTA@D — ey is SOS, Yo e n

T (DM (x) - D (x)w is SOS, Vj € pooem, B € n;

—~ o~ o~ o~
ot
S Ot

NN N SN

- VT(E%U(X) —e3(x))v is SOS, Vi, j € p,a € n;
- Z/T(Eé?jfl)(x) —e3(x))v is SOS, Vi,j € p,a € n; 57

19



VT (Vi (%) — 0, (x) — e5(x))v is SOS, Vk € {1,2,3,4},v € P; (59)
VT(R]*K(X) — e6(x))v is SOS, Vk € {1,2,3},¢ € o; (60)
VT (Aviyig. 0o (X) — e7(x))v is SOS; Vi, ia, ... i5 € {1,2},s € (61)
VTAQiliQN_iﬁg(X)V 1S SOS, Vil, ig, . ,ifL S {1, 2},§ cao (62)
Z/TAgilhmiﬁg(X)l/ is SOS; Vi, io,...,15 € {1,2},§ co (63)
VT(I‘,E?S"B)(X) —eg(x))v is SOS; Vi, j,s € p,a # € n; (64)
V(057 (x) — O (x) — co(x))v is SOS; Viyjos €pat Ben;  (65)
VT (N (x) — e10(x))v is SOS; Vs € g; (66)

P
ZZZ Figsinia.in (%) + 0172 ) 04507 (%) + (2, = Bijuc) T35 (%))
i=1 j=1 s=1

n

Z ‘Immzn vlr’g'maac - fl;ﬁ)Nq(X) — 511(X)}I/ 8 SOS,

r=1

Vi,j,s €p,a# B En,sEa,ir,ia... iy € {1,2}. (67)

where 15 (x) and Eq;j(x) are defined in and , respectively; Aiiyiy.. i,¢(X),
260 Noiyiy. i o(X) and Asiyiy. i, (X) are defined in , and , respectively;
@E?S’ﬁ )(x) is defined in ; fmin and fmar are the predefined positive scalars;
v is an arbitrary vector independent of x with appropriate dimensions; €1 > 0,
ea(x) > 0, ..., e11(x) > 0 are predefined scalar polynomials, then the system
is asymptotically stable and positive. The polynomial fuzzy controller gains

s can be obtained by G;(x) = 7 ; (i))\?]}é(’(‘i)e .

In Theorem |2} all membership functions w;m;ms, Vi, j,s € p are included
in the positivity conditions. Considering that w;m;m, and w;msm; are the
same membership functions, PDC analysis method can be applied to relax the
conditions. Then, the relaxed condition of can be obtained as follows by

grouping the terms with same membership functions:

ZZZw x)ms(x) (@7 (x) + ©(%7 (x)) > 0,

i=1 j=1s>j

Vi,jep,s>jepa#pBen, (68)

20



Different from the full PLMF dependent positivity conditions , only
the membership functions w;m;ms, Vi, j,s > j € p need to be approximated
by PLMF's and introduced into positivity conditions in , because the terms
which are weighted by membership functions w;m;ms, Vi, j,s < j € p have been
grouped with the terms which are weighted by membership functions w;m;m,
Vi, j, s > j € p. Following the same line of derivation of Theorem@ if there exist

(Vﬁ’)( )

positive scalars N, (x) and positive scalars r that satisfy the conditions

| N ﬂ)( x) > e ﬁ)( ) + e d)(x), Vi,j,s > j € p, the condition can be

ijs ijs isj

guaranteed by the following condition:

M=
M=

p
Z Rijsiyig...in ) +§zgsg)(®£;lsﬂ)( ) eggjﬂ)( )) + (Qijsg - Eijsg)rgjasﬁ)

=1 j=1s>j
n
— Tirscmin <£F§77Lazr - ‘Lf)Nc(X) > 07
r=1
Viaj7s ZJ GBa ilaiQa"'aiﬁ € {172}7 S €g7a7é6 € n. (69)

Corollary 1. For the PPFMB control system , if there exist A € R™*L,
polynomial vectors Dj,(x) € R1*™ and ]jj (x) € RIX" V5 € p L € m, polynomial
scalars Yy, (x) and Ry (x) Vk € {1,2,3,4}, ke {1,2,3}, v € p, ¢ € g, polyno-
mial scalars ngas,ﬁ) (x) and N.(x) Vi,j,s > j € P, s € g, such that the following

SOS-based conditions are satisfied:

VT(A(O"D —e1)vis SOS; Va en

EN|
—_

T (L) (1,6) : . .
D; " (x) = D;, "V (x))v is SOS, Vj € p,e € m, B € n;

X
—

: )(x) —ea(x))v is SOS, Vi, j € p,a € n;

|
<
~
—~
[1]
—~ =~
Q
—
-3
[\

~ o~ o~ o~ o~ o~ o~ o~
3 =
= W

e D D D D O = T

T(Egij? (x) — e3(x))v is SOS, Vi, j € p,a € n;

VT (Vi (x) — e4(x))v is SOS, Vk € {1,2,3,4},v € D;

EN|
ot

(
V! (Yo (x) — 0, — e5(x))v is SOS, Vk € {1,2,3,4},v € p;
T(Rp (%) —e6(x))v is SOS, Vk € {1,2,3},c € o3

-
(=)

X

V(M viyig. i o (X) — 7(X))v is SOS; Viy,ia, ... i € {1,2},s €

VTAQZ‘”‘ZH.%S(X)V 8 SOS, Vi1,i27 .o, lh € {172},§ caog
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VTA3i1i2miﬁg(X)l/ 8 SOS, Vil, 12,...,05 € {1, 2},§ caog (79)

VT(f‘E?S’ﬁ)(X) —eg(x))v is SOS; Vi, j,s > j€p,a# 3 cn; (80)
VT (x) = (0157 (x) + 157 (x)) — 2o (x))v is SOS;
Vi, j,8 > j €p,aF# P eEn; (81)
VT (N.(x) — e10(x))v is SOS; Vs € g; (82)
L ahy (0,6 (a)
VT{Z Z Z[(Kijshhmiﬁ (X> + @ijsg)(ei;; (X) + 912; (X)>
i=1j=1s>j
+ (Qijsg - @stg)fg):ﬁ)] - Z(if - fL‘fg’min)(:L'fg‘mam - xf)Nc(X) - 511(X)}V 18 SOS,
=1
Vi,j,s > jEp,a# B EnEag,iia,... iy € {1,2}. (83)

where 1, (x) and Eq;j(x) are defined in and ([20), respectively; Aiyiy...ins(X),
Noiyin.inc(X) and As; iy 4. c(X) are defined in , and , respectively;
@E;‘S’B )(x) is defined in ; fmin and fmaz are the predefined positive scalars;
v is an arbitrary vector independent of x with appropriate dimensions; €1 > 0,
ea(x) > 0, ..., e11(x) > 0 are predefined scalar polynomials, then the system
is asymptotically stable and positive. The polynomial fuzzy controller gains

can be obtained by G;(x) = Zpiz;}l(z:)"}?g(’&)e .

Remark 3. Compared with Theorem [3, Corollary [1] requires fewer decision

2 (aMB)

; 2
variables. For example, T';;;

(x) represents (n® — n)pp! positive scalars, and

I‘(a76)

Y]

2—n)p* positive scalars. Thus, C’orollary has a smaller

(x) represents (n
computational burden than Theorem[4 However, since Theorem [4 introduces
more membership functions information for the positive conditions, it has a

stronger ability to relaz the results than Corollary[d}

4.2. PLMF Dependent Stability Analysis

In addition to the positivity conditions, conservatism also exists in ba-
sic stability conditions due to the absent of membership functions informa-
tion. Thus, the similar method which is used in Subsection is applied to

the stability conditions in this subsection. The original membership functions
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hij(x) = w;(x)m,;(x) are approximated by PLMFs h;;(x). In substate space
W, hij(x) and h;j(x) are denoted by hijc(x) and hyjc(x), respectively. Then,
PLMFs iLij (x) can be defined as

= Z Ps (X)iL
s=1
2 n

o 2 2
= Z@c(x) Z Z Z HUT’ZTC Ty lelllz g (84)
¢=1 io=1 —=1r=1

Denoting Bije and [, jc as the minimum and maximum approximation errors,
which satisfy the condition Bije < hije(x) —hije(x) < T;jc- If there exist positive
scalars Ly _(x) and ngj ) (x) that satisfy the conditions Q( » l)( ) > E '=(” 1)(x),
Va € n, k€ {1,2},4,j € p, based on the PLMF dependent method7 the basic
stability conditions ”((fj])( x) < 0, Vk € {1,2} can be relaxed by the following

conditions:
- (au1) (au1)
Z Z leiliQMin( ) + /J‘mg)’_‘;j; (X) + (ﬁij( - Hzgc)ﬂl{; (X)]
i=1 ]:1

3>

— Tiscmin (r'f'g’m,u.’l: - 7:f)[/];g(x) < 07
r=1

Vi € {1,2},i,5 € p,ir,ia, ..., 05 € {1,2},c € 0,a € . (85)

280 Combining Theorem [2| and the results of this subsection, the positivity and
stability of the PPFMB control system can be guaranteed by the following

Theorem.

Theorem 3. For the PPFMB control system (3), if there ezist A € R"*1,
polynomial vectors Dj,(x) € R1*" and ﬁj (x) € RIX" V5 € p, t € m, polyno-
mial scalars Yi,(x) and R (x), Yk € {1,2,3,4}, ke {1,2,3}, vep, s €a,
polynomial scalars I‘( ”8) (x) and N((x), Vi,j,s € p, < € g, polynomial scalars
Q;jj”(x), Ly (x), Vk € {1,2}, i,5 € p, < € & such that the following SOS-based

conditions are satisfied:

vIA@Y — ey is SOS: Ya e n (86)

VT(f);LB)(X) - DS’B) (x))v is SOS, Vj € p,e € m, B € n; (87)
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VT(QEO"I)(X) —e9(x))v is SOS, Vi, j € B’ZC €{1,2},a € n; (88)

kij

[I]

VT (x) -

bis E ( ) —e3(x))v is SOS, Vi, j € B,l;: €{1,2},aen; (89)

v (L (x) — es(x))v is SOS, Vk € {1,2}, € g; (90)

p P
E E a,1 — a,l

T{ (Xijiviz.in (%) + g5 )B = )( )"'(Mijq_ﬁijg)ﬂ( )( )l
=1 =

Zijs kij kij

n

- (JL.f‘ - 'I;’fg7ll,i’lb)(’/I"f‘g”l,(l,,’l; - Lf)Lf‘g — &5 (X)}V 18 SOSa

=1
Vi, j € pyityiz,....in € {1,2},s €0, a € n,k € {1,2}; (91)
(Yio(x) — e6(x))v is SOS, Vk € {1,2,3,4},v € p; (92)
VT (Vi (%) — 0, — e7(x))v is SOS, Vk € {1,2,3,4},v € P; (93)
VT(R]AK(X) — e5(x))v is SOS, Vk € {1,2,3},¢ € o; (94)
VT (A tiyig. i o (X) — 9(X))v is SOS; Viy,ia, ... i5 € {1,2},s € (95)
VTAgl-ll-z,__iﬁg(x)l/ is SOS; Viy,ia,...,i5 € {1,2},c €0 (96)
VI Asivig..ine(X)v is SOS; iy, ia,...,i; € {1,2},c € (97)
v (% (x) = e10(x))v is SOS; Vi j,s € pyo# 5 € s (98)
VT(I‘E?S’ﬁ)(x) — @g?gﬁ)(x) —en(x))v is SOS; Vi, j,s € p,a # [ € n; (99)
VT (N.(x) — e12(x))v is SOS; s € o; (100)
P P P
VTSI [igaisin i () + 0y )05 () + (e, — o) T2 ()]
i=1 j=1s=1
- 2”: — Zicmin) (Trcmaz — 7)) Ne(X) — e13(x) v is SOS,
=1
Vi,j,s € p,a# B En,SEa,i,ia... i € {1,2}. (101)

where B1;5(x) and Bg;j(x) are defined in and , respectively; M1, iy .0 c(X),
A2iyig..ine(X) and Asziyi,.. i, (X) are defined in (44)), and ([@6)), respectively;
@Ejas”g)( ) is defined in ; fmin and foae are the predefined positive scalars;
v is an arbitrary vector independent of x with appropriate dimensions; €1 > 0,

ea(x) > 0, ..., e13(x) > 0 are predefined scalar polynomials, then the system

is asymptotically stable and positive. The polynomial fuzzy controller gains
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295

300

305

can be obtained by G;(x) = Epi?%l(:)ﬁeg?&)em.

Remark 4. Theorem provides basic positivity condition , basic stability
conditions —@ and restricted conditions —, where restricted conditions
are the prerequisites for the stability conditions -@ to guarantee the stability
of system . In Theorem basic positivity and stability conditions all do not
depend on membership functions, so this theorem lead to conservative results. In
order to relax the results, PLMF dependent method is tried to apply to positivity
conditions in Theorem[3. In Corollary[1], the PDC method and PLMF depen-
dent method are combined and applied to positivity conditions. To further relax
the result, PLMF dependent method is applied to both positivity conditions and
stability conditions in Theorem@ the conditions - are stability condi-
tions which are used to guarantee that the PPFMB system s asymptotically
stable, conditions —@ are restricted conditions. The positivity conditions
— are used to gquarantee that the PPFMB system 1s positive.

5. Simulation Example

In this section, one example is provided to demonstrate the effectiveness and
applicability of the analysis results. The simulation results verify that the LCLF
with the help of the proposed convexification method leads to less conservatism
than quadratic Lyapunov function. In addition, the simulation results show that
the PLMF dependent analysis method has a stronger ability to relax results than
PDC analysis method.

A three-rules PPFMB system is considered. The system and input matrices

are as follows:

—0.039 28.82
Ai(z1) = ;
1 —2—z—m
—0.037 26.71
AQ(SUl) =
0.80 —4—1.20x%
—0.033 22.07
A3(.’L'1) = )
a —2—a2—x1—b
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310

315

320

3.27 + 0.0522 2.90 + 0.0227

Bi(z1) = ,Ba(z1) = ,
0.05 0.05
[ 2.09 + 0.10z2 ]
B;(zy) = : Y (102)

where a and b are constant scalars to be specified, the working range of both x;
and xo are [0, 4].

The membership functions of the PPFMB system are chosen as wj(x1) =

_ m, ws(z1) = m, wa(r1) =1 —wi(x1) —wsz(x1). In this

paper, we adopt IPC concept [33], 34, 24], 25| 35| 26], [36] to design the polynomial

fuzzy controller, which means that the membership functions between the poly-

nomial fuzzy model and controller are allowed to be different. The membership

functions of the fuzzy controller are chosen as

0 if x> 213
mi(z1) = | — e + 25 if 107 <z <213,
1 if @ <1.07
1 if x> 293
my(r1) = hoxy — 18T i 187 <y <293,
0 if 1z <1.87
mao(z1) =1 —mq(z1) — ms(z1). (103)

In order to verify that the LCLF with the proposed convexification method
can lead to more relaxed stability region than quadratic Lyapunov function,
three cases are considered. In the first case, Corollary 1 of [37] is applied, which
adopted quadratic Lyapunov function and two controller membership functions
rules; In the second case, Corollary 1 of [37] with the controller membership
functions is applied; In the third case, Theorem |l| with the controller
membership functions is applied. The constant parameters a and b are
chosen in the range of 8 < a < 22 at the interval of 2 and 0 < b < 1 at the

26



325

330

335

1 & & & & & B >
(=) (=) (=) ® (=) <
0.8 =g =g & =g ® 1
(=) (=) (=] U=y O
0.6F ® 24 ® O O 1
< (=) xR O O O
0.4 = O O O O 1
O O O O
0.2f O O ]
O
% 8 10 12 1; 16 18 20 22

Figure 1: Comparison of stability regions which are obtained under case 1 (“x”), case2 (“00")

and case 3 (“0”

interval of 0.1. For Theorem [1} the settings of e, = ... =g = 1 x 10~ are the
same as the settings of them in Corollary 1 of [87]; fmin and fie. are chosen
as 0.92 and 1.3, respectively; Dj,(x;) and D;(x;) are all of degrees from 0 to
2 in x1. The stability regions obtained under these three cases are shown in
Fig. [I} The stability regions given by Corollary 1 of [37] with 2 and 3 controller
membership functions rules are indicated by “x” and “[1”, respectively, and the
stability region given by Theorem []is indicated by “o”. It is obvious that the
LCLF with the proposed convexification method gives larger stability region
than quadratic Lyapunov function.

In order to verify that the MFD positivity conditions can be used to en-
sure that the system state is positive and effectively relax the stability re-
gion, Theorem [2| is applied, and the expansion points are chosen as x; =
{0,0.5,1.07,1.4,1.87,2.13,2.6,2.93,3.5,4}. The constant parameters a and b
are chosen in the range of 10 < a < 74 at the interval of 4 and 0 < b < 1
at the interval of 0.1. We choose €1 = ... = 11 = 1 x 1073; fiin = 0.92,
frnaz = 1.3; Dj(21), Dy, (21), Yio(21), R; (21), I‘E;‘S’B)(scl), and N.(z1) are all
of degree from 0 to 2 in x1. In order to compare the ability of PLMF dependent
analysis method and the PDC analysis method to relax positivity conditions,

the Corollary (1] is applied, the degree of f‘(a’ﬁ)(acl) and Ng(xl) are the same

IAE]
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Figure 2: Stability regions for PPFMB system in Theorem 1 (¢ x ”), Theorem 2 (“007),
Corollary 1 (“+”) and Theorem 3 (“0”).

o.B)
Js

as the degree of I‘Z(- (z1) and N(z1), and the other parameters and settings
are kept the same as Theorem [2] In Theorem [3] both positivity conditions and
stability conditions all are MFD conditions. Qg‘;l) (1), Qéfjl) (21), L1c(71) and
Loc(x1) are all of degree from 0 to 2, and €12 and €13 are chosen as 1 X 103,
The other parameters and settings are the same as those in Theorem The
stability regions obtained by Theorems [T}{3]and Corollary [I] are shown in Fig. [2]
“x 7“0 and “o” represent the stability regions which are given by Theorem
and [3] “+ 7 represents the stability region which is given by Corollary
It can be seen in Fig. [2] that the stability regions given by Theorems [2| and
Bl and Corollary [I] are larger than the stability region given by Theorem [T}
which means that the PLMF dependent analysis method and the PDC analysis
method all can effectively relax the analysis results. The stability region given
by Theorem [2] is larger than the stability region given by Corollary [I which
means that PLMF dependent analysis method has ability to provide more re-
laxed positive analysis result than PDC analysis method. Thus, with the help of
PLMF dependent analysis method, we can freely choose the membership func-
tions of the controller for the flexibility of the controller design without worrying

about the conservativeness brought by the mismatched premise variables.

In order to demonstrate that the system states with any initial states in
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Figure 3: Phase plot of the states 1 and z2 for a = 16, b = 0.4 given by Theorem 1.

the stability regions can be steered to the equilibrium point by the designed
controller and always remains in the positive quadrant, we draw phase plots
for the boundary point of these stability regions. For example, we choose a =
16,0 = 0.4 in the stability region given by Theorem [If a = 34,b = 0 in the
stability region given by Theorem [2} ¢« = 38,b = 0.8 in the stability region
given by Corollary [T} @ = 74,b = 1 in the stability region given by Theorem [3]
For different sets of a¢ and b, the conditions in the corresponding theorems or
corollary are calculated by SOSTOOLS. The obtained results including D, (x1)
and A are shown in the Table I. The phase plots for different sets of a and b
are shown in Figs Blf] It can be seen that the PPFMB system is positive and

asymptotically stable under the proposed control strategy.

6. Conclusion

The stability and positivity of PPFMB fuzzy system have been investigated.
The IPC concept has been adopted to increase the flexibility of the controller
design. In order to obtain more relaxed analysis results, LCLF has been applied
on the stability analysis. For the non-convex conditions derived by LCLF, the
novel controller has been designed and the sector nonlinear concept has been
used to handle the non-convex terms. Also, the PLMF's were adopted to remove

obstacles to convexity caused by mismatched premise membership functions.
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Figure 5: Phase plot of the states x1 and x2 for a = 38, b = 0.8 given by Corollary 1.

Relaxed analysis results have been obtained by LCLF with the proposed effec-
tive convexification strategy, meanwhile different premise membership functions
between the fuzzy controller and model are allowed. In addition, the PLMF de-
pendent positivity and stability conditions have been obtained by developing a
systematic analysis method with the consideration of controller design, member-
ship functions information, system positivity and stability, which leads to more
relaxed analysis results. A simulation example has been presented to verify
that the proposed method can effectively relax the results. This paper pro-
poses an effective convexification method to handle the non-convex conditions

when LCLF is adopted to investigate the stability of state feedback control of
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Figure 6: Phase plot of the states z; and zg for a = 74, b = 1 given by Theorem 3.

PPFMB system. In the future, LCLF with this convexification method can be
used to investigate the stability of more extensive systems, such as switched
positive fuzzy systems, positive Markov Jump fuzzy systems, positive tracking

fuzzy systems, and so on.

Appendix
Proof of Lemmal

Necessity: For the case that system input u = 0, letting x(0) = m(®) be the
initial state vector of system , where m(®) is the unit vector of the S-axis

P
of x, it follows that %(0) = 3 w;(x(0))A4(x(0))m® = the B-th column of
i=1
P
> w;i(x(0))A;(x(0)). Because the trajectory of a positive system cannot leave
i=1
the positive orthant, so that %x(®)(0) > 0 for Yo # 3 where x(*) is the a-th

p
element of x. Therefore, the off-diagonal elements of Y w;(x(t))A;(x(t)) must
i=1

P
be nonnegative, i.e., > w;(x(t))A;(x(t)) must be a Metzler matrix.
i=1
For the case that system input u # 0, letting x(0) = 0, positivity implies
P p
x(0) = > wi(x(0))B;(x(0))u(0) = 0 for every u(0) = 0, that is, > w;(x(#))B;(x(t)) =
i=1 i=1
0.

Sufficiency: In order to show that x(¢) > 0, it is sufficient to check that

the vector x does not point toward the outside of positive orthant whenever
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Table 1: a, b, X, D;, of Theorem 1 to 3 and Corollary 1

A Dj,
Theorem1 Dii(z1) = [-0.070127 — 4.6595 x 107221 —
[0.2866;0.7444] | 13.2969, 0.39062% 4 0.3003z1 — 7.5660)
a=16 Dy (z1) = [-0.070122 — 5.4887 x 10~ 3z, —
13.2969, 0.3906x% + 0.3003z1 — 7.5660]
b=0.4 D3 (z1) = [-0.070122 — 3.7538 x 1022 —
13.2969, 0.39062% 4 0.3003z1 — 7.5660]
Theorem?2 Dy (z1) = [-4.78782% + 15.5363x; —
[4.7005;4.6041] | 183.7030, —2.8995z% + 7.5012x1 — 137.4550)
a=34 D21(£L‘1) = [—7.5239.%% + 24.40273?1 —
190.0470, —9.86912% + 47.9237z1 — 168.3621]
b=0 Dsi(z1) = [-63.453122 + 23.5314x; —
223.3872, —6.0523z7 + 48.185521 — 179.4600]
Corollaryl Dyi(z) = [-7.89022% + 23.7111m; —
[12.9377;12.4232]| 530.5932, —4.07952% + 13.8278z; — 378.2983]
a =38 Doi(z1) = [-32.09142% + 222.2634z; —
1017.8435, —13.441223 4 74.2394x, —413.5052)]
b=0.8 Dsi(z1) = [-42.754222 + 120.1953z; —
1951.8239, —10.449423 +58.923121 —401.9825]
Theorem3 Dll(zl) = [3360093% + 15064421’1 —
[10.9280; 10.6704]| 237.2883, —4.6218z% + 14.6757z; — 319.5539]
a="T4 Dyi(z1) = [-101.293222 + 394.9653z; —
888.4543, —15.9847274110.4992x1 —371.7873]
b=1 Dsi(z1) = [-79.75882%7 + 115.8095z1 —
2480.0106, —16.770327 +81.9643x1 —345.6084]

x is on the boundary of positive orthant. This is equivalent to verify that
p
the vector of x(t) = > w;(x(t))(A;(x(t))x(t) + B;(x(t))u(t)) corresponding

3
to the zero components of x > 0 are nonnegative, the set of indices of such
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components is denoted by Z, ie., x(®) = 0 for a € T, we can write that

)'c("“)(t) — i wi(x())( Y AZ(.O"ﬂ)(x(t))xﬁ (t) —|—B§a)(x(t))u(t)) for a € Z, where
i (B)¢Z

S wi(x(1) A (x(1)) is the a-th row, A-th column element of 3. w;(x(1)) A (x(1)),

K3

iwi(x(t))BEQ)(x(t)) is the a-th row element of iwi(x(t))Bi(x(t)). So, from

the nonnegativity of i wi(x(t))BEQ)(x(t)) and f: wi(x(t))Az(»a’B)(x(t)) with o #
B, it follows that X("f) (t) > 0. Assume that xzis at the origin of the coordi-
nates and x(t) = [z1(t),22(t),..., 2, (t)]", then o € {1,2,...,n}, so we can
obtain the positivity conditions that i w;(x(t))A;(x(¢)) is Metzler matrix and
p

> wi(x(t))B;(x(t)) > 0. The proof is completed.
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