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Abstract—In this letter, we study the performance of a single-
user fluid antenna system (FAS) under arbitrary fading distri-
butions, in which the fading channel coefficients over the ports
are correlated. We adopt copula theory to model the structure
of dependency between fading coefficients. Specifically, we first
derive an exact closed-from expression for the outage probability
in the most general case, i.e., for any arbitrary choice of fading
distribution and copula. Afterwards, for an important specific
case, we analyze the performance of the outage probability under
correlated Nakagami-m fading channels by exploiting popular
Archimedean copulas, namely, Frank, Clayton, and Gumbel. The
results confirm that the spatial correlation dependency structure
for the FAS is a key factor to determine its performance, which
is natively captured through the choice of copula.

Index Terms—Fluid antenna system, arbitrary fading, corre-
lation, outage probability, Archimedean copulas.

I. INTRODUCTION

Multiple-input multiple-output (MIMO) systems are one of
the most popular wireless technologies in the last decades,
providing significant capacity by exploiting diversity over
multiple signals affected by fading. However, to ensure full
diversity gain in MIMO systems, the antennas need to be
separated by at least half the radiation wavelength, which is
not always practical for mobile devices due to physical space
limitations. To overcome such an issue, a novel fluid antenna
system (FAS) has been recently proposed in [1], in which
a single antenna has the ability to switch its location (i.e.,
ports) in a small space. This concept was greatly motivated
by the recent advances in mechanically flexible antennas
such as liquid metal antennas or ionized solutions as well as
reconfigurable pixel-like antennas, e.g., [2]-[4].

Several works have been recently conducted to investigate
the performance of FAS from various viewpoints, e.g., [5],
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[6], [8]-[10]. The ergodic capacity for a FAS under correlated
Rayleigh fading channels was analyzed in [5], providing
approximate expressions of the capacity lower bound. Integral-
form expressions for the outage probability for a point-to-
point FAS under correlated Nakagami-m and «-p fading
were derived in [0], [7], respectively. Moreover, by exploiting
stochastic geometry, [8] derived an analytical expression of the
outage probability in FAS large-scale cellular networks. Quite
rightly, the performance of FAS is highly dependent on the
spatial correlation model used for studying the performance
of FAS. In [9], it was revealed that previous contributions
may not accurately capture the correlation between the FAS
ports. For this purpose, [10] proposed an eigenvalue-based
model to approximate the spatial correlation given by Jakes’
model, where they illustrated that, under such model, the
FAS has limited performance gain as the number of ports
increases. Multiuser communications exploiting FAS have also
been proposed recently in [ 1]-[13].

One of the key challenges in FAS is to correctly characterize
the spatial correlation of the channel ports without sacrificing
tractability. Despite the previous efforts, there is lack of an
accurate procedure to model the inherent channel correlation
between ports. Specifically, generating the true multivariate
distributions of correlated channels in FAS is hard due to math-
ematical and statistical limitations. To overcome this, one flex-
ible approach to describe the structure of dependency between
two or more random variables (RVs) is copula theory which
has recently received significant attention in the performance
analysis of wireless communication systems [14]-[20] and
wired communication systems [21], [22]. Generally speaking,
copulas are mainly described with a dependence parameter
which can measure the degree of dependence between RVs
beyond linear correlation. Copulas can accurately generate the
multivariate distributions of correlated RVs by only knowing
the marginal distribution of each, and the copula parameter
capturing the degree of dependence.

Motivated by the above, we analyze the performance of
FAS under arbitrary fading channels through copula theory.
By doing so, we solve the key drawbacks of state-of-the-art
approaches: (i) they are either restricted to specific correlation
structures or underlying fading distributions; and (i) they lack
tractability, providing at best integral-form expressions for key
performance metrics. Instead, our approach is valid for any
arbitrary choice of dependence structure (i.e., copula) and any
underlying choice of fading distribution, and provides closed-
form expressions for the multivariate distributions of interest,
and for the outage probability. Our framework is exemplified
for the relevant case of correlated Nakagami-m fading, and
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exploiting popular Archimedean' copulas including Frank,
Clayton, and Gumbel. We aim to evaluate how changing the
dependence structure might help to improve the performance
of FAS, so that it can be further used as a guideline to
potentially implement FAS with such a dependence structure.

II. SYSTEM MODEL

We consider a point-to-point communication system, where
a single fixed-antenna transmitter sends an information signal
X with transmit power P to a receiver equipped with a single
fluid antenna. We assume that the fluid antenna can move
freely along K equally distributed positions (i.e., ports) on
a linear space. Assuming that there is only one RF chain in
the FAS, only one port can be activated for communications,
and the received signal at the k-th port can be expressed as

Yy =/ PrLthp X + Z, (D

with Pr is the equivalent transmit power, Lt the aggregate
losses (including path loss and other propagation effects), hy
denotes the normalized fading channel coefficient of the k-th
port, X the normalized transmitted symbol with E{| X |} = 1,
and Zj is the independent identically distributed (i.i.d.) ad-
ditive white Gaussian noise (AWGN) with zero mean and
variance N at every port. We also assume that the FAS is able
to select the best port with the strongest signal for commu-
nication, i.e., hpas = max (|hq], |ha|,. .., |hk]), in which the
channel coefficients hy, for k € {1,2,..., K} are correlated
since they can be arbitrarily close to each other. Therefore,
the instantaneous received signal-to-noise ratio (SNR) for the
FAS can be expressed as v = % = 7| X|?hi,g,
where 7 = % can be interpreted as the average SNR at
the receiver in the single-antenna case.

III. PERFORMANCE ANALYSIS

We first aim to determine the distribution of hpag under
arbitrary correlated fading coefficients. To proceed, we find
it useful to briefly review some concepts of d-dimensional
copula theory. Then, by exploiting the obtained distribution,
we will be able to derive the closed-form expression of the
outage probability in general and specific scenarios.

A. Copula Properties

Definition 1 (d-dimensional copula). Ler S =
(S1,82,...,54) be a vector of d RVs with marginal
and joint CDFs Fg,(s;) and Fs, s, .. s,(s1,82,...,84) for
i € {1,2,...,d}, respectively. Then, the copula function
C(ui,ug,...,uq) of the random vector S defined on
the unit hypercube [0,1]% with uniformly distributed RVs
U := Fs,(s;) over [0,1] is given by

Clui,ug,...,uq) =Pr(Uy <ui,Us < ug,...,Us < ug),

2

I'We use Archimedean copulas for several reasons: (i) the ease with which
they can be constructed; (ii) the great variety of families of copulas which
belong to this class; and (iii) the many nice properties possessed by the
members of this class [23]. While other copulas such as FGM have appealing
analytical properties, they can only model weak dependence structures, which
seems insufficient in the FAS context.

where u; = Fg,(s;).

Now, under this assumption, there exists one Copula fung
tion C such that for all s; in the extended real line domain R

[23]
Fsl,_4.7sd(81, .. .,Sd) = O(Fsl (81), .. .,Fsd(sd)),

where (3) is known as the Sklar’s theorem.

3)

B. General Model: Arbitrary Correlated Fading Distribution

Here, we derive the CDF and PDF of hpag, as well as the
outage probability for the most general case with any arbitrary
choice of copula and fading distribution.

Theorem 1. The CDF of hpas = max (|hi], |hal, ..., |hk])
in the general dependence structure of arbitrary fading coef-
ficients |hy| for k € {1,2,..., K} is given by

FhFAs (r) =C (F]h1|(r)v ﬂhz\(r)’ ceey F\hKl(T)) ) 4)

where C(-) is the copula function and Fy;,|(r) denotes the
CDF of fading coefficient |hy| with an arbitrary distribution.

Proof. By exploiting the definition of the CDF, F},,, () can
be mathematically defined as

Fhias (1) = Pr(hpas <)
= Pr (max {|h1],|h2|,. .., ||} <7T)
=Pr(|h| <rha| <7 ... |hx| <T)
,7)
@O (Fpy (), i (), Fing (1), )
where (a) is derived from (3). |

Theorem 2. The PDF of hpas = max (|hy|, |hal, ..., |hk])
in the general dependence structure of arbitrary fading coef-
ficients |hy| for k € {1,2,..., K} is given by

Sreas () = fina (0) Fina (1) - finge ()
XC(ﬂhﬂ(’f‘),ﬂhﬂ(?”),...,F|hK‘(’I")), (6)
where fi, |(r) denotes the marginal PDF of fading coefficient

|hi| with an arbitrary distribution and c(-) is the copula
density function which can be determined as

c (F|h1\(’r)7 ﬂhzl(r)7 s 7ﬂhx\(r))
_ UC (Finy (1), Flng| (1), - -+, Fle (1)
OF | (r)OF |y (1) - - OF|pye (1)

Proof. The result is obtained by applying the chain rule to
Theorem 1. ]

= Finy| ool | (1575

)

Theorem 3. The outage probability of the considered FAS in
the general dependence structure under an arbitrary fading
distribution is given by

Py =C (F|h1\(:y)7ﬂh2|(;y)7 s aﬂh}(\(ﬁy)) ;

% and iy, is the SNR threshold.

®)
where 7y =

Proof. Outage probability is an appropriate metric to evaluate
the performance of FAS, which is defined as the probability
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that the random SNR ~ is less than an SNR threshold ~;y,.
Therefore, the outage probability is defined as

Powt = Pr(y < yw) =Pr <hFAs < ”V;h>

= Pr (max{|h1|,|h2,...,|hK|} <

%h)
5

where by exploiting the obtained CDF form (4), the proof is
completed. ]

= Fhpas (’AY)) 9

Remark 1. In contrast to previous contributions, the results
in (4), (6), and (8) indicate that there is no need to solve
any complicated integral for deriving the outage probability
and the joint distribution of channel coefficients in the FAS,
provided that the copula function C(-) is given in closed-form.

Remarkably, the results in Theorems 1-3 are valid for any
arbitrary choice of fading distribution and copula function over
the proposed FAS. Now, to analyze the system performance,
we consider a special case in the following section.

C. Special Case: Correlated Nakagami-m Fading

Here, for exemplary purposes, we assume that the fading
channel coefficients |hy| follow the Nakagami-m distribution,
where the parameter m > 0.5 denotes the fading severity. In
the special case m = 1, the Rayleigh fading with an exponen-
tially distributed instantaneous power is recovered. Hence, the
marginal distributions for the fading channel coefficient |hy|
can be expressed as

2m™

f|hk\(r) = WTZm-le,%rz, (10)
Yy m7m7,2
Fin(r) = (F(m“)) o

in which m and u define the shape and spread parameters,
respectively. The terms I'(-) and ~y(+, -) denote gamma function
and the lower incomplete gamma function, respectively.

In order to evaluate the structure of dependency between
correlated fading channel coefficients, there are many types
of copula functions that can be used. However, in this letter,
we derive the analytical expressions by using the popular
Archimedean copulas, namely, Frank, Clayton, and Gum-
bel. These flexible copula functions can efficiently describe
weak/strong, negative/positive, and linear/non-linear depen-
dence structures between correlated RVs.

Definition 2 (d-dimension Archimedean copula). The d-
dimension Archimedean copula CaR is defined as [24]

ug) =7 (¢ (ur) + ¢ (u2) + - + ¢ (ua)),
(12)

CAR (ul,ug, e

where ¢(t) denotes a generator function of the Archimedean
and ¢~*(.) is the its inverse function.

Definition 3 (Popular Archimedean copulas). The d-
dimension Frank, Clayton, and Gumbel copulas are respec-
tively defined as [241]

d _ .
1 o(emwi — 1
Crr(u1,ug,...,ug) = ——In 1+H]_1( d—1 : )
a (e —1)
) (13)
d ]
Cor(wn,uz, o ua) = |3 (P =1)+1| (4
j=1
d 9
Cau(uy,ug,...,ug) =exp | — Z(*lnuj)e ; (15)
j=1

where o € R\{0}, 8 € [0,00), and 6 € [1,00) are
the dependence structure parameters of the Frank, Clayton,
and Gumbel copulas, respectively. The independent case is
achieved when o — 0,  — 0, and 0 = 1.

Now, by exploiting the definition of the above-mentioned
copulas, the outage probability in the specific model can be
determined in the following theorem.

Theorem 4. The outage probability of the considered FAS
under Nakagami-m fading channel, using the Frank, Clayton,
and Gumbel copulas is, respectively, given by

—oz’y(m, %’yz
exp 71-.("1)

)1

1
PR — _ 1|1 16
out @ n + (670‘ - 1)K—l ’ ( )

—B B
por | (e (m’ %&2) 1] +1 17
out — F(m) - + ) ( )
and
GU i (m’ %&2)

Py =exp| K?In 71“(771) (18)

Proof. By inserting (11) into (13), (14), and (15) for u; =
Fij, (%) and then considering (8), the proof is completed. M

Corollary 1. As K — oo, the outage probability goes to 0 as
long as o, 8 # 0.

Proof. 1t can be seen from (16) that the fraction term inside the
logarithm is the product of K less-than-one values. If K — oo,
it goes to 0. In (17), it is straightforward as K — oo, the
outage probability reaches 0 due to the term _71 Finally, in
(18), the logarithm value is always negative, thereby when
K — oo, the outage probability achieves 0. |

Remark 2. The outage probability for the considered FAS can
be accurately obtained in a closed-form expression according
to Theorem 4. We can see that the outage probability highly
depends on the number of ports K, dependence parameters
o, B, and 0, and the fading parameter m, namely, the
performance of the outage probability will improve as K and
m increase and «, (3, and 0 decrease.
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Fig. 1. Outage probability versus average SNR 7 for selected values of: (a) the number of antenna ports K when m =1, a = 8 =60 = 30, and p = 1;

(b) the fading parameter m when K = 6, o = 8 = 6 = 30, and p = 1; and (c) the dependence parameters when m = 1, K

IV. NUMERICAL RESULTS

In this section, we present numerical results to evaluate the
FAS performance in terms of the outage probability. First,
we need to generate correlated RVs (e.g., hy) in terms of
Archimedean copulas. In this regard, the most frequently used
approach is the conditional distribution which is not feasible
in higher dimensions since it involves a differentiation step
for each dimension of the problem. To this end, we exploit
Marshall and Olkin’s alternative method [25] as shown in
Algorithm 1, which is expressed in terms of the Laplace
transform and is computationally more straightforward than
the conditional distribution approach.

Algorithm 1 Archimedean copula sampling

Step 1. Generate J ~ L7 [¢(t)], where

J ~ log (1 — e%) for Frank copula, J ~ T (%, ﬁ) for Clayton copula, and J ~
S (%, 1, cos? (;—e) ,O) for Gumbel copula

Step 2. Generate S = (S1,. .., SdS such that S; ~ U (0,1) fori=1,...,d

_ log(s;)

Step 3. Return U; = ¢ ( J , where

¢ (t) = —Int (Ceiaat:ll) for Frank copula, ¢(t) = tiéfl for Clayton copula,

and ¢(t) = (—1Int)? for Gumbel copula

Fig. 1(a) indicates the behavior of the outage probability
against the average SNR 7% for different numbers of fluid
antenna ports K under correlated fading channels. As ex-
pected, FAS outperforms the conventional single-input-single-
output (SISO) system, so that for a fixed value of dependence
parameters, the outage probability performance improves as K
increases. By careful observation of the curves, we can also
see that the Frank copula is more sensitive to even a small
change of K, compared with the Clayton and Gumbel copulas.
Frank copula also appears to give the least outage probability
in FAS compared to others, which suggests that one should
design FAS that resembles the correlation structure described
by Frank copula.

The impact of fading channel correlation on the perfor-
mance of the outage probability is illustrated in Fig. 1(b). It is
clearly seen that fading correlation has destructive effects on
the outage probability. As the dependence parameters of the
Archimedean copulas grow, the outage probability increases.

6, p=1.

Even under a strong positive dependence structure between
fading channel coefficients, FAS outperforms the SISO case.
Moreover, it is found that the Frank copula also provides
the best performance from a correlation perspective compared
with two other considered copulas.

Regarding the importance of fading severity on the per-
formance of FAS, Fig. 1(c) shows the behavior of the out-
age probability versus the average SNR for different values
of the fading parameter m under correlated Nakagami-m
distribution. The results indicate that as the fading severity
reduces (i.e., m increases), the outage probability performance
ameliorates and such an improvement is more noticeable when
Frank copula is considered to describe the fading correlation.
To gain more insight into the impact of the number of ports on
the FAS performance, Fig. 2 shows the behavior of the outage
probability in terms of K for selected values of the average
SNR. It can be seen that even under a strong correlation
provided by the Frank copula (e.g., o = 30), the outage
probability significantly decreases as K becomes large. Fig. 3
also shows the impact of the dependence parameter on the
outage probability performance for the considered FAS. The
results reveal that when the correlation is weak (i.e., low
dependence parameter), a lower outage probability is achieved.
In addition, the Frank copula provides better performance for
weak correlation compared with the Clayton and Gumbel cop-
ulas. However, as the correlation between channel coefficients
becomes stronger (i.e., larger dependence parameter’), the
Clayton and Gumbel copulas offer almost the same behavior
as the Frank copula. Therefore, by comparing the results in
Figs. 2 and 3, it can be found that the best performance for
the outage probability occurs when K is sufficiently large and
the dependence parameter is small enough.

V. CONCLUSION

In this letter, we studied the performance of a point-to-
point FAS, where the correlated fading channels have arbitrary

2Note that while the dependence parameters for these copulas are qualita-
tively similar (i.e., dependence grows with the parameter), they are quantita-
tively different and may yield different values of correlation (often measured
through rank correlation coefficients).
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Fig. 3. Outage probability versus dependence parameters for selected values
of the average SNR, when m =1, K =6, and p = 1.

distributions. By exploiting the copula approach to model the
structure of dependency between correlated arbitrary fading
channels, we derived the closed-form expression for the outage
probability in the most general case. Then, as a specific
scenario, we analyzed the outage probability for the considered
FAS under correlated Nakagami-m fading channels by using
popular Archimedean copulas. Eesults showed that the best
performance is achieved by increasing the number of fluid
antenna ports and the fading parameter as well as reducing
the value of the dependence parameter.

The use of copula theory for the analysis of FAS has good
potential due to its versatility and analytical tractability. A
general design procedure that allows to design, analyze and
engineer FAS systems using copula theory with a target depen-
dency structure is desirable, but needs further developments.
The extension to more sophisticated scenarios including a
MIMO-FAS (i.e., FA also at the transmitter side), FA port
selection and location optimization, the derivation of additional
performance metrics, or the use of sample datasets to analyze
the true dependence structures seem exciting lines for future
research activities.
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