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Abstract

We consider real hypersurfaces M in complex projective space equipped with both the Levi—
Civita and generalized Tanaka—Webster connections. For any nonnull constant k£ and any
symmetric tensor field of type (1, 1) L on M, we can define two tensor fields of type (1, 2)
on M, Lgf) and Lglf), related to both connections. We study the behaviour of the structure
operator ¢ with respect to such tensor fields in the particular case of L = A, the shape
operator of M, and obtain some new characterizations of ruled real hypersurfaces in complex
projective space.
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1 Introduction

Let CP™, m > 2, be the complex projective space endowed with the Kaehlerian structure
(J, g), where g is the Fubini—Study metric of constant holomorphic sectional curvature 4.
Let M be a connected real hypersurface of CP™ without boundary, g the restriction of
the metric on CP™ to M and V the Levi—Civita connection on M. Take a locally defined
unit normal vector field N on M and let £ = —JN. This is a tangent vector field to M
called the structure (or Reeb) vector field on M. If X is a vector field on M, we write
JX = ¢ X+n(X)N,where ¢ X denotes the tangent componentof J X. Thenn(X) = g(X, &),
¢ is called the structure tensor on M and (¢, &, n, g) is an almost contact metric structure
on M induced by the Kaehlerian structure of CP™. The classification of homogeneous real
hypersurfaces in CP™ was obtained by Takagi, see [5, 19-21]. His classification contains
6 types of real hypersurfaces. Among them we find type (A1) real hypersurfaces that are
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geodesic hyperspheres of radius r,0 < r < Z

7, and type (A;) real hypersurfaces that are tubes
of radius 7,0 < r < 7, overtotally geodesic complex projective spaces CP",0 < n < m—1.
We will call both types of real hypersurfaces type (A) real hypersurfaces. They are Hopf,
that is, the structure vector field is principal, and are the unique real hypersurfaces in CP™
such that Ap = ¢ A, see [11].

Ruled real hypersurfaces in CP™ satisfy that the maximal holomorphic distribution on
M, D, given at any point by the vectors orthogonal to &, is integrable and its integral mani-
folds are totally geodesic CP™~!. Equivalently, g(ADD, D) = 0. For examples of ruled real
hypersurfaces see [6] or [8].

The Tanaka—Webster connection, [22, 24], is the canonical affine connection defined on
a non-degenerate, pseudo-Hermitian CR-manifold. As a generalization of this connection,
Tanno [23], defined the generalized Tanaka—Webster connection for contact metric manifolds
by

VxY = Vx¥ + (Vxm(Y)E — n(Y)VxE — n(X)$Y (1.1)

for any vector fields X, ¥ on the manifold.

Using the almost contact metric structure on M and the naturally extended affine con-
nection of Tanno’s generalized Tanaka—Webster connection, Cho defined the kth generalized
Tanaka—Webster connection V® for a real hypersurface M in CP™, see [3, 4], by

VRV = Vx¥ +g@AX, Y)E — n(V)$AX — kn(X)pY (12)

for any X,Y tangent to M where k is a nonzero real number. Then @(k)n =0, @(k)é =0,
VW g =0, VO = 0. In particular, if the shape operator of a real hypersurface satisfies
¢ A+ A¢p = 2k¢, the kth generalized Tanaka—Webster connection coincides with the Tanaka—
Webster connection.

Here we can consider the tensor field of type (1, 2) given by the difference of the con-
nections F® (X, Y) = g(pAX, Y)E — n(Y)PpAX — kn(X)@Y, for any X, Y tangent to M,
see [7] Proposition 7.10, pp. 234-235. We will call this tensor the kth Cho tensor on M.
Associated to it, for any X tangent to M and any nonnull real number k, we can consider
the tensor field of type (1, 1) F)((k), given by F)((k)Y = FW(X,Y) forany Y € TM. This
operator will be called the kth Cho operator corresponding to X. Notice that if X € D, the
corresponding Cho operator does not depend on k and we simply write Fx. The torsion of
the connection V®) is given by 7®) (X, ¥) = F}((k) Y — F;k)X forany X, Y tangent to M. We
define the kth torsion operator associated to X to the operator given by T)((k) Y =TH®(X, V),
for any X, Y tangent to M.

Let £ denote the Lie derivative on M. Therefore, LxY = VxY — VyX for any X, Y
tangent to M. Now we can define on M a differential operator of first order, associated to the
kth generalized Tanaka—Webster connection, given by

k & (k & (k k
Py =vPy —¥Px = £yy + 1y

for any X, Y tangent to M. We will call it the derivative of Lie type associated to the kth
generalized Tanaka—Webster connection.
Let now L be a symmetric tensor of type (1, 1) defined on M. We can consider then the

type (1, 2) tensor Lg() associated to L in the following way:

LOX.v)=[FP LIy = FPLY — LFPY
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forany X, Y tangent to M. We also can consider another tensor of type (1, 2), L#‘) , associated
to L, by

LPx.v) =10, L)y =LY — LT"Y

for any X, Y tangent to M. Notice thatif X € D, L%() does not depend on k. We will write
it simply LF.

In [15], respectively [12], we proved the nonexistence of real hypersurfaces in CP™,
m > 3, such that, for the tensors of type (1, 2) associated to the shape operator, Aif) =0,

respectively Ag) = 0, for any nonnull real number k. Further results on such tensors were
obtained in [13, 14].

The purpose of the present paper is to study the behaviour of both tensors with respect to
the structure operator ¢. We will say that Agf) is pure with respect to ¢ if Agf) (X, Y) =
A;]f)(X, ¢Y), for any X, Y tangent to M, Tachibana [18], see also [16, 17]. We will say that
A% is n-pure with respect to ¢ if A¥ (¢X,Y) = AP (X, ¢Y), for any X, Y € D. Analo-
gously, we will say that A is hybrid with respectto ¢ if A (¢ X, )+ AP (X, ¢¥) = 0 for
any X, Y tangent to M, Tachibana [18], and it is n-hybrid if Agf) (PX,Y) —|—A5f) (X,9Y)=0
for any X, Y € D. We will prove

Theorem 1.1 Let M be a real hypersurface in CP™, m > 3. Then AF is n-pure with respect
to ¢ if and only if M is locally congruent to a ruled real hypersurface.

Also we will prove

Theorem 1.2 Let M be a real hypersurface in CP™, m > 3. Then A is n-hybrid with respect
to ¢ if and only if M is locally congruent to one of the following real hypersurfaces:

1. a tube of radius % around a complex submanifold of CP™;
2. a real hypersurface of type (A);
3. a ruled real hypersurface.

On the other hand, we also have

Theorem 1.3 Let M be a real hypersurface in CP™,m > 3. Then Ap(¢pX,Y) = pAp(X,Y)
forany X,Y € D ifand only if M is locally congruent to a ruled real hypersurface.

Concerning the tensor A(k), we will prove

Theorem 1.4 There does not exist any real hypersurface in CP™, m > 3, such that A(;f) is
n-pure with respect to ¢, for any nonnull real number k.

Also we will obtain

Theorem 1.5 Let M be a real hypersurface in CP™, m > 3, and k a nonnull real number.
Then Agc) is n-hybrid with respect to ¢ if and only if M is locally congruent to a real
hypersurface of type (A).

As in the case of Af, we can prove

Theorem 1.6 Let M be a real hypersurface in CP™, m > 3, and k a nonnull real number.
Then Agc) (X, Y) = ¢A¥<) (X,Y), forany X,Y € D, if and only if M is locally congruent
to a ruled real hypersurface.

@ Springer



J.D. Pérez, D. Pérez-Lopez

We also prove

Theorem 1.7 There does not exist any real hypersurface in CP™, m > 3, such that
A#c)(X, oY) = qug() (X,Y) forany X, Y € D and any nonnull real number k.

2 Preliminaries

Throughout this paper, all manifolds, vector fields, etc., will be considered of class C*° unless
otherwise stated. Let M be a connected real hypersurface in CP™, m > 2, without boundary.
Let N be alocally defined unit normal vector field on M. Let V be the Levi—Civita connection
on M and (J, g) the Kaehlerian structure of CP™.

For any vector field X tangent to M, we write J X = ¢X +n(X)N,and —J N = &. Then
(¢, &, n, g) is an almost contact metric structure on M, see [1]. That is, we have

X =—X+n(X)E, 0@ =1, g@X,Y)=gX,¥)—nX)n¥) (21

for any vectors X, Y tangent to M. From (2.1) we obtain
5 =0, n(X) =g(X,$§). 2.2)
From the parallelism of J we get
(Vx@)Y =n(Y)AX — g(AX,Y)& (2.3)
and
Vxé = pAX 24

for any X, Y tangent to M, where A denotes the shape operator of the immersion. As the
ambient space has holomorphic sectional curvature 4, the Codazzi equation is given by

(VxA)Y — (Vy A)X = n(X)pY —n(Y)pX —2¢(opX,Y)E 2.5)

for any vectors X, Y tangent to M. We will call the maximal holomorphic distribution ID on
M the following one: at any p € M, ID(p) = {X € T,M|g(X, &) = 0}. We will say that M
is Hopf if & is principal, that is, A§ = «& for a certain function o on M.

In the sequel we need the following result:

Theorem 2.1 ([9]) If ¢ is a principal curvature vector with corresponding principal curvature

o and X € D is principal with principal curvature X, then 2\ — o # 0 and ¢ X is principal

. . ar+2
with principal curvature 5.

3 Proofs of results concerning Ar

In order to prove Theorem 1.1, we should have FyxAY — AFyxY = FxA¢Y — AFx¢Y,
for any X, Y € D. This yields

8(@APX, AY)E —n(AY)9APX — g(pAPX,Y)AE
=g(@AX, APY)§ — n(APY)PAX — g(AX,Y)AE 3.D

for any X,Y € D. If M is Hopf with A§ = «é&, the scalar product of (3.1) and & gives
g(PpAPX, AY) —ag(pAPX,Y) = g(pAX, ApY) —ag(pAX,Y) forany X, Y € D. Let
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us suppose that X € D satisfies AX = AX. Then ApX = uopX, u = g‘i‘j, and we obtain

—Ap+opn = A —ad. Thatis, 2Apu = a(u+ A). This implies 20244 _ (% + k) =

2h—a
o (%) Thus, aA? + 21 = ar? + @, and so, A = % As 2Ap = a(pn + ), we get

oapm =a(u+ ). Thenar = “72 =0, that is, « = 0 and also A = 0, a contradiction with the
fact 21 — o # 0.

This means that M must be non-Hopf. Therefore, locally we can write A& = a& + BU,
U being a unit vector field in D, & and g functions on M and f # 0. We also define Dy as
the orthogonal complementary distribution in D to the one spanned by U and ¢U. With this
in mind (3.1) becomes

g(@APX, AY)E — (Y, U)pAPX — g(¢pAdX, Y)AE
=g(pAX, APY)E — Bg(pY, U)pAX — g(AX,Y)AE (3.2)

for any X,Y € D. The scalar product of (3.2) and ¢U gives —Bg(Y,U)g(A¢pX,U) =
—Bg(@Y,U)g(AX,U) for any X, Y € D. Taking Y = U, we obtain —g(AU, ¢pX) =0
for any X € D. As we suppose B 7# 0 and changing X by ¢ X, we have g(AU, X) = 0 for
any X € D. This means that

AU = B&. (3.3)

The scalar product of (3.2) and U yields —fg (Y, U)g(@pApX,U) — Bg(pApX,Y) =
—Bg@Y, U)g(pAX,U) — Bg(AX,Y), forany X, Y € D. As B # 0, we have

gY,U)g(ApU, ¢X) + g(AQY, ¢ X) = g(@Y, U)g(ApU, X) — g(AX,Y) (3.4)

forany X, Y € D. If we take X = U in (3.4), it follows 2g(A¢U, ¢ X) = —g(AU, X) for
any X € D. From (3.3), changing X by ¢ X, we obtain g(A¢U, X) = 0 for any X € D.
Therefore

ApU = 0. (3.5)

Now the scalar product of (3.2) and Z € Dy implies —g(Y,U)g(pApX,Z) =
—Bg(Y,U)g(pAX, Z),forany X,Y € D, Z € Dy.If Y = ¢U, we obtain Bg(pAX, Z)
=0forany X € D, Z € Dy. If we change Z by ¢ Z and bear in mind that 8 # 0, it follows
g(AZ, X) =0forany Z € Dy, X € . Therefore,

AZ =0 (3.6)

for any Z € Dy . From (3.3), (3.5) and (3.6), M is locally congruent to a ruled real hypersur-
face. The converse is trivial and we have finished the proof of Theorem 1.1.
Now if Af is n-hybrid, we have

8(@APX, AY)E — n(AY)pAPX — g(pAPX) AL + g(pAX, APY)E
—N(APY)pAX — g(AX,Y)AE =0 (3.7)

for any X,Y € D. Let us suppose that M is Hopf and write A§ = «&. If we take the
scalar product of (3.7) and &, it follows g(¢p AP X, AY) —ag(pAdX,Y)+ g(pAX, ApY) —
ag(AX,Y) =0,forany X, Y € D. Thismeans that Ap Ap X —apApX —pAPAX —aAX =
0 for any X € D. If we take X € D such that AX = AX, as A¢pX = u¢pX, we get
—Ap 4+ oapn + A —ar = 0. That is, (i — A) = 0. Thus, either « = 0, and by Cecil and
Ryan [2] we have (1) in Theorem 1.2, or ;£ = A. This means that Ap = ¢ A and in this case
we have (2) in Theorem 1.2.
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If M is non-Hopf, following the same steps as in Theorem 1.1 we obtain (3) in Theorem
1.2, finishing its proof.

If we suppose that M satisfies the condition in Theorem 1.3, we must have Fyx AY —
AFpxY = ¢pFxAY — ¢AFxY forany X, Y € D. This yields

2(PAPX, AY)E — n(AY)PAGX — g(AGX, Y)AE = —n(AY)p*AX

—8(9pAX,Y)pAE (3.8)
for any X, Y € D. If we suppose that M is Hopf, the scalar product of (3.8) and & gives
g(@APX, AY) —ag(pApX,Y) = 0. Therefore, ApAPpX — apApX = 0, for any X € D.
If we suppose that X € D satisfies AX = AX we obtain u(e¢ — A) = 0. Therefore, either
= 0andtheno # 0and A = —%, orif 4 # 0, ¢ = A and then u = 0‘20[—” Moreover, all
principal curvatures are constant and, by Kimura [5], M must be locally congruent to a real
hypersurface appearing among the six types in Takagi’s list. Looking at such types, none has

our principal curvatures, Takagi [20], proving that M must be non-Hopf.
We write as above A§ = a& + BU, with the same conditions. Then (3.8) becomes

8(APAPX,Y)s — Bg(Y,U)pAPX — g(pAPX,Y)AE
= —Bg(Y. U)p*AX — Bg(pAX, Y)$U (3.9)
for any X, Y € D. The scalar product of (3.9) and ¢ U gives, bearing in mind that 8 # 0,

gY,U)g(AU, ¢X) = g(Y,U)g(¢pAX,U) — g(¢AX,Y), (3.10)
forany X,Y e D.If X =Y = U, we get g(AU, ¢U) = —2g(AU, ¢U). Thus,
g(AU, ¢U) = 0. @3.11)

If we take ¥ = U, X € D and orthogonal to U in (3.10), we have g(¢pAU, X) =
2g(A¢U, X) forsuchan X.From (3.11) the sameis true for X = U. Therefore,2A¢pU—¢p AU
has no component in ID. As its scalar product with & also vanishes, we get

2A9U = pAU. (3.12)
If we take Y = ¢U, X € D in (3.10), it follows g(AX, U) = 0 for any X € D. Thus,
AU = B¢ (3.13)
and, from (3.11),
A¢pU = 0. (3.14)

The scalar product of (3.9) and U, bearing in mind (3.13) and (3.14), gives g(¢pAdX,
Y) =g(Y,U)g($?AX,U) = —g(Y,U)g(AX, U) = 0, for any X € D. Taking ¢X € Dy
instead of X, we obtain ¢ AX = 0. Applying ¢, we get

AX =0 (3.15)

forany X € Dy. From (3.13), (3.14) and (3.15), M must be locally congruent to a ruled real
hypersurface and we have finished the proof of Theorem 1.3.

Remark 3.1 With proofs similar to the proof of Theorem 1.3, we can obtain other charac-
terizations of ruled real hypersurfaces in CP™, m > 3, if we consider any of the following
conditions:

1. Ap(¢X,Y)+pAp(X,Y) =0, forany X,Y € D;

@ Springer



New characterizations of ruled real hypersurfaces in complex...

2. Ap(X,¢Y) =@pAr(X,Y),forany X, Y € Dj
3. Ar(X,¢Y)+ ¢pAr(X,Y) =0, forany X, Y € D.

4 Results concerning Ag.k)

If we suppose that Ayc) is n-pure with respect to ¢, we will have Fyx AY — FX?(]&X —
AF¢XY + AFypX = FxA¢Y — FX:;YX — AFx¢Y + AF¢yX for any X,Y € D. This
yields

2(PAPX, AY)E — n(AY)pAGX — g(A”Y, X)E — kn(AY)X — g(pAX, Y) AE
+g(AY, X)AE = g(pAX, APY)E — 1(ADY)PAX — g(pA*PY, X)E
+hkn(ApY)pX — g(AX, Y)AE + g(pAPX)AE 4.1

for any X,Y € D. Let us suppose that M is Hopf with A§ = «&. Then (4.1) becomes
gPAPX, Y)E — g(A’Y, X)§ — ag(¢pAPX, Y)E + ag(AY, X)§ = g(¢pAX, ApY)§E —
g(¢A2¢Y, X)¢ — ag(AX,Y)E 4+ ag(pAgY, X)&, for any X,Y € D. Let us suppose
that X € DD satisfies AX = AX. Then ApX = pu¢X and from the last equation we
obtain —Apr — A% + 2ap + 2ah = Ap + p?. Thatis (u + A)> — 2a(u + 1) = 0. Thus,
A+ +r—20) =0.If p+ i =0 a pu = L2 we get 242 +2 = 0, which is
impossible. Therefore j 4+ A = 2« and the value of u yields A2 — 2aA 4+ 1 4+ a2 = 0. This
equation has no real solutions and this implies that our real hypersurface must be non-Hopf.

As in the previous section, we write locally A§ = a& + BU, with the same conditions,
and also make the following computations locally. The scalar product of (4.1) and ¢U gives
—1(AY)g(ApX, U) — kn(AY)g(X. $U) = —1(ApY)g(AX, U) + kn(A¢Y)g(X, U) for
any X, Y € D. That is, bearing in mind that 8 # 0,

g, U)g(ApX, U) +kg(Y,U)g(X, pU) = g(¢Y, U)g(AX,U) — kg(pY, U)g(X,U)
4.2)

forany X,Y € . Take Y = ¢U in (4.2) to obtain g(AX, U) — kg(X,U) = 0, for any
X € D. Therefore,

AU = B¢ +kU. 4.3)
Now the scalar product of (4.1) and U yields
—8(Y,U)g(pApX,U) —kg(Y,U)g(X,U) — g(pA¢X,Y) + g(AY, X)
= —g(@Y,U)g(pAX . U) + kg(¢Y, U)g(¢pX,U) — g(AX,Y) + g(9pAgY, X) (4.4
forany X, Y € . Taking Y = U in (4.4) we obtain
—kg(X,U) —3g(pApX,U) +2g(AU,X) =0 4.5)

for any X € D. Taking X € Dy and changing X by ¢ X in (4.5) we get g(A¢U, X) = 0 for
any X € Dy. If X = U in (4.5), we have —k + 3g(A¢U, ¢U) + 2k = 0. Bearing in mind
(4.3) we have obtained

k
ApU = —§¢U. (4.6)
Moreover, the scalar product of (4.1) and ¢ Z € Dy implies

—g(Y,U)g(ApX, Z) —kg(Y,U)g(X,9Z) = —g(¢Y,U)g(AX, Z) + kg(¢Y,U)g(X, Z)
A.7)
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forany X,Y € D, Z € Dy. Taking ¥ = ¢U in (4.7) we obtain g(AZ, X) —kg(Z,X) =0
forany Z € Dy, X € D, and this yields
AZ =kZ (4.8)
forany Z € Dy. Take Z € Dy. Then AZ = kZ and A¢pZ = k¢ Z. From the Codazzi
equation, V7 (kZ) — AVy7Z — Vz (k¢ Z) + AVz¢pZ = 2& . Its scalar product with & gives
—kg(Z, $APZ) — §(Vp7Z. ok + BU) + kg(@Z. $AZ) + (V29 Z, € + fU) = 2. Then,
Bg(Z, X1, U) +2k> + ag(Z, pAPZ) — ag(¢pZ, pAZ) = 2. Therefore
2 —2k? + 2ak
5 .
Moreover, its scalar product with U implies —kg([Z, ¢ Z], U) — g(VyzZ, BE + kU) +

g(VzopZ, BE + kU) = 0. This gives Bg(Z, pAPZ) — Bg(@pZ,pAZ) = O or 28k = 0,
which is impossible and proves Theorem 1.4.

8(Z.¢Z],U) = (4.9)

Suppose now that Agc) is n-hybrid with respect to ¢. Then we have

g(PAPX, AY)E — n(AY)pAX — g(A’Y, X)E — kn(AY)X + g(PAX, APY)E
—N(APY)PAX — g(pA*PY, X)E + kn(ApY)$X =0 (4.10)

for any X,Y € . Let us suppose that M is Hopf. Then (4.10) gives g(ApA¢pX,Y) —
g(A2X.)Y) — g(pAPAX,Y) — g(pA2pX,Y) = 0, for any X, Y € ID. Then ApApX —
A’X — pAPAX — pA%’pX = O forany X € D. If X e DD satisfies AX = AX, we obtain
—ap— 22+ a4 p? = 0. Therefore, A2 = p2. Asin the previous theorem, A + u = 0 gives
a contradiction. This means that A = pu and A = A¢. This yields that M must be locally
congruent to a real hypersurface of type (A). The converse is immediate.

Suppose then that M is non-Hopf and A§ = a& + BU. Taking the scalar product of (4.10)
and ¢U we have

—g(Y,U)g(A¢pX,U) —kg(Y,U)g(X, pU) — g(¢Y, U)g(AX, U)
+kg(pY,U)g(X,U) =0 4.11)

forany X,Y € D.If Y = ¢U in (4.11), we obtain g(AU, X) —kg(U, X) =0forany X € D
and this yields

AU = B¢ +kU. 4.12)

Following the above proof step by step, we can also see that ApU = k¢U and AZ = kZ,
for any Z € Dy. If we apply again the Codazzi equation to Z and ¢ Z, Z € Dy, we obtain
kB = 0, which is impossible and finishes the proof of Theorem 1.5.

The condition in Theorem 1.6 implies

S(PAPX, AY)E — n(AY)PAPX — g(A’Y, X)& — g(AY, X)&
—8(PAPX, V)AL + g(AX, Y)AE = —n(AY)¢*AX — g(pAX, Y)pAE
+8(PAY, X)pAE (4.13)

for any X,Y e D. If M is Hopf, (4.13) yields g(ApApX,Y)E — g(AX,Y)E —
ag(@pApX,Y)E —ag(AX,Y)E = 0 for any X,Y € D. Its scalar product with & shows
that ApApX — A2X —agApX +aAX = 0, for any X € D: If X € D satisfies AX = A X,

ApX = ¢ X and we obtain (o — 1) (u + 1) = 0. As we saw before, A +  7# 0. Therefore,

2 . .
A =owoandas u = gﬁfg we get u = "‘T*z Thus, M has two distinct constant principal

curvatures. From [2, 10] M must be locally congruent to a geodesic hypersphere. In this case
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o 2 P .
M has only a principal curvature on ID. That means that « = < (jz, which is impossible.

Therefore M must be non-Hopf and as above, we write A§ = a& + BU. In this case (4.13)
looks as follows:

2(PAPX, AY)E — (Y, U)pAPX) — g(A’Y, X)E — g(pAPX) A&

+g(AX, Y)AE = —Bg(Y, U)§*AX — Bg(AX, YU + Bg($AY, X)pU
(4.14)

for any X,Y € D. Bearing in mind that 8§ # 0, the scalar product of (4.14) and ¢pU
gives —g(Y, U)g(ApX, U) = —g(Y, U)g(@AX, U) — g(@AX,Y) + g(¢AY, X) for any
X,Y e D.Taking Y = U, we getg(pAU, X) = —g(pAX,U)—g(¢pAX,U)+g(pAU, X).
Therefore, g(A¢pU, X) = O forany X € D, and

ApU = 0. 4.15)
Taking ¥ = ¢U in the last equation, we get 0 = —g(AX, U) + g(¢pA@U, X), for any

X € D. Bearing in mind (4.15), this implies g(AU, X) = 0 for any X € D and so
AU = BE. (4.16)

From (4.15) and (4.16), Dy is A-invariant. If in the equality used to find (4.15) and (4.16)
we take Y € Dy, we obtain 0 = g(¢pAY, X) + g(A¢Y, X) forany ¥ € Dy, X € D. Then,
@AY + ApY =0 forany ¥ € Dy. If we suppose that AY = AY, we get ApY = —Ar¢pY.

The scalar product of (4.14) and Z € Dy gives

—8(Y,U)g(pAPX,Z) = g(Y,U)g(AX, Z) (4.17)

forany X, Y € D, Z € Dy. Taking Y = U, X = Z, we obtain g(A¢pZ, ¢pZ) = g(AZ, Z).
This yields A = —A. Therefore A = 0 and M is locally congruent to a ruled real hypersurface.
This finishes the proof of Theorem 1.6.
The condition in Theorem 1.7 yields
g(PAX, APY)E — n(ApY)PAX — g($A°GY ., X)E + kn(ApY)pX
—g(AX, Y)AE + g(@APY, X)AE = —n(AY)*AX — kn(AY)X
—8(@PAX,Y)pAE + g(pAY, X)pA§ (4.18)
for any X, Y € . If we suppose that M is Hopf with A§ = «&, (4.18) becomes
S(PAX, APY)E — g(pA*PY, X)& — ag(AX, Y)E + ag(¢pAdY, X)E =0 (4.19)
for any X, Y € ID. This gives —pAPpAX — pA’pX — aAX +apApX = 0 forany X € .
If X € D satisfies AX = AX, we obtain (u — ) (X 4+ n) = 0. As in previous theorems, this
case leads to a contradiction.
Thus, M must be non-Hopf and, as usual, we write A& = w& 4+ BU. In this case (4.18)
implies
g(PAX, ApY)E — Bg(pY . U)pAX — g(pA’PY . X)E + kBg(pY. U)X
—g(AX, Y)AE + g(pAPY, X)AE = g (Y, U)AX — B*g(Y, U)g(X, U)E
—kBg(Y, U)X — Bg(pAX,Y)pU + Bg(@AY, X)pU (4.20)
for any X, Y € ID. The scalar product of (4.20) and ¢ U, bearing in mind that g # 0, gives

—g(@Y,U)g(AX,U) + kg(eY,U)g(X,U) = g(Y,U)g(ApU, X)
—kg(Y,U)g(dU, X) — g(pAX,Y) + g(pAY, X) (4.21)
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forany X, Y € . If we take Y € Dy in (4.21), we obtain
8(AX,9Y) —g(A¢X,Y) =0 (4.22)

forany X e D, Y € Dy.
Taking X € Dy in (4.21), we infer

—8@Y, U)g(AU, X) = g(Y, U)g(ApU, X) + g(AdY. X) + g(pAY, X) (4.23)

forany X € Dy, Y € D.
Take X = U and ¢Y instead of Y in (4.22) to have

g(AU,Y)+ g(ApU, ¢Y) =0 (4.24)
forany Y € Dy. Take Y = ¢U in (4.23). Then
8(AU, X) + g(A¢U, ¢pX) = —g(AU, X) (4.25)
for any X € Dy . From (4.24) and (4.25), we derive
g(AU, X) = g(ApU,X) =0 (4.26)

forany X € Dy.
The scalar product of (4.20) and U yields

8(9Y, U)g(AQU, X) + kg(9Y, U)g(@X, U) — g(AX.Y) + g(¢AQY, X)
=g(Y,U)g(AX,U) — kg(Y,U)g(X,U) (4.27)

for any X,Y € D. In (4.27) we take ¥ = U and obtain 2g(AU, X) + g(A¢U, ¢X) =
kg(U, X) forany X € D.If X = ¢U we get

g(AU,¢U) =0 (4.28)
and if X = U, we have
2¢(AU,U) + g(ApU, ¢U) = k. 4.29)

Taking ¥ = ¢U in (4.27), we obtain 2 g(A¢U, X) + g(pAU, X) = kg(oU, X). If
X = ¢U, we conclude

28(ApU, ¢U) + g(AU, U) = k. (4.30)
From (4.29) and (4.30),
¢(AU,U) = g(ApU, pU) = % (4.31)
From (4.26), (4.28) and (4.31), we obtain
AU = B& + gU,
AU = §¢>U. (4.32)

The scalar product of (4.20) and & yields
g(PAX, APY) — g(pA*pY . X) — ag(AX.Y) + ag(pAdY, X) =0 (4.33)
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for any X, Y € D. Taking X = U in (4.33), we obtain g(¢p AU, A¢Y) + g(ApY, ApU) —
wg(AU, Y)—ag(AdU, $Y) = Oforany Y € ]D).From(4.32)weget(25—2 - 2"%) U, Y) =
Oforany Y € D. Taking U =Y,

k = 3a. (4.34)

If we take X = ¢U in (4.33), we have g(pApU, ApY) — g(AU, ApY) — %“g(d)U, Y)+
ag(AgY,U) = 0forany Y € D. From (4.32) and (4.34) it follows ﬂ2 g(U, ¢Y) = Ofor any
Y eD.IfY = ¢U, then B = 0, which is impossible and this finishes the proof of Theorem
1.7.

Remark 4.1 With proofs similar to the ones appearing in this section, we could also obtain
non-existence results for real hypersurfaces in CP™, m > 3, satisfying any of the following
conditions:

1. Agc) (pX,Y)+ qug‘)(X, Y) =0 for any X, Y € D and any nonnull real number k;
2. Agc) (X, ¢Y) + ¢A¥)(X, Y) =0 forany X, Y € D and any nonnull real number k.
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