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Zusammenfassung

In dieser Arbeit berichte ich tiber die erste rontgenspektroskopische Untersuchung
des Prozesses der radiativen Rekombination (RR) fiir nackte Blei-Tonen (Pb%") am
Elektronenkiihler des CRYRING@ESR-Speicherrings, der kiirzlich an der GSI/FAIR,
installiert und in Betrieb genommen wurde. Die Kopplung des CRYRING, der
sich urspriinglich im Marne-Siegbahn-Labor in Stockholm befand, mit dem Ex-
perimentier Speicherring (ESR) der GSI-Beschleunigeranlage erméglichte es uns
zum ersten Mal, hochgeladene Schwerionen im CRYRINGQESR zu speichern und
die Rontgenstrahlung zu untersuchen, die durch ihre Wechselwirkung mit Elek-
tronen aus dem ultrakalten Elektronenkiihler entsteht. Dazu wurden die Pb®2*-
Ionen im ESR von der Injektionsenergie von 400 MeV/u auf 10 MeV/u abge-
bremst und anschliefend zum CRYRINGQESR transferiert, dort gespeichert und
gekiihlt. Der Nachweis der im Kiihler emittierten Rontgenstrahlung wurde durch
die Installation spezieller Kammern fiir die Montage von Rontgenfenstern im ger-
aden Kiihlerabschnitt des Speicherrings bei Beobachtungswinkeln von 0° bzw. 180°
ermoglicht. Dartiiber hinaus wurde die Rontgenemission in Koinzidenz mit umge-
ladenen Pb8'*-Tonen aufgezeichnet, was sehr saubere Rontgenspektren ohne Kon-
tamination durch Hintergrundstrahlung, die nicht mit dem gespeicherten Ionenstrahl
korreliert ist, ermoglicht.

Eine detailierte, zeitabhéangige Modellierung der beobachteten Rontgenspektren
ermoglichte es, die detaillierten aufgenommenen Spektren quantitativ zu repro-
duzieren. Neben den prompten Rekombinationsiibergiangen fiir RR in die K-, L-,
und M-Schalen werden alle charakteristischen Rontgenemissionsmerkmale, wie die
beobachteten Lyman-, Balmer- und Paschen-Linien, durch das angewandte Modell
gut beschrieben. Diese Ergebnisse wurden durch die vorteilhaften Eigenschaften des
Rontgenspektroskopieauftbaus am CRYRING@QESR Elektronenkiihler ermoglicht. Zu
nennen sind hier beispielsweise die Beryllium-Vakuumfenster, die eine hohe Trans-
mission auch fiir Rontgenstrahlen im Bereich von wenigen keV ermoglichen, sowie die
ausgezeichnete Gesamtleistung des CRYRING@ESR, der sehr gut definierte elektro-
nengekiihlte Pb®*-Strahlen bei einer Energie von nur 10 MeV /u liefert. Dariiber
hinaus ermoglichte die genau definierte Beobachtungsgeometrie die Beobachtung
aller Rontgenlinien ohne Verzerrungseffekte und ohne nennenswerte Doppler Verbre-

iterung. Infolgedessen konnten sogar die komplette Balmer-Serien und die Paschen-



Linien eines Hoch-Z Elements zum ersten Mal unverzerrt in der Kiihlsektion von
CRYRING@ESR beobachtet werden.

Aus diesen Ergebnissen folgt, dass der RR Prozess an Elektronenkiihlern gut fiir
die detaillierte Prazisionsspektroskopie schwerer hochgeladener Ionen genutzt wer-
den kann. Wie in der vorliegenden Studie gezeigt wurde, werden die relativen (n,1)
Populationskoeffizienten bei den hier gegebenen niedrigen Relaitivgeschwindigkeiten
zwischen Elektronen und lonen nur geringfiigig durch eine Variation der Kiihler-
temperatur beeinflusst, da RR bei niedrigen relativen Energien hohe Quanten-
zustande begiinstigt, was schliefflich zu einer Yrast-Kaskaden-Kette fiihrt, wie sie
im aktuellen Experiment beobachtet wurde. Dariiber hinaus stellen wir fest, dass
ein grofler Teil der Elektronen, die iiber RR in die angeregten Niveaus der Ionen
eingefangen wurden, innerhalb unserer experimentellen Beobachtungszeit von etwa
70 ns den Grundzustand erreicht haben. In der Tat beweist unser Experiment, dass
der Hauptbeitrag zur Rontgenemission von RR-Zustanden mit Hauptquantenzahlen
bis zu etwa n = 100 stammt.

Dartiber hinaus wurden in dieser Arbeit erste vorlaufige Ergebnisse einer exper-
imentellen Untersuchung der Strahlungszerfallsmodi von hohen Ryberg-Zustinden
zur Bildung von sequentiellen Balmer-Serien und L — K iibergingen in U%*-Ionen
vorgestellt. In diesem Experiment wurde die zustandsselektive Population der Sub-
struktur in angeregten Zustanden iiber RR von urspriinglich H-artigem Uran mit
hoher Auflosung untersucht. Dies wurde durch den Einsatz von zwei hochgranu-
laren, neuartigen hochauflosenden maXs-100 Detektoren erreicht, die unter 0° und
180°-Beobachtungswinkeln in Bezug auf die Ionenstrahlrichtung platziert wurden.
Die vorlaufigen Daten belegen erneut das einzigartige Potenzial der experimentellen
Methode der Rontgenspektroskopie am Elektronenkiihler von CRYRING@QESR und
unterstreichen die Bedeutung des oben vorgestellten Kaskadensimulationsprogramms

fiir die Interpretation und Modellierung der gemessenen Rontgenspektren.
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Chapter 1
Introduction

Radiative recombination occurring in electron-ion collisions is one of the most fun-
damental processes which was barely possible to be observed in the laboratory in
the beginning of the 1980s. Then, revolutionary development came at the end of the
1980s with the advent of heavy-ion cooler storage rings [1, 2, 3] and electron beam ion
traps (EBITSs) [4, 5]. These devices allow to investigate reactions between electrons
and ions for almost any charge state with high resolution as well as with increased
signal-to-background ratio, and with high luminosity. Storage rings, in particular,
have the strength to investigate radiative recombination in the low impact energy
range. One particular advantage is that they enable us to perform photon spec-
troscopy studies of elementary atomic processes. The CRYRINGQESR storage ring
6], shipped from the Manne Siegbahn Laboratory in Stockholm to Darmstadt as
a Swedish in-kind contribution to FAIR ! (see [7] and references therein), has the
potential of an excellent energy resolution and the selectivity in ion charge states as
well as the easy detection of recombined ions.

Stored highly charged ions offer the unique possibility to analyze the main con-
stituents and evolution of typical astrophysical plasmas, and to pursue detailed
studies of electronic transitions, and of collisional processes and to investigate their
influence on the level population and the emission of characteristic radiation. In ad-
dition, highly charged heavy ions provide a distinctive probe for our understanding
of relativistic particle dynamics in the presence of extreme electromagnetic fields.
Here, elementary atomic processes like photoionization in the relativistic domain can
nowadays be studied by its time-reversal process, i.e. the radiative recombination
process (RR), with an accuracy which is otherwise inaccessible [8].

The reason for studying RR of electrons with bare or few-electron ions is due
to several practical applications and fundamental questions. The applications are
in plasma physics or in astrophysics where electron-ion recombination and their

spectroscopy play an important role [9], e.g. population dynamics, ionization equi-

'Facility for Antiproton and Ion Research in Europe GmbH, Planckstrafie 1, D-64291 Darm-
stadt, Germany.



librium, and radiative power losses, also of high practical relevance is electron cooling
itself, where recombination could cause significant ion beam losses and is expected
to be useful for the diagnosis of the beam properties. For fundamental studies two
classes of highly charged ions are presently most interesting: the one-electron (H-
like) ions and the two-electron (He-like) ion species. The quantum mechanics of
the H-like ions is well understood so that they provide the best testing ground for
strong QED effects in extreme electromagnetic fields [10]. The understanding of the
two-electron systems is a necessary precursor for developing theoretical models for
many electron systems. With the extension from H and He atoms to highly charged
ions at high atomic number Z, a more systematic investigation is indispensable since
the relative contributions of atomic structure corrections vary, such as correlation or
QED effects. These effects can be deduced from x-ray spectroscopy by the detection
of RR photons and characteristic x-rays from highly ionized high-Z species.

Most of the RR experiments were performed at electron cooler devices of storage
rings for the low velocity regime [11, 12, 13, 14]. In this process a free electron
undergoes direct transition into a bound state of a stationary ions via emission
of a photon, carrying away the energy difference between the initial (continuum)
and final (bound) electronic state. At such low-relative velocities, states with large
principle and angular momentum quantum number (n,l) are predominantly pop-
ulated, which then decay radiatively forming characteristic projectile x-rays from
these high Rydberg levels via radiative cascades [15, 16]. At the ESR storage ring
in Darmstadt, the very first x-ray emission study for initially bare gold ions due to
RR process was conducted in the electron cooler [17]. In this experiment, in par-
ticular, a very strong cascade contribution feeds the L-shell levels and subsequently
results in relative intense Lyman-o emission [15, 17]. Afterwards, an application
of deceleration mode in the ESR was used to reduce tremendously the ion beam
energy, and enabled the efficient production of characteristic x-rays under almost
background free conditions, thus allowing for a state-selective investigation of the
L-RR [18, 19] and the characteristic Balmer transitions [18, 20] at the low-energy
part of the spectra.

Since 2020, the CRYRINGQ@ESR storage ring has been fully commissioned with
beams from an independent local ion injector as well as for all ion species presently
accessible in the ESR storage ring by using the full GSI accelerator chain. As dis-
cussed in detail in the current thesis, recently the first x-ray spectroscopy produc-
tion runs for a real high-Z ion, namely hydrogen-like lead provided by the ESR, was
successfully conducted at the electron cooler of the CRYRING@QESR. By utilizing
dedicated x-ray detection chambers installed at 0° and 180° observation geometry
[21] while maintaining the ring of typically 107'! mbar ultra-high vacuum (UHV)
environment, it enabled us to observe the full x-ray emission pattern for a wide

energy range, spanning from prompt RR transitions into the K-, L- and M-shells to



CHAPTER 1. INTRODUCTION

the subsequent radiative deexcitation cascades forming well resolved Lyman, Balmer
and Paschen series. Most remarkably, the x-rays are detected without any line dis-
tortion effects which might be caused mainly by delayed x-ray emission affecting in
particular the Lyman-a transitions as observed in previous experiments at the ESR
[18, 19, 22, 23]. Further on the current thesis lays the basis for a successful effort
to push the experimental resolution of x-ray spectroscopy for L — K ground-state
transitions at high-Z of below 80 eV at about 100 keV. This was done in an RR
experiment of free electrons into the bound states of Ut ions by adopting low-
temperature x-ray detectors [24]. Such an experiment allowed us for the first time
to resolve the substructure of the Koy line and partially the Ka; line in U%* ions.

This PhD work essentially reports about x-ray production processes: recombi-
nation of free electrons and highly charged heavy ions at zero relative electron-ion
velocity (on average) in an electron cooler, and the investigation of the prevalent
cascade decay dynamics to gain more insight into the final state populations of the
recombination process itself both for H-like and He-like heavy ions.

The thesis is organized as follows:

e Chapter 2 widely describes the experimental environment of GSI, in which the
measurements have been taken place. The accelerator facilities, the storage rings
and the technique of electron cooling are presented. The current progress in the
basic field of atomic structure research involving high-Z ions is closely related to
the application of both advanced ion sources and advanced accelerator and storage
techniques.

e Chapter 3 gives a short introduction to the structure of one- and few-electron
systems, which includes also a detailed discussion of the scaling of radiative transi-
tion rates for the most probable electronic transitions.

e Chapter 4 establishes in a brief way the theoretical frame of the work. Here,
the main processes that lead to projectile x-ray production are discussed. The
importance of understanding and using these theoretical tools is emphasized, in
order to analyze and predict atomic physics related phenomena.

e Chapter 5 reveals the role of radiative feeding transitions followed by RR of
bare lead ions with cooling electrons to the formation of observed intense Lyman
and Balmer lines. For this purpose, an elaborate theoretical model for the radiative
decay dynamics for each (n,l, j) state population is developed and tested in detail
by comparison with the experimental data. As a result, the presented rigorous
treatment reproduces the observed line intensities for RR and characteristic x-ray
transitions very well. Also, a strong enhancement for [ = n — 1 states in inner shells
due to radiative cascades from high Rydberg states is found, which contributes
strikingly to the observed intensities of characteristic x-ray lines, e.g. Lyman-o o.

e Chapter 6 describes the state-selective x-ray studies associated with RR of U1+

ions with free electrons at threshold energies. Moreover, for future application of the



established radiative cascade simulation program a prediction of the population of
excited projectile substate (n, [, j) is presented for the case of U ions. Emphasize
is given particularly to the formation of S, and 3P, levels, as the substructure of
K s transition line was resolved for the first time by using novel high-resolution mi-
crocalorimeters. Up to now, rare experimental information about K ay substructure
in the domain of medium-Z and high-Z helium-like ions is available.

e Chapter 7 summarizes the work presented in this thesis and chapter 8 gives an

outlook on future studies.



Chapter 2
The experimental environment

The measurements presented in this work were carried out at the electron cooler of
the CRYRING@ESR storage ring complex at GSI by utilizing the free cooler elec-
trons as target. In the following the production and storage of highly charged heavy
ions at GSI Schwerlonen Synchrotron SIS and the Experimental Storage Ring ESR
are discussed. Particular emphasis is given to ion beam cooling, beam extraction
from the ESR to the CRYRING@QESR and to detectors with high energy resolution
and large energy bandwidth dedicated to RR x-ray spectroscopy.

2.1 Production of highly charged heavy ions

The production of highly charged ion beams is a difficult task, due to the increase
in binding of inner shell electrons (E,, ~ Ry - Z?/n?). To ionize inner shell electrons
in heavy atoms, corresponding high energy or momentum transfers are needed. For
photons, the necessary high flux at high energies are presently not available for the
efficient ionization. Currently, only impact ionization in collisions with atoms or
electrons can provide sufficient numbers of highly charged heavy ions for experi-
ments. For instance, uranium K-shell electrons (Ejy =~ 132 keV) can be removed
efficiently in atomic or electronic collisions at energies beyond 200 MeV /u (atomic
collisions) or 150 keV (electronic collisions).

In heavy ion accelerators the highly-charged ions are produced by stripping, i.e.
ionization by heavy particle impact. With the increase of the accelerator beam
energy over the last 40 years, heavier and heavier systems were made accessible to
scientific research. At the GSI accelerator facility [25, 26|, all heavy ion species
across the periodic table, up to naked U, can now be produced with reasonable
intensities. Here, in an injector, heavy ions are accelerated to high energies and
then stripped before they are accumulated in an ion storage ring. The layout of the
accelerator facility and experimental area at GSI (Germany) are displayed in Fig.
2.1.



2.1. PRODUCTION OF HIGHLY CHARGED HEAVY IONS

L]
SN A
Darmstadt 100 meters

Figure 2.1: Layout of the heavy ion accelerator facility and experimental areas at
GSI in Darmstadt.

2.1.1 Comparison between electron beam ion trap and stor-

age rings

An alternative method to produce heavy few-electron ions is the successive ionization
of confined ions by continuous energetic electron bombardment as it is realized in
an electron beam ion trap devices (EBIT) [4, 27], in which the ions are confined
by magnetic and electric fields in a dedicated ion trap. If the electron energy is
sufficiently high, the trapped ions will consecutively be ionized until they have lost
even their last electron, provided that recombination is less probable compared to
the electron loss process. In particular, the Doppler effect which is often the limiting
factor for accelerator-based spectroscopy is not the dominant source of uncertainties
for an EBIT-based spectroscopy. The main drawback here is the limit in ionization
power for the innermost electrons in heavy ions. Bare and H-like ions of e.g. lead
or uranium are difficult to produce. As schematically shown in Fig. 2.2 the Super-
EBIT device in Livemore, the electron beam energy was turned up to about 198 keV,
which in uranium is well above the ionization energy for the last K-shell electron
[28], however, only a small number of bare U%* ions had been produced inside the
EBIT.

In storage rings, which can also be considered as traps for ions at high energies,
the drawback of charge-state mixing is clearly avoided by utilizing bending mag-
nets for q/A separation. Here, q and A denote the ionic charge and mass number,

respectively. However, the high ion velocity may cause via the Doppler effect restric-
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(a)
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Figure 2.2: Two methods to produce highly-charged heavy ions in (a) [29]. Top:
the storage ring technique, where ions are accelerated to high energies and then
stripped to high-charge states before they are stored and cooled in a huge ring.
Bottom: the EBIT technique, where ions stored in a small trap are continuously
ionized by a very dense, high energy electron beam to high ionization stages. Charge-
state distributions for uranium ions in (b). Left: trapped, stationary uranium ions
by continuous 198 keV electron beams bombardment in Super-EBIT [28]. Right:
Fast moving uranium ions penetrate through a 100 mg/cm? thick Cu stripper foil
at 360 MeV/u (5 ~ 0.69) in UNILAC/SIS complex [8].

tions for precision experiments. On the other hand, decelerating of fast few-electron
projectiles at an accelerator after stripping will certainly allow a Doppler-reduced
accelerator-based spectroscopy. Hence, really high intensities of the heaviest and
ultimately charged ions can be provided by the acceleration-stripping-decelerating-
storing technique. In the storage ring at the heavy ion accelerator facility at GSI
in Darmstadt, up to 10® bare U%*" ions had been stored already for experiments in
the ESR storage ring. To strip the heavy ions to the necessary high-charge states
before injection into the ring, one must accelerate them to velocities corresponding
to about the orbital velocities of the most strongly bound electrons of concern (Bohr

criteria). For fast uranium ions, energies between 250 and 500 MeV /u are needed to
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2.2. ION BEAM COOLING

produce sufficiently high fractions of completely stripped ions [30]. In this case, the
acceleration-stripping technique has to be applied in several stages, as is indicated
in Fig. 2.2.

The stripping technique will certainly increase the emittance of the ion beam
which means it will become more divergent, i.e. slightly hotter. Such a stored ion
beam will further heat up by intra-beam scattering and distant collisions with the
remnant gas molecules in the ring. Hence, the advent of efficient beam cooling tech-
niques [31, 32] was crucial for the prosperous development of x-ray spectroscopy
study at heavy-ion storage rings. By various beam cooling techniques and in partic-
ular electron cooling, stored heavy ion beams can be cooled down to low emittances.
Thus, even for high intensity beams, all highly charged ions have almost exactly the
same velocity vector, and the ions are confined to a small beam diameter. The
cooling techniques fix the ion velocity with extreme stability over long time peri-
ods. It also counterbalances the energy loss of the ions colliding with remnant gas
atoms and molecules. Beam cooling is the prerequisite for heavy ion storage rings
providing high luminosity beams of ultimately charged heavy ions even for precision
spectroscopy investigation. Moreover, in a ring the charge states of the ions are well

defined and accessible to experiments before and after any reactions.

2.2 Ion beam cooling

Cooling of an ion beam means a decrease of the four equivalent quantities, i.e. phase-
space volume, emittance, temperature and entropy. It does not violate Liouville’s
theorem or the second law of thermodynamics because beam cooling couples to an
outer system with additional degree of freedom. The coupling can be provided by
different mechanisms resulting in various cooling techniques like radiation self cool-
ing, laser cooling, stochastic cooling and electron cooling. For the case of heavy ions,
cooling by light-pressure and by synchrotron radiation damping can be neglected.
The following will concentrate on a short review of stochastic cooling which applies
self-correction of ion trajectory, and electron cooling where the coupling mechanism
is maintained by Coulomb collisions.

At the ESR, stochastic cooling [33, 34] is mainly used as a precooling stage for
secondary beams after storing. Hot beams of projectile fragments (secondary ions)
are produced in a rather thick target and selected by a magnetic separator FRS (see
Fig. 2.1). For the cooling of 10® bare U™ fragment ions at 400 MeV /u precooling
will start at a transverse emittances of € = 20r mm mrad and a momentum spread
of Ap/p ~ 1073, Electron cooling [35, 36] is applied at ¢ = 27 mm mrad and
Ap/p ~ 107%. The final values of ¢ = 0.17 mm mrad and Ap/p ~ 107 are
reached by consecutive application of stochastic cooling and electron cooling. For

this procedure, a time of about a few-second is necessary as shown in Fig. 2.3.
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CHAPTER 2. THE EXPERIMENTAL ENVIRONMENT

After about 3 s of stochastic cooling and subsequent electron cooling, an extremely
well-cooled beam, i.e. well defined beam with respect to energy and momentum

definition, can be observed 5 s after injection.

250 |
7 <« after5s

200
':F:‘ 7
% 150 oy %

.,ww/'

q;’ Fast pr m :‘\\ A2 + after3s
O 100  Fast pre-cooling 3 A L )

1~ of large initial

Jw .

t momentum width
T Y A A VS UV

50

TGV T
W «— injection

0 T e
-0.25% -0.15% -0.05% 0.05% 0.15% 0.25%
Momentum distribution Ap/p

Figure 2.3: Waterfall diagram of the Schottky power density for a circulating beam
of 400 MeV /u U7 ions at the ESR storage ring [37]. The broad distribution refers
to the uncooled initial beam, the distributions in red denote stochastic precooling
measured after injection into the ESR. The blue narrow distributions reflect the
momentum profiles of a continuously cooled ion beam.

2.2.1 Stochastic precooling

Using a pick-up probe, the position of the ion beam can be measured at a fixed
position via the induced electronic signal. A deviation of the beam from the ideal
orbit can be corrected by the amplification of this signal. This amplified signal can
now be used as a correction signal which acts on the beam at a second position via
a "kicker”, as schematically depicted in Fig. 2.4 (a). This method was invented
for the cooling of hot antiprotons by Van der Meer [38, 39]. He was able to show
that after a cooling time of 7 o« N/C (N: Particle number, C: Bandwidth of the
amplifier) a momentum width of the beam of about Ap/p ~ 1073 can be achieved by
stochastic cooling. For details, the principle of these techniques was comprehensively
summarized in the literature [40, 41].

The stochastic cooling system at the experimental storage ring ESR had been
used for various experiments with stored radioactive and stable fragment beams.
They arrive from the fragment separator with momentum spreads and emittances
for which electron cooling is too slow. Both longitudinal and transverse stochastic

cooling have been demonstrated in Fig. 2.4 (b). In stochastic cooling, the mean
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2.2. ION BEAM COOLING

position of a small bunch of particles in the phase space is measured, and then
this bunch is transferred by active kickers to the correct spot, i.e., to the center of
the emittance ellipse. Stochastic cooling is particularly appropriate for hot beams,
i.e., beams with large emittances. This is, for instance, important if the reaction
products from nuclear reactions (exotic nuclei) are accumulated in the ring. At
the ESR, stochastic cooling installed in 1990th had successfully demonstrated its
efficiency to cool a mixture of different ion species [33, 34, 42] from the fragment
separator FRS placed between SIS and ESR (see Fig. 2.1).

mean

position in Combiner-

phase space LY ?| Station

_Ix

Figure 2.4: (a) A cartoonist’s view of a transverse stochastic cooling system. (b)
Layout of the ESR with stochastic cooling lines.

2.2.2 Electron cooling

Cooling a heavy-ion beam is a fascinating idea because it offers a number of advan-
tages. It was in 1966 when Budker [43] was the first to point out that a cold beam
of electrons moving at the same velocity parallel to the hot ion beam on a straight
section of the ring could provide a refrigerant. It compensates various unavoidable
heating processes like intra-beam scattering, focusing errors, small angle scattering
and energy loss in an internal target introduced into a storage ring for experiments.
This results in a lower equilibrium ion temperature and in larger storage time. For
experiments the more brilliant beams mean higher event rates and at the same time
a minimal kinematic broadening of particle and radiation spectra.

Electron cooling is based on the exchange of energy between the ion beam and
a low-temperature beam of electrons having the same velocity as the ions [44]. The
basic principle of electron cooling of a stored beam of ions is sketched in Fig. 2.5
with the utilization of an electron cooler. Over a fraction of the circumference of
the storage ring, for instance the ESR or CRYRING, the ions are merged with a
stream of continuously refreshed cold electrons. The mean electron velocity in the

laboratory system (v, qp) is tuned to the mean ion velocity (v;q), and the electron
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CHAPTER 2. THE EXPERIMENTAL ENVIRONMENT

temperature T, is less than the ion temperature 7;. The dissipative force introduced
via Coulomb interactions between electrons and ions leads to a heat exchange and,
in the absence of processes heating the ions, to an equilibration of the temperatures
T; = T,. Because of the high mass m; of a heavy ion as compared to the electron

mass m. the ion velocity in the co-moving system can be very small

(v2) = % (v2), (2.1)

and accordingly the divergence and momentum spread of the ion beam can be small
as compared to those of the electron beam. For a comprehensive compilation of the
theoretical understanding and the technical developments in electron cooling, one
can refer to the workshop [45] on beam cooling and related topics held at CERN in

Switzerland.

electron collector electron gun

| =N

1k
. o
high voltage platform 5

electron beam

ion beam

Figure 2.5: The principle of electron cooling in an ion storage ring: a stream of cold
electrons moving collinearly with the ion beam over a fraction of the circumference
serves as a refrigerant.

2.3 Experimental storage rings ESR and CRYRING

The coupling of ESR and CRYRING@ESR storage ring complex serves as the plat-
form for the experiment, as shown in Fig. 2.6, since the CRYRING here can be
used to perform experiments with cooled ions, while the ESR prepares the next ion
bunch. Usually, 400 MeV /u bare Pb ions from the heavy-ion synchrotron SIS18 were
injected into the storage ring ESR and then compressed into a small phase space
volume with typical momentum spread of Ap/p ~ 107 by combined stochastic and
electron cooling [32]. Thereafter, the ions were decelerated down to 10 MeV /u, elec-
tron cooled again. This is followed by the extraction of the ions out of the ESR and
injection into the CRYRINGQESR.
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Figure 2.6: Schematic sketch of the coupling of ESR and CRYRING@QESR storage
ring at GSI-Darmstadt. The layout of ESR depicts the beam guiding system (dipole
bending magnets, quadrupoles and hexapoles) as well as the most important instal-
lations for beam handling and disgnostics kicker, rf cavities, Schottky noise pick up,
electron cooler. The layout of CRYRINGQ@ESR will be depicted seperately in Fig.
2.7.
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Figure 2.7:  Overview of the main CRYRINGQESR facilities including the local
injector, the transfer beamline from ESR and ring sections where experimental in-
stallations and/or particle detectors will be placed [46].

Both ESR and CRYRING@QESR are very flexible experiment facilities and offer
unique possibilities for a large number of experiments in the realm of atomic, quan-
tum and fundamental physics based on electronic, photonic, or atomic interactions
[6]. A full technical description of the original CRYRING setup in its original form
at the Manne Sieghahn Laboratory at Stockholm University in Sweden is given by
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CHAPTER 2. THE EXPERIMENTAL ENVIRONMENT

Danared et al. [47]. To further leverage its capabilities into the realm of intense
beams of highly charged ions, exotic isotopes, and of antiprotons, the ring was mod-
ernized and adapted to the GSI/FAIR standards [48, 49] and installed downstream
of the ESR. At its new location downstream of ESR (see Fig. 2.1), all ion species
presently accessible in ESR can be transferred to the CRYRING, in which ions with
rigidity between 0.054 and 1.44 Tm can be stored. The original Swedish layout
has been modified by reconfiguring the sequence of straight sections and by slightly
increasing the circumference to ESR/2. Ions can be injected from ESR or from an
independent 300 keV/u RFQ test injector. A closer view of the new CRYRING

installations can be seen in Fig. 2.7 [46].

Table 2.1: Operation parameters of CRYRING@QESR with heavy ions from
SIS18/ESR facility [6, 46].

Circumference 54.17 m (ESR/2)
Bending radius in 30° dipole magnets 1.2 m

Rigidity at injection

—for p, p 0.08 Tm
— for heavy ions 1.44 Tm
Highest possible injection energy
—for p, p 30 MeV (capped by radiation safety)
— for 12CO* 24.7 MeV /u
— for 2387U9%+ 14.8 MeV /u
Lowest rigidity 0.054 Tm
Lowest energy charge exchange limited
Ion beam lifetimes 3 s - 15 min
Magnetic ramping (de- and acceleration) 1T/s (4T/s, 7T/s)
Vacuum pressure (N, equiv.) 10711 — 107!2 mbar
Beam injection multi-turn and fast
Beam extraction slow and fast

Local injector beamline
—for A/q > 2.85 40 keV/q
—for A/q <2.85 300 keV/u (RF-power limited)

Table 2.1 summarizes the operation parameters of CRYRINGQESR. The in-
strumentation of the ring includes an RF drift tube system for acceleration and
deceleration (1 T/s, with a possibility for an upgrade to 7 T/s), electron cooling, a
free experimental section, and both fast and slow extraction of ions. The ring is ar-
ranged in a sixfold symmetry with every second straight section implementing beam
focusing through a set of quadrupole triplets and with two sextupoles for correcting
chromaticity [50] (not denote in Fig. 2.7). CRYRING@QESR can store, cool and
decelerate heavy, highly charged ions down to a few keV/u, which ranges ideally
below the lower limit of ESR operation. The ions are kept in orbit by twelve 30°

magnetic dipoles and a number of quadrupoles. The ring features also excellent vac-
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2.3. EXPERIMENTAL STORAGE RINGS ESR AND CRYRING

uum conditions to achieve ion beam lifetimes of several seconds to minutes for even
the highest charge states of ions. It is equipped with a high-performance electron
cooler, as well as with an internal gas-jet target. Moreover, an independent injector
beam-line allows for standalone operation during commissioning and prototyping.
Hence, with dual injection, beams can be either injected from ESR or independently
from a local ion source. The local source is set up in a 40 kV high-voltage platform
and connected to a 300 keV/u RFQ accelerator (for A/q < 2.85).

2.3.1 The transfer beam-line from ESR

A schematic overview of the ESR-CRYRING@ESR transfer beam-line is depicted
in Fig. 2.8 with a length of almost 100 m, and fast extraction is used in the transfer
of beam from one circular ring to another [51]. As ESR is not equipped with a
dedicated kicker magnet for fast extraction towards CRYRING, the extraction is
performed with the existing injection kicker magnet of ESR applying a particular
closed orbit detuning [48]. In August 2014 a beam of 30 MeV /u N7 ions [52] was
used to test the complete ESR-CRYRINGQ@ESR beam transfer line and to optimize
beam-line settings. At each energy via step-wise deceleration down to 4 MeV /u, the
beam was successfully extracted, varying only the kick angle of the injection kicker,

and the distortion orbit was unchanged.
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Figure 2.8: Schematic overview of the ion beam fast extraction from ESR to
CRYRING@ESR [53]. The black solid and dashed lines refer to injection and
bumped orbit, the extraction orbit to HITRAP [54] and CRYRING are indicated
by black dotted and red dash-dotted lines, respectively.

The reason for the installation of CRYRING@QESR at GSI are experiments with
slow, highly-charged ions being transferred through ESR from the GSI accelerator
chain. The very first commissioning run experiment with bare Pb®** ions from
the ESR transferred to CRYRING@QESR was conducted successfully in spring beam
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time of 2020, as beams with useful intensities enable us to accumulate meaningfully
spectral information when combining the signals from x-ray detectors and particle
counter. In late April 2021, the second experiment using beams from the ESR, focus-
ing on the x-ray spectroscopy of He-like uranium ions, was partially demonstrated.
There, intensities of about 2 x 10° ions of U?!* could be transferred from ESR and
stored in CRYRING@ESR. Dominant losses (> 90%) were observed already during
deceleration and subsequent electron cooling in the ESR before extraction. It should
be also noted that the space charge limit of CRYRINGQESR is nearly 2 orders of
magnitude above the reached intensities and that injection efficiency of beams de-
livered to CRYRINGQESR was near 100%. Thus, the deceleration efficiency and
reliability as well as the beam lifetimes need further substantial improvement for

the next upcoming beam times.

2.3.2 The electron cooler

In the present experiment the CRYRINGQESR electron cooler serves a twofold
task: first, phase-space cooling of the ion beam and, second, the use of the as a
target of electrons to study the recombination processes. For cooling, the electron
beam energy is tuned to match the velocity of electrons to the velocity of ions on
average. Since the electron beam is cold and used in single pass, on average the
momentum spread of the initially hot ion beam approaches the momentum spread
of the electron beam and a net cooling effect of the ion beam can be observed, leading
to an increased phase space intensity and a much better defined ion momentum with
Ap/p reducing from ~ 1073 of initially stochastic precooling to ~ 107> after electron
cooling.

In an electron cooler the electrons are accelerated first to the full energy and
from there on they drift in a longitudinal magnetic field (solenoids and toroids) to
the collector. A CAD model and a cross section of the cooler are shown in Fig. 2.9.
Before being dissipated there, they are decelerated to kinetic energies below a few
keV. Secondary electrons liberate from the collector surface and primary electrons
which pick up a high transverse energy are re-accelerated into the system. Due to
the longitudinal magnetic field the transverse motion is transformed into cyclotron
spirals around the field lines. Electrons leaving the collector can bounce back and
forth between gun and collector entrance with a spiral radius continuously increasing
because of residual gas collisions. Eventually they hit a grounded surface at nearly
full electron beam energy.

For target operation of an electron cooler, the energy of the electrons is slightly
detuned and varied from the cooling condition for some time (for dielectronic recom-
bination experiments). One of the key features in CRYRING@QESR is the electron

cooler with adiabatic transverse expansion of the electron beam [55]. This yields
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Figure 2.9: (a) CAD model and (b) cross section of the CRYRING electron cooler
[47] with 1) liquid-helium reservoir, 2) electron gun, 3) superconducting gun solenoid,
4) vacuum chamber, 5) normal-conducting magnets, 6) electron collector.

about 100 times lower transverse electron temperature than in the ESR and achieves
ultracold electron beams [56] with ~ 1 meV transverse and ~ 100 peV longitudinal
electron beam temperatures. These are very favorable conditions for recombination
experiments allowing for high resolution studies in recombination spectroscopy with

merged ion-electron beams (dielectronic recombination resonances).

2.4 X-ray detectors

For the detection of x-rays it is important to choose suitable detectors. As already
mentioned, the exact geometry of the electron cooler devices only allows for x-ray
detection under the two observation angles of 0° and 180°. The photon energy to
be detected ranges from a few keV to over 100 keV. For this energy range, semi-
conductor detectors made of high-purity germanium (HPGe) had been chosen for
our first experiment at CRYRING@ESR as discussed in Chapter 5. Afterwards, in
Chapter 6, metallic magnetic calorimeters were used to pursue high energy resolu-
tion for x-ray spectroscopy studies, while maintaining broad spectral range and high

photon-flux tolerance.

2.4.1 Germanium detector

Germanium is a frequently used material in photon detection technology. Due to
the low average energy of 2.96 eV required for the generation of an electron-hole
pair and the resulting high number of generated charge carriers per energy of a
photon, a comparable energy resolution than that of a silicon detector is expected.
To ensure the detected number of electron-hole pairs is proportional to the photon
energy, the detector must be cooled. For this purpose, the detector is connected to
a cryostat, which uses nitrogen to cool the crystal to a constant temperature. To

prevent condensed water from settling on the cooled detector, the crystal is located
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in a vacuum which is delimited by a thin beryllium window.

Germanium has a relatively high atomic number of Z = 32 for crystals used in
detectors in particular compared to silicon (Z = 14) . The larger the atomic number
Z, the higher the absorption capacity over a wide energy range. This becomes clear
when considering the absorption coefficient, which shows a strong dependence on the
atomic number, namely 7 o< Z*, which results from the photoabsorption. Because
of this dependence, beryllium windows are adopted in many detectors, since the
atomic number is very small (Z = 4) and thus the absorption capacity is very low
and most of the photons are transmitted. However, it must be taken into account
that for semiconductor detectors, the efficiency drops significantly above a certain
energy, the reason is the so-called absorption edges [57]. Here, the absorption of
photons in an atom increases abruptly at the binding energy of a shell. The largest
change occurs at the K-shell energy. For germanium this edge is roughly at 11
keV, i.e., at this energy the efficiency of the detector decreases and increases again
to the maximum value with increasing energy. Figure 2.10 shows the absorption
edge for germanium in the efficiency spectrum for different crystal thicknesses and
thicknesses of the beryllium window. Due to the absorption edge in the x-ray spectra
it has to be taken into account that the intensity in the energy range above 11 keV

does not correspond to the actual one.
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Figure 2.10: Detector efficiency of a germanium detector plotted against photon
energy [57]. The left half of the figure shows the influence of the thickness of beryl-
lium window and the right half of the figure shows the influence of the thickness of
crystal.

The detectors used in my experiment are two different sized HPGe detectors.
The germanium detector at 0° (GLP-16195/10P) has a crystal diameter of 16 mm
and a thickness of 10 mm, at 180° the germanium detector (GEM-S5020P4-B) used
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has a crystal diameter of 49.7 mm and a thickness of 21 mm. For background
suppression a collimator with a diameter of 13 mm at 0 © and of 35 mm at 180° was
mounted in front of each detector. Furthermore, there is a difference in geometry,
whereby the smaller one has a planar geometry and the larger one has a coaxial
geometry. An example of a planar HPGe detector and a coaxial HPGe detector
using a p-type crystal is shown in Fig. 2.11. In planar configuration, the electric
contacts are provided on the two flat surfaces of a germanium crystal. In coaxial
configuration, one electrode is fabricated at the outer surface of a cylindrical crystal
and the other electrode is located at the inner surface of the central hole. In this

way, much larger active volumes can be achieved.

(b)

(a) Photons

0.25 mm thick Be
\ Jy i p* (0.3 um B)

e‘ p-type h? P-n junction

n* contact (0.7 mm Li) n* contact

Figure 2.11: Electrode configurations for (a) a planar detector and (b) a coaxial
detector using p-type crystals [58].

2.4.2 Magnetic microcalorimeter

Metallic magnetic calorimeters (MMC) are calorimetric particle detectors operated
at temperatures below 100 mK, and usually consist of a massive particle absorber
with a certain heat capacity C that is suited for the particles to be detected and
that is in tight thermal contact to a paramagnetic temperature sensor. The latter is
placed in a week magnetic field to create a temperature dependent sensor magneti-
zation, the sensor is weakly coupled to a thermal bath kept at constant temperature
to allow the detector to take a well-defined state in the absence of an energy input.
A sketch of the detection principle of a microcalorimeter is displayed in Fig. 2.12.
If a particle or photon deposits its kinetic energy E in the absorber, it excites
phonons or excitons which decay into phonons after a certain recombination time.
After a thermalization time, thermal equilibrium in the absorber is established and
the temperature has changed by an amount AT = E/C. The absorber is coupled
to a thermometer which monitors this temperature rise. The thermal energy is then

transferred to a heat sink via a defined thermal link with a thermal conductance G.
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Figure 2.12: Schematic drawing of a metallic magnetic calorimeter [59]. It consists
of an x-ray absorber and a paramagnetic sensor, which is placed in a weak external
magnetic field. The absorption of a particle increases the temperature and thus
decrease the magnetization of the sensor, the changes of the temperature is read out
by a low-noise high-bandwidth SQUID magnetometer.

Magnetic field B[

After cooling down again to the operating temperature, the absorber can detect the
next photon. Microcalorimeters are, therefore, single-photon detectors [59]

According to the calorimetric detection principle [60], a temperature rise of the
detector upon the deposition of energy in the absorber leads to a change of sensor
magnetization. The latter can be precisely measured as a change of magnetic flux
using a superconducting quantum interference device (SQUID) as shown in Fig.
2.13. The depicted detector layout makes use of two single pixels that are read out
in parallel. This gradiometric setup minimizes the effect of temperature fluctuations
of the heat bath and allows the preparation of a superconducting persistent current
in the pick-up coil that generates the magnetic field that is required for the temper-
ature sensor. More remarkably, the well-fabricated metallic magnetic calorimeters
developed by KIP, Heidelberg University [61, 62] combine high energy resolution,
fast detector rise times (175 < 100 ns), high quantum efficiency and large dynamic
range, turning them into promising tools for numerous precision experiments in
atomic and nuclear physics at GSI/FAIR [24, 63, 64].

Gold is used as an absorber material due to its high stopping power for photons.
A thickness of 5 um provides a stopping power close to 100% for photons of energies
up to 6 keV and 45% at 20 keV calculated with Monte Carlo simulation using the
software PENELOPE [66]. The first detector, maXs-20, consists of a linear array of
eight pixels with an absorber size of 250 x 250 um? and a gap of 5 um in between
pixels [62]. In experiments with °Fe and ?*'Am calibration sources measured by
maXs-20 detector, an energy resolution below 3 eV had been demonstrated for the

detection of x-rays with energies up to 20 keV [67]. The absorbers of the second
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Figure 2.13: Schematic drawing of a gradiometric detector consisting of two single
metallic magnetic calorimeters [65]. A persistent current [, circulates in the su-
perconducting meander-shaped pickup coil polarizing the magnetic moment in the
sensor. As the magnetic flux in a superconducting loop is conserved, a change of
flux driven by a temperature-induced change of magnetization induces an additional
screening current (67), which is read out as a voltage drop over the de-SQUID.

device, maXs-200 detector, are designed to be made of 200 pm thick gold, it pro-
vides sufficient stopping power for x-ray photons up to 200 keV with an absorption
efficiency above 75% for energies around 100 keV [24, 64] and an energy resolution
of AEpwnm = 46 eV at 60 keV [68]. The maXs-200 detector is very well suited for
spectroscopic studies of the Lamb Shift in hydrogen-like U?'*, i.e. the 2p3/s — 112
Lya; transition energy is around 102 keV. For a metallic magnetic calorimeter the
energy resolution should be almost independent of the absorbed energy. By in-
creasing the temperature stability of the cryostat, an intrinsic energy resolution of
AEpwam = 27 €V at 0 keV could be achieved [63].

The first two-dimensional detector array maXs-30 consisting of 64 pixels with a

2 were developed for x-ray energies up to 30

total active detection area of 16 mm
keV [69]. In a configuration with a 30 pum thick absorber made of gold it has an
absorption efficiency above 80% for x-rays with energies up to 30 keV. A quantum
efficiency above 30% is achieved for x-ray energies up to 50 keV as well as between
80 keV and 90 keV [70]. For our interested Lya-transition of hydrogen-like U%'*

with an energy of around 100 keV, it only has an absorption efficiency of about 25%.
In recent beam time at the CRYRING@ESR in the spring time of 2021, a new

generation maXs-100 detector towards two-dimensional arrays and towards larger
pixel counts was developed for state resolved x-ray spectroscopy precision study via
radiative recombination with H-like uranium at the electron cooler. The maXs-100

detector aims especially for an increased detection area of 1 cm? while at the same
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time keeping the good energy resolution of metallic magnetic calorimeters. It is
equipped with 8 x 8 array of 50 pwm thick gold absorbers, hence has an absorp-
tion efficiency of 49% for x-ray photons at around 90 keV, a quantum efficiency
of 40% and 34% for x-ray energies at 100 keV and 110 keV, respectively. This
type of maXs-100 detector chip together with the first stage readout electronics
is integrated into a detector head, as shown in Fig. 2.14. More remarkably, the
large energy bandwidth comparable to semiconductor detectors enables simultane-
ous measurements of ”Balmer”-transitions occurring at energies 15 - 25 keV in the
emitter frame, whereby the QED corrections on these lines are negligibly small and
therefore allows for in-situ Doppler correction in beam-time experiments. At the
same time the high energy resolution maXs-100 detector may also entitle us for the
first time to resolve the doublet splitting of the Ka; and the Kasy lines in He-like
uranium spectrum, which, beam time at the ESR electron cooler in August 2001
[71], was impeded by the energy resolution of intrinsic Ge(i) detectors of about 700
eV at 100 keV.

Figure 2.14: Physical map of one of the detector heads used in the present exper-
iment [21]. In the center the 8 x 8 pixels of maXs-100 chip are visible. They are
surround by 8 chips containing the 32 first stage readout SQUIDs.
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Chapter 3

Structure of few-electron systems
at high-Z

To date, our knowledge about the atomic structure of the hydrogen and helium atom
is extremely precise and the expansion of research along the one- and two-electron
isoelectronic sequences up to the heaviest ions is a central subject of the present
research in atomic and fundamental physics. Highly charged ions of heavy elements
represent a crucial field of atomic structure that offers numerous challenges from
theoretical and practical viewpoints, since for such atomic systems the light mat-
ter coupling constant v/c ~ aZ (« is the fine-structure constant) is close to one.
At high-Z we are dealing therefore with the regime of strong coupling, their basic
atomic characteristics, such as energy levels, transition probabilities, are substan-
tially influenced by relativistic effects or even by quantum electrodynamics (QED)
in the extremely strong field regime, which often bring about new spectral patterns

that are remarkably different from the spectra of light elements.

3.1 One-electron systems

Since the early days of quantum mechanics the simple level scheme of atomic hy-
drogen has provided a stringent testing ground for atomic structure theory. For
hydrogen, Lamb and Rotherfold in 1947, using microwave techniques, discovered
that the binding energy of the 2s,/, state is shifted towards smaller value relative to
the 2p; /5 state [72], named as Lamb shift at that time, which cannot be explained
within the relativistic corrected formulation of quantum mechanics, the so-called
Dirac theory. This leads to the development of modern quantum electrodynam-
ics (QED) that explains the very tiny level spacing between the 2s1/5 and 2p;
states, amounting to 4.4 x 107% eV, by the interaction of the electron with its own
radiation field. In atomic theory of spectra for neutral and weakly ionized atoms,

relativistic effects are considered as small corrections in contrast to the case of highly
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charged heavy ions for which relativistic and QED effects strongly depends on the
ion charge [10], for example, the level splitting between 2s; 5 state and 2p,/, state
in H-like UM is roughly 75.29 eV, which is seven orders of magnitude larger than

that of hydrogen.

3.1.1 Nonrelativistic theory

Hydrogenic atoms consist of a single electronic charge orbiting a positively charged
nucleus. It was demonstrated by Rutherford in 1911 that the nucleus is orders of
magnitude smaller than the size of the atom. After this discovery the atom was visu-
alized as a miniature planetary system in which the nucleus could be approximated
by a point charge. The conceptual step to the modern atom was made by Bohr in
1913. By quantization of the planetary motion, Bohr formulated the famous Bohr
model for the atom which explained the optical spectrum of atomic hydrogen and
defined the principle structure of the atom.

The Bohr atom with the method was developed by Schrodinger in 1926, where
the Coulomb interaction between electron and nucleus give rise to a central potential.

Hence, the Hamiltonian operator to calculate the energy eigenvalues in the absence

of externally applied fields is of the general form Hy = ——A + V(r) and will be

2m.

referred as the Schrodinger Hamiltonian for the atom,

P2 h? Ze?
= — A — . 1
V() 2m, dmeor (3.1)

Ho

- 2m,

Here r is the electron-nuclear radial distance and m, the reduced mass,
m, =me/(1 4+ me/M), (3.2)

with m, ~ 9.1 x 1073'Kg the electronic and and M the nuclear rest mass.

In terms of the principal quantum number the quantization condition takes the
famous form of the Bohr formula, one obtains for the energy eigenvalues

2 Z° _ —Z—QRy. (3.3)

with Rydberg atomic unit is used, 1Ry ~ 13.6 eV, and the fine structure constant
o ~ 1/137. Writing E, ~ im.(v?) we infer that o?Z? ~ ((v/c)?). States with
a large principle quantum number are called Rydberg states and atoms excited to
thoses states are called Rydberg atoms. Eq. 3.3 defines the complete spectrum of
the hydrogen atom according to the Schrodinger theory, it shows degeneracy of the
energy levels, which means that different states have the same energy, e.g., states of
given n but differing in /.

The atomic energy levels are illustrated in Fig. 3.1 along with the name of some
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well-known atomic transitions between hydrogenic levels [73]: Lyman-a (La) and
Balmer-a (Ha). In the case of optically induced transitions the change in state of
atom is accompanied by a simultaneous change of light field, this happens through
the exchange of a photon between the atom and the field in such a way that the total
energy and momentum are conserved. The first series of this type was discovered
empirically by Balmer in 1885 [74] for the spectral lines of hydrogen in the visible part
of the spectrum. The Balmer series is defined by all optical excitation decay to n = 2
level. Analogously, the Lyman series involves the transitions to the ground state.
In 1888 Rydberg generalized the expression for the Balmer series into the Rydberg

formula, which yields the wavelength of any transition (in vacuum) between two

1\N? [1)?

- — | — 3.4
() -G 59
with Ry = Reo/(1 +m./M) and R. = a?mec/2h being the finite-mass/infinite-

mass Rydberg constants, respectively, and n > ng, with ng being the principal

hydrogenic energy levels,

1
~ - R
A, M

quantum number of the common and lowest level in all transitions considered, i.e.,

the defining level of the series. The corresponding energy splitting is given by

h 2002 1 1
AEHZEH_EOI_C:%<___>. (3.5)

A 2(1+me/M) \n? nd

The typical energy level separation turns out to be a factor o? smaller than the

electron rest mass energy, which justifies the nonrelativistic Ansatz.

3.1.2 Relativistic theory

The energy structure of hydrogen(-like) system calculated by Bohr’s model from non-
relativistic Hamiltonian agrees well with the experimental measurements. However,
in high resolution experiments, small deviations were observed as energy shifts and
splitting of spectral lines. These divergences, so-called fine structure, were not
predicted by non-relativistic theory, which suggests there are weak additional effects
that do not strongly affect the position of the spectral lines but remove the energy
degeneracy of the orbital quantum number [. Revealing the origin of fine structure
was one of the great puzzles of modern physics. A rigorous relativistic description
was possible only after Dirac in 1928 [75] formulated his famous relativistic quantum
theory for the electron, in this theory the appearance of spin and the associated
magnetic moment were identified as intrinsic relativistic phenomena.

The wave equation that simultaneously satisfies the requirements of quantum
mechanics and special relativity is the Dirac equation. In free space including elec-

tromagnetic interactions it describes all massive particles of semi-integer spin with
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parity as a symmetry, such as electrons and quarks. It was the first theory to fully
explain special relativity in the context of quantum mechanics. The Dirac equation
pictures the fine structure of the hydrogen(-like) spectrum in a completely meticu-
lous manner. The equation also justifies a posteriority the introduction of spinors,
that is, of the vector wavefunctions introduced by Pauli in a heuristic way. Due to
the relativistic effects, the Dirac equation adopts the form of a Schrodinger equation
but with the modified Hamiltonian [76],

H = —ihico - V + V(1) + mec?sP, (3.6)

where V(r) is the Coulomb potential of the nucleus, a denotes the vector formed

from the usual four-by-four Dirac matrices, 7° is the fourth Dirac matrix, often
denoted by f.

For the point-like nucleus, analytical solution of Dirac equation yields the well

known formula for the energy of a bound state, written as

Mec?

En ;=

1_|_ (OéZ)2
[n—(+1/2)+4/ (j+1/2)*~(aZ)?]? (3.7)
1(aZ)? 1(aZ)! 1
BN PO 4 Y R W A S
2 n? 2 nd \Jj+1/2 4n

where the second term represents the nonrelativistic binding energy in a hydrogenic

atom depicted in Eq. 3.3. The third term brings us a single expression for the

fine-structure shift which depends on only two quantum numbers (n, j),

A n
AFE, . =—FE,—— [ - — = . 3.8
" n?2 (4 j+ 1/2> (3.8)

For j = 1/2 this expression corresponds to the [ = 0 relativistic shift of Eq. 3.3
whereas for j = [+ % it gives the fine-structure splitting for [ > 0. One may note
that, taking into account all relativistic corrections (but without the Lamb shift),
there still exists a partial degeneracy of the quantum number j. For example, the
value j = % is obtained for [ = 0 but also for [ = 1 using j = [ — %, this results in
an accidental degeneracy of the 2P /2 and 25, /2 levels in hydrogen(-like) atoms. As
an example for hydrogen(-like) systems [77], the diagram of fine-structure effects at

n = 2 level is depicted in Fig. 3.1.
Only remains to discuss is the Lamb shift [72], which can be calculated by tak-

ing two extensions of Dirac equation into account. The first extension consists of
quantum electrodynamical (QED) corrections, where the interaction of the electron
with the quantum vacuum is treated. The second extension takes several effects of

the nucleus, e.g. the finite size and the relativistic recoil, into account.
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Figure 3.1: Fine-structure effects in hydrogen(-like) systems. From left to right are
shown the Bohr level at EPohr = —Z%Ry, the fine-structure shift Ag ]S for j =1+ %
and the Lamb shift. The latter cannot be understood by classical field but requires
quantum electrodynamics (QED). On the far right side the Balmer and Lyman
transitions are show with a schematic presentation of single photon electric-dipole
emission.

3.1.3 QED effects and the Lamb shift

One may imagine the Coulomb force between charged particles is mediated by a
continuous exchange of virtual photons, but each isolated charge also continuously
emits and reabsorbs virtual photons, with the result that the position of the electron
is smeared over a region of 0.1 fm, this reduces the overlap between the electronic
orbits and the nucleus. Hence, the Lamb shift causes corrections that are stronger
for small n and small [, the splitting between the 2s;/, and 2p,/, states occurs
because the radiative shifts are much smaller for p state than for s state. Although
the term Lamb shift was originally used only for the 2s;/5 — 2p;/, energy splitting in
hydrogen, it is now commonly used for the shift of isolated levels in atoms and ions,
e.g. the Lamb shift of the 1sy/5, 2515 ... levels. The Lamb shift is defined as the
difference between real binding energy and the Dirac-Coulomb energy calculated for
a point-like necleus, disregarding all QED effects, for one electron systems (see Fig.
3.1), the Lamb shift is commonly expressed by [78, 79|

o (Za)*

AE gy = — F(Za)m.*  F(Za)= Fsg+ Fyp + Frg (3.9)
m

n3

where F'(Za) is a dimensionless, slowly varying function comprising all the QED
corrections and includes in addition the shift in binding energy caused by the finite
size of nucleus. As the Lamb shift scales approximately with Z4/n?, these corrections

are largest for the ground state and for the strong field of high-Z ions. The leading
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QED corrections contributing to the Lamb shift arise from the self energy Fsg
and vacuum polarization Fy p of the electron bound in the external field of the
nucleus, both corrections are of the order of Z*a®m.c?. In QED theory, the different
interactions between the electrons, ions and photons are represented by the Feynman

diagrams depicted in Fig. 3.2.

Self Energy

Vacuum )
Polarization Nuclear Size

O

Figure 3.2: Feynman diagrams for the one-electron Lamb shift: self energy (SE);
vacuum polarization (VP); and finite nuclear size (FS).

At low-Z the self energy, originating from the emission and re-absorption of a
virtual photon, dominates the most important Lamb shift correction. With increas-
ing nuclear charge, however, the influence of the vacuum polarization, describing the
virtual creation and annihilation of an electron-positron pair due to the Coulomb
interaction of the electron and the nucleus, increases continuously. In Fig. 3.3 the
contribution of the self energy (SE), vacuum polarization (VP), and the finite nuclear
size (FS) to the Lamb shift in hydrogen-like atoms are given separately as a function
of the nuclear charge. For light one-electron systems such as atomic hydrogen, the
ground-state Lamb shift had been measured with extraordinary relative accuracy
of 3.2 x 1079, in agreement with QED calculations, using Doppler-free, two photon
laser spectroscopy [80, 81]. Laser-spectroscopic methods cannot be applied in the
measurement for the highly charged heavy ions, because the energies of transitions
into the ground-state lie in the x-ray region.

For low-Z systems, the experiments are sensitive to the lower orders of the func-
tion F' (Z«), which can be treated by an Za expansion method. However, for a test
of the higher order terms, which are not accessible using low-Z ions, the heaviest
species such as H-like uranium are required. At high-Z the influence of the higher
order contributions becomes so crucial that the radiative corrections can no longer
be treated by the Za expansion method but must be calculated to all orders of Z«
[85, 86, 87, 88, 89], resulting in nonperturbative calculations (without expansion in
Za, in contrast to the methods applied for the low-Z ions) for high-Z hydrogen-like
ions which do now comprise all second-order (in «) corrections [90, 91]. The lat-
ter is of three kinds, second-order vacuum polarization (VPVP), second-order self

energy (SESE), and combined vacuum-polarization-self-energy (SEVP). The effects
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Figure 3.3: Various individual contribution to the ground state Lamb shift in
hydrogen-like ions as a function of the nuclear charge, according to Ref. [79], to-
gether with the experimental accuracy achieved so far in H-like uranium [22, 23, 82,
83, 84].

of second-order vacuum polarization and the combined vacuum-polarization-self-
energy, which are of the order of 1 eV, had been firstly calculated by Soff et al.[92,
93], Persson et al.[94, 95], and Lindgren et al. [96] in 20th century. The second-order
self-energy diagrams, on the other hand, which can be expected to be at least of the

same order, has been completed recently by Yerokhin et al. [97].
All in all, Table 3.1 shows the contributions for the 1s and 2s states in H-like

uranium relative to electron rest energy. It can be seen that the main radiative
contributions arise from the self energy (SE) and vacuum polarization (VP) correc-
tions, while the main non-QED correction is due to the finite nuclear size (FS) effect.
The sophisticated QED theory predicts a value of 463.57 £ 0.53 eV [98] for the 1s
Lamb shift, while the experiment accuracy achieved ao far is 460.2 4+ 4.6 eV [22],
whereby the conventional germanium detector had already utilize all the strength,
the experimental accuracy is still about one orders of magnitude lower than the the-
oretical one. Therefore, to probe QED corrections which are beyond the one photon
exchange diagrams, the next generation experiments, dedicated to high resolution
x-ray spectrometer (mianly two kinds: the crystal spectrometer FOCAL [99, 100]
and the microcalorimeter maXs [24, 63]), devoted to the ground state Lamb shift in

high-Z H-like systems are ongoing at GSI in Germany to reach the level of about 1
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eV.

Table 3.1: Theoretical contributions (in eV) to the 1s and 2s level energies, and the
Lamb shift in H-like uranium. Experiment: Gumberidze et al., Phys. Rev. Lett.
94 223001 (2005). Theory: Yerokhin and Shabaev, J. Phys. Chem. Ref. Data. 44
3 (2015).

Contribution 1s 2s
Dirac energy (point-like necleus) -132279.93 -34215.48
First-order QED

Self energy 355.06 65.39
Vacuum polarization -88.61 -15.64
Second-order QED

VPVP -0.94 -0.16

SESE -1.57 -0.29

SEVP 1.13 0.21

Nuclear Contribution

Finite nuclear size 198.51 37.70
Nuclear recoil 0.51 0.13

Nuclear polarization -0.20 -0.03
Theoretical Lamb shift [98] 463.57(0.53) 87.25

Experimental Lamb shift [22] 460.2(4.6) -

3.2 Two-electron systems

For few-electron ions, besides the one-electron radiative corrections, one has to take
into account the interelectronic-interaction corrections. These corrections are sup-
pressed by the parameter 1/Z. For high-Z ions this parameter becomes comparable
with the fine structure constant «, which characterizes the radiative corrections. In
contrast to neutral atoms with a nuclear charge number Z < 20 and low-charged
ions in low states of excitation, LS coupling scheme is not adequate when the elec-
trostatic interaction V4 is much smaller than the spin-orbit one V,,: V., < V,,, and
the jj coupling is realized for multi-charged heavy ions as the electrostatic inter-
action increases approximately with Z while the spin-orbit one increase as Z*. A
smooth transformation from the LS to the jj coupling is shown in Fig. 3.4 when
the nuclear charge Z increases from Z = 12 to Z = 100. The example is for the
1s2p states of He-like ions and the numerical results from Artemyev et al. [101]
were taken to generate the plot. As can be seen, for low-Z ions, very small energy
splitting of the 3P » terms is observed whereas at high nuclear charges, the levels
are grouped according to their total angular momentum J. It is worth mention that
experimentally an unambiguous identification of He-like uranium intra-shell transi-
tion 1sy/22p3/2 3Py, — 151/2251/2 35, emitted from the internal gas-jet target of the
ESR storage ring [102, 103], adopting the crystal spectrometer FOCAL with a much
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higher accuracy for the spectral line position, is possible.
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Figure 3.4: Electronic binding energies of the 1s2p states in He-like ions as a function
of the nuclear charge Z. Plotted are the energy differences to the 1s2s 35, state
divided by the square of nuclear charge. Data are from Ref. [101]

The two-electron ions are of particular interest as they present the simplest
multi-electron system. Investigations of these ions along the isoelectronic sequence
[104, 105] probe uniquely our understanding of correlation, relativistic, and QED
effects. However, the situation of the QED theory of high-Z two-electron ions is
more complicated as compared to the one-electron system because of the necessity
to include corrections caused by electron-electron interactions. Despite these diffi-
culties, substantial progress in the theory of two-electron systems has been achieved
and the theoretical accuracy [106, 107, 108, 109, 110] is now approaching that of
one-electron systems.

The energy of a He-like system can be presented as the sum of two independent
one-electron contributions and a two-electron contribution. The latter includes ef-
fects from the electron-electron interaction such as one- and two-photon exchange
diagrams, self-energy and vacuum-polarization screening diagrams, and higher or-
der corrections. A complete QED calculation of the two-electron contribution to
second-order had been performed by Yerokhin et al. [111] in 20th century, and late
by Artemyev et al. [101]. Now it is also possible to collect all contributions available
to the ionization energies of n = 1 and n = 2 states of He-like uranium. In Table 3.2
AFEpirqe is the Dirac value for the ionization energy of the valence electron including
the finite-nuclear-size effect, the electron-electron interaction AFE;,; comprise the
one-, two-, three-, and more photon exchange, AEleD is the sum of the one- and
two-loop one-electron QED corrections, AEQQSIED and AE}?OED are the two-electron

QED correction and higher-order QED correction, respectively, the relativistic recoil
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correction AF,.; consists of the one-electron and the two-electron part.

Table 3.2: Theoretical contributions to the n = 1 and n = 2 ground-state energies
of He-like uranium [101], in eV.

Z  State AEDirac AE;, AESFP AEZFP AEPFP AE Total
92 (ls)®  -132081.59(52) 2253.940(15) 265.16(33) -8.0020(20) -0.05(18) 0.4600 -129570.30(64)
1s25),  -34177.81(10)  843.6097(49) 49.44(22) -3.8259(4) -0.009(51) 0.1260 -33288.51(24
-34177.81(10)  586.3566(21)  49.44(22)  -1.2301(3)  0.0030(16) 0.1266 -33543.15(24
(17)
1)

—_—
—
v
[\V]
V3
~
fin

(3) (
(1s2p1ja), -34211.077(12) 917.4978 6.86(10)  -4.4740(3)  0.002(73) 0.0531 -33291.14(
(1s2p1ja), -34211.077(12)  805.1940( 6.86(10)  -1.6798(2)  0.001(17) 0.0743 -33400.63(
(1s2psja), -29649.8353(26) 6821945  8.80(10)  -0.6677(5) -0.003(11) 0.0774 -28959.44(
(152psjn), -29649.8353(26) 608.3550(4)  8.80(10)  -0.4725(5)  0.0068  0.0324 -29033.12(

)
2 )
1 3 13)
1 2 11)
5 10)
5 10)

Experimentally, a novel method was first exploited by Marrs et al. [112] at the
SuperEBIT at the Lawrence Livermore National Laboratory which exploits radiative
recombination (RR) transitions from the continuum into the vacant K-shell of some
bare and H-like ions, has allowed one to carry out direct measurement of the two-
electron contributions to the ground state binding energies of He-like ions with
nuclear charge 32 < Z < 83. In particular, the binding energies of H-like and He-
like ions of the same element have been compared, which makes all one-electron
contributions to the binding energy such as finite-nuclear size corrections and the
one-electron self-energy cancel out completely, and to extract the pure two-electron
contribution. In Table 3.3 various components of the two-electron contribution to
the ground-state energy of He-like ions are compared with experimental results.
However, due to the limitation of SuperEBIT that at high nuclear charges such as
Z = 83 it turned out that the production efficiency for bare ions is not sufficient, as
the rapid decrease of the K-shell ionization cross section for electron impact which
scales as 1/Z%, the results suffered counting statistics. The experimental accuracy
for the time being, with a statistical accuracy of 14 eV achieved compared with
the predicted two-electron self-energy contributions of 6.73 eV at Z = 83, was not
sufficient for testing the QED effects. Afterwards, Gumberidze et al. [113] extended
the measurement of the two-electron contribution to the ground state binding energy
to the heaviest stable element in He-like uranium at the storage ring ESR, whereby
the statistical accuracy of 9 eV already reaches the size of the calculated specific

two-electron self-energy correction [101, 111], i.e., of an o? radiative correction.

Table 3.3: Two-electron contribution to the ground-state energy of He-like ions
Comparison between theory and experiment (in eV)

Z 1-photon 2-photon exchange 2-photon exchange Self Vacuum > 3-photon > 3-photon Total Experimental
exchange non-QED QED -energy  polarization non-QED QED contribution [111] results [112][113]

32 567.61 -5.23 0.04 -0.47 0.04 0.03 +0.01 562.02(1) 562.5(1.6)

54 1036.56 -6.98 0.10 -1.82 0.26 0.04 +0.03 1028.16(3) 1027.2(3.5)
66 1347.45(1) -8.30 0.06 -3.22 0.56 0.05 +0.04 1336.58(4) 1341.6(4.3)
74 1586.93(2) -9.33 -0.04(1) -4.59 0.91 0.05 +0.05 1573.92(6) 1568(15)

83 1897.56(1) -10.64 -0.30(1) -6.73 1.55 0.06 +0.07 1881.50(7) 1876(14)

92 2265.88(1) -12.09 -0.79 -9.78 2.63 0.06 +0.09 2245.92(9) 2248(9)
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3.3 Transition probabilities

Radiative transition probabilities per time, or decay rates, of atoms and ions are
of significant importance in atomic characteristics defining the lifetimes of excited
states, widths and intensities of spectral lines, the interpretation and identification
of x-ray spectra emerging from highly charged ions and many other physical ap-
plications require the knowledge of transition probabilities and lifetimes of excited

states, which will be discussed in this chapter.

There are two main types of radiative transitions: electric multipole Ex and
magnetic multipole Mk transitions (k is a positive integer). Within the framework
of quantum electrodynamics, the probability per unit time of a one-photon transition
from an initial excited state |a) to a final state |b) is given in terms of the matrix
element,

2

e w

dA =
2mhe

, 2
‘(b\ ae*e ik |a>’ dq, (3.10)

where w = (E, — E) /h is the frequency of the emitted photon, € is polarization
vector, a ate the usual Dirac matrices, k is the photon momentum and df2 denotes
the solid-angle element for the radiation. Here, |a) and |b) are the relativistic wave-
functions obtained from the Dirac equation with a certain effective potential. The
radiative lifetime 7 of an excited state k is the time during which the number of ra-
diative particles decrease e times (the number e is Euler’s number) via spontaneous

decay mode to the low-lying states, it is defined as

-1

T = , (3.11)

> Ag

i<k

where the A;;, are transition probabilities of all possible radiative transitions includ-

ing forbidden and intercombination transitions.

For highly charged H- and He-like ions, the formulae for radiative probabilities
A via electric or magnetic transitions between the ground and lowest excited states
can be obtained in a closed analytical form. These formulae are useful because they
reflect the dependence of the A—values on the nuclear charge and transition ener-
gies. The analytical formulae given below were obtained on the basis of relativistic
calculations using Eq. 3.10. Experimentally, most of the data on lifetimes for highly
charged ions (HCI) had been obtained employing the beam-foil time-of-flight method
covering a wide range of ion charges. Radio frequency traps, ion storage rings [114],
and electron-beam ion traps [115] are all qualified for precise lifetime measurements
of HCI having one or two electrons outside a closed shell, permit systematic checks

of theoretical predictions.
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3.3.1 Hydrogen-like ions

In the case of H-like ions, the transition probabilities of the lowest excited states
can be expressed in a closed analytical form. The 2s state has the same parity as
the 1s ground state, therefore it can decay to the ground state either by a magnetic
dipole transition (M 1) or by a two-photon electric-dipole transition (2F1). For M1
transitions the leading term of the relativistic transition probability [116] is

a(aZ) mec?
972

A (25 — 1s) = ~2.49 x 10792 [s71], (3.12)

where Z is the nuclear charge number of the ion.
An accurate relativistic calculations for the 2E'1 transitions, take place via inter-
mediate virtual states, in H-like ions had also been carried out late by Drake [117],

the corresponding probability can be approximated by a simple analytical expression

1+ 3.9448 (aZ)? — 2.040 (a.Z)*
1+4.6019 (aZ)?

Ao (25 — 1s) = 8.2298325 22 (1 — me /M) x [s7'],
(3.13)
where —Z,e is the effective radiative charge for the electron, the coefficients of (Z)”
represent an empirical fit to the direct relativistic calculations with an error of less
than £0.005% in the range 1 < Z < 92. Moreover, Z—dependent behavior of
one-photon transition probabilities may also be analytically approximated from the
properties of Dirac’s eigenfunctions by taking the leading term in an expression
of A—values in powers of aZ [118]. This approach is rather accurate for electric
dipole transitions E'1 with low principle quantum numbers, becoming less accurate
for all others. The complete picture of selection rules and orders of magnitude for
transitions to the ground state from the first excited levels n = 2 are exhibited
in Table 3.4. To get an intuitive insight, Fig 3.5 shows the decay scheme and the

corresponding transition rates from n = 2 to n = 1 as function of Z in H-like ions.

Table 3.4: Approximate Z—dependent behavior of one-photon emission rates be-
tween the states with n = 1,2 in H-like ions.

Transition Type Al Aj Order of magnitude
251/2 — 181/2 M1 0 0 Z10
251/ = 1s1s  2E1 0 0 75
2p1/2 — 181/2 E1 1 0 Z4
2p3/2 — 151/2 E1 1 1 Z4
2p3/2 — 181/2 M?2 1 1 Z8
2p3/2 — 251/2 E1 1 1 Z10
2p3/2 — 281/2 M2 1 1 Z'8
2p3/2 — 2p1/2 M1 0 1 zZ12
2]?3/2 — 2p1/2 E2 0 1 Z16
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Figure 3.5: Level scheme (top) and transition rates (bottom) as an illustration
between the states with n = 1,2 in H-like ions. The transition rates are plotted as
a function of nuclear charge number Z [118, 119, 120].

It can be noticed that the M1 transitions increase relative to 2E1 transitions
as Z* for the 2s state and these quantities become comparable at Z ~ 43, and
both Asp; and Ajp; values for 2s the state increase with nuclear charge Z more
rapidly than the Ag; value for the electric dipole transition 2p;/; — 1512, which
approximately scales as Ag; ~ Z*. For the heaviest ions the M1 transitions rep-
resent the main contribution to the radiative decay of the 2s state, for example,
the ratio Ap1/Ag strongly increases with Z and for H-like uranium reaches the
value of about 4.07 x 1073, a factor of 12 larger than that of hydrogen. The decay
mode for 2ps/»; — 1s1/5 transition are electric-dipole (£1) and magnetic-quadrupole
(M2) channels, the transition probability for M2 decay mode is calculated to be
two orders of magnitude less than F1 transition rate for H-like uranium. Therefore,

for heavy-Z H-like ions one should keep in mind that the Ly, line (2p;/2 — 1s1/2)
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is blended by the M1 transition type (2s; 2 — 15y /2), and the interference between
the E1 and M2 transition amplitudes may serve as a pronounced effect on the an-
gular distribution and linear polarization of Ly«; x-rays following radiative electron
capture [121, 122].

Following the work of Pal’chikov [118] who discussed a set of analytical formulas
for £1, M1, E2, and M2 transition probabilities in H-like atoms and restricted to a
subset of all state transitions that may take place between 1s, 2s, 3s, 2p, 3p, 4p, and
3d. Jitrik and Bunge [119] extended the scope of the relativistic calculations with
point-nucleus Dirac eigenfunctions up to E3 and M3 transition probabilities with
large quantum numbers for Z=1-118, and the necessary consideration of different
multipole decay mode when more than one is present in a given transition. In
contrast to the E'1 transitions, the Z dependence of relativistic electric and magnetic
multipole transitions, particularly the magnetic transitions, do not follow a simple
power law, but are governed by the dominant power N and a small relativistic

correction a, as expressed here [123]:
A(Z) = A(Z =1)zN*e, (3.14)

The significant conclusions shown in Table 3.5 exhibit in which case the weaker

multipole partners become dominant within a complete set of transitions.

Table 3.5: Predominance of a given multipole over all allowed transition modes: A
> B indicates that B is less than 1% of A; A > B, that may be a few percent of A;
A > B, that B may be smaller than a few percent of A.[123]

Multipoles Condition
El> M2 Z < 80
El1> M2 Z > 80
El> FE3 all Z

M2 > E3 all Z, Al =1
E3 > M2 all Z, Al =3
M1 > E2 An =0and Al =0
E2 > M1 otherwise

E2 > M3 all Z

As expected, the F'1 transitions prevail among both E1+M2 and F1+M2+FE3
transition modes, this fact is reflected in coincidence with the corresponding results
for low-Z ions. For Z = 92, however, the contribution of one percent in M2 transi-
tion is observed in intense transitions such as 2ps/, — 151/, mentioned above. Sur-
prisingly, the M2+ FE3 results are of particular interesting: for Al =1 and Aj = 2,
M?2 transition probability is larger than that of E3 but they are the same order
of magnitude, taking the most intense line transition 3ds;; — 2p;/2 as an example,
E3 contributes 24.2% for Z = 1 and increase slowly up to 28% for Z = 92; for
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Al = 3, E3 transitions take the essential part for all Z H-like systems, even though
M?2 channel still exist. M1+E2 and M1+FE2+M3 are entirely dominated by E2
except for Al = 0 transitions. In the M1+FE2 transition 3ps/s — 2p; /2, the M1 con-
tribution, negligible for Z = 1, increases from 0.1% for Z = 47 to 50% for Z = 92,
since the dependence is Z'0%0-24 In the M1+FE2+M3 transition 3p3/2 — 2p3)2, i.c.
An = 0 and Al = 0, E2 only contributes 2.5% for Z = 92. In contrast to the
(E1, M2) pair, (E2, M3) behaves differently as E2 always dominant for all Z in
E2+M3 transitions, a contribution of 1.2% of M3 in the transition 3ds/; — 1512,

for example, is estimated for H-like uranium.

3.3.2 Helium-like ions

He-like ions are the simplest many-electron systems. However, the situation of tran-
sition probabilities is complex because the atomic structure in He-like ions changes
drastically with an increasing nuclear charge. For the ion with two electrons the
states are described by the jj coupling scheme. In the pure LS coupling all inter-
combination transitions AS = 1 are forbidden. However, in highly charged ions the
selection rule AS = 0 is violated through influences of relativistic effects (electro-
magnetic interactions) which rapidly increase with growing nuclear charge Z. Con-
sequently, the intensive intercombination and forbidden lines are possibly observed
by means of experiments for high-Z ions [102]. As in the one-electron case, the
theoretical investigation of radiative decay modes for two-electron ions had already
been studied thoroughly. Accurate nonrelativistic calculations of transition proba-
bilities in He-like ions [117, 124, 125] have mainly been made for n =2 — n =1
and for n = 2 — n = 2 transitions. Relativistic calculations of transition proba-
bilities of high-Z ions are based on the Relativistic Random-Phase Approximation
(RRPA) [126, 127], the Multiconfiguration Dirac-Fock (MCDF) [128], Configura-
tion Interaction (CI) expansions [129], relativistic many-body theory [130], and the
QED perturbation theory [131, 132], sophisticated relativistic calculations of tran-
sition amplitudes and probabilities have been performed in the helium isoelectronic
sequence up to the nuclear charge Z = 100 [133]. Table 3.6 summarizes the approx-
imate Z dependence of the transition probabilities A in He-like ions for transitions
between the n = 1 and n = 2 states on the basis of sophisticated calculations [133]
and fitted in the form [134]:

A=a(Z-b)[s7]. (3.15)

For highly charged heavy ions the decay of triplet states increases dramatically due
to the relativistic effects, and the excited L states decay promptly to the ground
state, except the 2 3P state. From the point of theoretical and experimental interest,
some transition types, dominantly contribute to the intense line intensities, will be

discussed below.
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Table 3.6: Approximate scaling of the transition probabilities A with the nuclear
charge number Z and fitting parameters a, b and ¢ for transitions between n = 2
and n = 1 levels in He-like ions [133, 134].

Transition Type Range of Z a b c
2P — 118, E1l Z <80 9.6x 10% -0.5 4.0
2P =218, E1 Z <30 1.5x 10* -2.14 3.0
21p — 238 E1 Z >4 0.66 1.18 6.0
218, — 239 M1 2< Z <50 1.8x 1078 1.25 7.0
218, —23P E1 10< 2 <20 10.8 0.62 2.0
218, — 118, 2E1 Z >2 16.5 0.8 6.0
238 — 118, M1 4<7Z <80 1.8x 1076 0.56 10.0
238, =118,  2F1 7 <25 9.2x 1010 1.0 10.0
23P — 118, E1 6<Z <20 551.0 2.57 8.0
23P - 118, El Z > 20 6.48x 10% 4.13 4.0
23P — 235, E1 Z <50 1.33x 107 -0.57 1.0
23P — 238 E1 Z > 50 1.1x 106 18.25 2.0
23P, — 235, E1 15 <2 <20 3.73%x 10° 10.97 1.0
23P) — 235, E1 Z > 20 5.3x 108 5.29 4.0
23P — 118, M2 Z <80 0.038 0.69 8.0
23P, 218, M?2 Z > 20 1.23x 107 17.5 8.0
23P) — 238 E1 Z <50 1.33x 107 -0.57 1.0

All the three 2 *Fy 5 levels can decay to 2 35; state via optically allowed
FE1 transition, this is the dominate decay mode for low nuclear-charge numbers.
The 2 3P, state is mixed with 2 'P, and other 1snp 'P;, states because of spin-
orbit interaction. The mixture is smaller for low-Z ions like helium but increase
rapidly with large nuclear charge numbers. For helium: Ag,(23P — 11S)) =
1.787 x 102 s71, Ape (2P — 11S5) = 1.799 x 10° s7'. For He-like uranium:
Agoo+ (23P — 115)) =2.994 x 1016 571 Ayoor (2 1P, — 1 15;) = 5.001 x 1016 s71.
The 2 3Py levels do not mix with the singlet system and they have lifetimes ~ 10
times higher as compared to the 2 3P, level. 2 3P, and 2 3P, have two decay branches
each, the 2 3P, state consists of 2 3P, — 235; (E1) and 2 3P, — 1 1S, (M2) decay
modes, the 2 3P, state consists of 2 3Py — 23S (F1) and 2 3P, — 1 1S, (E1M1)
decay modes. As a result, the deexcitation from the 2 3P, state contributes to both
Koy and Koo lines and the 2 2P, state contributes to the Kasy line via the E1
decay branch to the 2 35; state, the 2 35; state can decay to the ground state by
a relativistically induced M1 transition, and emits the Kasy radiation. The direct
decay from the 2 3P, state to the ground state proceeds via two-photon emission
(E1M1), thus it does contribution to the Ky line with similar consideration of the
2 15, state decays to the ground state by a two-photon emission 2E1. Theoretical
analysis shows that the probability of 2 3P, state decays to the ground state by an
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M2 transition, contributing to Ka; line, is small for the low-Z systems, but it be-
comes the dominant depopulation mode of the 2 3P, state for Z > 20 as Ay ~ Z5.
Another contribution branch to Koy line is the 2 'P; level decay directly to the
ground state by E1 radiation. To complete the illustration, Fig 3.6 depicts the en-
ergy levels and decay scheme for He-like heavy ions, the transition rates are nuclear

charge Z dependence.
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Figure 3.6: Level scheme (top) and transition rates (bottom) as an illustration
between the states with n = 1,2 in He-like ions. The transition rates are plotted as
a function of nuclear charge number Z [133, 134].

3.4 Computations

Since no existing database can provide the required extensive set of energy levels,

radiative transition rates for the relevant ions of few-electron systems, the input
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data for radiative recombination related x-ray spectrum simulation need to be gen-
erated using accurate atomic code. The Flexible Atomic Code (FAC) developed
by Gu [135, 136] based on the relativistic configuration interaction method with
independent-particle base wavefunctions was used to generate the required atomic
data, in which QED corrections are treated as hydrogenic approximations for self-
energy and vacuum polarization effects, and relativistic corrections to the electron-
electron interaction are included with the Breit interaction in the zero energy limit
for the exchanged photon. For H-like uranium ions, the comparison of energy levels
obtained from FAC code with the results from Johnson and Soff [79] as well as from
Yerokhin and Shabaev [98] result in an accuracy up to a few eV, and the radia-
tive transition rates are accurate to 99% when compared with tabulated data from
Pal’chikov [118], considering relativistic corrections and the retardation effects. For
He-like uranium system, deviations on the energy level calculated from FAC code
compared to the reference data from Artemyev et al. [101] are within 8 eV. This
good agreement ensures precise identification of transition types of the observed
x-ray peaks in our experiment discussed in Chapter 5 and Chapter 6.

For high Rydberg states of quantum number n > 100, a fast computation code
[137] was applied for the evaluation of radiative properties in nonrelativistic hy-
drogenic systems of H-like ions. For bound-bound transitions, the technique based
on recurrence relations calculating the dipole matrix elements had proved to be

accurate and stable for values of the quantum number n up to n = 500.
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Chapter 4

Theoretical background: radiative

recombination

Extensive theoretical and experimental studies have been carried out for the past
30 years on electron-ion recombination processes, as they are applied to the analysis
of astrophysical and laboratory plasmas. Firstly, the basic understanding gained
through these efforts will be reviewed, with emphasis on some of the more recent
progress made in recombination theory as the recombining system is affected by
time-dependent electric fields and plasma particles at low temperature. The radi-
ation emitted by plasmas is usually the principle medium with which to study the
plasma condition, as it is produced mainly during the recombination and decay of
excited states of ions inside the plasma. This is especially true when the plasmas
under study is not readily accessible by direct probes, as in astrophysical plasmas.
Therefore one may really into performing astrophysical relevant studies in the lab-
oratory by means of modern accelerators for ions as well as powerful laser light in
the XUV and the x-ray wavelength regime, enabling to collect precise atomic data
analysis about cross sections of radiative and recombination processes of multiply
charged ions. These electron-ion recombination processes may serve as a prerequi-
site both for the diagnostics and modeling of laboratory fusion and astrophysical

plasmas.

4.1 Description of recombination processes

Electron-ion recombination processes play an important role in the determination
of the ionization-recombination balance of highly charged ions both in electron-ion
beam colliding experiments and in high temperature laboratory and astrophysical
plasmas. Motivations for studying these processes include an understanding of fun-
damental processes in reactions of free electrons with ions, determination of the

corresponding cross sections and rate coefficients for use in models of energy trans-
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port phenomena and plasma diagnostics.

Electron-ion recombination proceeds in several different modes. The direct
modes include one-step radiative recombination (RR) and three-body recombina-
tion (TBR), all to the ground- and singly-excited states of the target ions. On the
contrary, the indirect resonant mode is a two-step dielectronic recombination (DR),
which proceeds first with the formation of doubly-excited states by radiationless
excitation via a free electron capture. The resonant states formed thus may relax by
autoionization or radiative cascades. For more exotic modes of recombination, it is
so called radiative dielectronic recombination (RDR), in which an electron capture

is accompanied by simultaneous radiative emission and excitation of the target ion.

Here, schematically description of various recombination processes follows as

X (i) +e” — XTVT(f) + hw (RR) (4.1)
X0 +em — X)) — X0 V() + hw (DR) (4.2)
X (i) + e — X9 YH(d) + hw (RDR) (4.3)
X +e +e = XODT(d) +e 4 En (TBR) (4.4)

The main and the simplest recombination mechanism in bare ions is the radiative
recombination (RR) or radiative electron capture (REC), in which a free electron
or quasi-free target electron is transferred via the photon interaction to the final
bound atomic state. In both cases the photon carries away the difference in energy
and momentum between the initial and final electron state. RR is the time reversed
process to photoionization (PI). Fig. 4.1 demonstrates quite clearly the equivalence
of PI and RR (or REC). In the atomic reference system the energy of the photon,

hw, is given by energy conservation:

where Ey;, and Ey;, correspond to the kinetic energy of the free electron and to the

binding energy in its final atomic state, respectively.

Dielectronic recombination (DR) is a resonant recombination of a free electron
with an ion X" bearing one or more core electrons. Schematically it can be identi-
fied with two-step processes, as depicted in Fig. 4.2. In a first step, often referred as
dielectronic capture, a free electron is radiationless transferred to a bound state of
the ion and a core electron is simultaneously excited forming a doubly excited state
X(@=1+(d). Because of the quantization of the ionic energy levels, the kinetic energy
of the electron has to fulfill a resonance condition for the process to become possible.
The dielectronic capture, with two electrons involved, is the inverse of the Auger

process. This means that the DR process can occur only if the incident ion X9
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Figure 4.1: Schematic sketch of the time reversed processes: [left] the photoioniza-
tion (PI) and [right] the radiative recombination (RR). In this example, the ground
state K shell and first excited state L shell are shown for illustration.

has one or more core electrons, i.e. DR cannot occur with bare ions. In a second
step, the doubly excited ion can radiatively stabilize by decaying to a lower level
or to its ground state below ionization limit. Alternatively the doubly excited ion
may autoionize thus returning to its original charge state in which case a resonance

feature in the elastic scattering will occur.

e 00— oO—
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Figure 4.2: Schematic representation of the dieelectronic recombination process.
The example is for a KLL resonance in a He-like ion.

DR process is also similar to radiative recombination, in both cases a free electron
is captured in the Coulomb field of the ion and a photon is emitted, but in radiative
recombination, a photon is radiated due to the transition of a captured electron
from an upper state to a lower one, while in dielectronic recombination a photon is
radiated due to the transition of a core electron.

There is a competitive process for the decay of the doubly excited ion in Eq. 4.2,

that is the autoionization or Auger decay associated not with the radiative transition
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but with a change in ion charge:
Xt (i) +e” = XOVHd) = XTH(f) +e (4.6)

However, in highly charged ions, the decay via DR with photon radiation is a more
probable process than Auger stabilization with emittance of a free electron.
Another recombination mechanism possible for a bare ion is the three-body re-
combination (TBR), this process is the time-reversed electron-impact ionization and
involves high-Rydberg states with binding energies comparable to the thermal en-
ergy kT, of the electrons. Thus, TBR process is important at high electron densities
and very low center-of-mass energies between electrons and ions. The presence of a
third particle, i.e. an electron in the process, is necessary to fulfill the momentum
and energy conservation, as shown in Fig. 4.3. The difference to DR is that the
energy produced by the capture of an electron in continuum state is transferred to a
second free electron as kinetic energy and consequently it is not a resonance process.
TBR is quite poorly investigated both experimentally and theoretically although it
constitutes a crucial charge-changing reaction at low electron temperatures and high

plasma densities.

e o O e 0 @&
o0
-
M
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Figure 4.3: Schematic representation of the behavior of three-body recombination
process at low relative velocity. The example is for a bare ion.

The RR and DR exhibit quite different dependence on the kinetic energy of the
free electron to be captured. The RR, which can be calculated in a closed analytical
form [76, 138], attains its maximum if the relative velocity between ion and electron
becomes zero, since the RR cross section roughly scales as 1/ E, at low kinetic energy
E. of the electron. However, it had been shown [139] that it stays finite for £, — 0
if the velocity distribution of cooling electrons is taken into account. Based on
these calculations, a radiative recombination rate agrr = 1/7rg which is roughly

proportional to Z2, can be estimated.
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On the contrary, DR is a resonant process and the resonance condition implies a
stringent restriction to the kinetic energy of the free electron. In order to excite the
bound electron from state nl to state n2, the following energy resonance condition
has to be fulfilled

En— En=FE.+ E,. (4.7)

This equation shows that the DR cross section will be maximal for electron energies
E. which are determined by the differences of the binding energies of the states
involved in the capture. Since these differences usually are not zero (especially if
the 1s state is involved), recombination processes via DR are crucial only if the
electron beam is detuned with respect to the ion beam.

In general, among possible recombination mechanisms of radiative recombination
and three-body recombination for bare projectiles at high atomic number Z, TBR,
involving loosely bound states, has a smaller contribution rate for typical electron
densities and temperatures at an electron cooler [17, 140]. For incoming ions that
carries one or more electrons dielectronic recombination is also a possible channel.
In the case of H-like ions at high Z, excitation of the 1s electron requires a large
amount of energy and the DR resonances start at a relatively large impact energy
[141]. With the tightly bound 1s electron of the H-like heavy ions and electron
beam temperature of a few meV achieved in our experimental setup discussed in
Chapter 5, however, we are far away from fulfilling the required resonance condition.
Therefore, radiative recombination is the most dominant electron-ion recombination

mechanism for the systems considered here, and will be discussed in more detail.

4.2 Radiative recombination cross sections

The results of a long-term study of the process of radiative recombination are re-
viewed in this section. Rigorous descriptions of both nonrelativistic and relativistic
electron RR with a hydrogen-like ion are formulated to calculate the state selective

RR cross sections.

4.2.1 Nonrelativistic theory

In the past, the radiative recombination process had been studied theoretically start-
ing in the 1920’s. Kramers [142] was the first one to obtain an approximate expres-
sion for the RR cross section for the hydrogenic target. His mathematical model
was based on a semiclassical approach that uses Bohr’s correspondence principle
because the coupling of matter with the radiation field was not yet fully developed
quantum mechanically. Later, Kramers formula was modified to incorporate quan-
tum mechanical effects. Gordon [143] was the first to apply first-order perturbative

quantum theory to the RR process. The most extensive study of the process were
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done by Stobbe and Burgess et al. [138, 144]. More detailed history related to a
long-term study of nonrelativistic electron RR theory was reviewed in recent pub-
lished paper [145]. The principle goal has been to find approximate approximations
to overcome the larger and tedious numerical calculations involved. The difficulties
mainly originated from the treatment of the excited states of the recombined atom

especially for the higher orbitals.

The RR cross section involves interaction matrix element between the initial free
and the final bound states. For captures to excited states of the target ions, a sum
over all the allowed final states is to be performed. Since the initial and final wave
functions are known analytically in the case of a pure coulomb field from a bare ion,
the RR cross section is calculated exactly from its time-reversed photoionization

process (for details, see Appendix A.1).

For the ions with one or more electron before capture, the pure Coulomb approx-
imation with an effective charge Z.fy may be adopted to treat approximately the
screening effect due to the inner-shell electrons and calculate the RR cross sections.
In the pure Coulomb approximation, the continuum and bound wavefunctions are
calculated by Coulombic wave and hydrogenic approximation, respectively. How-
ever, it is difficult to choose a suitable effective charge Z.;¢. Usually, the effective

charge Z. is taken in the following simple form [146, 147],

1 7
Zosp = ~(Zo+ Z1)  for Zo> 2> =2,
2 2 (4.8)

A
Zost =\ ZcZ;  for 70 > 7> 1,

where Z¢ is the nuclear core charge and Z; is the degree of ionization before capture.

In fact, the screening effect depends on the quantum number (n,[) of captured
electron, resulted from the incident electron energy k? in the ion rest frame. As k?
increases, the projectile electron starts to penetrate more into the core shells. On
the other hand, the structure of target ion has a crucial influence on the effective
charge Z.s¢, due to ion charge Z;, nuclear charge Z¢ and the distribution of the

bound electrons.

Later, after extensive comparison between the RR cross sections calculated with
the wavefunctions (both in bound and continuum state) obtained from Hartree-
Fock method and from the pure Coulomb approximation, respectively, an improved
empirical formula of the effective charge Z.s is suggested by McLaughlin and Hahn
(148, 149], as

ZC — Z] 77/ -1 _ _1)\2
Ze — Z/ _ 0.05(l l) 49
11 ( 2 t+1+3l)°¢ ’ (4.9)
where P p 7
7 — + M= (4.10)
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for n > ng + 1, which is mildly k£ dependent, and for n = ny where nq is the highest
occupied shell before capture. For capture into n = n,, where the (n,,!,) shell is
partially filled, the core penetration is strong, and Z.;; seems to be independent of
k, as

Zesr=11x2". (4.11)

4.2.2 Relativistic theory

The cross sections given in nonrelativistic treatment are not valid for high photon
and hence electron binding energies, because these approximation for total and
sometimes even for differential cross sections carry farther than one should expect.
The exact evaluation of the relativistic photoelectric or, inversely, the RR cross
section requires a partial-wave expansion of the Coulomb-Dirac wave functions for
the bound and for the continuum states modified for the finite nuclear size. This
means that closed-form expressions can no longer be derived, and one has to resort
to numerical methods. Detailed formulations exist since a long time which can
be found in [150, 151, 152]. Since existing tabulations [153, 154] are not always
sufficient in connection to RR cross sections, independent computer codes have
been developed and successfully applied in our data analysis. An outline of the
formulation is presented in Appendix A.2, assuming unpolarized photons and a
polarization-insensitive detector for the emitted electrons. In the calculations, all
multipoles of the electron-photon interaction under inclusion of retardation effects
are taken into account.

While the direction of the photon is usually taken as the quantization axis, which
provides a simple treatment of the photon wavefunction, what adopt here is the
direction of emission of the electron as quantization axis. Each of these approaches
are valid only if one performs a summation over the electron spin mg. The choice here
is base on the fact that the radiative recombination experiment was implemented at
electron cooler devices where the direction of transverse electron beam defines the
z axis. In this case, the notation of spin-flip and non-spin-flip is meaningful only, if
the spin of the bound state as well as of the continuum electron is quantized along
the direction of motion. Similarly, the notation of alignment or of population of
magnetic sublevels in terms of RR into excited states followed by radiative decay
(time reverse to two-step photoionization process) [121, 152] makes sense only, if

angular momenta are quantized with respect to the electron beam direction.

4.3 Radiative recombination rate coefficients

At electron cooler devices, when an electron beam has some velocity distribution

f(v), introducing an integrated quantity namely the rate coefficient «,,; instead
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of the radiative recombination cross section, defined for a fixed electron velocity,
appears to be more reasonable. The relation between the cross section o,; and the

rate coefficient v, is given by
s = (00 (V) = [ o)) (112)

For the velocity distribution, the cooler electron beam usually is described in
terms of an anisotropic Maxwell-Boltzmann distribution (also called a normalized
flattened distribution) characterized by effective longitudinal A7} and transverse k7"

beam temperatures [155, 156]:

_(me\3/2 1 mev?  Mev
fv) = (%) KT, (k7)) 72 [_ (21«11 T uT

Quite generally, the effective electron beam temperatures in the projectile frame are

. (4.13)

characterized by the convolution of the electron and ion beam velocity distributions

in the form of (KT, k7.1 ) and (KT;, kT;1 ), respectively, they are given by

KT = kT, + %kTiH
o (4.14)
kTJ_ = kTeJ_ + MkT‘iJ_a

where k is the Boltzmann constant, M and m, are the ion and electron masses,

respectively.

4.3.1 Analytical calculations

In a treatment given by Bethe and Salpeter [76] the dependence of the angular
integrated total cross section on the quantum number n was obtained in the form,
as

Ef,
n(Eys + nE.)E,

ol =210 x 107 [em?], (4.15)

where F, is the kinetic energy of the free electron, and F;, is the binding energy
of 1s state in H-like systems. This formula shows an important feature of radiative
recombination, as the cross section varies with 1/n for Ey, > n?E,, it gives ~ 30%
into 1s state, ~ 13% into n = 2, and ~ 8% into n = 3 etc. Using these relations
and the relations given by Spitzer [157], Bell and Bell [139] derived the following
approximate analytical formula for the radiative recombination rate coefficient with

a flattened velocity distribution (k7. measured in eV):

30222 [ 11.327 N
RE — In = +0.14( 22) [em?® /3], (4.16)
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which is valid as long as the relative kinetic energy between electrons and projectiles
is comparable to k7.. One could expect that radiative recombination is the main

loss process during electron cooling.

To get an analytical formula of rate coefficients for state selective (n,1) states in
the low-energy limit, Pajek and Schuch [155] calculated the asymptotic expressions
for the dipole matrix elements when E, < E,;, where E,; is the binding energy
of the (n,l) state, showing that the radiative recombination cross section scale as

1/E., and gives a simple analytical result for a fixed arbitrary (n,l) state:

Enl

RR
E.) ~
o (B~

nl

a(n,l), (4.17)

where the reduced radiative recombination cross section o(n,!l), in nonrelativistic

dipole approximation, is given by [158]

2

o(n.1) = Sagl(l+ e (n.1) + 1y (n, 1) (4.18)

The radiative recombination rate coefficient can further be derived by the integration

over an anisotropic electron-velocity distribution following Eq. 4.12, as [155]

2 R
S —y e i

A T

Here ov &~ 1/137 is the fine structure constant, ¢ is the speed of light and Ry denotes

G(t)o(n,l)/n?. (4.19)

the Rydberg constant in unit of energy. The recombination rates scale with the ion
atomic number as Z? and with the transverse electron beam temperature k7', as
1/(kT\)"/?, while the longitudinal temperature kT enters only via the slowly varying
function G(t) = [(t + 1)/tJarctany/t with the electron beam asymmetry parameter
t = (KT, — kT))/kT}. However, one may question the quantitative condition for
a validity of the low-energy approximation (FE, < E,), estimating how small the

ratio E./FE,; should be to have an allowed accuracy of the analytical results.

For n > 1 the rate for RR into a fixed n-state a2 can be expressed in a simpler
form by using the low-energy expansion of the Kramers [142] semiclassical cross
section: 64 /7 R

RR T 4.2 2 Y
a," = —=0a"aycl—75G(t)g(n)/n, 4.20
where, practically, the Gaunt factor [158, 159] g(n) = 1 for high Rydberg states and

aop denotes the Bohr radius.

For ions with core electrons, the recombination rates can only very roughly be
determined from these formulas. One is neglecting the atomic structure and contin-
uum electron exchange forces which are present when the ion has some electrons. It

can be said that these forces are small but if the relative energy of the ions and the
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electrons are tiny, like in an electron cooler, these effects may increase the ”bare nu-
cleus” direct radiative recombination rate for certain energies. Finally, I would like to
emphasize that radiative recombination enhancement effects were well demonstrated
experimentally for bare ions [160] up to U%* [161], and also for many-electron ions
[13, 162] at relative electron energies below the transverse electron beam tempera-
ture kT, , by detecting the charge exchanged ions after the electron cooler using a

dedicated particle counter.

4.3.2 Rigorous relativistic calculations

In the current study, a different calculation approach is used which exploits recur-
sion relations shown in Eqgs. A.16 - A.20 to evaluate the dipole matrix elements for
radiative recombination cross sections in Eq. A.15, then the (n,l) rate coefficients
for a flattened velocity distribution are performed via the integration according to
Eq. 4.12. In contrast with the other methods, which exploit further approxima-
tions to calculate both the cross section and the integrals involved in the RR rate
coefficient expression, here the exact calculations for the cross sections in the case
of nonrelativistic energies were carried out using the Stobbe approach without any
other approximation [144, 163]. The comparison with the fully relativistic results
obtained by Ichihara and Eichler [153] showed that the dipole approximation proves
to be appreciable in the low-energy regime, even for high nuclear charges as Z = 92.
In such cases there are remaining differences which appear mainly in the case of the
j-sensitive cross sections for small angular momentum quantum number [ and in the
case of angular distributions (see e.g. Ref. [8] and references therein).

For electron cooling conditions, as an example, retaining low relative energy of
E.e; = 2.6 meV and choosing a high nuclear charge Z = 82, Sizeable differences in
the j-sensitive cross section within 30% in particular for s-states can be obtained,
see Fig. 4.4. The statistical weights considered for the Stobbe’s calculations of
n, [, j-sensitive cross sections are responsible for this discrepancies. This means that
even for n = 8, relativistic effects in Pb®** survive or, possibly, retardation effects
(high powers in kr of photon field) play a role, owing to tighter binding. The
pronounced deviation of the Stobbe theory from the rigorous treatment indicates
the importance of introducing relativistic corrections, if one would like to apply
nonrelativistic theory for RR rate calculations for each low-lying bound states, i.e.
states with principle quantum number n < 10.

The exact evaluation of the relativistic photoelectric cross sections requires a
partial-wave expansion of the Coulomb-Dirac continuum function. This means that
closed-form expressions can no longer be derived, and one has to resort to numerical
methods. The numerical evaluation of the RR cross sections into strongly bound

projectile states were performed in a fully relativistic manner following the detailed

49



4.3. RADIATIVE RECOMBINATION RATE COEFFICIENTS

formulations in Appendix A.2. The accuracy of the calculation is mainly determined
by the number of expanded partial waves, v = 2k,q4z, With ke, being the maximum
quantum number for the Dirac angular momentum. For the expansion, a too small
choice of k,,., may lead to truncation errors, whereas a too large value, on the
other hand, may lead to explosion of numerical errors due to rapid oscillations of
the radial part of the continuum wave function. In our calculations, all multipoles
of the electron-photon interaction under inclusion of retardation effects are taken

into account.
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Figure 4.4: The RR cross sections as predicted by the exact treatment in comparison
with the Stobbe approximation for the subshells of Pb%* up to n = 8 at relative
electron-ion energy of 2.6 meV. In the lower figure the deviation of both approaches
is depicted.

For completeness, considering the cross sections for radiative recombination and
electron velocity distribution at the cooler devices, the rate coefficient can be written

in the form of

) / [t ()

Mecosp?  mesing?

(4.21)
kTL(kTH)l/? P [ ( 2T, 2T,

)] vicospdvdipda.
By using the following formula in connection with Gauss error function erf(z)

/ 11 exp(—az?)dz = \/gerf(\/a) (4.22)

and several substitutions, the triple integral in Eq. 4.20 is reduced to a simple
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integral, as

RR ® ca pp E? Ry E,
— = E, /
kT kT KT, — kTy)E.
X TR L erf (KT ”) dFE,
(KT, — kT)) E. KT KT,
with Ry the Rydberg unit of energy, and 1Ry ~ 13.6 eV'.
For the realistic experimental conditions, the electron beam temperature of

kT, = 2.6 meV and kT} = 52 peV was achieved at the electron cooler of CRYRING@

ESR [164], where bare or few-electron ions could recombine with free electrons of

(4.23)

continuum states. Figure 4.5 depicts the state selective total rate coefficients for
radiative recombination into Pb®* at the electron cooling temperature as a func-
tion of principal and angular momentum quantum number (n,1). As can be seen
that the main contribution to the rate coefficients is given by the small [ states, as
is to be expected. However, due to the small relative velocity between projectiles
and electrons, the contribution from high Rydberg states might have a significant

contribution to the total rate coefficient.

—

Rate coefficients

180

90

60

guantum number n 1 0 quantum number |

Figure 4.5: State selective (n,[) rate coefficients calculated for radiative recombi-
nation into bare lead ions for flattened electron velocity distribution with k7, = 2.6
meV and kTj| = 52 peV at the CRYRING@ESR cooler device. Here, n up to n = 300
and [ up to [ = 180 are displayed on the axis.

Fig. 4.6 varies the principle quantum number n from n = 10 to n = 300 to show
the changes of magnitude in total rate coefficient. As can be seen that the n-RR
contribution to the total rate coefficient increases rapidly until n = 50, because

in radiative recombination much higher n-states contribute to the recombination
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rates, which scale as 1/n, as it is revealed in the figure that the occupation of K-
shell population decrease from 32% (corresponding to n = 10) to 14% when the
magnitude reaches saturation at n = 300. Thus, the recombination into these high
levels is crucial for the study of characteristic projectile x-rays stemming from the

radiative cascade of the electrons to the low-lying subshells.
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Figure 4.6: The total rate coefficient calculated for radiative recombination into bare
lead ions is displayed as a function of the principle quantum number n. The ratio
Sonmer QR )N e oFFF peveals that the rate coefficient is sensitive to the population
distribution of high Rydberg states.

7 7
1 X
- %10 . 18 10 :
—@— With K shell —&— With K shell
_2f —— Without K shell ] 17F =& Without K shell
w
2
16F
E 15}
2 15F
@
L2
£ 1 141
Q
(8]
[0} 131
©
s 12F
Q
[
05F 1r
1 1 1 1 1 1 L L L
0 10 20 30 40 50 102 10 100 107 102 102
Transverse temperature kT (meV) Longitudinal temperature kT, (ueV)

Figure 4.7: The radiative recombination rate coefficient is plotted [left] as a function
of the transverse temperature k7 with a fixed longitudinal temperature KT} =
50 peV, and [right] as a function of the longitudinal temperature k7j with a fixed
transverse temperature k7', = 5 meV for nuclear charge Z = 82. Here, n up to
n = 300 is included in the calculations.

From this point of view, it would be interesting to investigate the dependence
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of rate coefficients on the longitudinal £7) and transverse k7', electron beam tem-
peratures, respectively for electron-ion merged-beam experiments at electron cooler
devices. The contributions from > """ ot and Y "™s* afff to the total rate coef-
ficient are depicted in Fig. 4.7, and both cases show similar decreasing behavior of
rate coefficient that scales as 1/F, [155]. In the low-energy regime, the main quan-
tum number n = n,,,, = 300 is included in the calculations, It was found that no
more than 15% of projectile x-rays are from K-shell free electron capture. In prac-
tice, one may expect the characteristic x-ray radiations stemming from the cascade
feeding from high levels would be registered at the low-energy part of the spectrum
(e.g. Balmer spectrum), which is typical for the experiments in the storage ring
utilizing an electron cooler as a target of free electrons. Furthermore, it is worth
mentioning that the smaller is 7T} with respect to the transverse temperature 7',
the influence of the longitudinal temperature on the total rate coefficients is tiny,
i.e. the latter seems to be constant as a function of the longitudinal temperature T}
for T, /T} > 10%.

4.4 Angular distributions

Experimentally, the differential RR cross section can only be measured at forward
or backward angles corresponding to the photon emission angle of 90°, based on the
fact that at electron cooler devices the transverse temperature k7', of the electron
beam is much larger than the longitudinal one k7], thus, the collision axis is defined
as the one perpendicular to the ion beam axis. For high-Z projectiles with a velocity
large compared to the velocity vy = (aZp/nr)c of electrons bound in the ny-shell
of a light target atom, these electrons can be considered as quasi-free to a very
good approximation [8]. It is then justified to ignore their momentum distribution
with respect to the target nucleus and to identify RR with REC (radiative electron
capture).

Under realistic conditions of REC experiment, the initial electron velocity is in-
verted in the projectile frame as compared to photoionization process, the angular
distribution of the REC photons is directed backwards in the projectile frame. It is
the relativistic transformation of the photon distribution from the moving system
to the observer in the laboratory system which shifts the distribution forwards. In
a first approximation it completely counterbalances the strong backward directed
angular distribution in the projectile frame. Hence, for REC, at least into s-levels
of the projectile, one expects a preferred photon emission perpendicular to the pro-
jectile direction [165]. The difference in the photon angular distribution between
REC in the projectile frame and REC in the laboratory system is demonstrated in
Fig. 4.8 for the case of 310 MeV/u U%T ions assuming pure electric interaction.

This corresponds to an electron impact leading to an emission of a 301.7 keV photon
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(compare with the time reversed process in Fig. 4.1).
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Figure 4.8: Photon angular distribution for REC into U%** at 310 MeV /u calculated
by assuming only electric interaction (top: projectile frame; bottom: lab. frame).

As depicted in the figure, the advantage of using the REC process for investi-
gating PI arises from the combination of the following transformations one has to
apply:

(a) The time reversal (p’ — —p’) which describes REC as time reversal of PI
in the projectile frame. In this case, the angle 6’ refers to the direction of the ion
beam moving toward to the electrons, which is the direction opposite to the electron
motion. This amounts to replacing 6/, by m — 6, alternatively, cosf), is replaced by
—cost/, where 0, is the angle between the electron momentum p’ and the photon
momentum k’. Thus, the state-to-state cross section for radiative recombination
takes the form [166]

doPR (') _ < 8% )2 1 do?"(r —0) (4.24)

asy ﬁ272 dasy

MeC?

(b) The transformation of emitted photon frequency, relativistic angle and solid

angle from the projectile frame (primed quantities) to the laboratory system (un-
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primed quantities) are given by [§]

W' = yw(1 — Beosh)
cosf — (8 (4.25)

cost/ = 1 — Beost

hence
o
dQ  2(1 — Bcosh)?’

Finally, the angular distribution as a function of the angle € in the laboratory frame

(4.26)

of the electron is mediated by the Lorentz transformation

doftf(9)  dofB(6") dSY

= : 4.2
ds? asy  dQ) (4.27)
4.4.1 REC into the K-shell
Taking into account the retardation contained in the photon plane wave e~%* one

could expect the following angular distribution in the projectile frame [167] (Fig.
4.8, top), as
do R (9") sin?6’
X )
asy (1 + Bcosh’)*

Applying now the given transformation of all quantities into the laboratory system

(4.28)

one finds the simple angular differential cross section dependence [165] (Fig. 4.8,

bottom), that is
do iR (0)
dQ

The polar angle dependent differential cross section shown in Fig. 4.8 corre-

oc sinf. (4.29)

sponds exactly to that of the completely nonrelativistic dipole approach which re-
sults from neglecting the photon momentum (kr < 1) as well as the fast electron
velocity (v < ¢) [168]. This peculiar cancellation between the effects of the retar-
dation, i.e. of higher multipoles (leading to the deviation from a sin?¢ distribution)
and the Lorentz transformation to the laboratory system, which occurs within the
nonrelativistic approach applied for capture into the K-shell, was originally pre-
dicted by Spindler et al. [165]. In fact, these predictions were verified by Anholt
et al. [169] experimentally for 197 MeV /u bare Xe®'* projectiles on Be atoms. All
the experimental data fall onto the curve as predicted by the nonrelativistic dipole
approximation based on Stobbe’s treatment of the photoionization process, assum-
ing nonrelativistic hydrogen-like wavefunctions for the 1s ground state. This good
agreement found between the nonrelativistic dipole approximation and the correct
relativistic description, for relatively light atomic systems and not too high energies,
appears to be a general feature of all photon-electron interaction processes [170]. It

can be explained in terms of an approximate cancellation among relativistic, retar-
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dation, and multipole effects [171] which, however, only occurs for bound s-states
and for total cross sections [172, 173].
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Figure 4.9: Top part: Experimental K-REC angular distribution [(a) 309.7 MeV /u
[174]; (b) 88 MeV/u [175]] in comparison with complete relativistic calculations
(solid lines) and the sin® distribution of the nonrelativistic theory (dashed lines).
Bottom part:(c) Deviations from the sin®f distribution [176]. Solid triangles: 88
MeV/u U%* — Ny; open triangles: 309.7 MeV/u U%* — Ny; solid and dashed
lines: corresponding relativistic predictions.

For heavier systems and even higher energies and also for states with angular
momentum [ > 0 this cancellation is no longer valid [166, 167] as will be discussed
in relativistic treatment. In Fig. 4.9 the angular distributions for K-REC into 309.7
MeV /u and 88 MeV /u bare uranium projectiles are plotted in the laboratory frame
[174, 175]. The magnetic transitions, corresponding to a spin-flip of the electron
during capture, contribute significantly in the forward directions. The shaded area
shows the spin-flip contributions to the angular distribution. The nonrelativistic
approach is given by the dashed line for comparison. Furthermore, the investigation
of the beam-energy dependence of this effect was of additional interest. For this
purpose, the deviations of the experimental data from the sin?f distribution is illus-
trated in more detail at the bottom part of Fig. 4.9 where the difference Ado/dS2 is
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plotted as a function of the observation angle. For comparison, the corresponding
variances are given for the results of mediate collision energy at 88 MeV /u (solid
triangles) and higher energy at 309.7 MeV /u (open triangles), respectively, while the
solid and dashed curves refers to the corresponding complete relativistic theory. As
can be observed in the figure, the data sets for both energies are indistinguishable
within the error bars, except close to 0°. For angles larger than 60° the same holds
true for the corresponding fully relativistic descriptions where only small energy
dependent variations are observed.

In general, for the energy regime under consideration here, the deviations from
the nonrelativistic approach appear to be a large amount energy insensitive, and
are caused by the relativistic wavefunctions of the high-Z system. Only the spin-
flip transitions appear to be strongly velocity dependent which are mediated by the
magnetic field produced by the moving projectile (compare region close to 0° in
Fig. 4.9). However, the strong variation of the angular distribution as a function
of energy turns out to be rather unimportant at low energy regime even for nuclear
charge up to Z = 92. In Fig. 4.10 the calculated differential cross sections for
K-shell radiative recombination into bare uranium projectiles at relative electron-
ion energy from 1 meV to 10 eV, which has to be compared with the ground-state
ionization potential in H-like uranium of about 132 keV, are given as a function of
the observation angle 6 in the laboratory frame, and the distribution is normalized
to the value at 6 = 90°. Here, indeed the occurrence of spin-flip transitions appears
to be a tiny effect where almost no energy dependent variations are observed in

terms of the general shape of K-RR emission pattern.
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Figure 4.10: Angular distribution for RR into the K-shell of bare uranium as a
function of the observation angle in the laboratory frame at various electron-ion
relative energies. The differential cross sections of theoretical calculated data are
normalized to the value at 6 = 90°.
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4.4.2 REC into the L-shell sublevels

The photon angular distribution of the two fine-structure components (j = 1/2
and j = 3/2) for REC into the L-shell was investigated in detail at the heavy
ion synchrotron SIS18 where 89 MeV /u He-like uranium projectiles colliding with
carbon target atoms [172, 177]. This experiment represents the first subshell resolved
L-REC photon angular distribution study and in particular the first investigation
of the photon angular distribution for capture into a pure p-state as shown in Fig.
4.11. The data for the j = 1/2 level shows a considerable bending of the angular
distribution into the forward direction, whereas the distribution for capture into the
j = 3/2 state exhibits a slight enhancement at backward angles. This confirms in
particular the prediction of the relativistic theory that the Lorentz transformation to
the laboratory system is not sufficient to cancel for the 2p3 /5 distribution the bending
towards backward angles caused by retardation effect. Also, the 25/, distribution
deviates markedly from a sin®f form. This distribution determines essentially the
radiation pattern for capture into the j = 1/2 states at forward angles, and the
distribution for the 2p, o level follows closely the form for REC into 2p3/, state. The
most remarkable aspect of the calculated distribution for the 2s;/, state is that it
predicts non-vanishing values at 180° and in particular at 0° observation angle. As
has been pointed out in Refs. [151, 178], angular momentum conservation requires
that cross sections in the forward or backward directions can only be attributed to

spin-flip transitions which are not considered in a nonrelativistic theory.
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Figure 4.11: Experimental angular distribution of L-REC radiation for REC into
(a) 7 = 1/2 and (b) j = 3/2 state observed in Ut — C collisions at 89 MeV /u
[177]. The solid lines give the results of exact relativistic calculations. In addition,
the theoretical results for 251/, [dashed line in (a)] is presented.
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For RR processes in the merged-beam experiments using storage ring electron
cooler devices, the projectiles collide with electron beam at transverse direction ac-
companied by the emission of photons at the directions of 4. In the particular case
of the RR process occurring in the electron cooler, the calculated RR rate coeffi-
cients at 90° are used to compare our results with the experimental data registered
by the two x-ray detectors mounted at 0° and 180° along the ion-beam axis. Here,
it is important to stress that the shape of the RR angular distribution remains
essentially unchanged for the whole low-collision energy range defined by the tem-
peratures of the electron beam in the electron cooler. For illustration, Fig. 4.12
shows the angular differential cross sections for RR into the L-shell sublevels of ini-
tially bare uranium ions, where electron-ion relative energies from 1 meV to 10 eV

are displayed.
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Figure 4.12: Angular distribution for RR into the L-shell sublevels of bare uranium
as a function of the observation angle 6;,, at various electron-ion relative energies.
(a): capture into 2sy/2; (b): capture into 2p;s; (c): capture into 2pz/,. All calculated
data are normalized to the value at 6;,, = 90°.

4.4.3 De-excitation x-rays from REC

For electron capture into an excited state of the projectile, this state may decay

by x-ray emission. In theory the angular distribution of these characteristic x-rays
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with respect to the beam axis was studied extensively in Refs. [179, 180]. For the
particular case of the 2p3/, decays by E1 + M2 transition (see Fig. 3.5) to the
ground state, investigations were performed with bare uranium projectiles at the
gas-jet target of the ESR storage ring [121, 181], and the anisotropic emission in the
emitter frame is simply given by [122]

‘Ww)a1+5mu—gmﬁm, (4.30)

where 6 denotes the angle between the direction of the emitted photon and the
beam direction, and [y gives the coefficient of the alignment which is related to the

population cross section o(j, m;) for the magnetic levels [152]

P 1 0(3/2,43/2) — 0(3/2,%+1/2)

T2 0(3/2,£3/2) + 0(3/2,£1/2) (4:31)

Consequently, by measuring the Lya; emission at a few observation angles, the
alignment of the 2ps/o state and the relative population of the magnetic sublevels
can be experimentally determined.

Based on expression Eq. 4.30, the theoretical and observed angular distributions
were compared in detail as shown in Fig. 4.13 and a remarkable difference was found
[179, 121]. The deviation was surprising also in the sense that REC is otherwise one
of the best studied processes for high-Z, hydrogen-like ions for which an excellent
agreement between theory and experiment is typically found. However, viewing the
used rigorous relativistic calculations in more detail one finds that it is assumed
that the level of interest, namely the 2ps3/, state, decays solely by an electric dipole
transition. Whereas this assumption is for sure an excellent approach for the low-
Z regime, at high-Z however, the magnetic quadrupole decay M2 may contribute
in addition and may affect considerably the emission characteristics of the decay
photons (angular distribution [182] and polarization [183]). As a result, the align-
ment coefficient parameter 50 must now be replaced by the product Sy - f(E1, M2)
where f(E1, M2) is the structure function which takes into account the E1 — M2

interference effect. This structure function is given by [180)]

(I M2 ])

ﬂELAD)m1+2%aHEDH,

(4.32)
where (|| E1 ) and (|| M2 ||) are the reduced matrix elements for the electric and
the magnetic bound-bound multipole transitions, respectively [152].

For high-Z ions the ratio of the transiton amplitudes is of the order of ~ 0.1,
leading to a 1% contribution of the M2 component to the total decay rate. Indeed,
even for hydrogen-like uranium (Z = 92) the M2 transition rate contributes less
than 1% to the total decay rate. Up to now this rather small contribution was

the main justification why the M2 component of the radiation field has not been
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Figure 4.13: Measured angular distribution of the Lyman-«; radiation following
the REC into initially bare uranium projectiles with a beam energy of 309 MeV /u
[122]. Here, the Lyman-cas is isotropic in the projectile frame and used for normal-
ization. The solid line refers to the least-squares adjustment of Eq. (4.30) to the
experimental data, taking into account the correct relativistic angle and solid angle
transformation. The solid line refers to the least-squares adjustment of Eq. 4.30
to the experimental data, considering the correct relativistic angle and solid angle
transformation. The dashed line displays the theoretical results under the consider-
ation of only electric dipole component, i. e. (|| M2 ||) ~ 0 is taken to be negligible.

incorporated in computations on the 2ps,, decay of hydrogen-like ions or similar
ground state transitions in the high-Z regime. Figure 4.14 shows the structure
function 4.32 for hydrogen-like ions as a function of the nuclear charge Z. Since
the function f(FE1, M2) basically depends on the ratio (|| M2 ||) /{|| E1||) of the
reduced matrix elements, its scaling follows roughly a Z? dependence. For H-like
uranium, this dimensionless function is as large as 1.28 [180]. As a consequence the

interference leads to a non-negligible effect of a few percent even for medium-Z ions.

From the measured alignment in Refs. [121, 122] the 2p3/, level follows that
about 75% of the capture events populate the |m;| = 1/2 sublevels of the 2ps/,
state. By subtracting the cascade contribution, it was possible to deduce that direct
radiative capture into the 2ps/, state populates the |m;| = 1/2 magnetic sublevels by
more than 90%. As a result, a significant alignment with negative anisotropy param-
eter o9 will contribute considerably the angular distribution for the decay photons.
In the case of electron cooler devices, where radiative recombination at collision en-
ergies of a few meV prevails, recombination into high Rydberg states and following

radiative cascades will contribute significantly to the intensity of the characteristic
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radiation (see also Fig. 4.5 and Fig. 4.6). This will substantially attenuate any
potential initial alignment of excited states produced via RR which finally populate
the states of the L and M shells via radiative cascades. To be more specific, for case
of the 2p3/5 state the population of magnetic sublevels will benefit from the cascade
feeding of higher levels up to Rydberg state, and hence ¢(3/2,3/2) ~ 0(3/2,1/2).
Therefore, in contrast to the prompt RR radiation, an isotropic emission pattern is
expected in the projectile frame for the subsequent characteristic projectile transi-
tions of the observed Lyman, Balmer, and Paschen series, which will be incorporated

into the spectrum modeling as discussed in Chapter 5.
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Figure 4.14: Structure factor f(E1, M2) as calculated for the decay of the 2ps/,
state in hydrogen-like ions as a function of the nuclear charge Z. The dependence as
a function of the nuclear charge Z is roughly reproduced by a Z? dependence [184].
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Chapter 5

X-ray spectroscopy study for
hydrogen-like lead ions at the

electron cooler of
CRYRINGQESR

In this chapter I will report on the first commissioning run experiment in May
2020, carried out at the electron cooler of CRYRING@ESR storage ring complex
by utilizing the deceleration technique, to study the x-ray emission associated with
radiative recombination of bare lead ions with free cooler electrons at zero relative
electron-ion velocity (on average). For the experimental setup, two standard high-
purity, planar germanium x-ray detectors were placed at exact 0° and 180° viewports,
which makes the experiment insensitive to an uncertainty in the observation angle.
For the x-ray emission pattern, experimental and theoretical studies are presented to
investigate in detail the prevailing cascade decay dynamics and provide exhaustive
insight into the final state population of the recombination process itself. From the
observed characteristic projectile x-rays a significant contribution from radiative

deexcitation cascades is deduced.

5.1 General considerations and experiment

The coupling of the ESR and the CRYRINGQESR storage ring complex [6, 185]
serves as the platform for the experiment, since the CRYRING here can be used to
perform experiments with cooled bare heavy ions, while the ESR prepares the next
ion bunch. In the experiment, fully stripped Pb ions from UNILAC/SIS accelerator
complex were injected into the ESR at a specific energy of 400 MeV /u. Usually,
many beam pulses were stacked and accumulated in the ring, eventually 6 ~ 8 x 107

Pb%2* ions can be stored by this technique. However, this number is still below the
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upper limit of particles which can be installed in principle. The basic restriction is
due to the space charge potential of the stored ion beams and limit the number of

stored ions.

The stored ions can be very efficiently cooled by Coulomb interaction with the
cold co-moving electrons [32], then decelerated down to 10 MeV /u, electron cooling
and storing takes place. Thereafter, the ions were injected into CRYRING. At
CRYRING electron cooling was applied again to guarantee a well-defined constant
beam velocity which was generally of the order of A3/3 ~ 107°. For this purpose
electron currents of typically 10 to 20 mA were applied. Moreover, the electron
cooling provides a small beam size with a typical diameter of 2 mm, a reduced
relative momentum spread Ap/p ~ 1072, as well as an emittance of the ion beam
of less than 0.17 mm mrad. Here, it is important to note that both the transverse
emittance and the relative momentum spread of the stored beam depend on the

number of stored ions and the applied cooler current [186].

The experimental setup for the measurement of x-ray radiation at the electron
cooler device is shown in Fig. 5.1. At the electron cooler dedicated vacuum sepa-
ration chambers were used [187]. For the forward (0° with respect to the ion beam
axis) and backward (180° with respect to the ion beam axis) direction, the detec-
tors were installed behind a 100 pgm thick beryllium window mounted on a CF 100
flansh to allow for the transition of low-energy x-rays while maintaining the ring
vacuum of typically 10~ mbar. The detector geometry itself was precisely deter-
mined by laser assisted trigonometry. The x-ray detection was accomplished by
two high-purity, planar germanium x-ray detectors, which were mounted 3.5 m at
0° and 3.3 m at 180° with regard to the midpoint of roughly 1.2 m long straight
electron cooler section. The detector at 0° had a crystal diameter of 16 mm (crystal
thickness 10 mm) and was equipped with an x-ray collimator (10 mm thick, made
out of brass and reducing the effective detector area to 79 mm?). This results in
a solid angle coverage of AQ/Q which varies along the cooler section from about
6.3 x 1077 to 1.3 x 107°, respectively. At 180° the detector used had a diameter
of 49.7 mm (crystal thickness 21 mm) and was equipped with an x-ray collimator
(10 mm thick, made out of brass and reducing the effective detector area to 962
mm?). As a consequence, there AQ/Q varies along the cooler section ranging from
1.0 x 1077 to 4.9 x 1075, respectively. In addition, due to the relativistic solid angle
transformation [166], the effective solid angle at 0° observation angle for photons
being emitted in the rest frame of the ions is enhanced relative to the one at 180° by
a factor of 1.8. In order to suppress the dominant background, stemming from x-ray
emission by the electron beam (bremsstrahlung inside the upper part of the electron
cooler) and the natural background, an ion detector based on secondary electron
detection (channel electron multiplier) [188] was successfully operated downstream

to the cooler (ion detector for down-charged Pb®!'™ ions). The coincidences between
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both the registration of x-rays from the interaction region of the electron cooler and
the down-charged ions allowed for the unambiguous identification of those x-rays

associated with radiative recombination events.
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Figure 5.1: Experimental setup at the CRYRINGQESR electron cooler. The
electron-ion beam interaction region is viewed by 0° and 180° Ge(i) x-ray detectors.
X-rays are measured in coincidence with down-charged Pb®* projectiles detected
by the particle counter installed behind the electron cooler. A length scale and a
time scale, valid for a beam velocity of 8 = v/c ~ 0.146 (10 MeV /u), are shown at
the bottom. Note, the time of flight of the ions passing the cooler section is close to
30 ns whereas the time of flight of ions from the entrance of the cooler section up
to the end of the straight section amounts to 70 ns.

In the present experimental situation where recombination of bare lead ions with
free electrons at zero relative electron-ion velocity, high Rydberg states of the ions
are expected to be populated [15, 16, 17, 18]. The ions in these highly excited
levels might be re-ionized on their way to the particle detector when exposed to
electromagnetic field of the next dipole magnet of CRYRINGQ@ESR. The highest
na;p state that survives field ionization, defined by the dipole magnets setting at the

storage ring [189], is usually estimated by the formula [156, 190]

naip = (6.2 x 1063 /v, B) """

(5.1)
Where ¢ is the charge state, v; the ion beam velocity, and B the magnetic field
strength in the unit of tesla. In this experiment, the ng;), is estimated to be 165
corresponding to the magnetic rigidity value of 1.17 Tm of the dipole magnet. One
also note that the rather sophisticated and detailed studies on the re-ionization of
high excited states in magnetic fields have been reported [191, 192, 193], pointing
out the relevance of Rydberg states with even higher main quantum number n than
the one defined in Eq. 5.1, but with low orbital quantum number [, which are
not field ionized and thus could still contribute to the observed rate in the particle
detector. Indeed even in our current experiment related cascade transitions could

be possible during fight time of ions to the dipole magnet. However, as discussed
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before these states are not significantly populated via RR (e.g. see Fig. 4.5 in Sec.
4.3.2) and will be neglected in the following.

Among possible recombination mechanisms of radiative recombination and three-
body recombination for bare projectiles, three-body recombination processes in the
cooler lead to population of states with binding energies comparable to the electron
beam temperature [140, 194] of a few meV. For H-like lead ions, this corresponds to
Rydberg state with n ~ 4000. Since this value is far beyond n4;, and the correspond-
ing radiative lifetime is orders of magnitude larger than the flight time of ions from
the center of cooling section to the dipole magnet, the three-body recombination
processes will hardly contribute to the observed x-ray intensities [15].

Even though in this very first beam time with bare, decelerated lead ions in
CRYRING@ESR only a low intensity of 2 x 10° ions per injection was possible, a
few days of continuous operation were sufficient to accumulate meaningful spectral
information when combining the signals in both x-ray detectors with the particle
detector. Here, the experimental study benefited from the deceleration technique
[195] established, for decelerated ions the bremsstrahlung intensity caused by the
cooler electrons was strongly reduced due to the comparably small cooler voltage
of about 5.5 kV and current of 12 mA. Consequently, very clean conditions for x-
ray spectroscopy were present at the cooler section. In this chapter, the transverse
temperature of the electron beam used in the CRYRING@ESR electron cooler is
kT, = 2.59 meV (in energy units), which corresponds to the cathode temperature.
For the longitudinal electron motion, k7} = 51.8 peV is inferred from the analysis
of resonance shapes in dielectronic-recombination (DR) measurements with lithium-
like Ne™ ions [164]. Moreover, the investigations at the CRYRINGQESR electron
cooler profit from the 0° and 180° geometry of x-ray detector setup, which leads to
the almost eliminated Doppler broadening, and makes the experiment insensitive to
an uncertainty in the observation angle. The result is depicted in Fig. 5.2 where
the coincident x-ray spectra are plotted as observed for initially bare lead ions at an
energy of 10 MeV /u , the x-ray energies in Pb8!* spectra were precisely measured
with the Ge(i) detectors at 0° and 180° exploiting closely spaced v-lines of known
energies from standard radioactive calibration sources of ! Am, !33Ba, and °"Co,
regularly placed in front of the x-ray detectors during the beam time.

In contrast to the ESR where the x-ray detectors view the cooler section via thin
stainless steel foils at observation angles of close to 0.5° and 179.5° with respect
to the ion beam axis [18, 19], the detectors at the CRYRING@ESR can be placed
exactly at 0° and 180° observation geometry. In Fig. 5.2, the low bremsstrahlung
intensity together with high transmission of photons due to 100 pum thick beryllium
windows installed allowed us for the first time to observe Balmer and Paschen series,
located at the low-energy part of the spectra. Most importantly, distinctive tails
of Lyman-« transition lines observed at the ESR [18, 22, 196], caused by delayed
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cascade feeding of the L-shell sublevels, were consequently not present in the case
of the CRYRING@ESR electron cooler. All these proof of the favorable conditions

enable planned state-selective x-ray spectroscopy study.
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Figure 5.2: X-ray spectra of H-like Pb®'" measured by two Ge(i) detectors in
coincidence with 10 MeV /u Pb®* projectiles capturing free electrons. The spectra
were taken at the CRYRING electron cooler at observation angles of 0° (left) and
180° (right), respectively.

5.2 The experimental challenges

It has proven very useful to start with a bare ion to which a single electron is added
in a recombination process in the electron cooler or in a single electron capture event
in the gas-jet target. The subsequently emitted x-rays are measured in coincidence
with those ions that have lost one unit of charge during the interaction with the
target and which are deflected out of the main ion stream in the following dipole
magnet of the storage ring. For an accurate determination of the photon energy
in the projectile frame of reference, the Doppler effect remains as one of the most
serious difficulties in which an accurate knowledge of both the ion velocity and the
observation angles are required. At an ion beam velocity of 10 MeV /u there is a
factor of 1.3 variation in the laboratory x-ray energy going from forward (6 = 0°)
to backward (0 = 180°) observation.

5.2.1 Doppler effect

It turns out that a large fraction (exceeding 50%) of the stored inventory of bare
ions in the storage ring can be converted into x-rays useful for spectroscopy study.
Here, The radiation emitted by ions moving with relativistic velocities is affected by
the Doppler effect which introduces a difference in the transition energies between

the emitter and observer frames (Doppler Shift) and between transitions observed at
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different angles (Doppler Broadening). Therefore photon energies measured in the
laboratory system have to be corrected for the relativistic Doppler shift according

to the Lorentz transformation

Eproj = Eiap -y - (1 = B - cosap) , (5.2)

where E,,,; and Ej,, denote the x-ray energy in the projectile and laboratory frames
of reference respectively and g and 7 are the usual relativistic parameters whereas
0,45 1s the observation angle relative to the ion-beam direction.

In upper part of Fig. 5.3 the ratio Ej./Epro; is plotted as a function of observa-
tion angle 64, for the ion beam energies of 10 MeV /u and 68 MeV /u, respectively.
For x-ray detectors placed at 0° and 180° observation angles relative to the ion beam
axis, the measurement of photon energies is insensitive to misalignment of the ob-
servation angles, i.e. the uncertainties introduced by angular uncertainties vanish

at 0° and 180°, hence independent of ion beam velocity as indicated in the figure.
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Figure 5.3: Upper part: Relativistic transformation of the transition energy from
the projectile frame, moving with a reduced velocity of § = 0.14 at 10 MeV /u and
[ =~ 0.36 at 68 MeV /u respectively, to the laboratory frame as a function of the
observation angle. Lower part: Doppler broadening for the transition energy in the
projectile frame as calculated from Eq. 5.3. Blue curves represent the uncertainty
from Af;,, = 0.01°, and red curves show the uncertainty from AB =9 x 1076,

Although the brilliant, monochromatic beams of the CRYRINGQESR storage
ring complex provide unique experimental conditions for x-ray spectroscopy of prompt

RR radiations together with subsequent projectile x-rays, the main problem encoun-
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tered is still the uncertainty introduced by the Doppler corrections, i.e. the Doppler
shift and the Doppler Broadening. The final uncertainty of the x-ray energy in the
projectile frame is determined by the uncertainties in the absolute value of § and
of the observation angle #;,,. The influence of the latter uncertainties on the final
result, however, depend critically on the beam velocity and the observation angle
chosen. This can easily be seen from the first order estimation of these uncertainties

by differentiation of Eq. 5.2, as

2 : 2 2 2

(%) _ (1 f-ﬁs.llzilsagl—abAelab) + (yzl(fsglfﬁ;oséf—abAﬁ) + (%) . (5.3)
The term containing A#,, and AS, respectively, are strongly dependent on the
observation angle and are much reduced with decelerated ions, as shown in the
lower part of Fig. 5.3.

For completeness it is important to note that A#f,,, and AS can also be inter-
preted as width. In Eq. 5.3, due to the sinf,,;, term, the uncertainty in A#,,, does not
affect the final result at observation angles of 0° and 180°. Here, however, the error
due to Ap is largest. Conversely, for side-on observation near cosf,, = [ velocity
uncertainties become unimportant but angular uncertainties are crucial. In prac-
tice a velocity-sensitive measurement near zero degree was realized at the electron
cooler and an angular-sensitive geometry was realized at the gas-jet target. In this
way absolute observation angles are either not critical or they are spectroscopically

determined by using several detectors viewing the same x-ray source simultaneously.

5.2.2 Electron capture experiment at the electron cooler

versus at the gas-jet target

Both the gas-jet target and the electron cooler can be applied for an intense produc-
tion of prompt RR radiation in combination with subsequent characteristic projectile
x-rays of the circulating high-Z ions. For a storage ring employing electron cooling
it might be the most important loss mechanism. However, each ion which looses a
unit of charge will emit one or more photons useful for precision spectroscopy. The
situation is explained in detail in literature (see [8] and references therein). The
cooling electrons are situated just at near zero energy as guaranteed by the drag
force between electrons and ions [32] balancing the mean ion and electron veloc-
ity in the laboratory system. The very narrow energy distribution due to the low
electron temperature of < 0.5 eV [22, 23] is small compared to the experimental
uncertainties.

The strongest transition in the recombination process is the one into the 1s;/,
ground state where the photon energy is just the 1s;/, ground-state binding energy.

The prominent lines observed can be attributed to the direct transition of cooling
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electrons into the K shell of the projectile and to the characteristic nl — 1s tran-
sitions. The latter are also induced by capture into higher shells and subsequent
cascade transitions. For the RR process at electron cooler devices, the rate coeffi-
cient a,; decreases approximately with the principal quantum number as 1/n [142]
for inner shells. For calculating the cascade contribution, one has to sum over all
the (n,[) states up to a maximum ng;, beyond which the electrons become reionized

by transverse magnetic fields in the cooler [15].

At the gas-jet target, capture of bound target electrons into the fast moving,
bare projectiles populates also excited levels of H-like ions which will finally cause
the emission of characteristic x-ray photons. Although radiative recombination (RR)
and radiative electron capture (REC) lead directly to photon emission (time reversed
photoelectric effect) where for REC the relative motion of the quasifree target elec-
trons with respect to the projectile ions has to be added in the energy balance,
i.e. photon emission carries the excess energy and momentum from neutral gas
target. Thus the information provided by the x-ray energy of the two dominant
recombination and capture processes can easily be demonstrated in the following
formulas:

Ey—ray = E. + Es (RR)

(5.4)
Ey oy = E. + Eg — Er (REC)

where Ep and Er denotes the final (ion) and initial (target) binding energy of the

active electron, and F. its relative kinetic energy towards the projectile ion.

For x-ray measurements at the electron target (see Fig. 5.1) one has to use
observation angles of 0° or 180° due to the geometrical restrictions at the cooler
section. As can be read from the graph in Fig. 5.3 at 0° and 180° Af contributes
practically nothing to the error, whereas AfS is maximal. Therefore, 5 has to be
known with high precision. On the other hand, for the case of 358 MeV /u ions
at the gas-jet target an observation angle around 48° Af contributes minimal and
Af maximal to the uncertainty AE in Eq. 5.3. For this purpose, the redundant
information from segmented solid state x-ray detectors [84, 197] were used to improve
the accuracy of the x-ray energy determination, as illustrated by the experimental
arrangement depicted in Fig. 5.4. Here, one of these 48° detectors is a conventional
solid state detector equipped with an x-ray collimator in order to confine the angular
acceptance, thus reducing the Doppler broadening. The other detector consists of
seven equidistant, parallel segments each furnished with a separate readout. They
deliver seven independent x-ray spectra. The resulting sum spectrum combines the

advantage of the large solid angle with a narrow Doppler width of one segment.

In RR, the target electrons are assumed to be at rest. In this case, one has a
well-defined photon energy for a given collision system at each observation angle. In

other words, the photon spectrum at each angle is given by a delta-function. Any
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Particle Counter

Figure 5.4: Experimental arrangement for the x-ray measurements at the gas-jet
target (figure adapted from [198]). The spectroscopic information are registered
by the high granularity Ge(i) detectors with several segments mounted at various
observation angles [114].

momentum distribution will lead to a broadening of the photon spectrum. At the
gas-jet target, the line width of the observed REC peaks increases about linearly
with beam velocity. This increase is a combined result of an increase in Compton
width proportional to the projectile momentum [199] and increasing Doppler width
which is the dominant contribution for the large opening angles [114] in the setup
used there. Certainly, distortion effects by the target charge number cannot be
ignored in this case. Indeed, the shape of the photon spectrum in the projectile

frame can be described by the well known formula [167, 200]
hw = Ep — vEr +m.c*(y — 1) — yvqy, (5.5)

where m.c?(y—1) = E, refers to the kinetic energy of the electron. In this equation,
the effect of the Compton profile enters via the longitudinal target electron momen-
tum gz. Since in this formula the target electron momentum is multiplied with the
collision velocity v, a reduced REC line broadening due the Compton profile results

for low beam energies.

5.2.3 Potential of deceleration capabilities

At the gas-jet target for low collision energy, REC is no longer the predominant
capture mechanism. Here, Coulomb or non-radiative electron capture (NRC) (for
details, see Ref. [201]) contributes largely to the charge exchange. While REC

dominantly populates the 1s ground state of the projectile and, with decreasing
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probability, higher projectile shells, NRC populates preferentially higher projectile
states. The potential of the deceleration capabilities of the ESR, as an example, is
demonstrated by the spectra of H-like uranium shown in Fig. 5.5 [114]. Compared
to the high beam energies of 220 and 358 MeV /u, the x-ray spectra recorded for the
decelerated ion beams of 49 and 68 MeV /u provide an abundant yield of various
characteristic projectile transitions. Due to the larger NRC contributions at low
projectile velocities (see Fig. 1 in Ref. [8]) the emission of characteristic x-rays
following electron capture is a lot more efficient than at higher energies, where REC

to the ground state prevails.
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Figure 5.5: X-ray spectra registered in coincidence with the particle counter for 49,
68, 220 and 358 MeV /u U%* interacting with Ny targets in the laboratory frame
[114]. The spectra were measured at the observation angle of 132°.

Again the relative low collision velocity leads to a strong reduction of the Doppler
broadening as well as of the width of the REC lines which is caused by the Compton
profile of the target electrons (see Eq. 5.5). As a result, the spectrum shows a well-

resolved Balmer spectrum and also the direct capture into the L-shell sublevels
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j =1/2 and j = 3/2. This is in particular also true for the RR process whereby
for decelerated ions the Bremsstrahlung intensity caused by the cooler electrons is
strongly reduced due to the comparably small cooler voltage and electric current.
Consequently, very clean conditions for x-ray spectroscopy are present at the cooler
section which is already depicted in Fig. 5.2. Here in the electron cooler the cooling
electrons and the ions are moving with approximately the same velocity resulting
in collision energies close to 0 eV, the line width of the prompt RR transitions
appears now comparable to the width of the characteristic projectile x-rays. Also,
at such low relative energies, all uncertainties associated with Doppler corrections
are strongly reduced compared to charge transfer in collisions of highly charged ions
with neutral target atoms.

In RR process free electrons captured to the excited states of the projectiles
will decay in the end to the ground state by the emission of characteristic x-ray
lines. Figure 5.6 illustrates the de-excitation scheme for highly excited states up to
n = 100, for instance, as produced by RR at low collision velocities that benefits
from the established deceleration technique. States having a high principal quantum
number n but a low angular momentum [ will decay directly to the L-shell via fast
electric dipole transitions. States having not only a high n but also a high [ will
decay step by step to lower lying levels until a transition into the K-shell occurs. For
more details about the substate differentiation for the various shells, the spectrum
simulation for a state-selective investigation of RR at electron cooling conditions is
in comparison with the observed characteristic Lyman, Balmer and even Paschen

radiations, as discussed in Sec. 5.4.

S P d f =98 1=99

\
\ /— Yrast—cascades chain
n=2 —

A =A=-1
I=n-1

n=1 —

Figure 5.6: A schematic picture of the de-excitation cascade into the L-shell. Highly
excited states with low angular momentum can decay via direct transitions. Due to
the selection rule Al = —1 states having high angular momentum will decay mainly
via the so-called Yrast-cascades chain from state n - n —1 — n — 2, etc.
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5.3 X-ray spectra

In the experiment, bare lead projectiles were stored in the CRYRINGQESR storage
ring at GSI at specific energies near 10 MeV /u and x-rays emitted from the 1.2-m-
long cooling section were measured in delayed coincidence with particles that have
lost one unit of charge by capture of a cooling electron. The x-rays were measured
with intrinsic Ge(i) germanium detectors located 3.5 m along the midpoint of the
cooler section in exact 0° and 180° geometry where angular uncertainties are not
critical. Here, the interpretation and identification of such a radiative recombination
x-ray spectrum via accurate modelling gives direct information on the energy levels
and final state population of the resulting hydrogen-like system. Thus, the necessity
of absolute measurements of x-rays yields by intrinsic germanium detectors has
created the demand for determining the relative detection efficiency. Also, due to
the favorable experimental conditions at the ring, i.e. observation of x-rays at exact
0° and 180°, well defined velocity of stored ions, and tuning the projectile velocity
so that the x-rays appear close to calibration lines from ~-ray sources, the spectra

energies of which have been determined on a absolute scale with high accuracy.

5.3.1 Calibration of the energy scale of x-ray spectra

The desired property of the solid state semiconductor detectors is that the channel
number of photopeak is approximately proportional to the energy of the x-rays.
The scaling factor is controlled by the amplified gain. If one assume an exact linear

relationship between channel number and energy, we have
E =aC, (5.6)

where F is the energy of the x-rays and C'is the channel number of the center of
the photopeak. The constant a is a scaling factor with units of energy/(channel
number). To determine the scaling factor a, one need a source that produces a
gamma particle with a known energy. By measuring the channel number of this
gamma, the constant a can be determined. Once a is known, the energies of unknown
x-rays can be determined from the channel number of the photopeak C.

In practice, one usually use more than one standard source for the energy cali-
bration of the detector. The channel numbers of three or four gamma particles of
known energies are measured. Then a best fit line, through these standard data
points, is used as a calibration line. The calibration line might not pass through the
origin, since the detector system would have an offset.

Using Gaussian curve fitting, one is able to measure the channel number of
the center of the photopeak, Cjy, really precisely. Using our 4100 channel detector

system, high purity germanium, Cy can be measured to within 0.01 channel number.
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With this accuracy, deviations from the simple linear relation between E and C' can
be observed. One could choose a quadratic fitting function £ = aC + bC? + ¢
or a higher order polynomial fit. However, the gain of the amplifier used in the
laboratory can vary in time. After turning on the amplifier and power supply, one
should wait for the electronics to "warm up”. The drift in amplifier gain is often
related to the quality of the amplifier/power supply system, hence is important for
accurate energy determination. Adopting Gaussian curve fitting, one can observe
the center of the photopeaks drift in time.

For the purpose of accuracy, it is the experience that the best approach is to use a
linear fitting form and to adjust for the drift in the amplifier gain. To compensate for
amplifier drift, one can use the calibration sources before and after a measurement.
By taking an appropriate average of the center of the calibration photopeak, one

can improve the accuracy of the energy determination significantly.
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Figure 5.7: Top part: two dimensional scatter plot of the observed x-ray emission
versus the coincidence time (without background subtraction applied). Bottom
part: x-ray spectroscopy in the low energy region registered in coincidence with the
particle counter at the observation angle of 0°. The energies of x-rays are determined
from the ADC channel number in the laboratory frame.

Despite their overall non-linearity between channel number and energy, high
purity Ge(i) detectors can be used to obtain energy differences with high precision.
In the current experiment, x-ray energies were precisely measured relative to closely

spaced 7y-ray lines, the energies of which have previously been determined on an
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absolute scale with high accuracy [71]. Only small energy differences were involved
by Doppler tuning the interesting lines to overlap with suitable y-ray lines originating
from 2'Am, 33Ba and 5"Co isotopes. As the influences from Doppler broadening
and electron temperature are both small, the lines from prompt RR radiation and
characteristic x-rays in H-like lead have almost the same width, determined by
detector intrinsic resolution, as the calibration lines. The lines were fitted with
Gaussian profiles for determination of the line positions. As a result, the x-ray
energies in Pb¥* spectra registered by the two Ge(i) detectors at both 0°and 180°
observation angles were determined. The resulting two dimensional presentation
of the coincidence time versus the photon emission together with x-ray spectra
measured at observation angles of 0° and 180° are displayed in Fig. 5.7 and Fig.
5.8.
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Figure 5.8: Top part: two dimensional scatter plot of the observed x-ray emission
versus the coincidence time (without background subtraction applied). Bottom
part: x-ray spectroscopy in the high energy region registered in coincidence with
the particle counter at the observation angle of 180°. The energies of x-rays are
determined from the ADC channel number in the laboratory frame.

5.3.2 Radiative cascade calculations

The x-ray spectra from H-like lead contain physical information such as a dominant
decay pass and time-dependent populations in each upper state, thus the analysis of

radiative cascade decay processes from a highly excited atomic system is important
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to explain the observed x-ray spectroscopy for the current ion-electron recombination
experiment, the situation is explained by the level scheme sketched in the upper part
of Fig. 5.9. The population for excited states as a result of decay transitions can
be obtained by solving a coupled rate equation and be used not only to construct a
feature of spectra observed but also to make a cascade decay model for the system
under consideration. If accurate rates for all transitions related to the decay streams
as well as the initial population for the system under consideration are known, the

time dependent population can be well estimated for all levels.

The population N (t) at time ¢ for the k state in each decay step can be obtained

by solving a coupled rate equation written as [202]

AN (1)
dt

= —ay Ni(t) + Z Lk Non (1), (5.7)
(>k)

where oy, is a decay constant (the inverse of the lifetime) for the k state and 'y,
is a transition rate for the transition from an upper m state to a lower k state. «y
is a sum of transition rates for all transitions from the k state under consideration

to lower [ states given by
. — Z Fk:—>l- (58)
l(<k)

Performing an integration of Eq. 5.7 and exchanging the orders of integration and
summation, one may find the occupation of the sublevels of any arbitrary state.
One also note that the recursion formula can be successively iterated to yield a
finite series of nested sums and integrals. If there are no upper feeding states then
the sum is zero, resulting in a vanishing integral and one obtains Ng(t) = Ni(t =
0)e~' which is the usual exponential decay law. The transition rates and energy
levels have been calculated in the same way as described in Sec. 3.4. Further
on to many-electron atomic systems, the FAC (Flexible Atomic Code) utilizes the
modified multi-configuration Dirac-Hartree-Fock-Slater (DHFS) method for speed,
multi-utility, and collisional-radiative modelling [136]. Therefore, it is possible to
calculate the energy levels and transition rates between arbitrary states for all atoms

or ions in any desired charge state.

For direct electron capture into bare lead projectiles, we consider rigorous rel-
ativistic calculations for inner shells up to n = 10 and the non-relativistic dipole-
approximation for states up to n = 165 (see Sec. 4.2). In practice, however, one
may expect that, apart from the direct recombination, the feeding transitions from
the high-lying levels will also contribute to the population of the ionic substates.
Detailed experimental studies of this phenomenon have been facilitated at the ESR

storage ring exploiting both internal gas target [121] and the electron cooler [18].

The cascade contributions depend on the total number of excited sublevels which
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Figure 5.9: Level scheme and the simulated x-ray spectrum of cascade feeding in
hydrogen-like Pb ions. Here, the initial population of each excited state is formed
by free electron capture of 10 MeV /u Pb®2T ions at an electron cooler with relative
electron-ion collision energy of 2.59 meV. The spectral line profiles are approximated
by a Gaussian function assuming an experimental resolution of 550 eV. In the figure,
all possible transition types associated with RR radiations together with character-
istic projectile x-rays are shown.

are considered in the realistic experimental conditions. For the one conducted at
high collision energies, where the recombination cross sections show a 1/n* depen-
dence, including states up to n ~ 20 could already achieve good agreement between
experimental data and theoretical predictions [121]. However, for present experi-
ment performed at the electron cooler of CRYRING@QESR with collision energies
close to 0 eV, it is evident that cascade contribution from high-Rydberg states pre-
vails. At such low energies the recombination rate scales with ~ 1/n for inner shells
[203], for high Rydberg states with the binding energies E,; < kT the scaling law
for RR at high relative energies is restored again (ay; ~ 1/n?) [121]. Correspond-
ingly, there are very significant contributions from high (n,[) levels regarding the
production of characteristic projectile x-rays resulting via radiative cascades from

these high Rydberg levels [16, 18|.
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Based on the calculation of the initial population distribution via RR for all
atomic levels (see Sec. 4.3) in combination with feeding transitions based upon
time dependent rate equations, a program dedicated to radiative decay cascades
was developed. As we note that 100 states have already made 996815 different tran-
sitions whereas the total angular momenta is dominated by spin-orbit coupling, a
fast computer code for high Rydberg state calculating nonrelativistic electric dipole
transitions was exploited in hydrogenic systems of H-like lead. To reveal the ra-
diative decay dynamics in the intensity of characteristic x-ray lines, a time discrete
simulation, with an arbitrary selected step width, was add to the computer program,
which is suitable when excited states up to n = 165 have to be considered in current
experiment. At the bottom part of Fig. 5.9, the result of a time integrated x-ray
spectrum is depicted by taking into account our experimental observation time of
about 70 ns (see Fig. 5.1). The energy range of this theoretical spectrum cov-
ers all transitions in a wide range of x-ray energies (from 3 to 105 keV), spanning
fine-structure resolved Lyman, Balmer and Paschen x-ray lines along with the RR
transitions into the K-, L- and M-shell of the Pb®* ions.

5.4 Experimental results and comparison with the-

ory

As discussed in the previous section, radiative recombination into highly excited
states of the projectile will result in decay cascades, mainly by electric dipole tran-
sitions, and is likely to end up in one of the intermediate states considered here.
While the cascade photons between highly excited levels are usually not detected,
the decay photons involving K-, L-, and M-shells are measured by the Ge(i) detec-
tors (see Fig. 5.2). To compare with theoretical spectrum modelling, the measured
x-ray spectra are corrected for the energy dependent detection efficiencies of each
individual x-ray detector. For this purpose the germanium detector response func-
tion is simulated with the well-established Monte Carlo EGS5 code [204]. For the
specific detectors applied this method has been proven to provide reliable results in
particular for the case of relative (not absolute) detector efficiencies (see e.g. [205]).

The following concentrates on the discussion of the observed prompt RR transi-
tions as well as of the characteristic x-ray lines in comparison with the simulation
based on the theoretical modelling described in Sec. 5.3.2. In the spectra the very
small line broadening of the RR lines due to the temperature of the electron beam
is negligible compared to the intrinsic resolution of the detectors. The strongest line
associated with the direct RR refers to recombination into the 1s;/, ground state
(K-RR) and the intensity of other recombination transitions observed drop off as

the recombination rates scale approximately as 1/n [142, 203] for the inner shells.
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The L-RR populates the excited L-shell levels in Pb®*, and hence contributes to
the initial line intensity of the Lya; o transition. Likewise, the M-RR contributes
to the Balmer series and the Ly transition.

Figure 5.10 shows the part of the x-ray spectra containing the Lyman transitions
along with the K-RR radiation (laboratory frame; thin gray lines), recorded at the
two observation angles of 0° and 180° in comparison with the results of the spectra
simulation (thick red lines). Here, the Doppler shift of the photon energies as well
as corrections taking into account the angular distribution of RR radiation (for

details, see Sec. 4.4) are applied. To compare with the registered x-ray spectra,
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Figure 5.10: The Lyman series and the K-RR measured at 0° (top part) and 180°
(bottom part) relative to the ion beam axis (thin gray lines). The thick red lines
display results of the simulation (for details see text). The intensity of the K-RR
line is used for normalization. In the level diagram all possible transition types
between the states with n = 1,2 in H-like lead are shown.

the simulated spectral line profiles are approximated by a Gaussian function with
a FWHM of 550 eV accounting for the intrinsic resolution of the Ge(i) detectors
used. The prompt K-RR line intensity appears at an x-ray energy of 101 keV

in the projectile frame and is used to normalize the simulated Lyman spectrum.
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For the Lyas 2pi/; — 1sy/p transition there is a line blend due to the 2s,,, —
1s1/2 M1 decay which is energetically separated from the former by the n = 2
Lamb shift of 39 eV [98] which cannot be resolved in our spectra due the intrinsic
detector resolution. Moreover, one note that for Pb8'* the M1 decay rate amounts
to T'py1 = 5.32 x 10'3 s7! whereas the one for the competing two-photon decay
channel to Typy = 2.03 x 1012 s7! [120]. Due to the dominance of the M1 decay
for the 2s,/, state, in the following the two-photon decay is neglected. Based on
the dedicated spectrum simulation, the M1 2s;/, — 1s;/ ground state transition
is estimated to contribute by about 15% to the observed Ly intensity. Overall,

a very good agreement between the experimental and the simulated spectra can be

stated for both observation angles.
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Figure 5.11: X-ray spectra associated with prompt L-RR and M-RR radiation
together with characteristic Balmer and Paschen transitions measured by two Ge(i)
detectors placed at 0° (top part) and 180° (bottom part) with respect to the ion
beam axis (thin gray lines). The thick blue lines give the results of the cascade
simulation. Two intense Balmer transitions are Baay: 3 (7 = 5/2) — 2 (j = 3/2)
and Baas: 3 (j = 3/2) — 2 (j = 1/2). In the level diagram the Balmer transitions

relevant for our measurement are shown.

Complementary information on the Lyman spectrum is provided by the Balmer

and Paschen series. Fig. 5.11 compares the experimentally recorded low-energy
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x-ray spectra (thin gray lines), consisting of the prompt L-RR and M-RR x-ray
transitions together with the characteristic Balmer and Paschen series at 0° and 180°
with the theoretical model based on cascade calculations (thick blue lines). Again,
for comparison with the experimental data, the line intensity of K-RR population
is used to normalize the simulated spectra. In addition, the most prominent Balmer
lines in the spectra are marked by arrows in the level diagram, explaining the origin
of various characteristic x-ray lines. Here, I would like to stress that due to the
Doppler blue-shift in combination with the high transmission of low-energy photons
through the beryllium view port at 0°, Paschen radiation from Pb®* is observed for
the very first time with a relative intensity comparable to the overall line intensities
of the Balmer spectrum. However, due to the narrow line spacing, the experimental
resolution does not allow us to resolve the individual transitions contributing to
the observed Paschen-a line whereas in the case of the Balmer series, a multitude of
transitions, basically due to the fine-structure splitting of the n = 2 and n = 3 states,
are clearly visible in both x-ray detectors. Only small discrepancies are observed
in the region of Paschen lines. These are most likely the result of a low-energy
asymmetry of peak profiles that arises from missing resolution of the detector, and
are partially due to the spectrum absorption effects in the beryllium window that
are not regarded thoroughly at the low-energy part. Furthermore, the well resolved
L-RRj_3/2 and L-RR;—;/» x-ray lines mark at the same time the series limit for
transitions decaying from high n levels directly into the 2s /2, 2p1 /2 and 2p3/5 levels,
respectively.

In contrast to the Balmer series measured at high collision energies where RR fa-
vors capture into s-states resulting in s — p transitions [121] (e.g. the 35172 — 2p32),
the dominant transitions observed in the current experiment stem from atomic lev-
els with angular momenta [ > 1. This distinct difference is again attributed to the
role of the RR population mechanism in which electron capture at low relative en-
ergies populates preferentially n states with [ &~ n/3 [155]. Moreover, for comparing
with the observed x-ray line emission, the initial (n,[!) population distribution is
the starting point for cascade calculations based on the specific decay rates for the
individual levels to be considered. For the inner shells (n < 10), these cascades lead
to a preferred population of high angular momentum states with [ = n — 1, result-
ing in subsequent Yrast transitions with [ — [ — 1 [20]. Indeed, the corresponding
theoretical x-ray line spectra seem to describe the experimental findings very well
(see Fig. 5.10 and Fig. 5.11).

In this experiment, both the prompt RR transitions as well as characteristic
Lyman, Balmer, and even Paschen series were produced to a large extent via RR
into high Rydberg states and subsequent cascades, the spectra provide a possibility
to study the time development of the mentioned cascade process. The calculated

time development of the characteristic line emission is depicted in Fig. 5.12. In
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Figure 5.12: Cascade calculations of the characteristic line intensities as a function
of flight time of charge exchanged Pb®* ions at 10 MeV /u at the electron cooler of
the CRYRING@ESR storage ring. All line intensities are normalized to the K-RR
population (gray solid line: Lya; /K-RR; gray dash-dotted line: Lyas/K-RR; blue
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RR). Calculations are performed for recombination into excited projectile states up
to n = 165.
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Figure 5.13: Experimental results in comparison with the time-dependent theoret-
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K-RR population. White columns with horizontal strips show experimental data at
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the figure, the characteristic line intensities are normalized to the prompt K-RR
intensity. As can be seen, the initial characteristic line intensities induced by direct
RR into L-, and M-shells (¢t = 0) are enhanced by up to a factor of 10 following
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deexcitation cascades within At ~ 40 ns, which is comparable to the time-of-flight of
the ions from the end of cooler section to the dipole magnet in front of the 0° x-ray
detector (see Fig. 5.1). In general, one can state that within this time period, to be
compared to the time-of-flight of the ions inside the cooler section of about 30 ns,
the vast majority of electrons having recombined into excited states of the ion reach
the ground state. Within the statistical accuracy, the time integrated line intensities
for both x-ray detectors appear to be in excellent agreement with the results from
cascade calculations, as shown in Fig. 5.13. These findings are generally consistent
with those from earlier studies conducted at the ESR electron cooler [15, 16, 17, 18].

Based on the comparison with the observed Lyman-« line intensities (see Fig.
5.13), one could conclude that there is a very significant contribution to the Lyman-
« emission arising from recombination into highly excited states and subsequent
cascades. At a high nuclear charge of the Pb nucleus, transitions from L-, M- and
N-shell to the ground state of Pb3'" ions are fast, even the M1 magnetic dipole tran-
sitions have to be considered as prompt. For instance, the F1 and M1 transition
rates of corresponding Lyman-« transitions are of the order of 2 x 10*¢ and 5 x 10'3
s~! respectively [118, 120]. To be more specific, the L-RR populating the excited
L-shell sublevels in Pb®* should represent the initial line intensities of Lyman-a; o
transitions as prompt contributions. Likewise, the population of M-RR contributes
to the initial Balmer series and Lyman-£ line via fast decay at the time interval of
At <1071 s. The results are exhibited by the shaded areas in Fig. 5.14 whereby
the unshaded areas are identified as the delayed cascade feeding to the observed
characteristic projectile x-rays. To demonstrate this scheme, and to gain further
insight, Table 5.1 presents the contributions from highly excited states and subse-
quent feeding transitions to the formation of pronounced Lyman-a; and Lyman-as
lines observed in current experiment, as the transitions into different j-states of the
L-shell are clearly resolved. Here, it is important to stress that the theory is con-
sistent with the experimental data at 0° and 180° observation geometry. As already
been pointed out in Refs. [18, 22] that the delayed x-ray emission occurring outside
the electron cooler section is in particular sensitive to the observation angle at 0°,
while at 180° it is strongly suppressed due to the substantially reduced solid angle
(see also Fig. 5.1).

Table 5.1: Contribution from feeding cascades finally populating the L-shell sub-
levels to the intensities of Lyman-a; and Lyman-as lines. Uncertainties shown here
are due to counting statistics whereas systematic uncertainties are neglected.

Characteristic x-rays 0 deg 180 deg Theory
Lyay 93.6% =+ 1.99% 94.0% =+ 0.94% 93.9%
Ly 86.4% =+ 4.26% 87.4% + 1.69% 86.8%

A further important aspect of our study is to investigate in detail the prevail-
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Figure 5.14: X-ray spectra measured (black lines) at observation angles of (a) 0°
and (b) 180° by two Ge(i) detectors in coincidence with the particle counter for
10 MeV/u Pb%* ions interacting with free electron target at the electron cooler
of CRYRING@ESR. The red lines give the result of time integrated spectra based
on a cascade calculation using the theoretical RR cross sections, convoluted with
the experimental response function described by an anisotropic Maxwell-Boltzmann
distribution f(v) (see Sec. 4.3). The shaded areas represent the contribution from
prompt transitions assuming within the time interval of At < 10713 s,

ing cascade decay dynamics of the observed characteristic projectile x-rays at the
CRYRING@QESR electron cooler. As to the superior timing characteristics exhib-
ited for 0° x-ray detector, Fig. 5.15 (a) depicts a two dimensional scatter plot of the
coincidence time (time difference between photon and particle detection) versus the
observed x-ray emission as registered at an observation angle of 0°. Also, due to the
low ion beam velocity of § = 0.146 and the experimental time resolution of about
20 ns, photon events which occurred inside the cooler section can be distinguished
from these where the emission took place just in front of the 0° x-ray detector. It is

evident to note that such photon events stemming from the prompt emission inside
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the cooler section are distributed over a time interval of about At; ~ 30 ns, whereas
the delayed characteristic projectile x-rays span over the whole observation time of
about Aty + Aty =~ 70 ns (note, the delayed emission is here at earlier times). In
addition, the 2D spectrum refers to all x-ray events registered without any back-
ground subtraction applied, thus random events caused by bremsstrahlung arising
from a fraction of the electron beam hitting materials in the cooler can be identified
as a continuous, broad band at an energy close to 5 keV. To demonstrate the time
evolution of radiative cascades to the formation of characteristic Lyman and Balmer
series, Fig. 5.15 (b)-(d) show the time integrated characteristic line intensity ratios
as a function of time-of-flight of Pb®* ions from the entrance of the cooler section to
the dipole magnet in front of the 0° x-ray detector (amount to about 70 ns and see

Fig. 5.1). One may note that at ¢ < 0.1 ns the relative populations of Lyman-ay »

550

n - -- .
< Eﬁ’a) Balmer L-RR ' . © L Lyoy, Lya, LyB . K-RR
(4] — S . . Co o
g 500 Fl;}' L L . ,
- v I R IR - A R At
8 450 - o ‘i‘ i ‘ Lo 'i$ Lo H '
s Dok RO ' % SRR } At
IS G o t
-G 400 =g !
£ i
8 350 R L . C I ! I I ! I
0 10 20 30 40 50 60 70 80 90 100 110 120 130
X-ray energy (keV)
T T T T T T T T T T T T T T T T T T T T T T T T
1.09 (b) Py 1.09 () s~ 1.0+ (d) -
e 0.8 5 —<— Baa, | 0.8 1 —<— Lya, 7] 0.8 5 LyB 7
© o4
° s Baa, T 1 Lya, -
R &
3 064 & -4 0.6+ -4 0.6 -
© Jo
fas} b4 3
= 5 :
-+ > $
2 044 4 044 4 04- .
3 :
@ B
0.2 4 024 =4 0.2+ -
z ’
00 - v; T T T T T T T OO T T T T T T T T 00 T T T T T T T T
0O 20 40 60 80 0O 20 40 60 80 0O 20 40 60 80
Time (ns) Time (ns) Time (ns)

Figure 5.15: (a) Two dimensional scatter plot of the observed x-ray emission versus
the coincidence time as registered at an observation angle of 0°. The latter refers to
the time difference between photon (start) and particle (stop) detection in relative
time scale. At; =~ 30 ns refers to the cooler section, whereas Aty ~ 40 ns to the
region outside the electron cooler. (b)-(d) The time integrated characteristic line
intensity ratios as a function of time-of-flight of Pb®* ions from the entrance of the
cooler section to the dipole magnet in front of the 0° x-ray detector.
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and Balmer-a; o by direct feedings from low inner shells are rather small compared
to the one of Lyman-5. However, owing to the feeding transitions from higher-lying
levels, the intensities of Lyman-a, » and Balmer-oy 5 increase rapidly and reach 90%
of the corresponding total rate coefficient within At ~ 27 ns and At ~ 30 ns respec-
tively, which are comparable to the time-of-flight of the ions inside the cooler section
of about 30 ns. For Lyman-{ it is even fast and within time period of At ~ 17 ns.
Both reach a saturation after about 50 ns and basically all electrons that contribute

from high Rydberg levels decay to the ground state.
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Figure 5.16: The (n,l)-population rate coefficient distributions at various time
nodes of (a) t =0 ns, (b) t =0.1ns, (c) t =10 ns, (d) t =30 ns, (e) ¢t =45 ns and
(f) t =70 ns. In (f) for inner shells of n < 20, the [ = n — 1 levels (indicated by red
dotted line) are preferentially populated followed by radiative cascades. Here, n up
ton =120 and [ up to [ = 80 are shown on the axis, the negative numbers marked
in figures are the integer powers of the number 10.

In order to elucidate in more detail the RR population mechanism that leads
through feeding cascades to Balmer (n = 3,4... — n = 2) as well as to Lyman tran-
sitions (n = 2,3,4... — n = 1) at relative low collision energies, Fig. 5.16 depicts the
calculated (n,l)-population rate coefficient distributions at different times. Figure
5.16 (a) represents the initial state-selective rate coefficients (¢ = 0 ns) for RR into
all atomic levels of Pb®2* at the electron cooler of CRYRINGQ@QESR as a function
of the principle and angular quantum number (n,[). As can be seen that for the
electron binding energy of (n,l) state E,; > kT, RR populates preferentially n
states with [ =~ n/3 [155]. Moreover, based on the time-dependent cascade calcu-
lations, one may found that states with a high principle quantum number n but a
low angular momentum quantum number [ will decay directly to the inner shells

via fast electric dipole transitions, thus the populations in these high levels shrink
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drastically at a later time as shown in Fig. 5.16 (b)-(f). However, states having not
only a high n but a high [ will decay step by step (I — [ £ 1 transition) to lower
lying levels until a transition into the ground state occurs. Within our experimental
observation time of about 70 ns, these feeding cascades from high Rydberg states
lead to a final preferred population of high angular momentum states with [ =n —1
in inner shells (states of n < 20 marked by the red dotted line in Fig. 5.16 (f)),
resulting in subsequent Yrast transitions with [ — [ — 1 [20], hence the formation
of intense Lyman-a; 5 and Balmer-a » lines as observed in our experiment (see Fig.
5.14). This could also explain the low intensity of recorded Lyman-£ line arising
mainly from two components (3p; 12 — 1512 and 3ps/2 — 1812 transitions), where
most populated 3ds/23/2 levels contribute to the formation of Balmer-a; o spectra.
Again, it can be well reflected in Fig. 5.15 (d) that the slowly radiative cascade
processes from high Rydberg states contribute only about 10% to the total rate

coefficient of Lyman-/ lines from ¢ = 18 ns to t = 70 ns.
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Chapter 6

Application of radiative cascade
simulation program: repopulation

of excited states in U"" ions

High-Z helium-like ions represent the simplest multi-electron systems ideally suited
for the study of the interplay between the effects of electron-electron correlations,
relativistic and QED in strong fields. However, in contrast to hydrogen-like and
lithium-like ions, rare experimental information is available about the excited states
in the high-Z domain of helium sequence. To date, for helium-like uranium ions,
basically no precise experimental data for the atomic structure are available.
During the spring beam time of 2021, we carried out a first of x-ray spectroscopy
experiment addressing helium-like uranium at the CRYRINGQESR storage ring at
GSI Darmstadt by using highly-granular, novel high-resolution microcalorimeters.
For this purpose, the same experimental geometry at the electron cooler section was
utilized, which has already been successfully demonstrated in the former experiment
for hydrogen-like lead ions. A detailed discussion of the experiment and experimental

results will be given elsewhere [206, 207].

6.1 Experiment and x-ray spectra

The experiment was performed at the new experimental heavy-ion storage ring
CRYRING@ESR in the framework of the SPARC collaboration ! [208]. A sketch
of the experimental setup at the electron cooler is displayed in Fig. 6.1. Typically
about 10° H-like uranium ions with an decelerated beam energy of 10.3 MeV /u
were eventually transferred from the ESR and stored in the CRYRING@SER. In
CRYRING@SER the beam was continuously electron-cooled at a voltage of 5634.5

V and an electron current of 30.5 mA, forming a beam with a diameter of 2-3 mm

1Stored Particles Atomic Research Collaboration
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with relative momentum spread of Ap/p ~ 107°. The x-rays produced by direct
electron capture into bound states of UM ions or following cascade decay were de-
tected by two Metallic Magnetic Calorimeters (maXs-100) (for details, the reader
is referred to section 2.4.2), which were mounted 4.0 m at 0° and 3.7 m at 180°
with regard to the midpoint of electron cooler section along the ion beam axis.
Here, the maXs-100 x-ray detectors were mounted in front of two dedicated vac-
uum separation chambers [21] which were equipped with 100 pm thick beryllium
x-ray windows, allowing for the transmission of low-energy x-rays (down to about
5 keV) [71]. The geometry of detector arrangement at observation angles of 0° and
180° was precisely determined by laser-assisted, computer-controlled trigonometry;,
where Doppler broadening and possible uncertainties of the observation angles are

basically not affecting the observed x-ray spectra [113, 196].
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Figure 6.1: CAD plot of experimental setup at the electron cooler of the
CRYRING@ESR storage ring. At 0° and 180° observation geometry, i.e. the ex-
tended size of the electron cooler section, dedicated vacuum separation chambers
are used. The chamber at 180° is depicted on the right side of the figure. The x-ray
detection was accomplished by two low-temperature calorimetric detectors (MMC).
In addition, two high-purity, planar germanium x-ray detectors were also mounted
as a pretest of the data acquisition system.

During the accumulation of spectra, x-rays emitted from the cooler region were
measured in coincidence with down-charged U%* ions registered by a channel elec-
tron multiplier based ion detector [49, 188], located downstream to the first dipole
magnet behind the electron cooler. Here, to gain proper control over possible elec-
tronic drifts of the maXs-100 detector, a lead-shielded box with a movable source
holder was used, which enables a continuous calibration that is synchronized with
the accelerator cycle of the CRYRINGQESR [21]. Fig. 6.2 displays a calibrated
sample x-ray spectrum at 0° as observed for initially hydrogen-like uranium ions
recorded by one of the maXs-100 detectors. In the low energy part, the intensity

pattern of the multitude of well-resolved Balmer transitions was used to deduce the
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state-sensitive population rate coefficients. Here, the Balmer transition refers to
the transitions from higher levels to n = 2 states of He-like uranium ions. Special
emphasis is given to the achieved spectral resolution of better than 80 eV at x-ray
energies close to 110 keV enabling for the first time to resolve the substructure of
the Ka; and Koy lines.
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Figure 6.2: Sample preliminary x-ray projectile spectra (laboratory frame) produced
by electron capture in U on free electron target at an observation angle of 0° [206,
207]. Top: preliminary spectrum data, containing the Balmer series together with
L-RR and M-RR transitions, in the low energy part. Bottom: preliminary spectral
data of the L — K transitions in U7 located in the high energy part.

6.2 Theoretical spectra generation and analysis

A comparison of the observed x-ray spectra with theory requires a precise spectra
simulation technique where the complete level structure, transition rates, transition
energies, as well as the theoretical (n, 1, j) rate coefficients for electron capture have
to be incorporated.

The RR processes for the fully stripped bare ions only involve one electron in

hydrogen-like system, and the exact relativistic Dirac wave function of electron
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6.2. THEORETICAL SPECTRA GENERATION AND ANALYSIS

was given in many literatures (see [8] and references therein). For multi-electron
atoms, the bound electron wave function can be calculated by the Dirac-Fock-Slater
method, and the continuum processes are treated in the distorted-wave approxima-
tion [136], thus the method used here is well suited to the RR processes for not only
the hydrogen-like atoms but also the multi-electron atoms. For atomic structure cal-
culations, relativistic effects are fully taken into account using the Dirac Coulomb
Hamiltonian, also here the first order QED effects (self energy and vacuum polar-

ization) are considered.

In the merged-beam experiments, the captured electrons by the RR processes
can populate on the high Rydberg states of Ut ions up to n > 100, and the highest
quantum number n is determined by the guiding magnetic field [190, 192]. In the
present chapter, n,,,, = 165 is chosen same as Chapter 5. For n < 20, the RR
cross section calculations are carried out within the framework of Dirac-Fock-Slater
theory, in which the relativistic configuration interaction with independent particle
basis wavefunctions is applied [136]. For n > 20, the RR cross section calculations
are calculated using a set of recurrence relations proposed by Burgess [144, 163],
considering an effective nuclear charge Z.;y = Z — 1 for hydrogen-like uranium.
Being a nonrelativistic theory, the Burgess’s approach does not give any j—sensitive
population information. In order to get j-sensitive cross sections a@ﬁj), the cross
sections for electron capture into the j subshells of U%* are obtained by assuming
a statistical distribution,

RR 2j+1  gp (6.1)

With the calculated RR cross section, the state-selective rate coefficients can
be obtained by a convolution of U(Ifﬁj) with a two-temperature Maxwellian distri-
bution f(v) in Eq. 4.13, which is consistent with the experiments conducted at
the CRYRING storage ring [56, 156]. Given the state-selective RR rate coefficients
with k77 = 3.54 meV and kT = 63.69 peV up to npu. = 165 as the relative
initial populations, the x-ray spectrum in the following cascade processes can be
calculated according to the branching ratios consisting of the Einstein coefficients
between each pair of states. For the bound states up to n = 100, the Einstein coef-
ficients are obtained by FAC code [135, 136] using the modified multi-configuration
Dirac-Hartree-Fock-Slater method, which includes the contributions of the electric
dipole, electric quadrupole, magnetic dipole, and magnetic quadrupole transitions.
For n > 100, the Einstein coefficients are calculated by a non-relativistic electric
dipole approximation [137]. By generating databases for the decay rates and for
the RR rates, the x-ray spectrum produced by the direct RR and the subsequent

cascade processes are simulated.

Comparison of the simulated x-ray spectrum with the experimental measurement

at 0° observation angle registered by one of the maXs-100 detectors in the low energy
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part is shown in Fig. 6.3. For this purpose, the simulated spectral intensities are
fitted to the experimental data by adjustment of the overall spectrum amplitude.
In addition, the spectral line profiles are approximated by Gaussian functions with
a FWHM of 75 eV. The calculated photon energies have been corrected by the
Doppler shift, which are dependent on the angles 6 between the emitted x-rays and

the movement of Ut ions, in the form of

E T0J
2o (6.2)

B, — ___—proj
fab (1 — Beosb)’

where E,.,; and Ej,;, are respectively the x-ray energies in the projectile and in the
laboratory frame, [ is the beam velocity in unit of light velocity and f = v/c =
0.1469 for ion beam energy of 10.3 MeV /u, and v = (1 — 3?)~/2 is the relativistic

Lorentz factor.
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Figure 6.3: A preliminary coincident x-ray spectrum, registered at 0° observa-
tion angle from the electron-U* recombination processes at the electron cooler of
CRYRING@QESR, is compared with our radiative cascade simulation program. The
black line gives the result of experimental data [206, 207]. The red line displays the
theoretical predictions of the direct RR and the following cascade processes.

It can be observed that the calculated photon energies with Doppler shift cor-
rection show a good agreement with the corresponding experimental values. In
addition, the origin of the most prominent transition lines is explained in Table
6.1 (compare numbers given in Fig. 6.3 for the identification of Balmer transition
lines). Since the photon intensities in the direct RR processes are proportional to the
recombination rate coefficients, the corresponding x-ray spectrum from the direct
L-RR and M-RR processes can be obtained straightforwardly by the relative values
of state-selective recombination rate coefficients. These relative values of rate co-

efficients also constitute the initial populations in the sequential cascade processes,
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6.2. THEORETICAL SPECTRA GENERATION AND ANALYSIS

Table 6.1: The most prominent Balmer transitions appearing in Fig. 6.3. The num-
bers quoted in the first row refer to numbers given in the figure for line identification.

1 [151/23d3/2]J = 1 = [151/93p3/a]J =1
[151/23d3/2]J = 2 — [151/93p3/2]J = 2
[151/23d5/2]J 2 — [181/23p3/2]J =1
[151/23d5)2]J = 3 = [151/23p3/2]J = 2
[15123d5/2]J = 2 — [151/93p3/2]J = 2
[151/23p1/2]J = 0 = [181/9251/5]J =1
[151/23d3/2]J 1— [181/22p1/2]J =0
[151/23d3)2]J =2 = [Ls1/22p1/0]J = 1
[151/23d32]J =1 = [1s1/22p1/0]J =1
[151/23p3/2]J =2 = [181/9251/5]J =1
[151/24d5/2]J = 2 — [151/92p3/]J =1
[181/24d5/g]J 3= [181/22p3/2]J =2

whereby the x-ray spectrum from the cascade processes can be calculated by the
branching ratios decaying into different final states. In the case of the Balmer series,
a multitude of transitions, basically due to the fine-structure splitting of the n = 2

and n = 3 states, are clearly visible using maXs-100 detection system.
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Figure 6.4: The preliminary coincident x-ray spectrum of the L. — K transitions
in 10.3 MeV /u U ions registered by one of maXs-100 detectors at 0° observation
angle with respect to the ion beam axis [206, 207]. The black line gives the result of
experimental data, the red line displays the theoretical predictions using our radia-
tive cascade simulation program. In the level diagram the Ka; and Kas transitions
relevant for our measurement are marked by arrows.
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Most of the spectral peaks in Fig. 6.2 are produced by the cascade processes from
high Rydberg states (n > 3), and the stronger ones correspond to the Balmer series.
Here, It is important to stress that this specially tailed maXs-100 detector provides
an acceptable quantum efficiency of about 50% for stopping x-ray photons at around
90 keV, and an absorption efficiency of 45% for such x-ray energy. Therefore, L —
K transitions lines are also observable. Special emphasis is given to the spectral
resolved energy splitting of z and y lines in K «y as observed at 0° observation angle
depicted in Fig. 6.4, where z and y lines denote 2 3S; — 1 1Sy and 2 3P, — 1 1S,
transitions, which is energetically separated from the former by 142.53 eV [145] as
observed in the experiment. For presentation purposes the theoretical spectrum is
normalized to the experimental one by adjusting to the Ky line. We note that the
intensity ratio Kas/Kay = 1.31 £ 0.24 obtained from the preliminary experimental
data appears to be in good agreement with theoretical calculation of 1.19, which
indicates that the theoretical approach applied is qualitatively in harmony with
the measured spectrum and seems to prove that the versatile radiative cascade

simulation program can be an important tool studying recombination processes.
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Chapter 7
Summary

In this work I report on the first x-ray spectroscopic investigation of the process
of radiative recombination (RR) for bare lead ions at the electron cooler of the
CRYRING@QESR storage ring, which has recently been installed and commissioned
at GSI/FAIR. The coupling of CRYRING, which was originally located at Marne
Siegbahn laboratory in Stockholm with the experimental storage ring (ESR) of the
GSI accelerator facility enabled us for the first time to store highly-charged heavy-
ions in CRYRING@ESR and to study the x-ray radiation emitted due to their inter-
action with electrons from the ultra-cold electron cooler. This was achieved by the
deceleration of Pb%2T ions in the ESR from the injection energy of 400 MeV /u to 10
MeV /u, followed by subsequent transfer, storage, and cooling at CRYRINGQESR.
X-ray detection was accomplished by the installation and use of dedicated chambers
for mounting of x-ray windows at the straight cooler section of the storage ring at
observation angles of 0° and 180°, respectively. Moreover, the x-ray emission was
recorded in coincidence with down-charged Pb®'* ions, thus allowing for very clean
x-ray spectra without any contamination caused by background events uncorrelated

to the stored ion beam.

A sophisticated, time-dependent modelling of the observed x-ray spectra enabled
us to reproduce quantitatively the detailed spectral information for RR of cooler
electrons with the bare lead ions. Beside the prompt recombination transitions for
RR into the K-, L-, and M-shells, all characteristic x-ray emission features such as
the observed Lyman, Balmer, and Paschen lines are found to be well described by

the applied model.

These findings were made possible by the advantageous features of the x-ray
spectroscopy setup at the CRYRING@QESR electron cooler, namely beryllium vac-
uum windows enabling a high transmission even for x-rays in region close to a few
keV, along with the excellent, overall performance of CRYRINGQESR providing
very well defined electron cooled Pb®2T beams at an energy of as low as 10 MeV /u.

Furthermore, the precisely defined observation geometry enabled us to observe all
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CHAPTER 7. SUMMARY

x-ray lines without any line distortion effects and basically without any Doppler
broadening. The performance of CRYRING@QESR guaranteed for cooled ion beams
by applying electron cooler currents of as low as 12 mA avoiding a high-level of po-
tentially disturbing x-ray background. As a consequence, even the complete Balmer
series as well as Paschen lines of a high-Z element could be observed for the very first
time in a undistorted fashion at the cooler section of CRYRING@QESR. Based on
these findings we conclude that RR at electron coolers can be utilized for detailed
precision spectroscopy of heavy highly charged ions. As shown in the presented
study, at such low relative beam collision energies, the relative (n,l) population
rate coefficients are only slightly affected by a variation of the cooler temperature
since radiative recombination at low relative energies will always favor high quantum
states leading finally to an Yrast-Cascade chain as observed in the current exper-
iment. In addition, one note that a large fraction of electrons transferred via RR
into excited levels of the ions have reached the ground state within our experimental
observation time of about 70 ns. Indeed, our experiment proves that the major con-
tribution to the x-ray emission arises from RR into states with principal quantum
numbers up to around n = 100.

Further on the first preliminary results of an experimental study of the radia-
tive decay modes from high Rydberg states to the formation of sequential Balmer
series and L — K transitions in U%* ions have been presented. In this experi-
ment, the state-selective population of the substructure in excited states via RR of
initially hydrogen-like uranium was studied with high resolution. This was accom-
plished by the implementation of two highly-granular, novel high-resolution maXs-
100 detectors, placed under 0° and 180° observation angles with respect to the ion
beam direction [206, 207]. The preliminary data again prove the unique potential
of the experimental method based on x-ray spectroscopy at the electron cooler of
CRYRINGQESR and underline the importance of the rigorous cascade simulation

program for the interpretation and modeling of the measured x-ray spectra.
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Chapter 8

Outlook

In order to reach a sensitivity to higher Rydberg states, a substantial improvement
of the statistical accuracy is required. In addition, one may aim at the measure-
ment of absolute x-ray line intensities in contrast to intensity ratios as applied in
the present study. In a series of works on the RR processes of various bare ions
(DT, He*™, COF NTF Nel0t Sil%t Ar!8+ C1'9+ Bi®3*t and U%T) [11, 14, 161, 209,
210}, the significant rate enhancement phenomenon is found between the measured
rate coefficient v, and the theoretical prediction agg in the ultra-low relative en-
ergy range (E,.q < 1 meV). At E,,; = 0 eV, the resultant rate enhancement factor

€ = Qleyp/rR 18 Observed to take values of 1.6 (He?") to 10 (Ar'®*) for bare ions. As

20 e
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Figure 8.1: Absolute recombination rate coefficients of U%T as a function of the
relative energy between electron and ion [161]. The open circles represent the mea-
surement, the solid line represents the corrected semi-classical calculations with
Nmae = 130, KT = 120 meV and KT} = 0.1 meV.

an example, Fig. 8.1 displays the absolute recombination rate coefficients of U%2*

plotted against relative energy between the electron and the ion [161]. To explain
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CHAPTER 8. OUTLOOK

these surprising discrepancies, several theoretical models have been proposed, which
range from the influence of three-body recombination and density enhancement due
to plasma screening effects [211], to the effect of a magnetic field on the cross sec-
tion by considering the chaotic dynamics caused by the magnetic field in the electron
cooler [212] and the bound-state density model described by the Vlasov equation
[160]. Future experiments conducted at the CRYRING@QESR may enhance dramat-
ically the sensitivity reached and test the aforementioned models and explore the
origin of rate enhancement observed up to now only for total RR rates. Here one
may profit in particular by the strongly reduced electron beam temperature by up to
two orders of magnitude (magnetic expansion at the CRYRING@QESR) as compared
to the electron cooler of the ESR as depicted in Fig. 8.2.
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Figure 8.2: Improved energy spread in the electron cooler of the CRYRINGQESR
as compared to that of the ESR.

In addition, the present study demonstrates the favorable experimental condi-
tions for x-ray spectroscopy at the electron cooler of CRYRING@QESR for precision
atomic-structure studies for high-Z one- and few-electron ions which may enable
us in the near future to provide a critical test of bound state QED in strong fields
close to the Schwinger limit. In the case of 1s Lamb shift in hydrogen-like U%*
ions of 464 eV, current experimental uncertainty of 4.6 eV is sensitive to the QED
contributions of the first order in aZ [22]. However, to probe QED corrections which
are beyond the one photon diagrams, the next generation of experiments, will be
devoted to an achievement of 1 eV (2nd order QED corrections [98]) precision for
the measurement of the ground state Lamb shift in hydrogen-like uranium. For this
purpose, high-resolution and highly granular microcalorimeters have been developed
and are currently getting prepared for such studies (see Sec. 2.4.2). The first test
experiment performed at CRYRINGQESR using two maXs-100 detectors showed
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very encouraging results for the ground state transitions in He-like uranium despite
statistical problems. It should be emphasized here that this experiment made it
possible for the first time to resolve the subcomponents of the Kay ground-state
transitions in a He-like ion with a nuclear charge beyond Z = 54, demonstrating
the excellent resolution of the novel detectors (see Fig. 6.4 in Sec. 6.2). Based
on these results, several breakthroughs can be expected in the near future from the
experiments at CRYRINGQ@ESR aiming at a critical test of QED in the bound state

in strong fields near the Schwinger limit.
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Appendix A

Formulation of radiative

recombination cross sections

A.1 Nonrelativistic theory

The differential cross section for the absorption of a photon with the wave vector k
(k = w/c) by an atom and removal of an electron with wave vector k;y = p;/h into
the continuum is defined as [213]

doPh(6) e 1 ky

dQ  2wmec 2w

r)P,, - e Yi(r)dr| (A1)

where the subscripts ¢ and f indicate the initial state and the final state of the

electron, respectively. 11,e™T is the photon wavefunction with the unit vector 1, for
. . _ h . o e .
the polarization, and p,, = </ is the nonrelativistic current operator.

The interaction matrix element My, is given by

My, pms|pop e’ r|jz,uz>

s e T 3 (A.2)
wf pop wz(r)d 7’,

where p and m, describe the asymptotic momentum and spin projection of the
emitted electron, respectively, Gy is the unit polarization vector of the photon, and
|7ipe;) defines the initial bound state.

After collecting coefficients and averaging over photon polarizations, one derives

the final result in the moving projectile system as [214]

dUph(e) 8 75
70 —2\/§OéZ(

mec?\? ,  sin%0
- _ A.
fw ) ao(l — Beosh)*’ (A.3)

where « is the fine-structure constant, ag is the Bohr radius, and § is the velocity

of the emitted electron in units of speed of light.
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A.1. NONRELATIVISTIC THEORY

It is clear to see that no electrons are emitted in the direction of k. This is
a direct consequence of angular momentum conservation, which forbids forward or
backward emission because of the nonrelativistic absence of electron spin. The plane

kT is said to represent the effect of retardation, i.e. the inclusion of

photon wave e
all multipole orders. This is reflected in Eq. A.3 the denominator leads to a tilting
of the angular distribution in the forward direction.

The omission of retardation effect represents the dipole approximation, i.e, re-

*kr _ 1. In this case, no angle enters into the denominator of Eq. A.3,

placing e
and differential cross section is given by a pure sin?6 distribution. For unpolarized

primary light one obtains
doP"(9)
ds)

o sin’6. (A.4)

Cross sections for the K- and L-shell photoionization were given by Stobbe [138,
76] in closed-form expressions. For higher shells, one has to specify the bound-state
wavefunction characterized by quantum numbers n, [, m in the case of H-like state in
Coulomb electromagnetic fields, and the bound-state wavefunction can be expressed
as [150]

1 R
Uu(r) = P ¥in (), (4.5)
where Y}, () are spherical harmonics.

For a Coulomb potential produced by the charge eZ, the final wavefunction
describing an electron emitted with an asymptotic wave vector k¢ and direction

k 7 =ky/ky is given by a partial-wave expansion, as [150]
00 l 1 .
— 4 Zexpli(l = AN Fu(r)Y? (k) Yim (#), A.
Uy (r) W;mz_lrexp[l( D1 Fra(r) Yo, (Kp) Yo () (A.6)

where A; is the Coulomb phase shift, and = r/r and l;f = ky/k; are unit vectors

denoting the angles.

The radial wave function P,; and Fj; satisfy

i+ 27 - 7% /n’
dr? 72 r L2

where P,; is normalized as

Pnl(T)
=0, AT
{FM(T)} A0

/ Pnl(T)Pn/l(T)dT’ = 5nn’ (AS)
0
and the continuum radial function is energy normalized as
/ Fu(r)Fun(r)dr = 78k — k?), (A.9)
0
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so the asymptotic form, as r — oo, is

1
Fri(r) — —=sin

7 kr — —In(2kr) — — 4+ Ay . (A.10)

A I
k 2

The photoionization is the inverse of RR, with the same matrix elements. Its

cross section for a hydrogenic ion is given by [163]

h draa n? [~
ol (k?) = ( 3 0 73 Z 1 (1+n°6%) |g(n, Ik, 1) (A.11)
V=i+1
with
Z2 [ee)
gn, ;K1) = ﬁ/ Py(r)r Fyy (r)dr. (A.12)
0

Here, the electron kinetic energy k2 in units of the hydrogen ionization potential is
given by the energy conservation condition fiw = (Z2/n? + k?)Iy, where (Z%/n?)Ig
being the binding energy of the initial state in a hydrogenic atom, or an ion initialy
in the state specified by the principle quantum number n and angular quantum
number /. In Eq. A.11, the parameter k = k/Z is introduced, « is the fine-structure
constant, ag is the Bohr radius, and [+ is the greater of [ and I’. Writing the scaled
functions as
p=JIr
Poi(p) = Z7Y2P,(r) (A.13)
Falp) = Z7 P Ful(r),

the bound-free dipole matrix elements become Z independent
n_ L [¥
gk V) = — | Pulp)pFlp)dp. (A.14)
0

By the principle of detailed balance, the relation of the cross section between
photoionization and radiative recombination into a vacant shell, within a nonrela-

tivistic treatment in the dipole approximation, is written as [153]

(hw)Q 1 ph

RR/7.2\ _
o (k) = k2 k2+2m6020"l

(k%). (A.15)

The computation task is then to evaluate the electric dipole matrix elements in
Eq. A.11 and Eq. A.12. Burgess’s procedure [163], which scales in the variable &,
adopted a set of simple recurrence relations allowing one to successively calculate all
dipole matrix elements for a given n and a given k. One starts with the calculation
for maximum angular momentum [ = n — 1 and after that with the next lower
Il = n — 2. This yields the input data for recursively stepping down to all lower

values of [.
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The common quantity is

T

mél(éln)"e*%. (A.16)

g(n,n—1;0,n) =

For finite values of x, one obtains for the highest [
withl=n—-1,I'=1+1

22 2n—2k"Larctan(nk)
g(n,n—1;k,n) \/H + k%) e n,n —1;0,n),

1 —e27/k <1+n2/€2)n+2 ‘g(

withl=n—-11'=1-1

1 1 4 n2K?
g(n,n - 1;/{,TL - 2) = _\/1 + (TL _ 1)2529(717” - 1;/’{'771)'

2n
(A.17)
For the next lower value of [, one obtains
withl=n—-2,1'"=1+1
1
g<n7 n— 27 Ry — ]-) = 5\/(271 - 1)<1 + nQHQ)g(na n— ]-7 K, n)u
withl=n—-2,'=1-1
4+ (n—1)(1+n?k?) 2n —1
g(n,n—2k,n—3) = 5 1+Kn—2P29( —Lk,n—2).
(A.18)

Eqgs. A.16 - A.18 hence serve as the building blocks from which to step down to
lower [—values with the aid of the following recurrence relations

2ny/[n2 — (1 — 1)2][1 + 12x2g(n,1 — 2; k5,1 — 1)
=[4n? — 412 +1(21 — 1)(1 + n2&D)]g(n, 1 — 1;k,1) — 2n+/[n2 — 2][1 + (1 + 1)262]g(n, I; K, 1 + 1),
(A.19)
and
on/[n? — 12][1 + (1 — 1)2k2g(n,1 — 1;k,1 — 2)
= [4n? — 41> + 121 + 1) (1 + n2kD)]g(n, l; 5,1 — 1) — 2n+/[n2 — (1 + 1)2][1 + 22]g(n, 1 + 1; K, 1).
(A.20)

With Eq. A.19 and Eq. A.20 one may proceed to l = n — 3 and [ = n — 4, this
process is then repeated until [ = 0 is reached. As a result, Eq. A.15 is easily
evaluated for any transition kI’ — nl. Of course, nonexsiting matrix elements with
[ > n are set equal to zero. The power of this method lies in the fact that no
hypergeometric functions are to be evaluated, so that it is quite easy to design a

computer program covering all cases of interest.

104



APPENDIX A. FORMULATION OF RADIATIVE RECOMBINATION CROSS
SECTIONS

A.2 Relativistic theory

In analogy to Eq. A.2, the relativistic transition matrix element in this case is given
by

Zkr"‘in,un>

= /¢;,m5 (r)a - ane™ e, ., (r)dr (A.21)

= Mp,n(m57 )\7 ,un)a

Meacact <pms‘a u,\e

in which one assumes a single electron in the state |k,u,) with the Dirac quan-
tum number k, combining the angular momentum j, with parity and the angular
momentum projection pu,. The quantity a denotes the Dirac matrix and the ex-
ponential describes the photon wave function with wave vector k. If the electron
absorbs a photon with wave vector k and circular polarization A = 41, it may be
emitted into a continuum state with momentum p and spin projection m, = i%.
For a given photon energy fiw and binding energy |e,| of the electron in the bound
initial state n, the kinetic energy T, of the emitted electron is determined by the
energy conservation condition T, = hw—|e,| = (y—1)m.c?, where v = (1—v?2/c?)~1/?
is the Lorentz factor of the electron moving with the speed v.. The corresponding

differential cross section for photon ionizing a single electron is given by [150]

doP(0)  amec?
- My (s, M )2, A22
ds Ao 2‘7 + 1 %:mSZ:t:l/Q Azijl e 2 ( )

where X, = h/m.c is the Compton wavelength of the electron and the quantity
a denotes the fine-structure constant. Here, we have averaged over the (27, + 1)
angular momentum projections p, in the bound state and have summed over the
spin components mg = j:% of the emitted electron. Furthermore, we have averaged
over the circular polarization A = 41 of the incoming photon. Because of the
summation over all other angular momentum projections pu,, ms, this is equivalent
to taking one photon polarization, e.g., A = 1 only.

Since for radiative recombination the direction of p is always fixed and well
defined, it is meaningful to establish the partial cross section for photoionization

from a specific magnetic substate f,,

dopZ 0 amec?
j:1/2 A==%1

The total photoelectric cross section is obtained by integrating Eq. A.23 over the
photon angles, it is given by

ame

ms_il/Z A=+1
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The total cross section can also be expressed by the diagonal matrix elements of the
density matrix P2" . as

2
aMeC
Thn = iy e Fhntin (4.25)

where the general density matrix for photoionization is defined as

1 o o *
Pﬁgﬂm = 5 Z Z /ko <pm5\a . u)\eZkr‘Hnﬂn> <pms|a : u)\elkr|ﬁnM;L> .

me=+1/2 A==%1
(A.26)

To further simplify the electron-photon transition matrix in Eq. A.21 for practi-
cal computations, we may need to decompose both the photon as well as continuum
wavefunctions into partial waves. As pointed out in Refs. [152, 215], attention has
to be paid in this case to the particular choice of the electron beam direction as
the quantization axis, we shall start from a rotation of the photon field which is

expressed in terms of the usual magnetic and electric multipole components as
AN = Al Al (A.27)

A rotation of the photon field is given by
. e L A
e =v2r 3" N iBVaL + 1AV, DY (k — 2), (A.28)
L=1M=-1L
where DL, (k — ) denotes the Wigner rotation matrix [216]. The magnetic and

electric multipole fields can be expressed, respectively, as [216]

Ag:n;\} = jL(kr)T%Lv

o . [L+1 , [ L (A.29)
AE) = i (kr) QL—_HT%L—l — jry1(kr) mT%L-&-l?

where jr(kr) is a spherical Bessel function and the vector spherical harmonics T% L
are the spherical tensors of rank L, resulting from the coupling of the spherical unit

vector §,,, m = 0, +1 with the spherical harmonics Y},,, that is

TPy =Y (AM—m1m|L M)Yan-mé,,. (A.30)
Here the symbol < - - |- > is the usual Clebsch-Gordan coefficient. Note that the

parity of the magnetic and electric multipole fields A" is (—1)% and (—1)4+,
respectively.
By making use of the Eq. A.29 and Eq. A.30 one can evaluate the reduced

magnetic and electric multipole matrix elements as [217]

1 — (_1)la+lb+L

(Kall - AT [[1) = (Gl P |15y M5V (L),

| (1t (A.31)

2

(ol @ - A [|ry) = (Gall C (1) ME(L).
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where the irreducible tensor C%) can be written in terms of spherical harmonics as

YL(0,9). (A.32)

One can evaluate the reduced matrix element of the irreducible tensor C*) by

adopting the irreducible operator technique as
Gall € db) = (=120 +1(ja 1/2 L 0], 1/2) . (A.33)

The M é;n’e)(L) involve only the radial integrals: explicitly, for magnetic type multi-
poles, it is achieved by

—r(m) . —1 2L+ 1 o

and for electric type multipoles, it is written in the velocity gauge as [217]

Még)(L) = \/iﬁ (\/(L n 1)?2[1 ) (ke — /@b)];rl(k; ab) + (L + 1)1, (k; ab)])

Z’ ( - m—mbﬂz_l(k;ab)+Lf;_1<k;ab>1),

Var \\ LieL + 1)
(A.35)
where the radial integrals If\[ are expresses as
I¥(k; ab) = / (P,(r)Qu(r) £ Py(r)Qu(r))ja (kr)ridr. (A.36)
0

Here P(r) and Q(r) are the radial wave functions of the upper and lower components
obtained from the stationary Dirac equation specified by the electron in bound-state
or in continuum state [218, 219].

For a given initial bound state |k, u,) and a specific partial wave |kmg), we can
now calculate the exact relativistic magnetic and electric multipole matrix elements,

respectively. That is

(m,e)

(km| e - AV kppin) = i G i L MG mg) (]| e - AT |,,) . (A.37)

From Eq. A.27, the general reduced multipole matrix element, to be used in

later expressions, is
(] @ AV [[kn) = (K] - AT [|k) 4+ X (6] - A [[i) - (A.38)

Owing to the different parity of the multipole fields, either the first term or the
second term will contribute in a matrix element between specified electronic states

with well-defined parity.
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In order to derive the general density matrix in Eq. A.26, we insert the multipole
expansion given by Eq. A.27 and Eq. A.28 of the photon wave, and the expansion
of Coulomb-Dirac continuum wavefunction for the free electron into partial waves
|kmy) in the form [218]

Ipms) Z A fam (20 + 1) (1 0 1/2 my|j ms) |kms) , (A.39)

where the summation runs over the Dirac quantum s combining j and parity:
= F(j+1/2) as j=1+1/2. (A.40)

The quantity A, in Eq. A.39 is called the Coulomb phase shift [218, 8] which arises
due to the —Z/r nuclear potential of a point-like charge.

If one is interested in u,,—dependent total cross sections whereby the RR photons
are not observed, one has to integrate over the directions of incidence of the photon,
From the relation [216]

47
/DM’)\D%J)\ko 2L+15M 'MOL/L (A.41)

it follows that with the choice of the electron direction as the z axis, the density
matrix becomes diagonal in M and hence in u, = mgs — M.
Finally, the density matrix for photoionization becomes

2

STl B VAT 01/2 mglj ms) (k| e - AV i)

K

Punu ;= Opnp '16%3222

A ms LM

(A.42)
Owing to Eq. A.26 and Eq. A.42, the total cross section for photoionization of
a specific substate u,, is written as

2
S il BT T(10 1/2 mylj ma) (km| o A [ngin)

K

1 TS

A ms LM

(A.43)

By the principle of detailed balance, the relation of the cross section between

photoionization and radiative recombination into a vacant shell with a specific mag-

netic substate p,, within a relativistic treatment in multipole decomposion of the

photon wave and partial-wave expansion of the electronic continuum wavefunction,
is written as [153]

e (o)’ ! obh (A.44)

Mn Te Te + 2m602 Hn

The partial cross section for photoionization averaged over the initial substates

I, is expressed by the diagonal elements of the density matrix, as

do?(0)  am.® X L
aQ dhw 2jn+1;P5nun(k> (A.45)
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in terms of the angle-dependent density matrix P/ffun(l;) which is obtained from Eq.
A.26 by discarding the integration over the photon direction.

By inserting the multipole expansion A.28 into Eq. A.21 and combining the
Wigner rotation matrix D%, (k — ) [216], we obtain the differential cross section
as [152]

doP"(0)  amec® ., 27 v r
= © _1\M+1;L-L
0 e 2, 41 2 2 )M

Mn,Ms LI

><\/<2L+1)(2E+1)Z<LME — My 0)(LAL — Ay 0) (A.46)

v

X (pma| o A K in) (Prg] @+ ALY, [ingin)™ Py(cost),

where P,(cosf) is Legendre polynomials, the matrix elements of the operator « -A(LA]\)/[
are further calculated stepwise by following Eqs. A.37 - A.39. In all cases, M =
ms — jn,. Of course, if one is interested in the separation into spin-flip and non-spin-
flip contributions in photoionization of s,/ states over the whole angular range in a
relativistic description, one has to use Eq. A.46 and simply discard the summation

over the electron spin my = £1/2.
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