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Abstract: In the world of nanomaterials and meta-materials, thin films are used which are an order
of magnitude thinner than historically used in optical thin film coatings. A problem stems from the
island structure that is seen as the film nucleates and grows until there is coalescence or percolation of
the islands into a nearly continuous film. The application problem is that the indices of refraction, n
and k, vary with thickness from zero thickness up to some thickness such as 30 or 40 nanometers for
silver. This behavior will be different from material to material and deposition process to deposition
process; it is hardly modeled by simple mathematical functions. It has been necessary to design with
only fixed thicknesses and associated indices instead. This paper deals with a tool for the practical
task of designing optical thin films in this realm of non-bulk behavior of indices of refraction; no
new research is reported here. Historically, two applications are known to have encountered this
problem because of their thin metal layers which are on the order of 10 nm thick: (1) architectural
low emittance (Low-E) coatings on window glazing with thin silver layers, and (2) black mirrors
which transmit nothing and reflect as little as possible over the visible spectrum with thin layers
of chromium or related metals. The contribution reported here is a tool to remove this software
limitation and model thin layers whose indices vary in thickness.

Keywords: optical thin films; refractive index; refractive index variation with thickness; metal films;
metal island films

1. Introduction

Up until this nanotechnology era, optical thin film coating designers had to avoid
films that were as thin as 10 nanometers because their indices of refraction were not well
behaved or understood. Their behavior is now better understood. Up until recent decades,
one could only deal with films which were thick enough to behave like films with their
bulk properties, which was in the realm of approximately 20 to 50 nm or more in physical
thickness. The problem stems from the island structure that is seen as the film nucleates
and grows until there is coalescence or percolation of the island structure into a more
continuous film. The appearance of island films results from one of the basic possible film
growth modi, namely the Volmer–Weber growth [1]. It is the dominant growth mechanism
when the mutual attractive interaction between film atoms is stronger than that between
adjacent film and substrate atoms.

In the new world of nanomaterials and meta-materials, we are working with films
which are an order of magnitude thinner than that [2–4].

Before the nanotechnology era, two applications are known to have encountered
this problem because of their thin metal layers: architectural Low-E coatings on window
glazing and black mirrors which transmit nothing and reflect as little as possible over
the visible spectrum. The former usually depends on very thin silver layers [5] and the
latter on very thin chromium or other metal layers [6]. Today, ultrathin metal films (and
particularly metal island films) are topics of intensive research pursuing applications for
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example as color filters [2], absorbers [3,4], light attenuators and absorbers with reduced
angular sensitivity [7,8], or asymmetric beam splitters and decorative coatings [9]. The use
of anisotropic metal island films is commercial reality in light polarizers [10].

A specific problem is that the real and imaginary parts of the complex index of refrac-
tion, n and k, vary from zero thickness up to some thickness such as 30 or 40 nm for silver.
This behavior will be different from material to material and process to process; and it can-
not be modeled by simple functions such as the Cauchy or Sellmeier [11] relationships. As
of 2012, Stenzel and Macleod [9] advised those working with these very thin films, typically
of precious metals, to characterize the indices of refraction for specific thickness and then
use only those fixed and previously characterized thicknesses in their design process. The
adjacent layers would then be varied in the design process to achieve the desired reflection
and/or transmission. They specifically state: “But the price for introducing these effective
optical constants is their thickness dependence. The thickness of a metal island film must
not be varied during a design procedure. A metal island film with given thickness and
given effective optical constants has to be tackled as a fixed building block which can be
introduced into an interference stack but should not be modified during synthesis and
refinement.” The purpose and improvement of this work reported here is to overcome that
restriction. This allows the designer to vary every individual layer thickness at will and
take advantage of the properties which may be achieved thereby.

In our approach, it is necessary to measure the spectra of several films in the ranges of
thickness from the thinnest to be used, up to the point where the films have achieved their
bulk properties. It is further beneficial to measure three 3 spectra (transmittance, front-, and
backside reflectance) of each given thickness over the spectral range of interest. This data
are then used to derive the effective indices of refraction (n and k) and effective thickness
over the wavelength band of interest. The n and k for a thickness in between those which
have been measured are found by linear interpolation between the measured thickness
values. Other modeling has been investigated but the approach described here was chosen.
It is now possible to design with films whose indices vary with thickness just as we have
been able to design with films whose indices are homogeneous throughout the thickness.

2. Materials and Methods

Evidence that the indices of metal vary with thickness in films less than some thickness
is shown in Figure 1a,b (n and k) from the work of Hernandez-Mainet et al. [12]. Here
the indices of their silver (Ag) films are plotted for their measured thicknesses (further
effective thicknesses), by a quartz crystal monitor (QCM), of 6, 10, 15, and 45 nm. These
measurements at a thickness of 45 nm are essentially like those of bulk silver. These indices
are also similar to those of Willey et al. [13] as seen in Figure 2a,b comparing Hernandez,
Willey, and Medwick et al. [14] Ag films, all films at 10 nm effective thickness. Figure 2a,b
also demonstrate that results are influenced by the materials and processes used to deposit
the films. Apparently, Medwick found a combination which makes the 10 nm Ag have
similar indices to bulk silver. This seems to imply that the Ag coalesced/percolated before
reaching 10 nm thick, as will be discussed below. This would allow Medwick’s group to
design without considering the variation of indices with thickness, since the indices in
the region around 10 nm and thicker would behave like the bulk indices. However, with
processes such as those of Hernandez and Willey, it would be necessary to consider the
index variation with thickness to obtain meaningful designs. Figure 3a,b and Figure 4a,b
show the indices versus thickness such as Figure 1a,b for Hernandez but are for depositions
of Medwick and Willey.
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Figure 1. (a) Real values of index for various thicknesses of silver layers reported by Hernandez-
Mainet et al. [12]. (b) Imaginary values of index for various thicknesses of silver layers reported by
Hernandez-Mainet et al. [12].
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at 10 nm thick. (b) Imaginary part of index of refraction comparing Hernandez, Willey, and Medwick
Ag films, all at 10 nm thick.
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Figure 4. (a) Real values of index for various thicknesses of silver layers reported by Willey et al. [13].
(b) Imaginary values of index for various thicknesses of silver layers reported by Willey et al. [13].

One possible approach to achieving homogeneous results such as those of Medwick is
indicated by Formica et al. [15]. They used 1 nm Cu as the “wetting layer” for 6 nm of Ag
and reduced the AFM surface roughness by an order of magnitude from the unwetted 6
nm Ag as evidenced in Figures 5 and 6 (copied from their paper). It appears that 1 nm of
Cu is the “magic bullet” to obtain very thin percolated Ag films. Figure 5 shows how the
resistivity of the Cu/Ag film drops low at much thinner layers than for Ag only. Figure 6
shows that less than 1.0 nm of Cu is adequate to achieve this low roughness and bulk-like
behavior. We would like to emphasize that it is our intention to reproduce (here and in
some of the later pictures) the original graphs as an expression of our appreciation of these
pioneering works, although some of the details of the scanning electron micrographs (SEM)
may be not so well resolved. However, it should be obvious that in Figure 6, the SEM image
on left (without seed layer) shows a much stronger pronounced surface structure that than
with seed layer (on right), which practically looks structureless. Chen et al. [16] obtained
similar results with a germanium (Ge) wetting layer, but less of an effect. Of course, when
regarding transmittance or reflectance of the silver-coated surface, one has to take into
account that the optical response is now defined by the combined effect of the silver film
and the seed layer.
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Figure 5. Comparison of electrical resistivity variation for Ag films with and without a Cu seed layer.
The dashed line represents the resistivity of bulk Ag film of about 300 nm thickness deposited using
the same sputtering process. Both types of films shown here approaches bulk behavior with thickness
>100 nm.
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Figure 6. Variation of RMS roughness for 6 nm Ag film with seed layer thickness. For seed layer
thicknesses greater than 4 nm the RMS roughness has roughly the same values of about 0.6 nm.
The inset shows the SEM pictures without (left) and with a Cu seed layer (right). The scale bars are
500 nm.

It appears that a key advantage of the designs reported by Medwick et al. [14] is
that they have found a combination of materials and processes where the thin silver films
(~10 nm) have n- and k-values much like the properties of bulk silver, where the n-values
approach zero and the k-values are large.

Earlier related work on very thin silver films was conducted by Inagaki et al. [17]
in 1986 with attenuated total reflection (ATR) geometry at 633 nm by the photoacoustic
method. In 1989, Xu and Tang [18] reported on more extensive work using the ATR method
with silver and other materials. They pointed out that the “films show great differences for
the various materials and deposition methods.” Figure 7, copied from their paper, shows an
interesting comparison between indices of thermally evaporated and magnetron sputtered
silver at 640 nm. The thermal Ag seems to percolate by 15 or 16 nm, whereas the sputtered
Ag has nearly the same effect by 4 nm.
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Figure 7. Variations of the optical constants of silver island films with thickness: ___________,
thermally evaporated silver films; - - - - - - -, magnetron sputtered films.

Willey et al. [13] showed more examples of the variation of percolation thickness with
materials. Figure 8a,b show indices versus thickness of Ag deposited on fused silica (FS) in
air, which seems to percolate at 30 nm. Figure 9a,b shows Ag deposited on FS which has
been coated with 7 nm of Al2O3 (alumina) and the Ag capped with 7 nm of alumina. This
seems to percolate at 20 nm.
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Figure 8. (a) Real index of refraction versus thickness for various wavelengths as Ag is deposited on
fused silica in air. (b) Imaginary index of refraction versus thickness for various wavelengths as Ag is
deposited on fused silica in air.
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Figure 9. (a) Real index of refraction versus thickness for various wavelengths a Ag is deposited on
7 nm of alumina and capped with 7 nm of alumina. (b) Imaginary index of refraction versus thickness
for various wavelengths as Ag is deposited on 7 nm of alumina and capped with 7 nm of alumina.

These silver films are critical to the architectural and automotive window coating
industries to control the emittance (E) for Low-E coatings and the %R and %T in general of
their products. Thin chromium coatings are critical for making black mirrors. The behavior
of a particular chromium deposition process can be seen in Figure 10 where n and k versus
thickness are plotted on the same graph. Their behavior is somewhat different from silver,
as can be seen from the Figure 10, in that there does not seem to be an obvious percolation
effect, or perhaps it occurred at less than 15 nm.
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dispersion software (DDSW).

3. Results
3.1. Designing Black Mirrors with Variations in Indices

Designing a “black mirror” using chromium provides a good example of the appli-
cation of the variable index with thickness capability. Figure 10 shows the indices of the
chromium (Cr) versus thickness in nm of QCM readings derived from the %T and %R
spectral measurements of real Cr depositions. It is understood that the QCM readings are
not expected to represent the actual physical height of the Cr islands in layers prior to
reaching a thickness where bulk properties are achieved. However, it is expected that the
QCM would be used to control the thickness of these layers in production, and therefore it
should repeat the results of the test depositions of Figure 10. Figure 11 shows the results of
designing a black mirror coating to have no transmittance and a minimal reflection over
the visual spectrum. The first layer is opaque Cr of 100 nm thickness. Then two layer-pairs
of silica (SiO2) and thin Cr are deposited. Finally, a capping layer of silica is added. This
provides a 6-layer coating which is the minimum number of layers for a practical black
mirror. This first design uses only the bulk thickness indices from Palik [19] for all of the
Cr layers. The silica is represented here by an index of 1.46 for simplicity. The design of
the coating is: 100M 98.94L 13.61M 101.13L 4.62M 83.25L, which starts from the substrate,
where M is the metal and L is the silica. However, if this coating design is deposited with
these thicknesses but the indices were as in Figure 10, the resulting coating would have
the spectrum seen in Figure 12 which would be useless as a black mirror. To rectify this
problem, the design in Figure 11 is redesigned using the variable index for each metal
layer thickness in what is referred to as the double dispersion software (DDSW), where
the resulting spectrum would be as seen in Figure 13. The two dispersions are the usual
horizontal dispersion with wavelength and the “vertical dispersion” is in index of refraction
with layer thickness. The design of this coating is: 100M 91.71L 8.86M 101.71L 6.26M 68.82L.
The design of Figure 11 has an average %R of 0.29% but is not realistic as stated, whereas
that of Figure 13 is 0.33% and it is likely to be achievable.
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Figure 11.

The above demonstrates the functioning and effectiveness of the DDSW approach. To
further the demonstration, another layer-pair of silica and Cr were added to the design of
Figure 13 to see what benefit could be gained and whether it would be worth the cost of
two additional layers. Figure 14 shows the result of adding the two layers and optimizing,
assuming the bulk values for Cr as in Figure 11. Figure 15 shows what would result if
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the design was deposited with these thicknesses, but that the process indices were as in
Figure 10. Figure 16 is the spectrum which results when the design is conducted using
the DDSW index process. The bottom line is that the above examples demonstrate the
need for and benefits of considering the variation of indices with thickness which occurs
in many materials when the layers are thinner than some realm of non-percolation of the
island structure.
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3.2. Designing Low-E Coatings with Variations in Indices

The work reported by Medwick et al. [14] will be used as an example of designing Low-
E coatings. Figure 17 is reproduced from their Figure 8 showing the solar spectrum and the
transmittance of two of Vitro’s Low-E products. The goal of the coating in the normal case is
to transmit as much visible light as possible and reflect as much heat (infrared) as possible.
Their spectral curve for Solarban 70XL glass will be used here as optimization targets except
scaled up to have its maximum at 100%. Targets are also added for high infrared reflection
and heat rejection from 850 to 1000 nm. It is assumed that the narrower spectral curve of
the photopic response of the human eye is not as desirable in this application because the
color rendering capability might be less than that of the broader curve of Figure 17.

Coatings 2023, 13, x FOR PEER REVIEW 10 of 31 
 

 

Figure 16. Spectrum resulting from using double dispersion software (DDSW) to optimize design 

of Figure 14. 

3.2. Designing Low-E Coatings with Variations in Indices 

The work reported by Medwick et al. [14] will be used as an example of designing 

Low-E coatings. Figure 17 is reproduced from their Figure 8 showing the solar spectrum 

and the transmittance of two of Vitro’s Low-E products. The goal of the coating in the 

normal case is to transmit as much visible light as possible and reflect as much heat (in-

frared) as possible. Their spectral curve for Solarban 70XL glass will be used here as opti-

mization targets except scaled up to have its maximum at 100%. Targets are also added 

for high infrared reflection and heat rejection from 850 to 1000 nm. It is assumed that the 

narrower spectral curve of the photopic response of the human eye is not as desirable in 

this application because the color rendering capability might be less than that of the 

broader curve of Figure 17. 

 

Figure 17. Solar spectrum and the transmittance of two of Vitro’s Low-E products reproduced from 

Medwick et al. [14]. 

Medwick’s curve for the “CLEAR glass” has been helpful and it was also possible to 

estimate the indices of their dielectric material by reverse engineering from these spectral 

curves. These data are used here for designs meeting the Low-E requirements and ap-

proximating the 70XL design. 

The indices for silver layers measured by Medwick’s group are shown in Figure 3a,b. 

Examples of interpolated values by the DDSW in integer nm thicknesses are plotted in 

Figures 18–20. 

Figure 17. Solar spectrum and the transmittance of two of Vitro’s Low-E products reproduced from
Medwick et al. [14].

Medwick’s curve for the “CLEAR glass” has been helpful and it was also possible
to estimate the indices of their dielectric material by reverse engineering from these spec-
tral curves. These data are used here for designs meeting the Low-E requirements and
approximating the 70XL design.

The indices for silver layers measured by Medwick’s group are shown in Figure 3a,b.
Examples of interpolated values by the DDSW in integer nm thicknesses are plotted in
Figures 18–20.

Medwick’s silver is somewhat different from what is seen in the work Willey et al. [13]
and that reported by Hernandez-Mainet et al. [12]. This can be seen in Figures 1–4. As
discussed above, the Medwick materials and processes have the favorable effect that the
near-bulk indices of refraction are maintained well below thicknesses of 10 nm as seen in
Figure 19. As seen below, Figure 20 shows similar data for measured and interpolated
thicknesses from the processes and materials of Hernandez. The changes in the indices
with thickness are more gradual from bulk down to 6 nm of silver film thickness. The
measured silver indices by Willey show similar results to that of Hernandez. As will be
demonstrated below, it is difficult to impossible to obtain good Low-E performance without
something such as the Medwick results.
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Figure 20. Indices for 10 to 50 nm thick silver layers actually measured by Medwick (bold) and also
interpolated with DDSW.

Nadel [20] reviewed the history of the Low-E products of BOC Coating Technology
(formerly Airco Coating Technology) up until 1996 as seen in Figure 21 where the early
coatings used only one silver layer and later ones employed two silver layers. Medwick’s
report shows three silver layers plus a special auxiliary layer.
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Figure 21. History of the Low-E products of BOC up until 1996 as reported by Nadel [20].

Figure 22 shows a simple single silver layer Low-E coating design with silica layers on
both sides of the silver. This was optimized with respect to the targets shown by “+” signs
derived from Medwick’s curve in Figure 17. The silica is simply represented by index 1.46
and the silver for the dashed line plot is using Medwick’s bulk values which results in a
silver thickness of 13.81 nm. The solid line is after optimizing with the DDSW which results
in a silver thickness of 11.23 nm. In Figures 22–25, the dashed lines are all for designs using
the indices for bulk silver (which are unrealistic), whereas the solid lines are all for using the
realistic indices which are variable with thickness of the DDSW in the optimization process.
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Dashed line is design with bulk silver indices, and solid line is with DDSW optimization.
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Figure 25. Three silver layer Low-E coating design with Medwick’s dielectric layers on both sides of
the silver. Dashed line is design with bulk silver indices, and solid line is with DDSW optimization.

The single silver layer design of Figure 22 somewhat suppresses the transmittance of
the infrared and enhances the visible, but only to a limited extent. The design of Figure 23
with two silver layers suppresses the transmittance of the infrared quite a bit more. The
three-silver layer version in Figure 24 approximates Medwick’s results much better.

The designs of these three figures using the bulk silver indices, as well as the designs
of these three figures using the variable thickness silver DDSW indices, are given in Table 1:

Table 1. Layer thicknesses in nm for the designs behind the transmission spectra in Figures 22–24.

Layer No. 1 2 3 4 5 6 7

Material SiO2 Ag SiO2 Ag SiO2 Ag SiO2

Substrate:
Float
glass

Designs using bulk silver indices:

Ambient:
air

156.05 16.53 66.11 - - - -

306.26 10.1 124.99 14.29 65.72 - -

29.94 7.16 116.77 12.88 122.31 12.38 68.85

designs using the variable thickness silver DDSW indices:

159.12 11.23 73.15 - - - -

12.7 10.0 128.4 10.3 68.65 - -

55.75 9.71 120.94 10.52 122.1 10.0 69.06

When the estimated dielectric material from Medwick’s work is substituted for the
silica in the three-layer design of Figure 24 and reoptimized, Figure 25 results. This is
generally like the Figure 24 design with the exception of spikes between 300 and 400 nm.
It is suspected that the real dielectric materials used by Medwick may not actually have
this problem, but that our estimates of the indices of the dielectric materials are incomplete
and/or inaccurate.

Figure 26, derived from the report of Hernandez-Mainet et al. [12], are indices to
be compared with Figures 18–20 derived from Medwick et al. [14]. The silver materials
and process of Hernadez do not become fully bulk-like until they are thicker than 30 nm,
whereas those of Medwick are nearly bulk-like soon after 6 nm. It appears that the combina-
tion of low n-values and high k-values is important for good Low-E coatings. The difficulty
of achieving a good Low-E design with the silver processes reported by Hernandez or
Willey will be demonstrated by attempting to repeat the work of Medwick reported in
Figures 22–24 using the Hernandez silver indices.
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Figure 26. Hernandez-Mainet et al. [12], indices to be compared with Figures 18–20 derived from
Medwick et al. [14].

The dashed line in Figure 27a shows a single layer of silver using Hernandez’s bulk
indices surrounded by two layers of silica which have been optimized with respect to the
targets shown in dots (which include the 100% reflectance targets from 850 to 1000 nm
seen in the upper right of the figure). When those layers are optimized accounting for
the variation of indices with thickness by the DDSW, the solid curve of Figure 27 is the
result. Figure 27b,c show the same procedures applied to designs of two and three thin
silver layers in silica. In these two cases, the optimization processes reduced all but one
silver layer to zero thickness so that the results were the same as in Figure 27a. All of this
demonstrates that the thin silver layers benefit by having as close to bulk silver indices as
practical in whatever thickness they are used. It is conjectured that early investigators in
the field of Low-E coatings may have designed with bulk indices and achieved good design
results, and then found that deposited results were disappointing, as demonstrated in
Figure 27a–c. The search to find material combinations and process parameters to produce
the good design results could have been challenging.
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Figure 27. Low-E coatings designed with Hernandez’s bulk indices values (dashed lines) but showing
disappointing results when designed with more realistic thin layer indices (solid lines). Targets are
shown as small “+” marks. Silver layers are surrounded by silica layers of optimized thicknesses.
(a) shows designs with a single silver layer, (b) is a design with two silver layers, and (c) is a design
with three silver layers.

Silver seems to be the nearest to an ideal metal (IM) in the visible spectrum. The
properties of such an IM will be discussed below, but they will be applied first in the next
two figures. In these figures, it is assumed that the bulk properties are maintained for all
thicknesses of the IM that are needed in the designs. Indices for silica (SiO2, 1.46), alumina
(Al2O3, 1.65), Medwick’s Dielectric (Zn2SnO4), and titania (TiO2) are tried in the designs.
Figure 28a uses the first three dielectric materials and Figure 28b uses titania for the best
result of all these. The lower curve in Figure 28a is with “real” materials and the upper
three curves employ the IM. The unwanted spike at about 350 nm with the Zn2SnO4 may
not exist, since we have only estimated the properties from the paper of Medwick et al. [14].
Figure 28b shows the desirable results of using titania to subdue the transmittance at
shorter than 400 nm by titania’s natural absorbance in the ultraviolet spectrum. The actual
use of titania in Low-E coatings would depend on whether its physical and chemical
properties were consistent with the percolation and environmental durability needs of the
real production processes.
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Figure 28. (a) Best design using estimated materials from Medwick in lower curve. Three upper
curves using ideal metal instead of silver with silica, alumina, and Medwick’s dielectric. (b) Design
with three ideal metal layers and titania dielectric layers.

3.3. Properties of an Ideal Metal

The term “Ideal Metal” here refers to a metal whose n-values are all zero for all
wavelengths larger than a certain threshold wavelength, and whose k-values are mono-
tonically increasing with wavelength as shown in Figure 29a. Silver closely satisfies these
requirements from near 500 nm to longer wavelengths as also shown in Figure 29a.

Generally, the specifics of the optical constants of bulk metals are caused by the
presence of free electrons. The free electron fraction gives rise to a dielectric function ε
defined by the Drude function (1):

εDrude(ω) = 1−
ω2

p

ω2 + 2iωγ
(1)

where ω is the angular frequency, ωp the plasma angular frequency usually located deep
in the ultraviolet, and γ the Drude damping parameter. Typically, γ << ωp. From the
dielectric function, the optical constants n and k of non-magnetic materials are calculated
by (2):

n + ik ≡
√

ε (2)

Equations (1) and (2) together result in the typically observed behavior that the refrac-
tive index of bulk metals is smaller than 1 in broad spectral regions, while k >> n. The ideal
metal IM is obtained from (1) when setting γ = 0. Indeed, in this case, from (1) we have:

εDrude(ω) = 1−
ω2

p

ω2 (3)
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which is negative whenever ω2 < ω2
p is fulfilled. Then, from (2), the refractive index of an

IM turns out to be zero, while k is different from zero according to k =

√
ω2

p
ω2 − 1. This gives

rise to the observed increase of k with increasing wavelength for nearly ideal bulk metals.
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Figure 29. (a) Comparison of the indices of refraction of an Ideal Metal with silver. (b) Comparison
of the spectral reflectance of an ideal metal with silver. (c) Comparison on Apfel [21] triangle plots of
an ideal metal with silver.

In practice, bulk silver has a refractive index in the range between 0.1 and 0.2 in the
visible spectral range [19]. The refractive index of silver is thus much smaller than one,
so that silver is rather close to an ideal metal with respect to its optical properties. Note
that a silver island film with well-segregated islands is no more comparable to bulk silver,
because it has a much larger electric resistivity (see Figure 5). The reason is in the lack of
electric conduction paths in an island film, and therefore, the island film rather behaves
like a dielectric, which typically has a refractive index larger than one. As a result, it is
not astonishing that the refractive index in Figure 1 or Figure 3 tends to increase with
decreasing film thickness. The concrete n-values strongly depend on the geometry of the
islands and the properties of the ambient of the islands, as it will be discussed later in
Section 4.1. In particular, chemical reactions at the metal island surface such as oxidation
may have a tremendous effect on the optical properties of an island film.

Figure 29b compares the normal incidence reflectance of bulk silver with that of the
IM, which is 100%. The IM has no transmittance or absorbance as shown in the Apfel [21]
triangle diagram of Figure 29c. Here the silver plot stays close to the 0% absorptance line
between 100%T and 100%T having little absorptance; the line for the IM is exactly on that
line with 0% absorptance.

Figure 30a shows the reflectance amplitude plot for silver evaluated at 550 nm. The
IM would look very similar except that the opaque point for IM would be exactly on the
outer circle near the 10 o’clock position (depending on the wavelength), whereas the silver
opaque point is somewhat inside the circle.
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Figure 30. (a) Reflectance amplitude plot for silver evaluated at 550 nm. (b) Opaque points versus
wavelength on a reflectance amplitude plot for silver and for an ideal metal.

Figure 30b shows the opaque points versus wavelength on a Reflectance Amplitude
plot for silver and for the IM. Opaque points for the IM are all on the 100% reflectance outer
circle, and their positions move counterclockwise with increasing wavelength as seen in
Figure 30b. This shows that the silver has a lot of absorptance below 400 nm whereas the
IM has none.

4. Discussion
4.1. Relation to Mixing Models

Formally, the metal island films discussed here represent a special case of physical
mixtures. In the literature, there are different approaches to calculate the optical constants
of a mixture, provided that the optical constants of its constituents are known [22–27]. Let
us shortly discuss some often used approaches in order to highlight the relation of our
approach to these models. Note that the description is usually performed in termini of
the dielectric function ε, and not in termini of optical constants n and k. In non-magnetic
materials, they are related to each other via (2).

For a quantitative description of the optical properties of mixtures, we assume that
each of the constituents is characterized by the dielectric function ε j and occupies a certain
volume fraction Vj. This volume fraction defines the filling factor pj of the material j via:

pj ≡
Vj

V
(4)

where V is the full volume occupied by the mixture. Obviously,

∑
j

pj = 1 (5)

there is a first group of traditional mixing models that is essentially based on the local field
theory [28,29]. They can all be derived from the assumption that the mixing partners are
tackled as inclusions numbered by the subscript j, embedded in a certain host medium
with a dielectric function εh [30]. Note that here all inclusions should be small enough such
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that the mixture still appears optically homogeneous. This assumption leads to the general
mixing formula [31]: (

εe f f − εh

)
εh +

(
εe f f − εh

)
L
= ∑

j
pj

(
ε j − εh

)
εh +

(
ε j − εh

)
L

(6)

Here L is the so-called depolarization factor which allows taking the specific geometry
of the conclusions into account. εe f f is the effective dielectric function of the mixture. Note
that 0 ≤ L ≤ 1 holds. In the case of spherical inclusions, L = 1/3, and in this case a more
familiar writing of (6) is obtained:

εe f f − εh

εe f f + 2εh
= ∑

j
pj

ε j − εh

ε j + 2εh
(7)

Generally, it is thus an advantage of this group of mixing models, that they allow
considering the specific geometry of the material inclusions explicitly. If reliable information
on the mixing geometry is available, (6) should be regarded the best choice for modelling
the optical constants of the mixture. In particular, when taking into account that the IM
has a negative dielectric function, (6) or (7) describe resonant behavior when one of the
denominators in (7) becomes small (localized surface plasmon excitation). It is thus the
relation between the optical properties of the metal and the embedding dielectric that is
crucial for the optical properties of the mixture, i.e., here the metal island film.

In fact (6) or (7) describe not only a single mixing model, but rather a group of models,
which differ in the choice of εh. For εh =1, from (7) we obtain the Lorentz–Lorenz mixing
formula, and for εh = εe f f the Bruggeman formula, also known as effective medium
approximation (EMA). Alternatively, εh can be set equal to the dielectric function of any of
the mixing partners, which results in the Maxwell–Garnett model.

It is that ambiguity with respect to the choice of εh that makes the application of (6)
difficult in practice, when no detailed information about the morphology of the mixtures is
available. In fact, εh cancels out only in the limiting cases L = 0 and L = 1:

L = 0 : εe f f = ∑
j

pjε j (8)

L = 1 : εe f f
−1 = ∑

j
pjε j
−1 (9)

In binary dielectric mixtures, (8) and (9) define the so-called Wiener bounds of the
dielectric function of a binary mixture [29].

There is another group of mixing models which is free from that ambiguity, but is of
rather empirical structure, namely the Lichtenecker formula [32]. It can be written as:

ε
β
e f f = ∑

j
pjε

β
j ; −1 ≤ β ≤ 1 (10)

Note that the limiting cases of β = 1 and β = −1 coincide with the expressions (8) and
(9), correspondingly. The case β = 1/2 obviously corresponds to a linear superposition of
complex refractive indices, as it follows from (2). It has proven useful in the practice of
rugate filter design, where modelling the optical properties of dielectric mixtures is essen-
tial [33]. For β = 1/3, from (10) we obtain the Looyenga mixing formula [28]. Information
on the morphology of the mixture does not enter explicitly into (10).

Therefore, the local-field-based equation (6) seems theoretically superior to the rather
empirical Lichtenecker approach. With regard to the applicability to optical film property
modelling in optical coating practice; however, the picture may change. The point is that
in a real metal island film as produced by evaporation in vacuum, there is a stochastic
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distribution of the metal islands with respect to size, inter-island distances, island shapes,
and orientations. This is exemplified in Figure 31.
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Figure 31. Transmission electron micrographs of selected copper island films. (a) 1.7 nm thick copper
island film: top view (b) 1.7 nm thick copper island film: cross section; (c) 6.8 nm thick copper island
film: top view; (d) 6.8 nm thick copper island film: cross section.

Figure 31 shows transmission electron micrographs of two copper island films embed-
ded in alumina. The preparation technique is described in [7]. The first film (images (a)
and (b)) corresponds to an effective copper thickness of approximately 1.7 nm, the second
film (images c) and (d)) to approximately 6.8 nm. Both films are shown in top view ((a) and
(c)) as well as from the side, i.e., as cross-section images ((b) and (d)). The copper islands,
which are seen as dark spots, show obvious differences in size and shape, the latter being
far from a spherical one. The electron micrographs have been obtained at Ulm University,
Dept. Materialwissenschaftliche Elektronenmikroskopie.

For reliable modelling of such systems one would have at least to investigate the
statistical distribution g(L) of the L-factors in (6), and then to average the modelled dielectric
function over all possible depolarization factors. For the particular case of the Maxwell–
Garnett model, this is exemplified in [9]. It is demonstrated there, that physically reasonable
peak positions and linewidth of the usually observed localized plasmon resonance in
the metal islands may be predicted this way. In coating design and deposition practice,
this information on the island statistics is usually not available. This also prevents the
application of the elegant Bergman theory [29] in coating manufacturing practice.

Therefore, our approach basically makes use of the Lichtenecker formula, in our case
setting β = 1

2 , although this choice is not of principal nature. Then, the filling factor p may
be related to what we call the island film effective thickness. The crucial point is in the
choice of the mixing partners: instead of trying to describe the mixing between a metal
and a dielectric material by such kind of linear superposition of their complex refractive
indices (which would surely result in unreasonable optical constants), we mix the known
optical constants of two island films with a different effective thickness (and different p).
This way the important information on the film morphology (including any extrinsic or
intrinsic size effects [29]) does not enter into the calculation explicitly through a statistical
distribution of depolarization factors, but implicitly through the specific behavior of the
optical constants of the chosen constituents of the mixture. Provided that reliable optical
constants are available at a sufficiently narrow grid of thickness values (for characterization
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methods see for example [22,34,35]), the calculated by (10) optical constants for in-between
falling thicknesses are expected to be realistic as it will be discussed in the next section.

4.2. Limits of the DDSW Approach

Although the frequency dependence of optical constants (the usual dispersion) is theo-
retically well understood and formulated in terms of analytical dispersion laws [11,28,31],
at present it is impossible to indicate comparably convenient analytic formulas for de-
scribing the thickness dependence of optical constants (which we call “vertical dispersion”
here). In fact, as it is seen from Figures 1–4, that dependence will be rather complex and
in general nonlinear. Therefore, even when we make use of a sufficiently narrow grid of
experimental dispersion curves determined at different film thicknesses, the linear interpo-
lation for in-between falling thicknesses remains an approximation. On the other hand, the
approach is robust and applicable in a coating production environment, which we regard a
tremendous advantage of this method. This section is to discuss some relative advantages
and disadvantages of the mentioned interpolation approach.

With respect to interpolation in the DDSW, if it is suspected that the change in indices
is not sufficiently linear between already measured thicknesses, one or more additional
thicknesses can be measured and interposed to accommodate the nonlinearity. An extreme
case is illustrated in Figure 32a, where the resonance peaks in k-value for two witness
sample thicknesses are separated by 300 nm in wavelength. The dashed line shows what
the interpolation results with the current DDSW would look like in the dashed line. This
is clearly not a good representation of reality. Figure 32b shows the case for even as little
as 20 nm separation in the resonance peaks, where there is still some error in the vertical
direction. To correct this limitation requires two-dimensional interpolation in both index
(vertical) and wavelength (horizontal) which is delt with below. However, the practical
applications which have been examined here do not seem to suffer from this limitation.
Figure 33, from Medwick et al. [14], shows the wavelength shift with layer thickness in
a real-world example of very thin silver layers. The severity of this limitation seems to
be related to the aspect ratio of the vertical scale to the wavelength scale. Stenzel [22] has
extensive discussions of these subjects and many example curves of n- and k-values versus
wavelength, particularly in Chap. 12 on metal island films. It seems that all Stenzel’s figures
would be reasonably well represented by the current DDSW interpolations.

4.3. The Triple Dispersion Software (TDSW) Approach

The earlier publication [13] on the DDSW approach was limited to interpolation in the
vertical direction only. The interpolation in the additional dimension to solve the problem
of Figure 32 has recently been worked out. This new approach is designated as triple
dispersion software (TDSW) to differentiate it from DDSW. Figure 34 shows a simulation
of two measured thicknesses of indices plotted in solid curves plus three interpolated
thicknesses plotted in dashed curves. The first steps in the interpolation process are to
determine the peaks of the two measured curves and interpolate the peak position for
the thickness to be interpolated. Figure 35 shows the next steps which are to shift the
measured curves in wavelength to match at the new peak wavelength and to scale each of
the measured curves to match the new peak magnitude. Figure 36 shows these new curves
of Figure 35 on an expanded scale. In this case, interpolated wavelength values of 75%
between the first and second measured and scaled curves all at the same selected magnitude
(vertical) levels are calculated. The resulting interpolated curve is the desired result as seen
in Figure 37 in the dashed curve between the two solid curves for the measured values.
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Figure 32. (a) Resonance peaks in k-values 300 nm apart for two thicknesses of metal island films.
Dashed line shows erroneous interpolation. (b) Resonance peaks in k-values only 20 nm apart for
two thicknesses of metal island films. Dashed line shows erroneous interpolation.
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scale each of the measured curves to match the new peak magnitude.
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Figure 37. Resulting interpolated curve is the desired result in the dashed curve between the two
solid curves for the measured values.

Figure 38 shows similar hypothetical curves of k-value of index of refraction cases
where the peak shifts in wavelength and magnitude. The TDSW process is applied here
for changes in thickness of 25%, 50%, and 75% from the highest peak to the lowest peak
of the measured values. This figure points out two residual limitations of even the TDSW
approach which are circled in the figure. The circle on the left shows that the wavelength
range of the interpolated vales become truncated to only those wavelengths which are
common to both measured curves after shifting to the interpolated wavelength. The circle
on the right shows that any features in the two measured curves which do not shift in
wavelength with thickness may be distorted.
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The thrust of the present work has been to make a practical tool for the thin film
designer to be able to design optical thin films on the order of 10 nm thick or less with a
reasonable expectation of obtaining the same results when those designs were fabricated.
No explicit formulation of a mixing model of type (6) or (7) needs to be assumed here.

4.4. Closed Ultrathin Metal Films

Clearly, thickness-dependent optical constants in ultrathin metal films may be ob-
served even when the films are closed. In Figure 39, three scenarios are visualized which
may—for different reasons—give rise to thickness-dependent optical constants.
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Figure 39. (a) metal island film; (b) closed smooth ultrathin metal film; (c) rough metal film as a
superposition of situations (a,b).

Figure 39a shows a schematic picture of a metal island film. In general, its effective
optical constants may change when changing shape, size, and distance between the islands.
Typically, all the mentioned geometrical parameters are dependent on the effective film
thickness (compare [7]), which results in the observed thickness dependence of the effective
optical constants of metal island films.

Nevertheless thickness-dependent optical constants in ultrathin metal films may
be observed even when the films are closed and smooth (Figure 39b). An example is
provided by mean free path effects which occur when the film thickness (here dc) is smaller
than the mean free path a conduction electron in the corresponding bulk material would
have [36–38]. Representative data for the mean free path of conduction electrons in bulk
metals may be found for example in [39], for typical metals it ranges between several
nanometers and a few nanometer decades; it is thus in agreement with the thickness range
that is in the focus of our study.

Therefore, the methodology developed in the present study may also be applied
to design problems that include such types of closed but ultrathin metal films. It has
thus a rather broad application potential that may be extended to design procedures of
modern optical elements such as magneto-optical hypercrystals [40] or photonic crystals
with topological bandgaps [41].

For rough metal films in the thickness range of one or a few nanometer decades,
the Figure 39c may be of practical relevance. It shows a rough closed metal film as a
superposition of a closed smooth film with metal island films on its surfaces. Clearly, the
closed part of the rough film and its surface areas provide different contributions to the full
optical response of the rough film. Then, if the total thickness d is much smaller than the
incident wavelength, the effective optical constants of the rough film may be modelled as
a biased superposition of the optical response of the closed part of the film and the two
island films on the surface. The situation is similar to what has been developed earlier for
modelling optical constants in dielectric rugate filters (“flip-flop” method [42]), where a
sequence of ultrathin high- and low-index layers is used to model a medium refractive
index. The particular relations between dc and disland film (Figure 39c) may again result in a
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thickness dependence of the resulting effective optical constants of the rough film, which
will be specific for the chosen materials and film preparation methods.

We finally note that as an alternative approach, metal island films as well as rough
closed metal films have successfully been modelled in terms of the rigorous coupled wave
approach (RCWA) [43,44]. In these models, the geometric features of the island assemblies
or the surface roughness profile are assumed to obey strong lateral periodicity.

5. Summary

It was the primary purpose of this study to develop and describe an approach that
allows considering the thickness dependence of optical constants in a practical optical
coating design procedure. The focus was on conceptual simplicity and robustness in order
to make the method applicable for use in a coating manufacturing environment. In manu-
facturing conditions, spectrophotometric or spectral ellipsometric thin film characterization
is usually available, while there is usually a lack of sophisticated characterization tools
for investigating the submicrometer or nanostructure of films (electron microscopy, X-ray
diffraction or the like). Therefore, our method makes use of optical constants determined
from differently thick films and the corresponding thicknesses as the only input parameters.

The need for and advantages of double dispersion software (DDSW) as well as triple
dispersion software (TDSW) to accomplish interpolation of optical constants has been
demonstrated. The need for silver and associated materials and processes to provide thin
silver layers which have bulk-like indices has been shown in terms of practical examples.
Design calculations were presented for two circles of problems: Low-E coatings for archi-
tectural glasses and black mirrors. Both examples verify the effectiveness of the developed
interpolation procedures.

The developed approach has been discussed in relation to two classes of optical mixing
models: The first class is based on the local field theory and embodies such important mod-
els such as the Lorentz–Lorenz model, the Maxwell–Garnett approach, and the Bruggeman
effective medium theory. The second class is based on the Lichtenecker formula, and our
approach may be treated as an adapted version of that Lichtenecker approach. Its robust-
ness is primarily caused by the special choice of the input optical constants: Instead of
making use of bulk optical constants of pure materials, in our approach experimental opti-
cal constants that stem from relevant reference samples are directly used. As a consequence,
the method is not limited to island films, but also to closed films with thickness-dependent
optical constants.

The effects of seed layers on the properties of the subsequently deposited metal films
have been briefly addressed. Seed layers are of practical use for reducing the surface rough-
ness of rather thick metal reflector coatings, and thus maximize their reflectance [45,46]. If
the metal reflector film is sufficiently thick, no incident light will reach the seed layer, so
that the optical constants of the seed layer are of no relevance for the measured reflectance.

Let us finally mention the tremendous significance of any kind of ultrathin metal
films in the design of so-called plasmonic solar cells (for reviews see [47,48]), as well as
for metamaterials [49] and metasurfaces [50]. These modern research and development
directions define further application fields of design tools specified to deal with metal films
with thickness-dependent optical constants.
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