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MULTIPLICITY AND CONCENTRATION OF POSITIVE SOLUTIONS
FOR THE FRACTIONAL SCHRODINGER-POISSON SYSTEMS
WITH CRITICAL GROWTH

ZHisu Liu! AND JIANJUN ZHANG2?

Abstract. In this paper, we study the multiplicity and concentration of solutions for the following
critical fractional Schrodinger—Poisson system:

(L) u+ V(@)u+ du = f(u) + [u** "*u in R?,
(=0)'¢=u’ in R?,

where € > 0 is a small parameter, (—A)“ denotes the fractional Laplacian of order a = s,t € (0,1),
where 2}, = ﬁ is the fractional critical exponent in Dimension 3; V € C*(R?,R™) and f is subcritical.
We first prove that for € > 0 sufficiently small, the system has a positive ground state solution. With
minimax theorems and Ljusternik—Schnirelmann theory, we investigate the relation between the number
of positive solutions and the topology of the set where V' attains its minimum for small e. Moreover,
each positive solution ue converges to the least energy solution of the associated limit problem and

concentrates around a global minimum point of V.
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1. INTRODUCTION

In this paper, we are concerned with the following fractional nonlinear Schrédinger—Poisson system with
critical growth
272y in R3,

{6 (—A)ut V@t du= fu) +|u (L1)

— u
(=) =u? in R?,
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where € > 0 is a small parameter, (—A)* denotes the fractional Laplacian of order a = s,¢ € (0,1), 2}, = 55—

is the fractional critical exponent in Dimension 3. For the potential V', we impose the following assumption:
(V) Ve CHR3 RT) and Vy :=liminf V(z) > Vy = inf V(z) >0,

|x|—o0 zER3
which is firstly introduced by Rabinowitz [32] in the study of the nonlinear Schrédinger equations. The nonlin-
earity f : R — R is of C'! class and satisfies the following conditions:
(f1) f(u)=0for all u < 0 and f(u) = o(u?®) as u — 07;
(f2) there exists 4 < ¢ < 2§ = 3% such that

f(u)

1

lim
u—oo Y4—

:0’

where s € (2,1);
(f3) the function u — fl(;qf) is increasing in (0, 00);
(fy) f(u) > pu? for all w > 0 with some p >0 and o € (3,¢ — 1).

Obviously, it follows from (f;)—(fs) that
0<3f(u) < f'(uwu, 0<4F(u) < f(u)u, Yué€eR,
where F(u) = ;' f(s)ds.

Remark 1.1. Let p € (4,2%) and f(u) = uP~! when u € [0, +00) and f(u) = 0 when u € (—0o0,0), then it is
easy to check that f satisfies the above conditions (f;)~(f;). In view of (f), we have 4 < =5 which implies

) 3—2s7
that s € (2,1).
We remark that, if ¢ =0 then (1.1) reduces to the fractional Schrédinger equation of the form
(=AY u+V(zx)u = f(z,u), =RV, (1.2)

Solutions of equations like (1.2) are related to the existence of standing wave solutions for the following fractional
Schrodinger equations

.0

00— (D) Y+ V@~ [ ), @R, (1.3

where the standing wave solutions have the form
P(z, h) = u(ac)efg reRY heR,

where E is a constant, u(z) is a solution of (1.2). The fractional Schrodinger equation was introduced by
Laskin [28] and arises in fractional quantum mechanics in the study of particles on stochastic fields modeled
by Lévy processes. The operator (—A)® can be seen as the infinitesimal generators of Lévy stable diffusion
processes [1]. Recently, many mathematical investigations on problem (1.2) have been devoted to the case where
either ¢ = 1 or V' and f satisfy some various conditions. See for example [12,13,22,23,28,37]. In particular,
when f is of subcritical growth and satisfies the following conditions:

0 <pF(u) <uf(u),  [f(uw)]<ar+azlull™

and the map u — wu~'hf(uh) is increasing on (0,00), h € R, where aj,as > 0, p € (1,2%), and p > 2,
Secchi [36] made use of minimax methods to prove the existence of nontrivial solutions for (1.2) with f(z,u) =
f(u). By using the Lyapunov—Schmidt reduction method, Davila, Pino and Wei [15] studied the existence and
concentration phenomenon of solutions for (1.2) with f(x,u) = u?, p € (1,2%) (see also [13,16]). Notice that the
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arguments of [13,15,16,21] heavily rely on the uniqueness and non-degeneracy of ground state solutions to the
corresponding autonomous problems which have been proved in [22,23]. In [42], the concentration phenomenon
of ground state solutions was investigated around the non-degenerate critical point of the potential V. Using the
penalization method, Alves and Miyagaki [2] also considered problem (1.2) in the subcritical case and obtained
a positive solution concentrating around a local minimum point of V' as € goes to zero. As for critical problems
driven by the fractional Laplace operator (—A)%, Shang and Zhang [41] investigated (1.2) with f(z,u) =
Af(u) + |u|/*u and obtained some interesting results, where A > 0 is large and f € C(R3,R) satisfies the
following conditions

f(u) =o(u) asu — 0, fuw)u > 0for u##0, f(u)=0 for u <0,

f(u) (1.4)

is strictly increasing on (0, 00), [ f(u)] < ¢(1+ [ulP™1), ¢ >0, p € (2,2%).

As shown in [41], ground state solutions and multiple nonnegative solutions exist for large A > 0 and V
satisfying ('), and the number of solutions are related to the topology of the set where V' attains its minimum.
We have to point out here that to overcome the obstacle due to the appearance of the critical nonlinearity
term, the parameter A > 0 should be large enough in [41]. When € = 1, Servadei and Valdinoci [38] showed that
the famous result by Brezis and Nirenberg for the Laplace equations also hold for the nonlocal setting of the

following problem:
(=A)u — Au = |u
u = 07 €T € RN \ Q,

22y, x € 02,

(1.5)

where \ is a positive constant, 2 € R" is an open bounded domain with a Lipschitz boundary. For more related
results, we refer the readers to [38,44] and the references therein.

Observe that, taking formally s = ¢t = 1, then system (1.1) reduces to the classical Schrédinger—Poisson
system:

_ .2 = in R?
{ eLu+V(z)u+ Apu = f(u) in R, (1.6)

—e2 N = u?, in R3,

whose existence, nonexistence and multiplicity for both bound states and ground states have already been widely
studied since it was introduced in [8]. For instance, we refer the readers to [4-6,29,34] and the references therein.
For (1.6) with f(u) =u” (1 < p < 5) and A contained in some intervals, Ruiz [34] obtained some general results
about the existence, nonexistence of ground state solutions, while Ambrosetti and Ruiz [6] obtained the existence
of multiple bound state solutions. In the case where —u+ f(u) satisfies Berestycki—Lions’ assumptions, Azzollini
et al. [4] showed that the existence of nontrivial solutions is determined by the parameter A. Recently, there
are also some results on the semiclassical state of system (1.6) when the potential V' and nonlinearity f satisfy
different conditions. For example, He [25] studied the multiplicity and concentration of positive solutions and
proved that positive solutions concentrate around the global minimum of the potential V' in the semi-classical
limit. For system (1.6) with f(u) replaced by b(z)f(u), Wang et al. [45] studied the existence of the least energy
solutions, and also investigated the concentration behavior of ground state solutions. He [25] and Wang et al. [45]
only considered the subcritical case. For the critical case, He and Zou [26] proved that system (1.6) admits a
positive ground state solution concentrating around the global minimum of the potential V' and also studied
the exponential decay of ground state solutions. For more results on the semiclassical states we refer the readers
to [3,27,30,33,48] and the references therein.

Very recently, Giammetta [24] cosidered the evolution equation associated with the following system in

Dimension one ( ) (@)
—MN)u+ Apu = g(u) in R,
(1.7)
(=D = \u? in R.
In this case, the diffusion is fractional only in the Poisson equation and local and global Well—posedness of the
Cauchy problem associated with the above system were obtained in [24]. Soon, Zhang, Do O and Squassina [49]
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investigated the more general system

—A)*u u = g(u) in R3
{(A) +A¢u = g(u) in R?, (1.8)

(=N p = \u? in R3.
Precisely, in [49] they considered the following subcritical case with Berestycki-Lions conditions which were
firstly introduced in [9] and critical case with a general nonlinear term:

(H1) g € C(R,R) is odd;
g(w)

(H2) —oo < liminf, o+ £ <limsup, o+ GEL“) =-—m < 0;
(H3) —oo < limsup,,_,g+ % <0, where | = gfgi,
H4) there exists ¢ > 0 such that G({) := gg w)du > 0,
0
and

(H2) lim % = —a < 0;
(H3) ] e =b>0;

(H4') there exist D > 0 and ¢ € (2,2%) such that g(u) + au > bu® ' + Dud=" for all u > 0,

respectively. The authors in [49] proved that (1.8) admits a positive radial solution if A > 0 small enough.

To the best of our knowledge, the existence and concentration behavior of the positive solutions to (1.1) have
not ever been studied by variational methods. Motivated by the above facts, the main purpose of this paper is
to investigate the multiplicity and concentration of positive solutions to problem (1.1) involving critical growth.
Notice that, in [49], the ground state solutions are obtained in the radially symmetric space H?(R?), where
H:(R3) := {u € H*(R3) : uisradial}, because the embedding H:(R?) — LP(R3) (2 < p < 2%) is compact.
Notice that H*(R?) will be defined in Section 2. In this paper, however, we do not require that the function V is
radial in R3. Therefore, we have to use the standard space H*(R?) to take the place of H2(IR?). Due to the lack
of compactness of the embedding H*(R3) < LP(R3), p € (2,2}], some difficulties arise in using the variational
methods in a standard way. Thus, some new estimates for (1.1) involving Palais—Smale sequences, which play
a crucial role in the variational approach, are needed to be re-established and some more tricks are needed. To
describe our main result, we set

6 :={xcR®|V(x) =V}

In view of the assumption (V), we can easily see that the set © is compact. For every § > 0, define O5 :=
{x € R3 : dist(z,0) < §}. We recall that, if Y is a closed subset of a topological space X, the Ljusternik—
Schnirelmann category catx(Y') is the least number of closed and contractible sets in X which cover Y. Now
we state our main results.

Theorem 1.2. Assume that (V) and (f1)~(f1) hold and let s € (3, 1), then there exists €o > 0 such that, for any
€ € (0,¢0), system (1.1) has one positive ground state solution (u.,¢.) € H*(R?) x D¥2(R3), where D"2(R?)
will be defined in Section 2.

Theorem 1.3. Assume that (V) and (f)—(fs) hold. Let s € (2,1), then for any 6 > 0, there exists €5 > 0 such
that, for any € € (0,¢5), system (1.1) has at least cate,(©) positive solutions in H*(R3) x D"2(R?). Moreover,
if (ue, @) denotes such a solution and n. € R? is a global mazimum point of u., then

hr% V(ne) = V.
For such an ne, ve(x) = ue(ex + ne) converges to a positive ground state solution of
(=L)u+ Vou + ¢upu = f(u) + |u
where ¢, will be defined later.

Lty we H*(R?),
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Remark 1.4.

(1) Indeed, in our arguments it is not hard to see that the positive ground state u. in Theorem 1.2 has a similar
concentration behavior as in Theorem 1.3.

(2) We observe that, in [40,41] the authors used Ljusternik—Schnirelmann theory to investigate the multi-
plicity of nonnegative solutions for fractional Schrédinger equations with critical growth. However, in the
present paper, we not only obtain the multiplicity of positive solutions for the critical case of the fractional
Schrodinger—Poisson system but also investigate the concentration behavior of each positive solution as e
goes to zero. Indeed, the arguments of [40,41] are difficult to be used to get positive concentrating solutions.

(3) It is worth pointing out that, in [49], authors studied a class of fractional Schrédinger—Poisson systems with
more general critical nonlinearities than that in the present paper, and obtained the existence of positive
ground state solutions in the radial symmetric space for A > 0 small enough. However, our results still hold
for any A > 0 even if the term ¢u is replaced by A¢u in system (1.1).

Remark 1.5. Compared with the classical Schrodinger equations, there are only few references on the con-
centration phenomena for fractional nonlinear equations, because the different definitions of local and nonlocal
operators cause that some techniques developed for the local case can not be adapted immediately to non-local
case. In our arguments, we summarize three points as follows to illustrate this fact.

(1) Additivity. The nonlocal operator does not satisfy the following identity:

/ (—A)uf?de = / (—A)*u Pda + / (—A)utPda,
R3 R3 R3

where ©~ = min{u,0} and u* = max{u,0}, which is different from the classical local operator. We need
extra arguments based on the comparison of the critical energy value of I, with the best fractional critical
Sobolev constant in order to obtain the non-negativity of weak solution u (see Prop. 3.4).

(2) L°° bound. Integration by parts of the nonlocal operator is different from that of the local operator. So the
classical Moser iterative method is very difficult to be used to get L> bound of nonnegative weak solutions
for the non-local case. So we borrow the idea from Barrios et al. [10] to obtain the boundedness of the weak
solutions.

(3) Holder estimates. In order to get the concentration properties, we need to use some local Holder estimates
of positive solutions w, together with the regularity of the solutions to obtain decay estimates (that is,
Uun(x) — 0 as n — oo uniformly for n). However, the classical results on Holder estimates of Schrodinger
equations are not adapted to the fractional case. To overcome this difficulty, together with the regularity,
we use a Holder estimate result of the non-local case developed by Silvestre (see Thm. 5.4 of [39]) to obtain
decay estimates of positive solutions u,,. It is a key point in studying concentration properties.

Throughout this paper, C' > 0 denotes various positive generic constants. We denote by ||- ||, the L” -norm and
o(1) by the quantity which tends to zero when n — oco. For any p > 0 and z € R?, B,(z) := {z € R : |z—z| < p}.
The symbol / — stands for the weak convergence in H*(R?).

The remainder of this paper is organized as follows.

e In Section 2, some notations and preliminaries are presented.

e In Section 3, we prove the existence of positive ground state solutions to the limit equation associated
with (1.1).

e Sections 4 is denoted to proving Theorem 1.2. By virtue of the Mini-max approach (see [43]) and a new
compactness lemma, we recover the compactness of (PS) sequence and get the existence of positive ground
state solutions.

e In Section 5, we borrow an idea from Wang [46] to obtain the concentration phenomenon(see also [26,45]),
and the proof of multiplicity relies on the standard Ljusternik—Schnirelmann category theory (see [7]).
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2. PRELIMINARY

In this section we outline the variational framework for problem (1.1) and give some preliminary lemmas. We
first give some useful facts of the fractional order Sobolev spaces (see [17]).
For any «a € (0, 1), the fractional Sobolev space H%(R?) is defined by

34+2a

H(R?) = {u e 2R &) Z Wl 2 s R3)} ,
r—yl 2z

endowed with the natural norm

u(@) —uy)P . \*
[l e = (/R |u\2da:—|—/RS | i«_yma dady |

e (/R %Mdmy)%

is the so called Gagliardo semi-norm of w. It is well-known that the fractional Laplacian (—A)® of a function
u: R?® — R is defined by

where the term

(=) %u(e) = FTHIEPY(Fu)(z), VEER?,
where F is the Fourier transform, i.e.,

F(u)(€) = ﬁ /RS exp(—2mi - z)u(x)dz,

i is the image unit. If u is smooth enough, it can be computed by the following singular integral

a u(z) — u(y)
(—A) ’LL(.’L') = CaP.V. s {IETWdy, x € R3,

where ¢, is a normalization constant and P.V. stands for the principle value. Now one can get an alternative
definition of the fractional Sobolev space H®(R?) via the Fourier transform as follows:

HY(R?) := {u € L*(R3) : / €2 al2d¢ < oo} ,
R3

endowed with the norm )

lulla = ([ 1+ giapag)

where @ = F(u) denotes the Fourier transform of u. It is easy to know that || - || o is equivalent to || - ||«-
The homogeneous Sobolev space D%?(R?) is defined by

D*?(R3) = {u e L% (R%) : |¢]°a € LQ(R3)} ,

which is the completion of C§°(R?) under the norm

fullows = ( [ -2 2upar) = ([ jereiapag)

Now we introduce the following Sobolev embedding theorems.
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Lemma 2.1 (see [35]).

For any a € (0,1), H*(R?) is continuously embedded into LP(R?) for p € [2,2%] and compactly embedded into
LY (R®) forp e [1,2%).

Lemma 2.2 (see [14]).

For any a € (0,1), D*?(R®) is continuously embedded into L*~(R3) and define

fR3 |(_A)a/2u|2d73_

Se =
“ ueD“»IQ(RS)\{O} (fgs uada)?/2

Lemma 2.3 (see [36]).
If {u,} is bounded in H*(R3) with s € (0,1) and

n—00 yeR3

lim sup/ [, |?dz = 0,
B,,(y)

where r > 0, then we have u,, — 0 in L*(R®) for v € (2,27).

It follows from Lemma 2.1 that H*(R3) is continuously embedded into L5+2 (R3) if 2t+4s > 3. For u € H*(R3)
and € > 0 fixed, define a linear operator T, : D?(R3) — R as follow:

1
Tu(v) := =0 /]Rs u?vdz.

So, from Lemma 2.2 we deduce that T, (v) < ﬁHuH%/(M%)Hng; < = C||u?||v] pr.2, which implies that T, is
well defined and continuous in D%2(R3). It follows from the Lax-Milgram theorem that, for every u € H 5(R3),
there exists a unique ¢, € D"?(R?) such that €**(—A)'¢,+ = u®. Moreover, for z € R3,

- 1 u?(y) 1
Put 1= ﬁct /RS Wdy = ﬁfﬁu,t, (2.1)
r(3-21)
)
can be rewritten as the following equivalent form

where ¢; 1= . Notice that formula (2.1) is called as the ¢-Riesz potential. It follows from (2.1) that (1.1)

by, we H%(RY). (2.2)

1
e (=L) u+ V(ahu+ upu = f(u) + [u
Now we summarize some properties of ¢,, ¢, which will be used later.

Lemma 2.4. For any u € H*(R?) with s € (3,1), we have

(D) [16utlpes = fga bupuide < CHUH‘%;

(2) ¢dus >0, z € R3;

(3) if y € R? and u(x) = u(z +y), then dai(x) = put(x+y) and [ps dau’de = [os Gy ude;

(4) if up, — u in H*(R3), then ¢y, — ¢, in DH2(R?).

(5) if u, — u in H*(R?), then Jzs Gu,, tlun|?dr = Jzs Pl —uy,t (Un — u)?dz + Jgs Gut|u)?dz + o(1).

Proof. The proof is similar as those in [34,47], so we omit the details here. O

The lemma below provides a way to manipulate smooth truncations for the Laplacian see [31].
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Lemma 2.5. Suppose that 0 < 2a < 3 and u € D*?(R3). Let ¢ € C§°(R?) and for eachr > 0, o.(z) = ¢(x /7).
Then

up, — 0 in D**(R?) as r — 0.

If, in addition, ¢ = 1 in a neighborhood of the origin, then
up, — u in D*?*(R?) as r — oo.
From now on, assume (V) and (f;)—(f1) hold. Making the change of variables x — ez, we rewrite (2.2) as follows:

(=A)*u+ V(ex)u + ¢uu = flu)+ [u/*>"tu, ue H(R®). (2.3)

Then to study problem (1.1), it suffices to consider problem (2.3). Let H, be the Hilbert subspace of H*(R?)

under the norm
loll = ([ latora + [ vieolupas)

Define the energy functional associated with (2.3) by

1 1 1
I(u) = EHUHE + 1 /]R3 ¢u,tu2d$ — /Rs F(u)dzx — o /]R3 |u

which is of C' class and whose derivative is given by

2 de, (2.4)

%2y vdx (2.5)

= [ () u=0) 0+ Vi + b, a0)de = [ () +

for all v € H*(R?). Critical points of I are called as weak solutions of system (2.3).
In the sequel, we need a compactness lemma to handle the difficulty due to the lack of compactness in the
embedding H*(R?) — LP(R3) for p € (2,27).

Lemma 2.6. If (V) holds with Va = oo, then H, — LP(R3) is compact for p € [2,27).
Proof. For any fixed € > 0 and assume that {u,} is a bounded sequence in H,. It follows from Lemma 2.1 that

there exists uy € He such that u,, — ug in H and u,, — ug in L} (R?) for p € [1,27). We claim that for every
e > 0 there exists R, > 0 such that

/ lup|?dz < e. (2.6)
|z|> R
Indeed, for any fixed € > 0, choosing M > @, by (V) there exists R. > 0 such that V(ex) > M for |z| > RL.

Then we have
V 2
[ hfers [V g IE
lo|> R, ol>r, M M

From ug € H,, we can find R. > R. such that f\x\>R |up|?dx < e. Then

/ [ty — uo|?dz = / |y, — uo|?dz —|—/ |1, — uo|?dz < 3¢,
R? |2|>R- |z|<R-

for large n, which implies that u, — ug in L?(R?). Let v, := u, — ug. It follows from Lemma 2.3 that u, — uo
in LP(R3) for p € [2,27). O
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Let
Ne:={ue H\ {0} : I'(u)u = 0},

then A, is a Nehari manifold associated to I.. It follows from the Implicit Function Theorem that N is a
C'-manifold. Moreover, I, is bounded below on A.. So we can consider the following minimization problem:

ek = inf I.(u).

uENe

Recall that I. satisfies the Palais—Smale condition at level ¢ ((PS). for short) if every sequence {u,} C H.
satisfying I.(u,) — ¢ and I’(u,) — 0 in HZ' possesses a convergent subsequence in H,.
Now we state some properties of ¢, I, and N..

Lemma 2.7. If the assumptions (V), (f1)—(f4) hold, then the following statements hold.
(i) If {un} is a (PS). sequence in H, then u, — u for some u € H. and I'(u) = 0.
(ii) For every u € H \ {0}, there is a unique hy, > 0 such that hyu € N and

I.(hyu) = I}I}g{)}( I (hu).

(iii) For every u € N, there exists C > 0 such that |lulle > C.
(iv) Let {un} C Hc satisfying I/(un)un — 0 and [ps(f(un)tn %)dx — 7 as n — oo, where T > 0, then
up to a subsequence, there exists hy, > 0 such that I'(hyuy)hyu, =0, and hy, — 1 as n — oc.

Proof.

(i) From the conclusion (4) of Lemma 2.4 we can easily prove (i).
(ii) Let u € H, \ {0} be fixed and let g(h) := I.(hu) for h > 0. We observe that ¢’(h) = I’(hu)u = 0 for h > 0
if and only if hu € N,. Observe that g'(h) = 0 is equivalent to

2
/¢u,t|u\2dx '“” /f LI
RS

which immediately implies that the right side of (2.7) is an increasing function of A > 0 by (f4). It is easy to
see that g(0) = 0,g(h) > 0 for h > 0 small and g(h) < 0 for h large. Hence, there exists a unique h(u) > 0 such
that ¢'(h(u)) = 0, i.e., h(u)u € N. Moreover, I.(h(u)u) = maxp>o I (hu).

(iii) For any € > 0, it follows from (f1) and (f2) that there exists C. > 0 such that

2.7)

|/ ()] < eful + Celul* ot (2.8)

[F(u)] <3 \ul2

2 o=l

Notice that for every u € N, we have I/(u)u = 0. Let € < 3, then by Lemma 2.1

0= ||u||3+/3 Bu /. f<“)“dw‘/Rs

1
> Z 2
> 2 -

which implies that ||u|lc > C, where C' is independent of u.
(iv) Let {un} C H. and satisfy I’(un)u, — 0 and fRS(f(un)un
that {u,} C H¢ is bounded and

2:)dac — T as n — oo. It is easy to get

liminf ||uy,|le > 0 and liminf ||u,
n—0o0 n—oo

2: > 0. (2.9)
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It follows from (ii) that, for each n € N, there exists h,, > 0 such that hyu, € N,. Then,

which implies that {h,} C RT is bounded. Up to a subsequence, we assume that h, — A for some A > 0.
Obviously, A # 0. Otherwise, there exists a subsequence of {hy,}(still denoted by {h,}) such that h, — 0 as
n — oo. By (f1)—(f2), there exist Cy,Cy > 0 such that

2

Un

2
bl .10,

xz,

< / <01|un|4 +02h$;4|un|q>dx+hns
R3

which yields by (2.9) a contradiction for large n. So A > 0. In view of (f;)—(f2), we infer that for any e > 0,
there exists § > 0 such that |f(s)| < |s|? ~1, for |s| > Ad/2. Let 2,(6) := {x € R3 : |u,(x)| > 6}, then for n
large, h, € [A/2,2A] and

/ [f (hnun) — f(Auy)]upde| <
R3

[ Uain) = s unda| +] [ () = SR
2,,(0) R3\ 2, (9)

§(1+22**1)A2“15/ lun|* dz + [(hn, — A)| max |f/( )\/ |ty |2 da
R3 |s|<2A8 R3

= (1—|—22*_1)A2*_1€/ un|? da + 0, (1).
R3

By the arbitrary choice of e, we get [os[f (hntin) — f(Aun)|un, — 0 as n — oo, which yields that

/ [f (hnun)hpn — f(Auy)Au,)dz — 0, n — oco.
R3

Then, by (2.10) we have

which, together with I/(uy)u, = o(1), implies that
1 flup)uy — f(Aun)us, 254 2:
1o — ) flun|? = Jin _ Un _ A% olZ 1). 2.11
(1= )t = [ (En - SRR Y o 1 iy do+ol).  (21)

If A> 1, then by (f3) we have

1 2 274 2
0<<1—E>|un|e<(1—As )/R3 sdr <0
for large n, which is impossible. If A < 1, then by (f5) we also have
1 . .
0> <1_E> un|? < (1 — A%~ %dz >0

for large n, which is impossible. Hence, A = 1. The proof is complete. U
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The functional I. satisfies the mountain pass geometry.
Lemma 2.8. The functional I. has the following properties.

(i) There exist , p > 0 such that I.(u) > « for ||ulle = p;
(ii) There exists e € H, satisfying |le|le > p such that I.(e) < 0.

The proof of Lemma 2.8 is standard and hence is also omitted. Let

ce = inf sup I.(y(h)) >0,
Y€ helo,1]

where I' := {y € C1([0,1], H,) : I.(7(0)) = 0,I.(y(1)) < 0}. By Lemma 2.8 and the mountain pass theorem
without (PS) condition (see [43]), there exists a (PS)., sequence {u,} C H, such that I (u,) — ¢c and I (u,) — 0
in H-!. Motivated by [32], we also have the following equivalent characterization of c,, which is more adequate
to our purpose.
Lemma 2.9.

ce=cr=c:= inf maxI/(hu)>0. (2.12)
u€HAN\{0} h=0

Proof. Indeed, it follows form Lemma 2.7(ii) that ¢} = ¢*. Notice that for any v € H, \ {0}, there exists
some hg > 0 large, such that I.(hou) < 0. Define a path v : [0,1] — H. by v(h) = hhou. Clearly, v € I" and
consequently, ¢, < ¢&*. On the other hand, for every path v € I', let ¢(t) := I.(v(¢))7y(¢), then g(0) = 0 and
g(t) > 0 for t > 0 small. Meanwhile, by (f3)

AL(y(1) = I (v(1)v(1) = 0,

which implies that g(1) < 4I.(y(1)) < 0. Then there exists to > 0 such that g(to) = 0, i.e., v(to) € Ne. So
c <ce. O

3. THE LIMIT PROBLEM
In this section, we consider the existence of ground state solutions to the following equation

(=A)u + pu+ by pu = f(u) + [u)>tu, uwe H(R?), (3.1)

where ;1 > 0 and the associated energy functional is

1 1 1 1
nw) = [ lela@ e+ [ (G jonnt)ao- [ (F@+ g

S

22) dz. (3.2)
The Nehari manifold corresponding to I, is defined by
Ny ={ue H*\{0} : I (u)u = 0},

where H* = H*(R®) with the norm [jull3, = [gs [€]**]a(£)[?dE + [ps pu?da. Define the ground state en-
ergy m,, by

It is easy to check that m, and N, have properties similar to those of ¢} and N, which have been defined in
Section 2.
In the following lemma, we give an upper estimate of the minimax level m,,.
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Lemma 3.1. For any pu > 0, there exists some v € H"* \ {0} such that

I,(tv) < 525
e u(tv)

3
In particular, m, < $53°.

Proof. Tt follows from [38] that S5 can be achieved by

U\ T) 1= EEG
o N vl

for any fixed € > 0, where k € R, § > 0 are fixed constants. Let 7 € C§°(R?) be a cut-off function with support
B3 (0) such that n =1 on B(0) and n € [0,1] on Bz(0). Define U.(z) = n(z)u.(x), from [38] we have

(-0) U)o = SYE) 4 O ), [ (Ui = 5V 1 O, (3.3)
R3 R3
and
/ |U?dz = C37% + O(e*), (3.4)
R3
< —2s)q 6
L|9dz = O(3= 57 & 4 : :

/|U\ x=0(e )for g € Ty (3.5)

Let v, = HU I be such that [pq [(—2)%2v.(2)[?dz < S5 + O(e372*). Moreover,

/]R3 lv-|2dx = O(£7%), (3.6)

/ [ve|?dx = O(e*~ = )for q€ <4 3 _628> : (3.7)

In view of the definition of m,,, we infer that m, < max I,,(A\v.). Define

A2 >\2

y() = S llvellbes — 2d

Tt is clear that y(\) attains its maximum at

1

H'Us‘ 2D5 2 %2 2*2 2
A = — " v s,

0 (]}RS |U5 2dx ” E‘D :

. 2
and y(Xo) = S|vell gos Jv=l|%e2 — QL bea - It is easy to see that y(\og) < £52 + 0(e*?%). Observe that
there exists A" € (0,1) such that for e < 1,

Ve |

max I,(\v:) < ma LH%H%{# + )\4/ bu. t|vePdz| < S (3.8)
X e) > X ) e . .
aefon] AE[0,N] 2 4 et

Tt follows from (fy) that

A2|loc3 | A pATH! . A
I,(Mve) < % + Z/RS Do tlvel*dr - o+1 /Rs Joe| 7 dz — 23 /RS e

% dx,
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which, together with (3.6) and (3.7), implies that there exists eg € (0, 1) such that )\lim I,(A.) = —oo uniformly
for € € (0,ep). Thus, there exists \” > 0 such that for € € (0, g),

s 3
I,(\ -53°. 3.9
AeVf00) w(hee) < 37 (39)

On the other hand, from the definition of I,,, Lemma 2.4, (f;) and (3.6)—(3.7), we derive that

A A2
max IH()"UE) < max y()‘) +/ (_¢ug t us‘z + _|U€‘2)dw _/ F()\’Us)dl'
rs 4 ’ 2 R3

AEN A7) ~ A€(0,00)

s 3 B Aa’-‘rl )\2
<3S 0 )+ oy, 2o [ e+ G [ P

< SSF 40P 40 (i) - o ()

3
< gz (3.10)
733 .

for small € > 0 since 3 — % < min{3 — 2s,2¢ + 4s — 3}. Therefore, it follows from (3.8)—(3.10) that

3

my, < §55°. O
3

Remark 3.2. Notice that from the lemma above, in case V. < co we have my,, < §55°.

3
Lemma 3.3. Let {u,} C H" be a (PS),, sequence for I,, where m, < 5S2°. Then one of the following
conclusions holds:

(a) up — 0dn H*;
(b) there exists a sequence {y,} C R® and constants R, > 0 such that

lim inf uidx >7>0.
70 JBr(yn)

Proof. Suppose that (b) does not occur. It follows from Lemma 2.3 that u,, — 0 in L”(R?) for v € (2,2%). We
observe that, by (f1) and (f2), for any £ > 0, there exists C. > 0 such that f(u,) < €|un| + Cclu,|?. Then, we
have fRS F(up)dz — 0, fRS flup)updr — 0, asmn — oo. On the other hand, from Lemma 2.4 we derive that
Jgs Gun tlun|?*dz — 0,  as n — oo. In view of the above facts and the behavior of (PS). sequence, we can easily
know that

% dx,

o1) = Lulun)un = o = [l
R3

2 da.

1 1
my, + o(1) = I, (un) = =|[un || % — —*/ [t
2 2% Jgrs

Let 1 := [Jup||3x + o(1), then I = [o, |up

2;-2 3
definition of Ss, we get S; <[ ** , which contradicts m,, = 31 < 35¢°. Therefore, [ = 0. This implies that
uy, — 0in HH. O

2:dz + o(1) and I > 0. Furthermore, my, = 3l. If 1 > 0, then from the

Proposition 3.4. For any pu > 0, problem (3.1) has a positve ground state solution in H*(R?).

Proof. We divide the proof into three steps.
Step 1. Ewistence. It is easy to check that I, satisfies the mountain pass geometry. Thus, there exists a sequence
u, C H" such that I,(u,) — m, and I}, (u,) — 0. Moreover, {u,} is a bounded sequence in H*. Then, up to a
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subsequence, u, — v in H* and u, — u a.e. in R? for some v € H* as n — oo. The weak convergence of {un}
implies that I},(u) = 0. We remark that u € NV}, if u # 0. Using the Fatou’s lemma we get

2 dx

1
my < I, (u) — ZIL(u)u
1
4

< b+ [ 3w ass (- 5) [

1 1 1 1
<timinf ( gllualfpe + [ (00— Flun) Jdot (3= 5-) [ s
n— 00 4 RS 4 4 92 RS

S

2 dx)

Then, I, (u) = m,. Now we consider the case v = 0. Since m,, > 0 and I,, is continuous in H#, we deduce that

|lwn || e #+ 0. It follows from Lemma 3.1 that there exist a sequence {y,} C R? and constants R,7 > 0 such

that liminf [ u2dz > 7 > 0. Set v, (z) = un(z + yn), then we use the invariance of R3 by translation to
Br(yn) "

n—oo

conclude that I,,(v,) — m, and I}, (v,) — 0. Moreover, there exists a critical point v € H* of I, such that, up
to a subsequence, v, — v in H* and v,, — v in L?(Br(0)). Observe that

/ v?dz = lim inf/ v2dr = lim inf/ urdr > 71> 0,
Br(0) "o JBr(0) "7 JBR(yn)

we know v # 0 and similar as above, I,,(v) = m,,. Let w € H" be a ground state solution of problem (3.1). Now,
we claim that v > 0. Using v~ = min{u,0} as a test function in equation (3.1), and integrating by parts, by

Lemma 2.4 we obtain
[coruarsn [ pdes [ uePar= [ o
R3 R3 R3 R3

It is easy to check that for any x,y € R?,

[w™ () —u” ()] =lu*(2) = W)™ (2) — v )] + [u (@) —u” )]

S mH.

z, (3.11)

which yields that

[ corurte=e, [ MAZwOI ) w0,
R3

RS |z — y[3+2s
@) —w @2,
>, / e dady = Ju” e

Then it follows from (3.11) that if u= # 0, [Ju~ 3 > |lu |5 > Sﬁi Similarly, for any z,y € R?, [u(z) —

u(y)]fut (@) — u* ()] = [ut () — u* (). Then we get [ (~A) uutde > Ju* 2., and

S L2 1,
ST > L) = () = 71} (w)u

1, . (1 1 2
> hul+ (5 - ) Il

1. 1 1 T - S
> g s + (5 - 3 ) Il 2 55,

which is a contradiction. So v~ =0 and v > 0.
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Step 2. L>-estimates. We use an iteration method which was firstly introduced in [10] to prove u € L>(R?).
Our argument is similar to that developed in Proposition 3.2 of [10] but we give the details for the reader’s
convenience.

Define
0, t<0

PY(t) = Pre(t) = ¢ 7 0<t<T,
KTt —T)+T5 t>T.

Observe that ¢ is a convex and differentiable function, then (—A)*y(u) < ¢’ (u)(—A)*u. Moreover, ||[¢(u)]|| ps.2 <
KT ul| ps.2. From Lemma 2.2 we have [5 ¢ (u)(—=A)*9(u)dz = [[¢(u)]|F. > Ss|[¢(w)][3.. On the other hand,

since u > 0 solves (3.1), it follows from (f;) and (f) that there exists C; > 0 such that (=A)u < Cru®—!
Then, we have

[ vwaruei < [ sv-arue s e [ s,
R3 R3 R3

which, together with Lemma 2.2, implies that |[¢(u)||3
r(u) that

< % Jgs V(W) (w)u*~1da. It follows from we)’(u) <

Il

u)||3. < C/{/ V2 (u)u® ~2dx. (3.12)
: s

Let k1 = 2%/2, we claim that u € L"1%  Indeed, by Holder’s inequality we infer that

V2 (u)u* "2dx :/ wQ(u)uT;*zdx—i—/ Y2 (u)u® ~2dx
R3 {u<R} {u>R}

g/ ¢* ()R 2z + || (u) 3. (/ uzgdw) ; (3.13)
{u<R} * \/{u=R}

,2*

where R > 0. Clearly, taking R large enough, we get f{u>R}u sdz < (Ckyp)%2 2 . Then, combining (3.12)
and (3.13) we have [|1)(u)]|3 3 <20k, f{u<R} Y% (u)R?*~2dz. Using that ¢7 ., <u* in the right hand side of the

above formula and then letting 7' — oo in the left hand side, by 2r1 = 2 we have ||u||§'f§* < 20K R%2|u 3

0o. Our claim is true. Using that 97 ,, < u" in the right hand side of (3.12) and then letting 7' — oo in the
left hand side, we have [Ju[|?5. < Ck [gs u?+2:=2dz. So, let C,, = Ck,

o (~—11)2§ 1 oo o 2(&1—1)
/ u'es <Cg"Y / w272y )
R3 R3

For m > 1, we define x,,11 inductively so that 2k,,41 + 2% — 2 = 2%k, and K1 = % So we have

1 1
\ Fmy1-D2% ﬁ 2% (km —1)
ufm+12s < Cupi™ u?rm dy .
R3 R3

1
Then, define for m > 1, D,,, := (fRS u2som dx) 2:t=m =1 By using the iteration technique, we conclude that there
exists Cy > 0, independent of m, such that

=D
D1 < H C'mfl“ Dy < CoDs.
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Letting m — 0, we are going to obtain ||u|cc < CoDs.

Step 3. Positivity, i.c., u > 0. Observing that u € L>(R3), by the definition of ¢, (z), there exists C > 0

such that 2( ) 2(y)
u-\y u-\y
Gut(x S/ 7dy—|—/ ———dy
ut( ) o—y|>1 \x—y\‘g*% | y|572t

r—y|<1 |1' -

< |u|z2+C dy < +o0

lz—y|<1 "T - y‘3_2t
and |g| < C(Ju| + |u|971), where g(z) = f(u(z)) + |u(x) u(z) — pu(r) — ¢ut(x)u(x). Then it follows from
Theorem 3.4 in [19] that there exists o € (0, 1) such that u € C%7. Let w satisfy —Aw = —pu — ¢y 4u+ f(u) +
|u|?: ~2u € C%?. By the Hélder regularity theory for the Laplacian, we have w € C?. It follows from 25+ > 1
that (—A)!=%w € C12519=1 Then, since (—A)*(u — (=A)!~%w) = 0, the function u — (—A)!~%w is harmonic
and we get u has the same regularity as (—A)'~*w. That is, u € C%2T7~1 The regularity obtained above
implies that

252

u(x u(lx —y) — 2u(x
(_A)su:_/RS (z+y) +y|(3+25y) ( )dy.

Assume there exists 79 € R? such that u(zg) = 0, then by u # 0 and u > 0,

ulao +9) + ulzo — )
i

(=A)*u(zo) = — / dy < 0.

R3

However, noting that (—A)%u = —pu— ¢y, pu+ f(u) + |u?~2u we get (—A)*u(xg) = 0, which is a contradiction.
Therefore, u > 0. The proof is complete. O

4. EXISTENCE OF POSITIVE SOLUTIONS
Let ug € H® be a ground state solution of the following equation:

(—A)°u+ Vou+ ¢ugu = f(u) + |ul*?u in R?, (4.1)

and Iy, (ug) = my,, where Iy, and my, are given in Section 3 by replacing p by Vp. Similar for my,_ and Iy__.
Here, we give an upper estimate of the minimax level ¢, which is defined in Section 2.

Lemma 4.1. Assume that (V) and (fi)—(f1) hold. Then there exists eg > 0 such that for e € (0,¢p),
s 3
Ce < 55325 .
Moreover, if Voo < 00, then ¢, < my,, for e € (0,€p).

Proof. Firstly, we claim that c¢. — my, as e — 07. For each R > 0, set ug(z) = ¥r(x)ug, here ug is a positive
ground state solution of problem (4.1) and ¥r(z) = ¢(z/R), where ¢ € C*°(R?,[0,1]) is such that ¢(z) = 1 if
lz| < %, and ¢(x) = 0 if |2| > 1. From Lemma 2.5 we derive that

ur — ug in H*(R®) as R — oco. (4.2)
For each €, R > 0, there exists he p > 0 such that I.(he rur) = r’rll%de(huR). Thus, I/(he gur) = 0 and

he .
Gup.tlur|*de :/ ﬂ’i@u‘ﬁdx-khf;}“/ fup

ot
sdx,
Br(0) hE,RuR Br(0)

1
= [ oy unf Viedde [
he.r JBro) B5(0)

(4.3)
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which implies that

1
" / (=) url + | Vllo(ei<ryu)dz + / Gun tlun|*de
Br(0)

hZ g Br(0)
f(he.rUR) 9t 4
2/ B u%dx—l—hefR lur
Br(0) e, RYR Br(0)

Thus, from (4.3), (f3) and the last inequality, for each R > 0 we deduce that

% dx.

0< lim+ he,R = hgr < .

e—0

Passing to the limit as e — 0% in (4.3), we get

Zide. (4.4)

1
o MR (CSTA TR S
R R

Br(0)

] hR R *_
uR|2dJ; = / %u%dx—kh% 4/ lug
B hiu B
r(0) R™R r(0)

It follows from (4.2) and (4.4) that limp_,oc hg = 1, and Iy, (hrpur) = max¢>o Iy, (hur). Then, by (4.4),
ce < maxp>ole(hur) = I(he,rur) and limsupc. < Iy, (hpug) uniformly for R > 0. From (4.2), we deduce

e—0t
that limsup,_, o+ cc < my,. Now it suffices to verify that

ce > my, forall e> 0. (4.5)

In fact, we assume on the contrary that c.- < my, for some ¢* > 0. From Lemma 2.9 and the definition of c.«,
we know that there exists ue- € H*(R?)\ {0} such that c.» < maxp~q I~ (hue) < my,. Again by the definition
of my,, we know that my, < maxy~q Iy, (hue). It follows from Vo < V(ex) for all € > 0 and z € R3 that
my, > maxpso ler (Ruer) > maxy~o Iy, (huer ) > my,, which is a contradiction. So (4.5) holds. It is easy to see
liminf, g+ ce > my,. Hence, lim, g+ cc = my;,.

3
If Voo < 00, then my, < my,,. It follows from my;, < min{$S", my,, } that there exists ¢; > 0 such that

3
ce <min{352°,my, } for e € (0, ¢). O

Lemma 4.2. Assume that (V) and (f1)—(fs) hold and for e € (0, €) there exists a sequence {u,} C H, satisfying

I (up) — ce, I'(u,) =0 asn— oo, (4.6)

then {un} has a subsequence, still denoted by {u,}, satisfying u, — ug in He as n — oo.

3
Proof. 1f € € (0,¢p), then by Lemma 4.1, we have c. < $52°. Moreover, if V,, < oo, we have c. < cy,, for
€ € (0,€p). It is easy to see that {u,} is bounded in H, we assume that, up to a subsequence, u, — ug in H,
and u,, — ug a.e. in R3 as n — oo, for some uy € H,. Then, I'(ug) = 0. Now we use two steps to complete the
proof.

Step 1. ug # 0. We observe that if there exist constants (3, R > 0 such that

lim inf lun |2dz > 3, (4.7)

= JBR(0)

then ug # 0. Suppose on the contrary that ug = 0. Then there exists a subsequence of {u,}, still denoted by
{u,}, such that for every R; > 0,

lim sup/ |, [2dz = 0. (4.8)
Br, (0)

n—oo
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Case 1: V, < c0. Let p be such that
inf V(z) <p <liminfV(ex) =V

zER3 || —o00

and take R > 0 such that V(ex) > u, Va € R3\ Bg(0). Observe that |ju,||> — C for some C' > 0. Indeed,
assume on the contrary that ||u,||> — O after extracting a subsequence then we have I.(u,) — 0, which
is impossible. Then, there exists C' > 0 such that [oq(f(un)un 2)dz — C > 0. It follows from (iv) of
Lemma 2.7 that there exists a sequence {hn} C Rt with h,, — 1 and h,u, € N.. Consequently,

I (up) = I.(hpun) + o(1) > I.(huy) + o(1)

2 4 2
= h—||un||2 f / Gu, it un\zdx —/ F(huy) — h—/ |t % da
R3 R3 6 Jps

+ Lu(hun) = Lu(hun) + o(1)

> B[ Ve = e + L) + o) (49)
Br(0)

for any h > 0. Let h,, > 0 be such that I,,(h,u,) = r’rll%dﬂ(hun), then {h,,} is bounded. If not, there exists a
subsequence of {h,}, still denoted by {h,}, such that h,, — oo as n — co. We observe that

B2 / ((=2)*2u|? + ) + B / b e /
R3 R3 R3

Now we show that there exists § > 0 such that
>8>0 (4.11)

(4.10)

[|n

9
55 — 0 as m — oo. Then,
s

Otherwise, there exists a subsequence of {u,,}, still denoted by {u,}, such that ||uy,
we have for any r > 0,

2idx = 0.

lim sup / |t

T yeRs J By (y)
Lemma 2.3 implies u,, — 0 in L"(R?) for v € (2,2%]. So, from (f;) and (f2) we deduce that Jgs F(up)dz — 0 as
n — o0o. In view of Lemma 2.4, we can easily see that

/ (/ﬁumtuidx < C’HunHl — 0,
R3 EEST:

which, together with the definition of I, implies that
ce = I(up) + o(1)

1 1 1
= unl? + = / b i2de — [ Plun)de — - /
2 4 Jps RS 2t Jps

S

%dz 4 o(1)

1
a2+ o(1).

Thus, there exists some constant C' > 0 such that |u,|? > C. Based on the above facts, we infer from the
definition of I, and Lemma 2.9 that
ce +o(1) = I(up) > I.(Kuy)
K2 «
= —||unH2 + —/ b, tude —/ F(Kuy,)dz — % dx

R3 2% Jgrs
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as n — 0o. Now we arrive a contradiction if K is large enough. Therefore, (4.11) holds. Combining (4.10), (4.11)
and the boundedness of {u,} in H*(R3), we obtain a contradiction. Consequently, {h,} is bounded. Letting
h = hy, in (4.9), we have

h2
Ic(uy) > = / (V(ex) — p)uzdz +my, + o(1).
2 Br(0)
Taking the limit as n — +oo, from (4.8) and the Sobolev embedding inequality, we have ¢ > m,,. Next, letting
1 — Voo, we obtain c. > my,_, which is a contradiction.

Case 2: V,, = co. It follows from Lemma 2.6 that the embedding H, < L*(R?) is compact for 2 < s < 6. Hence,
using (4.8), up to a subsequence, u,, — 0 in L*(R3) as n — oo. Furthermore, by (f)-(f2) and I’(u,) = o(1),
we have [|un||? = [gs [un|?*dz + o(1). Since {u,} is bounded in H., up to a subsequence, we can assume

. 3
|un||?> — 1 > 0 and Hun||§* — 1. In view of I (u,) = cc + o(1), we have £ — QL = ¢.. Noting that | > S,

3 3
s <l= %CE < S¢° which is a contradiction. Therefore, ug # 0.

Step 2. We prove that u, — wup in He as n — 00. Set v, = uy, — ug. Assume on the contrary that ||v,| > 6
for large n and some constant 6 > 0. Noting that I’(ug) = 0, we get

Huon—l—/ ¢u07tu%dx:/ f(uo)uodx—I—/ luo|% da (4.12)
R3 R3 R3
and
||un||§+/ Guy pude = f(un)undx+/ |up | da + o(1), (4.13)
R3 R3 R3
respectively. Using the Brezis—Lieb lemma [11], we obtain
|vn(2) — vn(y)I? / |tn(2) — un(y)®
———————dzdy = ————————dxd
/RS oy YT fe T g Y
|uo(@) — uo(y)[?
— ———————dad 1),
o ot

n nd = n nd - d,
Rgf(v Yo, dx /Rsf(u Yundx /Rsf(uo)uox

/|vn\pdx:/ \un\de—/ |ug|Pdx + o(1), p € [2,27].
R3 R3 R3

Then, by (4.12), (4.13), and Lemma 2.4, we obtain

fenll2+ [ Goniniide = [ fenpade+ [ o
R3 R3 R3

Since |lvy|le > 6 for large n, similar as above, there exists a sequence {7,,} C R with 7,, — 1 as n — oo and
TaUn € N, that is,

Zdz + o(1).

||Tnvn\|f + /3 gbmvmt(rnynﬁdx = f (o) Topda +/ (Tnvn)2§ dz.
R

R3 R3

So
I (vyn) = Ic(Tpvn) + 0(1) > ce + o(1). (4.14)

Similarly, it follows from (4.12) that
I (up) > ce. (4.15)
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Thus, by (4.14), (4.15), the Brezis-Lieb lemma [11] and Lemma 2.4,

1 «
I (1) == [l ? + / b, s2dz — [ Flun)ds + - / 2 4
2 ’ RS 2*
2 + / Gup uzdz — | Flug)dz + = [ |uo|*dz
2 R3 2 R3
1 2 2 2%
+ _H,UT'«HE + n ¢vn tvndl' - F(Un)dw sdx + 0(1)
2 4 Jgps ’ RS
>2ce +o(1),
which implies that lim I.(u,) = ¢ > 2c¢., which contradicts ¢ > 0 for any ¢ > 0. Therefore, up to a
subsequence, u, — ug in H. as n — oo. O

Proof of Theorem 1.2. Combining Lemmas 2.8, 4.1 and 4.2, we conclude that for any e¢ € (0,¢), I, admits a
nontrivial critical point u. € He. It follows from Lemma 2.9 that u. is a ground state solution of (2.3). Similarly
as in Proposition 3.4, we have u. € L>(R3?), u. € C»*77~1 and u(z) > 0 for z € R3. Therefore, (we, ¢, ¢) is
a positive solution of system (1.1), where we(z) = ue(%). O

5. MULTIPLICITY AND CONCENTRATION OF POSITIVE SOLUTIONS

This section is devoted to the multiplicity and concentration of positive solutions of (1.1). For this purpose,
we first give the following compactness lemma.

Lemma 5.1. Let {u,} C Ny, be a sequence satisfying Iv,(u,) — my,. Then either {u,} has a strongly
convergent subsequence in H*(R3) or there exists {y,} C R3 such that wy(x) = u,(z + yn) converges strongly
in H*(R3). In particular, there evists a minimizer of my, .

Proof. Tt is easy to see that {u,} is a bounded sequence in H*(R?). Up to a subsequence, we assume that there
exists u € H*(R3) such that u,, — u in H*(R3). Now we claim that

Iy, (up) — my, I (up) — 0 in H*(R?). (5.1)
Due to the Ekeland’s variational principle in [20], there exists a sequence {u,} C Ny, such that
tn = unlls = o(1), Iy (tn) = mv, +0(1), Ty, (n) = Yy, (n) = o(1),

where 7, is a real number and Jy, (u) = Iy, (u)u for all u € H*(R?). We show that there is b > 0 such that
|Jy, (@ )tn| > b for all n € N. Indeed, by (f3) and (fy), and the definition of Jy; o, we have

=T, (1 )t = — / (I(—A)s/2ﬂn|2+%ai)dx—4/ bu, 2T
R3 R3
+/Rs(f(ﬂn)ﬂn+f’(ﬂn)‘i 2 dx
>0 [ (-2 + Vo) =3 [ fan)unde
R3

—I—/ [ (up)udde + (28 —
R3

= <|<—A>s/2an\2+voai>dx, (5.2)
R

w
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which follows from 3f(7) — f'(7)7 < 0 for any 7 € R. Assume by contradiction that Jy, (&)@, — 0, then one
has [ps(|(—2)%/ %, >4+ Vou2 )dz — 0 as n — oco. Consequently, we can deduce that @, — 0 in H*(R3) as n — oo.
However, this is impossible because {u,} C Ny,. So |Jy, (@,)un| > b for all n € N. By Iy, o(tn)un = o(1), we
have v, Jy, o(tn)8, = o(1). Then, from (5.2), we see that v, = o(1), which yields that {a,} is a (PS)m,,
sequence in H*(R?) for Iy,. Hence, it is easy to check that (5.1) holds.

Since Iy, is weakly sequentially continuous, we know that I{, (u) = 0 in H*(R3?). If u # 0, then from the
definition of Iy; we deduce that

v, <y, () = Iy, () — 3T, ()
:i /RS(|(—A)3/2u\2 + Vou?)dx + /RS (%f(u)u - F(u)) dz + (i - 2%) . || ?s

< liminf {% /R?’(\(—A)S/zuﬂ2 + Vou?)dx + /RS (if(un)un - F(un)> dz

n—oo
.
2de}

(1 1/|
1727 ) Jou '

1
=lim inf <IVO (un) — ZI{,O (un)un> < my,.

n—0oo

Then limp, oo  [(|(=A)*2u, 2 + Voul)dz = [os(|(—A)*/?ul? + Vou?)da. That is, u, — u in H*(R3).
Now we consider the case u = 0. We claim that there exist r,§ > 0 and {y,,} C R?® such that

n—0o0

lim inf / uzdxr > 8 > 0. (5.3)
B (yn)

To this end, we assume on the contrary that for all R > 0 lim sup fBR(y) u2dx = 0, then from Lemma 2.3 we
n—oo yER3

deduce that u, — 0 in L”(R?) for v € (2,2%). Then [p; f(tn)undz — 0 as n — co. Moreover, it follows from
Iy, (un)un = 0 that

% da. (5.4)

(—A)s/2un\2dx+/ Vouidac:/ [t
R3 R3

We also assume that as n — oo, there exists [ > 0 such that

|
R3

(= 2)2u, 2dz + / Vouldz — 1, / i — 1,
R3 R3

|
R3

3 3
then from the definition of Sj, it is easy to know [ > S&¢. Thus, my, = (% — L)l > %st, which is impossible.

23
Hence, (5.3) holds. Set vy, (2) = un(x + yn), then Iy, (vn) — my, and Iy, (vy) — 0 in H™', where H™' is the
dual space of H*(R?). So there exists v € H*(R?) with v # 0 such that v, — v in H*(R3). Then the proof
follows from the arguments used in the case u # 0. 0

Lemma 5.2. Let uc € N; satisfy I.(uc) — my, as e — 0%, then there exist {§} C R and R, 3 > 0 such that

/ uldr > 3 (5.5)
Br(ge)

for small € > 0. Moreover, let €, — 0 and {ue, } be such that I, (ue,) — my,, then v,(z) = uc, (€ + G, ) has a
strongly convergent subsequence in H*(R3). Moreover, up to a subsequence, yn ‘= €pfe, — y* € © and the limit
of {vn} is a ground state solution of problem (4.1).
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Proof. Suppose by contradiction that (5.5) does not hold. Then, there is a sequence ¢,, converging to zero such
that for all R > 0, lim sup fBR(y) |te, |*dz = 0. Using a similar argument as we have done in the proof of
n00 yeR3

Lemma 5.1, we can deduce that (5.5) holds. Let uy, := u,, and g, := ¥, . Then, it follows from (5.5) that there
exist R, 3 > 0 and a sequence {g,} C R3 such that fBR(z}n) u2dxr > B > 0. Moreover, we know that {u,} is
bounded in H*(R?). Take v,, = u,(z + §,) such that v, = v # 0 in H*(R?) and v, () — v(z) a.e., in R3. Then,
U = Un(x + Jn) is a solution of the following equation

252 T3
s7%v, in R”,

(_A)svn + Vn(l')vn + ¢vn,t'Un = f('Un) + |'Un
vp € H5(R?), v, > 0,

where V,,(2) = V(e + €,3,) and the associated energy functional is
1
Le,(vn) == 5

1 1
L0070t 4 oalen iz + 3 [ 6edonlPte = [ Ptz [ e
2 Jgs 4 Jrs ’ R3 6 Jgrs
Choosing h,, > 0 such that hy,v, € Ny,, we deduce from u,, € N, that
hn
2 Jrs

hoe
—/ F(hyv,)da — == / [vn,
R3 6 Jps
= I, (hnuyn) < I, (un) = my, +o(1).

So it follows from Iy, (hnvy) > my, that lim, oo Iv, (hnv,) = my,. We first claim that {h,} is bounded. If
not, then h,, — +oo and Iy, (h,v,) — —oo, which contradicts Iy, (hnv,) > my, for all n € N. Without loss
of generality we assume that h, — h > 0. If h = 0, by the boundness of sequence {v,} in H*(R?), we have
hpvn, — 0 in H*(R?). Hence Iy, (hy,v,) — 0 as n — oo, which contradicts my, > 0. So h > 0 and the weak
limit of h,v, is nontrivial. Let v,, := hyv, — v in H? (R3). By the uniqueness of the weak limit, v = hv. From
Lemma 5.1, ¥ € My, and 9, — o in H*(R?), and so v, — v in H*(R3).

2 da.

- hi
Iy, (hpvp) < \(—A)s/zvn\z + V(en® + €40n)|vnl?)dz + I” /3 ¢Uﬂ,7t|vn\2daz
R

2 dx

Now we show that y,, := €,7n is bounded. If not, we assume |y,| — co. We first consider the case Voo = o0.
From Fatou’s Lemma that and L; (v,)v, = 0, we infer that

n—0o0

oo:liminf/ Vn(x)\vn|2das§/ (\(—A)S/QvnF+Vn(as)|vn|2)dx+/ Go o|on P
R3 R3 R3

Zodz < o0,

= f(vp)vpda +/ |vn
R3 R3
which is a contradiction. For the case Vo, < oo. It follows from hyv,, € Ny, and Fatou’s Lemma that

1
my, <Iy,(hv) < Iy, (hv) — ZI{/O (hv)hv
1 1 1
_ S =AY 2k 4+ 2V — = 2 2
/R3 [4|( )*/“h| +(2V 4V0)hv]dx

+ /R <f(hv)hv ~ iF(hv)) da + G — 2i> . |hw|?

<liminf ! (=) by, |2z —|—/ EV(enx +yn) — 1Vo h2v2dx
R3 R3 2 4

n—oo 4
o 1 11 )

4+ lim inf f(hnvp)hpvy — =F(hpvy) |dz+ | = — — | v |75 da
n—00 R3 4 4 2% ) Jgs

=liminf I, (hpu,) <liminf I, (u,) = my,,

n—0o0 n—0o0
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which gives a contradiction. So {y,} is bounded. Without loss of generality we may assume that y,, — y*. For
each n € C§°(R?), we deduce from v,, — v in H*(R?) that

lim L. (vy,)n = lim / (=A)* 20, (=) %0 + Vi (z)v,m)da
n— o0 g n—00 [pa

+ lim (/ gzbvmtvnndx—/ f(vn)ndw—/ |vn,
n—oo R3 R3 R3

2:2117117dx>

= [ (8 Pot-2y 2+ Vi yonde [ gunds— [ (70)+ % 20)nda,
R3 R3 R3
Then, the limit v of the sequence {v,} solves the equation
(=D u+ V(g u+ duru= f(u)+ |u)®*2u inR3
Define the functional
1 1 1 .
Iy (u) := —/ (=) 2ul? + V(g u)de + = [ purulde — / F(u)dr — — |u|?s dz.
2 Jrs 4 Jps R3 2% Jrs
If y* € O, then V(y*) > V, and we can get a contradiction by similar arguments as above. So y* € © and
Iy* (1}) = my-. O

Let w be a ground state solution of problem (4.1) and 7 be a smooth non-increasing function defined in [0, 00)
such that n(s) =1if 0 <s <1 and n(s) =0 if s > 2. For every y € O, we define

Vey=n(lex—y)w(z-2), (5.6)

and then there exists he > 0 such that maxp>o I (W ) = I (heWe ). and @ : © — N, Let & (y) := he¥ . It
is easy to check that @.(y) has a compact support for all y € O.

Lemma 5.3. Assume (V) and (f1)—(f4), then lim._.o I.(Pc(y)) = my, uniformly fory € O.
Proof. Assume on the contrary that there exist some 79 > 0, {y,} C © and ¢, — 0 such that
e, (Pe,, (yn)) — my,| = 70. (5.7)

We show that lim, .o he, = 1. Indeed, it follows from the definition of h., and Lemma 2.7 that, there exists
p > 0 such that

0<p S/ (‘(_A)S/2h€n!p5nyyn|2 + V(enx)‘heng/emyn|2)dx
RS
+/ ¢hen%n,yn,t|hen!pemyn‘2dx
RS

= f(heng/emyn)heng/emyndx+/ |h5n!p5nvyn‘2:dm’
R3 R3

which implies that {h.,} can not converge to zero, that is, h., > hg > 0 for some hy > 0 and large n. If
he, — 00, then from the boundedness of ¥, , we deduce that

1
2)d:c+/ Ow, o it
RS

hT /]R:; (|(_A)S/2Q€myn 2 + V(Enx)‘!pfnayn
vt dx+ h2574/ |y7€myn|2:dac
R3

!pfn sYn |2dx

[ S ey)

3 3 €n,yYn
R3 hen €nyYn ’

>0 [ llenslyol) s

> h§,§_4/ lw(z)|*dz — 0o as n — oo, (5.8)
B1(0)
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which contradicts he, — oo as n — oo. Hence, {h,} is bounded uniformly for n. Up to a subsequence, we
assume that he, — 7. It suffices to prove that T"= 1. Using Lebesgue’s theorem and Lemma 2.5, one can verify
that

n—o0

lim (7, .2, = / ((=2)20p + Vow?)da,
RS

hm ¢W‘ny?/n7t LpEnvyn‘zd‘T = / ¢w7t|w|2d$7
n—oo RS RS
. J(he, Ve, yn) 7 a f(Tw) 4
1 n nydn W d — d ,
150 Js W W,y T Je TR
lim [ |@, . [Fde= [ |w*de (5.9)
n—0o0 Jr3 ’ R3
Then, from (5.8) we have
L ANS/2, 12 2 24 4 27 -2 2r
T2 Rs(\( N wl* + Vow )d;z:—i—/]Rs D t|w|*de = T Y de+T . |w|*sdx. (5.10)
On the other hand, since w is a ground state solution of (4.1), then we have
/ ((=A)wf? + Vouﬂ)d”/ Gu|w2dz = / F(w)wde +/ |2 da. (5.11)
R3 R3 R3 R3

It follows from (5.10) and (5.11) that 7" = 1. Notice that

he
@) =75 [ (=200 P+ Vi), P
h he: .
+ - / ¢'I/5 1 t|w€n Yn de - / F(h’fnwﬁn yn)dw - i/ ‘!pfn Yn % dz.
4 Jrs e ’ R3 ’ 2% Jgrs ’
Then limy, o Ie, (P, (yn)) = Iy, (w) = my,, which contradicts (5.7). This completes the proof. O

For any ¢ > 0, take p = p(§) > 0 such that ©5 C B,(0), where O5 was given in Section 1. Define x : R? — R?
by x(z) = x for |z| < p and x(x) = pa/|z| for |x| > p. Set 3. : N. — R? as

_ Jzs x(ex)utda

Jps utdz > 0.

Be(u)

Lemma 5.4. Assume (V) and (f1)—(f4), then limc_.o Bc(Pc(y)) = y uniformly for y € O.

Proof. Suppose, by contradiction, there exist o > 0, {y,} C @ and €, — 0 such that |S., (P, (yn)) — yn| > do.
Set z = (€,@ — yp)/€n, we then have

Jrs lw(z)n(lez])[*dz

Since © C B,(0) and x|z, (o) = 1d, it follows from Lebesgue’s theorem that |Sc, (Pe, (Yn)) — yYn| = o(1), which is
a contradiction. The lemma is proved. O

Be, (Pe,, (Yn)) = Yn

Let H : RT — R™ be a positive function satisfying H(e) — 07 as ¢ — 0T and set
Ye:={ue N : I (u) <my, + H(e)}.

Given y € ©, we can use Lemma 5.3 to conclude that H(e) = |I(P(y)) — my,| — 0 as € — 0. Thus, &.(y) € X
and Y. # () for all € > 0. Moreover, the following lemma holds.
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Lemma 5.5. For any 6 > 0, lim+ sup dist(B(u),Os) = 0, where O5 was given in Section 1.
e—=0T yex,

Proof. Let {€,} C R and €, — 0T, then there exists {u, } C X, such that

dist(Be,, (un),Os) = sup dist(f, (u), Os) + o(1).
ucXe,

Thus, it suffices to find a sequence {y,} C ©; such that

‘ﬁen (un) - yn| = 0(1) (512)

Since {u,} C Y., C N, my, <c., <1, (up) <my, + H(e,), and I, (u,) — my,. Noting that {u,} satisfies
the conditions of Lemma 5.2, then by Lemma 5.2, there exists {g.,} C R3 such that y, = €,f., € Os for n
large. Hence, we have
n fRS (x(€nz +yn) — yn)uﬁ(z + ?jen)dz.

fRS ut(z + e, )dz

Since €,z + yn, — y* € O and {un(x + Y., )} has a convergent subsequence by Lemma 5.2, we get (., (un) =
yn + o(1) and therefore {y,} is what we want. O

Be., (un) =Yn

The proof of Theorem 1.3 will be done by applying the following Ljusternik—Schnirelmann abstract result
(see [43]).

Proposition 5.6. Let I be a C' functional defined on a C*-Finsler manifold v. If I is bounded from below and
satisfies the (PS) condition, then I has at least cat, (v) distinct critical points.

Proof of Theorem 1.3. We first show that (3.1) has at least catg, (@) positive solutions. Given 6 > 0, we can
use Lemmas 5.3-5.5 to obtain some €5 > 0 such that, for every € € (0,¢5), the diagram © 2, P B, Oy is
well defined and (. o @, is homotopically equivalent to the embedding Id : @ — O;. Similarly to the proof of
Lemmas 4.2 and 4.3 in [7], we obtain that caty_ (X.) > cato,(©). Moreover, use the definition of X and take
3

€5 small if necessary such that my; + H(e) < min{my,_, $5¢° }. Thus, I satisfies the Palais-Smale condition in
Y. By the standard Ljusternik-Schnirelmann theory, I, restricted to N, has at least catyx, (X.) critical points.
We claim that any critical point u of I, restricted on N, is a free critical point in H.. Let

G(u) = I'(u)u = / (|(=2)*2u|? + V (ex)u?)dz

R3

_'_/RS ¢u,t|u’2dx - /Rs f(u)udx-i—/RS |u

If u is a critical point of I. constrained on N, then there exists v € R such that I’(u) = vG’(u). Hence,

2 da.

0= G(u) = I'(u)u = vG (u)u. (5.13)
By simple calculations, we have
& (w)u = 2/ (=AY /2uf? + V(ex)u2)da + 4/ buslul?dz
R? R?

%) dz

- / F/(w)? + flu)ut 2fu
RS

< —2/ (\(—A)s/zu\z+V(ex)u2)dx+(4—2:)/ ul? da < 0.
R3 R3
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Therefore, v = 0 and then I/(u) = 0 in H.. Consequently, we conclude that I, has at least cato,(©) critical
points in H.. Similarly to the proof of Propositions 3.4, each critical point u. having been obtained belongs
to space L>°(R3) and u. € C12579~1 for some o € (0,1) and wu, is positive. Then, problem (2.3) has at least
cate, (©) positive solutions in H..

In the following, we show the concentration properties. Let u, € X, be a positive solution, where €, — 0.
Then from the definition of X, we have I, (u,) — my,. Similarly to the arguments in Lemma 5.2, we deduce
that there exists {#,} C R? such that wy, := u,(- + ¥,) — @ # 0 in H*(R®). Then for any £ > 0, there exists
R. > 0 such that flx|>R€ lw,|?dz < e. Similarly to the iteration method in Proposition 3.4, from the above
fact we deduce that there exists C' > 0 independent of n such that ||w,||ec < C, and then |[u,]/o < C. Now, we
claim that there exists ¢ > 0 such that ||uy|/s > ¢ > 0. If not, we suppose that ||u,|ec — 0, by (f1)-(f3), for n
large enough, we have

Ve
/ <\(—A>S/2un\2+%|un|2>dwﬁ—20/ [un|*de,
R3 R3

which is a contradiction. So ¢ < ||[up|lcc < C uniformly for n. It follows from Theorem 5.4 in [39] that for any
r > 0 and any fixed 2o € R?, there exists 7 € (0,1) (independent of n,7) such that |u,(z) — un(y)| < Crlz —y|
for any x,y € B,(z¢), where C,. > 0 only depends on r. Since u,, € L*>°(R3) N L?(R?) N C12T7=1(R3) for some
o € (0,1), we get u,(z) — 0 as |z| — oo. Let g, be any global maximum point of w,, and y = z¢ := g, and
r =1, then |uy(Jn) — un(x)| < Ci|lx — §,|™ for any & € B1(g,). Taking R > 0 (independent of n) small enough,
we have u,(z) > § for x € Br(f,) uniformly for n. Then it follows from Lemma 5.2 that v, := u,(z + 7,) is a
solution of the following equation

252 T3
s %v, in R”,

(_A)SUTL + Vn(x)vn + ¢vn,tvn = f('Un) + |'Un
vp € H5(R?), v, > 0,

where V,,(x) = V(enx + €,7n). Moreover, v, — v # 0 in H*(R?) and y,, — y € © with y,, = €,7,. Here we
know that v is a positive ground state solution of problem (4.1). The proof is complete. O
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