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STABLE WELL-POSEDNESS AND TILT STABILITY WITH RESPECT
TO ADMISSIBLE FUNCTIONS*

X1 YIN ZHENG! AND JIANGXING ZHUM

Abstract. Note that the well-posedness of a proper lower semicontinuous function f can be equiva-
lently described using an admissible function. In the case when the objective function f undergoes the
tilt perturbations in the sense of Poliquin and Rockafellar, adopting admissible functions ¢ and 1), this
paper introduces and studies the stable well-posedness of f with respect to ¢ (in brief, o-SLWP) and
tilt-stable local minimum of f with respect to v (in brief, ¥-TSLM). In the special case when ¢(t) = ¢*
and 9(t) = t, the corresponding ¢-SLWP and ¢-TSLM reduce to the stable second order local mini-
mizer and tilt stable local minimum respectively, which have been extensively studied in recent years.
We discover an interesting relationship between two admissible functions ¢ and v: ¥ (t) = (¢’) " (t),
which implies that a proper lower semicontinuous function f on a Banach space has ¢-SLWP if and
only if f has ¢)-TSLM. Using the techniques of variational analysis and conjugate analysis, we also
prove that the strong metric ¢’-regularity of df is a sufficient condition for f to have p-SLWP and
that the strong metric ¢'-regularity of 9[co(f + dp (z,-)] for some 7 > 0 is a necessary condition for f
to have p-SLWP. In the special case when ¢(t) = t*, our results cover some existing main results on
the tilt stability.
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1. INTRODUCTION

Well-posedness is a fundamental notion in variational analysis and optimization theory and has been well
studied (cf. [8,13,17,25,28] and the references therein). Let f be a proper lower semicontinuous function on
a Banach space X and recall that f is well-posed at T € dom(f) (in the Tykhonov sense) if every minimizing
sequence {x,} of f converges to Z. Clearly, the well-posedness of f at Z implies that argmin,cy f(z) = {Z}. In
the case that argmin, - f(x) is not a singleton, we can adopt the following weak (or generalized) well-posedness:

d (xn,argminf(z)> = inf{”wn —z||: z € argminf(z)} —0

zeX zeX
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for every minimizing sequence {z,} of f. We note that well-conditionedness, Levitin-Polyak well-posedness,
Hadamard well-posedness and other concepts are closely related or essentially equivalent to the above
well-posedness and weak well-posedness (cf. [2,8,17]). Recall that ¢ : Ry — Ry is an admissible function
if it is a nondecreasing function such that ¢(0) = 0 and [¢(t) — 0 = t — 0]. Some authors named an admissible
function as a forcing function, conditioning function and so on (cf. [2,3,8]). It is known (cf. [8], p. 6, Thm. 12)
that f is well-posed at Z if and only if there exists an admissible function ¢ : Ry — Ry such that

plle = zl) < fla) = f(z) VoeX; (WP)
while f has weak well-posedness at Z if and only if there exists an admissible function ¢ : R4 — Ry such that

p(d(r. argmin f(@)) < f(@) ~ f() Vo X. (GWP)

Replacing the entire space X with some open ball Bx (Z, ), one can consider the following respective localization
of (WP) and (GWP):

o(llz —zl) < f(z) - f(2) VoeBx(z,r) (LWP)
and
® (d (ac, zéng H(l_ln)f(l‘))) < f(z) = f(z) Vx e Bx(Z,r). (LGWP)

In Attouch and Wets [2], Z is called a ¢-minimizer of f if (LWP) holds. In the case that ¢(t) = ¢t with ¢ being a
positive constant, (LWP) and (LGWP) reduce respectively to Polyak’s sharp minimizer and Ferris’ weak sharp
minimizer which have been extensively studied (cf. [5,11,27,31,33,34]). In the case that p(t) = ct?, (LWP)
means that Z is a second-order local minimizer of f. When f undergoes tilt perturbations, under the name of
“uniform second-order growth condition”, Bonnans and Shapiro [4] essentially introduced the following notion:
Z is said to be a stable second order local minimizer of f if there exist k € (0, +00) and neighborhoods U* of 0
and U of T such that for every u* € U* there exists x,» € U, with xo = &, satisfying

2 < fur (@) = fur(z0r) Va €T, (1.1)

K| — Xy

where fyu+ := f —u*. In an earlier paper than [4], Poliquin and Rockafellar [24] first introduced and studied
another kind of stability with respect to tilt perturbations: f is said to give a tilt-stable local minimum at T if
f(z) is finite and there exist r,6, L € (0, +00) and M : Bx«(0,0) — Bx|[Z,r] with M(0) = & such that

M(u*) € argmin fy»(x) (1.2)
zE€Bx|[z,7]
and
[M(u1) = M(uz)|| < Lllui —u3ll  Vuj,uy € Bx+(0,9). (1.3)

In this paper, using admissible functions, we introduce and study the following more general stability with
respect to tilt perturbations.

Definition 1.1. Given two admissible functions ¢, : R, — R, and a proper lower semicontinuous function f
on a Banach space X, we say that

(i) f has stable local well-posedness at & € dom(f) with respect to ¢ (in brief, p-SLWP) if there exist 0, 7, k, 7 €
(0, 400) such that for every u* € Bx~«(0,0) there exists x,~ € Bx|[Z,r], with ¢ = Z, satisfying

p(rllz = zu ) < 7(fur (@) = fus(zur)) Vo € Bx[z,7], (1.4)

where Bx [z, 7] denote the closed ball of X with center Z and radius r;
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(ii) f is said to have a 1)-tilt-stable local minimum at Z (in brief, ¢-TSLM) if there exist 9,7, x,7 € (0, +00)
and M : Bx«(0,9) — Bx|[z,r] with M (0) = Z such that (1.2) holds and

Rl M (u7) — M(us)|| < P(7llut —uzll)  Vui,uz € Bx-(0,0). (1.5)

In the special case when o(t) = 2 and ¥ (t) = t, the corresponding ¢-SLWP and 1)- TSLM reduce to the stable
second order local minimizer and tilt-stable local minimum, respectively. Many authors have studied the tilt-
stable local minimum and stable second order local minimizer. In 1998, Poliquin and Rockafellar [24] proved
that if a proper lower semicontinuous function f on R™ is prox-regular and subdifferentially continuous at (z,0)
then f gives a tilt stable minimum at Z if and only if the second subdifferential 9% f(z,0) is positively definite.
In 2008, under the convexity assumption of f, Aragén Artacho and Geoffroy [1] first studied the stable second
order local minimizer of f in terms of the subdifferential mapping df and proved that z € dom(f) is a stable
local second order strong minimizer of f if and only if df is strongly metrically regular at (Z,0). In 2013,
under the finite dimension assumption, Drusvyatskiy and Lewis [9] extended Aragén Artacho and Geoffroy’s
result to the prox-regularity and subdifferential continuity case. Recently, these works have been pushed by
Drusvyatskiy, Mordukhovich, Nghia and Outrata (¢f. [10,19-22]). Zheng and Ng [32] further considered the
Holder tilt stability and the stable Holder strong local minimizer. This paper will consider the corresponding
issues for - TSLM and o-SLWP.

To study @-SLWP in terms of subdifferential mappings, we adopt the following extension of the metric
regularity.

Definition 1.2. Let ¢ : Ry — R, be an admissible function and let F' be a multifunction between Banach
spaces X and Y with (Z,9) € gph(F) :={(z,y) e X xY : y € F(z)}.

(i) F is said to be metrically v-regular at (z,y) if there exist r, 7,k € (0, +00) such that
U(rd(x, F~H(y))) < kd(y, F(x)) V(z,y) € Bx(z,7) x By (5,7). (1.6)

(ii) F is said to be strongly metrically ¢-regular at (z,y) with respect to ¢ if there exist r,7,x,d € (0, +00)
such that (1.6) holds and F~!(y) N Bx(Z,d) is a singleton for all y € By (y,7).

In the case when 1 (t) = ¢, the metric ¥-regularity is just the metric regularity, which is a fundamental notion
in variational analysis and well studied (cf. [4,7,14,18,26,29,30] and the references therein). When )(t) = ¢?
with p € (0, +00), (1.6) means the so-called Holder metric regularity of F' at (Z,7) (cf. [12,32]). In Section 3,
we prove that a proper lower semicontinuous function f on a Banach space has o-SLWP at Z if 0f is strongly
metrically ¢'-regular at (z,0) and that 9[Co(f + 0py(z,,)] is strongly metrically o'-regular at (z,0) for some
r > 0 if f has o-SLWP at Z. In particular, under the convexity assumption on f, f has p-SLWP at T if and
only if Of is strongly metrically ¢/-regular at (Z,0).

On one hand, given any two admissible functions ¢ and ¢, we cannot expect that o-SLWP and - TSLM are
relevant. On the other hand, corresponding to the special case when ¢(t) = t? and (¢) = t, Drusvyatskiy and
Lewis [9] did prove that the stable second order local minimizer and tilt-stable local minimum are equivalent.
Thus, it is natural to ask whether there exists an exact relationship between ¢ and % such that o-SLWP
and - TSLM are equivalent. In Section 4, we find that the equality () = (') ~!(¢) is such a relationship. In
particular, under some mild assumption and with the help of some techniques used in [9,20,31,32], we prove that
a proper lower semicontinuous function f on a Banach space has ¢-SLWP at Z if and only if f has (¢')~'-TSLM
at T.

Note that every small linear perturbation f,« of f has an isolated minimizer around z if f has p-SLWP at .
In Section 5, we consider the stable weak well-posedness for the non-isolated minimizer case and obtain some
interesting results.

In Section 6, in terms of “generalized positive definiteness” of the second subdifferential 92 f, we provide a
sufficient condition for the subdifferential mapping 0f to be metrically regular with respect to an admissible
function, which results in a sufficient condition for f to have stable well-posedness in the convexity setting.
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2. PRELIMINARIES

Let X be a Banach space with the topological dual X*. We denote by Bx and Bx- the closed unit balls of
X and X*, respectively. For a proper lower semicontinuous function f : X — RU {+oo}, we denote by dom(f)
the effective domain of f, that is,

dom(f) :={z € X : f(z) < +o0}.

For x € dom(f) and h € X, let f'(z, h) denote the generalized directional derivative introduced by Rockafellar
(cf. [6]); that is,

) —
f1(z,h) :=limlimsup inf flutw) — f(u)
el0 weEh+eBx t
u-—x,t|0

b

where the expression u 7, % means that u — = and fu) — f(z). Let df(xz) denote the Clarke-Rockafellar
subdifferential of f at x, that is,
Of (x) == {a* € X*: (x*,h) < f(x,h) Vhe X}.

In the case when f is locally Lipschitzian around x, f'(z, h) reduces to the Clarke directional derivative

f°(x,h) :=limsup flutth) - f(u)
’ . u—x,t|0 t

Vh € X.

It is well known that if f is convex, then
Of(@) = {a* € X" (a",y—2) < f(y) — f(z) VyeX} Vaedom(f).
Recall that the conjugate function f* of f is a weak*-lower semicontinuous convex function on X* such that
) =sup{(u*,2) — f(z): x € X} = —inf{fu-(2): z€ X} Vu* € X7,

where
fue(x) := f(x) — (u*,z) VrelX. (2.1)

It follows that dom(f*) # () if and only f is bounded below by a continuous linear functional. For z* € X* and
x € X, it is easy to verify that

[@) =% 2) - f(z) =z € 0f (7).
In the case when f is convex, it is well known (cf. [17], p. 88) that
f=7" and z* € 0f(x) < x € Of"(z").
Let g: Ry — R4 be a convex function. Then the directional derivative

S 1 S8 ()

s—0t

always exists for all £ € Ry, and ¢/, is nondecreasing on Ry. It is known (cf. [34], Thm. 2.1.5) that ¢/, is
increasing on R, if and only if ¢ is strictly convex, namely

g\t + (1 = Nt2) < Ag(t1) + (1 — Ng(ta)

for any A € (0, 1) and ¢1,t2 € Ry with ¢; # {o. It is also known that the convex function ¢ is differentiable
on R, if and only if ¢/, is continuous on R.
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Recall that an admissible function ¢ is a nondecreasing function ¢ : Ry — Ry such that ¢(0) = 0 and
p(t) - 0=1t—0. (2.2)
If the admissible function ¢ is convex, it is easy from ([34], Thm. 2.1.5) to verify that
0 < ¢l (t1) < ¢\ (t2) forall ty,ty € (0, +oo) with t1 < ts. (2.3)
For convenience, for each a € (0, 1), let

1 t

Palt) = —¢} (ﬂ) vt € Ry (2.4)

3. STABLE WELL-POSEDNESS

In this section, let ¢ : Ry — Ry be a convex admissible function. The following lemma, established in [28],
is very useful in the proof of the main result in this section.

Lemma 3.1. Let g be a proper lower semicontinuous function on a Banach space X. Let T € argmin, ¢y g(2),
a € (0, 1) and 6 € (0, +o0) be such that

¢!, (d(x,argmin g(2))) < d(0,0g(x)) V& € Bx(z,6)\ argming(2)
ze€X ze€X

where ¢!, is as in (2.4). Then,

. _ 0
@(d(w,arger)r;lng(z))) <g(x)—g(z) Vxe Bx (x, 1+—Oz> .

Let g : X — R U {+o0} be a proper lower semicontinuous function, v € dom(g) and 8 > 0. For convenience,
we adopt the following notation:

My (u, 8) := argmin g(z). (3.1)
z€Blu,]

Applying Lemma 3.1 to g = f + dpy [z, and o(t) = m¢(7(1 — a)t), we have the following lemma.

Lemma 3.2. Let v be a convex admissible function and let f be a proper lower semicontinuous function on a
Banach space X . Let & € dom(f) and r > 0 be such that

f@) = min  f@)

Suppose that there exist 7,k,d € (0, +00) such that
Yl (Td(m, My (z, T))) < kd(0,0f(x)) Vz € Bx(z,0)\ Ms(z,r).
Then, for any a € (0, 1),

$(r(1 ~ a)i(e, My (2, 1)) < L=

(f(x) - F(z)) Va e By (x M) .

1+«
With the help of Lemma 3.2, we can prove the following sufficient condition for the stable well-posedness.

Theorem 3.3. Let [ be a proper lower semicontinuous function on a Banach space X and let & € dom(f) be
a local minimizer of f. Suppose that Of is strongly metrically @', -reqular at (z,0). Then f has p-SLWP at Z.
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Proof. By the assumption, there exist r,v,d,7,x € (0, +00) such that

xe}gl}jr[%r] f(z) = f(2), (32)
(0f) Y (u*) N Bx(%,7) = {xu-} Yu* € Bx+(0,0) (3.3)

and
¢ (rd(z, (0f) " (u"))) < kd(u*,0f(x)) Y(z,u*) € Bx(Z,0) x Bx+(0,0). (3.4)

Hence ¢ = z and

d(z, (0f) " (u)) = d(z, (0f) "' (u") N Bx(2,7)) = |7 — 2w

Vu* € Bx-(0,9).

Setting & = Z in inequality (3.4) and noting that 0 € Jf(Z), it follows that

(71T — 2o |l) < md(u”, 0f(2)) < kllu”|| Vu* € Bx-(0,9).

Let
i ! 2¢(2
n:= min{d, v, 7} and d1 :=min<J,, 7,7, @+(T77), P2
16 K 97kN
Then,
L (77 — e |)) < Bllu]| < @ () Vu® € Bx-(0,01)
and so
|2 —Z]| <7 < % YV u* € Bx-(0,0,) (3.5)

(because ¢’ is nondecreasing). This and the definition of 7 imply that
Bx (xy~,6n) C Bx(Z,7y) C Bx(Z,v) N Bx(Z,) Yu* € Bx«(0,d1). (3.6)

Thus, by (3.3), one has
Of) () N Bx (wy-,6n) = {z,-}  Vu* € Bx-(0,61),

and so
d(z, () (u*)) = ||z — zu-|| Vu* € Bx-(0,61) and 2 € Bx(wy-,3n).

Noting that df,«(z) = 0f(x) — u*, it follows from (3.4) and (3.6) that

g0'+(7||w — xy+||) < kd(0,0fu=(x)) VYu* € Bx«(0,61) and € Bx (xy+,37). (3.7)
We claim that
Mfu* (fu*a377) = {l'u*} V'LL* S BX* (0,51)3 (38)

where My, . (2y+,3n) is defined as in (3.1). Assume for the moment that (3.8) holds, it follows from (3.5) and
(3.7) that
My, (z,m) = {zy-} Vu" € Bx-(0,01) (3.9)
and
¢ (rd(z, My, (24, 3n))) < kd(0,0fu(x)) V(u*,z) € Bx«(0,01) x Bx (zu+,3n),

respectively. Thus, by Lemma 3.2 (applied to f = fu+, T =y, r =31, 6 =61 and o = %), one has

) = ¢ (5d(@. My, @ar30) ) < T8{fur (@) = fur (@0-)

T
o (glo—rt) =+ G
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for all u* € Bx~(0,61) and & € Bx(xy~,2n). Noting (by (3.5)) that x,« € Bx[z,n] C Bx(zy~,2n), it follows
that

@ (%Hx — Ty ) < rh(fur () — fur (2a-))  V(z,u*) € Bx[z,n] x Bx-(0,61).

This and (3.9) imply that f has ¢-SLWP at Z. It remains to show that (3.8) holds. By (3.5), one has
Bx|[xy~,3n] C Bx(Z,4n) for all u* € Bx-(0,4d1). Thus, to prove (3.8), we only need to show that

{zy+} = My,.(T,4n) Vu* € Bx-(0,61). (3.10)
To do this, given a u* € Bx=«(0,01), for each n € N take z,, € Bx[Z,4n] such that

u* n inf u* _2- 11
furen) < b fue @)+ (3.11)

Tt suffices to show that ||a, —x,~ || — 0. By Ekeland’s variational principle and (3.11), there exists u,, € Bx|[Z, 47

such that
[t — || <7 (3.12)

and
fur () < fus(2) +n7 Y2 —un|| Vo € Bx[z,47). (3.13)

Thus, |lu, — Z| < 4n < 3. It follows from (3.3) and (3.5) that
d(un, (OF) " (u*)) = [Jun — - . (3.14)

We claim that w, lies in the open ball Bx (Z,4n) for all sufficiently large n € N. Granting this, (3.13) implies
that

0 € Ofu(un) + n By
for all sufficiently large n. Since |Ju, — Z|| < 4n < 4, it follows from (3.4) and (3.14) that
P (Tlun — 2o |]) < wd(u”, 0f (un)) = £d(0, 0 fur (un)) < k0"
for all sufficiently large n. Thus, by (2.3), one has ||u, — x,~|| — 0. This, together with (3.12), shows that

|€n, — 4+ || — 0. Finally we prove that u, lies in the open ball Bx (Z, 4n) for all sufficiently large n € N. Setting
u* =0in (3.4), one has

¢ (rd(z, (9f)71(0))) < wd(0,0f(x)) Va € Bx(z,0).

Letting 6o := 1 min{d,r, 7} and noting (by (3.2) and (3.3)) that

{z} = (0f)"1(0) N Bx(%,200) = My (z, &),
it follows that
oy (rd(z, My (z,60))) < kd(0,0f(x)) Va € Bx(z,d).

Thus, by Lemma 3.2 (applied to a = %),

260

¢ (1o =al) < (s - s@) voe By (2.52). (3.15)
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By the definition of 7, one has u, € Bx|[Z,4n] C Bx(Z, %) Given a u* € Bx~(0,01), it follows from (3.15),
(3.13) and the choice of §; that

@ (Sllun = 7)< 7 f () - £(@))
= TR(fur (un) — fur (Z) + (U, up, — T))
<Tﬁ(%hw—fl+hflwn—f0

< T/{(nfl + 01)||un — Z||

1 2p(2
<7H(_+ w(ﬂﬂ)4
n 97K

and so 8o(2
lim sup ¢ (IHun — i||) < Sp(27n) <@ (2mm).
n—-+4o00 2 9

Noting that ¢ is nondecreasing, it follows that [|u, — Z| < 4n for all sufficiently large n. The proof is
complete. 0

Even in the special case when ¢(t) = t2, the converse of Theorem 3.3 is not necessarily true (see [9], Ex. 3.4).
This and Theorem 3.3 make the following necessity result meaningful.
Let g be a proper lower semicontinuous function on a Banach space X such that —oo < inﬁ( g(z), and let
TE

cog denote the convex envelope of g, that is, epi(cog) = ¢o(epi(g)). Then, Tog is a proper lower semicontinuous
convex function,
g"" =7tog and g* = (cog)"

where ¢* and ¢** denote respectively the conjugate function and twice conjugate function of g (cf. [34],
Thm. 2.3.1 and [34], Thm. 2.3.4).

Theorem 3.4. Let ¢ be a strictly convex differentiable admissible function and f be a proper lower semicon-
tinuous function on a Banach space X. Suppose that [ has p-SLWP at z € dom(f). Then there exists r > 0
such that O[co(f + dpy[z,r)] s strongly metrically ©'-reqular at (z,0).

We postpone the proof of Theorem 3.4 at the end of Section 4. The following corollary is immediate from
Theorems 3.3 and 3.4.

Corollary 3.5. Let ¢ be a strictly convez differentiable admissible function and f be a proper lower semicon-
tinuous convex function on a Banach space X. Then f has p-SLWP at T € dom(f) if and only if Of is strongly
metrically ¢ -regular at (Z,0).

In the case when ¢(t) = t2, Corollary 3.5 was established by Aragén Artacho and Geoffroy [1]. In the Asplund
space case, Mordukhovich and Nghia [20] proved that df is strongly metrically regular at (z,0) if and only if
there exist a neighborhood U™ of 0, a neighborhood U of Z and a single-valued function ¢ : U* — U such that
gphd = gph(df)~' N (U* x U) and

Tl|z — ul|? < fur(x) — fu-(u) Vo €U and (u*,u) € gph(0f)~ N (U* x U),

where 7 is a positive constant.
We conclude the section with a necessary condition for o-SLWP, which is related to the following well-known
optimality condition:

f(@)= min f(z) = 0€If(z).

z€Bx (z,r)
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Proposition 3.6. Let ¢ be an admissible function and let f be a proper lower semicontinuous function on a
Banach space X . Suppose that f has p-SLWP at T € dom(f). Then,

0 € int(0f(Bx(Z,¢e))) Ve € (0, +0).

Proof. Since f has p-SLWP at Z, there exist r,d, 7,k € (0, +00) such that for every u* € Bx+(0,0) there exists
Zy+ € Bx|[Z,r], with zg = Z, satisfying (1.4). Hence

Ty € argmin fu«(z) Yu* € Bx«(0,0) (3.16)

zEBx [z,r]

and

) < T(fu* (f) - fu* (xu*))
T(f(f) - f(xu*) - <U*af - wu*>)

= (i JG) = Sou) = (07— o))

z€Bx|z,r]

A\

—7{U*, T — Ty ) < 7|07

for all u* € Bx=«(0,0). Hence lim0 o(K||Z — @y« ||) = 0. This and (2.2) imply that
u*t—
lijHHf—l‘u*H =0. (3.17)

Thus, for any € > 0 there exists v € (0, d) such that [|Z — x| < min{e,r} for all u* € Bx«(0,7). It follows
from (3.16) that x,~ is a local minimizer of f,» for each u* € Bx«(0,~). Hence

0e afu" (xu*) = af(l'u*) —u" C 8f(BX(i',€)) —u" Vu' € B(Ov'y)a
which implies Bx«(0,v) C 0f(Bx(Z,¢)). The proof is complete. O

Remark 3.7. From (3.17), 2~ in Definition 1.1(i) can be taken in the open ball Bx (Z,r) (taking a smaller §
if necessary). Thus, from the concerned definitions, it is clear that Z is a stable second order local minimizer of
f (i.e. uniform second order growth condition) if and only if f has ¢-SLWP at z with ¢(t) = 2.

4. TILT-STABILITY WITH RESPECT TO AN ADMISSIBLE FUNCTION

In this section, we will provide some necessary conditions and characterizations for the tilt-stable minimum
with respect to an admissible function. First, we provide two lemmas which play important roles in the proofs
of the main results in this section. For a continuous function w : Ry — R4 with w(0) = 0, recall (cf. [15])
that a proper lower semicontinuous extended real-valued function ¢ on a Banach space E is C''* smooth on
D C dom(g) if g is Fréchet differentiable on D and

IVg(a1) = Vg(@o)|| < w(llz1 — 2al]) Vi, 29 € D.

Lemma 4.1. Let w: Ry — Ry be an increasing continuous function with w(0) = 0, E be a Banach space and
let g: E — RU {400} be a proper lower semicontinuous function. Let i € E and § > 0 be such that g is CH¥
smooth on Bg (4,6 +w™!(2w(d))) C dom(g). Then

|lz*=vg(u)l|
(@) > (" u) — glu) + / o (s)ds (4.1)

for all (u,x*) € Bg(u,d) X Be-(Vg(a),w(d)).
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Proof. Let §g := 6 +w~(2w(d)). Then

IVg(a1) = Vg(z2)|| < wlllz1 —22l]) V1,22 € Be(a,do)

(because g is C** smooth on Bg(i,dp)). Hence,
9(v) — glu) — (Vg(u),v - u) = / (Fg(+ (v — ) — Tg(u), v — u)dt

1
< / w(tllo — ul) o — ulldt

/|vu| S
0

for all u,v € Bg(u,dp). Let (u,2*) € Bg(u,0) x Bg-(Vg(a),w(d)). Then,

g*(@") = sup  {{z",v) —g(v)}
UGBE(@,(So)

lo—ul|
> sup {<w*,v>—g(U)—<V§J(U),v—u>—/O w(t)dt}

vEBE(u,50)

llo—wul|
= (z",u) —g(u)+ sup {(ac* —vg(u),v—u) — /0 w(t)dt} .

vEBE(u,00)

Thus, to prove (4.1), it suffices to show that

lo—ul
g:= sup ){(w*—Vg(u),v—u)—/o w(t)dt}

vEBg(u,d0

2" =9 g(w)]|
> / wH(t)dt.
0

To do this, take a sequence {z,} in E such that each ||z,]| = 1 and

(z* = vg(u), zn) — [lz" = Vg(u).
For each n € N, let
vn = u+w (2" = vg(u)|)zn.
Then
[on —all < [lu—all +w™ (" = vg(u)])
<0+ w H([lz" = vg(@)| +[|vg(@) — va(u)l])
<0+ w T (w(O) +w(la—ul))
< 54w (2w(6)) = do.

This and the definition of § imply that
llvn—ull
B> (" = vg(u),v, —u) —/ w(t)dt
0

w (|l =vg(w)]))
— W I(|l2* — Ve(u)) (e — Vg(u), zn) — / w(t)dt.
0
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It follows from (4.3) that

) w ™ (llz" = vg(w)l)
fzw([lz" = vg@)l) - |2 = vg(u) —/O w(t)dt

W ([la" = vg(uw)l))
= / tdw(t)
0

lz*=vg(u)l
= / w(s)ds
0

(the first equality holds because of integration by parts), which verifies (4.2). The proof is complete. O

From ([34], Thm. 3.5.12), one has the following result: if g is convex and C1* smooth, then there exists a
convex admissible function w; such that

9" (@") = g"(Vg(u)) + (2 — Vg(u), u) + wi(llz" — vg(u)|),
which implies
9" (@") = (", u) — g(u) + wi(l|lz" — Vg(u)]]).
In contrast, without the convexity assumption on g, Lemma 4.1 provides a quantitative and calculable formula
between g and g*.
Let Z be a Banach space and recall that a set-valued mapping F: Z = Z* is lower semicontinuous at

z0 € dom(F) :={z € Z: F(z) # 0} if for any open set V with V' N F(z) # () there exists a neighborhood U
of zg such that VN F(z) # 0 for all z € U. Let w: Ry — Ry be such that

lim w(t) = w(0) =0,
Jim w(t) = w(0)

It is routine to verify that the lower semicontinuity of F' at zg is implied by the following w-Lipschitz continuity
(Ly): there exists ¢ > 0 such that

F(Z1) CF(22)+W(||Z1—ZQH)Bz* V21, 29 GBz(Zo,(s). (Lw)

For (zo,23) € gph(F) :={(2,2*) : z € Z and z* € F(z)}, as an extension of the Aubin property, we consider
the following property: there exists v > 0 such that

F(z1) N By« (25,7) C F(22) +w(||z2 — z1||)Bz+ Vz1,22 € Bz(z0,9). (4.4)

Clearly, (L) implies (4.4), but the converse implication is not necessarily true. Indeed, (4.4) does not necessarily
imply the lower semicontinuity of F' at zo. For example, let Z = R and F'(0) = {0, 2} and F(t) = {w(|t])} = {|t|}
for all t € R\ {0}. Then, F(z1) N Br(0,1) = {|z1|} and F(z2) + w(]z1 — 22|)Br = |22| + |21 — 22|Bg for all
21,22 € Br(0,1); hence

F(Zl) N BR(O, 1) C F(ZQ) + w(|21 — Z2|)BR Vz1, 20 € BR(O, 1).
On the other hand, since Bg(2,1) N F(0) = {2} and Bgr(2,1) N F(z) = 0 for all z € Bg(0,1) \ {0}, F is not

semicontinuous at 0.
Recall that a set-valued mapping F' is monotone if

0<(zf —25,21 —22) V(z1,27),(22,25) € gph(F).
Kenderov [16] proved the following interesting result on the single-valuedness of a monotone mapping.

Result K. Let F' be a monotone mapping from a Banach space Z to Z* and suppose that F' is lower semicon-
tinuous at zg with F(zg) # 0. Then, F'(z) is a singleton.

Since (4.4) does not imply the lower semicontinuity of F' at zg, the following lemma provides a supplement
of Result K.
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Lemma 4.2. Letw: Ry — Ry be a function such that h%l+ w(t) = w(0) =0 and let F' be a monotone mapping
t—

from a Banach space Z to Z* with (zo,z}) € gph(F). Suppose that there exist v, € (0, +00) such that (4.4)
holds. Let o/ := sup{t > 0 : [0, t] C w0, )} and &' := min{d,y'}. Then, F(z) is a singleton for all
2 € Bz(20,9').

Proof. Let z € Byz(zp,0"). Then, ||z — 2z0]| < ¢’ < 4’ and so w(||z — 20||) < ~. This and (4.4) imply that
24 € F(z) +w(]|z — 20||) Bz+. Hence there exists v¥ € F(z) such that |[v} — 2| < w(||z — 20]]) < 7. It suffices to
show that F(z) \ {vi} = 0. To do this, suppose to the contrary that there exists z* € F(z) such that v} # z*.
Then, there exists h € Z with ||h|| = 1 such that

(v — 2%, h) < 0. (4.5)

Since ||z — zo|| < 9, there exists a sequence {e,} C (0, +00) converging to 0 such that {z +e,h} C Bz(20,0).
Tt follows from (4.4) that

v € F(2) N B(z5,7) C F(z+¢eph) +w(en)Bz- ¥Yn eN.

Hence, for any n € N there exists z;: € F(z+ey,h) such that ||z —v}| < w(en) — 0. On the other hand, by the
monotonicity of F,

0<(z, — 2", enh) =en(z, — 2", h) =, ({2}, —vi,h) + (v — 2", h)) VneN.
Therefore,
(v = 2% h) > —(z, — v, h) = —[lz, — V|| 2 —w(en) — 0,
contradicting (4.5). The proof is complete. O

The following proposition provides a necessary condition for the tilt-stability of a proper lower semicontinuous
function f in terms of the C''** smoothness of the concerned conjugate function.

Proposition 4.3. Let w : Ry — Ry be a function such that h%l+ w(t) = w(0) = 0. Let [ be a proper lower
t—

semicontinuous function on a Banach space X and T be a minimizer of f. Suppose that there exist r,d,~v €
(0, +00) and a set-valued mapping M : Bx~(0,9) = Bx|[z,r] with T € M(0) such that

M(u*) C argmin f,«(2) Vu* € Bx~+(0,9) (4.6)
z€Bx[z,r]
and
M(z*) N Bx(z,7) C M(u") + w(||a* —u”|)Bx Va*,u" € Bx-(0,0). (4.7)
Then, there exists 6’ > 0 such that the conjugate function (f 4+ dpy(z.,7)* is CY% smooth on Bx+(0,4") and
(V0] + 8 gen) (W)} = M) V" € By- (0,8, (48)

Proof. Let u* € Bx«(0,d) and u € M(u*). Then, by (4.6), one has
(f +9Bxiz.n) (u) = (U u) — f(u),

which implies that u € O(f + 0p[z,)" (u*). Hence M (u*) C O(f + 0py[z,,)" (u*). Note that the subdifferential
mapping d(f+0p[z,)" is monotone (because the conjugate function (f+6p[z,)" is always convex). Therefore,
M is also monotone. Thus, by (4.7) and Lemma 4.2, there exists 6’ € (0, §) such that M is single-valued
on Bx-«(0,d"). It follows from (4.7) and the continuity of w that M is a norm-norm continuous selection of
O(f + 0pyz,m)* on Bx=«(0,0"). This and ([23], Prop. 2.8) imply that the convex function (f + dp,(z,9)* is
Fréchet differentiable on By« (0,¢’) and

V(f +0pyan) (W) =Mu*) Vu* e Bx-(0,9).
The proof is complete. O
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From Proposition 4.3 and Definition 1.1(ii), we have the following corollary.
Corollary 4.4. Let 1) be an admissible function such that 1ir([)1+ P(t) = ¥(0). Let f be a proper lower semi-
t—

continuous function on a Banach space X and T be a minimizer of f. Then, the following statements are
equivalent:

(i)  f has weak ¥-TSLM at T, namely there exist r,~,k,6,7 € (0, +00) such that

argmin fu- (2) N Bx(Z,7) C argmin fue (2) + sp(rlz* — u*[))Bx
2€Bx [Z,7] z€Bx|[z,r]
for all z*,u* € Bx~(0,9).
(ii) There exist 6,r,7v,k,T € (0,400) and a set-valued mapping M : Bx~(0,0) = Bx|[Z,r] with Z € M(0) such
that (4.6) holds and

M(z*)N Bx(z,v) C M(u*) + k(7] —u™||)Bx Va*,u* € Bx-(0,0).
(i) f has ¥-TSLM at Z.

In the special case when ¢(t) = t? and 9(t) = t, recall that Drusvyatskiy and Lewis [9] proved that a
proper lower semicontinuous function f has ¢-SLWP at Z if and only if f has -TSLM at Z. In the case when
p(t) = +5" and Y(t) = tP with p > 0, it was proved in a recent paper [32] that f has ¢-SLWP at z if and
only if f has ¢-TSLM at Z. For two general admissible functions ¢ and ), it is interesting to determine a
relationship between ¢ and ¢ which makes the corresponding ¢-SLWP and - TSLM equivalent. This motivates
us to make the following conjecture: if ¢ is a differentiable and strictly conver admissible function and 1 is the
inverse function (¢')~1 of ¢’ then f has o-SLWP at T if and only if f has ¥-TSLM at . With the help of
Lemma 4.1 and refining the proof of ([32], Thm. 5.1), we can establish the following result which proves the
above conjecture.

Theorem 4.5. Let ¢: Ry — Ry be a differentiable and strictly convex admissible function with ¢'(0) = 0. Let
f be a proper lower semicontinuous function on a Banach space X . Then, f has o-SLWP at & € dom(f) if and
only if f has (¢')"1-TSLM at .

Proof. First suppose that f has (¢’')~'-TSLM at Z. Then there exist d,7, x,7 € (0,+00) and M : Bx-(0,5) —
Bx [z, r] with M(0) = Z such that

M(u*) € argmin f,«(z) Vu* € Bx+(0,0) (4.9)
z€Bx [Z,7]
and
RIM(2") = M(u™)|| < ()7 (7llz™ —w’]]) Va™,u” € Bx-(0,4). (4.10)
Let w(t) := L1(¢/)7'(rt) for all t € Ry. Then, since ¢ is a differentiable and strictly convex admissi-
ble function with ¢’(0) = 0, w is a continuous increasing function such that w(0) = 0. Hence, by (4.9),

(4.10) and Proposition 4.3, there exists &' > 0 such that (f + dpy(z,7)* is C"* smooth on Bx-(0,0") and
V(f 4 0pyzn) (w*) = M(u*) for all u* € Bx~(0,¢); hence Bx~(0,0") C dom((f + dpy[z,,7)*)- Take 6; > 0
such that

61+ w (2w(01)) < & and 7o = w(d) < 7. (4.11)
Then, by Lemma 4.1 (applied to £ = X* and g = (f 4+ dpy[z,,7)*), one has

llz—M (u")]]

(f +0Bxiz.n)"" (@) = (2,u") = (f + 0By (z.n)" (u") +/0 W (s)ds

| pla=M@l
(s u”) — (f + By ) (") + - / o (ks)ds
0

T

= (z,u") = (f + 0pxar) (u”) + %@(H\lx — M(u?)|]) (4.12)
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for all (u*,z) € Bx«(0,01) x Bx(Z,r9). By (4.10), one has
K| = M(u)|| = 6] M(0) = M| < (&) (rllu’]]) Vu* € Bx-(0,4),

and so there exists dp € (0, min{d, d;}) such that ||z — M (u*)| < ro for all u* € Bx«(0, o). It follows from (4.9)
and (4.11) that
M(u*) € argmin fu«(z) VYu* € Bx«(0,dp). (4.13)
2€Bx (Z,r9)

Since (f +6py(z,r) " () < (f +0Bx(z.0)(x) = f(z) for all x € Bx[Z,7], (4.12) and the choice of Jp imply that

Fur (@) (o 8p515.)" (") > —(slle — M) (414)
for all @ € Bx (%, 7o) and u* € Bx-(0,8). Noting (by (4.9)) that
(F + o) (07) = (", M(u)) = M) = — fur (M) Yu™ € B (0,do),
it follows that
fur @) = fur (M) 2 —p(ille = M) V(a,u) € Bx(F,70) x Bx- (0,0).

This and (4.13) imply that f has ¢-SLWP at z. This shows that sufficiency part holds.
To prove the necessity part, suppose that f has ¢-SLWP at Z, namely there exist J,r,k,7 € (0,+00) such
that for any u* € Bx«(0,9) there exists x,« € Bx[Z,r], with zo = Z, satisfying

) < T(fu* (x) - fu*(xu*)) Vz € BX[*%’T}' (415)

ekl — 2y
Let uf},u3 € Bx+(0,9); by (4.15), one has

290("{H'Tu§ — Luy H) < T(fu{ (ﬂfu;) - fu{ (-Tui‘) + fu; (-Tui‘) - fu; (-Tug))

= T<U>{ - u;axui‘ - xu;>

. (4.16)

< 7lluy —wp|| - flru; — wu

Since ¢ is a differentiable and strictly convex admissible function with ¢’(0) = 0, ¢’ is a nonnegative increasing

function on R;. Hence
K| Tur — T
)= ( 5

/1 ) (/{|J;u; —zy (1 —|—t)) K| T —xungt
4 2 2
0

o /ﬁqu; — Ty /<;||qu — Ty
2 2

‘P(K||33u{ - xu;”) 2 ‘P("fouf = Ly

Y

This and (4.16) imply that ¢’ (HH%?%) < Tlluj — us]| for all uj,u3 € Bx~(0,0), that is,

K 1,7 * * * *
Slew; =zl < (@) (Mt —uzll) Vi, ug € Bx-(0,9).
Noting (by (4.15)) that
argmin fy«(z) = {xy-} Yu* € Bx+(0,9),
x€Bx|[z,r]

It follows that f has (¢’)~'-TSLM at Z. The proof is complete. O
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With the help of Theorem 4.5 and Proposition 4.3, we now can prove Theorem 3.4.

Proof of Theorem 3.4. By Theorem 4.5, the o-SLWP assumption means that f has (') ~!-TSLM at Z. Hence
there exist 0,7, k,7 € (0, +00) and a mapping M : Bx«(0,d) — Bx[Z,r] with M (0) = Z such that
M) € argmin fo-(2) and s M(u*) — M) < (&) (7w - o*])
x€Bx|[z,r]
for all u*,v* € Bx~(0,0). Let h :=¢o(f 4+ dpy[z,,7)- Then, h is a proper lower semicontinuous convex function,
h* = (f + 0pyjz,)", and it follows from Proposition 4.3 (applied to w(t) = +(¢’)~!(7t)) that there exists
¢’ € (0, 9) such that h* is smooth on Bx«(0,0"), Vh*(0) = 29 = T and

1
[Vh*(v") — VR (u)]| < E(@’)”(Tllv* —u*|]) Vv*,u" € Bx-(0,d). (4.17)

Hence 1
[VR*(u") — 2| < ;(@’)_1(T\Iu*\|) Yu* € Bx+(0,4). (4.18)

Note (by the convexity of h) that u* € 0h(x) if and only if © € Oh*(u*). One has
(0h) Y(wu*) = {vh*(u*)} Vu* € Bx-(0,0). (4.19)
Thus, to complete the proof, it suffices to show that there exists s’ > 0 such that
o' o'
o' (K'|z — vh*(u")]|) < 7d(u*,0h(x)) V(z,u*) € Bx(Z, 5) X Bxs (0, 5) . (4.20)
Let (z,u*) € Bx (%, %) x Bx-(0,%). Then, by (4.17)-(4.19),
- _ 1 _ . o 1 (T
o= o @) < o =l + 1)l < 5+ 260 ().

2 2

1
lz = 9h* (@)l = [V (27) = TR (@)l < —(¢") " (rlla" — w*)) Vo € Oh(x) N Bx-(0,d)

and so

1
lz = VA" ()] < —(¢") "} (rd(u", Oh(x) N Bx+(0,4")).
Therefore,
* * 1 . N—1 * ! ’{/5/ NnN—1 Té/

|z — vh* (u")] < . min (") (rd(u”,0h(z) N Bx+(0,4"))), 5 + (¢") > ) (4.21)

Since d(u*,dh(z) N (X*\ Bx+(0,¢"))) > d(u*, X*\ Bx~(0,d8")) > %/,
d(u*,0h(z)) > min{d(u*, dh(x) N Bx-(0,§")), % .
Hence 5
(), (0) > min { (') (r” 00(a) 1 B 0,00, ) ()}

: R A G

Letting 3 := W, it follows from (4.21) that
[z = VA" (u")]| < g(w')_l(Td(U*»ah(x))),

that is,

¢ (Sl = 97w ) < rd(a” On(o).
This shows that (4.20) holds with &’ = % The proof is complete. O
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5. STABLE WEAK WELL-POSEDNESS

If a proper lower semicontinuous function f has the stable well-posedness at Z, then there exist 7,6 € (0, 4+00)
such that argmin,cp (7,1 fur () is a singleton for any u* € Bx+(0,4). It is natural to consider the case when
argminge g (7.7 fur (x) is not a singleton. This yields the following notion.

Definition 5.1. Let ¢ : Ry — Ry be an admissible function and let f be a proper lower semicontinuous
extended real-valued function on a Banach space X. We say that f has stable weak local well-posedness at & €

dom(f) with respect to ¢ (in brief, o-SWLWP) if there exist r, v, d, 7, k € (0, +00) such that glil[n | flz) = f(z)
rzeBx|T,r
and

o(rd(z, argmin fu+(2))) <k (fu* (r) — min fu*(z)> (5.1)

ZEBx[i,T] ZEBx[f,T‘]
for all (x,u*) € Bx(Z,v) x Bx~(0,9).
Given an increasing admissible function ¢, it is clear that the corresponding well-posedness implies the weak

well-posedness. The following example shows that the converse implication is not true. Let f : R — R be such
that f(t) = 0 for all t € (=00, 0] and f(t) = ¢(t) for all t € (0, +00). Then

argmin f(t) = (—oo, 0] and ¢ (d(ac,arg minf(t)) = f(x) —min f(t) Vo € R.

teER teER teR

Hence, f has the weak well-posedness but does not have the well-posedness because argmin, p f(¢) is not a
singleton. Nevertheless, the following theorem shows that the corresponding stable well-posedness and stable
weak well-posedness are equivalent when f undergoes small tilt perturbations, which was proved by Zheng and
Ng [31] in the case when () = t9.

Theorem 5.2. Let p: Ry — Ry be a differentiable and strictly convex admissible function such that ¢'(0) = 0.
Let X be a Banach space and f: X — R U {400} be a proper lower semicontinuous function. Then, [ has
@-SLWP at z € dom(f) if and only if f has o-SWLWP at .

Proof. The necessity part is trivial. For the sufficiency part, suppose that f has o-SWLWP at . Then there
exist r,v,d, 7,k € (0, +00) such that glir[l ]f(x) = f(z) and (5.1) holds. Letting
reEBx |T,r

M(u*) = argmin fu+(2) VYu* € X7,

z€Bx [Z,7]

it suffices to show that M(u*) is a singleton for each u* € X* close to 0. Let 4/ := { min{r,7} and ¢’ :=

min{Jd, %:/)} Then, by Proposition 4.3, we only need to show that there exists a continuous function w :
R, — Ry with w(0) = 0 such that

M@*) N Bx(z,7") ¢ M(*) +w(||lu* —v*|)Bx Yu*,v* € Bx-(0,5). (5.2)
By (5.1), one has

o (rd (2, M(u"))) < K(fur(T) — min  fi-(2))

z€Bx[z,7]

— (L pin | - _min (F6)— (- 2))

z2€Bx [Z,7] z€Bx [Z,7]

< (pin 16— _pin (7G) o7l

z2€Bx [Z,7] z€Bx [Z,7]

= kllu*||lr < o(my')
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for all u* € Bx«(0,4"). Since a strictly convex admissible function is increasing,
d(z, M(u*)) <~ Vu* € Bx-(0,d"),
namely, for any u* € Bx+(0,d’) there exists z,+ € M(u*) such that
[Zus — 2| <+
Let u*,v* € Bx~(0,0") and v € M(u*) N Bx(Z,'), and take a sequence {v,} in M(v*) such that
Tim_ [ — v = d (u, M)

Noting (by (5.3)) that
d (u, M(v7)) < flu = @0

we can assume without loss of generality that |u — v, || < 29 for all n € N, and so

<2,

<lu =2l + || = -

lon = Z|| < [Jvn —ul|+ lu—2Z| <37 <y VneN.
Thus, by (5.1), one has
o (rd (u, M(v"))) < K(for(u) =  min f-(2))

z€Bx|Z,r]

= K(fv* (u) — for ('Un))
and
@ (d (vn, M(u7))) < K(fur (vn) = fur (0))
for all n € N. Therefore,
¢ (td (u, M(v"))) + ¢ (7d (vn, M(u")))
"{(fv* (1) = for (Un) + fur (Un) = fur (1))
= k(U — v, u—vy,)

< wllu” = v |flu — o
for all n € N. This and (5.4) imply that
o (rd (u, M(v"))) < kllu” —v*[|d (u, M(v7)) .

Noting that ¢(t) > @(t) — () > ¢'(£)% for all t € Ry, it follows that

/ T * 2” * *
_ < _
¢ (54 M) < =],
that is,
* 2 — 2Kk * *
a(u, M(v*) < 2(¢) 1(—||u —v ||).
T T
This implies that
* 3 N—1 2” * *
we M)+ 2() " [ Zur — || ) Bx.
T T
Hence

M) Bx(@) € M%) + 2607 (2t =07 B

This shows that (5.2) holds with w(t) = 2(¢')~*(22L). The proof is complete.

1413
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Corollary 5.3. Let p : Ry — Ry be a differentiable and strictly convex admissible function such that ¢'(0) = 0.
Let X be a Banach space and f : X — RU{+o0} be a lower semicontinuous function with & € dom(f). Consider
the following statements:

(i) f has p-SLWP at Z.

(ii) f has p-SWLWP at z.

(iii) f has (¢')"L1-TSLM at z.

(iv) f has weak (¢')~*-TSLM at z.

(v) Of is strongly metrically ¢'-regular at (Z,0).
(vi) Of is metrically ¢ -reqular at (,0).

Then, (i) < (i) & (iil) & (iv) < (v) = (vi). If, in addition, f is convez, then (i) & (i) & (i) < (iv) &
(v) & (vi).

Proof. (i) & (ii) & (iii) < (iv) < (v) are immediate from Theorems 5.2, 4.5 and 3.4 and Corollary 4.4, while
(v) = (vi) is trivial.

Now suppose that f is convex. Since (i) = (v) is immediate from Corollary 3.5, it suffices to show (vi) = (v).
By (vi), take 7, k,7 € (0, +00) such that

¢ (rd(x, (0f) ' (¢"))) < wd(z*,0f (x)) V(z,2%) € Bx(Z,7) x Bx-(0,7). (5.5)
Thus, by Lemma 4.2 (applied to F = (9f)~!), we only need to show that there exist ,§ € (0, +00) such that

(@)~ (") N Bx(z,7) € (0f) 7' (u") + w(lla” —w[)Bx Va*,u" € Bx+(0,4),

"~1(kt) for all t € Ry. To do this, suppose to the contrary that there exists a sequence

where w(t) = 2(¢')~
0,0, z) such that

(@5, us, @) — (0,
wn € (0f)H(ay,) and @y & (OF) " (uy) + w(l|zy, —up])Bx  ¥neN.
It follows from (5.5) that
¢ (rd(@n, (0F) " (uy))) < wd(uy, Of (xn)) < Klus, — 7,

and so d(zn, (8f) 71 (u})) < L(¢") " (k||lug, — 2 |) for all sufficiently large n. This and the definition of w imply

that @, € (0f)~1(u) +w(||uf, — 2 ||) Bx for all sufficiently large n, a contradiction. The proof is complete. [

6. SECOND ORDER CONDITION

In this section, in the finite dimension setting, we provide a sufficient condition for stable well-posedness in
terms of the second subdifferential. Throughout this section, f is a proper lower semicontinuous function on R";
let Of denote Mordukhovich’s limiting subdifferential of f and N(8f,-) denote Mordukhovich’s limiting normal
cone of Jf (see [18] for its detail). For (z,v) € gph(df), adopting Mordukhovich’s construction, the second
subdifferential 9% f(z,v) of f at (x,v) is defined as

O f(z,v)(h) = {z € R": (z,—h) € N(gph(df), (z,v))} VheR"
(see [22], Def. 2.2). For a convex admissible function v, let
N (2, v)(h) =9 (d(x, (0f) " (v — 1))

for all (x,v,h) € gph(9f) x R™.
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Proposition 6.1. Let ¥ be a convexr admissible function and let (z,0) € gph(df). Suppose that gph(df) is
closed and that there exist k,r € (0, +00) such that

Kl| Bl (2, v) (h) < (2, h) (6.1)
for all (z,v,h) € (gph(df) x R™) N (B(Z,r) x B(0,r) x B(0,7)) and z € 8> f(x,v)(h). Then Of is metrically
Y-regular at (z,0).

Proof. First we show that there exist 1, 71,71 € (0, 400) such that

Y(k1d(z, (9f) " (v) < Tid(v,0f(x)) (6.2)
for all (x,v) € B(z,r1) x (0f(B(z,r1)) N B(0,r1)). To do this, suppose to the contrary that there exists a

sequence {(u;, z;,v;)} C R™ x R™ x R™ such that (u;, z;,v;) — (z,,0),

v; € 0f(u;) and ¢ (%d(mi, (8f)1(vi))) > id(v;, 0f (x;)) VieN.
Thus,
0 < d(zs, (OF)Mwr)) < [l — wil] — O, 6.3)
and there exists y; € df(z;) such that

1 1 1 1
Jos =il < 9 (Gt @70 ) < 10 (Gl il ) 0. (6.4
Define
9i(u,v) == [|[v — vi|| + bgpniayp) (u,v) V(u,v) € R" x R™.

Then, g; is lower semicontinuous, and

wa) < o)+ 50 (J 00)00)).

(u,v) ER™ xXR™
For any j € N, letting
1 n n
(s, v) [l := [lull + EIIUH V(u,v) € R" x R™,

it follows from the Ekeland variational principle that there exists (xi;,v:;) € gph(9f) such that

1 _
(@ij,yij) — (zi,yi)ll; < {d(l‘ia 0f) " (vi)), (6.5)
lyi; — vill = gi(2ij, yi5) < gi(@isyi) = |lyi — vill (6.6)
and

i) < gt + LA OD O i,y o (67)

for all (u,v) € R™ x R™. Clearly, (6.5) and (6.6) imply that {(z;;,v:;}jen is a bounded sequence in R™ X
R™. Without loss of generality, we can assume that (z;5,vy:;) — (Z:,7;) € gph(0f) as j — oo (passing to a
subsequence if necessary). It follows from (6.5)—(6.7) that

1 _ _
|2: — @ill < zd(@i, (0F) 7 (vi), o0 = will < llys — vi
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and

Y (§d(i, ()" (v1))

o = 0l < o = 4l + gncony () + P E B g (6.5
for all (u,v) € R™ x R™. Hence, by (6.3), (6.4) and (z;,v;) — (Z,0), one has
0 < d(zi, (0f)H(w))) < z_Z d(i, (0f) ™" (vs)) (6.9)

and
V; ;é v; and (i‘i,@i) — (i‘,O)

It follows from (6.9) and the convexity of ¢ that

o < L, (0)7 (v)) _ ¥(E2d@;, 0) T w)
7@, (0f)7 (i) T (@i, ()7 (vi)

for all ¢ > 1. This and (6.8) imply that

1, B _
19s — vill < [|v—vil + dgpniay) (u,v) + {%r(d(% (@) (i) lu —

for all (u,v) € R™ x R™. Hence,

(0,0) € {0} x 9| - —vill () + Odgpn(ar) (i, Vi) + 1.w’+ (d(@:, (0f) ™ (v3)) Brn x {0}

c {0} x {” |}+N gph(9f), (zi,v:)) + 1/4( (i, (0f) ! (vi)) Ban x {0},

and so there exists ;] € Br» such that

S (e (OF) @) € 02 (3, ) (;> '

[[0i = vi|

Let h; := v; — v;. Then, v; = v; — hy,

= —IIh 172 (%4, 03) (i)} = —IIh 19 (d(Ts, (0f) 7" (@1 = o)) € 0 f (T4, 0:)(ha)

and so

(zi, hi) = %Hhillw(i‘u@i)(h )@ hi) < —IIh P10 (21, 7) (o).

Noting that 0 < v/, (d(z;, (0f) "' (v; — hs)), it follows from (6.1) that £ < 1 for all sufficiently large i, a
contradiction. Therefore, there exist k1,71, € (0, 400) such that (6.2) holds for all (u,v) € B(Z,ry) x
(0f(B(z,r1))NB(0,71)). Let 73 € (0, 71). We claim that there exists § € (0, 72) such that B(0,6) C 9f(B[z,r2]).
Granting this, one has

B(z,6) x B(0,0) C B(Z,r1) x (0f(B(z,r1) N B(0,71)).

This and (6.2) imply that 9f is metrically ¢-regular at (Z,0). It remains to show that there exists 6 € (0, r2)
such that B(0,d) C 9f(B[z,rs]). Indeed, if this is not the case, there exists a sequence {yx} converging to 0
such that each yi, & 0f(B[z,12]). Noting that Jf(B[Z,r2]) is closed (thanks to the compactness of B[z, 2] and
the closedness of gph(df)), there exists wy € 0f(B[Z,rz]) such that

0 < llyr — will = d(yr, 0f (B[Z,72])) < llykll — 0, (6.10)
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and so wy, — 0. It follow from (6.2) that

Y(k1d(z, (0f) " (wr))) < mad(w, 0f(2)) < 7ilwk]| — 0.

Hence, k1d(Z, (0f) *(wy)) — 0 and so there exists ay € (0f) ! (wx) such that ay — Z. On the other hand, the
equality of (6.10) means

(Yo — Wi,y — wy) < —Hy wk||2 Vy € Of (B[, ra]).

Hence
1 2
211 ) = (o, w0

for all (z,y) € gph(9f) N (B[z,r2] x R™). Since (ag,wy) is an interior point of B[Z,rs] x R™ for all k large
enough, (0,y, — wy) € N(gph(df), (ar,w)), namely 0 € 8% f(ar, wr)(wr — yx). It follows from (6.1) that

(0,91 — wg), (z,y) — (ar, wr)) <

wllye — wil*ny (@, wi) (e — yi) < (0, yx — wi) = 0.

By the first inequality of (6.10), one has

0 = ny(ar, wi) (Wi — yi) = ¥\ (d(ar, (OF) " (yx)))-

This and (2.3) imply that d(ag, (0f) " (yx)) = 0, and so yx € Of(ax). This contradicts that ar — Z and
yr & Of(B[z,r2]). The proof is complete. O

Note that df is closed if f is convex or continuous. The following corollary is immediate from Proposition 6.1
and Corollary 5.3.

Corollary 6.2. Let 1) be a convexr admissible function and let f be a proper lower semicontinuous convex
function on R™. Let & be a minimizer of f and suppose that there exist k,r € (0, +00) such that (6.1) holds for
all (w,v,h) € (gph(@f) x R™") N (B(z,r) x B(0,r) x B(0,7)) and 2z € 8*f(z,v)(h). Then, f has p-SLWP at &

with (1 f P (t)

In the special case when 1 (t) = ¢, ny(z,v)(h) = 1, and so (6.1) means the positive definiteness of 92 f(z, v).
It is worth mentioning that under the assumption that f is prox-regular and subdifferentially continuous at
(%,0), the positive definiteness of §%f(%,0) is equivalent to that Z is a stable second order local minimizer
of f (cf. [10,20,22,24]). In the finite dimension setting, we note that the positive definiteness of 92 f(z,0) is
equivalent to the positive definiteness of 9% f(x, v) for all (x,v) € gph(df) close to (z,0). We conclude with the
following questions:

(1) Under some assumption similar to the prox-regularity and subdifferential continuity, does “generalized
positive definiteness” in the sense of (6.1) imply that 0f is strongly metrically ¢-regular at (z,0)?
(2) If f is a proper lower semicontinuous convex function, is (6.1) a necessary condition for f to have p-SLWP

at T with o(t) f’L/J

REFERENCES

[1] F.J. Aragén Artacho and M.H. Geoffroy, Characterization of metric regularity of subdifferentials. J. Convezr Anal. 15 (2008)
365-380.

[2] H. Attouch and R.J.-B. Wets, Quantitative stability of variational systems ii, a framewrok for nonlinear conditioning. STAM
J. Optim. 3 (1993) 359-381.

[3] E. Bednarczuk, Weak sharp efficiency and growth condition for vector-valued functions with applications. Optimization 53
(2004) 455-474.

[4] F. J. Bonnans and A. Shapiro, Perturbation Analysis of Optimization Problems. New York (2000).



1418 X.Y. ZHENG AND J. ZHU

[5]
[6]
[7]
(8]
[9]
(10]
(11]

12]
(13]

(14]
(15]

[16]
(17]
(18]
(19]
20]
(21]
(22]
23]
[24]
25]
[26]
(27]
(28]
29]
(30]

(31]
(32]

(33]

(34]

J.V. Burke and M.C. Ferris, Weak sharp minima in mathematical programming. SIAM J. Control Optim. 31 (1993) 1340-1359.
F.H. Clarke, Optimization and Nonsmooth Analysis. Wiley, New York (1983).

A.L. Dontchev and R. Rockafellar, Regularity and conditioning of solution mappings in variational analysis. Set- Valued Anal.
12 (2004) 79-109.

A.L. Dontchev and T. Zolezzi, Well-Posed Optimization Problems, in Vol. 1543 of Lecture Notes in Mathematics. Springer-
Verlag (1993).

D. Drusvyatskiy and A.S. Lewis, Tilt stability, uniform quadratic growth, and strong metric regularity of the subdifferential.
SIAM J. Optim. 23 (2013) 256-267.

D. Drusvyatskiy, B.S. Mordukhovich and T.T.A. Nghia, Second-order growth, tilt stability, and metric regularity of the
subdifferential. J. Conver Anal. 21 (2014) 1165-1192.

M. Ferris, Weak sharp minima and penalty fucntions in mathematical programming. Ph.D. thesis, University of Cambridge
(1988).

H. Frankowska and M. Quincampoix, Holder metric regularity of set-valued maps. Math. Program. 132 (2012) 333-354.
X.X. Huang and X.Q. Yang, Generalized levitin-polyak well-posedness in constrained optimization. SIAM J. Optim. 17 (2006)
243-258.

A.D. Ioffe, Metric regularity and subdifferential calculus. Russ. Math. Surv. 55 (2000) 501-558.

A. Jourani, L. Thibault and D. Zagrodny, 01’“(')-regularity and lipschitz-like properties of subdifferential. Proc. London Math.
Soc. 105 (2012) 189-223.

P. Kenderov, Semi-continuity of set-valued monotone mappings. Fund. Math. 88 (1975) 61-69.

R. Lucchetti, Convexity and Well-posedness Problems. CMS Books in Mathematics. Springer, New York (2006).

B.S. Mordukhovich, Variational Analysis and Generalized differentiation I. Berlin Heidelberg (2006).

B.S. Modukhovich and J.V. Outrata, Tilt stability in nonlinear programming under mangasarian-fromovitz constraint quali-
fication. Kybernetika 49 (2013) 446-464.

B.S. Mordukhovich and T.A. Nghia, Second-order variational analysis and characterizations of tilt-stable optimal solutions in
infinite-dimensional spaces. Nonlinear Anal. 86 (2013) 159-180.

B.S. Mordukhovich and T.T.A. Nghia, Full lipschitzian and hélder stability in optimization with applications to mathematical
programming and optimal control. SIAM J. Optim. 24 (2014) 1344-1381.

B.S. Mordukhovich and T.T.A. Nghia, Second-order characterizations of tilt stability with applications to nonlinear optimiza-
tion. Math. Program. 149 (2015) 83-104.

R.R. Phelps, Convex Functions, Monotone Operators and Differentiability. Vol. 1364 of Lecture Notes in Math. Springer, New
York (1989).

R.A. Poliquin and R.T. Rockafellar, Tilt stability of a local minimum. STAM J. Optim. 8 (1998) 287-299.

J.P. Revalski, Hadamard and strong well-posedness for convex programs. SIAM J. Optim. 7 (1997) 519-526.

W. Schirotzek, Nonsmooth Analysis, Berlin-Heidelberg-New York (2007).

M. Studniarski and D.E. Ward, Weak sharp minima: Characterizations and sufficient conditions. SIAM J. Control Optim. 38
(1999) 219-236.

J.C. Yao and X.Y. Zheng, Error bound and well-posedness with respect to an admissible function. Applicable Anal. 95 (2016)
1070-1087.

X.Y. Zheng and K.F. Ng, Metric regularity and constraint qualifications for convex inequalities on banach sapces. SIAM J.
Optim. 14 (2003) 757-772.

X.Y. Zheng and K.F. Ng, Metric subregularity and calmness for nonconvex generalized equations in banach spaces. STAM J.
Optim. 20 (2010) 2119-2136.

X.Y. Zheng and K.F. Ng, Holder weak sharp minimizers and holder tilt-stability. Nonlin. Anal. 120 (2015) 186-201.

X.Y. Zheng and K.F. Ng, Holder stable minimizers, tilt stability and holder metric regularity of subdifferential. STAM J.
Optim. 25 (2015) 416-438.

X.Y. Zheng and X.Q. Yang, Weak sharp minima for semi-infinite optimization problems with applications. SIAM J. Optim.
18 (2007) 573-588.

C. Zalinescu, Convex analysis in general vector spaces. World Scientific (2002).



	Introduction
	Preliminaries
	Stable well-posedness
	Tilt-stability with respect to an admissible function
	Stable weak well-posedness
	Second order condition
	References

