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EXACT TAIL ASYMPTOTICS FOR A TWO-STAGE QUEUE: COMPLETE
SOLUTION VIA KERNEL METHOD

HoNGsHUAI DAT', LINGTAO KONG! AND YANG SONG?

Abstract. In this paper, we are interested in tail asymptotics of stationary distributions for a two-
stage tandem queue with coupled processors, Poisson arrivals, and exponential service times. The model
was motivated by data transfer in cable networks regulated by a reservation procedure, and has been
studied in the literature by several researchers. In the present paper, by using the kernel method, we
obtain exact tail asymptotics for the stationary distributions. What is the more important is that we
give a complete solution of this topic, which means that, given the parameters of the model, exact
tail asymptotics for the stationary distributions of this two-stage queue can be obtained based on our
results.
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1. INTRODUCTION

Since the work of Malyshev [11,12], stationary distributions of the two-dimensional random walks in the
quarter plane have attracted a lot of interest. Two-dimensional random walks are classical queueing models. The
study of these models is useful in both theory and applications. For stable queueing models, we are naturally
interested in their stationary distributions. However, we can only obtain explicit (closed) solutions of a few
components of these stationary distributions. On the other hand, we note that tail asymptotics of stationary
distributions are important in applications. For example, we can get performance bounds and approximations
from tail asymptotic property. Inspired by the above, we study exact tail asymptotics for a two-stage tandem
queue with coupled processors, Poisson arrivals and exponential service times.

There are mainly four alternative methods to study tail asymptotics for stationary distributions. For details,
see Miyazawa [13]. In this paper, we apply the kernel method, developed based on the work of Knuth [10] and
Banderier et al. [2], to obtain tail asymptotics. The original kernel method reads as follows: for a functional
equation

K(z,y)F(z,y) = A(z,y)G(z) + B(x,y), (1.1)
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where F(z,y) and G(z) are unknown functions. In order to study F'(x,y), we can find a branch y = yo(x) such
that

K(x,yo(z)) = 0. (1.2)
Then, by (1.1) and (1.2),
G(z) = =B(z,y0(2)) /A2, yo (2))- (1.3)

Therefore,
Az, y)B(z, yo(2)) /A(z, yo(x)) + B(z,y)

== K(.y)

through analytic continuation. Noting that there is only one unknown function in R.H.S of (1.1), and thus, we
cannot apply this method to study tail asymptotics for two-dimensional random walks directly, since there are
two unknown functions. More specifically, the analogy to (1.1) is given as follows:

h(z,y)m(z,y) = h1(x, y)m1(2) + ha(z,y)m2(y) + ho(z,y)m0,0, (1.4)

where 7(z,y), m1(x) and ma(y) are unknown generating functions for joint and two boundary probabilities,
respectively. Following the idea in the classical kernel method, we find a branch Y = Y (z) satisfying the kernel
equation h(z, Yy (z)) = 0. However, this time, we can only get a relationship between the two unknown boundary
generating functions, i.e.,

ha(a, Yo ()1 () + ha(z, Yo (2))ma (Yo (2)) + ho(x, Yo(x))m0,0 = 0.

The generalization of the kernel method is necessary to characterize tail asymptotics in stationary probabilities.
Li and Zhao [7] extended the original kernel method systematically to study tail asymptotics for stationary
distributions of a generalized two-demand queueing model, and got exact tail asymptotics for boundary prob-
abilities, joint probabilities and marginal distributions. Since then, many scholars have used this method to
study exact tail asymptotics for stationary distributions. Later, Dai and Zhao [4] used this method to study
exact tail asymptotics for the wireless 3-hop network with stealing. Song, Liu and Dai [17] obtained exact tail
asymptotics for a discrete-time preemptive priority queue via the kernel method. For more details, readers may
refer to Li and Zhao [7,8], Li, Tavakoli and Zhao [9] and the references therein.

In this paper, we study a two-stage queueing model with coupled processors, Poisson arrivals and exponential
service times. The model was motivated by data transfer in cable networks regulated by a reservation procedure.
For details, see Resing and Ormeci [16]. The model also has other important applications. See Andraddéttir,
Ayhan, and Down [1], van Leeuwaarden and Resing [18] and the references therein. Stationary distributions of
this model have been studied by many scholars. In particular, Guillemin and van Leeuwaarden [6] studied tail
asymptotics for the marginal distributions of this model by solving boundary value problems. In this work, we
also focus on exact tail asymptotics for this model. However, compared to [6], we make the following contributions
in the present paper:

(1) We systematically study exact tail asymptotic properties for the stationary distributions of this model.
In [6], exact tail asymptotics for the marginal (only) stationary probabilities was studied. However, exact
tail asymptotics for the marginal stationary distributions cannot directly lead to exact tail asymptotic
properties for the joint stationary distributions and for the boundary stationary probabilities. Therefore,
further efforts are required. Moreover, further tools are also needed. In the present paper, we provide exact
tail asymptotics not only for the marginal distributions, but also for the boundary probabilities and for the
joint distributions.
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(2) Our results in Theorem 6.4 below refine the results in [6]. In the present paper, exact tail asymptotics of
this two-stage queue are presented based on the relationship among the parameters of the model. Based
on these results, impact of the parameters can be clearly revealed. However, in [6], exact tail asymptotic
properties for the marginal distributions are provided based on the relationship among some functions of
the parameters of the model. See Propositions 5 and 6 in [6]. Given the values of the parameters, we can get
exact tail asymptotics from our results straightforwardly. However, it is not straightforward to obtain exact
tail asymptotic properties for the marginal distributions from [6]. Hence our results have some advantages
over the results in [6].

(3) Guillemin and van Leeuwaarden [6] formulated 71 (2) and m2(y) in terms of boundary value problems. The
solutions to these boundary value problems yield integral expressions of 71 (x) and w2 (y), see Propositions 3
and 4 in [6], respectively. Based on these expressions, they obtained exact tail asymptotics for the marginal
distributions. However, there is no need to express the unknown generating function for the purpose of
characterizing tail asymptotics. In the present paper, we apply the kernel method to study tail asymptotics.
The kernel method only requires the information about the dominant singularities of the unknown function,
including the location and detailed asymptotic property at the dominant singularities. Because of this, the
kernel method has a potential advantage over the method used in [6].

The rest of this paper is organized as follows. In Section 2, we describe the two-stage model and present the
fundamental equation which plays an important role in our analysis. Section 3 is devoted to studying the
kernel equation and branch points. In Section 4, we present some preliminaries for exact tail asymptotics. In
Sections 5, 6 and 7, we derive exact tail asymptotics for boundary probabilities, marginal distributions and joint
distributions, respectively. In Section 8, we demonstrate our results by numerical examples.

2. MODEL AND ANALYSIS STEPS

2.1. Two-stage model

The model is of independent interest, and has been studied by many scholars, for example, van Leeuwaarden
and Resing [18], Guillemin and van Leeuwaarden [6], Resing and Ormeci [16], Denteneer and van Leeuwaarden [5]
among others.

We consider a two stage tandem queue, where jobs arrive at queue 1 according to a Poisson rate A, demand-
ing service at both queues before leaving the system. Each job requires an exponential amount of work with
parameter v; at queue j with v1 +v2 = 1 (w.l.o.g). The global service rate is set to one. The service rate for one
queue is only a fraction (p for queue 1 and 1 — p for queue 2) of the global service rate when the other queue
is non-empty; when one queue is empty, the other queue has full service rate. Therefore, when both queues
are non-empty, the departure rates at queue 1 and 2 are v1p and v2(1 — p), respectively. Let N;(t) denote the
number of jobs at queue i at time ¢. Then {N(¢), N2(t)} is a Markov process. This Markov process has a unique
stationary distribution if

A A
—+ — <L (2.1)
U1 (%)

The physical meaning of (2.1) can be found in van Leeuwaarden and Resing [18]. In the rest of this paper, we
always assume that the condition (2.1) holds.

Denote the joint stationary distribution by 7, 5, i.€., T = limsoo P(N1(t) = m, Na(t) = n). On the other
hand, without loss of generality, we assume that max{\ + v1, A + v2} < 1. Let Q be the infinitesimal generator
of the continuous-time Markov process {N1(t), Na(t)}. Then P = I + Q is the transition probability matrix for
the uniformized discrete-time Markov chain, where I is the identity matrix. The two Markov chains have the
same stationary probability vector 7, ».
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2.2. Analysis steps

In this present paper, we apply the kernel method to study exact tail asymptotics for this tandem queue. In
order to reach our aim, we also need the Tauberian-like theorem. Our analysis follows the following steps:

Step 1. We firstly establish the functional equation (1.4), very often referred to as the fundamental form, which
plays an important role in our analysis.

Step 2. The interlace between two unknown functions 7 (z) and 72 (y) plays an important role in the asymptotic
analysis of these two functions. Based on the fundamental form, we study the interlace between them, and the
corresponding results are presented in Lemma 3.4.

Step 3. In order to apply the Tauberian-like theorem, we need to locate the dominant singularities of the two
unknown functions m (z) and m2(y). Based on Lemma 3.4, we mainly carry out this work in Section 4.

Step 4. To apply the Tauberian-like theorem, we also need asymptotic behavior of the functions 7 (x) and
m2(y) around its dominant singularities. In Section 5, we carry out the asymptotic analysis of these two unknown
functions.

Step 5. In Sections 5, 6 and 7, according to asymptotic analysis of the unknown functions 7 (x) and w3 (y), we
use the Tauberian-like theorem to get exact tail asymptotics of the stationary distributions.

2.3. Fundamental form

In order to apply the kernel method, we first need to establish the fundamental form. Before we present this
equation, we introduce the following notation:

0o 0o
_ o et—1, g1 2 2)
w(w,y) Zzﬂz,jw Yy 5 ( .

i=1 j=1

m(e) =Y moa' ™, (23)
i=1

(oo}
ma(y) =Y _mo iy " (2.4)
j=1

Based on the transition probabilities of the uniformized discrete time Markov chain, we get from (1.3.6) in
Fayolle, Tasnogorodski and Malyshev [14] that

— bz, y)m(z,y) = ha(z, y)mi(z) + hao(z, y)m2(y) + ho(z, y) 700, (255)
where
(i)
h(z,y) = aly)a® + b(y)x + &y) = a(@)y® + b(x)y + c(@), (2.6)
with a(z) = puy, b(z) = —[A + por + (1 — pluse + Ae?, ¢(z) = (1 — p)usz, and aly) = Ay, bly) =

" (1 =pJvz = [A+pvi + (1 = p)oa]y, éy) = pury*;
hi(z,y) = ar(z)y + bi(2), (2.7)
with a;(z) = v1 and by (x) = —(\ + v1)x + Az?;
(iii)
ha(x,y) = az(x)y® + ba(x)y + ca(x), (2.8)
with az(z) = 0, ba(z) = [Ax — (A + v2)] and ca(z) = va;
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(iv)
ho(z,y) = ao(2)y + bo(z), (2.9)
with ag(z) = 0, and bo(z) = Az — A
3. KERNEL EQUATION AND THEIR BRANCH POINTS
In this section, we consider the kernel equation
h(z,y) = 0. (3.1)

Specifically, we provide detailed properties of the branch points, and also the branches. We will obtain these
properties by using elementary mathematics.
Let

Dy (x) = b*(x) — da(x)c(x) (3.2)
be the discriminant of the equation (3.1). Therefore, for each z, two solutions to (3.1) are given by

Yi(z) = _b(x)Qia(w)Dl(gC) ’ (3.3)

unless Dy (z) = 0, for which z is called a branch point of Y.
Symmetrically, let Da(y) = b(y) — 4a(y)é(y). For each fixed y, two solutions to (3.1) are given by

—b(y) £ /Da(y)
2a(y)

unless Da(y) = 0, for which y is called a branch point of X. We have the following properties on these branch
points.

Xi(y) = (3.4)

Lemma 3.1.
(i) Di(x) has four zeros satisfying

A+ pvr + (1 = p)og

1 =0<2a <1l <3< \

< 4.

Furthermore, Di(x) > 0 in (— 00, .Tl) U (acg, .Z‘3) U (ac4, oo) and Di(x) < 0 in (z1,22) U (23, 24).
(ii) Da2(y) has three zeros satisfying

(1—pvg
A+ pus + (1= p)vg

0<y < <y <1< uys.

Moreover, Da(y) > 0 in (—oo, y1) U (y2, y3), and Da(y) < 0 in (y1, y2) U (y3, 00).

Proof. We only prove part (i) of this lemma. The other part can be proved in the same way. In fact, from (2.6)
and (3.2), we have

Dy(x) = ac{ [/\33 — [/\ +pvr + (1 —p)vg]]2 x —4p(1 — p)vlvg}.

Set
F(z)=[Az— (A+pu+(1 —p)v2)]2 x — 4p(1 — p)vyva.
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We can get

F(0)= F ()\ + pu1 +)\(1 —p)vz) — ip(1—p)ores, F(1) = [prr — (1 —p)v2]2 > 0. (3.5)

Then, we can get that Dq(x) has four roots x1,x2, x3 and x4 satisfyingjj

A 1—
+pv1 + (1 — p)og -

O
A

D=1 <r2a<1l<ag<

From the complex analysis point of view, the kernel equation defines a two-valued function Y (z) (similarly,
X(y)). To ensure the continuity of the function, or to avoid the situation in which the function moves from one
branch to the other, when = varies, we consider the following cut planes:

Co = C\ ([ws, xa] U [21,72]) and €, =C\ ([y1,52] U [ys, 0));
Cp =C\ [z3, 24] and C'y =C\ [ys, ),

where C denotes the complex plane.
In the cut plane C,, define the two branches Xy(y) and X;(y) of X (y) by

Xo(y) = X_(y),and X1 (y) = X1 (y) if IX_(y)| < [X+ ()],

and

Xo(y) = X4(y), and Xa(y) = X-(y) if  [X-(y)] > |[X:(y)]-
The two branches Yy (z) and Yi(x) of Y (x) can be similarly defined.

Remark 3.2.

(1) The functions Y;(z), ¢ = 0, 1, are meromorphic in the cut plane (Qm
(2) The functions X;(y), ¢ = 0,1, are meromorphic in the cut plane C,.

Asymptotic properties for the functions 7 (x) and 72 (y) are a key for characterizing exact tail asymptotics for
the stationary distributions. At the end of this section, we list some properties of the functions 7 (z) and w2 (y),
which play an important role in our analysis.

Before we state these properties, we define the following notation:

I,={ze€C:|z|=a},D, ={x:|z| <a}, and B = {(z,y) : h(z,y) = 0}.

Following Lemma 2.2.1 and Theorem 3.2.3 in Fayolle, Iasnogorodski and Malyshev [14], we have the following
lemma.

Lemma 3.3.

(1) m1(x) is a meromorphic function in the complex cut plane C,. Similarly, (y) is a meromorphic function
in the complex cut plane C'y

(2) There exists an € > 0 such that the functions w1 (x) and w2 (y) can be analytically continued up to the circle
I'1 1 in their respective complex plane. Moreover, they satisfy the following equation in D%+6 N B:

hi(x,y)mi(z) + ha(z,y)m2(y) + ho(,y)mo,0 = 0. (3.6)
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Under the stability condition (2.1), we can easily verify that the conditions in Lemma 2.2.1 and Theorem 3.2.3
in [14] hold. We naturally conclude the Lemma 3.3.

From the above discussion, we can get that the dominant singularity zqom of 71 () is in (1, 23]. In the sequel,
when we apply the Tauberian-like theorem for getting exact tail asymptotics for the stationary probabilities,
we need to standardize the radius of convergence of the function of interest to the unit. For convenience, we
introduce the following notation. Assume that @(z) is analytic at 0 with R > 0 the radius of convergence, and
let Zgom > 0 be the dominant singularity of @(z). For 0 < ¢ < 5 and € > 0, we define the region A(¢, €, Zqom)
by

A, €, Zdom) = {Z eC,: |f| <1+4+¢€2/240m # 1, |Arg <zdz - 1> | > ¢} ) (3.7)

In the sequel, without otherwise stated, the limit of an analytic function @(z) is always taken in A(¢, €, Zdom)-
By Li and Zhao [7,8], we have the following technical lemma.

Lemma 3.4.

(1) 71 (Xo(y)) is meromorphic in the cut complex plane C,,. If Xo(y3) is not a pole of m1(x), then the dominant
singularity yaom of m1(Xo(y)) is y3. Furthermore, there exist € >0 and 0 < ¢ < § such that

lim 71(Xo(y)) = m1(Xo(y3)) and lim 7} (Xo(y)) = 71 (Xo(y3))-

Y—ys Y—ys

Similarly, (Yo (x)) is meromorphic in the cut complex plane Co. If Yo(x3) is not a pole of ma(y), then the
dominant singularity Taom of ma(Yo(x)) is x3. Furthermore, there exist € > 0 and 0 < ¢ < § such that

lim mo(Yo(z)) = ma(Yo(w3)) and lim 7h(Yo(x)) = 7h(Yo(x3)).

T—T3 T—T3
(2) In the cut plane Ca,

_ —hs [z, Yo ()| m2 [Yo(x)] — ho[z, Yo(z)]mo,0
mi(z) = hy [1,’ Y()(l')] (3.8)

except at zero of hy(z,Yo(z)), or at a pole of m(z) or ma(Yo(z)).
Similarly, in the cut plane @y,

=l [Xo(y), y]m [Xo(y)] — ho[Xo(y), y] 0.0
m(y) = ,

ha(Xo(y),y)

except at zero of ha(Xo(y),y), or at a pole of T2(y) or m (Xo(y)).

4. PRELIMINARIES FOR EXACT ASYMPTOTICS

In this work, our goal is to find exact tail asymptotics for stationary distributions. Following the Tauberian-
like theorem (see, for example, Bender [3] and Flajolet and Sedgewick [15]), we first need to locate the dominant
singularities of the two unknown functions 71 (x) and m3(y), and then study detailed properties of these two
functions around these dominant singularities.

In this section, we carry out the first task. It follows from Lemma 3.4 that there are only two possible types
of dominant singularities of 71 (x): a pole or a branch point. When the dominant singularity is a pole, it is a
zero of hy(z,y) or ha(z,y). This is stated in the following lemma.
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Lemma 4.1. Let x* be a pole of m1(x) with the smallest modulus between 1 and xs. Then either x* is a zero of
hy [z, Yo(z)] or Yo(a*) is a zero of ha[Xo(y),y]. In the latter case, |Yo(x*)| > 1. Similar results hold for a pole
of ma(y) with the smallest modulus in |y| < ys.

By Li and Zhao [7,8], one can get Lemma 4.1 directly. Here we omit the proof.
For our model, the only possible pole of 71 (x) in (1, x3] is detailed in the following lemma.

Lemma 4.2. If a solution to hy [z, Yy(z)] = 0 in (1, x3] exists, then it is

A v+ v — /(Ao + ) —dogs
2\

Proof. Tt follows from (2.7) that
hi [z, Yo(2)] by [z, Y1 (2)] = viYo(2)Yi(2) + [Yo(z) + Yi(2)][A2? — (A + v1)z]vr + [Az® — (A +vp)z]®. (4.1)

On the other hand, we get that

Yo(x)Yi(z) = %, and  Yp(x) + Yi(z) = —%- (4.2)
Therefore, by (4.1) and (4.2)
ha[z,Yo(z) by [z, Y1(2)] = (1 — p)a [vrvg + (A + v2 — Az) [Ax — (A +v1)]] . (4.3)
Set
Q(z) =viva + (A4 v2 — Az) [Az — (A + v1)].
Then,

Q(z) =vivy — A+ v1)(A+ v2)z + A2A + vy + v2)2” — N2
=(x—-1) [ — N2+ [)\2 + A1 + vg)]x — U1U2j|. (4.4)

So, we get that hy [z, Yo (z)]h1 [z, Y1 (z)] = 0 has four roots

s A+ vr o+ /(A o1 +02)? — 4o
i) :07 T4 =

2\ ’
3 A tu o — /(Ao +02)2 — v
T2 = 1, xr3 = .
2\
Since % + Ui < 1, one can easily confirm that 4 > 3 > 1.

Next, we study the relationship between 3 and x3. We will prove

A 1—
. + pvy +)\( p)v

From (4.4), we have that Q(x) > 0 for © € (Z3, Z4) and Q(z) < 0 for = € (Z4, 00). Hence, in order to prove (4.5),
we only need to show that

2 > xr3 > T3. (45)

0 (/\ + puy +)\(1 —p)v2) > 0. (4.6)

Indeed,

0 </\+pv1 —|—>\(1—p)v2

) = A[(1 = p)vr + pvz| +p(1 —p)[v1 — v2]2 > 0. (4.7)
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By (4.7), we get that
A 1—
+pv1 + (1 — p)og < G
A
On the other hand, since Di(z) = 0 at x3, we get Yy(z3) = Y1 (23). So we have Q(x3) > 0. Hence &5 < z3. We
complete the proof of this lemma. O

Remark 4.3. Tt follows from the proof of Lemma 4.2 that if Z3 is a solution to hy[z, Yo(x)] = 0 between (1, x3],
then the solution is unique.

Now, we study the existence of the zero of hy [x, Yb(x)] . In order to do this, we first present a technical lemma.

Lemma 4.4. I3 is a solution to hi[x,Yo(x)] = 0 between (1, x3] if and only if
9(@3) 2 0, (4.8)
where
9(@) = [M1=2p) — oy + (1 = )+ A(2p — 1)a*.
Proof. Noting that
b(z) = A\x® — [\ + puy + (1 — p)vo]z,
we have that for any = € [0, w]’

b(x) < 0. (4.9)

Since D;(x) > 0 for any = € (x2, 3], we have

YE)(.’E) _ _b(l‘) Y Dl(x) (410)

2p’U1

for any « € (1, x3]. Then
2phy [az, Yo(as)] = 2pv1 Yo(z) + 2pAz? — 2p(\ + vy
=g(z) — /D1(x). (4.11)

We first prove the necessity. In fact, if Z3 is the zero of hq[z, Yo(x)], then we get g(Z3) > 0, since T3 < x3 and
Dy(z) > 01in (1, z3].

Next, we prove the sufficiency. To prove that &3 is a solution of h4 [z, Yy ()] = 0 between (1, x3], from (4.11),
we only need to prove

9(73) = v/ D1(%3). (4.12)
Since g(z3) > 0, (4.12) is equivalent to
9*(i3) = D (T3). (4.13)
By some calculations, one can get that (4.13) is equivalent to
Q(a3) = 0. (4.14)

By the proof of Lemma 4.2, (4.14) holds. We complete the proof. O
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The next lemma states the condition under which hy [z, Yp(z)] = 0 has a solution between (1, z3].
Lemma 4.5.

(i) Ifp> 1, then i3 is a solution to hy[z,Yo(x)] = 0 between (1, x5 if and only if

11 Vo — U1
p<max< —,— |1+ .
2°2 A+ V(A+1)2 —4vvy
; _ 1 ) . . .
Furthermore, if vo > vy and p = 3 {1 + m}, then x3 is the solution to hq[x,Yy(z)] = 0.

(i) Ifp = 1%, then Z3 is a solution to hi[x,Yy(x)] = 0 between (1, 3] if and only if vi < vo. Furthermore, if
vy = v1, then x3 is the solution to hq[x,Yy(z)] = 0.
(iii) Ifp < &, then i3 is a solution to hi[z,Yo(x)] = 0 between (1, x3] if and only if

< min 11 1+ Y2 U
p= 272 A+ ()\—|—1)2—4’U11}2

Furthermore, if vo < vy and p = %[1 + . }, then x3 is the solution to hq[x,Yy(z)] = 0.

Proof. We first prove case (i). Since p > § and &3 > 1, (4.8) is equivalent to
By > 2, (4.15)
where

A2p—1)+pvi — (L—p)vs.
A(2p —1)

i‘:

By some calculations, one can easily get that (4.15) is equivalent to

11 Vo — U1
p<max< —,— |1+ .
2°2 )\"‘ ()\ + 1)2 —4’[)11)2

Furthermore, if vy > v; and p = %{1 + Ll }, then Z3 = . Since g(&) = ¢g(Z3) = 0, then we get

Dl(.f) = D1(i’3) =0.So I3 = .%3.

Next, we prove case (ii). If p = &, then g(z) = (v2 — v1)z. So (4.8) is equivalent to vy > v;.

On the other hand, if vo = v1, then we get g(z) = 0 for all x. So the solution is x3.
Finally, by using the same method as for the proof of case (i), we can prove that case (iii) holds. The proof
of this lemma is complete. O

Similar to Lemma 4.2, we have the following.

Lemma 4.6. If a solution to hsy [Xo(y),y] = 0 between (1, ys| exists, then it is given by

U2
2/\1}1

—(>\+1)2—’U1) +\/()\+’U2—1)1)2+4>\1)1
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Proof. Tt follows from (2.8) that

ha [ Xo(y), y]ha [X1(y), y] = Apv1y® + p(A + v2) (v2 — v1)py® + pu2[v1 — 205 — A]y + pvj
=p(z — 1) [Av1y® + (Mg + v3 — viva)y — v3].

So the solutions to hs [Xo(y), y] ho [Xl (v), y] =0 are

b

7o = [—(A+v2—v1)+\/(>\+02_'U1)2+4)\'U1

U3 = v [—(A—I—vg—vl)—\/(/\+U2—U1)2+4)\U1

Set
F(y) = Moiy® + (\vg +v3 — viva)y — v3.

It follows from (2.1) that F'(1) = A(v; + v2) — v1v2 < 0. So, we get

o > 1. (4.16)
Using the same method as for the proof of Lemma 4.2, we can prove

9 <ys. (4.17)
By (4.16) and (4.17), the lemma holds. O

Similar to Lemma 4.5, we have the following lemma.
Lemma 4.7. ha[Xo(y),y] = 0 has a solution between (1, ys] if and only if X\ < pvy.
Proof: We first prove the necessity. Since
b(y) = (1 — p)va — (A +po1 + (1 — p)va]y,

we get

5 (1 —p)vz
b(y) < 0 f >1> .
) ory A+ pvi + (1 —p)og

Therefore, for y € (1, ys3),

It follows from (2.8) and (4.18) that, for any y € (1, ys],

2ha[Xo(y),y] = [pv1 — A — (L +p)va]y + (1 + p)va — /D2 (y). (4.19)

Set
G(y) = [pv1 — A= (L + p)va]y + (1 + p)va.
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We assume pv; < A. Then

(1+p)v2 <1
A+ (L+plve —puy —

So, for any y € (1, ys],
&) <0. (4.20)

Noting that y/Da(y) > 0 for all y € (1, ys], we get that equation (4.20) contradicts to the fact that there is
a solution to hi[xo(y),y] = 0 between (1, ys]. So pvy > A
Next, we prove the sufficiency. In fact, from (4.19), we get that

2h2[Xo(1),1] = 2(pv1 — A) > 0, (4.21)
and

2ha[Xo(ys), ys] = G(ys).

If G(y3) <0, then it follows from (4.21) that the lemma holds.

Next, we assume G(y3) > 0. If there exists at least one point yo between (1, y3) such that h2[Xo(yo), o] < 0,
then, from (4.21), we can get that the lemma naturally holds. Next we assume that ho[Xo(y),y] > 0 for all
y € (1, y3). It follows from (2.8) and (4.18) that

ha[X1(y), y] — h2[Xo(y), y] = My [X1(y) — Xo(y)] = V/D2(y) >0,
since Da(y) > 0 for all y € (1, y3). Therefore,

ha [X1(y), y]ha[Xo(y), y] > 0. (4.22)
The equation (4.22) contradicts to the proof of Lemma 4.6. So the lemma holds. O

In order to study the detailed analytic properties of the functions 71 (z) and 72 (y), we need some technical
results for the functions X;(y), i = 0, 1.
Lemma 4.8. Under the condition that pvy > X\, we have that

(1) if pv1 < (1 — p)va, then 0 < Xo(y) <1 fory € (1, (1;%], and X1(y) > 1 fory € (1, (1;%];
(2) if pv1 > (1 — p)ua, then Xo(y) > 1 for all y € [1, ys].

Under the condition that pv; < A, we have that

Xo(y) <1 forye (17 m]; Xi1(y) >1 forye (17 m].

pUL pu1

Proof. Noting

we get from Lemma 3.1 that
ys > ————= >y (4.23)

For y € (y2, y3], we have

Xo(y) = — (1 —pvg — [/\ + pu1 ;—)\fyl —p)vg]y + v/ Da(y) (4.24)

One can easily get that for y € (1, ys], Xo(y) > 0.
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In order to prove the lemma, we need to determine the relationship between X (y) and 1. By some calculations,
we get that it is equivalent to determine the relationship between F'(y) and 1, where

F(y) = (1 —p)va + [A = pv1 — (1 — p)us]w.

In fact, we have that

Xo(y) <1< (L =p)va+ [A —pvs — (1 — p)va]y + /' Da(y) > 0, (4.25)
and
Xo(y) 2 1< (1 —pva + [A—pv1 — (1 = p)va]y + v/ D2(y) < 0. (4.26)

From the condition in (2.1), we can get A — pv; — (1 — p)va < 0. Thus, we get

= (1 —p)va

F(y) > 0fory < . 4.27
() = y_pm-l-(l—p)vz—)\ (4.27)
Next, we prove the first part of this lemma. We assume pv; > A. In this case, we get that
1
(1 = pos <1 (4.28)

pu1 + (1 —p)ug — A
By (4.27) and (4.28), we get F(y) <0 for all y > 1. Therefore, R.H.S of (4.25) and (4.26) are equivalent to
puiy? = [pr + (1 = p)ua]y + (1 = pJu2 <0, (4.29)
and
po1y® — [pvr + (1 = p)vz]y + (1 — p)vz > 0,

respectively. By some calculations and (4.29), we get that (4.25) and (4.26) are equivalent to

min{l,m} <y< max{l,m},

pu1 pu1
and
1-— 1-—
min{l,(ﬂ}zy, oryzmax{l,w}, (4.30)
pu1 pu1

respectively. From the above arguments, we get that

(1 —p)vz

X <lforye |1,
o(y) < y ( s

] if pup < (1 — p)os,

and
Xo(y) > 1fory e (1, ys], if (1 —p)ve < puy.
Next, we consider the second part of this lemma. We assume pv; < A. Under this condition, we get

(1—pvg
pu1 + (1 —p)ug — A

> 1. (4.31)
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On the other hand, from (2.1), we get
(1 —p)vg > A (4.32)
Therefore, we have pv; < (1 — p)va. By (4.31) and (4.32), we get that

(1-—pvo - (1-—pvo

4.33
pur+ (1 —plva — A pu1 (4.33)
It follows from (4.27) and (4.33) that
- (1 —p)vo }
F(y)>0forye (1, , 4.34
=omrye (1 oG (1.31)

and

F(y) <Oforye ( o +(11__ ))12)2_/\, ys)-

It follows from (4.34) that (4.25) holds for y € (1, %].

For y € (pvlﬁl_f;)}irw (1;51)”2}, by using the same method as in the case pv; > )\, we can prove that (4.25)

holds. From the above arguments, we can get that for any y € (1, (1;%], Xo(y) < 1. Tt follows from (4.30)
that for any y € [Q, ys], Xo(y) > 1.

pv1
By using the same method as for the proof of results of Xy(y), we can prove that the results for X;(y) also
hold. g
Remark 4.9. From the proof of Lemma 4.8, we get that % is one of branch points if and only if A =
(1 — p)ve. Furthermore, if it happens, then pv; > A. Therefore, pv; > (1 — p)va. So yo = (1p51)v2 < 1.
Next, we study some properties of Yy(z) and Y7 (x).
Lemma 4.10.
(i) If A < pvr, then 0 < Yy(z) <1, nd}’l(x)zlforxe(l,%],
(ii) If A > pvy, then Yo(z) > 1 for x € (1, z3).
Proof: First, we note that
2,2 2
pviy _ p*v} [A = (1 = p)vo]
Dy (5 = > 0. 4.35
U \2 ) = (4.35)
Therefore, by Lemma 3.1 and equation (4.35), we get
7% < 1. (4.36)
Tt follows from (4.10) that for any = € (1, x3]
—b(z) — /Di(2)

(4.37)

By (4.37), one can easily get
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In order to prove Yy(z) < 1, we only need to show that for all z € (1, 3]

[/\ +pvr + (1 — p)vg]x — A\z? —2pv; < \/Dy(2). (4.38)
Set

Qz) = [/\ +pvr + (1 —p)vg]x —\z% — 2puy.

We have that for all = € [q1, ¢2],

Q(z) >0, (4.39)
where
P\ +pv1 + (1 — p)vz] - \/[)\ +pur + (1 —p)vz]2 — 8)\pu1
q1 = 5
2\
and
P\ +pv1 + (1 — p)vz] + \/[)\ +pur + (1 —p)vz]2 — 8\pu1
g2 = :

2\
Next, we prove part (i) of this lemma. Based on the relationship between pvy and (1 — p)va, we split the proof
into two parts, i.e., pvy > (1 — p)ve and pvy < (1 — p)va, respectively.

Part 1. We assume pv; > (1 — p)vg. In this case, we get

In order to prove the lemma, we need to consider the relationship between (1 — p)vy and A. We first assume
that (1 — p)ve > A. Then one can easily get

@ > 1%. (4.41)
It follows from (4.40) and (4.41) that for = € (1, ¢1],

O(x) <0, (1.42)
and for z € [q1, 5],

Q(x) > 0. (4.43)

By Lemma 3.1 and equation (4.42), we get that (4.38) holds for z € (1, ¢1].
For x € [q1, ], in order to prove (4.38), we only need to prove

Q*(z) < Di(a). (4.44)
One can easily get that (4.44) is equivalent to
(A + pv1)z — Az? — pvy > 0. (4.45)
Hence, (4.45) is equivalent to
1<z< Z%. (4.46)

From the above arguments, we get that the lemma holds under the assumption (1 — p)vg > A.
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Next, we assume (1 —p)vo < A. In this case, we first assume pv; > (1 —p)vz + A. Then ¢z > 5. So, by using
the same method as above, we can prove that the lemma holds.
Below, we assume pv; < (1 — p)ve + A. Then one can easily get that

By (4.39), (4.40) and (4.47), we get that

Q(z) <0, forz € (1, ¢1] U [q2, vs)]- (4.48)

By (4.48), we get that (4.38) holds for x € (1, ¢1] U [q2, ys]. B
On the other hand, it follows from (4.39) that if € [q1, ¢2], then Q(x) > 0. Hence, we can use a similar
method to that for the case (1 — p)va > A to prove the lemma.

Part 2. We assume pv; < (1 — p)va. Since (1 — p)ve > pu; > A, one can easily get that

a2 > ]%, (4.49)

and
q1 < 1. (4.50)

By (4.23), (4.49) and (4.50), for x € (1, 5], we have

Oz) > 0. (4.51)

Then, by using the same method as in the case (1 — p)vg > A, the lemma holds.
Next, we prove case (ii) of this lemma. It follows from (2.1) that A < (1 — p)vs. Therefore,

(1 — p)’Uz > puq. (452)
It follows from (4.40) and (4.52) that
@ <1<q. (4.53)

On the other hand, we have

Da(ga) = por{ A+ por = 3(1 = p)va = VO F por + (1~ p)ua)? — 8Apos }.
Since (1 —p)ve > pvy and (1 — p)vg > A,
Di(g2) <0. (4.54)
It follows from Lemma 3.1 and (4.54) that
T3 < qo- (4.55)
By (4.23), (4.53) and (4.55), we get that for all z € (1, 3],

O(z) > 0. (4.56)

In order to prove Yp(z) > 1, it is sufficient to prove

A+ pvr 4+ (1 = p)vg)z — Az — 2pv; > /Dy (). (4.57)
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One can easily get that (4.57) is equivalent to

A+ pv1)x — Az? — puy <0. (4.58)
(4.58) is equivalent to
z < Z% orx > 1, (4.59)
since &+ < 1. By (4.53), (4.55), (4.57) and (4.59), the lemma holds in this case.
From the above arguments, we proved that the lemma holds for Yj.
Using similar arguments, we can prove the results for Y;(x). O

Remark 4.11. From the proof of Lemma 4.10, z3 = & if and only if A = (1 — p)vs.

It follows from Lemma 4.1 that the zero of ho [Xo (Yo(ac)),Yo(x)} is important in the study of asymptotics.

Next lemma studies it.
Lemma 4.12. ho[Xo(Yo(z)),Yo(2)] = 0 has no solution between (1, 3] with Yo(z) > 1.

Proof. By (4.9), we get that for z € (1, z3], 0 < Yp(x) < Yi(z). We assume that the lemma would not hold,
i.e., there were a solution Z between (1, z3] with

Yo(z) > 1. (4.60)

Let g = Yy(Z). Then Z = Xo(g), or £ = X1(g). Since

hy {Xo(g),g} _0, (4.61)
we get from Lemma 4.7 that
A < puy, (4.62)
and
j= 23}1 [—(A—H}g—m)—k\/(A+v2—vl)2+4)\v1 : (4.63)

Now, we assume & = X (7). Let 2* = Xo(9). It follows from (4.61) that

*:)\-i-’l}g Vo

_ 2. 4.64
* DY (4.64)
On the other hand, we have that
_ . . a() _Atput+(A—pvy ([A—pv
T+2" =X1(y)+Xo(y") =—=—= = — ———. 4.65
1)+ Kol =5 2 . v (465)

By (4.64) and (4.65),

_ Afput (I —pva (1 —pw ~
T = \ bV Xo(7)

V:
= § l:vl — Vg + 52:| . (4'66)
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Therefore,

P /\+v2—v1+\/(/\+v2—v1)2+4/\u1+v1_02 ’ (4.67)
A 2
Since \(vy + v3) < v1v2, we get that
7= X1(j) < 1%- (4.68)
Similarly, if Z = X(g), then we can also get
i< 1%, (4.69)

since 0 < Xo(y) < Xi(y) for y € (1, ys]. It follows from (4.62), (4.68), (4.69) and Lemma 4.10 that
Yo(#) < 1, (4.70)
which contradicts to (4.60). Therefore the lemma holds. O

Remark 4.13. In this section, we mainly located the dominant singularities of the two unknown functions
m1(x) and ma(y). However, this is not easy. In fact, in order to reach our aim, we first found all possible
candidates for the dominant singularities. Next, we studied the relation during these candidates based on the
model parameters p, A\, v; and ve. Then, we studied the existence and uniqueness of the dominant singularities.
Finally, we determined the locations of these dominant singularities based on the model parameters p, A, vy
and vs.

5. TAIL ASYMPTOTICS FOR BOUNDARY PROBABILITIES

In this section, we provide exact tail asymptotic properties in boundary probabilities. The characterization
is based on the asymptotic analysis in Section 4 and the Tauberian-like theorem in Flajolet and Sedgewick [15].

Since 71 (z) and 72 (y) are symmetric, properties for w5 (y) can be easily obtained by the counterpart properties
for 1 (x). Therefore, tail asymptotics for the boundary probabilities 7 ,, can be directly obtained by symmetry.
Hence, in this section, we only study tail asymptotics for the boundary probabilities 7, o.

If hy [ac,Yo(as)] has a zero in (1, x3], then such a zero is unique. Recall from Lemma 4.2 that the unique
solution x. is given by

Ao 4o — /(A v +02)? — duwg
B 2)

T

or x, = x3. If hy [ac,Yo(J;)] does not have a zero in (1, x3], then, for convenience, let z, > x3.
In order to locate the dominant singularity, we need to study the relationship between z, and x3.

Lemma 5.1.

[1 + ¢} , then z, < x3.

At/ (>\+1)2—4U11}2

1+ ——2-9 | then x3 < Ty.

(i) Ifp<
(ii) Ifp > M/ Ot D)2 —dv10s
Vo —7V1

(i) Ifp= —{1—4— —}, then x3 = x,.

At/ (>\+1)2—4U11}2

N= N

N[ =
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Proof. We first prove the first part of this lemma. We split the proof into three parts. We first assume vy > vy.
In such case, we get

—_

1 _
Sl 2 >z (5.1)
2 A+ \/ )\ + 1 — 4v1v2 2
Then it follows from Lemma 4.5 that x, is the solution to h [z, Yy (z)] = 0 and
Ty < 3. (5.2)

Next, we assume vy > vo. Then

—_

1 —
— |:1 v2 U1 :| < —-
2 A + \/ )\ + ]. 4’[)11)2 2

It follows from Lemma 4.5 that z, is the solution to hi [z, Yo(z)] = 0 and
T, < T3. (5.3)

Finally, we assume v; = va. Then

1 1+ 20 1
2 A+ \/ )\ + 1 — 4v1v9 2
So p < 4. It follows from Lemma 4.5 that z, is the solution to hq [z, Yp(z)] = 0 and
Ty < T3. (5.4)

By (5.1), (5.3) and (5.4), case (i) holds.
Using the same method as for the proof of case (i), we can prove that cases (ii) and (iii) hold. We complete
the proof. 0

The following lemma shows the asymptotic behavior of 71 (x) at the dominant singularity.

Lemma 5.2. For the function 71(x), one and only one of the following three types of asymptotics is true.

M V2 —U1
(1) pr< )\Jr\/m} then

mn<1_3>w¢m20ﬂmy (5.5)

where
{]’Lz [z, Yo (z)] ma2 [Yo(x)] + ho[z, Yo(z)] 7ro7o}h1 [z,Y1(z)]p
Ci(z) = X2(1 = p)a2(z — 1) (34 — 2) '
() p> F[1+ ot then
Jim 1= S () = Calas),
where
5H(1‘ y) q(xs)

02(1'3) |(303,Yo (z3)) 2\/_

with q(x) being given by (5.12) below.
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1 va—v
(ili) Ifp=35 1+% , then

£/ (>\+1)2—41}1U2
. / x
lim /1 — —m(z) = Cs(x3), (5.6)
T—T3 I3

—X{/ [YO (1’3)]
Ul\/i .

where
Cs(w3) = {hz (23, Yo (z3)]m2 [Yo(zs)] + ho [xs,Yo(fEs)]Wo,o}
Proof. First, it follows from (3.8) that

_ he [@, Yo ()] 2 [Yo(x)] + ho[x, Yo(z)]mo,0p
mi(z) = — I [x’ Yb(x)] . (5.7)

Below, we prove these three cases separately. We first look at case (i).

Case (i). It follows from Lemma 5.1 that
Ty < 3. (5.8)
From Lemma 4.1, we get that z, is a pole of 7y (x). By (4.3) and (4.4), we get
hi [z, Yo(z)] b [z, Yi(2)] = N2(1 = p)a(z — 1)(z — d3)(x — Fa). (5.9)
By (3.8), (5.7) and (5.9), we get

B {hg [x, Yb(x)]m [YQ(Z’)] + h() [.T, Yb(x)] ’/To’()} hl [x, Yi(x)] )
ha [z, Yo(z)| b1 [z, Y1 ()]

m(z) = (5.10)

It follows from (5.7), (5.9) and (5.10) that

lim (1 — —)my(z) = Cy(z.).

T— Ty «
Case (ii). It follows from Lemma 5.1 that x3 < x.. In order to simplify the discussion, we set

ha (@, y)m2(y) + ho(@, y)mo,0

H(l‘,y) =

_hl (.’E, y)
Then, by (3.8), we get that
ooy OH(zy)  OH(x,y) 0Yo(x)
m(@) = Jx + oy ox

On the other hand, it follows from Lemma 3.1 that
D (z) = Nax(x — x2) (23 — 2) (24 — ).
So, it follows from (4.10) that for all x € (1, z3],

—b(z) )\\/x(aj —x2) (x4 — 2)\/(23 — )

2puy 2pvy

= p(x) +q(x)/ (23 — ), (5.11)

Yo(r) =
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where
M a(r — z2) (w4 — )
= — 5.12
o(a) = (512)
and o)
—b(x
p(x) = o
Therefore, by (5.11), we get that
Yy () / ’ q(x)
=plx)+q(x r3 — )+ —F/—
R R N e
It is obvious that p’(x) and ¢'(x) are continuous at 3. Therefore,
Y
lim | [1- 29%@) _ al@s), (5.13)
T—I3 T3 ox 2,/.%3
Since %y’y) is continuous at the point (z3,Yp(z3)), we get that
- OH(z,y) OH(z,y)
D T
Finally, one can easily get
H
lm | f1- Z2H@Y) (5.14)
T—I3 I3 ox
By (5.13) and (5.14), we get that
) z OH (z,vy) q(3)
IILH;S 1- x—37r/1(as) Ty\(zg,yo(xg))—Q\/E.

We notice that Co(z3) = 8H8(Z’y) | (2,Y0 (23)) % cannot be zero, since z3 is a branch point of Yy(x).

Case (iii). It follows from Lemma 5.1 that z, = x3. So hy [z, Y(z.)] = 0 and Dy (z.) = 0. Therefore, we have
that hy [z, Yo(z)] = hi [z, Yo(2)] — ha [z, Yo(z.)]. By (3.8), we get that

(1 ey = [relz Yo@)]me [Yo(@)] + ho[z. Yo(@)]mo) Vet -
T Vs I [z, Yo(w.)] = I [z, Yo(x )]

)
Let § = Yo (z3). It is obvious that when z is sufficiently close to x3, we have X3 [Yb ] = x. Since X;(y) is
analytic at § and X{ () = 0, by the Taylor expansion, we get that

Xi(y) = X1(§) + X{@)y — 5)° +olly — §°)
— x5+ X" () [y — Yo(ws)]” + o(ly — §2). (5.15)

Taking y = Yyp(z) in the equation (5.15), where z is sufficiently close to z3, we get that

=25+ X"(9)[Yo(x) — Yo(zs)]” + olly — 1. (5.16)
On the other hand, since X1 (y) is concave, we get X{ () < 0. It follows from (5.16) that
o Yole) = Yolw) V3 )

T—xT3 VI3 — X —X{/ D/b(xs)] )
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and

lim Yp(x) = Yo(xs). (5.18)

r—xI3

Moreover, it follows from the expression of hq(z,y) that
hy [23, Yo(@s)] — ha [z, Yo(2)] = [b(xs) — b(z)] + v, [Yo(q;?,) - Yo(x)] . (5.19)

Finally, we have that

g [l Yo(zs)] — a2, Yo(o)] nv2 (5.20)

o Vo ~X{ [oeo)]

By (5.15), (5.19) and (5.20), we get that

lim (1 - ﬁ)mw) = Cs(a3). (5.21)

T—x3 xrs3

O

From Lemma 5.2 and the Tauberian-like theorem, we get the following exact tail asymptotics for the boundary
probabilities 7, .

Theorem 5.3. We have the following tail asymptotic properties for the boundary probabilities 7, o for large n.
In all cases, Ci(x), i = 1,2,3, are given in Lemma 5.2.

: 1 Va2 — U1
(i) Ifp<s {1 + e (>\+1)2—4v1v2:|’ then

To ~ C1(s) <i>n_l : (5.22)

*

.. 1 I P
@) 1Fp> {1+ ], then
n—1
1
Tn,0 ~ Ciﬁf‘?)n_% (—) . (5.23)
™ x3
_1 . wamvy
(111) pr -2 |:1 + A+ ()\+1)2—4U1v2:|’ then
Calz . 1 n—1
o~ 3\57?3)n ;(x_s) _ (5.24)

6. TAIL ASYMPTOTICS FOR MARGINAL DISTRIBUTIONS

In the preceding section, we have seen the asymptotic behavior of the boundary probabilities 7, . In this

section, we use these results to study tail asymptotics for the marginal distribution 77,(11), where

(1) — .
Ty = 71'"7].
j=1
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It follows from the fundamental form (2.5) that

hl(l‘, 1)7‘(’1 (l‘) + hg(l‘, 1)71'2(1) + ho(l‘, 1)71'070 )

1) = 1
n(a,1) Sy (61)
By (2.6) and (3.4), we get that
71'(1‘, 1) _ hl(l‘, 1)7‘(’1 (l‘) + hg(l‘, 1)71'2(1) + ho(l‘, 1)71'070 ) (62)
—)\[ZL’ — Xo(l)] [ZL’ — Xl(l)]
On the other hand, from the definitions of Xy and X, we have that
(i) if pvy > A, then
Xo(1) =1, and X;(1) = ’%; (6.3)
(ii) if pv; < A, then
Xo(1) = %, and X (1) = 1. (6.4)

Hence, if pv; < A, then it follows from (6.2) and (6.4) that 7 has the same tail asymptotics as m,,0. The only
difference is the expression for the coefficient, which can be obtained from straightforward calculations.
Next, we consider the case pv; > \. Before we state our theorem, we need the following lemmas.

Lemma 6.1.
(i)
)\"-1— ()\"-1)2—41)1’02

90, > V2, (6.5)
and
-
272 . (6.6)
V2
(ii) If va > vy, then
A+1)— A+1)2—-4 1 —
AT D) = vOT D Zdorws 11, e : (6.7)
2u1 2 A+ \/()\—1—1)2 — 4v1v9
N1 _
222 it e : (6.8)
V2 2 A4/ ()\+1)2 — 4dv1v9
and
1-1+ 2 U ->v (6.9)
2 i A+ ()\+1)2—41}1’U2_ > .
(i) If va < v1, then
1_1+ 2 _<v (6.10)
2 i A+ ()\+1)2—41}1’U2_ > .
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Proof. We first prove (6.5). We note that (6.5) is equivalent to
A4+1-— ()\ + 1)2 — 4dvyvg > 2019,

1.€.,

A+1-— 201v2)% > A+ 1)? — dvyv,.

By some calculations, we get that (6.11) is equivalent to
A < v0s.

It follows from (2.1) that (6.12) holds.
In order to prove (6.6), we only need to prove

Vg — v% > A
Since v + vy = 1, (6.13) is equivalent to
VU2 > Al

It follows from (2.1) that (6.14) holds.

Next, we prove (6.7). By using v; + v2 = 1, one can get that (6.7) is equivalent to

Vo ()\ + 1)2 — 4vvg — (1 + 1)1)>\ > ’U% — V1 V2.

In order to prove (6.15), we set

FA) =v2/ (A +1)2 — dvgvg — (1 4+ vp) A

Noting that 0 < A < vyve, we get that
f(0) = v2v/1 — dvyvy = va(v2 — 1),
and
f(v1v2) =05 — viva,

since vy > v1.
On the other hand, we have that

V2

') = ———-(1+w),
1 _ 4’[11’[12
(A+1)2
and
, (’U1’Ug + 1)1)2
= - 1 .
f (1}1’02) 1—1}11}2 ( +1)1)
Next, we prove
vve + 1)v
(ivz + Lvs < (14wv).

1-— V102

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)
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Indeed, (6.19) is equivalent to
Vg + 20119 < v1 + 1. (6.20)

Since v + vy = 1, (6.20) is equivalent to vo < 1. So, f'(viv2) < 0. On the other hand, we have

V2

'(0) = -1
£10) = =2~ (),
since vy > v1. One can easily get
7'(0) > 0. (6.21)
By (6.18), (6.21) and the fact that f’(\) is decreasing in A, we get that f/(\) > 0 for A € (0, \o] and f'(A) <0
for A € (Ao, viv2) with A\g € (0, vivz). Therefore, f(A) is increasing on (0, A\g] and decreasing on (Ao, v1v2). So,
by (6.16) and (6.17), we get that (6.7) holds.
Next, we prove (6.8). In order to simplify the discussion, we set
Y 1 _
g =27 and G\ == |1+ 20 :
U2 2 A4+ (A +1)2 — dvgve
Therefore, we have that
9(0) = Land g(vrvz) = Z—1= = v, (6.22)
2
and
G(0) =1 and g(v1v2) = va. (6.23)
Since G(A) and g(A) have at most two intersection points, we get from (6.22) and (6.23) that (6.8) holds.
Next, we show (6.10). Note that (6.10) is equivalent to
B2 o < vy — vy (6.24)

A+ (/\—|-1)2 — 4v1v9

Since vg < v1, (6.24) is equivalent to

A+ A/ ()\ + 1)2 —4duvg <1 — A\ (625)

By some calculations, one can get that (6.25) is equivalent to
A < v109. (626)

It follows from (2.1) that (6.26) holds.
By using a similar proof for (6.10), we can prove that (6.9) holds. We complete the proof. O

To locate the dominant singularity, the next lemma states the relationship among x,, xs and %.
pv
Lemma 6.2. Suppose that 5+ > 1.
. _ wa—A
(i) Ifp="2=2, then

1
— =23 < Ty.
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(ii) Ifp # ”ij‘, then
pu1 .
< min{zs, T }.

Proof. In order to prove this lemma, we first note the following fact:

A+1-— A+1)2 -4 A+1)— A+1)2 -4
]&< + ( + ) 1)1’[)2<:>p<( + ) ( + ) 1)1’[)2.

2

In order to simplify the discussion, set

1 1+ Vo — U1 )
2 )\—|-\/(/\+1)2 — 4v1v9

We split the proof of this lemma into three parts based on the relationship between p and %

Case (i). p > % Under this assumption, we further split the proof into three parts based on the relationship
between v and vs.

(1) v < vy. In this case, we get & > &. Then, it follows from Lemma 4.5 and (4.36) that

Ty > X3, (6.28)
and
7% < 23, (6.29)

where the equality holds if and only if p = “2=2. By (6.28) and (6.29), the lemma holds in this case.

U2
(2) vo > v1. In this case, we get & > % We first assume p < z. It follows from Lemma 4.5 that

. < 3. (6.30)

A

By (6.8), we get that p # 2

= It follows from Remark 4.11 that 25t < x3. So, in order to prove the lemma,
we only need to show

1% < .. (6.31)
By (6.7) and (6.27), (6.31) holds. By (6.30) and (6.31), the lemma holds in this case.

Next, we assume p > Z. It follows from Lemma 4.5 that

Ty > T3. (6.32)
If p= =2 A then it follows from Remark 4.11 that
7% = 3. (6.33)

So, we have z, > 5t = 23. If p # ”2;’\, then it follows from (6.32) and Remark 4.11 that
]% < min{zs, . }. (6.34)

Therefore, by (6.32), (6.33) and (6.34), the lemma holds in this case.
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(3) vo =wv1. We have & = % So it follows from Lemma 4.5 that

Ty > T3 (6.35)
On the other hand, in such a case, we have
p# 2 a (6.36)
Vg
Indeed, if (6.36) would not hold, then we get
2\ = vs. (6.37)

It follows from (2.1) and (6.37) that vy > 2\. It contradicts to the assumption v; = wvy. It follows from
Remark 4.11 and (6.36) that

It follows from (6.35) and (6.38) that the lemma holds.
Case (ii). p = % We still split the proof into three cases.

(1) vy = vo. In this case, it follows from Lemma 4.5 that

Ty = 3. (6.39)
It follows from Remark 4.11 and (6.36) that
7% < 3. (6.40)

By (6.7) and (6.27), we get &% < x,. Therefore, by (6.39) and (6.40), in this case, the lemma holds.

(2) v1 < wvy. It follows from (6.36) and Remark 4.11 that &% < 3. On the other hand, by Lemma 4.6, we get
that x, < x3. Using a similar method to (6.34), we can show the lemma in this case.

(3) vy > va. It follows from Lemma 4.6 that z, > x3. By using a similar method in the proof for case (i)—(1),
we can show the lemma in this case.

Case (iii). p < % We can use a similar method to the proof for the case p > % to prove the lemma in this
case. |

The following lemma shows the asymptotic behavior of 7(z, 1) at the dominant singularity.

Lemma 6.3. For the function mw(x,1), we have the following asymptotics, as x approaches to a dominant
singularity of w(x,1). In all cases, Ci(x), i = 1,2,3, are given in Lemma 5.2.
Case 1. pv; < X

; 1 Va2 — U1
(i) Ifp<s {1 + (/\+1)2_4U1U2+>J, then

lim (1 _ i) (2, 1) = h1(x*,3)01($*) .

ii 1 S Ot ' B
(i) Ifp> 3 {1 + (A+1)2_4m2“}, then
1
lim 1— +z 71-/(337 1) = hi (s, U)Cz(l"s) .
x—2x3 €3 -\ ($3_pT1) ($3_1)
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_1 v —v1
@) Fr=3[1+ i — 5| then

TN 1) — hi(xs,1)Cs(xs)
(e = s

Case 2. puvy > X\

(i) Ifp= %, then

lim (1 — i)w(w, 1) = I (@s, 1)m (@) —|—>f\12(1‘3: i ( ) + ho(ws, Do (6.41)
T—I3 T3 [xg 1].%3,

(i) Ifp # 22, then

(55 Dma(55) + ho(55, Dmoo
EL —1) puy

(6.42)

Proof.

Case 1-(i). In this case, it follows from Lemma 5.1 that &5 <1 < 2. < x3. By (6.4), we get that h(z,1) is
continuous at x,. Therefore, by (5.5) and (6.1), we get that

lim (1 — i)’n’(x’ 1) = M

A

since h;(x,1), 4 = 0,1,2, are continuous at ..
Case 1-(ii). It follows from Lemma 5.1 that &5+ < 1 < 23 < .. In order to simplify the discussion, let
7 = Yo(ws3). Then, we can get that mo(y) is analytic at g.

By the Taylor expansion, we get that

ma(y) = m2(9) + m5(9) (v — 9) + oly — gl). (6.44)
It follows from (5.17) that
Yo(s) — Yo(z) = L(g@, _ )b —|—0(|ac3 —x|%). (6.45)
—X{/ [YQ(ZL’3)

By (5.17) and (6.45), we get that

Uy [Yo(l‘)] = Tr9 [Yo(.%‘:;)] — 7T2 YO .T3

T3 —x)?2 +0(‘1‘3—1“%).
\/ o(z3)]
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On the other hand, we have that
—hsy (1’, Yo(w))wz (Yo(w)) — ho (1’, Y()(ZL’))’/TO’O
h1 (.T, Yo(x))
—ha [z, Yy(2)] {71'2 (Yo(z)) — 72 (Y0($3)):|
h1 [.T, Yo(x)]
7o [Yo(23)] [hz (23, Yo(z3)] — ho [l‘,Yo(l‘)H
hy [z, Yo(z)]
70,0 {ho [1’3, Yo(xg)] — ho [1’, YO(:E)”
hy [x, Yb(x)]
ha (23, Yo(zs)| w2 [Yo(zs)]
hy [x, Yb(x)] hy [xg, Yb(wg)]
ho [23, Yo(23) ] 70,0
hy [z, Yo ()| by @3, Yo(zs)]

771(.%)—77'1(.%3) —7T1(£L’3)

+

+

{hl [z, Yo ()] = ha[s, YO(~T3)”

[hl (2, Yo(2)] — ha [, Yo(xs)]]. (6.46)

Following (2.7)—(2.9) and (4.37),
h2 [.Tg, Y() (1’3)] — h2 [x, YE)(ZL’)]

1 = li
o, NS P Vs —a
A Yo(z3) — Y
+ lim (A + v2) [Yo(z3) — Yo(z)] (6.47)
T—T3 VI3 — T
Moreover,
z3Yo(x3) — 2Yp(z) = x3[Yo(zs) — Yo(2)] + [23 — 2]Yo(2). (6.48)
Tt follows from (5.18), (6.46)—(6.48) that
ho|x3, Y — ha |z, Y, 2
lim 12 (23, Yo(z3)] — he |z, Yo(z)] _ (A +v2 + /\963)\/_. (6.49)
o Vs T —X{ [Yo(l"s)]
Furthermore, we have
h Y — ho|x, Y
lim 0 [1‘3, 0(333)] 0 [l‘ 0(13)] —0. (6.50)
T—zs VIg —x
By Lemma 3.4, (5.17), (5.18), (6.46), (6.49) and (6.50), we get
lim 7y (x) = 71 (z3). (6.51)

r—I3

Noting that h;(z,1), i = 0,1,2, are continuous, we get that

. X hl(xg,l)CQ(ZL':;)
1 1— —a'(x,1) = & .
T R Y | F )

Case 1-(iii). It follows from Lemma 5.1 that &+ <1 < 2, = x3. It follows from (5.6) and (6.4) that

. [, x _ hi(23,1)C3(x3)
mlirgg 1 xsw(w,l) T ha) (6.52)
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since h(x,1) and h;(z,1), i = 0,1, 2, are continuous at xs.

Case 2-(i). In this case, it follows from Lemma 6.1 that &% = 23 < x.. By (6.2) and (6.51), we can get
that (6.41) holds.

Case 2-(ii). In this case, it follows from Lemma 6.1 that ’* < min{z.,z3}. Then, using the same method as
for the proof of case (i) in Lemma 5.2, we can prove that (6 42) holds. O

The following theorem is a direct consequence of Lemma 6.3 and the Tauberian-like theorem.

Theorem 6.4. We have the following exact tail asymptotics for the marginal distribution 7T£L) In all cases,

Ci(z), 1 =1,2,3, are given in Lemma 5.2.

Case 1. pv; < A\

M 1}2 V1

h (.’E*, )Cl(l'*) 1 n-l
W~ — 6.53
T N = BT =) \ 3 (6.53)
(11) pr > 5 [1 + m} , then
rld) n —Pulog UO) -3 (i)
s — ) (zs — 1)ym T3
=1 _ we—wv
(iii) Ifp =3 [1 + \/MH} . then
hi(zs,1)Cs(x3) 1 < 1 >”1
(1) 1(w3 3 1
o o noe : 6.54
" Mag — B (1 - 23) /7T 3 (6.54)
Case 2. pv; > X
(i) Ifp= w , then
) hi(z3,1)m1 (z3) + ho(xs, 1)m2(1) + ho(xs, 1)mo,0 <i>n1
! )\[1'3 - 1]$3 xrs3
(i) If p # 22, then
Ly (B DT (B + a5 D (BY) + ho(5, Do (A )" (6.55)
' (% - 1)10111 pu1 .

7. TAIL ASYMPTOTICS FOR JOINT PROBABILITIES

In the preceding two sections, we have derived exact asymptotic properties for the boundary probabilities
and for the marginal distributions. In this section, we provide details for exact tail asymptotic characterization
in the joint probabilities 7, , for any fixed n > 1. Parallel results for any fixed m > 1 can be proved.

In order to simplify the notation, we set for j > 0

o0
=Y mgat!
i=1
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Using the relevant balance equations of the random walk, we get that

where

Tt follows from (7.3) that

c(x)d1(x) + by (x)po(x) = aj(z),

c(x)da () + b(2) 91 (2) + ar(x)do(2) = ai(x),

c(x)pj1(x) +b(2)d; (x) + a(x)dj-1(z) = aj(z), for j > 2,

ay(r) = —ca(w)mo,1 — bo(x) 70,0,

aj(z) = —ca(x)mo,2 — ba(x)m0,1 — ao(z)mo,0,
aj(z) = —ca(x)mo,j41 — b2(2)m0,; — a2(x)mo,j—1-
byor () = —b(@)9;(x) — a(x)¢j—1(z) + aj(z)

(1 —p)vgx

By (7.4), we get that ¢;(x) has the same singularities as ¢o(z) and

lim gbj(l’) = ¢j(x3,)

r—x3

1241

(7.1)

(7.2)

(7.4)

(7.5)

Theorem 7.1. We have the following exact tail asymptotics for the joint probabilities m, ;. In all cases, C;(x),
1=1,2,3, are given in Lemma 5.2.

. 1 Y- u1
(1) pr < 2 L+ (A1)2—4viva+A

£/ (}\4’1)274’01’024’)\

()\+1)2—4U1U2+>\

where

(i) Ifp> % 1+ va—vy
where

(iii) Ifp= 3|1+ ——=0
where

Lj(z3) = —Cs(x3)

, then for j >1

Tn,j ~ Lj(l‘*)(x*)l_"’
() = - IR (3 0)

, then for j > 1

A _3 1—
Tn,j ~ Lj(l’g)’n 2 (1’3) n’

bi(z3) + (j — 1)hy [z3, Yo(zs)]
c(x3)V/m

[Vi(zs)]' .

, then for j >1
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Proof.
Case (i). In this case, it follows from Lemma 5.2 that

lim (1 — —)m(2) = lim (1 - i) do(x) = C1(x.) = Lo(y).

T—T Ty T—T s €Ty

By induction and equations (7.1) to (7.3), we get that

nm(r—ﬁ)@mazgwn

with
c(xe)Ly(xy) + b1(xs ) Lo(zs) = 0, (7.9)
(@) La(2x) + b(as) Ly (x.) + a1 (2. ) Lo () = 0, (7.10)

c(xs)Ljp1(xe) + b(x)Lj(xy) + a(zs)Lj—1(24) =0, for j > 2.

Since L;(z.) satisfies the second order recursive relation above, it takes the form of

%@”:A@Q(ﬁéﬁy+3“9(%QQY'

We can use equations (7.9) and (7.10) to determine A(z.) and B(z.). By some calculations, we can get A(z.) =0
and

Lo(z: )by ()

Bl === )

It follows from the Tauberian-like theorem in Flajolet and Sedgewick [15] that (7.6) holds.
Case (ii). In this case, we get x3 > z,.
We will prove the lemma by induction. If j = 1, then it follows from (7.1) that

a5 @))" — bi(@)go(@) = ¢o(@)br(@) (@) ag(x) — bi(z)¢o(x)

c(x) ()
From the expression of by (x), ¢(x) and af(x), and (7.5), we get that

. v, Cy(x3)bi(zs)

. X 2
Ill*rrzlg, 11— ac_3¢;(x) = Lj(x3).

[af, ()] = V(@) dr () — b(x) @), (x) — a'(x)Pp-1(x) — alz)d)_, (z)
c(x)
+a,’§(w) — b(x)qskcg{fz)r)_ a’(x)gbkfl(w) C/(.T).

¢1(z) =

Now we assume that for j < k,

Tt follows from (7.4) that

O () =
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lim /1 ¢k+1 (xs)Lk(xS)&S(m)L’“ 1T3) _ fo (). (7.11)

Thus, we get that

T—T3
y (7.11), we get that

c(x3) Ly (x3) + Lo(xzs)by(z3) =0,
c(ws)La(xs) + L(x3)b(xs) + Lo(ws)a(zs) =0,
c(ws)Lj1(ws) + Lj(2s)b(xs) + Lj—1(x3)a(zs) =0, for j > 2.

Using a similar method to the proof for case (i), we can get that (7.7) holds.

b{)

Case (iii). In this case, we get x3 = x.. By Lemma 5.2, we get

lim /1 — —m(z) = C3(xs) = Lo(as).
T—I3 I3

Similar to the proof for case (i), we can get that (7.8) holds. O

Remark 7.2. In Sections 5 and 6, we applied the Tauberian-like theorem to obtain exact tail asymptotics for the
boundary and marginal stationary probabilities. In order to apply the Tauberian-like theorem, we used the kernel
method to locate the dominant singularities of 71 (x) and 7(z,1), and study the asymptotic behavior of 7 (x)
and 7(z, 1) around their dominant singularities, respectively. However, for the joint stationary distributions, this
method is not available. In this section, based on the balance equation, we obtained the asymptotic properties
for the joint stationary distributions by induction.

8. NUMERICAL EXAMPLES

We shall compare the asymptotic estimates in Theorems 5.3, 6.4 and 7.1 against results by numerical calcula-
tions. Here, all numerical results presented were obtained by using the block rectangle-iterative (BRI) algorithm
introduced by Zhang [19]. On the other hand, since exact tail asymptotics for the marginal stationary distribu-
tions have been demonstrated by numerical examples in [6], we only demonstrate those for the boundary and
joint stationary distributions.

For a first scenario, we take A\ = 0.1, v1 = 0.3, v = 0.7 and p = 0.2. In this case, x, = 2.458619 and
x3 = 5.6589. Hence, we have regime (5.22), (6.53) and (7.6) for queue 1. Since (6.53) has been demonstrated
in [6], we only focus on (5.22) and (7.6). Here we first compare (5.22) against results obtained by numerical
calculations. It follows from (5.22) that as n — oo

Tnt1,0 _, i’ (8.1)
Tn,0 Tk
and
Tp0x"t — Cp(xy). (8.2)

Moreover, (8.2) can be rewritten as the following:
log (mp,07}) — log C1(w,) + log(w). (8.3)

Conversely, we also can get from Zhang [19] that (8.1) and (8.3) imply (5.22). Hence, it suffices to compare (8.1)
and (8.3) against numerical results. These results are plotted in Figures 1 and 2, respectively. Moreover, we
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Illustration of Eq.(8.1)

0.45

——  Simulated results

0.40
|

1.0/ Tno

FIGURE 1.

lllustration of Eq.(8.3)

-0.32

—— Simulated Results
- log(m,ox")
<
o
g
1
;% «©
I3 @
E 97
[o3) [
©°
y=-0.3526
©
(3]
g
[
o
<
° T T T
0.0 0.5 1.0 15
log(n)
FIGURE 2.

find that Cj(x,) = 0.1805936. We see from Figures 1 and 2 that (8.1) and (8.3) converge fast to xi and 7,
respectively. On the other hand, Figure 2 also confirms the correctness of C1(zy).

Here, we should point out that the tail of the curve in Figure 1 comes down since numerical calculations
stop after finite iteration. The numerical experiments also led to the interesting insight that as we increase the
number of iteration, the location where the tail begins to come down moves forward along the horizontal line
i. See Figure A below.

Next, we focus on (7.6). Here, we only take j = 5. Instead of (7.6), we demonstrate the following two equations
by numerical results:

lim LS _ ij (8.4)

n—00  Tn,5 Tx
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Tt 0/ Tio

Toe15/ s

032 034 036 038 040 042 044

0.30

0.30

Effect of Iterative Number.

1245

N=680
N=280 N=480
N=Number of iteration.
T T T T T
0 10 20 30 40 50
i
FIGURE A.

lllustration of Eq.(8.4)

—— Simulated results

Tini15/ Tns

50

FIGURE 3.

100 150

lim log(my, s52y) = log Ls(x.) + log x..
n—oo

These results are plotted in Figures 3 and 4, respectively.

For a second scenario, we take A = 0.05, v; = 0.5, v = 0.5 and p = 0.5. From Lemma 5.1, we have z3 = x,.
Indeed, z, = x3 = 7.298438. Hence, we have regime (5.24), (6.54) and (7.8) for queue 1. Instead of (5.24), we
demonstrate the following equations by numerical results:

lim

(S

Tn,0

(n+1)27410

(8.5)

(8.6)
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and as n — 00

log(m, ')

f(n)
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lllustration of Eq.(8.5)
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1 Cs(x+
log(mp,0x) ~ 3 logn + log z, + log iﬁ; )

See Figures 5 and 6, respectively.

Instead of (7.8), we demonstrate the following equations by numerical results. Here, we take j=6.

and as n — 00

1

1)2 1
lim (n+ )1 Tn+1,6 -
n— o0 (n)§7rn,6 Ty

1 .
log(mp 6xl) ~ —3 logn + log Lg(x4) + log x..

(8.7)
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log(mn 0X-')
-1.6 -1.4 -1.2 -1.0 -0.8

-1.8

-2.0

f(n)
0.14 0.16 0.18 0.20

0.12

0.10

See Figures 7 and 8, respectively.

lllustration of Eq.(8.7)
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lllustration of Eq.(8.8)
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7 f(N)=Vn+ 170,16/ 706

50 100 150 200 250 300

FIGURE 7.

1247

For a third scenario, we take A = 0.1, v; = 0.4, v = 0.6 and p = 0.8. In this scenario, we have
regime (5.23), (6.55) and (7.7) for queue 1. Here, we get x3 = 3.213828. Instead of (5.23), we demonstrate
the following equations by numerical results:

and as n — 00

3

. (n4+1)2m410 1
lim —F——— = —,
n—oo N2 0 x3

02 (1‘3)

3
log (7, 0x%) ~ ~5 logn + log z3 + log 7

(8.10)

(8.11)
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lllustration of Eq.(8.9)
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See Figures 9 and 10, respectively.

Analogously, we focus on the following two equations instead of (7.7). Here, we still take j = 6.

3
. (TI+ 1)27T7L+1,6 1
lim — s = —,
n—oo n§7rn.6 I3

and as n — 00

3 .
log (7, 65 ) ~ —3 logn + log z3 + log Le(x3).

These results are plotted in Figures 11 and 12, respectively.

(8.12)

(8.13)
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