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NUMERICAL ANALYSIS OF THE OSEEN-TYPE PETERLIN VISCOELASTIC
MODEL BY THE STABILIZED LAGRANGE-GALERKIN METHOD
PART I: A NONLINEAR SCHEME

MARIA LUKACOVA—MEDVID'OVA!, HANA MizEROVA!, HIROFUMI NoTsu??
AND MASAHISA TABATA*

Abstract. We present a nonlinear stabilized Lagrange—Galerkin scheme for the Oseen-type Peterlin
viscoelastic model. Our scheme is a combination of the method of characteristics and Brezzi—
Pitkaranta’s stabilization method for the conforming linear elements, which yields an efficient com-
putation with a small number of degrees of freedom. We prove error estimates with the optimal con-
vergence order without any relation between the time increment and the mesh size. The result is valid
for both the diffusive and non-diffusive models for the conformation tensor in two space dimensions.
We introduce an additional term that yields a suitable structural property and allows us to obtain
required energy estimate. The theoretical convergence orders are confirmed by numerical experiments.
In a forthcoming paper, Part II, a linear scheme is proposed and the corresponding error estimates are
proved in two and three space dimensions for the diffusive model.
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1. INTRODUCTION

In the daily life we encounter many biological, industrial or geological fluids that do not satisfy the Newtonian
assumption, i.e., the linear dependence between the stress tensor and the deformation tensor. These fluids belong
to the class of the non-Newtonian fluids. In order to describe such complex fluids the stress tensor is represented
as a sum of the viscous (Newtonian) part and the extra stress due to the polymer contribution.

In literature we can find several models that are employed to describe various aspects of complex viscoelastic
fluids. One of the well-known viscoelastic models is the Oldroyd-B model, which is derived from the Hookean
dumbbell model with a linear spring force law. The model is a system of equations for the velocity, the pressure
and the extra stress tensor, cf., e.g., [31,32].

Numerical schemes for the Oldroyd-B type models have been studied by many authors. For example, we can
find a finite difference scheme based on the reformulation of the equation for the extra stress tensor by using
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the log-conformation representation in Fattal and Kupferman [12,13], free energy dissipative Lagrange—Galerkin
schemes with or without the log-conformation representation in Boyaval et al. [5], finite element schemes using
the idea of the generalized Lie derivative in Lee and Xu [15] and Lee et al. [16], and further related numerical
schemes and computations in [1,4, 11,14, 20, 22, 24, 39] and references therein. To the best of our knowledge,
however, there are no results on error estimates of numerical schemes for the Oldroyd-B model. As for the
simplified Oldroyd-B model with no convection terms Picasso and Rappaz [30] and Bonito et al. [3] have
given error estimates for stationary and non-stationary problems, respectively. The development of stable and
convergent numerical methods for the Oldroyd-B type models, especially in the elasticity-dominated case, is
still an active research area.

In this paper, Part I, and the forthcoming paper [18], Part II, we consider the so-called Peterlin viscoelastic
model, which is a system of the flow equations and an equation for the conformation tensor, cf. [31,32]. In [29]
Peterlin proposed a mean-field closure model according to which the average of the elastic force over thermal
fluctuations is replaced by the value of the force at the mean-squared polymer extension. More precisely, instead
of the nonlinear spring force law F(R) = v(|R|?)R that acts in polymer dumbbells the Peterlin approximation
F(R) ~ ~v({|R|?))R is applied, where R is the vector connecting the dumbbell beads and 7 is the spring constant.
That means, that the length of the spring in the spring constant ~ is replaced by the average length of the
spring {|R|?) = tr C. Consequently, we can derive an evolution equation for the conformation tensor C, which
is in a closed form, cf. [19,23,31,32,34]. Note that in literature one can also find the Peterlin approximation in
the context of finitely extensible nonlinear elastic (FENE) dumbbell model, which was subsequently termed the
FENE-P model, ¢f. [2]. In this model the denominator of the FENE force of the corresponding kinetic model
is replaced by the mean value of the elongation yielding the macroscopic FENE-P model. On the other hand,
Renardy recently proposed a general macroscopic constitutive model, that is motivated by Peterlin dumbbell
theories with a nonlinear spring law for an infinitely extensible spring, see Renardy [33,34] and a recent paper by
Lukéacovd—Medvid’ové et al. [21], where the global existence of weak solutions has been obtained. The diffusive
Peterlin viscoelastic model has been obtained by a particular choice of these general constitutive functions.
This model has been studied analytically by Lukdcovd—Medvid’ova et al. [19], where the global existence of
weak solutions and the uniqueness of regular solutions have been proved. Let us mention that, even when the
velocity field is given, the equation for the conformation tensor in the Peterlin model is still nonlinear, while the
Oldroyd-B model is linear with respect to the extra stress tensor. Hence, we can say that the nonlinearity of
the Peterlin model is stronger than that of the Oldroyd-B model. As a starting point of the numerical analysis of
the Peterlin model, we consider the Oseen-type model, where the velocity of the material derivative is replaced
by a known one, in order to concentrate on the treatment of nonlinear terms arising from the elastic stress.

Our aim is to develop a stabilized Lagrange—Galerkin method for the Peterlin viscoelastic model. It consists
of the method of characteristics and Brezzi-Pitkéranta’s stabilization method [8] for the conforming linear
elements. The method of characteristics yields the robustness in convection-dominated flow problems, and the
stabilization method reduces the number of degrees of freedom in computation. In our recent works by Notsu
and Tabata [26-28] the stabilized Lagrange—Galerkin method has been applied successfully for the Oseen,
Navier—Stokes and natural convection problems and optimal error estimates have been proved.

We establish the numerical analysis of the stabilized Lagrange—Galerkin method for the Oseen-type Peterlin
model in this paper, Part I, and the forthcoming paper [18], Part II. The results of the two papers are summarized
in Tables 1 and 2, where ¢ is the diffusion coefficient in the equation for the conformation tensor, d is the spatial
dimension, A is the representative mesh size and At is the time increment.

In Part I, a nonlinear stabilized Lagrange—Galerkin scheme for the diffusive (¢ > 0) and the non-
diffusive (¢ = 0) Peterlin model is presented and error estimates with the optimal convergence order are proved
without any relation between discretization parameters At and h in two dimensions. For the proof we rely on a
key lemma, cf. Lemma 5.5, in which a special structural property using an additional term (div u}(C)#, Dy,) is
shown. However, this property does not hold in three-dimensional case. This is the reason why the convergence
result is shown only in two space dimensions. The theoretical convergence orders are confirmed by numerical
experiments. Since the scheme is nonlinear, the existence and uniqueness of the scheme are studied additionally,
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TABLE 1. Summary of our results in Part I and Part II. (¢ is the diffusion coefficient for the
conformation tensor and d is the spatial dimension).

Part 1 Part 11

Scheme Nonlinear Linear
€ >0 >0

d 2 2 and 3

TABLE 2. Conditions on the time increment At with respect to the mesh size h. (& means
that no condition is required).

Part I, d=2 Part II, >0
Existence %] 1%/
e>0 e=0
Uniqueness 1 &
O —————— O(h
(o) o
Optimal d=2 d=3
error 1%} 1 Jh
stimat O| ——— O(Vh
estimates T+ [log h] ( )

and we show that the scheme has a solution without any relation between h and At and that the solution is
unique for the diffusive and the non-diffusive cases under the conditions At = O(1/(1+]log h|)?) and At = O(h),
respectively, in two dimensions.

In Part I a linear scheme for the diffusive model is presented and optimal error estimates are proved under
mild stability conditions, At = O(1/+/1 + [logh|) and At = O(v/h), in two and three dimensions, respectively.
Moreover, the existence and uniqueness of its numerical solution is shown as well. The theoretical convergence
orders are again confirmed by numerical experiments.

Let us summarize that in both papers, Part I (nonlinear scheme) and Part II (linear scheme), we present the
results for optimal error estimates (i) for the non-diffusive case (¢ = 0) in two space dimensions and (ii) for the
diffusive case (¢ > 0) in three space dimensions, respectively.

As mentioned in Boyaval et al. [5], the positive definiteness of the conformation tensor is important in
the analysis of numerical schemes for the Oldroyd-B model and has been overcome by using, e.g., the log-
conformation representation in Fattal and Kupferman [12,13]. While some schemes preserving the positive
definiteness have been developed, there are, as far as we know, no convergence results of such schemes. In our
papers, Part I and Part II, we have obtained the convergence results without any assumption on the positive
definiteness. This is an additional feature of our proof.

The paper is organized as follows. In Section 2 the mathematical formulation of the Oseen-type Peterlin
viscoelastic model is described. In Section 3 a nonlinear stabilized Lagrange—Galerkin scheme is presented. The
main result on the convergence with optimal error estimates is stated in Section 4, and proved in Section 5.
In Section 6 uniqueness of the numerical solution is shown. Theoretical order of convergence is confirmed by
numerical experiments in Section 7.
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2. THE OSEEN-TYPE PETERLIN VISCOELASTIC MODEL

The function spaces and the notation to be used throughout the paper are as follows. Let {2 be a bounded
domain in R?, I' := 32 the boundary of {2, and T a positive constant. For m € NU {0} and p € [1, co] we use
the Sobolev spaces WP(£2), Wy '>(£2), H™(2) (= W™2(R2)), H}(22) and L3(2) == {q € L*(12); Joadz =0}

Furthermore, we employ function spaces HZ.,,,(£2) == {D € H™(£2)**?; D = D"} and C1},,(2) == C™(£2)**2N

sym

Hg,, (£2), where the superscript 7' stands f%r the transposition. For any normed space S with norm || - ||s, we
define function spaces H™(0,T;.S) and C(]0,T]; S) consisting of S-valued functions in H™(0,7T") and C([0,T1]),
respectively. We use the same notation (-,-) to represent the L?({2) inner product for scalar-, vector- and
matrix-valued functions. The dual pairing between S and the dual space S’ is denoted by (-, -). The norms on
WmP((2) and H™(§2) and their seminorms are simply denoted by || - ||m.p and || - [lm (= || - ||m.2) and by |- |m.p
and | - | (= | - |m,2), respectively. The notations || - |[m.ps | - lm.p, || - [|m and |- | are employed not only for
scalar-valued functions but also for vector- and matrix-valued ones. We also denote the norm on H~1(£2)? by
| - ||=1. For t¢ and ¢; € R we introduce the function space,

Z™(to, 1) = { € H (to,t;; H™" 9 (2)); 5=0,....m, |¢|

Zm(to,tr) < OO}
with the norm
1/2

m
Zm(to,t1) = Z ||¢H§‘1J (to,t1;H™=I(02)) ’
=0

1]

and set Z™ = Z™(0,T). We often omit [0,T], £2, and the superscripts 2 and 2 x 2 for the vector and the matrix
if there is no confusion, e.g., we shall write C'(L°°) in place of C([0,T]; L°°(£2)?*2). For square matrices A and
B € R2*2 we use the notation A : B = Z” A;;B;;.

We consider the system of equations describing the unsteady motion of an incompressible viscoelastic fluid,

D
D—‘: — div (2vD(u)) + Vp = div[(tr C)C] + f i 2x(0,T), (2.1a)
divu=20 in  2x(0,7), (2.1b)
D
D—(tj —eAC = (Vu)C + C(Vu)” - (r C)°C + (tr C)IL + F in  02x(0,7), (2.1c)
u=0, eg—g =0, on I'x(0,7), (2.1d)
u=u’, C=C° in 0,at t=0, (2.1¢)

where (u,p,C) : 2 x (0,T) — R? x R x Riyxn% are the unknown velocity, pressure and conformation tensor,
v > 0 is a fluid viscosity, € € [0,1] is an elastic stress viscosity, (f,F) : £ x (0,7) — R? x R%2*? is a pair of
given external forces, Vu is the (matrix-valued) velocity gradient defined by (Vu);; = Ou;/0z; (4,j = 1,2),
D(u) := (1/2)[Vu+(Vu)T] is the symmetric part of the velocity gradient, I is the identity matrix, n: I' — R? is
the outward unit normal, (u’, C%) : 2 — R? x Rfyxfl is a pair of given initial functions, and D/Dt is the material
derivative defined by

D 0
ﬁ~—&+W'V,

where w : 2 x (0,T) — R? is a given velocity.
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Remark 2.1.

(i) In this paper we pay attention to the dependency on € to include the degenerate case ¢ = 0. The upper
bound 1 of ¢ is not essential but replaced by any positive constant €g, i.e., € € [0,£0]. The upper bound is
needed in choosing the constants hg, Aty and ¢; independent of € in Theorem 4.5 below, where it is used
for the estimate (5.8g) in Lemma 5.10.

(ii) When € > 0, under regularity condition on w the global existence of a weak solution of (2.2) below can be
proved in a similar way to the fully nonlinear case [19].

(ili) When € = 0, there is neither the diffusion term in (2.1¢) nor the boundary condition on C in (2.1d).
Because of the loss of the ellipticity, C(¢) does not belong to H'(§2)?*? in general. If there exists a solution
satisfying Hypothesis 4.4 below, then we can show the convergence of the finite element solution to the
exact one in Theorem 4.5.

We formulate an assumption for the given velocity w.
Hypothesis 2.2. The function w satisfies w € C([0,T]; Wy > (£2)?).
Let V := H}(2)?, Q == L3(2) and W = H!  (£2). We define the bilinear forms a,, on V x V, bon V x Q,

sym

Aon (VxQ)x(VxQ)and a. on W x W by
0w (0,v) = 2(D(w), D(V)),  b(u,q) = —(divi,g),  A((wp), (v,4)) = vy (w,v) + b(u, ) + (v, D),
a. (C,D) = (VC, VD),

respectively. We present the weak formulation of the problem (2.1); find (u,p,C) : (0,T7) — V x Q x W such
that for ¢ € (0,T)

<%1tl(t>w> +A((w,p)(1), (v,q)) = — (tr C(t) C(t), Vv) + (£(t),v) , (2.2a)

(%(ﬂﬁ) +ea.(C(t), D) = 2((Vu(t))C(t),D) — ((tr C(¢))*C(t), D) + (tr C(t)I, D) + (F(t),D), (2.2b)
V(v,q,D) eV xQxW,

with (u(0), C(0)) = (u’, C°).

3. A NONLINEAR STABILIZED LAGRANGE—GALERKIN SCHEME

The aim of this section is to present a nonlinear stabilized Lagrange—Galerkin scheme for (2.1).

Let At be a time increment, Ny := |T/At] the total number of time steps and " := nAt for n = 0,..., Nr.
Let g be a function defined in 2 x (0,7) and g™ = g(+,¢"). For the approximation of the material derivative
we employ the first-order characteristics method,

Dg g"(z) — (8" ' o XT) (2)

where X7 : 2 — R? is a mapping defined by
X (x) = — w"(x)At,

+ O(At), (3.1)

and the symbol o means the composition of functions,
(g" ' o XT)(2) = g" M (X] (2)).

For the details on deriving the approximation (3.1) of Dg/Dt, see, e.g., [27]. The point X}*(z) is called the upwind
point of x with respect to w™. The next proposition, which is a direct consequence of [35,37], presents sufficient
conditions to ensure that all upwind points defined by X7 are in {2 and that its Jacobian J" := det(0X{"/0x)
is around 1.
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Proposition 3.1. Suppose Hypothesis 2.2 holds. Then, we have the following for n € {0,..., Np}.

i) Under the condition At|w|cyi.ey <1, X' : 2 — (2 is bijective.
(Wtee) 1
(ii) Furthermore, under the condition

At‘W|C(W1,<x) < 1/4, (32)
the estimate 1/2 < J™ < 3/2 holds.

For the sake of simplicity we suppose that {2 is a polygonal domain. Let 7;, = {K} be a triangulation of
N (= UKeTh K), hi the diameter of K € 7j, and h := maxger, hx the maximum element size. We consider a
regular family of subdivisions {7}, } 50 satisfying the inverse assumption [9], i.e., there exists a positive constant
g independent of h such that

i <y, VK €Ty, Vh.
hi

We define the discrete function spaces Xy, Vi, My, Qp and Wj by

Xy = {vn € C(2)% vy € PI(K)* VK € T, } Vi = XpNV,
Mh = {thC(Q), thKepl(K),VKE%}, Qh = Mtha
Wi = {Dj, € Csym(92); Dy € PL(K)>* VK € Tp,}

respectively, where P;(K) is the polynomial space of linear functions on K € 7p,.
Let dp be a small positive constant fixed arbitrarily and (-,-)x the L?(K)? inner product. We define the
bilinear forms Ay, on (V x H*(£2)) x (V x HY(£2)) and S, on H'(2) x H(£2) by

An ((w,p), (v,q)) = vay (a,v) +b(u, q) + b(v,p) = Su(p, q), Su(p:q) =00 Y hi(Vp,Va)k.
KeTy,

For D € R2%2 let D# € R2X2 be the adjugate matrix of D defined by

sym sym
Dy —D
D# 22 =Dz ')
<—D12 Dy

Let (f,,Fy) == ({7107 {FpN7) € L2(2)? x L2(2)?%2 and (uf),CY) € Vi, x Wy, be given. A nonlinear

stabilized Lagrange-Galerkin scheme for (2.1) is to find (up, pp, Cp) = {(u}, p}, CZ)}HNle C Vi x Qpn x Wy, such
that, forn=1,..., Np,

u® — un—l o X1
<h2—t1,Vh> + A ((u, pi), (i, qn)) = —((tr CR)CR, Vvi) + (£, vi), (3.3a)
Ccn — Cnfl Xn
( h Aht o X ,Dh) +ea. (Cy,Dy) = 2((Vu})Cy, D) + (divu}(Cp)#, D) — ((tr C})?Cy, Dy,)

+ ((tr CH)L D) + (F7,Dy), (3.3b)
V(Vh,qn, Dn) € Vi, X Qp X W,

In Remark 5.6 below we show that an additional term, the second term on the right-hand side of (3.3b), is
added in order to derive a desired energy inequality.
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4. THE MAIN RESULT

In this section we present the main result on error estimates with the optimal convergence order of
scheme (3.3).

We use ¢ to represent a generic positive constant independent of the discretization parameters h and At. We
also use constants ¢,, and ¢, independent of h and At but dependent on w and the solution (u,p, C) of (2.2),
respectively, and ¢, often depends on w additionally. ¢, ¢,, and ¢s may be dependent on v but are independent
of €. The symbol “ (prime)” is sometimes used in order to distinguish two constants, e.g., ¢s and ¢}, from each
other. We use the following notation for the norms and seminorms, |||y, = [lly, = [Ill;; [l = [Illg, = lIllo:

/
2 2
[ (u, C)”z?(to,tl) = {Hqu?(tO,tl) + HCHz?(tO,tl)} ) ||‘1||z<>c(X) = n:%ﬂaXNT a”( x »

Nr 1/2
2
lallp>x) = {Atz |u"||X} ; [ulez(x) :
n=1

Nop 1/2
{Atzun@} |
n=1

1/2 Np 1/2
pln = { > h(V, VP)K} ; [Plez(.p) = {Atz p"ﬁ} :

KeT, n=1

for X = L?(£2) or H'(£2). D ¢ is the backward difference operator defined by D au™ = (u™ — u™~1)/At.
The existence of the solution of scheme (3.3) is guaranteed by the next proposition whose proof is given in
the next section.

Proposition 4.1 (existence). Suppose Hypothesis 2.2 holds. Then for any h > 0 and At € (0,1/2) satisfy-
ing (3.2), there exists a solution (up,pp,Cp) C Vi, x Qp x Wy, of scheme (3.3).

We state the main result after preparing a projection and a hypothesis.

Definition 4.2 (Stokes projection). For (u,p) € V x Q we define the Stokes projection (tp,pp) € Vi X Qp of
(u,p) by

Ap ((Qn, D), (Vhyan)) = A((0,p), (Va,qn)),  Y(Va,qn) € Vi X Q. (4.1)

The Stokes projection derives an operator HE :VxQ — Vi, x Qp defined by Hﬁ(u,p) := (Up,Pn). The
first component @, of IT3 (u, p) is denoted by [IT3(u,p)]1. Let IIj, : L%(2) — M}, be the Clément interpolation
operator [10]. The Clément operators on L?(£2)? and L?(£2)?*? are denoted by the same symbol IT},.

Remark 4.3. The Clément operator is defined for functions from LQ(()_). When a function belongs to C(£2),
we can replace the Clément operator by the Lagrange operator I1 ,f : C(£2) = My,.

Hypothesis 4.4. The solution (u,p,C) of (2.2) satisfies u € Z2(0,7)> N HY0,T;V N H?(2)?) N
(0.7} W=(2)2), p € H'(0.T:Q 1 H'(2)) and

{Z?(O,T)M N L0, T; W) N C([0,T); H*(2)**?) (£ > 0),
Ce 2 2X2 2 oo 2X2
Z2(0,T)>*2 N L2(0,T; W) N C([0,T]; L=(2)**?) (e =0)

We now impose the conditions

(u%, C(})L) = ([HE(UO,O)]l,HhCO), (fthh) = (f’F) (42)
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Theorem 4.5 (error estimates). Suppose Hypotheses 2.2 and 4.4 hold. Then, there exist positive constants h,
Aty and c; independent of € such that, for any pair (h, At) satisfying

h e (0,ho], At e (0,At], (4.3)
and any solution (up, pn, Cr) of scheme (3.3) with (4.2), it holds that
[wn = ulle=r2y, VYl —ullezir), [ph = ple.),),
ICh — Cllg=(r2), VE|ICh = Cle2(any, ||tr (Ch — C)(Cp — C)||Z2(L2) < ci(h + At). (4.4)
Remark 4.6.

(i) The estimates (4.4) hold even for ¢ = 0. Then, of course, the fifth term of the left-hand side of (4.4)
vanishes.

(ii) Here we do not need uniqueness of the solution of scheme (3.3). Uniqueness of the numerical solution will
be discussed later in Proposition 6.1.

(iii) The positive definiteness of the exact and numerical solutions is not required for the above error estimates.

5. PROOFS

In what follows we prove Proposition 4.1 and Theorem 4.5.

5.1. Preliminaries

Let us list lemmas directly employed below in the proofs. In the lemmas, oy, ¢ = 1,...,4, are numerical
constants. They are independent of h, At, v and € but may depend on (2.

Lemma 5.1 [25]. Let 2 be a bounded domain with a Lipschitz-continuous boundary. Then, the following in-
equalities hold.

IDW)lo < [vlls < erD(V) o, Vv € Hg(£2)%.
We introduce the function
D(h) = (14 |logh|)*/?, (5.1)
which is used in the sequel.

Lemma 5.2 [6,9,10]. The following inequalities hold.

11181000 < 181000 - Vg € L>(12)°,
118l o0 < @20 181,00 - vg € Wh(0)°,
11Tng — glly < a21h(lgll, , Vg € H'(2)° N L>(2)°,
[1Thg — gll; < az2hlgll, Vg € H*(2)°,
Igrllo o0 < 2ah™" [lgnlly Vgn € Sh,
18hllo,c0 < @24 D(h) llgnlly Ven € Sh,
lgnlly oo < a2sh™" [lgall; , Vgn € Sh,
lgall, < azeh™" lignlly Vgn € Sh, (5.2)

where s =2 or 2 X 2 and Sy, =V}, or Wj,.
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Lemma 5.3 [7]. Assume (u,p) € (VNH?(2)?) x (QNHY($2)). Let (Gn,pr) € Vi x Qp, be the Stokes projection
of (u,p) by (4.1). Then, the followmg inequalities hold,

an —ually, lpn —pllo. 15n — Pl < ash|[(w,p)l g2y -

Lemma 5.4 [35]. Under Hypothesis 2.2 and the condition (3.2) the following inequality holds for any n €

{0,..., Ng}
lgo XT'lly < (1 + au|w"[1,At) (|8l , Vg € L*(12)°,
where s =2 or 2 x 2.

We present a key lemma in order to deal with the nonlinear terms.

Lemma 5.5. For E € R2%2 gnd D € R2%2 ¢ holds that

sym
1
(trD)D:E—-ED:D — §(trE)D# :D=0. (5.3)
Proof. The direct calculation yields the result, see also Remark 5.6. O

Remark 5.6. Let (u,p, C) be a solution of (2.1). Multiplying (2.1a) and (2.1¢) by u and C/2, respectively,
and adding them, we can obtain an energy inequality on (u, C) since the term derived from the nonlinear terms
of (2.1a) and (2.1c) vanishes,

(div [(tr C)C], u) + %((vu)c +C(Vu),C) = 0. (5.4)

Identity (5.4) is proved as follows. The left-hand side is equal to

trC)C Vu) + ((Vu)C,C) = (Vu,CCT — (trC)C)
/ Z 8”1 Z Zk’C]k - OkaZJ) dz

3,j=1 jkl

9 o 1, .
- [, (BB i e = famae. -

Since divu = 0, (5.5) implies (5.4). In the approximate solution (up,pn,Cp) the exact incompressibility
divuy, = 0 does not hold. Hence, (5.4) is not true, in general, for (up,Cp). On the other hand, (5.5) is al-
ways valid regardless of the property of u. Therefore, by adding the second term of the right-hand side in (5b),
(divu(C)#,Dy,), we can obtain the corresponding equation to (5.4) for (uy, C}),

1 3 n n n
—((tr C3)Ch, Vuy) + ((Vuy) Z,CZ)+§(dlvuh(Ch)#7Ch) =0,

which plays a key role in the following stability analysis. Identity (5.3) is proved similarly to (5.5) by replacing
C and Vu by D and E, respectively.

Remark 5.7.

(i) Lemma 5.5 does not hold in three-dimensional case. This is the reason why we consider two-dimensional
case in this paper.



1646 M. LUKACOVA—MEDVID’'OVA ET AL.

(ii) By virtue of the term (divu}(C})#,Dy) in scheme (3.3), we can prove the error estimates for ¢ = 0, which
is an advantage of the nonlinear scheme. In Part II, we propose a linear scheme for the model (2.1) and
prove error estimates for € > 0, where the presence of AC in (2.1c) is essentially employed. It is, therefore,
not easy to show error estimates of the linear scheme in a similar way for € = 0. On the other hand, the
linear scheme has an advantage that the proof of the error estimates can be extended to three-dimensional
problems.

Lemma 5.8 [36]. Let a;, i = 1,2, be non-negative numbers, At a positive number, and {x"},>0, {y"}n>1 and
{0"}>1 non-negative sequences. Assume At € (0,1/(2ao)] for ag # 0. Suppose

Daa™ +y" < apz"™ + ayz" L+ 0", Vn > 1.
Then, it holds that

n n
"+ At Z y" < exp[(2a0 + a1)nAt] (1‘0 + At Z bi> , Yn>1.
i=1 i=1

Lemma 5.9 ([38], Chapt. II, Lem. 1.4, [17], Chapt. I, Lem. 4.3). Let X be a finite dimensional Hilbert space

with inner product (-,-)x and norm || - ||x and let P be a continuous mapping from X into itself such that
(P(£),8)x >0 for |[€|lx = po > 0. Then, there exists £ € X, ||€]|x < po, such that P(§) = 0.

5.2. Proof of Proposition 4.1

We apply Lemma 5.9 for the proof. Let n € {1,..., Ny} be a fixed number and (uzfl, szl) e Vi x Wy,
a pair of given functions. We set ug == (1 —2A¢t)/2 > 0. We define a finite dimensional inner product space
X =V, x Qp x Wy, equipped with the inner product,

((ah, ph> Ch), (Vi Gns D)) y = ﬁ(uhavh) +4v(D(up), D(va))

Ho
+ 26, h2 (pn, + ==(Cyp,Dp) +&(VCy,VDy,),
oK;h % (Phsan) K At( hyDn) +e(VCp h)

which induces the norm || - || x for any e > 0. Let P : V), X Qp, X Wj, — Vi, X Qp X W), be a mapping defined by

u, —u) o X7

(P(un,pn, Cr), (Vh, qn, Dn)) = ( ,Vh> + An((an, pn), (Vi —an)) + ((tr Cr)Chr, Vvi)

At
— (£, vi) + %(Ch - CAZ: OX?,Dh> + gac(C}uDh) — ((Vup)Cp,Dp)
_ %((div uh)Ch#,Dh) + %((tr Ch)2Ch,Dh) — %((tr Ch)I,Dh)
- %( 1> Dn), Y(un, pr, Ch), (Vi, qn, D) € Vi X Qu X Wi (5.6)

Obviously P is continuous. Substituting (up,pn,Cp) into (vp,qn,Dp) in (5.6) and using the inequality
|tr Crllo < v2||Chllo, we have

(,P(uhaphach)v(uhaphach))x
n—1
u, —u o X7
= (R ) 2D B -+ bl ~ (5 )
1/Cy — Cz_l o X7
2 At

1 _
> o ([lnll§ = [hay; ™" o X llo[unllo) + 20D (wn) 1§ + dolpal = £ ol llo

|
_( haCh)

€ 1 1
,Ch> + i\chﬁ + 5H(tr Ch)Chl2 - §Htf Cullg — 5
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n— € ) s :
(IG5 = IC3~" 0 XTollCnllo) + FICli - IIChHg——HF lollCrllo (by Schwarz’ inequality)

2At
{2Huh||0 Bollunllg — —Hunf1 o X715 + ICull§ = BrllCull§ — —IICTH ° X?Hg}
Z 5A1 Bo! P 46, " h
2 2 Pa At 2 € 2 2
+ 2 D)} + dolpnlf — 22l = 55 6213 + S — Gl = 221Gl — 2 173

(by ab < 5@ + %bz)
1
>
— 2At
€ 9 1
+51Cnly 280 Al

{2= 60— B)l[wnllf + (1 = B — 24t = B) |G} + 20D ()| +6o|ph|i

n— - At
Jlup ™" o X715 — ICh " o XT3 ~ ﬁQIIf;?H% HF [k (by Lem. 5.4)

831 At At
for any 8; > 0. Choosing Sy = 52 = 1/2 and 81 = 5 = uo/2, we get

1 1
(P(un, v Co wnon, ) = | { glhunl + 4D () 1§ + 2ol + S 1C1 13 + <l

2
2wy o X713 | ICp" o X7 ,  AYF;3
2At|| £ " Al0
{ T e R A +

= [, pu, CR)I% - 82

l\JlH

where

— _ 1/2
2w, o XTIE |, IICR " o XT3 o AFLG
1= ’ : 2A¢| £ — -
ﬁ { At - 2,11,0At + ” h HO 2,U,0

The right-hand side is, therefore, positive on the sphere of radius pg = B« + 1. From Lemma 5.9 there exists
an element (up,pn, Cp) € Vi x Qp x Wy, such that P(un,pn,Cp) = 0, which is nothing but a solution of
equations (3.3).

5.3. A system of equations for the error and the estimate of remainder terms

In this subsection we prepare a system of equations for the error and a lemma for the estimate of remainder
terms in the system before starting the proof of Theorem 4.5.
Let (p, pp)(t) = I} (0, p)(t) € Vi, x Qp, and Cy(t) = I1,C(t) € Wy, for ¢ € [0,T] and let
ey =uy —uy, e =py—py, Ep=Cp—-Cp, nt)=(u-)(t), E(t)=(C—Cult).

Then, from (3.3), (4.1) and (2.2), we have for n > 1

n—1
el —e o X7
( h hAt 1 avh> + Ah((e?m 6}7:)7 (vha Qh)) = _((tr EZ) }7:’ VVh) + %% <I'Z,Vh>vh, (57&)
E} —E; o X7 )
( A ! Dh> +eac(Ep, Dy) = 2((Vel)ER, Dy) + ((dive)(E)*,Dy) + w; (Rp, Dn)w,, (5.7b)

V(Vh,qn, Dn) € Vi X Qp x Wy,
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where
4 11
=Y ek Vi Rpe= Y Rp W,
i=1 i=1
n . Du”™ u” — un—l o X{l
(rh1,va) = Dt A >, Vh

n 1 n n— n
(rh27vh) :A_t("l -n loXlavh)a

v (Ths, vy, = —((tr CR)ER + (tr ER)CR, V),
v/ Tha Va) v, = ((tr CHE™ + (trE™)C", Vvy,),

W . (DC" C"—Crloxy
( hl?Dh) _( Dt - At 7Dh>a

1
At

w; <RZS’Dh>Wh, = 5aC(‘=‘n’Dh)v
(R4, D) = 2((Va)Ej + (Vem Ch» Dn),
—2((Vap)E" + (Vn")C",Dy),

(Rh27Dh) (En - En71 OX{LaDh) )

(Rhs; Dn) =

(R, D) = ((divag)(Ep)* (dlve )(Ch)*", D),
(Rthh —((divag)(E")* + (divn")(C")*, Dy),
(Rhs: D) = —([tr (B, + C})]*E};, Dn),

)=
)=
R}ty Dp) = —([tr (E}} + 2C))](tr E}Y)C}, Dy,),
(R0, D) = ((tr C})°E" + [tr (C" + C})](tr E")C", Dy),
(Rh11, D) = ([tr (B — E")]L,Dp).
The remainder terms are evaluated by the next lemma.

Lemma 5.10. Suppose Hypotheses 2.2 and 4.4 hold. Let n € {1,...,Np} be any fized number. Then, under
the condition (3.2) it holds that

[rr1llo < cw VALl z2(n-1 4n), (5.8a)
wh
[rhallo < \C/—A—tH(Uap)HHl(tn*l,t";Hszl)v (5.8b)
[rhsll-1 < esllEx o, (5.8¢)
[rRall-1 < esh, (5.8d)
[RA1llo < cwVAC| z2(4n-1,im), (5.8¢)
Cw
||RZ2H0 < \/—HC”Hl(t"‘l,t";Hl)ﬂL2(t"_1,t”’;H2)a (58f)
1
n a_En> < - E sh2 5.8
Wé< h3 gt ) S \ FEe (5.8¢)
[Rhallo < es(llenlls + [IER o), (5.8h)

IR7s]l0 < csh, (5.81)
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IR3sllo < e (lefll + I E3]o), (5.92)
[Rp7llo < csh, (5.9b)
1 3
(Riis: 5ER) < — (e ERDERIE + c.l| BRI, (5.9¢)
1 1
(Rito: 51 ) < g BRELI + o[ B3, (5.94)
[RR10llo < csh, (5.9e)
IR llo < o (IBRflo + h), (5.9f)

where ¢, and ¢y are the constants given in the beginning of Section 4.

Proof. Let t(s) :==t""! + sAt (s € [0,1]) and y(x,s) =2 — (1 — s)w"(z)At.
We prove (5.8a). We have that

() = {(5 W) v> } (24" = 7 [u(y (. ). 1)) 1,
1

A
— {(% +w”(as)~V> u} (2, ") —/O

which implies

d81 S CywV At‘|u||z2(tn—1’tn),

1
I llo < At / 5
0 0

2
{ (% + W) ‘V) “} (s 51),H(s1))

where for the last inequality we have changed the variable from x to y and used the evaluation
det(0y(z,s1)/0z) > 1/2 (¥s1 € [0, 1]) from Proposition 3.1-(ii).
We prove (5.8b). From the equalities,

i = oyt = [ { (54w 9 )} ot s as

we have

Ieiallo < [ T2 w6y 9) b w0 s < / (12 0 50 t0) | + o ITm o 50, ) s
<2 [ {|Gr o] +elwate il <y 5 (|5
2

cyh
<\ s+ co) [, p)llas n-t,m 2y < —E= (0 p) [ en=s om sz ),

g

which leads to (5.8b), where Proposition 3.1-(ii) has been used for the third inequality.
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From Lemmas 5.2 and 5.3, (5.8c) and (5.8d) are obtained as follows:
Irhsll—1 < lI(tr CER + (tr ER)Cllo < el Chllo,clErllo < [ Cllew=) B llo < cslIE}lo,

Ieiall—1 < [I(tr CHE" + (trE™)C"||o < || Chllo.lIZn 0 < ellCllez=)021hl[Cllew < esh.

The estimate (5.8e) is obtained by replacing u with C in the proof of (5.8a).

We prove (5.8f). Replacing n with Z in the estimate of ||r},||o above, we have

2 0=
IRl </ 3 ([ 5]
At 8t L2(t'rL—17tn;L2)
2
= Zth(aﬂHC”Hl(t"—l,t";Hl)+Cwa22HC”L?(t"—l,t";H?))

/
h

< S92 Ol en s gyt a2y,
i s s

—|—cwHVE

LQ(t”’_l,t";LQ)

which implies (5.8f).
The estimate (5.8g) is obtained from
(Ris3BR) < 51 hIERh < SOBLE + 1="R) (by ab < (a2 +12)2)
W} 2 w, 2 4

£ £
Z(\EZLE +a3h?||Cl2 g2y) < Z\ BT+ esh®.

In order to prove estimates (5.8h)-(5.9b) we prepare the boundedness of |V} ||o,«c. Let @, (t) = (IIpu)(t)
for ¢ € [0,T]. We have

Va7 ]0,00 < 103 11,00 < 07 — 071,00 + [0} ]|1,00 < 2sh™[[0] — 0} [l1 + c20]lu™||1,00

< agsh™H([la — a1 + Ju” — af]l1) + azollu” 1,00

< assh™ (ash||(w,p)" | g2x i + aszh|[u”]2) + aollu”|1,00

< ags(age + a3)[(w,p)|lc(azxmr) + @2ollulleme) < cs. (5.10)
We prove (5.8h)—(5.9b) by using (5.10) and (5.2) as follows.

IR7allo < 2([1(VaR)Eqllo + [[(Ver)Crllo) < c(esllERllo + [[Cllows=IVerllo) < c(llefll + [Ex o),
IREsll0 < 2(1(VaR)E™[lo + [[((VR")C" o) < c([[Vag]lo,ecIE lo + IClleze) V0™ {l0)

< (B o+ In" ) < eshlaai||Cllowm + asll(w,p)llczxary) < b,
0,00l ER]l0 + |C7

RE7llo < [IVaR]0,00 B [lo + [[C"[lo,c0 Im™ [l1 < es([[E"[Jo + (7" ]1)
< csh(aa||Clloay + asll(w,p)llcmzxmy) < ch.

IRhsllo < [[Vay

lo.collerllt < esllERllo + [[Cllew=)llenlls < ¢ (IExllo + lerll),
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The remainder estimates (5.9¢)—(5.9f) are obtained from

n 1 n 1 n n ~n A~ n n
(Rt 5B ) = 5 ([ B2 + 2w B €) + (e IB )

1 n n n n ~n n
< _§||(trEh) nlI5 = ((tr ER)ER, (tr CHE])

1 n n 1 n n ~n n
< —5lItr Ex) mlg+ g/l (tr Ex) mlIg + 21l (tr CR)ERIIG

3 3
< — I EDERIE + el CllE e IBRIE < g ERERIE + o [ERIG (b (5.2)),

1

n 1 n ny\cn n n ~n n\ n n
( h9a§Eh>:_§((trEh) ns (trERER) — ((tr Cp)(tr ER)Ch, E)

1 n n n 1 n n n
< glltrER) mlE + el CliE ) BRI < gl (tr Ex) mlg + csIER G,

IR710ll0 < €[lICHIIG 00 + 1€ [l0,00 (IC™ 0,00 + [ICH ll0,00) ] IE"[l0
< NCllewe) (1 + IClew=)) IE [0 (by (5.2))
< ¢||BM o < esaz1h||CM|1 < cih,
IRR11llo < c(IERllo + [[E"[[o) < c([[ERllo + a21hl|Cllon)) < es(|Exllo + R). O

5.4. Proof of Theorem 4.5
The constant hg can be chosen arbitrarily, say, hg = 1. We fix Aty by

1 1
Aty =min{ ——— — 5.11
0 {4|WC(W1,00) 263} ( )

where ¢4 is the constant appearing in (5.15) below. We consider any pair (h, At) satisfying (4.3) and any
solution (up, pp, Cp) of scheme (3.3) with (4.2). We return to the argument in the previous subsection. Substi-
tuting (e}, —ey, 2E7) into (vi, qn, D) in (5.7) and noting that

n—1
el —e o X7 1 e — 1 e
(=i e) = o (1ol ~ 1+ aabw 02l ] > D (5l — calleh 1
(5.12)
(by (b—a)b > (b?> — a?)/2 and Lem. 5.4),

2v
An((ef ). (e}, ~)) = 2D(h)IE + Soleh} > e + dole (by Lem. 5.1),
1
0[2 1%
vrtei e, < Ixlaleflh < a2, + e (by ab < (B/4)a? + (1/B)12),
1
Ef —E; 'oXP 1 — (1 _
(B2 50 ) > D (1BRIR) — ol 1R (f (5.12),

1
EQc ( Z, EE;:)

and Lemma 5.5, we have

3

— 1 1 v €
Do ( 5llenlls + ZIERIG ) + —llerll + dolerli + SBR[
2 4 o 2

2 1
< colller 2+ 1B 2) + X ey PooEp) . 5.13
<cu(llep "o+ 1EL ||0)+41/” h,||—1+W),1 ho 5 v ( )
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Since the condition (3.2) is satisfied, Lemma 5.10 implies that
n n 1
||rh||2—1 < Cs||Eh||(2) + C; At”lleZz tn—1 ¢n + h2 —H(ll,p)Hip tn—1 gn. g2 x g1 +1 , (5.14&)
( ) At ( )
n 1 n v n2 1 n\fn| 2
wi n 3 En " < |[ER IS + 20@”%“1 ‘E = 4||(trEh)EhH0

1
+c, {Aﬂcn;(tn_l,tn) + h? (Zt||0|222(tn_1,tn) + 1)} . (5.14b)

Combining (5.14) with (5.13), we obtain

_ 1 " 14 n n 1 n n
D (§||eh|g e ||0> a2\|eh||%+5o\eh\,%+ BRI + lI(tr ER)ER S
1

1, - B 1,
<. (len 15 + 1B + 1B IR)
1
+ | A1 O es e + 12 7 (1 sy + 1) 1} | 615)
0,
~0
h>

From (4.3) and (5.11) it holds that At € (0,1/(2¢;)]. As for the initial value we have

(eh, Bf) = (up, C}) — (1, Cp) = (L1 (0, —p")]1,0) = ([(I — 11;})(0,p°)]1,0),

which derives the estimates,
lenllo < ashl|(0,p°)|| a2 xmr = ashlpllccay,  I1E; o = 0. (5.16)
By applying Lemma 5.8 to (5.15) with

:L_’I’L

1 1
5 lleRlls + —IIE 13, v" = s llehl2 + dolehl? + = T/ER + I EDERIG, a0 = a1 = c,

=
203

1
b = & [ 4010 O s + 1 { o VB sy + 1€ s ) +1]]

and (5.16), there exists a positive constant

& = cexp(3¢,T/2) [Ipllogm) + /(1w C)lize + 1, p)l 2y + VT)]
independent of € such that
lenlle= 2y, Vllenlleaqmys lenleainys 1Ballg(zey s VEEBalen), [[(trEa)Enn ) < 6+ At).  (5.17)
Hence, we obtain (4.4) from (5.17) and the estimates,

Ju, —u" [l < [lepllk + [n" 11 < llegllx + ashll(w, p)llomex a1,
Iph — 0" |0 < lexln + [Ph — "0 < lenln + ashl/(w,p)|lc(azx a1y,
1CE — C"[lx < |ER Ik + IE"lx < |ER Ik + a2y RIICllo e+,
[tr (C}, — C™)(C}, — C™)|lo = [|tr (E}, —E")(E} —E")llo
< |(trER)EL [[o + [[(tr E™)ER [lo + [|(tr ER)E" o + [|(tr E™)E"[|o
< (tr ENER|lo + csh(|ER]lo + 1),

for k=0 and 1.
When e = 0, (4.4) is still valid, since R} vanishes and ¢; is independent of .
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6. UNIQUENESS OF THE SOLUTION

In this section we present and prove the result on the uniqueness of the solution of scheme (3.3). Let us
remind that the function D(h) has been defined in (5.1).

Proposition 6.1. Suppose Hypotheses 2.2 and 4.4 hold. Then, for any pair (h, At) satisfying the following
condition (6.1) or (6.2), the solution of scheme (3.3) with (4.2) is unique.

(i) Whene >0,
h e (0,hy, At<D(h)2, (6.1)

where the constant hy is defined by (6.14) below.

(i) When e =0,
h e (0,hy], At <é.h, (6.2)
where the constants hy and ¢, are defined by (6.15) and (6.18) below.

The proof is given after preparing the next lemma.

Lemma 6.2. Suppose Hypotheses 2.2 and 4.4 hold. Then, for any pair (h, At) satisfying the following condition
(6.4) or (6.5), any solution (up,pn, Cr) of scheme (3.3) with (4.2) satisfies

[Chllese (o) < ce; [anles (o) < cu, (6.3)
where c. and ¢, are positive constants independent of h and At defined just below.
(i) Whene >0,
h e (0,hi], At<D(h)?, (6.4)

where hy is defined by (6.6d) below. Furthermore, ¢ = ¢t and ¢, = cty, which are defined by (6.6¢)
and (6.6f).
(i) When e =0,

he(0,hi], At<h, (6.5)

where hy is defined by (6.6a) below. Furthermore, c¢. = ¢t and ¢, = Ct,, which are defined by (6.6b)
and (6.6¢).

Proof. Letn € {0, ..., Ny} be fixed arbitrarily, and let ho, Aty and & be the positive constants in the statement
of Theorem 4.5 and in (5.17). We fix a positive constant h; € (0, 1] such that

hi < D(hy)™2 < At.

We prepare the following constants to be used in the proof:

hi == min{ ho, Aty }, (6.6a)
Cie = 2023t + || Cll (L), (6.6b)
Cru = 23[2¢; + (021 + a3)||(w, p) | c(aex ] + lulle@s), (6.6¢)
€1 =G max{l, (T + e~H1/2, 1/_1/2},

hi = min{hs, h1 }, (6.6d)
cte = max{2az4c1 + ||C|lc(r), Cie ) (6.6¢)
ctu = max{az4[2c1 + (az2 + a3)||(0, p)|lcmzx )] + [[allor=), G- (6.6f)
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Firstly, we prove (6.3) in case (ii). Since condition (6.5) implies (4.3), Theorem 4.5 ensures (5.17). Then, the
boundedness of ||C}|lo,00 is obtained as follows:

< apsh ™' (At + h) + ||Cll o) < 20236 + [|Cllo(n=)

= Cte-

ICHll0,00 < 1ER 0,00 + ICH 0,00 < ash™ | ER]lo + |Cllc(z)

Let 1, (t) == (IIpu)(t) for t € [0,T]. The boundedness of ||uj||o,~ is obtained as follows:

i flo,00 < ll€fill0,00 + 107 = 07 ll0,00 + 5 fl0,00 < aash ™ [llefillo + (a5 — ajillo] + [[ullc(zee)
< agsh™[lepflo + 07 — u”{lo + [0 —ui o] + [Jullc(z>)
< apzh ™ [ (At + h) + ashl|(w, )|l ez i) + aarhlullom ] + [[ulloe
< a3 (26 + (@21 + a3)||(w, p) ez x )] + [[ullows)
= Ciy-

Secondly, we prove (6.3) in case (i). Since condition (6.4) implies (4.3), the estimates (5.17) and the definition
of ¢ lead to

llenlles(L2y, llenlleary, 1Brlleez2y, 1EBrllem < ci(At+ h).

When At < h, we have ||C} HO oo < CGte < ¢te and ||upfo,00 < Gty <ty from the proof in case (ii) above. When
(D(h)?h? <) h < At < D(h)~2, we have

IChllo,c < (MIER 1+ [ICllowes) < asaD(R) A2 (Bl + [IClloe)
< a2401D( )(A/? 4 At~ 1/2h) + [Cller=) < 2a24¢1 + [|C[c(r)
S‘%w

[up llo,c0 < lleg 0,00 + [T < agsD(h)[[leplln + 1oy — ai ] + [allcr=)
< aga D(h) [At 2 lep 2y + [[a) — (|1 + [u™ — 6}t |l1] + [[ulloz=)
< azsD(h)[c1 (A2 + At7Y2Rh) + (@22 + as)h]|(w,p) || coaexany] + ullo@e)

< aog [201 + (a2 + aa)H(U,P)HC(mle)] +[[ullewe)
S(%w

Thus, we obtain (6.3). O

Proof of Proposition 6.1. The definitions (6.14), (6.15) and (6.18) below of the constants hy, hy and ¢, imply
hy < hy, hy, < hT and ¢, < 1. Hence any pair of (h, At) in Proposition 6.1 satisfies the assumptions of Lemma 6.2
fore > 0.

Suppose (uh,ph,Ch) and (up,pp, Cp) are any two solutions of scheme (3.3) with (4.2). Let (eh,eh,Eh)
(uh,ph,Ch) (up,pn, Cr) be the difference. Since both of (uh,ph,Ch) and (up, pn, Cp) satisfy scheme (3.3)
with (4.2), we have

= ~n—1
el —e o X™ o o .
(hhA—tl’V’l> +An((&h, ), (v an)) = = (0 ER)EL, Vvi) + vy (77, va)vi, (6.7a)
En En ‘o X7 " ~N\T Y4 i) 30
( A Dh) +cac(Ej, Dy) = 2((VeR)Ey, D) + ((diver)(ER)#, D) + wy (RY, Dr)w,, (6.7b)

V(Vh,qn, Dn) € Vi X Qp x Wy,
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where
5
iy eV,  Rp:=> Rp W,
i=1
vy (B, i)y, = —((tr ClE} + (trE})C}, Vvy,),
R}, Dy) = 2((Vup)Ej + (Vé;)Cy,Dy),
Rpiy, Dy) = ((divup)(ER)# + (diveR)(Cp)#, Dy),
Rji5, D) = —([tr (E}} + C})I’E};, D),
Rj.s, Dy) ([ (E}, +2C})](tr E})C}, Dy),
Rjs, D) rE})L D),

(o3

S

I

—

/—\
tljl 5

and (&), EY) = (0,0). Substituting (&}, —é7, %EZ) into (vp,qn, Dp) in (6.7) and using Lemma 5.5 and similar
estimates in the derivation of (5.13), we have

— 1, . . .
Dt (3R + FUBRI ) + SRl + ekl + 5 R
ag
~n—1 nn—12 O[% =n|2 D" 1~n
< cullle 3+ 1B 1) + L2, + (Rp. By ) (6.

The following estimates are obtained for the functionals ¥} and RZ

Hfh\l 1 < ¢l Chllo,collER o (6.9)

(R i) (Ri B2 ) < By &), (6.100)
(R )s—g (i BR)BE 3 + | OR13 o IR R (6.100)

( har 5 ) % (trEj)E HFS (6.10c)

IRsllo < cl[ERo- (6.10d)

We note that the estimates (6.10a) are proved by the integration by parts,

(Rt 51 ) = (Vu)BRL BR) + (V8)CELB) = — (o V(ERER) + (Ve O Bp)

(
DN 1~n
( h27§ h>

IN

illo[ER 11+ [|Chllo.co €7 11 ER o)

5 ((@iv g (B)# BY) + 2 ((divef) (Ch)*, Bp)
= —l(uhV(E”)# E}) - —((E”) u!VE}) + %((div & (Cm* EY)
< c(upllo.co ER L IIER o + IChll0.00 €5 1L I ER o).

and that the other estimates (6.9), (6.10b), (6.10c) and (6.10d) are obtained similarly to (5.8¢c), (5.9¢), (5.9d)
and (5.9f), respectively. Applying Lemma 6.2 to (6.9), we have

I1F7 -1 < ceellERlo- (6.11)
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We consider case (i). The estimates (6.10) and Lemma 6.2 lead to
L. v 1 -
”,—E”> < (C + i+ DIER] lenF -+ \E 1= I ERER S (6.12)
<h2h 7 OQQ%hl Rt =g n)Enllo
Combining (6.11) and (6.12) with (6.8), we have

1, . VoL N 1 L
a (UHIR + TIBRIR) + 5allShIR + dulef + SIBRE + I BRIBRIS
1

c 1,20 . 1 =ne
< et 1) (FIBRIR) + o (Gl 5-+ IBEIR). (6.13)
Let At, = g/[2¢(c?+c2+1)], and we fix a positive constant hy € (0, 1] such that D(h2)~2 < At,. We define h, by
hy == min{h;, ha}. (6.14)

Condition (6.1) implies At < D(hy)~2 < ¢g/[2¢(c? + ¢ +1)] (= At,). Applying Lemma 5.8 to (6.13) with

1 - . 1 S
o = 23 + I, " = e lERl + fett + IBRE + ) ERERE
_Cr2 2 _ sn—1 L an—1)2
ao—g(cc—i—cu—i—l), a =0, b = cw _” ||O+ZHEh ”0 )
and using the fact (&), EQ) = (0,0), we get (&, én, Ex) = (0,0,0).
We prove (ii). In place of (6.10a) we use the estimates,
(Rt 5B ) o (R 1) < clBRlooast ool Bl + IRl IS (6.100)
We define h, by
hy = min{fz]u,l/cu,cu/cz}. (6.15)

For any h € (0, h,] the estimates (6.10), Lemma 6.2 and (6.15) lead to

.1 v 1 L
( z,iEz) e(G+ e+ 1) IBRIG+ g lehR — 7 BRERE

ccu

BL 115+ 5 QHeh”l —H(tfﬁﬁfﬁllg- (6.16)
Combining (6.11) and (6.16) with (6.8) we have

_ 1 ~ 174 ~ ~ 1 N\
D (1HIB + IBRIR) + sallShl + dulclf + GIrERERIE

cey (1, = e [
< <o (J1B31E) + e (1613 + 182 13) (6.17)
We define ¢, by
¢ =min{1,1/(2cc,)}. (6.18)
Since condition (6.2) implies At < h/(2¢c,), applying Lemma 5.8 to (6.17) with
1, 1~ |2 - 1 L~
" = Slerls + RIS, y' = 2—2||eh||§ +dolén i + 71 (e ER)ERG,
cey e 1~
o= a=0 b = (e B + B3

and using the fact (€2, E)) = (0,0), we obtain (&, &, Es) = (0,0, 0), which completes the proof of (ii).
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7. NUMERICAL EXPERIMENTS

In this section we present numerical results by scheme (3.3) in order to confirm the theoretical convergence
order. For the detailed description of the algorithm we refer to [23].

Example 7.1. In problem (2.1) we set 2 = (0,1)? and T' = 0.5, and we consider three cases for the pair of v
and e,
(v,e) = (1071,1071), (1071,107?), (1,0).

The functions f, F, u® and C° are given such that the exact solution to (2.1) is as follows:

u(z,t) = (g—i(x,t), —g—;ﬁ(ac,t)) , plx,t) =sin{r(z1 + 222 + 1)},

Chi(z,t) = %snﬁ(ml) sin?(maq) sin{m(zy + 1)} + 1,
Cos(z,t) = %sinz(wwl) sin® (7@ sin{m(ze + 1)} + 1, (7.1)
Cha(z,t) = %sinQ(wml) sin®(ma2) sin{m (a1 + x2 + 1)} (= O (2, 1)),

o(x,t) = \2/—5 sin? (7)) sin? (mao) sin{7w(z1 + z2 +t)}.

Note that we set w = u in the material derivative D/Dt.

Since Theorem 4.5 holds for any fixed positive constant Jy, we simply fix §o = 1. Let N be the division
number of each side of the square domain. We set N = 32, 64,128 and 256, and (re)define h := 1/N. The time
increment is set as At = h/2.

Let us recall that ITF : C(£2) — M), is the Lagrange interpolation operator. We use the same symbol ITF
to represent the Lagrange operators on C(£2)? and C(£2)2*2. We apply the scheme (3.3) with the initial con-
ditions (4.2), where IT} is employed in place of IT;, for the choice of the initial value C9 in (4.2). Let us note
that when the exact conformation tensor C(t) belongs to C(§2)2, the error estimates (4.4) in Theorem 4.5 hold
true also for the choice of initial value with IT}. For the solution (up,ps,Cp) of scheme (3.3) and the exact
solution (u,p, C) given by (7.1) we define the relative errors Eri, i =1,...,6, by

Jup — I e 12 [up, — ITul| g2 oy

B T ey B i alen)

Erd— Ipn — I plle2 (L2 Era— P — ITEDle2 ()1
HH;fPHz?(m) ’ ||H;fp\|e2(L2)

Erb — HCh_HéICHZ‘X’(L?) Er6— ||Ch—H;I;CHe2(H1).
[ ITECl g L2y ITTECllez(amy

In the following we show three pairs of table and figure. Table 3 summarizes the symbols used in the figures.
Tables & Figures 1, 2 and 3 present the results for the cases (v,¢) = (1071,1071), (1071,1073) and (1,0),
respectively. In the tables the values of the errors and the slopes are presented, and in the figures the graphs of
the errors versus h in logarithmic scale are shown. In each figure the slope of the triangle is equal to 1, which
shows the convergence order O(h).

We can see that all the errors except Er 6 for (v,e) = (1,0) are almost of the first order in h for all the cases.
These results support Theorem 4.5. In the case of (v,e) = (1,0) there is no diffusion for C in equation (2.1c)
and the error estimate of the conformation tensor in £2(H'!)-seminorm disappear from (4.4). It is, therefore,
natural that the slope of Er6 does not attain 1. Although we do not have any theoretical result for Er 3 at
present, scheme (3.3) has produced convergence results also in this norm.
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TABLE 3. Symbols used in the figures.

uy Dh Chr
[@) ® A A O [ |
Erl Er2 Er3 Er4 Er5 Er6

h Erl slope Er2 slope

1/32  2.07 x 1072 - 2.91 x 1072 -
1/64 829x107° 1.32 121 x107% 1.27

1/128 3.72x107% 116 585 x107% 1.05 ot L
1/256  1.77 x107®  1.07 2.60x 1073 1.17

h Er3 slope Er4 slope B
1/32  673x1072 - 508x107% - g
1/64 206 x1072 171 1.86x 1072 145 U3
1/128° 680 x107°  1.60 838 x107% 1.15 3
1/256 259 x 107%  1.39  3.68 x107®  1.19

h Erb slope Er6 slope

1/32 112 x 1072 - 480 x107" -

1/64 433 x107% 137 166 x 1072 1.54
1/128  1.92x107% 118 6.56 x 10°®  1.34
1/256  9.09 x 107*  1.08 2.90 x107%  1.18

4 L L L L

17256 17128 1/64  1/32

h
TABLE & FIGURE 1. Errors and slopes for (v,e) = (1071,1071).

1 0()

h Erl slope Er2 slope
1/32  1.75 x 1072 - 2.71 x 1072 -
1/64  6.74x 107 137 1.12x1072 1.28
1/128 291 x107%  1.21 549 x107%  1.03 ,

1/256 137 x107%  1.09 244 x107% 1.17 vE
h Er3 slope Er4 slope
1/32  977x1072  — 656 x1072 -~ /
1/64  3.17x 1072 162 222x1072 156 20
1/128  1.02x 1072  1.63 9.01 x107®  1.30

Relative errors

1/256 3.62x107% 1.50 3.78x10°® 1.25
h Erb5 slope Eré6 slope
1/32  2.06 x 1072 — 2.76 x 1071 —
1/64 736 x107% 149 116 x 107" 1.25
1/128 293 x107%  1.33 440 x107%  1.40
1/256 131 x107% 1.17 151 x107% 1.54

17256 1/128  1/64  1/32

h
TABLE & FIGURE 2. Errors and slopes for (v,¢) = (1071,1073).
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]0() -

h Erl slope Er2 slope

1/32 1.36 x 1072 - 230x1072 -
1/64 426 x 1073  1.67 9.68x107° 1.25
1/128 140 x 1073 1.60 4.84x107% 1.00 |
1/256  5.15x107* 144 208 x107% 1.22
h Er3 slope Er4 slope
1/32  2.03 x 107* - 939 %1072 -
1/64 698 x 1072 1.54 3.00x 1072 1.65
1/128 216 x1072  1.69 1.19x107% 1.34
1/256 6.86 x 107  1.66 5.05x107%  1.23

h Erb slope Er6 slope
1/32  213x1072 - 6.71 x 107* -
1/64  7.64x107% 148 589 x 107"  0.19
1/128 281 x107% 144 451 x107"  0.38
1/256  1.11x107% 137 3.08x10"' 0.55 .

Relative errors
3 3
T T

17256 1/128  1/64  1/32

h
TABLE & FIGURE 3. Errors and slopes for (v,¢) = (1,0).

8. CONCLUSIONS

We have presented a nonlinear stabilized Lagrange—Galerkin scheme (3.3) for the Oseen-type Peterlin vis-
coelastic model. The scheme employs the conforming linear finite elements for all unknowns, velocity, pressure
and conformation tensor, together with Brezzi-Pitkéranta’s stabilization method. In Theorem 4.5 we have es-
tablished error estimates with the optimal convergence order, which remain true even for € = 0. We have also
presented the result on the uniqueness of the solution of the scheme in Proposition 6.1. It is noted that any
solution of the scheme converges to the exact solution without any relation between h and At, while the condi-
tion (6.1) or (6.2) is needed for the uniqueness of the solution. Theoretical convergence order has been confirmed
by two-dimensional numerical experiments.

Although we have dealt with the stabilized scheme to reduce the number of degrees of freedom, the extension
of the results to the combination of stable pairs for the velocity and the pressure, and conventional elements for
the conformation tensor, e.g., P2/P1/P2 element, is straightforward. Note that our analysis of the stabilized
Lagrange-Galerkin method does not require to deal with the dissipation of the discrete free energy and positive
definiteness of the conformation tensor Cj, as it was the case of the characteristic-based scheme of Boyaval
et al. [5] applied to the dissipative Oldroyd-B viscoelastic model. Since the strong solution of the Peterlin
model (2.1) indeed satisfies these properties, cf. [23], they may be a useful tool in order to extend our numerical
analysis to the Peterlin viscoelastic model with the nonlinear convective terms in future.

The extension of the presented scheme to the three-dimensional case is not straightforward due to Lemma 5.5.
Three-dimensional problems are fully treated in a forthcoming paper, Part II, by a linear scheme, where the
convergence with the best possible order is proved for any of £ > 0.
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