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AN APPLICATION OF THE BRACKETED NUMBER TO THE SUMMATION. 23

An application of the bracketed number

to the summation of a certain type of series;

By 1. J. SCHWATT.

The author has found nowhere in mathematical literature any
method which would enable him to find the summation of the series
given in this paper. The principles and methods applied in the solu-
tion of the problem are believed to be new.

If in the given series
(1) S:Z(—l)"—’ cosk1—i’
&
k=1

the first A terms are retained and the following ¢ terms removed;
again, the next 4 terms retained and the ¢ following them removed;
and if this processis carried throughout the series, to find the sum of
the terms retained.

Let n=m(h+v¢)+d, where m= [,ﬁ] » then the required
sum may be represented thus '

mli+d k—1
h

(2) S,:k:z1 (—I)k——w’[_]vcos(k—i-[kh_l]o>g,

for d < h, if d 2 h, then h takes the place of d.
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Let n'==mh +d, o<d < h and h31, then (2) may be written

3 al
(3) 5122(—1)"—‘ COS/{T—:;—}—(—I)" Z (— 1)t cos(/.‘—l-v)z
8 1
k=1 k=h+1
3%
4+ (1) 2 (—1)"-'—'cos(/.'+20)§+---
k=2k+1 °
mh
— — \T
A= (—1 ) (— 1)t cos(h+m—1vp)—
) 2 A= cos( )y
k=m—1l+1
mli+d
o (=) Z (—l)"_lCOS(/f—I—HlV)%)
k=mh+1 s
m—1 (@+1)/
(4) =Y (== ¥ (—)feos(han) 48,
a=0 k=ali+1 £

where s, is the last single summation in (3).
Letting K=ah =K'in the double summation in (4) and K —mA=K’
in S,, we have

.

m—1 1

5 S,: N (Ve — 1 4! 1% Y/ ) E
(5) %ﬂ( 1) E( 1)4! cos( +Otl—{—‘)g
' d

+(—1 )"""*"’2 (— 0 {k+m(h+ ) }g

k=—0o

On place of (4) we may write, letling h++¢ =n

h wT
T T
Si_—_Z(——l)k—‘cosk—-i— Z (—1)1cosk—=+...
g 4
k=1 k=w+1
m—aw+h mw+d

k T k—1 m
+ 2 (—l)—1005k§+ E (—1)cosk—,
=]

k=m— 1o +1 k=mw-+1

m—1 &w+h .
3
— k—1 -
=9 E (—1)tcosk— +S,,

a=0k=0Cw+1 .
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letting in the double summation K —aw =K’ and K —map =K’
in S,, gives (5).

Now if let ¢ = 6, then from (5)

m—t ki

(6) S,= Z(—l)““’cosawGZ(—l)"cosk’G—r
a=0 k=1
m—1 k

— — w E i—1 g E

2( 1)*¥ sinotw 62!( 1) 1smkﬁ

o =0
d
T T
+ (—1)™" cosmw = Z (— 1)1 cosk
6 6
k=1
d

—(—1)y™ sinmw% 2 (— 1)kt sinkz—;a

k=1
(7) [2(—1 (————x) %cosw—x%—cosw%f
4smw
+2(—1)"§cosw—hg —cosw—h—lg}

—2(—1)"+“’{cos(h+x)g —coshg}
—A,{cos(mw+l)?i —cosmw%}

— Ag{cos(mw—i— x)g — cos;z-:.;wg}
+(—l)"A1{COS(mw+ h+ 1)-76: — cos(mw + h)g}
+(— 1)"A2{ cos(mw—i—h—i-l)g—cos(;t—:—fw-}-h) g} ]

+ [(—l)n”isinn”g —Si“("”+1)g%

6
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where

and

Then

I. J. SCHWATT.

A,:{1_(_l)z::+(_;)w+(_l);:z+w}‘

A=+ (—1)y"+ (=) (—ayn+w]
n"=mw -+ d.

m—1 h m—1 n

(8) S,:E cosawgz (— 1)kt cosk% —2 sinatv%Z(—-x)“*' sink%
a—=0 k=1

oa=u k=1

d d
L3 1Y coshk T s T 1)t sink E
+cosmw62( 1) cosI\6 smmw62( 1) sm/c6

k=1 k=1

(if w is even),

L \/—g—x —;c swr — cosw — 1~
n\ 2 | %% % Y~'%

i cosm TRT _cosw— =T
=+ ( 1)Qcosu hG cosw — h s

—cos(h—f—l)g +cosl¢§$

— “cos(mw-;—l)‘r—r —-cosmwlrl
v 6 6

— T 1;-1
— cos(m—l+l)—6—cosm——1w6’
T T
+(—1)"{cos(mw+h+1)g—cos(mw—}—h)g}
+ (—1)"{cos(m—1 w+h+1)g — COS(m—-lW—!—h)g}]
o 4T <y T . L T
+(—1) {smn”g—sm(n +I)E}—{smmw6 sm(mw+1)6}

(if w is even),



AN APPLICATION OF THE BRACKETED NUMBER TO THE SUMMATION. 27
and

m—1 3

J— — L3 E P k— E

(r0) S,= 2( 1) cosawGZ( 1) 1cos/l6
. a=0 k=1

m—1 h

—2 (—r1)* sinotw%r 2 (— 1)t sink%r

a=0 k=1

d d
—)m 7_? 1)k E__ 1) gy ‘E g \k—1ga3 E
“+(—1) cosmw ¢ Z( 1) cosk6 (— )™ sinmu 6 2( 1) ’51nk6
k=1 :

k=1t

(if w is odd),

(r1) — ! ﬂ[_(lﬁ—l)—{coswg—cosw—xg}

2sinw —
6

—i—(—l)”gcosw—hE—cosw—h—lE

6 6
b i3
+cos(h—|—l)g—cosh6£

+(—I)"‘

T 1r
cos(mw + 1)6 — cosmw &

(= 1y cos(m —Tw 1) T — cosm 1w T
(—1) \(cos(m 1w+1)6 cosm——lwg§

— (_I)m+h{cos(nzw+ h+ 1)% — cos(mw + h)g‘

+(—1 )h—v-m’cos(m— 1w—+h—+ x)g- —cQg(m;IW_‘_h)_g}]
_(_I)""{ Si“"”g —sin(n"+1) g } —(—1)m % sinmwg —sin(mu‘)+ 1)%r }

(if wis odd);

(8) and (9) hold only when w is even, and (10) and (11) only time
when w is odd.
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The result (7) is obtained from (5) by the applications of the prin-

ciples

(12)

%

k=1
{ and

m—1

®x=0

S —osh= 3

(=] [£]
Sk+1) = N fak)
k=1

k=0

(=] 252

2(-—1)““‘](0:): Z S(2a) + (—1)™ Z S(2a—+1),

and by means of

(13)

(14)

A= o=

! __

Pk sinlh+|9cos(n,—+— ’?—t€>
Zcos(a—f—lﬁ): - -
k=0 sin;@

< and

'; sinh-:lfjsin(a—hf—j@)

,ZSin(a+k‘9): - —
k=0 sin - 4

| 2

.1 h—1

% sin - h9cos (a+ 5 /]
Zcos(/z+/.'6): -
k=1 sin;G
and

ki sin h _; ! §sin (Il -+ gO)
ZSin(a+k9): l ,
k=1 sin; ]

and successively letting w even and odd we obtain (g) and (11) res-
pectively. Applying the same formulae to (6), (8) and (10) we
arrive at the same results.

Now each of (7), (9) and (11) is composed of terms similar to

(15)

S,_—__(—-1)h{cos(h+1)zi't —coshg‘
and

S;Z(-I)"{sinh

T

3 sin(h+l)g;-
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We shall next calculate the numerical values of these expressions,
for which purpose we first find

(16) coshg, sinlzg and ,tanghg,
‘ )
if h=06p, then cospm =(—1y=(—1)=(—1nt * 4,
/3 3 h—t 3 Lo
f h=6p—+1, then cos(p—t—é)‘ir:\'—;(—l)l':%;(—l) 8 :%%(—1)[° ],

/l-—'_ [IL+'
— (_ 1

if h=6p—+2, then cos (1; + é> T=- (__ )= 1, N
if h=6p—+3, then cos (p -+ -l)
if h—=6p—+4, then cos (p + %

)
TRV S
)

if h=6p-+5, then c‘os(p—i—g

o h+1 3 fi+2
v3 (—1 )[T] — @(_ I)[T]_

Therefore
e S | PN (][]
(17) 0051152—4— 34+ (—1)-* g l_; 3(—1) +(—1) }
(if h 1s even);
L U 5 ST TN P
(18) —“—T\B L4 (—1) g 7 (=0 (=)t ‘
(if h is odd);
3 fi+2 $lig2
(19) \?{(—1)[ ]—(—1)[ ]l

s shi+3 t nea
+§3<—n>[ o I b ]§+§3(—1)[2]+(~x)[ I

(whether 4 is even or odd).
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Similarly,
Q 7 I fids
(20) sinh —(—u)/' 3; _(_,)[ ]z _55(_1)[ ] _l)[T]}

(if h is even);

A /+‘l ﬁ ﬁ
(21) (—'l)’; _(—l -lz__% 3(_1)[1;]_(_1)[-_']2
(if A is odd);
"3 h 5h
(22) :\"_33(_[)[5]_(_1)[7]}

“h TS fid I fi+1
T R T e | O é{(— 1) W=
(whether 4 is even or odd),

and

2 4 20
(23) tanghg:\/—s%(—l)[;]—(~l)[T” (if k is even);

(24) = - (if h is odd),
§ (— 1)[’]—4—(— 1)[ ]

h h+2 2/i+2 2h
LA R b PR s )
1 1—(—1)t
g l 2+1
V3 14+ 2(— 1)[/‘] =+ (— l)[_T]

(whether % is oven or odd).

T s

(25) = ’

‘We can now evaluate S; and S,.
From (9)

S_,:(—x)"%cos(h+1)1—r——cosh
oli+2 Shan /+:
L A R e |

sli4-2 fi+2 sh+3 T+
T R . Y o I [ Y

J
6§
Rl

1
o

.B

but . .
sh42 sli+n fi+3 fi+-4
T ot A bl FUTRS b B
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and
sh+2 sh+3 fi+2 A3
R e R ol U el RSN

therefore

3 b Lo fiea A41
6 s,= V3l ,)[T]_,_(__ ,)[T] | _ 233(_ 1)[T]+ - 1)[—2“] 3

Similarly

(27) S,,:(—-1)"{sinhg—sin(h+l)g}
5} fit1 hits L h
:@(—w[*‘]—(—w[ ‘ ]2—}-‘33(—1)“—(—1)[*]%.

In the same way the following results are obtained,

A
(28) Ss=2 (— )4 cosk%r

k=1

_—.é+(—1)"{sinh%—sin(h+1)g%

Bl - He ol ol

I
2
3

(20) Se=, (—1)*'sinkg

k=1
V3

=1—"= —|—(—1)"{cos(h—+—1)%r —COShE}

6
— — i3 fit R+3 [l
R (o N L BN N

m—t x . sin mw% . sin(m — I)W%
(30) S,:E(—l)““’cosaWE:é—%-[—’A, - +Z,A2_——_T[—,
a=o0 sinw—g sinwg

where
A=l — (=) 4+ (— 1) 4 (—1)™+w |
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and.
Av={14 ()" (=)@ (=1,
m—1 v
(31) S, :2(—1)’“"sinawg
a=0
[ sme cos(m T
1 s (— 1 ° 6 1 osts —I)WG
= - cotw ~ - — A —— A,
2 6 2 sinw ~ L singw & i sinw ~
6 6 6
m—1 . . sinmwg +sin(ln—1);vg
(32) S, :Zcosac;)—6:;+5 —
a—o sinw &
(if w is even);
ma m 447
1 1 N~ —_
(33) :54-{;3(—1)["’]—(—1)l ’ ]§

T L R s IR
(— .)[?] —(— n>[T]

(if wis even);

T T
m—| COSMW — —+ COSMm — LW %
(34) S 2 sin oo d ! —+ ! cot T ! 6 6
- r— = - W= — -
10 6 ..o 2 6 2 . T
a=v . asinwg sinw &

(if w is even);

—; i — [""‘;+2]_ _ pynw
(35) '—8\/334 3(—1) | (—mn) f

P Yo SO ) VE TN - BN = |
x " . w44 8 ( l) ( l)
(—'1)[7]—(—1)[ o ]

(if w is even);

o m—t - ' . . sinmwg—sinm—lwg
363 S :vz —1)*cosaAw - = -~ — - (— 1)
(364 S, ( ) 6 2 2( ) . T

o sinw =

6
(if w is odd);
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Ill(()

(37) :.I 3(;1—.—.‘/4—3(— I)I,,lu+i]_(_l)nzlv§

4v

4—\/3{(— S P bl |
S N

N

m+|
— ‘/4_4_3(_ l B + (___ l)um

hy'2
(if w is odd),
T 2 PO ot RN bl |

2 8
sy st ol g

(if w is odd and m is even),

- 33 I) e +(—l)["m”

(39) =§+5{3(—1>[""“£]—(—n)[m";']f
4—\/32(—1)[ J+(_1)[ *] \/—:(_l)l.nm +-2]+(—1)[nu:+3]§
1%] [%] 8 ,
3(—nte) — (=1

(if w is odd and also /m odd);

m—t
- . s
(40) S,,:z (—x)“snnau'g
o=0
T T
COS MW —. — COSIM — 1 W
ot T ! + [( 1) ° 6
= - Wy — ———— + — (—
2 6 asinw 2 sinw
B 6 6

(if w is odd);

(i) \/ [¢2_§<_1) J+"’\/4+3(—n>l"w]+(—1)'"“'”
PR |
3(_1)L ]_(__,)H'J

- -——(_ l) ”m ”“/4_3(_ l)lm |3+ J —_ (_ I)mu

(if s 1s odd );
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(42) {4 3(— l)[mw“] —l)[%]}

e et L]
3(—nted—(—1)

(if w is odd and m even);

@ =lavsto =L

ARy 813<—n>rm]—(—1)[%]§

N T S P
x Ty
3(-‘)[ ]+(—l)[ ]

(if both w and /m are odd);

p — —
(44) Sm:Z(—l)“—’coskg:l g(_l)[ ]——(——1)[ 3 ]2
_ %;(_,)["—-;M]_(_l)[""-—;—m]};

2
k=1

d N —mur+2 n"—mw-4
(45) Su=2(—l)k-l Sink——l—@+\/_3{ 1)[ ¢ ]+(—I)[ ]g

k=1
+ %,3 S bl PR b 5

In this way the desired result is obtained.



