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Abstract

We generalise and sharpen several recent results in the literature regarding the existence and complete classification of the
isolated singularities for a broad class of nonlinear elliptic equations of the form

—div (A(x]) [Vul?~2Vu) + b(x) h(w) =0 in By \ {0}, .1

where B, denotes the open ball with radius » > 0 centred at 0 in RY (N > 2). We assume that A € c! 0,11,be C(B{\{0}) and h €
C10, co) are positive functions associated with regularly varying functions of index ¥, ¢ and ¢ at 0, 0 and oo respectively, satisfying
g>p—1>0and ¥ —o < p < N + . We prove that the condition b(x) h(P) ¢ Ll(Bl/z) is sharp for the removability of all
singularities at 0 for the positive solutions of (0.1), where ® denotes the “fundamental solution” of —div (A(|x|) |[Vu|P _ZVu) =9
(the Dirac mass at 0) in By, subject to @[3, = 0. If b(x) h(P) € L (B1/2), we show that any non-removable singularity at O for
a positive solution of (0.1) is either weak (i.e., lim|y| o u(x)/®(|x[) € (0, 00)) or strong (lim|y| o u(x)/®(|x|) = 00). The main
difficulty and novelty of this paper, for which we develop new techniques, come from the explicit asymptotic behaviour of the
strong singularity solutions in the critical case, which had previously remained open even for A = 1. We also study the existence
and uniqueness of the positive solution of (0.1) with a prescribed admissible behaviour at 0 and a Dirichlet condition on 9 B .

© 2016 Elsevier Masson SAS. All rights reserved.
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1. Introduction and main results

In this paper, we aim to fully classify the isolated singularities for nonlinear elliptic equations of the form
div (A(|x]) [Vu|P~2Vu) = b(x) h(u) (1.1)

in the punctured unit ball B* := By \ {0} in RY (N > 2) under the following structural conditions:
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(A1) The function A € C'(0, 1] is positive such that A(r) =17 L 4 (r) with 1 < p < N + ¢ and L 4 satisfies

tL, (¢
m 'A( ) = V.
t—0t LA(I)

(1.2)

(A2) The function  is continuous on R and positive on (0, c0) with 2(0) = 0 and h(z) /1" ~! bounded for small ¢ > 0,
whereas b is a positive continuous function on By \ {0}.
(A3) There exist g, o € R and functions Ly, L that are slowly varying at oo and at O respectively, such that
h(t) . b(x)
im =1la _
1—00 19 Ly, (t) Ix|=0 |x|7 Lp(|x])

=1 withg+1>p>v —o. (1.3)

For the definition of a slowly varying function, see Appendix A.

We are interested in positive solutions of (1.1) since any non-negative solution of (1.1) is either identically zero
or positive in B* by the strong maximum principle (see [18, Theorem 2.5.1]). A function u is said to be a solution
(sub-solution, super-solution) of (1.1) if u(x) € C'(B*) and

/A(|x|)|Vu|P*2vu-V<pdx+/b(x)h(u)<pdx=0 (<0, >0) (1.4)
B By

for all functions (non-negative functions) ¢ € C cl (B*), the space of all C I(B*)-functions with compact support in B*.
We say that a positive solution u of (1.1) can be extended as a positive continuous solution of (1.1) in Bj if there
exists limjyou(x) € (0, 00), the function A(|x|)|Vu|?~! € L} (By) and (1.4) holds for every ¢ € CL(B}) (see
Remark 3.1).

For A = b = 1, the profile of all positive solutions of (1.1) with A(t) = |t|q_1t is known (see [13,25]), depending
on the position of g relative to the critical exponent q, = %;}) (with g, = oo for p = N):

(a) If p — 1 < g < g4, then as |x| — 0, exactly one of the following holds (see Friedman—Véron [13]):
(1) u can be extended as a continuous solution of the same equation in B (removable singularity);
(i1) There exists a positive number A such that u(x)/u(x) — A (weak singularity) and, moreover,

—div (|Vul?2Vu) + |u? 'ty =2P"1sy in D'(B)).
Here, dg is the Dirac mass at 0 and u is the fundamental solution of —div (|Vu |1’_2Vu) = 8o in D'(RM).

p—1 1/(q=p+D
(i) |x|P/@=PTDy(x) — YN.p.g» Where yn p g = |:<q—1;+l> ( rd__ _ N)i| (strong singularity).

q—p+1
(b) If, in turn, g > g, (for 1 < p < N), then only (a)(i) occurs, (see Vazquez—Véron [25]).

If g € C'(dBy) is a non-negative function, then the singular Dirichlet problem div (|Vu|?~?>Vu) = |u|¢"'u in B*,
with limjy o u(x)/pu(x) =X € (0, 00) and u = g on d By admits a unique non-negative solution if and only if ¢ < g«
(see [13]). The strong singularities at 0 are all obtained as limits of solutions with a weak singularity at 0. However,
beyond the power nonlinearities, the understanding of strong singularities and their removability had hitherto remained
elusive even for Laplacian-type equations. The following question formulated by Vazquez and Véron [26] remains
open: What is the weakest condition on a continuous non-decreasing function h such that any isolated singularity
of a non-negative solution of Au = h(u) in B* with N > 3 is removable? This question, together with a complete
classification of the isolated singularities, has recently been settled by Cirstea [9] in the framework of regular variation
theory for more general semilinear elliptic equations.

Under suitable assumptions where the growth of B is at most the growth of A (see (2) in [20]), Serrin established
that if u is a non-negative continuous solution of divA(x, u, Vi) = B(x, u, Vu) in Q \ {0} for a domain Q in RV
with 0 € , then either u has a removable singularity at 0 or c; <u(x)/u(|x|) < ¢z near 0 for positive constants c|
and c;.

Our paper addresses the singularity problem for related divergence form elliptic equations when the growth of B
is bigger than that of A, which is a challenge formulated by Véron [29]. We set Cy ), := (Na)N)’l/(p’l) with wpy
denoting the volume of the unit ball in RV . Let ® denote a “fundamental solution” of —div (A(|x|) |[V®|P72V®) = &
in D’(B;) with ® = 0 on 9 By, namely
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(=N=0\ 71
o) :=Cy, / ( ) dt forallr e (0, 1]. (1.5)
")\ La®

r
In Theorem 1.1(b), we show that b(x) h(P) ¢ L' (B, /2) is sharp for the removability of all singularities of (1.1),
whereas in Theorem 1.1(a), we fully classify the singularities of (1.1) provided that b(x) h(®) € L'(B; ,2). Note that
lim,_, g+ ®(r) = oo since 1 < p < N + ¥#. We now define g, henceforth referred to as a critical exponent, by

N -1
=W+ -D (1.6)
N+v—p
By Remark B.1, we need to check b(x) h(®) € L! (B1,2) only for g = g4. In such a critical case, assuming
either t —> Ly (e") is regularly varying at oo with index y € R (1.7)
ort+— [LA(e_’)]_% Ly(e™") is regularly varying at oo with index j € R, (1.8)
then b(x) h(P) € Ll(Bl/z) if and only if F(r) < 0o, where we define
r
F(r) :=f§_1 [LA(‘E)T;%' Lp&) Ly (1/8)dE  for r > 0 small. (1.9)
0
From Assumptions (A1)—(Az), it follows that mg, m| and m, are all positive, where we define
-0 — 1 N+0—
mo :ZL, mi :2&’ my = u (1.10)
qg—p+1 p—1 p—1
We now state our first main result, where F plays an important role for strong singularity solutions of (1.1).
Theorem 1.1 (Classification of singularities and sharp removability results). Let Assumptions (A1)—(A3) hold.
@ Ifb(x)h(P) € Ll(B1/2), then for every positive solution u of (1.1), we find that:
(i) Either there exists A € [0, 00) such that the following holds
—div (A(]x]) |Vu|p_2Vu) +b(x)hw)=2P"18y inD'(By). (1.11)

If A € (0, 00), then limy|ou(x)/®(x) = A (weak singularity), while if . =0, then u can be extended as a
positive continuous solution of (1.1) in the whole ball B.
(ii) Or u has a strong singularity at 0. Moreover, lim|y|ou(x)/u(|x|) = 1, where i is given by

oo +1 r 1

g %'U_ﬂLh(S):|p 1 N+o

— _dr=| |M>—2222| g h—=q— —— . 1.12
z - t /[ L1 ©) § with - :=¢q o ifqg<q (1.12)

On the other hand, in the critical case q = qx, then limy|ou(x)/i(|x|) = 1 for i given by

1 1
ii(r) = [mlmg“"’F(r)] R I if (1.7) holds,
i) (1.13)

1 Nl 1
/[F(l/t)]‘rl’“ dr = (mymg"7) LT () r T if (18) holds,

Cc

where F, my and my are prescribed by (1.9) and (1.10) respectively. In (1.13), ¢ > 0 is a large constant.
(b) Ifb(x)h(®) ¢ L' (B; 12), then q > q4 and every positive solution of (1.1) can be extended as a positive continuous
solution of (1.1) in the whole ball B;.
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Remark 1.1.

(i) When A =b =1 and h(¢) = |¢|9~ ¢, our Theorem 1.1(a) recovers [13, Theorem 2.1]. Moreover, Theorem 1.1(a)
generalises and sharpens [10, Theorem 1.1] where A =1 and g < g4. Our Theorem 1.1 is also established under
the optimal condition for the existence of solutions with singularities at O for (1.1). Even for A = 1, the behaviour
of the strong singularity solutions in the critical case g = g, is new, being obtained via a perturbation technique
we devise in this paper (see §2.1). While the understanding of strong singularities for Laplacian-type equations
with power-like non-linearities in [3] relied on the work by Taliaferro [21], this is no longer possible in our general
context of quasi-linear equations such as (1.1).

(i) When A =b =1 and h(t) =9, Theorem 1.1(b) recovers the removability result of [4] for p =2 and [25] for
1 < p < N.By letting A =1 in Theorem 1.1(b), we also obtain a sharp version of [10, Theorem 1.3].

Next, in our second main result, under suitable conditions, we show that there exist positive solutions of (1.1) in
any of the categories appearing in the complete classification of Theorem 1.1. Furthermore, we obtain a uniqueness
result for (1.1) subject to a Dirichlet condition on d By with a prescribed, admissible behaviour at zero.

Theorem 1.2 (Existence and uniqueness). Let Assumptions (A1)—(A3) hold. Assume that h is a non-decreasing func-
tion on (0, 00) and g € C'(dBy) is an arbitrary non-negative function. We consider the following problem

div (A(]x]) |Vu|p_2Vu) =b(x)h(u) in B*:= B\ {0},
u(x)

m =
lx]—0 O (x)

(1.14)

A, u|331=g, u>0 inB*.

(i) If »=0and g #0 on 0By, then (1.14) has a unique solution.
@i1) If 2 € (0, oo], then (1.14) admits solutions if and only if b(x) h(P) € L! (B1,2).
(iii) Assume that b(x) h(®) e Ll(Bl/z) and h(t)/tf’_1 is non-decreasing for t > 0.
(a) For A € (0,00), then (1.14) has a unique solution. The same conclusion holds for A = 0o and q < gqx.
(b) For A =00 and q = qy, then (1.14) has a unique solution provided that either (1.7) or (1.8) holds.

Remark 1.2. When b = 1 and h(r) = |¢|2~ !¢, our Theorem 1.2 recovers previous results such as [13, Theorems 1.2]
(with A =1) and [3, Theorem 2] (with p = 2). Moreover, in Theorem 1.2, we generalise [10, Theorem 1.2] (where
A = 1) by sharpening the condition under which there exists a unique singular solution to (1.14).

Remark 1.3. In this paper, we focus on the case p < N + 9 in Assumption (A;). We mention that Theorem 1.1 and
Theorem 1.2 remain valid also for p = N + ¢ provided that limsup,_, ¢+ L 4 (r) < oo (which ensures that ®(r) — oo
as r — 0%). For p = N + %, we understand g, = oo since b(x) h(®) L! (B1/2) holds for any g € (p — 1, 00) and
thus in Theorem 1.1 only the assertion of (a) is meaningful in which the strong singularity behaviour of (ii) is given
by (1.12).

For relevant background on isolated singularities, see [27-29]. Recent contributions include boundary singularities
[15,17], interior singularities for the fractional Laplacian [5,6], non-homogeneous divergence-form operators [16],
nonlinear equations with singular potentials [9,12] or with nonlinearities depending on the gradient [1,7].

Structure of the paper. We shall always assume (A{)—(A3). In Section 2, we prove Theorem 1.1(a) which fully
classifies the nature of all possible singularities at O for the positive solutions of (1.1) when b(x) h(P) € L'(B; /2).
We emphasise that this is an optimal condition under which, besides weak singularity solutions, there can arise strong
singularity solutions of (1.1) (that is limy—ou(x)/®(x) = 00) as stated by Theorem 1.2 to be proved in Section 5.
The proof of Theorem 1.1(a), and in particular, the analysis of (radial) solutions with strong singularities at 0 in
Theorem 2.1, represent the crux of this paper. Even in the case A = 1, Theorem 1.1(a) is new with regard to the
explicit derivation of the asymptotic behaviour near O of solutions with strong singularities in the critical case g = gs.
To establish Theorem 1.1(a), we invoke some auxiliary results such as a priori estimates, a spherical Harnack-type
inequality and regularity results, whose proofs are deferred until Section 4. In Section 3, we prove Theorem 1.1(b),
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which establishes b(x) h(®) ¢ L' (B ,2) as a sharp condition such that all positive solutions of (1.1) have a removable
singularity at zero. In Appendix A, we gather the necessary concepts and properties related to the regular variation
theory as they play a prominent role in our analysis. The condition in (1.2) implies that L 4 is slowly varying at O
(see Definition A.l1 and Remark A.2). A complete characterisation of slowly varying function at O is provided by
Theorem A.2. Without loss of generality, we assume that Ly, and Ly, satisfy the properties in (A.2) (see Remark A.4).
In Appendix B, we apply Theorem 1.1 on specific examples.

Notation. By fi(¢) ~ f2(t) as t — 1y for tp € RU {00}, we mean that lim,_,, f1(t)/f2() =1.
2. Proof of Theorem 1.1(a): classification of singularities
Let (A1)—(A3) hold and b(x) h(®) € L! (B1/2)- Let u be a positive solution of (1.1) and A :=lim SUP| 4|0 %.

(i) When A = 0, the assertion of (i) in Theorem 1.1(a) follows from Lemma 3.1 whereas when A € (0, c0), one can
show that u has a weak singularity at 0 and can verify (1.11) by using the same argument as in [10, Theorem 5.1]
(see also [3, Proposition 6]). We thus omit the details.

(i) When A = oo, then (4.16) yields that limyo u(x)/®(x) = 0o. We show below how to reduce the proof of (ii)
in Theorem 1.1(a) to the case of strong singularities for radial solutions of an approximate problem (2.1) treated
in Theorem 2.1. We reason as in [9, Lemma 4.12], using Lemmas 4.1 and 4.3 to deduce that for every ¢ € (0, 1),
there exists r, € (0, 1) and a function v, satisfying (1 —&)u <v, < (1 +¢&)u in Br*s with v, a positive solution
of

—div (A(|x]) [VVIP72Vv) + [x]7 v7 Ly(|x]) Ly(v) =0 in B} := B,, \ {0} 2.1

Moreover, if v is any positive solution of (2.1), then as in [3, Lemma 4], we can obtain two positive radial
solutions of (2.1) in B;"s /20 SAY Vx and v*, such that for a sufficiently large constant K > 1, we have

K lv<v,<v<v*<Kv inB;"E/z. (2.2)

We observe that any positive radial solution of (2.1) in B* satisfies

;—r <rN_1+19Lﬂ(r)lv/(r)|p_2v/(r)) =N L () Lywr) vl (r)  forr = |x| € (0, 1). (2.3)

In view of (2.2), to conclude the assertion of (ii) in Theorem 1.1(a), it is enough to prove Theorem 2.1 below.

Theorem 2.1. Let Assumptions (A1)—(A3) hold. Suppose that b(x) h(P) € L! (B1,2). Let v be any positive solution
of (2.3) with a strong singularity at 0.

(@) If g < g, then v(r) ~u(r) as r — 0, where u is given by (1.12).
(b) If ¢ = qx, then assuming either (1.7) or (1.8), we have v(r) ~ u(r) as r — 0, where u is given by (1.13).

A major advance in this paper compared with Cirstea and Du [10] (where A = 1) is the analysis of the critical case
and the derivation of the asymptotic behaviour of the strong singularities. Our contribution here is the development
of a perturbation technique suitable for the critical case ¢ = g,. Unlike the subcritical case, where the power model
correspondingto A=b=1and h(t) = 17191+ was completely understood due to Friedman and Véron [13] (see also
Remark 1.1), in the critical case we had no model in the literature to provide us with intuition on the asymptotics of
strong singularity solutions. As we reveal in our paper, the critical case is important in the non-power nonlinearity case
as it represents the threshold between having a trichotomy classification (as in Theorem 1.1(a)) or no singularities at
all as in Theorem 1.1(b), all depending on whether or not b(x) h(®P) belongs to LY(B; /2).

The proofs of Theorem 2.1(a) and (b) are intricate, each being composed of three main steps. First, we shall prove
here the critical case g = g, < 00, while also pointing out the major differences between the subcritical and critical
cases. Under the assumptions of Theorem 2.1, let v be any positive solution of (2.3) with a strong singularity at 0.
A change of variable y(s) = v(r) with s = ®(r) moves the singularity from » = 0 to s = oo for the equation
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(P =Dy ® ") =y VT LLG) Ly (o) [y(9)]?

d

—r' for s € (0, 00), 2.4)
ds

where, for simplicity, we denote y'(s) = dy/ds and y"(s) = d*y/ds>.

Step 1. Fix no > 0 small. For every € € (0, 1) small, there exists re € (0, 1) such that (1 —e)v_, and (1 +¢&) v, are
a sub-solution and super-solution of (2.3) for 0 < r < r,, respectively, for every n € [0, nol. Moreover, it holds that
lim, _, o+ vy (r) = it(r) for every r € (0, re], where it is as in Theorem 2.1.

The local one-parameter family v+, of sub- and super-solutions of (2.3) is constructed such that v, (r) converges
to it(r) as n approaches 07. The function i in Theorem 2.1 is regularly varying at 0 with index —mg, where m¢ and
my are given by (1.10). The definition of v, in the subcritical case is different from that of the critical case as follows.

In the subcritical case g < g, we define v, in (2.26) as a regularly varying function at 0 with index — (1 & n)mg
(here mqy > m3). We shall check the assertion of Step 1 in §2.2.

In the critical case g = g, < 00, we have my = my, that is, u# has the same index of regular variation at 0 as the
fundamental solution @ in (1.5), namely —m>. In this case, v, is defined by (2.19) as a regularly varying function
at 0 with index —m>. We shall verify Step 1 in §2.1 with the change of variable y.i,(s) = v4,(r) where s = ®(r).
Notice that when either (1.7) holds or (1.8) holds, by the definitions of i in (1.13) and v, in (2.19), we infer that

.ou(r) . u(r)
lim =0 and lim
r—0t vy(r) r—0t v_y(r)

= oo for every n € [0, nol. (2.5)

Step 2. The functions v, and v_, constructed in Step I satisfy the following property:

im 2 0 g tim 27— (2.6)
r—0% Uy (r) r—0t vy (r)

In both the subcritical and critical cases, since v has a strong singularity at 0, that is v(r)/®(r) — oo as r — 0T,
then we have y(s)/s — 0o as s — 00. Using that y”(s) > 0, we find that y’(s) is increasing so that limy_, 5, ¥'(s) = 00.
As the function s —> sy’ (s) — y(s) is increasing on (0, 00) and limy_,  y(s) = 00, we see that

/
limint )
§— 00 y(s)

> 1. Q2.7)

In the subcritical case, we shall use (2.7) in Lemma 2.3(b) of §2.2 to improve the behaviour of the solution v of
(2.3) from dominating near zero the fundamental solution ® (of index —m>) to dominating any function f regularly
varying at zero with index —«, where my < k < mg. We deduce (2.6) by using Lemma 2.3 with f = v, since the
index of regular variation at O for the function v, (respectively, v_j,) is smaller (respectively, bigger) than —m(. We
point out that Lemma 2.3 relies essentially on the assumption that ¢ < g, and cannot be adapted to the critical case.

Hence, in the critical case, we need a new argument that takes into account that v, varies regularly at O with the
same index as #. We now prove Step 2 in the critical case.

Proof of Step 2 for the critical case g = q,. The main ingredient in the proof of (2.6) is given by the following

0< 1iminfﬁ <limsup & < 00. (2.8)
r—0t u(r) rs0F u(r)
By combining (2.5) and (2.8), we conclude (2.6) in the critical case. We note that both r > ®(r) and r > —r ®'(r)
are regularly varying at 0 of index —m>, where m; is defined in (1.10). Under Assumption (A|), using Karamata’s
Theorem (see Theorem A.3), we find that

/ —m 717%
Indr) _ lim Y(r) =my, where Y(r):= z }q) (r)| _ Cwpr L] P

im ——— = = (2.9)
r—0+In(1/r) r—o0+ d(r) D(r)
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Proof of (2.8). Using (4.17) and (2.7), we infer that limsup,_, . sy”(s)/y’(s) < co. Indeed, by (2.4), we have

sy'() 1 [y ]! L Lo) i —pt1
— = / [Y ()77 == rP =P Ly (y(s) [y()]* (2.10)
Yiis)  p—1Lsy(s) La(r)
where Y is given by (2.9). For sg > 0, there exists a large constant C > 0 so that s = sy’(s) — Cy(s) is non-increasing
for all s > sg. It follows that £ = lim sup;_, o, s¥'(s)/y(s) < co. From (2.7), we can take s > 0 large such that

/
1 <3 ()
27 y@)
In view of (4.18), we find that In y(s) ~ Ins as s — co. Consequently, as s — 0o, we obtain that

<2¢ foralls > sg. 2.11)

mf Lp(1/r) ~ Lp(s) ~ Lp(y(s)) if (1.7) holds;
_a 2.12)

m0) ™ [La(1/y(D] 7T Lo(1/3(6) ~ [La@ ™ 6)] 7 Lo(@ ) if (1.8) holds.

For all s > s¢, by using (2.11) and (2.12) in (2.4), we find positive constants c¢; and ¢; so that

¥ T Ly (@) = [y (9] Ty 6) ‘? < e HTLL(r) h(@ () if (1.7) holds:
r

(2.13)
ci %[F(l/y(s))] <@ = czj—S[F(l/ym)] if (1.8) holds,
where F is defined by (1.9).
Case 1. Assume that (1.7) holds.
Since y'(s) — 00 as s — 00, by integrating (2.13), we obtain that
F@ (s) < [y/(s)]_q*+p_l <cF(@ () foralls > s, (2.14)

where c3 and ¢4 are positive constants. Using (2.11) in (2.14), then reversing the change of variable y(s) = v(r) with
s = ®(r), we infer that there exist positive constants cs5 and cg such that

1 1
cs[F()] & &) <v(r) <cg[F(r)] &7 &) forallr e (0, d ' (sp)). (2.15)
Hence, using (2.9) and the definition of i in (1.13), we conclude Step 2 in Case 1.
Remark 2.1. Notice that when (1.7) holds, the existence of a solution v of (2.3) with a strong singularity at zero
implies that b(x) h(®(|x|)) € L' (B1,2). Indeed, fixing ry € (0, &~ (s0)), then for every ¢ € (0, rp), by integrating the

first inequality in (2.13) with respect to r from ¢ to rg, and letting € — 0, we conclude the claim (using Remark B.1).
A more general statement is proven later in Lemma 3.2.

Case 2. Assume that (1.8) holds.

By twice integrating (2.13), we find positive constants c3 and c4 such that
y(s)
3 < 75 / [F(l/t)]‘i**—l!”rl dt | <cq4 foreverys > sp.
y(50)
We thus conclude that

y(s) + y(s) —71
F(1/t)]|e—rH dt ' F(1/0)]# 7+ dt
0 < liminf v [FA/D)] < limsup v LF/D] e

§—>00 S §—>00 N

This, jointly with (2.9) and the definition of & in (1.13), proves the assertion of Step 2 in Case 2. O
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Step 3. Proof of Theorem 2.1 concluded.

Proof of Step 3. The reasoning is the same for the subcritical and critical case. It is based on the previous two steps
and the following comparison principle to be used frequently in the paper.

Lemma 2.2 (Comparison principle, see Theorem 2.4.1 in [18]). Let Q2 be a bounded domain in RN with N > 2. Let
u,v € CHR) satisfy (in the sense of distributions in D'(Q)) the pair of differential inequalities

—divA(x,Vu)+ B(x,u) <0 and —divA(x,Vv)+ B(x,v)>0 in Q.

Suppose that A: Q x RN — RN isin L (2 x RMYand B:Q xR — Risin Ly (2 x R) such that B = B(x, ) is
independent of & and non-decreasing in z, whereas A = A(x, §) is independent of z and monotone in &, that is

(A(x, &) — A(x,n),E—n) >0 when& #n.

Ifu <vondS, thenu <vin Q.

Let ¢ € (0, 1) be small and r, € (0, 1) be as in Step 1. Fix n € [0, no] arbitrarily. Then, (1 + &) v,(r) + v(r¢) and
v(r) 4 u(r.) are super-solutions of (2.3) for r € (0, r;). By (2.6) and Lemma 2.2, we have

v(r) = (1 +8)vy() +v(@e) and (1 —e)v_y(r)<v()+u(e) forall0<r <r,. (2.16)
Since r, is independent of 1 € [0, ng], by letting n — 07 in (2.16), we find that
v(ir) < +8)u@r)+v@re) and (A —e)ulr)<v@)+u(r,) forallO<r <r,. 2.17)

By letting  — 07 in (2.17), we deduce that

v v(r)
1 — ¢ <liminf — <limsup — <l+e. (2.18)
r—>0t u(r) ro+ U(r)

Finally, by passing to the limit ¢ — 07 in (2.18), we conclude that v(r) ~ii(r) asr — 0T. O
2.1. Proof of Step 1 in the critical case q = qy of Theorem 2.1

In this subsection, it remains only for us to establish the claim of Step 1 as outlined in the proof of Theorem 2.1.
We first give the construction of a local family of sub- and super-solutions of (2.3). Let F be given by (1.9) and ¢ > 0
be a large constant. Fix ng € (0, 1) small. Then for any n € [0, o], we define v, (r) for r > 0 small, as follows

1 ®(r) ey

L [mamd T\ T -
vin ()= Oyl | 50 /[F(cb—l(z))] P gt if (1.7) holds,

c

(2.19)

vy (1) . —q—1=j\ T q=piT
—=1_ -1 mim .
/ [F(]/l)]‘]* Pl dt = CN,p (ﬁ) Cb(r) if (18) holds.

c

We set y+,(s) = v+, (r) with s = ®(r). Using y;n (s) and yln(s) to denote dy+, /ds and dzyi,,/dsz, respectively,
then

(=1 (3% ®)" ¥y = (y;n(s>)q*'%[(y;,7(s))"*”]] . (2.20)

mi

Step 1. For every € € (0, 1) small, there exists s, > 0 large such that (1 — &) y_y, and (1 + &)y, are a sub-solution
and super-solution of (2.4) for s > s., respectively, for every n € [0, no].
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From (2.19), we find that

Y—=4qx\  gqx—p+1
c:l mimp o [F(,»)]_q*l—?ﬂ if (1.7) holds,
(e (9) RN (2.21)
yir] s)= 1 .
—qx—1=j\ T ge—pF1
et (7 ) T (R yay) TR (1.8) holds
N.p 1+9 YEn ' .

Moreover, we obtain the following asymptotic equivalence (uniform with respect to 1)
Inys,(s)~Ins and syl (s) ~ yiy(s) ass— oo. (2.22)
From (2.22), we deduce the following asymptotic equivalence as s — oo (uniform with respect to 1)
m(})'Lh(l/r) ~ Lp(s) ~ Lp(y+y(s)) if (1.7) holds;
_i _ax i — 2 . ) (2.23)
(o) [La(1/yg (D] 7T Lo(1/yay() ~[La@ )] 7 Lo(@7 (5 if (1) holas.

T(r) § Yiy(s)

We introduce the notation K4, (s) := , where Y is given by (2.9). We also denote R, (s) as follows

mo  y+y(s)
Y
™o Lal/T) [F (M [ K (s)]™ if (1.7) holds,
Ry (s) = Ly (y+n(s))
n - k3
—j LA(I/)’:tn(S))i|_”‘l Lp(1/y1y(s)) +n Gl .
0 [—LA(CDI(S)) T, @) [F(1/ysyN]" [Kin(s)] if (1.8) holds.

(2.24)

Since mo = my for g = g, using (2.9) and (2.22), we infer that limy_, oo X+,(s) = 1 uniformly with respect to 7.
Hence, using (2.23), we derive the following asymptotics as s — oo (uniform with respect to 1)

[F(r)]" if (1.7) holds,

2.25
[F(1/ycy(s)]™  if (1.8) holds. (2:29)

R:l:n(s) ~ {

The right-hand side of (2.20) equals the product between R, (s) and the right-hand side of (2.4) for y = y4,. By the
definition of F in (1.9), we have lim,_, o+ F(r) = 0. Since ¢ > p — 1, using (2.25), we conclude Step 1.

2.2. Proof of Steps 1 and 2 in the subcritical case q < qx of Theorem 2.1

We need only to justify the first two steps in the outline of the proof of Theorem 2.1. We shall adapt the perturbation
method initiated by Cirstea and Du in [10]. We construct a local family of sub- and super-solutions of (2.3). Fix
no € (0, 1) such that 2no(p — 1)M < 1, where M is the positive constant given by (1.12). For every n € [0, o], we
define the function v, and the constant C, > 0 as

Vi (r) = Cap [ ()] forr € (0,1)  where ci;”*‘ =1EnP ! [1E9M(p - D]. (2.26)

From this definition, we have that lim,_, o+ v, (r) = i(r) for every r € (0, 1) and lim,, .o C+, = 1.

Step 1. For every € € (0, 1) small, there exists re € (0, 1) such that (1 — &) v_y and (1 + €) vy, are a sub-solution and
super-solution of (2.3) for 0 < r < rg, respectively, for every n € [0, ng].

Claim. We see that ii satisfies (2.3) asymptotically as r — 0.
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Proof of Claim. Let ry € (0, 1) be small so that i(rg) > g, where #; is as in Remark A.4. For all r € (0, rg), we set

_ p-2

Qi) =" L) il | 0l ),

@) Ly @(r) )i (r) rL;)(r)) i) (2.27)

L) @] Lo(r) ) rit () |

One can verify that lim, o+ P (r) = 1 using the definition of M in (1.12). By differentiating (1.12), we find that

[ﬁ(r)]q+l
u'(r)

The claim follows since Q6(r) equals the product between P(r) in (2.27) and the right-hand side of (2.3) for

v=u. O

P(r):=M|:q+l+ +<N—1+o+

Qo) =ML (r) Ly(i(r)) forall r € (0, rg). (2.28)

By twice differentiating (2.26), we obtain that

Qiy(r) = [Cay (1 £ )] AN TP~ 00 (r),

dQ 1. _ . - - aQ
= = [Can ] @D Yk (p = DM [a(M]” LaGi () Lp(r) rV 7 4 —=21.
dr dr
(2.29)
Hence, using (2.26) and the above claim, we find the following asymptotics (uniform with respect to 1)
d
_g—in ~ CLr YT Ly () Ly @) [P0 as r — 0% (2.30)
r

From Remark A.4 in Appendix A, the function t — 19=P+1 L; (1) is increasing on (0, 00) so that
Ly (ﬁl—rl) [a()]™" (g—p+1) < Ly@a(r)) <Ly (ﬁ1+77) [ ()] (g—p+1)
for every r € (0, rg) and all n € [0, no]. This, together with (2.26), implies that for every r € (0, ro) and all € [0, 9]

- - +n(p—1
+£C4, L) [a()] ™70 < £Ly 0y ()] Coy) [0 (] . (2.31)
Since g > p — 1, from (2.30), (2.31) and Proposition A.1 in Appendix A, we conclude the proof of Step 1.

Step 2. Any positive solution v of (2.3) with a strong singularity at 0 satisfies (2.6).
Since v, is regularly varying at O with index — (1 & n) m¢, we conclude Step 2 based on Lemma 2.3 with f = v4,,.

Lemma 2.3. Let (A1)—(A3) hold and q < q. Suppose that v is a positive solution of (2.3) with a strong singularity
at zero. Let f be a regularly varying function at zero with real index —k. With mq given by (1.10), the following hold:

(@) If k > myg, then lim,_ o+ v(r)/f(r) =0.
(b) If k < myo, then lim,_, o+ v(r)/f (r) = o0.

Proof. We adapt ideas from Cirstea and Du [10, Theorem 1.4].

(a) The a priori estimates in (4.1) (see Lemma 4.1 for a proof) show that v is bounded from above near zero by
a regularly varying function at O with index —myg. The assertion now follows easily since every regularly varying
function at 0 with positive (respectively, negative) index must converge to 0 (respectively, co).

(b) Since « < mg, we can choose g1 € (g, g«) sufficiently close to g such thatk < (p+o —9)/(q1 — p+1). Then,
limy 00 979 Ly (t) = 0 (see Remark A.1 in Appendix A) and using (2.7), we can let so > 0 large and find that

L) [y)1? <[y(s)/21" < s [y' ()] forall s > s0. (2.32)

We set fy, (r) == PN L) [ @ ()19 for r € (0, 1). Since @ is regularly varying at 0 with index —m (see (2.9)),
we find that f, is regularly varying at O with index N + o — gym> — 1, which is greater than —1. This gives that
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f0+ f41(§)dé < oo. Moreover, the function Fy, (r) = f oo [fo fa () dE] o™ Tl |®'(t)|dt is regularly vary-
ing at zero with index —(p + o0 — ©#)(q1 — p + 1), which is less than —« from our choice of g;. We thus have

lim, _, o+ Fy, (r)/fr)y=o00
We conclude that lim, _,o+ v(r)/f (r) = 0o by showing that liminf, o+ v(r)/Fy, (r) > 0. Indeed, we see that

y(s)

liminf 2

inf -—= = liminf ; (2.33)
r— r §—>00
q1 fso [[0 L) fql(‘g)dé:l a=r g,
From (2.4) and (2.32), we deduce that
fp+1 |
o d
[ ] (@ (s ))w for all s > 0. (2.34)

Recall that limy_, o, ¥'(s) = 0o since v has a strong singularity at 0. Thus, by integrating (2.34), we obtain that

1
) a-ril

@—-p+cyt?
Jq1 () d§ for all s > s,

p—1

y'(s) >
0

which shows that the right-hand side of (2.33) is positive. This concludes the assertion of Lemma 2.3(b). O
3. Proof of Theorem 1.1(b): removability of singularities

Throughout this section, we let Assumptions (A)—(A3) hold. The proof of Theorem 1.1(b) relies on two main
ingredients, whose verification is postponed to the end of this section.

Lemma 3.1. If u is a positive solution of (1.1) such that limy—ou(x)/®(x) =0, then there exists limx|»ou(x) €
(0, 00) and lim |y, |x||Vu(x)| = 0. Moreover, u can be extended as a continuous positive solution of (1.1) in Bj.

This result, which was also invoked in the proof of Theorem 1.1(a)(i), generalises [10, Lemma 3.2(ii)] (where
A =1) and [3, Proposition 3] (where p =2, b =1 and h(u) = u?).

Remark 3.1. If u is a positive solution of (1.1) with lim SUP|x|—0 u(x) < oo, then both integrals in (1.4) are well-
defined for every ¢ € C (B7). Indeed, b € Lloc(Bl) since 0 > —N (from (A1) and (A3)), whereas Lemma 3.1 gives
that A(|x|) |Vu|?~ le L1 (By) since t17P A1) is regularly varying at 0 with index ¢ — p + 1 (greater than —N)).

loc

Lemma 3.2. If (2.3) has a positive solution with either a weak or a strong singularity at 0, then b(x) h(®) € L' (B1,2).

We show how to use Lemma 3.1 and Lemma 3.2 to finish the proof of Theorem 1.1(b). We thus assume that
b(x)h(®) ¢ L (B, ,2) and prove that any positive solution of (1.1) can be extended as a positive solution of (1.1)
in By. By Remark B.1, we have g > g, with g, as in (1.6). Our argument is twofold:

Case 1. g > g,.

Since mqy < my, the claim follows from Lemma 3.1 and the a priori estimates in (4.17). Indeed, we have
limsupy o u(x)/T(|x|) < oo for a function T regularly varying at O with index —my. Using that ® € RV_,,, (0+),
by Remark A.1 and Definition A.1 in Appendix A, we find that lim,_ o+ T (r)/®(r) = 0 so that limj_ou(x)/
@ (x) = 0 for any positive solution u of (1.1). Then, by Lemma 3.1, we conclude the proof of Theorem 1.1(b).

Case 2. g = g..
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The previous argument no longer applies since 7" and & are now regularly varying at 0 with the same index —my.
Hence, T/ ® is slowly varying at O, whose behaviour at 0 is, in general, undetermined as illustrated by Example 1 in
Appendix A. In view of Lemma 3.1, we conclude the proof by showing that lim | u(x)/®(x) = 0.

Assuming the contrary and using (4.16), we deduce lim|y|ou(x) = oo. Then there exists k € (0,1/2) and a
positive solution v, of (2.3) for 0 < r < k such that Ciu < v, < Cy in B}, where C; and C; are positive constants.
Thus, by Lemma 3.2, we cannot have lim SUP|x|—0 u(x)/®(x) € (0, oo]. This completes the proof of Theorem 1.1(b).

Proof of Lemma 3.1. Let u be a positive solution of (1.1) such that lim,|—o u(x)/®(x) = 0. For convenience, we
define

0 :=limsupu(x).
|x|—0
By the comparison principle (Lemma 2.2), we find as in [10, Lemma 3.2] that & < co. Due to our general assumption
(A1), we cannot invoke [20, Theorem 1] to conclude the proof, unlike the case A =1 treated in [10].

We show below that 6 > 0. In the special case p =2 and h(t) = ¢4 of [3], the claim follows by a reduction to radial
solutions, coupled with a change of variable and [21, Theorem 1.1]. For our general divergence-form equation, we
require different ideas that are inspired by [9, Lemma 5.2].

Since Assumptions (A1)—(A3) hold and 6 < oo, there exists a positive constant C such that

b(x)h(u) < C|)C|"Lb(|x|)up*1 forall 0 < |x| <1/2.
Similar to Step 2 of [9, Lemma 5.2], we construct a positive radial solution v, of
—div (A(x]) [Vv]?72V) + Clx|° Ly(jx) P~ =0 for0 < |x| < 1/2 3.1

such that veo (Jx|) < u(x) for 0 < |x| < 1/2. By a contradiction argument and Lemma 2.2, we find that the radial
solution v, of (3.1) has a non-negative limit at 0. To conclude that 6 > 0, it suffices to show that lim, _, g+ veo (r) > 0.
By assuming that lim, _, g+ voo (r) = 0, we arrive at a contradiction as follows. We use the change of variable z(s) =
Voo (1) with s = ®(r). Then, we have lim;_, o z(s) = 0. Moreover, z is a positive solution of the ordinary differential
equation

P=2 g2,

i CrrV L () [2(s)1P !

dz
ds

dr

—‘ for s € (®(1/2), 00), (3.2)
ds

where C| denotes a positive constant. Since z”(s) > 0, then z’(s) is increasing on (®(1/2), co) with limg_, o0 2’ (s) = 0.
Therefore, using (3.2), we find that
1
oo [ @71 pT
2(s) = sz / EVTIHILL @) [2(@ENPT A | dr fors > @(1/2),
s 0

where C3 is a positive constant. Since z is decreasing, we infer that

oo [ L) =T
1/C» 5/ / gN-IHo 1, (&) de dt forevery s > ®(1/2). (3.3)
K 0

Let V(s) denote the right-hand side of (3.3). We claim that V (s) is well-defined and V (s) — 0 as s — oo. Indeed,
we have ® € RV_,,,(0+) and thus o le RV_1/m,(00). Note that r — for SN_H‘” Ly (&) dé§ is regularly varying at
0" with positive index given by o + N. Consequently, V is regularly varying at co with negative index (p +o — )/
(p — N — ¥) so that the claim follows. Then, (3.3) leads to a contradiction, which proves that lim,_, g+ veo (r) > 0
and, hence, 6 > 0.

To obtain that limy|—o u(x) =6, lim|y|-0 |x||Vu(x)| =0 and (1.4) holds for all ¢ € CCl (B1), we proceed as in the
special case of [3, Proposition 3]. Since the ideas are very similar, we skip the details. O
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Proof of Lemma 3.2. We show that b(x) h(®) € L1 (B; /2) is a necessary condition for the existence of a positive
solution of (2.3) with a weak or strong singularity at 0. Let v be a positive solution of (2.3) with lim, _, o+ v(r)/P(r) =
A#0.

First, we consider the case A € (0, 00). Let ®~!(¢) denote the inverse of ®, which exists for any ¢ > 0. By the
change of variable y(s) = v(r) with s = ®(r), we find (2.4). Since v(r) ~ A®(r) as r — 07, we have y(s) ~ As as
s — 00. Using that dy/ds* > 0, we get that dy/d.s is increasing on (0, 00) so that lim,_, o, dy/ds = A. We define A
by

C—p+1 d
AGs) =~ [0 ()N Ly (@7 () Li(s) 5772 |
p—1 ds

for s > 0 large. (3.4

Since Lj, € RVp(co) and y(s) ~ As as s — oo, we have L (y(s)) ~ Lj(s) as s — oco. We apply (2.22) to (2.4) to get
that

d2y

ds?
y'(s) = A ass — oo.

~ A)[y()]PT? ass — oo, (3.5)

By Taliaferro [21, p. 96], we get that foo t97P+2A(t) dt < oo. Then applying a change of variable r = ®~!(r) and
using Remark B.1, we obtain that b(x) h(®) € L' (B 2).

Secondly, let A = co. We adapt ideas from the proof of [9, Lemma 5.8]. Choose m € (p — 1, g4) and for ¢ > O,
set x (1) =%+~ Ly (r). By the property in (A.2) in the Appendix A, we have lim;— o0 2 x'(¢)/x (t) = g« —m > 0 and,
hence, x (¢) is increasing for ¢ > 0 sufficiently large. Since lim, _, g+ v4(r)/ P (r) = 0o, there exists a constant ap > 0
such that v, (r) > ag® (r) for all 0 < r < 1/2. Then there exists a constant ¢ > 0 such that

L (vy) vl > cx (@) vy forallr e (0,1/2]. 3.6)
Define a function b(r) := ¢ % Ly (r) x(®(r)) for r € (0, 1/2]. We construct a positive radial solution vy, of

—div (A(|x]) [Vv]P72Vo) + b(|x) v =0 in BT/Z (3.7)
such that vy < vy In B;"/z. Then, vo, has a strong singularity at 0" Since x € RV, .—m (00), we find that be RV;(04)
with o given by m(N + o) /g« — N, which is greater than ¥ — p from our choice of m. We note that (3.7) corresponds

to (2.3) in the critica{ case with r® L, (r) = E(r), Ly =1 and g = m, where (1.7) holds. Using Remark 2.1 on (3.7),
and the definition of b, we conclude that b(x) h(®) € L' (B; /2). This completes the proof of Lemma 3.2. O

4. Basic tools

Throughout this section, let Assumptions (Aj)—(A3) hold. Our aim is to prove the basic tools used in this paper:
a priori estimates (Lemma 4.1), a spherical Harnack-type inequality (Lemma 4.2) and a regularity result (Lemma 4.3).

Lemma 4.1 (A priori estimates). For any rqg € (0, 1/2), there exists a positive constant C, depending on rq, such that
for every positive (sub-)solution of (1.1), we have

Ix|Pb(x) h(u(x))
A )] <C forevery0 < |x|<ry. 4.1)

Proof. Fix xo € RY with 0 < |xg| < ro. We denote p :=|xg|/2 and p’ := p/(p — 1). Let

1 |—at! _1
o—=1v L t L t
c(r)y:=r P+p |:Lb(r) :|p forr € (0,r9] and f(¢) := qil LLa(0)] pl forzr >0 large. 4.2)
A0 JRE T @)1 de
Let ¢ > 0 be a positive constant. We define S = S, : B,(x9) — R by

o0 /

gl 1 Ix —xol\”
/ t 7 [Lpy@®)] »dt=ct(xo])|1— for every x € B,(xo). 4.3)

S(x)
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Claim. There exists a small positive constant ¢ depending on r, but independent of xo such that the function S defined
by (4.3) is a super-solution of (1.1) in B, (xo), namely for hy as in Remark A.4, it holds

div (A(|x]) [VS|P2VS) < b(x) h(S) in B, (xp). (4.4)

Suppose the claim holds. Since S(x) — oo as |x — xo| — p, by the comparison principle of Lemma 2.2, we find
that u < § in B, (xgp). In particular, we have u(xp) < S(xo). Since ¢ is regularly varying at 0% with positive index
(p+o —v)/p, wehave lim, o+ {(r) = 0 so that sup,_, -, {(r) < 0. Since the right-hand side of (4.3) is bounded
from above by c¢supg_,,, ¢(r), for every M > 0 there exists a small positive constant ¢ (depending on M and ro)
such that S > M in B, (xo) for every 0 < |xp| < ro. Using (4.2) and (4.3), we find that

[S(x0)1~ P! Ly (S(x0)) = [c¢ (1xol) f (Sxo))] " (4.5)

We fix M > 0 as large as needed. Let 41 and /7 be as in Remark A.4 of Appendix A. We can thus assume that
ho(t) <2t1Ly(¢) for all t > M. By Karamata’s Theorem in Appendix A, we have lim;,» f(t)=(¢—p+1)/p > 0.
Since u(xg) < S(xp), using (4.5) and (A.1), we can find a positive constant C1 = C1(rp) independent of x( such that

|x0lPb(x0) h(u(xo)) - [x01Pb(x0) h2(S(x0)) - 2 b(xo)

< 4.6
AllxoD) [u(xo)1P~1 = A(lxol) [Sxo)1P~1 ~ [ef (S(x0)]P |x0l Lp(lxol) ~ (0
Since (4.6) holds for every 0 < |xg| < ro, we conclude the assertion of Lemma 4.1.
Proof of Claim. By (4.3), we find that
1
VS@IP2VS0) = (c)” o7 1exoDIP ™ [T 0 Li(S@n) |7 (x = x0) in By (o). 47
Using f given by (4.2), we denote by Ty, (x) the following quantity
= xol \” ( S(x)L@(S(x))) <|x —xo|>”’ ( A (1)) (x = x0) -x)
+1+———- |+ f(S 11— — N+ .
( P ) I Lisay ) IO P Al kP
(4.8)
With Ty, (x) given by (4.8), we derive that
. proen (nrt o p (X LalxD -, .
div (A(x) [VSIP72VS) = (p)"7 @o)P ( — ) —=—= |x0l” Ly (Ix0]) ST Ly (S) Ty (x). 4.9)
lxol / L.a(lxol)

By Assumption (A;) and Remark A.4 in Appendix A, we have lim,_, o+ rA'(r)/A(r) = ¥ and lim; o 1L} (t)/
Lp(t) = 0. Recall that lim;—. f(t) = (¢ — p + 1)/p. Moreover, by Proposition A.l in Appendix A, there exist
positive constants ¢; (0 <i < 3) depending on rp, but independent of xy such that

coLa(lxol) =La(lx]) <c1 La(lxol) and ¢z Lp(|x[) < Lp(|xo0l) < c3 Lp(|x])

for every x, x¢g such that 0 < |xo| <rg and |x|/|xo| € [1/2, 3/2]. Thus, using (1.3) and (4.9), we conclude (4.4) by tak-
ing in (4.3) a small constant ¢ > 0 depending on rg, but independent of xy. This completes the proof of Lemma4.1. O

Lemma 4.2 (Harnack-type inequality). Fix ro € (0, 1/2). There exists a positive constant K (depending on p, N
and rg) such that for every positive solution u of (1.1), we have

maxu(x) <K |min u(x) forallO<r <rg/2. (4.10)

|x|=r x|=r

Proof. We first observe that (1.1) is equivalent to

A'(1x)) Vu|P-2 Vu-x b(x) h(u)
A(lx]) | x| A(lx[) ur=!

Let b1 and b, denote two non-negative functions as follows

—div(|Vu|P~>Vu) + uP~'=0 inB*. (4.11)
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JA"(Ix D) b(x) h(u)
bi(x):=———— and [br(x)]? :=———"— for0 < |x| <rp. (4.12)
A(lx|) A(lx)ur=!
By (1.2) and Lemma 4.1, there exists a positive constant C, depending on ro, such that
x| b1(x) <C1 and |x|by(x) <Cy; forall 0 < x| <rg. 4.13)

Fix xo € RY such that 0 < |xo| < ro/2 and set p := |xo|/2. We use u to denote

W= pxy :=max{[|b1llLeo(B, x> D21l Lo (B, (x0)) }-
Since p < |x]| for every x € B, (xp), from (4.13) it follows that
pu < Cy forevery x € B,(xp). (4.14)

We apply the Harnack inequality of [23, Theorem 1.1] for (4.11) on B|y,)/2(xo) where the structure conditions in (1.2)
and (1.3) of [23] are satisfied with ap = 1 and a@; = by = b3 =0 for i € {1, 2, 3,4}. Hence, there exists a positive
constant k, depending only on p, N and ppu, such that

sup  u(x) <k inf u(x). 4.15)

x€By;3(x0) x€Bp3(x0)

By the covering argument in [13], any two points x; and x, in RY such that 0 < |x{| = |x2| < ro/2 can be joined
by ten overlapping balls of radius |x1|/6 with centres positioned on 9 B|x,|(0). Thus, by (4.14) and (4.15), we obtain
(4.10) with K = k'°, where K is a positive constant depending on p, N and ry. O

Remark 4.1. Using (4.10) and the same argument as in [3, Corollary 4] and [9, Corollary 4.5], we can show that

If limsup ux) - =00, then lim ux) -=o00 forje{0,1}.

k=0 (@)} Ix|—-0 [®(x)]/ @.16)
I timinf 2 =0, then 1im “%) o,

lx|—0 D(x) lx|—=0 ®(x)

Consequently, we either have limsup),_, o u(x) < 0o or limjy|o u(x) = co. In the latter case, the a priori estimate
in (4.1), together with Assumptions (A1) and (A3), gives that

. Lp(lx])
imsup —————

xj»0 La(x]) b ?E7 7 L) L () < oo 4.17)

In particular, (4.17) yields that lim SUP|x|-0 u(x)/T(]x|) < oo for some function T regularly varying at 0 with in-
dex —my. Since lim, _, o+ InT(r)/In(1/r) = mg, we find that lim SUP|x|—0 Inu(x)/In(1/|x|) < mg. Furthermore, if
q = gx, then mo = m, and any positive solution u of (1.1) with a strong singularity at zero satisfies

Inu(x)

Lemma 4.3 (A regularity result). Fix ro € (0,1/4) and § > 0. Let g € C(0, 1) be a positive function such that g is
regularly varying at O with index —§. Suppose that u is a positive solution of (1.1) and Cy > 0 is a constant such that

0<u(x)<Cog(x]) for0<|x|<2rg. 4.19)
Then there exist positive constants C > 0 and « € (0, 1) such that
wu) <SP g vue) — vy <0 EPD e (4.20)
x| x|+

for any x, x" in RN satisfying 0 < |x| < |x'| < ro.

Proof. We use an argument close to [10, Lemma 4.1], which is similar to [13, Lemma 1.1] (see also [3, Lemma 3]).
There is, however, one essential difference with respect to the derivation of the first inequality in (4.20). We show
below the main modifications compared with [10, Lemma 4.1].
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Using (4.11) and defining Wg as in (4.5) of [10], that is Wg (&) :=u(B&)/g(B) for & € ", where B €(0,r9/6) is
fixed, we see that Wy satisfies an equation of the form (4.3) of [10], namely

—div(|V\I/,g|P72V\II,3)+Bﬁ:O inT", whereI := {yERN 1<yl <7} “4.21)
However, instead of (4.7) in [10], the expression of Bg is more complicated here, involving a gradient term, namely
B h(BE))  BA'(BIED o, V¥g()-§
Bg(§) := —————b(B%) — [VWg|P7% ————= for& eT. (4.22)
g [g(B)1P~! ABIED  ABIED g 1€

Claim. The functions Vg and Bg are in L°°(I") with their L>°-norms bounded above by a positive constant indepen-
dent of B € (0,r9/6).

Proof of Claim. For Wg, we can proceed exactly as in [10]. We thus need to prove the claim only for Bg. Using
Lemma 4.1 and (4.19), jointly with (4.10) in [10], we find that the L°°(I")-norm of the first term in the right-hand side
of (4.22) is bounded above by a constant independent of S.

Assume for now that the first inequality in (4.20) is proved. Then we can infer that |[VWg(§)| < Cg(Bl&|)/g(B) for
every & € I'. Hence, using (4.13), as well as (4.10) in [10], we could conclude the claim for Bg given by (4.22). O

Since B € L®(I") and ¥ € L>°(I') N W!-7(I") is a weak solution of (4.21), from the C!*-regularity result of Tolks-
dorf [22], we conclude that there exist constants & = (N, p) € (0, 1) and C = C (N, p, [[¥ || ooy, | BllLoq) > 0
such that

IVl coersy < C, where I*:={y e RY :2 < |y| <6}. (4.23)
This fact is then used to derive the second inequality in (4.20) (see [10] for details).
Proof of the first inequality in (4.20). Our proof here is different from both [10, Lemma 4.1] and [3, Lemma 3]. We
require a new argument to that of [10] as we used the first inequality in (4.20) to derive (4.23). The ideas in [3] work

for the special case p = 2. In our general situation, we apply Theorem 1 in Tolksdorf [22] for the function v in (4.24).
More precisely, let xo € R¥ be fixed such that 0 < |xg| < ro and set p := |x0|/2. We define v = vy, : B1 — (0, o0) by

v(y) = M for every y € Bj. (4.24)
g(xol)
Since u satisfies (4.11), by using the formula for Vv derived from (4.24), that is
Vo(y) = —L—(Vu)(xo + py) fory e By, (4.25)
g(xol)

we obtain that v is a positive solution of the following equation
—div(|Vv|?72Vv) + B(y,v,Vv) =0 in By,

where we define E(y, v, Vv) to be

5 A Vu(y) - b h
B(y,v,Vv):—MWUV’*Z v(y) - (xo + py) 0P (x0 + py) (U)l P!
A(lxo + pyD) X0 + oyl A(lxo + pyl) vP~

Since |xg + py| € [p, 3p] for all y € By, in view of (1.2) and (4.13), we find that
|B(y.v. V)| < A1 |[Vo|?~! + Ay vP7! (4.26)

for some positive constants A; and A, which depend on rg, but are independent of xo. Using the assumptions on g,
namely g is regularly varying at O, we obtain (similar to (4.10) in [10]) that

cg(lxol) = g(lxo + pyl) =cg(lxol) forallye B,

where ¢ and ¢ are positive constants, which depend on rg, but are independent of x( satisfying 0 < |xg| < ro. Moreover,
from (4.19) and (4.24), we deduce that
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v(y) <cCp foreveryye Bj.

Thus, in view of (4.26), we can find a positive constant A3 = A3(rg), which is independent of x such that

|B(y,v,n)| < A3(1+|n|)? forall ye B; andneR"N.

Hence, we can apply Theorem 1 in Tolksdorf [22] to obtain a constant A4, which depends on N, p and Az, but is
independent of xg, such that [Vv(0)| < A4. This, jointly with (4.25), proves that

g(xol)
o]

This completes the proof of Lemma 4.3. O

[Vu(xp)| <2A4 for every 0 < |xo| < 7.

5. Proof of Theorem 1.2: existence and uniqueness

Let Assumptions (A1)—(A3) hold. Let & be non-decreasing on [0, co) and g € C! (9 B;) be a non-negative function.
We study the existence of solutions for the following problem

div (A(|x]) |[Vu|P"2Vu) = b(x) h(u) in B* := By \ {0},
u(x)

1m =
|x]—0 d>(x)

(5.1

X, u|331:g, u>0 in B*.

We treat separately the following cases: A =0, A € (0, 00) and A = oo. For the construction of a solution of (5.1),
we adapt ideas from [10, Theorem 1.2] (where A = 1), see also [3, Proposition 5], where p =2, b =1 and h(t) = 19.
We denote Cp := max|y|=1 g(x). For every n > 2 and 0 < A < oo, we consider the auxiliary problem

div (A(|x|) |Vu|P~2Vu) = b(x) h(u) in D, := By \ By,
u(x)=12®(x|)+Co forlx|=1/n, 5.2)
u |BBl =8

For A =0, we further assume that g 0 on d B;. By the method of sub-super-solutions and Lemma 2.2, the problem
(5.2) admits a unique non-negative solution u,, ; ¢, which is continuous on D,, (see, for example, [14]). For simplicity,
whenever A and g are fixed, we simply write u,, instead of u, ;. By the strong maximum principle (see Theorem 2.5.1
of [18]), we see that u, is positive in D,. Moreover, by Lemma 2.2, we infer that

0 < ttpy1 <un <A®(x])+Co in D,. (5.3)

By Lemma 4.3, we have that, up to a subsequence, u, — u; ¢ in CIIOC(B*) and, moreover, for some « € (0, 1), we find
1,

that u, , is a non-negative C; (B*N C(B_l\ {0})-solution of the problem

div (A(|x]) [Vu|P"2Vu) = b(x) h(u) in B* := By \ {0},

(5.4)
“’aB] =g.

By the strong maximum principle, uy o is positive in B* (using here that g # 0 on d B; when A = 0). From (5.3), we
find that lim SUP|y|—0 uy, ¢(x)/®(|x]) < A. In particular, the problem (5.1) with A = 0 admits u,_, as a solution.

Proof of Theorem 1.2(i). It remains to show the uniqueness of the solution of (5.1) with A = 0. Let #; and u; be two
solutions of (5.1) with A = 0. To show that u; = u; in B*, we proceed as in Proposition 4 in [3] with modifications
appearing here due to our more general setting. By Lemma 3.1, u; and u; can be extended by continuity at 0. Since
Uy, Uy € CI(B*) N C(B_l) with u; = up = g on dBj, then u; = uy in By would be a consequence of the following
claim.

Claim. We have V(u; — u3)(x) =0 for all x € B*.
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Proof of Claim. Assume by contradiction that there exists xg € B* such that |V (u; — u2)(xg)| > 0. We fix rg small
such that 0 < ro < min{l — |xo/, |xo|}, which ensures that B,,(xo) C B*. Since u; —us € Ccl(B*%), by making rg
smaller if necessary, we can assume that |V (41 — u3)(x)| > 0 on B, (xp) and thus |[Vu(x)| + [Vuz(x)| > 0 on
B, (xp). Hence, there exists a positive constant co such that

(VU1 ()| + [Vua ()N 2 [V @uy —u2)(x)|* > ¢o for all x € By, (x0). (5.5)
By Proposition 17.3 in [8, p. 235], we know that there exists a positive constant ¢, such that

(E1P 726 — 1P 2n) - (E —m) = cp (1E] + In))P 72| —n|*  forevery &, € RY. (5.6)
Thus using (5.5) and (5.6), we find for all x € B, (xo) that

H(x) := (Va1 ()P 7V (x) = [Vua ()P 7V (x)) - V(g — u2)(x) = cpco. (5.7
For any ¢ € (0, 1/2), we denote D, := B \B_s. Let w, be a non-decreasing and smooth function on (0, oo) such that
we(r) € (0,1) ife<r<2e,
we(r)=1 if r > 2e, (5.8)
we(r)=0 if0<r<e.

We choose ¢ > 0 small such that 2 < |xg| — ro, which yields that B,,(xo) € Dys C D;. Since wg(|x|) =1 for all
x € Dy, by using (5.7), we arrive at

/w8(|x|)A(|x|)iH(x)dx2 / A(|x|)ﬂ{(x)dxchcow1vr(l)v min _ A(|x]) :=cp, 4. (5.9
x€Byy (x0)
D, BrO(XO)

Since A € C(0, 1] is a positive function and By, (xo) C B*, we then obtain that ¢, 4 is a positive constant.
Observe that u1, u> and w, belong to W7 (Dy) N L™ (D,). We define ¢, (x) := (1] —u2)(x) we (|x|) for all x € B*.

Since @¢|ap, = 0, it follows by the product rule that ¢, € WOl P (D). Using the density of C!(D,) in Wé’p (D), we
have

/A(|x|) |Vuj|p_2Vuj -V dx —i—/b(x)h(uj)gug dx =0with j =1,2. (5.10)

De Dy

In particular, by subtracting the relation in (5.10) with j =2 from the one corresponding to j = 1, we obtain that

/ws(IXI)ﬂ(IXI)ﬂf(X)dx + / b(x) (h(u1) — h(u2)) (u1 —u2) we(|x]) dx = =Ko, (5.11)
De De
where H is given by (5.7) and K is defined by

— _ X
K= [ bl el wlhe o = ) (19001729 = Vil? Vua) - o dx (5.12)

e<|x|<2e

Since w,(2e) = 1 and w.(¢) =0 (see (5.8)), we observe that

Le:= / [P PHL g (Jx]) wi (Jx]) dx
e<|x|<2e

2¢e
= |8Bl|/rﬁ+N7pLA(r) wl(rydr <|9B1| max {(r"*NTP L, (r)).
rele,2e]
&

Using that ® + N — p > 0 and L 4 is slowly varying at zero, we get that lim,_, g+ 7>tV =PL 4 () = 0. (In relation to
Remark 1.3, we note that if % + N — p =0 and limsup,_, ¢+ L 4 (r) < oo, then we get that limsup,_, o+ £, € (0, 00).)
Thus, using (5.12), jointly with |x||[Vu ;| — 0 as |x| — 0 for j =1, 2 (see Lemma 3.1), we find that
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|K5| < (||u1||L°°(Bl) =+ ||u2||Loo(Bl)) LE €<I|nz‘1§28 |x|17_1 (|Vu1(x)|[7—l + |Vu2(x)|1’—1) —Qase— O+.
=X|=

Hence, we can fix ¢ > 0 small enough to ensure that |K,| < ¢j 4, where ¢, 4 is the positive constant appearing in
(5.9). Since the second term in the left-hand side of (5.11) is non-negative, from (5.9) and (5.11), we get a contradic-
tion. This proves the claim, which concludes the proof of the uniqueness of the solution of (5.1) with A =0. O

Proof of Theorem 1.2(ii). If (5.1) has a solution for A € (0, co], then b(x) h(P) € L! (B1/2) from Theorem 1.1(b).
Claim 1. If b(x) h(P) € Ll(Bl/z), then uy, ¢ constructed above for A € (0, 00) is a solution of (5.1).
Proof of Claim 1. We need only show that liminfjyjoux ¢(x)/®(]x]) > A. We note that (B.2) is equivalent to

foo tq_p+2A(t) dt < oo, where A is defined by (3.4). Then, by [21, Theorem 2.4], if R > 0 is large, there exists a
positive proper solution of the following problem

d2y

— q—p+2

e = A@)[y(s)] for s € (R, 00), (5.13)
y'(s) = A ass — oo and y(R) € (0, 00).

Using the transformation w(r) = y(s) with r = @1 (s) and Remark A.4, we obtain that
div (A(lx]) [Vw|P7>Vw) ~ b(x) ha(w(lx])) as |x] - 0T, (5.1

w(r) ~Ard(r) asr — 0t
Hence, for every ¢ € (0, 1), there exists r, € (0, ®~1(R)) such that (1 — &) w is a sub-solution of
div (A(|x]) [Vv|?~2Vv) = b(x) ha(v) in B;“E =B, \ {0}. (5.15)

Recall that uy, 3 g, in short u,, represents the unique non-negative solution of (5.2). Since w(r) ~AD(r) as r — 0t
(see (5.14)), there exists n, > 1 large such that

1=-8)w(/n) <Ad(1/n) <u,(x) forevery|x|=1/nandalln > n,.

Let C; :=max,—,, w(r). Since u,, is a positive super-solution of (5.15) due to our choice of i3, by Lemma 2.2, we
have

dI-8)w<u,+C;, forl/n<|x|<r. andall n > n,.

By letting n — oo, we find that (1 — &) w <uy ¢ + C¢ in B* Hence, we conclude that liminfj,| o uy ¢(x)/P(x]|) >
(1 — &)A. Since ¢ € (0, 1) is arbitrary, we obtain that 11m1nf|x‘_,o uy,g(x)/®(|x|) = A. Since lim SUP| |0 U5 g0/
®(|x|) <A, it follows that u, , is a solution of (5.1) for A € (0,00). O

Claim 2. If b(x) h(D) € Ll(Bl/z), then there exists a solution of (5.1) with A = oo.

Proof of Claim 2. Let k be any positive integer and denote by uy , the solution we constructed earlier for (5.1)
with A replaced by k. Then, by the comparison principle (Lemma 2.2), we find that 0 < uy , < ury1,, in B*. We
show that for every fixed x € By \ {0}, there exists limy_, oy ¢(x) € (0, 00). Indeed, since |x| > 0, we can fix
p = pyx such that 0 < p < min{|x|, 1/4}. Hence, by Lemma 4.1, there exists C, > 0 such that u; 4(y) < C, for all
|y| = p and every k > 1. By Lemma 2.2, it follows that uy ¢(y) < max{Cy, Cp} for all p <|y| <1 and all k > 1,
where Cop = maxy =1 g(x). Hence, for all x € Bi \ {0}, we can define Uoo,g(x) 1= limy_; oo Ut ¢ (x). Moreover, by
Lemma 4.3, we have that, up to a subsequence, uy ¢ — Uco,g in CL (B*) and Uco,g 18 a solution of (5.1) with A = co.
This concludes Claim 2 and the proof of Theorem 1.2(ii). O

loc

Proof of Theorem 1.2(iii). Assume that b(x) h(®P) € L' (B ,2) and h(t)/ P~ is non-decreasing for ¢ > 0. We show
the uniqueness of the solution of (5.1) in any of the following situations:

(A) 2 €(0,00);
(B) A=o00and g < gy;
(C) A =00 and g = g, assuming also that either (1.7) or (1.8) holds.
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Indeed, if 1 and u, are arbitrary solutions of (5.1) corresponding to the same A and g, then limy—ou;(x)/
u>(x) = 1. This is evident in Case (A), while for the Cases (B) and (C), we use Theorem 1.1(a) to obtain the same
asymptotic behaviour near zero for any positive solution of (1.1) with a strong singularity at 0. The uniqueness claim
follows from Lemma 2.2 as in the proof of [10, Theorem 1.2]. This completes the proof of Theorem 1.2. O
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Appendix A. Regular variation theory

The regular variation theory initiated by Karamata in the 1930’s has been very fruitful in statistics in connection
with extreme value theory (statistical estimation of tails, rates of convergence). It also plays a crucial role in probabil-
ity theory (weak limit theorems such as central limit theorem and the weak law of large numbers; branching processes;
stability and domains of attraction; fluctuation theory; renewal theory). The applications are much broader, includ-
ing areas such as analytic number theory, financial engineering and complex analysis (see [2] for a comprehensive
treatment of regular variation theory and its applications).

We recall below the concepts and properties of regularly varying functions needed in this paper, see [2,19,24].

Definition A.1 (Regularly varying functions).

(a) A positive measurable function L defined on a neighbourhood of oo is called slowly varying at oo if

L(&t
lim &) =1 forevery£& > 0.
t—00 L([)
(b) The function r — L(r) is slowly varying at (the right of) zero if t — L(1/t) is slowly varying at co.
(c) A function f is regularly varying at oo (respectively, 0) with real index m, in short f € RV,,(0c0) (respectively,

f € RV, (0+))if f(r)/t™ is slowly varying at oo (respectively, 0).

Example 1. Any positive constant function is trivially slowly varying at co. Other non-trivial examples of slowly
varying functions at oo are given by:

(a) The logarithm Int, its iterates In, ¢ (defined as Inln,,_; #) and powers of In, ¢ for any integer n > 1.
(b) exp ( Int )

Inlnt )*
(c) exp((In?)¥) with v € (0, 1).
(d) exp{(Int)'/3 cos((Inr)!/3)}.

Remark A.1. Note that lim;_, », f(#) = 0o (respectively, 0) for any function f € RV,,(oc0) with m > 0 (respectively,
m < 0). However, the limit at oo of a slowly varying function L at oo cannot be determined in general, and it may not
even exist (see example (d) above for which liminf; o, L(¢) =0 and limsup,_, ., L(¢) = 00).

Proposition A.1 (Uniform Convergence Theorem). If L is a slowly varying function at zero, then L(€t)/L(t) — 1 as
t — 0, uniformly on each compact & -set in (0, 00).

Theorem A.2 (Representation Theorem). The function L is slowly varying at 0 if and only if we have
c
e(r)
L(r) =n(t)exp —=dr |, 0<t<c
r

t
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for some ¢ > 0, where n is a measurable function on (0, c] satisfying lim,_, o+ n(¢t) = n € (0, 00) and ¢ is a continuous
function on (0, c] such that lim,_, o+ €(¢) = 0.

Remark A.2. If 7(z) is replaced by a positive constant 7, then the new function 7 is referred to as a normalised slowly
varying function. In this case, g(t) =~—tL’(t)/L(t) for 0 < ¢ < c. Conversely, any function L € C1(0, c], which is
positive and satisfies lim,_, g+ tL’(¢)/L(¢t) = 0, is a normalised slowly varying function.

Remark A.3. Any slowly varying function at zero is asymptotically equivalent to a normalised slowly varying one.

Theorem A.3 (Karamata’s Theorem at 0). Let f vary regularly at zero with index p and be locally bounded on (0, c].
The following assertions hold:

(a) Forany j <—(p+ 1), we have

. tLf () P ]
[E)T(T)I+W——(] +po+1);
(b) Forany j > —(p+1) (and for j =—(p + 1) if [+ r=P~L f(r)dr < 4+00), we have

tLf ()

im ——2 =4+ p+1.
t—>0+f0tr/f(r)dr Jrp

Proposition A.4 (Karamata’s Theorem at o). If f € RV, (00) is locally bounded in [A, 00), then

(a) Forany j > —(p+ 1), we have

AR IO) .
lim —————=j+4+p+ 1
% [TEIfE)dE
(b) Forany j <—(p+ 1) (andfor j =—(p + 1) if [T =TV f(&)dE < 00), we have
. t () .
1 70 . i oL — T + +1 .
Y TP VA

As in [19], we denote by f < the (left continuous) inverse of a non-decreasing function f on R, namely
fT@=inf{s: f(s)>1}.
Proposition A.5 (see Proposition 0.8 in [19]). We have
1. If f € RV,(00), then lim;_. oo In f(t)/Int = p.
2. If fi € RV, (00) and f> € RV,,(00) with lim;_, f2(t) = 00, then
fio f2€RV, .
3. Suppose f is non-decreasing, f(oo0) =00, and f € RV,(00) with 0 < p < 0o. Then
f(_ € RV]/p(OO).
Remark A 4. If (A1)-(A3) hold, then by [10, Lemma A.7], there exist continuous functions /.1 and 4, on [0, 00),
positive on (0, co) with /1(0) = h>(0) = 0 such that

hi(t) <h(t) < ha(t) fort €0, 00),
hi(t)/tP~" and hy(t)/tP~"! are both increasing for ¢ € (0, 00), (A.])
hi(t) ~hy(t) ~h(t) ast — oo.
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Therefore, without loss of generality, we can assume that f —> 19 —PH, 1) is increasing on (0, co) so that 19 L (t)
is non-decreasing on (0, 0c0). Moreover, as in [9, Section 1.2.4], we can take L € C[1, o0) and Ly € CZ(O, ro] for
some large constant 7y > 0 and rg € (0, 1) such that

tL (¢t 2L (1 rL (r 2L (r
im h()zlim "():0, lim h(): im h():
t—o00 Lp(t) t—oo Ly (1) r—0t Lp(r) r—0+t Lp(r)

(A2)

Appendix B. Applications

Our first application illustrates how weighted divergence-form equations such as (1.1) arise naturally in the study
of p-Laplacian type equations in exterior domains.

Corollary B.1. Assuming 2 < N < p <a and q > p — 1, we consider the problem
div (|W(£)|"—2VU(£)) — 5@ inRY\ B (B.1)

By a modified Kelvin transform where u(x) = v(¥) with x = X /|%|* (see [11, Appendix A]), the behaviour near oo
of the positive solutions of (B.1) can be obtained from the behaviour near 0 of the positive solutions of (1.1) with
A) = [x2P~Y b(x) =[xV and h(u) = [u(x)19. Hence, by applying our Theorem 1.1, we find that:

(1) If p > N, then the following classification holds for the positive solutions v(x) of (B.1):

(@ Ifq < (“7227(1671), then as |x| — oo, exactly one of the following holds
(1) v(X) converges to a positive number;
p—N

(i) |x|” P~Tv(X) converges to a positive number;

(iif) |&|~=P/@=P Dy (F) - [( ap )p_l (pberse — )

1/(g—p+1)
q—p+1 q—p+1 ]
(b) If; in turn, g > %, then for every positive solution of (B.1), only (i) holds.

(2) If p= N, then for all ¢ > p — 1, only (1)(a) holds in which (ii) should read as limz|_, »c v(X)/In(|X|) € (0, c0).

For readers with specific examples of A, b and 4 in mind, we supply below the sharp condition (B.2) for which
Theorem 1.1 can be applied. From a practical point of view, & in (1.12) can be rewritten asymptotically as in (B.4),
provided that (1.7) holds. In Example 1, we choose the prototype model satisfying (1.7) introduced in Remark B.2
and give in Example 2 a special example where (1.8) is satisfied.

Remark B.1. Assuming (A{)—(A3), we note that b(x) h(P) € L (B1,2) is equivalent to

/rN_H"L;,(r)h(CD(r)) dr < co. (B.2)
0+
The integrand in (B.2) varies regularly at 0 with index N — 1 + o — m3q. Hence, if ¢ # g, then (B.2) holds if and only

if ¢ < g, where g, is given by (1.6). If g = g, then (B.2) may hold in some cases and fail in others. For example, if
Lg=Ly=1andh(t) =t%(Int)* for ¢t > 0 large, then (B.2) holds if and only if o < —1.

Remark B.2. A prototype model for (1.7) is Ly(t) ~ (Int)? as t — 0o, where y € R. More generally, (1.7) holds

if Lpy(T)~ L(T) as T — oo and L(T) = Hle(lnmi )i for T > 0 large, where k and m; are positive integers

and B; € R for every 1 <i < k. We use the notation In,,, for the m;-iterated natural logarithm. Without loss of

generality, we can take 1 <mj <mp < ... <my. Thent +——> Ly (e") is regularly varying at co with index equal to 8}
__a

(respectively, 0) if m1 = 1 (respectively, mq > 1). Similarly, (1.8) is verified if [LA(I/T)] P=U Ly (1/T)~ L(T) as

T — oo.

In Theorem 1.1 for g < g, the function # in (1.12) is well-defined, regularly varying at O with index —mg and

mgy La(r)
M Ly(r)

g—p+1
u(r) [Lh(ﬁ(r))]ﬁ ~ |: ] r™  asr — 0T, (B.3)
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Indeed, the integral in the left-hand side of (1.12) is well-defined since the integrand is regularly varying at co with
index —(q +1)/p < —1 from the assumption g > p — 1. The right-hand side of (1.12) also exists since the integrand is
regularly varying at 0" with index (¢ — ©)/p > —1 by virtue of 0 > © — p. By Karamata’s Theorem in Appendix A,
(1.12) implies (B.3). Furthermore, if (1.7) holds, then Ly, (i(r)) ~ mg Ly(1/r) as r — 07 so that (B.3) is refined by

1
Py q—p+1
L
i) ~ ™o A(r) FT™ asr — 0T, (B.4)
M Ly(1/r)Ly(r)

Corollary B.2. Let Assumptions (A1)—(A3) hold. Let a, 8,y € R and v € (0, 1/2) be arbitrary.

Example Ly(r)asr— 0T Ly(r)asr — 0t Ljy(t) ast — 0o
1\ 1\
1 <ln —) (ln —) (Int)Y
r r
2 <lnl) exp{—p—_l,/lnl} exp{—,/lnl} exp{—(n1)"}
r q r r
(A) If q < qx, then for any solution u > 0 of (1.1), either Theorem 1.1(a)(i) holds or u satisfies near zero

1

p—v a—p—y | a=pF1

m 1

|x| ™0 07 <1n ﬁ) in Example 1,
x

1
o [ml N 1/ 1\? 1 1\
[x]7™0 | — | In— expy—|{In—) +—(moln— in Example 2.
M x| g\ |x| gq—p+1 |x|

B) If g = q« (and, in addition, aq./(p — 1) > B+ y + 1 for Example 1), either Theorem 1.1(a)(i) holds or near zero

1
q—p+1

|x in Example 1,

r P*lﬂ/(%_ _ _1> —B—y—1
|—m0 mg p—1 /3 Y (hli)(l B—v
mi x|
u(x) ~ L

o [omd Y | \er-1] 1 1\2 1 1\"| .
x| | ———(In— expi— (In— + ——(moln — in Example 2.
P p
| m |x] q x| g—p+1 x|

(C) If g > qx, then any positive solution u of (1.1) can be extended as a positive continuous solution of (1.1) in Bj.
For Example 1, this conclusion also holds for q = g« and aq/(p — 1) <B+y + 1.
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