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1 Introduction

The paper deals with the regularity of minimizers of integral functionals of the Calculus of Variations of the
form

F(u) = ∫
Ω

f (x, Du) dx, (1.1)

where Ω ⊂ ℝn, n ≥ 2, is a bounded open set, u : Ω → ℝN , N ≥ 1, is a Sobolev map. The main feature
of (1.1) is the possible degeneracy of the lagrangian f (x, ξ ) with respect to the x-variable. We assume that
the Carathéodory function f = f (x, ξ ) is convex and of class C2 with respect to ξ ∈ ℝN×n, with fξξ (x, ξ ),
fξx(x, ξ ) also Carathéodory functions and f ( ⋅ , 0) ∈ L1(Ω). We emphasize that the N × n matrix of the second
derivatives fξξ (x, ξ ) not necessarily is uniformly elliptic and it may degenerate at some x ∈ Ω.

In the vector-valued case N > 1, minimizers of functionals with general structuremay lack regularity, see
[19, 43, 49], and it is natural to assume amodulus-gradient dependence for the energy density, i.e. that there
exists g = g(x, t) : Ω × [0, +∞)→ [0, +∞) such that

f (x, ξ ) = g(x, |ξ |). (1.2)

Without loss of generality, we can assume g(x, 0) = 0; indeed, the minimizers of F are minimizers of

u → ∫
Ω

(f (x, Du) − f (x, 0)) dx

too. Moreover, by (1.2) and the convexity of f , g(x, t) is a nonnegative, convex and increasing function of
t ∈ [0, +∞).

*Corresponding author: Antonia Passarelli di Napoli, Dipartimento di Matematica e Appl. “R. Caccioppoli”, Università di Napoli
“Federico II”, Via Cintia, 80126 Napoli, Italy, e-mail: antonia.passarellidinapoli@unina.it.
https://orcid.org/0000-0002-3371-1090
Giovanni Cupini, Dipartimento di Matematica, Università di Bologna, Piazza di Porta S. Donato 5, 40126 Bologna, Italy,
e-mail: giovanni.cupini@unibo.it. https://orcid.org/0000-0002-9580-2879
Paolo Marcellini, Elvira Mascolo, Dipartimento di Matematica e Informatica “U. Dini”, Università di Firenze, Viale Morgagni
67/A, 50134 Firenze, Italy, e-mail: paolo.marcellini@unifi.it, elvira.mascolo@unifi.it. https://orcid.org/0000-0002-9350-1351,
https://orcid.org/0000-0001-7489-2011

Open Access.©2021 Cupini, Marcellini andMascolo, published by De Gruyter. This work is licensed under the Creative Commons
Attribution 4.0 International License.



444 | G. Cupini et al., Lipschitz regularity for non-uniformly elliptic integrals

As far as the growth and the ellipticity assumptions are concerned, we assume that there exist exponents
p, q, nonnegative measurable functions a(x), k(x) and a constant L > 0 such that

{
{
{

a(x)(1 + |ξ |2)
p−2
2 |λ|2 ≤ ⟨fξξ (x, ξ )λ, λ⟩ ≤ L(1 + |ξ |2)

q−2
2 |λ|2, 2 ≤ p ≤ q,

|fξx(x, ξ )| ≤ k(x)(1 + |ξ |2)
q−1
2

(1.3)

for a.e. x ∈ Ω and for every ξ, λ ∈ ℝN×n. We allow the coefficient a(x) to be zero so that (1.3)1 is a not uniform
ellipticity condition. As proved in Lemma 2.3, (1.3)1 implies the following possibly degenerate p, q-growth
conditions for f :

a(x)
p(p − 1) (1 + |ξ |

2)
p−2
2 |ξ |2 ≤ f (x, ξ ) ≤ L2 (1 + |ξ |

2)
q−2
2 |ξ |2, a.e. x ∈ Ω and for all ξ ∈ ℝN×n . (1.4)

Our main result concerns the local Lipschitz regularity and the higher differentiability of the local mini-
mizers of F.

Theorem 1.1. Let the functional F in (1.1) satisfy (1.2) and (1.3). Assume moreover that

1
a
∈ Lsloc(Ω), k ∈ Lrloc(Ω), (1.5)

with r, s > n and
q
p
<

s
s + 1(1 +

1
n
−
1
r )

. (1.6)

If u ∈ W1,1
loc (Ω) is a local minimizer of F, then for every ball BR0 ⋐ Ω, the estimates

‖Du‖L∞(BR0/2) ≤ CK
ϑ
R0( ∫

BR0

(1 + f (x, Du)) dx)
ϑ
, (1.7)

∫
BR0/2

a(x)(1 + |Du|2)
p−2
2 |D2u|2 dx ≤ CKϑ

R0( ∫
BR0

(1 + f (x, Du)) dx)
ϑ
, (1.8)

hold with the exponent ϑ depending on the data, the constant C also depending on R0 and where

KR0 = 1 + ‖a−1‖Ls(BR0 )‖k‖
2
Lr(BR0 )
+ ‖a‖L∞(BR0 ).

It is well known that, to get regularity under p, q-growth, the exponents q and p cannot be too far apart;
usually, the gap between p and q is described by a condition relating p, q and the dimension n. In our case,
we take into account the possible degeneracy of a(x) and condition (1.3)2 on the mixed derivatives fξx in
terms of a possibly unbounded coefficient k(x); then we deduce that the gap depends on s, the summability
exponent of a−1 that “measures” how much a is degenerate, and the exponent r that tells us how far k(x)
is from being bounded. If s = r =∞, then (1.6) reduces to q

p < 1 +
1
n that is what one expects; see [12] and

for instance [40]. Moreover, if s =∞ and n < r ≤ +∞, then (1.6) reduces to q
p < 1 +

1
n −

1
r , and we recover the

result of [23].
Motivated by applications to the theory of elasticity, recently, Colombo and Mingione [8, 9] (see also

[2, 17, 18, 24]) studied the so-called double phase integrals

∫
Ω

|Du|p + b(x)|Du|q dx, 1 < p < q.

When applied to this case, Theorem 1.1 gives the local Lipschitz continuity of the minimizers if b(x) ∈ W1,r
loc ,

for some r > n, and q
p < 1 +

1
n −

1
r ([23]).

As it is well known, weak solutions to the elliptic equation in divergence form of the type

−div(A(x, Du)) = 0 in Ω
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are locally Lipschitz continuous provided the vector field A : Ω ×ℝn → ℝn is differentiable with respect to ξ
and satisfies the uniform ellipticity conditions

Λ1(1 + |ξ |2)
p−2
2 |λ|2 ≤ ⟨Aξ (x, ξ )λ, λ⟩ ≤ Λ2(1 + |ξ |2)

p−2
2 |λ|2.

Trudinger [50] started the study of the interior regularity of solutions to linear elliptic equations of the form

n
∑
i,j=1

∂
∂xi
(aij(x)

∂u
∂xj
(x)) = 0, x ∈ Ω ⊆ ℝn , (1.9)

where the measurable coefficients aij satisfy the non-uniform condition

λ(x)|ξ |2 ≤
n
∑
i,j=1

aij(x)ξiξj ≤ n2μ(x)|ξ |2

for a.e. x ∈ Ω and every ξ ∈ ℝn. Here λ(x) is the minimum eigenvalue of the symmetric matrix A(x) = (aij(x))
and μ(x) := supij|aij|. Trudinger proved that any weak solution of (1.9) is locally bounded in Ω, under the
following integrability assumptions on λ and μ:

λ−1 ∈ Lrloc(Ω) and μ1 = λ−1μ2 ∈ Lσloc(Ω) with 1
r
+
1
σ
<
2
n
.

Equation (1.9) is usually called degeneratewhen λ−1 ∉ L∞(Ω), whereas it is called singularwhen μ ∉ L∞(Ω).
These names in this case refer to the degenerate and the singular cases with respect to the x-variable, but in
the mathematical literature, these names often refer to the gradient variable; this happens for instance with
the p-Laplacian operator −div(|Du|p−2Du). We do not study in this paper the degenerate case with respect
to the gradient variable, but we refer for instance to the analysis made by Duzaar and Mingione [21], who
studied an L∞-gradient bound for solutions to non-homogeneous p-Laplacian type systems and equations;
see also Cianchi and Maz’ya [7] and the references therein for the rich literature on the subject.

The result by Trudingerwas extended inmany settings and directions: firstly, by Trudinger himself in [51]
and later by Fabes, Kenig and Serapioni in [29]; Pingen in [48] dealt with systems. More recently, for the regu-
larity of solutions andminimizers,we refer to [3, 4, 10, 15, 16, 32]. For thehigher integrability of the gradient,
we refer to [33] (see also [6]). Very recently, Calderon–Zygmund’s estimates for the p-Laplace operator with
degenerate weights have been established in [1]. The literature concerning non-uniformly elliptic problems
is extensive, and we refer the interested reader to the references therein.

The study of the Lipschitz regularity in the p, q-growth context started with the papers by Marcellini
[35, 36], and since then, many and various contributions to the subject have been provided; see the refer-
ences in [40, 42]. The vectorial homogeneous frameworkwas considered in [37, 41] and by Esposito, Leonetti
and Mingione [27, 28]. Condition (1.3)2 for general non-autonomous integrands f = f (x, Du) has been first
introduced in [22–24]. It is worth to highlight that, due to the x-dependence, the study of regularity is signif-
icantly harder and the techniques more complex. The research on this subject is intense, as confirmed by the
many articles recently published; see e.g. [11, 13, 14, 20, 25, 30, 38–40, 45–47].

Let us briefly sketch the tools to get our regularity result. First, for Lipschitz andhigher differentiablemin-
imizers, we prove aweighted summability result for the second-order derivatives ofminimizers of functionals
with possibly degenerate energy densities; see Proposition 3.2. Next, in Theorem 3.3, we get an a priori esti-
mate for the L∞-norm of the gradient. To establish the a priori estimate, we useMoser’s iterationmethod [44]
for the gradient and the ideas of Trudinger [50]. An approximation procedure allows us to conclude. Actually,
if u is a local minimizer of (1.1), we construct a sequence of suitable variational problems in a ball BR ⊂⊂ Ω
with boundary value data u. In order to apply the a priori estimate to the minimizers of the approximating
functionals, we prove a higher differentiability result, see Theorem 3.3, for minimizers of the class of func-
tionals with p, q-growth studied in [23], where only the Lipschitz continuity was proved. By applying the
previous a priori estimate to the sequence of the solutions, we obtain a uniform control in L∞ of the gradient
which allows to transfer the local Lipschitz continuity property to the original minimizer u.



446 | G. Cupini et al., Lipschitz regularity for non-uniformly elliptic integrals

Another difficulty due to the x-dependence of the energy density is that the Lavrentiev phenomenonmay
occur. A local minimizer of F is a function u ∈ W1,1

loc (Ω) such that f (x, Du) ∈ L
1
loc(Ω) and

∫
Ω

f (x, Du) dx ≤ ∫
Ω

f (x, Du + Dφ) dx

for everyφ ∈ C10(Ω). If u is a localminimizer of the functional F, by virtue of (1.4),wehave a(x)|Du|p ∈ L1loc(Ω)
and, by (1.5), u ∈ W1, pss+1

loc (Ω) since

∫
BR

|Du|
ps
s+1 dx ≤ (∫

BR

a|Du|p dx)
s
s+1
(∫
BR

1
as
dx)

1
s+1
< +∞ (1.10)

for every ball BR ⊂ Ω. Therefore, in our context, a priori, the presence of the Lavrentiev phenomenon cannot
be excluded. Indeed, due to the growth assumptions on the energy density, the integral in (1.1) iswell defined
if u ∈ W1,q, but a priori, this is not the case if u ∈ W1, pss+1 (Ω) \W1,q

loc (Ω). However, as a consequence of Theo-
rem 1.1, under the stated assumptions (1.2), (1.3), (1.5), (1.6), the Lavrentiev phenomenon for the integral
functional F in (1.1) cannot occur. For the gap in the Lavrentiev phenomenon, we refer to [5, 26, 28, 52].

We conclude this introduction by observing that, even in the one-dimensional case, the Lipschitz con-
tinuity of minimizers for non-uniformly elliptic integrals is not obvious. Indeed, if we consider a local mini-
mizer u to the one-dimensional integral

F(u) =
1

∫
−1

a(x)(1 + |u(x)|2)
p
2 dx, p > 1, (1.11)

then Euler’s first variation takes the form
1

∫
−1

a(x)p(1 + |u(x)|2)
p−2
2 u(x)φ(x) dx = 0 for all φ ∈ C10(−1, 1).

This implies that the quantity a(x)(1 + |u(x)|2)
p−2
2 u(x) is constant in (−1, 1); it is a nonzero constant, unless

u(x) itself is constant in (−1, 1), a trivial case that we do not consider here. In particular, the sign of u(x) is
constant, and we get

(1 + |u(x)|2)
p−2
2 |u(x)| = c

a(x)
, a.e. x ∈ (−1, 1).

Therefore, if a(x) vanishes somewhere in (−1, 1), then |u(x)| is unbounded (and vice versa), independently
of the exponent p > 1. Thus, for n = 1, the local Lipschitz regularity of theminimizers does not hold in general
if the coefficient a(x) vanishes somewhere.

We can compare this one-dimensional fact with the general conditions considered in the Theorem 1.1.
In the case a(x) = |x|α for some α ∈ (0, 1), then, taking into account the assumptions in (1.5), for the integral
in (1.11), we have k(x) = a(x) = α|x|α−2x and

{{
{{
{

1
a
∈ Lsloc(−1, 1) ⇐⇒ 1 − αs > 0 ⇐⇒ α < 1

s
,

k = a ∈ Lrloc(−1, 1) ⇐⇒ r(α − 1) > −1 ⇐⇒ α > 1 − 1
r
.

These conditions are compatible if and only if 1 − 1
r <

1
s . Therefore, also in the one-dimensional case, we

have a counterexample to the L∞-gradient bound in (1.7) if
1
r
+
1
s
> 1. (1.12)

This is a condition that can be easily compared with assumption (1.6) for the validity of L∞-gradient
bound (1.7) in the general n-dimensional case. In fact, since 1 ≤ qp , (1.6) implies

1 < s
s + 1(1 +

1
n
−
1
r )
⇐⇒

1
r
+
1
s
<
1
n
,

which essentially is the complementary condition to (1.12) when n = 1.
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The plan of the paper is the following. In Section 2, we list some definitions and preliminary results.
In Section 3, we prove a priori estimates of the L∞-norm of the gradient of local minimizers and a higher
differentiability result; see Theorem 3.3. In the last section, we complete the proof of Theorem 1.1.

2 Preliminary results

We shall denote by C or c a general positive constant that may vary on different occasions, even within the
same line of estimates. Relevant dependencies will be suitably emphasized using parentheses or subscripts.
In what follows, B(x, r) = Br(x) = {y ∈ ℝn : |y − x| < r} will denote the ball centered at x of radius r. We shall
omit the dependence on the center and on the radius when no confusion arises.

To prove our higher differentiability result (see Theorem 3.3 below), we use the finite difference operator.
For a function u : Ω → ℝk, Ω open subset ofℝn, given ℓ ∈ {1, . . . , n}, we define

τℓ,hu(x) := u(x + heℓ) − u(x), x ∈ Ω|h|,

where eℓ is the unit vector in the xℓ direction, h ∈ ℝ and

Ω|h| := {x ∈ Ω : dist(x, ∂Ω) > |h|}.

We now list the main properties of this operator.
(i) If u ∈ W1,t(Ω), 1 ≤ t ≤∞, then τℓ,hu ∈ W1,t(Ω|h|) and

Di(τℓ,hu) = τℓ,h(Diu).

(ii) If f or g has support in Ω|h|, then
∫
Ω

fτℓ,hg dx = ∫
Ω

gτℓ,−h f dx.

(iii) If u, uxℓ ∈ Lt(BR), 1 ≤ t <∞, and 0 < ρ < R, then for every h, |h| ≤ R − ρ,

∫
Bρ

|τℓ,hu(x)|t dx ≤ |h|t ∫
BR

|uxℓ (x)|t dx.

(iv) If u ∈ Lt(BR), 1 < t <∞, and for 0 < ρ < R, there exists K > 0 such that, for every h, |h| < R − ρ,

n
∑
ℓ=1
∫
Bρ

|τℓ,hu(x)|t dx ≤ K|h|t ,

then letting h go to 0, there exists Du ∈ Lt(Bρ) and ‖uxℓ‖Lt(Bρ) ≤ K for every ℓ ∈ {1, . . . , n}.
We recall the following estimate for the auxiliary function:

Vp(ξ ) := (1 + |ξ |2)
p−2
4 ξ,

which is a convex function since p ≥ 2 (see [34, Step 2] and the proof of [31, Lemma 8.3]).

Lemma 2.1. Let 1 < p <∞. There exists a constant c = c(n, p) > 0 such that

c−1(1 + |ξ |2 + |η|2)
p−2
2 ≤
|Vp(ξ ) − Vp(η)|2

|ξ − η|2
≤ c(1 + |ξ |2 + |η|2)

p−2
2

for any ξ , η ∈ ℝn, ξ ̸= η.

Remark 2.2. Note that if v ∈ W1,1
loc (Ω) is such that Vp(Dv) ∈ W1,2

loc (Ω), then there exists a constant c(p) such
that

c(p)−1|D2v|2(μ2 + |Dv|2)
p−2
2 ≤ |DVp(Dv)|2 ≤ c(p)|D2v|2(μ2 + |Dv|2)

p−2
2 .
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In the next lemma, we prove that (1.3)1 implies the, possibly degenerate, p, q-growth condition stated
in (1.4).

Lemma 2.3. Let f = f (x, ξ ) = g(x, |ξ |) be of class C2 with respect to the ξ -variable. Let us assume that the
quadratic form of the second derivatives Dξξ f (x, ξ ) of f satisfies the conditions

a(x)(1 + |ξ |2)
p−2
2 |λ|2 ≤ ⟨Dξξ f (x, ξ )λ, λ⟩ ≤ b(x)(1 + |ξ |2)

q−2
2 |λ|2 (2.1)

for some exponents 1 < p ≤ q and nonnegative functions a, b and for all ξ, λ ∈ ℝn. Then f satisfies the following
p, q-growth condition:

c1a(x)(1 + |ξ |2)
p−2
2 |ξ |2 ≤ f (x, ξ ) − f (x, 0) ≤ c2b(x)(1 + |ξ |2)

q−2
2 |ξ |2, (2.2)

where c1 = min{ 1
(p−1)p ;

1
2 } and c2 = max{ 1

(q−1)q ;
1
2 }.

Remark 2.4. As noticed by an anonymous referee, that we thank for her/his careful reading of the manu-
script, in Lemma2.3, it is sufficient to assume the validity of (2.1) only for every λ, ξ ∈ ℝn with λ proportional
to ξ (see formulas (2.5), (2.6) below in the proof); in this case, (2.1) simplifies into

a(x)(1 + t2)
p−2
2 ≤ gtt(x, t) ≤ b(x)(1 + t2)

q−2
2 . (2.3)

Therefore, alternatively, in Lemma 2.3, it is sufficient to assume directly (2.3) instead of (2.1).

Proof. For x ∈ Ω and s ∈ ℝ, let us setφ(s) = g(x, st), wherewe recall that g is linked to f by (1.2). The assump-
tions on f imply that φ ∈ C2(ℝ) with gt(x, 0) = 0. Since

φ(s) = gt(x, st) ⋅ t, φ(s) = gtt(x, st) ⋅ t2,

the Taylor expansion formula in integral form yields

φ(1) = φ(0) + φ(0) +
1

∫
0

(1 − r)φ(r) dr.

Recalling the definition of φ, since φ(1) = g(x, t) and φ(0) = gt(x, 0) ⋅ t = 0, we get

g(x, t) = g(x, 0) +
1

∫
0

(1 − r)gtt(x, rt) ⋅ t2 dr. (2.4)

We recall [41, formula (3.3)],

min{gtt(x, |ξ |);
gt(x, |ξ |)
|ξ | }

≤
⟨Dξξ f (x, ξ )λ, λ⟩
|λ|2

≤ max{gtt(x, |ξ |);
gt(x, |ξ |)
|ξ | }

, (2.5)

which holds with equality when λ is proportional to ξ , when (2.5) simplifies to

⟨Dξξ f (x, ξ )λ, λ⟩
|λ|2

λ proportional to ξ
= gtt(x, |ξ |).

Therefore, in the particular case with |λ| = |ξ | = t, assumption (2.1) translates into

a(x)(1 + t2)
p−2
2 ≤ gtt(x, t) ≤ b(x)(1 + t2)

q−2
2 . (2.6)

Inserting (2.6) in (2.4), we obtain

a(x)t2
1

∫
0

(1 − r)[1 + (rt)2]
p−2
2 dr ≤ g(x, t) − g(x, 0) ≤ b(x)t2

1

∫
0

(1 − r)[1 + (rt)2]
q−2
2 dr. (2.7)
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Assume p ≥ 2. For the integral in the left-hand side of (2.7), since r ∈ [0, 1] and p ≥ 2, we obtain

1

∫
0

(1 − r)[1 + (rt)2]
p−2
2 dr ≥

1

∫
0

(1 − r)[r2 + (rt)2]
p−2
2 dr = (1 + t2)

p−2
2

1

∫
0

(1 − r)rp−2 dr

= (1 + t2)
p−2
2 [

rp−1

p − 1 −
rp

p ]
r=1

r=0
=
(1 + t2)

p−2
2

(p − 1)p . (2.8)

Similarly (and simpler) for the integral in the right-hand side of (2.7),

1

∫
0

(1 − r)[1 + (rt)2]
q−2
2 dr ≤ (1 + t2)

q−2
2

1

∫
0

(1 − r) dr = 12 (1 + t
2)

q−2
2 . (2.9)

Combining the last two estimates and recalling in (2.7) that f (x, ξ ) = g(x, |ξ |) = g(x, t), we get

a(x)
(p − 1)p (1 + |ξ |

2)
p−2
2 |ξ |2 ≤ f (x, ξ ) − f (x, 0) ≤ b(x)2 (1 + |ξ |

2)
q−2
2 |ξ |2 (when q ≥ p ≥ 2).

If p < 2, then we modify (2.8) into

1

∫
0

(1 − r)[1 + (rt)2]
p−2
2 dr ≥

1

∫
0

(1 − r)(1 + t2)
p−2
2 dr = 12 (1 + t

2)
p−2
2 ;

then, if also 1 < q < 2, we modify (2.9) into

1

∫
0

(1 − r)[1 + (rt)2]
q−2
2 dr ≤

1

∫
0

(1 − r)[r2 + (rt)2]
q−2
2 dr = (1 + t

2)
q−2
2

(q − 1)q .

In this case, we obtain

a(x)
2 (1 + |ξ |

2)
p−2
2 |ξ |2 ≤ f (x, ξ ) − f (x, 0) ≤ b(x)

(q − 1)q (1 + |ξ |
2)

q−2
2 |ξ |2 (when 1 < p ≤ q ≤ 2).

The conclusion (2.2) follows by combining all these cases.

We end this preliminary section with two well-known properties. The first lemma has important applications
in the so-called hole-filling method. Its proof can be found for example in [31, Lemma 6.1].

Lemma 2.5. Let h : [r, R0]→ ℝ be a nonnegative bounded function and 0 < ϑ < 1, A, B ≥ 0 and β > 0. Assume
that

h(s) ≤ ϑh(t) + A
(t − s)β

+ B

for all r ≤ s < t ≤ R0. Then
h(r) ≤ cA
(R0 − r)β

+ cB,

where c = c(ϑ, β) > 0.

We will also use the following (see e.g. [31]).

Lemma 2.6. Let ξ, η ∈ ℝn. For every s > −1 and r > 0, there exist positive constants c1(r, s) and c2(r, s) such
that

c1(r, s)(1 + |ξ |2 + |η|2)
s
2 ≤

1

∫
0

(1 − t)r(1 + |(1 − t)ξ + tη|
s
2 dt ≤ c2(r, s)(1 + |ξ |2 + |η|2)

s
2 .

We end this section with a remark that we will use when considering the summability of k.
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Lemma 2.7. Let Ω ⊆ ℝn, n ≥ 2. If r, s > n and

1 < s
s + 1(1 +

1
n
−
1
r )

,

then k ∈ Lrloc(Ω) implies k ∈ L
2s
s−1
loc (Ω).

Proof. Since k ∈ Lrloc(Ω), we need to prove that
2s
s−1 ≤ r that is equivalent to

2
r +

1
s ≤ 1. This holds true because

s
s + 1(1 +

1
n
−
1
r )
> 1 ⇐⇒ n

r
+
n
s
< 1, (2.10)

and we conclude because n ≥ 2.

3 The a priori estimate

Themain result in this section is an a priori estimate of the L∞-norm of the gradient, and a higher differentia-
bility result, of localminimizers of the functional F in (1.1) satisfying assumptions (1.2), (1.3), (1.5) and (1.6),
with exponents p and q satisfying 1 < p ≤ q and not the more restrictive condition 2 ≤ p ≤ q, assumed in
Theorem 1.1.

We use the following weighted Sobolev type inequality, whose proof relies on the Hölder’s inequality;
see e.g. [16].

Lemma 3.1. Let p > 1, s ≥ 1 and w ∈ W1, pss+1
0 (Ω;ℝN) (w ∈ W

1,p
0 (Ω;ℝN) if s =∞), with 1 < ps

s+1 < n, and let
λ : Ω → [0, +∞) be a measurable function such that λ−1 ∈ Ls(Ω). Then there exists a constant c = c(n) such
that

(∫
Ω

|w|σ∗ dx)
p
σ∗
≤ c(n)‖λ−1‖Ls(Ω) ∫

Ω

λ|Dw|p dx,

where σ = ps
s+1 (σ = p if s = +∞).

In establishing the a priori estimate, we need to deal with quantities that involve the L2-norm of the sec-
ond derivatives of the minimizer weighted with the function a(x). The next result tells that local Lipschitz
continuous minimizers u of F possess weak second derivatives such that

Vp(Du) ∈ W1, 2s
s+1

loc (Ω) and a(x)|D(Vp(Du))|2 ∈ L1loc(Ω).

More precisely, we have the following proposition.

Proposition 3.2. Consider the functional F in (1.1) satisfying assumptions (1.3) with 1 < p ≤ q, and

1
a
∈ Lsloc(Ω), k ∈ L

2s
s−1
loc (Ω), (3.1)

with s > 1. If u ∈ W1,∞
loc (Ω) is a local minimizer of F, then

Vp(Du) ∈ W1, 2s
s+1

loc (Ω) and a(x)|D(Vp(Du))|2 ∈ L1loc(Ω).

Proof. Since u is a local minimizer of the functional F, then u satisfies the Euler system

∫
Ω

∑
i,α
fξ αi (x, Du)φ

α
xi (x) dx = 0 for all φ ∈ C∞0 (Ω;ℝ

N). (3.2)

Fix x0 ∈ Ω, BR0 (x0) ⋐ Ω, 0 < ρ < R < R0. Consider a cut-off function η ∈ C∞0 (Ω), 0 ≤ η ≤ 1, η ≡ 1 in Bρ,
supp η ⊆ BR and |h| ≪ 1. Assume |Dη| ≤ 2

R−ρ .
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Fix ℓ = 1, . . . , n, and consider the function

φα := τℓ,−h(η2τℓ,huα), α = 1, . . . , N.

Thanks to the assumption u ∈ W1,∞
loc (Ω), we can use φ as test function in equation (3.2), thus getting

∫
Ω

τℓ,h(∑
i,α
fξ αi (x, Du))(η

2τℓ,huαxi + 2ηηxi τℓ,hu
α) dx = 0, (3.3)

where we used property (ii) of the finite difference operator. Now, we observe that

τℓ,h fξ αi (x, Du) = fξ αi (x + heℓ, Du(x + heℓ)) − fξ αi (x + heℓ, Du(x)) + fξ αi (x + heℓ, Du(x)) − fξ αi (x, Du(x))

=
1

∫
0

∑
j,β
fξ αi ξ βj (x + heℓ, Du(x) + tτℓ,hDu) dtτℓ,hu

β
xj +

1

∫
0

fξ αi xℓ (x + theℓ, Du(x)) dt ⋅ h,

and so (3.3) can be written as follows:

0 = ∫
Ω

2η(
1

∫
0

∑
i,j,α,β

fξ αi ξ βj (x + heℓ, Du(x) + tτℓ,hDu) dt)ηxi τℓ,hu
ατℓ,hu

β
xj dx

+ ∫
Ω

η2(
1

∫
0

∑
i,j,α,β

fξ αi ξ βj (x + heℓ, Du(x) + tτℓ,hDu) dt)τℓ,hu
α
xi τℓ,hu

β
xj dx

+ ∫
Ω

2η(
1

∫
0

∑
i,α
fξ αi xℓ (x + theℓ, Du(x)) dt) ⋅ h ⋅ ηxi τℓ,hu

α dx

+ ∫
Ω

η2(
1

∫
0

∑
i,α
fξ αi xℓ (x + theℓ, Du(x)) dt) ⋅ h ⋅ τℓ,hu

α
xi dx =: J1 + J2 + J3 + J4.

By the use of Cauchy–Schwarz and Young’s inequalities and by virtue of the second inequality of (1.3), we
can estimate the integral J1. If q > 2, we have

|J1| ≤ 2∫
Ω

{(
1

∫
0

∑
i,j,α,β

fξ αi ξ βj (x + heℓ, Du(x) + tτℓ,hDu) dt)η
2
xi τℓ,hu

αηxj τℓ,huβ}
1
2

⋅ {η2(
1

∫
0

∑
i,j,α,β

fξ αi ξ βj (x + heℓ, Du(x) + tτℓ,hDu) dt)τℓ,hu
α
xi τℓ,hu

β
xj}

1
2

dx

≤ C∫
Ω

|Dη|2(1 + |Du(x)|2 + |Du(x + heℓ)|2)
q−2
2 |τℓ,hu|2 dx

+
1
2 ∫

Ω

η2(
1

∫
0

∑
i,j,α,β

fξ αi ξ βj (x + heℓ, Du(x) + tτℓ,hDu) dt)τℓ,hu
α
xi τℓ,hu

β
xj dx

≤ C(∫
Ω

|Dη|
2q
q−2 (1 + |Du(x)|2 + |Du(x + heℓ)|2)

q
2 dx)

q−2
q
( ∫
supp η

|τℓ,hu|q dx)
2
q

+
1
2 ∫

Ω

η2(
1

∫
0

∑
i,j,α,β

fξ αi ξ βj (x + heℓ, Du(x) + tτℓ,hDu) dt)τℓ,hu
α
xi τℓ,hu

β
xj dx

≤
C
(R − ρ)2

‖1 + |Du|‖qL∞(BR0 )|h|
2

+
1
2 ∫

Ω

η2(
1

∫
0

∑
i,j,α,β

fξ αi ξ βj (x + heℓ, Du(x) + tτℓ,hDu) dt)τℓ,hu
α
xi τℓ,hu

β
xj dx,

where we used in turn Lemma 2.6, property (iii) of the finite difference operator and the assumption
u ∈ W1,∞

loc (Ω).
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If q ≤ 2, a similar estimate of J1 holds true, and it can be obtained in a simpler way. Indeed, in this case,

∫
Ω

|Dη|2(1 + |Du(x)|2 + |Du(x + heℓ)|2)
q−2
2 |τℓ,hu|2 dx

can be estimated as follows:

∫
Ω

|Dη|2(1 + |Du(x)|2 + |Du(x + heℓ)|2)
q−2
2 |τℓ,hu|2 dx

≤ ∫
Ω

|Dη|2|τℓ,hu|2 dx ≤
C
(R − ρ)2

∫
supp η

|τℓ,hu|2 dx ≤
C
(R − ρ)2

|h|2‖|Du|‖2L∞(BR0 ).

At the end, we obtain

|J1| ≤
C
(R − ρ)2

‖1 + |Du|‖max{2,q}
L∞(BR0 )
|h|2 + 12 ∫

Ω

η2(
1

∫
0

∑
i,j,α,β

fξ αi ξ βj (x + heℓ, Du(x) + tτℓ,hDu) dt)τℓ,hu
α
xi τℓ,hu

β
xj dx.

By the last inequality in (1.3), Hölder’s inequality, again by property (iii) of the finite difference operator and
the assumption u ∈ W1,∞

loc (Ω), we obtain

|J3| ≤ 2|h|∫
Ω

η(
1

∫
0

k(x + theℓ) dt)(1 + |Du|2)
q−1
2 ∑

i,α
|ηxi τℓ,huα| dx

≤ C‖1 + |Du|‖q−1L∞(BR0 )
|h|(∫

Ω

|Dη|
2s
s−1(

1

∫
0

k(x + theℓ) dt)
2s
s−1

dx)
s−1
2s

∑
i,α
(∫
Ω

η|τℓ,huα|
2s
s+1 )

s+1
2s

≤ C‖1 + |Du|‖qL∞(BR0 )|h|
2(∫

Ω

|Dη|
2s
s−1(

1

∫
0

k(x + theℓ) dt)
2s
s−1

dx)
s−1
2s

,

and also, for every ε > 0, there exists Cε > 0 such that

|J4| ≤ c|h|∫
Ω

η2
1

∫
0

k(x + theℓ) dt (1 + |Du|2)
q−1
2 |τℓ,hDu| dx

≤ ε∫
Ω

η2a(x)(1 + |Du|2 + |Du(x + h)|2)
p−2
2 |τℓ,hDu|2 dx

+ Cε|h|2 ∫
Ω

η2 1
a(x)(

1

∫
0

k(x + theℓ) dt)
2
(1 + |Du|2)

2q−p
2 dx

≤ ε∫
Ω

η2a(x)(1 + |Du|2 + |Du(x + h)|2)
p−2
2 |τℓ,hDu|2 dx

+ Cε‖1 + |Du|‖2q−pL∞(BR0 )
|h|2 ∫

Ω

η2 1
a(x)(

1

∫
0

k(x + theℓ) dt)
2
dx.

Therefore, we get

∫
Ω

η2(
1

∫
0

∑
i,j,ℓ,α,β

fξ αi ξ βj (x + heℓ, Du(x) + tτℓ,hDu) dt)τℓ,hu
α
xi τℓ,hu

β
xj dx

≤
1
2 ∫

Ω

η2(
1

∫
0

∑
i,j,α,β

fξ αi ξ βj (x + heℓ, Du(x) + tτℓ,hDu) dt)τℓ,hu
α
xi τℓ,hu

β
xj dx

+
C
(R − ρ)2

|h|2 + C|h|2(∫
Ω

|Dη|
2s
s−1(

1

∫
0

k(x + theℓ) dt)
2s
s−1

dx)
s−1
2s

+ ε∫
Ω

η2a(x)(1 + |Du|2 + |Du(x + h)|2)
p−2
2 |τℓ,hDu|2 dx

+ Cε|h|2 ∫
Ω

η2 1
a(x)(

1

∫
0

k(x + theℓ) dt)
2
dx,
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where all the constants in the previous estimate depend also on ‖Du‖L∞(BR0 ). Reabsorbing the first integral in
the right-hand side by the left-hand side, we obtain

∫
Ω

η2(
1

∫
0

∑
i,j,α,β

fξ αi ξ βj (x + heℓ, Du(x) + tτℓ,hDu) dt)τℓ,hu
α
xi τℓ,hu

β
xj dx

≤ 2ε∫
Ω

η2a(x)(1 + |Du|2 + |Du(x + h)|2)
p−2
2 |τℓ,hDu|2 dx

+
C
(R − ρ)2

|h|2 + c|h|2(∫
Ω

|Dη|
2s
s−1(

1

∫
0

k(x + theℓ) dt)
2s
s−1

dx)
s−1
2s

+ Cε|h|2 ∫
Ω

η2 1
a(x)(

1

∫
0

k(x + theℓ) dt)
2
dx. (3.4)

By the ellipticity assumption in (1.3) and by Lemma 2.6, we get that, for some c1(p) > 0,

c1(p)∫
Ω

η2a(x)(1 + |Du|2 + |Du(x + h)|2)
p−2
2 |τℓ,hDu|2 dx

≤ 2ε∫
Ω

η2a(x)(1 + |Du|2 + |Du(x + h)|2)
p−2
2 |τℓ,hDu|2 dx

+
C
(R − ρ)2

|h|2 + c|h|2(∫
Ω

|Dη|
2s
s−1(

1

∫
0

k(x + theℓ) dt)
2s
s−1

dx)
s−1
2s

+ Cε|h|2 ∫
Ω

η2 1
a(x)(

1

∫
0

k(x + theℓ) dt)
2
dx.

Choosing ε = c1(p)4 , we can reabsorb the first integral in the right-hand side by the left-hand side, thus getting

∫
Ω

η2a(x)(1 + |Du|2 + |Du(x + h)|2)
p−2
2 |τℓ,hDu|2 dx

≤
C
(R − ρ)2

|h|2 + c|h|2(∫
Ω

|Dη|
2s
s−1(

1

∫
0

k(x + theℓ) dt)
2s
s−1

dx)
s−1
2s

+ cε|h|2 ∫
Ω

η2 1
a(x)(

1

∫
0

k(x + theℓ) dt)
2
dx.

Using Lemma 2.1 to control the left-hand side of the previous estimate from below, we get

∫
Ω

η2a(x)|τℓ,hVp(Du)|2 dx ≤
C
(R − ρ)2

|h|2 + c|h|2(∫
Ω

|Dη|
2s
s−1(

1

∫
0

k(x + theℓ) dt)
2s
s−1

dx)
s−1
2s

+ cε|h|2 ∫
Ω

η2 1
a(x)(

1

∫
0

k(x + theℓ) dt)
2
dx,

and so, by the assumption 1
a ∈ L

s
loc(Ω) and Hölder’s inequality,

(∫
Ω

η2|τℓ,hVp(Du)|
2s
s+1 dx)

s+1
s
≤ (∫

Ω

η2 1
as(x)

dx)
1
s
∫
Ω

η2a(x)|τℓ,hVp(Du)|2 dx

≤ {
C
(R − ρ)2

|h|2 + c|h|2(∫
Ω

|Dη|
2s
s−1(

1

∫
0

k(x + theℓ) dt)
2s
s−1

dx)
s−1
2s

+ cε|h|2 ∫
Ω

η2 1
a(x)(

1

∫
0

k(x + theℓ) dt)
2
dx}‖a−1‖Ls(BR0 ).
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Dividing both sides of the previous inequality by |h|2 and letting h → 0, and using (3.1), we obtain

lim
|h|→0
(∫
Ω

η2(
|τℓ,hVp(Du)|
|h| )

2s
s+1
dx)

s+1
s
≤ lim
|h|→0

1
|h|2
∫
Ω

η2a(x)|τℓ,hVp(Du)|2 dx ‖a−1‖Ls(BR0 )

≤ {
C
(R − ρ)2

+ c(∫
Ω

|Dη|
2s
s−1 k

2s
s−1 (x) dx)

s−1
2s
+ cε ∫

Ω

η2 k
2(x)
a(x)

dx}‖a−1‖Ls(BR0 )

≤ ‖a−1‖Ls(BR0 ){
C
(R − ρ)2

+ c(∫
Ω

|Dη|
2s
s−1 k

2s
s−1 (x) dx)

s−1
2s

+ c(∫
Ω

η2 1
as(x)

dx)
1
s
(∫
Ω

η2k
2s
s−1 (x) dx)

s−1
s
} ≤ K,

with K positive constant depending on ‖k‖L 2s
s−1 (BR0 ) and ‖a

−1‖Ls(BR0 ). Therefore, by property (iv) of the finite
difference operator, we get

Vp(Du) ∈ W1, 2s
s+1

loc (Ω),

and for a sequence hn converging to 0, the sequence |τℓ,hnVp(Du)|/|hn| strongly converges to |D(Vp(Du))| in
L

2s
s+1
loc (Ω) and also a.e. up to a subsequence. Hence, by Fatou’s lemma, we also have

∫
Ω

η2a(x)|DVp(Du)|2 dx ≤ lim
|h|→0

1
|h|2
∫
Ω

η2a(x)|τℓ,hVp(Du)|2 dx ≤ K ⋅ ‖a−1‖Ls(BR0 ).

We are now ready to establish themain result of this section, that holds true with the condition 1 < p ≤ q and
not only for 2 ≤ p ≤ q.

Theorem 3.3. Consider the functional F in (1.1) satisfying assumptions (1.2), (1.3), (1.5) and (1.6), with
1 < p ≤ q. If u ∈ W1,∞

loc (Ω) is a local minimizer of F, then for every ball BR0 ⋐ Ω,

‖Du‖L∞(BR0/2) ≤ CK
ϑ
R0( ∫

BR0

(1 + f (x, Du)) dx)
ϑ
, (3.5)

∫
Bρ

a(x)(1 + |Du|2)
p−2
2 |D2u|2 dx ≤ c( ∫

BR0

(1 + f (x, Du)) dx)
ϑ

(3.6)

hold for any ρ < R2 . Here
KR0 = 1 + ‖a−1‖Ls(BR0 )‖k‖

2
Lr(BR0 )
+ ‖a‖L rs

2s+r (BR0 ),

ϑ > 0 depends on the data, C depends also on R0 and c depends also on ρ andKR0 .

Proof. We begin by noting that, by Lemma 2.7 and Proposition 3.2, if u ∈ W1,∞
loc (Ω) is a local minimizer of F,

then
Vp(Du) ∈ W1, 2s

s+1
loc (Ω) and a(x)|D(Vp(Du))|2 ∈ L1loc(Ω).

Moreover, u satisfies the Euler system

∫
Ω

∑
i,α
fξ αi (x, Du)ψ

α
xi (x) dx = 0 for all ψ ∈ C∞0 (Ω;ℝ

N).

Fix ℓ = 1, . . . , n. By considering in the equality above ψ = φxℓ with φ ∈ C∞0 (Ω;ℝN), we get

∫
Ω

{ ∑
i,j,α,β

fξ αi ξ βj (x, Du)φ
α
xiu

β
xℓxj +∑

i,α
fξ αi xℓ (x, Du)φ

α
xi} dx = 0 for all φ ∈ C∞0 (Ω;ℝ

N). (3.7)

Fix a cut-off function η ∈ C∞0 (Ω), and define for any γ ≥ 0 the function

φα := η4uαxℓ (1 + |Du|
2)

γ
2 , α = 1, . . . , N.
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One can easily check that

φαxi = 4η
3ηxiuαxℓ (1 + |Du|

2)
γ
2 + η4uαxℓxi (1 + |Du|

2)
γ
2 + γη4uαxℓ (1 + |Du|

2)
γ−2
2 |Du|(|Du|)xi .

By the a priori regularity properties of u, due to Proposition 3.2, and by observing that, by inequality (3.4),
it can be easily deduced that

x → ∑
i,j,α,β

fξ αi ξ βj (x, Du)u
β
xℓxju

α
xℓxi

is in L1loc(Ω), through a density argument, we can use φ as test function in equation (3.7), thus getting

0 = ∫
Ω

4η3(1 + |Du|2)
γ
2 ∑
i,j,ℓ,α,β

fξ αi ξ βj (x, Du)ηxiu
α
xℓu

β
xℓxj dx

+ ∫
Ω

η4(1 + |Du|2)
γ
2 ∑
i,j,ℓ,α,β

fξ αi ξ βj (x, Du)u
α
xℓxiu

β
xℓxj dx

+ γ∫
Ω

η4(1 + |Du|2)
γ−2
2 |Du| ∑

i,j,ℓ,α,β
fξ αi ξ βj (x, Du)u

α
xℓu

β
xℓxj (|Du|)xi dx

+ ∫
Ω

4η3(1 + |Du|2)
γ
2 ∑
i,ℓ,α

fξ αi xℓ (x, Du)ηxiu
α
xℓ dx

+ ∫
Ω

η4(1 + |Du|2)
γ
2 ∑
i,ℓ,α

fξ αi xℓ (x, Du)u
α
xℓxi dx

+ γ∫
Ω

η4(1 + |Du|2)
γ−2
2 |Du| ∑

i,ℓ,α
fξ αi xℓ (x, Du)u

α
xℓ (|Du|)xi dx

=: I1 + I2 + I3 + I4 + I5 + I6. (3.8)

Estimate of I1. By the use of Cauchy–Schwarz and Young’s inequalities and by virtue of the second inequality
in (1.3), we can estimate the integral I1 as follows:

|I1| ≤ 4∫
Ω

(1 + |Du|2)
γ
2 {η2 ∑

i,j,ℓ,α,β
fξ αi ξ βj (x, Du)ηxiu

α
xℓηxju

β
xℓ}

1
2
{η4 ∑

i,j,ℓ,α,β
fξ αi ξ βj (x, Du)u

α
xℓxiu

β
xℓxj}

1
2

≤ C(ε, L)∫
Ω

η2|Dη|2(1 + |Du|2)
q+γ
2 dx + ε∫

Ω

η4(1 + |Du|2)
γ
2 ∑
i,j,ℓ,α,β

fξ αi ξ βj (x, Du)u
α
xℓxiu

β
xℓxj dx, (3.9)

where ε > 0 will be chosen later.

Estimate of I3. Since

fξ αi ξ βj (x, ξ ) = (
gtt(x, |ξ |)
|ξ |2
−
gt(x, |ξ |)
|ξ |3
)ξ αi ξ

β
j +

gt(x, |ξ |)
|ξ |

δijδαβ

and
(|Du|)xi =

1
|Du| ∑α,ℓ

uαxixℓu
α
xℓ , (3.10)

then

∑
i,j,ℓ,α,β

fξ αi ξ βj (x, Du)u
α
xℓu

β
xℓxj (|Du|)xi

= (
gtt(x, |Du|)
|Du|2

−
gt(x, |Du|)
|Du|3

) ∑
i,j,ℓ,α,β

uαxℓu
β
xℓxju

α
xiu

β
xj (|Du|)xi +

gt(x, |Du|)
|Du| ∑i,ℓ,α

uαxℓu
α
xℓxi (|Du|)xi

= (
gtt(x, |Du|)
|Du|

−
gt(x, |Du|)
|Du|2

)∑
α
(∑
i
uαxi (|Du|)xi)

2
+ gt(x, |Du|)|D(|Du|)|2.

Thus,

I3 = γ∫
Ω

η4(1 + |Du|2)
γ−2
2 |Du|{( gtt(x, |Du|)

|Du|
−
gt(x, |Du|)
|Du|2

)∑
α
(∑
i
uαxi (|Du|)xi)

2
+ gt(x, |Du|)|D(|Du|)|2} dx.
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Using the Cauchy–Schwarz inequality, i.e.

∑
α
(∑
i
uαxi (|Du|)xi)

2
≤ |Du|2|D(|Du|)|2

and observing that gt(x, |Du|) ≥ 0, we conclude

I3 ≥ γ∫
Ω

η4(1 + |Du|2)
γ−2
2 |Du| gtt(x, |Du|)

|Du| ∑α
(∑
i
uαxi (|Du|)xi)

2
dx ≥ 0. (3.11)

Estimate of I4. By using the last inequality in (1.3), we obtain

|I4| ≤ 4∫
Ω

η3k(x)(1 + |Du|2)
q−1+γ

2 ∑
i,ℓ,α
|ηxiuαxℓ | dx ≤ 4∫

Ω

η3|Dη|k(x)(1 + |Du|2)
q+γ
2 dx. (3.12)

Estimate of I5. Using the last inequality in (1.3) and Young’s inequality, we have that

|I5| ≤ ∫
Ω

η4k(x)(1 + |Du|2)
q−1+γ

2 |D2u| dx

≤ σ∫
Ω

η4a(x)(1 + |Du|2)
p−2+γ

2 |D2u|2 dx + Cσ ∫
Ω

η4 k
2(x)
a(x)
(1 + |Du|2)

2q−p+γ
2 dx, (3.13)

where σ ∈ (0, 1) will be chosen later and a is the function appearing in (1.3).

Estimate of I6. Using the last inequality in (1.3) and (3.10), we get

|I6| ≤ γ∫
Ω

η4k(x)(1 + |Du|2)
q−1+γ

2 |D(|Du|)| dx ≤ γ∫
Ω

η4(1 + |Du|2)
q−1+γ

2 k(x)|D2u| dx

≤ σ∫
Ω

η4a(x)(1 + |Du|2)
p−2+γ

2 |D2u|2 dx + Cσγ2 ∫
Ω

η4 k
2(x)
a(x)
(1 + |Du|2)

2q−p+γ
2 dx, (3.14)

where we used Young’s inequality again. Since equality (3.8) can be written as

I2 + I3 = −I1 − I4 − I5 − I6,

by virtue of (3.11), we get
I2 ≤ |I1| + |I4| + |I5| + |I6|,

and therefore, recalling estimates (3.9), (3.12), (3.13) and (3.14), we obtain

∫
Ω

η4(1 + |Du|2)
γ
2 ∑
i,j,ℓ,α,β

fξ αi ξ βj (x, Du)u
α
xℓxiu

β
xℓxj dx

≤ ε∫
Ω

η4(1 + |Du|2)
γ
2 ∑
i,j,ℓ,α,β

fξ αi ξ βj (x, Du)u
α
xℓxiu

β
xℓxj dx

+ 4∫
Ω

η3|Dη|k(x)(1 + |Du|2)
q+γ
2 dx + 2σ∫

Ω

η4a(x)(1 + |Du|2)
p−2+γ

2 |D2u|2 dx

+ Cσ(1 + γ2)∫
Ω

η4 k
2(x)
a(x)
(1 + |Du|2)

2q−p+γ
2 dx + Cε ∫

Ω

η2|Dη|2(1 + |Du|2)
q+γ
2 dx.

Choosing ε = 1
2 , we can reabsorb the first integral in the right-hand side by the left-hand side, thus getting

∫
Ω

η4(1 + |Du|2)
γ
2 ∑
i,j,ℓ,α,β

fξ αi ξ βj (x, Du)u
α
xℓxiu

β
xℓxj dx

≤ 4σ∫
Ω

η4a(x)(1 + |Du|2)
p−2+γ

2 |D2u|2 dx + C∫
Ω

η3|Dη|k(x)(1 + |Du|2)
q+γ
2 dx

+ Cσ(1 + γ2)∫
Ω

η4 k
2(x)
a(x)
(1 + |Du|2)

2q−p+γ
2 dx + C∫

Ω

η2|Dη|2(1 + |Du|2)
q+γ
2 dx. (3.15)
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Now, using the ellipticity condition in (1.3) to estimate the left-hand side of (3.15), we get

c2 ∫
Ω

η4a(x)(1 + |Du|2)
p−2+γ

2 |D2u|2 dx

≤ 4σ∫
Ω

η4a(x)(1 + |Du|2)
p−2+γ

2 |D2u|2 dx + C∫
Ω

η3|Dη|k(x)(1 + |Du|2)
q+γ
2 dx

+ Cσ(1 + γ2)∫
Ω

η4 k
2(x)
a(x)
(1 + |Du|2)

2q−p+γ
2 dx + C∫

Ω

η2|Dη|2(1 + |Du|2)
q+γ
2 dx.

By u ∈ W1,∞
loc (Ω) and Proposition 3.2, the first integral in the right-hand side of previous estimate is finite.

By choosing σ = c28 , we can reabsorb the first integral in the right-hand side by the left-hand side, thus
getting

∫
Ω

η4a(x)(1 + |Du|2)
p−2+γ

2 |D2u|2 dx

≤ C∫
Ω

η3|Dη|k(x)(1 + |Du|2)
q+γ
2 dx + C(1 + γ2)∫

Ω

η4 k
2(x)
a(x)
(1 + |Du|2)

2q−p+γ
2 dx

+ C∫
Ω

η2|Dη|2(1 + |Du|2)
q+γ
2 dx

≤ C∫
Ω

(η2|Dη|2 + |Dη|4)a(x)(1 + |Du|2)
p+γ
2 dx

+ C(γ + 1)2 ∫
Ω

η4 k
2(x)
a(x)
(1 + |Du|2)

2q−p+γ
2 dx, (3.16)

where we used Young’s inequality again. Now, we note that

η4a(x)D((1 + |Du|
2)

p+γ
4 )

2 ≤ c(p + γ)2a(x)η4(1 + |Du|2)
p−2+γ

2 |D2u|2,

and so, fixing R0
2 ≤ ρ < t

 < t < R < R0 with R0 such that BR0 ⋐ Ω and choosing η ∈ C∞0 (Bt) a cut-off function
between Bt and Bt, by the assumption a−1 ∈ Lsloc(Ω), we can use the Sobolev type inequality of Lemma 3.1
with w = η2(1 + |Du|2)

p+γ
4 , λ = a and p = 2, thus obtaining

(∫
Bt

(η2(1 + |Du|2)
p+γ
4 )(

2s
s+1 )

∗
dx)

2
( 2s
s+1 )∗ ≤

c
(t − t)2

∫
Bt

a(x)(1 + |Du|2)
p+γ
2 dx

+ c(p + γ)2 ∫
Bt

η4a(x)(1 + |Du|2)
p−2+γ

2 |D2u|2 dx,

with a constant c depending on n and ‖a−1‖Ls(Bt).
Using (3.16) to estimate the last integral in the previous inequality, we obtain

(∫
Bt

η
4ns

n(s+1)−2s (1 + |Du|2)
(p+γ)ns

2(n(s+1)−2s) dx)
n(s+1)−2s

ns

≤ c( (p + γ)
2

(t − t)2
+
(p + γ)2

(t − t)4
)∫
Bt

a(x)(1 + |Du|2)
p+γ
2 dx

+ c(p + γ)4 ∫
Bt

k2(x)
a(x)
(1 + |Du|2)

2q−p+γ
2 dx

≤ c( (p + γ)
2

(t − t)2
+
(p + γ)2

(t − t)4
)∫
Bt

a(x)(1 + |Du|2)
p+γ
2 dx

+ c(p + γ)4(∫
Bt

1
as
dx)

1
s
(∫
Bt

kr dx)
2
r
(∫
Bt

(1 + |Du|2)
(2q−p+γ)rs
2(rs−2s−r) dx)

rs−2s−r
rs

, (3.17)

where we used assumption (1.5) and Hölder’s inequality with exponents s, r2 and
rs

rs−2s−r .
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Using the properties of η, we obtain

(∫
Bt

(1 + |Du|2)
(p+γ)ns

2(n(s+1)−2s) dx)
n(s+1)−2s

ns

≤ c(p + γ)4‖a−1‖Ls(BR0 )‖k‖
2
Lr(BR0 )
(∫
Bt

(1 + |Du|2)
(2q−p+γ)rs
2(rs−2s−r) dx)

rs−2s−r
rs

+ c( (p + γ)
2

(t − t)2
+
(p + γ)2

(t − t)4
)∫
Bt

a(x)(1 + |Du|2)
p+γ
2 dx

≤ c(p + γ)4‖a−1‖Ls(BR0 )‖k‖
2
Lr(BR0 )
(∫
Bt

(1 + |Du|2)
(2q−p+γ)rs
2(rs−2s−r) dx)

rs−2s−r
rs

+ c( (p + γ)
2

(t − t)2
+
(p + γ)2

(t − t)4
)‖a‖L rs

2s+r (BR0 )(∫
Bt

(1 + |Du|2)
(p+γ)rs

2(rs−2s−r) dx)
rs−2s−r
rs

,

where we used that, by assumption (1.3), a ∈ L∞loc(Ω). Setting

KR0 = 1 + ‖a−1‖Ls(BR0 )‖k‖
2
Lr(BR0 )
+ ‖a‖L rs

2s+r (BR0 ) (3.18)

and assuming without loss of generality that t − t < 1, we can write the previous estimate as follows:

(∫
Bt

(1 + |Du|2)
(p+γ)ns

2(n(s+1)−2s) dx)
n(s+1)−2s

ns
≤ c(p + γ)4KR0(∫

Bt

(1 + |Du|2)
(2q−p+γ)rs
2(rs−2s−r) dx)

rs−2s−r
rs

+ c(p + γ)2
KR0
(t − t)4

(∫
Bt

(1 + |Du|2)
(p+γ)rs

2(rs−2s−r) dx)
rs−2s−r
rs

,

and using the a priori assumption u ∈ W1,∞
loc (Ω), we get

(∫
Bt

(1 + |Du|2)
(p+γ)ns

2(n(s+1)−2s) dx)
n(s+1)−2s

ns

≤ c(p + γ)4KR0(‖Du‖
2(q−p)
L∞(BR) +

1
(t − t)4

)(∫
Bt

(1 + |Du|2)
(p+γ)rs

2(rs−2s−r) dx)
rs−2s−r
rs

. (3.19)

Setting now
m := rs

rs − 2s − r (3.20)

and noting that
ns

n(s + 1) − 2s =
1
2(

2s
s + 1)

∗
=: 2
∗
s
2 , (3.21)

we can write (3.19) as follows:

(∫
Bt

((1 + |Du|2)
(p+γ)m

2 )
2∗s
2m dx)

2m
2∗s ≤ c(p + γ)4mKm

R0

‖Du‖2(q−p)mL∞(BR)

(t − t)4m
∫
Bt

(1 + |Du|2)
(p+γ)m

2 dx, (3.22)

where, without loss of generality, we supposed ‖Du‖2(q−p)mL∞(BR) ≥ 1.
By (2.10) and definitions (3.20) and (3.21), we have

2∗s
2m > 1.

Define the increasing sequence of exponents

p0 = pm, pi = pi−1(
2∗s
2m) = p0(

2∗s
2m)

i



G. Cupini et al., Lipschitz regularity for non-uniformly elliptic integrals | 459

and the decreasing sequence of radii by setting

ρi = ρ +
R − ρ
2i

.

As we will prove (see (3.30) below) the right-hand side of (3.22) is finite for γ = 0. Then, for every
ρ < ρi+1 < ρi < R, we may iterate it on the concentric balls Bρi with exponents pi, thus obtaining

( ∫
Bρi+1

(1 + |Du|2)
pi+1
2 dx)

1
pi+1 ≤

i
∏
j=0
(CmKm

R0

p4mj ‖Du‖
2m(q−p)
L∞(BR)

(ρj − ρj+1)4m
)

1
pj (∫

BR

(1 + |Du|2)
p0
2 dx)

1
p0

=
i
∏
j=0
(CmKm

R0

4jmp4mj ‖Du‖
2(q−p)m
L∞(BR)

(R − ρ)4m
)

1
pj (∫

BR

(1 + |Du|2)
p0
2 dx)

1
p0

=
i
∏
j=0
(4jmp4mj )

1
pj

i
∏
j=0
(
CmKm

R0‖Du‖
2(q−p)m
L∞(BR)

(R − ρ)4m
)

1
pj (∫

BR

(1 + |Du|2)
p0
2 dx)

1
p0 . (3.23)

We have that
i
∏
j=0
(4jmp4mj )

1
pj = exp(

i
∑
j=0

1
pj

log(4jmp4mj )) ≤ exp(
∞

∑
j=0

1
pj

log(4jmp4mj )) ≤ c(n, r, s)

and

lim
i→+∞

i
∏
j=0
(
CmKm

R0‖Du‖
2(q−p)m
L∞(BR)

(R − ρ)4m
)

1
pj = lim

i→+∞
(
CKR0‖Du‖

2(q−p)
L∞(BR)

(R − ρ)4
)
∑ij=0

m
pj

= (
CKR0‖Du‖

2(q−p)
L∞(BR)

(R − ρ)4
)
∑∞j=0

m
pj = (

CKR0‖Du‖
2(q−p)
L∞(BR)

(R − ρ)4
)

2∗s
p(2∗s −2m) ,

where, recalling that p0 = pm, we used in the last equality that
∞

∑
j=0

m
pj
=
m
p0

1
1 − 2m

2∗s

=
2∗s

p(2∗s − 2m)
.

Therefore, we can let i →∞ in (3.23), thus getting

‖Du‖L∞(Bρ) ≤ C(n, r, p)(
KR0
(R − ρ)4

)
2∗s

p(2∗s −2m)
‖Du‖

2(q−p)2∗s
p(2∗s −2m)

L∞(BR) (∫
BR

(1 + |Du|2)
pm
2 dx)

1
pm
.

Since assumption (1.6) implies that
2(q − p)2∗s
p(2∗s − 2m)

< 1,

we can use Young’s inequality with exponents

p(2∗s − 2m)
2(q − p)2∗s

> 1 and p(2∗s − 2m)
p(2∗s − 2m) − 2(q − p)2∗s

to deduce that

‖Du‖L∞(Bρ) ≤
1
2 ‖Du‖L

∞(BR) + C(n, r, p, s)(
KR0
(R − ρ)4

)
ϑ
(∫
BR

(1 + |Du|2)
pm
2 dx)

ς
, (3.24)

with ϑ = ϑ(p, q, n, r, s) and ς = ς(p, q, n, r, s).
We now estimate the last integral. By definition of m and by the assumption on s, that implies s > nr

r−n ,
we get

m < ns
n(s + 1) − 2s .
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Thus, by Hölder’s inequality,

∫
BR

(1 + |Du|2)
pm
2 dx ≤ c(R0, n, r, s)(∫

BR

(1 + |Du|2)
pns

2(n(s+1)−2s) dx)
r(n(s+1)−2s)
n(rs−2s−r)

. (3.25)

This last integral can be estimated by using (3.17) with γ = 0. Indeed, let us re-define t, t and η as follows:
consider R ≤ t < t ≤ 2R − ρ ≤ R0 and η a cut-off function, η ≡ 1 on Bt and supp η ⊂ Bt. By (3.19) with γ = 0,

(∫
Bt

(1 + |Du|2)
pns

2(n(s+1)−2s) dx)
n(s+1)−2s

ns
≤ c( p2

(t − t)2
+

p2

(t − t)4
) ∫
BR0

a(x)(1 + |Du|2)
p
2 dx

+ cp4KBR0(∫
Bt

(1 + |Du|2)
(2q−p)rs
2(rs−2s−r) dx)

rs−2s−r
rs

. (3.26)

If we denote
τ := (2q − p)rs

rs − 2s − r , τ1 :=
nps

n(s + 1) − 2s , τ2 :=
ps
s + 1 ,

by (1.6) and s > rn
r−n , we get τ

τ1
< 1 < τ

τ2
.

Therefore, there exists θ ∈ (0, 1) such that

1 = θ τ
τ1
+ (1 − θ) τ

τ2
.

The precise value of θ is
θ = ns(qr − pr + p) + qrn

rs(2q − p) . (3.27)

By Hölder’s inequality with exponents τ1
θτ and

τ2
(1−θ)τ , we get

(∫
Bt

(1 + |Du|2)
(2q−p)rs
2(rs−2s−r) dx)

rs−2s−r
rs
= (∫

Bt

(1 + |Du|2)θ
τ
2+(1−θ)

τ
2 dx)

2q−p
τ

≤ (∫
Bt

(1 + |Du|2)
τ1
2 dx)

(2q−p)θ
τ1 (∫

Bt

(1 + |Du|2)
τ2
2 dx)

(2q−p)(1−θ)
τ2 .

Hence, we can use the inequality above to estimate the last integral of (3.26) to deduce that

(∫
Bt

(1 + |Du|2)
pns

2(n(s+1)−2s) dx)
n(s+1)−2s

ns
≤ c( p2

(t − t)2
+

p2

(t − t)4
) ∫
BR0

a(x)(1 + |Du|2)
p
2 dx

+ CKBR0(∫
Bt

(1 + |Du|2)
ps

2(s+1) dx)
(1−θ)(2q−p)(s+1)

ps

× (∫
Bt

(1 + |Du|2)
pns

2(n(s+1)−2s) dx)
θ(ns+n−2s)(2q−p)

nps
. (3.28)

Note that, again by (1.6) and (3.27), we have
θ(2q − p)

p
< 1.

We can use Young’s inequality in the last term of (3.28) with exponents p
p−θ(2q−p) and

p
θ(2q−p) to obtain that,

for every σ < 1,

(∫
Bt

(1 + |Du|2)
pns

2(n(s+1)−2s) dx)
n(s+1)−2s

ns
≤ C( p2

(t − t)2
+

p2

(t − t)4
) ∫
BR0

a(x)(1 + |Du|2)
p
2 dx

+ CσK
p

p−θ(2q−p)
BR0
(∫
Bt

(1 + |Du|2)
ps

2(s+1) dx)
(1−θ)(2q−p)
p−θ(2q−p)

s+1
s

+ σ(∫
Bt

(1 + |Du|2)
pns

2(n(s+1)−2s) dx)
n(s+1)−2s

ns
.
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By applying Lemma 2.5, and noting that 2R − ρ − R = R − ρ, we conclude that

(∫
BR

(1 + |Du|2)
pns

2(n(s+1)−2s) dx)
n(s+1)−2s

ns
≤ C( p2

(R − ρ)2
+

p2

(R − ρ)4
) ∫
BR0

a(x)(1 + |Du|2)
p
2 dx

+ CK
p

p−θ(2q−p)
BR0
( ∫
BR0

(1 + |Du|2)
ps

2(s+1) dx)
(1−θ)(2q−p)
p−θ(2q−p)

s+1
s
. (3.29)

Collecting (3.25) and (3.29), we obtain

∫
BR

(1 + |Du|2)
pm
2 dx ≤ C( p2

(R − ρ)2
+

p2

(R − ρ)4
) ∫
BR0

a(x)(1 + |Du|2)
p
2 dx

+ CK
p

p−θ(2q−p)
BR0
( ∫
BR0

(1 + |Du|2)
ps

2(s+1) dx)
(1−θ)(2q−p)
p−θ(2q−p)

s+1
s
. (3.30)

Notice that the right-hand side is finite because u is a local minimizer and (1.4) and (1.10) hold. This inequal-
ity, together with (3.24), implies

‖Du‖L∞(Bρ) ≤
1
2 ‖Du‖L

∞(BR) + C(
KBR0
(R − ρ)8

)
θ
( ∫
BR0

a(x)(1 + |Du|2)
p
2 dx)

θ̃

+ C(
KBR0
(R − ρ)8

)
θ
( ∫
BR0

(1 + |Du|2)
ps

2(s+1) dx)
̃ς

with the constant C depending on the data. Applying Lemma 2.5, we conclude the proof of estimate (3.5).
Now, we write estimate (3.16) for γ = 0 and for a cut-off function η ∈ C∞0 (B R

2
), η = 1 on Bρ for some ρ < R2 .

This yields

∫
Bρ

a(x)(1 + |Du|2)
p−2
2 |D2u|2 dx ≤ C(R) ∫

B R
2

a(x)(1 + |Du|2)
p
2 dx + C ∫

B R
2

k2(x)
a(x)
(1 + |Du|2)

2q−p
2 dx

≤ C(R) ∫
B R

2

f (x, Du) dx + C‖1 + |Du|‖2q−pL∞(B R
2
) ∫
B R

2

k2(x)
a(x)

dx

≤ C(R) ∫
B R

2

f (x, Du) dx + C(R)‖1 + |Du|‖2q−pL∞(B R
2
)( ∫
B R

2

kr(x) dx)
2
r
( ∫
B R

2

1
as(x)

dx)
1
s
,

where we used Hölder’s inequality since 1
s +

2
r < 1 by assumptions. Using (3.5) to estimate the L∞ norm of

|Du| and recalling the definition ofKR0 at (3.18), we get

∫
Bρ

a(x)(1 + |Du|2)
p−2
2 |D2u|2 dx ≤ c(∫

BR

1 + f (x, Du) dx)
̃ϱ
,

i.e. (3.6), with c depending on p, r, s, n, ρ, R, KR0 .

4 Proof of Theorem 1.1

Using the previous results and an approximation procedure, we can prove of our main result.

Proof of Theorem 1.1. For f (x, ξ ) satisfying assumptions (1.3)–(1.6), let us introduce the sequence

fh(x, ξ ) = f (x, ξ ) +
1
h
(1 + |ξ |2)

ps
2(s+1) .
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Note that fh(x, ξ ) satisfies the following set of conditions:
1
h
(1 + |ξ |2)

ps
2(s+1) ≤ fh(x, ξ ) ≤ (1 + L)(1 + |ξ |2)

q
2 , (4.1)

c1
h
(1 + |ξ |2)

ps
2(s+1)−2|λ|2 ≤ ⟨Dξξ fh(x, ξ )λ, λ⟩, (4.2)

|Dξξ fh(x, ξ )| ≤ c2(1 + L)(1 + |ξ |2)
q−2
2 , (4.3)

|Dξx fh(x, ξ )| ≤ k(x)(1 + |ξ |2)
q−1
2 (4.4)

for some constants c1, c2 > 0, for a.e. x ∈ Ω and for every ξ ∈ ℝN×n.
Now, fix a ball BR ⋐ Ω, and let vh ∈ W1, pss+1 (BR ,ℝN) be the unique solution to the problem

min{∫
BR

fh(x, Dv) dx : vh ∈ u +W1, pss+1
0 (BR ,ℝ

N)}.

Since fh(x, ξ ) satisfies (4.1), (4.2), (4.3) (4.4) with k ∈ Lr, r > n, and (1.6) holds, then by the result in [23], we
have vh ∈ W1,∞

loc (BR). Therefore, it is legitimate to apply Proposition 3.2 to obtain that Vp(Dvh) ∈ W1, 2s
s+1

loc (BR)
and a(x)|D(Vp(Dvh))|2 ∈ L1loc(BR).

Since fh(x, ξ ) satisfies (4.1), by the minimality of vh, we get

∫
BR

|Dvh|
ps
s+1 dx ≤ cs ∫

BR

a(x)|Dvh|p + cs ∫
BR

1
as(x)

dx ≤ cs ∫
BR

fh(x, Dvh) dx + cs ∫
BR

1
as(x)

dx

≤ cs ∫
BR

fh(x, Du) dx + cs ∫
BR

1
as(x)

dx

≤ cs ∫
BR

f (x, Du) dx + cs
h ∫
BR

(1 + |Du|)
ps
s+1 dx + cs ∫

BR

1
as(x)

dx

≤ cs ∫
BR

f (x, Du) dx + cs ∫
BR

(1 + |Du|)
ps
s+1 dx + cs ∫

BR

1
as(x)

dx.

Therefore, the sequence vh is bounded in W1, pss+1 (BR), so there exists v ∈ u +W1, pss+1
0 (BR) such that, up to

subsequences,
vh ⇀ v weakly inW1, pss+1 (BR).

On the other hand, we can apply Theorem 3.3 to fh(x, ξ ) since the assumptions are satisfied, with L replaced
by 1 + L. Thus, it is legitimate to apply estimates (3.5) and (3.6) to the solutions vh to obtain

‖Dvh‖L∞(Bρ) ≤ CK
̃ϑ
R(∫
BR

(1 + fh(x, Dvh)) dx)
̃ς
≤ CK ̃ϑR(∫

BR

(1 + fh(x, Du)) dx)
̃ς

= CK ̃ϑR(∫
BR

(1 + f (x, Du) + 1
h
(1 + |Du|2)

ps
2(s+1) ) dx)

̃ς

≤ CK ̃ϑR(∫
BR

(1 + f (x, Du) + (1 + |Du|2)
ps

2(s+1) ) dx)
̃ς
, (4.5)

with C, ̃ϑ, ̃ς independent of h and 0 < ρ < R. Therefore, up to subsequences,

vh ⇀ v weakly* inW1,∞(Bρ). (4.6)

Our next aim is to show that v = u. The lower semicontinuity of u → ∫BR f (x, Du) and the minimality of vh
imply

∫
BR

f (x, Dv) dx ≤ lim inf
h
∫
BR

f (x, Dvh) dx ≤ lim inf
h
∫
BR

fh(x, Dvh) dx ≤ lim inf
h
∫
BR

fh(x, Du) dx

= lim inf
h
∫
BR

(f (x, Du) + 1
h
(1 + |Du|2)

ps
2(s+1) ) dx = ∫

BR

f (x, Du) dx.
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The strict convexity of f yields that u = v. Therefore, passing to the limit as h →∞ in (4.5), we get

‖Du‖L∞(Bρ) ≤ CK
̃ϑ
R(∫
BR

(1 + f (x, Du) + (1 + |Du|2)
ps

2(s+1) ) dx)
̃ς
,

i.e. (1.7). Moreover, it is legitimate to apply estimate (3.6) to each vh, thus getting

∫
Bρ

a(x)(1 + |Dvh|2)
p−2
2 |D2vh|2 dx ≤ c(∫

BR

(1 + fh(x, Dvh)) dx)
̃ϱ
≤ c(∫

BR

(1 + fh(x, Du)) dx)
̃ϱ

= c(∫
BR

(1 + f (x, Du) + 1h (1 + |Du|
2)

ps
2(s+1) ) dx)

̃ϱ
,

where we used the minimality of vh and the definition of fh(x, ξ ). By Remark 2.2, the above estimate
implies that the sequence x → √a(x)D(Vp(Dvh)) is bounded in the L2(Bρ)-norm. Using also (4.6) and that
v = u, we get that, up to subsequences, this sequence converges in the weak topology of L2(Bρ)-norm to
√a(x)D(Vp(Du)). By the lower semicontinuity of the L2-norm with respect to the weak convergence, we
conclude that

∫
Bρ

a(x)|D(Vp(Du))|2 dx ≤ lim inf
h
∫
Bρ

a(x)(1 + |Dvh|2)
p−2
2 |D2vh|2 dx

≤ c lim inf
h
(∫
BR

(1 + f (x, Du) + 1h (1 + |Du|
2)

ps
2(s+1) ) dx)

̃ϱ

= (∫
BR

(1 + f (x, Du)) dx)
̃ϱ
,

i.e. (1.8).
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