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Abstract

We give a characterization of equilibrium measures for p-capacities on the boundary of an
infinite tree of arbitrary (finite) local degree. For p = 2, this provides, in the special case of
trees, a converse to a theorem of Benjamini and Schramm, which interpretes the equilib-
rium measure of a planar graph’s boundary in terms of square tilings of cylinders.

Keywords Infinite trees - Nonlinear potential theory - Capacity - Equilibrium measures -
Tilings

Mathematics Subject Classification 31C15 - 05C63 - 05C05 - 05B45 - 52C20

1 Introduction

In Electrostatics, an amount of, say positive, electric charge free to move across a conductor
A in the Euclidean space will reach an equilibrium configuration u, which at the same time:
(1) minimizes the energy £(u) carried by the generated electrostatic potential; (2) minimizes
the maximum value of the potential; (3) makes the potential constant on the whole A, except
possibly for a small exceptional set. For a given system of units, there is an amount || || of
charge for which the potential on (most of) A is unitary. The total charge || #|| is the capacity of
the conductor and u is the corresponding equilibrium measure of A. The mathematical theory
of electrostatics, developed by Gauss, then put on firm mathematical foundations by Frost-
man, was later extended in many directions. See [6] for a survey of axiomatic linear theories
which goes far beyond the scope of this article, and [1] for a rather general axiomatic non-
linear theory. The problem we consider here, in a special instance, is that of characterizing
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equilibrium measures. Namely, given a positive measure y, our ‘“measurable”, is there a way
to tell whether or not it is the equilibrium measure for some conductor A? The equilibrium
measures are known to satisfy a number of properties, but to the best of our knowledge a com-
plete answer is available only for the equilibrium measure of the boundary of a planar graphs.
The case of finite, planar graphs is studied in [14], and a combinatorial interpretation of the
equilibrium measure y of the boundary of possibly infinite, planar graphs satisfying an extra
technical hypothesis, is contained in a beautiful article by Benjamini and Schramm [4].

In this article, we characterize the equilibrium measures, within Nonlinear Potential
Theory, for subsets of the boundary of an infinite tree. Benjamini and Schramm’s theorem,
in the case of trees, would apply to the equilibrium measures of a closed subset of the tree
boundary. We find a condition which characterizes the equilibrium measures of subset of
the trees, providing, in this special context, a converse to their result.

In order to state our main finding, we fix some minimal notation, to be better developed
in the next section. A tree T is a connected graph with no cycles. We denote by E the set
of its edges and by V the set of its vertices. Given two vertices x, y, we write x ~ y if they
are connected by an edge. We consider infinite trees such that each vertex has a finite but
arbitrary number of neighbors. We assume that there is a unique, distinguished edge w one
of whose endpoints, o, is not endpoint of any other edge. We say that o is the root of T. Let
# denote the standard graph distance, which counts the number of edges along the shortest
path connecting two vertices. A sequence of pairwise connected edges with no repetitions
is called a geodesic, since it minimizes the graph distance between any couple of vertices
lying along it. We also say that a vertex belongs to a geodesic if it is the endpoint of some
edge belonging to the geodesic. A half infinite geodesic emanating from o is said to be a
ray. The boundary dT of the tree can be classically identified with the set of rays. We set
V =V udT. We partially order v by writing £ > y if and only if y lies on the geodesic con-
necting o and ¢ (or if y belongs to the ray & in the case § € dT'). Thus, edges are oriented
and we can identify E with the subset of couples (x, y) in V X V such that x ~ y and y > x.
The boundary of the tree is a compact metric space with respect to the visual metric (see
the section on preliminaries). We have then Borel signed measures on 0T, which we call
charges, while measures are intended to be nonnegative. As we will detail in the next sec-
tion, using these ingredients and following the classical theory presented in [1], we can
develop a Nonlinear Potential Theory on the tree. In particular, for any p € (1, +00) one
can associate to a charge u a nonlinear potential V,,u : V — R, and a notion of p—capacity
for subsets of the boundary is made available, see Sect. 1 for the definitions. By the general
theory, we know that for each capacitable A C 0T, there exists a unique positive meas-
ure u* with support in the closure of A realizing its p—capacity ¢,(A), namely, such that
c,(A) = | #2]]. We call g the p—equilibrium measure for A.

Equilibrium measures are strictly related to trace inequalities for discrete Hardy opera-
tors [2, Theorem 5]. The simplest interpretation, however, is in terms of elementary rescal-
ing properties of trees, see Sect. 2. Our goal is characterizing which measures u are equi-
librium measures of some subset of the boundary. Such a characterization is encoded in
the following integro-differential equation, which we will call, accordingly, the equilibrium
equation:

Vel Vel Pyl(1-g) = Y [Velzwll, [yl €E.
[zw] €E (D
z22x
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Equilibrium measures on trees

In the above expression p,p’ € (1, 0o) are Holder conjugate exponents, E denotes the set of
edges of the tree, g is a function defined on the vertices, Vg[x,y] := g(y) — g(x) denotes its
gradient on the edge [x, y] and the right-hand side is a Sobolev energy. Our main result is
the following.

Theorem 1 (i) Let u be the p—equilibrium measure for a set A C 0T. Then the function
g= Vp,u solves (1).

(it) Conversely, let g : V — R be a solution of (1) with||g|l, < 1. Then, there exists an
F, set A C 0T with equilibrium measure u* such that g = Vp(ﬂA).

Observe that equation (1) is non linear even in Linear Potential Theory. This is not sur-
prising, since linear combinations of equilibrium measures are only seldom equilibrium
measures themselves. From the discussion in Sect. 3 it will be clear that solutions of (1) are
automatically p—harmonic functions which are increasing along geodesics emanating from
0. We will see how the equilibrium equation may be reformulated as an equation for meas-
ures (equation (4) in Sect. 2) or for edge functions (equation (5) in Sect. 3).

The equation can be interpreted in several ways. In the linear case p = 2 it says that equi-
librium measures on trees can be associated to particular tilings of rectangles by squares.
This gives an independent proof of the tiling theorem of Benjamini and Schramm [4, Theo-
rem 4.1], in the special case of a tree, and, more interestingly, it provides a converse result.

Here is the precise statement (see Sect. 5). We say that a square tiling of the rectangle
R =10,7] X [0, 1] has combinatorics prescribed by a tree T if there is a bijection a -~ Q,,
from the edge set of T to the set of tiles such that « and f have a common vertex and a <
if and only if the squares O, and O are neighbouring in the tiling and the upper side of 0,
lies on the lower side of Q,.

I p(w) = p” (9T) = ca(A)

A
B
A
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Theorem 2 (i) Let T = (V,E) be a rooted tree and u* be the equilibrium measure (for
p=2)foraset ACOT.

Then, there exists a square tiling {Q,},cr of the rectangle R = [0, c,(A)] X [0, 1], where
the combinatorics of the tiling are prescribed by T and the square Q, has side of length
£(a) = uA(aT,).

(it) Conversely, suppose a rectangle R = [0,c] X [0, 1], ¢ < 1, is square-tiled by {Q,},
with combinatorics given by a rooted tree T.

Then there exists an F subset A of 0T such that the measure u(0T,) = £(a), is the equi-
librium measure of A, and then c,(A) = c.

A consequence of this theorem is that the different tilings having the same tree-combi-
natorics can be parametrized by a family of F | subsets of 97.

Theorem 2 is very much related to results in [4, 12, 14]. Benjamini and Schramm
proved that the equilibrium measure of a planar graph’s boundary is associated to a tiling
of a cylinder by squares, and on trees, analytically, this is the content of (1). The converse
statement is not true: there are tilings of cylinders whose combinatorics are prescribed by
a planar graph, in which the sizes of the tiles do not reflect the equilibrium measure of
the graph’s boundary; trees provide plenty of counterexamples. Theorem 2 provides, in the
special case of trees, the correct bijection between tilings and discrete potential theoretic
objects. It would be very interesting to have a generalization of this statement to the whole
class of planar graphs.

Again in the linear case, Theorem 1 is related to some beautiful theorems of Kai-Lai
Chung (see [10, 11]), interpreting equilibrium measures in terms of last exit times for sto-
chastic processes. The results of Chung, and of Benjamini and Schramm, have a probabil-
istic statement, or proof. As we work in the nonlinear case 1 < p < o0, we do not expect
probabilistic methods to apply here. Even in the linear case, however, it would be interest-
ing to have a converse to Benjamini and Schramm’s theorem on planar graphs, and this
converse might have a probabilistic proof. See the monographs [13, 16] and [15] for thor-
ough introductions to the stochastic processes which are here relevant.

The paper is organized as follows. Section 1 is devoted to present some preliminary
results of Potential Analysis on trees. Section 2 contains the proof of (i) in Theorem 1,
which follows quite easily from some rescaling properties we present. In Sect. 3 we pro-
vide some useful reinterpretation of equation (1) in terms of edge functions and of meas-
ures. The proof of part (ii) of our characterization is more subtle and is given in Sect. 4.
In Sect. 5 we discuss some new results on square tilings of rectangles which follow from
Theorem 1 with p = 2. Finally, in Sect. 6 we show how capacities can be expressed by a
recursive formula involving branched continued fractions, and we exploit this fact to give
another reformulation of Theorem 1.
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Equilibrium measures on trees

2 Potential theory on the tree

Let T be a tree with root vertex o and root edge w, as described in the Introduction.
A vertex is said to be a leaf if it is the endpoint of one edge only. Being mainly inter-
ested in infinite trees, we will assume that T has no leaves except o; this is a simplifi-
cation but not a restriction. Given a € E, we write b(a) and e(a) for its beginning and
ending vertex, respectively, i.e., they are connected by @ and b(a) < e(a). We denote
by |a| the level of an edge a, which is the number of edges preceding a in the geo-
desic to the root w. With this definition we have |w| = 0. Levels of vertices are given
by the rule |b(a)| = |a|. We define the sons of an edge a as the elements of the set
s(a)={p€E: p~a,|f|l=|al+1}. A subtree rooted at a is a rooted tree S having
root edge @ and as edge set a subset of {f € E : f > a}, the set of edges of T which are
larger than a with respect to the order relation induced by o. We simply say that S is a
subtree of T if it is a subtree rooted at w. We denote by T, the full subtree rooted at a,
i.e., that whose edge set is exactly {f € E : f > a}. We call T, the a-tent. Observe that
subtrees are obtained subtracting from T a countable union of tents. The boundary o7,
of the a-tent is exactly the set of rays passing through a. We put on 0T the topology gen-
erated by the boundary of tents, namely the one having as a basis {07, } ,cg-

It is clear that the counting metric # does not extend properly to the boundary of an
infinite tree. We endow V with a different metric: given two points &,n € 1_/, we define
their confluent to be the vertex £ Anp =max{x € V : x < &,x < n}. Then, we define the
visual metric

de,n) = e M, 2

The reader familiar with Gromov’s theory of hyperbolic spaces can observe that for
&,n € V, expression (2) coincides with the Gromov product on (V, #), given by

(), = 305 0) +#0,0) ~ #(x.3), xyEV.

In fact, one can extend such a product to points in 0T by setting (&, #), = lim(x, y),, where
the limit is taken for x — &,y — n along the rays labeled by & and . With this notation we
have d(&,n) = (&,1),. It is not hard to see that (2) defines a distance on V, which in fact is
an ultrametric, and that V,d is a compact metric space (see, for example, [15, p. 121]).

Moreover, the topology induced by this metric on 07 is the tent topology introduced before.
There is a one-to-one correspondence between compact sets in d7 and boundaries of
subtrees, in the following sense.

Proposition 1 A set K C 0T is compact if and only if there exists a subtree Ty C T such
that K = 0Tk.

Proof The fact that the boundary of a subtree is compact follows directly from the defini-
tion of subtree. Conversely, if K is compact, consider the subtree S C T having as edge
set E(S)=P(K) :={a€E: a<{, forsomeé € dK}. Clearly K C dS. On the other
hand, if £ € dS, by definition of boundary of a tree, P({£}) C E(S). Now, suppose by con-
traddiction that £ € K. Then, by compactness, there exists and an edge a € E such that
0T, (VK =@ and & € 0T,. Hence, B & P(K) for p € P({£}) C E(S) with |B] > |a/, leading
to a contraddiction. O
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We present now a Nonlinear Potential Theory on the tree 7" which falls within the axi-
omatics developed in §2.3-2.5 of the treatise of Adams-Hedberg [1]. We consider the com-
pact metric space (V,d) and we make E into a measure space by endowing it with the
counting measure. We introduce the kernel k : V X E — R, given by the indicator function
k(¢, @) = I,z (&, a). Observe that k(-, @) is continuous on 97, since 97T, is open.

Given a function f : E —» R and p,p’ € (1,400) such that 1/p + 1/p’ = 1, we define
the p—potential of f, I,f : V — R U {+o0}, by

L@ = Y k& af@lf @l 2= Y f@lf@ .

a€E Esa<é

We fix the convention /,f(0) = 0 and we ease the notation by simply writing If in place of

Lf.
The co-potential of a charge u € M(0T) is defined as the edge function

I'u(a) = ﬁ k&, a)du(&) = u(dT,), a€E.
\4

Observe that (If, u) 251y = > I" 1) o2y

To the charge u one can then associate the nonlinear potential V,u(§) = I,I* u(x),
£ e V. It is easily seen that for p =2 one recovers the logarithmic potential of u on the
metric space (\_/, d),

1 —
Vou(é) /aT og dEV) uv), &€V

The p—energy of the charge u is given by
— — P
&) = /BT Vou(@du) = 1 ull,-

Setting Q, = {f € £P(E) : If > 1 on A}, we define the p-capacity of a set A C 0T as

p—_— 4
¢)(4) = inf IfI.
A property holds c,-a.e. on A if it holds everywhere on A but for a subset of zero
p;c?]pacity. A function f is admissible for A C 0T if fe€ Q, . It can be proved that
Qy =_{}§ € f’i cIf>1 ¢, —a.e. on A}, see [1], and that there exists a unique function
fA e, ,called p-equilibrium function for A, such that

= i P — ||[FAIP
c,(A) = min_[IFII = IIF*12.
feQ,

Moreover, for such a function it holds If4 = 1 c,ma.e.on A.

We call a point & € A irregular for A if IfA(€) # 1. Clearly the set of irregular points for
any set A has zero p—capacity.

As a set function, p-capacity is monotone, countably subadditive and regular from
inside and outside, i.e.,

(in) cp( U An) = li’rln cp(An)for any increasing sequence (A, of arbitrary subsets of 0T

(out) cp( ﬂ(Kn)) = lirrln c,(K,), for any decreasing sequence (K,,) of compact subsets of 0T
n
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A set ACOIT is capacitable if ¢ a)=sup{c,(K): K €A, K compact} = inf{c,(G) : G 2 A, G open}.
From (in) and (out) follows that all Suslin sets, and in particular all Borel sets, are capacit-
able, see [9].

Observe that without losing generality, in the definition of p—capacity the
infimum can be taken over functions supported on the predecessor set of A,
PA) :={a€E: a<{, forsomeé € A}. Namely, the capacity of a compact set K
only depends on the combinatorics of P(K) and not on the rest of the tree, and if Ty C T
is the subtree having K as a boundary (see Proposition 1), we have ¢,(K) = ¢,(0Tx),
where the right handside is intended as the capacity when Ty is taken as the ambient
space.

It is possible to give a dual definition of capacity in terms of measures on 97 rather than
of functions on E. The proof of the following theorem is a straightforward adaptation of an
equivalent result [1, Theorem 2.5.6] for capacities in R" arising by regular enough kernels.

Theorem A Suppose that A C 0T is a Suslin set. Then
c,(A) = sup{u(AY’ 1 p >0, supp(u) CA,E,(u) <1}.

Moreover, there exists a unique positive Borel measure u supported in A, called the p—
equilibrium measure of A, such that

HA(A) = ¢, (A) = E,(u),
and Iy (@)’ ~! = fA(a), a € E.

With this definition of capacity, it is clear that if a property (P) holds ¢,—a.e. on
A C 9T, then it holds y—a.e. on A for every measure y with Ep(y) < 0. To see this, let

B:={£€A: =(P)}, sothat c,(B) = 0. The measure v := ﬂ—|B, satisfies £ (v) < 1.
E,(w)'r Y
Then, v(B) < ¢,(B) = 0, from which it follows u(B) = 0.
We conclude the section by showing that in 97 there exist compact subsets with arbi-
trary p-capacity.

Proposition 2 Let T" be a homogeneus tree of degree n. For each real number
t € [0,¢,(0T")] there exists a compact subset K, of the boundary oT" such that c,(K,) = 1.

Proof Each edge a of T", except the root, can be given an index i(a) € {0, ...,n — 1} which
distinguishes it from the other n — 1 edges f such that b(f) = b(a). We can define a map
A 1 9T" — [0, 1] associating to each point & = {a; }J?‘i , € OT" the number having expansion
in base n given by

[os]

AE) = Z i(a)n.

Jj=1

The map A is clearly onto but it fails to be injective because of the multiple representations
of the rational numbers. Still, A~!(¢) has at most two points. Moreover, A is continuous,
since
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[Se]

MA@ -AMIS (-1 Y ndxn M — 0, aspEn) - 0.

J=lénn|+1

Now, consider the function ¢ : [0,1] — R given by @(¢) = cp(/\‘1 [0,¢]). This is an
increasing map, and we know that ¢(0) = 0 and ¢(1) = cp(aT”). By the subadditivity of Cps
the continuity of A and the regularity of capacity, we have

@t +€) — p(t) < ¢, (A [t, 1+ €]) — ¢, (A {1}).

The right handside equals zero, since the preimage of a single point under A is finite.
By similar reasoning we estimate @(¢) — @(t — €). It follows that ¢ is continuous and
@([0,1]) =[O, cp(aT")]. The result is obtained picking K, = A0, 7 ()] O

3 Rescaling of capacities

In this section we show that equilibrium measures rescale under changes of the root in
a tree, in a sense that will be more clear soon. This is a point where trees behave much
more simply than general planar graphs, and constitutes the key property to prove (i) in
Theorem 1. We introduce a subscript notation to indicate which is the root of the tree we
are referring to. For example, given the rooted tree T and some edge a € E, we write [, ,
for the p—potential operator acting on functions defined on the edges of the a—tent T,
Ip’mf = Ip()(T,,f)- Accordingly, V,, ,u =1, ,I" u, Sp’a(y) = zﬂZa |I*/4(/3)|1’/ and ¢, , denotes
the capacity when we consider T, as ambient space. In the same fashion, if A is a subset
of 0T, A, =ANJT,.

A question arises: if A is a subset of dT and u its p—equilibrium measure, which is
the p—equilibrium measure y, for A, in the tent 7, ? It is natural to expect that it is a res-
caling of the measure y, i.e., u, = k, p|, for some positive constant k,. In such a case,
for c,—a.e. &in A,, we would have ‘

L=V, utta®) = KV, (i@ = K (V&) = Vouo(@))) = K7 (1= Vo) ).
It follows that the only possible candidate rescaling constant is
1-p
k, = (1 - Vp/,t(b(a))> . 3)
We now prove that our Ansatz is correct. This was already observed in [3].

Proposition 3 Let u be the p—equilibrium measure for a set A C 0T . Then,
H |aTa

(1-Vyucbian) ™

l’la = kaﬂ'Au =

is the p—equilibrium measure for A, C 07T,
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Proof Let @ be the (unique) p—equilibrium function of A, in 7,,. We want to prove that
. Define the edge function,

(pa — I*#Z —
fp) = (1 B Vp”(b(a))><0a(ﬂ) iff>a
Fup Y otherwise .

Then fis admissible for A C 9T, since for c,—a.e.£ € A \A,, If(§) = V,u(€) = 1, while for
c,—a.e. & €A, itholds

@) = 1@ + I b@) = (1= V,ub(@) ) 1,0, (&) + V,u(b(@) = 1.

Clearly I* u”'~' is an admissible function for A, C 9T, since I, I*u” =" < II* y?'~' = 1, c.p—

; P w p =P —nrEgn?
a.e. on A. Hence, it must be||(pa||f,)(Tu) < |\I* ”f"(Ta) =||I 'u”f”'(T,,)' It follows
p P p s p'—11P
W1, = (1= Vo) ) g1, + 10
< 1 ull” *ull” = =
SN UI g, B = €)= 6.

Then, f must be the equilibrium function for A, and by the uniqueness of the equilibrium
function f = I* =1, This implies @, = I* . O

As an immediate consequence we have the following.

Corollary 1 Let A C dT be a set of positive capacity and a € E, a not the root edge of T,
such that A C dT,. Then c,, ,(A) > c,(A).

Proof Since k, > 1, we have Cpa(A) = o (A) =k, pu(A) > p(A) = c,(A). O

Observe in passing that the above corollary is supported by visual intuition, since
we expect the capacity of a set to be larger if we look at the set from a closer point of
view.

We can now give a necessary condition for a measure to be of equilibrium, thus
proving (i) in Theorem 1.

Proof (Proof of (i) in Theorem 1) We claim that for every a € E, u solves the following
equation:

I @)1= Vyub(@) ) = €, 4

Suppose the claim holds and let g =V, u. It is easily seen that Vg[x,y] = I* u[x, yIP'~! for
every edge [x,y] € E. It follows that g solves the equilibrium equation (1).

To prove the claim, let « € E. If A, = @, then by the topology of the tree follows that
also AndT, = @. Since supp () C A, I* u(a) = 0, and hence I* u(f) = 0 for all § > a, and
(4) trivially holds. Otherwise, on one hand we have

&y o)

Cp,a(Aa) = gp,a(.ua) = - \r’
(1= V@)
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and on the other,
I pu(a)

Cralhy) = Hy(A,) = k,u(A,) = —.
(1= Vu@)

Matching the two expressions we get the claim. |

4 Flows on edges and p—harmonic functions

Observe that equation (4) can be regarded as a special instance of an equation for edge
functions:

F@(1=1Lf0@)) = Y@V, [:E-R )

p>a

In the particular case when the function f is the co-potential of a charge u on the 0T, the
above equation reduces to (4). It is clear that a necessary condition for an edge function fto
be the co-potential of a charge is to satisfy the following additivity condition

fla) = Z f(p), foralla €E. ©

BEs(a)

A function f : E — R fulfilling (6) is said to be a flow on T.

In [8, Proposition 2.2] a full characterization for edge functions which are co-potentials
of charges is given. For nonnegative functions, however, such a characterization takes a
very simple form, of immediate verification: an edge function fis a nonnegative flow if and
only if f = I u for some nonnegative measure y on 97 .

It turns out that solutions of (5) with bounded p—potential are always flows, and hence
they have a measure representation.

Proposition 4 Let f : E — R be a solution of (5) such that I,f < 1on V. Then f = I"u for
some nonnegative measure y on oT.

Proof First of all observe that for a function f solving (5), the condition Lf < 1 automat-
ically implies that f > 0 on E. We want to show that f satisfies (6) for every a € E. If
f(a) = 0 for some edge a, then the right handside of equation (5) says that f(f) = 0 on all
edges f > « and then clearly (6) holds in a. Now, consider edges a such that f(a) # 0. We
have

YISO —f@r = Y Yoy = Y fB)(1- 1060

pza BES(a) y2P pes(a)
= (1-1fe@)) X 18) )
pEs(a)
= (1-1fCe@)(~f@+ Y, f®) + Y16 - f@y"
pEs(a) p>a
Since 1 — I f(e(a)) > 0, for every a, then fis a flow, and the result follows. a
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A similar calculation as in the proof of Proposition 4 can be used to show that, if fis a
(not necessarily positive) flow and (4) holds for || large, then it holds everywhere. We give
here the explicit details.

Proposition 5 Let a € E and suppose that fis a flow solving (4) for p € s(a). Then f solves
4) also in a.

Proof Following the line of (7) and using the flow property of f we easily obtain

DBV = @p + (1= 1fe@)) Y, B

p>a pEs(a)
= @ (f@U @ + 1 = [ fe(@)) = f@(1 = [fb@)).

O

We end the section by pointing out that the flow condition (6) for edge functions has a
neat counterpart for vertex functions. In fact, it is easy to observe [8, Proposition 2.3] that
fis a flow if and only if 7,f is p—harmonic on V'\ {o}. In this context, the p-Laplacian of a
function g : V — R at a vertex x is given by

IWIOREDY (g(y) - g(x)> |g(y) - g(x)|p_2,

y~x

and g is p-harmonic it A,g =0 on V' \ {o}. From Proposition 4 then immediately follows

Corollary 2 Let g : V — R be a solution of (1) with||g||, < 1. Then g is p—harmonic.

5 Proof of Theorem 1

In this section, we prove (ii) in Theorem 1, namely that for a measure with bounded nonlin-
ear potential it is sufficient to solve equation (1) to be an equilibrium measure.

Proof (Proof of (ii) in Theorem 1) Letg : V — R, with||g||, < 1, be a solution of (1). With-
out loss of generality, normalize assuming g(0) = 0 (the function g = (g — g(0))/(1 — g(0))
solves (1), is bounded by 1 and vanishes at o). Set f(a) = Vg(a)’~!, @ € E. Then f solves
(5) and I,f = g is bounded by 1. It follows by Proposition 4 that there exists a nonnegative
Borel measure p on 07 such that f = I* p and, consequently, g = V.

Observe that u has finite p—energy: since it solves (4) at every edge a, by evaluating at
a = @ we get Sp(y) = udT) = Vp(,u)(e(a)))l"‘1 < 1. Moreover, V_u(&) = limhé Vp,u(x) <l
‘We show that indeed Vp u=1,pu—ae. ondT.

Let Sy ={a € E : |a| = N}. To each N € N we associate a piecewise-constant func-
tion @, on the boundary, @, (&) = (1 — Vp,u(b(a))) for ¢ € 0T,, a € Sy. Then we have
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0< / Op@E)du&) = Y, / Oy (OduE©) = Y, (1 = V,u(b@)I* u(a)
aT aESy oT, aESy

= Y & =Y FuBy =& - Y, I'upy’.

a€Sy [B1=N |BI<N

Since Ep(,u) < 00, it follows that

/ @y (E)du(€) — 0, as N — +oo.
oT

Also, Oy(E) \, (&) :=1- Vpﬂ(.f) >0 as N - +o0. Hence, by monotone convergence
theorem, we obtain

/ DE)du€) = | (1 =V,u(&))dué) =0,
oT oT

which gives V, u(€) = 1, u—a.e. on dT.
Consider now the irregular points for u, i.e., with the y—measure zero set

L) = {& € supp (u) : V,u() <1}.

Let B, = {& € supp(u) : V,u() <1-1/2"}. Clearly B, C B, and Z(u) = U, B, Fix
€ > 0, and choose a collection of edges (oc;‘)neN jeg,» such that {07}, },c ; is an open cover
of B,, where T}, is the a!—tent. Without loss of generally, we can assume that (ozjf’)nGN jed,
satisfies the following:

(1) Bn g Ujej,, aTj,n
(i) T, N T, =9, for (j,n) # (i, 1)
(i) |7, =m, eN

@iv) Zjej,, I*M((xj{l) <eg/2"

In fact, if the intersection in (ii) was not empty, one of the two would be contained in
the other and can be replaced by it in the covering family. Moreover, all the sublevel sets
B, are compact, since pr is continuous. Hence, for each n, we can extract a finite sub-
cover so that B, C J,c; 0T}, with|7,| = m, € N, which is the finiteness condition on the
index set in (iii). Finally, condition (iv) comes from the outer regularity of the measure
u: since 0 = u(B,) = inf{u(d7T,) : a« € E,dT, 2 B, }, there exist sequences (a;’)j such that
u(dT;,) — 0 and we can assume to properly extract each subcover from one of those.
Write 0T = F, J G,, where G, :=J,,, 0T}, and F, = 9T \ G,. Observe that,

WOT) 2 (F,) = u(@T) = p(G,) = u(dT) = Y, I'u(a)) 2 u(@7) = Y /2" = u(@T) ~ e.

Jn n
Hence we have,

u(OT) = lim u(F,).

Now, V,u = lon A, := supp (u) N F_, so that Vou is a p-admissible function for A,. Then,
by definition of capacity we have
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c)(A) < E,(ulr) < E,(w) = pu(aT). ®)
HlF, . .. .
On the other hand, the measure v¢ := ————— is admissible for A,, since £,(v*) = 1.
Ey(ulp)r g
By the dual definition of capacity it follows that

ul,) \»

> VE >(——= ).
G0 zvar (s ) ©

We are now ready to build up the candidate F set. Let {€(k)}, be a sequence of positive
numbers such that £(k) \, 0 as k — +co. Define A := J, A, ), Which is clearly an F, set.
Observe that we can assume that the covers related to each choice of € are taken so that
G.er1) € Gy Therefore, A ) /" as k = +oo. It follows that

. . . (k)
uA) = klgg ﬂ(Aé(k)) = u(7T) - klgg #(Gg(k)) 2 pu(dT) — klgg Z o = pu(a7),

while the reverse inequality is trivially true. Using this together with (8) and (9) and the
regularity of the p—capacity, we obtain

¢p(A) = lim ¢,(A;4) = p(0T) = pu(A).
O

It is clear from the proof that the situation is much easier for measures with no irregular
points.

Corollary 3 Suppose that u € M*(3T) solves (4) and V,u =1 on supp (u). Then, u is the
p-equilibrium measure of supp (u).

6 Infinite square tilings

In [7] Brooks, Smith, Stone and Tutte considered the problem of tiling a rectangle with
a finite number of squares and proved that to any finite connected planar graph G can be
associated such a tiling. The same graph can produce different tilings. Chosen any two
vertices in G, they show how the associated tiling can be built in such a way to reflect this
choice. In [4] Benjamini and Schramm extended this result to the infinite case, showing
that infinite graphs can produce infinite tilings. Theorem 1 can be reformulated, for p = 2,
in terms of square tilings of a rectangle: part (i) of the theorem is essentially equivalent
to the infinite tiling theorem by Benjamini and Schramm, in the special case when G is a
rooted tree 7, hence providing a new and different proof of it. More interestingly, part (ii)
provides a converse result, in a sense that will be more clear once we introduce the proper
terminology.

Given a rectangle R, i.e, a closed planar region whose boundary is a rectangle, we say
that a family of squares O = {Q;};is a square tiling of R if int(Q,) () int Q) = @, fori # j,
and R = U]. Q;. By rotation invariance of the problem we always think rectangles and
squares to have sides parallel to the coordinates axes of R?, and we talk about upper (lower)
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and left (right) sides, as well as horizontal and vertical sides, in the obvious way. We write
B(j) and E(j) for the upper and lower side of Q;, respectively.

We say that the combinatorics of a family 0 of squares in the plane are prescribed by a
tree T if the followings are true.

(1) The squares in the family are indexed by the edges of the tree, 0 = {Q, : @ € E}.
(2) B(a) C E(p) whenever b(a) = e(f).

Theorem 1 can be reformulated, for p = 2, in terms of square tilings, leading to Theo-
rem 2. We detail out the proof here.

Proof (Proof of Theorem 2) (i) Given a tree T with root edge w and a set A C a7, let
{Q,}4ex be a family of squares such that Q,, has side of length £(a) = u(dT,), being u = u*
the equilibrium measure of A. By the additivity of u we can place the squares on the plane
in such a way that,

Ep = | B
pes(a)

With this choice, the combinatorics is prescribed by 7. Moreover, it is clear that the inte-
riors of the squares in the family are pairwise disjoint and that | J, Q, is both vertically
and horizontally convex (its intersection with any vertical and horizontal line is either
empty, or a point, or a line segment). Now, let R be the rectangle having vertical sides
of length 1 _and upper side coinciding with the upper side of Q(w), so being of length
u(0T) = u(A) = c,(A). Denote by | - | the area measure. Then,

IR = ¢,(A) = I"u(w) = E(u) = ), n@T,7 = Y101 = Q|-
a€E aceE a
It is then enough to show that the family of squares is contained in R to prove that it is a
tiling. It is clear that all the family {Q, } lies in between the two vertical sides of R, and
that the horizontal room is fully filled, by additivity of the measure. Moreover, as already
observed in the proof of part (ii) of Theorem 1, for every & € 0T it must be

12 Vou(@) = ) u@T) = Y £(a).

a<é a<é

It follows that | J, Q, € Rand {Q, }, is a tiling.
(ii) Let the rectangle R be tiled according to the combinatorics of a tree 7, as described
above. Then for each « € E, we have:

Y lopl = f(a)(l - f(ﬁ))-
p2a f<a

Hence, it is immediate that if we define a measure on d7 by u(dT,) = £(a), it solves equa-
tion (4). Then the harmonic function g = V,u is bounded by 1 on V and solves (1). By
Theorem 1, y must be the equilibrium measure of some F, subset A of 0T. O

It might be interesting to informally discuss some features of the tiling, and its rela-

tion to the set A. The example below can provide a useful illustration of what we are
saying here in general terms.
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For each £ in 07T, let ,, be the only edge of level n belonging to the ray £, and choose
a point x,,, in @, . Then, it is immediate that lim,_,  x, =: A(£) exists in R, and that
it does not depena on the precise location of the x,’s in the corresponding squares.
Let z(£) be the orthogonal projection of A(¢) onto the lower side of R, identified with
[0, c(A)].

Let A C 0T and p its equilibrium measure. The following facts are easy to check:

(i)  if we replace T by its subtree obtained keeping only the edges @ with u4(dT,) > 0, then
tiling does not have degenerate squares, and ¢,(A N d7T,) > O for all edges a.

(i) let A’ be the set of regular points for y#, i.e. A’ = {£ €T : V,u?(€) = 1}: then
u" = ", hence they induce the same tiling.

(iii) = is injective but possibly at countably many points and surjective from 07 onto
[0, c,(A)];

(iv) p(z~'(A)) = £(A) for all measurable sets A C [0, c,(E)] (where £ denotes length meas-
ure on [0, ¢,(A)]);

(v) letEx(A) :={E €aT : =(&) # AE)}: then, Ex(A) = oT \ A';

(Fig. 1)

We can assume from now that the tree has been pruned as in (i) and that A = A’
Still, we see below that the combinatorics of the tree are not, by themselves, enough to
determine a rectangle R and a square tiling of it. They are, if we assume that the set A in
the Theorem 2 is closed, but they are not in general. This is in striking contrast with the
case of finite trees, or more generally graphs. However, if ¢,(A) < ¢,(dT), then a price
has to be paid. In fact, in that case

c,(Ex(A)) > ¢,(dT) — c,(A) > 0,

Fig. 1 For the boundary point &
identified by the geodesic {x;};,
A(€) does not lie on the bottom

side of R "

E )
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i.e., the exceptional set Ex(A) is rather large, although, clearly, 0 = 44 (Ex(A)) = £(z(Ex(4))). To
enlighten this phenomenon, we provide an example of a set which is densly spread out on
the boundary having exceptional set of full capacity.

Example 1 (A regular set of dyadic combinatorics and arbitrarily small capacity with posi-
tive capacity in every subtree) Let € > 0 be any small number, and T = T, a dyadic tree
with edge root w. Let n = n(w) be the number of steps one has to move to the left, starting
from the root, before finding an edge «; such that ¢,(d7,, ,) < /2, where T, , denotes a;’—
tent. Let {af’, ..., @} be the geodesic from the root to &, and ﬁj be the right brother of ajf",
i.e. the only edge with b(f;) = b(q]‘."). In each subtree Tﬂ j=1,...,n, starting from the root

B;, move to the left, say n(f;) steps, until you find an edge aﬂ(ﬂ) such that

ﬂ( ﬁ)} is the geodesic from f;

o @, and 7; = 7,(j) the right brother of &; /' In each subtree T, we individuate as before,
)<e/ (23n(ﬂj)), and so on. Let

C (a (ﬂ)ﬂ) < £/(2%n). Then we iterate the process {0{

always moving to the left, subtrees with ¢, (97,

n(y).v;
n n n(p)
A =0T, Ay=|J0T, A= Ua Wy oo andset A=A,
J=1 Jj=1 i= k

By construction, for every @ € E the tree T, contains a tent with boundary in A. Since tents
have positive capacity (for example by the rescaling property of Proposition 3), it follows
that cp(A N o0T,) > 0 for every a € E. On the other hand,

¢, (A) < zk:cp(Ak) < zk: % -

For the regularity, observe that by construction for every point £ € A, there exists some
edge a such that § € 0T, C A. Therefore, if p, u* are the equilibrium measures for A and
0T, respectively, we have

V(&) = V, o t(&) + V,u(b(@) = (1 =V u(B(@)) V, (1" (&) + V,u(b(@) = 1,

by the regularity of homogeneous trees.

7 Branched continued fractions

Theorem 1 can be reformulated in terms of branched continued fractions. Besides adding
further interesting structure to the class of equilibrium measures, this provides a recursive
formula for concretely calculating capacity of sets. An accessible survey on branched con-
tinued fractions is in [5].

Proposition 6 Let f : E — R* be any non-negative function such that Lf <lonV, and
consider the associated rescaled function defined by
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f@
(1= o)

cla) =

(10)

Then, f is the potential of a measure yu on 0T if and only if ¢ is defined, for each edge a
which is not a leaf, by the following recursive formula

PR

pEs(a)

pory (11)
1+(§:dm>

pes(a)

cla) =

Proof By (10), f(w) = c(w). Denote by a~ the parent of a, i.e. the only edge a~ such that
a € s(a™). For every @ # w, we have

f@y' =" = ey~ (1= @) ) = c@'~" (1= Lf (e ) = fa ')

— oy ((flay! -1 e L =@y
= c(ay <—C(a_)p,_1 fa@y >—c(a>f’ Y S
Iterating we obtain,
f@=c@ [ (1-cor=y" 12)

y<a

Hence, for any chosen edge a which is not a leaf, it holds

Y =T -cor)" Y cp.

pes(a) y<a PEs(a)

Now, fis the co-potential of a measure if and only if the flow condition (6) holds. Namely,
using (12), (6) holds if and only if

c@=(1-c@™)" Y cp.

pEs(a)

which is equivalent to (11), as can be seen solving with respect to c(a). O

By the rescaling properties of equilibrium measure (Proposition 3), we have that if u is
the p—equilibrium measure for a set A C 0T, then c(a) = ¢, ,(A,). This gives us an algo-
rithm to calculate the capacity of a set in 97T in terms of successive tents capacities. Moreo-
ver, by relation (11) we deduce that capacities can be expressed by means of branched
continued fractions. For example, by (11) we obtain the expression

1

,(0T) = -

1+

.

1
pes) 1 + Z —_
o) 1+...
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In [15, p. 57] the same structure was observed for the toral resistence R of an infinite tree
without edges of degree 1. In particular, for such a class of trees, we obtain the relation

1

c2(0T) = l-l-_R

To end the section, we give a reformulation of Theorem 1 which provides a characteriza-
tion of equilibrium measures by means of an equation for capacities.

Theorem 3 (i) Let u the equilibrium measure for a set A C 0T and f = I* u. Then the func-
tion ¢ = ¢; given by (10) solves

c@(1-c@ ) =Y ey ] (1-co¥ ™). ackE. (13)

p>a asy<p

(i) Let p be a measure on 0T such that V,(u) < 1on V. Set f = I* . If the function ¢ = ¢,
solves (13), then there exists an F, set A C 0T such that p is its p-equilibrium measure.

Proof Given any measure y, setting f = I*u and ¢ = ¢, by (10) we have

flay

W’ a €E.

f@(1 = Lf(b()) =
If p¢ is an equilibrium measure then (4) holds, and conversely if y is such that V,(#) < 1and
solves (4) it is the equilibrium measure of some F_ set. But (4) holds if and only if

F@y (1= @y ™) = c(@™" Y By

p>a

But by Proposition 6, we know that c(a) solves (11), or equivalently, f(a) is defined by
(12). Hence, sobstituting above we get

@' TT (1= e ) (1 = c@') = @ Y epy’ T (1 = ey,

y<a p>a y<p

which is (13). O
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