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We advance the threshold resummation formalism for semi-inclusive deep-inelastic scattering (SIDIS)
to next-to-next-to-next-to-leading logarithmic (N3LL) order, including the three-loop hard factor.
We expand the results in the strong coupling to obtain approximate next-to-next-to-next-to-leading
order (N3LO) corrections for the SIDIS cross section. In Mellin moment space, these corrections include
all terms that are logarithmically enhanced at threshold, or that are constant. We also consider a set of
corrections that are suppressed near threshold. Our numerical estimates show modest changes of the
cross section by the approximate N3LO terms, suggesting a very good perturbative stability of the SIDIS
process.
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I. INTRODUCTION

The semi-inclusive deep-inelastic scattering (SIDIS)
process lp → lhX has become a widely used probe of
hadronic structure and hadronization phenomena. Its main
uses are extractions of (polarized) parton distribution
and fragmentation functions or combinations thereof
[1–10]. In global analyses of these quantities SIDIS data
can add useful information on, for example, the flavor
structure of the sea quarks. The future Electron Ion
Collider (EIC) will allow precise measurements of SIDIS
observables over wide kinematic regimes [11].
In a recent paper [12], we studied higher-order QCD

corrections to the SIDIS cross section. Our approach was to
use the threshold resummation formalism for SIDIS and
carry out fixed-order expansions of the resummed cross
section. Threshold resummation for SIDIS was originally
discussed in Ref. [13] and then further developed in more
general terms in [14,15]. These papers formulated the
resummation at next-to-leading logarithmic (NLL) accu-
racy. In [12] we extended the resummation to next-to-next-
to-leading logarithm (NNLL), which also allowed us to
obtain approximate fixed-order corrections to the hard
scattering cross section for SIDIS at next-to-next-to-leading

order (NNLO) level. These results were used recently to
obtain the first NNLO set of fragmentation functions fit
“globally” to SIDIS and electron-positron annihilation
data [10].
The purpose of the present paper is to advance our

previous study to N3LL and to again use the resummed
cross section to derive approximate fixed-order corrections
to the SIDIS cross section, in this case at N3LO. Our main
motivation for this analysis is to further improve the
perturbative framework for SIDIS and to set the stage
for precision analyses of SIDIS data from the future EIC in
terms of parton distributions or fragmentation functions at
high perturbative order. While such analyses at N3LO may
presently still seem far off, the study of the perturbative
stability of the SIDIS cross section and its associated
threshold resummation is in any case valuable. This
becomes indeed possible by going to N3LL and N3LO
and carrying out comparisons with lower orders. We also
note that in our previous paper [12] we presented phe-
nomenological results only for the fixed-order (NNLO)
corrections. Here we wish to carry out numerical studies
also for the resummed case, which provides another
motivation for this study.
In Sec. II we give an overview of the kinematics of the

process, introducing Mellin moments. Section III descri-
bes the threshold resummation framework. Section IV is
dedicated to the derivation of the three-loop hard factor to
be used for obtaining N3LL or N3LO results. In Sec. V we
carry out the expansion of the resummed results to N3LO.
Finally, Sec. VI presents some numerical studies in the
EIC kinematical regime.
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II. PERTURBATIVE SIDIS CROSS SECTION

We consider the semi-inclusive deep-inelastic scatter-
ing process lðkÞpðPÞ → l0ðk0ÞhðPhÞX with the momentum
transfer q ¼ k − k0. It is described by the variables

Q2 ¼ −q2 ¼ −ðk − k0Þ2; x ¼ Q2

2P · q
;

y ¼ P · q
P · k

; z ¼ P · Ph

P · q
: ð1Þ

WehaveQ2 ¼ xys, with
ffiffiffi
s

p
the center-of-mass energy of the

incoming electron and proton. We follow Ref. [14] to write
the spin-averaged SIDIS cross section as

d3σh

dxdydz
¼ 4πα2

Q2

�
1þ ð1 − yÞ2

2y
F h

Tðx; z; Q2Þ

þ 1 − y
y

F h
Lðx; z; Q2Þ

�
; ð2Þ

where α is the fine structure constant and F h
T ≡ 2Fh

1 and
F h

L ≡ Fh
L=x are the transverse and longitudinal structure

functions. In what follows we will only treat the transverse
structure function in the q → q or q̄ → q̄ channels, which is
the only channel that appears already at the lowest order (LO)
of perturbation theory. We write all equations for the spin-
averaged case, although they will equally apply to the
helicity-dependent one [12,15].
Using factorization, the unpolarized structure functions

may be written as double convolutions. For example, for
the transverse one we have

F h
Tðx;z;Q2Þ¼

X
f;f0

Z
1

x

dx̂
x̂

Z
1

z

dẑ
ẑ
Dh

f0

�
z
ẑ
;μF

�

×ωT
f0f

�
x̂; ẑ;αsðμRÞ;

μR
Q
;
μF
Q

�
f

�
x
x̂
;μF

�
: ð3Þ

Here fðξ; μFÞ is the distribution of parton f ¼ q; q̄; g in the
nucleon at momentum fraction ξ and factorization scale μF,
while Dh

f0 ðζ; μFÞ is the corresponding fragmentation func-
tion for parton f0 going to the observed hadron h. For
simplicity, the factorization scales are chosen to be equal in
the initial and final state. μR is the renormalization scale
entering also the strong coupling αs. The functions ωT

f0f are
the transverse spin-averaged hard-scattering coefficient
functions which can be computed in QCD perturbation
theory. Their expansions read

ωT
f0f ¼ ωT;ð0Þ

f0f þ αsðμRÞ
π

ωT;ð1Þ
f0f þ

�
αsðμRÞ

π

�
2

ωT;ð2Þ
f0f

þ
�
αsðμRÞ

π

�
3

ωT;ð3Þ
f0f þOðα4sÞ: ð4Þ

At LO we have for the q → q and q̄ → q̄ channels

ωT;ð0Þ
qq ðx̂; ẑÞ ¼ e2qδð1 − x̂Þδð1 − ẑÞ; ð5Þ

with the quark’s fractional charge eq. The well-known first-

order coefficient function ωT;ð1Þ
f0f is for example available

in [14,16].
In the following, it is convenient to take double Mellin

moments of the SIDIS cross section, for which the con-
volutions in Eq. (3) turn into ordinary products. We define

F̃ h
TðN;M;Q2Þ≡

Z
1

0

dxxN−1
Z

1

0

dzzM−1F h
Tðx;z;Q2Þ

¼
X
f;f0

D̃h
f0 ðM;μFÞω̃T

f0f

�
N;M;αsðμRÞ;

μR
Q
;
μF
Q

�

× f̃ðN;μFÞ; ð6Þ

where

f̃ðN;μFÞ≡
Z

1

0

dxxN−1fðx;μFÞ;

D̃h
f0 ðM;μFÞ≡

Z
1

0

dzzM−1Dh
f0 ðz;μFÞ;

ω̃T
f0f

�
N;M;αsðμRÞ;

μR
Q
;
μF
Q

�

≡
Z

1

0

dx̂x̂N−1
Z

1

0

dẑẑM−1ωT
f0f

�
x̂; ẑ;αsðμRÞ;

μR
Q
;
μF
Q

�
: ð7Þ

As a result the structure functions can be obtained from the
moments of the parton distribution functions and fragmen-
tation functions, and the double-Mellin moments of the
partonic hard-scattering functions.
For the perturbative expansion given in Eq. (4) we have

in moment space at lowest order according to Eq. (5)

ω̃T;ð0Þ
qq ðN;MÞ ¼ e2q: ð8Þ

The corresponding moments of the next-to-leading order

(NLO) terms ωT;ð1Þ
f0f may be found in Refs. [14,16]. In the

following, we consider logarithmic higher-order correc-
tions to the hard-scattering functions that arise at large
values of x̂ and ẑ or, equivalently, at large N and M.

III. THRESHOLD RESUMMATION
AT N3LL ACCURACY

The resummation of threshold logarithms for SIDIS
was extensively studied in Refs. [12–14,17]. The NNLL
resummation formula for the unpolarized SIDIS transverse
structure function was discussed in Ref. [12]. The
resummed partonic transverse structure function takes
the form
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ω̃T;res
qq

�
N;M; αsðμRÞ;

μR
Q

;
μF
Q

�
¼ e2qHSIDIS

qq

�
αsðμRÞ;

μR
Q

;
μF
Q

�
Ĉqq

�
αsðμRÞ;

μR
Q

�

× exp

�Z
Q2

Q2=ðN̄ M̄Þ

dμ2

μ2

�
AqðαsðμÞÞ ln

�
μ2N̄ M̄
Q2

�
−
1

2
D̂qðαsðμÞÞ

�

þ ln N̄
Z

μ2F

Q2

dμ2

μ2
AqðαsðμÞÞ þ ln M̄

Z
μ2F

Q2

dμ2

μ2
AqðαsðμÞÞ

�
; ð9Þ

which actually holds to any logarithmic order. As stated
earlier, our goal is to set up the formalism for resummation
to N3LL. In Eq. (9) we have

N̄ ¼ NeγE and M̄ ¼ MeγE ; ð10Þ

with the Euler constant γE. Each of the functions Aq,
D̂q, HSIDIS

qq , Ĉqq is a perturbative series in the strong
coupling. We write the corresponding expansions generi-
cally as

Q ¼
X∞
k¼0

�
αsðμRÞ

π

�
k
QðkÞ; ð11Þ

whereQ ¼ Aq; D̂q;HSIDIS
qq ; Ĉqq.We note thatAð0Þ

q ¼ D̂ð0Þ
q ¼

D̂ð1Þ
q ¼ 0. To achieve N3LL accuracy, we needAq to order α4s

and all other functions to order α3s. The corresponding
coefficients are collected in Appendix A. The main new
ingredient not directly known from the literature is the

N̄; M̄-independent coefficient HSIDIS;ð3Þ
qq whose derivation

will be presented below in Sec. IV. The other prefactor Ĉqq in
Eq. (9) collects all moment-independent terms of the
resummed exponent; see [12,18,19]. The formulas needed
for its derivation to order α3s may be found in Ref. [18].
In order to explicitly obtain the structure function

resummed to N3LL we now expand the exponents in
Eq. (9) appropriately. The operations are quite standard.
We obtain

ω̃T;res
qq

�
N;M;αsðμRÞ;

μR
Q

;
μF
Q

�
¼ e2qHSIDIS

qq

�
αsðμRÞ;

μR
Q

;
μF
Q

�
Ĉqq

�
αsðμRÞ;

μR
Q

�

× exp

�
λNM

2b0αsðμRÞ
hð1Þq

�
λNM

2

�
þ hð2Þq

�
λNM

2
;
μR
Q

;
μF
Q

�

þ αsðμRÞhð3Þq

�
λNM

2
;
μR
Q

;
μF
Q

�
þ α2sðμRÞhð4Þq

�
λNM

2
;
μR
Q

;
μF
Q

��
; ð12Þ

where

λNM ≡ b0αsðμRÞðln N̄ þ ln M̄Þ: ð13Þ

The functions hðkÞq impart resummation to Nk−1LL accuracy. The first three are well known in the literature:

hð1Þq ðλÞ ¼ Að1Þ
q

πb0λ
½2λþ ð1 − 2λÞ lnð1 − 2λÞ�;

hð2Þq ðλÞ ¼ −
Að2Þ
q

π2b20
½2λþ lnð1 − 2λÞ� þ Að1Þ

q b1
πb30

�
2λþ lnð1 − 2λÞ þ 1

2
ln2ð1 − 2λÞ

�

þ Að1Þ
q

πb0
2λ ln

μ2F
Q2

−
Að1Þ
q

πb0
½2λþ lnð1 − 2λÞ� ln μ

2
R

Q2
;
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hð3Þq ðλÞ ¼ −
Að2Þ
q b1
π2b30

1

1 − 2λ
½2λþ lnð1 − 2λÞ þ 2λ2� þ Að1Þ

q b21
πb40ð1 − 2λÞ

�
2λ2 þ 2λ lnð1 − 2λÞ þ 1

2
ln2ð1 − 2λÞ

�

þ Að1Þ
q b2
πb30

�
2λþ lnð1 − 2λÞ þ 2λ2

1 − 2λ

�
þ 2Að3Þ

q

π3b20

λ2

1 − 2λ
þ 2Að2Þ

q

π2b0
λ ln

μ2F
Q2

−
Að1Þ
q

π
λln2

μ2F
Q2

þ 2Að1Þ
q

π
λ ln

μ2F
Q2

ln
μ2R
Q2

−
1

1 − 2λ

�
Að1Þ
q b1
πb20

½2λþ lnð1 − 2λÞ� − 4Að2Þ
q

π2b0
λ2
�
ln

μ2R
Q2

þ 2Að1Þ
q

π

λ2

1 − 2λ
ln2

μ2R
Q2

−
D̂ð2Þ

q

π2b0

λ

1 − 2λ
: ð14Þ

The function hð4Þq , needed for N3LL resummation, is found to be

hð4Þq ðλÞ ¼ 1

ð1 − 2λÞ2
�
Að2Þ
q b21
π2b40

�
−
8

3
λ3 − λ2 þ λþ 1

2
ln2ð1 − 2λÞ þ 1

2
lnð1 − 2λÞ

�

þ Að2Þ
q b2
π2b30

8

3
λ3 þ Að1Þ

q b31
πb50

�
8

3
λ3 þ 2λ2 lnð1 − 2λÞ − 1

6
ln3ð1 − 2λÞ

�

þ Að1Þ
q b1b2
πb40

�
−
16

3
λ3 þ 3λ2 − λ − 4λ2 lnð1 − 2λÞ þ 2λ lnð1 − 2λÞ − 1

2
lnð1 − 2λÞ

�

þ Að1Þ
q b3
πb30

�
8

3
λ3 − 3λ2 þ λþ 2λ2 lnð1 − 2λÞ − 2λ lnð1 − 2λÞ þ 1

2
lnð1 − 2λÞ

�

þ Að3Þ
q b1
π3b30

�
8

3
λ3 − λ2 − λ −

1

2
lnð1 − 2λÞ

�
þ Að4Þ

q

π4b20

�
2λ2 −

8

3
λ3
�

þ D̂ð2Þ
q b1
π2b20

�
λ − λ2 þ 1

2
lnð1 − 2λÞ

�
þ D̂ð3Þ

q

π3b0
½λ2 − λ�Þ: ð15Þ

This result is in agreement with that given in Ref. [20] for
the Drell-Yan process. For simplicity, we have set the
renormalization and factorization scales to Q. The results
presented in Eq. (12) may be used to obtain N3LO [that is,
Oðα3sÞ] expansions of the hard-scattering function ω̃T

qq. This
expansion will be carried out in Sec. V.
We stress that all terms generated by Eq. (12) are either

logarithmic or constant near threshold. The full hard-
scattering function in Mellin space will, at any order in
perturbation theory, also contain terms that are suppressed
by powers of 1=N and/or 1=M. Such terms are often
referred to as “next-to-leading power (NLP)” corrections.
As discussed in our previous paper [12] (see also references
therein), one can straightforwardly account for the dom-
inant NLP terms by multiplying the resummed cross
section in Eq. (9) by the two factors

exp

�
−
Z

Q2=ðN̄ M̄Þ

μ2F

dμ2

μ2
αsðμÞ
π

CF

2N

�

× exp

�
−
Z

Q2=ðN̄ M̄Þ

μ2F

dμ2

μ2
αsðμÞ
π

CF

2M

�
; ð16Þ

where the coefficients −CF=ð2NÞ and −CF=ð2MÞ in the
exponents correspond to the NLP terms in the LO diagonal

evolution kernels for the quark parton distributions and the
quark fragmentation functions, respectively. At N3LO the
two exponential factors, when combined with the resummed
exponents in Eq. (9), will generate all terms of the form
α3s lnnðNÞ lnmðMÞð1=N þ 1=MÞ, with nþm ¼ 5.

IV. THE HARD FACTOR AT THREE LOOPS

The factor HSIDIS
qq is derived from the finite part of the

virtual corrections to the process γ�q → q. The basic
ingredient is the renormalized spacelike form quark factor,
from which one needs to subtract the infrared divergencies
via a suitable method developed in Refs. [21,22]. For our
present purposes, we will need the renormalized three-loop
form factor, which was derived in [23–25]1 and reads in
dimensional regularization with d ¼ 4 − 2ϵ space-time
dimensions:

Fqðq2Þ ¼ Fð0Þ
q þ αs

π
Fð1Þ
q þ

�
αs
π

�
2

Fð2Þ
q þ

�
αs
π

�
3

Fð3Þ
q

þOðα4sÞ; ð17Þ

1We note that recently even the four-loop results were
published [26].
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where

Fð0Þ
q ¼ 1;

Fð1Þ
q ¼CF

�
−

1

2ϵ2
−

3

4ϵ
þ π2

24
− 2þ

�
7ζð3Þ
6

þ π2

16
− 4

�
ϵþ

�
7ζð3Þ
4

þ 47π4

2880
þ π2

6
− 8

�
ϵ2

þ
�
31ζð5Þ
10

þ 14ζð3Þ
3

−
7π2ζð3Þ

72
þ 47π4

1920
þ π2

3
− 16

�
ϵ3

þ
�
28ζð3Þ

3
−
7π2ζð3Þ

48
−
49ζð3Þ2

36
þ 93ζð5Þ

20
þ 2π2

3
þ 47π4

720
þ 949π6

241920
− 32

�
ϵ4þOðϵ5Þ

�
;

Fð2Þ
q ¼C2

F

�
1

8ϵ4
þ 3

8ϵ3
þ
�
41

32
−
π2

48

�
1

ϵ2
þ
�
221

64
−
4ζð3Þ
3

�
1

ϵ
−
29ζð3Þ

8
−
13π4

576
þ 17π2

192
þ 1151

128

�

þCFCA

�
11

32ϵ3
þ
�
1

9
þ π2

96

�
1

ϵ2
þ
�
13ζð3Þ
16

−
11π2

192
−

961

1728

�
1

ϵ
þ 313ζð3Þ

144
þ 11π4

720
−
337π2

1728
−
51157

10368

�

þCFNf

�
−

1

16ϵ3
−

1

36ϵ2
þ
�
65

864
þ π2

96

�
1

ϵ
þ ζð3Þ

72
þ 23π2

864
þ 4085

5184

�

þ
�
C2
F

�
−
839ζð3Þ

48
þ 7π2ζð3Þ

18
−
23ζð5Þ
10

þ 5741

256
þ 71π2

128
−
19π4

320

�

þCFCA

�
5893ζð3Þ

432
−
89π2ζð3Þ

288
þ 51ζð5Þ

16
−
1319701

62208
−
8089π2

10368
þ 229π4

5760

�

þCFNf

�
−
119ζð3Þ
216

þ 108653

31104
þ 497π2

5184
þ π4

2880

��
ϵ

þ
�
C2
F

�
−
6989ζð3Þ

96
þ 9π2ζð3Þ

16
þ 163ζð3Þ2

9
−
231ζð5Þ

40
þ 27911

512
þ 613π2

256
−
3401π4

11520
þ 223π6

17280

�

þCFCA

�
148861ζð3Þ

2592
−
10π2ζð3Þ

27
−
569ζð3Þ2

48
þ 2809ζð5Þ

240
−
28437757

373248
−
165205π2

62208
þ 48127π4

207360
−

809π6

241920

�

þCFNf

�
−
3581ζð3Þ
1296

−
5π2ζð3Þ
108

−
59ζð5Þ
120

þ 2379989

186624
þ 9269π2

31104
−
145π4

20736

��
ϵ2þOðϵ3Þ;

Fð3Þ
q ¼C3

F

�
−

1

48ϵ6
−

3

32ϵ5
þ 1

ϵ4

�
π2

192
−
25

64

�
þ 1

ϵ3

�
25ζð3Þ
48

−
83

64
−

π2

128

�
þ 1

ϵ2

�
69ζð3Þ
32

−
515

128
−
77π2

768
þ 71π4

7680

�

þ 1

ϵ

�
2119ζð3Þ

192
−
107π2ζð3Þ

576
þ 161ζð5Þ

80
−
9073

768
−
467π2

768
þ 487π4

15360

�

þ 2669ζð3Þ
64

þ 61π2ζð3Þ
384

−
913ζð3Þ2

96
þ 2119ζð5Þ

160
−
53675

1536
−
13001π2

4608
þ 12743π4

92160
−

9095π6

3483648

�

þC2
FCA

�
−

11

64ϵ5
þ 1

ϵ4

�
−

361

1152
−

π2

192

�
þ 1

ϵ3

�
−
13ζð3Þ
32

−
1703

3456
þ 9π2

256

�
þ 1

ϵ2

�
−
241ζð3Þ
288

þ 1705

1296
þ 1487π2

13824
−

83π4

11520

�

þ 1

ϵ

�
−
4151ζð3Þ

384
þ 215π2ζð3Þ

1152
−
71ζð5Þ
32

þ 374149

31104
þ 31891π2

41472
−
2975π4

165888

�

−
19933ζð3Þ

384
−
403π2ζð3Þ

576
þ 101ζð3Þ2

12
−
3445ζð5Þ

288
þ 11169211

186624
þ 537803π2

124416
−
723739π4

4976640
−

18619π6

17418240

�

þC2
FNf

�
1

32ϵ5
þ 35

576ϵ4
þ 1

ϵ3

�
139

1728
−

π2

128

�
þ 1

ϵ2

�
−
55ζð3Þ
288

−
775

5184
−
133π2

6912

�

þ 1

ϵ

�
469ζð3Þ
1728

−
24761

15552
−
2183π2

20736
−
287π4

82944

�
þ 21179ζð3Þ

5184
þ 35π2ζð3Þ

1152
−
193ζð5Þ
288

−
691883

93312
−
16745π2

31104
−

8503π4

2488320

�

THRESHOLD RESUMMATION AT N3LL ACCURACY AND … PHYS. REV. D 106, 014015 (2022)

014015-5



þCFC2
A

�
−

1331

5184ϵ4
þ 1

ϵ3

�
1433

7776
−
55π2

5184

�
þ 1

ϵ2

�
−
451ζð3Þ
864

þ 11669

31104
þ 1625π2

31104
−

11π4

12960

�

þ 1

ϵ

�
1763ζð3Þ

864
−
11π2ζð3Þ

432
−
17ζð5Þ
24

−
139345

559872
−
7163π2

93312
−

83π4

17280

�
þ 505087ζð3Þ

31104
þ 13π2ζð3Þ

36

−
71ζð3Þ2

36
−
217ζð5Þ
288

−
51082685

3359232
−
412315π2

279936
þ 22157π4

622080
−

769π6

326592

�

þCFN2
f

�
−

11

1296ϵ4
−

1

1944ϵ3
þ 1

ϵ2

�
23

2592
þ π2

864

�
þ 1

ϵ

�
−
ζð3Þ
648

þ 2417

139968
−

5π2

2592

�
−
13ζð3Þ
486

−
190931

839808
−
103π2

3888
−

47π4

77760

�

þCFCANf

�
121

1296ϵ4
þ 1

ϵ3

�
5π2

2592
−

47

972

�
þ 1

ϵ2

�
53ζð3Þ
432

−
517

3888
−
119π2

7776

�
þ 1

ϵ

�
−
241ζð3Þ
1296

−
8659

139968
þ 1297π2

46656
þ 11π4

8640

�

−
67ζð3Þ
27

þ π2ζð3Þ
288

−
ζð5Þ
48

þ 1700171

419904
þ 115555π2

279936
þ π4

31104

�
þCFNf;V

�
C2
A − 4

2CA

��
7ζð3Þ
48

−
5ζð5Þ
6

þ 5π2

96
þ 1

8
−

π4

2880

�

þOðϵÞ: ð18Þ

Here we have kept terms of higher order in ϵ in the one-loop
and two-loop results since these turn out to make finite
contributions in the end. In the above expressions, ζðjÞ is
the Riemann zeta function,Nf is the number of flavors, and
CF ¼ 4=3; CA ¼ 3. For purely electromagnetic interactions
the factor Nf;V¼γ becomes [24]

Nf;γ ¼
P

qeq
eq

: ð19Þ

As shown in Refs. [21,22], the hard coefficient may be
extracted from the form factor in the following way.
Adapted to the case of SIDIS we have from [22]

HSIDIS
qq ðαsðQÞÞ ¼ j½1 − Ĩqðϵ; αsðQÞÞ�Fqj2; ð20Þ

where Ĩq is an operator that removes the poles of the form
factor and makes the necessary soft and collinear adjust-
ments needed to extract the hard coefficient. It is given in
[22] in terms of a convenient all-order form:

1 − Ĩqðϵ; αsÞ ¼ exp fRqðϵ; αsÞ − iΦqðϵ; αsÞg; ð21Þ
with functions Rq and Φq that each are perturbative series.
The phase Φq does not contribute in our case since we take
the absolute square in Eq. (20). The function Rq effects the
cancellation of infrared divergences from the quark form
factor. It can be expressed in terms of a soft and a collinear
part:

Rqðϵ; αsÞ ¼ Rsoft
q ðϵ; αsÞ þ Rcoll

q ðϵ; αsÞ; ð22Þ

where for N3LL accuracy

Rsoft
q ðϵ; αsÞ ¼ CF

�
αs
π
Rsoftð1Þ
q ðϵÞ þ

�
αs
π

�
2

Rsoftð2Þ
q ðϵÞ þ

�
αs
π

�
3

Rsoftð3Þ
q ðϵÞ þOðα4sÞ

�
;

Rcoll
q ðϵ; αsÞ ¼

αs
π
Rcollð1Þ
q ðϵÞ þ

�
αs
π

�
2

Rcollð2Þ
q ðϵÞ þ

�
αs
π

�
3

Rcollð3Þ
q ðϵÞ þOðα4sÞ; ð23Þ

with

Rsoftð1Þ
q ðϵÞ ¼ 1

2ϵ2
−
π2

8
;

Rsoftð2Þ
q ðϵÞ ¼ −

3πb0
8ϵ3

þ 1

8ϵ2
Að2Þ
q

CF
−

1

16ϵ

�
CA

�
7ζð3Þ þ 11π2

36
−
202

27

�
þ Nf

�
28

27
−
π2

18

��

þ CA

�
−
187ζð3Þ
144

þ π4

288
−
469π2

1728
þ 607

648

�
þ Nf

�
17ζð3Þ
72

þ 35π2

864
−

41

324

�
;
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Rsoftð3Þ
q ðϵÞ ¼ 11ðb0πÞ2

36ϵ4
−
2b1π2

9ϵ3
−

5

36ϵ3
b0π

Að2Þ
q

CF
þ 1

18ϵ2
Að3Þ
q

CF
þ 1

24ϵ2
b0π

�
CA

�
7ζð3Þþ11π2

36
−
202

27

�
þNf

�
28

27
−
π2

18

��

−
1

48ϵ

�
C2
A

�
−
136781

5832
þ6325

1944
π2−

11

45
π4þ329

6
ζð3Þ−11

9
π2ζð3Þ−24ζð5Þ

�

þCANf

�
5921

2916
−
707

972
π2þ π4

15
−
91

27
ζð3Þ

�
þCFNf

�
1711

216
−
π2

12
−
π4

45
−
38

9
ζð3Þ

�
þN2

f

�
260

729
þ 5

162
π2−

14

27
ζð3Þ

��

þC2
A

�
5211949

1679616
−
578479

559872
π2þ 9457

311040
π4þ 19

326592
π6−

64483

7776
ζð3Þþ121

192
π2ζð3Þþ67

72
ζð3Þ2−121

144
ζð5Þ

�

þCANf

�
−
412765

839808
þ 75155

279936
π2−

79

9720
π4þ154

81
ζð3Þ− 11

288
π2ζð3Þ− 1

24
ζð5Þ

�

þCFNf

�
−
42727

62208
þ 605

6912
π2þ 19

12960
π4þ 571

1296
ζð3Þ− 11

144
π2ζð3Þþ 7

36
ζð5Þ

�

þN2
f

�
−

2

6561
−

101

7776
π2þ 37

77760
π4−

185

1944
ζð3Þ

�
; ð24Þ

and

Rcollð1Þ
q ðϵÞ ¼ 3

4ϵ
CF;

Rcollð2Þ
q ðϵÞ ¼ −

3πb0
8ϵ2

CF þ 1

8ϵ

�
C2
F

�
6ζð3Þ − π2

2
þ 3

8

�
þ CACF

�
−3ζð3Þ þ 11π2

18
þ 17

24

�
þ CFNf

�
−

1

12
−
π2

9

��
:

Rcollð3Þ
q ðϵÞ ¼ CF

ðb0πÞ2
4ϵ3

− CF
b1π2

4ϵ2
−

b0π
12ϵ2

�
C2
F

�
6ζð3Þ − π2

2
þ 3

8

�

þ CACF

�
−3ζð3Þ þ 11π2

18
þ 17

24

�
þ CFNf

�
−

1

12
−
π2

9

��

þ 1

24ϵ

�
C3
F

�
29

16
þ 3

8
π2 þ π4

5
þ 17

2
ζð3Þ − 2

3
π2ζð3Þ − 30ζð5Þ

�

þ C2
FCA

�
151

32
−
205

72
π2 −

247

1080
π4 þ 211

6
ζð3Þ þ 1

3
π2ζð3Þ þ 15ζð5Þ

�

þ C2
ACF

�
−
1657

288
þ 281

81
π2 −

π4

144
−
194

9
ζð3Þ þ 5ζð5Þ

�

þ C2
FNf

�
−
23

8
þ 5

36
π2 þ 29

540
π4 −

17

3
ζð3Þ

�
þ CFN2

f

�
−
17

72
þ 5

81
π2 −

2

9
ζð3Þ

�

þ CFCANf

�
5

2
−
167

162
π2 þ π4

360
þ 25

9
ζð3Þ

��
: ð25Þ

The coefficients b0 and b1 can be found in Appendix A.
Inserting all terms into Eq. (20) and expanding in αs, all
poles in powers of 1=ϵ cancel. The final expression for
HSIDIS

qq up to three loops can be found in Appendix A.

V. EXPANSION TO N3LO

We are now ready to present the N3LO (Oðα3sÞ)
expansion for the SIDIS q → q hard-scattering function

near threshold. To write our formulas compactly we
introduce

L≡ 1

2
ðlnðN̄Þ þ lnðM̄ÞÞ: ð26Þ

The coefficients ω̃T;ð1Þ
qq and ω̃T;ð2Þ

qq in Eq. (4) were already
given in our previous paper [12]; for completeness, we
recall them in Appendix B. For the approximate N3LO
terms we find:
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1

e2q
ω̃T;ð3Þ
qq ðN;M;1; 1Þ ¼ 4

3
C3
FL

6 þ 8

3
C2
Fπb0L

5 þL4

�
C3
F

�
−8þ π2

3

�
−
11

27
CFCANf

þC2
FCA

�
67

9
−
π2

3

�
þ 121

108
CFC2

A −
10

9
C2
FNf þ

1

27
CFN2

f

�

þL3

�
CFCANf

�
π2

27
−
289

162

�
þC2

FCA

�
−7ζð3Þ þ 11π2

54
þ 70

27

�

þCFC2
A

�
445

81
−
11π2

54

�
þC2

FNf

�
−
π2

27
−
17

54

�
þ 10

81
CFN2

f

�

þL2

�
C3
F

�
511

32
−
15

2
ζð3Þ− π2

8
−
π4

30

�
þCFCANf

�
5π2

54
−
2051

648

�

þC2
FCA

�
151

18
ζð3Þ þ 143π2

216
−

π4

120
−
8893

288

�
þC2

FNf

�
10

9
ζð3Þ þ 67

18
−

π2

108

�

þCFC2
A

�
11π4

360
−
11

2
ζð3Þ− 67π2

108
þ 15503

1296

�
þ 25

162
CFN2

f

�

þL
�
C2
FCA

�
14ζð3Þ− 1

12
7π2ζð3Þ þ 101π2

162
−
404

27

�
þCFN2

f

�
ζð3Þ
9

þ 58

729

�

þCFC2
A

�
11π2

36
ζð3Þ− 1541

108
ζð3Þ þ 6ζð5Þ − 11π4

720
−
799π2

1944
þ 297029

23328

�

þC2
FNf

�
19

18
ζð3Þ þ π4

180
þ 3

32
−
7π2

81

�
þCFCANf

�
113

108
ζð3Þ þ 103π2

1944
−

π4

360
−
31313

11664

��

þC3
F

�
ζð3Þ2
2

þ 5π2

6
ζð3Þ− 115

16
ζð3Þ þ 83

4
ζð5Þ þ 761π6

136080
þ 37π4

2880
−
5599

384
−
1663π2

1152

�

þC2
FCA

�
37

12
ζð3Þ2 − 119π2

72
ζð3Þ− 12877

432
ζð3Þ − 689

72
ζð5Þ þ 40223π2

10368
þ 74321

2304
−
149π6

27216
−
1147π4

38880

�

þC2
FNf

�
1181

216
ζð3Þ− 19

18
ζð5Þ− 421

192
−
559π2

1296
−
29π4

9720

�
þCFN2

f

�
ζð3Þ
324

−
23π2

432
−

7081

15552
−

17π4

19440

�

þCFC2
A

�
−
25

12
ζð3Þ2 þ 569π2

864
ζð3Þ þ 139345

5184
ζð3Þ − 51

16
ζð5Þ þ 17π6

34020
þ 3103π4

311040
−
93889π2

31104

−
1505881

62208

�
þCFCANf

�
π2

216
ζð3Þ − 383

81
ζð3Þ− ζð5Þ

8
þ 469π4

77760
þ 6493π2

7776
þ 110651

15552

�

þCFNf;V
ðC2

A − 4Þ
CA

�
7ζð3Þ
48

−
5ζð5Þ
6

þ 5π2

96
þ 1

8
−

π4

2880

�
þ 2C3

FL
5

�
1

N
þ 1

M

�
: ð27Þ

As before, we have set μR ¼ μF ¼ Q for simplicity. We
stress that the corrections given by this expression include
all terms that are logarithmically enhanced at threshold,
or that are constant. In physical space these are terms
with double distributions (that is, “plus” distributions and
δ-functions) in x̂ and ẑ.
The last term in Eq. (27) represents the dominant NLP

contributions. Note that upon expansion beyond NLO the
exponential factors in (16) will also generate terms with
inverse powers 1=N2; 1=M2 and higher, which we have
discarded for consistency since they are far beyond the

approximations we make. We will see later that these terms
are numerically very small.

VI. PHENOMENOLOGICAL PREDICTIONS

We will now present some phenomenological predic-
tions for the transverse SIDIS cross section at NNLL and
N3LL, as well as for the expansion to N3LO. We will also
compare to our previous NNLO results of [12].
In order to obtain results for the transverse structure

function F h
Tðx; z; Q2Þ in physical x, z space we need to
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invert its Mellin moments F̃ h
TðN;M;Q2Þ in Eq. (6). This is

achieved by the inverse double-Mellin transform

F h
Tðx;z;Q2Þ¼

Z
CN

dN
2πi

x−N
Z
CM

dM
2πi

z−MF̃ h
TðN;M;Q2Þ; ð28Þ

where CN and CM denote integration contours in the
complex plane, one for each Mellin inverse. We adopt
the minimal prescription of Ref. [27] to treat the Landau
pole present in the resummed exponents in Eqs. (12) and
(14) at λNM ¼ 1, or [see Eq. (13)]

N̄ M̄ ¼ e1=ðb0αsðμRÞÞ: ð29Þ
According to the minimal prescription, the two contours
need to be chosen such that all singularities in the complex
plane lie to their left, except for the Landau pole. We
parametrize the two contours as

N ¼ cN � ζe�iϕN ; M ¼ cM þ ξeiϕM ; ð30Þ
with ζ; ξ ∈ ½0;∞� as contour parameters, where cN ¼ 1.8
and cM ¼ 3.3. The precise values do not matter as long
as cN and cM are chosen to the right of the poles of the
PDFs and FFs, respectively, and their product is below the
Landau pole. We found the values cN ¼ 1.8 and cM ¼ 3.3
(which reflect the slightly steeper behavior of the FFs
compared to the PDFs at low momentum fractions) to be
optimal for good convergence of the numerical integration
in our code. We furthermore choose ϕN ¼ 3π=4; the two
signs for the N-contour in (30) select the two branches in
the complex plane. As N moves along its contour, the
position of the Landau pole relevant for theM-integral will
move as well, mapping out a trajectory in the plane. This
implies that the angle ϕM needs to be chosen as a function
of N, so that during the M integration this trajectory is
never crossed. A more detailed description of the inverse
double-Mellin transform can be found in Ref. [14].
We note that we only consider the transverse structure

function in (2) here. The longitudinal one is suppressed
near threshold, even beyond the dominant NLP terms we
have included for F h

T. While it would be very interesting to
also investigate higher-order corrections to F h

L, this is
beyond the scope of this work. In what follows, we also
discard the contributions by the q → g and g → q channels
to the structure function. These are fully known only to
NLO. We could include the contributions at NLO level in
our approximate NNLO, N3LO results to be presented
below, but this would simply amount to a uniform shift of
all results by a few percent, which is not really relevant for
our main goal of analyzing the structure of higher-order
contributions in the q → q channel.
For the parton distribution functions and fragmentation

functions we choose the NNLO sets of Ref. [28] and
Ref. [29], respectively. Clearly, in order to present true
N3LL or N3LO results, we would need PDFs and FFs

evolved at those same orders, which are currently not yet
available. We therefore keep the renormalization and
factorization scales at μR ¼ μF ¼ Q and do not investigate
the scale dependence of our results. In this sense we use the
NNLO parton distributions and fragmentation functions as
templates for the N3LO ones, which should be adequate for
a first analysis of the beyond-NNLO effects we are
interested in. We note that the scale dependence of the
transverse SIDIS cross section was anyway found to be
rather small already at NNLO in Ref. [12]. Note that we
“match” all results to NLO, so that the NLO corrections for
the q → q channel are always included exactly.
Our predictions will refer to the unpolarized lp →

lπþX process appropriate for the future EIC withffiffiffi
s

p ¼ 100 GeV. We focus on the z dependence of the
cross section and, unless stated otherwise, integrate over
y ∈ ½0.1; 0.9� and x ∈ ½0.1; 0.8�. We choose x and z to be
rather large so that we are safely in the threshold regime.
Because of the relationQ2 ¼ xys, our choice of kinematics
implies Q2 > 100 GeV2 for the EIC. We furthermore
requireW > 7 GeV, whereW2 ¼ Q2ð1 − xÞ=xþm2

p, with
mp the proton mass.
We begin by comparing fully resummed results obtained

at various different levels of logarithmic accuracy. The
upper left part of Fig. 1 shows the NLL, NNLL, and N3LL
resummed cross sections as functions of z, normalized to
the LO one. As one can see, the NNLL terms show an
enhancement over NLL, and the additional terms arising at
N3LL lead to a very modest further increase of the cross
section. This result demonstrates that the resummed SIDIS
cross section has excellent perturbative stability.
We can further investigate the improvements provided by

going to NNLL and N3LL. To this end, we note that even at
a given logarithmic order the resummation formula in
Eq. (9) may actually be used in various ways that are all
equivalent in terms of their perturbative content, but differ
numerically. Let us refer to the corresponding choices as
resummation schemes. We consider three such schemes:

Scheme (a) Here we use Eq. (9) as written. That is, we
keep the functions HSIDIS

qq and Ĉqq as separate factors,
each its own perturbative series of the form (11). Also,
we use the Mellin moments N and M precisely in the
form N̄ and M̄ as defined in (10). This scheme has
been used for the first plot in Fig. 1.

Scheme (b) Here we expand the product HSIDIS
qq × Ĉqq in

Eq. (9) strictly to the desired order. That is, suppose

we are at NLL where HSIDIS
qq ¼ 1þ αs

π H
SIDIS;ð1Þ
qq and

Ĉqq ¼ 1þ αs
π Ĉ

ð1Þ
qq , then we use HSIDIS

qq × Ĉqq ¼ 1þ
αs
π ðHSIDIS;ð1Þ

qq þ Ĉð1Þ
qq Þ and drop terms of Oðα2sÞ. We

continue to use the variables N̄ and M̄.
Scheme (c)Herewe first use the expansion ofHSIDIS

qq ×Ĉqq
as for scheme (b). In addition, we use (10) and (13)
to write
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λNM ¼ b0αsðμRÞðlnN þ lnMÞ þ 2γEb0αsðμRÞ: ð31Þ

The terms with the Euler constant lead to modifications

of the functions hðk>1Þq in Eq. (14) [18,20]. They
evidently also generate nonlogarithmic corrections in
the resummed exponent. These may be expanded out
perturbatively, so that they migrate from the exponent to
an N, M-independent prefactor. This prefactor is then
expanded along with the factor HSIDIS

qq × Ĉqq into a
single perturbative function that now multiplies the
resummed exponent, the latter now being a function of
N and M rather than of N̄ and M̄.

It is immediately clear that the three resummation schemes
are indeed equivalent for a given logarithmic accuracy. The
remaining three plots in Fig. 1 compare the three schemes
at NLL (upper right), NNLL (lower left), and N3LL (lower
right). It is striking to see how the difference among the
three schemes is still rather large at NLL, then strongly

decreases at NNLL, and finally becomes extremely small at
N3LL. [We note in passing that this means that the
enhancement over NLL seen in the first plot in Fig. 1 is
a feature only present in scheme (a) but does not really
occur in the other two schemes.] Of course, one does
expect the details of how the expansions are performed to
matter less and less with increasing logarithmic order.
Nevertheless, the level at which the resummed predictions
become independent of the resummation scheme at NNLL
and especially at N3LL is truly remarkable.
Encouraged by these observations, we now turn to fixed-

order expansions of our resummed results. Figure 2 (left)
shows again the NNLL-resummed result for scheme (a),
along with its expansion to NNLO as given by Eqs. (B1)
and (B2) (black solid line) and already obtained in
Ref. [12]. All results are again normalized to the LO cross
section. We note that finite-order expansions are indepen-
dent of the resummation scheme chosen. We observe that
resummation within scheme (a) leads to a suppression of

FIG. 1. Ratios of resummed results for the unpolarized lp → lπþX transverse cross section in the q → q channel to the LO one, for
EIC kinematics with x ∈ ½0.1; 0.8�. Upper left: comparison of NLL (black), NNLL (blue), andN3LL (red) resummation. Upper right and
lower panel: Results for resummation schemes (a),(b),(c) as described in the text at NLL, NNLL, and N3LL.
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the cross section at lower z and to the expected enhance-
ment at high z where the threshold logarithms become
particularly important. In addition to these two results, we
also expand the resummed cross section numerically to
orders α2s and α3s . As expected, the result for the Oðα2sÞ
expansion (dash-dotted line) is extremely close to the
NNLO one. The only difference between these two results
comes from the fact that the formal expansion of the NLP
factors in (16) will produce also terms with higher inverse
powers of N and M, as noted at the end of Sec. V. These
terms are not included in our explicit NNLO expansions,
but do contribute to the numerical Oðα2sÞ expansion of the
cross section. As one can see by comparing the two
corresponding curves, they are of very small size. The
dashed line in the left part of Fig. 2 shows the Oðα3sÞ
expansion of the NNLL resummed cross section. We
observe that this result is already very close to the full
NNLL one, indicating that terms of order Oðα4sÞ or higher
are small.
The right part of Fig. 2 presents the same analysis one

order higher.We show theN3LL-resummed cross section for
scheme (a), and now the expansion to N3LO as given by
Eqs. (B1), (B2), and (27). This time, we numerically expand
the N3LL result to orders α3s and α4s . Again the numerical
expansion to Oðα3sÞ essentially coincides with the approxi-
mate N3LO one, up to tiny corrections suppressed as
1=N2; 1=M2 or higher. The result at Oðα3sÞ is almost
indistinguishable from the full N3LL-resummed one, dem-
onstrating again that corrections beyond third order are all
but negligible. We note that the Oðα3sÞ expansion obtained
from the N3LL-resummed result is more complete than the
Oðα3sÞ expansion shown in the left part of Fig. 2: It contains
all seven “towers” of threshold logarithms, that is, terms of
the form α3s lnnðNÞ lnmðMÞ with 0 ≤ nþm ≤ 6, whereas

NNLL resummation can only correctly reproduce the five
towers with 2 ≤ nþm ≤ 6.
We finally also briefly consider the x dependence of the

resummed results, integrating over the region z ∈ ½0.2; 0.9�.
Figure 3 shows the corresponding results obtained at NLO
and for NLL, NNLL, and N3LL resummation within our
scheme (a). One can observe that, as before for the z
dependence, resummation leads to a strong enhancement of
the cross section, especially so at large values of x.
Compared to the upper left plot of Fig. 1, the various
resummed curves tend to lie closer to one another. This may
in part be due to the fact that larger x kinematically
correspond to larger values of Q2 ¼ xys, where the strong

FIG. 2. Left: NNLO and NNLL-resummed results for the unpolarized lp → lπþX transverse cross section in the q → q channel
normalized to the LO one, for EIC kinematics with x ∈ ½0.1; 0.8�. We also show numerical expansions of the NNLL result toOðα2sÞ and
Oðα3sÞ. Right: same as left, but for N3LL, N3LO and expansions to Oðα3sÞ and Oðα4sÞ.

FIG. 3. NLO, NLL, NNLL, and N3LL-resummed results for the
unpolarized lp → lπþX transverse cross section in the q → q
channel, as functions of x, normalized to LO. The plot is for EIC
kinematics with z ∈ ½0.2; 0.9�.
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coupling becomes smaller and hence the threshold vari-
able λNM as well. This effect is not present in the case of the
z dependence of the cross sections.

VII. CONCLUSIONS AND OUTLOOK

We have explored higher-order QCD corrections to the
quark-to-quark hard-scattering cross section relevant for
semi-inclusive DIS. We have developed the threshold
resummation framework for SIDIS to N3LL accuracy,
hereby extending previous work carried out at NNLL
[12]. Among the main tasks to be completed for achieving
N3LL resummation was the derivation of the three-loop
hard factor from the spacelike form factor. We have used
our N3LL results to derive approximate N3LO corrections
for SIDIS. These corrections contain all seven “towers” of
threshold logarithms that are present at this order. We have
also included dominant subleading logarithmic terms that
are suppressed near threshold.
We have presented phenomenological results for

resummed and approximate fixed-order SIDIS cross sec-
tions for EIC kinematics. These show an excellent pertur-
bative stability of the cross section in the sense that the
N3LL cross section is only modestly enhanced over the
NNLL one, and that generally corrections beyond Oðα3sÞ
seem unimportant. A particularly striking result is that the
actual treatment of resummation, in terms of how the
relevant expansions are carried out in practice, matters less
and less when the logarithmic accuracy of resummation
increases, so that the N3LL result is essentially insensitive
to the resummation scheme adopted. Clearly, our results
show that the SIDIS cross section may serve as an excellent

test bed for studies of higher orders in perturbation theory.
We believe that our results are a valuable addition to the
general “library” of QCD observables that are known to
NNLO and beyond.
Future extensions of this work should also address non-

perturbative power corrections to the SIDIS cross section,
very little about which is currently known. It would be an
interesting phenomenlogical study to confront experimental
data with our perturbative results at various high orders
ranging from NLO to N3LL, ascertaining how the size of
phenomenlogically extracted power corrections depends on
the order of perturbation theory that is employed.
We finally note that while we have focused our studies

entirely on the spin-averaged SIDIS cross section, all of our
results equally apply to the helicity-dependent one. More
precisely, the N3LL result and hence its approximate N3LO
expansion are identical in the spin-averaged and the spin-
dependent cases. This further corroborates the finding of
Ref. [15] that the SIDIS spin asymmetry is insensitive to
higher-order perturbative QCD corrections.
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APPENDIX A: COEFFICIENTS FOR
RESUMMATION TO N3LL

We use the following expansion of the running strong
coupling [18,30]:

αsðμÞ ¼
αsðμRÞ

X
−
�
αsðμRÞ
X
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2 b1
b0

lnX þ
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with Nf the number of flavors and

CF ¼ N2
c − 1

2Nc
¼ 4

3
; CA ¼ Nc ¼ 3: ðA4Þ

For the b3 coefficient we have inserted the values ofCF,CA; the full expression can be found in [31]. The relevant expansion
coefficients for Aq in Eq. (11) read [30,32–38]
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Furthermore for the expansion of the function D̂q we have [18,19,22,30,39]
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The expansion coefficients for Ĉqq in Eq. (9) read [18]
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Finally, for HSIDIS
qq we find for an arbitrary renormalization scale μR, but for μF ¼ Q,
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and, in Sec. IV, the three-loop contribution

HSIDIS;ð3Þ
qq ¼ C3

F

�
ζð3Þ2
2

þ 25π2ζð3Þ
12

−
115ζð3Þ

16
þ 83ζð5Þ

4
þ 1937π6

136080
−
5599

384
−
181π4

960
−
4729π2

1152

�

þ C2
FCA

�
37ζð3Þ2

12
−
571π2ζð3Þ

216
−
8653ζð3Þ

432
−
689ζð5Þ

72
þ 2603π4

38880
þ 93581π2

10368
þ 74321

2304
−
227π6

17010

�

þ CFC2
A

�
−
25ζð3Þ2

12
þ 571π2ζð3Þ

288
þ 82385ζð3Þ

5184
−
51ζð5Þ
16

þ 41071π4

311040
−
51967π2

10368
−
125π6

27216
−
1505881

62208

�

þ C2
FNf

�
−

1

27
7π2ζð3Þ þ 869ζð3Þ

216
−
19ζð5Þ
18

−
421

192
−
1363π2

1296
−
157π4

4860

�

þ CFCANf

�
−

1

72
5π2ζð3Þ − 94ζð3Þ

81
−
ζð5Þ
8

þ 10595π2

7776
þ 110651

15552
−
1259π4

77760

�

þ CFN2
f

�
−
79ζð3Þ
324

−
π4

3888
−
307π2

3888
−

7081

15552

�
þ CFNf;V

�
C2
A − 4

CA

��
7ζð3Þ
48

−
5ζð5Þ
6

þ 5π2

96
þ 1

8
−

π4

2880

�

þ
�
CFCA

�
7ζð3Þ
2

þ 3π4

40
−
1535

96
−
403π2

216

�
þ CFNf

�
ζð3Þ þ 29π2

108
þ 127

48

�

þ CFCANf

�
ζð3Þ
3

þ 767π2

1296
−
π4

80
þ 853

144

�
þ C2

F

�
−
15ζð3Þ

2
þ 61π2

24
−
π4

30
þ 511

32

��
πb0 ln

μ2R
Q2

þ CF

�
−4 −

π2

6

�
π2b1 ln

μ2R
Q2

þ CF

�
−4 −

π2

6

�
π2b20ln

2
μ2R
Q2

: ðA10Þ

ABELE, DE FLORIAN, and VOGELSANG PHYS. REV. D 106, 014015 (2022)

014015-14



APPENDIX B: NLO AND NNLO HARD-SCATTERING COEFFICIENT FUNCTIONS

The full NLO coefficient function can be found in [14,16]. Its near-threshold approximation was given in [12] and reads
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where L≡ 1
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ðlnðN̄Þ þ lnðM̄ÞÞ. The corresponding approximate NNLO result is given by
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