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Mathematical models of polyelectrolyte gels are often simplified by assuming the gel is
electrically neutral. The rationale behind this assumption is that the thickness of the
electric double layer (EDL) at the free surface of the gel is small compared to the size of
the gel. Hence, the thin-EDL limit is taken, in which the thickness of the EDL is set to
zero. Despite the widespread use of the thin-EDL limit, the solutions in the EDL are rarely
computed and shown to match to the solutions for the electrically neutral bulk. The aims
of this paper are to study the structure of the EDL and establish the validity of the thin-
EDL limit. The model for the gel accounts for phase separation, which gives rise to diffuse
interfaces with a thickness described by the Kuhn length. We show that the solutions in
the EDL can only be asymptotically matched to the solutions for an electrically neutral
bulk, in general, when the Debye length is much smaller than the Kuhn length. If the
Debye length is similar to or larger than the Kuhn length, then phase separation can be
initiated in the EDL. This phase separation spreads into the bulk of the gel and gives rise
to electrically charged layers with different degrees of swelling. Thus, the thin-EDL limit
and the assumption of electroneutrality only generally apply when the Debye length is
much smaller than the Kuhn length.
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1 Introduction

Polyelectrolyte gels are soft, electro-active materials that are used in a wealth of ap-
plications including smart materials [8, [26], fuel cells [17], gel diodes [32], regenerative
medicine [19], and drug-delivery systems [20]. A polyelectrolyte gel consists of a de-
formable network of polymers that is swollen with fluid. The polymers carry a fixed
electric charge and can therefore electrostatically interact with ions that are dissolved
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in the imbibing fluid. Typically, polyelectrolyte gels are surrounded by a salt bath com-
posed of a solvent, such as water, and dissolved ions. Solvent and ion exchange across
the gel-bath interface occurs until an equilibrium is established. The degree of swelling
and hence the gel volume are set by this equilibrium, which can be controlled through
a number of factors such as temperature and electric fields, as well as the pH and salt
content of the surrounding bath [1]. Slight alterations in these environmental parame-
ters can trigger enormous changes in the gel volume. In some cases, the volume of the
gel will undergo a discontinuous change, a phenomenon that is called a volume phase
transition |7, [22]. Environmental stimuli can also induce phase separation, whereby a
homogeneous gel spontaneously separates into co-existing phases with different compo-
sitions |18 |27]. Phase separation has been proposed as a facile means of self-assembling
nanostructures in polyelectrolyte gels [30 [31].

When a polyelectrolyte gel is surrounded by a salt solution, ions from the solution
will migrate to the free surface of the gel in order to screen the electric charges on the
polymers. The accumulation of ions leads to a diffuse layer of electric charge that is
known as the electric double layer (EDL). The thickness of the EDL is described by the
Debye length and is often on the order of tens of nanometers. An interesting feature
of polyelectrolyte gels is that the EDL is diffuse on both sides of the gel-bath interface
due to the mobile ions in the gel migrating to counter the accumulation of charge in the
surrounding bath. Similar doubly-diffuse EDLs also appear in immiscible liquid drops
that are suspended in a different ion-carrying liquid [24]. Outside of the EDL, the gel
and the bath are electrically neutral to a very good approximation.

Despite the intricate structure of the EDL, it is generally believed to play a passive
role in the gel dynamics. Moreover, due to the smallness of the Debye length (tens
of nanometers) relative to the typical dimensions of a polyelectrolyte gel (microns to
centimeters), any impact of the EDL on the gel dynamics is assumed to be confined
to an extremely thin region near the free surface. Thus, the EDL is often neglected in
studies that involve modelling polyelectrolyte gels |9} |10 [35] [15] [14) |34 [23]. The few
exceptions include the works by Hong et al. [13| [29], who compute solutions in the
EDL for a limited range of parameters. Hill [12] accounts for internal EDLs that form
in polyelectrolyte gels with liquid inclusions, neglecting the elasticity of the polymer
network and solvent-polymer interactions.

Neglecting the EDL due to its thinness is called the thin-EDL limit. The singular
nature of the thin-EDL limit means there are two components to it. The first involves
computing an outer solution that is valid in regions away from the EDL where the bath
and gel are approximately electrically neutral. The second involves computing an inner
solution that is valid within the EDL. Although the thin-EDL limit is used extensively
when modelling polyelectrolyte gels, very little attention is paid to computing the inner
solution and checking that it can, in fact, be asymptotically matched to the outer solution.
For instance, Mori et al. [21] used matched asymptotic expansions to derive a model for
an electrically neutral polyelectrolyte gel, but did not compute solutions in the inner and
outer regions nor did they explore the structure of the EDL in detail.

The aims of this paper are to use matched asymptotic expansions to: (i) revisit the
assumption that the EDL plays a passive role in the dynamics of polyelectrolyte gels and
(ii) ascertain the validity of the thin-EDL limit. In particular, we explore when the outer
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solutions which govern the electrically neutral bulk can be asymptotically matched to
the inner solutions in the EDL.

The main result of our work is that asymptotic matching of solutions cannot always
be carried out because the EDL can trigger a mode of phase separation that leads to a
breakdown of electroneutrality across the entire gel. In this case, the charge density in
the gel oscillates in space, corresponding to the formation of alternating layers of positive
and negative charge. Similar oscillations have been observed in ionic liquids in contact
with a charged surface, where they are attributed to the finite size of ions and their
short-range interactions |6} [11].

Our asymptotic analysis of the EDL builds on that of Yariv [33] by accounting for the
nonlinear electro-chemo-mechanics of the gel. A crucial feature of our analysis is that it
is based on a thermodynamically consistent phase-field model of a polyelectrolyte gel.
The phase-field model introduces an additional length scale into the problem, the Kuhn
length, which is proportional to the thickness of the diffuse, internal interfaces that form
within the gel if it undergoes phase separation. The governing equations are fourth order
in space and capture the energy cost of mixing ions with finite volume, which is similar
to continuum models for the layering of ionic liquids |2]. Most models for polyelectrolyte
gels do not account for phase separation and take the Kuhn length to be zero. However,
we find that the thin-EDL limit is only asymptotically consistent, in general, when the
Kuhn length greatly exceeds the Debye length. Thus, we argue that particular care must
be taken when using the thin-EDL limit to describe the behaviour of polyelectrolyte gels.

The paper is organised as follows. In Sec. [2] the governing equations for a cylindrical
polyelectrolyte gel that is in equilibrium with a salt solution are presented. In Sec. [3] we
carry out the asymptotic analysis of the EDL assuming the Kuhn length is much larger
than the Debye length. In Sec. [4] we discuss how the analysis differs if the Kuhn length
is zero, which is more typical across the literature. The asymptotic framework is then
used to investigate the structure of the EDL in Sec. [5} The paper concludes in Sec. [0}

2 Mathematical model

We consider a cylindrical polyelectrolyte gel that is in equilibrium with a stationary salt
bath, as shown in Fig. |1} Motivated by the experiments of Horkay et al. |14], we assume
the gel can freely swell in the radial and orthoradial directions but is confined in the axial
direction. The gel is composed of a deformable network of polymers that carry electric
charges of the same sign. The bath consists of a solvent and a dissolved binary salt such
as NaCl or CaCls. We assume that the system remains axisymmetric and that the gel
remains cylindrical; that is, we do not allow for instabilities along the axial or orthoradial
directions.

A thermodynamically consistent model of a polyelectrolyte gel surrounded by a viscous
bath has been derived by Celora et al. [5]. We employ this model here but specialise it to
a steady, cylindrical configuration. For brevity, we only present the non-dimensional form
of the governing equations in the main text; however, the dimensional model is provided
in Appendix [A] In the equations below, the subscript m is used to represent quantities
associated with the solvent (s), cation (+), or the anion (—). The set M = {s,+,—}
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Figure 1. A swollen polyelectrolyte gel surrounded by a bath. The bath consists of a
solvent and a dissolved binary salt. The polymers of the gel carry an electric charge,
which is assumed to be positive. An electric double layer of thickness O(e) forms near
the gel-bath interface, located at r = a, where charge neutrality is violated. The non-
dimensional Debye length ¢ is defined in .

contains all of the mobile species that move into and out of the polymer network. We let
I = {4+, —} denote the ionic species.

In non-dimensionalising the model, spatial variables are scaled with ag, the radius of
the gel in its unswollen (dry) state. The chemical potentials of the mobile species, fi,,
are written as i, = pud, + kpTul,, where u0 is a reference chemical potential, kp is
Boltzmann’s constant, and T is the absolute temperature. Primes are used to denote
dimensionless quantities. The electric potential in the bath and the gel is scaled with
the thermal voltage and written as ® = (kgT/e)®’, where e is the elementary charge.
The stresses and pressure in the gel are non-dimensionalised using the shear modulus of
the polymer network, GG, as a scale. In the bath, the pressure is non-dimensionalised as
p = ["B(kpT/e)?/a3]p’, with e®2" denoting the electrical permittivity of the bath. The
pressure scaling for the bath can be motivated by the condition of mechanical equilibrium
for a motionless fluid, which demands that the fluid pressure balances the Maxwell stress,
as these are the only two forces at play. Due to the diluteness of the ions, the electric
permittivity of the gel and the bath, €2°! and €®*", respectively, are treated as constants.
However, the composition dependence of the electric permittivity has been shown to
impact the swelling of polyelectrolyte gels |16].

This scaling introduces three key dimensionless parameters given by

gzﬁ, w:L—K, e:L—D, (2.1)
kBT ap ap

where v is the volume of solvent molecule, L is the Kuhn length of a polymer chain, and
Lp = (ve®'kgT)'/? /e is the Debye length. The parameter G characterises the energetic
cost of elastically deforming the gel relative to the energy that is released upon insertion
of a solvent molecule into the polymer network. The parameters w and e describe the
thickness of diffuse internal interfaces and the EDL relative to the size of the gel, respec-
tively. Alternatively, w can be related to the energetic cost of gradients in the solvent
concentration; see Celora et al. [5] for details. The magnitudes of these numbers will be
estimated in Sec. 2.4
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2.1 Governing equations for the gel

The equations for the gel are formulated in terms of Eulerian coordinates = re,.(0)+ze,
associated with the current state of the system, where r, 6§, and z denote the radial,
angular, and axial coordinates, repectively, and e,, eg, and e, are the corresponding
cylindrical basis vectors. An Eulerian coordinate system enables the equations to be
written in a physically intuitive way and it facilitates coupling the gel and bath models
via boundary conditions. A detailed account of Eulerian-based hydrogel modelling is
provided by Bertrand et al. [3]. Welet X = R(r)Eg(0)+ Z(z)Ez denote the Lagrangian
coordinates associated with the stress-free reference configuration, which we assume is
a dry gel. Here, R, © = 0, and Z represent the radial, angular, and axial Lagrangian
coordinates, and EFr, Fg, and E are the basis vectors.

The deformation gradient tensor F describes the distortion of material elements relative
to the dry state of the gel. For an axisymmetric geometry which remains cylindrical, the
deformation gradient tensor can be writtenas F =\, e,  Er+ X gegRQFEg+ M. e,QFE 7,

where
dr\ ! r az\ !

denote the radial, orthoradial, and axial stretches, respectively. The axial stretch A, is
imposed, whereas the radial and orthoradial stretches A, and Ay are unknown and must
be solved for. The determinant J = det F = A\ Mg\, characterises volumetric changes in
material elements. Both the polymers and the imbibed salt solution are assumed to be
incompressible. As a result, any volumetric change in a solid element must be due to a
variation in the amount of fluid contained within that element. This leads to the so-called
molecular incompressibility condition

J= <1 -y ¢>m> 7 (2.3)

meM
where ¢ represent the volume fraction of species k. Since J describes the volume of

swollen material elements relative to their dry volume, we also refer to it as the swelling
ratio. It will be convenient to formulate the incompressibility condition as

dR A7
= 2.4
dr J’ (24)
where J is given by (2.3)).
The chemical potentials of the mobile species, ., can be written as
w? d dos
=11, - 2.
=T Gy 2 (1), (2.50)
pe =1L +Gp+ 24P, (25 b)

where z4 is the valence of the ions, p is the mechanical pressure in the gel, and 11, are
osmotic pressures defined as

O, =logps +xJ 11— )+, (2.6 a
Iy =loggs +J (1 — x¢s).
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Here, x is the Flory interaction parameter, which describes (unfavourable) enthalpic
interactions between the solvent molecules and the polymers. Due to our assumption
that the system is in equilibrium, the chemical potentials are spatially uniform. Hence,
Im are constants that will be specified below.

The electric potential satisfies Poisson’s equation

e? d do
r dr

ZfPf
— ) = +z ¢+ 2L 2.7
r dr) 244 +2-9¢ 7 (2.7)
where ¢ is the nominal volume fraction of fixed charges on the polymer network and zy
denotes the valence of these charges. We will focus on cationic gels with positive fixed
charges, zy > 0.

The conservation of linear momentum in the gel leads to

dTTT + Trr - T00
dr r

~0, (2.8)

where T, and Tyg are the radial and orthoradial components of the Cauchy stress tensor.
These stresses can be expressed as

Trr = Te,rr + TK,TT + TM,TT - D (29 a
Too = Te00 + Tr,00 + Tas,00 — p- (2.90)

The first contributions, T, and T, g, represent elastic stresses, which are calculated
by assuming the polymer network behaves as a neo-Hookean material. This leads to

Terr =J 1AL = 1), (2.10 a)
Teoo=J (N5 —1). (2.10b)

The second and third contributions to the Cauchy stresses in correspond to Ko-
rteweg (T i) and Maxwell (T ;) stresses, respectively, which capture the forces generated
within the bulk of the gel due to internal interfaces and electric fields. The radial and
orthoradial components of these stresses are given by

=gt S (140 (e, 211a)
Tios =G [d:«s;r (Tddis) +% (ddf«s)zl ! (2115)
Trrr = %g—152 (ﬁ)Q, (2.11¢)
Tha,00 = *397162 <(3;f)2 : (2.11d)

The final contribution to the Cauchy stresses represents the stress induced by the fluid
pressure.
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2.2 Governing equations for the bath
The spatially uniform chemical potentials of the solvent and ions are
s = log ¢s + €,.62p, (2.12a)
pt = log ¢y + e,6%p + 24P, (2.12b)
where ¢, = €®2h /e8°l. The electric potential satisfies

2
Ce?d (ﬁ(fq’) N (2.13)

r dr

Conservation of linear momentum in the bath implies that

dT,, T,,—T
" 00
dr r

=0, (2.14)

where the components of the Cauchy stress tensor are

T'rr = T]\/Lr'r - P, (215 (l)
Too = Tar,00 — p- (2.15b)
The Maxwell stresses are given by
1 (do\?

T == 2.1

M,rr 2 (d’f’) ) ( 6 CL)
1 /do\?

T =—— . 2.16 b

M,00 2 (dr) (2.16 )

2.3 Boundary conditions

At the centre of the gel, we impose

d®

do dg,
dr o

b)
=0 dr

R|7‘:0 = 07

= 0. (2.17)
r=0

The first condition ensures that the origin in Lagrangian coordinates is mapped to the
origin in Eulerian coordinates. The second and third can be viewed as symmetry condi-
tions. The boundary condition on ¢, is needed due to the presence of a second derivative
in the expression for the chemical potential of solvent in the gel .

Far from the bath, 7 — oo, we set the electric potential to ®P*" and the pressure
to zero. In addition, we assume that the volume fraction of cations has been fixed to
¢h*th . Assuming electroneutrality then requires that the volume fraction of anions is
given by ¢Ph = |2, /2_|¢5*h. The far-field solvent fraction is then fixed at ¢o*™" =
1— (14|24 /2-])¢h*™. Consequently, the far-field chemical potentials are given by

pbath — Jog gbath 1 5, pbath) (2.18 a)

The radius of the deformed gel, and hence the position of the gel-bath interface, is
denoted by a. We use the notation 7 — a* to describe approaching the interface from
the bath (+) and gel (—). Due to the formulation of the model in terms of Eulerian
coordinates, the deformed radius of the gel, a, is unknown. Since the undeformed radius
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of the gel has been scaled to unity, the deformed radius is implicitly determined by the
equation

Rlpeg- = 1. (2.19)

At the gel-bath interface, r = a, thermodynamic equilibrium demands that the chem-
ical potentials are continuous. Moreover, since the chemical potentials must also be spa-
tially uniform, we have that

Hm = NEnath (220)
in both the gel and the bath. We also impose the condition

dos
dr _

r=a

=0 (2.21)

at the gel surface, which is needed due to the second derivative in . From a physical
point of view, implies that the solvent does not preferentially wet or dewet the
interface, both of which would lead to a localised gradient in the solvent composition.
The balance of radial stresses at the interface leads to

Tl = &8 Tor| s - (2.22)

We assume there are no surface charges on the interface and therefore impose continuity
of the electric potential and electric displacement:

o, =¥, (2.23.0)
d® do

oy _ de 2.23b
dr r=a- dr r=at ( )

2.4 Parameter estimation

We assume that the molecular volume is v ~ 10728 m?3 [34], the system is held at a
temperature of T = 300 K, and dry radius of the gel is ag ~ 1 cm. Horkay et al. [14]
measured the shear moduli of polyelectrolyte gels to be around G ~ 10 kPa, which leads
to G ~ 107 Yu et al. [34] reported values of G ~ 1073. The Flory interaction parameter
X is generally a function of the gel composition and temperature. However, we treat x as
a constant, which is a common simplification in the literature. Yu et al. [34] use constant
values of x that range from 0.1 to 1.6.

We assume that the electrical permittivity of the gel and the bath are approximately
the same as water due to the ions being dilute. Thus, we set €8°! ~ Path ~ 80 ¢y, where ¢
is the permittivity of free space. Hence, €, = €% /e®*h ~ 1. The non-dimensional width
of the EDL is then £ ~ 10~8, corresponding to a dimensional value of 0.1 nm. However,
we will show in Sec. [3 that the value of € underestimates the width of the EDL because
it is based on an imprecise estimate of the ionic volume fractions.

The dimensionless parameter w is difficult to estimate due to uncertainties in the values
of the Kuhn length. Hua et al. [15] set Lx = 0.9 nm in their modelling study. Similarly,
Wu et al. [31] take Lx = 1 nm. Both values lead to an estimate of w ~ 1077.
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3 Asymptotic analysis for large Kuhn lengths

Matched asymptotic expansions in the limit ¢ — 0 will now be used to formulate the
governing equations away from and within the EDL at the gel-bath interface. The analysis
in this section will focus on the case when the Kuhn length is much larger than the
Debye length, e < w. Thus, we will consider the limit ¢ — 0 with w fixed. Although our
estimates suggest that w and e are similar in magnitude and hence the limit ¢ — 0 with
w = O(e) may be more physically accurate, we will show that the asymptotic solutions
cannot generally be matched in this case. Analysing the case when ¢ — 0 with w fixed,
i.e. € K w, provides mathematical and physical insights into why the matching fails.

The asymptotic analysis is split into two parts. In Sec. we derive the model in the
outer region away from the gel-bath interface. In Sec. we formulate the problem in
the inner region near the gel-bath interface to resolve the EDL.

3.1 The outer problem

We now consider the limit ¢ — 0 with » = O(1). The outer variables are expanded as
f(r) = fO(r) + O(e), where f is an arbitrary quantity.

3.1.1 Electroneutral equations for the bath
Taking ¢ — 0 in leads to the electroneutrality condition for the bath

2060 42 ¢ =o0. (3.1)
The chemical potentials (2.12]) reduce to

et = log o, (3:2a)
phath = log ¢(i0) + 2000, (3.20)

Solving these four equations shows that the outer solution in the bath corresponds to a
homogeneous mixture with the same composition and voltage as the far field:

o (r) = o, @0 (r) = @b, (3.3)

The radial stress balance (2.14) reduces to dp(® /d¢ = 0. Solving and matching to the
far field implies that

pOr) =0, TO®F) =o. (3.4)

Thus, the bath is stress free to leading order.

3.1.2 Electroneutral equations for the gel

Motivated by the constant outer solutions for the bath, as well as past works in the
literature (9,10, 35, |15} |14, |34} |23], we assume that the outer solution for the gel represents
a homogeneous state. We therefore write the leading-order contributions to the outer
solution as f(©) (r) = f&°!, where f&° is a constant, for all variables except the Lagrangian
radius R(?), which retains a dependence on 7.
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The O(1) contributions to lead to the electroneutrality condition for the gel,
2 5+ 20 = —zppp ) TE (3-5)
The solvent and ionic chemical potentials are given by
TIEe! 4 Gpeel = pbath (3.6 a)
5 + Gp=e! + 2 @81 = pbth, (3.6b)

For a homogeneous gel that is free to swell in the radial and orthoradial directions,
the radial and orthoradial stretches are equal; thus, \8°' = )\gel = (J&/X,)Y/2. The
leading-order contribution to the Lagrangian coordinate can then be obtained from
as RO (r) = (X, /J&N) /2. We define

R = RO(a™) = (A, /I8 2a, (3.7)

where R&°! must be determined by matching to the inner solution. The final quantity to
determine is the mechanical pressure in the gel. The radial stress balance (2.8]) implies
that the radial Cauchy stress T2 must be a constant. Using asymptotic matching, we

will show that Tl = 0. Hence, from (2.9 d), we have that p*' = 1/), — 1/J&°.

3.2 The inner problem

The inner problem is formulated by introducing the change of variable r = a + £, where
¢ is a radial coordinate that is localised to the free surface of the gel. By definition,
& > 0 corresponds to the regions in the bath whereas £ < 0 corresponds to regions
in the gel. Tildes are used to denote dependent variables in the inner region, which are
generally expanded as f = f O 4e f (1) +0(£?), where f is an arbitrary quantity. However,
additional rescaling is required in some cases; this will be made explicit in the proceeding
discussion. Near the interface, the outer solutions for the bath and gel are expanded in
terms of inner variables, respectively, as

fla+e&) = fO>a™) + 0(e) = ™ + 0(e), (3.84)
flat+e&) = fOa™)+0(e) = 5 + O(e), (3.8b)

which will be used for asymptotic matching.

3.2.1 Inner problem for the bath

Mechanics

After changing variables, we anticipate that the Maxwell stresses scale as Ty =
O(e72) because the electric potential ® should remain O(1) in size across the EDL. More-
over, we expect that the pressure will scale like the Maxwell stress so that p = O(e~2);
the rationale behind this choice is discussed in the introduction of Sec. 2| Therefore, we
write Tas = e~ 2Ty, and p = e~ 2p. Consequently, the Cauchy stresses must also be scaled
as T =& 2T. Expanding T, and T M,rr in powers of € and matching to the far field leads
to the stress-free condition ﬂ‘i) — 0 as & — oo. The leading-order contribution to the
radial stress balance in the bath leads to d'ﬂg) /d€ = 0. Integrating and imposing
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the far-field condition leads to the conclusion that Ts?n) = 0. In terms of the original

scaling, this means that, in the EDL, the total stress in the bath must be O(¢~!) in size.
The pressure can be obtained from (2.15 d)) and is found to be

~ 2
R 1 {9 -
p(O) = 5 ( ) = Tg\(/)l),rr' (39)

23

Thus, as expected, the pressure in the bath balances the Maxwell stresses.

Chemical equilibrium
Expanding the chemical potentials (2.12)) gives, to leading order,

log ¢*) + €5V = ™™, (3.10a)
log 1) + €50 + 22 BO) = phath, (3.10b)

Equating (3.10) with (2.18 d) and using (3.9) to eliminate the pressure leads to an ex-

pression for the ion fractions in the EDL,

~ 2
~ - e (Ao
¢$) _ (bliath exp Zi(q)bath _ (I)(O)) -5 < & > . (3.11)

This is a modification of the Boltzmann distribution for the ions, which arises from
accounting for the pressure dependence of the ionic chemical potentials.

Electrostatics

The leading-order electrical problem is obtained by combining (2.13|) with the ionic vol-
ume fractions (3.11]) to obtain a modified Poisson—Boltzmann equation given by

. . 2

4o Er <d‘b(o)> bath bath _ &

P — -r _ba . a; (0)

—€——5— = exp |— E zip; " exp (2 (P — o). (3.12)
d¢ 2 d¢ = ( )

Equation ([3.12) can be integrated once and the conditions d®(® /d¢ — 0 and ®©) —
obath a5 ¢ 5 00 used to obtain

P o e

i€l

The minus sign is taken if ®&¢' — ®Path > () which will generally be the case if the fixed
charges on the polymer chains are positive, as assumed here.
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3.2.2 Inner problem for the gel

Chemical equilibrium
The chemical potential of solvent (2.5 d) can be expanded as

. d - -
bath _ 17(0) ~(0) -2 2 (0) (1) 4 272 (0) (1)
e I,V + Gp e "W [dgz (qﬁ +eolV + 240 ) o £(¢s + ey )

264
a? d¢

+0(e). (3.14)

Similarly, the boundary condition at the gel-bath interface can be expanded to
give dégn)/df =0at&=0forn=0,1,2. The O(¢2) and O(¢~!) contributions to
along with the boundary and matching conditions show that the solvent concentration
is uniform to leading and next order,

PO(€) = ¢, V(&) = oV, (3.15)

which is a distinguishing feature of the asymptotic limit in which ¢ — 0 with w fixed.
Physically, this result is a consequence of gradients in the solvent concentration having
a high energy cost when the Kuhn length is large. The ionic chemical potentials
can be expanded as

1 ~ ~
St 1og 3O oy (1= x0E) + G974 240, (3.16)

By combining (3.16]) and (2.18 a) and using (3.15)) we find that

(b(O) ¢bath exp Zi((bbath _ (i,(o)) _ gﬁ(o) — (1 — ng%d) . (317)

J©)

Although (3.17) appears to be a closed-form expression for the volume fraction of ions,
it is important to recall that the swelling ratio J(©) also depends on the these quantities;

see .

Kinematics and incompressibility

The O(e1) part of the incompressibility condition implies that dR©® /d¢ = 0.
Imposing the boundary condition R(®(0) = 1 leads to R(®) = 1. Matching the inner and
outer solutions leads to the condition R#! = 1, which can be used in combination with
to find that the radius of the deformed gel is given by

a=(JN,)Y2 (3.18)

The O(1) part of (2.4) gives dR(l)/df X.a/J©. The leading-order radial stretch can
then be found by expanding (2.2) to find that Y- = (A, J2)~1/2,J0)  Similarly, the
leading-order orthoradial stretch is given by )\ =(J e JA)M2.

Mechanics
The leading-order part of the stress balance in the gel (2.8) is at¥ /d¢ = 0. Hence,
the total stress in the gel is constant across the EDL. Imposing stress continuity at the
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interface and using the fact that the stress in the bath is O(¢~!) shows that the gel
is stress free to leading order, TO —0. Matching to the outer solution leads to T&¢! = 0,
as previously claimed.

The mechanical pressure can be obtained from as

PO =T+ T, + T (3.19)

The leading-order radial components of the elastic, Korteweg, and Maxwell stresses can
be obtained from (2.10 d), (2.11 d), and (2.11 d) as
o _ LJO 1

70 . ~ < -

Te,rr >\z chl j(O) ’ (320 (l)
5 2 dz(i;(z)

TO Y gl P 2
K,rr g ¢s d§2 ) (3 0 b)

~ 2

- 1 (do©

R — : 2
M,rr 2g ( dE ) (3 OC)

In order to evaluate the Korteweg stresses without explicitly solving for (;322), the O(1)
contributions to the solvent chemical potential (3.14]) can be used in (3.20 §)) to obtain

N gel ,
T = % (T + 5@ — bt} . (3.21)

Note that setting w = 0 leads to 1" +gp© — b2 = 0 from (3.14)) and hence T(Ig?rr = 0.
Substitution of (3.21)) into ([3.19) gives an algebraic relation for the pressure p(®).

Electrostatics
The leading-order electrical problem in the gel is given by

4o ~(0) 20) | ArPr
e =20l + 207 + 25 (3.22)
which is coupled to the algebraic equations for the volume fractions of ions (3.17)) and
the mechanical pressure (3.19)). The electrical problems for the bath and gel can be
decoupled by combining the first integral for the electric potential in the bath (3.13)
with the electrostatic boundary conditions (2.23) to obtain

de )
d§

= .| 2¢ log {1 +3 0 ghuth {eXp (zi(@bath - <i>(0>)) - 1} } , (3.230)

£=0— i€l £=0-

which acts as a boundary condition for ([3.22)). The electrical problem in the gel is closed
by imposing the matching condition

3O @l £ oo, (3.23b)

3.3 Summary

The asymptotic analysis has produced a closed system of algebraic equations that deter-
mines the outer solution in the gel. The inner problems for the gel and the bath decouple.
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In the case of the gel, the inner problem can be condensed into a nonlinear system of
differential-algebraic equations; this system will be presented in Sec. [5| The inner prob-
lem for the bath has been solved in terms of the electric potential; this can be obtained
by integrating once the electric potential at the gel surface has been determined
by solving the inner problem for the gel.

4 Asymptotic analysis for Kuhn lengths of zero

We now briefly mention how the asymptotic analysis of the inner region is carried out
when the dimensionless Kuhn length, w, is naively set to zero. Mathematical models
of polyelectrolyte gels in the zero-Kuhn-length limit (w = 0) are common throughout
the literature. Analysing the inner region when w = 0 will serve as a useful point of
comparison. However, the zero-Kuhn-length limit is only valid when phase separation
does not occur. The terms that are proportional to w? in the governing equations provide
a regularisation that ensures the problem remains well posed when the system undergoes
phase separation. As we will show in Sec. 5] the EDL can trigger phase separation which
then spreads into the bulk of the gel. Hence, setting w = 0 is not trivial and may render
the model ill posed.

Assuming that phase separation does not occur, we can set w = 0 in , in which
case the leading-order contribution (in €) to the solvent chemical potential in the EDL
becomes

IO 4 g0 = ybath, (4.1a)

The osmotic pressure 1:[(0) is given by (2.6 d). The mechanical pressure 13(0) can be cal-
culated directly from after neglectlng the Korteweg stresses. Thus can be
interpreted as a nonhnear algebralc equation for the solvent fraction (;SS Wthh can now
be a function of £ and hence vary across the EDL. The corresponding ion fractions are
given by

- 1 ~
(z)(O) ¢bath exp Zi(@bath ) gp(O) J(O) (1 _ X¢g0)>:| ) (41 b)

5 Case studies

We now use our formulation to study the structure of the EDL by computing numerical
solutions to the inner and outer problems. We restrict our attention to monovalent salts
with z; = £1. The cation fraction in the bath, ¢‘fth, is treated as a control parameter.

In Sec. the outer problem in the gel is formulated. This consists of a system of
nonlinear algebraic equations for homogeneously swollen states that are in equilibrium
with the bath. In Sec. the corresponding inner problems are formulated when w = 0
and w > €. The inner solution are used to explore the structure of the EDL in Sec.

5.1 Solution of the outer problem for the gel

In the outer region of the gel, the volume fraction of solvent and ions, as well as the
electric potential, are determined from (3.5)—(3.6)). This nonlinear algebraic system can
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Figure 2. (a) Equilibrium swelling ratio J&° as a function of cation fraction in the bath
¢]ff‘th showing swollen and collapsed branches. (b) The swelling ratio along the collapsed
branch. Solid lines correspond to solutions of . Dashed lines represent solutions to
the reduced equation for a dilute concentration of cations. The parameter values
are G =5x 1074 x =1.2, oy = 0.05 24 = £1, zp = 1.

be formulated as

e X 1 _¢§el 1 1 a
o'+ g + XD 10 (5 ) =ontt 2. 510)

e a a e 1 1 1 &
o = ot exp (@~ ) g (- ) - (1= e 6a)

205" sinh (PP — pel) — —Zj;i{ exp [g (Al = J;) + % (1- qugcl)] , (5.1¢)
where J&¢! is given by . When the cation fraction in the bath is small, qﬁi‘“h < 1, the
nonlinear system can be reduced to a single equation, as described in Appendix

We numerically solve over a range of values of ¢5* using pseudo-arclength
continuation. Three values of A\, < 1 are considered, corresponding to gels in axial com-
pression. The equilibrium swelling ratios J&°! computed from the solutions of are
shown as solid curves in Fig. 2] The dashed black lines represents numerical solutions
to the reduced model derived in Appendix [B] The figure shows that for each value of
A, there are three branches of solutions, two of which intersect and then vanish as the
salt fraction in the bath qbﬁath increases beyond a critical value. The loss of equilibrium
solutions at this critical point indicates that a volume phase transition can occur, as the
gel volume will undergo a discontinuous decrease as the salt content of the bath is in-
creased. For a given value of )., the branch of solutions corresponding to the largest and
smallest values of J&! are referred to as the swollen and collapsed branches, respectively.
The branch of solutions corresponding to intermediate values of J&°! is unstable [4] and
will not be considered further.

For a fixed value of the salt fraction, increasing the axial compression reduces the degree
of swelling that occurs. Moreover, increasing the axial compression also decreases the
critical salt fraction at which the volume phase transition occurs. Both of these findings
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are in agreement with experimental observations [14]. Due to the incompressibility of
the gel, imposing an axial compression results in a radial stretch. The elastic energy
cost of inserting a molecule into a pre-stretched gel is greater than for an unstretched
gel. Hence, the balance between the mixing and elastic energies is established at smaller
concentrations, resulting in the equilibrium swelling ratio .J&°! decreasing with the axial
stretch A,.

5.2 Formulation of the inner problems

The inner problem for the gel can now be constructed using the results from the previous
sections. In particular, if w = 0, then the governing equations for the gel can be condensed

into
10 4 G5O — log(l _ ggbathy, (5.2 a)
é(io) _ ¢]3rath exp i(@bath _ &)(0)) gp(O) (1 - X(ﬁgo)>:| ) (52b)
J(O)
do©® 30) 4 21%F
_ d§ ¢ ¢ j(O) R (52 C)
) B 2
1 Jjo  q 1 (de®
o 1JO 11 2d
Pr= T Jo Tag\Tae ) 24
. . 1-¢"y 1
10 Z g g y X1=0s7) L 2
( 0g g5 + 50 §0) (5:2)

In the case w > ¢, Eqn (6 is replaced with ¢ = #%°, resulting in the system

QEEB) _ ¢E)Fath exp |:j:((bbath _ é(O)) gp ( - X¢§el):| ) (53 a)

2@ . %)
_ e _¢(0) gb(o }(o)f’ (5.3)

- - 2
JO 1 1 (do®
gel _ gel ( 0) _ bath) - 5.3
G(1 - ¢5)p° 9<A e ) )+ 5 (S ) - 630
JO = (1= =6 =), (534)
el

7(0) _ gel X( - ¢§ ) L
I =log ¢5° + O + SOk (5.3¢e)
In both cases, the boundary conditions for the electrical potential are given by ([3.23)).

The expression for the hoop stress in the gel is the same in both cases as well:

~ ~ 2
- (0) 1 [ get  JO [ dd©
T = — [ =—-2—=| - . 4
LW <J<o> Jeel g d¢ (54)

The first term represents the elastic contribution to the total hoop stress, which can

J(O)

be compressive or tensile. The second term captures the contribution from the Maxwell
stresses, which is always compressive.
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5.3 The structure of the electric double layer

The systems and are discretised using finite differences and solved using New-
ton’s method. The asymptotic solution is validated against numerical solutions of the
full problem in Appendix [C]

We consider the case where the axial stretch and salt content in the bath are set to
A, = 1 and d)‘f‘th = 107°, with the remaining parameters being the same as those in
Fig. [2} There are three possible solutions to the outer problem. We are only concerned
with two of these, which correspond to the collapsed state (J&8°! ~ 1.447) and the swollen
state (J&°! ~ 82).

In Fig. |3| we plot the inner solution when the outer solution corresponds to the col-
lapsed state (J&°! ~ 1.447). The solid and dashed lines correspond to the cases w > ¢
and w = 0, respectively. In both cases, we see that our non-dimensionalisation underesti-
mates the width of the double layer, which is about 10¢ in the gel (or 1 nm) and 1000¢ in
the bath (or 100 nm). For this parameter set, the value of w does not lead to noticeable
changes in the electric potential and ion fractions; see Fig. [3| (a)—(b). However, substan-
tial differences arise in the gel pressure and the solvent fraction; see Fig.|3| (¢)—(d). When
w = 0, the gel pressure balances a large Maxwell stress. This large pressure causes a local
decrease in the solvent fraction and a slight volumetric contraction of the gel (Fig. [3[(d)),
which can be rationalised in terms of Eqn (£.1d). At equilibrium, the osmotic pressure
II, must balance the mechanical pressure p. To compensate for the increase in mechanical
pressure that arises from the Maxwell stress, the osmotic pressure must decrease, which
drives solvent out of the gel and causes it to shrink. When w >> ¢, gradients in the solvent
fraction are energetically penalised; thus, the solvent fraction remains uniform across the
EDL. From a mechanical perspective, this penalisation occurs through the development
of a large Korteweg stress, which counters the effect of the Maxwell stress in order to
maintain a uniform solvent fraction. The mechanical contribution from the Korteweg
stress manifests as an increase in the gel pressure compared to the w = 0 case, as seen
in Fig. 3| (c). Although the solvent fraction is constant across the EDL when w > ¢, the
swelling ratio still decreases relative to the bulk value (Fig. |3| (d)) due to the variation
in ionic content (Fig. 3| (b)).

The inset of Fig. [3 (¢) shows the total hoop stress in the gel, which is the same in
both models owing to the strong similarities in the electric potential. Due to the large
Maxwell stress, the gel experiences a substantial compressive hoop stress, which leads to
the intriguing possibility of mechanical instabilities in the EDL.

In Fig. [ we show the numerical solution of the inner problem with w >> ¢ when the
outer solution corresponds to the swollen state (J&' ~ 82). The qualitative features of
the inner solution are similar to those obtained when the outer solution corresponds to
the collapsed state (Fig.|3). However, an important difference is that the volume fraction
of anions has decreased by more than a factor of ten. This decrease is driven by the
reduction in the volume fraction of fixed charges on the polymers that occurs when the
gel is highly swollen; see Fig. |4| (b). Consequently, the EDL in the gel has increased in
thickness by a roughly factor of ten to approximately 250 (or 25 nm). The gradient
in the electric potential in the gel is therefore ten times weaker, resulting in a 100-fold
reduction in the Maxwell stress and the total hoop stress; see Fig. |4 (c). Despite these



18

10

@(ll) _ pbath

1076
-50

Figure 3. Numerical solutions of the inner problems with far-field conditions correspond-
ing to the collapsed state. The regions of gel and bath are defined by £ < 0 and £ > 0,
respectively. Dashed lines represent the solution to when w = 0. Solid lines repre-
sent the solution to when w > €. The parameter values are y = 1.2, G =5 x 1074,

M. G. Hennessy et al.

107°
1079 L ________-———“,
107 T
108
[T — ’ , , ,
-50 0 50 100 150 200
1072 3 - \\\
~~~~~~~ e 108 N
107 \\“‘\»-“ 3
150 200 50 0 50 100 150 200
3
(b)
145 e —
\\
1.4F \
0.28 \
= - - AY
2 0.26| &\ \
AN \
135 0.24 \\
0.22 \
30 20 -10 0 \
3 \
A 1.3 : : : :
150 200 -50 -40 -30 -20 -10 0
3
(d)

@r=0.05, ¢t =107° X\, =1, ¢ =1, 24 = £1, and 2y = 1.

decreases, the pressure in the gel remains large because of the Korteweg stress. Due to
convergence issues, it was not possible to compute the corresponding inner solution when

w=0.

To understand the origin of these numerical difficulties, we consider an intermediate
asymptotic limit where w = Qe, with Q@ = O(1) as ¢ — 0. By assuming that the gel
remains in a homogeneous, swollen state away from the EDL, the outer problem in
this limit is still given by . The corresponding inner problem can be formulated by

changing (-14) or (I1d) to

2(0)
10 4 gp® 4 g2 L% _ ban

e s

(5.5a)
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Figure 4. Numerical solution of the inner problem with far-field conditions corresponding
to the swollen state when w > €. The regions of gel and bath are defined by £ < 0 and
& > 0, respectively. The curves are obtained by solving . Parameter values are the
same as in Fig. B} x = 1.2, G = 5 x 1074, ¢y = 0.05, o2 = 107°, A\, = 1, ¢, = 1,
z4 = %1, and zy = 1.

The pressure (3.19) can be evaluated using a Korteweg stress given by

) ~ 2 7(0) HONS
T g [gwls 1 <&¢S> . (550)

&2 2\ o¢

We solve the intermediate asymptotic model based on by imposing the boundary
conditions qu;gO) /dé =0 as &€ - —oo and £ — 07. A second parameter set is used to
reduce the degree of swelling that occurs in the gel. This parameter set leads to the outer
problem having single branch of equilibrium solutions that does not fold back on itself.
Thus, the gel monotonically and continuously decreases in volume as the salt fraction in
the bath ¢4 increases.

It is important to point out that the intermediate asymptotic model based on is
only fourth order in space. Therefore, it can be solved without explicitly imposing that its
solutions tend to the homogeneous and electrically neutral outer solutions determined
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Figure 5. Phase separation in the inner region. (a)—(c) The swelling ratio and (d)—(f)
total electric charge density for different salt fractions in the bath gbiath. The curves are
obtained by numerically solving the inner problem in the intermediate asymptotic limit
w = O(e) as ¢ — 0; see (5.5). We have taken w = Qe with © = 10~!. The remaining
parameters are y = 0.7, G = 4 x 1073, pr=0.04, 2+ =£1, 2y =1, ¢, =1, and A\, = 1.

by . However, if the inner solutions tend to constants in the far field, then these
constants must satisfy and hence a match with the outer solution will be obtained.

The inner problem in the intermediate asymptotic limit is solved at three specific
values of zb‘j_ath with © = 0.1. The swelling ratio J(© and total charge density Q(® =
q;f) - (;NS(_O) + chpf/j(o) are computed and plotted in Fig. In this case, decreasing
the salt fraction in the bath from d)?ﬁth = 1073 triggers the onset of phase separation,
which gives rise to a periodic array of electrically charged phases that spans the entire
inner region. Charge neutrality is not recovered in the far field, even if the domain used
to numerically solve the inner problem is increased. Moreover, enforcing the boundary
condition &2‘)) — ¢! as £ — —oo leads to convergence issues. Hence, the inner solution
cannot be matched to the homogeneous and electroneutral outer solutions computed
from . We therefore posit that homogeneous outer solutions do not always exist in
the thin-EDL limit € — 0 if w = O(e) or w = 0.

To explore the hypothesis that the bulk of the gel may not be homogeneous and
electrically neutral at equilibrium, we solved the full steady problem in the regime w =
O(e) by setting ¢ = 1072 and w = 1073. The salt fraction in the bath was set to
P52 = 6.6 x 1074, corresponding to the parameters in Fig. 5| (b) and (e). The swelling
ratio J and the total charge density @, which are shown in Fig. [6] reveal that phase
separation occurs throughout the entire gel and gives rise to a periodic arrangement of
electrically charged domains. Using numerical integration, we find that the total amount
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Figure 6. Phase separation drives the breakdown of charge neutrality in the gel when
the Debye length is comparable to the Kuhn length. (a) The swelling ratio and (b)
the total electric charge density computed from the full steady problem in cylindrical
coordinates. The gel self-organises into a highly swollen, negatively charged core (dark
blue); a moderately swollen interior with alternating electric charge (blue), and a weakly
swollen, positively charged shell (light blue). We set ¢ = 1072, w = 1073. The remaining
parameter values correspond to Fig. |5 (b) and (e) and are (j)‘fth =6.6x 1074, x = 0.7,
G=4x10"3,¢; =004, 2. =41, 2, =1, 6 =1, and A, = L.

of electric charge contained within a pair of adjacent domains is on the order of 1077,
Thus, the gel effectively separates into three distinct regions consisting of an electrically
negative, highly swollen core (0 < r < 0.073); a moderately swollen interior that is
electrically neutral on average (0.073 < r < 2.0); and a positively charged, collapsed
shell (2.0 < r < 2.1). Overall, the gel carries a net positive charge which exactly balances
the net negative charge in the bath to ensure that charge neutrality holds on a global
scale. The pointwise breakdown of charge neutrality across the gel indicates that it is
not always appropriate to decompose the problem into inner and outer regions that are
characterised by the local charge density of the gel.

6 Discussion and conclusion

Asymptotic and numerical methods are used to study the EDL that forms at the interface
between a polyelectrolyte gel and a salt bath. The gel is described using a phase-field
model, which introduces an additional length scale, the Kuhn length, into the problem.
The Kuhn length measures the thickness of diffuse internal interfaces that can form due
to phase separation within the gel. The ratio of the non-dimensional Kuhn and Debye
lengths, w and ¢, has a profound influence on the structure of equilibrium solutions.
When w > ¢, there is a high energy cost associated with forming gradients in the
solvent volume fraction in the gel. Therefore, the solvent volume fraction is spatially
uniform across the EDL and phase separation is suppressed. In this case, it is always
possible to match the inner solutions to electrically neutral, homogeneous outer solutions.
In contrast, when w = 0, there is no energy penalty associated with forming gradients in
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the solvent fraction. In this case, the solvent fraction, which is set by a balance between
the osmotic and mechanical pressures, can vary across the EDL. However, it is not always
possible to compute a numerical solution to the inner problem when w = 0.

Our preliminary investigation of the intermediate asymptotic limit where ¢ — 0 with
w = O(e) reveals that phase separation can result in heterogeneous gels consisting of
repeating pairs of positively and negatively charged domains. The breakdown of charge
neutrality means that the inner region effectively spans the entire gel. The difficulties in
numerically computing inner solutions with w = 0 are attributed to the gel undergoing
phase separation and the loss of homogeneous, electrically neutral outer solutions.

The breakdown of electroneutrality due to phase separation can be rationalised as fol-
lows. Phase separation leads to the formation of diffuse interfaces that separate domains
with distinct compositions and electric potentials. The gradient in the electric potential
across the diffuse interface generates an electric field. When the Kuhn and Debye lengths
are commensurate, the electric field near the diffuse interface will be of sufficient mag-
nitude to trigger the formation of an EDL within the gel. If the Kuhn length greatly
exceeds the Debye length, then the electric field is too weak to generate an internal EDL
and hence the gel remains electrically neutral.

In Celora et al. [5], we used numerical continuation to track solutions of the full steady
problem as the salt fraction in the bath is varied in the regime when w and e are compa-
rable. We found that the breakdown of charge neutrality in the gel occurs via a cascade
of saddle-node bifurcations associated with a spatially localised mode of phase separa-
tion that originates from the EDL. A more in-depth analysis of the asymptotic limit
e — 0 with w = O(e) can shed light on how phase separation is triggered near the free
surface of the gel and spreads into the bulk. Setting ¢ — 0 with w = O(e) is expected
to be mathematically interesting as it requires relaxing the assumption that the outer
solutions are homogeneous and it involves taking the limit in which the thickness of the
EDL and the thickness of diffuse internal interfaces simultaneously tend to zero.

Models of polyelectrolyte gels usually do not account for phase separation and thus
implicitly set w = 0. Homogeneous and hence electrically neutral solutions that neglect
the EDL are often sought and compared against experimental data. However, our results
show that these homogeneous ‘solutions’ may be asymptotically inconsistent because
there is no inner solution that can be matched to them. Importantly, when w = 0, the
bulk behaviour of the gel can be strongly coupled to the behaviour in the EDL and
thus the latter must be explicitly considered when constructing model solutions. The
extensive use of homogeneous, electroneutral solutions to characterise the response of
highly swollen polyelectrolyte gels is more consistent with the assumption that w > ¢,
as this limit enables the successful matching of inner and outer solutions and prohibits
the breakdown of electroneutrality in the bulk of the gel.

A useful extension of this work is to carry out the asymptotic analysis for a general
geometry to produce an asymptotically consistent electroneutral model in three dimen-
sions. Such a model would be a useful tool for designing polyelectrolyte gels that undergo
programmable shape changes driven by mechanical instabilities [28], phase transitions [4],
or imposed electric fields [25].
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Appendix A Summary of the governing equations in dimensional form
A.1 Bulk equations for the gel

The governing equations for the gel are formulated in terms of Eulerian coordinates.
These coordinates are associated with the current (or deformed) configuration of the gel.
The incompressibility condition is given by

J:<1—Z¢m> , (A1)

meM

where ¢,,, denotes the volume fraction of species m, i.e. solvent (s), cation (+), or anion
(-). The chemical potentials of solvent and ions can be written as

kpTL% d [ do
ps = g + v(p+11,) — 3 ) (A2a)
pt = pS + v(Ile 4 p) + z1e®, (A20)

where T is temperature, kp is Boltzmann’s constant, v is the volume of a molecule (as-
sumed to be the same for all mobile species), Lk is the Kuhn length, p is the mechanical
pressure, II,,, are osmotic pressures, x is the Flory interaction parameter, ® is the electric
potential, e is the elementary charge, and z4 are the valence of the ions. The quantities
ul, are reference values of the chemical potential. The osmotic pressures are defined as

_ kpT x(1—veps) 1
I, = o {log(gbs) + 7 + 71 (A3a)
kT 1
1 = 228 fog(s) + S0 - 0] (A30)
The electric potential satisfies
et d do _
O <le7~) =ev 2104 + 20— + 2505) (Ad)

where €%°! is the electrical permittivity of the gel and ¢ is the current volume fraction
of fixed charges.
The conservation of linear momentum in the gel reads as

dT’I'T' T7'7' - TG@
=0 A5
dr + r (A5)

where T,.. and Ty are the radial and orthoradial components of the Cauchy stress tensor,
Trr = Te,rr + TK,rr + TM,’I“’I" - D TBG = Teﬁ() + TK,09 + TM,99 — D (A 6)
The elastic components of the stress tensor T ., and T, g9 are

Terr =GI A2 =1), Tepo=GJ *(\]-1), (A7)
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where G is the shear modulus of the polymer network and the stretches are defined in
(2.2). The Korteweg stresses are given by

¢, d [ do,\ 1 (do,\>
Trrr = kpTL% | = — — = A
Krr = kT L r dr " dr 2\ dr ’ (A8a)
¢s d [ dos\ 1 (do,\>
T =kgTL? | 22— - ) A
oo = kTl |\ = \ra ) T ol (A8D)
The Maxwell stresses are
gl /dd\? el /4P 2
Trrr = - (dr) , Tmee=— 5 (dr) . (A9)

A.2 Governing equations for the bath

The chemical potentials are given by

ps = g +v(Is +p), (Al0a)
pe = p% + (s + p) 4 21e®, (A10D)
where
I, = kIB/T 10g(dm).- (A11)
The electric potential satisfies
—Gb:th % (T(jl(f) =ev (zpdy +2_ 0 ). (A12)

The radial stress balance in the bath is given by
dTrr + T7'7' - TGG
dr r

=0 (A13)

where the radial and orthoradial stresses T,.. and Tgg are

Trr =Trmer =0 Too = Taree — - (A14)
The Maxwell stresses are
bath 2 bath 2
€ do € do
Tur=—(—1], T = — — . A1l5
M, 2 ( dr > M,09 2 ( dr ) ( )

A.3 Boundary conditions

At the origin we impose

do des
= _—= = M = . A ].
R(0) =0, T 0, I 0; r=0 (A 16)
The boundary conditions at the free surface are given by
- _ B d(I) r=a
nli=el =0, [To)20r =0, [@)=20 =0, [—edr] =0, (A17)
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along with
dos
—_— =0. A18
il (A18)
The far-field boundary conditions are
G — QP2 p 50, D dPRh oo (A19)

Appendix B Simplification of the outer problem for cylindrical gels

The nonlinear system for the outer solution (5.1]) can be greatly simplified in the limit
of a dilute salt, gbiath < ¢y, where ¢y = ¢ /J. Balancing terms in the electroneutrality

condition (5.1 d) gives
. 1 1 1
peel _ pbath log (zf¢f> +G (/\ ) + (1 _ X(b,csgel)7 (B 1)
z

bath - 1 1
¢+a 1 Jee Jee

where we have assumed that G/J&! at most O(1) in size. The ion fractions in the gel are
approximately given by

ol ( liath)Q ) 1 1 2 1 gel gel B2
P ey O\ T g ) T g (L xOD emmen (B2)

showing that the anions, to leading order in qﬂath, balance the fixed charges on the
polymer chains. Since the cation fraction ¢iel will be extremely small relative to the
anion fraction ¢%° 1, the swelling fraction reduces to
1+ Zfof
1 — ¢§el )
The solvent fraction can then be obtained by solving
1— gel 1— gel\2 1 1— gel

(bs + X( ¢S ) + g ( _ (bs ) — _2¢bath (B 4)

1+ zp0f 1+ z50f A, 1+ zppf +

Je ~ (B3)

log ¢&°! +

and used to evaluate the swelling fraction, ion fractions, and jump in electric potential.
The black dashed lines in Fig. [2|represent solutions of (B 3|)-(B 4)), which are in very good
agreement with the full nonlinear system (5.1)).

Appendix C Validation of the asymptotic solution to the inner problem

To validate the asymptotic approach, we numerically solve the full problem in axisym-
metric cylindrical coordinates using finite differences. To deal with the free boundary, we
use the change of variable # = r/a and R = R/a. The position of the free boundary can
now be determined as a = 1/R(# = 1).

We consider the case where the axial stretch and salt content in the bath are set
to A, =1 and gbfth = 107%, with the remaining parameters being the same as those
in Fig. 2} Of the three possible solutions to the outer problem, we select the solution
corresponding to the collapsed state (J&! ~ 1.447). The non-dimensional Debye thickness
is set to € = 1073, Although this is higher than the estimate given in Sec. it facilitates
numerically solving the full model.
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Figure C1. Numerical solutions of the inner problem (lines) and the full steady problem
(circles) showing the structure of the EDL. Only the solution to the gel problem is shown.
The parameter values are y = 1.2, G = 5x107*, ¢y = 0.05, o2 =107° X\, = 1,¢, =1,
zg = +£1, zp = 1, and € = 1073, Panels (a)—(c) correspond to the case when w = 0; the
inner problem is defined by (5.2)). Panels (d)—(f) correspond to the case when w > € with
w = 0.5; the inner problem is defined by .

In Fig. (a)—(c), we compare the solutions of the full steady problem (circles) and the
inner problem (lines) when w = 0. The solutions are found to be in excellent agreement.
The comparison between the inner and full solutions in the case of w > ¢ is shown in
Fig. (d)—(f). To ensure a sufficient separation between the Debye length and the width
of diffuse interfaces, we have taken w = 0.5 = 500e. Overall, there is good agreement
between the solutions, with the main discrepancy occurring in the solvent fraction; see

Fig. [CT] (£).
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