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ABSTRACT — A freehand three-dimensional (3D) ultrasound system is a method of acquiring images using a 3D ultrasound 

probe or conventional two-dimensional (2D) ultrasound probe to give a 3D visualization of an object inside the 

body. Ultrasounds are used extensively in clinical applications since they are advantageous in that they do not bring 

dangerous radiation effects and have a low cost. However, a probe calibration method is needed to transform the coordinate 

position into a 3D visualization display, especially for image-guided intervention. The current ultrasound probe calibration 

system usually uses the numerical regression method for the N-wire phantom, which has problems in accuracy and reliability 

due to nonlinear point scattered ultrasound image data. Hence, a method for ultrasound probe positional calibration of single-

wire phantom using the Levenberg-Marquardt algorithm (LMA) was proposed to overcome this weakness. This experiment 

consisted of an optical tracking system setup, a 2D ultrasound probe with marker, an ultrasound machine, and a single-wire 

object in a water container equipped with a marker. The position and orientation of the marker in a 2D ultrasound probe and 

the marker in the water container were tracked using the optical tracking system. A 2D ultrasound probe was equipped with 

a marker connected wirelessly using an optical tracking system to capture the single-wire object. The resulting sequences of 

2D ultrasound images were reconstructed and visualized into 3D ultrasound images using three transformations, ultrasound 

beam to ultrasound probe’s marker, single-wire phantom position to container’s marker, and the 3D visualization 

transformation. The LMA was used to determine the best optimization parameters for determining the exact position and 

representing that 3D visualization. The experiment result showed that the lowest mean square error (MSE), rotation error, 

and translation error were 0.45 mm, 0.25°, and 0.3828 mm, respectively. 

KEYWORDS — Single-Wire Object, 2D Ultrasound Probe, Tracking System, Levenberg-Marquardt Algorithm (LMA), 

Freehand, Best Fit Optimization. 

I. INTRODUCTION 

A Three-dimensional (3D) ultrasound system is a medical 

imaging tool widely employed in clinical applications to 

acquire images of the internal object inside the body. This 

modality has several advantages in comparison to other 3D 

modalities. These advantages include cheaper, safer due to low 

radiation, and easier to operate. Ultrasound imaging is 

extensively employed in medical fields to observe and diagnose 

several conditions, such as prenatal diagnosis, breast imaging, 

digestive imaging, vascular or intra-vascular imaging, and 

transrectal imaging. Understanding the interpretation and how 

to utilize anatomical knowledge of ultrasound images is 

essential. The ability to interpret two-dimensional (2D) and 3D 

ultrasound images has become a necessary skill for medical 

professionals [1]. 

A radial ultrasound endoscope has been implemented in 

digestive diagnostic procedures to improve accuracy and 

operating flexibility. The radial ultrasound endoscope camera 

module offers a better image resolution [2]. Intravascular 

echocardiography techniques have been used to diagnose, treat, 

and monitor disease progression [3]. Meanwhile, intravascular 

ultrasound (IVUS) catheters are used for a more comprehensive 

assessment to guide cardiovascular intervention. An integrated 

distal motor has also been applied as an actuator for the IVUS 

catheter, providing speed consistency and high ultrasound 

outcomes in blood vessel imaging [4].  

Ultrasound is also used in the field of brain imaging. The 

integration of the focused ultrasound system (FUS) with 

electrophysiological neuroimaging allows for high 

spatiotemporal resolution brain imaging. In addition, the 

modulated FUS has been demonstrated to achieve spatial 

selectivity in obtaining high-resolution electrophysiological 

neuroimaging [5]. It has also been investigated whether the 

utilization of high-frequency ultrafast ultrasound could 

diagnose and prevent cerebrovascular disease [6]. 

Nevertheless, the detection of boundaries remains 

challenging for the intervention and treatment using ultrasound. 

As observed in the previous study, transrectal ultrasound 

(TRUS) was utilized to segment the prostate area automatically 

[7]. Bladder tumor quantification and preoperative staging have 

also been done using the combination of 3D ultrasound and 3D 

surface imaging. This study has demonstrated that this 

combination could aid the medical staff in determining the 

bladder tumor and providing more information for clinical 

diagnosis [8]. Meanwhile, another study has found that the 

contrast-enhanced ultrasound sonography (CEUS) could 

improve the effectiveness of Takayasu arteritis diseases 

determination [9]. 

An automated breast volume scanner (ABVS) and an 

automated volumetric ultrasound scanner have been used for 

breast cancer screening to distinguish benign from malignant 

lesions using echogenic properties [10]. Telesonography, a new 
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computer-assisted ultrasound system, has been used to 

diagnose trauma patients in emergency conditions [11]. 

One of the limitations of ultrasound systems is the difficulty 

to show blood flow movement in either one dimension (1D) or 

2D. Many methods to improve the accuracy for estimating 3D 

vector velocities have been observed [12]. Photoacoustic (PA) 

imaging combines ultrasound and short-pulses laser light to 

captures an object absorbing the laser light [13]. Then, freehand 

3D has been used in gait analysis. The results of this study have 

provided a precise and noninvasive method [14]. In addition, 

freehand 3D has been used to scan the carotid artery using 

motion tracking technology [15]. 

Calibration and validation play important roles in many 

imaging techniques, such as elastography [16]. The freehand 

3D ultrasound is employed to clarify and ensure that the 

coordinate position in 3D space is correctly converted and 

displayed in 3D visualization mode. Several studies have 

proposed efficient calibration methods, such as the N-wire 

phantom [17]. In addition, many researchers have proposed a 

freehand approach to 3D ultrasound system. Some studies have 

also explicated the types of phantoms, ultrasound probes, 

image registration, and calibration quality assessment [18], 

[19]. A calibration system using actuator-assisted freehand 3D 

ultrasound is applied to make this system less skill-dependent 

[20]. An ultrasound calibration system of the arbitrary wire 

phantom was developed. A point-recognition method has been 

proposed to determine the relations between image and 

phantom space [21]. A combination of a phantom and a 

tracking stylus has been proposed. Clinical validation of 3D 

ultrasound for abdominal aortic aneurysm (AAA) has been 

done to evaluate the interoperator reproducibility. This 

procedure is routinely performed with a 2D ultrasound to 

determine aneurysm size progression [22]. Ultrasound-guided 

breast biopsy navigation system and a passive robotic needle 

holder have been developed using a ladder phantom [23]. The 

dataset obtained from the 2D ultrasound (B-scan image) and 

the real phantom object (single-wire object) position were 

statistically analyzed using nonlinear optimization approaches. 

The spatial calibration and error sensitivity calculation in 

ultrasound probe calibration has also been conducted 

employing independent general motion [24] and genetic 

algorithm [25].  

Ultrasound probe calibration is essential in image-guided-

based intervention applications such as in syringe needle 

insertion. Accuracy in determining the depth and position of 

the needle in the blood vessel is the primary factor so as not to 

tear the blood vessel. However, earlier research on ultrasound 

probe calibration for single-wire phantom was still 

unsatisfactory due to the relatively higher translation and 

rotation error. Most research conducted on the calibration of 

ultrasound probes used multiple wires (N-wire). At the same 

time, most researchers only used ordinary linear regression. 

Hence, research on ultrasound probe calibration for single-wire 

phantoms utilizing the Levenberg-Marquardt algorithm (LMA) 

is necessary. This paper presents a novel ultrasound probe 

calibration for a freehand 3D ultrasound imaging system using 

LMA. 

There are three primary contributions of this research. The 

first is the development of a setup of integrated markers with a 

2D ultrasound probe. The 2D ultrasound probe was equipped 

with markers as the reference of the motion capture camera. An 

optical motion capture camera would track these markers to 

determine the position and orientation. The second contribution 

is a single-wire phantom in the water container. A water 

container with markers was prepared for a single-wire phantom, 

which was then used as an object due to the position of the 

beam area crossing against the marker position, while the 

image resolution was unknown. The third is the optimization of 

the LMA-based iterative methods offer better accuracy and 

have more minor errors. 

The state of the art of this research is the utilization of a 

single-wire phantom, whereas the others employed N-wire. 

The use of LMA in the ultrasound probe calibration method for 

single-wire phantom is a novel approach because it takes into 

account the nonlinear characteristics of the data. Most of the 

ultrasound probe calibration methods used a regular linear 

regression method. 

This paper consists of several sections. The first section 

provides an overview of the implementation of ultrasound 

systems and the use of a freehand 3D ultrasound system, 

including a probe calibration process. The subsequent section 

elucidates an experimental setup for acquiring ultrasound 

image sequences using optical tracking. Furthermore, the 

transformation from tracking coordinates to phantom 

coordinates and the representation of rotational transformation 

using 3D vectors is described afterward. Finally, experimental 

results with a single-wire phantom are presented and discussed, 

followed by the conclusion of the research conducted. 

II. METHODOLOGY 

This section describes the proposed method for the 

calibration processes of the ultrasound single-wire phantom. It 

consists of three subsections: setup for the ultrasound single-

wire phantom calibration process, transformation of B-mode 

coordinates to phantom coordinates, and calibration process of 

the system. 

A. SETUP FOR ULTRASOUND SINGLE-WIRE PHANTOM 
CALIBRATION PROCESS 

The proposed ultrasound single-wire phantom calibration 

process can be divided into three parts: image acquisition and 

tracking, single-wire phantom ultrasound images, and 

minimization of nonlinear least squares curve fitting problems 

using LMA.  Figure 1 shows the proposed calibration process 

of ultrasound single-wire phantom. 

 

Figure 1. Proposed ultrasound single-wire phantom kalibration Process. 
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A setup of an ultrasound single wire phantom calibration 

process was developed. It consisted of a Telemed SmartUS PC 

based ultrasound system, 2D ultrasound linear probe of 7.5–15 

MHz with markers, OptiTrack tracking system, and a single 

wire phantom in the water container with markers. Echo-Wave 

II ultrasound application was used to acquire the single wire 

phantom. At the same time, a nonlinear approach using LMA 

application was developed for the calibration process. Figure 2 

shows a setup for the ultrasound single-wire phantom 

calibration using a 2D ultrasound probe. The marker coordinate 

labeled as A [Xa, Ya, Za] and had three pointers. 

The blue-line box labeled with S[u,v] represents the space 

coordinate of the single wire. Figure 2 shows the setup for 

ultrasound probe calibration using a single-wire phantom. The 

marker was attached to the ultrasound probe and followed its 

the movement. These markers consisted of three-pointers 

labeled as p1, p2, and p3, representing the B-mode coordinate 

system. 

Several coordinate systems were created based on this setup: 

B-mode coordinate system, phantom coordinate system, and 

tracking system coordinate. The B-mode coordinate system is 

an ultrasound beam image capture region. Several 

transformations are required from each coordinate system to 

ascertain the exact single-wire phantom position in real 

coordinate to image plane coordinate. Figure 3 shows the 

ultrasound probe marker and space coordinate system. 

B. TRANSFORMATION OF B-MODE COORDINATE TO 
PHANTOM COORDINATE 

The rigid transformation (MT) between the B-mode image 

coordinates to the single-wire phantom coordinates is shown in 

(1). Figure 4 shows the transformation systems needed in the 

ultrasound single-wire phantom calibration process. 

The calibration process consists of four steps: 

transformation from pixel coordinate to metrics (mm) 

coordinate (S), the transformation from image plane coordinate 

to probe coordinate (MA), the transformation from probe 

coordinate to tracking system coordinate (MB), and the 

transformation from tracking system coordinate to phantom 

coordinate (MC). Each detailed transformation will be 

explained in the following sections.  

𝐌𝑇 = 𝐌𝐶𝐌𝐵𝐌𝐴𝐒 (1) 

𝐌𝑇  = the transformation from image coordinates to 3D

representation coordinates. 

S    = the transformation from pixel coordinates to metrics. 

𝐌𝐴 = the transformation from (B-mode) image plane

coordinates to probe coordinate. 

𝐌𝐵 = the transformation from probe coordinates to the

tracking system coordinates. 

𝐌𝐶  = the transformation from the tracking system coordinates

to 3D representation coordinate. 

The coordinate system in the image plane was obtained 

from the probe used and in pixel units. Meanwhile, the object 

was in a metric unit as it was in the real or space coordinate 

system. Each point obtained from the B-mode image must be 

transformed from pixel to metric unit using (2). 

𝐒 =  [

𝑆𝑥 0 0 0

0 𝑆𝑦 0 0

0 0 1 0

0 0 0 1

] (2) 

with 𝑆𝑥  and 𝑆𝑦  are horizontal and vertical scales ratio from

metric (mm) to pixel. 𝑆𝑥 dan 𝑆𝑦 are obtained from (3) and (4).

𝑆𝑥 =
𝐷𝑚𝑥

𝐷𝑝𝑥
(3) 

𝑆𝑦 =
𝐷𝑚𝑦

𝐷𝑝𝑥
(4) 

where 

𝐷𝑚𝑥  = the image width (metric unit)

𝐷𝑝𝑥  = the image width (pixel unit)

𝐷𝑚𝑦  = the image length (metric unit)

𝐷𝑝𝑥 = the image length (pixel unit).

The movement of the ultrasound probe was tracked based 

on the marker’s position and orientation. A transformation 

from the image plane is required to determine the precise 

Figure 2. Setup for Ultrasound probe calibration using single-wire phantom. 

(a) (b) 

Figure 3. Images of (a) an ultrasound probe marker and (b) a space coordinate 
system. 

Figure 4. Transformation systems which are needed in the ultrasound single-wire 
phantom calibration process. 
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coordinate position of a single-wire phantom object in the 

image plane. 

1)  TRANSFORMATION OF MATRIX 𝐌𝐴 

𝐌𝐴  is the transformation matrix from image plane 

coordinate to probe coordinate consisting of 𝐑𝑎  and 𝐓𝑎 . It is 

represented as a matrix in (5) 

 𝐌𝐴 = [
𝐑𝑎 𝐓𝑎

𝟎 1
] (5) 

with 

 𝐑𝑎=[

𝑟1 𝑟2 𝑟3
𝑟4 𝑟5 𝑟6
𝑟7 𝑟8 𝑟9

] (6) 

and 

 𝐓𝑎 = [𝑡𝑥 𝑡𝑦 𝑡𝑧 ]. (7) 

𝐑𝑎 and 𝐓𝑎 are the origin and orientation of B-mode image. 𝐌𝐴 

is resulted from the substitution process of (6) and (7) to (5) as 

shown in (8). 

 𝐌𝐀 = [

𝑟1 𝑟2 𝑟3 𝑡𝑥
𝑟4 𝑟5 𝑟6 𝑡𝑦
𝑟7 𝑟8 𝑟9 𝑡𝑧
0 0 0 1

].  (8) 

2)  DETERMINATION OF 𝐌𝑩 AND 𝐌𝑪 MATRIX  

Local coordinate systems based on three points were the 

coordinate system created from three markers that were 

attached to the ultrasound probe. Three points 𝒑𝟎, 𝒑𝟏, and 𝒑𝟐 

represent the marker position and form a plane in reference 

coordinates. The position 𝒑𝟎 = [𝒙𝟎 𝒚𝟎 𝒛𝟎]𝑻 , 𝒑𝟏 =
[𝒙𝟏 𝒚𝟏 𝒛𝟏]𝑻  and 𝒑𝟐 = [𝒙𝟐 𝒚𝟐 𝒛𝟐]𝑻   lied on the 

reference coordinate system. A local coordinate system was 

required with an origin 𝒑𝟎  that had an x-axis in the same 

direction as the vector 𝒑𝟎𝒑𝟏̅̅ ̅̅ ̅̅ ̅  and the z-axis, which was 

perpendicular to the planes 𝒑𝟎, 𝒑𝟏, and 𝒑𝟐. The vectors 𝒗𝒙, 𝒗𝒚, 

and 𝒗𝒛 had the same direction as the local coordinate’s x, y, and 

z-axis, so the local coordinate’s position and orientation to the 

reference coordinate system can be calculated based on (9) until 

(15). 

Unit vector 𝒗𝒙  has the same direction as the vector 𝒑𝟎𝒑𝟏̅̅ ̅̅ ̅̅ ̅, 

and was obtained from (9). 

 𝐯𝑥 =
𝐩0𝐩1̅̅ ̅̅ ̅̅ ̅

|𝐩0𝐩1̅̅ ̅̅ ̅̅ ̅|
.  (9) 

The unit vector 𝐯𝑧  was perpendicular to 𝐩0, 𝐩1, 𝐩2 planes 

and obtained from (10).  

 𝐯𝑧 =
𝐩0𝐩1̅̅ ̅̅ ̅̅ ̅×𝐩0𝐩2̅̅ ̅̅ ̅̅ ̅

|𝐩0𝐩1̅̅ ̅̅ ̅̅ ̅×𝐩0𝐩2̅̅ ̅̅ ̅̅ ̅|
 (10) 

𝐯𝑧 was orthonormal to 𝑣𝑥 and 𝑣𝑧 in the y-axis direction, so 𝐯𝑦 

can be obtained by applying cross product, as shown in (11).  

 𝐯𝑦 = 𝐯𝑧 × 𝐯𝑥  (11) 

with 𝐯𝑥 = [𝑣𝑥1 𝑣𝑥2 𝑣𝑥3]𝑇 , 𝐯𝑦 = [𝑣𝑦1 𝑣𝑦2 𝑣𝑦3]𝑇  and 

𝐯𝑧 = [𝑣𝑧1 𝑣𝑧1 𝑣𝑧3]𝑇. 

The orientation matrix R was obtained from (6) to (8), 

shown in (12). 

 𝐑 = [𝐯𝑥 𝐯𝑦 𝐯𝑧] (12) 

where 

 𝐓 = 𝑝0 (13) 

Equation (13) is the local coordinate system’s origin for the 

reference of the coordinate system. 

A transformation matrix from the local coordinate system 

to the reference of the coordinate system 𝐌 was obtained from 

(10) and (11), as shown in (14) and (15). 

 𝐌 = [
𝑹 𝐓
𝟎 1

] (14) 

 𝐌 = [

𝑣𝑥1 𝑣𝑦1 𝑣𝑧1 𝑥0

𝑣𝑥2 𝑣𝑦2 𝑣𝑧2 𝑦0

𝑣𝑥3 𝑣𝑦3 𝑣𝑧2 𝑧0

0 0 0 1

] (15) 

The position and orientation of the probe to the tracking 

system were marked using three markers attached to the probe. 

If each of the three markers lays at a point 𝑝0
𝑏 =

[𝐱𝟎
𝐛 𝐲𝟎

𝐛 𝐳𝟎
𝐛]𝐓 , 𝒑1

𝑏 = [𝐱𝟏
𝐛 𝐲𝟏

𝐛 𝐳𝟏
𝐛]𝐓  and 𝑝2

𝑏 =

[𝐱𝟐
𝐛 𝐲𝟐

𝐛 𝐳𝟐
𝐛]𝐓   as measured by the tracking system. The 

position and orientation of the probe were obtained by 

implementing the (17), (18), and (19) at points 𝑝0
𝑏, 𝑝1

𝑏, and 𝑝2
𝑏 

 to find  𝐯𝑥
𝑏.𝐯𝑦

𝑏, and 𝐯𝑧
𝑏, which were the unit vectors of the x, y, 

and z-axis coordinate systems of the probe. After that 

procedure, the probe orientation matrix to the tracking system 

coordinates was obtained. 

 𝐑𝑏 = [𝐯𝑥
𝑏 𝐯𝑦

𝑏 v𝑧
𝑏] (16) 

with  𝐯𝑥
𝐛 = [𝑣𝑥1

𝑏 𝑣𝑥2
𝑏 𝑣𝑥3

𝑏 ]𝑇 ,𝐯𝑦 = [𝑣𝑦1
𝑏 𝑣𝑦2

𝑏 𝑣𝑦3
𝑏 ]

𝑇
, and 

𝐯𝑧 = [𝑣𝑧1
𝑏 𝑣𝑧1

𝑏 𝑣𝑧3
𝑏 ]𝑇. 

Therefore, 𝑝0 was selected as the origin of the local probe 

coordinate system. 

 𝐓𝑏 = 𝐩0
𝐛.  (17) 

Using the calculation from (14) and (15), the transformation of 

the probe coordinate system into a tracking system coordinate 

was determined using (18). 

 𝐌𝐵 = [𝐑
𝑏 𝐓𝑏

0 1
] (18) 

or 

 𝐌𝑩 =

[
 
 
 
 
𝑣𝑥1

𝑏 𝑣𝑦1
𝑏 𝑣𝑧1

𝑏 𝑥0
𝑏

𝑣𝑥2
𝑏 𝑣𝑦2

𝑏 𝑣𝑧2
𝑏 𝑦0

𝑏

𝑣𝑥3
𝑏 𝑣𝑦3

𝑏 𝑣𝑧2
𝑏 𝑧0

𝑏

0 0 0 1 ]
 
 
 
 

 (19) 

The proposed phantom system consisted of a water 

container and a single wire. Three markers were attached to a 

water container which was located at 𝒑𝟎
𝒄 = [𝒙𝟎

𝒄 𝒚𝟎
𝒄 𝒛𝟎

𝒄]𝑻 , 

𝒑𝟏
𝒄 = [𝒙𝟏

𝒄 𝒚𝟏
𝒄 𝒛𝟏

𝒄 ]𝑻 and  𝒑𝟐
𝒄 = [𝒙𝟐

𝒄 𝒚𝟐
𝒄 𝒛𝟐

𝒄 ]𝑻. 

The position and orientation of the phantom coordinate 
system to the tracking system coordinate were determined by 

substituting (7) and (9) into 𝑝0
𝑐, 𝑝1

𝑐, and 𝑝2
𝑐. At the same time, 

they were also used to find unit vectors 𝐯𝑥
𝑐.𝐯𝑦

𝑐 and 𝐯𝑧
𝑐 , which 

had the same direction with x, y, and z-axis of the phantom 
coordinate system. Afterward, the matrix of the orientation 

probe 𝐑𝑐 was obtained from (20). 

 𝐑𝑐 = [𝐯𝑥
𝑐 𝐯𝑦

𝑐 v𝑧
𝑐] (20) 

with  𝐯𝑥
𝐜 = [𝑣𝑥1

𝑐 𝑣𝑥2
𝑐 𝑣𝑥3

𝑐 ]𝑇 , 𝐯𝑦 = [𝑣𝑦1
𝑐 𝑣𝑦2

𝑐 𝑣𝑦3
𝑐 ]𝑇 , 

and 𝐯𝑧
𝐜 = [𝑣𝑧1

𝑐 𝑣𝑧1
𝑐 𝑣𝑧3

𝑐 ]𝑇. 

Since 𝑝0
𝑐  was chosen as the origin of the local probe 

coordinate system, then 
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 𝐓𝑐 = 𝐩0
𝑐 . (21) 

The transformation of the tracking system coordinate to the 

phantom coordinate system in (22) and (23) can be obtained 

from (8) or (9).  

 𝐌𝐶 = [
𝐑𝑐 𝐓𝑐

0 1
]
−1

 (22) 

or 

 𝐌𝒄 =

[
 
 
 
𝑣𝑥1

𝑐 𝑣𝑦1
𝑐 𝑣𝑧1

𝑐 𝑥0
𝑐

𝑣𝑥2
𝑐 𝑣𝑦2

𝑐 𝑣𝑧2
𝑐 𝑦0

𝑐

𝑣𝑥3
𝑐 𝑣𝑦3

𝑐 𝑣𝑧2
𝑐 𝑧0

𝑐

0 0 0 1 ]
 
 
 
−1

.  (23) 

The matrix of coordinate tracking system to 3D representation of 

MC had an opposite direction, so that an inverse was needed to 

find the 𝐌𝐜 value. 

C. CALIBRATION OF ACQUISITION SYSTEM 

Since 𝐒, 𝐌𝐁 and 𝐌𝐶  in (1) was determined from the results 

of the ultrasound acquisition system, the MA matrix needed to 

be estimated by performing a calibration system. The proposed 

calibration system consisted of a single-wire phantom placed 

parallel to the z-axis of the phantom coordinates so that it was 

satisfied (24). 

𝑥 = 𝑥𝑐 

𝑦 = 𝑦𝑐 
(24) 

with  𝑥𝑐  and 𝑦𝑐  are constants, 𝑢𝑖  and 𝑣𝑖  are the phantom 

position in the image plane. Therefore, the calibration purpose 

was to find the matrix MA such that 𝑢𝑖 , 𝑣𝑖 satisfied (25). 

 [

𝑥𝑖
𝑐

𝑦𝑖
𝑐

𝑧𝑖
𝑐

1

] = 𝐌𝐶𝐌𝐵𝐌𝐴𝐒 [

𝑢𝑖

𝑣𝑖

0
1

]. (25) 

The transformation from the image plane coordinates to probe 

coordinate 𝐌𝐴  consisted of 𝐑𝑎  and 𝐓𝑎 . 𝐑𝑎  and 𝐓𝑎  are the 

orientation and origin of the image coordinate to the probe 

coordinate, which is represented as a matrix in (5). 

The rotational transformation is needed because the 

movement of a freehand ultrasound probe is not only 

translational but also rotational motions, moving along the 

surface of the body. Rodrigues’ rotation formula is an efficient 

algorithm for rotating a vector in space. The representation of 

rotational transformations using 3D rotation vectors with 

Rodrigues equation is shown in (26).  

𝑹𝒂 = 𝒆[𝒘 ]𝒙 = 𝑰 +
𝒔𝒊𝒏(𝜽 )

𝜽
[𝒘 ]𝒙 + 𝟏 −

𝒄𝒐𝒔(𝜽 )

𝜽𝟐
([𝒘 ]𝒙)

𝟐
. (26) 

The rotation matrix 𝐑𝒂 was not directly optimized because it is 

not independent, R only has three degrees of freedom (DOF); 

therefore, R must be stated as a 3-parameter relation. Given a 

3D vector 𝐰 = [𝑤𝑥 𝑤𝑦 𝑤𝑧]
𝑇
 with 

 [𝒘]𝑥=[

0 −𝑤𝑧 𝑤𝑦

𝑤𝑧 0 −𝑤𝑥

−𝑤𝑦 𝑤𝑥 0
] (27) 

and 𝜃 = |𝐰 | 

 𝑟1 =
(cos𝜃− 1)((𝑤𝑦)

2
+ (𝑤𝑧)2)

(𝜃)2
+  1 (28) 

 𝑟2 = −
𝑤𝑧 sin 𝜃

𝜃
 −

𝑤𝑥𝑤𝑦(cos 𝜃− 1)

(𝜃)2
 (29) 

 𝑟3 =
𝑤𝑦 sin 𝜃 

𝜃
−

𝑤𝑥𝑤𝑧(cos  𝜃− 1)

(𝜃 )2
 (30) 

 𝑟4 =  
𝑤𝑧 sin θ

𝜃
−

𝑤𝑥𝑤𝑦 (𝑐𝑜𝑠𝜃− 1)

(𝜃 )2
  (31) 

 𝑟5 =
(cos 𝜃− 1)((𝑤𝑥)2+ (𝑤𝑧)2)

(𝜃 )2
+  1 (32) 

 𝑟6 = −
𝑤𝑥 sin  𝜃

𝜃
−

𝑤𝑦𝑤𝑧(cos𝜃 − 1)

(𝜃 )2
 (33) 

 𝑟7 = −
𝑤𝑦 sin  𝜃 

 𝜃
−

𝑤𝑥𝑤𝑧(cos𝜃 − 1)

( 𝜃 )2
 (34) 

 𝑟8 =
𝑤𝑥 sin  𝜃 

  𝜃 
−

𝑤𝑦𝑤𝑧(cos  𝜃 − 1)

( 𝜃 )2
 (35) 

 𝑟9 =
(cos  𝜃 − 1)((𝑤𝑥)2+ (𝑤𝑦)

2
)

( 𝜃 )2
+  1 (36) 

with 𝜃 = |𝐰|. By substituting 𝑟1, 𝑟2, 𝑟3, 𝑟4, 𝑟5, 𝑟6, 𝑟7, 𝑟8, and  𝑟9 

into (6), the orientation of the mode to the 𝐑𝑎  probe was 

obtained. The LMA was used to minimize the geometric 

distance to solve nonlinear least squares problems. These 

problems arise in the least squares curve fitting. The Jacobian 

matrix in (40) was used to find 𝐑𝑎 and 𝐓𝑎 by minimizing the 

objective function 

 𝜒2(𝐑𝑎 , 𝐓𝑎) = 𝐝𝑇𝐝 (37) 

where  

 𝐝 = [𝑑1𝑥 𝑑1𝑦 ⋯ 𝑑𝑚𝑥 𝑑𝑚𝑦]𝑇  (38) 

and  

 𝑑𝑖𝑥 = 𝑥𝑐 − 𝑥𝑖
𝑐(𝒖𝒊, 𝒗𝒊, 𝐑

𝑎 , 𝐓𝑎) (39) 

 𝑑𝑖𝑦 = 𝑦𝑐 − 𝑦𝑖
𝑐(𝑢𝑖, 𝑣𝑖 , 𝐑

𝑎 , 𝐓𝑎).  (40) 

From (38) and (39), the Jacobian matrix was calculated as a 

function 𝑠𝑢 , 𝑠𝑣 , 𝐑𝑎 , and 𝐓𝑎 . Since the obtained 𝐑𝑎  was 

represented in a vector 𝐰 in (9), the Jacobian equation obtained 

is following (41). 

 𝐽 =

[
 
 
 
 
 
 
 
 
𝜕𝑑1𝑥

𝜕𝑤𝑥

𝜕𝑑1𝑥

𝜕𝑤𝑦

𝜕𝑑1𝑥

𝜕𝑤𝑧

𝜕𝑑1𝑥

𝜕𝑡𝑥

𝜕𝑑1𝑥

𝜕𝑡𝑦

𝜕𝑑1𝑥

𝜕𝑡𝑧

𝜕𝑑1𝑦

𝜕𝑤𝑥

𝜕𝑑1𝑦

𝜕𝑤𝑦

𝜕𝑑1𝑦

𝜕𝑤𝑧

𝜕𝑑1𝑦

𝜕𝑡𝑥

𝜕𝑑1𝑦

𝜕𝑡𝑦

𝜕𝑑1𝑦

𝜕𝑡𝑧

⋮ ⋮ ⋮ ⋮ ⋮ ⋮
𝜕𝑑𝑛𝑥

𝜕𝑤𝑥

𝜕𝑑𝑛𝑥

𝜕𝑤𝑦

𝜕𝑑𝑛𝑦

𝜕𝑤𝑧

𝜕𝑑𝑛𝑥

𝜕𝑡𝑥

𝜕𝑑𝑛𝑥

𝜕𝑡𝑦

𝜕𝑑𝑛𝑥

𝜕𝑡𝑧

𝜕𝑑𝑛𝑦

𝜕𝑤𝑥

𝜕𝑑𝑛𝑦

𝜕𝑤𝑦

𝜕𝑑𝑛𝑦

𝜕𝑤𝑧

𝜕𝑑𝑛𝑦

𝜕𝑡𝑥

𝜕𝑑𝑛𝑦

𝜕𝑡𝑦

𝜕𝑑𝑛𝑦

𝜕𝑡𝑧 ]
 
 
 
 
 
 
 
 

 (41) 

By using the Jacobian matrix in (41) as well as the residual in 

(39) and (40), the parameter update is shown in (42). 

 𝐡 = [𝐉𝑇𝐉 + 𝜆 𝑑𝑖𝑎𝑔(𝐉𝑇𝐉)]−1𝐉𝑇𝐝 (42) 

with 

 𝐡 = [ℎ1 ℎ2 ℎ3 ℎ4 ℎ5 ℎ6]𝑇 (43) 

for 

 𝐏 = [𝑤𝑥 𝑤𝑦 𝑤𝑧 𝑡𝑥 𝑡𝑦 𝑡𝑧]𝑇 (44) 

Then, the new transformation parameter update is the following. 

 𝐏′ = 𝐏 + 𝐡 (45) 
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𝒘𝒙, 𝒘𝒚, 𝒘𝒛 are used to calculate 𝐑𝒂.  

III.  RESULT AND DISCUSSION  

The calibration method was tested using synthetic data as 

ground truth. The synthetic data were created using the back 

projection from the wire position into ultrasound image-like. 

The 𝐑𝑎 and 𝐓𝑎  parameters were obtained based on (37) by 

minimizing the objective function using (38). This equation 

consisted of the difference on the x-axis and y-axis according to 

(39) and (40). Table I exhibits the calculation of the average error 

from this equation. Figure 5 shows the mean squared error 

(MSE) as an iteration function. 

𝐑𝑔
𝐴 = [

−0.9958 0.0920 0.0082
−0.0920 −0.9958 −0.0884

0  −0.0888 1.0001
] 

and 

𝐓𝐺
𝑎 = [9.3373 − 0.5868 − 0.1945]𝑇. 

𝐑𝑔
𝐴 and 𝐓𝐺

𝑎 matrices were the transformation from the inversion 

of (25). Those matrices were the transformation matrices from 

𝐌𝐶𝐌𝐵. The trial data obtained by inversion of (25) becomes: 

 [

𝑢𝑖

𝑣𝑖

0
1

]= 𝑇𝑔
−1 [

𝑥𝑖
𝑐

𝑦𝑖
𝑐

𝑧𝑖
𝑐

1

] + [

𝑢𝑖
𝑛

𝑣𝑖
𝑛

0
1

]. 

Variables  𝑢𝑖
𝑛 and 𝑣𝑖

𝑛  noise was 10% of the maximum data, 

while 𝑇𝐺  was the transformation obtained from the whole 

ground. Based on Figure 5, the trial results using 1,000 

synthetic data and 200 times iteration using LMA yielded a 

minimum MSE of 0.45 mm as in (29). Whereas, the estimation 

of 𝐑𝐿
𝐴 and  𝐭𝐿

𝐴 of the B-plane image’s rotation and translational 

position to the estimation results with LMA using a single-wire 

phantom was obtained. 

The following matrix is 𝐌𝐴  which was obtained using 

LMA approach. 

[𝐌𝐶𝐌𝐵]−1  [

𝑥𝑖
𝑐

𝑦𝑖
𝑐

𝑧𝑖
𝑐

1

] = 𝐌𝐴𝐒 [

𝑢𝑖

𝑣𝑖

0
1

] 

 𝐑L
𝑎

 = [
−0.9957 0.0921 0.0126
−0.0928 −0.9925 −0.0801
0.0052   −0.0809 0.9967 

] 

and 𝐓𝐿
𝑎 = [9.5829 − 0.3103 − 0.2932]𝑇. 

with an error in rotation is 

𝑒𝑟 = |𝐑𝐿
𝑎 − 𝐑𝐺

𝑎  | = 0.0106 

and the error in translation is 

𝑒𝑡 = |𝐓𝐿
𝑎 − 𝐓𝐺

𝑎| =  0.3828. 

The LMA method gave superior results when compared to 

other methods as shown in Table II. 

IV. CONCLUSION  

A 3D ultrasound calibration system utilizing a single cable 

configuration using LMA has been proposed. An experiment 

was conducted with an underwater wire as a test object 

captured by the ultrasound imaging system. The LMA used for 

the calibration showed a 0.25° rotation error and 0.3828 mm 

translation error. Based on this method, a real-time 3D 

reconstruction for vascular imaging using an ultrasound system 

in future research will be developed. 
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