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Stability of the time-dependent identification
problem for delay hyperbolic equations

Time-dependent and space-dependent source identification problems for partial differential and difference
equations take an important place in applied sciences and engineering, and have been studied by several
authors. Moreover, the delay appears in complicated systems with logical and computing devices, where
certain time for information processing is needed. In the present paper, the time-dependent identification
problem for delay hyperbolic equation is investigated. The theorems on the stability estimates for the
solution of the time-dependent identification problem for the one dimensional delay hyperbolic differential
equation are established. The proofs of these theorems are based on the Dalambert’s formula for the
hyperbolic differential equation and integral inequality.
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Introduction

There is always a major interest for the theory of source identification problems for partial differen-
tial equations since they have widespread applications in modern physics and technology. Subsequently,
the stability of various source identification problems for partial differential and difference equations
have been studied extensively by many researchers (see, e.g., [1-25] and the references given therein).
In many fields of the contemporary science and technology, systems with delaying terms appear. The
dynamical processes are described by systems of delay ordinary and partial differential and difference
equations. The stability of the delay differential and difference equations have also been studied in many
papers (see, e.g., [26-35| and the references given therein). In the present paper, the time-dependent
identification problem

2u(t,x 2u(t,z 2u(t—w,
((Pulte) _ Qulte) _ 0%ullwt) | 4)q(a) + f(t, 2),

0<t<oo,xé€(—00,00),

u(t,z) = g(t,x), —w <t < 0,2 € (—o0,00), (1)
_Ofo a(z)u(t,z)dz = ((t),t >0

for one-sdimensional delay hyperbolic equation is considered. Here u(t,x) and p(t) are unknown
functions. Under compatibility conditions, problem (1) has a unique solution (u(t,x),p(t)) for the
smooth functions f(¢,z)((t,z) € (0,00) X (—00,0)), g(t,z)((t,z) € [~w,0] X (—o0,00)), ((t)(t >
0),q(x), and a(z),

x € (—00,00) . Here b is a constant.
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The theorems on stability

We have the following theorems on the stability of problem (1).
Theorem 1. Assume that f Jq(x)dx # 0 and f |a(x)| dx < a < oo. Then for the solution of

problem (1) the following Stablhty estimates holds:

Jmax. Ip(0)], Org%)fdnuttuc’(—oo,oo)? Orgtag}ijnutHC(l)(—oo,oo)’ (max. [ull @) (—o0,00)

< M((La) |:a0 + r?ta<x Hf )HC(,OQOO) + Hf (O)HC(—oo,oo) + Orilta<x ‘CN|

o = mac{ e )]y mx IO

w<t<0 —w<t<0 D) (—o0,00)
e o0l
and
e p@®l, max el ey s Sg%l)w\\ut!lcm ooy
sl <M 00) [0+ s (o)
+nw<£§a§+1 | 7( )HC(_OO,OO) + |[f (nw)ll ¢/(—o0,00) +nw§2?i{+l)w‘ “I1,
= { Ol [0l

' =1.2.---.
e PO 7 = 1.2

Here C(—o00,00) refers to the vector space of continuous functions w(x) from the entire real line to
R = (—00, 00) with norm

[0l oicong = 5up (@),
z€(—00,00)

Proof. We will seek u(t, x), using the substitution

u(t, =) =w(t, x)+n(t)q(x), (2)

where 7(t) is the function defined by the formula

n(t) = /( (t = s)p(s)ds, n((n—1Dw) =n'((n-1Nw)=0,n=12,-

n—1)w

It is easy to see that w(t, x) is the solution of the problems

2'Ll) €T 2’11) T
Pullor) _ TWLT) — (1)g" (@) + bgua(t — w, z) + f(t, ),
0<t<w,z € (—00,00), (3)

w(07 .%') = 9(07x)7 wt(07 :IZ') = gt(O,x), TE (—OO, OO),
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and
( Pw(tx)  Pw(tz) b82 w(t—w,r)
ot? oz? Ox?

+(n(t) +on(t —w)) ¢"(z) + f(t,z),

m—lNw<t<nw,xz€(—o0,00), n=2,3,--,

(4)
w((n - 1wk, 2) = w((n - 1)w-, 2)
wil(n — Dwt, @) = wl(n - Dw-, 2),
x € (—00,00),n=2,3,- -
Now we will take an estimate for [p(t)|. Applying the integral overdetermined condition
(e}
[ a@uteaas =<
and substitution (2), we get
() = [ a@)w(t,z)d
n(t) = ——=—
[ a(z)q(z)dx
From that and p(t) = n(¢), it follows that
")~ [ alx)Zw(t,z)de
p(t) = =
[ a(z)q(z)dz
Then, using the triangle inequality, we obtain
1" ()] + f ’ tgwtx)’dx
p()] < = )
[ a(z)q(z)dx

2

< kg, [}c )|+ gt

C(—oo,oo)]

for all ¢ € (0,00) . Now, using substitution (2), we get

Ou(t,x)  O*w(t, )
oz o
Applying the triangle inequality, we obtain
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for all t € (0, 00) . Therefore, the proof of Theorem 1 is based on the following theorem.
Theorem 2. Under assumptions of Theorem 1, for the solution of problems (3) and (4) the following
stability estimates holds:

Olgf‘g)ijnwtt”C(—oo,oo)’ Jmax [well e (—o0,00) - 021%>i||w\|c<2>(_oo,oo) (6)

< M(g.0) [ao + 0 (1P Olleq ey + 1 Ol oay + s \4"|]

0<t<w

a = max {mxo It (Ol oy« max e(®,) o max (e >||C(2)(_m)} ,
ma; w ma ma w 7
Wﬁg(rﬁl)w” ttll o) e [[we] ) —cor0) o D [wll e (—oo,00) (7)

1!
< M (¢,) {an T o 1O e —oope) T I () oo ,00) + o I8 @ :

= t t
= {00

max w(t nm=12 ...
S G ey

Proof. First, we will prove that

1!
hax [witlle(—oo,00) < M (g, @) [ao—i— hax () HC(_OO,OO) +1F Ol eoo,00) + Goax <"1 (®)

Applying the Dalambert’s formula, we get the following formula

T+t

0,2+t +g0,z—1t) 1
w(t,x):g( T )29( T )+2/gt(0,§)d§
x—1
t ) T+ (t—7)
s[5 [ WO+ boeetr - w.8) + 7€) dgar
0 z—(t—7)
for any ¢t € [0,w],x € (—00,00) . From that it follows that
0 0 L
) +t + ) -1
w(t,x)zg( T )29( T )+2/gt(0,§)d§
r—1

t
" / 77(27) (@046 (@ + (E = 7)) = G oy (@ = (t = 7))] dr
0

t

b

+ / 5 [g:(:+(t—r)(7_ —Ww, T+ (t - T)) - gz‘—(t—T)(T — W, T = (t - T))] dr
0
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t . x+(t—T)
+ / 3 f(r,&)dedr.
0 z—(t—7)
Taking the derivatives, we get
0,z +1t)+ g0,z —t) 1
wy (t,(lﬁ) = gt( & ) gt( & ) +*[gt(0,l'+t) _gt(ovx_t”

2 2

" / 77(27) [Gar—ryp (@ + (= 7)) = qoeoryp(z — (t —7))] dT
0

t

b

+ / B} [gx-i-(t—r),t(T —w,x+(t—71)) - gx—(t—r),t(T —w,r—(t - T))] dr
0

+ [ U+ ¢ =) - fira = (= )] ar
0

0,z +1t)+gu(0,z—1t) 1
:Qtt( z+1t)+ 910, )+7[gtt(0,$+t)_gtt(ov'x_t)]

wy (t,x) 5 5

—I—/ e ot (—ry, (@ + (8= 7)) = Qo (pryu (@ — (¢ = 7))] dT
0

2
t
y
0

+/;[ft(T,$+(t—T))—ft(T,$—(t—T))] dr.
0

N o

9 (—w,x +t) — gu(—w,x —t)] dr

Applying this formula and the triangle inequality and estimate (5), we get

lwie(t, )l < M (g, )

1

ap + Orél%ﬁ Hf/(t)HC(—oo,oo) + Hf (O)HC’(foo,oo) + ‘C”(t)l

+M (Q) ”wTT(T7 )” dr

o _

for any ¢ € [0,w]. By the integral inequality, we get the estimate (8). Applying equation (3) and
triangle inequality and estimate (8), we get estimate (6).
Second, we will prove that

0w (t,)

max — =5
ot?

< M (q,
nw<t<(n+1)w B ((] a) [an

C(—00,00)

+nw§1{r§1?§+1)w Hf/(t)HC(—oo,oo) +|If (nw)HC(_OO’OO) + nwggiﬁl)w ‘C”‘ n=12-
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Applying the Dalambert’s formula, we get the following formula

T+t
w(tx) = w(nw,x—l—t);—w(nw,x—t) +% / wn(nw, €)dE
r—t
t z+t ’T
+[5 [ L)+ o =) ) + bugelr —w.€) + £, )] dgr.

nw  g—(t—7)

for any ¢ € [nw, (n+ 1)w],z € (—o00,00) . From that it follows that

T+t
w(nw,x +t) +wnhw,z —t 1
wity) = WD 2 L s, )
z—t

[Qx+(t—T) (JT + (t - 7-)) — Qr—(t—1) (33 - (t - T))] dr

[ (n(r) + by(r — w))
+/ d

t
b
" / 3 [War(t—n) (T = w2+ (t = 7)) = Wo i) (T —w, @ — (t = 7)) dr

t  at(t-T)
+ /; / f(r,&)dédr.
nw  z—(t—)
Taking the derivatives, we get

wi(nw, z +t) + wi(nw, z —t)
2

wy (t,x) =

1
+o [wi(nw, x + 1) — wy(nw, x — t)]

b [OOIITZD (oot =)~ el — )] dr

t
b
+ / 5 [wm—i-(t—T),t(T —w, T+ (t - T)) - ww—(t—T),t(T — W, T = (t - T))] dr

+ [ U+ =) = fira = (- )l dr

wy(nw, T + t) + wy(nw, x —t)

Wit (t, 33‘) = B
1
+§ [wy(nw, x + t) — wy(nw, x — t)]
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b [HOEITZD gyl (=) = eyl — (6= )] e

t
b
+ / 3 [wy(—w,x +t) — wy(—w,z —t)]dr

t
1

+ [ SUtro+ ¢ =) - ilro = (=) dr

Applying this formula and the triangle inequality and estimate (5), we get

[wit (2, )] < M (g, @) [an

+ max Hf )HC’(—oo,oo) + ”f (nw)”C(—oo,oo) + max KH‘

nw<t<(n+1)w nw<t<(n+1)w
t
) [ lwer(r)l dr
nw

for any t € [nw, (n + 1) w]. By the integral inequality, we get the estimate (6). Applying equation (4)
and triangle inequality and estimate (6), we get estimate (7). This completes the proof of Theorem 2.
Moreover, we have that

Theorem 3. Assume that [ «o(z)g(z)dz # 0 and f lo(z)|?dr < a0 < 00,1 < ¢ < 00, + —|—f 1.

Then for the solution of problem (1) the following stablhty estimates holds:

org?éu ’p( )‘ 0rgiia<x HuttHL (—00,00) ? Orgta<x Huf”W1 (—00,00) ? OrgtagquuHWQ (—00,00)

< M (g,0) [ao + 08X O], oy + 17 Oy oy + max [¢7]]

4o — max {_Ln;’;o ()1, ey i N,

max gt >||Wp2(m,w>} |

max t max U max U
nw<t<(n+1)w [p®)l nw<t<(n+1)w sl p(=00,00) antS(n—l—l)wH t”vvpl(—oo,oo)

<M t
nwgzlflglz(%é(—l-l)w HUHWE(*OO’OO) < M{a.2) [an " (n—lﬁzgﬁnw Ip(®)

+nw§2?¢i{+l)w Hf/(t)HLp(foo,oo) + ”f (nw)”Lp(—oo 00) + an?ﬁl?SL{—&-l)w ’Clll y

= t t
i = { (n—lr)ri)aé}iﬁnw Hu“( )HLp(—oo,oo) 7(n—1r)r:Ja§}§§nw HUt( )||WP1(_OO’OO) ’

¢ —1,2,---
max >ng(_m)} =12,
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Here L, (—00, 00) refers to the vector space of functions w(z) from the entire real line to R = (—o0, 00)
satisfy the condition

/ lw (2)]P dz < 0.

Conclusion

This paper is devoted to the time-dependent identification problems for delay hyperbolic partial
differential equations with unknown parameter p(t). The theorems on stability estimates for the
solution of this problem are established.
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I'unepbosaJIbIK Kelriry TeHaeyJsepi YIImiH CTAalMOHAPJIbl eMecC
colikecTeHIipy eceOiHiH TYyPaKThIJIbIFbI

Lepbec TybIHABLIBI nuddEPEHINANIBIK, KOHE aWbIPBIMIBIK TEHJEYIep YIIH YaKbITKA KOHE KEHICTiKKe
TOyeJI/Ii KO3/l aHBIKTay ecenTepi KOJAJAHOAIbI FHLIBIMIAD MEH TEXHUKAJA MAaHBI3IbI OPBIH aJIajIbl YKOHE
Gipueme aBropJsiapMmen 3eprresired. COHbIMEH KATap, KEIIry JIOTMKAJIBIK, XKOHE eCeNTeyill KYPbUIFbLIADHI
0ap Kyp/edi xyitesiepie TybIHIail1bl, MYH/Ia aKIIapaTThl OHJEY YIIiH Oenriii 0ip yakplT KaxkeT. Makasaga
Kermiryl 6ap rumepboJIaIbIK TeHJEY VINH CTAIMOHAPJIBI eMec ColkecTeHmipy ecebi 3eprrenren. Kemriryi
bap 6ipesem i runrepOoIAIbIK MuddhepeHITnaIbIK, TEHILY YIIIH CTAIMOHAPJIBI €MeC CORKeCTeHIipy ecebin
IIENTy VIMiH OPHBIKTBLILIKTHI Oarajay TypaJsbl TeopeMaJiap aHbIKTAJFaH. ByJ TeopeMajapibl JI9JIesIey
rurepbostabIK, TuddepeHnnaIblK TeHIey MeH WHTErPAJIAbIK TeHCi3mik yiriu Jlamambep dopmyraceaa
Herizzesrex.

Kiam cesdep: runepbosiabik, TeHIEY, Kemniry, I'mip0epT KeHiCTirl, ko3 aHbIKTay, TYPaKThLIBIK,.
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YCTOMYMBOCTh HECTAIIMOHAPHOI 3a1a41 MACHTU(MUKAITNA IS
rurepoo/ImvecKnx ypaBHeHU ¢ 3alia3bIBaHEM

3aBucsme OT BpEMEHM W MPOCTPAHCTBA 33Ja4d WJIEHTU(PUKAIUNA HCTOUYHUKA I TU(DdEPEHITATBHBIX
¥ Pa3HOCTHBIX YPABHEHWI B YACTHBIX MPOM3BOIHBIX 3aHUMAIOT BAa*KHOE MECTO B TPUKJIAIHBIX HAYKAX U
TEXHUKE W M3y4JauCh HECKOJIbKMMU aBTOpaMu. KpoMe TOro, 3aIepKKa BO3HUKAET B CJIOMKHBIX CHCTEMAaX
C JIOTUYECKUMU U BBIYUCUTEbHBIMUA YCTPONCTBAMHU, Tie TPEOYETCsI ONpeIeIeHHOE BpeMsl Jjisi 0O0paboTKU
nadopmaruu. B HacTosmel paboTe uccieioBana HeCTallMOHapHas 3a/1a49a UACHTU(MUKAIIUN JIJI TATIEPOOJIH-
YEeCKOI'0 YPABHEHU C 3aI1a3/IbIBAHUEM. YCTaHOBJIEHBI TEOPEMBI 00 OIIEHKAX YCTOWIHUBOCTH PEIeHUsT HECTAIM-
OHAPHON 332491 UAEHTU(MUKAINN JJIsi OJTHOMEPHOI'O TUIEPOOIMIECKOTO MM PEPEHITNATBHONO yPABHEHUS C
3amaz3apiBaHueM. /lokazaTebcTBa 9TUX TeopeM OCHOBaHbI Ha (popmyste lamambepa it rumepOoImIecKoro
nudPepPeHITUATBEHOTO YPABHEHUSI I UHTETPAJIbHOINO HEPABEHCTBA.

Karoueswie carosa: TuIepbOINIeCKOe ypaBHEHNE, 3ala3IbIBAHNAE, THILOEPTOBO IPOCTPAHCTBO, UICHTH(MDHUKA-
17T UICTOYHUKA, YCTONINBOCTD.
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