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FINITE SUM REPRESENTATIONS OF ELEMENTS IN R
AND R?

LEWIS T. DOMINGUEZ AND RACHELLE R. BOUCHAT

Communicated by Jonathan Brown

ABSTRACT. In February 2017, a number theoretic problem was posed in Mathematics Mag-
azine by Souvik Dey, a master’s student in India. The problem asked whether it was possible
to represent a real number by a finite sum of elements in an open subset of the real numbers
that contained one positive and one negative number. This paper not only provides a solution

to the original problem, but proves an analogous statement for elements of R2.
KEYWORDS: Spanning sets

MSC (2010): Primary 03F60

1. INTRODUCTION

The work in this paper was inspired by a problem proposed by Souvik Dey in the February
2017 Mathematics Magazine [1|, namely:

Let S be an open subset of the set R, such that S contains at least one positive
number and one negative number. Then every real number can be written as
a finite sum of (not necessarily distinct) elements of S.

In this paper we will also consider an extension of this problem to R?. When considering
the problem in R, we can think of the number line being broken into three distinct parts:
{a:a <0} U{0}U{a:a>0}. Thinking of the problem posed by Souvik Dey, we can now
think of it as saying that we must have an element from each of the sets other than {0}.
Upon considering R?, we can then think of the coordinate plane as being broken into five
distinct parts: {(a,b) : a,b >0} U{(a,b):a <0,b>0}U{(a,b):a=0o0rb=0}U{(a,b):
a,b <0} U{(a,b) :a>0,b<0}. The four distinct sets, excluding {(a,b) : a =0 or b = 0}
correspond to the four quadrants in R?. Throughout this paper, we will use the notation:

Q1 = {(a,b):a,beRand a,b> 0} Q3 = {(a,b):a,beR and a,b < 0}
Q2 = {(a,b):a,beRand a<0,b>0} Q4 = {(a,b):a,beRanda>0,b<0}

Using this notation, we now propose an analogous statement for R?:

Let S be an open subset of the set R?, such that S contains at least one point
in each of Q1, Q2, @3, and Q4. Then every element of R? can be written as
a finite sum of (not necessarily distinct) elements of S.

In the next section of the paper, we will consider some of the background material that
will be necessary for the proof of this main result, seen later as Theorem 3.1.
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2. BACKGROUND MATERIAL

To better understand the problem presented by Souvik Dey, as well as the extension to
R?, we will need to understand what an open set looks like in R™. Specifically, we will need
to consider what an open set looks like in R? using the standard Euclidean distance. Let us
first consider what an open set looks like in R™, as in the book of Walter Rudin (Definition
2.8 in [2]).

Definition 2.1.
(1) Given € € RT and (a,b) € R?, the set

Nap)e = {(x,y) : \/(x —a)2+(y—0b)?2< E}

is called an open neighborhood around (a,b).
(2) A set E C R" is called an open subset of R™ provided that for each x € E, there
exists € € RT such that Ny, C E.

If we consider what this definition means in R?, this implies that every open set has the
form U; Ny, 5,).;» where each of the N, 4., are open disks. Hence, every open set in R* can
be thought of as an arbitrary union of open disks.

Another property that will be integral to the paper is the density of the rationals in the
real numbers. This can seen in the following theorem (Theorem 1.20 in [2]).

Theorem 2.1. Ifx,y € R and x <y, then there exists ¢ € Q such that r < q < y.

Essentially, the fact that the rationals are dense in the real numbers implies that between any
two distinct real numbers, you can find a rational number. Moreover, this can be extended
to the following theorem about the density of the Q2 in R2.

Corollary 2.1. Fize € RY, and let (a,b), (c,d) € R? such that a # ¢ and b # d. Then there
exists (p,q) € Q* such that (p,q) € {(z,y) ;a<x <candb<y<d}.

Proof. The result follows immediately by projecting the points (a,b) and (¢, d) first onto
the z-axis and secondly onto the y-axis, and then applying Theorem 2.1. 1

This result says that for any rectangular region in R?, we are guaranteed to be able to find
a point in the interior of this region whose z- and y-coordinates are both rational.

3. THE MAIN RESULT

We begin by considering an open set, S, in R? that contains an element of each of the four
quadrants. By considering Definition 2.1, it immediately follows that any open set S C R?
that contains a point from each of the four quadrants must also contain a set of the form:

N(a1,b1),61 U N(a27b2)762 U N(as,bs),ﬁs U N(a47b4)764

where €1, €5, 63,64 € RT and (ay,b1) € Q1, (az,by) € Q2, (az, b3) € Q3, and (a4, by) € Q4.
Furthermore, by setting € = min{ey, €, €3, €4}, we get that

Narv1),e YU Nagbo)e U Niagba)e U Nagba),e €S-

In order to prove the main result, we will first show that (0,0) can be written as a linear
combination of elements from the open set S.
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Lemma 3.1. Let S be an open set in R? containing the points (a1,b1) € Q1, (az,by) € Q2,
(a3, b3) € Q3, and (a4, by) € Q4. Then there exist n,m, s, t € N such that

n(p1, qi) +m(p2, g2) + s(p3; g3) + t(pa; q1) = (0,0)
where (pi, ¢;) € N, py),e with (p;,q;) € Q* fori € {1,2,3,4} and some € € RT.

Proof. Let S be an open set in R? containing the points (ai,b1) € Q1, (as,b2) € Q2,
(as,b3) € @3, and (a4, by) € Q4. Then, by Definition 2.1, there exists € € R* such that

N(al,bl),e U N(az,bQ),e U N(ag,b3),e U N(a4,b4)7e C S

where Ng, b, C Qi for i € {1,2,3,4}. Furthermore, by Corollary 2.1 we may find (p;, ¢;) €
Q? such that (p;,¢;) € N, py),e for i € {1,2,3,4}. Furthermore:

)

(1) = (E @> (ps,qs) = (_ngl,_mg’l)

)
N2 Mi2 n32 msz

(P2, q2) = (—n21 @) (p1,q1) = (@ —m41)

) )
Na2  Mag Tga MMy

where n;;,m;; € N for i € {1,2,3,4} and j € {1,2}. Set ng = niang and my = ngons.
Then it follows that the linear combination

N12M21M11Mo2 + n11n22m12m21>

n0<p17 Ql) + mO(p27 qQ) = (07
mioMag

Lettlng C1 = NM12M21M11 M2 + N11M22M12Mo1, WE get

(3.1) no(pl,ql)—i—mo(pg,qg)—(() a )

)
m12Ma2

Similarly, set sg = n3an4 and tg = nzings. Then it follows that the linear combination

N32741M31My42 + n31n42m32m41)>

SO(p37 q3) + tO(p47 Q4) = (07 _(
m32Myg

Letting cp = nsangimsimaz + n3inmsamy we get:

(3.2) s0(P3; q3) + to(pa, q1) = (0 2 )

)
m321My2

Now consider ug = miamasce and vy = msamyscy. Then it follows that:

(3.3) u0<0, a >+v0<o, —e ):(0,0).
M12M99 mgzaMy2

Combining together Equations 3.1, 3.2, and 3.3 provides

(3.4) ugno(p1, q1) + uomo(p2, G2) + voso(ps, g3) + voto(ps, qa) = (0,0).
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Since n;;,m;; > 0 for all i € {1,2,3,4} and j € {1,2} it follows that ugng, ugmo, voSo, voto €
N. Setting n = ugng, m = ugmyg, s = vgsg, and t = vgtg the result follows immediately from
Equation 3.4. 1

It will also be essential that we can scale a point in R? to be arbitrarily close to (0,0). To
do this, we will need the following two functions.

Definition 3.1. Let z € R.

(1) The floor function, denoted |x], assigns to the input x the greatest integer that is
less than or equal to z.

(2) The ceiling function, denoted [z], assigns to the input x the least integer that is
greater than or equal to x.

These two functions can now be used to perform the necessary scaling.
Lemma 3.2. Let (21,2) € R?, and let e € RT. Then there exists 3 € N such that
1
Bllzzl + 1|2y + 1]

(21,22) € N0,0),e-

22| + |2
ellze] + 1] 12| + 1]

\/(Auzz T 1J>2 T 1J>2 < \/(Am ST u>2 ’ \/(Auzz e 1J>2

L Jal e
Alfeal + 11 [+ 1]

Proof. Let (21, 22) € R?, and let ¢ € RT. Set A = . Then

Choosing = [A] produces the desired result.

Now, we are ready to prove the main result of the paper, which is an extension of the
original problem posed in the February 2017 edition of Mathematics Magazine (see [1]).

Theorem 3.1. Let S be an open set in R? containing the points (a1,b1) € Q1, (az,by) € Q2,
(a3, b3) € Q3, and (ay,by) € Q4. Furthermore, let (21, z5) € R2. Then there exist n,m,s,t €
N such that
nXy + mXs + $X3 + tX5 = (21, 22)
where X; € Nq, p,),e C S fori € {1,2,3,4} and some e € R*.
Proof. Let S be an open set in R? containing the points (ay,b;) € Q1, (a2, b)) € Q2,

(a3, b3) € Q3, and (a4, by) € Q4. Then from Lemma 3.1, there exists ng, mq, So,to € N and
e € R such that

(3.5) no(p1, q1) + mo(pe2, ¢2) + so(ps, ¢3) + to(pa, ga) = (0,0)

where (pi,¢;) € Nig;p)e € S with (p;,q;) € Q* for i € {1,2,3,4}. Moreover, Lemma 3.2
provides a 8 € N, for any € € R, such that
1

Bllzal + 1 [z + 1]

(z1,22) € N0,0),e-
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Thus, we can find a 8 € N such that

1

A (#12) + (91, 4i) € Ny © Neasye © 5
where ¢ € Rt and A = B||z,;| + 1] ||z, + 1]. It follows that A € N and

1
X = (z1,22) + (p1,n) € S

(21,22) + (p3,q3) € S

4n0A X3 = 480A
1 oo 1
Xy = m(zl,zé) +(p2,q2) € S X4 = 4dto A (21,22) + (P, ) € S
Furthermore,

noAX+moAXy+50AX3+10AXy = (21, 22) +A [n0(p1, q1) + mo(P2, ¢2) + 50(p3, ¢3) + to(P4, q4)]
Then, by Equation 3.5

noAXy + moAXs + soAX3 + teAXy = (21, 22) + A(0,0) = (21, 22).
The claim follows by setting n = ngA, m = mpA, s = soA, and t = tpA. 1

We can further use this main result to return to the original problem posed by Souvik
Dey.

Corollary 3.1. Let S be an open subset of the set R, such that S contains at least one
positive number and one negative number. Then every real number can be written as a finite
sum of (not necessarily distinct) elements of S.

Proof. Let S be an open subset of R such that there exists a,b € S with a < 0 and
b < 0. Moreover, let 7 € R. Then (r,0) € R?. Since S is an open subset of R, it follows that
SxS ={(z,y): x,y € S} is an open subset of R*>. Moreover, (a,a), (a,b), (b,a), (b,b) € SxS
with (b,0) € Q1, (a,b) € Q2, (a,a) € @3, and (b,a) € Q4. By Theorem 3.1, there exist
n,m,s,t € N and X7,X3,X3,X4 € S X S such that
(3.6) nXy + mXz + sX3 + X4 = (1,0).
Let (Xj), denote the first coordinate of X; for ¢ € {1,2,3,4}. Then from Equation 3.6, it
follows that:

n(X1), + m(Xz), +s(Xs), +t(Xa), =1

Since X; € S x S for i € {1,2,3,4}, (X3), € S for i € {1,2,3,4} and the result follows.

4. CONCLUSION

From the initial problem posed by Souvik Dey (see [1]), we were able to generalize the
problem to R2. There is still the possibility to extend this problem to R". We end with the
following conjecture regarding this general problem.

Conjecture 1. Let S be an open set in R" containing the points (214, Z2;, . . ., Tn;) Where
i € {1,2,...,2"} such that each of these points lies in one of the 2" distinct regions of
R™ determined by the (n — 1)-dimensional hyperplanes partitioning R"™. Furthermore, let
(21,29, ...,2,) € R™ Then there exist ¢, ca, ..., con € N such that

on !

Z Ci(xl’h L2y v - al‘ni) = (zla 22y e 7Zn)

=1
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