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1. Introduction
The Kelvin–Helmholtz (KH) instability is a universal physics process in heliophysics (see summary by Johnson 
et al. (2014) and Masson and Nykyri (2018)). As one of the most important mechanisms of viscous-like inter-
action between the solar wind and the magnetosphere (MSP), the KH instability can transport the mass, energy, 
momentum, and magnetic flux (Ma et al., 2014a, 2014b, 2017; Nykyri & Otto, 2001, 2004; Otto, 2006; Otto & 
Fairfield, 2000; Pu & Kivelson, 1983a, 1983b, 1983c). Thus, it is important to examine whether the magneto-
pause boundary is KH unstable or not.

Assuming an infinity thin sheared flow boundary width, Chandrasekhar (1961) demonstrated that the KH growth 
rate, γ, for the incompressible magnetohydrodynamics system is given by

𝛾𝛾2 = 𝛼𝛼1𝛼𝛼2[(𝐮𝐮1 − 𝐮𝐮2) ⋅ 𝐤𝐤]
2
− 𝛼𝛼1(𝐯𝐯𝐴𝐴1 ⋅ 𝐤𝐤)

2
− 𝛼𝛼2(𝐯𝐯𝐴𝐴2 ⋅ 𝐤𝐤)

2
, (1)

where the subscript 1 and 2 represent the value on each side of the sheared flow boundary layer, αi = ρi/(ρ1 + ρ2), 
ρ is the mass density, u is the bulk velocity, 𝐴𝐴 𝐯𝐯𝐴𝐴 = 𝐁𝐁∕

√

𝜇𝜇0𝜌𝜌 is the Alfvén velocity, B is the magnetic field, μ0 is the 
vacuum permeability, and 𝐴𝐴 𝐤𝐤 is KH wave-vector. Equation 1 reveals that the boundary is KH unstable when γ 2 > 0. 
While large flow shear can increase the KH growth rate, the magnetic field in the KH wave-vector direction can 
stable the KH instability. At the magnetopause boundary, the perturbation often contains the wave vector in all 
directions, and the KH mode with the largest growth rate becomes the dominant mode. Therefore, the criterion 
for KH unstable boundary is whether the maximum of Equation 1 is greater than zero. Notice, Equation 1 only 
contains k 2 term, thus we only need to find the direction which maximizes Equation 1. Such a criterion has often 
been oversimplified by only examining whether Equation 1 is greater than zero in the specific direction (e.g., 
shear flow direction), which could largely underestimate the KH insatiability.

Recently, several studies explored the whole 4π solid angle to examine the most KH unstable direction by directly 
using Equation 1, as well as integration of the total solid angle that satisfies the KH onset conditions as the second 
reference (Burkholder et al., 2020; Nykyri et al., 2021; Rice et al., 2022). However, this type of examination is 
computationally expensive, and the accuracy is highly dependent on the wave-vector sample density. Thus, this 
report will provide a systematic method to find the most KH unstable direction with a well-known technique, the 
estimation of unstable solid angle will also be simplified to a numerical integration.

2. The Most KH Unstable Direction
Assuming the unperturbed magnetospheric and magnetosheath (MSH) plasma density, bulk velocity, and magnetic 
field have been identified (e.g., Rice et al., 2022), which are noted by ρMHP, ρMSH, uMHP, uMSH, BMHP, and BMSH 
in any given coordinate system (e.g., Geocentric Solar Ecliptic system and Geocentric Solar Magnetospheric 
system), the most KH unstable direction can be identified by using the method of Lagrange multipliers based on 
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these boundary conditions, which is exactly the same process as the tradi-
tional minimum or maximum variance analysis (MVA) (Sonnerup, 1980). As 
a demonstration, one can rewrite Equation 1 as


(

�̂, �
)

= (�∕�)2 − �
(

1 − �̂2
)

=
(

� ⋅ �̂
)�

−
(

�MSP ⋅ �̂
)�

−
(

�MSH ⋅ �̂
)2

− �
(

1 − �̂2
)

.
 (2)

Here 𝐴𝐴 𝐮𝐮 =
√

𝛼𝛼MSP𝛼𝛼MSH(𝐮𝐮MSP − 𝐮𝐮MSH) , 𝐴𝐴 𝐚𝐚𝑖𝑖 =
√

𝛼𝛼𝑖𝑖𝐯𝐯𝐴𝐴𝑖𝑖 , the subscript i represent 
MSP and MSH, and 𝐴𝐴 �̂�𝐤 is a unit vector. The maximum or minimum of γ/k 
requires all partial derivatives should be zero, which is given by

𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥

=
𝜕𝜕

𝜕𝜕𝜕𝜕𝑦𝑦

=
𝜕𝜕

𝜕𝜕𝜕𝜕𝑧𝑧

=
𝜕𝜕

𝜕𝜕𝜕𝜕
= 0. (3)

The first three equations in Equation  3 lead to solving three eigenval-
ues (λ1  ≥  λ2  ≥  λ3) and eigenvectors (l, m, and n) for a 3  ×  3 matrix 
Mij = uiuj − a1ia1j − a2ia2j, where the subscript i and j represent x, y, and 
z. (Alternatively, it can be written as M = uu − aMSPaMSP − aMSHaMSH (See 
Appendix A)).

The maximum eigenvalue λ1 is the maximum value of (γ/k) 2, which is along 
the l direction. Thus, the KH unstable sheared flow boundary requires λ1 > 0. 
Notice, Equation  1 is based on the one-dimensional tangential sheared flow 
boundary geometry, in which aMSH, aMSP, and u are coplanar. However, for the 
real observational data, these three vectors can hardly be exactly coplanar. It can 
be easily shown that in this case, (i.e., (aMSH × aMSP) ⋅ u ≠ 0), one can always 
find a direction (i.e., 𝐴𝐴 �̂�𝐤‖𝐚𝐚MSH × 𝐚𝐚MSP ) so that 𝐴𝐴 �̂�𝐤 ⋅ 𝐚𝐚MSH = �̂�𝐤 ⋅ 𝐚𝐚MSP = 0 , while 

𝐴𝐴 �̂�𝐤 ⋅ 𝐚𝐚MSH = �̂�𝐤 ⋅ 𝐮𝐮 ≠ 0 , indicating that λ1 must be greater than zero. Therefore, one 
must check whether the direction of l is roughly along the expected direction (see 
the discussion in Section 5), as well as the range of the KH unstable directions.

Notice, as long as the magnetic fields are not exactly aligned with the sheared flow direction (i.e., u × ai ≠ 0), 
there always exists the direction where the boundary is KH stable (i.e., 𝐴𝐴 𝐮𝐮 ⋅ �̂�𝐤 = 0 and 𝐴𝐴 𝐚𝐚𝑖𝑖 ⋅ �̂�𝐤 ≠ 0 ), which indicates 
λ3 must be smaller than zero in this condition.

Considering the case with no magnetic field (i.e., ai = 0), the sheared flow boundary is KH unstable in almost 

all the directions (i.e., 𝐴𝐴

(

𝐮𝐮 ⋅ �̂�𝐤

)2

≥ 0 ). The equality holds when 𝐴𝐴 �̂�𝐤 is perpendicular to the shear flow direction 

(i.e., 𝐴𝐴 𝐮𝐮 ⟂ �̂�𝐤 →

(

𝐮𝐮 ⋅ �̂�𝐤

)2

= 0 ). That is saying, event without any stability effect, one cannot find a plane which 
(γ/k) 2 > 0. However, if λ2 > 0, then the 𝐴𝐴 (𝛾𝛾∕𝑘𝑘)

2
= 𝜆𝜆1𝑘𝑘

2

𝑙𝑙
+ 𝜆𝜆2𝑘𝑘

2
𝑛𝑛 in the lm plane is always greater than zero, which is 

not possible. Thus, λ2 must be smaller or equator to zero.

In summary, as long as the magnetic field is not exactly aligned with the flow shear, the eigenvalues of matrix M 
have to be λ1 > 0 ≥ λ2 ≥ λ3, in which λ1 is the maximum value of (γ/k) 2, and associated eigen-vector l is the most 
KH unstable direction. The other two eigenvalues are smaller than zero, which indicates that the boundary is KH 
stable along the directions of the associated eigenvectors (i.e., m, and n direction).

3. KH Unstable Solid Angle
Based on the above discussion, assuming a KH unstable boundary with 𝐴𝐴 𝐴𝐴1 = 𝜀𝜀−2

1
 , 𝐴𝐴 𝐴𝐴2 = −𝜀𝜀−2

2
 , and 𝐴𝐴 𝐴𝐴3 = −𝜀𝜀−2

3
 , 

the growth rate γ in the eigenvectors coordinate system (lmn) can be represented as a quadratic form 
𝐴𝐴 𝐴𝐴2 = (𝑘𝑘𝑙𝑙∕𝜀𝜀1)

2
− (𝑘𝑘𝑚𝑚∕𝜀𝜀2)

2
− (𝑘𝑘𝑛𝑛∕𝜀𝜀3)

2
, which is an elliptic hyperboloid of two sheets (see Figure  1). Thus, 

the total unstable solid angle is the area of the cross-section between the elliptic hyperboloid of two sheets 
(γ  ≥  0, gray surface in Figure  1) and unit sphere 𝐴𝐴

(

𝑘𝑘2

𝑙𝑙
+ 𝑘𝑘2

𝑚𝑚 + 𝑘𝑘2
𝑛𝑛 = 1

)

 , which is bounded by elliptic curves: 
𝐴𝐴 1 = (𝑘𝑘𝑚𝑚∕𝐴𝐴)

2
+ (𝑘𝑘𝑛𝑛∕𝐵𝐵)

2 (black lines in Figure 1). Here, 𝐴𝐴 𝐴𝐴2
=

|
𝜆𝜆1|

|
𝜆𝜆1|+|𝜆𝜆2|

< 1 , and 𝐴𝐴 𝐴𝐴2
=

|
𝜆𝜆1|

|
𝜆𝜆1|+|𝜆𝜆3|

< 1 . Rewritten the 

kl, km, and kn in a sphere coordinate, (i.e., kl = cosθ, km = sinθ cosφ, kn = sinθ sinφ), the total unstable solid 

Figure 1. (γ/k) 2 in the lmn coordinate for 8 September 2015 Magnetospheric 
Multiscale Kelvin–Helmholtz instability event. The gray surface represents 
γ = 0, the red area represents the unstable region, and the blue area represents 
the stable region. The black lines are the boundary between stable and unstable 
regions.
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angle is given by a surface integral 𝐴𝐴 Ω = 2 ∫
2𝜋𝜋

0
∫

𝜃𝜃1

0
sin 𝜃𝜃𝜃𝜃𝜃𝜃𝜃𝜃𝜃𝜃 , which is bounded by the elliptic curves: km = A 

sinϕ = sinθ1 cosφ, kn = B cosϕ = sinθ1 sinφ, and 𝐴𝐴 𝐴𝐴𝑙𝑙 = cos 𝜃𝜃1 =

√

1 − 𝐴𝐴2sin
2
𝜙𝜙 − 𝐵𝐵2cos2𝜙𝜙 . This surface integral 

can be simplified to a one-variable integral

Ω = 4𝜋𝜋 − 8
∫

𝜋𝜋∕2

0

√

sin
2
𝜑𝜑 + 𝑎𝑎

sin
2
𝜑𝜑 + 𝑏𝑏

𝑑𝑑𝜑𝜑𝑑 (4)

where 𝐴𝐴 𝐴𝐴 =
|
𝜆𝜆2|

(|𝜆𝜆3|−|𝜆𝜆2|)
 , and 𝐴𝐴 𝐴𝐴 =

(|𝜆𝜆1|+|𝜆𝜆2|)

(|𝜆𝜆3|−|𝜆𝜆2|)
 . In principle, Equation 4 can be further represented by using elliptic 

functions. However, it does not bring more numerical convenience compared to direct numerical integration of 
Equation 4.

Sometimes, researchers prefer to determine the normal direction by using traditional boundary normal analysis 
methods (e.g., MVA method see discussion by Ma et al. (2016)). Based on the one-dimensional tangential discon-
tinuity assumption, the normal direction of the magnetic field and velocity is expected to be zero. Thus, we have 
λ2 ≈ 0, and the nonzero growth rate requires (γ/k) 2 = λ1 cos 2 θk + λ3 sin 2 θk ≥ 0, where θk is the angle between 
unit wave vector 𝐴𝐴 �̂�𝐤 and l. which yield the total unstable angle equates 4θc, where 𝐴𝐴 cos 𝜃𝜃𝑐𝑐 =

√

|𝜆𝜆3|∕(|𝜆𝜆1| + |𝜆𝜆3|) . 
Notice, for a marginal KH unstable boundary, λ1 is expect to be small (i.e., |λ1| ≪ |λ3|), which yields θc ≈ 0, being 
consistent with what we would expect. The same results can also be archived by integrating Equation 4 with 
a = 0, which gives Ω = 8θc. Notice, in this case, the results should be normalized by the whole solid angle, which 
is 4π instead of 2π for two-dimensional (2-D) geometry.

4. Example
On 8 September 2015, the four Magnetospheric Multiscale spacecraft observed KH waves at the duskside magne-
topause (Eriksson et al., 2016), in which nMSP = 5.7, nMSH = 20.1 cm −3, uMSP = (−0.7, 16.6, −1.0), uMSH = (−355.9, 
16.6, −1.0)  km  s −1, BMSP  =  (5.5, 5.3, 63.4), and BMSH  =  (24.3, −1.5, 71.1)  nT in the maximum flow shear 
system coordinate (see Table S3 in Supporting Information of Eriksson et al. (2016)). Thus, u = (147.4, 0, 0), 
aMSP = (23.6, 22.7, 272.1), aMSH = (104.3, −6.4, 305.2) km s −1, which yields

𝑴𝑴 = 105 ×

⎛

⎜

⎜

⎜

⎜

⎝

0.1028 0.0013 −0.3825

0.0013 −0.0056 −0.0423

−0.3825 −0.0423 −1.6716

⎞

⎟

⎟

⎟

⎟

⎠

km2s−2. 

The three eigenvalues of M are 𝐴𝐴 𝐴𝐴1 =
(

135 km s
−1
)2 , 𝐴𝐴 𝐴𝐴2 = −

(

22.7 km s
−1
)2 , and 𝐴𝐴 𝐴𝐴3 = −

(

418.5 km s
−1
)2 , and the 

associated three eigenvectors are l = (0.978, 0.053, −0.203), m = (−0.056, 0.998, −0.0124), and n = (0.202, 
0.024, 0.979) in the maximum flow shear system coordinate. The total unstable solid angle is Ω = 2.4, and for 
2-D assumption, θc = 17.9°. Notice, the l is mostly along the sheared flow direction, the m is mainly along the 
magnetopause normal direction, and the n is roughly along the north direction. This lmn coordinate system is 
mainly consistent with the maximum flow shear system, suggesting for this specific case the most KH unstable 
direction happens to be close to the shear flow direction. This is because in this case, the sheared flow is mostly 
perpendicular to the magnetic field, and the Alfvén speed associated with the magnetic field is large.

5. Summary and Caveat
Based on the KH onset conditions (i.e., Equation  1), this report proposes to use a matrix 
M = uu − aMSPaMSP − aMSHaMSH to identify the most KH unstable direction based on the in situ measurements 
of the density, velocity, and magnetic field in the MSP and MSH. The largest eigenvalue of matrix M, λ1 ≥ 0, 
represents the possibly largest (γ/k) 2, and its eigenvector l represents the most unstable direction. Although this 
direction is expected to be mostly in the sheared flow direction, it is possible that l points to the north if the 
magnetic field is mainly aligned with the sheared flow direction. Thus, one may set a critical angle θmax, that the 
angle between l and the equatorial plane must be smaller than θmax for the KH unstable sheared flow boundary. 
The value of the critical angle, θmax should be determined based on the local magnetopause geometry.
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For instance, the shape and size of the Earth's magnetopause can be well described in a functional form, r = r0[2/
(1 + cosϕ)] α, where the value r is the radial distance at an angle ϕ between the Sun-Earth line and the radial 
direction, r0 and α are the functions of the interplanetary magnetic field Bz and solar wind dynamic pressure Dp, 
representing the standoff distance and the level of tail flaring, respectively (Shue et al., 1997). For any given ϕ (or 
equivalently local time), the typical length scale along the magnetopause tangential direction can be represented 
by the radius of curvature of the magnetopause shape function,

𝑅𝑅 =

[

(𝑟𝑟′)
2
+ 𝑟𝑟2

]3∕2

2(𝑟𝑟′)
2
− 𝑟𝑟𝑟𝑟′′ + 𝑟𝑟2

, 

where r′ = dr/dϕ, r″ = dr′/dϕ (Carmo, 2018). Meanwhile, the typical length scale along the z direction can be 
estimated by the magnetopause distance Lz = r sinϕ. Thus, the angle between the KH wave vector direction and 
the equatorial plane θ should be smaller than θmax = arctan(Lz/R). For the solar wind conditions that the model 
has been valid, (i.e., −18 < Bz < 15 nT, and 0.5 < Dp < 8.5 nPa (Shue et al., 1998)), θmax is in a range between 
20° and 32° near the magnetopause flank region. Meanwhile, for the marginal KH unstable case, λ1 is expected 
to be small. Thus, one can also use the local typical speeds (e.g., sounds speed, Alfvén speed, or fast mode speed) 
as a reference. Alternatively, the θc, being a function of λ1/λ3, is another good quantity to examine the stability of 
the sheared flow boundary.

This report also provides a numerical integration to estimate the total unstable solid angle Ω. Intuitively, a smaller 
Ω indicates a strong stability effect. But it could also be because that the three vectors, aMSH, aMSP, and u are 
mostly coplanar (i.e., small |λ2|). For this case, the unstable angle 4θc is more suitable to describe the range of the 
KH wave vector. Nevertheless, as we have pointed out Ω/4π = 4θc/2π, for the limitation case that λ2 = 0. Thus, 
it is recommended to use Ω/4π as a more general quantity to represent the range of the possible KH unstable 
directions.

The byproduct of this study is a new boundary normal coordinate system (i.e., lmn), in which the m direction can 
be treated as the normal direction. The assumption is that the m direction is mostly perpendicular to the sheared 
flow as well as the magnetic fields, which leads |λ2| close to zero. Thus, the ratio of |λ2|/max(|λ1|, |λ3|) can be used 
to identify the robustness of this coordinate system. Such a coordinate system is useful for 2-D KH instability 
simulation, in which the KH wave vector should be in the simulation plane (e.g., Otto & Fairfield, 2000). Notice, 
the normal directions from different boundary normal analysis methods are based on their own assumption of 
the boundary layer (e.g., rotational discontinuity or tangential discontinuity). Although different methods should 
give similar results, there is no perfect analysis method to fit all the conditions. One should choose the method or 
assumption that most fit the plausible physics process.

Equation 1 demonstrates that a short KH-wavelength mode has a faster growth rate (i.e., γ ∝ k) for a tangential 
sheared flow. However, for a sheared flow with a finite initial width of Δ, it has been shown that only modes 
with kΔ < 2 are unstable and the fastest growing modes occur for kΔ ∼ 0.5 to 1 (Miura, 1982). In the magneto-
pause, the width of sheared flow is determined by the kinetic-scale diffusion process. Therefore, the value of Δ 
is close to the ion inertial length or the ion gyroradius, (i.e., about tens to hundreds of kilometers in the Earth's 
magne topause), which is much smaller than the typical KH wavelength in the Earth's magnetopause (i.e., two to 
six Earth's radii). Thus, the assumption of Equation 1 is still applicable to the Earth's MSP.

Appendix A: Derivation of M from Equation 3

Notice for any vector f, 𝐴𝐴 𝐴𝐴𝑘𝑘𝑖𝑖

[

(

𝐟𝐟 ⋅ �̂�𝐤

)2
]

= 𝐴𝐴𝑘𝑘𝑖𝑖 (𝑓𝑓𝑥𝑥𝑘𝑘𝑥𝑥 + 𝑓𝑓𝑦𝑦𝑘𝑘𝑦𝑦 + 𝑓𝑓𝑧𝑧𝑘𝑘𝑧𝑧)
2
= 2(𝑓𝑓𝑥𝑥𝑘𝑘𝑥𝑥 + 𝑓𝑓𝑦𝑦𝑘𝑘𝑦𝑦 + 𝑓𝑓𝑧𝑧𝑘𝑘𝑧𝑧)𝑓𝑓𝑖𝑖 = 2

(

𝐟𝐟 ⋅ �̂�𝐤

)

𝑓𝑓𝑖𝑖 , thus 

Equation 3 can be rewritten as:

𝜕𝜕𝑘𝑘𝑖𝑖 = 2

(

𝐮𝐮 ⋅ �̂�𝐤

)

𝒖𝒖𝑖𝑖 − 2

(

𝐚𝐚MSP ⋅ �̂�𝐤

)

𝑎𝑎MSP𝑖𝑖 − 2

(

𝐚𝐚MSH ⋅ �̂�𝐤

)

𝑎𝑎MSH𝑖𝑖
− 2𝜆𝜆

(

�̂�𝐤 ⋅ �̂�𝐤

)

𝑘𝑘𝑖𝑖 = 0. 

Since 𝐴𝐴 �̂�𝐤 ⋅ �̂�𝐤 = 𝟏𝟏 , the above equation can be further simplify as:
(

� ⋅ �̂
)

� −
(

�MSP ⋅ �̂
)

�MSP −
(

�MSH ⋅ �̂
)

�MSH − ��̂ = 0

(�� − �MSP�MSP − �MSH�MSH − ��) ⋅ �̂ = 0,
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which is the eigenvalue equation for matrix M = uu − aMSPaMSP − aMSHaMSH.

Data Availability Statement
All observational data in the example are based on Table 3 of Supporting Information by Eriksson et al. (2016).
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