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Calculus Fun Fact: The roots of calculus lie in some of the oldest geometry problems on record. The 

Egyptian Rhind papyrus (c. 1650 bce) gives rules for finding the area of a circle and the volume of a 

truncated pyramid. 



COREQUISITE SKILLS

Learning Objectives
Identify the study skills leading to success in a college level mathematics course.
Reflect on your past math experiences and create a plan for improvement.

Objective 1: Identify the study skills leading to success in a college level mathematics course.
Welcome to your algebra course! This course will be challenging so now is the time to set up a plan for success. In this
first chapter we will focus on important strategies for success including: math study skills, time management, note
taking skills, smart test taking strategies, and the idea of a growth mindset. Each of these ideas will help you to be
successful in your college level math course whether you are enrolled in a face-to-face traditional section or an online
section virtual section.

Complete the following survey by checking a column for each behavior based on the frequency that you engage in the
behavior during your last academic term.

Behavior or belief: Always Sometimes Never

1. Arrive or log in early to class each session.

2. Stay engaged for the entire class session or online meeting.

3. Contact a fellow student and my instructor if I must miss class for notes
or important announcements.

4. Read through my class notes before beginning my homework.

5. Connect with a study partner either virtually or in class.

6. Keep my phone put away during classes to avoid distractions.

7. Spend time on homework each day.

8. Begin to review for exams a week prior to exam.

9. Create a practice test and take it before an exam.

10. Find my instructor’s office hours and stop in either face-to-face or
virtually for help.

11. Locate the math tutoring resources (on campus or virtually) for students
and make note of available hours.

12. Visit math tutoring services for assistance on a regular basis (virtual or
face-to-face).

13. Spend at least two hours studying outside of class for each hour in class
(virtual or face-to-face).

14. Check my progress in my math course through my college’s learning
management system.

15. Scan through my entire test before beginning and start off working on a
problem I am confident in solving.

8 1 • Prerequisites
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Behavior or belief: Always Sometimes Never

16. Gain access to my math courseware by the end of first week of classes.

17. Send an email to my instructor when I need assistance.

18. Create a schedule for each week including time in class, at work and
study time.

19. Read through my textbook on the section we are covering before I come
to class or begin virtual sessions.

20. Feel confident when I start a math exam.

21. Keep a separate notebook for each class I am taking. Divide math
notebooks or binders into separate sections for homework, PowerPoint
slides, and notes.

22. Talk honestly about classes with a friend or family member on a regular
basis.

23. Add test dates to a calendar at the beginning of the semester.

24. Take notes each math class session.

25. Ask my instructor questions in class (face-to-face or virtual) if I don’t
understand.

26. Complete nightly homework assignments.

27. Engage in class discussions.(virtual or face-to-face)

28. Recopy my class notes more neatly after class.

29. Have a quiet, organized place to study.

30. Avoid calls or texts from friends when I’m studying.

31. Set study goals for myself each week.

32. Think about my academic major and future occupation.

33. Take responsibility for my study plan.

34. Try different approaches to solve when I get stuck on a problem.

35. Believe that I can be successful in any college math course.

36. Search for instructional videos online when I get really stuck on a section
or an exercise.

37. Create flashcards to help in memorizing important formulas and
strategies.

1.1 • Real Numbers: Algebra Essentials 9
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Behavior or belief: Always Sometimes Never

Total number in each column:

Scoring: Always:
4 points
each

Sometimes:
2 points
each

Never: 0
points
each

Total Points: 0

Practice Makes Perfect
Identify the study skills leading to success in a college level mathematics course.

1. Each of the behaviors or attitudes listed in the table above are associated with success in college mathematics.
This means that students who use these strategies or are open to these beliefs are successful learners. Share your
total score with your study group in class and be supportive of your fellow students!

2. Based on this survey create a list of the top 5 strategies that you currently utilize, and feel are most helpful to you.
1.
2.
3.
4.
5.

3. Based on this survey create a list of the top 5 strategies that interest you, and that you feel could be most helpful
to you this term. Plan on implementing these strategies.
1.
2.
3.
4.
5.

Objective 2: Re6ect on your past math experiences and create a plan for improvement.
1. It’s important to take the opportunity to reflect on your past experiences in math classes as you begin a new term.

We can learn a lot from these reflections and thus work toward developing a strategy for improvement.
In the table below list 5 challenges you had in past math courses and list a possible solution that you could try this
semester.

Challenge Possible solution

1.

2.

3.

4.

5.

2. Write your math autobiography. Tell your math story by describing your past experiences as a learner of
mathematics. Share how your attitudes have changed about math over the years if they have. Perhaps include what
you love, hate, dread, appreciate, fear, look forward to, or find beauty in. This will help your teacher to better
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understand you and your current feelings about the discipline.
3. Share your autobiographies with your study group members. This helps to create a community in the classroom

when common themes emerge.

It is often said that mathematics is the language of science. If this is true, then an essential part of the language of
mathematics is numbers. The earliest use of numbers occurred 100 centuries ago in the Middle East to count, or
enumerate items. Farmers, cattle herders, and traders used tokens, stones, or markers to signify a single quantity—a
sheaf of grain, a head of livestock, or a fixed length of cloth, for example. Doing so made commerce possible, leading to
improved communications and the spread of civilization.

Three to four thousand years ago, Egyptians introduced fractions. They first used them to show reciprocals. Later, they
used them to represent the amount when a quantity was divided into equal parts.

But what if there were no cattle to trade or an entire crop of grain was lost in a flood? How could someone indicate the
existence of nothing? From earliest times, people had thought of a “base state” while counting and used various
symbols to represent this null condition. However, it was not until about the fifth century CE in India that zero was added
to the number system and used as a numeral in calculations.

Clearly, there was also a need for numbers to represent loss or debt. In India, in the seventh century CE, negative
numbers were used as solutions to mathematical equations and commercial debts. The opposites of the counting
numbers expanded the number system even further.

Because of the evolution of the number system, we can now perform complex calculations using these and other
categories of real numbers. In this section, we will explore sets of numbers, calculations with different kinds of numbers,
and the use of numbers in expressions.

Classifying a Real Number
The numbers we use for counting, or enumerating items, are the natural numbers: 1, 2, 3, 4, 5, and so on. We describe
them in set notation as where the ellipsis (…) indicates that the numbers continue to infinity. The natural
numbers are, of course, also called the counting numbers. Any time we enumerate the members of a team, count the
coins in a collection, or tally the trees in a grove, we are using the set of natural numbers. The set of whole numbers is
the set of natural numbers plus zero:

The set of integers adds the opposites of the natural numbers to the set of whole numbers:
It is useful to note that the set of integers is made up of three distinct subsets: negative

integers, zero, and positive integers. In this sense, the positive integers are just the natural numbers. Another way to
think about it is that the natural numbers are a subset of the integers.

The set of rational numbers is written as Notice from the definition that rational
numbers are fractions (or quotients) containing integers in both the numerator and the denominator, and the
denominator is never 0. We can also see that every natural number, whole number, and integer is a rational number
with a denominator of 1.

Because they are fractions, any rational number can also be expressed in decimal form. Any rational number can be
represented as either:

ⓐ a terminating decimal: or ⓑ a repeating decimal:
We use a line drawn over the repeating block of numbers instead of writing the group multiple times.

EXAMPLE 1

Writing Integers as Rational Numbers
Write each of the following as a rational number.

ⓐ 7 ⓑ 0 ⓒ –8
Solution

Write a fraction with the integer in the numerator and 1 in the denominator.

ⓐ ⓑ ⓒ

1.1 • Real Numbers: Algebra Essentials 11
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1.2 Exponents and Scienti5c Notation
Learning Objectives
In this section, you will:

Use the product rule of exponents.
Use the quotient rule of exponents.
Use the power rule of exponents.
Use the zero exponent rule of exponents.
Use the negative rule of exponents.
Find the power of a product and a quotient.
Simplify exponential expressions.
Use scientific notation.

COREQUISITE SKILLS

Learning Objective:
Plan your weekly academic schedule for the term.

Objective 1: Plan your weekly academic schedule for the term.
1. Most college instructors advocate studying at least 2 hours for each hour in class. With this recommendation in

mind, complete the following table showing credit hours enrolled in, the study time required, and total time to be
devoted to college work. Assume 2 hours of study time for each hour in class to complete this table, and after your
first exam you can fine tune this estimate based on your performance.

Credit hours (hours in class) Study time outside of class Total time spent in class and studying

9 (2,2) (2,3)

12 (3,2) (3,3)

15 (3,2) (3,3)

18 (4,2) (4,3)

21 (5,2) (5,3)

Consider spending at least 2 hours of your study time each week at your campus (or virtual) math tutoring center or
with a study group, the time will be well spent!

2. Another way to optimize your class and study time is to have a plan for efficiency, meaning make every minute
count. Below is a list of good practices, check off those you feel you could utilize this term.

Best practices: Will
consider:

Not
for
me:

1. Attend each class session.
It will take much more time to teach yourself the content.

2. Ask your instructor.
If you are unsure of a concept being taught in class, ask for clarification right away. Your
instructor is an expert in their field and can provide the most efficient path to understanding.

1.2 • Exponents and Scienti5c Notation 27
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Best practices: Will
consider:

Not
for
me:

3. Be prepared for each class.
Having completed prior assignments can go a long way in math understanding since
mastery of most learning objectives depends on knowledge of prior concepts.
Also, reading through a section prior to class will help to make concepts much clearer.

4. Stay organized.
Keeping your math materials in a 3-ring binder organized by lecture notes, class handouts,
PowerPoint slides, and homework problems will save you time in finding materials when you
need them. Having two spiral notebooks dedicated to math works well too, use one for class
notes and one for homework assignments.

5. Find a study partner.
Making a connection either in class or virtually with a fellow student can save time in that
now there are two sources for gathering important information. If you have to miss class or
an online session for an important appointment, your study partner can provide you class
notes, share in-class handouts, or relay announcements for your instructor.
Study partner’s name:
Study partner’s number:
Study partner’s email address:

6. Begin exam review time by reworking each of the examples your instructor worked
in class.
Your instructor will emphasize the same topics in both lecture and on exams based on
student learning objectives required by your college or university or even the state where
the course is offered. Follow their lead in assigning importance to an objective and master
these topics first.

3. Creating your Semester Calendar- complete the following weekly schedule being sure to label
◦ time in classes
◦ study time for classes
◦ time at work.

Optional: also include if you want a more comprehensive view of your time commitments

◦ time spent exercising
◦ time with family and friends.

Term: ________________________________

Name: ________________________________________

Date: ________________________________________

Monday Tuesday Wednesday Thursday Friday Saturday Sunday

6:30-7:00am

7:00-7:30am

7:30-8am

8-8:30am

28 1 • Prerequisites
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Monday Tuesday Wednesday Thursday Friday Saturday Sunday

8:30-9am

9-9:30am

9:30-10am

10-10:30am

10:30-11am

11-11:30am

11:30-12pm

12-12:30pm

12:30-1pm

1-1:30pm

1:30-2pm

2-2:30pm

2:30-3pm

3-3:30pm

3:30-4pm

4-4:30pm

4:30-5pm

5-5:30pm

5:30-6pm

6-6:30pm

6:30-7pm

7-7:30pm

7:30-8pm

8-8:30pm

8:30-9pm

1.2 • Exponents and Scienti5c Notation 29
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Monday Tuesday Wednesday Thursday Friday Saturday Sunday

9-9:30pm

9:30-10pm

10-10:30pm

10:30-11pm

11-11:30pm

Mathematicians, scientists, and economists commonly encounter very large and very small numbers. But it may not be
obvious how common such figures are in everyday life. For instance, a pixel is the smallest unit of light that can be
perceived and recorded by a digital camera. A particular camera might record an image that is 2,048 pixels by 1,536
pixels, which is a very high resolution picture. It can also perceive a color depth (gradations in colors) of up to 48 bits per
frame, and can shoot the equivalent of 24 frames per second. The maximum possible number of bits of information
used to film a one-hour (3,600-second) digital film is then an extremely large number.

Using a calculator, we enter and press ENTER. The calculator displays 1.304596316E13.
What does this mean? The “E13” portion of the result represents the exponent 13 of ten, so there are a maximum of
approximately bits of data in that one-hour film. In this section, we review rules of exponents first and then
apply them to calculations involving very large or small numbers.

Using the Product Rule of Exponents
Consider the product Both terms have the same base, x, but they are raised to different exponents. Expand each
expression, and then rewrite the resulting expression.

The result is that

Notice that the exponent of the product is the sum of the exponents of the terms. In other words, when multiplying
exponential expressions with the same base, we write the result with the common base and add the exponents. This is
the product rule of exponents.

Now consider an example with real numbers.

We can always check that this is true by simplifying each exponential expression. We find that is 8, is 16, and is
128. The product equals 128, so the relationship is true. We can use the product rule of exponents to simplify
expressions that are a product of two numbers or expressions with the same base but different exponents.

The Product Rule of Exponents

For any real number and natural numbers and the product rule of exponents states that
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Real-World Applications

65. A guy wire for a suspension bridge runs from the
ground diagonally to the top of the closest pylon
to make a triangle. We can use the Pythagorean
Theorem to find the length of guy wire needed.
The square of the distance between the wire on
the ground and the pylon on the ground is 90,000
feet. The square of the height of the pylon is
160,000 feet. So the length of the guy wire can be
found by evaluating What is
the length of the guy wire?

66. A car accelerates at a rate of where

t is the time in seconds after the car moves from
rest. Simplify the expression.

Extensions

For the following exercises, simplify each expression.

67. 68. 69.

70. 71. 72.

73.

1.4 Polynomials
Learning Objectives
In this section, you will:

Identify the degree and leading coefficient of polynomials.
Add and subtract polynomials.
Multiply polynomials.
Use FOIL to multiply binomials.
Perform operations with polynomials of several variables.

COREQUISITE SKILLS

Learning Objectives
Distinguish between a fixed and a growth mindset, and how these ideas may help in learning.

Objective 1: Distinguish between a 5xed and a growth mindset, and how these ideas may help in
learning.
Stanford University psychologist and researcher, Carol Dweck, PH.D., published a book in 2006 called "Mindset, The New
Psychology of Success", which changed how many people think about their talents and abilities. Based on decades of
research Dr. Dweck outlined two mindsets and their influence on our learning.

Dr. Dweck’s research found that people who believe that their abilities could change through learning and practice
(growth mindset) more readily accepted learning challenges and persisted through these challenges. While individuals
who believe that knowledge and abilities come from natural talent and cannot be changed (fixed mindset) more often
become discouraged by failure and do not persist.

Her research shows that if we believe we can learn and master something new, this belief greatly improves our ability to
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learn.

1. Read through the following illustration based on Dr. Dweck’s work.
2. It’s important to note that we as individuals do not have a strict fixed or growth mindset at all times. We can lean

one way or another in certain situations or when working in different disciplines or areas. For example, a person
who often plays video games may feel they can learn any new game that is released and be confident in these
abilities, but at the same time avoid sports and are fixed on the idea that they will never excel at physical activities.
In terms of learning new skills in mathematics, which mindset, growth or fixed, best describes your beliefs as of
today? Explain.

Figure 1 The differences between fixed and growth mindset are clear when aligned to key elements of learning
and personality. (Credit: Adapted for OpenStax College Success, based on work by Dr. Carol Dweck)

3. Identify each of the following statements as coming from a student with a fixed mindset or with a growth mindset.

58 1 • Prerequisites
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Statement Fixed or Growth
Mindset?

a. I’ve never been good at math, so I’ll be happy just getting a D in this course.

b. I hear that this instructor is really great, I’m excited to start this new term.

c. I need to try harder in this class and put in more study time. I have the rest of the term
to improve my performance.

d. I hate math.

e. This activity is dumb, I don’t think it will help me.

f. That exam was tough, but I’m going to rework it during my study time and get these
concepts down before my final.

g. I’m up for the challenge of this course.

h. Some people are just better in math than me.

i. Intelligence is something you have to work for.

j. I find it best to erase every mistake I make in my homework and try to forget about it.

k. I try to learn from my mistakes and make note of them.

l. I’m not going to raise my hand to answer this question in class. I’ll just be wrong.

4. Mindsets can be changed. As Dr. Dweck would say “You have a choice. Mindsets are just beliefs. They are powerful
beliefs, but they are something in your mind and you can change your mind.”
Think about what you would like to achieve in your classes this term and how a growth mindset can help you reach
these goals. Write three goals for yourself below.
1.
2.
3.

Maahi is building a little free library (a small house-shaped book repository), whose front is in the shape of a square
topped with a triangle. There will be a rectangular door through which people can take and donate books. Maahi wants
to find the area of the front of the library so that they can purchase the correct amount of paint. Using the
measurements of the front of the house, shown in Figure 1, we can create an expression that combines several variable
terms, allowing us to solve this problem and others like it.

Figure 1

First find the area of the square in square feet.
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Exam Preparation Strategies Always Sometimes Never

1. Rework each of the examples my instructor did in class.

2. Create note cards to help in memorizing important formulas and problem-
solving strategies for the exam.

3. Create a study schedule for each math exam and begin to study for the exam at
least one week prior to the date. Spaced practice over 5-7 days is much more
effective than cramming material in 1-2 sessions.

4. Work the review exercises at the end of each chapter of the text.

5. Visit my instructor’s office hours when I need assistance in preparing for an
exam.

6. Spend time on note interactions (see the section on Cornell notes) each day.

7. Create a practice test using the questions I identified in my class notes (see the
section on Cornell notes) and take it the week before the exam.

8. Review each of the student learning objectives at the beginning of all sections
covered on the exam and use this list as a checklist for exam preparation.

9. Ask your instructor how many questions will be on the exam and if they award
partial credit for work shown.

10. Work through the practice test at the end of each chapter of the text.

11. Get a good night’s sleep the night before my exam.

12. Come to each exam prepared with a goal of earning an A.

Exam Day Behaviors and Strategies Always Sometimes Never

13. Make sure to grab a healthy breakfast the day of the exam.

14. Arrive or log in early to class on exam days.

15. Keep my phone put away in my bag during exams to avoid distractions.

16. Try to relax and take a few deep breaths before beginning the exam.

17. Use a pencil so that I can make corrections neatly.

18. Read through all directions before beginning the exam.

19. Write formulas that are memorized in the margins, top or back of the test to
reference when needed.
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Exam Day Behaviors and Strategies Always Sometimes Never

20. Scan through my entire test before beginning and start off working on a
problem I am confident in solving.

21. Work each of the questions that I find easier first.

22. Keep track of time. Do a quick assessment of how much time should be spent
on each question.

23. Try different approaches to solve when I get stuck on a problem.

24. Draw a diagram when solving an application problem.

25. Do some work on each question.

26. Work neatly and show all steps.

27. Make sure to attach units to final answers when units are given in the problem.
(for example: cm, $, or feet/second)

28. Stay working for the entire class session or online exam session. If finished
early I use the additional time to review my work and check answers.

29. Circle final answers or write each on the answer blank.

After the Exam Behaviors and Strategies Always Sometimes Never

30. I work back through my exams after they are returned, writing corrections in
another color or highlighting them for future reference.

31. Keep my old exams in a binder or notebook and use this assessment to review
for my final exam.

32. Take responsibility for my exam performance and try to learn from the
experience.

33. Reflect on the test taking experience and make a list for yourself on what to do
differently next time.

34. Reflect on your feelings while taking the exam. Plan to replace any negative
self-statements with positive ones on future exams.

35. Celebrate my success after doing well on an exam! Talk to a friend or family
member about my progress.
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Scoring

Total Number in Each Column

Scoring: Always: 4 points each Sometimes: 2 points each Never: 0 points each

Total points: 0

Practice Makes Perfect
Practice: Identify the skills leading to successful preparation for a college level mathematics exam.

1. Each of the behaviors or attitudes listed in the table above are associated with successful college mathematics
exam preparation. This means that students who use these strategies or are open to these beliefs pass their
college math courses. Compute your total score and share your score with your study group in class. Be
supportive of your fellow students and offer encouragement!

Total score =__________

2. Based on this survey, create a list of the top 5 test preparation and taking strategies that you currently utilize, and
feel are most helpful to you.
1.
2.
3.
4.
5.

3. Based on this survey, create a list of the top 5 test preparation and taking strategies that interest you, and that you
feel could be most helpful to you this term. Plan on implementing these strategies.
1.
2.
3.
4.
5.

Objective 2: Create a plan for success when taking mathematics exams.
1. It’s important to take the opportunity to reflect on your past experiences in taking math exams as you begin a new

term. We can learn a lot from these reflections and thus work toward developing a strategy for improvement.
In the table below list 5 challenges you have had in past math courses when taking an exam and list a possible
solution that you could try this semester.

Challenge: Possible Solution:

1. ________

2. ________

3. ________

4. ________

5. ________

2. Develop your plan for success. Keep in mind the idea of mindsets and try to approach your test taking strategies
with a growth mindset. Now is the time for growth as you begin a new term. Share your plan with your study group
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2 Functions

2.1 transformations (activities from Active Prelude to

Calculus section 1.8)

2.2 inverse functions

2.2.1 inverse functions (OpenStax College Algebra with Corequi-

site Support)

2.2.2 inverse functions activities from Active Prelude to Calculus

section 1.7
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Calculus Fun Fact: In Latin, calculus means “pebble.” Because the Romans used pebbles to do 

addition and subtraction on a counting board, the word became associated with computation. 



2.1 transformations (activities from Active Prelude to

Calculus section 1.8)
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1SFWJFX "DUJWJUZ ������ 0QFO B OFX %FTNPT HSBQI BOE EFКOF UIF GVODUJPO f (x) ! x2� "EKVTU UIF XJOEPX
TP UIBU UIF SBOHF JT GPS −4 ≤ x ≤ 4 BOE −10 ≤ y ≤ 10�

B� *O%FTNPT EFКOF UIF GVODUJPO !(x) ! f (x)+ a� 	5IBU JT JO%FTNPT PO MJOF � FOUFS I
Z� � H
Z�  C�

:PV XJMM HFU QSPNQUFE UP BEE B TMJEFS GPS a� %P TP�
&YQMPSF CZNPWJOH UIF TMJEFS GPS a BOEXSJUF BU MFBTU POF TFOUFODF UP EFTDSJCF UIF FЙFDU UIBU DIBOHJOH
UIF WBMVF PG a IBT PO UIF HSBQI PG !�

C� /FYU EFКOF UIF GVODUJPO h(x) ! f (x − b)� 	5IBU JT JO%FTNPT PO MJOF � FOUFS J
Z� � H
Z�D� BOE BEE
UIF TMJEFS GPS b�

.PWF UIF TMJEFS GPS b BOE XSJUF BU MFBTU POF TFOUFODF UP EFTDSJCF UIF FЙFDU UIBU DIBOHJOH UIF WBMVF
PG b IBT PO UIF HSBQI PG h�

D� /PX EFКOF UIF GVODUJPO p(x) ! c f (x)� 	5IBU JT JO%FTNPT PO MJOF � FOUFS R
Z� � EH
Z� BOE BEE UIF
TMJEFS GPS c�

.PWF UIF TMJEFS GPS c BOE XSJUF BU MFBTU POF TFOUFODF UP EFTDSJCF UIF FЙFDU UIBU DIBOHJOH UIF WBMVF PG
c IBT PO UIF HSBQI PG p� *O QBSUJDVMBS XIFO c ! −1 IPX JT UIF HSBQI PG p SFMBUFE UP UIF HSBQI PG f  

E� 'JOBMMZ DMJDL PO UIF JDPOT OFYU UP ! h BOE p UP UFNQPSBSJMZ IJEF UIFN BOE HP CBDL UP -JOF � BOE
DIBOHF ZPVS GPSNVMB GPS f � :PV DBO NBLF JU XIBUFWFS ZPVɒE MJLF CVU USZ TPNFUIJOH MJLF f (x) !

x2 + 2x + 3 PS f (x) ! x3 − 1� 5IFO JOWFTUJHBUF XJUI UIF TMJEFST a b BOE c UP TFF UIF FЙFDUT PO ! h
BOE p 	VOIJEJOH UIFN BQQSPQSJBUFMZ
� 8SJUF B DPVQMF PG TFOUFODFT UP EFTDSJCF ZPVS PCTFSWBUJPOT PG
ZPVS FYQMPSBUJPOT�
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C� *T JU QPTTJCMF UP WJFX UIF GVODUJPO f JO 	B
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q(x + 3) − 4� )PX JT p B USBOTGPSNBUJPO PG q 
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2.2 inverse functions

2.2.1 inverse functions (OpenStax College Algebra with Corequi-

site Support)

2.2.2 inverse functions activities from Active Prelude to Calculus

section 1.7
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41. A machinist must produce
a bearing that is within
0.01 inches of the correct
diameter of 5.0 inches.
Using as the diameter of
the bearing, write this
statement using absolute
value notation.

42. The tolerance for a ball
bearing is 0.01. If the true
diameter of the bearing is
to be 2.0 inches and the
measured value of the
diameter is inches,
express the tolerance using
absolute value notation.

3.7 Inverse Functions
Learning Objectives
In this section, you will:

Verify inverse functions.
Determine the domain and range of an inverse function, and restrict the domain of a function to make it one-to-
one.
Find or evaluate the inverse of a function.
Use the graph of a one-to-one function to graph its inverse function on the same axes.

COREQUISITE SKILLS

Learning Objectives
1. Find and evaluate composite functions (IA 10.1.1).
2. Determine whether a function is one-to-one (IA 10.1.2).

Objective 1: Find and evaluate composite functions (IA 10.1.1).
A composite function is a two-step function and can have numerical or variable inputs.

is read as “f of g of x”.

To evaluate a composite function, we always start by evaluating the inner function and then evaluate the outer function
in terms of the inner function.

EXAMPLE 1

Find and evaluate composite functions.
For functions , , find:

ⓐ ⓑ ⓒ
Solution

ⓐ To find , we evaluate when is 5.

ⓑ To find , we start evaluating the inner function in terms of 5 (see part a) and then evaluate the outer
function in terms of this value.
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ⓒ In parts a and b we had numerical outputs because our inputs were numbers. When we find this will be
a function written in terms of the variable x.

This is interesting, notice that the functions and have a special relationship in that one undoes the other.
We call functions like this, inverses of one another. For any one-to-one function , the inverse is a function

such that .

Practice Makes Perfect
Find and evaluate composite functions.

For each of the following function pairs find:

1. ,

ⓐ
ⓑ
ⓒ Graph the functions f(x) and g(x) on the same coordinate system below

ⓓ What do you notice about the relationship between the graphs of f(x) and g(x)?

2. ,

ⓐ
ⓑ
ⓒ Graph the functions f(x) and g(x) on the same coordinate system below

ⓓ What do you notice about the relationship between the graphs of f(x) and g(x)?
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Objective 2: Determine whether a function is one-to-one (IA 10.1.2).
In creating a process called a function, f(x), it is often useful to undo this process, or create an inverse to the function,
f-1(x). When finding the inverse, we restrict our work to one-to-one functions, this means that the inverse we find should
also be one-to-one. Remember that the horizontal line test is a great way to check to see if a graph represents a one-to-
one function.

For any one-to-one function f(x), the inverse is a function f-1(x) such that and .

The following key terms will be important to our understanding of functions and their inverses.

Function: a relation in which each input value yields a unique output value.
Vertical line test: a method of testing whether a graph represents a function by determining whether a vertical line
intersects the graph no more than once.
One-to-one function: a function for which each value of the output is associated with a unique input value.
Horizontal line test: a method of testing whether a function is one-to-one by determining whether any horizontal line
intersects the graph more than once.

EXAMPLE 2

Determine whether a function is one-to-one.
Determine ⓐ whether each graph is the graph of a function and, if so, ⓑ whether it is one-to-one.

Solution
ⓐ Since any vertical line intersects the graph in at most one point, the graph is the graph of a function. Since any
horizontal line intersects the graph in at most one point, the graph is the graph of a one-to-one function.

ⓑ Since any vertical line intersects the graph in at most one point, the graph is the graph of a function. However, a
horizontal line shown on the graph may intersect it in two points. This graph does not represent a one-to-one function.

Practice Makes Perfect
Determine whether each graph is the graph of a function and, if so, whether it is one-to-one.

3.
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4.

5.

A reversible heat pump is a climate-control system that is an air conditioner and a heater in a single device. Operated in
one direction, it pumps heat out of a house to provide cooling. Operating in reverse, it pumps heat into the building
from the outside, even in cool weather, to provide heating. As a heater, a heat pump is several times more efficient than
conventional electrical resistance heating.

If some physical machines can run in two directions, we might ask whether some of the function “machines” we have
been studying can also run backwards. Figure 1 provides a visual representation of this question. In this section, we will
consider the reverse nature of functions.

Figure 1 Can a function “machine” operate in reverse?

Verifying That Two Functions Are Inverse Functions
Betty is traveling to Milan for a fashion show and wants to know what the temperature will be. She is not familiar with
the Celsius scale. To get an idea of how temperature measurements are related, Betty wants to convert 75 degrees
Fahrenheit to degrees Celsius using the formula

and substitutes 75 for to calculate

Knowing that a comfortable 75 degrees Fahrenheit is about 24 degrees Celsius, Betty gets the week’s weather forecast
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from Figure 2 for Milan, and wants to convert all of the temperatures to degrees Fahrenheit.

Figure 2

At first, Betty considers using the formula she has already found to complete the conversions. After all, she knows her
algebra, and can easily solve the equation for after substituting a value for For example, to convert 26 degrees
Celsius, she could write

After considering this option for a moment, however, she realizes that solving the equation for each of the temperatures
will be awfully tedious. She realizes that since evaluation is easier than solving, it would be much more convenient to
have a different formula, one that takes the Celsius temperature and outputs the Fahrenheit temperature.

The formula for which Betty is searching corresponds to the idea of an inverse function, which is a function for which
the input of the original function becomes the output of the inverse function and the output of the original function
becomes the input of the inverse function.

Given a function we represent its inverse as read as inverse of The raised is part of the notation.
It is not an exponent; it does not imply a power of . In other words, does not mean because is the

reciprocal of and not the inverse.

The “exponent-like” notation comes from an analogy between function composition and multiplication: just as
(1 is the identity element for multiplication) for any nonzero number so equals the identity function, that is,

This holds for all in the domain of Informally, this means that inverse functions “undo” each other. However, just as
zero does not have a reciprocal, some functions do not have inverses.

Given a function we can verify whether some other function is the inverse of by checking whether either
or is true. We can test whichever equation is more convenient to work with because they are

logically equivalent (that is, if one is true, then so is the other.)

For example, and are inverse functions.

and

A few coordinate pairs from the graph of the function are (−2, −8), (0, 0), and (2, 8). A few coordinate pairs from
the graph of the function are (−8, −2), (0, 0), and (8, 2). If we interchange the input and output of each coordinate
pair of a function, the interchanged coordinate pairs would appear on the graph of the inverse function.
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Inverse Function

For any one-to-one function a function is an inverse function of if This can also be
written as for all in the domain of It also follows that for all in the domain of
if is the inverse of

The notation is read inverse.” Like any other function, we can use any variable name as the input for so
we will often write which we read as inverse of Keep in mind that

and not all functions have inverses.

EXAMPLE 1

Identifying an Inverse Function for a Given Input-Output Pair
If for a particular one-to-one function and what are the corresponding input and output values for
the inverse function?

Solution
The inverse function reverses the input and output quantities, so if

Alternatively, if we want to name the inverse function then and

Analysis
Notice that if we show the coordinate pairs in a table form, the input and output are clearly reversed. See Table 1.

Table 1

TRY IT #1 Given that what are the corresponding input and output values of the original
function

HOW TO

Given two functions and test whether the functions are inverses of each other.

1. Determine whether or
2. If either statement is true, then both are true, and and If either statement is false, then both

are false, and and
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EXAMPLE 2

Testing Inverse Relationships Algebraically
If and is

Solution

so

This is enough to answer yes to the question, but we can also verify the other formula.

Analysis
Notice the inverse operations are in reverse order of the operations from the original function.

TRY IT #2 If and is

EXAMPLE 3

Determining Inverse Relationships for Power Functions
If (the cube function) and is

Solution

No, the functions are not inverses.

Analysis

The correct inverse to the cube is, of course, the cube root that is, the one-third is an exponent, not a
multiplier.

TRY IT #3 If is

Finding Domain and Range of Inverse Functions
The outputs of the function are the inputs to so the range of is also the domain of Likewise, because the
inputs to are the outputs of the domain of is the range of We can visualize the situation as in Figure 3.

Figure 3 Domain and range of a function and its inverse
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When a function has no inverse function, it is possible to create a new function where that new function on a limited
domain does have an inverse function. For example, the inverse of is because a square

“undoes” a square root; but the square is only the inverse of the square root on the domain ∞ since that is the

range of

We can look at this problem from the other side, starting with the square (toolkit quadratic) function If we
want to construct an inverse to this function, we run into a problem, because for every given output of the quadratic
function, there are two corresponding inputs (except when the input is 0). For example, the output 9 from the quadratic
function corresponds to the inputs 3 and –3. But an output from a function is an input to its inverse; if this inverse input
corresponds to more than one inverse output (input of the original function), then the “inverse” is not a function at all!
To put it differently, the quadratic function is not a one-to-one function; it fails the horizontal line test, so it does not have
an inverse function. In order for a function to have an inverse, it must be a one-to-one function.

In many cases, if a function is not one-to-one, we can still restrict the function to a part of its domain on which it is one-
to-one. For example, we can make a restricted version of the square function with its domain limited to

∞ which is a one-to-one function (it passes the horizontal line test) and which has an inverse (the square-root

function).

If on ∞ then the inverse function is

• The domain of = range of = ∞

• The domain of = range of = ∞

Q&A Is it possible for a function to have more than one inverse?

No. If two supposedly different functions, say, and both meet the definition of being inverses of
another function then you can prove that We have just seen that some functions only have
inverses if we restrict the domain of the original function. In these cases, there may be more than one way
to restrict the domain, leading to different inverses. However, on any one domain, the original function
still has only one unique inverse.

Domain and Range of Inverse Functions

The range of a function is the domain of the inverse function

The domain of is the range of

HOW TO

Given a function, find the domain and range of its inverse.

1. If the function is one-to-one, write the range of the original function as the domain of the inverse, and write the
domain of the original function as the range of the inverse.

2. If the domain of the original function needs to be restricted to make it one-to-one, then this restricted domain
becomes the range of the inverse function.

EXAMPLE 4

Finding the Inverses of Toolkit Functions
Identify which of the toolkit functions besides the quadratic function are not one-to-one, and find a restricted domain on
which each function is one-to-one, if any. The toolkit functions are reviewed in Table 2. We restrict the domain in such a
fashion that the function assumes all y-values exactly once.
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Constant Identity Quadratic Cubic Reciprocal

Reciprocal squared Cube root Square root Absolute value

Table 2

Solution
The constant function is not one-to-one, and there is no domain (except a single point) on which it could be one-to-one,
so the constant function has no inverse.

The absolute value function can be restricted to the domain ∞ where it is equal to the identity function.

The reciprocal-squared function can be restricted to the domain ∞

Analysis
We can see that these functions (if unrestricted) are not one-to-one by looking at their graphs, shown in Figure 4. They
both would fail the horizontal line test. However, if a function is restricted to a certain domain so that it passes the
horizontal line test, then in that restricted domain, it can have an inverse.

Figure 4 (a) Absolute value (b) Reciprocal square

TRY IT #4 The domain of function is ∞ and the range of function is Find the domain and

range of the inverse function.

Finding and Evaluating Inverse Functions
Once we have a one-to-one function, we can evaluate its inverse at specific inverse function inputs or construct a
complete representation of the inverse function in many cases.

Inverting Tabular Functions
Suppose we want to find the inverse of a function represented in table form. Remember that the domain of a function is
the range of the inverse and the range of the function is the domain of the inverse. So we need to interchange the
domain and range.

Each row (or column) of inputs becomes the row (or column) of outputs for the inverse function. Similarly, each row (or
column) of outputs becomes the row (or column) of inputs for the inverse function.
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EXAMPLE 5

Interpreting the Inverse of a Tabular Function
A function is given in Table 3, showing distance in miles that a car has traveled in minutes. Find and interpret

30 50 70 90

20 40 60 70

Table 3

Solution
The inverse function takes an output of and returns an input for So in the expression 70 is an output value
of the original function, representing 70 miles. The inverse will return the corresponding input of the original function
90 minutes, so The interpretation of this is that, to drive 70 miles, it took 90 minutes.

Alternatively, recall that the definition of the inverse was that if then By this definition, if we are
given then we are looking for a value so that In this case, we are looking for a so that

which is when

TRY IT #5 Using Table 4, find and interpret ⓐ and ⓑ
30 50 60 70 90

20 40 50 60 70

Table 4

Evaluating the Inverse of a Function, Given a Graph of the Original Function
We saw in Functions and Function Notation that the domain of a function can be read by observing the horizontal extent
of its graph. We find the domain of the inverse function by observing the vertical extent of the graph of the original
function, because this corresponds to the horizontal extent of the inverse function. Similarly, we find the range of the
inverse function by observing the horizontal extent of the graph of the original function, as this is the vertical extent of
the inverse function. If we want to evaluate an inverse function, we find its input within its domain, which is all or part of
the vertical axis of the original function’s graph.

HOW TO

Given the graph of a function, evaluate its inverse at specific points.

1. Find the desired input on the y-axis of the given graph.
2. Read the inverse function’s output from the x-axis of the given graph.

EXAMPLE 6

Evaluating a Function and Its Inverse from a Graph at Specific Points
A function is given in Figure 5. Find and
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Figure 5

Solution
To evaluate we find 3 on the x-axis and find the corresponding output value on the y-axis. The point tells us
that

To evaluate recall that by definition means the value of x for which By looking for the output
value 3 on the vertical axis, we find the point on the graph, which means so by definition, See
Figure 6.

Figure 6

TRY IT #6 Using the graph in Figure 6, ⓐ find and ⓑ estimate

Finding Inverses of Functions Represented by Formulas
Sometimes we will need to know an inverse function for all elements of its domain, not just a few. If the original function
is given as a formula—for example, as a function of we can often find the inverse function by solving to obtain as
a function of

HOW TO

Given a function represented by a formula, find the inverse.

1. Make sure is a one-to-one function.
2. Solve for
3. Interchange and

EXAMPLE 7

Inverting the Fahrenheit-to-Celsius Function
Find a formula for the inverse function that gives Fahrenheit temperature as a function of Celsius temperature.
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Solution

By solving in general, we have uncovered the inverse function. If

then

In this case, we introduced a function to represent the conversion because the input and output variables are
descriptive, and writing could get confusing.

TRY IT #7 Solve for in terms of given

EXAMPLE 8

Solving to Find an Inverse Function
Find the inverse of the function

Solution

So or

Analysis
The domain and range of exclude the values 3 and 4, respectively. and are equal at two points but are not the
same function, as we can see by creating Table 5.

1 2 5

3 2 5

Table 5

EXAMPLE 9

Solving to Find an Inverse with Radicals
Find the inverse of the function
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Solution

So

The domain of is ∞ Notice that the range of is ∞ so this means that the domain of the inverse function

is also ∞

Analysis
The formula we found for looks like it would be valid for all real However, itself must have an inverse
(namely, ) so we have to restrict the domain of to ∞ in order to make a one-to-one function. This domain

of is exactly the range of

TRY IT #8 What is the inverse of the function State the domains of both the function and
the inverse function.

Finding Inverse Functions and Their Graphs
Now that we can find the inverse of a function, we will explore the graphs of functions and their inverses. Let us return to
the quadratic function restricted to the domain ∞ on which this function is one-to-one, and graph it as in

Figure 7.

Figure 7 Quadratic function with domain restricted to [0, ∞).

Restricting the domain to ∞ makes the function one-to-one (it will obviously pass the horizontal line test), so it has

an inverse on this restricted domain.

We already know that the inverse of the toolkit quadratic function is the square root function, that is,
What happens if we graph both and on the same set of axes, using the axis for the input to both

We notice a distinct relationship: The graph of is the graph of reflected about the diagonal line which
we will call the identity line, shown in Figure 8.
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Figure 8 Square and square-root functions on the non-negative domain

This relationship will be observed for all one-to-one functions, because it is a result of the function and its inverse
swapping inputs and outputs. This is equivalent to interchanging the roles of the vertical and horizontal axes.

EXAMPLE 10

Finding the Inverse of a Function Using Reflection about the Identity Line
Given the graph of in Figure 9, sketch a graph of

Figure 9

Solution
This is a one-to-one function, so we will be able to sketch an inverse. Note that the graph shown has an apparent domain
of ∞ and range of ∞ ∞ so the inverse will have a domain of ∞ ∞ and range of ∞

If we reflect this graph over the line the point reflects to and the point reflects to
Sketching the inverse on the same axes as the original graph gives Figure 10.
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Figure 10 The function and its inverse, showing reflection about the identity line

TRY IT #9 Draw graphs of the functions and from Example 8.

Q&A Is there any function that is equal to its own inverse?

Yes. If then and we can think of several functions that have this property. The
identity function does, and so does the reciprocal function, because

Any function where is a constant, is also equal to its own inverse.

MEDIA

Access these online resources for additional instruction and practice with inverse functions.

Inverse Functions (http://openstax.org/l/inversefunction)
One-to-one Functions (http://openstax.org/l/onetoone)
Inverse Function Values Using Graph (http://openstax.org/l/inversfuncgraph)
Restricting the Domain and Finding the Inverse (http://openstax.org/l/restrictdomain)

3.7 SECTION EXERCISES
Verbal

1. Describe why the horizontal
line test is an effective way
to determine whether a
function is one-to-one?

2. Why do we restrict the
domain of the function

to find the
function’s inverse?

3. Can a function be its own
inverse? Explain.

4. Are one-to-one functions
either always increasing or
always decreasing? Why or
why not?

5. How do you find the inverse
of a function algebraically?
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Algebraic

6. Show that the function is its own
inverse for all real numbers

For the following exercises, find for each function.

7. 8. 9.

10. 11. 12.

For the following exercises, find a domain on which each function is one-to-one and non-decreasing. Write the domain
in interval notation. Then find the inverse of restricted to that domain.

13. 14. 15.

ⓐ Find and

ⓑ What does the answer tell us about the
relationship between and

16. Given and

For the following exercises, use function composition to verify that and are inverse functions.

17. and 18. and

Graphical

For the following exercises, use a graphing utility to determine whether each function is one-to-one.

19. 20. 21.

22.

For the following exercises, determine whether the graph represents a one-to-one function.

23. 24.
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For the following exercises, use the graph of shown in Figure 11.

Figure 11

25. Find 26. Solve 27. Find

28. Solve

For the following exercises, use the graph of the one-to-one function shown in Figure 12.

Figure 12

29. Sketch the graph of 30. Find 31. If the complete graph of
is shown, find the domain
of

32. If the complete graph of
is shown, find the range of

Numeric

For the following exercises, evaluate or solve, assuming that the function is one-to-one.

33. If find 34. If find 35. If find
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36. If find

For the following exercises, use the values listed in Table 6 to evaluate or solve.

0 1 2 3 4 5 6 7 8 9

8 0 7 4 2 6 5 3 9 1

Table 6

37. Find 38. Solve 39. Find

40. Solve 41. Use the tabular representation
of in Table 7 to create a table
for

3 6 9 13 14

1 4 7 12 16

Table 7

Technology

For the following exercises, find the inverse function. Then, graph the function and its inverse.

42. 43. 44. Find the inverse function of
Use a

graphing utility to find its
domain and range. Write
the domain and range in
interval notation.

Real-World Applications

45. To convert from degrees
Celsius to degrees
Fahrenheit, we use the
formula
Find the inverse function, if
it exists, and explain its
meaning.

46. The circumference of a
circle is a function of its
radius given by
Express the radius of a
circle as a function of its
circumference. Call this
function Find
and interpret its meaning.

47. A car travels at a constant
speed of 50 miles per hour.
The distance the car travels
in miles is a function of
time, in hours given by

Find the inverse
function by expressing the
time of travel in terms of
the distance traveled. Call
this function Find

and interpret its
meaning.
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��� *OWFSTF 'VODUJPOT

��� *OWFSTF 'VODUJPOT

1SFWJFX "DUJWJUZ ������ 3FDBMM UIBU F ! !(C) ! 9
5 C + 32 JT UIF GVODUJPO UIBU UBLFT $FMTJVT UFNQFSBUVSF

JOQVUT BOE QSPEVDFT UIF DPSSFTQPOEJOH 'BISFOIFJU UFNQFSBUVSF PVUQVUT�
B� 4IPX UIBU JU JT QPTTJCMF UP TPMWF UIF FRVBUJPO F ! 9

5 C+32 GPS C JO UFSNT PG F BOE UIBU EPJOH TP SFTVMUT
JO UIF FRVBUJPO C ! 5

9 (F − 32)�

C� /PUF UIBU UIF FRVBUJPO C ! 5
9 (F − 32) FYQSFTTFT C BT B GVODUJPO PG F� $BMM UIJT GVODUJPO h TP UIBU

C ! h(F) ! 5
9 (F − 32)�

'JOE UIF TJNQMFTU FYQSFTTJPO UIBU ZPV DBO GPS UIF DPNQPTJUF GVODUJPO j(C) ! h(!(C))�
D� 'JOE UIF TJNQMFTU FYQSFTTJPO UIBU ZPV DBO GPS UIF DPNQPTJUF GVODUJPO k(F) ! !(h(F))�
E� 8IZ BSF UIF GVODUJPOT j BOE k TP TJNQMF &YQMBJO CZ EJTDVTTJOH IPX UIF GVODUJPOT ! BOE h QSPDFTT

JOQVUT UP HFOFSBUF PVUQVUT BOE XIBU IBQQFOT XIFO XF КSTU FYFDVUF POF GPMMPXFE CZ UIF PUIFS�
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��� *OWFSTF 'VODUJPOT

"DUJWJUZ ������ 3FDBMM %PMCFBSɒT GVODUJPO F ! D(N) ! 40 + 1
4 N UIBU DPOWFSUT UIF OVNCFS N  PG TOPXZ USFF

DSJDLFU DIJSQT QFS NJOVUF UP B DPSSFTQPOEJOH 'BISFOIFJU UFNQFSBUVSF� 8F IBWF FBSMJFS FTUBCMJTIFE UIBU UIF
EPNBJO PG D JT [40, 180] BOE UIF SBOHF PG D JT [50, 85] BT TFFO JO 'JHVSF ������

B� 4PMWF UIF FRVBUJPO F ! 40 + 1
4 N GPS N JO UFSNT PG F� $BMM UIF SFTVMUJOH GVODUJPO N ! E(F)�

C� &YQMBJO JO XPSET UIF QSPDFTT PS FЙFDU PG UIF GVODUJPO N ! E(F)� 8IBU EPFT JU UBLF BT JOQVU 8IBU
EPFT JU HFOFSBUF BT PVUQVU 

D� 6TF UIF GVODUJPO E UIBU ZPV GPVOE JO 	B�
 UP DPNQVUF j(N) ! E(D(N))� 4JNQMJGZ ZPVS SFTVMU BT
NVDI BT QPTTJCMF� %P MJLFXJTF GPS k(F) ! D(E(F))� 8IBU EP ZPV OPUJDF BCPVU UIFTF UXP DPNQPTJUF
GVODUJPOT j BOE k 

E� $POTJEFS UIF FRVBUJPOT F ! 40 + 1
4 N BOE N ! 4(F − 40)� %P UIFTF FRVBUJPOT FYQSFTT EJЙFSFOU

SFMBUJPOTIJQT CFUXFFO F BOE N  PS EP UIFZ FYQSFTT UIF TBNF SFMBUJPOTIJQ JO UXP EJЙFSFOU XBZT 
&YQMBJO�
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"DUJWJUZ ������ %FUFSNJOF XJUI KVTUJКDBUJPO XIFUIFS FBDI PG UIF GPMMPXJOH GVODUJPOT IBT BO JOWFSTF GVOD�
UJPO� 'PS FBDI GVODUJPO UIBU IBT BO JOWFSTF GVODUJPO HJWF UXP FYBNQMFT PG WBMVFT PG UIF JOWFSTF GVODUJPO
CZ XSJUJOH TUBUFNFOUT TVDI BT ɔs−1(3) ! 1ɕ�

B� 5IF GVODUJPO f : S → S HJWFO CZ 5BCMF ������ XIFSF S ! {0, 1, 2, 3, 4}�

x � � � � �
f (x) � � � � �

5BCMF ������� 7BMVFT PG y ! f (x)�

C� 5IF GVODUJPO ! : S → S HJWFO CZ 5BCMF ������ XIFSF S ! {0, 1, 2, 3, 4}�

x � � � � �
f (x) � � � � �

5BCMF ������� 7BMVFT PG y ! !(x)�

D� 5IF GVODUJPO p HJWFO CZ p(t) ! 7− 3
5 t� "TTVNF UIBU UIF EPNBJO BOE DPEPNBJO PG p BSF CPUI ɔBMM SFBM

OVNCFSTɕ�

E� 5IF GVODUJPO q HJWFO CZ q(t) ! 7 − 3
5 t4� "TTVNF UIBU UIF EPNBJO BOE DPEPNBJO PG q BSF CPUI ɔBMM

SFBM OVNCFSTɕ�

F� 5IF GVODUJPOT r BOE s HJWFO CZ UIF HSBQIT JO 'JHVSF ������ BOE 'JHVSF ������� "TTVNF UIBU UIF HSBQIT
TIPX BMM PG UIF JNQPSUBOU CFIBWJPS PG UIF GVODUJPOT BOE UIBU UIF BQQBSFOU USFOET DPOUJOVF CFZPOE
XIBU JT QJDUVSFE�

-4 -2 2 4

-4

-2

2

4
y = r(t)

'JHVSF ������� 5IF HSBQI PG y ! r(t)�

-4 -2 2 4

-4

-2

2

4
y = s(t)

'JHVSF ������� 5IF HSBQI PG y ! s(t)�
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"DUJWJUZ ������ %VSJOH B NBKPS SBJOTUPSN UIF SBJOGBMM BU (FSBME 3� 'PSE "JSQPSU JT NFBTVSFE PO B GSFRVFOU
CBTJT GPS B 10�IPVS QFSJPE PG UJNF� 5IF GPMMPXJOH GVODUJPO ! NPEFMT UIF SBUF R BU XIJDI UIF SBJO GBMMT 	JO
DN�IS
 PO UIF UJNF JOUFSWBM t ! 0 UP t ! 10�

R ! !(t) ! 4
t + 2 + 1

B� $PNQVUF !(3) BOE XSJUF B DPNQMFUF TFOUFODF UP FYQMBJO JUT NFBOJOH JO UIF HJWFO DPOUFYU JODMVEJOH
VOJUT�

C� $PNQVUF UIF BWFSBHF SBUF PG DIBOHF PG ! PO UIF UJNF JOUFSWBM [3, 5] BOE XSJUF UXP DBSFGVM DPNQMFUF
TFOUFODFT UP FYQMBJO UIF NFBOJOH PG UIJT WBMVF JO UIF DPOUFYU PG UIF QSPCMFN JODMVEJOH VOJUT� &Y�
QMJDJUMZ BEESFTT XIBU UIF WBMVF ZPV DPNQVUF UFMMT ZPV BCPVU IPX SBJO JT GBMMJOH PWFS B DFSUBJO UJNF
JOUFSWBM BOE XIBU ZPV TIPVME FYQFDU BT UJNF HPFT PO�

D� 1MPU UIF GVODUJPO y ! !(t) VTJOH B DPNQVUBUJPOBM EFWJDF� 0O UIF EPNBJO [1, 10] XIBU JT UIF DPSSF�
TQPOEJOH SBOHF PG ! 8IZ EPFT UIF GVODUJPO ! IBWF BO JOWFSTF GVODUJPO 

E� %FUFSNJOF !−1 ( 9
5
)
BOE XSJUF B DPNQMFUF TFOUFODF UP FYQMBJO JUT NFBOJOH JO UIF HJWFO DPOUFYU�

F� "DDPSEJOH UP UIF NPEFM ! JT UIFSF FWFS B UJNF EVSJOH UIF TUPSN UIBU UIF SBJO GBMMT BU B SBUF PG FYBDUMZ
1 DFOUJNFUFS QFS IPVS 8IZ PS XIZ OPU 1SPWJEF BO BMHFCSBJD KVTUJКDBUJPO GPS ZPVS BOTXFS�
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3 Topics for Limits

3.1 real numbers and algebra foundations (OpenStax

College Algebra with Corequisite Support)

3.1.1 classification of real numbers

3.1.2 order of operations

3.1.3 properties of real numbers

3.1.4 evaluating and simplifying algebraic expressions

3.2 working with roots

3.2.1 simplifying radical expressions (OpenStax College Algebra

with Corequisite Support)

3.2.2 rationalizing denominators/working with radical expressions

(Modeling, Functions, and Graphs)

3.3 polynomials

3.3.1 adding/subtracting/multiplying polynomials (OpenStax Col-

lege Algebra with Corequisite Support)

3.3.2 factoring polynomials (OpenStax College Algebra with Coreq-

uisite Support)

3.4 rational expressions (OpenStax College Algebra with

Corequisite Support)

3.5 big and small numbers (worksheet - Benjamin Kennedy)
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Calculus Fun Fact: Anyone who works with computer graphics, such as a video game programmer, 

uses calculus while working with vectors in which reactions and outcomes are predicted. 



3.1 real numbers and algebra foundations (OpenStax

College Algebra with Corequisite Support)

3.1.1 classification of real numbers

3.1.2 order of operations

3.1.3 properties of real numbers

3.1.4 evaluating and simplifying algebraic expressions
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understand you and your current feelings about the discipline.
3. Share your autobiographies with your study group members. This helps to create a community in the classroom

when common themes emerge.

It is often said that mathematics is the language of science. If this is true, then an essential part of the language of
mathematics is numbers. The earliest use of numbers occurred 100 centuries ago in the Middle East to count, or
enumerate items. Farmers, cattle herders, and traders used tokens, stones, or markers to signify a single quantity—a
sheaf of grain, a head of livestock, or a fixed length of cloth, for example. Doing so made commerce possible, leading to
improved communications and the spread of civilization.

Three to four thousand years ago, Egyptians introduced fractions. They first used them to show reciprocals. Later, they
used them to represent the amount when a quantity was divided into equal parts.

But what if there were no cattle to trade or an entire crop of grain was lost in a flood? How could someone indicate the
existence of nothing? From earliest times, people had thought of a “base state” while counting and used various
symbols to represent this null condition. However, it was not until about the fifth century CE in India that zero was added
to the number system and used as a numeral in calculations.

Clearly, there was also a need for numbers to represent loss or debt. In India, in the seventh century CE, negative
numbers were used as solutions to mathematical equations and commercial debts. The opposites of the counting
numbers expanded the number system even further.

Because of the evolution of the number system, we can now perform complex calculations using these and other
categories of real numbers. In this section, we will explore sets of numbers, calculations with different kinds of numbers,
and the use of numbers in expressions.

Classifying a Real Number
The numbers we use for counting, or enumerating items, are the natural numbers: 1, 2, 3, 4, 5, and so on. We describe
them in set notation as where the ellipsis (…) indicates that the numbers continue to infinity. The natural
numbers are, of course, also called the counting numbers. Any time we enumerate the members of a team, count the
coins in a collection, or tally the trees in a grove, we are using the set of natural numbers. The set of whole numbers is
the set of natural numbers plus zero:

The set of integers adds the opposites of the natural numbers to the set of whole numbers:
It is useful to note that the set of integers is made up of three distinct subsets: negative

integers, zero, and positive integers. In this sense, the positive integers are just the natural numbers. Another way to
think about it is that the natural numbers are a subset of the integers.

The set of rational numbers is written as Notice from the definition that rational
numbers are fractions (or quotients) containing integers in both the numerator and the denominator, and the
denominator is never 0. We can also see that every natural number, whole number, and integer is a rational number
with a denominator of 1.

Because they are fractions, any rational number can also be expressed in decimal form. Any rational number can be
represented as either:

ⓐ a terminating decimal: or ⓑ a repeating decimal:
We use a line drawn over the repeating block of numbers instead of writing the group multiple times.

EXAMPLE 1

Writing Integers as Rational Numbers
Write each of the following as a rational number.

ⓐ 7 ⓑ 0 ⓒ –8
Solution

Write a fraction with the integer in the numerator and 1 in the denominator.

ⓐ ⓑ ⓒ

1.1 • Real Numbers: Algebra Essentials 11
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TRY IT #1 Write each of the following as a rational number.

ⓐ 11 ⓑ 3 ⓒ –4

EXAMPLE 2

Identifying Rational Numbers
Write each of the following rational numbers as either a terminating or repeating decimal.

ⓐ ⓑ ⓒ
Solution

Write each fraction as a decimal by dividing the numerator by the denominator.

ⓐ a repeating decimal ⓑ (or 3.0), a terminating decimal

ⓒ a terminating decimal

TRY IT #2 Write each of the following rational numbers as either a terminating or repeating decimal.

ⓐ ⓑ ⓒ
Irrational Numbers
At some point in the ancient past, someone discovered that not all numbers are rational numbers. A builder, for
instance, may have found that the diagonal of a square with unit sides was not 2 or even but was something else. Or
a garment maker might have observed that the ratio of the circumference to the diameter of a roll of cloth was a little bit
more than 3, but still not a rational number. Such numbers are said to be irrational because they cannot be written as
fractions. These numbers make up the set of irrational numbers. Irrational numbers cannot be expressed as a fraction
of two integers. It is impossible to describe this set of numbers by a single rule except to say that a number is irrational if
it is not rational. So we write this as shown.

EXAMPLE 3

Differentiating Rational and Irrational Numbers
Determine whether each of the following numbers is rational or irrational. If it is rational, determine whether it is a
terminating or repeating decimal.

ⓐ ⓑ ⓒ ⓓ ⓔ
Solution

ⓐ This can be simplified as Therefore, is rational.

ⓑ Because it is a fraction of integers, is a rational number. Next, simplify and divide.

So, is rational and a repeating decimal.

ⓒ This cannot be simplified any further. Therefore, is an irrational number.

ⓓ Because it is a fraction of integers, is a rational number. Simplify and divide.

So, is rational and a terminating decimal.
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ⓔ is not a terminating decimal. Also note that there is no repeating pattern because the group
of 3s increases each time. Therefore it is neither a terminating nor a repeating decimal and, hence, not a rational
number. It is an irrational number.

TRY IT #3 Determine whether each of the following numbers is rational or irrational. If it is rational,
determine whether it is a terminating or repeating decimal.

ⓐ ⓑ ⓒ ⓓ ⓔ
Real Numbers
Given any number n, we know that n is either rational or irrational. It cannot be both. The sets of rational and irrational
numbers together make up the set of real numbers. As we saw with integers, the real numbers can be divided into
three subsets: negative real numbers, zero, and positive real numbers. Each subset includes fractions, decimals, and
irrational numbers according to their algebraic sign (+ or –). Zero is considered neither positive nor negative.

The real numbers can be visualized on a horizontal number line with an arbitrary point chosen as 0, with negative
numbers to the left of 0 and positive numbers to the right of 0. A fixed unit distance is then used to mark off each integer
(or other basic value) on either side of 0. Any real number corresponds to a unique position on the number line.The
converse is also true: Each location on the number line corresponds to exactly one real number. This is known as a one-
to-one correspondence. We refer to this as the real number line as shown in Figure 1.

Figure 1 The real number line

EXAMPLE 4

Classifying Real Numbers
Classify each number as either positive or negative and as either rational or irrational. Does the number lie to the left or
the right of 0 on the number line?

ⓐ ⓑ ⓒ ⓓ ⓔ
Solution

ⓐ is negative and rational. It lies to the left of 0 on the number line.

ⓑ is positive and irrational. It lies to the right of 0.

ⓒ is negative and rational. It lies to the left of 0.

ⓓ is negative and irrational. It lies to the left of 0.

ⓔ is a repeating decimal so it is rational and positive. It lies to the right of 0.

TRY IT #4 Classify each number as either positive or negative and as either rational or irrational. Does the
number lie to the left or the right of 0 on the number line?

ⓐ ⓑ ⓒ ⓓ ⓔ
Sets of Numbers as Subsets
Beginning with the natural numbers, we have expanded each set to form a larger set, meaning that there is a subset
relationship between the sets of numbers we have encountered so far. These relationships become more obvious when
seen as a diagram, such as Figure 2.
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Figure 2 Sets of numbers
N: the set of natural numbers
W: the set of whole numbers
I: the set of integers
Q: the set of rational numbers
Q´: the set of irrational numbers

Sets of Numbers

The set of natural numbers includes the numbers used for counting:

The set of whole numbers is the set of natural numbers plus zero:

The set of integers adds the negative natural numbers to the set of whole numbers:

The set of rational numbers includes fractions written as

The set of irrational numbers is the set of numbers that are not rational, are nonrepeating, and are nonterminating:

EXAMPLE 5

Differentiating the Sets of Numbers
Classify each number as being a natural number (N), whole number (W), integer (I), rational number (Q), and/or
irrational number (Q′).

ⓐ ⓑ ⓒ ⓓ ⓔ
Solution

N W I Q Q′

a. X X X X

b. X

c. X

d. –6 X X

e. 3.2121121112... X
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TRY IT #5 Classify each number as being a natural number (N), whole number (W), integer (I), rational
number (Q), and/or irrational number (Q′).

ⓐ ⓑ ⓒ ⓓ ⓔ
Performing Calculations Using the Order of Operations
When we multiply a number by itself, we square it or raise it to a power of 2. For example, We can raise
any number to any power. In general, the exponential notation means that the number or variable is used as a
factor times.

In this notation, is read as the nth power of or to the where is called the base and is called the exponent. A
term in exponential notation may be part of a mathematical expression, which is a combination of numbers and
operations. For example, is a mathematical expression.

To evaluate a mathematical expression, we perform the various operations. However, we do not perform them in any
random order. We use the order of operations. This is a sequence of rules for evaluating such expressions.

Recall that in mathematics we use parentheses ( ), brackets [ ], and braces { } to group numbers and expressions so that
anything appearing within the symbols is treated as a unit. Additionally, fraction bars, radicals, and absolute value bars
are treated as grouping symbols. When evaluating a mathematical expression, begin by simplifying expressions within
grouping symbols.

The next step is to address any exponents or radicals. Afterward, perform multiplication and division from left to right
and finally addition and subtraction from left to right.

Let’s take a look at the expression provided.

There are no grouping symbols, so we move on to exponents or radicals. The number 4 is raised to a power of 2, so
simplify as 16.

Next, perform multiplication or division, left to right.

Lastly, perform addition or subtraction, left to right.

Therefore,

For some complicated expressions, several passes through the order of operations will be needed. For instance, there
may be a radical expression inside parentheses that must be simplified before the parentheses are evaluated. Following
the order of operations ensures that anyone simplifying the same mathematical expression will get the same result.

Order of Operations

Operations in mathematical expressions must be evaluated in a systematic order, which can be simplified using the
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acronym PEMDAS:

P(arentheses)
E(xponents)
M(ultiplication) and D(ivision)
A(ddition) and S(ubtraction)

HOW TO

Given a mathematical expression, simplify it using the order of operations.

Step 1. Simplify any expressions within grouping symbols.
Step 2. Simplify any expressions containing exponents or radicals.
Step 3. Perform any multiplication and division in order, from left to right.
Step 4. Perform any addition and subtraction in order, from left to right.

EXAMPLE 6

Using the Order of Operations
Use the order of operations to evaluate each of the following expressions.

ⓐ ⓑ ⓒ ⓓ
ⓔ

Solution
ⓐ

ⓑ

Note that in the first step, the radical is treated as a grouping symbol, like parentheses. Also, in the third step, the
fraction bar is considered a grouping symbol so the numerator is considered to be grouped.

ⓒ
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ⓓ

In this example, the fraction bar separates the numerator and denominator, which we simplify separately until the
last step.

ⓔ

TRY IT #6 Use the order of operations to evaluate each of the following expressions.

ⓐ ⓑ ⓒ
ⓓ ⓔ

Using Properties of Real Numbers
For some activities we perform, the order of certain operations does not matter, but the order of other operations does.
For example, it does not make a difference if we put on the right shoe before the left or vice-versa. However, it does
matter whether we put on shoes or socks first. The same thing is true for operations in mathematics.

Commutative Properties
The commutative property of addition states that numbers may be added in any order without affecting the sum.

We can better see this relationship when using real numbers.

Similarly, the commutative property of multiplication states that numbers may be multiplied in any order without
affecting the product.

Again, consider an example with real numbers.

It is important to note that neither subtraction nor division is commutative. For example, is not the same as
Similarly,

Associative Properties
The associative property of multiplication tells us that it does not matter how we group numbers when multiplying.
We can move the grouping symbols to make the calculation easier, and the product remains the same.

Consider this example.

The associative property of addition tells us that numbers may be grouped differently without affecting the sum.

This property can be especially helpful when dealing with negative integers. Consider this example.
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Are subtraction and division associative? Review these examples.

As we can see, neither subtraction nor division is associative.

Distributive Property
The distributive property states that the product of a factor times a sum is the sum of the factor times each term in the
sum.

This property combines both addition and multiplication (and is the only property to do so). Let us consider an example.

Note that 4 is outside the grouping symbols, so we distribute the 4 by multiplying it by 12, multiplying it by –7, and
adding the products.

To be more precise when describing this property, we say that multiplication distributes over addition. The reverse is not
true, as we can see in this example.

A special case of the distributive property occurs when a sum of terms is subtracted.

For example, consider the difference We can rewrite the difference of the two terms 12 and by
turning the subtraction expression into addition of the opposite. So instead of subtracting we add the opposite.

Now, distribute and simplify the result.

This seems like a lot of trouble for a simple sum, but it illustrates a powerful result that will be useful once we introduce
algebraic terms. To subtract a sum of terms, change the sign of each term and add the results. With this in mind, we can
rewrite the last example.

Identity Properties
The identity property of addition states that there is a unique number, called the additive identity (0) that, when added
to a number, results in the original number.

The identity property of multiplication states that there is a unique number, called the multiplicative identity (1) that,
when multiplied by a number, results in the original number.

For example, we have and There are no exceptions for these properties; they work for every
real number, including 0 and 1.
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Inverse Properties
The inverse property of addition states that, for every real number a, there is a unique number, called the additive
inverse (or opposite), denoted by (−a), that, when added to the original number, results in the additive identity, 0.

For example, if the additive inverse is 8, since

The inverse property of multiplication holds for all real numbers except 0 because the reciprocal of 0 is not defined.
The property states that, for every real number a, there is a unique number, called the multiplicative inverse (or
reciprocal), denoted that, when multiplied by the original number, results in the multiplicative identity, 1.

For example, if the reciprocal, denoted is because

Properties of Real Numbers

The following properties hold for real numbers a, b, and c.

Addition Multiplication

Commutative
Property

Associative
Property

Distributive
Property

Identity
Property

There exists a unique real number called the
additive identity, 0, such that, for any real

number a

There exists a unique real number called the
multiplicative identity, 1, such that, for any real

number a

Inverse
Property

Every real number a has an additive inverse,
or opposite, denoted –a, such that

Every nonzero real number a has a
multiplicative inverse, or reciprocal, denoted

such that

EXAMPLE 7

Using Properties of Real Numbers
Use the properties of real numbers to rewrite and simplify each expression. State which properties apply.

ⓐ ⓑ ⓒ ⓓ ⓔ
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Solution
ⓐ

ⓑ

ⓒ

ⓓ

ⓔ

TRY IT #7 Use the properties of real numbers to rewrite and simplify each expression. State which
properties apply.

ⓐ ⓑ ⓒ
ⓓ ⓔ

Evaluating Algebraic Expressions
So far, the mathematical expressions we have seen have involved real numbers only. In mathematics, we may see
expressions such as or In the expression 5 is called a constant because it does not vary
and x is called a variable because it does. (In naming the variable, ignore any exponents or radicals containing the
variable.) An algebraic expression is a collection of constants and variables joined together by the algebraic operations
of addition, subtraction, multiplication, and division.

We have already seen some real number examples of exponential notation, a shorthand method of writing products of
the same factor. When variables are used, the constants and variables are treated the same way.

In each case, the exponent tells us how many factors of the base to use, whether the base consists of constants or
variables.

Any variable in an algebraic expression may take on or be assigned different values. When that happens, the value of the
algebraic expression changes. To evaluate an algebraic expression means to determine the value of the expression for a
given value of each variable in the expression. Replace each variable in the expression with the given value, then simplify
the resulting expression using the order of operations. If the algebraic expression contains more than one variable,
replace each variable with its assigned value and simplify the expression as before.
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EXAMPLE 8

Describing Algebraic Expressions
List the constants and variables for each algebraic expression.

ⓐ x + 5 ⓑ ⓒ
Solution

Constants Variables

a. x + 5 5 x

b.

c. 2

TRY IT #8 List the constants and variables for each algebraic expression.

ⓐ ⓑ 2(L + W) ⓒ

EXAMPLE 9

Evaluating an Algebraic Expression at Different Values
Evaluate the expression for each value for x.

ⓐ ⓑ ⓒ ⓓ
Solution

ⓐ Substitute 0 for ⓑ Substitute 1 for ⓒ Substitute for ⓓ Substitute for

TRY IT #9 Evaluate the expression for each value for y.

ⓐ ⓑ ⓒ ⓓ

EXAMPLE 10

Evaluating Algebraic Expressions
Evaluate each expression for the given values.

ⓐ for ⓑ for ⓒ for ⓓ for

ⓔ for
Solution

ⓐ Substitute for ⓑ Substitute 10 for ⓒ Substitute 5 for
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ⓓ Substitute 11 for and –8 for ⓔ Substitute 2 for and 3 for

TRY IT #10 Evaluate each expression for the given values.

ⓐ for ⓑ for ⓒ for

ⓓ for ⓔ for

Formulas
An equation is a mathematical statement indicating that two expressions are equal. The expressions can be numerical
or algebraic. The equation is not inherently true or false, but only a proposition. The values that make the equation true,
the solutions, are found using the properties of real numbers and other results. For example, the equation
has the solution of 3 because when we substitute 3 for in the equation, we obtain the true statement

A formula is an equation expressing a relationship between constant and variable quantities. Very often, the equation is
a means of finding the value of one quantity (often a single variable) in terms of another or other quantities. One of the
most common examples is the formula for finding the area of a circle in terms of the radius of the circle:
For any value of the area can be found by evaluating the expression

EXAMPLE 11

Using a Formula
A right circular cylinder with radius and height has the surface area (in square units) given by the formula

See Figure 3. Find the surface area of a cylinder with radius 6 in. and height 9 in. Leave the answer in
terms of

Figure 3 Right circular cylinder

Solution
Evaluate the expression for and

The surface area is square inches.

TRY IT #11 A photograph with length L and width W is placed in a mat of width 8 centimeters (cm). The area
of the mat (in square centimeters, or cm2) is found to be See
Figure 4. Find the area of a mat for a photograph with length 32 cm and width 24 cm.
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Figure 4

Simplifying Algebraic Expressions
Sometimes we can simplify an algebraic expression to make it easier to evaluate or to use in some other way. To do so,
we use the properties of real numbers. We can use the same properties in formulas because they contain algebraic
expressions.

EXAMPLE 12

Simplifying Algebraic Expressions
Simplify each algebraic expression.

ⓐ ⓑ ⓒ ⓓ
Solution

ⓐ

ⓑ

ⓒ

ⓓ

TRY IT #12 Simplify each algebraic expression.

ⓐ ⓑ ⓒ
ⓓ

EXAMPLE 13

Simplifying a Formula
A rectangle with length and width has a perimeter given by Simplify this expression.
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Solution

TRY IT #13 If the amount is deposited into an account paying simple interest for time the total value of
the deposit is given by Simplify the expression. (This formula will be explored in
more detail later in the course.)

MEDIA

Access these online resources for additional instruction and practice with real numbers.

Simplify an Expression. (http://openstax.org/l/simexpress)
Evaluate an Expression 1. (http://openstax.org/l/ordofoper1)
Evaluate an Expression 2. (http://openstax.org/l/ordofoper2)

1.1 SECTION EXERCISES
Verbal

1. Is an example of a
rational terminating,
rational repeating, or
irrational number? Tell why
it fits that category.

2. What is the order of
operations? What acronym
is used to describe the order
of operations, and what
does it stand for?

3. What do the Associative
Properties allow us to do
when following the order of
operations? Explain your
answer.

Numeric

For the following exercises, simplify the given expression.

4. 5. 6.

7. 8. 9.

10. 11. 12.

13. 14. 15.

16. 17. 18.

19. 20. 21.

22. 23. 24.

25. 26. 27.
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Algebraic

For the following exercises, evaluate the expressions using the given variable.

28. for 29. for 30. for

31. for 32. for 33. for

34. For the
for

35. for 36. for

37. for

For the following exercises, simplify the expression.

38. 39. 40.

41. 42. 43.

44. 45. 46.

47. 48. 49.

50. 51. 52.

Real-World Applications

For the following exercises, consider this scenario: Fred earns $40 at the community garden. He spends $10 on a
streaming subscription, puts half of what is left in a savings account, and gets another $5 for walking his neighbor’s dog.

53. Write the expression that represents the number
of dollars Fred keeps (and does not put in his
savings account). Remember the order of
operations.

54. How much money does Fred keep?

For the following exercises, solve the given problem.

55. According to the U.S. Mint, the diameter of a
quarter is 0.955 inches. The circumference of the
quarter would be the diameter multiplied by Is
the circumference of a quarter a whole number, a
rational number, or an irrational number?

56. Jessica and her roommate, Adriana, have decided
to share a change jar for joint expenses. Jessica
put her loose change in the jar first, and then
Adriana put her change in the jar. We know that it
does not matter in which order the change was
added to the jar. What property of addition
describes this fact?
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For the following exercises, consider this scenario: There is a mound of pounds of gravel in a quarry. Throughout the
day, 400 pounds of gravel is added to the mound. Two orders of 600 pounds are sold and the gravel is removed from the
mound. At the end of the day, the mound has 1,200 pounds of gravel.

57. Write the equation that describes the situation. 58. Solve for g.

For the following exercise, solve the given problem.

59. Ramon runs the marketing department at their
company. Their department gets a budget every
year, and every year, they must spend the entire
budget without going over. If they spend less than
the budget, then the department gets a smaller
budget the following year. At the beginning of this
year, Ramon got $2.5 million for the annual
marketing budget. They must spend the budget
such that What property of
addition tells us what the value of x must be?

Technology

For the following exercises, use a graphing calculator to solve for x. Round the answers to the nearest hundredth.

60. 61.

Extensions

62. If a whole number is not a
natural number, what must
the number be?

63. Determine whether the
statement is true or false:
The multiplicative inverse
of a rational number is also
rational.

64. Determine whether the
statement is true or false:
The product of a rational
and irrational number is
always irrational.

65. Determine whether the
simplified expression is
rational or irrational:

66. Determine whether the
simplified expression is
rational or irrational:

67. The division of two natural
numbers will always result
in what type of number?

68. What property of real
numbers would simplify
the following expression:
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59. Planck’s constant is an
important unit of measure
in quantum physics. It
describes the relationship
between energy and
frequency. The constant is
written as

Write
Planck’s constant in
standard notation.

1.3 Radicals and Rational Exponents
Learning Objectives
In this section, you will:

Evaluate square roots.
Use the product rule to simplify square roots.
Use the quotient rule to simplify square roots.
Add and subtract square roots.
Rationalize denominators.
Use rational roots.

COREQUISITE SKILLS

Learning Objective:
Investigate the discipline called learning science and the idea of a knowledge space.

Objective 1: Investigate the discipline called learning science and the idea of a knowledge space.
The brain is a complex organ. It is the control center for our bodies, while the mind is where thinking and learning take
place. In an attempt to understand the processes that occur in learning, researchers study a collection of disciplines
called learning sciences. This interdisciplinary field includes study of psychological, sociological, anthropological, and
computational approaches to learning.

In this skill sheet we will investigate the mathematics of mastery and knowledge spaces. A knowledge space includes
the possible states of knowledge of a human learner. The theory of knowledge space was introduced in 1985 by
mathematical psychologists Jean-Paul Doignon and Jean-Claude Falmagne and has since been studied by many
researchers. 1

Practice Makes Perfect
Investigation: There are 32 student-learning outcomes (SLO’s) in a typical College Algebra course. These are topics a
student needs to master to show proficiency in College Algebra. Let’s begin by looking at just a few of these skills. Let’s
assign the variables, A, B, C, and D to the following topics. We will name the set containing each of these 4 topics, Q.

• A = Graph the basic functions listed in the library of functions.
• B = Find the domain of a function defined by an equation.
• C = Create a new function through composition of functions.
• D = Find linear functions that model data sets.

Using roster notation Q = {A, B, C, D}.

1. List each of the possible subsets of the 4 topics listed above using roster notation. Remember a subset is a
collection of topics in which each topic listed is an element of the set Q we defined above. By including a topic, we
are indicating that the student has mastered the topic.

2. Verify in your work above you have listed all 16 subsets to set Q. Remember that a subset may contain all of the
topics listed in Q.

1 Doignon, J.-P.; Falmagne, J.-Cl. (1985), "Spaces for the assessment of knowledge", International Journal of Man-Machine Studies.
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3. What formula could you use to help you determine the number of possible subsets? Remember that each topic
could be mastered or not by a student. Show below that your formula would be equal to 16 for a list of 4 topics.

4. Now use the formula you found in #3 to find the number of subsets possible if we include all 32 student-learning
outcomes.

Hint: In evaluating exponential terms, the function values increase very rapidly. To display very large (or very
small) values, a calculator will use scientific notation. For example: 2.56 E6 is telling you to move the decimal point
6 places to the right and to insert zeros where you have missing values.

For example: 2.56 E6 = 2,560,000 or 2 million, five hundred, sixty thousand.

5. The subsets you created in #1 are referred to as knowledge spaces in the field of learning science. In this context
mastery of one concept may depend on your mastery of another.

List one skill in mathematics that would help to master each of the following SLO’s:

• A = Graph the basic functions listed in the library of functions.
• B = Find the domain of a function defined by an equation.
• C = Create a new function through composition of functions.
• D = Find linear functions that model data sets.

6. Mastery of what are called linchpin topics will make it easier to learn other topics. For example, the ability to solve
linear equations with variables on both sides can “unlock” a whole set of new skills for a student to master.

List 3 other linchpin topics that would help you to master this math course. Discuss these with others in your class.
Did they identify the same topics?
1.
2.
3.

7. A corequisite course in mathematics is designed to provide support to a student by reviewing linchpin topics right
when and where students need the help. Review of these important foundational ideas allow the learner to move
on and master the student learning objectives for the course.

Brainstorm ideas with your classmates about ways this corequisite support course could help you in your learning.

A hardware store sells 16-ft ladders and 24-ft ladders. A window is located 12 feet above the ground. A ladder needs to
be purchased that will reach the window from a point on the ground 5 feet from the building. To find out the length of
ladder needed, we can draw a right triangle as shown in Figure 1, and use the Pythagorean Theorem.

Figure 1

Now, we need to find out the length that, when squared, is 169, to determine which ladder to choose. In other words, we
need to find a square root. In this section, we will investigate methods of finding solutions to problems such as this one.
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Evaluating Square Roots
When the square root of a number is squared, the result is the original number. Since the square root of is
The square root function is the inverse of the squaring function just as subtraction is the inverse of addition. To undo
squaring, we take the square root.

In general terms, if is a positive real number, then the square root of is a number that, when multiplied by itself,
gives The square root could be positive or negative because multiplying two negative numbers gives a positive
number. The principal square root is the nonnegative number that when multiplied by itself equals The square root
obtained using a calculator is the principal square root.

The principal square root of is written as The symbol is called a radical, the term under the symbol is called the
radicand, and the entire expression is called a radical expression.

Principal Square Root

The principal square root of is the nonnegative number that, when multiplied by itself, equals It is written as a
radical expression, with a symbol called a radical over the term called the radicand:

Q&A Does

No. Although both and are the radical symbol implies only a nonnegative root, the principal
square root. The principal square root of 25 is

EXAMPLE 1

Evaluating Square Roots
Evaluate each expression.

ⓐ ⓑ ⓒ ⓓ
Solution

ⓐ because ⓑ because and

ⓒ because ⓓ because and

Q&A For can we find the square roots before adding?

No. This is not equivalent to The order of operations
requires us to add the terms in the radicand before finding the square root.

TRY IT #1 Evaluate each expression.

ⓐ ⓑ ⓒ ⓓ
Using the Product Rule to Simplify Square Roots
To simplify a square root, we rewrite it such that there are no perfect squares in the radicand. There are several
properties of square roots that allow us to simplify complicated radical expressions. The first rule we will look at is the
product rule for simplifying square roots, which allows us to separate the square root of a product of two numbers into
the product of two separate rational expressions. For instance, we can rewrite as We can also use the
product rule to express the product of multiple radical expressions as a single radical expression.
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The Product Rule for Simplifying Square Roots

If and are nonnegative, the square root of the product is equal to the product of the square roots of and

HOW TO

Given a square root radical expression, use the product rule to simplify it.

1. Factor any perfect squares from the radicand.
2. Write the radical expression as a product of radical expressions.
3. Simplify.

EXAMPLE 2

Using the Product Rule to Simplify Square Roots
Simplify the radical expression.

ⓐ ⓑ
Solution

ⓐ

ⓑ

TRY IT #2 Simplify

HOW TO

Given the product of multiple radical expressions, use the product rule to combine them into one radical
expression.

1. Express the product of multiple radical expressions as a single radical expression.
2. Simplify.

EXAMPLE 3

Using the Product Rule to Simplify the Product of Multiple Square Roots
Simplify the radical expression.
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Solution

TRY IT #3 Simplify assuming

Using the Quotient Rule to Simplify Square Roots
Just as we can rewrite the square root of a product as a product of square roots, so too can we rewrite the square root of
a quotient as a quotient of square roots, using the quotient rule for simplifying square roots. It can be helpful to
separate the numerator and denominator of a fraction under a radical so that we can take their square roots separately.

We can rewrite as

The Quotient Rule for Simplifying Square Roots

The square root of the quotient is equal to the quotient of the square roots of and where

HOW TO

Given a radical expression, use the quotient rule to simplify it.

1. Write the radical expression as the quotient of two radical expressions.
2. Simplify the numerator and denominator.

EXAMPLE 4

Using the Quotient Rule to Simplify Square Roots
Simplify the radical expression.

Solution

TRY IT #4 Simplify

EXAMPLE 5

Using the Quotient Rule to Simplify an Expression with Two Square Roots
Simplify the radical expression.
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Solution

TRY IT #5 Simplify

Adding and Subtracting Square Roots
We can add or subtract radical expressions only when they have the same radicand and when they have the same radical
type such as square roots. For example, the sum of and is However, it is often possible to simplify radical
expressions, and that may change the radicand. The radical expression can be written with a in the radicand, as

so

HOW TO

Given a radical expression requiring addition or subtraction of square roots, simplify.

1. Simplify each radical expression.
2. Add or subtract expressions with equal radicands.

EXAMPLE 6

Adding Square Roots
Add

Solution
We can rewrite as According the product rule, this becomes The square root of is 2, so the
expression becomes which is Now the terms have the same radicand so we can add.

TRY IT #6 Add

EXAMPLE 7

Subtracting Square Roots
Subtract

Solution
Rewrite each term so they have equal radicands.
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Now the terms have the same radicand so we can subtract.

TRY IT #7 Subtract

Rationalizing Denominators
When an expression involving square root radicals is written in simplest form, it will not contain a radical in the
denominator. We can remove radicals from the denominators of fractions using a process called rationalizing the
denominator.

We know that multiplying by 1 does not change the value of an expression. We use this property of multiplication to
change expressions that contain radicals in the denominator. To remove radicals from the denominators of fractions,
multiply by the form of 1 that will eliminate the radical.

For a denominator containing a single term, multiply by the radical in the denominator over itself. In other words, if the

denominator is multiply by

For a denominator containing the sum or difference of a rational and an irrational term, multiply the numerator and
denominator by the conjugate of the denominator, which is found by changing the sign of the radical portion of the
denominator. If the denominator is then the conjugate is

HOW TO

Given an expression with a single square root radical term in the denominator, rationalize the denominator.

a. Multiply the numerator and denominator by the radical in the denominator.
b. Simplify.

EXAMPLE 8

Rationalizing a Denominator Containing a Single Term

Write in simplest form.

Solution

The radical in the denominator is So multiply the fraction by Then simplify.
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TRY IT #8 Write in simplest form.

HOW TO

Given an expression with a radical term and a constant in the denominator, rationalize the denominator.

1. Find the conjugate of the denominator.
2. Multiply the numerator and denominator by the conjugate.
3. Use the distributive property.
4. Simplify.

EXAMPLE 9

Rationalizing a Denominator Containing Two Terms
Write in simplest form.

Solution
Begin by finding the conjugate of the denominator by writing the denominator and changing the sign. So the conjugate

of is Then multiply the fraction by

TRY IT #9 Write in simplest form.

Using Rational Roots
Although square roots are the most common rational roots, we can also find cube roots, 4th roots, 5th roots, and more.
Just as the square root function is the inverse of the squaring function, these roots are the inverse of their respective
power functions. These functions can be useful when we need to determine the number that, when raised to a certain
power, gives a certain number.

Understanding nth Roots
Suppose we know that We want to find what number raised to the 3rd power is equal to 8. Since we say
that 2 is the cube root of 8.

The nth root of is a number that, when raised to the nth power, gives For example, is the 5th root of
because If is a real number with at least one nth root, then the principal nth root of is the number
with the same sign as that, when raised to the nth power, equals

The principal nth root of is written as where is a positive integer greater than or equal to 2. In the radical
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expression, is called the index of the radical.

Principal th Root

If is a real number with at least one nth root, then the principal nth root of written as is the number with
the same sign as that, when raised to the nth power, equals The index of the radical is

EXAMPLE 10

Simplifying nth Roots
Simplify each of the following:

ⓐ ⓑ ⓒ ⓓ
Solution

ⓐ because

ⓑ First, express the product as a single radical expression. because

ⓒ

ⓓ

TRY IT #10 Simplify.

ⓐ ⓑ ⓒ

Using Rational Exponents
Radical expressions can also be written without using the radical symbol. We can use rational (fractional) exponents.
The index must be a positive integer. If the index is even, then cannot be negative.

We can also have rational exponents with numerators other than 1. In these cases, the exponent must be a fraction in
lowest terms. We raise the base to a power and take an nth root. The numerator tells us the power and the denominator
tells us the root.

All of the properties of exponents that we learned for integer exponents also hold for rational exponents.

Rational Exponents

Rational exponents are another way to express principal nth roots. The general form for converting between a radical
expression with a radical symbol and one with a rational exponent is

HOW TO

Given an expression with a rational exponent, write the expression as a radical.
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1. Determine the power by looking at the numerator of the exponent.
2. Determine the root by looking at the denominator of the exponent.
3. Using the base as the radicand, raise the radicand to the power and use the root as the index.

EXAMPLE 11

Writing Rational Exponents as Radicals

Write as a radical. Simplify.

Solution
The 2 tells us the power and the 3 tells us the root.

We know that because Because the cube root is easy to find, it is easiest to find the cube root
before squaring for this problem. In general, it is easier to find the root first and then raise it to a power.

TRY IT #11 Write as a radical. Simplify.

EXAMPLE 12

Writing Radicals as Rational Exponents
Write using a rational exponent.

Solution
The power is 2 and the root is 7, so the rational exponent will be We get Using properties of exponents, we get

TRY IT #12 Write using a rational exponent.

EXAMPLE 13

Simplifying Rational Exponents
Simplify:

ⓐ ⓑ
Solution

ⓐ

ⓑ
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TRY IT #13 Simplify

MEDIA

Access these online resources for additional instruction and practice with radicals and rational exponents.

Radicals (http://openstax.org/l/introradical)
Rational Exponents (http://openstax.org/l/rationexpon)
Simplify Radicals (http://openstax.org/l/simpradical)
Rationalize Denominator (http://openstax.org/l/rationdenom)

1.3 SECTION EXERCISES
Verbal

1. What does it mean when a
radical does not have an
index? Is the expression
equal to the radicand?
Explain.

2. Where would radicals come
in the order of operations?
Explain why.

3. Every number will have two
square roots. What is the
principal square root?

4. Can a radical with a negative
radicand have a real square
root? Why or why not?

Numeric

For the following exercises, simplify each expression.

5. 6. 7.

8. 9. 10.

11. 12. 13.

14. 15. 16.

17. 18. 19.
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20. 21. 22.

23. 24. 25.

26. 27. 28.

29. 30. 31.

32. 33. 34.

Algebraic

For the following exercises, simplify each expression.

35. 36. 37.

38. 39. 40.

41. 42. 43.

44. 45. 46.

47. 48. 49.

50. 51. 52.

53. 54. 55.

56. 57. 58.

59. 60. 61.

62. 63. 64.

56 1 • Prerequisites

Access for free at openstax.org Page 86



Real-World Applications

65. A guy wire for a suspension bridge runs from the
ground diagonally to the top of the closest pylon
to make a triangle. We can use the Pythagorean
Theorem to find the length of guy wire needed.
The square of the distance between the wire on
the ground and the pylon on the ground is 90,000
feet. The square of the height of the pylon is
160,000 feet. So the length of the guy wire can be
found by evaluating What is
the length of the guy wire?

66. A car accelerates at a rate of where

t is the time in seconds after the car moves from
rest. Simplify the expression.

Extensions

For the following exercises, simplify each expression.

67. 68. 69.

70. 71. 72.

73.

1.4 Polynomials
Learning Objectives
In this section, you will:

Identify the degree and leading coefficient of polynomials.
Add and subtract polynomials.
Multiply polynomials.
Use FOIL to multiply binomials.
Perform operations with polynomials of several variables.

COREQUISITE SKILLS

Learning Objectives
Distinguish between a fixed and a growth mindset, and how these ideas may help in learning.

Objective 1: Distinguish between a 5xed and a growth mindset, and how these ideas may help in
learning.
Stanford University psychologist and researcher, Carol Dweck, PH.D., published a book in 2006 called "Mindset, The New
Psychology of Success", which changed how many people think about their talents and abilities. Based on decades of
research Dr. Dweck outlined two mindsets and their influence on our learning.

Dr. Dweck’s research found that people who believe that their abilities could change through learning and practice
(growth mindset) more readily accepted learning challenges and persisted through these challenges. While individuals
who believe that knowledge and abilities come from natural talent and cannot be changed (fixed mindset) more often
become discouraged by failure and do not persist.

Her research shows that if we believe we can learn and master something new, this belief greatly improves our ability to
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SECTION A.10. WORKING WITH RADICALS 1069

Multiplying numerator and denominator by the conjugate of the denomi-
nator also works on fractions of the form

a√
b+ c

and a√
b+

√
c

We leave the verification of these cases as exercises.
Example A.91

Rationalize the denominator: x√
2 +

√
x
.

Solution. Multiply numerator and denominator by the conjugate of
the denominator,

√
2−

√
x.

x(
√
2 − √

x)

(
√
2 +

√
x)(

√
2 − √

x)
=

x(
√
2−

√
x)

2− x

Simplifying n
√
xn

Raising to a power is the inverse operation for extracting roots; that is,

(
n
√
a
)n

= a

as long as n
√
a is a real number. For example,

(
4
√
16
)4

= 24 = 16, and
(

3
√
−125

)3
= (−5)3 = −125

Now consider the power and root operations in the opposite order; is it true
that n

√
an = a? If the index n is an odd number, then the statement is always

true. For example,
3
√
23 = 3

√
8 = 2 and 3

√
(−2)3 = 3

√
−8 = −2

However, if n is even, we must be careful. Recall that the principal root n
√
x is

always positive, so if a is a negative number, it cannot be true that n
√
an = a.

For example, if a = −3, then
√
(−3)2 =

√
9 = 3

Instead, we see that, for even roots, n
√
an = |a|.

We summarize our results in below.
Roots of Powers.
1 If n is odd, n

√
an = a

2 If n is even, n
√
an = |a|

In particular,
√
a2 = |a|

Example A.92

a
√
16x2 = 4 |x|

b
√

(x− 1)2 = |x− 1|
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3.3 polynomials

3.3.1 adding/subtracting/multiplying polynomials (OpenStax Col-

lege Algebra with Corequisite Support)

3.3.2 factoring polynomials (OpenStax College Algebra with Coreq-

uisite Support)
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Then find the area of the triangle in square feet.

Next find the area of the rectangular door in square feet.

The area of the front of the library can be found by adding the areas of the square and the triangle, and then subtracting
the area of the rectangle. When we do this, we get or ft2.

In this section, we will examine expressions such as this one, which combine several variable terms.

Identifying the Degree and Leading Coef5cient of Polynomials
The formula just found is an example of a polynomial, which is a sum of or difference of terms, each consisting of a
variable raised to a nonnegative integer power. A number multiplied by a variable raised to an exponent, such as
is known as a coefficient. Coefficients can be positive, negative, or zero, and can be whole numbers, decimals, or
fractions. Each product such as is a term of a polynomial. If a term does not contain a variable, it is called
a constant.

A polynomial containing only one term, such as is called a monomial. A polynomial containing two terms, such as
is called a binomial. A polynomial containing three terms, such as is called a trinomial.

We can find the degree of a polynomial by identifying the highest power of the variable that occurs in the polynomial.
The term with the highest degree is called the leading term because it is usually written first. The coefficient of the
leading term is called the leading coefficient. When a polynomial is written so that the powers are descending, we say
that it is in standard form.

Polynomials

A polynomial is an expression that can be written in the form

Each real number ai is called a coefficient. The number that is not multiplied by a variable is called a constant.
Each product is a term of a polynomial. The highest power of the variable that occurs in the polynomial is called
the degree of a polynomial. The leading term is the term with the highest power, and its coefficient is called the
leading coefficient.

HOW TO

Given a polynomial expression, identify the degree and leading coefficient.

1. Find the highest power of x to determine the degree.
2. Identify the term containing the highest power of x to find the leading term.
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3. Identify the coefficient of the leading term.

EXAMPLE 1

Identifying the Degree and Leading Coefficient of a Polynomial
For the following polynomials, identify the degree, the leading term, and the leading coefficient.

ⓐ ⓑ ⓒ
Solution

ⓐ The highest power of x is 3, so the degree is 3. The leading term is the term containing that degree, The
leading coefficient is the coefficient of that term,
ⓑ The highest power of t is so the degree is The leading term is the term containing that degree, The
leading coefficient is the coefficient of that term,
ⓒ The highest power of p is so the degree is The leading term is the term containing that degree, The
leading coefficient is the coefficient of that term,

TRY IT #1 Identify the degree, leading term, and leading coefficient of the polynomial

Adding and Subtracting Polynomials
We can add and subtract polynomials by combining like terms, which are terms that contain the same variables raised to
the same exponents. For example, and are like terms, and can be added to get but and are not
like terms, and therefore cannot be added.

HOW TO

Given multiple polynomials, add or subtract them to simplify the expressions.

1. Combine like terms.
2. Simplify and write in standard form.

EXAMPLE 2

Adding Polynomials
Find the sum.

Solution
  

  

Analysis
We can check our answers to these types of problems using a graphing calculator. To check, graph the problem as given
along with the simplified answer. The two graphs should be equivalent. Be sure to use the same window to compare the
graphs. Using different windows can make the expressions seem equivalent when they are not.

TRY IT #2 Find the sum.
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EXAMPLE 3

Subtracting Polynomials
Find the difference.

Solution

Analysis
Note that finding the difference between two polynomials is the same as adding the opposite of the second polynomial
to the first.

TRY IT #3 Find the difference.

Multiplying Polynomials
Multiplying polynomials is a bit more challenging than adding and subtracting polynomials. We must use the distributive
property to multiply each term in the first polynomial by each term in the second polynomial. We then combine like
terms. We can also use a shortcut called the FOIL method when multiplying binomials. Certain special products follow
patterns that we can memorize and use instead of multiplying the polynomials by hand each time. We will look at a
variety of ways to multiply polynomials.

Multiplying Polynomials Using the Distributive Property
To multiply a number by a polynomial, we use the distributive property. The number must be distributed to each term of
the polynomial. We can distribute the in to obtain the equivalent expression When multiplying
polynomials, the distributive property allows us to multiply each term of the first polynomial by each term of the second.
We then add the products together and combine like terms to simplify.

HOW TO

Given the multiplication of two polynomials, use the distributive property to simplify the expression.

1. Multiply each term of the first polynomial by each term of the second.
2. Combine like terms.
3. Simplify.

EXAMPLE 4

Multiplying Polynomials Using the Distributive Property
Find the product.
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Solution
  

  

  

  

Analysis
We can use a table to keep track of our work, as shown in Table 1. Write one polynomial across the top and the other
down the side. For each box in the table, multiply the term for that row by the term for that column. Then add all of the
terms together, combine like terms, and simplify.

Table 1

TRY IT #4 Find the product.

Using FOIL to Multiply Binomials
A shortcut called FOIL is sometimes used to find the product of two binomials. It is called FOIL because we multiply the
first terms, the outer terms, the inner terms, and then the last terms of each binomial.

The FOIL method arises out of the distributive property. We are simply multiplying each term of the first binomial by
each term of the second binomial, and then combining like terms.

HOW TO

Given two binomials, use FOIL to simplify the expression.

1. Multiply the first terms of each binomial.
2. Multiply the outer terms of the binomials.
3. Multiply the inner terms of the binomials.
4. Multiply the last terms of each binomial.
5. Add the products.
6. Combine like terms and simplify.
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EXAMPLE 5

Using FOIL to Multiply Binomials
Use FOIL to find the product.

Solution
Find the product of the first terms.

Find the product of the outer terms.

Find the product of the inner terms.

Find the product of the last terms.

TRY IT #5 Use FOIL to find the product.

Perfect Square Trinomials
Certain binomial products have special forms. When a binomial is squared, the result is called a perfect square
trinomial. We can find the square by multiplying the binomial by itself. However, there is a special form that each of
these perfect square trinomials takes, and memorizing the form makes squaring binomials much easier and faster. Let’s
look at a few perfect square trinomials to familiarize ourselves with the form.

Notice that the first term of each trinomial is the square of the first term of the binomial and, similarly, the last term of
each trinomial is the square of the last term of the binomial. The middle term is double the product of the two terms.
Lastly, we see that the first sign of the trinomial is the same as the sign of the binomial.

Perfect Square Trinomials

When a binomial is squared, the result is the first term squared added to double the product of both terms and the
last term squared.
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HOW TO

Given a binomial, square it using the formula for perfect square trinomials.

1. Square the first term of the binomial.
2. Square the last term of the binomial.
3. For the middle term of the trinomial, double the product of the two terms.
4. Add and simplify.

EXAMPLE 6

Expanding Perfect Squares
Expand

Solution
Begin by squaring the first term and the last term. For the middle term of the trinomial, double the product of the two
terms.

Simplify.

TRY IT #6 Expand

Difference of Squares
Another special product is called the difference of squares, which occurs when we multiply a binomial by another
binomial with the same terms but the opposite sign. Let’s see what happens when we multiply using the
FOIL method.

The middle term drops out, resulting in a difference of squares. Just as we did with the perfect squares, let’s look at a few
examples.

Because the sign changes in the second binomial, the outer and inner terms cancel each other out, and we are left only
with the square of the first term minus the square of the last term.

Q&A Is there a special form for the sum of squares?

No. The difference of squares occurs because the opposite signs of the binomials cause the middle terms
to disappear. There are no two binomials that multiply to equal a sum of squares.

Difference of Squares

When a binomial is multiplied by a binomial with the same terms separated by the opposite sign, the result is the
square of the first term minus the square of the last term.
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HOW TO

Given a binomial multiplied by a binomial with the same terms but the opposite sign, find the difference of
squares.

1. Square the first term of the binomials.
2. Square the last term of the binomials.
3. Subtract the square of the last term from the square of the first term.

EXAMPLE 7

Multiplying Binomials Resulting in a Difference of Squares
Multiply

Solution
Square the first term to get Square the last term to get Subtract the square of the last term from
the square of the first term to find the product of

TRY IT #7 Multiply

Performing Operations with Polynomials of Several Variables
We have looked at polynomials containing only one variable. However, a polynomial can contain several variables. All of
the same rules apply when working with polynomials containing several variables. Consider an example:

EXAMPLE 8

Multiplying Polynomials Containing Several Variables
Multiply

Solution
Follow the same steps that we used to multiply polynomials containing only one variable.

TRY IT #8 Multiply

MEDIA

Access these online resources for additional instruction and practice with polynomials.

Adding and Subtracting Polynomials (http://openstax.org/l/addsubpoly)
Multiplying Polynomials (http://openstax.org/l/multiplpoly)
Special Products of Polynomials (http://openstax.org/l/specialpolyprod)
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1.4 SECTION EXERCISES
Verbal

1. Evaluate the following
statement: The degree of a
polynomial in standard form
is the exponent of the
leading term. Explain why
the statement is true or
false.

2. Many times, multiplying two
binomials with two variables
results in a trinomial. This is
not the case when there is a
difference of two squares.
Explain why the product in
this case is also a binomial.

3. You can multiply
polynomials with any
number of terms and any
number of variables using
four basic steps over and
over until you reach the
expanded polynomial. What
are the four steps?

4. State whether the following
statement is true and
explain why or why not: A
trinomial is always a higher
degree than a monomial.

Algebraic

For the following exercises, identify the degree of the polynomial.

5. 6. 7.

8. 9. 10.

For the following exercises, find the sum or difference.

11. 12.

13. 14.

15. 16.

For the following exercises, find the product.

17. 18. 19.

20. 21. 22.

23.

For the following exercises, expand the binomial.

24. 25. 26.

27. 28. 29.
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30.

For the following exercises, multiply the binomials.

31. 32. 33.

34. 35. 36.

37.

For the following exercises, multiply the polynomials.

38. 39. 40.

41. 42. 43.

44. 45. 46.

47. 48. 49.

50. 51. 52.

Real-World Applications

53. A developer wants to purchase a plot of land to
build a house. The area of the plot can be
described by the following expression:

where x is measured in meters.
Multiply the binomials to find the area of the plot
in standard form.

54. A prospective buyer wants to know how much
grain a specific silo can hold. The area of the floor
of the silo is The height of the silo is

where x is measured in feet. Expand the
square and multiply by the height to find the
expression that shows how much grain the silo
can hold.

Extensions

For the following exercises, perform the given operations.

55. 56. 57.

1.5 Factoring Polynomials
Learning Objectives
In this section, you will:

Factor the greatest common factor of a polynomial.
Factor a trinomial.
Factor by grouping.
Factor a perfect square trinomial.
Factor a difference of squares.
Factor the sum and difference of cubes.
Factor expressions using fractional or negative exponents.
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expressed in factored form as units2. We can confirm that this is an equivalent expression by multiplying.

Many polynomial expressions can be written in simpler forms by factoring. In this section, we will look at a variety of
methods that can be used to factor polynomial expressions.

Factoring the Greatest Common Factor of a Polynomial
When we study fractions, we learn that the greatest common factor (GCF) of two numbers is the largest number that
divides evenly into both numbers. For instance, is the GCF of and because it is the largest number that divides
evenly into both and The GCF of polynomials works the same way: is the GCF of and because it is the
largest polynomial that divides evenly into both and

When factoring a polynomial expression, our first step should be to check for a GCF. Look for the GCF of the coefficients,
and then look for the GCF of the variables.

Greatest Common Factor

The greatest common factor (GCF) of polynomials is the largest polynomial that divides evenly into the polynomials.

HOW TO

Given a polynomial expression, factor out the greatest common factor.

1. Identify the GCF of the coefficients.
2. Identify the GCF of the variables.
3. Combine to find the GCF of the expression.
4. Determine what the GCF needs to be multiplied by to obtain each term in the expression.
5. Write the factored expression as the product of the GCF and the sum of the terms we need to multiply by.

EXAMPLE 1

Factoring the Greatest Common Factor
Factor

Solution
First, find the GCF of the expression. The GCF of 6, 45, and 21 is 3. The GCF of , and is . (Note that the GCF of a
set of expressions in the form will always be the exponent of lowest degree.) And the GCF of , and is .
Combine these to find the GCF of the polynomial, .

Next, determine what the GCF needs to be multiplied by to obtain each term of the polynomial. We find that
, and

Finally, write the factored expression as the product of the GCF and the sum of the terms we needed to multiply by.

Analysis
After factoring, we can check our work by multiplying. Use the distributive property to confirm that

TRY IT #1 Factor by pulling out the GCF.

Factoring a Trinomial with Leading Coef5cient 1
Although we should always begin by looking for a GCF, pulling out the GCF is not the only way that polynomial
expressions can be factored. The polynomial has a GCF of 1, but it can be written as the product of the
factors and
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Trinomials of the form can be factored by finding two numbers with a product of and a sum of The
trinomial for example, can be factored using the numbers and because the product of those numbers
is and their sum is The trinomial can be rewritten as the product of and

Factoring a Trinomial with Leading Coef5cient 1

A trinomial of the form can be written in factored form as where and

Q&A Can every trinomial be factored as a product of binomials?

No. Some polynomials cannot be factored. These polynomials are said to be prime.

HOW TO

Given a trinomial in the form factor it.

1. List factors of
2. Find and a pair of factors of with a sum of
3. Write the factored expression

EXAMPLE 2

Factoring a Trinomial with Leading Coefficient 1
Factor

Solution
We have a trinomial with leading coefficient and We need to find two numbers with a product of
and a sum of In the table below, we list factors until we find a pair with the desired sum.

Factors of Sum of Factors

14

2

Now that we have identified and as and write the factored form as

Analysis
We can check our work by multiplying. Use FOIL to confirm that

Q&A Does the order of the factors matter?

No. Multiplication is commutative, so the order of the factors does not matter.

TRY IT #2 Factor
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Factoring by Grouping
Trinomials with leading coefficients other than 1 are slightly more complicated to factor. For these trinomials, we can
factor by grouping by dividing the x term into the sum of two terms, factoring each portion of the expression
separately, and then factoring out the GCF of the entire expression. The trinomial can be rewritten as

using this process. We begin by rewriting the original expression as and then factor
each portion of the expression to obtain We then pull out the GCF of to find the factored
expression.

Factor by Grouping

To factor a trinomial in the form by grouping, we find two numbers with a product of and a sum of
We use these numbers to divide the term into the sum of two terms and factor each portion of the expression
separately, then factor out the GCF of the entire expression.

HOW TO

Given a trinomial in the form factor by grouping.
1. List factors of
2. Find and a pair of factors of with a sum of
3. Rewrite the original expression as
4. Pull out the GCF of
5. Pull out the GCF of
6. Factor out the GCF of the expression.

EXAMPLE 3

Factoring a Trinomial by Grouping
Factor by grouping.

Solution
We have a trinomial with and First, determine We need to find two numbers with a
product of and a sum of In the table below, we list factors until we find a pair with the desired sum.

Factors of Sum of Factors

29

13

7

So and
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Analysis
We can check our work by multiplying. Use FOIL to confirm that

TRY IT #3 Factor

ⓐ ⓑ
Factoring a Perfect Square Trinomial
A perfect square trinomial is a trinomial that can be written as the square of a binomial. Recall that when a binomial is
squared, the result is the square of the first term added to twice the product of the two terms and the square of the last
term.

We can use this equation to factor any perfect square trinomial.

Perfect Square Trinomials

A perfect square trinomial can be written as the square of a binomial:

HOW TO

Given a perfect square trinomial, factor it into the square of a binomial.

1. Confirm that the first and last term are perfect squares.
2. Confirm that the middle term is twice the product of
3. Write the factored form as

EXAMPLE 4

Factoring a Perfect Square Trinomial
Factor

Solution
Notice that and are perfect squares because and Then check to see if the middle term is
twice the product of and The middle term is, indeed, twice the product: Therefore, the trinomial is
a perfect square trinomial and can be written as

TRY IT #4 Factor

Factoring a Difference of Squares
A difference of squares is a perfect square subtracted from a perfect square. Recall that a difference of squares can be
rewritten as factors containing the same terms but opposite signs because the middle terms cancel each other out when
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the two factors are multiplied.

We can use this equation to factor any differences of squares.

Differences of Squares

A difference of squares can be rewritten as two factors containing the same terms but opposite signs.

HOW TO

Given a difference of squares, factor it into binomials.

1. Confirm that the first and last term are perfect squares.
2. Write the factored form as

EXAMPLE 5

Factoring a Difference of Squares
Factor

Solution
Notice that and are perfect squares because and The polynomial represents a difference of
squares and can be rewritten as

TRY IT #5 Factor

Q&A Is there a formula to factor the sum of squares?

No. A sum of squares cannot be factored.

Factoring the Sum and Difference of Cubes
Now, we will look at two new special products: the sum and difference of cubes. Although the sum of squares cannot be
factored, the sum of cubes can be factored into a binomial and a trinomial.

Similarly, the difference of cubes can be factored into a binomial and a trinomial, but with different signs.

We can use the acronym SOAP to remember the signs when factoring the sum or difference of cubes. The first letter of
each word relates to the signs: Same Opposite Always Positive. For example, consider the following example.

The sign of the first 2 is the same as the sign between The sign of the term is opposite the sign between
And the sign of the last term, 4, is always positive.

Sum and Difference of Cubes

We can factor the sum of two cubes as
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We can factor the difference of two cubes as

HOW TO

Given a sum of cubes or difference of cubes, factor it.

1. Confirm that the first and last term are cubes, or
2. For a sum of cubes, write the factored form as For a difference of cubes, write the

factored form as

EXAMPLE 6

Factoring a Sum of Cubes
Factor

Solution
Notice that and are cubes because Rewrite the sum of cubes as

Analysis
After writing the sum of cubes this way, we might think we should check to see if the trinomial portion can be factored
further. However, the trinomial portion cannot be factored, so we do not need to check.

TRY IT #6 Factor the sum of cubes:

EXAMPLE 7

Factoring a Difference of Cubes
Factor

Solution
Notice that and are cubes because and Write the difference of cubes as

Analysis
Just as with the sum of cubes, we will not be able to further factor the trinomial portion.

TRY IT #7 Factor the difference of cubes:

Factoring Expressions with Fractional or Negative Exponents
Expressions with fractional or negative exponents can be factored by pulling out a GCF. Look for the variable or
exponent that is common to each term of the expression and pull out that variable or exponent raised to the lowest

power. These expressions follow the same factoring rules as those with integer exponents. For instance, can

be factored by pulling out and being rewritten as
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EXAMPLE 8

Factoring an Expression with Fractional or Negative Exponents

Factor

Solution

Factor out the term with the lowest value of the exponent. In this case, that would be

TRY IT #8 Factor

MEDIA

Access these online resources for additional instruction and practice with factoring polynomials.

Identify GCF (http://openstax.org/l/findgcftofact)
Factor Trinomials when a Equals 1 (http://openstax.org/l/facttrinom1)
Factor Trinomials when a is not equal to 1 (http://openstax.org/l/facttrinom2)
Factor Sum or Difference of Cubes (http://openstax.org/l/sumdifcube)

1.5 SECTION EXERCISES
Verbal

1. If the terms of a polynomial
do not have a GCF, does that
mean it is not factorable?
Explain.

2. A polynomial is factorable,
but it is not a perfect square
trinomial or a difference of
two squares. Can you factor
the polynomial without
finding the GCF?

3. How do you factor by
grouping?

Algebraic

For the following exercises, find the greatest common factor.

4. 5. 6.

7. 8. 9.

For the following exercises, factor by grouping.

10. 11. 12.

13. 14. 15.
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For the following exercises, factor the polynomial.

16. 17. 18.

19. 20. 21.

22. 23. 24.

25. 26. 27.

28. 29. 30.

31. 32. 33.

34. 35. 36.

For the following exercises, factor the polynomials.

37. 38. 39.

40. 41. 42.

43. 44. 45.

46. 47. 48.

49. 50.

Real-World Applications

For the following exercises, consider this scenario:

Charlotte has appointed a chairperson to lead a city beautification project. The first act is to install statues and fountains
in one of the city’s parks. The park is a rectangle with an area of m2, as shown in the figure below. The
length and width of the park are perfect factors of the area.
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51. Factor by grouping to find
the length and width of the
park.

52. A statue is to be placed in
the center of the park. The
area of the base of the
statue is
Factor the area to find the
lengths of the sides of the
statue.

53. At the northwest corner of
the park, the city is going
to install a fountain. The
area of the base of the
fountain is
Factor the area to find the
lengths of the sides of the
fountain.

For the following exercise, consider the following scenario:

A school is installing a flagpole in the central plaza. The plaza is a square with side length 100 yd. as shown in the figure
below. The flagpole will take up a square plot with area yd2.

54. Find the length of the base of the flagpole by
factoring.

Extensions

For the following exercises, factor the polynomials completely.

55. 56. 57.

58. 59.

1.6 Rational Expressions
Learning Objectives
In this section, you will:

Simplify rational expressions.
Multiply rational expressions.
Divide rational expressions.
Add and subtract rational expressions.
Simplify complex rational expressions.

COREQUISITE SKILLS

Learning Objectives
Identify the skills leading to successful preparation for a college level mathematics exam.
Create a plan for success when taking mathematics exams.

Objective 1: Identify the skills leading to successful preparation for a college level mathematics
exam.
Complete the following surveys by placing a checkmark in the a column for each strategy based on the frequency that
you engaged in the strategy during your last academic term.
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members.

A pastry shop has fixed costs of per week and variable costs of per box of pastries. The shop’s costs per week in
terms of the number of boxes made, is We can divide the costs per week by the number of boxes made to
determine the cost per box of pastries.

Notice that the result is a polynomial expression divided by a second polynomial expression. In this section, we will
explore quotients of polynomial expressions.

Simplifying Rational Expressions
The quotient of two polynomial expressions is called a rational expression. We can apply the properties of fractions to
rational expressions, such as simplifying the expressions by canceling common factors from the numerator and the
denominator. To do this, we first need to factor both the numerator and denominator. Let’s start with the rational
expression shown.

We can factor the numerator and denominator to rewrite the expression.

Then we can simplify that expression by canceling the common factor

HOW TO

Given a rational expression, simplify it.

1. Factor the numerator and denominator.
2. Cancel any common factors.

EXAMPLE 1

Simplifying Rational Expressions

Simplify

Solution

Analysis
We can cancel the common factor because any expression divided by itself is equal to 1.

Q&A Can the term be cancelled in Example 1?

No. A factor is an expression that is multiplied by another expression. The term is not a factor of the
numerator or the denominator.

TRY IT #1 Simplify
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Multiplying Rational Expressions
Multiplication of rational expressions works the same way as multiplication of any other fractions. We multiply the
numerators to find the numerator of the product, and then multiply the denominators to find the denominator of the
product. Before multiplying, it is helpful to factor the numerators and denominators just as we did when simplifying
rational expressions. We are often able to simplify the product of rational expressions.

HOW TO

Given two rational expressions, multiply them.

1. Factor the numerator and denominator.
2. Multiply the numerators.
3. Multiply the denominators.
4. Simplify.

EXAMPLE 2

Multiplying Rational Expressions
Multiply the rational expressions and show the product in simplest form:

Solution

TRY IT #2 Multiply the rational expressions and show the product in simplest form:

Dividing Rational Expressions
Division of rational expressions works the same way as division of other fractions. To divide a rational expression by
another rational expression, multiply the first expression by the reciprocal of the second. Using this approach, we would

rewrite as the product Once the division expression has been rewritten as a multiplication expression,

we can multiply as we did before.

HOW TO

Given two rational expressions, divide them.

1. Rewrite as the first rational expression multiplied by the reciprocal of the second.
2. Factor the numerators and denominators.
3. Multiply the numerators.
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4. Multiply the denominators.
5. Simplify.

EXAMPLE 3

Dividing Rational Expressions
Divide the rational expressions and express the quotient in simplest form:

Solution

TRY IT #3 Divide the rational expressions and express the quotient in simplest form:

Adding and Subtracting Rational Expressions
Adding and subtracting rational expressions works just like adding and subtracting numerical fractions. To add fractions,
we need to find a common denominator. Let’s look at an example of fraction addition.

We have to rewrite the fractions so they share a common denominator before we are able to add. We must do the same
thing when adding or subtracting rational expressions.

The easiest common denominator to use will be the least common denominator, or LCD. The LCD is the smallest
multiple that the denominators have in common. To find the LCD of two rational expressions, we factor the expressions
and multiply all of the distinct factors. For instance, if the factored denominators were and
then the LCD would be

Once we find the LCD, we need to multiply each expression by the form of 1 that will change the denominator to the
LCD. We would need to multiply the expression with a denominator of by and the expression with a
denominator of by

HOW TO

Given two rational expressions, add or subtract them.

1. Factor the numerator and denominator.
2. Find the LCD of the expressions.
3. Multiply the expressions by a form of 1 that changes the denominators to the LCD.
4. Add or subtract the numerators.
5. Simplify.
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EXAMPLE 4

Adding Rational Expressions
Add the rational expressions:

Solution

First, we have to find the LCD. In this case, the LCD will be We then multiply each expression by the appropriate form
of 1 to obtain as the denominator for each fraction.

Now that the expressions have the same denominator, we simply add the numerators to find the sum.

Analysis
Multiplying by or does not change the value of the original expression because any number divided by itself is 1,
and multiplying an expression by 1 gives the original expression.

EXAMPLE 5

Subtracting Rational Expressions
Subtract the rational expressions:

Solution

Q&A Do we have to use the LCD to add or subtract rational expressions?

No. Any common denominator will work, but it is easiest to use the LCD.

TRY IT #4 Subtract the rational expressions:

Simplifying Complex Rational Expressions
A complex rational expression is a rational expression that contains additional rational expressions in the numerator, the
denominator, or both. We can simplify complex rational expressions by rewriting the numerator and denominator as
single rational expressions and dividing. The complex rational expression can be simplified by rewriting the
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numerator as the fraction and combining the expressions in the denominator as We can then rewrite the
expression as a multiplication problem using the reciprocal of the denominator. We get which is equal to

HOW TO

Given a complex rational expression, simplify it.

1. Combine the expressions in the numerator into a single rational expression by adding or subtracting.
2. Combine the expressions in the denominator into a single rational expression by adding or subtracting.
3. Rewrite as the numerator divided by the denominator.
4. Rewrite as multiplication.
5. Multiply.
6. Simplify.

EXAMPLE 6

Simplifying Complex Rational Expressions

Simplify: .

Solution
Begin by combining the expressions in the numerator into one expression.

  

  

Now the numerator is a single rational expression and the denominator is a single rational expression.

We can rewrite this as division, and then multiplication.

TRY IT #5 Simplify:

Q&A Can a complex rational expression always be simplified?

Yes. We can always rewrite a complex rational expression as a simplified rational expression.

MEDIA

Access these online resources for additional instruction and practice with rational expressions.

Simplify Rational Expressions (http://openstax.org/l/simpratexpress)
Multiply and Divide Rational Expressions (http://openstax.org/l/multdivratex)
Add and Subtract Rational Expressions (http://openstax.org/l/addsubratex)
Simplify a Complex Fraction (http://openstax.org/l/complexfract)
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1.6 SECTION EXERCISES
Verbal

1. How can you use factoring
to simplify rational
expressions?

2. How do you use the LCD to
combine two rational
expressions?

3. Tell whether the following
statement is true or false
and explain why: You only
need to find the LCD when
adding or subtracting
rational expressions.

Algebraic

For the following exercises, simplify the rational expressions.

4. 5. 6.

7. 8. 9.

10. 11. 12.

13.

For the following exercises, multiply the rational expressions and express the product in simplest form.

14. 15. 16.

17. 18. 19.

20. 21. 22.

23.

For the following exercises, divide the rational expressions.

24. 25. 26.

27. 28. 29.

30. 31. 32.
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For the following exercises, add and subtract the rational expressions, and then simplify.

33. 34. 35.

36. 37. 38.

39. 40. 41.

For the following exercises, simplify the rational expression.

42. 43. 44.

45. 46. 47.

48. 49. 50.

Real-World Applications

51. Brenda is placing tile on her
bathroom floor. The area of the
floor is ft2. The area
of one tile is To find
the number of tiles needed,
simplify the rational expression:

52. The area of Lijuan's yard is
ft2. A patch of

sod has an area of
ft2. Divide

the two areas and simplify
to find how many pieces of
sod Lijuan needs to cover
her yard.

53. Elroi wants to mulch his
garden. His garden is

ft2. One bag
of mulch covers
ft2. Divide the expressions
and simplify to find how
many bags of mulch Elroi
needs to mulch his garden.

Extensions

For the following exercises, perform the given operations and simplify.

54. 55. 56.

57.
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1 INTRODUCTION 1

Benjamin Kennedy

Big and Small Numbers

1 Introduction

It turns out that, for most of calculus to make sense, we need a good idea of which numbers are “bigger”
and “smaller” than others. These are ideas that we have all been familiar with as long as we’ve been
doing arithmetic; but we will need these ideas at the front of our minds, and we will need to be able to
apply them in relatively abstract situations. Practicing with this is the point of this worksheet.

When we start to think about this, right away we run into a terminology issue. Here’s a question for
you: is �4 bigger than �5?

Ordinarily, if someone says that a number x is “bigger” than a number y, they might mean either one
of two things: that x > y (that is, x is to the right of y on the number line), or that |x| > |y| (that is, x
is further from 0 than y is). For the purposes of this worksheet, let us agree on the following.

• Saying that x is greater than y means that x > y — that is, x is to the right of y on the number
line. Saying that x is less that y means that x < y — that is, x is to the left of y on the number
line.

• Saying that x is bigger than y means that |x| > |y| — that is, x is further away from 0 than y is.
Saying that x is smaller than y means that |x| < |y| — that is, x is closer to 0 than y is.

The terms greater than and less than are standard in mathematics, and everybody agrees that these terms
have the meanings we’ve just described. The terms bigger than and smaller than aren’t standardized in
the same way.

So, to answer the above question (having agreed on terminology): �4 is greater than �5, but �4 is
also smaller than �5. On the other hand, 4 is both less than 5 and smaller than 5.

2 Size and reciprocals

Every nonzero number x has a reciprocal
1

x
. A number and its reciprocal always have the same sign. 1

and �1 are their own reciprocals. All other numbers have reciprocals of di↵erent sizes than the numbers

themselves, and the way that x relates to
1

x
depends on where x falls relative to �1, 0, and 1. For

instance,

if x < �1, then �1 <
1

x
< 0. In this case,

1

x
is greater than x and smaller than x.

For example, the reciprocal of �5 is
1

�5
= �0.2.

QUESTION 1: Make statements like the above about the relationship between x and
1

x
for the cases

that �1 < x < 0, that 0 < x < 1, and that 1 < x. Then provide explicit examples illustrating each
statement.
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3 SIZE AND POWERS 2

3 Size and powers

Suppose that x is a positive number, and that n is a positive whole number that is two or greater. The
relation of x to xn depends on where x falls relative to 1. For instance,

Suppose that x is a positive number and that n is a positive whole number that is two or greater. If
x > 1, then xn is greater than x and bigger than x.

For example, (2.5)3 = 15.625.

QUESTION 2: Make a statement like the above about the relationship between x and xn for the case
that 0 < x < 1, and provide an explicit example.

QUESTION 3: Make a statement like the above about the relationship between x and xn for the case
that x = 1, and provide an explicit example.

Thinking about xn when x < 0 is slightly trickier because the sign of xn changes depending on whether
n is even or odd. For example, the first few powers of �2 are

(�2)1 = �2, (�2)2 = 4, (�2)3 = �8, (�2)4 = 16.

Keeping this in mind, though, we can make similar statements about the relationship between x and xn.

QUESTION 4: Complete the following statement, and then provide explicit examples illustrating the
statement. Suppose that x < �1 and that n is a positive whole number that is two or greater. Then, if n
is odd, xn . . . . If n is even, . . . ..

QUESTION 5: Complete the following statement, and then provide explicit examples illustrating the
statement. Suppose that x = �1 and that n is a positive whole number that is two or greater. Then, if n
is odd, xn . . . . If n is even, . . . ..

QUESTION 6: Complete the following statement, and then provide explicit examples illustrating the
statement. Suppose that �1 < x < 0 and that n is a positive whole number that is two or greater. Then
xn . . ..

QUESTION 6: If x is a real number and n is a positive integer that is two or greater, what is the one
possibility for x that we haven’t yet discussed? Comment on the relationship between x and xn in this
case.

QUESTION 7: Describe exactly the real numbers x for which x2 is greater than x. Describe exactly
the real numbers x for which x2 is bigger than x.

QUESTION 8: Describe exactly the real numbers x for which x3 is greater than x. Describe exactly
the real numbers x for which x3 is bigger than x.
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4 SIZE AND FRACTIONS 3

4 Size and fractions

If we have a fraction
a

b
, the following general slogan holds:

• Making the numerator bigger makes the whole fraction bigger
h
Example:

13

7
is bigger than

3

7

i
;

• Making the numerator smaller makes the whole fraction smaller
h
Example:

�1

5
is smaller than

�2

5

i
;

• Making the denominator bigger makes the whole fraction smaller
h
Example:

1

3
is smaller than

1

2

i
;

• Making the denominator smaller makes the whole fraction bigger
h
Example:

2

1
is bigger than

2

21

i
.

QUESTION 9: For each of the pairs of expressions below, say [with explanation] whether the left
expression or the right expression is bigger, or whether they are equal, or whether you can’t tell without
more information. Also say [with explanation] whether the left expression or the right expression is
greater, or whether they are equal, or whether you can’t tell without more information.

(a)
x2 + 2

x2 + 1

x2 + 1

x2 + 1

(b)
x2 + 2

x2 + 1

x2 + 2

x2 + 3

(c)
x+ 2

x2 + 1

x+ 1

x2 + 1

(d)
�x2 � 1

x2 + 4

�x2 � 1

x2 + 1

5 “Really big” and “really small” numbers

There is no technical definition of “big” and “small” numbers, but it is really helpful to keep the following
impressionistic ideas in mind.

• If x is a “small” number,
1

x
is a “big” number (and vice-versa).

• If x and y are “small” numbers, then xy is “really small.”

• If x and y are “big” numbers, then xy is “really big.”
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5 “REALLY BIG” AND “REALLY SMALL” NUMBERS 4

QUESTION 10: Suppose that x is a “big” number and that y is a “small” number. Following the
“impressionistic ideas” described above, say whether each of the following numbers is “really small,”
“small,” “big,” or “really big.” Give examples (with specific values for x and y) that illustrate your
answers.

(a) x2

(b)
1

x2

(c)
x

y

(d)
y

x+ 1
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4 Topics for Derivatives

4.1 di↵erence quotients and rational functions

4.1.1 rational functions and key features (Active Prelude to Calcu-

lus)

4.1.2 di↵erence quotient/average rate of change (OpenStax Precal-

culus)

4.2 exponents and exponential functions

4.2.1 simplifying expressions with exponents, negative exponents

(OpenStax College Algebra with Corequisite Support)

4.2.2 modeling with exponential functions (Active Prelude to Cal-

culus)

4.3 linear and rational equations (OpenStax College Al-

gebra with Corequisite Support)

4.3.1 solving equations

4.3.2 writing an equation of a line

4.3.3 parallel and perpendicular lines

4.4 composition of functions

4.4.1 composite functions (Active Prelude to Calculus)

4.4.2 composition of functions and Chain Rule (TBIL)

4.4.3 composite functions and di↵erentiation strategies (TBIL)

4.5 solving quadratic equations by factoring (Modeling,

Functions, and Graphs)

4.6 interval notation and solving inequalities (OpenStax

College Algebra with Corequisite Support)

Page 125



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Calculus Fun Fact: A marine biologist studying the relationship between specific numbers of sea 

urchins and the depletion rate of nearby kelp plants would use calculus to find a relationship 

between the amounts of a quantity and the rate that quantity is changing. 



4.1 di↵erence quotients and rational functions

4.1.1 rational functions and key features (Active Prelude to Calcu-

lus)

4.1.2 di↵erence quotient/average rate of change (OpenStax Precal-

culus)
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��� 3BUJPOBM 'VODUJPOT

��� 3BUJPOBM 'VODUJPOT

.PUJWBUJOH 2VFTUJPOT

ə 8IBU JT B SBUJPOBM GVODUJPO 

ə )PX DBO XF EFUFSNJOF LFZ JOGPSNBUJPO BCPVU B SBUJPOBM GVODUJPO GSPN JUT BMHFCSBJD
TUSVDUVSF 

ə 8IZ BSF SBUJPOBM GVODUJPOT JNQPSUBOU 

5IF BWFSBHF SBUF PG DIBOHF PG B GVODUJPO PO BO JOUFSWBM BMXBZT JOWPMWFT B SBUJP� *OEFFE GPS
B HJWFO GVODUJPO f UIBU JOUFSFTUT VT OFBS t ! 2 XF DBO JOWFTUJHBUF JUT BWFSBHF SBUF PG DIBOHF
PO JOUFSWBMT OFBS UIJT WBMVF CZ DPOTJEFSJOH

AV[2,2+h] !
f (2 + h) − f (2)

h
�

4VQQPTF GPS JOTUBODF UIBU f NFBVTVSFT UIF IFJHIU PG B GBMMJOH CBMM BU UJNF t BOE JT HJWFO CZ
f (t) ! −16t2 + 32t + 48 XIJDI IBQQFOT UP CF B QPMZOPNJBM GVODUJPO PG EFHSFF 2� 'PS UIJT
QBSUJDVMBS GVODUJPO JUT BWFSBHF SBUF PG DIBOHF PO [1, 1 + h] JT

AV[2,2+h] !
f (2 + h) − f (2)

h

!
−16(2 + h)2 + 32(2 + h) + 48 − (−16 · 4 + 32 · 2 + 48)

h

!
−64 − 64h − 16h2 + 64 + 32h + 48 − (48)

h

!
−64h − 16h2

h
�

4USVDUVSBMMZ XF PCTFSWF UIBU AV[2,2+h] JT B SBUJP PG UIF UXP GVODUJPOT −64h − 16h2 BOE h�
.PSFPWFS CPUI UIF OVNFSBUPS BOE UIF EFOPNJOBUPS PG UIF FYQSFTTJPO BSF UIFNTFMWFT QPMZ�
OPNJBM GVODUJPOT PG UIF WBSJBCMF h� /PUF UIBU XF NBZ CF FTQFDJBMMZ JOUFSFTUFE JO XIBU PDDVST
BT h → 0 BT UIFTF WBMVFT XJMM UFMM VT UIF BWFSBHF WFMPDJUZ PG UIF NPWJOH CBMM PO TIPSUFS BOE
TIPSUFS UJNF JOUFSWBMT TUBSUJOH BU t ! 2� "U UIF TBNF UJNF AV[2,2+h] JT OPU EFКOFE GPS h ! 0�

3BUJPT PG QPMZOPNJBM GVODUJPOT BSJTF JO TFWFSBM EJЙFSFOU JNQPSUBOU DJSDVNTUBODFT� 4PNF�
UJNFT XF BSF JOUFSFTUFE JO XIBU IBQQFOT XIFO UIF EFOPNJOBUPS BQQSPBDIFT 0 XIJDI NBLFT
UIF PWFSBMM SBUJP VOEFКOFE� *O PUIFS TJUVBUJPOT XF NBZ XBOU UP LOPX XIBU IBQQFOT JO
UIF MPOH UFSN BOE UIVT DPOTJEFS XIBU IBQQFOT XIFO UIF JOQVU WBSJBCMF JODSFBTFT XJUIPVU
CPVOE�

1SFWJFX "DUJWJUZ ������ " ESVH DPNQBOZy FTUJNBUFT UIBU UP QSPEVDF B OFX ESVH JU
XJMM DPTU �� NJMMJPO JO TUBSUVQ SFTPVSDFT BOE UIBU PODF UIFZ SFBDI QSPEVDUJPO FBDI
HSBN PG UIF ESVH XJMM DPTU ����� UP NBLF�

B� %FUFSNJOF B GPSNVMB GPS B GVODUJPO C(q) UIBU NPEFMT UIF DPTU PG QSPEVDJOH q
HSBNT PG UIF ESVH� 8IBU GBNJMJBS LJOE PG GVODUJPO JT C 
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$IBQUFS � 1PMZOPNJBM BOE 3BUJPOBM 'VODUJPOT

C� 5IF ESVH DPNQBOZ OFFET UP TFMM UIF ESVH BU B QSJDF PG NPSF UIBO ����� QFS HSBN
JO PSEFS UP BU MFBTU CSFBL FWFO� 5P JOWFTUJHBUF IPX UIFZNJHIU TFU QSJDFT UIFZ КSTU
DPOTJEFS XIBU UIFJS BWFSBHF DPTU QFS HSBN JT� 8IBU JT UIF UPUBM DPTU PG QSPEVDJOH
1000 HSBNT 8IBU JT UIF BWFSBHF DPTU QFS HSBN UP QSPEVDF 1000 HSBNT 

D� 8IBU JT UIF UPUBM DPTU PG QSPEVDJOH 10000 HSBNT 8IBU JT UIF BWFSBHF DPTU QFS
HSBN UP QSPEVDF 10000 HSBNT 

E� 0VS DPNQVUBUJPOT JO 	C
 BOE 	D
 OBUVSBMMZ MFBE VT UP EFКOF UIF ɔBWFSBHF DPTU QFS
HSBNɕ GVODUJPO A(q) XIPTF PVUQVU JT UIF BWFSBHF DPTU PG QSPEVDJOH q HSBNT PG
UIF ESVH� 8IBU JT B GPSNVMB GPS A(q) 

F� &YQMBJO XIZ BOPUIFS GPSNVMB GPS A JT A(q) ! 2500 + 5000000
q �

G� 8IBU DBO ZPV TBZ BCPVU UIF MPOH�SBOHF CFIBWJPS PG A 8IBU EPFT UIJT CFIBWJPS
NFBO JO UIF DPOUFYU PG UIF QSPCMFN 

����� -POH�SBOHF CFIBWJPS PG SBUJPOBM GVODUJPOT

5IF GVODUJPOT AV[2,2+h] ! −64h−16h2

h BOE A(q) !
5000000+2500q

q BSF CPUI FYBNQMFT PG SBUJPOBM
GVODUJPOT TJODF FBDI JT B SBUJP PG QPMZOPNJBM GVODUJPOT� 'PSNBMMZ XF IBWF UIF GPMMPXJOH
EFКOJUJPO�
%FКOJUJPO ����� " GVODUJPO r JT SBUJPOBM QSPWJEFE UIBU JU JT QPTTJCMF UP XSJUF r BT UIF SBUJP PG
UXP QPMZOPNJBMT p BOE q� 5IBU JT r JT SBUJPOBM QSPWJEFE UIBU GPS TPNF QPMZOPNJBM GVODUJPOT
p BOE q XF IBWF

r(x) ! p(x)
q(x) �

♦

-JLF XJUI QPMZOPNJBM GVODUJPOT XF BSF JOUFSFTUFE JO TVDI OBUVSBM RVFTUJPOT BT

ə 8IBU JT UIF MPOH SBOHF CFIBWJPS PG B HJWFO SBUJPOBM GVODUJPO 

ə 8IBU JT UIF EPNBJO PG B HJWFO SBUJPOBM GVODUJPO 

ə )PX DBO XF EFUFSNJOF XIFSF B HJWFO SBUJPOBM GVODUJPOɒT WBMVF JT 0 

8F CFHJO CZ GPDVTJOH PO UIF MPOH�SBOHF CFIBWJPS PG SBUJPOBM GVODUJPOT� *UɒT JNQPSUBOU КSTU
UP SFDBMM PVS FBSMJFS XPSL XJUI QPXFS GVODUJPOT PG UIF GPSN p(x) ! x−n XIFSF n ! 1, 2, . . .�
'PS TVDI GVODUJPOT XF LOPX UIBU p(x) ! 1

xn XIFSF n > 0 BOE UIBU

lim
x→∞

1
xn ! 0

TJODF xn JODSFBTFT XJUIPVU CPVOE BT x → ∞� 5IF TBNF JT USVF XIFO x → −∞� limx→−∞ 1
xn !

0� 5IVT BOZ UJNF XF FODPVOUFS B RVBOUJUZ TVDI BT 1
x3  UIJT RVBOUJUZ XJMM BQQSPBDI 0 BT x

y5IJT BDUJWJUZ JT CBTFE PO Q� ���Й JO 'VODUJPOT .PEFMJOH $IBOHF CZ $POOBMMZ FU BM�

��� Page 129



��� 3BUJPOBM 'VODUJPOT

JODSFBTFT XJUIPVU CPVOE BOE UIJT XJMM BMTP PDDVS GPS BOZ DPOTUBOU OVNFSBUPS� 'PS JOTUBODF

lim
x→∞

2500
x2 ! 0

TJODF 2500 UJNFT B RVBOUJUZ BQQSPBDIJOH 0 XJMM TUJMM BQQSPBDI 0 BT x JODSFBTFT�

"DUJWJUZ ������ $POTJEFS UIF SBUJPOBM GVODUJPO r(x) ! 3x2−5x+1
7x2+2x−11 �

0CTFSWF UIBU UIF MBSHFTU QPXFS PG x UIBUɒT QSFTFOU JO r(x) JT x2� *O BEEJUJPO CFDBVTF PG
UIF EPNJOBOU UFSNT PG 3x2 JO UIF OVNFSBUPS BOE 7x2 JO UIF EFOPNJOBUPS CPUI UIF OV�
NFSBUPS BOE EFOPNJOBUPS PG r JODSFBTF XJUIPVU CPVOE BT x JODSFBTFT XJUIPVU CPVOE�
*O PSEFS UP VOEFSTUBOE UIF MPOH�SBOHF CFIBWJPS PG r XF DIPPTF UP XSJUF UIF GVODUJPO
JO B EJЙFSFOU BMHFCSBJD GPSN�

B� /PUF UIBU XF DBO NVMUJQMZ UIF GPSNVMB GPS r CZ UIF GPSN PG 1 HJWFO CZ 1 !

1
x2
1

x2
�

%P TP BOE EJTUSJCVUF BOE TJNQMJGZ BT NVDI BT QPTTJCMF JO CPUI UIF OVNFSBUPS
BOE EFOPNJOBUPS UP XSJUF r JO B EJЙFSFOU BMHFCSBJD GPSN�

C� )BWJOH SFXSJUUFO r XF BSF JO B CFUUFS QPTJUJPO UP FWBMVBUF limx→∞ r(x)� 6TJOH
PVS XPSL GSPN 	B
 XF IBWF

lim
x→∞

r(x) ! lim
x→∞

3 − 5
x + 1

x2

7 + 2
x − 11

x2

�

8IBU JT UIF FYBDU WBMVF PG UIJT MJNJU BOE XIZ 

D� /FYU EFUFSNJOF

lim
x→−∞

r(x) ! lim
x→−∞

3 − 5
x + 1

x2

7 + 2
x − 11

x2

�

E� 6TF %FTNPT UP QMPU r PO UIF JOUFSWBM [−10, 10]� *O BEEJUJPO QMPU UIF IPSJ[POUBM
MJOF y ! 3

7 � 8IBU JT UIF NFBOJOH PG UIF MJNJUT ZPV GPVOE JO 	C
 BOE 	D
 

"DUJWJUZ ������ -FU s(x) ! 3x−5
7x2+2x−11 BOE u(x) ! 3x2−5x+1

7x+2 � /PUF UIBU CPUI UIF OVNFSBUPS
BOE EFOPNJOBUPS PG FBDI PG UIFTF SBUJPOBM GVODUJPOT JODSFBTFT XJUIPVU CPVOE BT x →
∞ BOE JO BEEJUJPO UIBU x2 JT UIF IJHIFTU PSEFS UFSN QSFTFOU JO FBDI PG s BOE u�

B� 6TJOH B TJNJMBS BMHFCSBJD BQQSPBDI UP PVS XPSL JO "DUJWJUZ ����� NVMUJQMZ s(x)
CZ 1 !

1
x2
1

x2
BOE IFODF FWBMVBUF

lim
x→∞

3x − 5
7x2 + 2x − 11

�

8IBU WBMVF EP ZPV КOE 

C� 1MPU UIF GVODUJPO y ! s(x) PO UIF JOUFSWBM [−10, 10]� 8IBU JT UIF HSBQIJDBM NFBO�
JOH PG UIF MJNJU ZPV GPVOE JO 	B
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$IBQUFS � 1PMZOPNJBM BOE 3BUJPOBM 'VODUJPOT

D� /FYU VTF BQQSPQSJBUF BMHFCSBJD XPSL UP DPOTJEFS u(x) BOE FWBMVBUF

lim
x→∞

3x2 − 5x + 1
7x + 2 �

8IBU EP ZPV КOE 

E� 1MPU UIF GVODUJPO y ! u(x) PO UIF JOUFSWBM [−10, 10]� 8IBU JT UIF HSBQIJDBM NFBO�
JOH PG UIF MJNJU ZPV DPNQVUFE JO 	D
 

8F TVNNBSJ[F BOE HFOFSBMJ[F UIF SFTVMUT PG "DUJWJUZ ����� BOE "DUJWJUZ ����� BT GPMMPXT�

5IF MPOH�UFSN CFIBWJPS PG B SBUJPOBM GVODUJPO�

-FU p BOE q CF QPMZOPNJBM GVODUJPOT TP UIBU r(x) ! p(x)
q(x) JT B SBUJPOBM GVODUJPO� 4VQQPTF

UIBU p IBT EFHSFF n XJUI MFBEJOH UFSN an xn BOE q IBT EFHSFF m XJUI MFBEJOH UFSN
bm xm GPS TPNF OPO[FSP DPOTUBOUT an BOE bm � 5IFSF BSF UISFF QPTTJCJMJUJFT 	n < m
n ! m BOE n > m
 UIBU SFTVMU JO UISFF EJЙFSFOU CFIBWJPST PG r�

B� JG n < m UIFO UIF EFHSFF PG UIF OVNFSBUPS JT MFTT UIBO UIF EFHSFF PG UIF EF�
OPNJOBUPS BOE UIVT

lim
n→∞

r(x) ! lim
n→∞

an xn + · · · + a0
bm xm + · · · + b0

! 0

XIJDI UFMMT VT UIBU y ! 0 JT B IPSJ[POUBM BTZNQUPUF PG r�

C� JG n ! m UIFO UIF EFHSFF PG UIF OVNFSBUPS FRVBMT UIF EFHSFF PG UIF EFOPNJOB�
UPS BOE UIVT

lim
n→∞

r(x) ! lim
n→∞

an xn + · · · + a0
bn xn + · · · + b0

!
an

bn


XIJDI UFMMT VT UIBU y !
an
bn

	UIF SBUJP PG UIF DPFМDJFOUT PG UIF IJHIFTU PSEFS UFSNT
JO p BOE q
 JT B IPSJ[POUBM BTZNQUPUF PG r�

D� JG n > m UIFO UIF EFHSFF PG UIF OVNFSBUPS JT HSFBUFS UIBO UIF EFHSFF PG UIF
EFOPNJOBUPS BOE UIVT

lim
n→∞

r(x) ! lim
n→∞

an xn + · · · + a0
bm xm + · · · + b0

! ±∞

	XIFSF UIF TJHO PG UIF MJNJU EFQFOET PO UIF TJHOT PG an BOE bm
 XIJDI UFMMT VT
UIBU r JT EPFT OPU IBWF B IPSJ[POUBM BTZNQUPUF�

*O CPUI TJUVBUJPOT 	B
 BOE 	C
 UIF WBMVF PG limx→−∞ r(x) JT JEFOUJDBM UP limx→∞ r(x)�
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����� 5IF EPNBJO PG B SBUJPOBM GVODUJPO

#FDBVTF B SBUJPOBM GVODUJPO DBO CF XSJUUFO JO UIF GPSN r(x) !
p(x)
q(x) GPS TPNF QPMZOPNJBM

GVODUJPOT p BOE q XF IBWF UP CF DPODFSOFE BCPVU UIF QPTTJCJMJUZ UIBU B SBUJPOBM GVODUJPOɒT
EFOPNJOBUPS JT [FSP� 4JODF QPMZOPNJBM GVODUJPOT BMXBZT IBWF UIFJS EPNBJO BT UIF TFU PG
BMM SFBM OVNCFST JU GPMMPXT UIBU BOZ SBUJPOBM GVODUJPO JT POMZ VOEFКOFE BU QPJOUT XIFSF JUT
EFOPNJOBUPS JT [FSP�

5IF EPNBJO PG B SBUJPOBM GVODUJPO�

-FU p BOE q CF QPMZOPNJBM GVODUJPOT TP UIBU r(x) !
p(x)
q(x) JT B SBUJPOBM GVODUJPO� 5IF

EPNBJO PG r JT UIF TFU PG BMM SFBM OVNCFST FYDFQU UIPTF GPS XIJDI q(x) ! 0�

&YBNQMF ����� %FUFSNJOF UIF EPNBJO PG UIF GVODUJPO r(x) ! 5x3+17x2−9x+4
2x3−6x2−8x �

4PMVUJPO� 5P КOE UIF EPNBJO PG BOZ SBUJPOBM GVODUJPO XF OFFE UP EFUFSNJOF XIFSF UIF
EFOPNJOBUPS JT [FSP� 5IF CFTU XBZ UP КOE UIFTF WBMVFT FYBDUMZ JT UP GBDUPS UIF EFOPNJOBUPS�
5IVT XF PCTFSWF UIBU

2x3 − 6x2 − 8x ! 2x(x2 − 3x − 4) ! 2x(x + 1)(x − 4)�

#Z UIF ;FSP 1SPEVDU 1SPQFSUZ JU GPMMPXT UIBU UIF EFOPNJOBUPS PG r JT [FSP BU x ! 0 x ! −1
BOE x ! 4� )FODF UIF EPNBJO PG r JT UIF TFU PG BMM SFBM OVNCFST FYDFQU −1 0 BOE 4� "

8F OPUF UIBU XIFO JU DPNFT UP EFUFSNJOJOH UIF EPNBJO PG B SBUJPOBM GVODUJPO UIF OVNFSBUPS
JT JSSFMFWBOU� BMM UIBU NBUUFST JT XIFSF UIF EFOPNJOBUPS JT 0�

"DUJWJUZ ������ %FUFSNJOF UIF EPNBJO PG FBDI PG UIF GPMMPXJOH GVODUJPOT� *O FBDI DBTF
XSJUF B TFOUFODF UP BDDVSBUFMZ EFTDSJCF UIF EPNBJO�

B� f (x) ! x2 − 1
x2 + 1

C� !(x) ! x2 − 1
x2 + 3x − 4

D� h(x) ! 1
x
+

1
x − 1 +

1
x − 2

E� j(x) ! (x + 5)(x − 3)(x + 1)(x − 4)
(x + 1)(x + 3)(x − 5)

F� k(x) ! 2x2 + 7
3x3 − 12x

G� m(x) ! 5x2 − 45
7(x − 2)(x − 3)2(x2 + 9)(x + 1)

����� "QQMJDBUJPOT PG SBUJPOBM GVODUJPOT

3BUJPOBM GVODUJPOT BSJTF OBUVSBMMZ JO UIF TUVEZ PG UIF BWFSBHF SBUF PG DIBOHF PG B QPMZOPNJBM
GVODUJPO MFBEJOH UP FYQSFTTJPOT TVDI BT

AV[2,2+h] !
−64h − 16h2

h
�

8F XJMM TUVEZ TFWFSBM TVCUMF JTTVFT UIBU DPSSFTQPOE UP TVDI GVODUJPOT GVSUIFS JO 4FDUJPO ����
'PS OPX XF XJMM GPDVT PO B EJЙFSFOU TFUUJOH JO XIJDI SBUJPOBM GVODUJPOT QMBZ B LFZ SPMF�
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*O 4FDUJPO ��� XF FODPVOUFSFE B DMBTT PG QSPCMFNT XIFSF B LFZ RVBOUJUZ XBT NPEFMFE CZ
B QPMZOPNJBM GVODUJPO� 8F GPVOE UIBU JG XF DPOTJEFSFE B DPOUBJOFS TVDI BT B DZMJOEFS XJUI
КYFE TVSGBDF BSFB UIFO UIF WPMVNF PG UIF DPOUBJOFS DPVME CF XSJUUFO BT B QPMZOPNJBM PG B
TJOHMF WBSJBCMF� 'PS JOTUBODF JG XF DPOTJEFS B DJSDVMBS DZMJOEFS XJUI TVSGBDF BSFB 10 TRVBSF
GFFU UIFO XF LOPX UIBU

S ! 10 ! 2πr2
+ 2πrh

BOE UIFSFGPSF h ! 10−2πr2

2πr � 4JODF UIF DZMJOEFSɒT WPMVNF JT V ! πr2h JU GPMMPXT UIBU

V ! πr2h ! πr2
(
10 − 2πr2

2πr

)
! r(10 − 2πr2)

XIJDI JT B QPMZOPNJBM GVODUJPO PG r�

8IBU IBQQFOT JG XF JOTUFBE КY UIF WPMVNF PG UIF DPOUBJOFS BOE BTL BCPVU IPX TVSGBDF BSFB
DBO CF XSJUUFO BT B GVODUJPO PG B TJOHMF WBSJBCMF 

&YBNQMF ����� 4VQQPTF XF XBOU UP DPOTUSVDU B DJSDVMBS DZMJOEFS UIBU IPMET 20 DVCJD GFFU PG
WPMVNF� )PX NVDI NBUFSJBM EPFT JU UBLF UP CVJME UIF DPOUBJOFS )PX DBO XF TUBUF UIF
BNPVOU PG NBUFSJBM BT B GVODUJPO PG B TJOHMF WBSJBCMF 

4PMVUJPO� /FHMFDUJOH BOZ TDSBQ UIF BNPVOU PG NBUFSJBM JU UBLFT UP DPOTUSVDU UIF DPOUBJOFS
JT JUT TVSGBDF BSFB XIJDI XF LOPX UP CF

S ! 2πr2
+ 2πrh�

#FDBVTF XF XBOU UIF WPMVNF UP CF КYFE UIJT SFTVMUT JO B DPOTUSBJOU FRVBUJPO UIBU FOBCMFT VT
UP SFMBUF r BOE h� *O QBSUJDVMBS TJODF

V ! 20 ! πr2h

JU GPMMPXT UIBU XF DBO TPMWF GPS h BOE HFU h ! 20
πr2 � 4VCTUJUVUJOH UIJT FYQSFTTJPO GPS h JO UIF

FRVBUJPO GPS TVSGBDF BSFB XF КOE UIBU

S ! 2πr2
+ 2πr · 20

πr2 ! 2πr2
+

40
r
�

(FUUJOH B DPNNPO EFOPNJOBUPS XF DBO BMTP XSJUF S JO UIF GPSN

S(r) ! 2πr3 + 40
r

BOE UIVT XF TFF UIBU S JT B SBUJPOBM GVODUJPO PG r� #FDBVTF PG UIF QIZTJDBM DPOUFYU PG UIF
QSPCMFN BOE UIF GBDU UIBU UIF EFOPNJOBUPS PG S JT r UIF EPNBJO PG S JT UIF TFU PG BMM QPTJUJWF
SFBM OVNCFST� "

"DUJWJUZ ������ 4VQQPTF UIBU XF XBOU UP CVJME BO PQFO SFDUBOHVMBS CPY 	UIBU JT XJUI�
PVU B UPQ
 UIBU IPMET 15 DVCJD GFFU PG WPMVNF� *G XF XBOU POF TJEF PG UIF CBTF UP CF
UXJDF BT MPOH BT UIF PUIFS IPX EPFT UIF BNPVOU PG NBUFSJBM SFRVJSFE EFQFOE PO UIF
TIPSUFS TJEF PG UIF CBTF 8F JOWFTUJHBUF UIJT RVFTUJPO UISPVHI UIF GPMMPXJOH TFRVFODF
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PG QSPNQUT�
B� %SBX B MBCFMFE QJDUVSF PG UIF CPY� -FU x SFQSFTFOU UIF TIPSUFS TJEF PG UIF CBTF

BOE h UIF IFJHIU PG UIF CPY� 8IBU JT UIF MFOHUI PG UIF MPOHFS TJEF PG UIF CBTF JO
UFSNT PG x 

C� 6TF UIF HJWFO WPMVNF DPOTUSBJOU UP XSJUF BO FRVBUJPO UIBU SFMBUFT x BOE h BOE
TPMWF UIF FRVBUJPO GPS h JO UFSNT PG x�

D� %FUFSNJOF B GPSNVMB GPS UIF TVSGBDF BSFB S PG UIF CPY JO UFSNT PG x BOE h�

E� 6TJOH UIF DPOTUSBJOU FRVBUJPO GSPN 	C
 UPHFUIFS XJUI ZPVS XPSL JO 	D
 XSJUF
TVSGBDF BSFB S BT B GVODUJPO PG UIF TJOHMF WBSJBCMF x�

F� 8IBU UZQF PG GVODUJPO JT S 8IBU JT JUT EPNBJO 

G� 1MPU UIF GVODUJPO S VTJOH %FTNPT� 8IBU BQQFBST UP CF UIF MFBTU BNPVOU PG NB�
UFSJBM UIBU DBO CF VTFE UP DPOTUSVDU UIF EFTJSFE CPY UIBU IPMET 15 DVCJD GFFU PG
WPMVNF 

����� 4VNNBSZ

ə " SBUJPOBM GVODUJPO JT B GVODUJPO XIPTF GPSNVMB DBO CF XSJUUFO BT UIF SBUJP PG UXP
QPMZOPNJBM GVODUJPOT� 'PS JOTUBODF r(x) ! 7x3−5x+16

−4x4+2x3−11x+3 JT B SBUJPOBM GVODUJPO�

ə 5XP BTQFDUT PG SBUJPOBM GVODUJPOT BSF TUSBJHIUGPSXBSE UP EFUFSNJOF GPS BOZ SBUJPOBM
GVODUJPO� (JWFO r(x) !

p(x)
q(x) XIFSF p BOE q BSF QPMZOPNJBMT UIF EPNBJO PG r JT UIF

TFU PG BMM SFBM OVNCFST FYDFQU BOZ WBMVFT PG x GPS XIJDI q(x) ! 0� *O BEEJUJPO XF DBO
EFUFSNJOF UIF MPOH�SBOHF CFIBWJPS PG r CZ FYBNJOJOH UIF IJHIFTU PSEFS UFSNT JO p BOE
q�

◦ JG UIF EFHSFF PG p JT MFTT UIBO UIF EFHSFF PG q UIFO r IBT B IPSJ[POUBM BTZNQUPUF
BU y ! 0�

◦ JG UIF EFHSFF PG p FRVBMT UIF EFHSFF PG q UIFO r IBT B IPSJ[POUBM BTZNQUPUF BU
y !

an
bn
 XIFSF an BOE bn BSF UIF MFBEJOH DPFМDJFOUT PG p BOE q SFTQFDUJWFMZ�

◦ BOE JG UIF EFHSFF PG p JT HSFBUFS UIBO UIF EFHSFF PG q UIFO r EPFT OPU IBWF B
IPSJ[POUBM BTZNQUPUF�

ə 5XP SFBTPOT UIBU SBUJPOBM GVODUJPOT BSF JNQPSUBOU BSF UIBU UIFZ BSJTF OBUVSBMMZ XIFO
XF DPOTJEFS UIF BWFSBHF SBUF PG DIBOHF PO BO JOUFSWBM XIPTF MFOHUI WBSJFT BOE XIFO
XF DPOTJEFS QSPCMFNT UIBU SFMBUF UIF WPMVNF BOE TVSGBDF BSFB PG UISFF�EJNFOTJPOBM
DPOUBJOFST XIFO POF PG UIPTF UXP RVBOUJUJFT JT DPOTUSBJOFE�

���Page 134



$IBQUFS � 1PMZOPNJBM BOE 3BUJPOBM 'VODUJPOT

����� &YFSDJTFT

�� 'JOE UIF IPSJ[POUBM BTZNQUPUF JG JU FYJTUT PG UIF SBUJPOBM GVODUJPO CFMPX�

!(x) ! (−1 − x)(−7 − 2x)
2x2 + 1

�� $PNQBSF BOE EJTDVTT UIF MPOH�SVO CFIBWJPST PG UIF GVODUJPOT CFMPX� *O FBDI CMBOL
FOUFS FJUIFS UIF DPOTUBOU PS UIF QPMZOPNJBM UIBU UIF SBUJPOBM GVODUJPO CFIBWFT MJLF BT
x → ±∞�

f (x) ! x3 + 3
x3 − 8

 !(x) ! x2 + 3
x3 − 8

 BOE h(x) ! x4 + 3
x3 − 8

f (x) XJMM CFIBWF MJLF UIF GVODUJPO y ! BT x → ±∞�

!(x) XJMM CFIBWF MJLF UIF GVODUJPO y ! BT x → ±∞�

h(x) XJMM CFIBWF MJLF UIF GVODUJPO y ! BT x → ±∞�

�� -FU r(x) ! p(x)
q(x)  XIFSF p BOE q BSF QPMZOPNJBMT PG EFHSFFT m BOE n SFTQFDUJWFMZ�

	B
 *G r(x) → 0 BT x → ∞ UIFO

" m > n " m ! n " m < n " /POF PG UIF BCPWF

	C
 *G r(x) → k BT x → ∞ XJUI k ! 0 UIFO

" m < n " m > n " m ! n " /POF PG UIF BCPWF

�� 'JOE BMM [FSPT BOE WFSUJDBM BTZNQUPUFT PG UIF SBUJPOBM GVODUJPO

f (x) ! x + 6
(x + 9)2 �

	B
 5IF GVODUJPO IBT [FSP	T
 BU x !

	C
 5IF GVODUJPO IBT WFSUJDBM BTZNQUPUF	T
 BU x !

	D
 5IF GVODUJPOɒT MPOH�SVO CFIBWJPS JT UIBU y → BT x → ±∞
	E
 0O B QJFDF PG QBQFS TLFUDI B HSBQI PG UIJT GVODUJPO XJUIPVU VTJOH ZPVS DBMDVMBUPS�

�� 'JOE BMM [FSPT BOE WFSUJDBM BTZNQUPUFT PG UIF SBUJPOBM GVODUJPO

f (x) ! x2 − 16
−x3 − 16x2 �

	B
 5IF GVODUJPO IBT Y�JOUFSDFQU	T
 BU x !

	C
 5IF GVODUJPO IBT Z�JOUFSDFQU	T
 BU y !

	D
 5IF GVODUJPO IBT WFSUJDBM BTZNQUPUF	T
 XIFO x !

	E
 5IF GVODUJPO IBT IPSJ[POUBM BTZNQUPUF	T
 XIFO y !

�� 6TJOH UIF HSBQI PG UIF SBUJPOBM GVODUJPO y ! f (x) HJWFO JO UIF КHVSF CFMPX FWBMVBUF
UIF MJNJUT�
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	B
 lim
x→∞

f (x)

	C
 lim
x→−∞

f (x)

	D
 lim
x→1+

f (x)

	E
 lim
x→1−

f (x)

�� 5IF HSBQI CFMPX JT B WFSUJDBM BOE�PS IPSJ[POUBM TIJGU PG y ! 1/x 	BTTVNF OP SFЛFDUJPOT
PS DPNQSFTTJPO�FYQBOTJPOT IBWF CFFO BQQMJFE
�

	B
 5IF HSBQIɒT FRVBUJPO DBO CF XSJUUFO JO UIF GPSN

f (x) ! 1
x + A

+ B

GPS DPOTUBOUT A BOE B� #BTFE PO UIF HSBQI BCPWF КOE UIF WBMVFT GPS A BOE B�

	C
 /PX UBLF ZPVS GPSNVMB GSPN QBSU 	B
 BOE XSJUF JU BT UIF SBUJP PG UXP MJOFBS QPMZOP�
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NJBMT PG UIF GPSN
f (x) ! Mx + C

x + D
GPS DPOTUBOUT M  C BOE D� 8IBU BSF UIF WBMVFT PG M  C BOE D 

	D
 'JOE UIF FYBDU WBMVFT PG UIF DPPSEJOBUFT PG UIF x� BOE y�JOUFSDFQUT PG UIF HSBQI�

�� 'JOE BMM [FSPT BOE WFSUJDBM BTZNQUPUFT PG UIF SBUJPOBM GVODUJPO

f (x) ! x2 − 1
x2 + 1

�

	B
 5IF GVODUJPO IBT Y�JOUFSDFQU	T
 BU x !

	C
 5IF GVODUJPO IBT Z�JOUFSDFQU	T
 BU y !

	D
 5IF GVODUJPO IBT WFSUJDBM BTZNQUPUF	T
 XIFO x !

	E
 5IF GVODUJPO IBT IPSJ[POUBM BTZNQUPUF	T
 XIFO y !

�� 'PS FBDI SBUJPOBM GVODUJPO CFMPX EFUFSNJOF UIF GVODUJPOɒT EPNBJO BT XFMM BT UIF FYBDU
WBMVF PG BOZ IPSJ[POUBM BTZNQUPUF�

B� f (x) ! 17x2 + 34
19x2 − 76

C� !(x) ! 29
53 +

1
x − 2

D� h(x) ! 4 − 31x
11x − 7

E� r(x) ! 151(x − 4)(x + 5)2(x − 2)
537(x + 5)(x + 1)(x2 + 1)(x − 15)

��� " SFDUBOHVMBS CPY JT CFJOH DPOTUSVDUFE TP UIBU JUT CBTF JT 1.5 UJNFT BT MPOH BT JU JT XJEF�
*O BEEJUJPO TVQQPTF UIBU NBUFSJBM GPS UIF CBTF BOE UPQ PG UIF CPY DPTUT �3.75 QFS TRVBSF
GPPU XIJMF NBUFSJBM GPS UIF TJEFT DPTUT �2.50 QFS TRVBSF GPPU� 'JOBMMZ XF XBOU UIF CPY
UP IPME 8 DVCJD GFFU PG WPMVNF�

B� %SBX B MBCFMFE QJDUVSF PG UIF CPY XJUI x BT UIF MFOHUI PG UIF TIPSUFS TJEF PG UIF
CPYɒT CBTF BOE h BT JUT IFJHIU�

C� %FUFSNJOF B GPSNVMB JOWPMWJOH x BOE h GPS UIF UPUBM TVSGBDF BSFB S PG UIF CPY�

D� 6TF ZPVS XPSL GSPN 	C
 BMPOH XJUI UIF HJWFO JOGPSNBUJPO BCPVU DPTU UP EFUFSNJOF
B GPSNVMB GPS UIF UPUBM DPTU C PJG UIF CPY JO UFSNT PG x BOE h�

E� 6TF UIF WPMVNF DPOTUSBJOU HJWFO JO UIF QSPCMFN UP XSJUF BO FRVBUJPO UIBU SFMBUFT
x BOE h BOE TPMWF UIBU FRVBUJPO GPS h JO UFSNT PG x�

F� $PNCJOF ZPVS XPSL JO 	D
 BOE 	E
 UP XSJUF UIF DPTU C PG UIF CPY BT B GVODUJPO
TPMFMZ PG x�

G� 8IBU JT UIF EPNBJO PG UIF DPTU GVODUJPO )PX EPFT B HSBQI PG UIF DPTU GVODUJPO
BQQFBS 8IBU EPFT UIJT TVHHFTU BCPVU UIF JEFBM CPY GPS UIF HJWFO DPOTUSBJOUT 
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Other device ownership and usage trends may go in different directions by generation. From 2018 to 2019, Millennial
tablet computer ownership dropped from 64% to 52%. But during the same period, the Baby Boom generation's tablet
computer ownership stayed exactly even with 52% reporting ownership. And the 74-and-older group's tablet ownership
increased from 25% to 33%.2

What do these scenarios have in common? The functions representing them have changed over time. In this section, we
will consider methods of computing such changes over time.

Finding the Average Rate of Change of a Function
The functions describing the examples above involve a change over time. Change divided by time is one example of a
rate. The rates of change in the previous examples are each different. In other words, some changed faster than others.
If we were to graph the functions, we could compare the rates by determining the slopes of the graphs.

A tangent line to a curve is a line that intersects the curve at only a single point but does not cross it there. (The tangent
line may intersect the curve at another point away from the point of interest.) If we zoom in on a curve at that point, the
curve appears linear, and the slope of the curve at that point is close to the slope of the tangent line at that point.

Figure 1 represents the function We can see the slope at various points along the curve.

• slope at is 8
• slope at is –1
• slope at is 8

Figure 1 Graph showing tangents to curve at –2, –1, and 2.

Let’s imagine a point on the curve of function at as shown in Figure 2. The coordinates of the point are
Connect this point with a second point on the curve a little to the right of with an x-value increased by some small
real number The coordinates of this second point are for some positive-value

Figure 2 Connecting point with a point just beyond allows us to measure a slope close to that of a tangent line at

We can calculate the slope of the line connecting the two points and called a secant line, by
applying the slope formula,

2 https://www.pewresearch.org/fact-tank/2019/09/09/us-generations-technology-use/
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We use the notation to represent the slope of the secant line connecting two points.

The slope equals the average rate of change between two points and

The Average Rate of Change between Two Points on a Curve

The average rate of change (AROC) between two points and on the curve of is the slope
of the line connecting the two points and is given by

EXAMPLE 1

Finding the Average Rate of Change
Find the average rate of change connecting the points and

Solution
We know the average rate of change connecting two points may be given by

If one point is or then

The value is the displacement from to which equals

For the other point, is the y-coordinate at which is or so

TRY IT #1 Find the average rate of change connecting the points and

Understanding the Instantaneous Rate of Change
Now that we can find the average rate of change, suppose we make in Figure 2 smaller and smaller. Then will
approach as gets smaller, getting closer and closer to 0. Likewise, the second point will approach
the first point, As a consequence, the connecting line between the two points, called the secant line, will get
closer and closer to being a tangent to the function at and the slope of the secant line will get closer and closer to
the slope of the tangent at See Figure 3.

1254 12 • Introduction to Calculus
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4.2 exponents and exponential functions

4.2.1 simplifying expressions with exponents, negative exponents

(OpenStax College Algebra with Corequisite Support)

4.2.2 modeling with exponential functions (Active Prelude to Cal-

culus)
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Monday Tuesday Wednesday Thursday Friday Saturday Sunday

9-9:30pm

9:30-10pm

10-10:30pm

10:30-11pm

11-11:30pm

Mathematicians, scientists, and economists commonly encounter very large and very small numbers. But it may not be
obvious how common such figures are in everyday life. For instance, a pixel is the smallest unit of light that can be
perceived and recorded by a digital camera. A particular camera might record an image that is 2,048 pixels by 1,536
pixels, which is a very high resolution picture. It can also perceive a color depth (gradations in colors) of up to 48 bits per
frame, and can shoot the equivalent of 24 frames per second. The maximum possible number of bits of information
used to film a one-hour (3,600-second) digital film is then an extremely large number.

Using a calculator, we enter and press ENTER. The calculator displays 1.304596316E13.
What does this mean? The “E13” portion of the result represents the exponent 13 of ten, so there are a maximum of
approximately bits of data in that one-hour film. In this section, we review rules of exponents first and then
apply them to calculations involving very large or small numbers.

Using the Product Rule of Exponents
Consider the product Both terms have the same base, x, but they are raised to different exponents. Expand each
expression, and then rewrite the resulting expression.

The result is that

Notice that the exponent of the product is the sum of the exponents of the terms. In other words, when multiplying
exponential expressions with the same base, we write the result with the common base and add the exponents. This is
the product rule of exponents.

Now consider an example with real numbers.

We can always check that this is true by simplifying each exponential expression. We find that is 8, is 16, and is
128. The product equals 128, so the relationship is true. We can use the product rule of exponents to simplify
expressions that are a product of two numbers or expressions with the same base but different exponents.

The Product Rule of Exponents

For any real number and natural numbers and the product rule of exponents states that
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EXAMPLE 1

Using the Product Rule
Write each of the following products with a single base. Do not simplify further.

ⓐ ⓑ ⓒ
Solution

Use the product rule to simplify each expression.

ⓐ ⓑ ⓒ
At first, it may appear that we cannot simplify a product of three factors. However, using the associative property of
multiplication, begin by simplifying the first two.

Notice we get the same result by adding the three exponents in one step.

TRY IT #1 Write each of the following products with a single base. Do not simplify further.

ⓐ ⓑ ⓒ
Using the Quotient Rule of Exponents
The quotient rule of exponents allows us to simplify an expression that divides two numbers with the same base but
different exponents. In a similar way to the product rule, we can simplify an expression such as where

Consider the example Perform the division by canceling common factors.

Notice that the exponent of the quotient is the difference between the exponents of the divisor and dividend.

In other words, when dividing exponential expressions with the same base, we write the result with the common base
and subtract the exponents.

For the time being, we must be aware of the condition Otherwise, the difference could be zero or negative.
Those possibilities will be explored shortly. Also, instead of qualifying variables as nonzero each time, we will simplify
matters and assume from here on that all variables represent nonzero real numbers.

The Quotient Rule of Exponents

For any real number and natural numbers and such that the quotient rule of exponents states that
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EXAMPLE 2

Using the Quotient Rule
Write each of the following products with a single base. Do not simplify further.

ⓐ ⓑ ⓒ
Solution

Use the quotient rule to simplify each expression.

ⓐ ⓑ ⓒ

TRY IT #2 Write each of the following products with a single base. Do not simplify further.

ⓐ ⓑ ⓒ

Using the Power Rule of Exponents
Suppose an exponential expression is raised to some power. Can we simplify the result? Yes. To do this, we use the
power rule of exponents. Consider the expression The expression inside the parentheses is multiplied twice
because it has an exponent of 2. Then the result is multiplied three times because the entire expression has an exponent
of 3.

The exponent of the answer is the product of the exponents: In other words, when raising an
exponential expression to a power, we write the result with the common base and the product of the exponents.

Be careful to distinguish between uses of the product rule and the power rule. When using the product rule, different
terms with the same bases are raised to exponents. In this case, you add the exponents. When using the power rule, a
term in exponential notation is raised to a power. In this case, you multiply the exponents.

The Power Rule of Exponents

For any real number and positive integers and the power rule of exponents states that
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EXAMPLE 3

Using the Power Rule
Write each of the following products with a single base. Do not simplify further.

ⓐ ⓑ ⓒ
Solution

Use the power rule to simplify each expression.

ⓐ ⓑ ⓒ

TRY IT #3 Write each of the following products with a single base. Do not simplify further.

ⓐ ⓑ ⓒ
Using the Zero Exponent Rule of Exponents
Return to the quotient rule. We made the condition that so that the difference would never be zero or
negative. What would happen if In this case, we would use the zero exponent rule of exponents to simplify the
expression to 1. To see how this is done, let us begin with an example.

If we were to simplify the original expression using the quotient rule, we would have

If we equate the two answers, the result is This is true for any nonzero real number, or any variable representing
a real number.

The sole exception is the expression This appears later in more advanced courses, but for now, we will consider the
value to be undefined.

The Zero Exponent Rule of Exponents

For any nonzero real number the zero exponent rule of exponents states that

EXAMPLE 4

Using the Zero Exponent Rule
Simplify each expression using the zero exponent rule of exponents.

ⓐ ⓑ ⓒ ⓓ
Solution

Use the zero exponent and other rules to simplify each expression.

ⓐ
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ⓑ

ⓒ

ⓓ

TRY IT #4 Simplify each expression using the zero exponent rule of exponents.

ⓐ ⓑ ⓒ ⓓ

Using the Negative Rule of Exponents
Another useful result occurs if we relax the condition that in the quotient rule even further. For example, can we

simplify When —that is, where the difference is negative—we can use the negative rule of exponents to

simplify the expression to its reciprocal.

Divide one exponential expression by another with a larger exponent. Use our example,

If we were to simplify the original expression using the quotient rule, we would have

Putting the answers together, we have This is true for any nonzero real number, or any variable representing
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a nonzero real number.

A factor with a negative exponent becomes the same factor with a positive exponent if it is moved across the fraction
bar—from numerator to denominator or vice versa.

We have shown that the exponential expression is defined when is a natural number, 0, or the negative of a natural
number. That means that is defined for any integer Also, the product and quotient rules and all of the rules we will
look at soon hold for any integer

The Negative Rule of Exponents

For any nonzero real number and natural number the negative rule of exponents states that

EXAMPLE 5

Using the Negative Exponent Rule
Write each of the following quotients with a single base. Do not simplify further. Write answers with positive exponents.

ⓐ ⓑ ⓒ
Solution

ⓐ ⓑ

ⓒ

TRY IT #5 Write each of the following quotients with a single base. Do not simplify further. Write answers
with positive exponents.

ⓐ ⓑ ⓒ

EXAMPLE 6

Using the Product and Quotient Rules
Write each of the following products with a single base. Do not simplify further. Write answers with positive exponents.

ⓐ ⓑ ⓒ
Solution

ⓐ ⓑ
ⓒ

TRY IT #6 Write each of the following products with a single base. Do not simplify further. Write answers
with positive exponents.

ⓐ ⓑ
Finding the Power of a Product
To simplify the power of a product of two exponential expressions, we can use the power of a product rule of exponents,
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which breaks up the power of a product of factors into the product of the powers of the factors. For instance, consider
We begin by using the associative and commutative properties of multiplication to regroup the factors.

In other words,

The Power of a Product Rule of Exponents

For any real numbers and and any integer the power of a product rule of exponents states that

EXAMPLE 7

Using the Power of a Product Rule
Simplify each of the following products as much as possible using the power of a product rule. Write answers with
positive exponents.

ⓐ ⓑ ⓒ ⓓ ⓔ
Solution

Use the product and quotient rules and the new definitions to simplify each expression.

ⓐ ⓑ
ⓒ ⓓ
ⓔ

TRY IT #7 Simplify each of the following products as much as possible using the power of a product rule.
Write answers with positive exponents.

ⓐ ⓑ ⓒ ⓓ ⓔ

Finding the Power of a Quotient
To simplify the power of a quotient of two expressions, we can use the power of a quotient rule, which states that the
power of a quotient of factors is the quotient of the powers of the factors. For example, let’s look at the following
example.

Let’s rewrite the original problem differently and look at the result.

It appears from the last two steps that we can use the power of a product rule as a power of a quotient rule.
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The Power of a Quotient Rule of Exponents

For any real numbers and and any integer the power of a quotient rule of exponents states that

EXAMPLE 8

Using the Power of a Quotient Rule
Simplify each of the following quotients as much as possible using the power of a quotient rule. Write answers with
positive exponents.

ⓐ ⓑ ⓒ ⓓ ⓔ
Solution

ⓐ ⓑ

ⓒ ⓓ
ⓔ

TRY IT #8 Simplify each of the following quotients as much as possible using the power of a quotient rule.
Write answers with positive exponents.

ⓐ ⓑ ⓒ ⓓ ⓔ
Simplifying Exponential Expressions
Recall that to simplify an expression means to rewrite it by combing terms or exponents; in other words, to write the
expression more simply with fewer terms. The rules for exponents may be combined to simplify expressions.

EXAMPLE 9

Simplifying Exponential Expressions
Simplify each expression and write the answer with positive exponents only.

ⓐ ⓑ ⓒ ⓓ

ⓔ ⓕ
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Solution
ⓐ

ⓑ

ⓒ

ⓓ

ⓔ

ⓕ

TRY IT #9 Simplify each expression and write the answer with positive exponents only.

ⓐ ⓑ ⓒ ⓓ

ⓔ ⓕ

Using Scienti5c Notation
Recall at the beginning of the section that we found the number when describing bits of information in digital
images. Other extreme numbers include the width of a human hair, which is about 0.00005 m, and the radius of an
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electron, which is about 0.00000000000047 m. How can we effectively work read, compare, and calculate with numbers
such as these?

A shorthand method of writing very small and very large numbers is called scientific notation, in which we express
numbers in terms of exponents of 10. To write a number in scientific notation, move the decimal point to the right of the
first digit in the number. Write the digits as a decimal number between 1 and 10. Count the number of places n that you
moved the decimal point. Multiply the decimal number by 10 raised to a power of n. If you moved the decimal left as in a
very large number, is positive. If you moved the decimal right as in a small large number, is negative.

For example, consider the number 2,780,418. Move the decimal left until it is to the right of the first nonzero digit, which
is 2.

We obtain 2.780418 by moving the decimal point 6 places to the left. Therefore, the exponent of 10 is 6, and it is positive
because we moved the decimal point to the left. This is what we should expect for a large number.

Working with small numbers is similar. Take, for example, the radius of an electron, 0.00000000000047 m. Perform the
same series of steps as above, except move the decimal point to the right.

Be careful not to include the leading 0 in your count. We move the decimal point 13 places to the right, so the exponent
of 10 is 13. The exponent is negative because we moved the decimal point to the right. This is what we should expect for
a small number.

Scienti5c Notation

A number is written in scientific notation if it is written in the form where and is an integer.

EXAMPLE 10

Converting Standard Notation to Scientific Notation
Write each number in scientific notation.

ⓐ Distance to Andromeda Galaxy from Earth: 24,000,000,000,000,000,000,000 m

ⓑ Diameter of Andromeda Galaxy: 1,300,000,000,000,000,000,000 m

ⓒ Number of stars in Andromeda Galaxy: 1,000,000,000,000

ⓓ Diameter of electron: 0.00000000000094 m

ⓔ Probability of being struck by lightning in any single year: 0.00000143

Solution
ⓐ

ⓑ
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ⓒ

ⓓ

ⓔ

Analysis
Observe that, if the given number is greater than 1, as in examples a–c, the exponent of 10 is positive; and if the number
is less than 1, as in examples d–e, the exponent is negative.

TRY IT #10 Write each number in scientific notation.

ⓐ U.S. national debt per taxpayer (April 2014): $152,000

ⓑ World population (April 2014): 7,158,000,000

ⓒ World gross national income (April 2014): $85,500,000,000,000

ⓓ Time for light to travel 1 m: 0.00000000334 s

ⓔ Probability of winning lottery (match 6 of 49 possible numbers): 0.0000000715

Converting from Scienti5c to Standard Notation
To convert a number in scientific notation to standard notation, simply reverse the process. Move the decimal places
to the right if is positive or places to the left if is negative and add zeros as needed. Remember, if is positive, the
value of the number is greater than 1, and if is negative, the value of the number is less than one.

EXAMPLE 11

Converting Scientific Notation to Standard Notation
Convert each number in scientific notation to standard notation.

ⓐ ⓑ ⓒ ⓓ
Solution

ⓐ ⓑ ⓒ ⓓ
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TRY IT #11 Convert each number in scientific notation to standard notation.

ⓐ ⓑ ⓒ ⓓ
Using Scienti5c Notation in Applications
Scientific notation, used with the rules of exponents, makes calculating with large or small numbers much easier than
doing so using standard notation. For example, suppose we are asked to calculate the number of atoms in 1 L of water.
Each water molecule contains 3 atoms (2 hydrogen and 1 oxygen). The average drop of water contains around

molecules of water and 1 L of water holds about average drops. Therefore, there are
approximately atoms in 1 L of water. We simply multiply the decimal
terms and add the exponents. Imagine having to perform the calculation without using scientific notation!

When performing calculations with scientific notation, be sure to write the answer in proper scientific notation. For
example, consider the product The answer is not in proper scientific notation
because 35 is greater than 10. Consider 35 as That adds a ten to the exponent of the answer.

EXAMPLE 12

Using Scientific Notation
Perform the operations and write the answer in scientific notation.

ⓐ ⓑ ⓒ
ⓓ ⓔ

Solution
ⓐ

ⓑ

ⓒ

ⓓ

ⓔ

TRY IT #12 Perform the operations and write the answer in scientific notation.
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ⓐ ⓑ
ⓒ ⓓ
ⓔ

EXAMPLE 13

Applying Scientific Notation to Solve Problems
In April 2014, the population of the United States was about 308,000,000 people. The national debt was about
$17,547,000,000,000. Write each number in scientific notation, rounding figures to two decimal places, and find the
amount of the debt per U.S. citizen. Write the answer in both scientific and standard notations.

Solution
The population was

The national debt was

To find the amount of debt per citizen, divide the national debt by the number of citizens.

The debt per citizen at the time was about or $57,000.

TRY IT #13 An average human body contains around 30,000,000,000,000 red blood cells. Each cell measures
approximately 0.000008 m long. Write each number in scientific notation and find the total length
if the cells were laid end-to-end. Write the answer in both scientific and standard notations.

MEDIA

Access these online resources for additional instruction and practice with exponents and scientific notation.

Exponential Notation (http://openstax.org/l/exponnot)
Properties of Exponents (http://openstax.org/l/exponprops)
Zero Exponent (http://openstax.org/l/zeroexponent)
Simplify Exponent Expressions (http://openstax.org/l/exponexpres)
Quotient Rule for Exponents (http://openstax.org/l/quotofexpon)
Scientific Notation (http://openstax.org/l/scientificnota)
Converting to Decimal Notation (http://openstax.org/l/decimalnota)

1.2 SECTION EXERCISES
Verbal

1. Is the same as
Explain.

2. When can you add two
exponents?

3. What is the purpose of
scientific notation?

4. Explain what a negative
exponent does.

42 1 • Prerequisites

Access for free at openstax.org Page 153

http://openstax.org/l/exponnot
http://openstax.org/l/exponprops
http://openstax.org/l/zeroexponent
http://openstax.org/l/exponexpres
http://openstax.org/l/quotofexpon
http://openstax.org/l/scientificnota
http://openstax.org/l/decimalnota


Numeric

For the following exercises, simplify the given expression. Write answers with positive exponents.

5. 6. 7.

8. 9. 10.

11. 12. 13.

14.

For the following exercises, write each expression with a single base. Do not simplify further. Write answers with positive
exponents.

15. 16. 17.

18. 19. 20.

For the following exercises, express the decimal in scientific notation.

21. 0.0000314 22. 148,000,000

For the following exercises, convert each number in scientific notation to standard notation.

23. 24.

Algebraic

For the following exercises, simplify the given expression. Write answers with positive exponents.

25. 26. 27.

28. 29. 30.

31. 32. 33.

34. 35. 36.

37. 38. 39.

40. 41. 42.
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43.

Real-World Applications

44. To reach escape velocity, a
rocket must travel at the
rate of ft/min.
Rewrite the rate in
standard notation.

45. A dime is the thinnest coin
in U.S. currency. A dime’s
thickness measures

m. Rewrite the
number in standard
notation.

46. The average distance
between Earth and the Sun
is 92,960,000 mi. Rewrite
the distance using scientific
notation.

47. A terabyte is made of
approximately
1,099,500,000,000 bytes.
Rewrite in scientific
notation.

48. The Gross Domestic
Product (GDP) for the
United States in the first
quarter of 2014 was

Rewrite
the GDP in standard
notation.

49. One picometer is
approximately

in. Rewrite
this length using standard
notation.

50. The value of the services
sector of the U.S. economy
in the first quarter of 2012
was $10,633.6 billion.
Rewrite this amount in
scientific notation.

Technology

For the following exercises, use a graphing calculator to simplify. Round the answers to the nearest hundredth.

51. 52.

Extensions

For the following exercises, simplify the given expression. Write answers with positive exponents.

53. 54. 55.

56. 57. 58. Avogadro’s constant is
used to calculate the
number of particles in a
mole. A mole is a basic unit
in chemistry to measure
the amount of a substance.
The constant is

Write
Avogadro’s constant in
standard notation.
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��� .PEFMJOH XJUI FYQPOFOUJBM GVODUJPOT

.PUJWBUJOH 2VFTUJPOT

ə 8IBU DBOXF TBZ BCPVU UIF CFIBWJPS PG BO FYQPOFOUJBM GVODUJPO BT UIF JOQVU HFUT MBSHFS
BOE MBSHFS 

ə )PX EP WFSUJDBM TUSFUDIFT BOE TIJGUT PG BO FYQPOPOUJBM GVODUJPO BЙFDU JUT CFIBWJPS 

ə 8IZ JT UIF UFNQFSBUVSF PG B DPPMJOH PS XBSNJOH PCKFDU NPEFMFE CZ B GVODUJPO PG UIF
GPSN F(t) ! abt + c 

*G B RVBOUJUZ DIBOHFT TP UIBU JUT HSPXUI PS EFDBZ PDDVST BU B DPOTUBOU QFSDFOUBHF SBUF XJUI
SFTQFDU UP UJNF UIF GVODUJPO JT FYQPOFOUJBM� 5IJT JT CFDBVTF JG UIF HSPXUI PS EFDBZ SBUF JT r
UIF UPUBM BNPVOU PG UIF RVBOUJUZ BU UJNF t JT HJWFO CZ A(t) ! a(1+ r)t  XIFSF a JT UIF BNPVOU
QSFTFOU BU UJNF t ! 0� .BOZ EJЙFSFOU OBUVSBM RVBOUJUJFT DIBOHF BDDPSEJOH UP FYQPOFOUJBM
NPEFMT� NPOFZ HSPXUI UISPVHI DPNQPVOEJOH JOUFSFTU UIF HSPXUI PG B QPQVMBUJPO PG DFMMT
BOE UIF EFDBZ PG SBEJPBDUJWF FMFNFOUT�

" SFMBUFE TJUVBUJPO BSJTFT XIFO BO PCKFDUɒT UFNQFSBUVSF DIBOHFT JO SFTQPOTF UP JUT TVSSPVOE�
JOHT� 'PS JOTUBODF JG XF IBWF B DVQ PG DPЙFF BU BO JOJUJBM UFNQFSBUVSF PG 186◦ 'BISFOIFJU BOE
UIF DVQ JT QMBDFE JO B SPPN XIFSF UIF TVSSPVOEJOH UFNQFSBUVSF JT 71◦ PVS JOUVJUJPO BOE FY�
QFSJFODF UFMM VT UIBU PWFS UJNF UIF DPЙFF XJMM DPPM BOE FWFOUVBMMZ UFOE UP UIF 71◦ UFNQFSBUVSF
PG UIF TVSSPVOEJOHT� 'SPN BO FYQFSJNFOU y XJUI BO BDUVBM UFNQFSBUVSF QSPCF XF IBWF UIF
EBUB JO 5BCMF ����� UIBU JT QMPUUFE JO 'JHVSF ������

t 0 1 2 3 8 13
F(t) 186 179 175 171 156 144

18 23 28 33 38 43 48
135 127 120 116 111 107 104

5BCMF ������ %BUB GPS DPPMJOH DPЙFF NFBTVSFE
JO EFHSFFT 'BISFOIFJU BU UJNF t JO NJOVUFT�

10 20 30 40

40

80

120

160

t (min)

F (degrees Fahrenheit)

'JHVSF ������ " QMPU PG UIF EBUB JO 5BCMF ������
*O POF TFOTF UIF EBUB MPPLT FYQPOFOUJBM� UIF QPJOUT BQQFBS UP MJF PO B DVSWF UIBU JT BMXBZT
EFDSFBTJOH BOE EFDSFBTJOH BU BO JODSFBTJOH SBUF� )PXFWFS XF LOPX UIBU UIF GVODUJPO DBOɒU

y4FF IUUQ���HWTV�FEV�T��4# GPS UIJT EBUB�
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IBWF UIF GPSN f (t) ! abt CFDBVTF TVDI B GVODUJPOɒT SBOHF JT UIF TFU PG BMM QPTJUJWF SFBM OVN�
CFST BOE JUɒT JNQPTTJCMF GPS UIF DPЙFFɒT UFNQFSBUVSF UP GBMM CFMPX SPPN UFNQFSBUVSF 	71◦
�
*U JT OBUVSBM UP XPOEFS JG B GVODUJPO PG UIF GPSN !(t) ! abt + c XJMM XPSL� 5IVT JO PSEFS UP
КOE B GVODUJPO UIBU КUT UIF EBUB JO B TJUVBUJPO TVDI BT 'JHVSF ����� XF CFHJO CZ JOWFTUJHBUJOH
BOE VOEFSTUBOEJOH UIF SPMFT PG a b BOE c JO UIF CFIBWJPS PG !(t) ! abt + c�

1SFWJFX "DUJWJUZ ������ *O %FTNPT EFКOF !(t) ! abt + c BOE BDDFQU UIF QSPNQU GPS
TMJEFST GPS CPUI a BOE b� &EJU UIF TMJEFST TP UIBU a IBT WBMVFT GSPN a ! 5 UP a ! 50 b
IBT WBMVFT GSPN b ! 0.7 UP b ! 1.3 BOE c IBT WBMVFT GSPN c ! −5 UP c ! 5 	BMTP XJUI
B TUFQ�TJ[F PG ����
� *O BEEJUJPO JO %FTNPT MFU P ! (0, !(0)) BOE DIFDL UIF CPY UP TIPX
UIF MBCFM� 'JOBMMZ [PPN PVU TP UIBU UIF XJOEPX TIPXT BO JOUFSWBM PG t�WBMVFT GSPN
−30 ≤ t ≤ 30�

B� 4FU b ! 1.1 BOE FYQMPSF UIF FЙFDUT PG DIBOHJOH UIF WBMVFT PG a BOE c� 8SJUF
TFWFSBM TFOUFODFT UP TVNNBSJ[F ZPVS PCTFSWBUJPOT�

C� 'PMMPX UIF EJSFDUJPOT GPS 	B
 BHBJO UIJT UJNF XJUI b ! 0.9

D� 4FU a ! 5 BOE c ! 4� &YQMPSF UIF FЙFDUT PG DIBOHJOH UIF WBMVF PG b� CF TVSF UP
JODMVEF WBMVFT PG b CPUI MFTT UIBO BOE HSFBUFS UIBO �� 8SJUF TFWFSBM TFOUFODFT UP
TVNNBSJ[F ZPVS PCTFSWBUJPOT�

E� 8IFO 0 < b < 1 XIBU IBQQFOT UP UIF HSBQI PG ! XIFO XF DPOTJEFS QPTJUJWF
t�WBMVFT UIBU HFU MBSHFS BOE MBSHFS 

����� -POH�UFSN CFIBWJPS PG FYQPOFOUJBM GVODUJPOT

8F IBWF BMSFBEZ FTUBCMJTIFE UIBU BOZ FYQPOFOUJBM GVODUJPO PG UIF GPSN f (t) ! abt XIFSF a
BOE b BSF QPTJUJWF SFBM OVNCFST XJUI b ! 1 JT BMXBZT DPODBWF VQ BOE JT FJUIFS BMXBZT JO�
DSFBTJOH PS BMXBZT EFDSFBTJOH� 8F OFYU JOUSPEVDF QSFDJTF MBOHVBHF UP EFTDSJCF UIF CFIBWJPS
PG BO FYQPOFOUJBM GVODUJPOɒT WBMVF BT t HFUT CJHHFS BOE CJHHFS� 5P TUBSU MFUɒT DPOTJEFS UIF UXP
CBTJD FYQPOFOUJBM GVODUJPOT p(t) ! 2t BOE q(t) ! ( 1

2 )t BOE UIFJS SFTQFDUJWF WBMVFT BU t ! 10
t ! 20 BOE t ! 30 BT EJTQMBZFE JO 5BCMF ����� BOE 5BCMF ������

t p(t)
10 210 ! 1026
20 220 ! 1048576
30 230 ! 1073741824

5BCMF ������ %BUB GPS p(t) ! 2t �

t q(t)
10 ( 1

2 )10 ! 1
1026 ≈ 0.00097656

20 ( 1
2 )20 ! 1

1048576 ≈ 0.00000095367
30 ( 1

2 )30 ! 1
1073741824 ≈ 0.00000000093192

5BCMF ������ %BUB GPS q(t) ! ( 1
2 )t �

'PS UIF JODSFBTJOH GVODUJPO p(t) ! 2t  XF TFF UIBU UIF PVUQVU PG UIF GVODUJPO HFUT WFSZ MBSHF
WFSZ RVJDLMZ� *O BEEJUJPO UIFSF JT OP VQQFS CPVOE UP IPX MBSHF UIF GVODUJPO DBO CF� *OEFFE
XF DBO NBLF UIF WBMVF PG p(t) BT MBSHF BT XFɒE MJLF CZ UBLJOH t TVМDJFOUMZ CJH� 8F UIVT TBZ
UIBU BT t JODSFBTFT p(t) JODSFBTFT XJUIPVU CPVOE�

'PS UIF EFDSFBTJOH GVODUJPO q(t) ! ( 1
2 )t  XF TFF UIBU UIF PVUQVU q(t) JT BMXBZT QPTJUJWF CVU

HFUUJOH DMPTFS BOE DMPTFS UP 0� *OEFFE CFDBTVF XF DBO NBLF 2t BT MBSHF BT XF MJLF JU GPMMPXT
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UIBU XF DBONBLF JUT SFDJQSPDBM 1
2t ! ( 1

2 )t BT TNBMM BTXFɒE MJLF� 8F UIVT TBZ UIBU BT t JODSFBTFT
q(t) BQQSPBDIFT 0�

5P SFQSFTFOU UIFTF UXP DPNNPO QIFOPNFOB XJUI FYQPOFOUJBM GVODUJPOTɏUIF WBMVF JODSFBT�
JOH XJUIPVU CPVOE PS UIF WBMVF BQQSPBDIJOH 0ɏXF XJMM VTF TIPSUIBOE OPUBUJPO� 'JSTU JU JT
OBUVSBM UP XSJUF ɔq(t) → 0ɕ BT t JODSFBTFT XJUIPVU CPVOE� .PSFPWFS TJODF XF IBWF UIF OP�
UJPO PG UIF JOКOJUF UP SFQSFTFOU RVBOUJUJFT XJUIPVU CPVOE XF VTF UIF TZNCPM GPS JOКOJUZ BOE
BSSPX OPUBUJPO 	∞
 BOE XSJUF ɔp(t) → ∞ɕ BT t JODSFBTFT XJUIPVU CPVOE JO PSEFS UP JOEJDBUF
UIBU p(t) JODSFBTFT XJUIPVU CPVOE�

*O 1SFWJFX "DUJWJUZ ����� XF TBX IPX UIF WBMVF PG b BЙFDUT UIF TUFFQOFTT PG UIF HSBQI PG
f (t) ! abt  BT XFMM BT IPX BMM HSBQIT XJUI b > 1 IBWF UIF TJNJMBS JODSFBTJOH CFIBWJPS BOE BMM
HSBQITXJUI 0 < b < 1 IBWF TJNJMBS EFDSFBTJOH CFIBWJPS� 'PS JOTUBODF CZ UBLJOH t TVМDJFOUMZ
MBSHF XF DBO NBLF (1.01)t BT MBSHF BT XF XBOU� JU KVTU UBLFT NVDI MBSHFS t UP NBLF (1.01)t CJH
JO DPNQBSJTPO UP 2t � *O UIF TBNF XBZ XF DBO NBLF (0.99)t BT DMPTF UP 0 BT XF XJTI CZ UBLJOH
t TVМDJFOUMZ CJH FWFO UIPVHI JU UBLFT MPOHFS GPS (0.99)t UP HFU DMPTF UP 0 JO DPNQBSJTPO UP
( 1

2 )t � 'PS BO BSCJUSBSZ DIPJDF PG b XF DBO TBZ UIF GPMMPXJOH�

-POH�UFSN CFIBWJPS PG FYQPOFOUJBM GVODUJPOT�

-FU f (t) ! bt XJUI b > 0 BOE b ! 1�
ə *G 0 < b < 1 UIFO bt → 0 BT t → ∞� 8F SFBE UIJT OPUBUJPO BT ɔbt UFOET UP 0 BT t

JODSFBTFT XJUIPVU CPVOE�ɕ

ə *G b > 1 UIFO bt → ∞ BT t → ∞� 8F SFBE UIJT OPUBUJPO BT ɔbt JODSFBTFT XJUIPVU
CPVOE BT t JODSFBTFT XJUIPVU CPVOE�ɕ

*O BEEJUJPO XF NBLF B LFZ PCTFSWBUJPO BCPVU UIF VTF PG FYQPOFOUT� 'PS UIF GVODUJPO q(t) !
( 1

2 )t  UIFSF BSF UISFF FRVJWBMFOU XBZT XF NBZ XSJUF UIF GVODUJPO�

(
1
2

) t

!
1
2t ! 2−t �

*O PVS XPSL XJUI USBOTGPSNBUJPOT JOWPMWJOH IPSJ[POUBM TDBMJOH JO &YFSDJTF ������� XF TBX
UIBU UIF HSBQI PG y ! h(−t) JT UIF SFЛFDUJPO PG UIF HSBQI PG y ! h(t) BDSPTT UIF y�BYJT�
5IFSFGPSF XF DBO TBZ UIBU UIF HSBQIT PG p(t) ! 2t BOE q(t) ! ( 1

2 )t ! 2−t BSF SFЛFDUJPOT PG
POF BOPUIFS JO UIF y�BYJT TJODF p(−t) ! 2−t ! q(t)� 8F TFF UIJT GBDU WFSJКFE JO 'JHVSF ������
4JNJMBS PCTFSWBUJPOT IPME GPS UIF SFMBUJPOTIJQ CFUXFFO UIF HSBQIT PG bt BOE 1

bt ! b−t GPS BOZ
QPTJUJWF b ! 1�

����� 5IF SPMF PG c JO !(t) ! abt + c

5IF GVODUJPO !(t) ! abt + c JT B WFSUJDBM USBOTMBUJPO PG UIF GVODUJPO f (t) ! abt � 8F OPX IBWF
FYUFOTJWF VOEFSTUBOEJOH PG UIF CFIBWJPS PG f (t) BOE IPX UIBU CFIBWJPS EFQFOET PO a BOE
b� 4JODF B WFSUJDBM USBOTMBUJPO CZ c EPFT OPU DIBOHF UIF TIBQF PG BOZ HSBQI XF FYQFDU UIBU !
XJMM FYIJCJU WFSZ TJNJMBS CFIBWJPS UP f � *OEFFE XF DBO DPNQBSF UIF UXP GVODUJPOTɒ HSBQIT
BT TIPXO JO 'JHVSF ����� BOE 'JHVSF ����� BOE UIFO NBLF UIF GPMMPXJOH HFOFSBM PCTFSWBUJPOT�
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-2 2

2

4

6

8

q p

y

t

'JHVSF ������ 1MPUT PG p(t) ! 2t BOE q(t) ! 2−t �

f (t) = ab
t

y

t

(0,a)

'JHVSF ������ 1MPU PG f (t) ! abt �

g(t) = ab
t + c

y

y = c

t

(0,a+ c)

'JHVSF ������ 1MPU PG !(t) ! abt + c�

#FIBWJPS PG WFSUJDBMMZ TIJGUFE FYQPOFOUJBM GVODUJPOT�

-FU !(t) ! abt + c XJUI a > 0 b > 0 BOE b ! 1 BOE c BOZ SFBM OVNCFS�
ə *G 0 < b < 1 UIFO !(t) ! abt + c → c BT t → ∞� 5IF GVODUJPO ! JT BMXBZT

EFDSFBTJOH BMXBZT DPODBWF VQ BOE IBT y�JOUFSDFQU (0, a + c)� 5IF SBOHF PG UIF
GVODUJPO JT BMM SFBM OVNCFST HSFBUFS UIBO c�

ə *G b > 1 UIFO !(t) ! abt +c → ∞ BT t → ∞� 5IF GVODUJPO ! JT BMXBZT JODSFBTJOH
BMXBZT DPODBWF VQ BOE IBT y�JOUFSDFQU (0, a + c)� 5IF SBOHF PG UIF GVODUJPO JT
BMM SFBM OVNCFST HSFBUFS UIBO c�
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*U JT BMTP QPTTJCMF UP IBWF a < 0� *O UIJT TJUVBUJPO CFDBVTF !(t) ! abt JT CPUI B SFЛFDUJPO
PG f (t) ! bt BDSPTT UIF x�BYJT BOE B WFSUJDBM TUSFUDI CZ |a | UIF GVODUJPO ! JT BMXBZT DPODBWF
EPXO� *G 0 < b < 1 TP UIBU f JT BMXBZT EFDSFBTJOH UIFO ! JT BMXBZT JODSFBTJOH� JG JOTUFBE
b > 1 TP f JT JODSFBTJOH UIFO ! JT EFDSFBTJOH� .PSFPWFS JOTUFBE PG UIF SBOHF PG UIF GVODUJPO
! IBWJOH B MPXFS CPVOE BT XIFO a > 0 JO UIJT TFUUJOH UIF SBOHF PG ! IBT BO VQQFS CPVOE�
5IFTF JEFBT BSF FYQMPSFE GVSUIFS JO "DUJWJUZ ������

*UɒT BO JNQPSUBOU TLJMM UP CF BCMF UP MPPL BU BO FYQPOFOUJBM GVODUJPO PG UIF GPSN !(t) ! abt + c
BOE GPSN BO BDDVSBUF NFOUBM QJDUVSF PG UIF HSBQIɒT NBJO GFBUVSFT JO MJHIU PG UIF WBMVFT PG a
b BOE c�

"DUJWJUZ ������ 'PS FBDI PG UIF GPMMPXJOH GVODUJPOTXJUIPVU VTJOH HSBQIJOH UFDIOPMPHZ
EFUFSNJOF XIFUIFS UIF GVODUJPO JT

J� BMXBZT JODSFBTJOH PS BMXBZT EFDSFBTJOH�

JJ� BMXBZT DPODBWF VQ PS BMXBZT DPODBWF EPXO� BOE

JJJ� JODSFBTJOHXJUIPVU CPVOE EFDSFBTJOHXJUIPVU CPVOE PS JODSFBTJOH�EFDSFBTJOH
UPXBSE B КOJUF WBMVF�

*O BEEJUJPO TUBUF UIF y�JOUFSDFQU BOE UIF SBOHF PG UIF GVODUJPO� 'PS FBDI GVODUJPO
XSJUF B TFOUFODF UIBU FYQMBJOT ZPVS UIJOLJOH BOE TLFUDI B SPVHI HSBQI PG IPX UIF
GVODUJPO BQQFBST�

B� p(t) ! 4372(1.000235)t + 92856

C� q(t) ! 27931(0.97231)t + 549786

D� r(t) ! −17398(0.85234)t

E� s(t) ! −17398(0.85234)t + 19411

F� u(t) ! −7522(1.03817)t

G� v(t) ! −7522(1.03817)t + 6731

����� .PEFMJOH UFNQFSBUVSF EBUB

/FXUPOɒT -BX PG $PPMJOH TUBUFT UIBU UIF SBUF UIBU BO PCKFDU XBSNT PS DPPMT PDDVST JO EJ�
SFDU QSPQPSUJPO UP UIF EJЙFSFODF CFUXFFO JUT PXO UFNQFSBUVSF BOE UIF UFNQFSBUVSF PG JUT
TVSSPVOEJOHT� *G XF SFUVSO UP UIF DPЙFF UFNQFSBUVSF EBUB JO 5BCMF ����� BOE SFDBMM UIBU UIF
SPPN UFNQFSBUVSF JO UIBU FYQFSJNFOU XBT 71◦ XF DBO TFF IPX UP VTF B USBOTGPSNFE FYQP�
OFOUJBM GVODUJPO UP NPEFM UIF EBUB� *O 5BCMF ����� XF BEE B SPX PG JOGPSNBUJPO UP UIF UBCMF
XIFSF XF DPNQVUF F(t) − 71 UP TVCUSBDU UIF SPPN UFNQFSBUVSF GSPN FBDI SFBEJOH�

t 0 1 2 3 8 13 18 23 28 33 38 43 48
F(t) 186 179 175 171 156 144 135 127 120 116 111 107 104
f (t) ! F(t) − 71 115 108 104 100 85 73 64 56 49 45 40 36 33

5BCMF ������ %BUB GPS DPPMJOH DPЙFF NFBTVSFE JO EFHSFFT 'BISFOIFJU BU UJNF t JO NJOVUFT
QMVT TIJGUFE UP BDDPVOU GPS SPPN UFNQFSBUVSF�

5IF EBUB JO UIF CPUUPN SPX PG 5BCMF ����� BQQFBST FYQPOFOUJBM BOE JG XF UFTU UIF EBUB CZ
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DPNQVUJOH UIF RVPUJFOUT PG PVUQVU WBMVFT UIBU DPSSFTQPOE UP FRVBMMZ�TQBDFE JOQVU XF TFF B
OFBSMZ DPOTUBOU SBUJP� *O QBSUJDVMBS

73
85 ≈ 0.86, 64

73 ≈ 0.88, 56
64 ≈ 0.88, 49

56 ≈ 0.88, 45
49 ≈ 0.92, BOE40

45 ≈ 0.89�

0G DPVSTF UIFSF JT TPNF NFBTVSFNFOU FSSPS JO UIF EBUB 	QMVT JU JT POMZ SFDPSEFE UP BDDVSBDZ
PG XIPMF EFHSFFT
 TP UIFTF DPNQVUBUJPOT QSPWJEF DPOWJODJOH FWJEFODF UIBU UIF VOEFSMZJOH
GVODUJPO JT FYQPOFOUJBM� *O BEEJUJPO XF FYQFDU UIBU JG UIF EBUB DPOUJOVFE JO UIF CPUUPN SPX
PG 5BCMF ����� UIF WBMVFT XPVME BQQSPBDI 0 CFDBVTF F(t) XJMM BQQSPBDI 71�

10 20 30 40

40

80

120

160

t (min)

F (degrees Fahrenheit)

'JHVSF ������ 1MPU PG f (t) ! 103.503(0.974)t �

10 20 30 40

40

80

120

160

t (min)

F (degrees Fahrenheit)

'JHVSF ������� 1MPU PG
F(t) ! 103.503(0.974)t + 71�

*G XF DIPPTF UXP PG UIF EBUB QPJOUT TBZ (18, 64) BOE (23, 56) BOE BTTVNF UIBU f (t) ! abt  XF
DBO EFUFSNJOF UIF WBMVFT PG a BOE b� %PJOH TP JU UVSOT PVU UIBU a ≈ 103.503 BOE b ≈ 0.974
TP f (t) ! 103.503(0.974)t � 4JODF f (t) ! F(t) − 71 XF TFF UIBU F(t) ! f (t) + 71 TP F(t) !

103.503(0.974)t + 71� 1MPUUJOH f BHBJOTU UIF TIJGUFE EBUB BOE F BMPOH XJUI UIF PSJHJOBM EBUB
JO 'JHVSF ����� BOE 'JHVSF ������ XF TFF UIBU UIF DVSWFT HP FYBDUMZ UISPVHI UIF QPJOUT XIFSF
t ! 18 BOE t ! 23 BT FYQFDUFE CVU BMTP UIBU UIF GVODUJPO QSPWJEFT B SFBTPOBCMF NPEFM GPS
UIF PCTFSWFE CFIBWJPS BU BOZ UJNF t� *G PVS EBUB XBT FWFO NPSF BDDVSBUF XF XPVME FYQFDU
UIBU UIF DVSWFɒT КU XPVME CF FWFO CFUUFS�

0VS QSFDFEJOH XPSL XJUI UIF DPЙFF EBUB DBO CF EPOF TJNJMBSMZ XJUI EBUB GPS BOZ DPPMJOH
PS XBSNJOH PCKFDU XIPTF UFNQFSBUVSF JOJUJBMMZ EJЙFST GSPN JUT TVSSPVOEJOHT� *OEFFE JU JT
QPTTJCMF UP TIPX UIBU /FXUPOɒT -BX PG $PPMJOH JNQMJFT UIBU UIF PCKFDUɒT UFNQFSBUVSF JT HJWFO
CZ B GVODUJPO PG UIF GPSN F(t) ! abt + c�

"DUJWJUZ ������ " DBO PG TPEB 	BU SPPN UFNQFSBUVSF
 JT QMBDFE JO B SFGSJHFSBUPS BU UJNF
t ! 0 	JONJOVUFT
 BOE JUT UFNQFSBUVSF F(t) JO EFHSFFT 'BISFOIFJU JT DPNQVUFE BU SFH�
VMBS JOUFSWBMT� #BTFE PO UIF EBUB B NPEFM JT GPSNVMBUFE GPS UIF PCKFDUɒT UFNQFSBUVSF
HJWFO CZ

F(t) ! 42 + 30(0.95)t �
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B� $POTJEFS UIF TJNQMFS 	QBSFOU
 GVODUJPO p(t) ! (0.95)t � )PX EP ZPV FYQFDU UIF
HSBQI PG UIJT GVODUJPO UP BQQFBS )PXXJMM JU CFIBWF BT UJNF JODSFBTFT 8JUIPVU
VTJOH HSBQIJOH UFDIOPMPHZ TLFUDI B SPVHI HSBQI PG p BOE XSJUF B TFOUFODF PG
FYQMBOBUJPO�

C� 'PS UIF TMJHIUMZ NPSF DPNQMJDBUFE GVODUJPO r(t) ! 30(0.95)t  IPX EP ZPV FYQFDU
UIJT GVODUJPO UP MPPL JO DPNQBSJTPO UP p 8IBU JT UIF MPOH�SBOHF CFIBWJPS PG
UIJT GVODUJPO BT t JODSFBTFT 8JUIPVU VTJOH HSBQIJOH UFDIOPMPHZ TLFUDI B SPVHI
HSBQI PG r BOE XSJUF B TFOUFODF PG FYQMBOBUJPO�

D� 'JOBMMZ IPX EP ZPV FYQFDU UIF HSBQI PG F(t) ! 42 + 30(0.95)t UP BQQFBS 8IZ 
'JSTU TLFUDI B SPVHI HSBQI XJUIPVU HSBQIJOH UFDIOPMPHZ BOE UIFO VTF UFDIOPM�
PHZ UP DIFDL ZPVS UIJOLJOH BOE SFQPSU BO BDDVSBUF MBCFMFE HSBQI PO UIF BYFT
QSPWJEFE JO 'JHVSF �������

F

t

'JHVSF ������� "YFT GPS QMPUUJOH F�

E� 8IBU JT UIF UFNQFSBUVSF PG UIF SFGSJHFSBUPS 8IBU JT UIF SPPN UFNQFSBUVSF PG
UIF TVSSPVOEJOHT PVUTJEF UIF SFGSJHFSBUPS 8IZ 

F� %FUFSNJOF UIF BWFSBHF SBUF PG DIBOHF PG F PO UIF JOUFSWBMT [10, 20] [20, 30] BOE
[30, 40]� 8SJUF BU MFBTU UXP DBSFGVM TFOUFODFT UIBU FYQMBJO UIF NFBOJOH PG UIF
WBMVFT ZPV GPVOE JODMVEJOH VOJUT BOE EJTDVTT BOZ PWFSBMM USFOE JO IPX UIF
BWFSBHF SBUF PG DIBOHF JT DIBOHJOH�

"DUJWJUZ ������ " QPUBUP JOJUJBMMZ BU SPPN UFNQFSBUVSF 	68◦
 JT QMBDFE JO BO PWFO 	BU
350◦
 BU UJNF t ! 0� *U JT LOPXO UIBU UIF QPUBUPɒT UFNQFSBUVSF BU UJNF t JT HJWFO CZ UIF
GVODUJPO F(t) ! a − b(0.98)t GPS TPNF QPTJUJWF DPOTUBOUT a BOE b XIFSF F JT NFBTVSFE
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JO EFHSFFT 'BISFOIFJU BOE t JT UJNF JO NJOVUFT�
B� 8IBU JT UIF OVNFSJDBM WBMVF PG F(0) 8IBU EPFT UIJT UFMM ZPV BCPVU UIF WBMVF PG

a − b 

C� #BTFE PO UIF DPOUFYU PG UIF QSPCMFN XIBU TIPVME CF UIF MPOH�SBOHF CFIBWJPS PG
UIF GVODUJPO F(t) 6TF UIJT GBDU BMPOH XJUI UIF CFIBWJPS PG (0.98)t UP EFUFSNJOF
UIF WBMVF PG a� 8SJUF B TFOUFODF UP FYQMBJO ZPVS UIJOLJOH�

D� 8IBU JT UIF WBMVF PG b 8IZ 

E� $IFDL ZPVS XPSL BCPWF CZ QMPUUJOH UIF GVODUJPO F VTJOH HSBQIJOH UFDIOPMPHZ
JO BO BQQSPQSJBUF XJOEPX� 3FDPSE ZPVS SFTVMUT PO UIF BYFT QSPWJEFE JO 'JH�
VSF ������ MBCFMJOH UIF TDBMF PO UIF BYFT� 5IFO VTF UIF HSBQI UP FTUJNBUF UIF
UJNF BU XIJDI UIF QPUBUPɒT UFNQFSBUVSF SFBDIFT 325 EFHSFFT�

F

t

'JHVSF ������� "YFT GPS QMPUUJOH F�

F� )PX DBO XF WJFX UIF GVODUJPO F(t) ! a − b(0.98)t BT B USBOTGPSNBUJPO PG UIF
QBSFOU GVODUJPO f (t) ! (0.98)t &YQMBJO�

����� 4VNNBSZ

ə 'PS BO FYQPOFOUJBM GVODUJPO PG UIF GPSN f (t) ! bt  UIF GVODUJPO FJUIFS BQQSPBDIFT [FSP
PS HSPXT XJUIPVU CPVOE BT UIF JOQVU HFUT MBSHFS BOE MBSHFS� *O QBSUJDVMBS JG 0 < b < 1
UIFO f (t) ! bt → 0 BT t → ∞ XIJMF JG b > 1 UIFO f (t) ! bt → ∞ BT t → ∞� 4DBMJOH
f CZ B QPTJUJWF WBMVF a 	UIBU JT UIF USBOTGPSNFE GVODUJPO abt
 EPFT OPU BЙFDU UIF MPOH�
SBOHF CFIBWJPS� XIFUIFS UIF GVODUJPO UFOET UP 0 PS JODSFBTFT XJUIPVU CPVOE EFQFOET
TPMFMZ PO XIFUIFS b JT MFTT UIBO PS HSFBUFS UIBO 1�

ə 5IF GVODUJPO f (t) ! bt QBTTFT UISPVHI (0, 1) JT BMXBZT DPODBWF VQ JT FJUIFS BMXBZT
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JODSFBTJOH PS BMXBZT EFDSFBTJOH BOE JUT SBOHF JT UIF TFU PG BMM QPTJUJWF SFBM OVNCFST�
"NPOH UIFTF QSPQFSUJFT B WFSUJDBM TUSFUDI CZ B QPTJUJWF WBMVF a POMZ BЙFDUT UIF y�
JOUFSDFQU XIJDI JT JOTUFBE (0, a)� *G XF JODMVEF B WFSUJDBM TIJGU BOE XSJUF !(t) ! abt + c
UIF CJHHFTU DIBOHF JT UIBU UIF SBOHF PG ! JT UIF TFU PG BMM SFBM OVNCFST HSFBUFS UIBO c� *O
BEEJUJPO UIF y�JOUFSDFQU PG ! JT (0, a + c)�
*O UIF TJUVBUJPO XIFSF a < 0 TFWFSBM PUIFS DIBOHFT BSF JOEVDFE� )FSF CFDBVTF !(t) !
abt JT CPUI B SFЛFDUJPO PG f (t) ! bt BDSPTT UIF x�BYJT BOE B WFSUJDBM TUSFUDI CZ |a | UIF
GVODUJPO ! JT OPX BMXBZT DPODBWF EPXO� *G 0 < b < 1 TP UIBU f JT BMXBZT EFDSFBTJOH
UIFO ! 	UIF SFЛFDUFE GVODUJPO
 JT OPX BMXBZT JODSFBTJOH� JG JOTUFBE b > 1 TP f JT JO�
DSFBTJOH UIFO ! JT EFDSFBTJOH� 'JOBMMZ JG a < 0 UIFO UIF SBOHF PG !(t) ! abt + c JT UIF
TFU PG BMM SFBM OVNCFST c�

ə "O FYQPOFOUJBM GVODUJPO DBO CF UIPVHIU PG BT B GVODUJPO UIBU DIBOHFT BU B SBUF QSP�
QPSUJPOBM UP JUTFMG MJLF IPX NPOFZ HSPXT XJUI DPNQPVOE JOUFSFTU PS UIF BNPVOU PG B
SBEJPBDUJWF RVBOUJUZ EFDBZT� /FXUPOɒT -BX PG $PPMJOH TBZT UIBU UIF SBUF PG DIBOHF PG
BO PCKFDUɒT UFNQFSBUVSF JT QSPQPSUJPOBM UP UIF EJЙFSFODF CFUXFFO JUT PXO UFNQFSBUVSF
BOE UIF UFNQFSBUVSF PG JUT TVSSPVOEJOHT� 5IJT MFBET UP UIF GVODUJPO UIBU NFBTVSFT UIF
EJЙFSFODF CFUXFFO UIF PCKFDUɒT UFNQFSBUVSF BOE SPPN UFNQFSBUVSF CFJOH FYQPOFOUJBM
BOE IFODF UIF PCKFDUɒT UFNQFSBUVSF JUTFMG JT B WFSUJDBMMZ�TIJGUFE FYQPOFOUJBM GVODUJPO PG
UIF GPSN F(t) ! abt + c�

����� &YFSDJTFT

�� *G b > 1 XIBU JT UIF IPSJ[POUBM BTZNQUPUF PG y ! abt BT t → −∞ 

�� 'JOE UIF MPOH SVO CFIBWJPS PG FBDI PG UIF GPMMPXJOH GVODUJPOT�

	B
 "T x −→ ∞ 18(0.8)x −→
	C
 "T t −→ −∞ 9(2.2)t −→
	D
 "T t −→ ∞ 0.6(2 + (0.1)t) −→
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�� 4VQQPTF t0 JT UIF U�DPPSEJOBUF PG UIF QPJOU PG JOUFSTFDUJPO PG UIF HSBQIT CFMPX� $PNQMFUF
UIF TUBUFNFOU CFMPX JO PSEFS UP DPSSFDUMZ EFTDSJCF XIBU IBQQFOT UP t0 JG UIF WBMVF PG r
	JO UIF CMVF HSBQI PG f (t) ! a(1+ r)t CFMPX
 JT JODSFBTFE BOE BMM PUIFS RVBOUJUJFT SFNBJO
UIF TBNF�

"T r JODSFBTFT EPFT UIF WBMVF PG t0 JODSFBTF EFDSFBTF PS SFNBJO UIF TBNF 

�� "DBO PG TPEB IBT CFFO JO B SFGSJHFSBUPS GPS TFWFSBM EBZT� UIF SFGSJHFSBUPS IBT UFNQFSBUVSF
41◦ 'BISFOIFJU� 6QPO SFNPWBM UIF TPEB JT QMBDFE PO B LJUDIFO UBCMF JO B SPPN XJUI
TVSSPVOEJOH UFNQFSBUVSF 72◦� -FU F(t) SFQSFTFOU UIF TPEBɒT UFNQFSBUVSF JO EFHSFFT
'BISFOIFJU BU UJNF t JO NJOVUFT XIFSF t ! 0 DPSSFTQPOET UP UIF UJNF UIF DBO JT SFNPWFE
GSPN UIF SFGSJHFSBUPS� 8F LOPX GSPN /FXUPOɒT -BX PG $PPMJOH UIBU F IBT GPSN F(t) !
abt + c GPS TPNF DPOTUBOUT a b BOE c XIFSF 0 < b < 1�

B� 8IBU JT UIF OVNFSJDBM WBMVF PG UIF TPEBɒT JOJUJBM UFNQFSBUVSF 8IBU JT UIF WBMVF
PG F(0) JO UFSNT PG a b BOE c 8IBU EP UIFTF UXP PCTFSWBUJPOT UFMM VT 

C� 8IBU JT UIF OVNFSJDBM WBMVF PG UIF TPEBɒT MPOH�UFSN UFNQFSBUVSF 8IBU JT UIF
MPOH�UFSN WBMVF PG F(t) JO UFSNT PG a b BOE c 8IBU EP UIFTF UXP PCTFSWBUJPOT
UFMM VT 

D� 6TJOH ZPVS XPSL JO 	B
 BOE 	C
 EFUFSNJOF UIF OVNFSJDBM WBMVFT PG a BOE c�

E� 4VQQPTF JU DBO CF EFUFSNJOFE UIBU b ! 0.931� 8IBU JT UIF TPEBɒT UFNQFSBUVSF BGUFS
10 NJOVUFT 
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�� $POTJEFS UIF HSBQIT PG UIF GPMMPXJOH GPVS GVODUJPOT p q r BOE s� &BDI JT B TIJGUFE
FYQPOFOUJBM GVODUJPO PG UIF GPSN abt + c�

p

y

t

q

y

t

r

y

t

s

y

t

'PS FBDI GVODUJPO p q r BOE s EFUFSNJOF

ə XIFUIFS a > 0 PS a < 0�

ə XIFUIFS 0 < b < 1 PS b > 1�

ə XIFUIFS c > 0 c ! 0 PS c < 0� BOE

ə UIF SBOHF PG UIF GVODUJPO JO UFSNT PG c�
�� " DVQ PG DPЙFF IBT JUT UFNQFSBUVSF C(t) NFBTVSFE JO EFHSFFT $FMTJVT� 8IFO QPVSFE

PVUEPPST PO B DPMENPSOJOH JUT UFNQFSBUVSF JT C(0) ! 95� 5FONJOVUFT MBUFS C(10) ! 80�
*G UIF TVSSPVOEJOH UFNQFSBUVSF PVUTJEF JT 0◦ $FMTJVT КOE B GPSNVMB GPS B GVODUJPO C(t)
UIBU NPEFMT UIF DPЙFFɒT UFNQFSBUVSF BU UJNF t�

*O BEEJUJPO SFDBMM UIBU XF DBO DPOWFSU CFUXFFO $FMTJVT BOE 'BISFOIFJU BDDPSEJOH UP UIF
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FRVBUJPOT F ! 9
5 C+32 BOE C ! 5

9 (F−32)� 6TF UIJT JOGPSNBUJPO UP BMTP КOE B GPSNVMB GPS
F(t) UIF DPЙFFɒT 'BISFOIFJU UFNQFSBUVSF BU UJNF t� 8IBU JT TJNJMBS BOEXIBU JT EJЙFSFOU
SFHBSEJOH UIF GVODUJPOT C(t) BOE F(t) 
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4.3 linear and rational equations (OpenStax College Al-

gebra with Corequisite Support)

4.3.1 solving equations

4.3.2 writing an equation of a line

4.3.3 parallel and perpendicular lines
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Objective 1: Simplify expressions using order of operations (IA 1.1.3)

HOW TO

Use the order of operations

Step 1. Parentheses and Other Grouping Symbols
◦ Simplify all expressions inside the parentheses or other grouping symbols, working on the innermost

parentheses first.

Step 2. Exponents
◦ Simplify all expressions with exponents.

Step 3. Multiplication and Division
◦ Perform all multiplication and division in order from left to right. These operations have equal priority.

Step 4. Addition and Subtraction
◦ Perform all addition and subtraction in order from left to right. These operations have equal priority.

EXAMPLE 1

Simplify:

Solution

Are there any parentheses (or other
grouping symbols)? Yes.

Focus on the parentheses that are inside the
brackets. Subtract.

Continue inside the brackets and multiply.

Continue inside the brackets and subtract.

The expression inside the brackets requires
no further simplification.

Are there any exponents? Yes. Simplify exponents.

Is there any multiplication or division? Yes.

Multiply.

Is there any addition of subtraction? Yes.

Add.

Add.

2.2 • Linear Equations in One Variable 117

Page 169



...

Practice Makes Perfect
1.

2.

3.

4.

Evaluate the following expressions being sure to follow the order of operations:

5. When ,

ⓐ ⓑ ⓒ
6. When

7. When

Simplify by combining like terms:

8.

9.

Objective 2: Solve linear equations using a general strategy (IA 2.1.1)

HOW TO

Solve linear equations using a general strategy

Step 1. Simplify each side of the equation as much as possible. Use the Distributive Property to remove any
parentheses. Combine like terms.

Step 2. Collect all the variable terms on one side of the equation. Use the Addition or Subtraction Property of
Equality.

Step 3. Collect all the constant terms on the other side of the equation. Use the Addition or Subtraction Property of
Equality.

Step 4. Make the coefficient of the variable term equal to 1. Use the Multiplication or Division Property of Equality.
State the solution to the equation.

Step 5. Check the solution. Substitute the solution into the original equation to make sure the result is a true
statement.

EXAMPLE 2

Solve linear equations using a general strategy.

Solve for w

118 2 • Equations and Inequalities
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Solution

Use distributive property to remove parentheses:

Combine like terms on each side:

Subtract from each side to bring variables to one side:

Combine like terms:

Subtract 12 from each side to bring constants to one side:

Combine like terms:

Divide each side by 2 to isolate the variable terms:

Simplify: or

To check your solution, replace with in the original equation and
simplify:

The solution checks, we reached a true statement.

Practice Makes Perfect
Solve each linear equation using the general strategy.

10.

11.

12.

13.

14.

15.

16.

17.

Caroline is a full-time college student planning a spring break vacation. To earn enough money for the trip, she has

2.2 • Linear Equations in One Variable 119
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taken a part-time job at the local bank that pays $15.00/hr, and she opened a savings account with an initial deposit of
$400 on January 15. She arranged for direct deposit of her payroll checks. If spring break begins March 20 and the trip
will cost approximately $2,500, how many hours will she have to work to earn enough to pay for her vacation? If she can
only work 4 hours per day, how many days per week will she have to work? How many weeks will it take? In this section,
we will investigate problems like this and others, which generate graphs like the line in Figure 1.

Figure 1

Solving Linear Equations in One Variable
A linear equation is an equation of a straight line, written in one variable. The only power of the variable is 1. Linear
equations in one variable may take the form and are solved using basic algebraic operations.

We begin by classifying linear equations in one variable as one of three types: identity, conditional, or inconsistent. An
identity equation is true for all values of the variable. Here is an example of an identity equation.

The solution set consists of all values that make the equation true. For this equation, the solution set is all real numbers
because any real number substituted for will make the equation true.

A conditional equation is true for only some values of the variable. For example, if we are to solve the equation
we have the following:

The solution set consists of one number: It is the only solution and, therefore, we have solved a conditional
equation.

An inconsistent equation results in a false statement. For example, if we are to solve we have the
following:

Indeed, There is no solution because this is an inconsistent equation.

Solving linear equations in one variable involves the fundamental properties of equality and basic algebraic operations.
A brief review of those operations follows.

Linear Equation in One Variable

A linear equation in one variable can be written in the form

where a and b are real numbers,
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...
HOW TO

Given a linear equation in one variable, use algebra to solve it.

The following steps are used to manipulate an equation and isolate the unknown variable, so that the last line reads
if x is the unknown. There is no set order, as the steps used depend on what is given:

1. We may add, subtract, multiply, or divide an equation by a number or an expression as long as we do the same
thing to both sides of the equal sign. Note that we cannot divide by zero.

2. Apply the distributive property as needed:
3. Isolate the variable on one side of the equation.
4. When the variable is multiplied by a coefficient in the final stage, multiply both sides of the equation by the

reciprocal of the coefficient.

EXAMPLE 1

Solving an Equation in One Variable
Solve the following equation:

Solution
This equation can be written in the form by subtracting from both sides. However, we may proceed to
solve the equation in its original form by performing algebraic operations.

The solution is 6.

TRY IT #1 Solve the linear equation in one variable:

EXAMPLE 2

Solving an Equation Algebraically When the Variable Appears on Both Sides
Solve the following equation:

Solution
Apply standard algebraic properties.

Analysis
This problem requires the distributive property to be applied twice, and then the properties of algebra are used to reach
the final line,

TRY IT #2 Solve the equation in one variable:
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Solving a Rational Equation
In this section, we look at rational equations that, after some manipulation, result in a linear equation. If an equation
contains at least one rational expression, it is a considered a rational equation.

Recall that a rational number is the ratio of two numbers, such as or A rational expression is the ratio, or quotient,
of two polynomials. Here are three examples.

Rational equations have a variable in the denominator in at least one of the terms. Our goal is to perform algebraic
operations so that the variables appear in the numerator. In fact, we will eliminate all denominators by multiplying both
sides of the equation by the least common denominator (LCD).

Finding the LCD is identifying an expression that contains the highest power of all of the factors in all of the
denominators. We do this because when the equation is multiplied by the LCD, the common factors in the LCD and in
each denominator will equal one and will cancel out.

EXAMPLE 3

Solving a Rational Equation
Solve the rational equation:

Solution
We have three denominators; and 3. The LCD must contain and 3. An LCD of contains all three
denominators. In other words, each denominator can be divided evenly into the LCD. Next, multiply both sides of the
equation by the LCD

A common mistake made when solving rational equations involves finding the LCD when one of the denominators is a
binomial—two terms added or subtracted—such as Always consider a binomial as an individual factor—the
terms cannot be separated. For example, suppose a problem has three terms and the denominators are and

First, factor all denominators. We then have and as the denominators. (Note the parentheses
placed around the second denominator.) Only the last two denominators have a common factor of The in the
first denominator is separate from the in the denominators. An effective way to remember this is to write
factored and binomial denominators in parentheses, and consider each parentheses as a separate unit or a separate
factor. The LCD in this instance is found by multiplying together the one factor of and the 3. Thus, the LCD is
the following:

So, both sides of the equation would be multiplied by Leave the LCD in factored form, as this makes it easier
to see how each denominator in the problem cancels out.

Another example is a problem with two denominators, such as and Once the second denominator is factored
as there is a common factor of x in both denominators and the LCD is

Sometimes we have a rational equation in the form of a proportion; that is, when one fraction equals another fraction
and there are no other terms in the equation.
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We can use another method of solving the equation without finding the LCD: cross-multiplication. We multiply terms by
crossing over the equal sign.

Multiply and which results in

Any solution that makes a denominator in the original expression equal zero must be excluded from the possibilities.

Rational Equations

A rational equation contains at least one rational expression where the variable appears in at least one of the
denominators.

HOW TO

Given a rational equation, solve it.

1. Factor all denominators in the equation.
2. Find and exclude values that set each denominator equal to zero.
3. Find the LCD.
4. Multiply the whole equation by the LCD. If the LCD is correct, there will be no denominators left.
5. Solve the remaining equation.
6. Make sure to check solutions back in the original equations to avoid a solution producing zero in a denominator.

EXAMPLE 4

Solving a Rational Equation without Factoring
Solve the following rational equation:

Solution
We have three denominators: and No factoring is required. The product of the first two denominators is equal
to the third denominator, so, the LCD is Only one value is excluded from a solution set, 0. Next, multiply the whole
equation (both sides of the equal sign) by

The proposed solution is −1, which is not an excluded value, so the solution set contains one number, or
written in set notation.

TRY IT #3 Solve the rational equation:

2.2 • Linear Equations in One Variable 123

Page 175



EXAMPLE 5

Solving a Rational Equation by Factoring the Denominator
Solve the following rational equation:

Solution
First find the common denominator. The three denominators in factored form are and The
smallest expression that is divisible by each one of the denominators is Only is an excluded value. Multiply
the whole equation by

The solution is

TRY IT #4 Solve the rational equation:

EXAMPLE 6

Solving Rational Equations with a Binomial in the Denominator
Solve the following rational equations and state the excluded values:

ⓐ ⓑ ⓒ
Solution

ⓐ
The denominators and have nothing in common. Therefore, the LCD is the product However, for
this problem, we can cross-multiply.

The solution is 15. The excluded values are and

ⓑ
The LCD is Multiply both sides of the equation by

The solution is The excluded value is
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ⓒ
The least common denominator is Multiply both sides of the equation by

The solution is 4. The excluded value is

TRY IT #5 Solve State the excluded values.

EXAMPLE 7

Solving a Rational Equation with Factored Denominators and Stating Excluded Values
Solve the rational equation after factoring the denominators: State the excluded values.

Solution
We must factor the denominator We recognize this as the difference of squares, and factor it as
Thus, the LCD that contains each denominator is Multiply the whole equation by the LCD, cancel out the
denominators, and solve the remaining equation.

The solution is The excluded values are and

TRY IT #6 Solve the rational equation:

Finding a Linear Equation
Perhaps the most familiar form of a linear equation is the slope-intercept form, written as where
and Let us begin with the slope.

The Slope of a Line
The slope of a line refers to the ratio of the vertical change in y over the horizontal change in x between any two points
on a line. It indicates the direction in which a line slants as well as its steepness. Slope is sometimes described as rise
over run.

If the slope is positive, the line slants to the right. If the slope is negative, the line slants to the left. As the slope
increases, the line becomes steeper. Some examples are shown in Figure 2. The lines indicate the following slopes:

and
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Figure 2

The Slope of a Line

The slope of a line, m, represents the change in y over the change in x. Given two points, and the
following formula determines the slope of a line containing these points:

EXAMPLE 8

Finding the Slope of a Line Given Two Points
Find the slope of a line that passes through the points and

Solution
We substitute the y-values and the x-values into the formula.

The slope is

Analysis

It does not matter which point is called or As long as we are consistent with the order of the y terms
and the order of the x terms in the numerator and denominator, the calculation will yield the same result.

TRY IT #7 Find the slope of the line that passes through the points and

EXAMPLE 9

Identifying the Slope and y-intercept of a Line Given an Equation
Identify the slope and y-intercept, given the equation
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Solution
As the line is in form, the given line has a slope of The y-intercept is

Analysis
The y-intercept is the point at which the line crosses the y-axis. On the y-axis, We can always identify the
y-intercept when the line is in slope-intercept form, as it will always equal b. Or, just substitute and solve for y.

The Point-Slope Formula
Given the slope and one point on a line, we can find the equation of the line using the point-slope formula.

This is an important formula, as it will be used in other areas of college algebra and often in calculus to find the equation
of a tangent line. We need only one point and the slope of the line to use the formula. After substituting the slope and
the coordinates of one point into the formula, we simplify it and write it in slope-intercept form.

The Point-Slope Formula

Given one point and the slope, the point-slope formula will lead to the equation of a line:

EXAMPLE 10

Finding the Equation of a Line Given the Slope and One Point
Write the equation of the line with slope and passing through the point Write the final equation in slope-
intercept form.

Solution
Using the point-slope formula, substitute for m and the point for

Analysis
Note that any point on the line can be used to find the equation. If done correctly, the same final equation will be
obtained.

TRY IT #8 Given find the equation of the line in slope-intercept form passing through the point

EXAMPLE 11

Finding the Equation of a Line Passing Through Two Given Points
Find the equation of the line passing through the points and Write the final equation in slope-intercept
form.

Solution
First, we calculate the slope using the slope formula and two points.
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Next, we use the point-slope formula with the slope of and either point. Let’s pick the point for

In slope-intercept form, the equation is written as

Analysis
To prove that either point can be used, let us use the second point and see if we get the same equation.

We see that the same line will be obtained using either point. This makes sense because we used both points to calculate
the slope.

Standard Form of a Line
Another way that we can represent the equation of a line is in standard form. Standard form is given as

where and are integers. The x- and y-terms are on one side of the equal sign and the constant term is on the
other side.

EXAMPLE 12

Finding the Equation of a Line and Writing It in Standard Form
Find the equation of the line with and passing through the point Write the equation in standard form.

Solution
We begin using the point-slope formula.

From here, we multiply through by 2, as no fractions are permitted in standard form, and then move both variables to
the left aside of the equal sign and move the constants to the right.

This equation is now written in standard form.

TRY IT #9 Find the equation of the line in standard form with slope and passing through the point

Vertical and Horizontal Lines
The equations of vertical and horizontal lines do not require any of the preceding formulas, although we can use the
formulas to prove that the equations are correct. The equation of a vertical line is given as

where c is a constant. The slope of a vertical line is undefined, and regardless of the y-value of any point on the line, the
x-coordinate of the point will be c.
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Suppose that we want to find the equation of a line containing the following points: and
First, we will find the slope.

Zero in the denominator means that the slope is undefined and, therefore, we cannot use the point-slope formula.
However, we can plot the points. Notice that all of the x-coordinates are the same and we find a vertical line through

See Figure 3.

The equation of a horizontal line is given as

where c is a constant. The slope of a horizontal line is zero, and for any x-value of a point on the line, the y-coordinate
will be c.

Suppose we want to find the equation of a line that contains the following set of points: and
We can use the point-slope formula. First, we find the slope using any two points on the line.

Use any point for in the formula, or use the y-intercept.

The graph is a horizontal line through Notice that all of the y-coordinates are the same. See Figure 3.

Figure 3 The line x = −3 is a vertical line. The line y = −2 is a horizontal line.

EXAMPLE 13

Finding the Equation of a Line Passing Through the Given Points
Find the equation of the line passing through the given points: and

Solution
The x-coordinate of both points is 1. Therefore, we have a vertical line,

TRY IT #10 Find the equation of the line passing through and

Determining Whether Graphs of Lines are Parallel or Perpendicular
Parallel lines have the same slope and different y-intercepts. Lines that are parallel to each other will never intersect. For
example, Figure 4 shows the graphs of various lines with the same slope,
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Figure 4 Parallel lines

All of the lines shown in the graph are parallel because they have the same slope and different y-intercepts.

Lines that are perpendicular intersect to form a -angle. The slope of one line is the negative reciprocal of the other.
We can show that two lines are perpendicular if the product of the two slopes is For example, Figure
5 shows the graph of two perpendicular lines. One line has a slope of 3; the other line has a slope of

Figure 5 Perpendicular lines

EXAMPLE 14

Graphing Two Equations, and Determining Whether the Lines are Parallel, Perpendicular, or Neither
Graph the equations of the given lines, and state whether they are parallel, perpendicular, or neither: and

Solution
The first thing we want to do is rewrite the equations so that both equations are in slope-intercept form.

First equation:
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Second equation:

See the graph of both lines in Figure 6

Figure 6

From the graph, we can see that the lines appear perpendicular, but we must compare the slopes.

The slopes are negative reciprocals of each other, confirming that the lines are perpendicular.

TRY IT #11 Graph the two lines and determine whether they are parallel, perpendicular, or neither:
and

Writing the Equations of Lines Parallel or Perpendicular to a Given Line
As we have learned, determining whether two lines are parallel or perpendicular is a matter of finding the slopes. To
write the equation of a line parallel or perpendicular to another line, we follow the same principles as we do for finding
the equation of any line. After finding the slope, use the point-slope formula to write the equation of the new line.

HOW TO

Given an equation for a line, write the equation of a line parallel or perpendicular to it.

1. Find the slope of the given line. The easiest way to do this is to write the equation in slope-intercept form.
2. Use the slope and the given point with the point-slope formula.
3. Simplify the line to slope-intercept form and compare the equation to the given line.

EXAMPLE 15

Writing the Equation of a Line Parallel to a Given Line Passing Through a Given Point
Write the equation of line parallel to a and passing through the point
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Solution
First, we will write the equation in slope-intercept form to find the slope.

The slope is The y-intercept is but that really does not enter into our problem, as the only thing we need for
two lines to be parallel is the same slope. The one exception is that if the y-intercepts are the same, then the two lines
are the same line. The next step is to use this slope and the given point with the point-slope formula.

The equation of the line is See Figure 7.

Figure 7

TRY IT #12 Find the equation of the line parallel to and passing through the point

EXAMPLE 16

Finding the Equation of a Line Perpendicular to a Given Line Passing Through a Given Point
Find the equation of the line perpendicular to and passing through the point

Solution
The first step is to write the equation in slope-intercept form.

We see that the slope is This means that the slope of the line perpendicular to the given line is the negative
reciprocal, or Next, we use the point-slope formula with this new slope and the given point.
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MEDIA

Access these online resources for additional instruction and practice with linear equations.

Solving rational equations (http://openstax.org/l/rationaleqs)
Equation of a line given two points (http://openstax.org/l/twopointsline)
Finding the equation of a line perpendicular to another line through a given point (http://openstax.org/l/
findperpline)
Finding the equation of a line parallel to another line through a given point (http://openstax.org/l/findparaline)

2.2 SECTION EXERCISES
Verbal

1. What does it mean when we
say that two lines are
parallel?

2. What is the relationship
between the slopes of
perpendicular lines
(assuming neither is
horizontal nor vertical)?

3. How do we recognize when
an equation, for example

will be a straight
line (linear) when graphed?

4. What does it mean when we
say that a linear equation is
inconsistent?

5. When solving the following
equation:

explain why we must
exclude and
as possible solutions from
the solution set.

Algebraic

For the following exercises, solve the equation for

6. 7. 8.

9. 10. 11.

12. 13. 14.

15.

For the following exercises, solve each rational equation for State all x-values that are excluded from the solution set.

16. 17. 18.

19. 20. 21.
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For the following exercises, find the equation of the line using the point-slope formula. Write all the final equations using
the slope-intercept form.

22. with a slope of 23. with a slope of 24. x-intercept is 1, and

25. y-intercept is 2, and 26. and 27.

28. parallel to and
passes through the point

29. perpendicular to
and passes

through the point .

For the following exercises, find the equation of the line using the given information.

30. and 31. and 32. The slope is undefined and
it passes through the point

33. The slope equals zero and
it passes through the point

34. The slope is
and it passes through the point

.

35. and

Graphical

For the following exercises, graph the pair of equations on the same axes, and state whether they are parallel,
perpendicular, or neither.

36. 37. 38.

39.

Numeric

For the following exercises, find the slope of the line that passes through the given points.

40. and 41. and 42. and

43. and 44. and

For the following exercises, find the slope of the lines that pass through each pair of points and determine whether the
lines are parallel or perpendicular.

45. 46.
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Technology

For the following exercises, express the equations in slope intercept form (rounding each number to the thousandths
place). Enter this into a graphing calculator as Y1, then adjust the ymin and ymax values for your window to include
where the y-intercept occurs. State your ymin and ymax values.

47. 48. 49.

Extensions

50. Starting with the point-
slope formula

solve
this expression for in
terms of and .

51. Starting with the standard
form of an equation

solve this
expression for in terms of

and . Then put the
expression in slope-
intercept form.

52. Use the above derived
formula to put the
following standard
equation in slope intercept
form:

53. Given that the following
coordinates are the
vertices of a rectangle,
prove that this truly is a
rectangle by showing the
slopes of the sides that
meet are perpendicular.

and

54. Find the slopes of the
diagonals in the previous
exercise. Are they
perpendicular?

Real-World Applications

55. The slope for a wheelchair ramp for a home has to
be If the vertical distance from the ground to
the door bottom is 2.5 ft, find the distance the
ramp has to extend from the home in order to
comply with the needed slope.

56. If the profit equation for a small business selling
number of item one and number of item two is

find the value when

For the following exercises, use this scenario: The cost of renting a car is $45/wk plus $0.25/mi traveled during that week.
An equation to represent the cost would be where is the number of miles traveled.

57. What is your cost if you
travel 50 mi?

58. If your cost were
how many miles were you
charged for traveling?

59. Suppose you have a
maximum of $100 to spend
for the car rental. What
would be the maximum
number of miles you could
travel?
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4.4 composition of functions

4.4.1 composite functions (Active Prelude to Calculus)

4.4.2 composition of functions and Chain Rule (TBIL)

4.4.3 composite functions and di↵erentiation strategies (TBIL)
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UBCMFT PS HSBQIT� 8F DBO UIJOL BCPVU DPNQPTJUF GVODUJPOT JO UIFTF TFUUJOHT BT XFMM BOE UIF
GPMMPXJOH BDUJWJUJFT QSPNQU VT UP DPOTJEFS GVODUJPOT HJWFO JO UIJT XBZ�
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"DUJWJUZ ������ -FU GVODUJPOT p BOE q CF HJWFO CZ UIF HSBQIT JO 'JHVSF ����� 	XIJDI BSF
FBDI QJFDFXJTF MJOFBS � UIBU JT QBSUT UIBU MPPL MJLF TUSBJHIU MJOFT BSF TUSBJHIU MJOFT
 BOE
MFU f BOE ! CF HJWFO CZ 5BCMF ������

x � � � � �
f (x) � � � � �
!(x) � � � � �

5BCMF ������ 5BCMF UIBU EFКOFT f BOE !�

-3 -2 -1 1 2 3

-3

-2

-1

1

2

3
p

q

'JHVSF ������ 5IF HSBQIT PG p BOE q�
$PNQVUF FBDI PG UIF GPMMPXJOH RVBOUJUJFT PS FYQMBJO XIZ UIFZ BSF OPU EFКOFE�

B� p(q(0))
C� q(p(0))
D� (p ◦ p)(−1)
E� ( f ◦ !)(2)
F� (! ◦ f )(3)

G� !( f (0))

H� 'PS XIBU WBMVF	T
 PG x JT f (!(x)) !

4 

I� 'PS XIBU WBMVF	T
 PG x JT q(p(x)) !

1 

����� $PNQPTJOH GVODUJPOT JO DPOUFYU

3FDBMM %PMCFBSɒT GVODUJPO T ! D(N) ! 40 + 0.25N  UIBU SFMBUFT UIF OVNCFS PG DIJSQT QFS
NJOVUF GSPN B TOPXZ DSJDLFU UP UIF 'BISFOIFJU UFNQFSBUVSF T� 8F FBSMJFS FTUBCMJTIFE UIBU
D IBT B EPNBJO PG [40, 160] BOE B DPSSFTQPOEJOH SBOHF PG [50, 85]� *O XIBU GPMMPXT XF
SFQMBDF T XJUI F UP FNQIBTJ[F UIBU UFNQFSBUVSF JT NFBTVSFE JO 'BISFOIFJU EFHSFFT�

5IF $FMDJVT BOE 'BISFOIFJU UFNQFSBUVSF TDBMFT BSF DPOOFDUFE CZ B MJOFBS GVODUJPO� *OEFFE
UIF GVODUJPO UIBU DPOWFSUT 'BISFOIFJU UP $FMDJVT JT

C ! G(F) ! 5
9 (F − 32)�

'PS JOTUBODF B 'BISFOIFJU UFNQFSBUVSF PG 32 EFHSFFT DPSSFTQPOET UP C ! G(32) ! 0 EFHSFFT
$FMDJVT�
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"DUJWJUZ ������ -FU F ! D(N) ! 40+0.25N CF%PMCFBSɒT GVODUJPO UIBU DPOWFSUT BO JOQVU
PG OVNCFS PG DIJSQT QFS NJOVUF UP EFHSFFT 'BISFOIFJU BOE MFU C ! G(F) ! 5

9 (F − 32)
CF UIF GVODUJPO UIBU DPOWFSUT BO JOQVU PG EFHSFFT 'BISFOIFJU UP BO PVUQVU PG EFHSFFT
$FMTJVT�

B� %FUFSNJOF B GPSNVMB GPS UIF OFX GVODUJPO H ! (G ◦ D) UIBU EFQFOET POMZ PO
UIF WBSJBCMF N �

C� 8IBU JT UIF NFBOJOH PG UIF GVODUJPO ZPV GPVOE JO 	B
 

D� )PX EPFT B QMPU PG UIF GVODUJPO H ! (G ◦ D) DPNQBSF UP UIBU PG %PMCFBSɒT GVOD�
UJPO 4LFUDI B QMPU PG y ! H(N) ! (G◦D)(N) PO UIF CMBOL BYFT UP UIF SJHIU PG UIF
QMPU PG %PMCFBSɒT GVODUJPO BOE EJTDVTT UIF TJNJMBSJUJFT BOE EJЙFSFODFT CFUXFFO
UIFN� #F TVSF UP MBCFM UIF WFSUJDBM TDBMF PO ZPVS BYFT�

40 80 120 160

20

40

60

80

N (chirps/min)

T (degrees Fahrenheit)

(120,70)

'JHVSF ������ %PMCFBSɒT GVODUJPO�

40 80 120 160

N (chirps/min)

'JHVSF ������ #MBOL BYFT UP QMPU
H ! (G ◦ D)(N)�

E� 8IBU JT UIF EPNBJO PG UIF GVODUJPO H ! G ◦ D 8IBU JT JUT SBOHF 

����� 'VODUJPO DPNQPTJUJPO BOE BWFSBHF SBUF PG DIBOHF

3FDBMM UIBU UIF BWFSBHF SBUF PG DIBOHF PG B GVODUJPO f PO UIF JOUFSWBM [a , b] JT HJWFO CZ

AV[a ,b] !
f (b) − f (a)

b − a
�

*O 'JHVSF ����� XF TFF UIF GBNJMJBS SFQSFTFOUBUJPO PG AV[a ,b] BT UIF TMPQF PG UIF MJOF KPJOJOH
UIF QPJOUT (a , f (a)) BOE (b , f (b)) PO UIF HSBQI PG f � *O UIF TUVEZ PG DBMDVMVT XF QSPHSFTT
GSPN UIF BWFSBHF SBUF PG DIBOHF PO BO JOUFSWBM UP UIF JOTUBOUBOFPVT SBUF PG DIBOHF PG B GVODUJPO BU B
TJOHMF WBMVF� UIF DPSF JEFB UIBU BMMPXT VT UP NPWF GSPN BO BWFSBHF SBUF UP BO JOTUBOUBOFPVT POF
JT MFUUJOH UIF JOUFSWBM [a , b] TISJOL JO TJ[F�
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y

a b

x

(a, f (a))

(b, f (b))

'JHVSF ������ AV[a ,b] JT UIF TMPQF PG UIF MJOF
KPJOJOH UIF QPJOUT (a , f (a)) BOE (b , f (b)) PO
UIF HSBQI PG f �

y

a a+h

xh

(a, f (a))

(a+h, f (a+h))

'JHVSF ������ AV[a ,a+h] JT UIF TMPQF PG UIF MJOF
KPJOJOH UIF QPJOUT (a , f (a)) BOE (a , f (a + h))
PO UIF HSBQI PG f �

5P UIJOL BCPVU UIF JOUFSWBM [a , b] TISJOLJOH XIJMF a TUBZT КYFE XF PGUFO DIBOHF PVS QFSTQFD�
UJWF BOE UIJOL PG b BT b ! a + h XIFSF h NFBTVSFT UIF IPSJ[POUBM EJЙFSFOF GSPN b UP a� 5IJT
BMMPXT VT UP FWFOUVBMMZ UIJOL BCPVU h HFUUJOH DMPTFS BOE DMPTFS UP 0 BOE JO UIBU DPOUFYU XF
DPOTJEFS UIF FRVJWBMFOU FYQSFTTJPO

AV[a ,a+h] !
f (a + h) − f (a)

a + h − a
!

f (a + h) − f (a)
h

GPS UIF BWFSBHF SBUF PG DIBOHF PG f PO [a , a + h]�
*O UIJT NPTU SFDFOU FYQSFTTJPO GPS AV[a ,a+h] XF TFF UIF JNQPSUBOU SPMF UIBU UIF DPNQPTJUF
GVODUJPO ɔ f (a + h)ɕ QMBZT� *O QBSUJDVMBS UP VOEFSTUBOE UIF FYQSFTTJPO GPS AV[a ,a+h] XF OFFE
UP FWBMVBUF f BU UIF RVBOUJUZ (a + h)�
&YBNQMF ����� 4VQQPTF UIBU f (x) ! x2� %FUFSNJOF UIF TJNQMFTU QPTTJCMF FYQSFTTJPO ZPV DBO
КOE GPS AV[3,3+h] UIF BWFSBHF SBUF PG DIBOHF PG f PO UIF JOUFSWBM [3, 3 + h]�

4PMVUJPO� #Z EFКOJUJPO XF LOPX UIBU

AV[3,3+h] !
f (3 + h) − f (3)

h
.

6TJOH UIF GPSNVMB GPS f  XF TFF UIBU

AV[3,3+h] !
(3 + h)2 − (3)2

h
.

&YQBOEJOH UIF OVNFSBUPS BOE DPNCJOJOH MJLF UFSNT JU GPMMPXT UIBU

AV[3,3+h] !
(9 + 6h + h2) − 9

h
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!
6h + h2

h
�

3FNPWJOH B GBDUPS PG h JO UIF OVNFSBUPS BOE PCTFSWJOH UIBU h ! 0 XF DBO TJNQMJGZ BOE КOE
UIBU

AV[3,3+h] !
h(6 + h)

h
! 6 + h�

)FODF AV[3,3+h] ! 6 + h XIJDI JT UIF BWFSBHF SBUF PG DIBOHF PG f (x) ! x2 PO UIF JOUFSWBM
[3, 3 + h]�y !

"DUJWJUZ ������ -FU f (x) ! 2x2 − 3x + 1 BOE !(x) ! 5
x �

B� $PNQVUF f (1 + h) BOE FYQBOE BOE TJNQMJGZ UIF SFTVMU BT NVDI BT QPTTJCMF CZ
DPNCJOJOH MJLF UFSNT�

C� %FUFSNJOF UIFNPTU TJNQMJКFE FYQSFTTJPO ZPV DBO GPS UIF BWFSBHF SBUF PG DIBOHF
PG f PO UIF JOUFSWBM [1, 1+ h]� 5IBU JT EFUFSNJOF AV[1,1+h] GPS f BOE TJNQMJGZ UIF
SFTVMU BT NVDI BT QPTTJCMF�

D� $PNQVUF !(1 + h)� *T UIFSF BOZ WBMJE BMHFCSB ZPV DBO EP UP XSJUF !(1 + h) NPSF
TJNQMZ 

E� %FUFSNJOF UIFNPTU TJNQMJКFE FYQSFTTJPO ZPV DBO GPS UIF BWFSBHF SBUF PG DIBOHF
PG ! PO UIF JOUFSWBM [1, 1+ h]� 5IBU JT EFUFSNJOF AV[1,1+h] GPS ! BOE TJNQMJGZ UIF
SFTVMU�

*O "DUJWJUZ ����� XF TFF BO JNQPSUBOU TFUUJOH XIFSF BMHFCSBJD TJNQMJКDBUJPO QMBZT B DSVDJBM
SPMF JO DBMDVMVT� #FDBVTF UIF FYQSFTTTJPO

AV[a ,a+h] !
f (a + h) − f (a)

h
BMXBZT CFHJOT XJUI BO h JO UIF EFOPNJOBUPS JO PSEFS UP QSFDJTFMZ VOEFSTUBOE IPX UIJT
RVBOUJUZ CFIBWFT XIFO h HFUT DMPTF UP 0 B TJNQMJКFE WFSTJPO PG UIJT FYQSFTTJPO JT OFFEFE�
'PS JOTUBODF BT XF GPVOE JO QBSU 	C
 PG "DUJWJUZ ����� JUɒT QPTTJCMF UP TIPX UIBU GPS f (x) !
2x2 − 3x + 1

AV[1,1+h] ! 2h + 1
XIJDI JT B NVDI TJNQMFS FYQSFTTJPO UP JOWFTUJHBUF�

����� 4VNNBSZ

ə 8IFO EFКOFE UIF DPNQPTJUJPO PG UXP GVODUJPOT f BOE ! QSPEVDFT B TJOHMF OFX GVOD�
UJPO f ◦ ! BDDPSEJOH UP UIF SVMF ( f ◦ !)(x) ! f (!(x))� 8F OPUF UIBU ! JT BQQMJFE КSTU UP
UIF JOQVU x BOE UIFO f JT BQQMJFE UP UIF PVUQVU !(x) UIBU SFTVMUT GSPN !�

y/PUF UIBU 6+h JT B MJOFBS GVODUJPO PG h� 5IJT DPNQVUBUJPO JT DPOOFDUFE UP UIF PCTFSWBUJPO XFNBEF JO 5BCMF �����
SFHBSEJOH IPX UIFSFɒT B MJOFBS BTQFDU UP IPX UIF BWFSBHF SBUF PG DIBOHF PG B RVBESBUJD GVODUJPO DIBOHFT BTXFNPEJGZ
UIF JOUFSWBM�
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ə *O UIF DPNQPTJUF GVODUJPO h(x) ! f (!(x)) UIF ɔJOOFSɕ GVODUJPO JT ! BOE UIF ɔPVUFSɕ
GVODUJPO JT f � /PUF UIBU UIF JOOFS GVODUJPO HFUT BQQMJFE UP x КSTU FWFO UIPVHI UIF
PVUFS GVODUJPO BQQFBST КSTU XIFO XF SFBE GSPN MFGU UP SJHIU� 5IF DPNQPTJUF GVODUJPO
JT POMZ EFКOFE QSPWJEFE UIBU UIF DPEPNBJO PG ! NBUDIFT UIF EPNBJO PG f � UIBU JT XF
OFFE BOZ QPTTJCMF PVUQVUT PG ! UP CF BNPOH UIF BMMPXFE JOQVUT GPS f � *O QBSUJDVMBS XF
DBO TBZ UIBU JG ! : A → B BOE f : B → C UIFO f ◦ ! : A → C� 5IVT UIF EPNBJO PG
UIF DPNQPTJUF GVODUJPO JT UIF EPNBJO PG UIF JOOFS GVODUJPO BOE UIF DPEPNBJO PG UIF
DPNQPTJUF GVODUJPO JT UIF DPEPNBJO PG UIF PVUFS GVODUJPO�

ə #FDBVTF UIF FYQSFTTJPO AV[a ,a+h] JT EFКOFE CZ

AV[a ,a+h] !
f (a + h) − f (a)

h
BOE UIJT JODMVEFT UIF RVBOUJUZ f (a + h) UIF BWFSBHF SBUF PG DIBOHF PG B GVODUJPO PO UIF
JOUFSWBM [a , a + h] BMXBZT JOWPMWFT UIF FWBMVBUJPO PG B DPNQPTJUF GVODUJPO FYQSFTTJPO�
5IJT JEFB QMBZT B DSVDJBM SPMF JO UIF TUVEZ PG DBMDVMVT�

����� &YFSDJTFT

�� 4VQQPTF r ! f (t) JT UIF SBEJVT JO DFOUJNFUFST PG B DJSDMF BU UJNF t NJOVUFT BOE A(r) JT
UIF BSFB JO TRVBSF DFOUJNFUFST PG B DJSDMF PG SBEJVT r DFOUJNFUFST�

8IJDI PG UIF GPMMPXJOH TUBUFNFOUT CFTU FYQMBJOT UIF NFBOJOH PG UIF DPNQPTJUF GVODUJPO
A( f (t)) 

% 5IF BSFB PG B DJSDMF JO TRVBSF DFOUJNFUFST PG SBEJVT r DFOUJNFUFST�

% 5IF BSFB PG B DJSDMF JO TRVBSF DFOUJNFUFST BU UJNF t NJOVUFT�

% 5IF SBEJVT PG B DJSDMF JO DFOUJNFUFST BU UJNF t NJOVUFT�

% 5IF GVODUJPO f PG UIF NJOVUFT BOE UIF BSFB�

% /POF PG UIF BCPWF
�� " TXJOHJOH QFOEVMVN JT DPOTUSVDUFE GSPN B QJFDF PG TUSJOH XJUI B XFJHIU BUUBDIFE

UP UIF CPUUPN� 5IF MFOHUI PG UIF QFOEVMVN EFQFOET PO IPX NVDI TUSJOH JT MFU PVU�
4VQQPTF L ! f (t) JT UIF MFOHUI JO DFOUJNFUFST PG UIF QFOEVMVN BU UJNF t NJOVUFT BOE
P(L) JT UIF QFSJPE JO TFDPOET PG B QFOEVMVN PG MFOHUI L�

8IJDI PG UIF GPMMPXJOH TUBUFNFOUT CFTU FYQMBJOT UIF NFBOJOH PG UIF DPNQPTJUF GVODUJPO
P( f (t)) 

% 5IF QFSJPE P PG UIF QFOEVMVN JO NJOVUFT BGUFS t NJOVUFT IBWF FMBQTFE�

% 5IF QFSJPE P PG UIF QFOEVMVN JO TFDPOET XIFO UIF QFOEVMVN IBT MFOHUI L
NFUFST�

% 5IF QFSJPE P PG UIF QFOEVMVN JO NJOVUFT XIFO UIF QFOEVMVN IBT MFOHUI L
NFUFST�

% 5IF QFSJPE P PG UIF QFOEVMVN JO TFDPOET BGUFS t NJOVUFT IBWF FMBQTFE�
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% /POF PG UIF BCPWF
�� 5IF GPSNVMB GPS UIF WPMVNF PG B DVCF XJUI TJEF MFOHUI s JT V ! s3� 5IF GPSNVMB GPS UIF

TVSGBDF BSFB PG B DVCF JT A ! 6s2�

	B
 'JOE UIF GPSNVMB GPS UIF GVODUJPO s ! f (A)�
8IJDI PG UIF TUBUFNFOUT CFTU FYQMBJOT UIF NFBOJOH PG s ! f (A) 

% 5IF TJEF MFOHUI GPS B DVCF PG TVSGBDF BSFB A

% 5IF TJEF MFOHUI GPS B DVCF PG WPMVNF V

% 5IF WPMVNF PG B DVCF PG TJEF MFOHUI s

% 5IF TVSGBDF BSFB PG B DVCF PG TJEF MFOHUI s

	C
 *G V ! !(s) КOE B GPSNVMB GPS !( f (A)).
8IJDI PG UIF TUBUFNFOUT CFTU FYQMBJOT UIF NFBOJOH PG !( f (A)) 

% 5IF WPMVNF GPS B DVCF PG TJEF MFOHUI s

% 5IF TVSGBDF BSFB GPS B DVCF PG TJEF MFOHUI s

% 5IF WPMVNF GPS B DVCF XJUI TVSGBDF BSFB A

% 5IF TVSGBDF BSFB GPS B DVCF PG WPMVNF V
�� (JWFO UIBU f (x) ! 5x − 6 BOE !(x) ! 2x − 2 DBMDVMBUF

	B
 f ◦ !(x)�
	C
 ! ◦ f (x)�
	D
 f ◦ f (x)�
	E
 ! ◦ !(x)�

�� 5IJT QSPCMFN HJWFT ZPV TPNF QSBDUJDF JEFOUJGZJOH IPXNPSF DPNQMJDBUFE GVODUJPOT DBO
CF CVJMU GSPN TJNQMFS GVODUJPOT�

-FU f (x) ! x3 − 27BOE MFU !(x) ! x − 3� .BUDI UIF GVODUJPOT EFКOFE CFMPX XJUI UIF
MFUUFST MBCFMJOH UIFJS FRVJWBMFOU FYQSFTTJPOT�

�� f (x)/!(x)
�� f (x2)
�� ( f (x))2

�� !( f (x))

"� −27 + x6

#� 9 + 3x + x2

$� 729 − 54x3 + x6

%� −30 + x3
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�� 5IF OVNCFS PG CBDUFSJB JO B SFGSJHFSBUFE GPPEQSPEVDU JT HJWFO CZ N(T) ! 27T2−97T+51
3 < T < 33 XIFSF T JT UIF UFNQFSBUVSF PG UIF GPPE�

8IFO UIF GPPE JT SFNPWFE GSPN UIF SFGSJHFSBUPS UIF UFNQFSBUVSF JT HJWFO CZ T(t) !

4t + 1.7  XIFSF t JT UIF UJNF JO IPVST�'JOE UIF DPNQPTJUF GVODUJPO N(T(t))�
'JOE UIF UJNF XIFO UIF CBDUFSJB DPVOU SFBDIFT ������

�� -FU f (x) ! 5x + 2 BOE !(x) ! 4x2 + 3x� 'JOE ( f ◦ !)(−2) BOE ( f ◦ !)(x)�
�� 6TF UIF HJWFO JOGPSNBUJPO BCPVU WBSJPVT GVODUJPOT UP BOTXFS UIF GPMMPXJOH RVFTUJPOT

JOWPMWJOH DPNQPTJUJPO�
B� -FU GVODUJPOT f BOE ! CF HJWFO CZ UIF HSBQIT JO 'JHVSF ������ BOE ������� "O

PQFO DJSDMF NFBOT UIFSF JT OPU B QPJOU BU UIBU MPDBUJPO PO UIF HSBQI� 'PS JOTUBODF
f (−1) ! 1 CVU f (3) JT OPU EFКOFE�

-3 -2 -1 1 2 3

-3

-2

-1

1

2

3

f

'JHVSF ������� 1MPU PG y ! f (x)�

-2 -1 1 2 3

-1

1

2

3

g

'JHVSF ������� 1MPU PG y ! !(x)�
%FUFSNJOF f (!(1)) BOE !( f (−2))�

C� "HBJO VTJOH UIF GVODUJPOT HJWFO JO 	B
 DBO ZPV EFUFSNJOF B WBMVF PG x GPS XIJDI
!( f (x)) JT OPU EFКOFE 8IZ PS XIZ OPU 

D� -FU GVODUJPOT r BOE s CF EFКOFE CZ 5BCMF �������

t −4 −3 −2 −1 0 1 2 3 4
r(t) 4 1 2 3 0 −3 2 −1 −4
s(t) −5 −6 −7 −8 0 8 7 6 5

5BCMF ������� 5BCMF UIBU EFКOFT r BOE s�

%FUFSNJOF (s ◦ r)(3) (s ◦ r)(−4) BOE (s ◦ r)(a) GPS POF BEEJUJPOBM WBMVF PG a PG ZPVS
DIPJDF�

E� 'PS UIF GVODUJPOT r BOE s EFКOFE JO 	D
 TUBUF UIF EPNBJO BOE SBOHF PG FBDI GVOD�
UJPO� 'PS IPX NBOZ EJЙFSFOU WBMVFT PG b JT JU QPTTJCMF UP EFUFSNJOF (r ◦ s)(b) 
&YQMBJO�
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F� -FU m(u) ! u3 + 4u2 − 5u + 1� %FUFSNJOF FYQSFTTJPOT GPS m(x2) m(2 + h) BOE
m(a + h)�

G� 'PS UIF GVODUJPO F(x) ! 4−3x − x2 EFUFSNJOF UIF NPTU TJNQMJКFE FYQSFTTJPO ZPV
DBO КOE GPS AV[2,2+h]� 4IPX ZPVS BMHFCSBJD XPSL BOE UIJOLJOH GVMMZ�

�� 3FDBMM %PMCFBSɒT GVODUJPO UIBU EFКOFT UFNQFSBUVSF F JO 'BISFOIFJU EFHSFFT BT B GVOD�
UJPO PG UIF OVNCFS PG DIJSQT QFS NJOVUF N  JT F ! D(N) ! 40 + 1

4 N �
B� 4PMWF UIF FRVBUJPO F ! 40 + 1

4 N GPS N JO UFSNT PG F�

C� 4BZ UIBU N ! !(F) JT UIF GVODUJPO ZPV KVTU GPVOE JO 	B
� 8IBU JT UIF NFBOJOH PG
UIJT GVODUJPO 8IBU EPFT JU UBLF BT JOQVUT BOE XIBU EPFT JU QSPEVDF BT PVUQVUT 

D� )PX NBOZ DIJSQT QFS NJOVUF EP XF FYQFDU XIFO UIF PVUTJEFU UFNQFSBUVSF JT 82
EFHSFFT ' )PX DBO XF FYQSFTT UIJT JO UIF OPUBUJPO PG UIF GVODUJPO ! 

E� 3FDBMM UIBU UIF GVODUJPO UIBU DPOWFSUT 'BISFOIFJU UP$FMTJVT JT C ! G(F) ! 5
9 (F−32)�

4PMWF UIF FRVBUJPO C ! 5
9 (F − 32) GPS F JO UFSNT PG C� $BMM UIF SFTVMUJOH GVODUJPO

F ! p(C)� 8IBU JT UIF NFBOJOH PG UIJT GVODUJPO 

F� *T JU QPTTJCMF UP XSJUF UIF DIJSQ�SBUF N BT B GVODUJPO PG UFNQFSBUVSF C JO $FMTJVT 
5IBU JT DBO XF QSPEVDF B GVODUJPO XIPTF JOQVU JT JO EFHSFFT $FMTJVT BOE XIPTF
PVUQVU JT UIF OVNCFS PG DIJSQT QFS NJOVUF *G ZFT EP TP BOE FYQMBJO ZPVS UIJOL�
JOH� *G OPU FYQMBJO XIZ JUɒT OPU QPTTJCMF�

��� 'PS FBDI PG UIF GPMMPXJOH GVODUJPOT КOE UXP TJNQMFS GVODUJPOT f BOE ! TVDI UIBU UIF
HJWFO GVODUJPO DBO CF XSJUUFO BT UIF DPNQPTJUF GVODUJPO ! ◦ f �

B� h(x) ! (x2 + 7)3

C� r(x) !
√

5 − x3

D� m(x) ! 1
x4+2x2+1

E� w(x) ! 23−x2

��� " TQIFSJDBM UBOL IBT SBEJVT 4 GFFU� 5IF UBOL JT JOJUJBMMZ FNQUZ BOE UIFO CFHJOT UP CF
КMMFE JO TVDI B XBZ UIBU UIF IFJHIU PG UIF XBUFS SJTFT BU B DPOTUBOU SBUF PG 0.4 GFFU QFS
NJOVUF� -FU V CF UIF WPMVNF PG XBUFS JO UIF UBOL BU B HJWFO JOTUBOU BOE h UIF EFQUI
PG UIF XBUFS BU UIF TBNF JOTUBOU� MFU t EFOPUF UIF UJNF FMBQTFE JO NJOVUFT TJODF UIF UBOL
TUBSUFE CFJOH КMMFE�

B� $BMDVMVT DBO CF VTFE UP TIPX UIBU UIF WPMVNF V  JT B GVODUJPO PG UIF EFQUI h PG
UIF XBUFS JO UIF UBOL BDDPSEJOH UP UIF GVODUJPO

V ! f (h) ! π3 h2(12 − h)� 	�����


8IBU JT UIF EPNBJO PG UIJT NPEFM 8IZ 8IBU JT UIF DPSSFTQPOEJOH SBOHF 

C� 8F BSF HJWFO UIF GBDU UIBU UIF UBOL JT CFJOH КMMFE JO TVDI B XBZ UIBU UIF IFJHIU
PG UIF XBUFS SJTFT BU B DPOTUBOU SBUF PG 0.4 GFFU QFS NJOVUF� 4BJE EJЙFSFOUMZ h JT
B GVODUJPO PG t XIPTF BWFSBHF SBUF PG DIBOHF JT DPOTUBOU� 8IBU LJOE PG GVODUJPO
EPFT UIJT NBLF h ! p(t) %FUFSNJOF B GPSNVMB GPS p(t)�

D� 8IBU BSF UIF EPNBJO BOE SBOHF PG UIF GVODUJPO h ! p(t) )PX JT UIJT UJFE UP UIF
EJNFOTJPOT PG UIF UBOL 

E� *O 	B
 XF PCTFSWFE UIBU V JT B GVODUJPO PG h BOE JO 	C
 XF GPVOE UIBU h JT B GVODUJPO

�� Page 198



��� $PNQPTJUF 'VODUJPOT

PG t� 6TF UIFTF UXP GBDUT BOE GVODUJPO DPNQPTJUJPO BQQSPQSJBUFMZ UP XSJUF V BT B
GVODUJPO PG t� $BMM UIF SFTVMUJOH GVODUJPO V ! q(t)�

F� 8IBU BSF UIF EPNBJO BOE SBOHF PG UIF GVODUJPO q 8IZ 

G� 0O UIF QSPWJEFE BYFT TLFUDI BDDVSBUF HSBQIT PG h ! p(t) BOE V ! q(t) MBCFMJOH
UIF WFSUJDBM BOE IPSJ[POUBM TDBMF PO FBDI HSBQI BQQSPQSJBUFMZ� .BLF ZPVS HSBQIT
BT QSFDJTF BT ZPV DBO� VTF B DPNQVUJOH EFWJDF UP BTTJTU BT OFFEFE�

h

t

V

t

8IZ EP FBDI PG UIF UXP HSBQIT IBWF UIFJS SFTQFDUJWF TIBQFT 8SJUF BU MFBTU POF
TFOUFODF UP FYQMBJO FBDI HSBQI� SFGFS FYQMJDJUMZ UP UIF TIBQF PG UIF UBOL BOE PUIFS
JOGPSNBUJPO HJWFO JO UIF QSPCMFN�
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kX9Xk oB/2Qb

uQmhm#2, JVVRU���YYY�[QWVWDG�EQO�YCVEJ!X�YSFL(5<G�&M

6B;m`2 9e oB/2Q 7Q` .69

kX8 h?2 +?�BM `mH2 U.68V

G2�`MBM; Pmi+QK2b
Ç *QKTmi2 /2`Bp�iBp2b mbBM; i?2 *?�BM _mH2X

kX8XR �+iBpBiB2b
LQi2 kX8XR q?2M r2 +QMbB/2` i?2 +QMbB/2` i?2 +QKTQbBiBQM f◦g Q7 i?2 7mM+iBQM
f rBi? i?2 7mM+iBQM g- r2 K2�M i?2 +QKTQbBi2 7mM+iBQM f(g(x))- r?2`2 i?2
7mM+iBQM g Bb �TTHB2/ }`bi �M/ i?2M f Bb �TTHB2/ iQ i?2 QmiTmi Q7 gX q2 �HbQ
+�HH f i?2 QmibB/2 7mM+iBQM r?BHbi g Bb i?2 BMbB/2 7mM+iBQMX
�+iBpBiv kX8Xk
U�V *QMbB/2` i?2 7mM+iBQM f(x) = −x2 + 5 �M/ g(x) = 2x− 1X q?B+? Q7 i?2

7QHHQrBM; Bb � 7Q`KmH� 7Q` f(g(x))\

�X −4x2 + 4x+ 4

"X 4x2 − 4x+ 5

*X −2x2 + 9

.X −2x2 + 4

U#V PM2 Q7 i?2 QTiBQMb �#Qp2 Bb � 7Q`KmH� 7Q` g(f(x))X q?B+? QM2\
�+iBpBiv kX8Xj
U�V *QMbB/2` i?2 +QKTQbBi2 7mM+iBQM f(g(x)) =

√
exX q?B+? 7mM+iBQM Bb i?2

QmibB/2 7mM+iBQM f(x) �M/ r?B+? QM2 Bb i?2 BMbB/2 7mM+iBQM g(x)\

�X f(x) = x2 , g(x) = ex

"X f(x) =
√
x , g(x) = ex

*X f(x) = ex , g(x) =
√
x

.X f(x) = ex , g(x) = x2

U#V lbBM; T`QT2`iB2b Q7 2tTQM2Mib- r2 +�M `2r`Bi2 i?2 Q`B;BM�H 7mM+iBQM �b e x
2 X

lbBM; i?Bb M2r 2tT`2bbBQM- r?�i Bb vQm` M2r BMbB/2 7mM+iBQM �M/ vQm`
M2r QmibB/2 7mM+iBQM\

U+V *QMbB/2` i?2 7mM+iBQM e
√
xX AM i?Bb +�b2- r?�i �`2 i?2 BMbB/2 �M/ QmibB/2

7mM+iBQMb\
�+iBpBiv kX8X9 AM i?Bb �+iBpBiv r2 rBHH #mBH/ i?2 BMimBiBQM 7Q` i?2 +?�BM `mH2
mbBM; � `2�H@rQ`H/ b+2M�`BQ �M/ /Bz2`2MiB�H MQi�iBQM 7Q` /2`Bp�iBp2bX *QMbB/2`
i?2 7QHHQrBM; b+2M�`BQX

Jv M2B;?#Q`?QQ/ Bb #2BM; BMp�/2/5 h?2 b[mB``2H TQTmH�iBQM ;`Qrb #�b2/
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QM �+Q`M �p�BH�#BHBiv- �i � `�i2 Q7 k b[mB``2Hb T2` #mb?2H Q7 �+Q`MbX �+Q`M
�p�BH�#BHBiv ;`Qrb �i � `�i2 Q7 Ryy #mb?2Hb Q7 �+Q`Mb T2` r22FX >Qr 7�bi Bb i?2
b[mB``2H TQTmH�iBQM ;`QrBM; T2` r22F\

U�V h?2 b+2M�`BQ ;Bp2b vQm BM7Q`K�iBQM `2;�`/BM; i?2 `�i2 Q7 ;`Qri? Q7 s(a)-
i?2 b[mB``2H TQTmH�iBQM �b � 7mM+iBQM Q7 �+Q`M �p�BH�#BHBiv UK2�bm`2/ BM
#mb?2HbVX q?�i Bb i?2 +m``2Mi p�Hm2 Q7 ds

da\

�X k
"X Ryy

*X kyy
.X 8y

U#V h?2 b+2M�`BQ ;Bp2b vQm BM7Q`K�iBQM `2;�`/BM; i?2 `�i2 Q7 ;`Qri? Q7 a(t)-
i?2 �+Q`M �p�BH�#BHBiv �b � 7mM+iBQM Q7 iBK2 UK2�bm`2/ BM r22FbVX q?�i
Bb i?2 +m``2Mi p�Hm2 Q7 da

dt \

�X k
"X Ryy

*X kyy
.X 8y

U+V :Bp2M �HH i?2 BM7Q`K�iBQM T`QpB/2/- r?�i Bb vQm` #2bi ;m2bb 7Q` i?2 p�Hm2
Q7 ds

dt - i?2 `�i2 �i r?B+? i?2 b[mB``2H TQTmH�iBQM Bb ;`QrBM; T2` r22F\

�X k
"X Ryy

*X kyy
.X 8y

U/V :Bp2M vQm` �Mbr2`b �#Qp2- r?�i Bb i?2 `2H�iBQMb?BT #2ir22M ds
da ,

da
dt ,

ds
dt \

.2}MBiBQM kX8X8 q?2M HQQFBM; �i i?2 +QKTQbBi2 7mM+iBQM f(g(x))- r2 ?�p2
i?�i

d

dx

(
f(g(x))

)
= f ′(g(x)) · g′(x).

lbBM; /Bz2`2MiB�H MQi�iBQM- B7 r2 +QMbB/2` i?2 +QKTQbBi2 7mM+iBQM (v ◦u)(x)- r2
?�p2 i?�i

dv

dx
=

dv

du
· du
dx

X

h?Bb /2}M2/ i?2 +?�BM `mH2X ♦
q�`MBM; kX8Xe Ai Bb BKTQ`i�Mi iQ +QMbB/2` i?2 BMTmi Q7 � 7mM+iBQM r?2M i�F@
BM; i?2 /2`Bp�iBp25 AM 7�+i- f ′(g(x)) �M/ f ′(x) �`2 /Bz2`2Mi 7mM+iBQMbXXX aQ
+QKTmiBM; dv

dx ;Bp2b � /Bz2`2Mi `2bmHi i?�M +QKTmiBM; dv
du X

�+iBpBiv kX8Xd
U�V *QMbB/2` i?2 7mM+iBQM f(x) = −x2 + 5 �M/ g(x) = 2x − 1X LQiB+2 i?�i

f(g(x)) = −4x2+4x+4X q?B+? Q7 i?2 7QHHQrBM; Bb i?2 /2`Bp�iBp2 7mM+iBQM
Q7 i?2 +QKTQbBi2 7mM+iBQM f(g(x))\

�X −8x+ 4

"X −4x

*X −2x

.X 2

U#V PM2 Q7 i?2 QTiBQMb �#Qp2 Bb � 7Q`KmH� 7Q` f ′(x) ·g′(x)X q?B+? QM2\ LQiB+2
i?�i i?Bb Bb MQi i?2 b�K2 �b i?2 /2`Bp�iBp2 Q7 f(g(x))5

�+iBpBiv kX8X3 *QMbB/2` i?2 +QKTQbBi2 7mM+iBQM h(x) =
√
ex = e

x
2 X 6Q` 2�+?

Q7 i?2 irQ 2tT`2bbBQMb- }M/ i?2 /2`Bp�iBp2 mbBM; i?2 +?�BM `mH2X q?B+? Q7 i?2
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7QHHQrBM; 2tT`2bbBQMb �`2 2[m�H iQ h′(x)\ a2H2+i �HH5
�X 1

2
(ex)

−1
2 · ex

"X 1

2
(ex)

3
2 · ex

*X 1

2
e

−x
2

.X e
x
2 · 1

2

1X 1

2

√
ex

6X
√
ex · ex

�+iBpBiv kX8XN "2HQr vQm �`2 ;Bp2M i?2 ;`�T?b Q7 irQ 7mM+iBQMb, a(x) �M/
b(x)X lb2 i?2 ;`�T?b iQ +QKTmi2 p�mH2b Q7 +QKTQbBi2 7mM+iBQMb �M/ Q7 i?2B`
/2`Bp�iBp2b- r?2M TQbbB#H2 Ui?2`2 �`2 TQBMib r?2`2 i?2 /2`Bp�iBp2 Q7 i?2b2 7mM+@
iBQMb Bb MQi /2}M2/5VX LQiB+2 i?�i iQ +QKTmi2 i?2 /2`Bp�iBp2 �i � TQBMi- vQm
}`bi r�Mi iQ }M/ i?2 /2`Bp�iBp2 �b � 7mM+iBQM Q7 x �M/ i?2M THm; BM i?2 BMTmi
vQm r�Mi iQ bim/vX

−4 −2 2 4

−2

2
a(x)

x

y

−4 −2 2 4

−2

2
b(x)

x

y

6B;m`2 9d h?2 ;`�T?b Q7 a(x) �M/ b(x)

U�V LQiB+2 i?�i i?2 /2`Bp�iBp2 Q7 a ◦ b Bb ;Bp2M #v a′(b(x)) · b′(x)- bQ i?2
/2`Bp�iBp2 Q7 a ◦ b �i x = 4 Bb ;Bp2M #v i?2 [m�MiBiv a′(b(4)) · b′(4) =
a′(−2) · b′(4)- #2+�mb2 b(4) = −2X lbBM; i?2 ;`�T?b iQ +QKTmi2 bHQT2b-
r?�i Bb i?2 /2`Bp�iBp2 Q7 a ◦ b �i x = 4\

�X 0

"X −1

*X 1

.X @k

1X k

6X h?2 /2`Bp�iBp2 /Q2b MQi 2tBbi
�i i?Bb TQBMiX

U#V q?B+? Q7 i?2 7QHHQrBM; p�Hm2b Bb i?2 /2`Bp�iBp2 Q7 a ◦ b �i x = 2\

�X 0

"X −1

*X 1

.X @k

1X k

6X h?2 /2`Bp�iBp2 /Q2b MQi 2tBbi
�i i?Bb TQBMiX

U+V q?B+? Q7 i?2 7QHHQrBM; p�Hm2b Bb i?2 /2`Bp�iBp2 Q7 b ◦ a U/Bz2`2Mi Q`/2`5V
�i x = −2\

�X 0

"X −1

*X 1

.X @k

1X k

6X h?2 /2`Bp�iBp2 /Q2b MQi 2tBbi
�i i?Bb TQBMiX
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�+iBpBiv kX8XRy AM i?Bb �+iBpBiv vQm rBHH bim/v i?2 /2`Bp�iBp2 Q7 +Qbn(x) 7Q`
/Bz2`2Mi TQr2`b nX
U�V *QMbB/2` i?2 7mM+iBQM +Qb2(x) = (+Qb(x))2X *QK#BMBM; TQr2` �M/ +?�BM

`mH2- r?�i /Q vQm ;2i B7 vQm /Bz2`2MiB�i2 +Qb2(x)\

�X − +Qb2(x) bBM(x)
"X − +Qb2(x) bBM(x)

*X 2 +Qb(x) bBM(x)
.X −2 +Qb(x) bBM(x)

U#V *QMbB/2` i?2 7mM+iBQM +Qb3(x)X 6BM/ Bib /2`Bp�iBp2X

U+V *QMbB/2` i?2 7mM+iBQM +Qbn(x)- 7Q` n �Mv MmK#2`X 6BM/ i?2 ;2M2`�H 7Q`@
KmH� 7Q` Bib /2`Bp�iBp2X

�+iBpBiv kX8XRR AM i?Bb �+iBpBiv vQm rBHH bim/v i?2 /2`Bp�iBp2 Q7 b+Qb(x) 7Q`
/Bz2`2Mi #�b2b bX
U�V *QMbB/2` i?2 7mM+iBQM e+Qb(x)X *QK#BMBM; 2tTQM2MiB�H �M/ +?�BM `mH2-

r?�i /Q vQm ;2i B7 vQm /Bz2`2MiB�i2 e+Qb(x)\

�X e+Qb(x)

"X −e+Qb(x) bBM(x)
*X e− bBM(x)

.X e+Qb(x) bBM(x)

U#V *QMbB/2` i?2 7mM+iBQM 2+Qb(x)X 6BM/ Bib /2`Bp�iBp2X

U+V *QMbB/2` i?2 7mM+iBQM b+Qb(x)- 7Q` b �Mv TQbBiBp2 MmK#2`X 6BM/ i?2 ;2M2`�H
7Q`KmH� 7Q` Bib /2`Bp�iBp2X

_2K�`F kX8XRk _2K2K#2` i?�i 2tTQM2MiB�H �M/ TQr2` 7mM+iBQMb Q#2v p2`v
/Bz2`2Mi /Bz2`2MiB�iBQM `mH2bX h?Bb #2?�pBQ` +QMiBMm2b r?2M r2 +QMbB/2` +QK@
TQbBi2 7mM+iBQMX h?2 +QKTQbBi2 TQr2` 7mM+iBQM f(x)3 ?�b /2`Bp�iBp2

3[f(x)]2 · f ′(x)

#mi i?2 +QKTQbBi2 2tTQM2MiB�H 7mM+iBQM 3f(x) ?�b /2`Bp�iBp2

HM(3) 3f(x) · f ′(x)

�+iBpBiv kX8XRj .2KQMbi`�i2 �M/ 2tTH�BM ?Qr iQ }M/ i?2 /2`Bp�iBp2 Q7 i?2
7QHHQrBM; 7mM+iBQMbX "2 bm`2 iQ 2tTHB+BiHv /2MQi2 r?B+? /2`Bp�iBp2 `mH2b U+?�BM-
T`Q/m+i- [mQiB2Mi- bmKf/Bz2`2M+2- 2i+XV vQm �`2 mbBM; BM vQm` rQ`FX

RX
f(x) = −(4x− 3 ex + 4)3

kX
k(w) = 9 +Qb

(
w

7
5

)

jX
h(y) = −3 bBM

(
−5 y2 + 2 y − 5

)

9X
g(t) = 9 +Qb (t)

7
5

�Mbr2`X

RX
f ′(x) = 3 (4x− 3 ex + 4)2(3 ex − 4)
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kX
k′(w) = −63

5
w

2
5 bBM

(
w

7
5

)

jX
h′(y) = 6 (5 y − 1) +Qb

(
−5 y2 + 2 y − 5

)

9X
g′(t) = −63

5
+Qb (t)

2
5 bBM (t)

�+iBpBiv kX8XR9 LQiB+2 i?�i
(
f(x)

g(x)

)
=
(
f(x) · g(x)−1

)

lb2 i?Bb Q#b2`p�iBQM- i?2 +?�BM `mH2- i?2 T`Q/m+i `mH2- �M/ i?2 TQr2` `mH2 UTHmb
bQK2 7`�+iBQM �H;2#`�V iQ /2/m+2 i?2 [mQiB2Mi `mH2 BM � M2r r�v5
�+iBpBiv kX8XR8 _2K2K#2` Kv M2B;?#Q`?QQ/ b[mB``2H BMp�bBQM\ h?2 b[mB``2H
TQTmH�iBQM ;`Qrb #�b2/ QM �+Q`M �p�BH�#BHBiv- �i � `�i2 Q7 k b[mB``2Hb T2` #mb?2H
Q7 �+Q`MbX �+Q`M �p�BH�#BHBiv ;`Qrb �i � `�i2 Q7 Ryy #mb?2Hb Q7 �+Q`Mb T2` r22FX
*QMbB/2`BM; i?Bb BM7Q`K�iBQM �b T2`i�BMBM; iQ i?2 KQK2Mi t = 0- vQm �`2 ;Bp2M
i?2 7QHHQrBM; TQbbB#H2 KQ/2H 7Q` i?2 b[mB``2H,

s(a(t)) = 2a(t) + 10 = 2 (50 bBM(2t) + 60) + 10.

U�V *?2+F i?�i i?2 KQ/2H b�iBb}2b i?2 /�i� ds
da = 2 �M/ da

dt

∣∣
t=0

= 100

U#V 6BM/ i?2 /2`Bp�iBp2 7mM+iBQM ds
dt �M/ +?2+F i?�i ds

dt |t=0 = 200X

U+V �++Q`/BM; iQ i?Bb KQ/2H- r?�i Bb i?2 K�tBKmK �M/ KBMBKmK b[mB``2H
TQTmH�iBQM\ q?�i Bb i?2 7�bi2bi `�i2 Q7 BM+`2�b2 �M/ /2+`2�b2 Q7 i?2
b[mB``2H TQTmH�iBQM\ q?2M rBHH i?2b2 2ti`2K�H b+2M�`BQMb Q++m`\

�+iBpBiv kX8XRe amTTQb2 i?�i � }b? TQTmH�iBQM �i t KQMi?b Bb �TT`QtBK�i2/
#v

P (t) = 100 · 40.05t

U�V 6BM/ P (10) �M/ mb2 mMBib iQ 2tTH�BM r?�i i?Bb p�Hm2 i2HHb mb �#Qmi i?2
TQTmH�iBQMX

U#V 6BM/ P ′(10) �M/ mb2 mMBib iQ 2tTH�BM r?�i i?Bb p�Hm2 i2HHb mb �#Qmi i?2
TQTmH�iBQMX UA7 vQm r�Mi iQ �pQB/ mbBM; � +�H+mH�iQ`- vQm +�M mb2 i?2
�TT`QtBK�iBQM HM(4) = 1.4XV

kX8Xk oB/2Qb

uQmhm#2, JVVRU���YYY�[QWVWDG�EQO�YCVEJ!X�S)-�DI[63*�

6B;m`2 93 oB/2Q 7Q` .68
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kXe .Bz2`2MiB�iBQM bi`�i2;v U.6eV

G2�`MBM; Pmi+QK2b
Ç *QKTmi2 /2`Bp�iBp2b mbBM; � +QK#BM�iBQM Q7 �H;2#`�B+ /2`Bp�iBp2 `mH2bX

kXeXR �+iBpBiB2b
�+iBpBiv kXeXR *QMbB/2` i?2 7mM+iBQMb /2}M2/ #2HQr,

f(x) = bBM((x2 + 3x) +Qb(2x))

g(x) = bBM(x2 + 3x) +Qb(2x)

U�V q?�i /Q vQm MQiB+2 i?�i Bb bBKBH�` �#Qmi i?2b2 irQ 7mM+iBQMb\

U#V q?�i /Q vQm MQiB+2 i?�i Bb /Bz2`2Mi �#Qmi i?2b2 irQ 7mM+iBQMb\

U+V AK�;BM2 i?�i vQm �`2 bQ`iBM; 7mM+iBQMb BMiQ /Bz2`2Mi +�i2;Q`B2b #�b2/ QM
?Qr vQm rQmH/ /Bz2`2MiB�i2 i?2KX AM r?�i +�i2;Q`v UQ` +�i2;Q`B2bV KB;?i
i?2b2 7mM+iBQMb 7�HH\

_2K�`F kXeXk hQ i�F2 � /2`Bp�iBp2- r2 M22/ iQ 2t�KBM2 ?Qr i?2 7mM+iBQM Bb
#mBHi �M/ i?2M T`Q+22/ �++Q`/BM;HvX "2HQr �`2 bQK2 [m2biBQMb vQm KB;?i �bF
vQm`b2H7 �b vQm i�F2 i?2 /2`Bp�iBp2 Q7 � 7mM+iBQM- 2bT2+B�HHv QM2 r?2`2 KmHiBTH2
`mH2b KB;?i M22/ iQ #2 mb2/,

RX >Qr Bb i?Bb 7mM+iBQM #mBHi �H;2#`�B+�HHv\ q?�i FBM/ Q7 7mM+iBQM Bb i?Bb\
q?�i Bb i?2 #B; TB+im`2\

kX q?2`2 /Q vQm bi�`i\

jX Ab i?2`2 �M 2�bB2` Q` KQ`2 +QMp2MB2Mi r�v iQ r`Bi2 i?2 7mM+iBQM\

9X �`2 i?2`2 T`Q/m+ib Q` [mQiB2Mib BMpQHp2/\

8X Ab i?Bb 7mM+iBQM � +QKTQbBiBQM Q7 irQ UQ` KQ`2V 2H2K2Mi�`v 7mM+iBQMb\ A7
bQ- r?�i �`2 i?2 QmibB/2 �M/ BMbB/2 7mM+iBQMb\

eX q?�i /2`Bp�iBp2 `mH2b rBHH #2 M22/2/ �HQM; i?2 r�v\

�+iBpBiv kXeXj *QMbB/2` i?2 7mM+iBQM f(x) = x3
√
3− 8x2X

U�V uQm rBHH M22/ KmHiBTH2 /2`Bp�iBp2 `mH2b iQ }M/ f ′(x)X q?B+? `mH2 rQmH/
M22/ iQ #2 �TTHB2/ }`bi\ AM Qi?2` rQ`/b- r?�i Bb i?2 #B; TB+im`2 ?2`2\

�X *?�BM `mH2
"X SQr2` `mH2
*X S`Q/m+i `mH2

.X ZmQiB2Mi `mH2

1X amKf/Bz2`2M+2 `mH2

U#V q?�i Qi?2` `mH2b rQmH/ #2 M22/2/ �HQM; i?2 r�v\ a2H2+i �HH i?�i �TTHvX

�X *?�BM `mH2
"X SQr2` `mH2
*X S`Q/m+i `mH2

.X ZmQiB2Mi `mH2

1X amKf/Bz2`2M+2 `mH2

U+V q`Bi2 �M QmiHBM2 Q7 i?2 bi2Tb M22/2/ B7 vQm r2`2 �bF2/ iQ i�F2 i?2 /2`Bp@
�iBp2 Q7 f(x)X
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�+iBpBiv kXeX9 *QMbB/2` i?2 7mM+iBQM f(x) =
(

HM x
(3x−4)3

)5
X

U�V uQm rBHH M22/ KmHiBTH2 /2`Bp�iBp2 `mH2b iQ }M/ f ′(x)X q?B+? `mH2 rQmH/
M22/ iQ #2 �TTHB2/ }`bi\ AM Qi?2` rQ`/b- r?�i Bb i?2 #B; TB+im`2 ?2`2\

�X *?�BM `mH2
"X SQr2` `mH2
*X S`Q/m+i `mH2

.X ZmQiB2Mi `mH2

1X amKf/Bz2`2M+2 `mH2

U#V q?�i Qi?2` `mH2b rQmH/ #2 M22/2/ �HQM; i?2 r�v\ a2H2+i �HH i?�i �TTHvX

�X *?�BM `mH2
"X SQr2` `mH2
*X S`Q/m+i `mH2

.X ZmQiB2Mi `mH2

1X amKf/Bz2`2M+2 `mH2

U+V q`Bi2 �M QmiHBM2 Q7 i?2 bi2Tb M22/2/ B7 vQm r2`2 �bF2/ iQ i�F2 i?2 /2`Bp@
�iBp2 Q7 f(x)X

�+iBpBiv kXeX8 *QMbB/2` i?2 7mM+iBQM f(x) = bBM(+Qb(i�M(2x3 − 1)))X
U�V uQm rBHH M22/ KmHiBTH2 /2`Bp�iBp2 `mH2b iQ }M/ f ′(x)X q?B+? `mH2 rQmH/

M22/ iQ #2 �TTHB2/ }`bi\ AM Qi?2` rQ`/b- r?�i Bb i?2 #B; TB+im`2 ?2`2\

�X *?�BM `mH2
"X SQr2` `mH2
*X S`Q/m+i `mH2

.X ZmQiB2Mi `mH2

1X amKf/Bz2`2M+2 `mH2

U#V q?�i Qi?2` `mH2b rQmH/ #2 M22/2/ �HQM; i?2 r�v\ a2H2+i �HH i?�i �TTHvX

�X *?�BM `mH2
"X SQr2` `mH2
*X S`Q/m+i `mH2

.X ZmQiB2Mi `mH2

1X amKf/Bz2`2M+2 `mH2

U+V q`Bi2 �M QmiHBM2 Q7 i?2 bi2Tb M22/2/ B7 vQm r2`2 �bF2/ iQ i�F2 i?2 /2`Bp@
�iBp2 Q7 f(x)X

�+iBpBiv kXeXe *QMbB/2` i?2 7mM+iBQM f(x) = x2ex

2x3−5x+
√
x
X

U�V uQm rBHH M22/ KmHiBTH2 /2`Bp�iBp2 `mH2b iQ }M/ f ′(x)X q?B+? `mH2 rQmH/
M22/ iQ #2 �TTHB2/ }`bi\ AM Qi?2` rQ`/b- r?�i Bb i?2 #B; TB+im`2 ?2`2\

�X *?�BM `mH2
"X SQr2` `mH2
*X S`Q/m+i `mH2

.X ZmQiB2Mi `mH2

1X amKf/Bz2`2M+2 `mH2

U#V q?�i Qi?2` `mH2b rQmH/ #2 M22/2/ �HQM; i?2 r�v\ a2H2+i �HH i?�i �TTHvX

�X *?�BM `mH2
"X SQr2` `mH2
*X S`Q/m+i `mH2

.X ZmQiB2Mi `mH2

1X amKf/Bz2`2M+2 `mH2

U+V q`Bi2 �M QmiHBM2 Q7 i?2 bi2Tb M22/2/ B7 vQm r2`2 �bF2/ iQ i�F2 i?2 /2`Bp@
�iBp2 Q7 f(x)X
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�+iBpBiv kXeXd 6BM/ i?2 /2`Bp�iBp2 Q7 i?2 7QHHQrBM; 7mM+iBQMbX 6Q` 2�+?- BM+Hm/2
�M 2tTH�M�iBQM Q7 i?2 bi2Tb BMpQHp2/ i?�i `272`2M+2b i?2 �H;2#`�B+ bi`m+im`2 Q7
i?2 7mM+iBQMX
U�V f(x) = e5x(x2 + 7x)3

U#V f(x) =
(

3x+1
2x6−1

)5

U+V f(x) =
√
+Qb (2x2 + x)

U/V f(x) = i�M(xex)
�+iBpBiv kXeX3 .2KQMbi`�i2 �M/ 2tTH�BM ?Qr iQ }M/ i?2 /2`Bp�iBp2 Q7 i?2 7QH@
HQrBM; 7mM+iBQMbX "2 bm`2 iQ 2tTHB+BiHv /2MQi2 r?B+? /2`Bp�iBp2 `mH2b U+QMbi�Mi
KmHiBTH2- bmKf/Bz2`2M+2- 2i+XV vQm �`2 mbBM; BM vQm` rQ`FX
U�V

f(y) =
√

+Qb (6 y4 − 6 y)

U#V

g(t) =

(
5 t3 + 2

4 t4 − 3

)4

U+V
h(x) = −

(
5x4 − 7x3

)5
x

1
4

kXeXk oB/2Qb

uQmhm#2, JVVRU���YYY�[QWVWDG�EQO�YCVEJ!X�MWH��FZ�U�#

6B;m`2 9N oB/2Q 7Q` .6e

kXd .Bz2`2MiB�iBM; BKTHB+BiHv /2}M2/ 7mM+iBQMb U.6dV

G2�`MBM; Pmi+QK2b
Ç *QKTmi2 /2`Bp�iBp2b Q7 BKTHB+BiHv@/2}M2/ 7mM+iBQMbX

kXdXR �+iBpBiB2b
P#b2`p�iBQM kXdXR J�Mv Q7 i?2 2[m�iBQMb i?�i ?�b #22M /Bb+mbb2/ bQ 7�` 7�HH
mM/2` i?2 +�i2;Q`v Q7 �M 2tTHB+Bi 2[m�iBQMX �M 2tTHB+Bi 2[m�iBQM Bb QM2 BM
r?B+? i?2 `2H�iBQMb?BT #2ir22M x �M/ y Bb ;Bp2M 2tTHB+BiHv- bm+? �b y = f(x)X
AM i?Bb b2+iBQM r2 rBHH 2t�KBM2 r?2M i?2 `2H�iBQMb?BT #2ir22M x �M/ y Bb ;Bp2M
BKTHB+BivX �M BKTHB+Bi 2[m�iBQM HQQFb HBF2 f(x, y) = g(x, y) r?2`2 #Qi? bB/2b Q7
i?2 2[m�iBQM K�v /2T2M/ QM #Qi? x �M/ yX
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4.5 solving quadratic equations by factoring (Modeling,

Functions, and Graphs)
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5. Check that your answer to part (4) corresponds to a point on your graph.
Approximate from your graph another time at which the baseball is at
the same height as your answer to part (4).

6. Use your graph to find two times when the baseball is at a height of 64
feet.

7. Use your graph to approximate two times when the baseball is at a height
of 20 feet. Then use the formula to find the actual heights at those times.

8. Suppose the catcher catches the baseball at a height of 4 feet, before it
strikes the ground. At what time was the ball caught?

9. Use your calculator to make a table of values for the equation h = −16t2+
64t+ 4 with TblStart = 0 and ∆Tbl = 0.5.

10. Use your calculator to graph the equation for the height of the ball, with
window settings

Xmin = 0, Xmax = 4.5, Yscl = 5

Ymin = 0, Ymax = 70, Yscl = 5

11. Use the intersect command to verify your answer part (7): Estimate two
times when the baseball is at a height of 20 feet.

12. Use the intersect command to verify your answer to part (8): At what
time was the ball caught if it was caught at a height of 4 feet?

Factors and x-Intercepts
In Investigation 6.1, p. 614, perhaps you recognized the graph of the baseball’s
height as a parabola. In this chapter, we shall see that the graph of any
quadratic function is a parabola.

Quadratic Function.
A quadratic function is one that can be written in the form

f(x) = ax2 + bx+ c

where a, b, and c are constants, and a is not equal to zero.

Note 6.1 In the definition above, notice that if a is zero, there is no x-squared
term, so the function is not quadratic.

In Investigation 6.1, p. 614, the height of a baseball t seconds after being
hit was given by

h = −16t2 + 64t+ 4

We used a graph to find two times when the baseball was 64 feet high. Can
we solve the same problem algebraically?

We are looking for values of t that produce h = 64 in the height equation.
So, if we substitute h = 64 into the height equation, we would like to solve the
quadratic equation

64 = −16t2 + 64t+ 4

This equation cannot be solved by extraction of roots, because there are two
terms containing the variable t, and they cannot be combined. To solve this
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2[m�iBQM- r2 rBHH �TT2�H iQ � T`QT2`iv Q7 Qm` MmK#2` bvbi2K- +�HH2/ i?2 x2`Q@
7�+iQ` T`BM+BTH2X

w2`Q@6�+iQ` S`BM+BTH2
*�M vQm KmHiBTHv irQ MmK#2`b iQ;2i?2` �M/ Q#i�BM � T`Q/m+i Q7 x2`Q\ PMHv
B7 QM2 Q7 i?2 irQ MmK#2`b ?�TT2Mb iQ #2 x2`QX h?Bb T`QT2`iv Q7 MmK#2`b Bb
+�HH2/ i?2 x2`Q@7�+iQ` T`BM+BTH2X

w2`Q@6�+iQ` S`BM+BTH2X
h?2 T`Q/m+i Q7 irQ 7�+iQ`b 2[m�Hb x2`Q B7 �M/ QMHv B7 QM2 Q` #Qi? Q7 i?2
7�+iQ`b 2[m�Hb x2`QX AM bvK#QHb-

ab = 0 B7 �M/ QMHv B7 a = 0 Q` b = 0

h?2 T`BM+BTH2 Bb i`m2 2p2M B7 i?2 MmK#2`b a �M/ b �`2 `2T`2b2Mi2/ #v �H;2@
#`�B+ 2tT`2bbBQMb- bm+? �b x− 5 Q` 2x+ 1X 6Q` 2t�KTH2- B7

(x− 5)(2x+ 1) = 0

i?2M Bi Kmbi #2 i`m2 i?�i 2Bi?2` x− 5 = 0 Q` 2x+1 = 0X h?mb- r2 +�M mb2 i?2
x2`Q@7�+iQ` T`BM+BTH2 iQ bQHp2 2[m�iBQMbX

1t�KTH2 eXk
� aQHp2 i?2 2[m�iBQM (x− 6)(x+ 2) = 0X

# 6BM/ i?2 x@BMi2`+2Tib Q7 i?2 ;`�T? Q7 f(x) = x2 − 4x− 12X

aQHmiBQMX

� q2 �TTHv i?2 x2`Q@7�+iQ` T`BM+BTH2 iQ i?2 T`Q/m+i (x− 6)(x+ 2)X

(x− 6)(x+ 2) = 0 a2i 2�+? 7�+iQ` 2[m�H iQ x2`QX
x− 6 = 0 Q` x+ 2 = 0 aQHp2 2�+? 2[m�iBQMX

x = 6 Q` x = −2

h?2`2 �`2 irQ bQHmiBQMb- 6 �M/ −2X UuQm b?QmH/ +?2+F i?�i #Qi?
Q7 i?2b2 p�Hm2b b�iBb7v i?2 Q`B;BM�H 2[m�iBQMXV

# hQ }M/ i?2 x@BMi2`+2Tib Q7 i?2 ;`�T?- r2 b2i y = 0 �M/ bQHp2 i?2
2[m�iBQM

0 = x2 − 4x− 12

"mi i?Bb Bb i?2 2[m�iBQM r2 bQHp2/ BM T�`i U�V- #2+�mb2 (x−6)(x+
2) = x2 − 4x− 12X h?2 bQHmiBQMb Q7 i?�i 2[m�iBQM r2`2 6 �M/ −2-
bQ i?2 x@BMi2`+2Tib Q7 i?2 ;`�T? �`2 6 �M/ −2X uQm +�M b22 i?Bb
#v ;`�T?BM; i?2 2[m�iBQM QM vQm` +�H+mH�iQ`- �b b?QrM #2HQrX

a. Solve the equation (x − 6)(x + 2) = 0.

b. Find the x-intercepts of the graph of f (x) = x2 − 4x − 12.

a. Apply the zero-factor principle to the product (x − 6)(x + 2).

(x − 6)(x + 2) = 0

x − 6 = 0 or x + 2 = 0

x = 6 or x = −2

There are two solutions, 6 and −2. (You should check that both of these values satisfy
the original equation.)

b. To find the x-intercepts of the graph, we set y = 0 and solve the equation

0 = x2 − 4x − 12

But this is the equation we solved in part (a), because (x − 6)(x + 2) = x2 − 4x − 12.

The solutions of that equation were 6 and −2, so the x-intercepts of the graph are 6 and
−2. You can see this by graphing the equation on your calculator, as shown in Figure 6.1.

Example 1 illustrates an important fact about the x-intercepts of a graph.

Solving Quadratic Equations by Factoring
Before we apply the zero-factor principle, we must first write the quadratic equation so that
one side of the equation is zero. Let us introduce some terminology.

Set each factor equal to zero.

Solve each equation.

478 Chapter 6 ! Quadratic Functions

EXAMPLE 1

Solutions

10

−20

−10 10

FIGURE 6.1

x-Intercepts of a Graph

The x-intercepts of the graph of y = f (x) are the solutions of the equation f (x) = 0.

EXERCISE 1

Graph the function

f (x) = (x − 3)(2x + 3)

on a calculator, and use your graph to solve the equation f (x) = 0. (Use
Xmin = −9.4, Xmax = 9.4.) Check your answer with the zero-factor principle.

Forms for Quadratic Equations

1. A quadratic equation written

ax2 + bx + c = 0
is in standard form.

2. A quadratic equation written

a(x − r1)(x − r2) = 0

is in factored form.

19429_06_ch06_p475-497.qxd  7/5/06  10:42 AM  Page 478
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a1*hAPL eXRX 6�*hP_a �L. X@ALh1_*1Sha eRd

1t�KTH2 eXk- TX eRe BHHmbi`�i2b �M BKTQ`i�Mi 7�+i �#Qmi i?2 x@BMi2`+2Tib Q7
� ;`�T?X

x@AMi2`+2Tib Q7 � :`�T?X
h?2 x@BMi2`+2Tib Q7 i?2 ;`�T? Q7 y = f(x) �`2 i?2 bQHmiBQMb Q7 i?2
2[m�iBQM f(x) = 0X

*?2+FTQBMi eXj ZmB+F*?2+F RX q?�i �`2 i?2 x@BMi2`+2Tib Q7 i?2 ;`�T? Q7
y = 3(2x− 7)(x+ 2) \

" 7

2
�M/ −2

" −7

2
�M/ 2

" 3,
7

2
�M/ −2

" 3,−7

2
�M/ 2

�Mbr2`X *?QB+2 R
aQHmiBQMX 7

2
�M/ −2

*?2+FTQBMi eX9 S`�+iB+2 RX :`�T? i?2 7mM+iBQM

f(x) = (x− 3)(2x+ 3)

QM � +�H+mH�iQ`- �M/ mb2 vQm` ;`�T? iQ bQHp2 i?2 2[m�iBQM f(x) = 0X Ulb2sKBM =
−9.4- sK�t = 9.4XV

aQHmiBQMb, x = (a2T�`�i2 /Bz2`2Mi p�Hm2b rBi? � +QKK�X)
*?2+F vQm` �Mbr2` rBi? i?2 x2`Q@7�+iQ` T`BM+BTH2X

�Mbr2`X − 3
2 , 3

aQHmiBQMX x = −3

2
- x = 3

*?2+FTQBMi eX8 S�mb2 �M/ _2~2+iX >Qr +�M vQm mb2 � ;`�T? iQ 7�+iQ` �
[m�/`�iB+ 2tT`2bbBQM\

aQHpBM; Zm�/`�iB+ 1[m�iBQMb #v 6�+iQ`BM;
"27Q`2 r2 �TTHv i?2 x2`Q@7�+iQ` T`BM+BTH2 iQ bQHp2 � [m�/`�iB+ 2[m�iBQM- r2
Kmbi }`bi r`Bi2 i?2 2[m�iBQM bQ i?�i QM2 bB/2 Q7 i?2 2[m�iBQM Bb x2`QX G2i mb
BMi`Q/m+2 bQK2 i2`KBMQHQ;vX

6Q`Kb 7Q` Zm�/`�iB+ 1[m�iBQMbX
RX � [m�/`�iB+ 2[m�iBQM r`Bii2M

ax2 + bx+ c = 0

Bb BM bi�M/�`/ 7Q`KX

kX � [m�/`�iB+ 2[m�iBQM r`Bii2M

a(x− r1)(x− r2) = 0

Bb BM 7�+iQ`2/ 7Q`KX
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PM+2 r2 ?�p2 r`Bii2M i?2 2[m�iBQM BM bi�M/�`/ 7Q`K- r2 7�+iQ` i?2 H27i bB/2
�M/ b2i 2�+? p�`B�#H2 7�+iQ` 2[m�H iQ x2`Q b2T�`�i2HvX

1t�KTH2 eXe
aQHp2 3x(x+ 1) = 2x+ 2

aQHmiBQMX 6B`bi- r2 r`Bi2 i?2 2[m�iBQM BM bi�M/�`/ 7Q`KX

3x(x+ 1) = 2x+ 2 �TTHv i?2 /Bbi`B#miBp2 H�r iQ i?2 H27i bB/2X
3x2 + 3x = 2x+ 2 am#i`�+i 2x + 2 7`QK #Qi? bB/2bX

3x2 + x− 2 = 0

L2ti- r2 7�+iQ` i?2 H27i bB/2 iQ Q#i�BM

(3x− 2)(x+ 1) = 0

q2 i?2M �TTHv i?2 x2`Q@7�+iQ` T`BM+BTH2 #v b2iiBM; 2�+? 7�+iQ` 2[m�H iQ
x2`QX

3x− 2 = 0 Q` x+ 1 = 0

6BM�HHv- r2 bQHp2 2�+? 2[m�iBQM iQ }M/

x =
2

3
Q` x = −1

h?2 bQHmiBQMb �`2 2

3
�M/ −1X

*�miBQM eXd q?2M r2 �TTHv i?2 x2`Q@7�+iQ` T`BM+BTH2- QM2 bB/2 Q7 i?2 2[m�iBQM
Kmbi #2 x2`QX 6Q` 2t�KTH2- iQ bQHp2 i?2 2[m�iBQM

(x− 2)(x− 4) = 15

Bi Bb BM+Q``2+i iQ b2i 2�+? 7�+iQ` 2[m�H iQ 155 Uh?2`2 �`2 K�Mv r�vb i?�i
i?2 T`Q/m+i Q7 irQ MmK#2`b +�M 2[m�H 15c Bi Bb MQi M2+2bb�`v i?�i QM2 Q7 i?2
MmK#2`b #2 15XV q2 Kmbi }`bi bBKTHB7v i?2 H27i bB/2 �M/ r`Bi2 i?2 2[m�iBQM BM
bi�M/�`/ 7Q`KX Uh?2 +Q``2+i bQHmiBQMb �`2 7 �M/ −1c K�F2 bm`2 vQm +�M }M/
i?2b2 bQHmiBQMbXV

q2 bmKK�`Bx2 i?2 7�+iQ`BM; K2i?Q/ 7Q` bQHpBM; [m�/`�iB+ 2[m�iBQMb �b
7QHHQrbX

hQ aQHp2 � Zm�/`�iB+ 1[m�iBQM #v 6�+iQ`BM;X
R q`Bi2 i?2 2[m�iBQM BM bi�M/�`/ 7Q`KX

k 6�+iQ` i?2 H27i bB/2 Q7 i?2 2[m�iBQMX

j �TTHv i?2 x2`Q@7�+iQ` T`BM+BTH2, a2i 2�+? 7�+iQ` 2[m�H iQ x2`QX

9 aQHp2 2�+? 2[m�iBQMX h?2`2 �`2 irQ bQHmiBQMb Ur?B+? K�v #2
2[m�HVX

*?2+FTQBMi eX3 S`�+iB+2 kX aQHp2 #v 7�+iQ`BM;, (t− 3)2 = 3(9− t)
aQHmiBQMb, t = (a2T�`�i2 /Bz2`2Mi p�Hm2b rBi? � +QKK�X)

�Mbr2`X −3, 6

aQHmiBQMX �7i2` `2r`BiBM; i?2 2[m�iBQM BM bi�M/�`/ 7Q`K �M/ i?2M 7�+iQ`BM;-
r2 }M/ t = −3- t = 6X
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q2 +�M mb2 7�+iQ`BM; iQ bQHp2 i?2 2[m�iBQM 7`QK AMp2biB;�iBQM eXR- TX eR9X
1t�KTH2 eXN

h?2 ?2B;?i- h- Q7 � #�b2#�HH t b2+QM/b �7i2` #2BM; ?Bi Bb ;Bp2M #v

h = −16t2 + 64t+ 4

q?2M rBHH i?2 #�b2#�HH `2�+? � ?2B;?i Q7 64 722i\
aQHmiBQMX q2 bm#biBimi2 64 7Q` h BM i?2 7Q`KmH�- �M/ bQHp2 7Q` tX

64 = −16t2 + 64t+ 4 q`Bi2 i?2 2[m�iBQM BM bi�M/�`/ 7Q`KX
16t2 − 64t+ 60 = 0 6�+iQ` 9 7`QK i?2 H27i bB/2X

4(4t2 − 16t+ 15) = 0 6�+iQ` i?2 [m�/`�iB+ 2tT`2bbBQMX
4(2t− 3)(2t− 5) = 0 a2i 2�+? p�`B�#H2 7�+iQ` 2[m�H iQ x2`QX

2t− 3 = 0 Q` 2t− 5 = 0 aQHp2 2�+? 2[m�iBQMX

t =
3

2
Q` t =

5

2

h?2`2 �`2 irQ bQHmiBQMb iQ i?2 [m�/`�iB+ 2[m�iBQMX �i t =
3

2
b2+QM/b-

i?2 #�HH `2�+?2b � ?2B;?i Q7 64 722i QM i?2 r�v mT- �M/ �i t = 5

2
b2+QM/b-

i?2 #�HH Bb 64 722i ?B;? QM Bib r�v /QrMX

The height, h, of a baseball t seconds after being hit is given by

h = −16t2 + 64t + 4

When will the baseball reach a height of 64 feet?

Substitute 64 for h in the formula, and solve for t.

64 = −16t2 + 64t + 4

16t2 − 64t + 60 = 0

4(4t2 − 16t + 15) = 0

4(2t − 3)(2t − 5) = 0

2t − 3 = 0 or 2t − 5 = 0

t = 3
2

or t = 5
2

Solve each equation.

There are two solutions to the quadratic equation. At t = 3
2 seconds, the ball reaches a

height of 64 feet on the way up, and at t = 5
2 seconds, the ball is 64 feet high on its way

down. (See Figure 6.2.)

In the solution to Example 3, the factor 4 does not affect the solutions of the equation
at all. You can understand why this is true by looking at some graphs. First, check that the
two equations

x2 − 4x + 3 = 0 and 4(x2 − 4x + 3) = 0

have the same solutions, x = 1 and x = 3. Then use your graphing calculator to graph the
equation

Y1 = X2 − 4X + 3
in the window

Xmin = −2 Xmax = 8

Ymin = −5 Ymax = 10

Notice that when y = 0, x = 3 or x = 1. These two points are the x-intercepts of the
graph. In the same window, now graph

Y2 = 4(X2 − 4X + 3)

(See Figure 6.3.) This graph has the same x-values when y = 0. The factor of 4 stretches
the graph vertically but does not change the location of the x-intercepts. The value of the
constant factor a in the factored form of a quadratic function, f (x) = a(x − r1)(x − r2),

does not affect the location of the x-intercepts, because it does not affect the solutions of the
equation a(x − r1)(x − r2) = 0.

Write the equation in standard form.

Factor 4 from the left side.

Factor the quadratic expression.

Set each variable factor equal to zero.

480 Chapter 6 ! Quadratic Functions
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h = −16t2 + 64t + 4

FIGURE 6.2
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FIGURE 6.3

EXERCISE 3

a. Solve f (t) = 4t − t2 = 0 by factoring.

b. Solve g(t) = 20t − 5t2 = 0 by factoring.

c. Graph y = f (t) and y = g(t) together in the window

Xmin = −2 Xmax = 6

Ymin = −20 Ymax = 25

and locate the horizontal intercepts of each graph.

EXAMPLE 3

Solution
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AM i?2 bQHmiBQM iQ 1t�KTH2 eXN- TX eRN- i?2 7�+iQ` 4 /Q2b MQi �z2+i i?2
bQHmiBQMb Q7 i?2 2[m�iBQM �i �HHX uQm +�M mM/2`bi�M/ r?v i?Bb Bb i`m2 #v HQQFBM;
�i bQK2 ;`�T?bX 6B`bi- +?2+F i?�i i?2 irQ 2[m�iBQMb

x2 − 4x+ 3 = 0 �M/ 4(x2 − 4x+ 3) = 0

?�p2 i?2 b�K2 bQHmiBQMb- x = 1 �M/ x = 3X h?2M mb2 vQm` ;`�T?BM; +�H+mH�iQ`
iQ ;`�T? i?2 2[m�iBQM

Y1 = X2 − 4X + 3

BM i?2 rBM/Qr
sKBM = −2 sK�t = 8

uKBM = −5 uK�t = 10

LQiB+2 i?�i r?2M y = 0- x = 3 Q` x = 1X h?2b2 irQ TQBMib �`2 i?2 x@BMi2`+2Tib
Q7 i?2 ;`�T?X AM i?2 b�K2 rBM/Qr- MQr ;`�T?

Y2 = 4(X2 − 4X + 3)

h?Bb ;`�T? ?�b i?2 b�K2 x@p�Hm2b r?2M y = 0X h?2 7�+iQ` Q7 4 bi`2i+?2b i?2
;`�T? p2`iB+�HHv #mi /Q2b MQi +?�M;2 i?2 HQ+�iBQM Q7 i?2 x@BMi2`+2TibX
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The height, h, of a baseball t seconds after being hit is given by

h = −16t2 + 64t + 4

When will the baseball reach a height of 64 feet?

Substitute 64 for h in the formula, and solve for t.

64 = −16t2 + 64t + 4

16t2 − 64t + 60 = 0

4(4t2 − 16t + 15) = 0

4(2t − 3)(2t − 5) = 0

2t − 3 = 0 or 2t − 5 = 0

t = 3
2

or t = 5
2

Solve each equation.

There are two solutions to the quadratic equation. At t = 3
2 seconds, the ball reaches a

height of 64 feet on the way up, and at t = 5
2 seconds, the ball is 64 feet high on its way

down. (See Figure 6.2.)

In the solution to Example 3, the factor 4 does not affect the solutions of the equation
at all. You can understand why this is true by looking at some graphs. First, check that the
two equations

x2 − 4x + 3 = 0 and 4(x2 − 4x + 3) = 0

have the same solutions, x = 1 and x = 3. Then use your graphing calculator to graph the
equation

Y1 = X2 − 4X + 3
in the window

Xmin = −2 Xmax = 8

Ymin = −5 Ymax = 10

Notice that when y = 0, x = 3 or x = 1. These two points are the x-intercepts of the
graph. In the same window, now graph

Y2 = 4(X2 − 4X + 3)

(See Figure 6.3.) This graph has the same x-values when y = 0. The factor of 4 stretches
the graph vertically but does not change the location of the x-intercepts. The value of the
constant factor a in the factored form of a quadratic function, f (x) = a(x − r1)(x − r2),

does not affect the location of the x-intercepts, because it does not affect the solutions of the
equation a(x − r1)(x − r2) = 0.

Write the equation in standard form.

Factor 4 from the left side.

Factor the quadratic expression.

Set each variable factor equal to zero.
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h

t

72
64

48

24

3 42.521.51

h = −16t2 + 64t + 4

FIGURE 6.2
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EXERCISE 3

a. Solve f (t) = 4t − t2 = 0 by factoring.

b. Solve g(t) = 20t − 5t2 = 0 by factoring.

c. Graph y = f (t) and y = g(t) together in the window

Xmin = −2 Xmax = 6

Ymin = −20 Ymax = 25

and locate the horizontal intercepts of each graph.

EXAMPLE 3

Solution
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*?2+FTQBMi eXRy ZmB+F*?2+F kX q?�i ?�TT2Mb iQ i?2 x@BMi2`+2Tib r?2M
vQm KmHiBTHv i?2 `B;?i bB/2 Q7 y = ax2 + bx+ c #v j\

! h?2v �`2 i`BTH2/X

! h?2v �`2 /BpB/2/ #v jX

! h?2v KQp2 j mMBib iQ i?2 `B;?iX

! h?2v �`2 mM+?�M;2/X

�Mbr2`X h?2v �`2 mM+?�M;2/X
aQHmiBQMX h?2v �`2 mM+?�M;2/X

h?2 p�Hm2 Q7 i?2 +QMbi�Mi 7�+iQ` a BM i?2 7�+iQ`2/ 7Q`K Q7 � [m�/`�iB+
7mM+iBQM- f(x) = a(x − r1)(x − r2)- /Q2b MQi �z2+i i?2 HQ+�iBQM Q7 i?2 x@
BMi2`+2Tib- #2+�mb2 Bi /Q2b MQi �z2+i i?2 bQHmiBQMb Q7 i?2 2[m�iBQM a(x−r1)(x−
r2) = 0X

*?2+FTQBMi eXRR S`�+iB+2 jX
�X aQHp2 f(t) = 4t− t2 = 0 #v 7�+iQ`BM;X

aQHmiBQMb, t = (a2T�`�i2 /Bz2`2Mi p�Hm2b rBi? � +QKK�X)

#X aQHp2 g(t) = 20t− 5t2 = 0 #v 7�+iQ`BM;X
aQHmiBQMb, t = (a2T�`�i2 /Bz2`2Mi p�Hm2b rBi? � +QKK�X)

+X :`�T? y = f(t) �M/ y = g(t) iQ;2i?2` BM i?2 rBM/Qr

sKBM = −2 sK�t = 6

uKBM = −20 uK�t = 25

�M/ HQ+�i2 i?2 ?Q`BxQMi�H BMi2`+2Tib Q7 2�+? ;`�T?X
>Q`BxQMi�H BMi2`+2Tib, (a2T�`�i2 /Bz2`2Mi Q`/2`2/ T�B`b rBi? �
+QKK�X)

�Mbr2` RX 0, 4

�Mbr2` kX 0, 4

�Mbr2` jX (0, 0) , (4, 0)

aQHmiBQMX

�X t = 0- t = 4

#X t = 0- t = 4

+X (0, 0)- (4, 0)

*?2+FTQBMi eXRk S�mb2 �M/ _2~2+iX 1tTH�BM r?v i?2 bQHmiBQMb Q7 (x −
3)(x− 6) = 10 �`2 MQi j �M/ eX
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�TTHB+�iBQMb
>2`2 Bb �MQi?2` 2t�KTH2 Q7 ?Qr [m�/`�iB+ 2[m�iBQMb �`Bb2 BM �TTHB+�iBQMbX

1t�KTH2 eXRj
Applications
Here is another example of how quadratic equations arise in applications.

The size of a rectangular computer monitor screen is given by the length of its diagonal.
(See Figure 6.4.) If the length of the screen should be 3 inches greater than its width,
what are the dimensions of a 15-inch monitor?

We express the two dimensions of the screen in terms of a single variable:

Width of screen: w
Length of screen: w + 3

We can use the Pythagorean theorem to write an equation.

w2 + (w + 3)2 = 152

Solve the equation. Begin by simplifying the left side.

w2 + w2 + 6w + 9 = 225

2w2 + 6w − 216 = 0

2(w2 + 3w − 108) = 0

2(w − 9)(w + 12) = 0

w − 9 = 0 or w + 12 = 0

w = 9 or w = −12

Because the width of the screen cannot be a negative number, we discard the solution
w = −12. Thus, the width is w = 9 inches, and the length is w + 3 = 12 inches.

6.1 ! Factors and x-Intercepts 481

15 in. w

w + 3

FIGURE 6.4

EXAMPLE 4

Solution

Write the equation in standard form.

Factor 2 from the left side.

Factor the quadratic expression.

Set each variable factor equal to zero.

Solve each equation.

EXERCISE 4

Francine is designing the layout for a botanical garden. The
plan includes a square herb garden, with a path 5 feet wide
through the center of the garden, as shown in Figure 6.5. To
include all the species of herbs, the planted area must be 
300 square feet. Find the dimensions of the herb garden.

Solutions of Quadratic Equations
We have seen that the solutions of the quadratic equation

a(x − r1)(x − r2) = 0

are r1 and r2. Thus, if we know the two solutions of a quadratic equation, we can work
backward and reconstruct the equation, starting from its factored form. We can then write
the equation in standard form by multiplying together the factors.

Find a quadratic equation whose solutions are 1
2 and −3.

The quadratic equation is (
x − 1

2

)
[x − (−3)] = 0

(
x − 1

2

)
(x + 3) = 0

EXAMPLE 5

Solution

See Algebra Skills Refresher A.11 if you
would like to review the Pythagorean
theorem.

FIGURE 6.5
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h?2 bBx2 Q7 � `2+i�M;mH�` +QKTmi2` KQMBiQ`
b+`22M Bb ;Bp2M #v i?2 H2M;i? Q7 Bib /B�;QM�H-
�b b?QrM �i H27iX A7 i?2 H2M;i? Q7 i?2 b+`22M
b?QmH/ #2 3 BM+?2b ;`2�i2` i?�M Bib rB/i?-
r?�i �`2 i?2 /BK2MbBQMb Q7 � 15@BM+? KQM@
BiQ`\

aQHmiBQMX q2 2tT`2bb i?2 irQ /BK2MbBQMb Q7 i?2 b+`22M BM i2`Kb Q7 �
bBM;H2 p�`B�#H2,

qB/i? Q7 b+`22M, w
G2M;i? Q7 b+`22M, w + 3

q2 +�M mb2 i?2 Svi?�;Q`2�M i?2Q`2K iQ r`Bi2 �M 2[m�iBQMX

w2 + (w + 3)2 = 152

aQHp2 i?2 2[m�iBQMX "2;BM #v bBKTHB7vBM; i?2 H27i bB/2X

w2 + w2 + 6w + 9 = 225 q`Bi2 i?2 2[m�iBQM BM bi�M/�`/ 7Q`KX
2w2 + 6w − 216 = 0 6�+iQ` k 7`QK i?2 H27i bB/2X

2(w2 + 3w − 108) = 0 6�+iQ` i?2 [m�/`�iB+ 2tT`2bbBQMX
2(w − 9)(w + 12) = 0 a2i 2�+? p�`B�#H2 7�+iQ` 2[m�H iQ x2`QX

w − 9 = 0 Q` w + 12 = 0 aQHp2 2�+? 2[m�iBQMX
w = 9 Q` w = −12

"2+�mb2 i?2 rB/i? Q7 i?2 b+`22M +�MMQi #2 � M2;�iBp2 MmK#2`- r2 /Bb+�`/
i?2 bQHmiBQM w = −12X h?mb- i?2 rB/i? Bb w = 9 BM+?2b- �M/ i?2 H2M;i?
Bb w + 3 = 12 BM+?2bX

*?2+FTQBMi eXR9 S`�+iB+2 9X

6`�M+BM2 Bb /2bB;MBM; i?2 H�vQmi 7Q` � #Qi�MB+�H ;�`/2MX h?2 TH�M BM+Hm/2b
� b[m�`2 ?2`# ;�`/2M- rBi? � T�i? 8 722i rB/2 i?`Qm;? i?2 +2Mi2` Q7 i?2 ;�`/2M-
�b b?QrM �#Qp2X hQ BM+Hm/2 �HH i?2 bT2+B2b Q7 ?2`#b- i?2 TH�Mi2/ �`2� Kmbi #2
jyy b[m�`2 722iX 6BM/ i?2 /BK2MbBQMb Q7 i?2 ?2`# ;�`/2MX

�Mbr2`, 722i #v 722i
�Mbr2` RX 20

�Mbr2` kX 20

aQHmiBQMX ky 722i #v ky 722i

*?2+FTQBMi eXR8 ZmB+F*?2+F jX A7 i?2 T2`BK2i2` Q7 � `2+i�M;H2 Bb 8e
BM+?2b �M/ Bib rB/i? Bb x BM+?2b- r?�i Bb �M 2tT`2bbBQM 7Q` Bib H2M;i?\
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! 56− x

! 28− x

! 56x

! 28

x

�Mbr2`X *?QB+2 k
aQHmiBQMX 28− x

aQHmiBQMb Q7 Zm�/`�iB+ 1[m�iBQMb
q2 ?�p2 b22M i?�i i?2 bQHmiBQMb Q7 i?2 [m�/`�iB+ 2[m�iBQM

a(x− r1)(x− r2) = 0

�`2 r1 �M/ r2X h?mb- B7 r2 FMQr i?2 irQ bQHmiBQMb Q7 � [m�/`�iB+ 2[m�iBQM-
r2 +�M rQ`F #�+Fr�`/ �M/ `2+QMbi`m+i i?2 2[m�iBQM- bi�`iBM; 7`QK Bib 7�+iQ`2/
7Q`KX q2 +�M i?2M r`Bi2 i?2 2[m�iBQM BM bi�M/�`/ 7Q`K #v KmHiBTHvBM; iQ;2i?2`
i?2 7�+iQ`bX

1t�KTH2 eXRe

6BM/ � [m�/`�iB+ 2[m�iBQM r?Qb2 bQHmiBQMb �`2 1

2
�M/ −3X

aQHmiBQMX h?2 [m�/`�iB+ 2[m�iBQM Bb
(
x− 1

2

)[
x− (−3)

]
= 0

(
x− 1

2

)
(x+ 3) = 0

hQ r`Bi2 i?2 2[m�iBQM BM bi�M/�`/ 7Q`K- r2 KmHiBTHv i?2 7�+iQ`b iQ@
;2i?2`X

x2 +
5

2
x− 3

2
= 0

q2 +�M �HbQ }M/ �M 2[m�iBQM rBi? BMi2;2` +Q2{+B2Mib B7 r2 +H2�` i?2
2[m�iBQM Q7 7`�+iBQMbX JmHiBTHv #Qi? bB/2b #v 2,

2

(
x2 +

5

2
x− 3

2

)
= 2(0)

2x2 + 5x− 3 = 0

uQm +�M +?2+F i?�i i?2 bQHmiBQMb Q7 i?Bb H�bi 2[m�iBQM �`2 BM 7�+i 1

2
�M/

−3X JmHiBTHvBM; #Qi? bB/2b Q7 �M 2[m�iBQM #v � +QMbi�Mi 7�+iQ` /Q2b
MQi +?�M;2 Bib bQHmiBQMbX

*?2+FTQBMi eXRd ZmB+F*?2+F 9X q?B+? bi�i2K2Mi Bb i`m2\
! �HH `2+i�M;H2b rBi? i?2 b�K2 T2`BK2i2` ?�p2 i?2 b�K2 �`2�X

! h?2 bQHmiBQMb Q7 x(18− x) = 80 �`2 R3 �M/ 3yX

! A7 i?2 T2`BK2i2` Q7 � `2+i�M;H2 Bb ky +K- i?2 H�`;2bi �`2� Bi +�M ?�p2 Bb
ky b[ +KX

! A7 vQm FMQr i?2 x@BMi2`+2Tib Q7 i?2 ;`�T? Q7 y = x2 + bx + c- vQm +�M
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r`Bi2 Bi BM 7�+iQ`2/ 7Q`KX

�Mbr2`X *?QB+2 9
aQHmiBQMX A7 vQm FMQr i?2 x@BMi2`+2Tib Q7 i?2 ;`�T? Q7 y = x2 + bx+ c- vQm
+�M r`Bi2 Bi BM 7�+iQ`2/ 7Q`KX
*?2+FTQBMi eXR3 S`�+iB+2 8X 6BM/ � [m�/`�iB+ 2[m�iBQM rBi? BMi2;2` +Q@
2{+B2Mib r?Qb2 bQHmiBQMb �`2 2

3
�M/ −5X h?2 +Q2{+B2Mi Q7 x2 b?QmH/ #2 i?2

bK�HH2bi TQbBiBp2 BMi2;2` +Q2{+B2Mi i?�i rBHH rQ`F
= 0

�Mbr2`X 3x2 + 13x− 10

aQHmiBQMX 3x2 + 13x− 10 = 0

LQi2 eXRN � [m�/`�iB+ 2[m�iBQM BM QM2 p�`B�#H2 �Hr�vb ?�b irQ bQHmiBQMbX
>Qr2p2`- BM bQK2 +�b2b- i?2 bQHmiBQMb K�v #2 2[m�HX 6Q` 2t�KTH2- i?2 2[m�iBQM
x2 − 2x+ 1 = 0 +�M #2 bQHp2/ #v 7�+iQ`BM; �b 7QHHQrb,

(x− 1)(x− 1) = 0 �TTHv i?2 x2`Q@7�+iQ` T`BM+BTH2X
x− 1 = 0 Q` x− 1 = 0

"Qi? Q7 i?2b2 2[m�iBQMb ?�p2 bQHmiBQM 1X q2 b�v i?�i 1 Bb � bQHmiBQM Q7 KmH@
iBTHB+Biv irQ- K2�MBM; i?�i Bi Q++m`b irB+2 �b � bQHmiBQM Q7 i?2 [m�/`�iB+
2[m�iBQMX

1[m�iBQMb Zm�/`�iB+ BM 6Q`K
h?2 2[m�iBQM

x6 − 4x3 − 5 = 0

Bb MQi [m�/`�iB+- #mi B7 r2 K�F2 i?2 bm#biBimiBQM u = x3- i?2 2[m�iBQM #2+QK2b

u2 − 4u− 5 = 0

�M 2[m�iBQM Bb +�HH2/ [m�/`�iB+ BM 7Q`K B7 r2 +�M mb2 � bm#biBimiBQM iQ r`Bi2
Bi �b

au2 + bu+ c = 0

r?2`2 u bi�M/b 7Q` �M �H;2#`�B+ 2tT`2bbBQMX am+? 2[m�iBQMb +�M #2 bQHp2/ #v
i?2 b�K2 i2+?MB[m2b r2 mb2 iQ bQHp2 [m�/`�iB+ 2[m�iBQMbX

1t�KTH2 eXky

lb2 i?2 bm#biBimiBQM u = x3 iQ bQHp2 i?2 2[m�iBQM

x6 − 4x3 − 5 = 0

aQHmiBQMX q2 b2i u = x3- bQ i?�i u2 =
(
x3
)2

= x6X h?2 Q`B;BM�H
2[m�iBQM i?2M #2+QK2b � [m�/`�iB+ 2[m�iBQM BM i?2 p�`B�#H2 u- r?B+?
r2 +�M bQHp2 #v 7�+iQ`BM;X

u2 − 4u− 5 = 0 6�+iQ` i?2 H27i bB/2X
(u+ 1)(u− 5) = 0 �TTHv i?2 x2`Q@7�+iQ` T`BM+BTH2X

u+ 1 = 0 Q` u− 5 = 0 aQHp2 2�+? 2[m�iBQM 7Q` u.
u = −1 Q` u = 5
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6BM�HHv- r2 `2TH�+2 u #v x3 �M/ bQHp2 7Q` xX

x3 = −1 Q` x3 = 5 h�F2 +m#2 `QQibX
x = 3

√
−1 = −1 Q` x = 3

√
5

uQm +�M p2`B7v i?�i i?2 bQHmiBQMb Q7 i?2 Q`B;BM�H 2[m�iBQM �`2 −1 �M/
3
√
5X

q2 b�v i?�i i?2 2[m�iBQM BM 1t�KTH2 eXky- TX ekj- x6 − 4x3 − 5 = 0- Bb
[m�/`�iB+ BM x3X q2 +?Qb2 i?2 bm#biBimiBQM u = x3 #2+�mb2 x6 = u2X

*?2+FTQBMi eXkR S`�+iB+2 eX lb2 i?2 bm#biBimiBQM u = x2 iQ bQHp2 i?2
2[m�iBQM x4 − 5x2 + 6 = 0X

aQHmiBQMb, x =

�Mbr2`X
√
2,−

(√
2
)
,
√
3,−

(√
3
)

aQHmiBQMX x = ±
√
2- x = ±

√
3

lbm�HHv- vQm +�M +?QQb2 i?2 bBKTH2` p�`B�#H2 i2`K BM i?2 2[m�iBQM 7Q` i?2 u@
bm#biBimiBQMX 6Q` 2t�KTH2- BM *?2+FTQBMi eXkR- TX ek9 r2 +?Qb2 u = x2 #2+�mb2
u2 =

(
x2
)2

= x4- r?B+? Bb i?2 }`bi i2`K Q7 i?2 2[m�iBQMX PM+2 vQm ?�p2
+?Qb2M i?2 u@bm#biBimiBQM- vQm b?QmH/ +?2+F i?�i i?2 Qi?2` p�`B�#H2 i2`K Bb
i?2M � KmHiBTH2 Q7 u2c Qi?2`rBb2- i?2 2[m�iBQM Bb MQi [m�/`�iB+ BM 7Q`KX

1t�KTH2 eXkk

aQHp2 i?2 2[m�iBQM e2x − 7ex + 12 = 0X
aQHmiBQMX q2 mb2 i?2 bm#biBimiBQM u = ex- #2+�mb2 u2 = (ex)2 = e2xX
h?2 Q`B;BM�H 2[m�iBQM i?2M #2+QK2b

u2 − 7u+ 12 = 0 6�+iQ` i?2 H27i bB/2X
(u− 3)(u− 4) = 0 �TTHv i?2 x2`Q@7�+iQ` T`BM+BTH2X

u− 3 = 0 Q` u− 4 = 0 aQHp2 2�+? 2[m�iBQM 7Q`u.
u = 3 Q` u = 4

6BM�HHv- r2 `2TH�+2 u #v ex �M/ bQHp2 7Q` xX

ex = 3 Q` ex = 4

x = HM 3 Q` x = HM 4

uQm b?QmH/ p2`B7v i?�i i?2 bQHmiBQMb Q7 i?2 Q`B;BM�H 2[m�iBQM �`2 HM 3
�M/ HM 4X

*?2+FTQBMi eXkj S`�+iB+2 dX aQHp2 i?2 2[m�iBQM 102x−3 ·10x+2 = 0- �M/
+?2+F i?2 bQHmiBQMbX

aQHmiBQMb, x =

�Mbr2`X 0, HQ;(2)
aQHmiBQMX x = 0- x = HQ; 2

*?2+FTQBMi eXk9 S�mb2 �M/ _2~2+iX 1tTH�BM r?v r2 +�MMQi ǳ+�M+2HǴ
(x − 5) 7`QK #Qi? bB/2b Q7 i?2 2[m�iBQM 3x(x − 5) = 6(x − 5)X q?�i �`2 i?2
bQHmiBQMb Q7 i?2 2[m�iBQM\
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a2+iBQM amKK�`v
oQ+�#mH�`v
GQQF mT i?2 /2}MBiBQMb Q7 M2r i2`Kb BM i?2 :HQbb�`vX

Ç Zm�/`�iB+ 7mM+iBQM

Ç w2`Q@7�+iQ` T`BM+BTH2

Ç ai�M/�`/ 7Q`K

Ç 6�+iQ`2/ 7Q`K

Ç JmHiBTHB+Biv

Ç JQMQiQMB+

*PL*1Sha

Zm�/`�iB+ 6mM+iBQMX
R � [m�/`�iB+ 7mM+iBQM Bb QM2 i?�i +�M #2 r`Bii2M BM i?2 7Q`K

f(x) = ax2 + bx+ c

r?2`2 a- b- �M/ c �`2 +QMbi�Mib- �M/ a Bb MQi 2[m�H iQ x2`QX

w2`Q@6�+iQ` S`BM+BTH2X
k h?2 T`Q/m+i Q7 irQ 7�+iQ`b 2[m�Hb x2`Q B7 �M/ QMHv B7 QM2 Q` #Qi?
Q7 i?2 7�+iQ`b 2[m�Hb x2`QX AM bvK#QHb-

ab = 0 B7 �M/ QMHv B7 a = 0 Q` b = 0

x@AMi2`+2Tib Q7 � :`�T?X
j h?2 x@BMi2`+2Tib Q7 i?2 ;`�T? Q7 y = f(x) �`2 i?2 bQHmiBQMb Q7 i?2
2[m�iBQM f(x) = 0X

9 � [m�/`�iB+ 2[m�iBQM r`Bii2M �b ax2 + bx+ c = 0 Bb BM bi�M/�`/ 7Q`KX
� [m�/`�iB+ 2[m�iBQM r`Bii2M �b a(x − r1)(x − r2) = 0 Bb BM 7�+iQ`2/
7Q`KX

hQ aQHp2 � Zm�/`�iB+ 1[m�iBQM #v 6�+iQ`BM;X
8

R q`Bi2 i?2 2[m�iBQM BM bi�M/�`/ 7Q`KX

k 6�+iQ` i?2 H27i bB/2 Q7 i?2 2[m�iBQMX

j �TTHv i?2 x2`Q@7�+iQ` T`BM+BTH2, a2i 2�+? 7�+iQ` 2[m�H iQ
x2`QX

9 aQHp2 2�+? 2[m�iBQMX h?2`2 �`2 irQ bQHmiBQMb Ur?B+? K�v
#2 2[m�HVX

e 1p2`v [m�/`�iB+ 2[m�iBQM ?�b irQ bQHmiBQMb- r?B+? K�v #2 i?2 b�K2X

d h?2 p�Hm2 Q7 i?2 +QMbi�Mi a BM i?2 7�+iQ`2/ 7Q`K Q7 � [m�/`�iB+ 2[m�iBQM
/Q2b MQi �z2+i i?2 bQHmiBQMbX
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3 1�+? bQHmiBQM Q7 � [m�/`�iB+ 2[m�iBQM +Q``2bTQM/b iQ � 7�+iQ` BM i?2
7�+iQ`2/ 7Q`KX

N �M 2[m�iBQM Bb +�HH2/ [m�/`�iB+ BM 7Q`K B7 r2 +�M mb2 � bm#biBimiBQM iQ
r`Bi2 Bi �b au2 + bu+ c = 0- r?2`2 u bi�M/b 7Q` �M �H;2#`�B+ 2tT`2bbBQMX

ahl.u Zl1ahAPLa
R � 6BM/ � T�B` Q7 MmK#2`b r?Qb2 T`Q/m+i Bb 6X LQr }M/ � /Bz2`2Mi

T�B` Q7 MmK#2`b r?Qb2 T`Q/m+i Bb 6X *�M vQm }M/ KQ`2 bm+? T�B`b\
# 6BM/ � T�B` Q7 MmK#2`b r?Qb2 T`Q/m+i Bb 0X q?�i Bb i`m2 �#Qmi �Mv

bm+? T�B`\

k "27Q`2 vQm #2;BM 7�+iQ`BM; iQ bQHp2 � [m�/`�iB+ 2[m�iBQM- r?�i b?QmH/
vQm /Q\

j >Qr +�M vQm }M/ i?2 x@BMi2`+2Tib Q7 i?2 ;`�T? Q7 y = f(x) rBi?Qmi
HQQFBM; �i i?2 ;`�T?\

9 >Qr K�Mv bQHmiBQMb /Q2b � [m�/`�iB+ 2[m�iBQM ?�p2\

8 � q`Bi2 � HBM2�` 2[m�iBQM r?Qb2 QMHv bQHmiBQM Bb x = 3X
# q`Bi2 � [m�/`�iB+ 2[m�iBQM r?Qb2 QMHv bQHmiBQM Bb x = 3X

e A7 vQm FMQr i?2 bQHmiBQMb Q7 ax2 + bx + c = 0- ?Qr +�M vQm }M/ i?2
bQHmiBQMb Q7 5(ax2 + bx+ c) = 0\

d Ab i?2 2[m�iBQM x9 − 6x3 + 8 = 0 [m�/`�iB+ BM 7Q`K\ q?v Q` r?v MQi\

3 .2H#2`i b�vb i?�i ?2 +�M bQHp2 i?2 2[m�iBQM x(x + 5) = 2(x + 5) #v
+�M+2HBM; i?2 7�+iQ` (x+ 5) iQ ;2i x = 2X *QKK2Mi QM ?Bb K2i?Q/

aEAGGa
S`�+iB+2 2�+? bFBHH BM i?2 >QK2rQ`F T`Q#H2Kb HBbi2/X

R lb2 i?2 x2`Q@7�+iQ` T`BM+BTH2 �M/ }M/ t@BMi2`+2Tib, OjĜRy

k aQHp2 [m�/`�iB+ 2[m�iBQMb #v 7�+iQ`BM;, ORRĜk9

j lb2 i?2 x@BMi2`+2Tib Q7 i?2 ;`�T? iQ 7�+iQ` � [m�/`�iB+ 2[m�iBQM, Ok8Ĝk3-
jdĜ9y

9 q`Bi2 � [m�/`�iB+ 2[m�iBQM rBi? ;Bp2M bQHmiBQMb, OkNĜje

8 aQHp2 �TTHB2/ T`Q#H2Kb BMpQHpBM; [m�/`�iB+ 2[m�iBQMb, O9RĜ8y

e aQHp2 2[m�iBQMb i?�i �`2 [m�/`�iB+ BM 7Q`K, O8RĜek

>QK2rQ`F eXR
RX .2H#2`i bi�M/b �i i?2 iQT Q7 � 300@7QQi +HBz �M/ i?`Qrb ?Bb �H;2#`� #QQF

/B`2+iHv mTr�`/ rBi? � p2HQ+Biv Q7 20 722i T2` b2+QM/X h?2 ?2B;?i Q7 ?Bb
#QQF �#Qp2 i?2 ;`QmM/ t b2+QM/b H�i2` Bb ;Bp2M #v i?2 2[m�iBQM

h = −16t2 + 20t+ 300

r?2`2 h Bb BM 722iX
U�V lb2 vQm` +�H+mH�iQ` iQ K�F2 � i�#H2 Q7 p�Hm2b 7Q` i?2 ?2B;?i 2[m�iBQM-

rBi? BM+`2K2Mib Q7 0.5 b2+QM/X
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U#V :`�T? i?2 ?2B;?i 2[m�iBQM QM vQm` +�H+mH�iQ`X lb2 vQm` i�#H2 Q7
p�Hm2b iQ ?2HT vQm +?QQb2 �TT`QT`B�i2 rBM/Qr b2iiBM;bX

U+V q?�i Bb i?2 ?B;?2bi �HiBim/2 .2H#2`iǶb #QQF `2�+?2b\ q?2M /Q2b
Bi `2�+? i?�i ?2B;?i\ lb2 i?2 h_�*1 72�im`2 iQ }M/ �TT`QtBK�i2
�Mbr2`b }`biX h?2M mb2 i?2 h�#H2 72�im`2 iQ BKT`Qp2 vQm` 2biBK�i2X

U/V q?2M /Q2b .2H#2`iǶb #QQF T�bb ?BK QM Bib r�v /QrM\ U.2H#2`i Bb
bi�M/BM; �i � ?2B;?i Q7 300 722iXV lb2 i?2 BMi2`b2+i +QKK�M/X

U2V >Qr HQM; rBHH Bi i�F2 .2H#2`iǶb #QQF iQ ?Bi i?2 ;`QmM/ �i i?2 #QiiQK
Q7 i?2 +HBz\

kX C�K2b "QM/ bi�M/b QM iQT Q7 � 240@7QQi #mBH/BM; �M/ i?`Qrb � }HK +�MBbi2`
mTr�`/ iQ � 72HHQr �;2Mi BM � ?2HB+QTi2` 16 722i �#Qp2 i?2 #mBH/BM;X h?2
?2B;?i Q7 i?2 }HK �#Qp2 i?2 ;`QmM/ t b2+QM/b H�i2` Bb ;Bp2M #v i?2 7Q`KmH�

h = −16t2 + 32t+ 240

r?2`2 h Bb BM 722iX
U�V lb2 vQm` +�H+mH�iQ` iQ K�F2 � i�#H2 Q7 p�Hm2b 7Q` i?2 ?2B;?i 7Q`KmH�-

rBi? BM+`2K2Mib Q7 0.5 b2+QM/X

U#V :`�T? i?2 ?2B;?i 7Q`KmH� QM vQm` +�H+mH�iQ`X lb2 vQm` i�#H2 Q7
p�Hm2b iQ ?2HT vQm +?QQb2 �TT`QT`B�i2 rBM/Qr b2iiBM;bX

U+V >Qr HQM; rBHH Bi i�F2 i?2 }HK +�MBbi2` iQ `2�+? i?2 �;2Mi BM i?2
?2HB+QTi2`\ Uq?�i Bb i?2 �;2MiǶb �HiBim/2\V lb2 i?2 h_�*1 72�im`2
iQ }M/ �TT`QtBK�i2 �Mbr2`b }`biX h?2M mb2 i?2 h�#H2 72�im`2 iQ
BKT`Qp2 vQm` 2biBK�i2X

U/V A7 i?2 �;2Mi KBbb2b i?2 +�MBbi2`- r?2M rBHH Bi T�bb C�K2b "QM/ QM
i?2 r�v /QrM\ lb2 i?2 BMi2`b2+i +QKK�M/X

U2V >Qr HQM; rBHH Bi i�F2 Bi iQ ?Bi i?2 ;`QmM/\

AM S`Q#H2Kb jĜRy- mb2 � ;`�T? iQ bQHp2 i?2 2[m�iBQM y = 0X Ulb2 sKBM = −9.4-
sK�t = 9.4XV *?2+F vQm` �Mbr2`b rBi? i?2 x2`Q@7�+iQ` T`BM+BTH2X

jX y = (2x+ 5)(x− 2) 9X y = (x+ 1)(4x− 1)

8X y = x(3x+ 10) eX y = x(3x− 7)

dX y = (4x+ 3)(x+ 8) 3X y = (x− 2)(x− 9)

NX y = (x− 4)2 RyX y = (x+ 6)2

6Q` S`Q#H2Kb RR@k9- bQHp2 #v 7�+iQ`BM;X Ua22 �H;2#`� aFBHHb _27`2b?2` �T@
T2M/Bt �X3- TX Ry98 iQ `2pB2r 7�+iQ`BM;XV

RRX 2a2 + 5a− 3 = 0 RkX 3b2 − 4b− 4 = 0

RjX 2x2 = 6x R9X 5z2 = 5z

R8X 3y2 − 6y = −3 ReX 4y2 + 4y = 8

RdX x(2x− 3) = −1 R3X 2x(x− 2) = x+ 3

RNX t(t− 3) = 2(t− 3) kyX 5(t+ 2) = t(t+ 2)

kRX z(3z + 2) = (z + 2)2 kkX (z − 1)2 = 2z2 + 3z − 5

kjX (v + 2)(v − 5) = 8 k9X (w + 1)(2w − 3) = 3

AM S`Q#H2Kb k8Ĝk3- ;`�T? 2�+? b2i Q7 7mM+iBQMb BM i?2 bi�M/�`/ rBM/QrXq?�i
/Q vQm MQiB+2 �#Qmi i?2 x@BMi2`+2Tib\ :2M2`�HBx2 vQm` Q#b2`p�iBQM- �M/ i2bi
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vQm` B/2� rBi? 2t�KTH2bX
k8X

U�V f(x) = x2 − x− 20

U#V g(x) = 2(x2 − x− 20)

U+V h(x) = 0.5(x2 − x− 20)

keX
U�V f(x) = x2 + 2x− 15

U#V g(x) = 3(x2 + 2x− 15)

U+V h(x) = 0.2(x2 + 2x− 15)

kdX
U�V f(x) = x2 + 6x− 16

U#V g(x) = −2(x2 + 6x− 16)

U+V h(x) =
−0.1(x2 + 6x− 16)

k3X
U�V f(x) = x2 − 16

U#V g(x) = −1.5(x2 − 16)

U+V h(x) = −0.4(x2 − 16)

AM S`Q#H2Kb kNĜje- r`Bi2 � [m�/`�iB+ 2[m�iBQM r?Qb2 bQHmiBQMb �`2 ;Bp2MX h?2
2[m�iBQM b?QmH/ #2 BM bi�M/�`/ 7Q`K rBi? BMi2;2` +Q2{+B2MibX

kNX −2 �M/ 1 jyX −4 �M/ 3 jRX 0 �M/ −5
jkX 0 �M/ 5 jjX −3 �M/ 1

2
j9X −2

3
�M/ 4

j8X −1

4
�M/ 3

2
jeX −1

3
�M/ −1

2

6Q` T`Q#H2Kb jd@9y- ;`�T? i?2 7mM+iBQM BM i?2 wAMi2;2` rBM/Qr- �M/ HQ+�i2
i?2 x@BMi2`+2Tib Q7 i?2 ;`�T?X lb2 i?2 x@BMi2`+2Tib iQ r`Bi2 i?2 [m�/`�iB+
2tT`2bbBQM BM 7�+iQ`2/ 7Q`KX

jdX f(x) = 0.1(x2 − 3x− 270) j3X h(x) = 0.1(x2 + 9x− 360)

jNX g(x) = −0.08(x2 + 14x− 576) 9yX F (x) = −0.06(x2 − 22x− 504)

lb2 i?2 Svi?�;Q`2�M i?2Q`2K iQ bQHp2 S`Q#H2Kb 9R �M/ 9kX Ua22 �H;2#`� aFBHHb
_27`2b?2` �TT2M/Bt �XRR- TX Ryd9 iQ `2pB2r i?2 Svi?�;Q`2�M i?2Q`2KXV

9RX PM2 2M/ Q7 � H�//2` Bb 10 722i 7`QK i?2 #�b2
Q7 � r�HH- �M/ i?2 Qi?2` 2M/ `2�+?2b � rBM/Qr
BM i?2 r�HHX h?2 H�//2` Bb 2 722i HQM;2` i?�M
i?2 ?2B;?i Q7 i?2 rBM/QrX

U�V q`Bi2 � [m�/`�iB+ 2[m�iBQM �#Qmi i?2
?2B;?i Q7 i?2 rBM/QrX

U#V aQHp2 vQm` 2[m�iBQM iQ }M/ i?2 ?2B;?i
Q7 i?2 rBM/QrX

41. One end of a ladder is 10 feet from the base of a wall,
and the other end reaches a window in the wall. The
ladder is 2 feet longer than the height of the window.
a. Write a quadratic equation about the height of the

window.
b. Solve your equation to find the height of the window.

42. The diagonal of a rectangle is 20 inches. One side of the
rectangle is 4 inches shorter than the other side.
a. Write a quadratic equation about the length of the

rectangle.
b. Solve your equation to find the dimensions of the

rectangle.

486 Chapter 6 ! Quadratic Functions

In Problems 25–28, graph each set of functions in the standard window. What do you notice about the x-intercepts?
Generalize your observation, and test your idea with examples.

25. a. y = x2 − x − 20
b. y = 2(x2 − x − 20)

c. y = 0.5(x2 − x − 20)

26. a. y = x2 + 2x − 15
b. y = 3(x2 + 2x − 15)

c. y = 0.2(x2 + 2x − 15)

27. a. y = x2 + 6x − 16
b. y = −2(x2 + 6x − 16)

c. y = −0.1(x2 + 6x − 16)

28. a. y = x2 − 16
b. y = −1.5(x2 − 16)

c. y = −0.4(x2 − 16)

In Problems 29–36, write a quadratic equation whose solutions are given. The equation should be in standard form with
integer coefficients.

29. −2 and 1 30. −4 and 3 31. 0 and −5 32. 0 and 5

33. −3 and 1
2 34. −2

3 and 4 35. −1
4 and 3

2 36. −1
3 and −1

2

37. y = 0.1(x2 − 3x − 270) 38. y = 0.1(x2 + 9x − 360)

39. y = −0.08(x2 + 14x − 576) 40. y = −0.06(x2 − 22x − 504)

Graph the function in the ZInteger window, and locate the x-intercepts of the graph. Use the x-intercepts to write the
quadratic expression in factored form.

Use the Pythagorean theorem to solve Problems 41 and 42. (See Algebra Skills Refresher A.11 to review
the Pythagorean theorem.)

10 ft

Use the following formula to answer Problems 43 and 44. If an object is thrown into the air from a height s0 above the
ground with an initial velocity v0, its height t seconds later is given by the formula

h = −1
2

gt2 + v0t + s0

where g is a constant that measures the force of gravity.
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9kX h?2 /B�;QM�H Q7 � `2+i�M;H2 Bb 20 BM+?2bX PM2 bB/2 Q7 i?2 `2+i�M;H2 Bb
4 BM+?2b b?Q`i2` i?�M i?2 Qi?2` bB/2X
U�V q`Bi2 � [m�/`�iB+ 2[m�iBQM �#Qmi i?2 H2M;i? Q7 i?2 `2+i�M;H2X

U#V aQHp2 vQm` 2[m�iBQM iQ }M/ i?2 /BK2MbBQMb Q7 i?2 `2+i�M;H2X

lb2 i?2 7QHHQrBM; 7Q`KmH� iQ �Mbr2` S`Q#H2Kb 9j �M/ 99X A7 �M Q#D2+i Bb i?`QrM
BMiQ i?2 �B` 7`QK � ?2B;?i s0 �#Qp2 i?2 ;`QmM/ rBi? �M BMBiB�H p2HQ+Biv v0- Bib
?2B;?i t b2+QM/b H�i2` Bb ;Bp2M #v i?2 7Q`KmH�

h = −1

2
gt2 + v0t+ s0

Page 222



a1*hAPL eXRX 6�*hP_a �L. X@ALh1_*1Sha ekN

r?2`2 g Bb � +QMbi�Mi i?�i K2�bm`2b i?2 7Q`+2 Q7 ;`�pBivX

9jX � i2MMBb #�HH Bb i?`QrM BMiQ i?2 �B` rBi? �M BMBiB�H p2HQ+Biv Q7 16 722i
T2` b2+QM/ 7`QK � ?2B;?i Q7 8 722iX h?2 p�Hm2 Q7 g Bb 32X
U�V q`Bi2 � [m�/`�iB+ 2[m�iBQM i?�i ;Bp2b i?2 ?2B;?i Q7 i?2 i2MMBb

#�HH �i iBK2 tX

U#V 6BM/ i?2 ?2B;?i Q7 i?2 i2MMBb #�HH �i t = 1

2
b2+QM/ �M/ �i t = 1

b2+QM/X

U+V q`Bi2 �M/ bQHp2 �M 2[m�iBQM iQ �Mbr2` i?2 [m2biBQM, �i r?�i
iBK2 Bb i?2 i2MMBb #�HH 11 722i ?B;?\

U/V lb2 i?2 h�#H2 72�im`2 QM vQm` +�H+mH�iQ` iQ p2`B7v vQm` �Mbr2`b
iQ T�`ib U#V �M/ U+VX Uq?�i p�Hm2 Q7 ∆h#H Bb mb27mH 7Q` i?Bb
T`Q#H2K\V

U2V :`�T? vQm` 2[m�iBQM 7`QK T�`i U�V QM vQm` +�H+mH�iQ`X lb2 vQm`
i�#H2 iQ ?2HT vQm +?QQb2 �M �TT`QT`B�i2 rBM/QrX

U7V A7 MQ#Q/v ?Bib i?2 i2MMBb #�HH- �TT`QtBK�i2Hv ?Qr HQM; rBHH Bi #2
BM i?2 �B`\

99X � KQmMi�BM +HBK#2` bi�M/b QM � H2/;2 80 722i �#Qp2 i?2 ;`QmM/ �M/
iQbb2b � `QT2 /QrM iQ � +QKT�MBQM +HBM;BM; iQ i?2 `Q+F 7�+2 #2HQr i?2
H2/;2X h?2 BMBiB�H p2HQ+Biv Q7 i?2 `QT2 Bb −8 722i T2` b2+QM/- �M/ i?2
p�Hm2 Q7 g Bb 32X
U�V q`Bi2 � [m�/`�iB+ 2[m�iBQM i?�i ;Bp2b i?2 ?2B;?i Q7 i?2 `QT2 �i

iBK2 tX

U#V q?�i Bb i?2 ?2B;?i Q7 i?2 `QT2 �7i2` 1

2
b2+QM/\ �7i2` 1 b2+QM/\

U+V q`Bi2 �M/ bQHp2 �M 2[m�iBQM iQ �Mbr2` i?2 [m2biBQM, >Qr HQM;
/Q2b Bi i�F2 i?2 `QT2 iQ `2�+? i?2 b2+QM/ +HBK#2`- r?Q Bb 17 722i
�#Qp2 i?2 ;`QmM/\

U/V lb2 i?2 h�#H2 72�im`2 QM vQm` +�H+mH�iQ` iQ p2`B7v vQm` �Mbr2`b
iQ T�`ib U#V �M/ U+VX Uq?�i p�Hm2 Q7 ∆h#H Bb mb27mH 7Q` i?Bb
T`Q#H2K\V

U2V :`�T? vQm` 2[m�iBQM 7`QK T�`i U�V QM vQm` +�H+mH�iQ`X lb2 vQm`
i�#H2 iQ ?2HT vQm +?QQb2 �M �TT`QT`B�i2 rBM/QrX

U7V A7 i?2 b2+QM/ +HBK#2` KBbb2b i?2 `QT2- �TT`QtBK�i2Hv ?Qr HQM;
rBHH i?2 `QT2 i�F2 iQ `2�+? i?2 ;`QmM/\

6Q` S`Q#H2Kb 98 �M/ 9e- vQm K�v r�Mi iQ `2pB2r AMp2biB;�iBQM kXk- TX Rej-
S2`BK2i2` �M/ �`2�- BM *?�Ti2` k- TX ReRX

98X � `�M+?2` ?�b 360 v�`/b Q7 72M+2 iQ 2M+HQb2 � `2+i�M;mH�` T�bim`2X
A7 i?2 T�bim`2 b?QmH/ #2 8000 b[m�`2 v�`/b BM �`2�- r?�i b?QmH/ Bib
/BK2MbBQMb #2\ q2 rBHH mb2 j K2i?Q/b iQ bQHp2 i?Bb T`Q#H2K, � i�#H2
Q7 p�Hm2b- � ;`�T?- �M/ �M �H;2#`�B+ 2[m�iBQMX
U�V J�F2 � i�#H2 #v ?�M/ i?�i b?Qrb i?2 �`2�b Q7 T�bim`2b Q7 p�`BQmb

rB/i?b- �b b?QrM ?2`2X
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qB/i? G2M;i? �`2�
10 170 1700
XXX

XXX
XXX

UhQ }M/ i?2 H2M;i? Q7 2�+? T�bim`2- �bF vQm`b2H7- q?�i Bb i?2
bmK Q7 i?2 H2M;i? THmb i?2 rB/i? B7 i?2`2 �`2 360 v�`/b Q7 72M+2\V
*QMiBMm2 i?2 i�#H2 mMiBH vQm }M/ i?2 T�bim`2 r?Qb2 �`2� Bb 8000
b[m�`2 v�`/bX

U#V q`Bi2 �M 2tT`2bbBQM 7Q` i?2 H2M;i? Q7 i?2 T�bim`2 B7 Bib rB/i? Bb
xX L2ti- r`Bi2 �M 2tT`2bbBQM 7Q` i?2 �`2�- A- Q7 i?2 T�bim`2 B7
Bib rB/i? Bb xX :`�T? i?2 2[m�iBQM 7Q` A QM vQm` +�H+mH�iQ`- �M/
mb2 i?2 ;`�T? iQ }M/ i?2 T�bim`2 Q7 �`2� 8000 b[m�`2 v�`/bX

U+V q`Bi2 �M 2[m�iBQM 7Q` i?2 �`2�- A- Q7 i?2 T�bim`2 BM i2`Kb Q7
Bib rB/i? xX aQHp2 vQm` 2[m�iBQM �H;2#`�B+�HHv 7Q` A = 8000X
1tTH�BM r?v i?2`2 �`2 irQ bQHmiBQMbX

9eX A7 i?2 `�M+?2` BM S`Q#H2K 98 mb2b � `Bp2`#�MF iQ #Q`/2` QM2 bB/2 Q7
i?2 T�bim`2 �b b?QrM BM i?2 };m`2- ?2 +�M 2M+HQb2 16, 000 b[m�`2 v�`/b
rBi? 360 v�`/b Q7 72M+2X q?�i rBHH i?2 /BK2MbBQMb Q7 i?2 T�bim`2 #2
i?2M\ q2 rBHH mb2 i?`22 K2i?Q/b iQ bQHp2 i?Bb T`Q#H2K, � i�#H2 Q7
p�Hm2b- � ;`�T?- �M/ �M �H;2#`�B+ 2[m�iBQMX

43. A tennis ball is thrown into the air with an initial
velocity of 16 feet per second from a height of 8 feet.
The value of g is 32.
a. Write a quadratic equation that gives the height of the

tennis ball at time t.
b. Find the height of the tennis ball at t = 1

2 second and
at t = 1 second.

c. Write and solve an equation to answer the question:
At what time is the tennis ball 11 feet high?

d. Use the Table feature on your calculator to verify
your answers to parts (b) and (c). (What value of
! Tbl is useful for this problem?)

e. Graph your equation from part (a) on your calculator.
Use your table to help you choose an appropriate
window.

f. If nobody hits the tennis ball, approximately how long
will it be in the air?

6.1 ! Factors and x-Intercepts 487

44. A mountain climber stands on a ledge 80 feet above the
ground and tosses a rope down to a companion clinging
to the rock face below the ledge. The initial velocity of
the rope is −8 feet per second, and the value of g is 32.
a. Write a quadratic equation that gives the height of the

rope at time t.
b. What is the height of the rope after 1

2 second? After
1 second?

c. Write and solve an equation to answer the question:
How long does it take the rope to reach the second
climber, who is 17 feet above the ground?

d. Use the Table feature on your calculator to verify
your answers to parts (b) and (c). (What value of
! Tbl is useful for this problem?)

e. Graph your equation from part (a) on your calculator.
Use your table to help you choose an appropriate
window.

f. If the second climber misses the rope, approximately
how long will the rope take to reach the ground?

For Problems 45 and 46, you may want to review Investigation 3, Perimeter and Area, in Chapter 2.

45. A rancher has 360 yards of fence to enclose a
rectangular pasture. If the pasture should be 8000 square
yards in area, what should its dimensions be? We will
use 3 methods to solve this problem: a table of values, a
graph, and an algebraic equation.
a. Make a table by hand that shows the areas of pastures

of various widths, as shown here.

46. If the rancher in Problem 45 uses a riverbank to border 1
side of the pasture as shown in the figure, he can enclose
16,000 square yards with 360 yards of fence. What will
the dimensions of the pasture be then? We will use
three methods to solve this problem: a table of values, a
graph, and an algebraic equation.

Width Length Area

10 170 1700

20 160 3200
...

...
...

(To find the length of each pasture, ask yourself,
What is the sum of the length plus the width if
there are 360 yards of fence?) Continue the
table until you find the pasture whose area is
8000 square yards.

b. Write an expression for the length of the pasture if its
width is x. Next, write an expression for the area, A,
of the pasture if its width is x. Graph the equation for
A on your calculator, and use the graph to find the
pasture of area 8000 square yards.

c. Write an equation for the area, A, of the pasture in
terms of its width x. Solve your equation algebraically
for A = 8000. Explain why there are two solutions.

River

a. Make a table by hand that shows the areas of pastures
of various widths, as shown here.

Width Length Area

10 340 3400

20 320 6400
...

...
...

(Be careful computing the length of the pasture:
Remember that one side of the pasture does not need
any fence!) Continue the table until you find the
pasture whose area is 16,000 square yards.

b. Write an expression for the length of the pasture if its
width is x. Next, write an expression for the area, A, of the
pasture if its width is x. Graph the equation for A, and use
the graph to find the pasture of area 16,000 square yards.

c. Write an equation for the area, A, of the pasture in
terms of its width x. Solve your equation algebraically
for A = 16,000.

See the instructions for #43 and 44 on the bottom of page 486.

19429_06_ch06_p475-497.qxd  7/5/06  10:42 AM  Page 487

U�V J�F2 � i�#H2 #v ?�M/ i?�i b?Qrb i?2 �`2�b Q7 T�bim`2b Q7 p�`BQmb
rB/i?b- �b b?QrM ?2`2X

qB/i? G2M;i? �`2�
10 340 3400
20 320 6400
XXX

XXX
XXX

U"2 +�`27mH +QKTmiBM; i?2 H2M;i? Q7 i?2 T�bim`2, _2K2K#2` i?�i
QM2 bB/2 Q7 i?2 T�bim`2 /Q2b MQi M22/ �Mv 72M+25V *QMiBMm2 i?2
i�#H2 mMiBH vQm }M/ i?2 T�bim`2 r?Qb2 �`2� Bb 16, 000 b[m�`2
v�`/bX

U#V q`Bi2 �M 2tT`2bbBQM 7Q` i?2 H2M;i? Q7 i?2 T�bim`2 B7 Bib rB/i? Bb
xX L2ti- r`Bi2 �M 2tT`2bbBQM 7Q` i?2 �`2�- A- Q7 i?2 T�bim`2 B7
Bib rB/i? Bb xX :`�T? i?2 2[m�iBQM 7Q` A- �M/ mb2 i?2 ;`�T? iQ
}M/ i?2 T�bim`2 Q7 �`2� 16, 000 b[m�`2 v�`/bX

U+V q`Bi2 �M 2[m�iBQM 7Q` i?2 �`2�- A- Q7 i?2 T�bim`2 BM i2`Kb Q7 Bib
rB/i? xX aQHp2 vQm` 2[m�iBQM �H;2#`�B+�HHv 7Q` A = 16, 000X

6Q` S`Q#H2Kb 9d �M/ 93- vQm rBHH M22/ i?2 7Q`KmH� 7Q` i?2 pQHmK2 Q7 � #QtX

9dX � #Qt Bb K�/2 7`QK � b[m�`2 TB2+2 Q7 +�`/#Q�`/ #v +miiBM; 2@BM+?
b[m�`2b 7`QK 2�+? +Q`M2` �M/ im`MBM; mT i?2 2/;2bX
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47. A box is made from a square piece of cardboard by

cutting 2-inch squares from each corner and turning up
the edges.

488 Chapter 6 ! Quadratic Functions

For Problems 47 and 48, you will need the formula for the volume of a box.

48. A length of rain gutter is made from a piece of
aluminum 6 feet long and 1 foot wide.
a. If a strip of width x is turned up along each long edge,

write expressions for the length, width, and height of
the gutter. Then write an expression for the volume,
V, of the gutter in terms of x.

x

x

2 in

2 in

2 in

a. If the piece of cardboard is x inches square, write
expressions for the length, width, and height of the
box. Then write an expression for the volume, V, of
the box in terms of x.

b. Use your calculator to make a table of values showing
the volumes of boxes made from cardboard squares of
side 4 inches, 5 inches, and so on.

c. Graph your expression for the volume on your
calculator. What happens to V as x increases?

d. Use your table or your graph to find what size
cardboard you need to make a box with volume
50 cubic inches.

e. Write and solve a quadratic equation to answer part (d).

x x

x x

1 ft

6 ft

b. Use your calculator to make a table of values showing
the volumes of various rain gutters formed by turning
up edges of 0.1 foot, 0.2 foot, and so on.

c. Graph your expression for the volume. What happens
to V as x increases?

d. Use your table or your graph to discover how much
metal should be turned up along each long edge so
that the gutter has a capacity of 3

4 cubic foot of
rainwater.

e. Write and solve a quadratic equation to answer part (d).

Problems 49 and 50 deal with wildlife management. The annual increase, I, in a population often depends on the size x of
the population, according to the formula

I = kCx − kx2

where k and C are constants related to the fertility of the population and the availability of food.

49. The annual increase, f (x), in the deer population in a
national park is given by

f (x) = 1.2x − 0.0002x2

where x is the size of the population that year.
a. Make a table of values for f (x) for 0 ≤ x ≤ 7000.

Use increments of 500 in x.
b. How much will a population of 2000 deer increase? A

population of 5000 deer? A population of 7000 deer?
c. Use your calculator to graph the annual increase,

f (x), versus the size of the population, x, for
0 ≤ x ≤ 7000.

d. What do the x-intercepts tell us about the deer
population?

e. Estimate the population size that results in the largest
annual increase. What is that increase?

50. Commercial fishermen rely on a steady supply of fish in
their area. To avoid overfishing, they adjust their harvest
to the size of the population. The function

g(x) = 0.4x − 0.0001x2

gives the annual rate of growth, in tons per year, of a
fish population of biomass x tons.

a. Make a table of values for g(x) for 0 ≤ x ≤ 5000.
Use increments of 500 in x.

b. How much will a population of 1000 tons increase? A
population of 3000 tons? A population of 5000 tons?

c. Use your calculator to graph the annual increase,
g(x), versus the size of the population, x, for
0 ≤ x ≤ 5000.

d. What do the x-intercepts tell us about the fish population?
e. Estimate the population size that results in the largest

annual increase. What is that increase?
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U�V A7 i?2 TB2+2 Q7 +�`/#Q�`/ Bb x BM+?2b b[m�`2- r`Bi2 2tT`2bbBQMb
7Q` i?2 H2M;i?- rB/i?- �M/ ?2B;?i Q7 i?2 #QtX h?2M r`Bi2 �M
2tT`2bbBQM 7Q` i?2 pQHmK2- V - Q7 i?2 #Qt BM i2`Kb Q7 xX

U#V lb2 vQm` +�H+mH�iQ` iQ K�F2 � i�#H2 Q7 p�Hm2b b?QrBM; i?2 pQH@
mK2b Q7 #Qt2b K�/2 7`QK +�`/#Q�`/ b[m�`2b Q7 bB/2 4 BM+?2b- 5
BM+?2b- �M/ bQ QMX

U+V :`�T? vQm` 2tT`2bbBQM 7Q` i?2 pQHmK2 QM vQm` +�H+mH�iQ`X q?�i
?�TT2Mb iQ V �b x BM+`2�b2b\

U/V lb2 vQm` i�#H2 Q` vQm` ;`�T? iQ }M/ r?�i bBx2 +�`/#Q�`/ vQm
M22/ iQ K�F2 � #Qt rBi? pQHmK2 50 +m#B+ BM+?2bX

U2V q`Bi2 �M/ bQHp2 � [m�/`�iB+ 2[m�iBQM iQ �Mbr2` T�`i U/VX
93X � H2M;i? Q7 `�BM ;mii2` Bb K�/2 7`QK � TB2+2 Q7 �HmKBMmK 6 722i HQM;

�M/ 1 7QQi rB/2X
U�V A7 � bi`BT Q7 rB/i? x Bb im`M2/ mT �HQM; 2�+? HQM; 2/;2- r`Bi2

2tT`2bbBQMb 7Q` i?2 H2M;i?- rB/i?- �M/ ?2B;?i Q7 i?2 ;mii2`X h?2M
r`Bi2 �M 2tT`2bbBQM 7Q` i?2 pQHmK2- V - Q7 i?2 ;mii2` BM i2`Kb Q7
xX

47. A box is made from a square piece of cardboard by
cutting 2-inch squares from each corner and turning up
the edges.

488 Chapter 6 ! Quadratic Functions

For Problems 47 and 48, you will need the formula for the volume of a box.

48. A length of rain gutter is made from a piece of
aluminum 6 feet long and 1 foot wide.
a. If a strip of width x is turned up along each long edge,

write expressions for the length, width, and height of
the gutter. Then write an expression for the volume,
V, of the gutter in terms of x.

x

x

2 in

2 in

2 in

a. If the piece of cardboard is x inches square, write
expressions for the length, width, and height of the
box. Then write an expression for the volume, V, of
the box in terms of x.

b. Use your calculator to make a table of values showing
the volumes of boxes made from cardboard squares of
side 4 inches, 5 inches, and so on.

c. Graph your expression for the volume on your
calculator. What happens to V as x increases?

d. Use your table or your graph to find what size
cardboard you need to make a box with volume
50 cubic inches.

e. Write and solve a quadratic equation to answer part (d).

x x

x x

1 ft

6 ft

b. Use your calculator to make a table of values showing
the volumes of various rain gutters formed by turning
up edges of 0.1 foot, 0.2 foot, and so on.

c. Graph your expression for the volume. What happens
to V as x increases?

d. Use your table or your graph to discover how much
metal should be turned up along each long edge so
that the gutter has a capacity of 3

4 cubic foot of
rainwater.

e. Write and solve a quadratic equation to answer part (d).

Problems 49 and 50 deal with wildlife management. The annual increase, I, in a population often depends on the size x of
the population, according to the formula

I = kCx − kx2

where k and C are constants related to the fertility of the population and the availability of food.

49. The annual increase, f (x), in the deer population in a
national park is given by

f (x) = 1.2x − 0.0002x2

where x is the size of the population that year.
a. Make a table of values for f (x) for 0 ≤ x ≤ 7000.

Use increments of 500 in x.
b. How much will a population of 2000 deer increase? A

population of 5000 deer? A population of 7000 deer?
c. Use your calculator to graph the annual increase,

f (x), versus the size of the population, x, for
0 ≤ x ≤ 7000.

d. What do the x-intercepts tell us about the deer
population?

e. Estimate the population size that results in the largest
annual increase. What is that increase?

50. Commercial fishermen rely on a steady supply of fish in
their area. To avoid overfishing, they adjust their harvest
to the size of the population. The function

g(x) = 0.4x − 0.0001x2

gives the annual rate of growth, in tons per year, of a
fish population of biomass x tons.

a. Make a table of values for g(x) for 0 ≤ x ≤ 5000.
Use increments of 500 in x.

b. How much will a population of 1000 tons increase? A
population of 3000 tons? A population of 5000 tons?

c. Use your calculator to graph the annual increase,
g(x), versus the size of the population, x, for
0 ≤ x ≤ 5000.

d. What do the x-intercepts tell us about the fish population?
e. Estimate the population size that results in the largest

annual increase. What is that increase?
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U#V lb2 vQm` +�H+mH�iQ` iQ K�F2 � i�#H2 Q7 p�Hm2b b?QrBM; i?2 pQH@
mK2b Q7 p�`BQmb `�BM ;mii2`b 7Q`K2/ #v im`MBM; mT 2/;2b Q7 0.1
7QQi- 0.2 7QQi- �M/ bQ QMX

U+V :`�T? vQm` 2tT`2bbBQM 7Q` i?2 pQHmK2X q?�i ?�TT2Mb iQ V �b
x BM+`2�b2b\

U/V lb2 vQm` i�#H2 Q` vQm` ;`�T? iQ /Bb+Qp2` ?Qr Km+? K2i�H b?QmH/
#2 im`M2/ mT �HQM; 2�+? HQM; 2/;2 bQ i?�i i?2 ;mii2` ?�b �
+�T�+Biv Q7 3

4
+m#B+ 7QQi Q7 `�BMr�i2`X

U2V q`Bi2 �M/ bQHp2 � [m�/`�iB+ 2[m�iBQM iQ �Mbr2` T�`i U/VX

S`Q#H2Kb 9N �M/ 8y /2�H rBi? rBH/HB72 K�M�;2K2MiX h?2 �MMm�H BM+`2�b2- I- BM
� TQTmH�iBQM Q7i2M /2T2M/b QM i?2 bBx2 x Q7 i?2 TQTmH�iBQM- �++Q`/BM; iQ i?2
7Q`KmH�

I = kCx− kx2

r?2`2 k �M/ C �`2 +QMbi�Mib `2H�i2/ iQ i?2 72`iBHBiv Q7 i?2 TQTmH�iBQM �M/ i?2
�p�BH�#BHBiv Q7 7QQ/X
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9NX h?2 �MMm�H BM+`2�b2- f(x)- BM i?2 /22` TQTmH�iBQM BM � M�iBQM�H T�`F
Bb ;Bp2M #v

f(x) = 1.2x− 0.0002x2

r?2`2 x Bb i?2 bBx2 Q7 i?2 TQTmH�iBQM i?�i v2�`X
U�V J�F2 � i�#H2 Q7 p�Hm2b 7Q` f(x) 7Q` 0 ≤ x ≤ 7000X lb2 BM+`2K2Mib

Q7 500 BM xX

U#V >Qr Km+? rBHH � TQTmH�iBQM Q7 2000 /22` BM+`2�b2\ � TQTmH�iBQM
Q7 5000 /22`\ � TQTmH�iBQM Q7 7000 /22`\

U+V lb2 vQm` +�H+mH�iQ` iQ ;`�T? i?2 �MMm�H BM+`2�b2- f(x)- p2`bmb
i?2 bBx2 Q7 i?2 TQTmH�iBQM- x- 7Q` 0 ≤ x ≤ 7000X

U/V q?�i /Q i?2 x@BMi2`+2Tib i2HH mb �#Qmi i?2 /22` TQTmH�iBQM\

U2V 1biBK�i2 i?2 TQTmH�iBQM bBx2 i?�i `2bmHib BM i?2 H�`;2bi �MMm�H
BM+`2�b2X q?�i Bb i?�i BM+`2�b2\

8yX *QKK2`+B�H }b?2`K2M `2Hv QM � bi2�/v bmTTHv Q7 }b? BM i?2B` �`2�X hQ
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Use a substitution to solve the equation.

51. a4 + a2 − 2 = 0 52. t6 − t3 − 6 = 0

53. 4b6 − 3 = b3 54. 3x4 + 1 = 4x2

55. c2/3 + 2c1/3 − 3 = 0 56. y1/2 − 5y1/4 + 4 = 0

57. 102w!5 · 10w " 6 # 0 58. e2x − 5ex + 4 = 0

59. 52t − 30 · 5t + 125 = 0 60. e4r − 3e2r + 2 = 0

61.
1

m2
+ 5

m
− 6 = 0 62.

1
s2

− 4
s

− 5 = 0

63. The sail in the figure is a right triangle of base and
height x. It has a colored stripe along the hypotenuse and
a white triangle of base and height y in the lower corner.

64. An hors d’oeuvres tray has radius x, and the dip
container has radius y, as shown in the figure.

x

x

y

y

x

y

a. Write an expression for the area of the colored stripe.
b. Express the area of the stripe in factored form.
c. If the sail is 7 1

2 feet high and the white strip is 4 1
2 feet

high, use your answer to (b) to calculate mentally the
area of the stripe.

a. Write an expression for the area for the chips (shaded
region).

b. Express the area in factored form.
c. If the tray has radius 8 1

2 inches and the space for the
dip has radius 2 1

2 inches, use your answer to part
(b) to calculate mentally the area for chips. (Express
your answer as a multiple of π .)

6.2 Solving Quadratic Equations

Not every quadratic equation can be solved by factoring or by extraction of roots. For ex-
ample, the expression x2 + x − 1 cannot be factored, so the equation x2 + x − 1 = 0 can-
not be solved by factoring. For other equations, factoring may be difficult. In this section
we learn two methods that can be used to solve any quadratic equation.

Squares of Binomials
In Section 2.1 we used extraction of roots to solve equations of the form

a( px + q)2 + r = 0

where the left side of the equation includes the square of a binomial, or a perfect square.
We can write any quadratic equation in this form by completing the square.
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Not every quadratic equation can be solved by factoring or by extraction of roots. For ex-
ample, the expression x2 + x − 1 cannot be factored, so the equation x2 + x − 1 = 0 can-
not be solved by factoring. For other equations, factoring may be difficult. In this section
we learn two methods that can be used to solve any quadratic equation.
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Figure 1

It is not easy to make the honor roll at most top universities. Suppose students were required to carry a course load of at
least 12 credit hours and maintain a grade point average of 3.5 or above. How could these honor roll requirements be
expressed mathematically? In this section, we will explore various ways to express different sets of numbers,
inequalities, and absolute value inequalities.

Using Interval Notation
Indicating the solution to an inequality such as can be achieved in several ways.

We can use a number line as shown in Figure 2. The blue ray begins at and, as indicated by the arrowhead,
continues to infinity, which illustrates that the solution set includes all real numbers greater than or equal to 4.

Figure 2

We can use set-builder notation: which translates to “all real numbers x such that x is greater than or equal
to 4.” Notice that braces are used to indicate a set.

The third method is interval notation, in which solution sets are indicated with parentheses or brackets. The solutions
to are represented as ∞ This is perhaps the most useful method, as it applies to concepts studied later in

this course and to other higher-level math courses.

The main concept to remember is that parentheses represent solutions greater or less than the number, and brackets
represent solutions that are greater than or equal to or less than or equal to the number. Use parentheses to represent
infinity or negative infinity, since positive and negative infinity are not numbers in the usual sense of the word and,
therefore, cannot be “equaled.” A few examples of an interval, or a set of numbers in which a solution falls, are
or all numbers between and including but not including all real numbers between, but not including

and and ∞ all real numbers less than and including Table 1 outlines the possibilities.

Set Indicated Set-Builder Notation Interval Notation

All real numbers between a and b, but not including a or b

All real numbers greater than a, but not including a ∞

All real numbers less than b, but not including b ∞

All real numbers greater than a, including a ∞

All real numbers less than b, including b ∞

All real numbers between a and b, including a

All real numbers between a and b, including b

Table 1
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Set Indicated Set-Builder Notation Interval Notation

All real numbers between a and b, including a and b

All real numbers less than a or greater than b ∞ ∞

All real numbers ∞ ∞

Table 1

EXAMPLE 1

Using Interval Notation to Express All Real Numbers Greater Than or Equal to a
Use interval notation to indicate all real numbers greater than or equal to

Solution
Use a bracket on the left of and parentheses after infinity: ∞ The bracket indicates that is included in the

set with all real numbers greater than to infinity.

TRY IT #1 Use interval notation to indicate all real numbers between and including and

EXAMPLE 2

Using Interval Notation to Express All Real Numbers Less Than or Equal to a or Greater Than or Equal to b
Write the interval expressing all real numbers less than or equal to or greater than or equal to

Solution
We have to write two intervals for this example. The first interval must indicate all real numbers less than or equal to 1.
So, this interval begins at ∞ and ends at which is written as ∞

The second interval must show all real numbers greater than or equal to which is written as ∞ However, we

want to combine these two sets. We accomplish this by inserting the union symbol, between the two intervals.

∞ ∞

TRY IT #2 Express all real numbers less than or greater than or equal to 3 in interval notation.

Using the Properties of Inequalities
When we work with inequalities, we can usually treat them similarly to but not exactly as we treat equalities. We can use
the addition property and the multiplication property to help us solve them. The one exception is when we multiply or
divide by a negative number; doing so reverses the inequality symbol.

Properties of Inequalities

These properties also apply to and
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EXAMPLE 3

Demonstrating the Addition Property
Illustrate the addition property for inequalities by solving each of the following:

1. ⓐ
2. ⓑ
3. ⓒ

Solution
The addition property for inequalities states that if an inequality exists, adding or subtracting the same number on both
sides does not change the inequality.

ⓐ ⓑ

ⓒ

TRY IT #3 Solve:

EXAMPLE 4

Demonstrating the Multiplication Property
Illustrate the multiplication property for inequalities by solving each of the following:

1. ⓐ
2. ⓑ
3. ⓒ

Solution

ⓐ ⓑ

ⓒ

TRY IT #4 Solve:

Solving Inequalities in One Variable Algebraically
As the examples have shown, we can perform the same operations on both sides of an inequality, just as we do with
equations; we combine like terms and perform operations. To solve, we isolate the variable.
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EXAMPLE 5

Solving an Inequality Algebraically
Solve the inequality:

Solution
Solving this inequality is similar to solving an equation up until the last step.

The solution set is given by the interval ∞ or all real numbers less than and including 1.

TRY IT #5 Solve the inequality and write the answer using interval notation:

EXAMPLE 6

Solving an Inequality with Fractions
Solve the following inequality and write the answer in interval notation:

Solution
We begin solving in the same way we do when solving an equation.

The solution set is the interval ∞

TRY IT #6 Solve the inequality and write the answer in interval notation:

Understanding Compound Inequalities
A compound inequality includes two inequalities in one statement. A statement such as means and

There are two ways to solve compound inequalities: separating them into two separate inequalities or leaving the
compound inequality intact and performing operations on all three parts at the same time. We will illustrate both
methods.

EXAMPLE 7

Solving a Compound Inequality
Solve the compound inequality:

Solution
The first method is to write two separate inequalities: and We solve them independently.

194 2 • Equations and Inequalities

Access for free at openstax.org Page 232



Then, we can rewrite the solution as a compound inequality, the same way the problem began.

In interval notation, the solution is written as

The second method is to leave the compound inequality intact, and perform solving procedures on the three parts at the
same time.

We get the same solution:

TRY IT #7 Solve the compound inequality:

EXAMPLE 8

Solving a Compound Inequality with the Variable in All Three Parts
Solve the compound inequality with variables in all three parts:

Solution
Let's try the first method. Write two inequalities:

The solution set is or in interval notation Notice that when we write the solution in interval
notation, the smaller number comes first. We read intervals from left to right, as they appear on a number line. See
Figure 3.

Figure 3

TRY IT #8 Solve the compound inequality:

Solving Absolute Value Inequalities
As we know, the absolute value of a quantity is a positive number or zero. From the origin, a point located at has
an absolute value of as it is x units away. Consider absolute value as the distance from one point to another point.
Regardless of direction, positive or negative, the distance between the two points is represented as a positive number or
zero.

An absolute value inequality is an equation of the form
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Where A, and sometimes B, represents an algebraic expression dependent on a variable x. Solving the inequality means
finding the set of all -values that satisfy the problem. Usually this set will be an interval or the union of two intervals
and will include a range of values.

There are two basic approaches to solving absolute value inequalities: graphical and algebraic. The advantage of the
graphical approach is we can read the solution by interpreting the graphs of two equations. The advantage of the
algebraic approach is that solutions are exact, as precise solutions are sometimes difficult to read from a graph.

Suppose we want to know all possible returns on an investment if we could earn some amount of money within $200 of
$600. We can solve algebraically for the set of x-values such that the distance between and 600 is less than or equal to
200. We represent the distance between and 600 as and therefore, or

This means our returns would be between $400 and $800.

To solve absolute value inequalities, just as with absolute value equations, we write two inequalities and then solve them
independently.

Absolute Value Inequalities

For an algebraic expression X, and an absolute value inequality is an inequality of the form

These statements also apply to and

EXAMPLE 9

Determining a Number within a Prescribed Distance
Describe all values within a distance of 4 from the number 5.

Solution
We want the distance between and 5 to be less than or equal to 4. We can draw a number line, such as in Figure 4, to
represent the condition to be satisfied.

Figure 4

The distance from to 5 can be represented using an absolute value symbol, Write the values of that satisfy
the condition as an absolute value inequality.

We need to write two inequalities as there are always two solutions to an absolute value equation.

If the solution set is and then the solution set is an interval including all real numbers between and
including 1 and 9.

So is equivalent to in interval notation.

TRY IT #9 Describe all x-values within a distance of 3 from the number 2.
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EXAMPLE 10

Solving an Absolute Value Inequality
Solve .

Solution

EXAMPLE 11

Using a Graphical Approach to Solve Absolute Value Inequalities
Given the equation determine the x-values for which the y-values are negative.

Solution
We are trying to determine where which is when We begin by isolating the absolute value.

Next, we solve for the equality

Now, we can examine the graph to observe where the y-values are negative. We observe where the branches are below
the x-axis. Notice that it is not important exactly what the graph looks like, as long as we know that it crosses the
horizontal axis at and and that the graph opens downward. See Figure 5.

Figure 5

TRY IT #10 Solve

MEDIA

Access these online resources for additional instruction and practice with linear inequalities and absolute value
inequalities.
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Interval notation (http://openstax.org/l/intervalnotn)
How to solve linear inequalities (http://openstax.org/l/solvelinineq)
How to solve an inequality (http://openstax.org/l/solveineq)
Absolute value equations (http://openstax.org/l/absvaleq)
Compound inequalities (http://openstax.org/l/compndineqs)
Absolute value inequalities (http://openstax.org/l/absvalineqs)

2.7 SECTION EXERCISES
Verbal

1. When solving an inequality,
explain what happened
from Step 1 to Step 2:

2. When solving an inequality,
we arrive at:

Explain what our solution
set is.

3. When writing our solution in
interval notation, how do we
represent all the real
numbers?

4. When solving an inequality,
we arrive at:

Explain what our solution
set is.

5. Describe how to graph

Algebraic

For the following exercises, solve the inequality. Write your final answer in interval notation.

6. 7. 8.

9. 10. 11.

12. 13. 14.

For the following exercises, solve the inequality involving absolute value. Write your final answer in interval notation.

15. 16. 17.

18. 19. 20.

21. 22. 23.

For the following exercises, describe all the x-values within or including a distance of the given values.

24. Distance of 5 units from
the number 7

25. Distance of 3 units from
the number 9

26. Distance of 10 units from
the number 4
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27. Distance of 11 units from
the number 1

For the following exercises, solve the compound inequality. Express your answer using inequality signs, and then write
your answer using interval notation.

28. 29. 30.

31. 32.

Graphical

For the following exercises, graph the function. Observe the points of intersection and shade the x-axis representing the
solution set to the inequality. Show your graph and write your final answer in interval notation.

33. 34. 35.

36. 37.

For the following exercises, graph both straight lines (left-hand side being y1 and right-hand side being y2) on the same
axes. Find the point of intersection and solve the inequality by observing where it is true comparing the y-values of the
lines.

38. 39. 40.

41. 42.

Numeric

For the following exercises, write the set in interval notation.

43. 44. 45.

46.

For the following exercises, write the interval in set-builder notation.

47. ∞ 48. ∞ 49.

50. ∞

For the following exercises, write the set of numbers represented on the number line in interval notation.

51. 52. 53.
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Technology

For the following exercises, input the left-hand side of the inequality as a Y1 graph in your graphing utility. Enter y2 = the
right-hand side. Entering the absolute value of an expression is found in the MATH menu, Num, 1:abs(. Find the points of
intersection, recall (2nd CALC 5:intersection, 1st curve, enter, 2nd curve, enter, guess, enter). Copy a sketch of the graph
and shade the x-axis for your solution set to the inequality. Write final answers in interval notation.

54. 55. 56.

57. 58.

Extensions

59. Solve 60. Solve 61.

62. is
a profit formula for a small
business. Find the set of
x-values that will keep this
profit positive.

Real-World Applications

63. In chemistry the volume
for a certain gas is given by

where V is
measured in cc and T is
temperature in ºC. If the
temperature varies
between 80ºC and 120ºC,
find the set of volume
values.

64. A basic cellular package
costs $20/mo. for 60 min of
calling, with an additional
charge of $.30/min beyond
that time.. The cost
formula would be

If
you have to keep your bill
no greater than $50, what
is the maximum calling
minutes you can use?
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5 Topics for Applications of Deriva-

tives

5.1 modeling with functions

5.1.1 modeling with functions (OpenStax College Algebra with

Corequisite Support)

5.1.2 functions and modeling (Active Prelude to Calculus)

5.1.3 activities for applied optimization (TBIL)

5.2 circles, traversing a circle, circular functions (Active

Prelude to Calculus)

5.3 right triangles

5.3.1 right triangles/ratios (Active Prelude to Calculus)

5.3.2 using inverse trig functions to find angles in triangles (Active

Prelude to Calculus)

5.3.3 defining trig functions with right triangles, special right tri-

angles, using trig functions to find side length and in appli-

cations (OpenStax Algebra and Trigonometry)

5.3.4 defining trig functions with unit circle (OpenStax Algebra

and Trigonometry)

5.4 graphs of sine and cosine functions (OpenStax Alge-

bra and Trigonometry)
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Calculus Fun Fact: Economists call calculus their international language. They rely on it to examine 

functional relationships. 



5.1 modeling with functions

5.1.1 modeling with functions (OpenStax College Algebra with

Corequisite Support)

5.1.2 functions and modeling (Active Prelude to Calculus)

5.1.3 activities for applied optimization (TBIL)
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...

2.3 Models and Applications
Learning Objectives
In this section, you will:

Set up a linear equation to solve a real-world application.
Use a formula to solve a real-world application.

COREQUISITE SKILLS

Learning Objectives
Solve a formula for a specified variable (IA 2.3.1)
Use a problem-solving strategy for word problems (IA 2.2.1)

Objective 1: Solve a formula for a speci5ed variable (IA 2.3.1)

HOW TO

Solving a Formula for a Speci#ed Variable.

Step 1. Refer to the appropriate formula and identify the variable you are solving for. Treat the other variable terms
as if they were numbers.

Step 2. Bring all terms containing the specified variable to one side using the addition/subtraction property of
equality.

Step 3. Isolate the variable you are solving for using the multiplication/division property of equality.

EXAMPLE 1

Solve a Formula for a Specific Variable
The formula for the perimeter of a rectangle is found using the formula: . Solve this formula in terms of
l.

Solution

Since we are solving for l we isolate the l term

Subtract 2w from both sides.

Combine like terms

Divide by 2 to isolate l.

Simplify

Practice Makes Perfect
Solve each formula for the specific variable.

1. Solve for

2. Solve for
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3. Solve for

4. Solve for

5. Solve for

6. Solve for

7. Solve for

8. Solve for

9. Solve for

10. Solve for

Objective 2: Use a problem-solving strategy for word problems (IA 2.2.1)

HOW TO

Use a Problem-Solving Strategy for word problems.

Step 1. Read the problem. Make sure all the words and ideas are understood.
Step 2. Identify what you are looking for.
Step 3. Name what you are looking for. Choose a variable to represent that quantity.
Step 4. Translate into an equation. It may be helpful to restate the problem in one sentence with all the important

information. Then, translate the English sentence into an algebra equation.
Step 5. Solve the equation using proper algebra techniques.
Step 6. Check the answer in the problem to make sure it makes sense.
Step 7. Answer the question with a complete sentence.

EXAMPLE 2

Use a Problem-Solving Strategy for word problems.
Hang borrowed $7,500 from her parents to pay her tuition. In five years, she paid them $1,500 interest in addition to
the $7,500 she borrowed. What was the rate of simple interest?
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Solution

Write down the given information: I = $1500

P = $7500

r = ?

t = 5 years

Identify the unknown: let interest rate be represented by r

Write a formula:

Substitute in the given information:

Solve for r

Practice Makes Perfect
Use a Problem-Solving Strategy for word problems.

11. The formula for area of a trapezoid is where B is the length of the base, b is the length of the
other base and h is the height of the trapezoid.

If , and , find the height of the trapezoid.

12. A married couple together earns $110,000 a year. The wife earns $16,000 less than twice what her husband earns.
What does the husband earn?

13. The label on Audrey’s yogurt said that one serving provided 12 grams of protein, which is 24% of the
recommended daily amount. What is the total recommended daily amount of protein?

14. Recently, the California governor proposed raising community college fees from $36 a unit to $46 a unit. Find the
percent change. (Round to the nearest tenth of a percent.)

15. Sean’s new car loan statement said he would pay $4,866.25 in interest from a simple interest rate of 8.5% over
five years. How much did he borrow to buy his new car?

16. At the campus coffee cart, a medium coffee costs $1.65. MaryAnne brings $2.00 with her when she buys a cup of
coffee and leaves the change as a tip. What percent tip does she leave?
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Figure 1 Credit: Kevin Dooley

Neka is hoping to get an A in his college algebra class. He has scores of 75, 82, 95, 91, and 94 on his first five tests. Only
the final exam remains, and the maximum of points that can be earned is 100. Is it possible for Neka to end the course
with an A? A simple linear equation will give Neka his answer.

Many real-world applications can be modeled by linear equations. For example, a cell phone package may include a
monthly service fee plus a charge per minute of talk-time; it costs a widget manufacturer a certain amount to produce x
widgets per month plus monthly operating charges; a car rental company charges a daily fee plus an amount per mile
driven. These are examples of applications we come across every day that are modeled by linear equations. In this
section, we will set up and use linear equations to solve such problems.

Setting up a Linear Equation to Solve a Real-World Application
To set up or model a linear equation to fit a real-world application, we must first determine the known quantities and
define the unknown quantity as a variable. Then, we begin to interpret the words as mathematical expressions using
mathematical symbols. Let us use the car rental example above. In this case, a known cost, such as $0.10/mi, is
multiplied by an unknown quantity, the number of miles driven. Therefore, we can write This expression
represents a variable cost because it changes according to the number of miles driven.

If a quantity is independent of a variable, we usually just add or subtract it, according to the problem. As these amounts
do not change, we call them fixed costs. Consider a car rental agency that charges $0.10/mi plus a daily fee of $50. We
can use these quantities to model an equation that can be used to find the daily car rental cost

When dealing with real-world applications, there are certain expressions that we can translate directly into math. Table 1
lists some common verbal expressions and their equivalent mathematical expressions.

Verbal Translation to Math Operations

One number exceeds another by a

Twice a number

One number is a more than another number

One number is a less than twice another number

The product of a number and a, decreased by b

The quotient of a number and the number plus a is three times the number

The product of three times a number and the number decreased by b is c

Table 1
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HOW TO

Given a real-world problem, model a linear equation to fit it.

1. Identify known quantities.
2. Assign a variable to represent the unknown quantity.
3. If there is more than one unknown quantity, find a way to write the second unknown in terms of the first.
4. Write an equation interpreting the words as mathematical operations.
5. Solve the equation. Be sure the solution can be explained in words, including the units of measure.

EXAMPLE 1

Modeling a Linear Equation to Solve an Unknown Number Problem
Find a linear equation to solve for the following unknown quantities: One number exceeds another number by and
their sum is Find the two numbers.

Solution
Let equal the first number. Then, as the second number exceeds the first by 17, we can write the second number as

The sum of the two numbers is 31. We usually interpret the word is as an equal sign.

The two numbers are and

TRY IT #1 Find a linear equation to solve for the following unknown quantities: One number is three more
than twice another number. If the sum of the two numbers is find the numbers.

EXAMPLE 2

Setting Up a Linear Equation to Solve a Real-World Application
There are two cell phone companies that offer different packages. Company A charges a monthly service fee of $34 plus
$.05/min talk-time. Company B charges a monthly service fee of $40 plus $.04/min talk-time.

ⓐ Write a linear equation that models the packages offered by both companies.

ⓑ If the average number of minutes used each month is 1,160, which company offers the better plan?

ⓒ If the average number of minutes used each month is 420, which company offers the better plan?

ⓓ How many minutes of talk-time would yield equal monthly statements from both companies?
Solution

ⓐ The model for Company A can be written as This includes the variable cost of plus the
monthly service charge of $34. Company B’s package charges a higher monthly fee of $40, but a lower variable cost
of Company B’s model can be written as
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ⓑ
If the average number of minutes used each month is 1,160, we have the following:

So, Company B offers the lower monthly cost of $86.40 as compared with the $92 monthly cost offered by Company A
when the average number of minutes used each month is 1,160.

ⓒ
If the average number of minutes used each month is 420, we have the following:

If the average number of minutes used each month is 420, then Company A offers a lower monthly cost of $55
compared to Company B’s monthly cost of $56.80.

ⓓ
To answer the question of how many talk-time minutes would yield the same bill from both companies, we should
think about the problem in terms of coordinates: At what point are both the x-value and the y-value equal? We
can find this point by setting the equations equal to each other and solving for x.

Check the x-value in each equation.

Therefore, a monthly average of 600 talk-time minutes renders the plans equal. See Figure 2

Figure 2
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TRY IT #2 Find a linear equation to model this real-world application: It costs ABC electronics company $2.50
per unit to produce a part used in a popular brand of desktop computers. The company has
monthly operating expenses of $350 for utilities and $3,300 for salaries. What are the company’s
monthly expenses?

Using a Formula to Solve a Real-World Application
Many applications are solved using known formulas. The problem is stated, a formula is identified, the known quantities
are substituted into the formula, the equation is solved for the unknown, and the problem’s question is answered.
Typically, these problems involve two equations representing two trips, two investments, two areas, and so on. Examples
of formulas include the area of a rectangular region, the perimeter of a rectangle, and the
volume of a rectangular solid, When there are two unknowns, we find a way to write one in terms of the
other because we can solve for only one variable at a time.

EXAMPLE 3

Solving an Application Using a Formula
It takes Andrew 30 min to drive to work in the morning. He drives home using the same route, but it takes 10 min longer,
and he averages 10 mi/h less than in the morning. How far does Andrew drive to work?

Solution
This is a distance problem, so we can use the formula where distance equals rate multiplied by time. Note that
when rate is given in mi/h, time must be expressed in hours. Consistent units of measurement are key to obtaining a
correct solution.

First, we identify the known and unknown quantities. Andrew’s morning drive to work takes 30 min, or h at rate His
drive home takes 40 min, or h, and his speed averages 10 mi/h less than the morning drive. Both trips cover distance

A table, such as Table 2, is often helpful for keeping track of information in these types of problems.

To Work

To Home

Table 2

Write two equations, one for each trip.

As both equations equal the same distance, we set them equal to each other and solve for r.

We have solved for the rate of speed to work, 40 mph. Substituting 40 into the rate on the return trip yields 30 mi/h. Now
we can answer the question. Substitute the rate back into either equation and solve for d.
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The distance between home and work is 20 mi.

Analysis
Note that we could have cleared the fractions in the equation by multiplying both sides of the equation by the LCD to
solve for

TRY IT #3 On Saturday morning, it took Jennifer 3.6 h to drive to her mother’s house for the weekend. On
Sunday evening, due to heavy traffic, it took Jennifer 4 h to return home. Her speed was 5 mi/h
slower on Sunday than on Saturday. What was her speed on Sunday?

EXAMPLE 4

Solving a Perimeter Problem
The perimeter of a rectangular outdoor patio is ft. The length is ft greater than the width. What are the dimensions
of the patio?

Solution
The perimeter formula is standard: We have two unknown quantities, length and width. However, we can
write the length in terms of the width as Substitute the perimeter value and the expression for length into
the formula. It is often helpful to make a sketch and label the sides as in Figure 3.

Figure 3

Now we can solve for the width and then calculate the length.

The dimensions are ft and ft.

TRY IT #4 Find the dimensions of a rectangle given that the perimeter is cm and the length is 1 cm more
than twice the width.
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EXAMPLE 5

Solving an Area Problem
The perimeter of a tablet of graph paper is 48 in. The length is in. more than the width. Find the area of the graph
paper.

Solution
The standard formula for area is however, we will solve the problem using the perimeter formula. The reason
we use the perimeter formula is because we know enough information about the perimeter that the formula will allow
us to solve for one of the unknowns. As both perimeter and area use length and width as dimensions, they are often
used together to solve a problem such as this one.

We know that the length is 6 in. more than the width, so we can write length as Substitute the value of the
perimeter and the expression for length into the perimeter formula and find the length.

Now, we find the area given the dimensions of in. and in.

The area is in.2.

TRY IT #5 A game room has a perimeter of 70 ft. The length is five more than twice the width. How many ft2

of new carpeting should be ordered?

EXAMPLE 6

Solving a Volume Problem
Find the dimensions of a shipping box given that the length is twice the width, the height is inches, and the volume is
1,600 in.3.

Solution
The formula for the volume of a box is given as the product of length, width, and height. We are given that

and The volume is cubic inches.

The dimensions are in., in., and in.

Analysis
Note that the square root of would result in a positive and a negative value. However, because we are describing
width, we can use only the positive result.
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MEDIA

Access these online resources for additional instruction and practice with models and applications of linear
equations.

Problem solving using linear equations (http://openstax.org/l/lineqprobsolve)
Problem solving using equations (http://openstax.org/l/equationprsolve)
Finding the dimensions of area given the perimeter (http://openstax.org/l/permareasolve)
Find the distance between the cities using the distance = rate * time formula (http://openstax.org/l/ratetimesolve)
Linear equation application (Write a cost equation) (http://openstax.org/l/lineqappl)

2.3 SECTION EXERCISES
Verbal

1. To set up a model linear
equation to fit real-world
applications, what should
always be the first step?

2. Use your own words to
describe this equation
where n is a number:

3. If the total amount of
money you had to invest
was $2,000 and you deposit

amount in one
investment, how can you
represent the remaining
amount?

4. If a carpenter sawed a 10-ft
board into two sections and
one section was ft long,
how long would the other
section be in terms of ?

5. If Bill was traveling mi/h,
how would you represent
Daemon’s speed if he was
traveling 10 mi/h faster?

Real-World Applications

For the following exercises, use the information to find a linear algebraic equation model to use to answer the question
being asked.

6. Mark and Don are planning
to sell each of their marble
collections at a garage sale.
If Don has 1 more than 3
times the number of
marbles Mark has, how
many does each boy have to
sell if the total number of
marbles is 113?

7. Beth and Ann are joking that
their combined ages equal
Sam’s age. If Beth is twice
Ann’s age and Sam is 69 yr
old, what are Beth and
Ann’s ages?

8. Ruden originally filled out 8
more applications than
Hanh. Then each boy filled
out 3 additional
applications, bringing the
total to 28. How many
applications did each boy
originally fill out?

For the following exercises, use this scenario: Two different telephone carriers offer the following plans that a person is
considering. Company A has a monthly fee of $20 and charges of $.05/min for calls. Company B has a monthly fee of $5
and charges $.10/min for calls.

9. Find the model of the total
cost of Company A’s plan,
using for the minutes.

10. Find the model of the total
cost of Company B’s plan,
using for the minutes.

11. Find out how many
minutes of calling would
make the two plans equal.
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12. If the person makes a
monthly average of 200
min of calls, which plan
should for the person
choose?

For the following exercises, use this scenario: A wireless carrier offers the following plans that a person is considering.
The Family Plan: $90 monthly fee, unlimited talk and text on up to 8 lines, and data charges of $40 for each device for up
to 2 GB of data per device. The Mobile Share Plan: $120 monthly fee for up to 10 devices, unlimited talk and text for all
the lines, and data charges of $35 for each device up to a shared total of 10 GB of data. Use for the number of devices
that need data plans as part of their cost.

13. Find the model of the total
cost of the Family Plan.

14. Find the model of the total
cost of the Mobile Share
Plan.

15. Assuming they stay under
their data limit, find the
number of devices that
would make the two plans
equal in cost.

16. If a family has 3 smart
phones, which plan should
they choose?

For exercises 17 and 18, use this scenario: A retired woman has $50,000 to invest but needs to make $6,000 a year from
the interest to meet certain living expenses. One bond investment pays 15% annual interest. The rest of it she wants to
put in a CD that pays 7%.

17. If we let be the amount
the woman invests in the
15% bond, how much will
she be able to invest in the
CD?

18. Set up and solve the
equation for how much the
woman should invest in
each option to sustain a
$6,000 annual return.

19. Two planes fly in opposite
directions. One travels 450
mi/h and the other 550 mi/
h. How long will it take
before they are 4,000 mi
apart?

20. Ben starts walking along a
path at 4 mi/h. One and a
half hours after Ben leaves,
his sister Amanda begins
jogging along the same
path at 6 mi/h. How long
will it be before Amanda
catches up to Ben?

21. Fiora starts riding her bike
at 20 mi/h. After a while,
she slows down to 12 mi/h,
and maintains that speed
for the rest of the trip. The
whole trip of 70 mi takes
her 4.5 h. For what distance
did she travel at 20 mi/h?

22. A chemistry teacher needs
to mix a 30% salt solution
with a 70% salt solution to
make 20 qt of a 40% salt
solution. How many quarts
of each solution should the
teacher mix to get the
desired result?

23. Raúl has $20,000 to invest.
His intent is to earn 11%
interest on his investment.
He can invest part of his
money at 8% interest and
part at 12% interest. How
much does Raúl need to
invest in each option to
make get a total 11%
return on his $20,000?
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For the following exercises, use this scenario: A truck rental agency offers two kinds of plans. Plan A charges $75/wk plus
$.10/mi driven. Plan B charges $100/wk plus $.05/mi driven.

24. Write the model equation
for the cost of renting a
truck with plan A.

25. Write the model equation
for the cost of renting a
truck with plan B.

26. Find the number of miles
that would generate the
same cost for both plans.

27. If Tim knows he has to
travel 300 mi, which plan
should he choose?

For the following exercises, use the formula given to solve for the required value.

28. is used to
find the principal amount P
deposited, earning r%
interest, for t years. Use
this to find what principal
amount P David invested at
a 3% rate for 20 yr if

29. The formula
relates force , velocity

, mass , and resistance
. Find when

and

30. indicates that
force (F) equals mass (m)
times acceleration (a). Find
the acceleration of a mass
of 50 kg if a force of 12 N is
exerted on it.

31. is the formula
for an infinite series sum. If
the sum is 5, find

For the following exercises, solve for the given variable in the formula. After obtaining a new version of the formula, you
will use it to solve a question.

32. Solve for W: 33. Use the formula from the
previous question to find
the width, of a
rectangle whose length is
15 and whose perimeter is
58.

34. Solve for

35. Use the formula from the
previous question to find
when

36. Solve for in the slope-
intercept formula:

37. Use the formula from the
previous question to find
when the coordinates of
the point are and

38. The area of a trapezoid is
given by
Use the formula to find the
area of a trapezoid with

39. Solve for h: 40. Use the formula from the
previous question to find
the height of a trapezoid
with ,
and
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41. Find the dimensions of an
American football field. The
length is 200 ft more than
the width, and the
perimeter is 1,040 ft. Find
the length and width. Use
the perimeter formula

42. Distance equals rate times
time, Find the
distance Tom travels if he is
moving at a rate of 55 mi/h
for 3.5 h.

43. Using the formula in the
previous exercise, find the
distance that Susan travels
if she is moving at a rate of
60 mi/h for 6.75 h.

44. What is the total distance
that two people travel in 3
h if one of them is riding a
bike at 15 mi/h and the
other is walking at 3 mi/h?

45. If the area model for a
triangle is find
the area of a triangle with a
height of 16 in. and a base
of 11 in.

46. Solve for h:

47. Use the formula from the
previous question to find
the height to the nearest
tenth of a triangle with a
base of 15 and an area of
215.

48. The volume formula for a
cylinder is Using
the symbol in your
answer, find the volume of
a cylinder with a radius,
of 4 cm and a height of 14
cm.

49. Solve for h:

50. Use the formula from the
previous question to find
the height of a cylinder
with a radius of 8 and a
volume of

51. Solve for r: 52. Use the formula from the
previous question to find
the radius of a cylinder
with a height of 36 and a
volume of

53. The formula for the
circumference of a circle is

Find the
circumference of a circle
with a diameter of 12 in.
(diameter = 2r). Use the
symbol in your final
answer.

54. Solve the formula from the
previous question for
Notice why is sometimes
defined as the ratio of the
circumference to its
diameter.

2.4 Complex Numbers
Learning Objectives
In this section, you will:

Add and subtract complex numbers.
Multiply and divide complex numbers.
Simplify powers of

COREQUISITE SKILLS

Learning Objectives
Use the product property to simplify radical expressions (IA 8.2.1)
Evaluate the square root of a negative number (IA 8.8.1)

148 2 • Equations and Inequalities

Access for free at openstax.org Page 254



$IBQUFS � 3FMBUJOH $IBOHJOH 2VBOUJUJFT

��� 'VODUJPOT� .PEFMJOH 3FMBUJPOTIJQT

.PUJWBUJOH 2VFTUJPOT

ə )PX DBO XF VTF UIF NBUIFNBUJDBM JEFB PG B GVODUJPO UP SFQSFTFOU UIF SFMBUJPOTIJQ
CFUXFFO UXP DIBOHJOH RVBOUJUJFT 

ə 8IBU BSF TPNF GPSNBM DIBSBDUFSJTUJDT PG BO BCTUSBDU NBUIFNBUJDBM GVODUJPO IPX EP
XF UIJOL EJЙFSFOUMZ BCPVU UIFTF DIBSBDUFSJTUJDT JO UIF DPOUFYU PG B QIZTJDBM NPEFM 

"NBUIFNBUJDBM NPEFM JT BO BCTUSBDU DPODFQU UISPVHI XIJDI XF VTF NBUIFNBUJDBM MBOHVBHF
BOE OPUBUJPO UP EFTDSJCF B QIFOPNFOPO JO UIF XPSME BSPVOE VT� 0OF FYBNQMF PG B NBUI�
FNBUJDBM NPEFM JT GPVOE JO %PMCFBSɒT -BXy� *O UIF MBUF ����T UIF QIZTJDJTU "NPT %PMCFBS
XBT MJTUFOJOH UP DSJDLFUT DIJSQ BOE OPUJDFE B QBUUFSO� IPX GSFRVFOUMZ UIF DSJDLFUT DIJSQFE
TFFNFE UP CF DPOOFDUFE UP UIF PVUTJEF UFNQFSBUVSF� *G XF MFU T SFQSFTFOU UIF UFNQFSBUVSF JO
EFHSFFT 'BISFOIFJU BOE N UIF OVNCFS PG DIJSQT QFS NJOVUF XF DBO TVNNBSJ[F %PMCFBSɒT
PCTFSWBUJPOT JO UIF GPMMPXJOH UBCMF�

N 	DIJSQT QFS NJOVUF
 40 80 120 160
T 	◦ 'BISFOIFJU
 50◦ 60◦ 70◦ 80◦

5BCMF ������ %BUB GPS %PMCFBSɒT PCTFSWBUJPOT�

'PS B NBUIFNBUJDBM NPEFM XF PGUFO TFFL BO BMHFCSBJD GPSNVMB UIBU DBQUVSFT PCTFSWFE CF�
IBWJPS BDDVSBUFMZ BOE DBO CF VTFE UP QSFEJDU CFIBWJPS OPU ZFU PCTFSWFE� 'PS UIF EBUB JO
5BCMF ����� XF PCTFSWF UIBU FBDI PG UIF PSEFSFE QBJST JO UIF UBCMF NBLF UIF FRVBUJPO

T ! 40 + 0.25N 	�����


USVF� 'PS JOTUBODF 70 ! 40 + 0.25(120)� *OEFFE TDJFOUJTUT XIP NBEF NBOZ BEEJUJPOBM
DSJDLFU DIJSQ PCTFSWBUJPOT GPMMPXJOH%PMCFBSɒT JOJUJBM DPVOUT GPVOE UIBU UIF GPSNVMB JO &RVB�
UJPO 	�����
 IPMET XJUI SFNBSLBCMF BDDVSBDZ GPS UIF TOPXZ USFF DSJDLFU JO UFNQFSBUVSFT SBOH�
JOH GSPN BCPVU 50◦ ' UP 85◦ '�

1SFWJFX "DUJWJUZ ������ 6TF &RVBUJPO 	�����
 UP SFTQPOE UP UIF RVFTUJPOT CFMPX�
B� *G XF IFBS TOPXZ USFF DSJDLFUT DIJSQJOH BU B SBUF PG 92 DIJSQT QFS NJOVUF XIBU

EPFT %PMCFBSɒT NPEFM TVHHFTU TIPVME CF UIF PVUTJEF UFNQFSBUVSF 

C� *G UIF PVUTJEF UFNQFSBUVSF JT 77◦ ' IPX NBOZ DIJSQT QFS NJOVUF TIPVME XF FY�
QFDU UP IFBS 

D� *T UIF NPEFM WBMJE GPS EFUFSNJOJOH UIF OVNCFS PG DIJSQT POF TIPVME IFBS XIFO
UIF PVUTJEF UFNQFSBUVSF JT 35◦ ' 8IZ PS XIZ OPU 

y:PV DBO SFBE NPSF JO UIF 8JLJQFEJB FOUSZ GPS %PMCFBSɒT -BX XIJDI IBT QSPWFO UP CF SFNBSLBCMZ BDDVSBUF GPS
UIF CFIBWJPS PG TOPXZ USFF DSJDLFUT� 'PS FWFO NPSF PG UIF TUPSZ JODMVEJOH B SFGFSFODF UP UIJT QIFOPNFOPO PO UIF
QPQVMBS TIPX 5IF #JH #BOH 5IFPSZ TFF UIJT BSUJDMF�
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��� 'VODUJPOT� .PEFMJOH 3FMBUJPOTIJQT

E� 4VQQPTF UIBU JO UIFNPSOJOH BO PCTFSWFS IFBST 65 DIJSQT QFSNJOVUF BOE TFWFSBM
IPVST MBUFS IFBST 75 DIJSQT QFS NJOVUF� )PX NVDI IBT UIF UFNQFSBUVSF SJTFO
CFUXFFO PCTFSWBUJPOT 

F� %PMCFBSɒT -BX JT LOPXO UP CF BDDVSBUF GPS UFNQFSBUVSFT GSPN 50◦ UP 85◦� 8IBU
JT UIF GFXFTU OVNCFS PG DIJSQT QFS NJOVUF BO PCTFSWFS DPVME FYQFDU UP IFBS UIF
HSFBUFTU OVNCFS PG DIJSQT QFS NJOVUF 

����� 'VODUJPOT

5IFNBUIFNBUJDBM DPODFQU PG B GVODUJPO JT POF PG UIF NPTU DFOUSBM JEFBT JO BMM PG NBUIFNBUJDT
JO QBSU TJODF GVODUJPOT QSPWJEF BO JNQPSUBOU UPPM GPS SFQSFTFOUJOH BOE FYQMBJOJOH QBUUFSOT�
"U JUT DPSF B GVODUJPO JT B SFQFBUBCMF QSPDFTT UIBU UBLFT B DPMMFDUJPO PG JOQVU WBMVFT BOE
HFOFSBUFT B DPSSFTQPOEJOH DPMMFDUJPO PG PVUQVU WBMVFT XJUI UIF QSPQFSUZ UIBU JG XF VTF B
QBSUJDVMBS TJOHMF JOQVU UIF QSPDFTT BMXBZT QSPEVDFT FYBDUMZ UIF TBNF TJOHMF PVUQVU�

'PS JOTUBODF %PMCFBSɒT -BX JO &RVBUJPO 	�����
 QSPWJEFT B QSPDFTT UIBU UBLFT B HJWFO OVNCFS
PG DIJSQT CFUXFFO 40 BOE 180 QFS NJOVUF BOE SFMJBCMZ QSPEVDFT UIF DPSSFTQPOEJOH UFNQFS�
BUVSF UIBU DPSSFTQPOET UP UIF OVNCFS PG DIJSQT BOE UIVT UIJT FRVBUJPO HFOFSBUFT B GVOD�
UJPO� 8F PGUFO HJWF GVODUJPOT TIPSUIBOE OBNFT� VTJOH ɔDɕ GPS UIF ɔ%PMCFBSɕ GVODUJPO XF
DBO SFQSFTFOU UIF QSPDFTT PG UBLJOH JOQVUT 	PCTFSWFE DIJSQ SBUFT
 UP PVUQVUT 	DPSSFTQPOEJOH
UFNQFSBUVSFT
 VTJOH BSSPXT�

80 D−→ 60

120 D−→ 70

N
D−→ 40 + 0.25N

"MUFSOBUJWFMZ GPS UIF SFMBUJPOTIJQ ɔ80 D−→ 60ɕXF DBO BMTP VTF UIF FRVJWBMFOU OPUBUJPO ɔD(80) !
60ɕ UP JOEJDBUF UIBU %PMCFBSɒT -BX UBLFT BO JOQVU PG 80 DIJSQT QFS NJOVUF BOE QSPEVDFT B
DPSSFTQPOEJOH PVUQVU PG 60 EFHSFFT 'BISFOIFJU� .PSF HFOFSBMMZ XF XSJUF ɔT ! D(N) !

40 + 0.25Nɕ UP JOEJDBUF UIBU B DFSUBJO UFNQFSBUVSF T JT EFUFSNJOFE CZ B HJWFO OVNCFS PG
DIJSQT QFS NJOVUF N  BDDPSEJOH UP UIF QSPDFTT D(N) ! 40 + 0.25N �

5BCMFT BOE HSBQIT BSF QBSUJDVMBSMZ WBMVBCMF XBZT UP DIBSBDUFSJ[F BOE SFQSFTFOU GVODUJPOT�
'PS UIF DVSSFOU FYBNQMF XF TVNNBSJ[F TPNF PG UIF EBUB UIF %PMCFBS GVODUJPO HFOFSBUFT JO
5BCMF ����� BOE QMPU UIBU EBUB BMPOH XJUI UIF VOEFSMZJOH DVSWF JO 'JHVSF ������

8IFO B QPJOU TVDI BT (120, 70) JO 'JHVSF ����� MJFT PO B GVODUJPOɒT HSBQI UIJT JOEJDBUFT UIF
DPSSFTQPOEFODF CFUXFFO JOQVU BOE PVUQVU� XIFO UIF WBMVF 120 DIJSQT QFS NJOVUF JT FOUFSFE
JO UIF GVODUJPO D UIF SFTVMU JT 70 EFHSFFT 'BISFOIFJU� .PSF DPODJTFMZ D(120) ! 70� "MPVE
XF SFBE ɔD PG 120 JT 70ɕ�

'PS NPTU JNQPSUBOU DPODFQUT JO NBUIFNBUJDT UIF NBUIFNBUJDBM DPNNVOJUZ EFDJEFT PO GPS�
NBM EFКOJUJPOT UP FOTVSF UIBU XF IBWF B TIBSFE MBOHVBHF PG VOEFSTUBOEJOH� *O UIJT UFYU XF
XJMM VTF UIF GPMMPXJOH EFКOJUJPO PG UIF UFSN ɔGVODUJPOɕ�
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N T
40 50
80 60
120 70
160 80
180 85

5BCMF ������ %BUB GPS UIF GVODUJPO
T ! D(N) ! 40 + 0.25N �

40 80 120 160

20

40

60

80

N (chirps/min)

T (degrees Fahrenheit)

(120,70)

'JHVSF ������ (SBQI PG EBUB GSPN UIF GVODUJPO
T ! D(N) ! 40 + 0.25N BOE UIF VOEFSMZJOH
DVSWF�

%FКOJUJPO �����" GVODUJPO JT B QSPDFTT UIBU NBZ CF BQQMJFE UP B DPMMFDUJPO PG JOQVU WBMVFT UP
QSPEVDF B DPSSFTQPOEJOH DPMMFDUJPO PG PVUQVU WBMVFT JO TVDI BXBZ UIBU UIF QSPDFTT QSPEVDFT
POF BOE POMZ POF PVUQVU WBMVF GPS BOZ TJOHMF JOQVU WBMVF� ♦

*G XF OBNF B HJWFO GVODUJPO F BOE DBMM UIF DPMMFDUJPO PG QPTTJCMF JOQVUT UP F UIF TFU A BOE
UIF DPSSFTQPOEJOH DPMMFDUJPO PG QPUFOUJBM PVUQVUT B XF TBZ ɔF JT B GVODUJPO GSPN A UP Bɕ
BOE TPNFUJNFT XSJUF ɔF : A → B�ɕ 8IFO B QBSUJDVMBS JOQVU WBMVF UP F TBZ t QSPEVDFT B
DPSSFTQPOEJOH PVUQVU z XF XSJUF ɔF(t) ! zɕ BOE SFBE UIJT TZNCPMJD OPUBUJPO BT ɔF PG t JT z�ɕ
8F PGUFO DBMM t UIF JOEFQFOEFOU WBSJBCMF BOE z UIF EFQFOEFOU WBSJBCMF  TJODF z JT B GVODUJPO PG t�

%FКOJUJPO ����� -FU F CF B GVODUJPO GSPN A UP B� 5IF TFU A PG QPTTJCMF JOQVUT UP F JT DBMMFE
UIF EPNBJO PG F� UIF TFU B PG QPUFOUJBM PVUQVUT GSPN F JT DBMMFE UIF DPEPNBJO PG F� ♦

'PS UIF %PMCFBS GVODUJPO D(N) ! 40 + 0.25N JO UIF DPOUFYU PG NPEFMJOH UFNQFSBUVSF BT
B GVODUJPO PG UIF OVNCFS PG DSJDLFU DIJSQT QFS NJOVUF UIF EPNBJO PG UIF GVODUJPO JT A !

[40, 180]r BOE UIF DPEPNBJO JT ɔBMM 'BISFOIFJU UFNQFSBUVSFTɕ� 5IF DPEPNBJO PG B GVODUJPO JT
UIF DPMMFDUJPO PG QPTTJCMF PVUQVUT XIJDI XF EJTUJOHVJTI GSPN UIF DPMMFDUJPO PG BDUVBM PVQVUT�

%FКOJUJPO ����� -FU F CF B GVODUJPO GSPN A UP B� 5IF SBOHF PG F JT UIF DPMMFDUJPO PG BMM BDUVBM
PVUQVUT PG UIF GVODUJPO� 5IBU JT UIF SBOHF JT UIF DPMMFDUJPO PG BMM FMFNFOUT y JO B GPS XIJDI JU
JT QPTTJCMF UP КOE BO FMFNFOU x JO A TVDI UIBU F(x) ! y� ♦

*O NBOZ TJUVBUJPOT UIF SBOHF PG B GVODUJPO JT NVDI NPSF DIBMMFOHJOH UP EFUFSNJOF UIBO JUT
DPEPNBJO� 'PS UIF %PMCFBS GVODUJPO UIF SBOHF JT TUSBJHIUGPSXBSE UP КOE CZ VTJOH UIF HSBQI
TIPXO JO 'JHVSF ������ TJODF UIF BDUVBM PVUQVUT PG D GBMM CFUXFFO T ! 50 BOE T ! 85 BOE

r5IF OPUBUJPO ɔ[40, 180]ɕ NFBOT ɔUIF DPMMFDUJPO PG BMM SFBM OVNCFST x UIBU TBUJTGZ 40 ≤ x ≤ 80ɕ BOE JT TPNFUJNFT
DBMMFE ɔJOUFSWBM OPUBUJPOɕ�
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JODMVEF FWFSZ WBMVF JO UIBU JOUFSWBM UIF SBOHF PG D JT [50, 80]�
5IF SBOHF PG BOZ GVODUJPO JT BMXBZT B TVCTFU PG UIF DPEPNBJO� *U JT QPTTJCMF GPS UIF SBOHF UP
FRVBM UIF DPEPNBJO�

"DUJWJUZ ������ $POTJEFS B TQIFSJDBM UBOL PG SBEJVT 4 N UIBU JT КMMJOH XJUI XBUFS� -FU V
CF UIF WPMVNF PG XBUFS JO UIF UBOL 	JO DVCJD NFUFST
 BU B HJWFO UJNF BOE h UIF EFQUI
PG UIF XBUFS 	JO NFUFST
 BU UIF TBNF UJNF� *U DBO CF TIPXO VTJOH DBMDVMVT UIBU V JT B
GVODUJPO PG h BDDPSEJOH UP UIF SVMF

V ! f (h) ! π3 h2(12 − h)�

B� 8IBU WBMVFT PG h NBLF TFOTF UP DPOTJEFS JO UIF DPOUFYU PG UIJT GVODUJPO 8IBU
WBMVFT PG V NBLF TFOTF JO UIF TBNF DPOUFYU 

C� 8IBU JT UIF EPNBJO PG UIF GVODUJPO f JO UIF DPOUFYU PG UIF TQIFSJDBM UBOL 8IZ 
8IBU JT UIF DPSSFTQPOEJOH DPEPNBJO 8IZ 

D� %FUFSNJOF BOE JOUFSQSFU 	XJUI BQQSPQSJBUF VOJUT
 UIF WBMVFT f (2) f (4) BOE f (8)�
8IBU JT JNQPSUBOU BCPVU UIF WBMVF PG f (8) 

E� $POTJEFS UIF DMBJN� ɔTJODF f (9) ! π
3 92(12 − 9) ! 81π ≈ 254.47 XIFO UIF XBUFS

JT 9 NFUFST EFFQ UIFSF JT BCPVU 254.47 DVCJD NFUFST PG XBUFS JO UIF UBOLɕ� *T
UIJT DMBJN WBMJE 8IZ PS XIZ OPU 'VSUIFS EPFT JU NBLF TFOTF UP PCTFSWF UIBU
ɔ f (13) ! − 169π

3 ɕ 8IZ PS XIZ OPU 

F� $BO ZPV EFUFSNJOF B WBMVF PG h GPS XIJDI f (h) ! 300 DVCJD NFUFST 

����� $PNQBSJOH NPEFMT BOE BCTUSBDU GVODUJPOT

"HBJO B NBUIFNBUJDBM NPEFM JT BO BCTUSBDU DPODFQU UISPVHI XIJDI XF VTF NBUIFNBUJDBM
MBOHVBHF BOE OPUBUJPO UP EFTDSJCF B QIFOPNFOPO JO UIF XPSME BSPVOE VT� 4P GBS XF IBWF
DPOTJEFSFE UXP EJЙFSFOU FYBNQMFT� UIF %PMCFBS GVODUJPO T ! D(N) ! 40 + 0.25N  UIBU
NPEFMT IPX 'BISFOIFJU UFNQFSBUVSF JT B GVODUJPO PG UIF OVNCFS PG DSJDLFU DIJSQT QFS NJOVUF
BOE UIF GVODUJPO V ! f (h) ! π

3 h2(12−h) UIBU NPEFMT IPX UIF WPMVNF PG XBUFS JO B TQIFSJDBM
UBOL PG SBEJVT 4 N JT B GVODUJPO PG UIF EFQUI PG UIFXBUFS JO UIF UBOL� 8IJMF PGUFOXF DPOTJEFS
B GVODUJPO JO UIF QIZTJDBM TFUUJOH PG TPNF NPEFM UIFSF BSF BMTP NBOZ PDDBTJPOT XIFSF XF
DPOTJEFS BO BCTUSBDU GVODUJPO GPS JUT PXO TBLF JO PSEFS UP TUVEZ BOE VOEFSTUBOE JU�

&YBNQMF ����� " QBSBCPMB BOE B GBMMJOH CBMM� $BMDVMVT TIPXT UIBU GPS B UFOOJT CBMM UPTTFE
WFSUJDBMMZ GSPN B XJOEPX 48 GFFU BCPWF UIF HSPVOE BU BO JOJUJBM WFSUJDBM WFMPDJUZ PG 32 GFFU QFS
TFDPOE UIF CBMMɒT IFJHIU BCPWF UIF HSPVOE BU UJNF t 	XIFSF t ! 0 JT UIF JOTUBOU UIF CBMM JT
UPTTFE
 DBO CF NPEFMFE CZ UIF GVODUJPO h ! !(t) ! −16t2 + 32t + 48� %JTDVTT UIF EJЙFSFODFT
CFUXFFO UIFNPEFM ! BOE UIF BCTUSBDU GVODUJPO f EFUFSNJOFE CZ y ! f (x) ! −16x2+32x+48�

4PMVUJPO� 8F TUBSU XJUI UIF BCTUSBDU GVODUJPO y ! f (x) ! −16x2 + 32x + 48� "CTFOU B
QIZTJDBM DPOUFYU XF DBO JOWFTUJHBUF UIF CFIBWJPS PG UIJT GVODUJPO CZ DPNQVUJOH GVODUJPO
WBMVFT QMPUUJOH QPJOUT BOE UIJOLJOH BCPVU JUT PWFSBMM CFIBWJPS� 8F SFDPHOJ[F UIF GVODUJPO
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f BT RVBESBUJDs OPUJOH UIBU JU PQFOT EPXO CFDBVTF PG UIF MFBEJOH DPFМDJFOU PG −16 XJUI
WFSUFY MPDBUFE BU x ! −32

2(−16) ! 1 y�JOUFSDFQU BU (0, 48) BOE XJUI x�JOUFSDFQUT BU (−1, 0) BOE
(3, 0) CFDBVTF

−16x2
+ 32x + 48 ! −16(x2 − 2x − 3) ! −16(x − 3)(x + 1)�

$PNQVUJOH TPNF BEEJUJPOBM QPJOUT UP HBJO NPSF JOGPSNBUJPO XF TFF CPUI UIF EBUB JO 5B�
CMF ����� BOE UIF DPSSFTQPOEJOH HSBQI JO 'JHVSF ������

x f (x)
−2 −80
−1 0
0 48
1 64
2 48
3 0
4 −80

5BCMF ������ %BUB GPS UIF GVODUJPO y ! f (x) !
−16x2 + 32x + 48� -2 2 4

20

40

60

x

y
(1,64)

y = f (x)

'JHVSF ������ (SBQI PG UIF GVODUJPO y ! f (x)
BOE TPNF EBUB GSPN UIF UBCMF�

'PS UIJT BCTUSBDU GVODUJPO JUT EPNBJO JT ɔBMM SFBM OVNCFSTɕ TJODF XFNBZ JOQVU BOZ SFBM OVN�
CFS x XF XJTI JOUP UIF GPSNVMB f (x) ! −16x2 + 32x + 48 BOE IBWF UIF SFTVMU CF EFКOFE�
.PSFPWFS UBLJOH B SFBM OVNCFS x BOE QSPDFTTJOH JU JO UIF GPSNVMB f (x) ! −16x2 + 32x + 48
XJMM QSPEVDF BOPUIFS SFBM OVNCFS� 5IJT UFMMT VT UIBU UIF DPEPNBJO PG UIF BCTUSBDU GVODUJPO f
JT BMTP ɔBMM SFBM OVNCFST�ɕ 'JOBMMZ GSPN UIF HSBQI BOE UIF EBUB XF PCTFSWF UIBU UIF MBSHFTU
QPTTJCMF PVUQVU PG UIF GVODUJPO f JT y ! 64� *U JT BQQBSFOU UIBU XF DBO HFOFSBUF BOZ y�WBMVF
MFTT UIBO PS FRVBM UP 64 BOE UIVT UIF SBOHF PG UIF BCTUSBDU GVODUJPO f JT BMM SFBM OVNCFST MFTT
UIBO PS FRVBM UP 64� 8F EFOPUF UIJT DPMMFDUJPO PG SFBM OVNCFST VTJOH UIF TIPSUIBOE JOUFSWBM
OPUBUJPO (−∞, 64]�у
/FYU XF UVSO PVS BUUFOUJPO UP UIFNPEFM h ! !(t) ! −16t2+32t+48 UIBU SFQSFTFOUT UIF IFJHIU
PG UIF CBMM h JO GFFU t TFDPOET BGUFS UIF CBMM JO JOJUJBMMZ MBVODIFE� )FSF UIF CJH EJЙFSFODF JT
UIF EPNBJO DPEPNBJO BOE SBOHF BTTPDJBUFE XJUI UIF NPEFM� 4JODF UIF NPEFM UBLFT FЙFDU
PODF UIF CBMM JT UPTTFE JU POMZ NBLFT TFOTF UP DPOTJEFS UIF NPEFM GPS JOQVU WBMVFT t ≥ 0�
.PSFPWFS CFDBVTF UIF NPEFM DFBTFT UP BQQMZ PODF UIF CBMM MBOET JU JT POMZ WBMJE GPS t ≤ 3�
5IVT UIF EPNBJO PG ! JT [0, 3]� 'PS UIF DPEPNBJO JU POMZ NBLFT TFOTF UP DPOTJEFS WBMVFT
PG h UIBU BSF OPOOFHBUJWF� 5IBU JT BT XF UIJOL PG QPUFOUJBM PVUQVUT GPS UIF NPEFM UIFO DBO
POMZ CF JO UIF JOUFSWBM [0,∞)� 'JOBMMZ XF DBO DPOTJEFS UIF HSBQI PG UIF NPEFM PO UIF HJWFO
EPNBJO JO 'JHVSF ������ BOE TFF UIBU UIF SBOHF PG UIF NPEFM JT [0, 64] UIF DPMMFDUJPO PG BMM
IFJHIUT CFUXFFO JUT MPXFTU 	HSPVOE MFWFM
 BOE JUT MBSHFTU 	BU UIF WFSUFY
�
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t !(t)
0 48
1 64
2 48
3 0

5BCMF ������� %BUB GPS UIF NPEFM h ! !(t) !

−16t2 + 32t + 48�

-2 2 4

20

40

60

t

h
(1,64)

h = g(t)

'JHVSF ������� (SBQI PG UIF NPEFM h ! !(t)
BOE TPNF EBUB GSPN UIF UBCMF�

!

"DUJWJUZ ������ $POTJEFS B TQIFSJDBM UBOL PG SBEJVT 4 N UIBU JT DPNQMFUFMZ GVMM PG XBUFS�
4VQQPTF UIBU UIF UBOL JT CFJOH ESBJOFE CZ SFHVMBUJOH BO FYJU WBMWF JO TVDI B XBZ UIBU
UIF IFJHIU PG UIF XBUFS JO UIF UBOL JT BMXBZT EFDSFBTJOH BU B SBUF PG 0.5 NFUFST QFS
NJOVUF� -FU V CF UIF WPMVNF PG XBUFS JO UIF UBOL 	JO DVCJD NFUFST
 BU B HJWFO UJNF
t 	JO NJOVUFT
 BOE h UIF EFQUI PG UIF XBUFS 	JO NFUFST
 BU UIF TBNF UJNF� *U DBO CF
TIPXO VTJOH DBMDVMVT UIBU V JT B GVODUJPO PG t BDDPSEJOH UP UIF NPEFM

V ! p(t) ! 256π
3 − π24 t2(24 − t)�

*O BEEJUJPO MFU h ! q(t) CF UIF GVODUJPO XIPTF PVUQVU JT UIF EFQUI PG UIF XBUFS JO UIF
UBOL BU UJNF t�

B� 8IBU JT UIF IFJHIU PG UIF XBUFS XIFO t ! 0 8IFO t ! 1 8IFO t ! 2 )PX
MPOH XJMM JU UBLF UIF UBOL UP DPNQMFUFMZ ESBJO 8IZ 

C� 8IBU JT UIF EPNBJO PG UIF NPEFM h ! q(t) 8IBU JT UIF EPNBJO PG UIF NPEFM
V ! p(t) 

D� )PX NVDI XBUFS JT JO UIF UBOL XIFO UIF UBOL JT GVMM 8IBU JT UIF SBOHF PG UIF
NPEFM h ! q(t) 8IBU JT UIF SBOHF PG UIF NPEFM V ! p(t) 

E� 8F XJMM GSFRVFOUMZ VTF B HSBQIJOH VUJMJUZ UP IFMQ VT VOEFSTUBOE GVODUJPO CFIBW�
JPS BOE TUSPOHMZ SFDPNNFOE %FTNPT CFDBVTF JU JT JOUVJUJWF POMJOF BOE GSFF�ф
*O UIJT QSFQBSFE %FTNPT XPSLTIFFU ZPV DBO TFF IPX XF FOUFS UIF 	BCTUSBDU

GVODUJPO V ! p(t) ! 256π

3 − π
24 t2(24 − t) BT XFMM BT UIF DPSSFTQPOEJOH HSBQI

s8F XJMM FOHBHF JO B CSJFG SFWJFX PG RVBESBUJD GVODUJPOT JO 4FDUJPO ���
у5IF OPUBUJPO (−in f t y , 64] TUBOET GPS BMM UIF SFBM OVNCFST UIBU MJF UP UIF MFGU PG BO JODMVEJOH 64� 5IF ɔ−∞ɕ

JOEJDBUFT UIBU UIFSF JT OP MFGU�IBOE CPVOE PO UIF JOUFSWBM�
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UIF QSPHSBN HFOFSBUFT� .BLF BT NBOZ PCTFSWBUJPOT BT ZPV DBO BCPVU UIF NPEFM
V ! p(t)� :PV TIPVME EJTDVTT JUT TIBQF BOE PWFSBMM CFIBWJPS JUT EPNBJO JUT
SBOHF BOE NPSF�

F� )PX EPFT UIF NPEFM V ! p(t) ! 256π
3 − π

24 t2(24 − t) EJЙFS GSPN UIF BCTUSBDU
GVODUJPO y ! r(x) ! 256π

3 − π
24 x2(24 − x) *O QBSUJDVMBS IPX EP UIF EPNBJO BOE

SBOHF PG UIF NPEFM EJЙFS GSPN UIPTF PG UIF BCTUSBDU GVODUJPO JG BU BMM 

G� )PX TIPVME UIF HSBQI PG UIF IFJHIU GVODUJPO h ! q(t) BQQFBS $BO ZPV EFUFS�
NJOF B GPSNVMB GPS q &YQMBJO ZPVS UIJOLJOH�

����� %FUFSNJOJOH XIFUIFS B SFMBUJPOTIJQ JT B GVODUJPO PS OPU

5P UIJT QPJOU JO PVS EJTDVTTJPO PG GVODUJPOT XF IBWF NPTUMZ GPDVTFE PO XIBU UIF GVODUJPO
QSPDFTT NBZ NPEFM BOE XIBU UIF EPNBJO DPEPNBJO BOE SBOHF PG B NPEFM PS BCTUSBDU GVOD�
UJPO BSF� *U JT BMTP JNQPSUBOU UP UBLF OPUF PG BOPUIFS QBSU PG %FКOJUJPO ������ ɔ. . . UIF QSPDFTT
QSPEVDFT POF BOE POMZ POF PVUQVU WBMVF GPS BOZ TJOHMF JOQVU WBMVFɕ� 4BJE EJЙFSFOUMZ JG B
SFMBUJPOTIJQ PS QSPDFTT FWFS BTTPDJBUFT B TJOHMF JOQVU XJUI UXP PS NPSF EJЙFSFOU PVUQVUT UIF
QSPDFTT DBOOPU CF B GVODUJPO�

&YBNQMF ������ *T UIF SFMBUJPOTIJQ CFUXFFO QFPQMF BOE QIPOF OVNCFST B GVODUJPO 

4PMVUJPO� /P UIJT SFMBUJPOTIJQ JT OPU B GVODUJPO� " HJWFO JOEJWJEVBM QFSTPO DBO CF BTTPDJBUFE
XJUI NPSF UIBO POF QIPOF OVNCFS TVDI BT UIFJS DFMM QIPOF BOE UIFJS XPSL UFMFQIPOF� 5IJT
NFBOT UIBU XF DBOɒU WJFX QIPOF OVNCFST BT B GVODUJPO PG QFPQMF� POF JOQVU 	B QFSTPO
 DBO
MFBE UP UXP EJЙFSFOU PVUQVUT 	QIPOF OVNCFST
� 8F BMTP DBOɒU WJFX QFPQMF BT B GVODUJPO PG
QIPOF OVNCFST TJODF NPSF UIBO POF QFSTPO DBO CF BTTPDJBUFE XJUI B QIPOF OVNCFS TVDI
BT XIFO B GBNJMZ TIBSFT B TJOHMF QIPOF BU IPNF� !

&YBNQMF ������ 5IF SFMBUJPOTIJQ CFUXFFO x BOE y UIBU JT HJWFO JO UIF GPMMPXJOH UBCMF XIFSF
XF BUUFNQU UP WJFX y BT EFQFOEJOH PO x�

x 1 2 3 4 5
y 13 11 10 11 13

5BCMF ������� " UBCMF UIBU SFMBUFT x BOE y WBMVFT�

4PMVUJPO� 5IF SFMBUJPOTIJQ CFUXFFO y BOE x JO 5BCMF ������ BMMPXT VT UP UIJOL PG y BT B GVODUJPO
PG x TJODF FBDI QBSUJDVMBS JOQVU JT BTTPDJBUFE XJUI POF BOE POMZ POF PVUQVU� *G XF OBNF
UIF GVODUJPO f  XF DBO TBZ GPS JOTUBODF UIBU f (4) ! 11� .PSFPWFS UIF EPNBJO PG f JT UIF
TFU PG JOQVUT {1, 2, 3, 4, 5} BOE UIF DPEPNBJO 	XIJDI JT BMTP UIF SBOHF
 JT UIF TFU PG PVUQVUT
{10, 11, 13}� !

ф5P MFBSO NPSF BCPVU %FTNPT TFF UIFJS PVUTUBOEJOH POMJOF UVUPSJBMT�
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	B
 'JOE f (5.2)�
	C
 'JMM JO UIF CMBOLT JO FBDI PG UIF UXP QPJOUT CFMPX UP DPSSFDUMZ DPNQMFUF UIF DPPSEJ�
OBUFT PG UXP QPJOUT PO UIF HSBQI PG !(x)�
	 ���  
 	  ��� 


	D
 'PS XIBU WBMVF	T
 PG x JT�BSF f (x) ! 2.9 

	E
 'PS XIBU WBMVF	T
 PG x JT�BSF f (x) ! !(x) 
�� 5IF UBCMF CFMPX A ! f (d) UIF BNPVOU PG NPOFZ A 	JO CJMMJPOT PG EPMMBST
 JO CJMMT PG

EFOPNJOBUJPO d DJSDVMBUJOH JO 64 DVSSFODZ JO ����� 'PS FYBNQMF BDDPSEJOH UP UIF UBCMF
WBMVFT CFMPX UIFSF XFSF ����� CJMMJPO XPSUI PG ��� CJMMT JO DJSDVMBUJPO�

%FOPNJOBUJPO 	WBMVF PG CJMM
 � � �� �� �� ���
%PMMBS 7BMVF JO $JSDVMBUJPO ��� ��� ���� ����� ���� �����

B
 'JOE f (20)�
C
 6TJOH ZPVS BOTXFS JO 	B
 XIBU XBT UIF UPUBM OVNCFS PG ��� CJMMT 	OPU BNPVOU PG
NPOFZ
 JO DJSDVMBUJPO JO ���� 

D
 "SF UIF GPMMPXJOH TUBUFNFOUT 5SVF PS 'BMTF 

	J
 5IFSF XFSF NPSF �� EPMMBS CJMMT UIBO ��� EPMMBS CJMMT

	JJ
 5IFSF XFSF NPSF � EPMMBS CJMMT UIBO �� EPMMBS CJMMT
�� -FU f (t) EFOPUF UIF OVNCFS PG QFPQMF FBUJOH JO B SFTUBVSBOU t NJOVUFT BGUFS � 1.� "O�

TXFS UIF GPMMPXJOH RVFTUJPOT�

B
 8IJDI PG UIF GPMMPXJOH TUBUFNFOUT CFTU EFTDSJCFT UIF TJHOJКDBODF PG UIF FYQSFTTJPO
f (4) ! 21 

! 5IFSF BSF � QFPQMF FBUJOH BU ���� 1.

! 5IFSF BSF �� QFPQMF FBUJOH BU ���� 1.

! 5IFSF BSF �� QFPQMF FBUJOH BU ���� 1.

! &WFSZ � NJOVUFT �� NPSF QFPQMF BSF FBUJOH

! /POF PG UIF BCPWF
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C
 8IJDI PG UIF GPMMPXJOH TUBUFNFOUT CFTU EFTDSJCFT UIF TJHOJКDBODF PG UIF FYQSFTTJPO
f (a) ! 20 

! a NJOVUFT BGUFS � 1. UIFSF BSF �� QFPQMF FBUJOH

! &WFSZ �� NJOVUFT UIF OVNCFS PG QFPQMF FBUJOH IBT JODSFBTFE CZ a QFPQMF

! "U ���� 1. UIFSF BSF a QFPQMF FBUJOH

! a IPVST BGUFS � 1. UIFSF BSF �� QFPQMF FBUJOH

! /POF PG UIF BCPWF

D
 8IJDI PG UIF GPMMPXJOH TUBUFNFOUT CFTU EFTDSJCFT UIF TJHOJКDBODF PG UIF FYQSFTTJPO
f (20) ! b 

! &WFSZ �� NJOVUFT UIF OVNCFS PG QFPQMF FBUJOH IBT JODSFBTFE CZ b QFPQMF

! b NJOVUFT BGUFS � 1. UIFSF BSF �� QFPQMF FBUJOH

! "U ���� 1. UIFSF BSF b QFPQMF FBUJOH

! b IPVST BGUFS � 1. UIFSF BSF �� QFPQMF FBUJOH

! /POF PG UIF BCPWF

E
 8IJDI PG UIF GPMMPXJOH TUBUFNFOUT CFTU EFTDSJCFT UIF TJHOJКDBODF PG UIF FYQSFTTJPO
n ! f (t) 

! &WFSZ t NJOVUFT n NPSF QFPQMF IBWF CFHVO FBUJOH

! n IPVST BGUFS � 1. UIFSF BSF t QFPQMF FBUJOH

! n NJOVUFT BGUFS � 1. UIFSF BSF t QFPQMF FBUJOH

! t IPVST BGUFS � 1. UIFSF BSF n QFPQMF FBUJOH

! /POF PG UIF BCPWF
�� $IJDBHPɒT BWFSBHFNPOUIMZ SBJOGBMM R ! f (t) JODIFT JT HJWFO BT B GVODUJPO PG UIFNPOUI

t XIFSF +BOVBSZ JT t ! 1 JO UIF UBCMF CFMPX�

U NPOUI � � � � � � � �
3 JODIFT ��� ��� ��� ��� ��� ��� ��� ���

	B
 4PMWF f (t) ! 3.4�

5IF TPMVUJPO	T
 UP f (t) ! 3.4 DBO CF JOUFSQSFUFE BT TBZJOH

! $IJDBHPɒT BWFSBHF SBJOGBMM JT MFBTU JO UIF NPOUI PG "VHVTU�

! $IJDBHPɒT BWFSBHF SBJOGBMM JO UIF NPOUI PG "VHVTU JT ��� JODIFT�

! $IJDBHPɒT BWFSBHF SBJOGBMM JODSFBTFT CZ ��� JODIFT JO UIF NPOUI PG .BZ�
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! $IJDBHPɒT BWFSBHF SBJOGBMM JT HSFBUFTU JO UIF NPOUI PG .BZ�

! /POF PG UIF BCPWF

	C
 4PMWF f (t) ! f (5)�
5IF TPMVUJPO	T
 UP f (t) ! f (5) DBO CF JOUFSQSFUFE BT TBZJOH

! $IJDBHPɒT BWFSBHF SBJOGBMM JT HSFBUFTU JO UIF NPOUI PG .BZ�

! $IJDBHPɒT BWFSBHF SBJOGBMM JT ��� JODIFT JO UIF NPOUIT PG .BZ BOE +VMZ�

! $IJDBHPɒT BWFSBHF SBJOGBMM JT ��� JODIFT JO UIF NPOUI PG .BZ�

! $IJDBHPɒT BWFSBHF SBJOGBMM JT ��� JODIFT JO UIF NPOUI PG +VMZ�

! /POF PG UIF BCPWF

�� " OBUJPOBM QBSL SFDPSET EBUB SFHBSEJOH UIF UPUBM GPY QPQVMBUJPO F PWFS B �� NPOUI QF�
SJPE XIFSF t ! 0 NFBOT +BOVBSZ � t ! 1 NFBOT 'FCSVBSZ � BOE TP PO� #FMPX JT UIF
UBCMF PG WBMVFT UIFZ SFDPSEFE�

U NPOUI � � � � � � � � � � �� ��
' GPYFT ��� ��� ��� ��� �� �� �� �� �� ��� ��� ���

	B
 *T t B GVODUJPO PG F 

	C
 -FU !(t) ! F EFOPUF UIF GPY QPQVMBUJPO JO NPOUI t� 'JOE BMM TPMVUJPO	T
 UP UIF FRVB�
UJPO !(t) ! 125� *G UIFSF JT NPSF UIBO POF TPMVUJPO HJWF ZPVS BOTXFS BT B DPNNB TFQB�
SBUFE MJTU PG OVNCFST�

�� "O PQFO CPY JT UP CF NBEF GSPN B ЛBU QJFDF PG NBUFSJBM �� JODIFT MPOH BOE � JODIFT
XJEF CZ DVUUJOH FRVBM TRVBSFT PG MFOHUI xGSPN UIF DPSOFST BOE GPMEJOH VQ UIF TJEFT�

8SJUF UIF WPMVNF VPG UIF CPY BT B GVODUJPO PG x� -FBWF JU BT B QSPEVDU PG GBDUPST EP OPU
NVMUJQMZ PVU UIF GBDUPST�

*G XF XSJUF UIF EPNBJO PG UIF CPY BT BO PQFO JOUFSWBM JO UIF GPSN (a , b) UIFO XIBU JT a
BOE XIBU JT b 

�� $POTJEFS BO JOWFSUFE DPOJDBM UBOL 	QPJOU EPXO
 XIPTF UPQ IBT B SBEJVT PG 3 GFFU BOE
UIBU JT 2 GFFU EFFQ� 5IF UBOL JT JOJUJBMMZ FNQUZ BOE UIFO JT КMMFE BU B DPOTUBOU SBUF PG 0.75
DVCJD GFFU QFS NJOVUF� -FU V ! f (t) EFOPUF UIF WPMVNF PG XBUFS 	JO DVCJD GFFU
 BU UJNF t
JO NJOVUFT BOE MFU h ! !(t) EFOPUF UIF EFQUI PG UIF XBUFS 	JO GFFU
 BU UJNF t�

B� 3FDBMM UIBU UIF WPMVNF PG B DPOJDBM UBOL PG SBEJVT r BOE EFQUI h JT HJWFO CZ UIF
GPSNVMB V ! 1

3πr2h� )PX MPOH XJMM JU UBLF GPS UIF UBOL UP CF DPNQMFUFMZ GVMM BOE
IPX NVDI XBUFS XJMM CF JO UIF UBOL BU UIBU UJNF 

C� 0O UIF QSPWJEFE BYFT TLFUDI QPTTJCMF HSBQIT PG CPUI V ! f (t) BOE h ! !(t)
NBLJOH UIFN BT BDDVSBUF BT ZPV DBO� -BCFM UIF TDBMF PO ZPVS BYFT BOE QPJOUT
XIPTF DPPSEJOBUFT ZPV LOPX GPS TVSF� XSJUF BU MFBTU POF TFOUFODF GPS FBDI HSBQI
UP EJTDVTT UIF TIBQF PG ZPVS HSBQI BOE XIZ JU NBLFT TFOTF JO UIF DPOUFYU PG UIF
NPEFM�
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V

t

h

t

D� 8IBU JT UIF EPNBJO PG UIF NPEFM h ! !(t) JUT SBOHF XIZ 

E� *UɒT QPTTJCMF UP TIPX UIBU UIF GPSNVMB GPS UIF GVODUJPO ! JT !(t) ! ( t
π

)1/3� 6TF B
DPNQVUBUJPOBM EFWJDF UP HFOFSBUF UXP QMPUT� PO UIF BYFT BU MFGU UIF HSBQI PG UIF
NPEFM h ! !(t) !

( t
π

)1/3 PO UIF EPNBJO UIBU ZPV EFDJEFE JO 	D
� PO UIF BYFT BU
SJHIU UIF HSBQI PG UIF BCTUSBDU GVODUJPO y ! p(x) !

( t
π

)1/3 PO B XJEFS EPNBJO
UIBO UIBU PG !� 8IBU BSF UIF EPNBJO BOE SBOHF PG p BOE IPX EP UIFTF EJЙFS GSPN
UIPTF PG UIF QIZTJDBM NPEFM ! 

h

t

y

x

�� " QFSTPO JT UBLJOH B XBML BMPOH B TUSBJHIU QBUI� 5IFJS WFMPDJUZ v 	JO GFFU QFS TFDPOE

XIJDI JT B GVODUJPO PG UJNF t 	JO TFDPOET
 JT HJWFO CZ UIF HSBQI JO 'JHVSF �������

B� 8IBU JT UIF QFSTPOɒT WFMPDJUZ XIFO t ! 2 XIFO t ! 7 

C� "SF UIFSF BOZ UJNFT XIFO UIF QFSTPOɒT WFMPDJUZ JT FYBDUMZ v ! 3 GFFU QFS TFDPOE 
*G ZFT JEFOUJGZ BMM TVDI UJNFT� JG OPU FYQMBJO XIZ�

D� %FTDSJCF UIF QFSTPOɒT CFIBWJPS PO UIF UJNF JOUFSWBM 4 ≤ t ≤ 5�
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2 4 6 8

2

4

6

8

t (sec)

v (ft/sec)

v = f (t)

'JHVSF ������� 5IF WFMPDJUZ HSBQI GPS B QFSTPO XBMLJOH BMPOH B TUSBJHIU QBUI�

E� 0O XIJDI UJNF JOUFSWBM EPFT UIF QFSTPO USBWFM B GBSUIFS EJTUBODF� [1, 3] PS [6, 8] 
8IZ 

�� "ESJWFS PG B OFX DBS QFSJPEJDBMMZ LFFQT USBDL PG UIF OVNCFS PG HBMMPOT PG HBT SFNBJOJOH
JO UIFJS DBSɒT UBOL XIJMF TJNVMUBOFPVTMZ USBDLJOH UIF USJQ PEPNFUFS NJMFBHF� 5IFJS EBUB
JT SFDPSEFE JO UIF GPMMPXJOH UBCMF� /PUF UIBU BUNJMFBHFTXIFSF UIFZ BEE GVFM UP UIF UBOL
UIFZ SFDPSE UIF NJMFBHF UXJDF� PODF CFGPSF GVFM JT BEEFE BOE PODF BGUFSXBSE�

D 	NJMFT
 0 50 100 100 150 200 250 300 300 350
G 	HBMMPOT
 4.5 3.0 1.5 10.0 8.5 7.0 5.5 4.0 11.0 9.5

5BCMF ������� 3FNBJOJOH HBT BT B GVODUJPO PG EJTUBODF USBWFMFE�

6TF UIF UBCMF UP SFTQPOE UP UIF RVFTUJPOT CFMPX�

B� $BO UIF BNPVOH PG GVFM JO UIF HBT UBOL G CF WJFXFE BT B GVODUJPO PG EJTUBODF
USBWFMFE D 8IZ PS XIZ OPU 

C� %PFT UIF DBSɒT GVFM FDPOPNZ BQQFBS UP CF DPOTUBOU PS EPFT JU BQQFBS UP WBSZ 8IZ 

D� "U XIBU PEPNFUFS SFBEJOH EJE UIF ESJWFS QVU UIF NPTU HBT JO UIF UBOL 

��Page 266



*>�Sh1_ jX �SSGA*�hAPLa P6 .1_Ao�hAo1a U�.V N9

�+iBpBiv jXdX3 aF2i+? i?2 ;`�T? Q7 2�+? Q7 i?2 7QHHQrBM; 7mM+iBQMb mbBM; i?2
;mB/2 iQ +m`p2 bF2i+?BM; 7QmM/ BM _2K�`F jXdXd
U�V f(x) = x4 − 4x3 + 10

U#V f(x) = x2−4
x2−9

U+V f(x) = x+ 2 +Qbx QM i?2 BMi2`p�H [0, 2π]

U/V f(x) = x2+x−2
x+3

U2V f(x) = x√
x2+2

U7V f(x) = x6 + 12
5 x5 − 12x4 + 10

jXdXk oB/2Qb
LQ pB/2Q Bb �p�BH�#H2 7Q` i?Bb H2�`MBM; Qmi+QK2X

jX3 �TTHB2/ QTiBKBx�iBQM U�.3V

G2�`MBM; Pmi+QK2b
Ç �TTHv QTiBKBx�iBQM i2+?MB[m2b iQ bQHp2 p�`BQmb T`Q#H2KbX

jX3XR �+iBpBiB2b
�+iBpBiv jX3XR h?2 #QtX >2HT vQm` +QKT�Mv /2bB;M �M QT2M #Qt UMQ HB/V
rBi? K�tBKmK pQHmK2 ;Bp2M i?2 7QHHQrBM; +QMbi`�BMib,

Ç h?2 #Qt Kmbi #2 K�/2 7`QK i?2 7QHHQrBM; K�i2`B�H, �M 3 #v 3 BM+?2b
TB2+2 Q7 +�`/#Q�`/X

Ç hQ +`2�i2 i?2 #Qt- vQm �`2 �bF2/ iQ +mi Qmi � b[m�`2 7`QK 2�+? +Q`M2` Q7
i?2 3 #v 3 BM+?2b TB2+2 Q7 +�`/#Q�`/ �M/ iQ 7QH/ mT i?2 ~�Tb iQ +`2�i2
i?2 bB/2bX

U�V .`�r � /B�;`�K BHHmbi`�iBM; ?Qr i?2 #Qt Bb +`2�i2/X

U#V 1tTH�BM r?v i?2 pQHmK2 Q7 i?2 #Qt Bb � 7mM+iBQM Q7 i?2 bB/2 H2M;i? x Q7
i?2 +miQmi b[m�`2bX

U+V 1tT`2bb i?2 pQHmK2 Q7 i?2 #Qt V �b � 7mM+iBQM Q7 i?2 H2M;i? Q7 i?2 +mib
xX

U/V q?�i Bb � `2�HBbiB+ /QK�BM Q7 i?2 7mM+iBQM V (x)\

U2V q?�i +mi H2M;i? x K�tBKBx2b i?2 pQHmK2 Q7 i?2 #Qt\
_2K�`F jX3Xk � ;mB/2 7Q` QTiBKBx�iBQM T`Q#H2KbX

RX .`�r � /B�;`�K �M/ BMi`Q/m+2 p�`B�#H2bX

kX .2i2`KBM2 � 7mM+iBQM Q7 � bBM;H2 p�`B�#H2 i?�i KQ/2Hb i?2 [m�MiBiv iQ #2
QTiBKBx2/X

jX .2+B/2 i?2 /QK�BM QM r?B+? iQ +QMbB/2` i?2 7mM+iBQM #2BM; QTiBKBx2/X

9X lb2 +�H+mHmb iQ B/2MiB7v i?2 ;HQ#�H K�tBKmK �M/fQ` KBMBKmK Q7 i?2
[m�MiBiv #2BM; QTiBKBx2/X
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8X *QM+HmbBQM, r?�i �`2 i?2 QTiBK�H TQBMib �M/ r?�i QTiBK�H p�Hm2b /Q r2
Q#i�BM �i i?2b2 TQBMib\

�+iBpBiv jX3Xj �++Q`/BM; iQ lXaX TQbi�H `2;mH�iBQMb- i?2 ;B`i? THmb i?2 H2M;i?
Q7 � T�`+2H b2Mi #v K�BH K�v MQi 2t+22/ Ry3 BM+?2b- r?2`2 i?2 ǳ;B`i?Ǵ Bb i?2
T2`BK2i2` Q7 i?2 bK�HH2bi 2M/X q?�i Bb i?2 H�`;2bi TQbbB#H2 pQHmK2 Q7 � `2+@
i�M;mH�` T�`+2H rBi? � b[m�`2 2M/ i?�i +�M #2 b2Mi #v K�BH\ q?�i �`2 i?2
/BK2MbBQMb Q7 i?2 T�+F�;2 Q7 H�`;2bi pQHmK2\
U�V G2i x `2T`2b2Mi i?2 H2M;i? Q7 QM2 bB/2 Q7 i?2 b[m�`2 2M/ �M/ y i?2 H2M;i?

Q7 i?2 HQM;2` bB/2X G�#2H i?2b2 [m�MiBiB2b �TT`QT`B�i2Hv QM i?2 BK�;2
b?QrM BM 6B;m`2 deX

6B;m`2 de � `2+i�M;mH�` T�`+2H rBi? � b[m�`2 2M/X

U#V q?�i Bb i?2 [m�MiBiv iQ #2 QTiBKBx2/ BM i?Bb T`Q#H2K\

�X K�tBKBx2 pQHmK2 U+�HH i?Bb V V
"X K�tBKBx2 i?2 ;B`i? THmb H2M;i? U+�HH i?Bb P V
*X KBMBKBx2 pQHmK2 U+�HH i?Bb V V
.X KBMBKBx2 i?2 ;B`i? THmb H2M;i? U+�HH i?Bb P V

U+V q?B+? 7Q`KmH� #2HQr `2T`2b2Mib i?2 [m�MiBiv vQm r�Mi iQ QTiBKBx2 BM
i2`Kb Q7 x �M/ y\

�X V = x2y

"X V = xy2

*X P = 2x+ y

.X P = 4x+ y

U/V h?2 T`Q#H2K bi�i2K2Mi i2HHb mb i?�i i?2 T�`+2HǶb ;B`i? THmb H2M;i? UP V
K�v MQi 2t+22/ Ry3 BM+?2bX AM Q`/2` iQ K�tBKBx2 pQHmK2- r2 �bbmK2
i?�i r2 rBHH �+im�HHv M22/ i?2 ;B`i? THmb H2M;i? P iQ 2[m�H Ry3 BM+?2bX
q?�i 2[m�iBQM /Q2b i?Bb +QMbi`�BMi ;Bp2 mb BMpQHpBM; x �M/ y\

�X 108 = 4x+ y

"X 108 = 2x+ y

*X 108 = x2 + y

.X 108 = xy2

U2V h?2 2[m�iBQM �#Qp2 ;Bp2b i?2 `2H�iBQMb?BT #2ir22M x �M/ yX 6Q` 2�b2 Q7
MQi�iBQM- bQHp2 i?Bb 2[m�iBQM 7Q` y �b � 7mM+iBQM QM x �M/ i?2M }M/ �
7Q`KmH� 7Q` i?2 pQHmK2 Q7 i?2 T�`+2H �b � 7mM+iBQM Q7 i?2 bBM;H2 p�`B�#H2
xX q?�i Bb i?2 7Q`KmH� 7Q` V (x)\

�X V (x) = x2(108− 4x)

Page 268



*>�Sh1_ jX �SSGA*�hAPLa P6 .1_Ao�hAo1a U�.V Ne

"X V (x) = x(108− 4x)2

*X V (x) = x2(108− 2x)

.X V (x) = x(108− 2x)2

U7V Pp2` r?�i /QK�BM b?QmH/ r2 +QMbB/2` i?Bb 7mM+iBQM\ hQ �Mbr2` i?Bb
[m2biBQM- MQiB+2 i?�i i?2 T`Q#H2K ;Bp2b mb i?2 +QMbi`�BMi i?�i P U;B`i?
THmb H2M;i?V Bb Ry3 BM+?2bX h?Bb +QMbi`�BMi T`Q/m+2b BMi2`p�Hb Q7 TQbbB#H2
p�Hm2b 7Q` x �M/ yX

�X 0 ≤ x ≤ 108

"X 0 ≤ y ≤ 108

*X 0 ≤ x ≤ 27

.X 0 ≤ y ≤ 27

U;V lb2 +�H+mHmb iQ }M/ i?2 ;HQ#�H K�tBKmK Q7 i?2 pQHmK2 Q7 i?2 T�`+2H QM
i?2 /QK�BM vQm Dmbi /2i2`KBM2/X CmbiB7v i?�i vQm ?�p2 7QmM/ i?2 ;HQ#�H
K�tBKmK mbBM; 2Bi?2` i?2 *HQb2/ AMi2`p�H J2i?Q/- i?2 6B`bi .2`Bp�iBp2
h2bi- Q` i?2 a2+QM/ .2`Bp�iBp2 h2bi5

_2K�`F jX3X9 LQiB+2 i?�i � +`BiB+�H TQBMi KB;?i Q` KB;?i MQi #2 �M ;HQ#�H
K�tBKmK Q` KBMBKmK- bQ Dmbi }M/BM; i?2 +`BiB+�H TQBMib Bb MQi 2MQm;? iQ
�Mbr2` �M QTiBKBx�iBQM T`Q#H2KX JQ`2Qp2`- bQK2 Q7 i?2 +`BiB+�H TQBMib KB;?i
#2 QmibB/2 Q7 i?2 /QK�BM BKTQb2/ #v i?2 +QMi2ti �M/ i?mb i?2v +�MMQi #2
72�bB#H2 QTiBK�H TQBMibX
�+iBpBiv jX3X8 _2p2Mm2 4 LmK#2` Q7 iB+F2ib × S`B+2 Q7 iB+F2iX q�i2`@
7Q`/ KQpB2 i?2�i2` +m``2MiHv +?�`;2b 03 7Q` � iB+F2iX �i i?Bb T`B+2- i?2 i?2�i2`
b2HHb kyy iB+F2ib /�BHvX h?2 ;2M2`�H K�M�;2` rQM/2`b B7 i?2v +�M ;2M2`�i2 KQ`2
`2p2Mm2 #v BM+`2�bBM; i?2 T`B+2 Q7 � iB+F2ibX � bm`p2v b?Qrb i?�i i?2v rBHH HQb2
ky +mbiQK2`b 7Q` 2p2`v /QHH�` BM+`2�b2 BM i?2 iB+F2i T`B+2X

U�V A7 i?2 T`B+2 Q7 � KQpB2 iB+F2i Bb BM+`2�b2/ #v d /QHH�`b- r`Bi2 � 7Q`KmH� 7Q`
i?2 T`B+2 P BM i2`Kb Q7 dX

U#V A7 i?2 T`B+2 Q7 � iB+F2i Bb BM+`2�b2/ #v QM2 /QHH�`- ?Qr K�Mv K�Mv +mb@
iQK2`b rBHH i?2 i?2�i2` HQb2\

U+V q`Bi2 � 7Q`KmH� 7Q` i?2 MmK#2` Q7 iB+F2ib bQH/ T �b � 7mM+iBQM Q7 � T`B+2
BM+`2�b2 Q7 d /QHH�`bX

U/V *QMbB/2` i?2 M2r T`B+2 Q7 � iB+F2i P (d) �M/ i?2 M2r MmK#2` Q7 iB+F2ib
bQH/ T (d)X q`Bi2 � 7Q`KmH� 7Q` i?2 `2p2Mm2 2�`M2/ #v iB+F2i b�H2b R(d) �b
� 7mM+iBQM Q7 � T`B+2 BM+`2�b2 Q7 d /QHH�`bX

U2V q?�i Bb � `2�HBbiB+ /QK�BM 7Q` i?2 7mM+iBQM R(d)\

U7V q?�i BM+`2�b2 BM T`B+2 d b?QmH/ i?2 ;2M2`�H K�M�;2` +?QQb2 iQ K�tBKBx2
i?2 `2p2Mm2\ q?�i T`B+2 rQmH/ � KQpB2 iB+F2i +Qbi i?2M �M/ r?�i rQmH/
i?2 `2p2Mm2 #2 �i i?�i T`B+2\

U;V amTTQb2 MQr i?�i i?2 +Qbi Q7 `mMMBM; i?2 #mbBM2bb r?2M i?2 T`B+2 Bb
BM+`2�b2/ #v d /QHH�`b Bb ;Bp2M #v C(d) = 10d3Ɛ40d2 + 40d+ 600X A7 i?2
K�M�;2` /2+B/2b i?�i i?2v rBHH /2}MBi2Hv BM+`2�b2 i?2 T`B+2- r?�i T`B+2
BM+`2�b2 d K�tBKBx2b i?2 T`Q}i\ U_2+�HH i?�i S`Q}i 4 _2p2Mm2 @ *QbiVX

�+iBpBiv jX3Xe JQ/2HBM; ;Bp2M � ;2QK2i`B+ b?�T2X h?2 +Biv +QmM+BH Bb
TH�MMBM; iQ +QMbi`m+i � M2r bTQ`ib ;`QmM/ BM i?2 b?�T2 Q7 � `2+i�M;H2 rBi?
b2KB+B`+mH�` 2M/bX � `mMMBM; i`�+F 9yy K2i2`b HQM; Bb iQ ;Q �`QmM/ i?2 T2`BK2@
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*>�Sh1_ jX �SSGA*�hAPLa P6 .1_Ao�hAo1a U�.V Nd

i2`X
U�V q?�i +?QB+2 Q7 /BK2MbBQMb rBHH K�F2 i?2 `2+i�M;mH�` �`2� BM i?2 +2Mi2`

�b H�`;2 �b TQbbB#H2\

U#V q?�i b?QmH/ i?2 /BK2MbBQMb bQ i?2 iQi�H �`2� 2M+HQb2/ #v i?2 `mMMBM;
i`�+F Bb K�tBKBx2/\

�+iBpBiv jX3Xd JQ/2HBM; BM �H;2#`�B+ bBim�iBQMbX
U�V 6BM/ i?2 +QQ`/BM�i2b Q7 i?2 TQBMi QM i?2 +m`p2 y =

√
x +HQb2bi iQ i?2

TQBMi (1, 0)X

U#V h?2 bmK Q7 irQ TQbBiBp2 MmK#2`b Bb 93X q?�i Bb i?2 bK�HH2bi TQbbB#H2
p�Hm2 Q7 i?2 bmK Q7 i?2B` b[m�`2b\

�+iBpBiv jX3X3 amTTQb2 i?�i B7 � rB/;2i Bb T`B+2/ �i $176- i?2M vQm �`2 �#H2
iQ b2HH 672 mMBib 2�+? /�vX �++Q`/BM; iQ � bm`p2v Q7 +mbiQK2`b- BM+`2�bBM;
i?Bb T`B+2 #v $1 rBHH `2bmHi BM HQbBM; 4 /�BHv b�H2bc /2+`2�bBM; #v $1 rBHH ;�BM
4 /�BHv b�H2bX uQm` K�M�;2` �bFb vQm ?Qr iQ �/Dmbi i?2 T`B+2 Q7 � rB/;2i iQ
K�tBKBx2 i?2 `2p2Mm2 UrB/;2ib bQH/ iBK2b T`B+2VX q`Bi2 �M 2tTH�M�iBQM Q7 r?�i
i?Bb +?�M;2 BM T`B+2 b?QmH/ #2 �M/ r?vX

jX3Xk oB/2Qb

uQmhm#2, JVVRU���YYY�[QWVWDG�EQO�YCVEJ!X�TRQ&8V�P8G3

6B;m`2 dd oB/2Q 7Q` �.3

uQmhm#2, JVVRU���YYY�[QWVWDG�EQO�YCVEJ!X�P.Z\8*P\6-Y

6B;m`2 d3 �MQi?2` oB/2Q 7Q` �.3

jXN GBKBib �M/ .2`Bp�iBp2b U�.NV

G2�`MBM; Pmi+QK2b
Ç *QKTmi2 i?2 p�Hm2b Q7 BM/2i2`KBM�i2 HBKBib mbBM; GǶ>QTBi�HǶb _mH2X
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5.2 circles, traversing a circle, circular functions (Active

Prelude to Calculus)
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$JSDVMBS 'VODUJPOT

��� 5SBWFSTJOH $JSDMFT

.PUJWBUJOH 2VFTUJPOT

ə )PX EPFT B QPJOU USBWFSTJOH B DJSDMF OBUVSBMMZ HFOFSBUF B GVODUJPO 

ə 8IBU BSF TPNF JNQPSUBOU QSPQFSUJFT UIBU DIBSBDUFSJ[F B GVODUJPO HFOFSBUFE CZ B QPJOU
USBWFSTJOH B DJSDMF 

ə )PX EPFT B DJSDVMBS GVODUJPO DIBOHF JO XBZT UIBU BSF EJЙFSFOU GSPN MJOFBS BOE RVB�
ESBUJD GVODUJPOT 

$FSUBJO OBUVSBMMZ PDDVSSJOH QIFOPNFOB FWFOUVBMMZ SFQFBU UIFNTFMWFT FTQFDJBMMZ XIFO UIF
QIFOPNFOPO JT TPNFIPX DPOOFDUFE UP B DJSDMF� 'PS FYBNQMF TVQQPTF UIBU ZPV BSF UBLJOH
B SJEF PO B GFSSJT XIFFM BOE XF DPOTJEFS ZPVS IFJHIU h BCPWF UIF HSPVOE BOE IPX ZPVS
IFJHIU DIBOHFT JO UBOEFN XJUI UIF EJTUBODF d UIBU ZPV IBWF USBWFMFE BSPVOE UIF XIFFM�
*O 'JHVSF ����� XF TFF B TOBQTIPU PG UIJT TJUVBUJPO XIJDI JT BWBJMBCMF BT B GVMM BOJNBUJPOy BU
IUUQ���HWTV�FEV�T��%U�

'JHVSF ������ " TOBQTIPU PG UIF NPUJPO PG B DBC NPWJOH BSPVOE B GFSSJT XIFFM� 3FQSJOUFE
XJUI QFSNJTTJPO GSPN *MMVNJOBUJPOT CZ UIF /BUJPOBM $PVODJM PG 5FBDIFST PG .BUIFNBUJDT�
"MM SJHIUT SFTFSWFE�

y6TFE XJUI QFSNJTTJPO GSPN *MMVNJOBUJPOT CZ UIF /BUJPOBM $PVODJM PG 5FBDIFST PG .BUIFNBUJDT� "MM SJHIUT SF�
TFSWFE�
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#FDBVTF XF IBWF UXP RVBOUJUJFT DIBOHJOH JO UBOEFN JU JT OBUVSBM UP XPOEFS JG JU JT QPTTJCMF
UP SFQSFTFOU POF BT B GVODUJPO PG UIF PUIFS�

1SFWJFX "DUJWJUZ ������ *O UIF DPOUFYU PG UIF GFSSJT XIFFM QJDUVSFE JO 'JHVSF �����
BTTVNF UIBU UIF IFJHIU h PG UIF NPWJOH QPJOU 	UIF DBC JO XIJDI ZPV BSF SJEJOH

BOE UIF EJTUBODF d UIBU UIF QPJOU IBT USBWFMFE BSPVOE UIF DJSDVNGFSFODF PG UIF GFSSJT
XIFFM BSF CPUI NFBTVSFE JO NFUFST�

'VSUIFS BTTVNF UIBU UIF DJSDVNGFSFODF PG UIF GFSSJT XIFFM JT 150 NFUFST� *O BEEJUJPO
TVQQPTF UIBU BGUFS HFUUJOH JO ZPVS DBC BU UIF MPXFTU QPJOU PO UIF XIFFM ZPV USBWFSTF
UIF GVMM DJSDMF TFWFSBM UJNFT�

B� 3FDBMM UIBU UIF DJSDVNGFSFODF C PG B DJSDMF JT DPOOFDUFE UP UIF DJSDMFɒT SBEJVT r
CZ UIF GPSNVMB C ! 2πr� 8IBU JT UIF SBEJVT PG UIF GFSSJT XIFFM )PX IJHI JT
UIF IJHIFTU QPJOU PO UIF GFSSJT XIFFM 

C� )PX IJHI JT UIF DBC BGUFS JU IBT USBWFMFE 1/4 PG UIF DJSDVNGFSFODF PG UIF DJSDMF 

D� )PX NVDI EJTUBODF BMPOH UIF DJSDMF IBT UIF DBC USBWFSTFE BU UIF NPNFOU JU КSTU
SFBDIFT B IFJHIU PG 150

π ≈ 47.75 NFUFST 

E� $BO h CF UIPVHIU PG BT B GVODUJPO PG d 8IZ PS XIZ OPU 

F� $BO d CF UIPVHIU PG BT B GVODUJPO PG h 8IZ PS XIZ OPU 

G� 8IZ EP ZPV UIJOL UIF DVSWF TIPXO BU SJHIU JO 'JHVSF ����� IBT UIF TIBQF UIBU JU
EPFT 8SJUF TFWFSBM TFOUFODFT UP FYQMBJO�

����� $JSDVMBS 'VODUJPOT

5IF OBUVSBM QIFOPNFOPO PG B QPJOU NPWJOH BSPVOE B DJSDMF MFBET UP JOUFSFTUJOH SFMBUJPO�
TIJQT� 'PS FBTJFS BSJUINFUJD MFUɒT DPOTJEFS B QPJOU USBWFSTJOH B DJSDMF PG DJSDVNGFSFODF 24 BOE
FYBNJOF IPX UIF QPJOUɒT IFJHIU h DIBOHFT BT UIF EJTUBODF USBWFSTFE d DIBOHFT� /PUF QBS�
UJDVMBSMZ UIBU FBDI UJNF UIF QPJOU USBWFSTFT 1

8 PG UIF DJSDVNGFSFODF PG UIF DJSDMF JU USBWFMT B
EJTUBODF PG 24 · 1

8 ! 3 VOJUT BT TFFO JO 'JHVSF ����� XIFSF FBDI OPUFE QPJOU MJFT 3 BEEJUJPOBM
VOJUT BMPOH UIF DJSDMF CFZPOE UIF QSFDFEJOH POF� /PUF UIBU XF LOPX UIF FYBDU IFJHIUT PG
DFSUBJO QPJOUT� 4JODF UIF DJSDMF IBT DJSDVNGFSFODF C ! 24 XF LOPX UIBU 24 ! 2πr BOE UIFSF�
GPSF r ! 12

π ≈ 3.82� )FODF UIF QPJOU XIFSF d ! 6 	MPDBUFE 1/4 PG UIF XBZ BMPOH UIF DJSDMF

JT BU B IFJHIU PG h ! 12

π ≈ 3.82� %PVCMJOH UIJT WBMVF UIF QPJOU XIFSF d ! 12 IBT IFJHIU
h ! 24

π ≈ 7.64� 0UIFS IFJHIUT TVDI BT UIPTF UIBU DPSSFTQPOE UP d ! 3 BOE d ! 15 	JEFOUJКFE
PO UIF КHVSF CZ UIF HSFFO MJOF TFHNFOUT
 BSF OPU PCWJPVT GSPN UIF DJSDMFɒT SBEJVT CVU DBO CF
FTUJNBUFE GSPN UIF HSJE JO 'JHVSF ����� BT h ≈ 1.1 	GPS d ! 3
 BOE h ≈ 6.5 	GPS d ! 15
� 6TJOH
BMM PG UIFTF PCTFSWBUJPOT BMPOH XJUI UIF TZNNFUSZ PG UIF DJSDMF XF DBO EFUFSNJOF UIF PUIFS
FOUSJFT JO 5BCMF ������ .PSFPWFS JG XF OPX MFU UIF QPJOU DPOUJOVF USBWFSTJOH UIF DJSDMF XF
PCTFSWF UIBU UIF d�WBMVFT XJMM JODSFBTF BDDPSEJOHMZ CVU UIF h�WBMVFT XJMM SFQFBU BDDPSEJOH
UP UIF BMSFBEZ�FTUBCMJTIFE QBUUFSO SFTVMUJOH JO UIF EBUB JO 5BCMF ������ *U JT BQQBSFOU UIBU
FBDI QPJOU PO UIF DJSDMF DPSSFTQPOET UP POF BOE POMZ POF IFJHIU BOE UIVT XF DBO WJFX UIF
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-4 4

2

4

6

d = 0

d = 3

d = 6

d = 9

d = 12

d = 15

d = 18

'JHVSF ������ " QPJOU USBWFSTJOH B DJSDMF XJUI DJSDVNGFSFODF C ! 24�

d 0 3 6 9 12 15 18 21 24
h 0 1.1 3.82 6.5 7.64 6.5 3.82 1.1 0

5BCMF ������ %BUB GPS IFJHIU h BT B GVODUJPO PG EJTUBODF USBWFSTFE d�

IFJHIU PG B QPJOU BT B GVODUJPO PG UIF EJTUBODF UIF QPJOU IBT USBWFSTFE BSPVOE UIF DJSDMF TBZ
h ! f (d)� 6TJOH UIF EBUB GSPN UIF UXP UBCMFT BOE DPOOFDUJOH UIF QPJOUT JO BO JOUVJUJWF XBZ
XF HFU UIF HSBQI TIPXO JO 'JHVSF ������ 5IF GVODUJPO h ! f (d) XF IBWF CFFO EJTDVTTJOH JT
BO FYBNQMF PG XIBU XF XJMM DBMM B DJSDVMBS GVODUJPO� *OEFFE JU JT BQQBSFOU UIBU JG XF

ə UBLF BOZ DJSDMF JO UIF QMBOF

ə DIPPTF B TUBSUJOH MPDBUJPO GPS B QPJOU PO UIF DJSDMF

ə MFU UIF QPJOU USBWFSTF UIF DJSDMF DPOUJOVPVTMZ

ə BOE USBDL UIF IFJHIU PG UIF QPJOU BT JU USBWFSTFT UIF DJSDMF

UIF IFJHIU PG UIF QPJOU JT B GVODUJPO PG EJTUBODF USBWFSTFE BOE UIF SFTVMUJOH HSBQI XJMM IBWF
UIF TBNF CBTJD TIBQF BT UIF DVSWF TIPXO JO 'JHVSF ������ *U BMTP UVSOT PVU UIBU JG XF USBDL UIF
MPDBUJPO PG UIF x�DPPSEJOBUF PG UIF QPJOU PO UIF DJSDMF UIF x�DPPSEJOBUF JT BMTP B GVODUJPO PG
EJTUBODF USBWFSTFE BOE JUT DVSWF IBT B TJNJMBS TIBQF UP UIF HSBQI PG UIF IFJHIU PG UIF QPJOU
	UIF y�DPPSEJOBUF
� #PUI PG UIFTF GVODUJPOT BSF DJSDVMBS GVODUJPOT CFDBVTF UIFZ BSF HFOFSBUFE
CZ NPUJPO BSPVOE B DJSDMF�

"DUJWJUZ ������ $POTJEFS UIF DJSDMF QJDUVSFE JO 'JHVSF ����� UIBU JT DFOUFSFE BU UIF QPJOU
(2, 2) BOE UIBU IBT DJSDVNGFSFODF 8� "TTVNF UIBU XF USBDL UIF y�DPPSEJOBUF 	UIBU JT
UIF IFJHIU h
 PG B QPJOU UIBU JT USBWFSTJOH UIF DJSDMF DPVOUFSDMPDLXJTF BOE UIBU JU TUBSUT
BU P0 BT QJDUVSFE�
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d 24 27 30 33 36 39 42 45 48
h 0 1.1 3.82 6.5 7.64 6.5 3.82 1.1 0

5BCMF ������ "EEJUJPOBM EBUB GPS IFJHIU h BT B GVODUJPO PG EJTUBODF USBWFSTFE d�

6 12 18 24 30 36 42

2

4

6

h

d

(3, f (3))

(15, f (15))

h = f (d)

'JHVSF ������ 5IF IFJHIU h PG B QPJOU USBWFSTJOH B DJSDMF PG SBEJVT 24 BT B GVODUJPO PG
EJTUBODF d USBWFSTFE BSPVOE UIF DJSDMF�

1 2 3

1

2

3

P0

P1

(2,2)

'JHVSF ������ " QPJOU
USBWFSTJOH UIF DJSDMF�

h

d

'JHVSF ������ "YFT GPS QMPUUJOH h BT B GVODUJPO PG d�

B� )PX GBS BMPOH UIF DJSDMF JT UIF QPJOU P1 GSPN P0 8IZ 

C� -BCFM UIF TVCTFRVFOU QPJOUT JO UIF КHVSF P2 P3 . . . BT XF NPWF DPVOUFSDMPDL�
XJTF BSPVOE UIF DJSDMF� 8IBU JT UIF FYBDU y�DPPSEJOBUF PG UIF QPJOU P2 PG P4 
8IZ 

D� %FUFSNJOF UIF y�DPPSEJOBUFT PG UIF SFNBJOJOHQPJOUT PO UIF DJSDMF 	FYBDUMZXIFSF
QPTTJCMF PUIFSXJTF BQQSPYJNBUFMZ
 BOE IFODF DPNQMFUF UIF FOUSJFT JO 5BCMF �����
UIBU USBDL UIF IFJHIU h PG UIF QPJOU USBWFSTJOH UIF DJSDMF BT B GVODUJPO PG EJTUBODF
USBWFMFE d� /PUF UIBU UIF d�WBMVFT JO UIF UBCMF DPSSFTQPOE UP UIF QPJOU USBWFSTJOH
UIF DJSDMF NPSF UIBO PODF�
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d 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
h 2

5BCMF ������ %BUB GPS h BT B GVODUJPO PG d�

E� #Z QMPUUJOH UIF QPJOUT JO 5BCMF ����� BOE DPOOFDUJOH UIFN JO BO JOUVJUJWF XBZ
TLFUDI B HSBQI PG h BT B GVODUJPO PG d PO UIF BYFT QSPWJEFE JO 'JHVSF ����� PWFS
UIF JOUFSWBM 0 ≤ d ≤ 16� $MFBSMZ MBCFM UIF TDBMF PG ZPVS BYFT BOE UIF DPPSEJOBUFT
PG TFWFSBM JNQPSUBOU QPJOUT PO UIF DVSWF�

F� 8IBU JT TJNJMBS BCPVU ZPVS HSBQI JO DPNQBSJTPO UP UIF POF JO 'JHVSF ����� 8IBU
JT EJЙFSFOU 

G� 8IBU XJMM CF UIF WBMVF PG h XIFO d ! 51 )PX BCPVU XIFO d ! 102 

����� 1SPQFSUJFT PG $JSDVMBS 'VODUJPOT

&WFSZ DJSDVMBS GVODUJPO IBT TFWFSBM JNQPSUBOU GFBUVSFT UIBU BSF DPOOFDUFE UP UIF DJSDMF UIBU
EFКOFT UIF GVODUJPO� 'PS UIF EJTDVTTJPO UIBU GPMMPXT XF GPDVT PO DJSDVMBS GVODUJPOT UIBU
SFTVMU GSPN USBDLJOH UIF y�DPPSEJOBUF PG B QPJOU USBWFSTJOH DPVOUFSDMPDLXJTF B DJSDMF PG SBEJVT
a DFOUFSFE BU UIF QPJOU (k ,m)� 'VSUIFS XF XJMM EFOPUF UIF DJSDVNGFSFODF PG UIF DJSDMF CZ UIF
MFUUFS p�

k

m

a

R

S

P

Q

'JHVSF ������ " QPJOU
USBWFSTJOH UIF DJSDMF�

m

p

h

d

a

a

(1.5p,m−a)

(p,m+a)

'JHVSF ������� 1MPUUJOH h BT B GVODUJPO PG d�

8F BTTVNF UIBU UIF QPJOU USBWFSTJOH UIF DJSDMF TUBSUT BU P JO 'JHVSF ������ *UT IFJHIU JT JOJUJBMMZ
y ! m + a BOE UIFO JUT IFJHIU EFDSFBTFT UP y ! m BT XF USBWFSTF UP Q� $POUJOVJOH UIF
QPJOUɒT IFJHIU GBMMT UP y ! m − a BU R BOE UIFO SJTFT CBDL UP y ! m BU S BOE FWFOUVBMMZ CBDL
VQ UP y ! m + a BU UIF UPQ PG UIF DJSDMF� *G XF QMPU UIFTF IFJHIUT DPOUJOVPVTMZ BT B GVODUJPO
PG EJTUBODF d USBWFSTFE BSPVOE UIF DJSDMF XF HFU UIF DVSWF TIPXO BU SJHIU JO 'JHVSF �������
5IJT DVSWF IBT TFWFSBM JNQPSUBOU GFBUVSFT GPS XIJDI XF JOUSPEVDF JNQPSUBOU UFSNJOPMPHZ�

5IF NJEMJOF PG B DJSDVMBS GVODUJPO JT UIF IPSJ[POUBM MJOF y ! m GPS XIJDI IBMG UIF DVSWF MJFT
BCPWF UIF MJOF BOE IBMG UIF DVSWF MJFT CFMPX� *G UIF DJSDVMBS GVODUJPO SFTVMUT GSPN USBDLJOH
UIF y�DPPSEJOBUF PG B QPJOU USBWFSTJOH B DJSDMF y ! m DPSSFTQPOET UP UIF y�DPPSEJOBUF PG
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UIF DFOUFS PG UIF DJSDMF� *O BEEJUJPO UIF BNQMJUVEF PG B DJSDVMBS GVODUJPO JT UIF NBYJNVN
EFWJBUJPO PG UIF DVSWF GSPN UIF NJEMJOF� /PUF QBSUJDVMBSMZ UIBU UIF WBMVF PG UIF BNQMJUVEF
a DPSSFTQPOET UP UIF SBEJVT PG UIF DJSDMF UIBU HFOFSBUFT UIF DVSWF�

#FDBVTF XF DBO USBWFSTF UIF DJSDMF JO FJUIFS EJSFDUJPO BOE GPS BT GBS BT XF XJTI UIF EPNBJO
PG BOZ DJSDVMBS GVODUJPO JT UIF TFU PG BMM SFBM OVNCFST� 'SPN PVS PCTFSWBUJPOT BCPVU UIF
NJEMJOF BOE BNQMJUVEF JU GPMMPXT UIBU UIF SBOHF PG B DJSDVMBS GVODUJPO XJUI NJEMJOF y ! m
BOE BNQMJUVEF a JT UIF JOUFSWBM [m − a ,m + a]�
'JOBMMZ XF JOUSPEVDF UIF GPSNBM EFКOJUJPO PG B QFSJPEJD GVODUJPO�

%FКOJUJPO ������ -FU f CF B GVODUJPO XIPTF EPNBJO BOE DPEPNBJO BSF FBDI UIF TFU PG BMM
SFBM OVNCFST� 8F TBZ UIBU f JT QFSJPEJD QSPWJEFE UIBU UIFSF FYJTUT B SFBM OVNCFS k TVDI UIBU
f (x+ k) ! f (x) GPS FWFSZ QPTTJCMF DIPJDF PG x� 5IF TNBMMFTU WBMVF p GPS XIJDI f (x+ p) ! f (x)
GPS FWFSZ DIPJDF PG x JT DBMMFE UIF QFSJPE PG f � ♦

'PS B DJSDVMBS GVODUJPO UIF QFSJPE JT BMXBZT UIF DJSDVNGFSFODF PG UIF DJSDMF UIBU HFOFSBUFT
UIF DVSWF� *O 'JHVSF ������ XF TFF IPX UIF DVSWF IBT DPNQMFUFE POF GVMM DZDMF PG CFIBWJPS
FWFSZ p VOJUT SFHBSEMFTT PG XIFSF XF TUBSU PO UIF DVSWF�

$JSDVMBS GVODUJPOT BSJTF BT NPEFMT GPS JNQPSUBOU QIFOPNFOB JO UIF XPSME BSPVOE VT TVDI
BT JO B IBSNPOJD PTDJMMBUPS� $POTJEFS B NBTT BUUBDIFE UP B TQSJOH XIFSF UIF NBTT TJUT PO
B GSJDUJPOMFTT TVSGBDF� "GUFS TFUUJOH UIF NBTT JO NPUJPO CZ TUSFUDIJOH PS DPNQSFTTJOH UIF
TQSJOH UIF NBTT XJMM PTDJMMBUF JOEFКOJUFMZ CBDL BOE GPSUI BOE JUT EJTUBODF GSPN B КYFE QPJOU
PO UIF TVSGBDF UVSOT PVU UP CF HJWFO CZ B DJSDVMBS GVODUJPO�

"DUJWJUZ ������ " XFJHIU JT QMBDFE PO B GSJDUJPOMFTT UBCMF OFYU UP B XBMM BOE BUUBDIFE
UP B TQSJOH UIBU JT КYFE UP UIF XBMM� 'SPN JUT OBUVSBM QPTJUJPO PG SFTU UIF XFJHIU JT
JNQBSUFE BO JOJUJBM WFMPDJUZ UIBU TFUT JU JO NPUJPO� 5IF XFJHIU UIFO PTDJMMBUFT CBDL BOE
GPSUI BOE XF DBO NFBTVSF JUT EJTUBODF h ! f (t) 	JO JODIFT
 GSPN UIF XBMM BU BOZ HJWFO
UJNF t 	JO TFDPOET
� " HSBQI PG f BOE B UBCMF PG TFMFDU WBMVFT BSF HJWFO CFMPX�

t f (t)
0.25 6.807
0.5 4.464
0.75 3.381

1 3.000
1.25 3.381
1.5 4.464
1.75 6.087

2 8.000

t f (t)
2.25 9.913
2.5 11.536
2.75 12.619

3 13.000
3.25 12.619
3.5 11.536
3.75 9.913

4 8.000

2 4 6 8 10 12

2

4

6

8

10

12
h

t

h = f (t)

B� %FUFSNJOF UIF QFSJPE p NJEMJOF y ! m BOE BNQMJUVEF a PG UIF GVODUJPO f �
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C� 8IBU JT UIF GVSUIFTU EJTUBODF UIF XFJHIU JT EJTQMBDFE GSPN UIF XBMM 8IBU JT UIF
MFBTU EJTUBODF UIF XFJHIU JT EJTQMBDFE GSPN UIF XBMM 8IBU JT UIF SBOHF PG f  

D� %FUFSNJOF UIF BWFSBHF SBUF PG DIBOHF PG f PO UIF JOUFSWBMT [4, 4.25] BOE [4.75, 5]�
8SJUF POF DBSFGVM TFOUFODF UP FYQMBJO UIF NFBOJOH PG FBDI 	JODMVEJOH VOJUT
� *O
BEEJUJPO XSJUF B TFOUFODF UP DPNQBSF UIF UXPEJЙFSFOU WBMVFT ZPVКOE BOEXIBU
UIFZ UPHFUIFS TBZ BCPVU UIF NPUJPO PG UIF XFJHIU�

E� #BTFE PO UIF QFSJPEJDJUZ PG UIF GVODUJPO XIBU JT UIF WBMVF PG f (6.75) PG f (11.25) 

����� 5IF BWFSBHF SBUF PG DIBOHF PG B DJSDVMBS GVODUJPO

+VTU BT UIFSF BSF JNQPSUBOU USFOET JO UIF WBMVFT PG B DJSDVMBS GVODUJPO UIFSF BSF BMTP JOUFSFTU�
JOH QBUUFSOT JO UIF BWFSBHF SBUF PG DIBOHF PG UIF GVODUJPO� 5IFTF QBUUFSOT BSF DMPTFMZ UJFE UP
UIF HFPNFUSZ PG UIF DJSDMF�

'PS UIF OFYU QBSU PG PVS EJTDVTTJPO XF DPOTJEFS B DJSDMF PG SBEJVT 1 DFOUFSFE BU (0, 0) BOE
DPOTJEFS B QPJOU UIBU USBWFMT B EJTUBODF d DPVOUFSDMPDLXJTF BSPVOE UIF DJSDMF XJUI JUT TUBSUJOH
QPJOU WJFXFE BT (1, 0)� 8F VTF UIJT DJSDMF UP HFOFSBUF UIF DJSDVMBS GVODUJPO h ! f (d) UIBU USBDLT
UIF IFJHIU PG UIF QPJOU BU UIF NPNFOU UIF QPJOU IBT USBWFSTFE d VOJUT BSPVOE UIF DJSDMF GSPN
(1, 0)� -FUɒT DPOTJEFS UIF BWFSBHF SBUF PG DIBOHF PG f PO TFWFSBM JOUFSWBMT UIBU BSF DPOOFDUFE
UP DFSUBJO GSBDUJPOT PG UIF DJSDVNGFSFODF�

3FNFNCFSJOH UIBU h JT B GVODUJPO PG EJTUBODF USBWFSTFE BMPOH UIF DJSDMF JU GPMMPXT UIBU UIF
BWFSBHF SBUF PG DIBOHF PG h PO BOZ JOUFSWBM PG EJTUBODF CFUXFFO UXP QPJOUT P BOE Q PO UIF
DJSDMF JT HJWFO CZ

AV[P,Q] !
DIBOHF JO IFJHIU

EJTUBODF BMPOH UIF DJSDMF 

XIFSF CPUI RVBOUJUJFT BSF NFBTVSFE GSPN QPJOU P UP QPJOU Q�

'JSTU JO 'JHVSF ������ XF DPOTJEFS QPJOUT P Q BOE R XIFSF Q SFTVMUT GSPN USBWFSTJOH 1/8
PG UIF DJSDVNGFSFODF GSPN P BOE R 1/8 PG UIF DJSDVNGFSFODF GSPN Q� *O QBSUJDVMBS XF OPUF
UIBU UIF EJTUBODF d1 BMPOH UIF DJSDMF GSPN P UP Q JT UIF TBNF BT UIF EJTUBODF d2 BMPOH UIF DJSDMF
GSPN Q UP R BOE UIVT d1 ! d2� "U UIF TBNF UJNF JU JT BQQBSFOU GSPN UIF HFPNFUSZ PG UIF
DJSDMF UIBU UIF DIBOHF JO IFJHIU h1 GSPN P UP Q JT HSFBUFS UIBO UIF DIBOHF JO IFJHIU h2 GSPN
Q UP R TP h1 > h2� 5IVT XF DBO TBZ UIBU

AV[P,Q] !
h1
d1
>

h2
d2

! AV[Q ,R]�
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P

Q

R

d1

d2

h1

h2

'JHVSF ������� $PNQBSJOH UIF BWFSBHF SBUF PG
DIBOHF PWFS 1/8 UIF DJSDVNGFSFODF�

P

Q

R
S

d1

d5

h1

h5

'JHVSF ������� $PNQBSJOH UIF BWFSBHF SBUF PG
DIBOHF PWFS 1/20 UIF DJSDVNGFSFODF�

5IF EJЙFSFODFT JO DFSUBJO BWFSBHF SBUFT PG DIBOHF BQQFBS UP CFDPNF NPSF FYUSFNF JG XF
DPOTJEFS TIPSUFS BSDT BMPOH UIF DJSDMF� /FYU XF DPOTJEFS USBWFMJOH 1/20 PG UIF DJSDVNGFSFODF
BMPOH UIF DJSDMF� *O 'JHVSF ������ QPJOUT P BOE Q MJF 1/20 PG UIF DJSDVNGFSFODF BQBSU BT EP
R BOE S TP IFSF d1 ! d5� *O UIJT TJUVBUJPO JU JT UIF DBTF UIBU h1 > h5 GPS UIF TBNF SFBTPOT BT
BCPWF CVUXF DBO TBZ FWFONPSF� 'SPN UIF HSFFO USJBOHMF JO 'JHVSF ������ XF TFF UIBU h1 ≈ d1
	XIJMF h1 < d1
 TP UIBU AV[P,Q] !

h1
d1

≈ 1� "U UIF TBNF UJNF JO UIF NBHFOUB USJBOHMF JO UIF
КHVSF XF TFF UIBU h5 JT WFSZ TNBMM FTQFDJBMMZ JO DPNQBSJTPO UP d5 BOE UIVT AV[R,S] !

h5
d5

≈ 0�
)FODF JO 'JHVSF ������

AV[P,Q] ≈ 1 BOE AV[R,S] ≈ 0�

5IJT JOGPSNBUJPO UFMMT VT UIBU B DJSDVMBS GVODUJPO BQQFBST UP DIBOHF NPTU SBQJEMZ GPS QPJOUT
OFBS JUT NJEMJOF BOE UP DIBOHF MFBTU SBQJEMZ GPS QPJOUT OFBS JUT IJHIFTU BOE MPXFTU WBMVFT�

8F DBO TUVEZ UIF BWFSBHF SBUF PG DIBOHF OPU POMZ PO UIF DJSDMF JUTFMG CVU BMTP PO B HSBQI
TVDI BT 'JHVSF ������ BOE UIVT NBLF DPODMVTJPOT BCPVU XIFSF UIF GVODUJPO JT JODSFBTJOH
EFDSFBTJOH DPODBWF VQ BOE DPODBWF EPXO�

"DUJWJUZ ������ $POTJEFS UIF TBNF TFUUJOH BT "DUJWJUZ ������ B XFJHIU PTDJMMBUFT CBDL
BOE GPSUI PO B GSJDUJPOMFTT UBCMF XJUI EJTUBODF GSPN UIF XBMM HJWFO CZ h ! f (t) 	JO
JODIFT
 BU BOZ HJWFO UJNF t 	JO TFDPOET
� " HSBQI PG f BOE B UBCMF PG TFMFDU WBMVFT BSF
HJWFO CFMPX�
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t f (t)
0.25 6.807
0.5 4.464
0.75 3.381

1 3.000
1.25 3.381
1.5 4.464
1.75 6.087

2 8.000

t f (t)
2.25 9.913
2.5 11.536
2.75 12.619

3 13.000
3.25 12.619
3.5 11.536
3.75 9.913

4 8.000

2 4 6 8 10 12

2

4

6

8

10

12
h

t

h = f (t)

B� %FUFSNJOF AV[2,2.25] AV[2.25,2.5] AV[2.5,2.75] BOE AV[2.75,3]� 8IBU EP UIFTF GPVS
WBMVFT UFMM VT BCPVU IPX UIF XFJHIU JT NPWJOH PO UIF JOUFSWBM [2, 3] 

C� (JWF BO FYBNQMF PG BO JOUFSWBM PG MFOHUI 0.25 VOJUT PO XIJDI f IBT JUT NPTU
OFHBUJWF BWFSBHF SBUF PG DIBOHF� +VTUJGZ ZPVS DIPJDF�

D� (JWF BO FYBNQMF PG UIF MPOHFTU JOUFSWBM ZPV DBO КOE PO XIJDI f JT EFDSFBTJOH�

E� (JWF BO FYBNQMF PG BO JOUFSWBM PO XIJDI f JT DPODBWF VQ�r

F� 0O BO JOUFSWBM XIFSF f JT CPUI EFDSFBTJOH BOE DPODBWF EPXO XIBU EPFT UIJT UFMM
VT BCPVU IPX UIF XFJHIU JT NPWJOH PO UIBU JOUFSWBM 'PS JOTUBODF JT UIF XFJHIU
NPWJOH UPXBSE PS BXBZ GSPN UIF XBMM JT JU TQFFEJOH VQ PS TMPXJOH EPXO 

G� 8IBU HFOFSBM DPODMVTJPOT DBO ZPV NBLF BCPVU UIF BWFSBHF SBUF PG DIBOHF PG B
DJSDVMBS GVODUJPO PO JOUFSWBMT OFBS JUT IJHIFTU PS MPXFTU QPJOUT BCPVU JUT BWFSBHF
SBUF PG DIBOHF PO JOUFSWBMT OFBS UIF GVODUJPOɒT NJEMJOF 

����� 4VNNBSZ

ə 8IFO B QPJOU USBWFSTFT B DJSDMF B DPSSFTQPOEJOH GVODUJPO DBO CF HFOFSBUFE CZ USBDLJOH
UIF IFJHIU PG UIF QPJOU BT JU NPWFT BSPVOE UIF DJSDMF XIFSF IFJHIU JT WJFXFE BT B GVOD�
UJPO PG EJTUBODF USBWFMFE BSPVOE UIF DJSDMF� 8F DBMM TVDI B GVODUJPO B DJSDVMBS GVODUJPO�
"O JNBHF UIBU TIPXT IPX B DJSDVMBS GVODUJPOɒT HSBQI JT HFOFSBUFE GSPN UIF DJSDMF DBO
CF TFFO JO 'JHVSF �������

ə $JSDVMBS GVODUJPOT IBWF TFWFSBM TUBOEBSE GFBUVSFT� 5IF GVODUJPO IBT B NJEMJOF UIBU JT
UIF MJOF GPS XIJDI IBMG UIF QPJOUT PO UIF DVSWF MJF BCPWF UIF MJOF BOE IBMG UIF QPJOUT PO
UIF DVSWF MJF CFMPX� " DJSDVMBS GVODUJPOɒT BNQMJUVEF JT UIF NBYJNVN EFWJBUJPO PG UIF

r3FDBMM UIBU B GVODUJPO JT DPODBWF VQ PO BO JOUFSWBM QSPWJEFE UIBU UISPVHIPVU UIF JOUFSWBM UIF DVSWF CFOET
VQXBSE TJNJMBS UP B QBSBCPMB UIBU PQFOT VQ�
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GVODUJPO WBMVF GSPN UIF NJEMJOF� UIF BNQMJUVEF DPSSFTQPOET UP UIF SBEJVT PG UIF DJSDMF
UIBU HFOFSBUFT UIF GVODUJPO� $JSDVMBS GVODUJPOT BMTP SFQFBU UIFNTFMWFT BOE XF DBMM
UIF TNBMMFTU WBMVF PG p GPS XIJDI f (x + p) ! f (x) GPS BMM x UIF QFSJPE PG UIF GVODUJPO�
5IF QFSJPE PG B DJSDVMBS GVODUJPO DPSSFTQPOET UP UIF DJSDVNGFSFODF PG UIF DJSDMF UIBU
HFOFSBUFT UIF GVODUJPO�

ə /PO�DPOTUBOU MJOFBS GVODUJPOT BSF FJUIFS BMXBZT JODSFBTJOH PS BMXBZT EFDSFBTJOH� RVB�
ESBUJD GVODUJPOT BSF FJUIFS BMXBZT DPODBWF VQ PS BMXBZT DPODBWF EPXO� $JSDVMBS GVOD�
UJPOT BSF TPNFUJNFT JODSFBTJOH BOE TPNFUJNFT EFDSFBTJOH QMVT TPNFUJNFT DPODBWF VQ
BOE TPNFUJNFT DPODBWF EPXO� 5IFTF CFIBWJPST BSF DMPTFMZ UJFE UP UIF HFPNFUSZ PG UIF
DJSDMF�

����� &YFSDJTFT

�� -FU y ! f (x) CF B QFSJPEJD GVODUJPO XIPTF WBMVFT BSF HJWFO CFMPX� 'JOE UIF QFSJPE
BNQMJUVEF BOE NJEMJOF�

Y � �� �� �� �� ��� ��� ��� ���
G	Y
 �� �� �� �� �� �� �� �� ��

�� " GFSSJT XIFFM JT ��� NFUFST JO EJBNFUFS BOE CPBSEFE BU JUT MPXFTU QPJOU 	� 0ɒ$MPDL

GSPN B QMBUGPSN XIJDI JT � NFUFST BCPWF HSPVOE� 5IF XIFFM NBLFT POF GVMM SPUBUJPO
FWFSZ �� NJOVUFT BOE BU UJNF t ! 0 ZPV BSF BU UIF MPBEJOH QMBUGPSN 	� 0ɒ$MPDL
� -FU
h ! f (t) EFOPUF ZPVS IFJHIU BCPWF HSPVOE JO NFUFST BGUFS t NJOVUFT�

	B
 8IBU JT UIF QFSJPE PG UIF GVODUJPO h ! f (t) 
	C
 8IBU JT UIF NJEMJOF PG UIF GVODUJPO h ! f (t) 
	D
 8IBU JT UIF BNQMJUVEF PG UIF GVODUJPO h ! f (t) 
	E
 $POTJEFS UIF TJY QPTTJCMF HSBQIT PG h ! f (t) CFMPX� #F TVSF UP DBSFGVMMZ SFBE UIF
MBCFMT PO UIF BYFT JO PSEFS EJTUJOHVJTI UIF LFZ GFBUVSFT PG FBDI HSBQI�

8IJDI 	JG BOZ
 PG UIF HSBQIT "�' SFQSFTFOUT UXP GVMM SFWPMVUJPOT PG UIF GFSSJT XIFFM
EFTDSJCFE BCPWF 
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" # $

% & '

�� "XFJHIU JT TVTQFOEFE GSPN UIF DFJMJOH CZ B TQSJOH� -FU d CF UIF EJTUBODF JO DFOUJNFUFST
GSPN UIF DFJMJOH UP UIF XFJHIU� 8IFO UIF XFJHIU JT NPUJPOMFTT d ! 11 DN� *G UIF XFJHIU
JT EJTUVSCFE JU CFHJOT UP CPC VQ BOE EPXO PS PTDJMMBUF� 5IFO d JT B QFSJPEJD GVODUJPO
PG t UIF UJNF JO TFDPOET TP d ! f (t)� $POTJEFS UIF HSBQI PG d ! f (t) CFMPX XIJDI
SFQSFTFOUT UIF EJTUBODF PG UIF XFJHIU GSPN UIF DFJMJOH BU UJNF t�

	B
 #BTFE PO UIF HSBQI PG d ! f (t) BCPWF XIJDI PG UIF TUBUFNFOUT CFMPX DPSSFDUMZ
EFTDSJCFT UIF NPUJPO PG UIF XFJHIU BT JU CPCT VQ BOE EPXO 

! 5IF XFJHIU TUBSUT DMPTFTU UP UIF ЛPPS BOE CFHJOT CZ CPVODJOH VQ UPXBSET UIF
DFJMJOH�

! 5IF XFJHIU TUBSUT DMPTFTU UP UIF DFJMJOH BOE CFHJOT CZ TUSFUDIJOH UIF TQSJOH EPXO
UPXBSET UIF ЛPPS�

! 5IF TQSJOH TUBSUT BU JUT BWFSBHF EJTUBODF CFUXFFO UIF DFJMJOH BOE ЛPPS BOE CFHJOT
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CZ TUSFUDIJOH UIF TQSJOH EPXO UPXBSET UIF ЛPPS�

! /POF PG UIF BCPWF

	C
 )PX MPOH EPFT JU UBLF UIF XFJHIU UP CPVODF DPNQMFUFMZ VQ BOE EPXO 	PS EPXO BOE
VQ
 BOE SFUVSO UP JUT TUBSUJOH QPTJUJPO 

	D
 8IBU JT UIF DMPTFTU UIF XFJHIU HFUT UP UIF DFJMJOH 

	E
 8IBU JT UIF GVSUIFTU UIF XFJHIUT HFUT GSPN UIF DFJMJOH 

	F
 8IBU JT UIF BNQMJUEVF PG UIF HSBQI PG d ! f (t) 

�� 5IF UFNQFSBUVSF PG B DIFNJDBM SFBDUJPO PTDJMMBUFT CFUXFFO B MPX PG 10 ◦C BOE B IJHI PG
135 ◦C� 5IF UFNQFSBUVSF JT BU JUT MPXFTU QPJOU BU UJNF t ! 0 BOE SFBDIFT JUT NBYJNVN
QPJOU PWFS B UXP BOE B IBMG IPVS QFSJPE� *U UIFO UBLFT UIF TBNF BNPVOU PG UJNF UP SFUVSO
CBDL UP JUT JOJUJBM UFNQFSBUVSF� -FU y ! H(t) EFOPUF UIF UFNQFSBUVSF PG UIF SFBDUJPO t
IPVST BGUFS UIF SFBDUJPO CFHJOT�

	B
 8IBU JT UIF QFSJPE PG UIF GVODUJPO y ! H(t) 
	C
 8IBU JT UIF NJEMJOF PG UIF GVODUJPO y ! H(t) 
	D
 8IBU JT UIF BNQMJUVEF PG UIF GVODUJPO y ! H(t) 
	E
 #BTFE PO ZPVS BOTXFST BCPWF NBLF B HSBQI PG UIF GVODUJPO y ! H(t) PO B QJFDF PG
QBQFS� 8IJDI PG UIF HSBQIT CFMPX CFTU NBUDIFT ZPVS HSBQI 

" #

$ %
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�� $POTJEFS UIF DJSDMF QJDUVSFE JO 'JHVSF ������ UIBU JT DFOUFSFE BU UIF QPJOU (2, 2) BOE UIBU
IBT DJSDVNGFSFODF 8� 4VQQPTF UIBU XF USBDL UIF x�DPPSEJOBUF 	UIBU JT UIF IPSJ[POUBM
MPDBUJPO XIJDI XF XJMM DBMM k
 PG B QPJOU UIBU JT USBWFSTJOH UIF DJSDMF DPVOUFSDMPDLXJTF
BOE UIBU JU TUBSUT BU P0 BT QJDUVSFE�

1 2 3

1

2

3

P0

P1

(2,2)

'JHVSF ������� " QPJOU
USBWFSTJOH UIF DJSDMF�

k

d

'JHVSF ������� "YFT GPS QMPUUJOH k BT B GVODUJPO PG d�

3FDBMM UIBU JO"DUJWJUZ �����XF JEFOUJКFE UIF FYBDU BOE BQQSPYJNBUF WFSUJDBM DPPSEJOBUFT
PG BMM 8 OPUFE QPJOUT PO UIF VOJU DJSDMF� *O BEEJUJPO SFDBMM UIBU UIF SBEJVT PG UIF DJSDMF JT
r ! 8

2π ≈ 1.2732�

B� 8IBU JT UIF FYBDU IPSJ[POUBM DPPSEJOBUF PG P0 8IZ 

C� $PNQMFUF UIF FOUSJFT JO 5BCMF ������ UIBU USBDL UIF IPSJ[POUBM MPDBUJPO k PG UIF
QPJOU USBWFSTJOH UIF DJSDMF BT B GVODUJPO PG EJTUBODF USBWFMFE d�

d 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
k 0.73

5BCMF ������� %BUB GPS h BT B GVODUJPO PG d�

D� #Z QMPUUJOH UIF QPJOUT JO 5BCMF ������ BOE DPOOFDUJOH UIFN JO BO JOUVJUJWF XBZ
TLFUDI B HSBQI PG k BT B GVODUJPO PG d PO UIF BYFT QSPWJEFE JO 'JHVSF ������ PWFS
UIF JOUFSWBM 0 ≤ d ≤ 16� $MFBSMZ MBCFM UIF TDBMF PG ZPVS BYFT BOE UIF DPPSEJOBUFT
PG TFWFSBM JNQPSUBOU QPJOUT PO UIF DVSWF�

E� 8IBU JT TJNJMBS BCPVU ZPVS HSBQI JO DPNQBSJTPO UP UIF POF JO 'JHVSF ����� 8IBU
JT EJЙFSFOU 

F� 8IBU XJMM CF UIF WBMVF PG k XIFO d ! 51 )PX BCPVU XIFO d ! 102 

�� 5XP DJSDVMBS GVODUJPOT f BOE ! BSF HFOFSBUFE CZ USBDLJOH UIF y�DPPSEJOBUF PG B QPJOU
USBWFSTJOH UXP EJЙFSFOU DJSDMFT� 5IF SFTVMUJOH HSBQIT BSF TIPXO JO 'JHVSF ������ BOE
'JHVSF ������� "TTVNJOH UIF IPSJ[POUBM TDBMF NBUDIFT UIF WFSUJDBM TDBMF BOTXFS UIF
GPMMPXJOH RVFTUJPOT GPS FBDI PG UIF GVODUJPOT f BOE !�
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2

4

6

8

10

12
h

t

h = f (t)

'JHVSF ������� " QMPU PG UIF DJSDVMBS
GVODUJPO f �

2

4

6

8

10

12
h

t

h = g(t)

'JHVSF ������� " QMPU PG UIF DJSDVMBS
GVODUJPO !�

B� "TTVNF UIBU UIF DJSDMF VTFE UP HFOFSBUF UIF DJSDVMBS GVODUJPO JT DFOUFSFE BU UIF
QPJOU (0,m) BOE IBT SBEJVT r� 8IBU BSF UIF OVNFSJDBM WBMVFT PG m BOE r 8IZ 

C� 8IBU BSF UIF DPPSEJOBUFT PG UIF MPDBUJPO PO UIF DJSDMF BU XIJDI UIF QPJOU CFHJOT
JUT USBWFSTF 4BJE EJЙFSFOUMZ XIBU QPJOU PO UIF DJSDMF DPSSFTQPOET UP t ! 0 PO UIF
GVODUJPOɒT HSBQI 

D� 8IBU JT UIF QFSJPE PG UIF GVODUJPO )PX JT UIJT DPOOFDUFE UP UIF DJSDMF BOE UP UIF
TDBMF PO UIF IPSJ[POUBM BYFT PO XIJDI UIF GVODUJPO JT HSBQIFE 

E� )PXXPVME UIF HSBQI MPPL JG UIF DJSDMFɒT SBEJVT XBT 1 VOJU MBSHFS 1 VOJU TNBMMFS 
�� "QFSTPO HPFT GPS B SJEF PO B GFSSJT XIFFM� 5IFZ FOUFS POF PG UIF DBST BU UIF MPXFTU QPTTJ�

CMF QPJOU PO UIF XIFFM GSPN B QMBUGPSN 7 GFFU PЙ UIF HSPVOE� 8IFO UIFZ BSF BU UIF WFSZ
UPQ PG UIF XIFFM UIFZ BSF 92 GFFU PЙ UIF HSPVOE� -FU h SFQSFTFOU UIF IFJHIU PG UIF DBS 	JO
GFFU
 BOE d 	JO GFFU
 UIF EJTUBODF UIF DBS IBT USBWFMFE BMPOH UIF XIFFMɒT DJSDVNGFSFODF
GSPN JUT TUBSUJOH MPDBUJPO BU UIF CPUUPN PG UIF XIFFM� 8FɒMM VTF UIF OPUBUJPO h ! f (d)
GPS IPX IFJHIU JT B GVODUJPO PG EJTUBODF USBWFMFE�

B� )PX IJHI BCPWF UIF HSPVOE JT UIF DFOUFS PG UIF GFSSJT XIFFM 

C� )PX GBS EPFT UIF DBS USBWFM JO POF DPNQMFUF USJQ BSPVOE UIF XIFFM 

D� 'PS UIF DJSDVMBS GVODUJPO h ! f (d) XIBU JT JUT BNQMJUVEF NJEMJOF QFSJPE 

E� 4LFUDI BO BDDVSBUF HSBQI PG h UISPVHI BU MFBTU UXP GVMM QFSJPET� $MFBSMZ MBCFM UIF
TDBMF PO UIF IPSJ[POUBM BOE WFSUJDBM BYFT BMPOH XJUI TFWFSBM JNQPSUBOU QPJOUT�
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5.3 right triangles

5.3.1 right triangles/ratios (Active Prelude to Calculus)

5.3.2 using inverse trig functions to find angles in triangles (Active

Prelude to Calculus)

5.3.3 defining trig functions with right triangles, special right tri-

angles, using trig functions to find side length and in appli-

cations (OpenStax Algebra and Trigonometry)

5.3.4 defining trig functions with unit circle (OpenStax Algebra

and Trigonometry)
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��� 3JHIU USJBOHMFT

.PUJWBUJOH 2VFTUJPOT

ə )PX DBOXF WJFX cos(θ) BOE sin(θ) BT TJEF MFOHUIT JO SJHIU USJBOHMFTXJUI IZQPUFOVTF
1 

ə 8IZ DBO CPUI cos(θ) BOE sin(θ) CF UIPVHIU PG BT SBUJPT PG DFSUBJO TJEF MFOHUIT JO BOZ
SJHIU USJBOHMF 

ə 8IBU JT UIF NJOJNVN BNPVOU PG JOGPSNBUJPO XF OFFE BCPVU B SJHIU USJBOHMF JO PSEFS
UP DPNQMFUFMZ EFUFSNJOF BMM PG JUT TJEFT BOE BOHMFT 

*O 4FDUJPO ��� XF EFКOFE UIF DPTJOF BOE TJOF GVODUJPOT BT UIF GVODUJPOT UIBU USBDL UIF MP�
DBUJPO PG B QPJOU USBWFSTJOH UIF VOJU DJSDMF DPVOUFSDMPDLXJTF GSPN (1, 0)� *O QBSUJDVMBS GPS B
DFOUSBM BOHMF PG SBEJBO NFBTVSF t UIBU QBTTFT UISPVHI UIF QPJOU (1, 0) XF EFКOF cos(t) BT
UIF x�DPPSEJOBUF PG UIF QPJOU XIFSF UIF PUIFS TJEF PG UIF BOHMF JOUFSTFDUT UIF VOJU DJSDMF BOE
sin(t) BT UIF y�DPPSEJOBUF PG UIBU TBNF QPJOU BT QJDUVSFE JO 'JHVSF ������

#Z DIBOHJOH PVS QFSTQFDUJWF TMJHIUMZ XF DBO TFF UIBU JU JT FRVJWBMFOU UP UIJOL PG UIF WBMVFT PG
UIF TJOF BOE DPTJOF GVODUJPO BT SFQSFTFOUJOH UIF MFOHUIT PG MFHT JO SJHIU USJBOHMFT� 4QFDJКDBMMZ
HJWFO B DFOUSBM BOHMFy θ JG XF UIJOL PG UIF SJHIU USJBOHMF XJUI WFSUJDFT (cos(θ), 0) (0, 0) BOE
(cos(θ), sin(θ)) UIFO UIF MFOHUI PG UIF IPSJ[POUBM MFH JT cos(θ) BOE UIF MFOHUI PG UIF WFSUJDBM
MFH JT sin(θ) BT TFFO JO 'JHVSF ������

y*O PVSXPSLXJUI SJHIU USJBOHMFT XFɒMM PGUFO SFQSFTFOU UIF BOHMF CZ θ BOE UIJOL PG UIJT BOHMF BT КYFE BT PQQPTFE
UP PVS QSFWJPVT VTF PG t XIFSF XF GSFRVFOUMZ UIJOL PG t BT DIBOHJOH�
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(cos(t),sin(t))

(1,0)

1

t

'JHVSF ������ 5IF WBMVFT PG cos(t) BOE
sin(t) BT DPPSEJOBUFT PO UIF VOJU DJSDMF�

cos(θ)

sin(θ)
1

θ

'JHVSF ������ 5IF WBMVFT PG cos(θ) BOE
sin(θ) BT UIF MFOHUIT PG UIF MFHT PG B SJHIU
USJBOHMF�

5IJT SJHIU USJBOHMF QFSTQFDUJWF FOBCMFT VT UP VTF UIF TJOF BOE DPTJOF GVODUJPOT UP EFUFSNJOF
NJTTJOH JOGPSNBUJPO JO DFSUBJO SJHIU USJBOHMFT� 5IF КFME PGNBUIFNBUJDT UIBU TUVEJFT SFMBUJPO�
TIJQT BNPOH UIF BOHMFT BOE TJEFT PG USJBOHMFT JT DBMMFE USJHPOPNFUSZ� *O BEEJUJPO JUɒT JNQPS�
UBOU UP SFDBMM CPUI UIF 1ZUIBHPSFBO 5IFPSFN BOE UIF 'VOEBNFOUBM 5SJHPOPNFUSJD *EFOUJUZ�
5IF GPSNFS TUBUFT UIBU JO BOZ SJHIU USJBOHMF XJUI MFHT PG MFOHUI a BOE b BOE IZQPUFOVTF

PG MFOHUI c JU GPMMPXT a2 + b2 ! c2� 5IF MBUUFS XIJDI JT B TQFDJBM DBTF PG UIF 1ZUIBHPSFBO
5IFPSFN TBZT UIBU GPS BOZ BOHMF θ cos2(θ) + sin2(θ) ! 1�

1SFWJFX "DUJWJUZ ������ 'PS FBDI PG UIF GPMMPXJOH TJUVBUJPOT TLFUDI B SJHIU USJBOHMF
UIBU TBUJTКFT UIF HJWFO DPOEJUJPOT BOE UIFO FJUIFS EFUFSNJOF UIF SFRVFTUFE NJTTJOH
JOGPSNBUJPO JO UIF USJBOHMF PS FYQMBJO XIZ ZPV EPOɒU IBWF FOPVHI JOGPSNBUJPO UP EF�
UFSNJOF JU� "TTVNF UIBU BMM BOHMFT BSF CFJOH DPOTJEFSFE JO SBEJBO NFBTVSF�

B� 5IF MFOHUI PG UIF PUIFS MFH PG B SJHIU USJBOHMF XJUI IZQPUFOVTF PG MFOHUI 1 BOE
POF MFH PG MFOHUI 3

5 �

C� 5IF MFOHUIT PG UIF UXP MFHT JO B SJHIU USJBOHMF XJUI IZQPUFOVTF PG MFOHUI 1 XIFSF
POF PG UIF OPO�SJHIU BOHMFT NFBTVSFT π3 �

D� 5IF MFOHUI PG UIF PUIFS MFH PG B SJHIU USJBOHMF XJUI IZQPUFOVTF PG MFOHUI 7 BOE
POF MFH PG MFOHUI 6�

E� 5IF MFOHUIT PG UIF UXP MFHT JO B SJHIU USJBOHMF XJUI IZQPUFOVTF 5 BOE XIFSF POF
PG UIF OPO�SJHIU BOHMFT NFBTVSFT π4 �

F� 5IF MFOHUI PG UIF PUIFS MFH PG B SJHIU USJBOHMF XJUI IZQPUFOVTF PG MFOHUI 1 BOE
POF MFH PG MFOHUI cos(0.7)�

G� 5IF NFBTVSFT PG UIF UXP BOHMFT JO B SJHIU USJBOHMF XJUI IZQPUFOVTF PG MFOHUI 1
XIFSF UIF UXP MFHT IBWF MFOHUIT cos(1.1) BOE sin(1.1) SFTQFDUJWFMZ�
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����� 5IF HFPNFUSZ PG USJBOHMFT

*O UIF TUVEZ PG GVODUJPOT MJOFBS GVODUJPOT BSF UIF TJNQMFTU PG BMM BOE GPSN B GPVOEBUJPO GPS
PVS VOEFSTUBOEJOH PG GVODUJPOT UIBU IBWF PUIFS TIBQFT� *O UIF TUVEZ PG HFPNFUSJD TIBQFT
	QPMZHPOT DJSDMFT BOE NPSF
 UIF TJNQMFTU КHVSF PG BMM JT UIF USJBOHMF BOE VOEFSTUBOEJOH
USJBOHMFT JT GPVOEBUJPOBM UP VOEFSTUBOEJOH NBOZ PUIFS HFPNFUSJD JEFBT� 5P CFHJO XF MJTU
TPNF GBNJMJBS BOE JNQPSUBOU GBDUT BCPVU USJBOHMFT�

ə "OZ USJBOHMF IBT 6 JNQPSUBOU GFBUVSFT� 3 TJEFT BOE 3 BOHMFT�

ə *O BOZ USJBOHMF JO UIF $BSUFTJBO QMBOF UIF TVN PG UIF NFBTVSFT PG UIF JOUFSJPS BOHMFT
JT π SBEJBOT 	PS FRVJWBMFOUMZ 180◦
�

ə *O BOZ USJBOHMF JO UIF QMBOF LOPXJOH UISFF PG UIF TJY GFBUVSFT PG B USJBOHMF JT PGUFO
FOPVHI JOGPSNBUJPO UP EFUFSNJOF UIF NJTTJOH UISFF GFBUVSFT�r

5IF TJUVBUJPO JT FTQFDJBMMZ OJDF GPS SJHIU USJBOHMFT CFDBVTF UIFO XF POMZ IBWF КWF VOLOPXO
GFBUVSFT TJODF POF PG UIF BOHMFT JT π2 SBEJBOT 	PS 90◦
 BT EFNPOTUSBUFE JO 'JHVSF ������ *G XF
LOPX POF PG UIF UXP OPO�SJHIU BOHMFT UIFOXF LOPX UIF PUIFS BTXFMM� .PSFPWFS JG XF LOPX
BOZ UXP TJEFT XF DBO JNNFEJBUFMZ EFEVDF UIF UIJSE CFDBVTF PG UIF 1ZUIBHPSFBO 5IFPSFN�
"T XF TBX JO 1SFWJFX "DUJWJUZ ����� UIF DPTJOF BOE TJOF GVODUJPOT PЙFS BEEJUJPOBM IFMQ
JO EFUFSNJOJOH NJTTJOH JOGPSNBUJPO JO SJHIU USJBOHMFT� *OEFFE XIJMF UIF GVODUJPOT cos(t)
BOE sin(t) IBWF NBOZ JNQPSUBOU BQQMJDBUJPOT JO NPEFMJOH QFSJPEJD QIFOPNFOB TVDI BT PT�
DJBMMBUJOH NBTTFT PO TQSJOHT UIFZ BMTP КOE QPXFSGVM BQQMJDBUJPO JO TFUUJOHT JOWPMWJOH SJHIU
USJBOHMFT TVDI BT JO OBWJHBUJPO BOE TVSWFZJOH�

β

α

a

b

c

'JHVSF ������ 5IF 5 QPUFOUJBM VOLOPXOT JO B SJHIU USJBOHMF�

#FDBVTF XF LOPX UIF WBMVFT PG UIF DPTJOF BOE TJOF GVODUJPOT GSPN UIF VOJU DJSDMF SJHIU USJBO�
HMFT XJUI IZQPUFOUVTF 1 BSF UIF FBTJFTU POFT JO XIJDI UP EFUFSNJOF NJTTJOH JOGPSNBUJPO� *O
BEEJUJPO XF DBO SFMBUF BOZ PUIFS SJHIU USJBOHMF UP B SJHIU USJBOHMF XJUI IZQPUFOVTF 1 UISPVHI
UIF DPODFQU PG TJNJMBSJUZ� 3FDBMM UIBU UXP USJBOHMFT BSF TJNJMBS QSPWJEFE UIBU POF JT B NBH�
OJКDBUJPO PG UIF PUIFS� .PSF QSFDJTFMZ UXP USJBOHMFT BSF TJNJMBS XIFOFWFS UIFSF JT TPNF

r'PSNBMMZ UIJT JEFB SFMJFT PO XIBU BSF DBMMFE DPOHSVFODF DSJUFSJB� 'PS JOTUBODF JG XF LOPX UIF MFOHUIT PG BMM UISFF
TJEFT UIFO UIF BOHMF NFBTVSFT PG UIF USJBOHMF BSF VOJRVFMZ EFUFSNJOFE� 5IJT JT DBMMFE UIF 4JEF�4JEF�4JEF $SJUFSJPO
	444
� :PV BSF MJLFMZ GBNJMJBS XJUI 444 BTXFMM BT 4"4 	4JEF�"OHMF�4JEF
 "4" BOE""4XIJDI BSF UIF GPVS TUBOEBSE
DSJUFSJB�
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DPOTUBOU k TVDI UIBU FWFSZ TJEF JO POF USJBOHMF JT k UJNFT BT MPOH BT UIF DPSSFTQPOEJOH TJEF
JO UIF PUIFS BOE UIF DPSSFTQPOEJOH BOHMFT JO UIF UXP USJBOHMFT BSF FRVBM� "O JNQPSUBOU
SFTVMU GSPN HFPNFUSZ UFMMT VT UIBU JG UXP USJBOHMFT BSF LOPXO UP IBWF BMM UISFF PG UIFJS DPSSF�
TQPOEJOH BOHMFT FRVBM UIFO JU GPMMPXT UIBU UIF UXP USJBOHMFT BSF TJNJMBS BOE UIFSFGPSF UIFJS
DPSSFTQPOEJOH TJEFT NVTU CF QSPQPSUJPOBUF UP POF BOPUIFS�

"DUJWJUZ ������ $POTJEFS SJHIU USJBOHMF OPQ HJWFO JO 'JHVSF ����� BOE BTTVNF UIBU
UIF MFOHUI PG UIF IZQPUFOVTF JT OP ! r GPS TPNF DPOTUBOU r > 1� -FU QPJOU M MJF PO
OP CFUXFFO O BOE P JO TVDI B XBZ UIBU OM ! 1 BOE MFU QPJOU N MJF PO OQ TP UIBU
∠ONM JT B SJHIU BOHMF BT QJDUVSFE� *O BEEJUJPO BTTVNF UIBU QPJOU O DPSSFTQPOET UP
(0, 0) QPJOU Q UP (x , 0) BOE QPJOU P UP (x , y) TP UIBU OQ ! x BOE PQ ! y� 'JOBMMZ MFU
θ CF UIF NFBTVSF PG ∠POQ�

θ

x

y

r

1

O N

M

Q

P

'JHVSF ������ 5XP SJHIU USJBOHMFT !OPQ BOE !OMN �

B� &YQMBJO XIZ !OPQ BOE !OMN BSF TJNJMBS USJBOHMFT�

C� 8IBU JT UIF WBMVF PG UIF SBUJP OP
OM  8IBU EPFT UIJT UFMM ZPV BCPVU UIF SBUJPT OQ

ON
BOE PQ

MN  

D� 8IBU JT UIF WBMVF PG ON JO UFSNT PG θ 8IBU JT UIF WBMVF PG MN JO UFSNT PG θ 

E� 6TF ZPVS DPODMVTJPOT JO 	C
 BOE 	D
 UP FYQSFTT UIF WBMVFT PG x BOE y JO UFSNT PG
r BOE θ�

����� 3BUJPT PG TJEFT JO SJHIU USJBOHMFT

" SJHIU USJBOHMF XJUI B IZQPUFOVTF PG MFOHUI 1 DBO CF WJFXFE BT MZJOH JO TUBOEBSE QPTJUJPO
JO UIF VOJU DJSDMF XJUI POF WFSUFY BU UIF PSJHJO BOE POF MFH BMPOH UIF QPTJUJWF x�BYJT� *G
XF MFU UIF BOHMF GPSNFE CZ UIF IZQPUFOVTF BOE UIF IPSJ[POUBM MFH IBWF NFBTVSF θ UIFO
UIF SJHIU USJBOHMF XJUI IZQPUFOVTF 1 IBT IPSJ[POUBM MFH PG MFOHUI cos(θ) BOE WFSUJDBM MFH PG
MFOHUI sin(θ)� *G XF DPOTJEFS OPX DPOTJEFS B TJNJMBS SJHIU USJBOHMF XJUI IZQPUFOVTF PG MFOHUI
r ! 1 XF DBO WJFX UIBU USJBOHMF BT B NBHOJКDBUJPO PG B USJBOHMF XJUI IZQPUFOVTF 1� 5IFTF
PCTFSWBUJPOT DPNCJOFE XJUI PVS XPSL JO "DUJWJUZ ����� TIPX VT UIBU UIF IPSJ[POUBM MFHT
PG UIF SJHIU USJBOHMF XJUI IZQPUFOVTF r IBWF NFBTVSF r cos(θ) BOE r sin(θ) BT QJDUVSFE JO
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'JHVSF ������

θ

cos(θ)
r cos(θ)

sin(θ)

r sin(θ)

r

1

'JHVSF ������ 5IF SPMFT PG r BOE θ JO B SJHIU USJBOHMF�

'SPN UIF TJNJMBS USJBOHMFT JO 'JHVSF ����� XF DBONBLF BO JNQPSUBOU PCTFSWBUJPO BCPVU SBUJPT
JO SJHIU USJBOHMFT� #FDBVTF UIF USJBOHMFT BSF TJNJMBS UIF SBUJPT PG DPSSFTQPOEJOH TJEFT NVTU
CF FRVBM TP JG XF DPOTJEFS UIF UXP IZQPUFOVTFT BOE UIF UXP IPSJ[POUBM MFHT XF IBWF

r
1 !

r cos(θ)
cos(θ) � 	�����


*G XF SFBSSBOHF &RVBUJPO 	�����
 CZ EJWJEJOH CPUI TJEFT CZ r BOE NVMUJQMZJOH CPUI TJEFT CZ
cos(θ) XF TFF UIBU

cos(θ)
1 !

r cos(θ)
r

� 	�����


'SPN B HFPNFUSJD QFSTQFDUJWF &RVBUJPO 	�����
 UFMMT VT UIBU UIF SBUJP PG UIF IPSJ[POUBM MFH PG
B SJHIU USJBOHMF UP UIF IZQPUFOVTF PG UIF USJBOHMF JT BMXBZT UIF TBNF 	SFHBSEMFTT PG r
 BOE
UIBU UIF WBMVF PG UIBU SBUJP JT cos(θ) XIFSF θ JT UIF BOHMF BEKBDFOU UP UIF IPSJ[POUBM MFH� *O
BO BOBMPHPVT XBZ UIF FRVBUJPO JOWPMWJOH UIF IZQPUFOVTFT BOE WFSUJDBM MFHT PG UIF TJNJMBS
USJBOHMFT JT

r
1 !

r sin(θ)
sin(θ)  	�����


XIJDI DBO CF SFBSSBOHFE UP

sin(θ)
1 !

r sin(θ)
r

� 	�����


&RVBUJPO 	�����
 TIPXT UIBU UIF SBUJP PG UIF WFSUJDBM MFH PG B SJHIU USJBOHMF UP UIF IZQPUFOVTF
PG UIF USJBOHMF JT BMXBZT UIF TBNF 	SFHBSEMFTT PG r
 BOE UIBU UIF WBMVF PG UIBU SBUJP JT sin(θ)
XIFSF θ JT UIF BOHMF PQQPTJUF UIF WFSUJDBM MFH� 8F TVNNBSJ[F UIFTF SFDFOU PCTFSWBUJPOT BT
GPMMPXT�
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3BUJPT JO SJHIU USJBOHMFT�

*O B SJHIU USJBOHMF XIFSF POF PG UIF OPO�SJHIU BO�
HMFT JT θ BOE ɔBEKɕ EFOPUFT UIF MFOHUI PG UIF MFH
BEKBDFOU UP θ ɔPQQɕ UIF MFOHUI UIF TJEF PQQPTJUF
θ BOE ɔIZQɕ UIF MFOHUI PG UIF IZQPUFOVTF

cos(θ) ! BEK
IZQ BOE sin(θ) ! PQQ

IZQ �

adj

opp
hyp

θ

"DUJWJUZ ������ *O FBDI PG UIF GPMMPXJOH TDFOBSJPT JOWPMWJOH B SJHIU USJBOHMF EFUFSNJOF
UIF FYBDU WBMVFT PG BT NBOZ PG UIF SFNBJOJOH TJEF MFOHUIT BOE BOHMF NFBTVSFT 	JO
SBEJBOT
 UIBU ZPV DBO� *G UIFSF BSF RVBOUJUJFT UIBU ZPV DBOOPU EFUFSNJOF FYQMBJO XIZ�
'PS FWFSZ QSPNQU ESBX B MBCFMFE EJBHSBN PG UIF TJUVBUJPO�

B� " SJHIU USJBOHMF XJUI IZQPUFOVTF 7 BOE POF OPO�SJHIU BOHMF PG NFBTVSF π7 �

C� " SJHIU USJBOHMF XJUI OPO�SJHIU BOHMF α UIBU TBUJTКFT sin(α) ! 3
5 �

D� " SJHIU USJBOHMF XIFSF POF PG UIF OPO�SJHIU BOHMFT JT β ! 1.2 BOE UIF IZQPUFOVTF
IBT MFOHUI 2.7�

E� " SJHIU USJBOHMF XJUI IZQPUFOVTF 13 BOE POF MFH PG MFOHUI 6.5�

F� " SJHIU USJBOHMF XJUI MFHT PG MFOHUI 5 BOE 12�

G� " SJHIU USJBOHMF XIFSF POF PG UIF OPO�SJHIU BOHMFT JT β ! π
5 BOE UIF MFH PQQPTJUF

UIJT BOHMF IBT MFOHUI 4�

����� 6TJOH B SBUJP JOWPMWJOH TJOF BOE DPTJOF

*O "DUJWJUZ ����� XF GPVOE UIBU JO NBOZ DBTFT XIFSF XF IBWF B SJHIU USJBOHMF LOPXJOH UXP
BEEJUJPOBM QJFDFT PG JOGPSNBUJPO FOBCMFT VT UP КOE UIF SFNBJOJOH UISFF VOLOPXO RVBOUJUJFT
JO UIF USJBOHMF� "U UIJT QPJOU JO PVS TUVEJFT UIF GPMMPXJOH HFOFSBM QSJODJQMFT IPME�

.JTTJOH JOGPSNBUJPO JO SJHIU USJBOHMFT�

*O BOZ SJHIU USJBOHMF
�� JG XF LOPX POF PG UIF OPO�SJHIU BOHMFT BOE UIF MFOHUI PG UIF IZQPUFOVTF XF

DBO КOE CPUI UIF SFNBJOJOH OPO�SJHIU BOHMF BOE UIF MFOHUIT PG UIF UXP MFHT�

�� JG XF LOPX UIF MFOHUI PG UXP TJEFT PG UIF USJBOHMF UIFO XF DBO КOE UIF MFOHUI
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PG UIF PUIFS TJEF�

�� JG XF LOPX UIF NFBTVSF PG POF OPO�SJHIU BOHMF UIFO XF DBO КOE UIF NFBTVSF
PG UIF SFNBJOJOH BOHMF�

*O TDFOBSJP 	��
 BMM 6 GFBUVSFT PG UIF USJBOHMF BSF OPU POMZ EFUFSNJOFE CVU XF BSF BCMF UP КOE
UIFJS WBMVFT� *O 	��
 UIF USJBOHMF JT VOJRVFMZ EFUFSNJOFE CZ UIF HJWFO JOGPSNBUJPO CVU BT
JO "DUJWJUZ ����� QBSUT 	E
 BOE 	F
 XIJMF XF LOPX UIF WBMVFT PG UIF TJOF BOE DPTJOF PG UIF
BOHMFT JO UIF USJBOHMF XF IBWFOɒU ZFU EFWFMPQFE B XBZ UP EFUFSNJOF UIF NFBTVSFT PG UIPTF
BOHMFT� 'JOBMMZ JO TDFOBSJP 	��
 UIF USJBOHMF JT OPU VOJRVFMZ EFUFSNJOFE TJODF BOZ NBHOJКFE
WFSTJPO PG UIF USJBOHMF XJMM IBWF UIF TBNF UISFF BOHMFT BT UIF HJWFO POF BOE UIVT XF OFFE
NPSF JOGPSNBUJPO UP EFUFSNJOF TJEF MFOHUI�

8FXJMM SFWJTJU TDFOBSJP 	�
 JO PVS GVUVSFXPSL� /PX IPXFWFS XFXBOU UP DPOTJEFS B TJUVBUJPO
UIBU JT TJNJMBS UP 	�
 CVU XIFSF JU JT POF MFH PG UIF USJBOHMF JOTUFBE PG UIF IZQPUFOVTF UIBU JT
LOPXO� 8F FODPVOUFSFE UIJT JO "DUJWJUZ ����� QBSU 	G
� B SJHIU USJBOHMF XIFSF POF PG UIF
OPO�SJHIU BOHMFT JT β ! π

5 BOE UIF MFH PQQPTJUF UIJT BOHMF IBT MFOHUI 4�

&YBNQMF �����
$POTJEFS B SJHIU USJBOHMF JO XIJDI POF PG UIF OPO�
SJHIU BOHMFT JT β ! π

5 BOE UIF MFH PQQPTJUF β IBT
MFOHUI 4�
%FUFSNJOF 	CPUI FYBDUMZ BOE BQQSPYJNBUFMZ
 UIF
NFBTVSFT PG BMM PG UIF SFNBJOJOH TJEFT BOE BOHMFT
JO UIF USJBOHMF�

x

4
h

β

α

'JHVSF ������ 5IF HJWFO SJHIU
USJBOHMF�

4PMVUJPO� 'SPN UIF GBDU UIBU β ! π
5  JU GPMMPXT UIBU α ! π

2 − π
5 ! 3π

10 � *O BEEJUJPO XF LOPX
UIBU

sin
(π

5

)
!

4
h

	�����


BOE
cos

(π
5

)
!

x
h

	�����


4PMWJOH &RVBUJPO 	�����
 GPS h XF TFF UIBU

h !
4

sin
( π

5
)  	�����


XIJDI JT UIF FYBDU OVNFSJDBM WBMVF PG h� 4VCTUJUVUJOH UIJT SFTVMU JO &RVBUJPO 	�����
 TPMWJOH
GPS h XF КOE UIBU

cos
(π

5

)
!

x
4

sin( π5 )
� 	�����
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4PMWJOH UIJT FRVBUJPO GPS UIF TJOHMF VOLOPXO x TIPXT UIBU

x !
4 cos

( π
5
)

sin
( π

5
) �

5IF BQQSPYJNBUF WBMVFT PG x BOE h BSF x ≈ 5.506 BOE h ≈ 6.805� !

&YBNQMF ����� EFNPOTUSBUFT UIBU B SBUJP PG WBMVFT PG UIF TJOF BOE DPTJOF GVODUJPO DBO CF
OFFEFE JO PSEFS UP EFUFSNJOF UIF WBMVF PG POF PG UIF NJTTJOH TJEFT PG B SJHIU USJBOHMF BOE
BMTP UIBU XF NBZ OFFE UP XPSL XJUI UXP VOLOPXO RVBOUJUJFT TJNVMUBOFPVTMZ JO PSEFS UP
EFUFSNJOF CPUI PG UIFJS WBMVFT�

"DUJWJUZ ������

8F XBOU UP EFUFSNJOF UIF EJTUBODF CF�
UXFFO UXP QPJOUT A BOE B UIBU BSF EJ�
SFDUMZ BDSPTT GSPN POF BOPUIFS PO PQ�
QPTJUF TJEFT PG B SJWFS BT QJDUVSFE JO
'JHVSF ������ 8F NBSL UIF MPDBUJPOT
PG UIPTF QPJOUT BOE XBML 50 NFUFST
EPXOTUSFBN GSPN B UP QPJOU P BOE VTF
B TFYUBOU UPNFBTVSF ∠BPA� *G UIFNFB�
TVSF PG ∠BPA JT 56.4◦ IPX XJEF JT UIF
SJWFS 8IBU PUIFS JOGPSNBUJPO BCPVU
UIF TJUVBUJPO DBO ZPV EFUFSNJOF 

50

56.4◦

P

A

B

'JHVSF ������ 'JOEJOH UIF XJEUI PG UIF
SJWFS�

����� 4VNNBSZ

ə *O B SJHIU USJBOHMF XJUI IZQPUFOVTF 1 XF DBO WJFX cos(θ) BT UIF MFOHUI PG UIF MFH BEKB�
DFOU UP θ BOE sin(θ) BT UIF MFOHUI PG UIF MFH PQQPTJUF θ BT TFFO JO 'JHVSF ������ 5IJT JT
TJNQMZ B DIBOHF JO QFSTQFDUJWF BDIJFWFE CZ GPDVTJOH PO UIF USJBOHMF BT PQQPTFE UP UIF
VOJU DJSDMF�

ə #FDBVTF B SJHIU USJBOHMF XJUI IZQPUFOVTF PG MFOHUI r DBO CF UIPVHIU PG BT B TDBMFE
WFSTJPO PG B SJHIU USJBOHMF XJUI IZQPUFOVTF PG MFOHUI 1 XF DBO DPODMVEF UIBU JO B SJHIU
USJBOHMF XJUI IZQPUFOVTF PG MFOHUI r UIF MFH BEKBDFOU UP BOHMF θ IBT MFOHUI r cos(θ)
BOE UIF MFH PQQPTJUF θ IBT MFOHUI r sin(θ) BT TFFO JO 'JHVSF ������ .PSFPWFS JO BOZ
SJHIU USJBOHMF XJUI BOHMF θ XF LOPX UIBU

cos(θ) ! BEK
IZQ BOE sin(θ) ! PQQ

IZQ �

ə *O B SJHIU USJBOHMF UIFSF BSF КWF BEEJUJPOBM DIBSBDUFSJTUJDT� UIF NFBTVSFT PG UIF UXP
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OPO�SJHIU BOHMFT BOE UIF MFOHUIT PG UIF UISFF TJEFT� *O HFOFSBM JG XF LOPX POF PG UIPTF
UXP BOHMFT BOE POF PG UIF UISFF TJEFT XF DBO EFUFSNJOF BMM PG UIF SFNBJOJOH QJFDFT�

����� &YFSDJTFT

�� 3FGFS UP UIF SJHIU USJBOHMF JO UIF КHVSF�

*G  BC ! 3 BOE UIF BOHMF α ! 65◦ КOE BOZ NJTTJOH BOHMFT PS TJEFT�
�� 4VQQPTF UIBU a b BOE c BSF UIF TJEFT PG B SJHIU USJBOHMF XIFSF TJEF a JT BDSPTT GSPN BOHMF

A TJEF b JT BDSPTT GSPN BOHMF B BOE TJEF c JT BDSPTT GSPN UIF SJHIU BOHMF� *G a ! 17 BOE
B ! 33◦ КOE UIF NJTTJOH TJEFT BOE BOHMFT JO UIJT SJHIU USJBOHMF� "MM BOHMFT TIPVME CF JO
EFHSFFT 	OPU SBEJBOT
 BOE BMM USJH GVODUJPOT FOUFSFE XJMM CF FWBMVBUFE JO EFHSFFT 	OPU
SBEJBOT
�

�� " QFSTPO TUBOEJOH 50 GFFU BXBZ GSPN B TUSFFUMJHIU PCTFSWFT UIBU UIFZ DBTU B TIBEPX UIBU
JT 14 GFFU MPOH� *G B SBZ PG MJHIU GSPN UIF TUSFFUMJHIU UP UIF UJQ PG UIF QFSTPOɒT TIBEPX
GPSNT BO BOHMF PG 27.5◦ XJUI UIF HSPVOE IPX UBMM JT UIF QFSTPO BOE IPX UBMM JT UIF
TUSFFUMJHIU 8IBU PUIFS JOGPSNBUJPO BCPVU UIF TJUVBUJPO DBO ZPV EFUFSNJOF 

�� " QFSTPO XBUDIJOH B SPDLFU MBVODI VTFT B MBTFS SBOHF�КOEFS UP NFBTVSF UIF EJTUBODF
GSPN UIFNTFMWFT UP UIF SPDLFU� 5IF SBOHF�КOEFS BMTP SFQPSUT UIF BOHMF BU XIJDI UIF
КOEFS JT CFJOH FMFWBUFE GSPN IPSJ[POUBM� "U B DFSUBJO JOTUBOU UIF SBOHF�КOEFS SFQPSUT
UIBU JU JT FMFWBUFE BU BO BOHMF PG 17.4◦ GSPN IPSJ[POUBM BOE UIBU UIF EJTUBODF UP UIF SPDLFU
JT 1650 NFUFST� )PXIJHI PЙ UIF HSPVOE JT UIF SPDLFU "TTVNJOH B TUSBJHIU�MJOF WFSUJDBM
QBUI GPS UIF SPDLFU UIBU JT QFSQFOEJDVMBS UP UIF FBSUI IPX GBS BXBZ XBT UIF SPDLFU GSPN
UIF SBOHF�КOEFS BU UIF NPNFOU JU XBT MBVODIFE 

�� " USPVHI JT DPOTUSVDUFE CZ CFOEJOH B 4′×24′ SFDUBOHVMBS TIFFU PGNFUBM� 5XP TZNNFUSJD
GPMET 2 GFFU BQBSU BSFNBEF QBSBMMFM UP UIF MPOHFTU TJEF PG UIF SFDUBOHMF TP UIBU UIF USPVHI
IBT DSPTT�TFDUJPOT JO UIF TIBQF PG B USBQF[PJE BT QJDUVSFE JO 'JHVSF ������ %FUFSNJOF B
GPSNVMB GPS V(θ) UIF WPMVNF PG UIF USPVHI BT B GVODUJPO PG θ�

2

1 1

θ

'JHVSF ������ " DSPTT�TFDUJPO PG UIF USPVHI�

)JOU� 5IF WPMVNF PG UIF USPVHI JT UIF BSFB PG B DSPTT�TFDUJPO UJNFT UIF MFOHUI PG UIF
USPVHI�
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��� 'JOEJOH "OHMFT

.PUJWBUJOH 2VFTUJPOT

ə )PX DBOXF VTF JOWFSTF USJHPOPNFUSJD GVODUJPOT UP EFUFSNJOFNJTTJOH BOHMFT JO SJHIU
USJBOHMFT 

ə 8IBU TJUVBUJPOT SFRVJSF VT UP VTF UFDIOPMPHZ UP FWBMVBUF JOWFSTF USJHOPNFUSJD GVOD�
UJPOT 

*O PVS FBSMJFS XPSL JO 4FDUJPO ��� BOE 4FDUJPO ��� XF PCTFSWFE UIBU JO BOZ SJHIU USJBOHMF JG
XF LOPX UIF NFBTVSF PG POF BEEJUJPOBM BOHMF BOE UIF MFOHUI PG POF BEEJUJPOBM TJEF XF DBO
EFUFSNJOF BMM PG UIF PUIFS QBSUT PG UIF USJBOHMF� 8JUI UIF JOWFSTF USJHPOPNFUSJD GVODUJPOT UIBU
XF EFWFMPQFE JO 4FDUJPO ��� XF BSF OPX BMTP BCMF UP EFUFSNJOF UIF NJTTJOH BOHMFT JO BOZ
SJHIU USJBOHMF XIFSF XF LOPX UIF MFOHUIT PG UXP TJEFT�

8IJMF UIF PSJHJOBM USJHPOPNFUSJD GVODUJPOT UBLF B QBSUJDVMBS BOHMF BT JOQVU BOE QSPWJEF BO
PVUQVU UIBU DBO CF WJFXFE BT UIF SBUJP PG UXP TJEFT PG B SJHIU USJBOHMF UIF JOWFSTF USJHPOP�
NFUSJD GVODUJPOT UBLF BO JOQVU UIBU DBO CF WJFXFE BT B SBUJP PG UXP TJEFT PG B SJHIU USJBOHMF
BOE QSPEVDF UIF DPSSFTQPOEJOH BOHMF BT PVUQVU� *OEFFE JUɒT JNQFSBUJWF UP SFNFNCFS UIBU
TUBUFNFOUT TVDI BT

arccos(x) ! θ BOE cos(θ) ! x

TBZ UIF FYBDU TBNF UIJOH GSPN UXP EJЙFSFOU QFSTQFDUJWFT BOE UIBU XF SFBE ɔarccos(x)ɕ BT
ɔUIF BOHMF XIPTF DPTJOF JT xɕ�

1SFWJFX "DUJWJUZ ������ $POTJEFS B SJHIU USJBOHMF UIBU IBT POF MFH PG MFOHUI 3 BOE
BOPUIFS MFH PG MFOHUI

√
3� -FU θ CF UIF BOHMF UIBU MJFT PQQPTJUF UIF TIPSUFS MFH�

B� 4LFUDI B MBCFMFE QJDUVSF PG UIF USJBOHMF�

C� 8IBU JT UIF FYBDU MFOHUI PG UIF USJBOHMFɒT IZQPUFOVTF 

D� 8IBU JT UIF FYBDU WBMVF PG sin(θ) 
E� 3FXSJUF ZPVS FRVBUJPO GSPN 	C
 VTJOH UIF BSDTJOF GVODUJPO JO UIF GPSN arcsin(!) !
∆ XIFSF ! BOE ∆ BSF OVNFSJDBM WBMVFT�

F� 8IBU TQFDJBM BOHMF GSPN UIF VOJU DJSDMF JT θ 

����� &WBMVBUJOH JOWFSTF USJHPOPNFUSJD GVODUJPOT

-JLF UIF USJHPOPNFUSJD GVODUJPOT UIFNTFMWFT UIFSF BSF B IBOEGVM PG JNQPSUBOU WBMVFT PG UIF
JOWFSTF USJHPOPNFUSJD GVODUJPOT UIBU XF DBO EFUFSNJOF FYBDUMZ XJUIPVU UIF BJE PG B DPN�
QVUFS� 'PS JOTUBODF XF LOPX GSPN UIF VOJU DJSDMF 	'JHVSF �����
 UIBU arcsin(−

√
3

2 ) ! −π3 
arccos(−

√
3

2 ) ! 5π
6  BOE arctan(− 1√

3
) ! −π6 � *O UIFTF FWBMVBUJPOT XF IBWF UP CF DBSFGVM UP

SFNFNCFS UIBU UIF SBOHF PG UIF BSDDPTJOF GVODUJPO JT [0, π] XIJMF UIF SBOHF PG UIF BSDTJOF
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GVODUJPO JT [−π2 , π2 ] BOE UIF SBOHF PG UIF BSDUBOHFOU GVODUJPO JT (−π2 , π2 ) JO PSEFS UP FOTVSF
UIBU XF DIPPTF UIF BQQSPQSJBUF BOHMF UIBU SFTVMUT GSPN UIF JOWFSTF USJHPOPNFUSJD GVODUJPO�

*O BEEJUJPO UIFSF BSFNBOZ PUIFS WBMVFT BUXIJDIXFNBZXJTI UP LOPX UIF BOHMF UIBU SFTVMUT
GSPN BO JOWFSTF USJHPOPNFUSJD GVODUJPO� 5P EFUFSNJOF TVDI WBMVFT XF VTF B DPNQVUBUJPOBM
EFWJDF 	TVDI BT %FTNPT
 JO PSEFS UP FWBMVBUF UIF GVODUJPO�

&YBNQMF �����
$POTJEFS UIF SJHIU USJBOHMF QJDUVSFE
JO 'JHVSF ����� BOE BTTVNF XF LOPX
UIBU UIF WFSUJDBM MFH IBT MFOHUI 1 BOE
UIF IZQPUFOVTF IBT MFOHUI 3� -FU
α CF UIF BOHMF PQQPTJUF UIF LOPXO
MFH� %FUFSNJOF FYBDU BOE BQQSPYJ�
NBUF WBMVFT GPS BMM PG UIF SFNBJOJOH
QBSUT PG UIF USJBOHMF�

α

1

3

'JHVSF ������ " SJHIU USJBOHMF XJUI POF LOPXO MFH
BOE LOPXO IZQPUFOVTF�

4PMVUJPO� #FDBVTFXFLOPX UIF IZQPUFOVTF BOE UIF TJEF PQQPTJUF α XF PCTFSWF UIBU sin(α) !
1
3 � 3FXSJUJOH UIJT TUBUFNFOU VTJOH JOWFSTF GVODUJPO OPUBUJPO XF IBWF FRVJWBMFOUMZ UIBU α !

arcsin( 1
3 ) XIJDI JT UIF FYBDU WBMVF PG α� 4JODF UIJT JT OPU POF PG UIF LOPXO TQFDJBM BOHMFT PO

UIF VOJU DJSDMF XF DBO КOE B OVNFSJDBM FTUJNBUF PG α VTJOH B DPNQVUBUJPOBM EFWJDF� &OUFS�
JOH CTEUKP
���� JO %FTNPT XF КOE UIBU α ≈ 0.3398 SBEJBOT� /PUF XFMM� XIBUFWFS EFWJDF XF
VTF XF OFFE UP CF DBSFGVM UP VTF EFHSFF PS SBEJBO NPEF BT EJDUBUFE CZ UIF QSPCMFN XF BSF
TPMWJOH� 8F XJMM BMXBZT XPSL JO SBEJBOT VOMFTT TUBUFE PUIFSXJTF�

8F DBO OPX КOE UIF SFNBJOJOH MFHɒT MFOHUI BOE UIF SFNBJOJOH BOHMFɒT NFBTVSF� *G XF MFU x
SFQSFTFOU UIF MFOHUI PG UIF IPSJ[POUBM MFH CZ UIF 1ZUIBHPSFBO 5IFPSFN XF LOPX UIBU

x2
+ 12

! 32

BOE UIVT x2 ! 8 TP x !
√

8 ≈ 2.8284� $BMMJOH UIF SFNBJOJOH BOHMF β TJODF α + β ! π
2  JU

GPMMPXT UIBU
β !
π
2 − arcsin

(
1
3

)
≈ 1.2310�

!

"DUJWJUZ ������ 'PS FBDI PG UIF GPMMPXJOH EJЙFSFOU TDFOBSJPT ESBX B QJDUVSF PG UIF TJUV�
BUJPO BOE VTF JOWFSTF USJHPOPNFUSJD GVODUJPOT BQQSPQSJBUFMZ UP EFUFSNJOF UIF NJTTJOH
JOGPSNBUJPO CPUI FYBDUMZ BOE BQQSPYJNBUFMZ�

B� $POTJEFS B SJHIU USJBOHMF XJUI MFHT PG MFOHUI 11 BOE 13� 8IBU BSF UIF NFBTVSFT
	JO SBEJBOT
 PG UIF OPO�SJHIU BOHMFT BOE XIBU JT UIF MFOHUI PG UIF IZQPUFOVTF 

C� $POTJEFS BO BOHMF α JO TUBOEBSE QPTJUJPO 	WFSUFY BU UIF PSJHJO POF TJEF PO UIF
QPTJUJWF x�BYJT
 GPS XIJDI XF LOPX cos(α) ! − 1

2 BOE α MJFT JO RVBESBOU ***� 8IBU
JT UIF NFBTVSF PG α JO SBEJBOT *O BEEJUJPO XIBU JT UIF WBMVF PG sin(α) 

D� $POTJEFS BO BOHMF β JO TUBOEBSE QPTJUJPO GPS XIJDI XF LOPX sin(β) ! 0.1 BOE β
MJFT JO RVBESBOU **� 8IBU JT UIF NFBTVSF PG β JO SBEJBOT *O BEEJUJPO XIBU JT UIF
WBMVF PG cos(β) 
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����� 'JOEJOH BOHMFT JO BQQMJFE DPOUFYUT

/PX UIBU XF IBWF EFWFMPQFE UIF 	SFTUSJDUFE
 TJOF DPTJOF BOE UBOHFOU GVODUJPOT BOE UIFJS
SFTQFDUJWF JOWFSTFT JO BOZ TFUUJOH JO XIJDI XF IBWF B SJHIU USJBOHMF UPHFUIFS XJUI POF TJEF
MFOHUI BOE BOZ POF BEEJUJPOBM QJFDF PG JOGPSNBUJPO 	BOPUIFS TJEF MFOHUI PS B OPO�SJHIU BOHMF
NFBTVSFNFOU
 XF DBO EFUFSNJOF BMM PG UIF SFNBJOJOH QJFDFT PG UIF USJBOHMF� *O UIF BDUJWJUJFT
UIBU GPMMPX XF FYQMPSF UIFTF QPTTJCJMJUJFT JO B WBSJFUZ PG EJЙFSFOU BQQMJFE DPOUFYUT�

"DUJWJUZ ������ " SPPG JT CFJOH CVJMU XJUI B ɔ���� QJUDI�ɕ 5IJTNFBOT UIBU UIF SPPG SJTFT 7
JODIFT WFSUJDBMMZ GPS FWFSZ 12 JODIFT PG IPSJ[POUBM TQBO� JO PUIFSXPSET UIF TMPQF PG UIF
SPPG JT 7

12 � 8IBU JT UIF FYBDU NFBTVSF 	JO EFHSFFT
 PG UIF BOHMF UIF SPPG NBLFT XJUI UIF
IPSJ[POUBM 8IBU JT UIF BQQSPYJNBUF NFBTVSF 8IBU BSF UIF FYBDU BOE BQQSPYJNBUF
NFBTVSFT PG UIF BOHMF BU UIF QFBL PG UIF SPPG 	NBEF CZ UIF GSPOU BOE CBDL QPSUJPOT PG
UIF SPPG UIBU NFFU UP GPSN UIF SJEHF
 

"DUJWJUZ ������ 0O B CBTFCBMM EJBNPOE 	XIJDI JT B TRVBSF XJUI 90�GPPU TJEFT
 UIF UIJSE
CBTFNBO КFMET UIF CBMM SJHIU PO UIF MJOF GSPN UIJSE CBTF UP IPNF QMBUF BOE 10 GFFU
BXBZ GSPN UIJSE CBTF 	UPXBSET IPNF QMBUF
� 8IFO IF UISPXT UIF CBMM UP КSTU CBTF
XIBU BOHMF 	JO EFHSFFT
 EPFT UIF MJOF UIF CBMM USBWFMT NBLF XJUI UIF КSTU CBTF MJOF 
8IBU BOHMF EPFT JU NBLF XJUI UIF UIJSE CBTF MJOF %SBX B XFMM�MBCFMFE EJBHSBN UP
TVQQPSU ZPVS UIJOLJOH�

8IBU BOHMFT BSJTF JG IF UISPXT UIF CBMM UP TFDPOE CBTF JOTUFBE 

"DUJWJUZ ������ " DBNFSB JT USBDLJOH UIF MBVODI PG B 4QBDF9 SPDLFU� 5IF DBNFSB JT
MPDBUFE 4000ɒ GSPN UIF SPDLFUɒT MBVODIJOH QBE BOE UIF DBNFSB FMFWBUFT JO PSEFS UP
LFFQ UIF SPDLFU JO GPDVT� "U XIBU BOHMF θ 	JO SBEJBOT
 JT UIF DBNFSB UJMUFE XIFO UIF
SPDLFU JT 3000ɒ PЙ UIF HSPVOE "OTXFS CPUI FYBDUMZ BOE BQQSPYJNBUFMZ�

/PX SBUIFS UIBO DPOTJEFSJOH UIF SPDLFU BU B КYFE IFJHIU PG 3000ɒ MFU JUT IFJHIU WBSZ
BOE DBMM UIF SPDLFUɒT IFJHIU h� %FUFSNJOF UIF DBNFSBɒT BOHMF θ BT B GVODUJPO PG h BOE
DPNQVUF UIF BWFSBHF SBUF PG DIBOHF PG θ PO UIF JOUFSWBMT [3000, 3500] [5000, 5500]
BOE [7000, 7500]� 8IBU EP ZPV PCTFSWF BCPVU IPX UIF DBNFSB BOHMF JT DIBOHJOH 

����� 4VNNBSZ

ə "OZUJNF XF LOPX UXP TJEF MFOHUIT JO B SJHIU USJBOHMF XF DBO VTF POF PG UIF JOWFSTF
USJHPOPNFUSJD GVODUJPOT UP EFUFSNJOF UIF NFBTVSF PG POF PG UIF OPO�SJHIU BOHMFT� 'PS
JOTUBODF JG XF LOPX UIF WBMVFT PG PQQ BOE BEK JO 'JHVSF ����� UIFO TJODF

tan(θ) ! PQQ
BEK 

JU GPMMPXT UIBU θ ! arctan(PQQBEK )�
*G XF JOTUFBE LOPX UIF IZQPUFOVTF BOE POF PG UIF UXP MFHT XF DBO VTF FJUIFS UIF
BSDTJOF PS BSDDPTJOF GVODUJPO BDDPSEJOHMZ�
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adj

opp
hyp

θ

'JHVSF ������ 'JOEJOH BO BOHMF GSPN LOPXJOH UIF MFHT JO B SJHIU USJBOHMF�

ə 'PS TJUVBUJPOT PUIFS UIBO BOHMFT PS SBUJPT UIBU JOWPMWF UIF 16 TQFDJBM QPJOUT PO UIF VOJU
DJSDMF UFDIOPMPHZ JT SFRVJSFE JO PSEFS UP FWBMVBUF JOWFSTF USJHOPNFUSJD GVODUJPOT� 'PS
JOTUBODF GSPN UIF VOJU DJSDMF XF LOPX UIBU arccos( 1

2 ) ! π
3 	FYBDUMZ
 CVU JG XF XBOU UP

LOPX arccos( 1
3 ) XF IBWF UP FTUJNBUF UIJT WBMVF VTJOH B DPNQVUBUJPOBM EFWJDF TVDI BT

%FTNPT� 8F OPUF UIBU ɔarccos( 1
3 )ɕ JT UIF FYBDU WBMVF PG UIF BOHMF XIPTF DPTJOF JT 1

3 �

����� &YFSDJTFT

�� *G cos(φ) ! 0.7087 BOE 3π/2 ≤ φ ≤ 2π BQQSPYJNBUF UIF GPMMPXJOH UP GPVS EFDJNBM
QMBDFT�

	B
 sin(φ)
	C
 tan(φ)

�� 4VQQPTF sin θ !
x
7 BOE UIF BOHMF θ JT JO UIF КSTU RVBESBOU� 8SJUF BMHFCSBJD FYQSFTTJPOT

GPS cos(θ) BOE tan(θ) JO UFSNT PG x�

	B
 cos(θ)
	C
 tan(θ)

�� 6TJOH JOWFSTF USJHPOPNFUSJD GVODUJPOT КOE B TPMVUJPO UP UIF FRVBUJPO cos(x) ! 0.7 JO
UIF JOUFSWBM 0 ≤ x ≤ 4π� 5IFO VTF B HSBQI UP КOE BMM PUIFS TPMVUJPOT UP UIJT FRVBUJPO
JO UIJT JOUFSWBM� &OUFS ZPVS BOTXFST BT B DPNNB TFQBSBUFE MJTU�

�� "U BO BJSTIPX B QJMPU JT ЛZJOH MPX PWFS B SVOXBZ XIJMF NBJOUBJOJOH B DPOTUBOU BMUJUVEF
PG 2000 GFFU BOE B DPOTUBOU TQFFE� 0O B TUSBJHIU QBUI PWFS UIF SVOXBZ UIF QJMPU PCTFSWFT
PO IFS MBTFS SBOHF�КOEFS UIBU UIF EJTUBODF GSPN UIF QMBOF UP B КYFE CVJMEJOH BEKBDFOU
UP UIF SVOXBZ JT 7500 GFFU� 'JWF TFDPOET MBUFS TIF PCTFSWFT UIBU EJTUBODF UP UIF TBNF
CVJMEJOH JT OPX 6000 GFFU�

B� 8IBU JT UIF BOHMF PG EFQSFTTJPO GSPN UIF QMBOF UP UIF CVJMEJOH XIFO UIF QMBOF JT
7500 GFFU BXBZ GSPN UIF CVJMEJOH 	5IF BOHMF PG EFQSFTTJPO JT UIF BOHMF UIBU UIF
QJMPUɒT MJOF PG TJHIU NBLFT XJUI UIF IPSJ[POUBM�


C� 8IBU JT UIF BOHMF PG EFQSFTTJPO XIFO UIF QMBOF JT 6000 GFFU GSPN UIF CVJMEJOH 

���Page 299



$IBQUFS � 5SJHPOPNFUSZ

D� )PX GBS EJE UIF QMBOF USBWFM EVSJOH UIF UJNF CFUXFFO UIF UXP EJЙFSFOU PCTFSWB�
UJPOT 

E� 8IBU JT UIF QMBOFɒT WFMPDJUZ 	JO NJMFT QFS IPVS
 
�� 0O B DBMN EBZ B QIPUPHSBQIFS JT КMNJOH B IPU BJS CBMMPPO� 8IFO UIF CBMMPPO MBVODIFT

UIF QIPUPHSBQIFS JT TUBUJPOFE 850 GFFU BXBZ GSPN UIF CBMMPPO�
B� 8IFO UIF CBMMPPO JT 200 GFFU PЙ UIF HSPVOE XIBU JT UIF BOHMF PG FMFWBUJPO PG UIF

DBNFSB 

C� 8IFO UIF CBMMPPO JT 275 GFFU PЙ UIF HSPVOE XIBU JT UIF BOHMF PG FMFWBUJPO PG UIF
DBNFSB 

D� -FU θ SFQSFTFOU UIF DBNFSBɒT BOHMF PG FMFWBUJPO XIFO UIF CBMMPPO JT BU BO BSCJUSBSZ
IFJHIU h BCPWF UIF HSPVOE� &YQSFTT θ BT B GVODUJPO PG h�

E� %FUFSNJOF AV[200,275] GPS θ 	BT B GVODUJPO PG h
 BOE XSJUF BU MFBTU POF TFOUFODF UP
DBSFGVMMZ FYQMBJO UIF NFBOJOH PG UIF WBMVF ZPV КOE JODMVEJOH VOJUT�

�� $POTJEFS B SJHIU USJBOHMF XIFSF UIF UXP MFHT NFBTVSF 5 BOE 12 SFTQFDUJWFMZ BOE α JT UIF
BOHMF PQQPTJUF UIF TIPSUFS MFH BOE β JT UIF BOHMF PQQPTJUF UIF MPOHFS MFH�

B� 8IBU JT UIF FYBDU WBMVF PG cos(α) 
C� 8IBU JT UIF FYBDU WBMVF PG sin(β) 
D� 8IBU JT UIF FYBDU WBMVF PG tan(β) PG tan(α) 
E� 8IBU JT UIF FYBDU SBEJBO NFBTVSF PG α BQQSPYJNBUF NFBTVSF 

F� 8IBU JT UIF FYBDU SBEJBO NFBTVSF PG β BQQSPYJNBUF NFBTVSF 

G� 5SVF PS GBMTF� GPS BOZ UXP BOHMFT θ BOE γ TVDI UIBU θ + γ ! π
2 	SBEJBOT
 JU GPMMPXT

UIBU cos(θ) ! sin(γ)�
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measurement process involves the use of triangles and a branch of mathematics known as trigonometry. In this section,
we will define a new group of functions known as trigonometric functions, and find out how they can be used to
measure heights, such as those of the tallest mountains.

Using Right Triangles to Evaluate Trigonometric Functions
Figure 1 shows a right triangle with a vertical side of length and a horizontal side has length Notice that the triangle
is inscribed in a circle of radius 1. Such a circle, with a center at the origin and a radius of 1, is known as a unit circle.

Figure 1

We can define the trigonometric functions in terms an angle t and the lengths of the sides of the triangle. The adjacent
side is the side closest to the angle, x. (Adjacent means “next to.”) The opposite side is the side across from the angle, y.
The hypotenuse is the side of the triangle opposite the right angle, 1. These sides are labeled in Figure 2.

Figure 2 The sides of a right triangle in relation to angle

Given a right triangle with an acute angle of the first three trigonometric functions are listed.

A common mnemonic for remembering these relationships is SohCahToa, formed from the first letters of “Sine is
opposite over hypotenuse, Cosine is adjacent over hypotenuse, Tangent is opposite over adjacent.”

For the triangle shown in Figure 1, we have the following.

HOW TO

Given the side lengths of a right triangle and one of the acute angles, find the sine, cosine, and tangent of that
angle.

1. Find the sine as the ratio of the opposite side to the hypotenuse.
2. Find the cosine as the ratio of the adjacent side to the hypotenuse.
3. Find the tangent as the ratio of the opposite side to the adjacent side.

7.2 • Right Triangle Trigonometry 705
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EXAMPLE 1

Evaluating a Trigonometric Function of a Right Triangle
Given the triangle shown in Figure 3, find the value of

Figure 3

Solution
The side adjacent to the angle is 15, and the hypotenuse of the triangle is 17.

TRY IT #1 Given the triangle shown in Figure 4, find the value of

Figure 4

Reciprocal Functions
In addition to sine, cosine, and tangent, there are three more functions. These too are defined in terms of the sides of
the triangle.

Take another look at these definitions. These functions are the reciprocals of the first three functions.

When working with right triangles, keep in mind that the same rules apply regardless of the orientation of the triangle.
In fact, we can evaluate the six trigonometric functions of either of the two acute angles in the triangle in Figure 5. The
side opposite one acute angle is the side adjacent to the other acute angle, and vice versa.

706 7 • The Unit Circle: Sine and Cosine Functions
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Figure 5 The side adjacent to one angle is opposite the other angle.

Many problems ask for all six trigonometric functions for a given angle in a triangle. A possible strategy to use is to find
the sine, cosine, and tangent of the angles first. Then, find the other trigonometric functions easily using the reciprocals.

HOW TO

Given the side lengths of a right triangle, evaluate the six trigonometric functions of one of the acute angles.

1. If needed, draw the right triangle and label the angle provided.
2. Identify the angle, the adjacent side, the side opposite the angle, and the hypotenuse of the right triangle.
3. Find the required function:

◦ sine as the ratio of the opposite side to the hypotenuse
◦ cosine as the ratio of the adjacent side to the hypotenuse
◦ tangent as the ratio of the opposite side to the adjacent side
◦ secant as the ratio of the hypotenuse to the adjacent side
◦ cosecant as the ratio of the hypotenuse to the opposite side
◦ cotangent as the ratio of the adjacent side to the opposite side

EXAMPLE 2

Evaluating Trigonometric Functions of Angles Not in Standard Position
Using the triangle shown in Figure 6, evaluate

Figure 6

Solution

Analysis
Another approach would have been to find sine, cosine, and tangent first. Then find their reciprocals to determine the
other functions.

7.2 • Right Triangle Trigonometry 707
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TRY IT #2 Using the triangle shown in Figure 7,evaluate

Figure 7

Finding Trigonometric Functions of Special Angles Using Side Lengths
It is helpful to evaluate the trigonometric functions as they relate to the special angles—multiples of and
Remember, however, that when dealing with right triangles, we are limited to angles between

Suppose we have a triangle, which can also be described as a triangle. The sides have lengths in

the relation The sides of a triangle, which can also be described as a triangle, have

lengths in the relation These relations are shown in Figure 8.

Figure 8 Side lengths of special triangles

We can then use the ratios of the side lengths to evaluate trigonometric functions of special angles.

HOW TO

Given trigonometric functions of a special angle, evaluate using side lengths.

1. Use the side lengths shown in Figure 8 for the special angle you wish to evaluate.
2. Use the ratio of side lengths appropriate to the function you wish to evaluate.

708 7 • The Unit Circle: Sine and Cosine Functions
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EXAMPLE 3

Evaluating Trigonometric Functions of Special Angles Using Side Lengths
Find the exact value of the trigonometric functions of using side lengths.

Solution

TRY IT #3 Find the exact value of the trigonometric functions of using side lengths.

Using Equal Cofunction of Complements
If we look more closely at the relationship between the sine and cosine of the special angles, we notice a pattern. In a

right triangle with angles of and we see that the sine of namely is also the cosine of while the sine of
namely is also the cosine of

See Figure 9.

Figure 9 The sine of equals the cosine of and vice versa.

This result should not be surprising because, as we see from Figure 9, the side opposite the angle of is also the side

adjacent to so and are exactly the same ratio of the same two sides, and Similarly,
and are also the same ratio using the same two sides, and

The interrelationship between the sines and cosines of and also holds for the two acute angles in any right triangle,
since in every case, the ratio of the same two sides would constitute the sine of one angle and the cosine of the other.
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Since the three angles of a triangle add to and the right angle is the remaining two angles must also add up to
That means that a right triangle can be formed with any two angles that add to —in other words, any two
complementary angles. So we may state a cofunction identity: If any two angles are complementary, the sine of one is
the cosine of the other, and vice versa. This identity is illustrated in Figure 10.

Figure 10 Cofunction identity of sine and cosine of complementary angles

Using this identity, we can state without calculating, for instance, that the sine of equals the cosine of and that
the sine of equals the cosine of We can also state that if, for a given angle then as
well.

Cofunction Identities

The cofunction identities in radians are listed in Table 1.

Table 1

HOW TO

Given the sine and cosine of an angle, find the sine or cosine of its complement.

1. To find the sine of the complementary angle, find the cosine of the original angle.
2. To find the cosine of the complementary angle, find the sine of the original angle.

EXAMPLE 4

Using Cofunction Identities
If find

Solution
According to the cofunction identities for sine and cosine, we have the following.
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So

TRY IT #4 If find

Using Trigonometric Functions
In previous examples, we evaluated the sine and cosine in triangles where we knew all three sides. But the real power of
right-triangle trigonometry emerges when we look at triangles in which we know an angle but do not know all the sides.

HOW TO

Given a right triangle, the length of one side, and the measure of one acute angle, find the remaining sides.

1. For each side, select the trigonometric function that has the unknown side as either the numerator or the
denominator. The known side will in turn be the denominator or the numerator.

2. Write an equation setting the function value of the known angle equal to the ratio of the corresponding sides.
3. Using the value of the trigonometric function and the known side length, solve for the missing side length.

EXAMPLE 5

Finding Missing Side Lengths Using Trigonometric Ratios
Find the unknown sides of the triangle in Figure 11.

Figure 11

Solution
We know the angle and the opposite side, so we can use the tangent to find the adjacent side.

We rearrange to solve for

We can use the sine to find the hypotenuse.

Again, we rearrange to solve for
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TRY IT #5 A right triangle has one angle of and a hypotenuse of 20. Find the unknown sides and angle of
the triangle.

Using Right Triangle Trigonometry to Solve Applied Problems
Right-triangle trigonometry has many practical applications. For example, the ability to compute the lengths of sides of a
triangle makes it possible to find the height of a tall object without climbing to the top or having to extend a tape
measure along its height. We do so by measuring a distance from the base of the object to a point on the ground some
distance away, where we can look up to the top of the tall object at an angle. The angle of elevation of an object above
an observer relative to the observer is the angle between the horizontal and the line from the object to the observer's
eye. The right triangle this position creates has sides that represent the unknown height, the measured distance from
the base, and the angled line of sight from the ground to the top of the object. Knowing the measured distance to the
base of the object and the angle of the line of sight, we can use trigonometric functions to calculate the unknown height.

Similarly, we can form a triangle from the top of a tall object by looking downward. The angle of depression of an object
below an observer relative to the observer is the angle between the horizontal and the line from the object to the
observer's eye. See Figure 12.

Figure 12

HOW TO

Given a tall object, measure its height indirectly.

1. Make a sketch of the problem situation to keep track of known and unknown information.
2. Lay out a measured distance from the base of the object to a point where the top of the object is clearly visible.
3. At the other end of the measured distance, look up to the top of the object. Measure the angle the line of sight

makes with the horizontal.
4. Write an equation relating the unknown height, the measured distance, and the tangent of the angle of the line

of sight.
5. Solve the equation for the unknown height.

EXAMPLE 6

Measuring a Distance Indirectly
To find the height of a tree, a person walks to a point 30 feet from the base of the tree. She measures an angle of
between a line of sight to the top of the tree and the ground, as shown in Figure 13. Find the height of the tree.
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Figure 13

Solution
We know that the angle of elevation is and the adjacent side is 30 ft long. The opposite side is the unknown height.

The trigonometric function relating the side opposite to an angle and the side adjacent to the angle is the tangent. So we
will state our information in terms of the tangent of letting be the unknown height.

The tree is approximately 46 feet tall.

TRY IT #6 How long a ladder is needed to reach a windowsill 50 feet above the ground if the ladder rests
against the building making an angle of with the ground? Round to the nearest foot.

MEDIA

Access these online resources for additional instruction and practice with right triangle trigonometry.

Finding Trig Functions on Calculator (http://openstax.org/l/findtrigcal)
Finding Trig Functions Using a Right Triangle (http://openstax.org/l/trigrttri)
Relate Trig Functions to Sides of a Right Triangle (http://openstax.org/l/reltrigtri)
Determine Six Trig Functions from a Triangle (http://openstax.org/l/sixtrigfunc)
Determine Length of Right Triangle Side (http://openstax.org/l/rttriside)

7.2 SECTION EXERCISES
Verbal

1. For the given right triangle, label the adjacent side,
opposite side, and hypotenuse for the indicated
angle.

2. When a right triangle with a hypotenuse of 1 is
placed in a circle of radius 1, which sides of the
triangle correspond to the x- and y-coordinates?
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3. The tangent of an angle
compares which sides of the
right triangle?

4. What is the relationship
between the two acute
angles in a right triangle?

5. Explain the cofunction
identity.

Algebraic

For the following exercises, use cofunctions of complementary angles.

6. 7. 8.

9.

For the following exercises, find the lengths of the missing sides if side is opposite angle side is opposite angle
and side is the hypotenuse.

10. 11. 12.

13. 14. 15.

16.

Graphical

For the following exercises, use Figure 14 to evaluate each trigonometric function of angle

Figure 14

17. 18. 19.

20. 21. 22.
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For the following exercises, use Figure 15 to evaluate each trigonometric function of angle

Figure 15

23. 24. 25.

26. 27. 28.

For the following exercises, solve for the unknown sides of the given triangle.

29. 30. 31.

Technology

For the following exercises, use a calculator to find the length of each side to four decimal places.

32. 33. 34.

35. 36.

37. 38. 39.

40. 41.
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Extensions

42. Find 43. Find 44. Find

45. Find 46. A radio tower is located 400
feet from a building. From
a window in the building, a
person determines that the
angle of elevation to the
top of the tower is and
that the angle of
depression to the bottom
of the tower is How
tall is the tower?

47. A radio tower is located 325
feet from a building. From
a window in the building, a
person determines that the
angle of elevation to the
top of the tower is and
that the angle of
depression to the bottom
of the tower is How
tall is the tower?

48. A 200-foot tall monument
is located in the distance.
From a window in a
building, a person
determines that the angle
of elevation to the top of
the monument is and
that the angle of
depression to the bottom
of the monument is
How far is the person from
the monument?

49. A 400-foot tall monument
is located in the distance.
From a window in a
building, a person
determines that the angle
of elevation to the top of
the monument is and
that the angle of
depression to the bottom
of the monument is
How far is the person from
the monument?

50. There is an antenna on the
top of a building. From a
location 300 feet from the
base of the building, the
angle of elevation to the
top of the building is
measured to be From
the same location, the
angle of elevation to the
top of the antenna is
measured to be Find
the height of the antenna.

51. There is lightning rod on
the top of a building. From
a location 500 feet from the
base of the building, the
angle of elevation to the
top of the building is
measured to be From
the same location, the
angle of elevation to the
top of the lightning rod is
measured to be Find
the height of the lightning
rod.
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Real-World Applications

52. A 33-ft ladder leans against
a building so that the angle
between the ground and
the ladder is How high
does the ladder reach up
the side of the building?

53. A 23-ft ladder leans against
a building so that the angle
between the ground and
the ladder is How high
does the ladder reach up
the side of the building?

54. The angle of elevation to
the top of a building in
Charlotte is found to be 9
degrees from the ground
at a distance of 1 mile from
the base of the building.
Using this information, find
the height of the building.

55. The angle of elevation to
the top of a building in
Seattle is found to be 2
degrees from the ground
at a distance of 2 miles
from the base of the
building. Using this
information, find the
height of the building.

56. Assuming that a 370-foot
tall giant redwood grows
vertically, if I walk a certain
distance from the tree and
measure the angle of
elevation to the top of the
tree to be how far
from the base of the tree
am I?

7.3 Unit Circle
Learning Objectives
In this section you will:

Find function values for the sine and cosine of and

Identify the domain and range of sine and cosine functions.
Find reference angles.
Use reference angles to evaluate trigonometric functions.

Figure 1 The Singapore Flyer was the world’s tallest Ferris wheel until being overtaken by the High Roller in Las Vegas
and the Ain Dubai in Dubai. (credit: ʺVibin JKʺ/Flickr)

Looking for a thrill? Then consider a ride on the Ain Dubai, the world's tallest Ferris wheel. Located in Dubai, the most
populous city and the financial and tourism hub of the United Arab Emirates, the wheel soars to 820 feet, about 1.5
tenths of a mile. Described as an observation wheel, riders enjoy spectacular views of the Burj Khalifa (the world's tallest
building) and the Palm Jumeirah (a human-made archipelago home to over 10,000 people and 20 resorts) as they travel
from the ground to the peak and down again in a repeating pattern. In this section, we will examine this type of
revolving motion around a circle. To do so, we need to define the type of circle first, and then place that circle on a
coordinate system. Then we can discuss circular motion in terms of the coordinate pairs.

Finding Trigonometric Functions Using the Unit Circle
We have already defined the trigonometric functions in terms of right triangles. In this section, we will redefine them in
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terms of the unit circle. Recall that a unit circle is a circle centered at the origin with radius 1, as shown in Figure 2. The
angle (in radians) that intercepts forms an arc of length Using the formula and knowing that we see
that for a unit circle,

The x- and y-axes divide the coordinate plane into four quarters called quadrants. We label these quadrants to mimic the
direction a positive angle would sweep. The four quadrants are labeled I, II, III, and IV.

For any angle we can label the intersection of the terminal side and the unit circle as by its coordinates, The
coordinates and will be the outputs of the trigonometric functions and respectively. This
means and

Figure 2 Unit circle where the central angle is radians

Unit Circle

A unit circle has a center at and radius In a unit circle, the length of the intercepted arc is equal to the radian
measure of the central angle

Let be the endpoint on the unit circle of an arc of arc length The coordinates of this point can be
described as functions of the angle.

De6ning Sine and Cosine Functions from the Unit Circle
The sine function relates a real number to the y-coordinate of the point where the corresponding angle intercepts the
unit circle. More precisely, the sine of an angle equals the y-value of the endpoint on the unit circle of an arc of length
In Figure 2, the sine is equal to Like all functions, the sine function has an input and an output. Its input is the
measure of the angle; its output is the y-coordinate of the corresponding point on the unit circle.

The cosine function of an angle equals the x-value of the endpoint on the unit circle of an arc of length In Figure 3,
the cosine is equal to

Figure 3

Because it is understood that sine and cosine are functions, we do not always need to write them with parentheses:
is the same as and is the same as Likewise, is a commonly used shorthand notation for
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Be aware that many calculators and computers do not recognize the shorthand notation. When in doubt, use the extra
parentheses when entering calculations into a calculator or computer.

Sine and Cosine Functions

If is a real number and a point on the unit circle corresponds to a central angle then

HOW TO

Given a point P on the unit circle corresponding to an angle of find the sine and cosine.

1. The sine of is equal to the y-coordinate of point
2. The cosine of is equal to the x-coordinate of point

EXAMPLE 1

Finding Function Values for Sine and Cosine
Point is a point on the unit circle corresponding to an angle of as shown in Figure 4. Find and

Figure 4

Solution

We know that is the x-coordinate of the corresponding point on the unit circle and is the y-coordinate of the
corresponding point on the unit circle. So:

TRY IT #1 A certain angle corresponds to a point on the unit circle at as shown in Figure 5.

Find and
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Figure 5

Finding Sines and Cosines of Angles on an Axis
For quadrantral angles, the corresponding point on the unit circle falls on the x- or y-axis. In that case, we can easily
calculate cosine and sine from the values of and

EXAMPLE 2

Calculating Sines and Cosines along an Axis
Find and

Solution
Moving counterclockwise around the unit circle from the positive x-axis brings us to the top of the circle, where the

coordinates are as shown in Figure 6.

Figure 6

We can then use our definitions of cosine and sine.

The cosine of is 0; the sine of is 1.

TRY IT #2 Find cosine and sine of the angle

720 7 • The Unit Circle: Sine and Cosine Functions

Access for free at openstax.org Page 316



...

The Pythagorean Identity
Now that we can define sine and cosine, we will learn how they relate to each other and the unit circle. Recall that the
equation for the unit circle is Because and we can substitute for and to get

This equation, is known as the Pythagorean Identity. See Figure 7.

Figure 7

We can use the Pythagorean Identity to find the cosine of an angle if we know the sine, or vice versa. However, because
the equation yields two solutions, we need additional knowledge of the angle to choose the solution with the correct
sign. If we know the quadrant where the angle is, we can easily choose the correct solution.

Pythagorean Identity

The Pythagorean Identity states that, for any real number

HOW TO

Given the sine of some angle and its quadrant location, find the cosine of

1. Substitute the known value of into the Pythagorean Identity.
2. Solve for
3. Choose the solution with the appropriate sign for the x-values in the quadrant where is located.

EXAMPLE 3

Finding a Cosine from a Sine or a Sine from a Cosine
If and is in the second quadrant, find

Solution
If we drop a vertical line from the point on the unit circle corresponding to we create a right triangle, from which we
can see that the Pythagorean Identity is simply one case of the Pythagorean Theorem. See Figure 8.
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Figure 8

Substituting the known value for sine into the Pythagorean Identity,

Because the angle is in the second quadrant, we know the x-value is a negative real number, so the cosine is also
negative.

TRY IT #3 If and is in the fourth quadrant, find

Finding Sines and Cosines of Special Angles
We have already learned some properties of the special angles, such as the conversion from radians to degrees, and we
found their sines and cosines using right triangles. We can also calculate sines and cosines of the special angles using
the Pythagorean Identity.

Finding Sines and Cosines of Angles
First, we will look at angles of or as shown in Figure 9. A triangle is an isosceles triangle, so the x-
and y-coordinates of the corresponding point on the circle are the same. Because the x- and y-values are the same, the
sine and cosine values will also be equal.

Figure 9

At which is 45 degrees, the radius of the unit circle bisects the first quadrantal angle. This means the radius lies
along the line A unit circle has a radius equal to 1 so the right triangle formed below the line has sides
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and and radius = 1. See Figure 10.

Figure 10

From the Pythagorean Theorem we get

We can then substitute

Next we combine like terms.

And solving for we get

In quadrant I,

At or 45 degrees,

If we then rationalize the denominators, we get

Therefore, the coordinates of a point on a circle of radius at an angle of are

Finding Sines and Cosines of and Angles
Next, we will find the cosine and sine at an angle of or First, we will draw a triangle inside a circle with one side at
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an angle of and another at an angle of as shown in Figure 11. If the resulting two right triangles are combined
into one large triangle, notice that all three angles of this larger triangle will be as shown in Figure 12.

Figure 11

Figure 12

Because all the angles are equal, the sides are also equal. The vertical line has length and since the sides are all
equal, we can also conclude that or Since

And since in our unit circle,

Using the Pythagorean Identity, we can find the cosine value.

The coordinates for the point on a circle of radius at an angle of are At the radius of

the unit circle, 1, serves as the hypotenuse of a 30-60-90 degree right triangle, as shown in Figure 13. Angle has
measure At point we draw an angle with measure of We know the angles in a triangle sum to so
the measure of angle is also Now we have an equilateral triangle. Because each side of the equilateral triangle

is the same length, and we know one side is the radius of the unit circle, all sides must be of length 1.
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Figure 13

The measure of angle is 30°. Angle is double angle so its measure is 60°. is the perpendicular
bisector of so it cuts in half. This means that is the radius, or Notice that is the x-coordinate of
point which is at the intersection of the 60° angle and the unit circle. This gives us a triangle with hypotenuse of
1 and side of length

From the Pythagorean Theorem, we get

Substituting we get

Solving for we get

Since has the terminal side in quadrant I where the y-coordinate is positive, we choose the positive value.

At (60°), the coordinates for the point on a circle of radius at an angle of are so we can find

the sine and cosine.

We have now found the cosine and sine values for all of the most commonly encountered angles in the first quadrant of
the unit circle. Table 1 summarizes these values.

Angle or or or or

Table 1
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Cosine 1 0

Sine 0 1

Table 1

Figure 14 shows the common angles in the first quadrant of the unit circle.

Figure 14

Using a Calculator to Find Sine and Cosine
To find the cosine and sine of angles other than the special angles, we turn to a computer or calculator. Be aware: Most
calculators can be set into “degree” or “radian” mode, which tells the calculator the units for the input value. When we
evaluate on our calculator, it will evaluate it as the cosine of 30 degrees if the calculator is in degree mode, or the
cosine of 30 radians if the calculator is in radian mode.

HOW TO

Given an angle in radians, use a graphing calculator to find the cosine.

1. If the calculator has degree mode and radian mode, set it to radian mode.
2. Press the COS key.
3. Enter the radian value of the angle and press the close-parentheses key ")".
4. Press ENTER.

EXAMPLE 4

Using a Graphing Calculator to Find Sine and Cosine
Evaluate using a graphing calculator or computer.

Solution
Enter the following keystrokes:
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Analysis
We can find the cosine or sine of an angle in degrees directly on a calculator with degree mode. For calculators or
software that use only radian mode, we can find the sine of for example, by including the conversion factor to
radians as part of the input:

TRY IT #4 Evaluate

Identifying the Domain and Range of Sine and Cosine Functions
Now that we can find the sine and cosine of an angle, we need to discuss their domains and ranges. What are the
domains of the sine and cosine functions? That is, what are the smallest and largest numbers that can be inputs of the
functions? Because angles smaller than and angles larger than can still be graphed on the unit circle and have real
values of and there is no lower or upper limit to the angles that can be inputs to the sine and cosine functions.
The input to the sine and cosine functions is the rotation from the positive x-axis, and that may be any real number.

What are the ranges of the sine and cosine functions? What are the least and greatest possible values for their output?
We can see the answers by examining the unit circle, as shown in Figure 15. The bounds of the x-coordinate are
The bounds of the y-coordinate are also Therefore, the range of both the sine and cosine functions is

Figure 15

Finding Reference Angles
We have discussed finding the sine and cosine for angles in the first quadrant, but what if our angle is in another
quadrant? For any given angle in the first quadrant, there is an angle in the second quadrant with the same sine value.
Because the sine value is the y-coordinate on the unit circle, the other angle with the same sine will share the same
y-value, but have the opposite x-value. Therefore, its cosine value will be the opposite of the first angle’s cosine value.

Likewise, there will be an angle in the fourth quadrant with the same cosine as the original angle. The angle with the
same cosine will share the same x-value but will have the opposite y-value. Therefore, its sine value will be the opposite
of the original angle’s sine value.

As shown in Figure 16, angle has the same sine value as angle the cosine values are opposites. Angle has the same
cosine value as angle the sine values are opposites.
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Figure 16

Recall that an angle’s reference angle is the acute angle, formed by the terminal side of the angle and the horizontal
axis. A reference angle is always an angle between and or and radians. As we can see from Figure 17, for any
angle in quadrants II, III, or IV, there is a reference angle in quadrant I.

Figure 17

HOW TO

Given an angle between and find its reference angle.

1. An angle in the first quadrant is its own reference angle.
2. For an angle in the second or third quadrant, the reference angle is or
3. For an angle in the fourth quadrant, the reference angle is or
4. If an angle is less than or greater than add or subtract as many times as needed to find an equivalent

angle between and

EXAMPLE 5

Finding a Reference Angle
Find the reference angle of as shown in Figure 18.
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Figure 18

Solution
Because is in the third quadrant, the reference angle is

TRY IT #5 Find the reference angle of

Using Reference Angles
Now let’s take a moment to reconsider the Ferris wheel introduced at the beginning of this section. Suppose a rider
snaps a photograph while stopped twenty feet above ground level. The rider then rotates three-quarters of the way
around the circle. What is the rider’s new elevation? To answer questions such as this one, we need to evaluate the sine
or cosine functions at angles that are greater than 90 degrees or at a negative angle. Reference angles make it possible
to evaluate trigonometric functions for angles outside the first quadrant. They can also be used to find coordinates
for those angles. We will use the reference angle of the angle of rotation combined with the quadrant in which the
terminal side of the angle lies.

Using Reference Angles to Evaluate Trigonometric Functions
We can find the cosine and sine of any angle in any quadrant if we know the cosine or sine of its reference angle. The
absolute values of the cosine and sine of an angle are the same as those of the reference angle. The sign depends on the
quadrant of the original angle. The cosine will be positive or negative depending on the sign of the x-values in that
quadrant. The sine will be positive or negative depending on the sign of the y-values in that quadrant.

Using Reference Angles to Find Cosine and Sine

Angles have cosines and sines with the same absolute value as their reference angles. The sign (positive or negative)
can be determined from the quadrant of the angle.

HOW TO

Given an angle in standard position, find the reference angle, and the cosine and sine of the original angle.

1. Measure the angle between the terminal side of the given angle and the horizontal axis. That is the reference
angle.

2. Determine the values of the cosine and sine of the reference angle.
3. Give the cosine the same sign as the x-values in the quadrant of the original angle.
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4. Give the sine the same sign as the y-values in the quadrant of the original angle.

EXAMPLE 6

Using Reference Angles to Find Sine and Cosine
ⓐ Using a reference angle, find the exact value of and

ⓑ Using the reference angle, find and
Solution

ⓐ is located in the second quadrant. The angle it makes with the x-axis is so the reference
angle is
This tells us that has the same sine and cosine values as except for the sign.

Since is in the second quadrant, the x-coordinate of the point on the circle is negative, so the cosine value is
negative. The y-coordinate is positive, so the sine value is positive.

ⓑ is in the third quadrant. Its reference angle is The cosine and sine of are both In the third
quadrant, both and are negative, so:

TRY IT #6 ⓐ Use the reference angle of to find and

ⓑ Use the reference angle of to find and

Using Reference Angles to Find Coordinates
Now that we have learned how to find the cosine and sine values for special angles in the first quadrant, we can use
symmetry and reference angles to fill in cosine and sine values for the rest of the special angles on the unit circle. They
are shown in Figure 19. Take time to learn the coordinates of all of the major angles in the first quadrant.

Figure 19 Special angles and coordinates of corresponding points on the unit circle

In addition to learning the values for special angles, we can use reference angles to find coordinates of any point
on the unit circle, using what we know of reference angles along with the identities
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First we find the reference angle corresponding to the given angle. Then we take the sine and cosine values of the
reference angle, and give them the signs corresponding to the y- and x-values of the quadrant.

HOW TO

Given the angle of a point on a circle and the radius of the circle, find the coordinates of the point.

1. Find the reference angle by measuring the smallest angle to the x-axis.
2. Find the cosine and sine of the reference angle.
3. Determine the appropriate signs for and in the given quadrant.

EXAMPLE 7

Using the Unit Circle to Find Coordinates
Find the coordinates of the point on the unit circle at an angle of

Solution
We know that the angle is in the third quadrant.

First, let’s find the reference angle by measuring the angle to the x-axis. To find the reference angle of an angle whose
terminal side is in quadrant III, we find the difference of the angle and

Next, we will find the cosine and sine of the reference angle.

We must determine the appropriate signs for x and y in the given quadrant. Because our original angle is in the third
quadrant, where both and are negative, both cosine and sine are negative.

Now we can calculate the coordinates using the identities and

The coordinates of the point are on the unit circle.

TRY IT #7 Find the coordinates of the point on the unit circle at an angle of

MEDIA

Access these online resources for additional instruction and practice with sine and cosine functions.

Trigonometric Functions Using the Unit Circle (http://openstax.org/l/trigunitcir)
Sine and Cosine from the Unit (http://openstax.org/l/sincosuc)
Sine and Cosine from the Unit Circle and Multiples of Pi Divided by Six (http://openstax.org/l/sincosmult)
Sine and Cosine from the Unit Circle and Multiples of Pi Divided by Four (http://openstax.org/l/sincosmult4)
Trigonometric Functions Using Reference Angles (http://openstax.org/l/trigrefang)
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7.3 SECTION EXERCISES
Verbal

1. Describe the unit circle. 2. What do the x- and
y-coordinates of the points
on the unit circle represent?

3. Discuss the difference
between a coterminal angle
and a reference angle.

4. Explain how the cosine of an
angle in the second
quadrant differs from the
cosine of its reference angle
in the unit circle.

5. Explain how the sine of an
angle in the second
quadrant differs from the
sine of its reference angle in
the unit circle.

Algebraic

For the following exercises, use the given sign of the sine and cosine functions to find the quadrant in which the terminal
point determined by lies.

6. and 7. and 8. and

9. and

For the following exercises, find the exact value of each trigonometric function.

10. 11. 12.

13. 14. 15.

16. 17. 18.

19. 20. 21.

22.

Numeric

For the following exercises, state the reference angle for the given angle.

23. 24. 25.

26. 27. 28.

29. 30. 31.

32. 33.
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For the following exercises, find the reference angle, the quadrant of the terminal side, and the sine and cosine of each
angle. If the angle is not one of the angles on the unit circle, use a calculator and round to three decimal places.

34. 35. 36.

37. 38. 39.

40. 41. 42.

43. 44. 45.

46. 47. 48.

49.

For the following exercises, find the requested value.

50. If and is in the
fourth quadrant, find

51. If and is in the
first quadrant, find

52. If and is in the
second quadrant, find

53. If and is in
the third quadrant, find

54. Find the coordinates of the
point on a circle with radius
15 corresponding to an
angle of

55. Find the coordinates of the
point on a circle with radius
20 corresponding to an
angle of

56. Find the coordinates of the
point on a circle with radius
8 corresponding to an
angle of

57. Find the coordinates of the
point on a circle with radius
16 corresponding to an
angle of

58. State the domain of the
sine and cosine functions.

59. State the range of the sine
and cosine functions.

Graphical

For the following exercises, use the given point on the unit circle to find the value of the sine and cosine of

60. 61. 62.
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63. 64. 65.

66. 67. 68.

69. 70. 71.

72. 73. 74.

75. 76. 77.

734 7 • The Unit Circle: Sine and Cosine Functions

Access for free at openstax.org Page 330



78. 79.

Technology

For the following exercises, use a graphing calculator to evaluate.

80. 81. 82.

83. 84. 85.

86. 87. 88.

89.

Extensions

For the following exercises, evaluate.

90. 91. 92.

93. 94. 95.

96. 97. 98.

99.

Real-World Applications

For the following exercises, use this scenario: A child enters a carousel that takes one minute to revolve once around.
The child enters at the point that is, on the due north position. Assume the carousel revolves counter clockwise.

100. What are the coordinates
of the child after 45
seconds?

101. What are the coordinates
of the child after 90
seconds?

102. What are the coordinates
of the child after 125
seconds?
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5.4 graphs of sine and cosine functions (OpenStax Alge-

bra and Trigonometry)
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Dawn colors the sky over the Olare Motorgi Conservancy bordering tha Masai Mara National Reserve in Kenya. (Credit:
Modification of "KenyaLive_Day_#02" by Make it Kenya/flickr)

Chapter Outline
8.1 Graphs of the Sine and Cosine Functions
8.2 Graphs of the Other Trigonometric Functions
8.3 Inverse Trigonometric Functions

Introduction to Periodic Functions
The sun has played a core role in many religions. The ancient Egyptian culture portrayed the sun god, Ra (sometimes
written as Re), as undertaking a two-part daily journey, with one portion in the sky (day) and the other through the
underworld (night). Surya, the Hindu sun god, traces a similar path through the sky on a chariot pulled by seven horses.
While their origins and associated narratives are quite different, both Ra and Surya are primary deities and seen as
creators and preservers of life. In many Native American cultures, the sun is core to spiritual and religious practice, but is
not always a deity. The Sun Dance, practiced differently by many Native American tribes, was a ceremony that generally
paid homage to the sun and, in many cases, tested or expressed the strength of the tribe's people.

As one of the most most prominent natural phenomena and with its close association to giving life, the sun was an
obvious subject for reverence. And its regularity, even in ancient times, made it the primary determinant of time. Each
day, the sun rises in an easterly direction, approaches some maximum height relative to the celestial equator, and sets in
a westerly direction. The celestial equator is an imaginary line that divides the visible universe into two halves in much
the same way Earth’s equator is an imaginary line that divides the planet into two halves. The exact path the sun
appears to follow depends on the exact location on Earth, but each location observes a predictable pattern over time.

The pattern of the sun’s motion throughout the course of a year is a periodic function. Creating a visual representation
of a periodic function in the form of a graph can help us analyze the properties of the function. In this chapter, we will
investigate graphs of sine, cosine, and other trigonometric functions.

8.1 Graphs of the Sine and Cosine Functions
Learning Objectives
In this section, you will:

Graph variations of and .
Use phase shifts of sine and cosine curves.

PERIODIC FUNCTIONS8
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Figure 1 Light can be separated into colors because of its wavelike properties. (credit: "wonderferret"/ Flickr)

White light, such as the light from the sun, is not actually white at all. Instead, it is a composition of all the colors of the
rainbow in the form of waves. The individual colors can be seen only when white light passes through an optical prism
that separates the waves according to their wavelengths to form a rainbow.

Light waves can be represented graphically by the sine function. In the chapter on Trigonometric Functions
(http://openstax.org/books/precalculus-2e/pages/5-introduction-to-trigonometric-functions), we examined
trigonometric functions such as the sine function. In this section, we will interpret and create graphs of sine and cosine
functions.

Graphing Sine and Cosine Functions
Recall that the sine and cosine functions relate real number values to the x- and y-coordinates of a point on the unit
circle. So what do they look like on a graph on a coordinate plane? Let’s start with the sine function. We can create a
table of values and use them to sketch a graph. Table 1 lists some of the values for the sine function on a unit circle.

Table 1

Plotting the points from the table and continuing along the x-axis gives the shape of the sine function. See Figure 2.

Figure 2 The sine function

Notice how the sine values are positive between 0 and which correspond to the values of the sine function in
quadrants I and II on the unit circle, and the sine values are negative between and which correspond to the values
of the sine function in quadrants III and IV on the unit circle. See Figure 3.
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Figure 3 Plotting values of the sine function

Now let’s take a similar look at the cosine function. Again, we can create a table of values and use them to sketch a
graph. Table 2 lists some of the values for the cosine function on a unit circle.

Table 2

As with the sine function, we can plots points to create a graph of the cosine function as in Figure 4.

Figure 4 The cosine function

Because we can evaluate the sine and cosine of any real number, both of these functions are defined for all real
numbers. By thinking of the sine and cosine values as coordinates of points on a unit circle, it becomes clear that the
range of both functions must be the interval

In both graphs, the shape of the graph repeats after which means the functions are periodic with a period of A
periodic function is a function for which a specific horizontal shift, P, results in a function equal to the original function:

for all values of in the domain of When this occurs, we call the smallest such horizontal shift with
the period of the function. Figure 5 shows several periods of the sine and cosine functions.
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Figure 5

Looking again at the sine and cosine functions on a domain centered at the y-axis helps reveal symmetries. As we can
see in Figure 6, the sine function is symmetric about the origin. Recall from The Other Trigonometric Functions that we
determined from the unit circle that the sine function is an odd function because Now we can clearly
see this property from the graph.

Figure 6 Odd symmetry of the sine function

Figure 7 shows that the cosine function is symmetric about the y-axis. Again, we determined that the cosine function is
an even function. Now we can see from the graph that

Figure 7 Even symmetry of the cosine function

Characteristics of Sine and Cosine Functions

The sine and cosine functions have several distinct characteristics:

• They are periodic functions with a period of
• The domain of each function is ∞ ∞ and the range is

• The graph of is symmetric about the origin, because it is an odd function.
• The graph of is symmetric about the -axis, because it is an even function.
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Investigating Sinusoidal Functions
As we can see, sine and cosine functions have a regular period and range. If we watch ocean waves or ripples on a pond,
we will see that they resemble the sine or cosine functions. However, they are not necessarily identical. Some are taller
or longer than others. A function that has the same general shape as a sine or cosine function is known as a sinusoidal
function. The general forms of sinusoidal functions are

Determining the Period of Sinusoidal Functions
Looking at the forms of sinusoidal functions, we can see that they are transformations of the sine and cosine functions.
We can use what we know about transformations to determine the period.

In the general formula, is related to the period by If then the period is less than and the function

undergoes a horizontal compression, whereas if then the period is greater than and the function undergoes
a horizontal stretch. For example, so the period is which we knew. If then

so the period is and the graph is compressed. If then so the period is and the graph
is stretched. Notice in Figure 8 how the period is indirectly related to

Figure 8

Period of Sinusoidal Functions

If we let and in the general form equations of the sine and cosine functions, we obtain the forms

The period is

EXAMPLE 1

Identifying the Period of a Sine or Cosine Function
Determine the period of the function

Solution
Let’s begin by comparing the equation to the general form

In the given equation, so the period will be
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TRY IT #1 Determine the period of the function

Determining Amplitude
Returning to the general formula for a sinusoidal function, we have analyzed how the variable relates to the period.
Now let’s turn to the variable so we can analyze how it is related to the amplitude, or greatest distance from rest.
represents the vertical stretch factor, and its absolute value is the amplitude. The local maxima will be a distance
above the horizontal midline of the graph, which is the line because in this case, the midline is the x-axis.
The local minima will be the same distance below the midline. If the function is stretched. For example, the
amplitude of is twice the amplitude of If the function is compressed. Figure 9
compares several sine functions with different amplitudes.

Figure 9

Amplitude of Sinusoidal Functions

If we let and in the general form equations of the sine and cosine functions, we obtain the forms

The amplitude is which is the vertical height from the midline In addition, notice in the example that

EXAMPLE 2

Identifying the Amplitude of a Sine or Cosine Function
What is the amplitude of the sinusoidal function Is the function stretched or compressed vertically?

Solution
Let’s begin by comparing the function to the simplified form

In the given function, so the amplitude is The function is stretched.
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Analysis
The negative value of results in a reflection across the x-axis of the sine function, as shown in Figure 10.

Figure 10

TRY IT #2 What is the amplitude of the sinusoidal function Is the function stretched or
compressed vertically?

Analyzing Graphs of Variations of y = sin x and y = cos x
Now that we understand how and relate to the general form equation for the sine and cosine functions, we will
explore the variables and Recall the general form:

The value for a sinusoidal function is called the phase shift, or the horizontal displacement of the basic sine or cosine
function. If the graph shifts to the right. If the graph shifts to the left. The greater the value of the
more the graph is shifted. Figure 11 shows that the graph of shifts to the right by units, which is
more than we see in the graph of which shifts to the right by units.

Figure 11

While relates to the horizontal shift, indicates the vertical shift from the midline in the general formula for a
sinusoidal function. See Figure 12. The function has its midline at
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Figure 12

Any value of other than zero shifts the graph up or down. Figure 13 compares with
which is shifted 2 units up on a graph.

Figure 13

Variations of Sine and Cosine Functions

Given an equation in the form or is the phase shift and
is the vertical shift.

EXAMPLE 3

Identifying the Phase Shift of a Function
Determine the direction and magnitude of the phase shift for

Solution
Let’s begin by comparing the equation to the general form

In the given equation, notice that and So the phase shift is

or units to the left.

Analysis
We must pay attention to the sign in the equation for the general form of a sinusoidal function. The equation shows a
minus sign before Therefore can be rewritten as If the value of

is negative, the shift is to the left.

TRY IT #3 Determine the direction and magnitude of the phase shift for
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...

EXAMPLE 4

Identifying the Vertical Shift of a Function
Determine the direction and magnitude of the vertical shift for

Solution
Let’s begin by comparing the equation to the general form

In the given equation, so the shift is 3 units downward.

TRY IT #4 Determine the direction and magnitude of the vertical shift for

HOW TO

Given a sinusoidal function in the form identify the midline, amplitude, period, and
phase shift.

1. Determine the amplitude as
2. Determine the period as

3. Determine the phase shift as
4. Determine the midline as

EXAMPLE 5

Identifying the Variations of a Sinusoidal Function from an Equation
Determine the midline, amplitude, period, and phase shift of the function

Solution
Let’s begin by comparing the equation to the general form

so the amplitude is

Next, so the period is

There is no added constant inside the parentheses, so and the phase shift is

Finally, so the midline is

Analysis
Inspecting the graph, we can determine that the period is the midline is and the amplitude is 3. See Figure 14.

Figure 14

TRY IT #5 Determine the midline, amplitude, period, and phase shift of the function
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EXAMPLE 6

Identifying the Equation for a Sinusoidal Function from a Graph
Determine the formula for the cosine function in Figure 15.

Figure 15

Solution
To determine the equation, we need to identify each value in the general form of a sinusoidal function.

The graph could represent either a sine or a cosine function that is shifted and/or reflected. When the graph has
an extreme point, Since the cosine function has an extreme point for let us write our equation in terms of a
cosine function.

Let’s start with the midline. We can see that the graph rises and falls an equal distance above and below This
value, which is the midline, is in the equation, so

The greatest distance above and below the midline is the amplitude. The maxima are 0.5 units above the midline and the
minima are 0.5 units below the midline. So Another way we could have determined the amplitude is by
recognizing that the difference between the height of local maxima and minima is 1, so Also, the graph is
reflected about the x-axis so that

The graph is not horizontally stretched or compressed, so and the graph is not shifted horizontally, so

Putting this all together,

TRY IT #6 Determine the formula for the sine function in Figure 16.

Figure 16

EXAMPLE 7

Identifying the Equation for a Sinusoidal Function from a Graph
Determine the equation for the sinusoidal function in Figure 17.
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Figure 17

Solution
With the highest value at 1 and the lowest value at the midline will be halfway between at So

The distance from the midline to the highest or lowest value gives an amplitude of

The period of the graph is 6, which can be measured from the peak at to the next peak at or from the
distance between the lowest points. Therefore, Using the positive value for we find that

So far, our equation is either or For the shape and shift, we have more
than one option. We could write this as any one of the following:

• a cosine shifted to the right
• a negative cosine shifted to the left
• a sine shifted to the left
• a negative sine shifted to the right

While any of these would be correct, the cosine shifts are easier to work with than the sine shifts in this case because
they involve integer values. So our function becomes

Again, these functions are equivalent, so both yield the same graph.

TRY IT #7 Write a formula for the function graphed in Figure 18.

Figure 18

Graphing Variations of y = sin x and y = cos x
Throughout this section, we have learned about types of variations of sine and cosine functions and used that
information to write equations from graphs. Now we can use the same information to create graphs from equations.

Instead of focusing on the general form equations
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...

we will let and and work with a simplified form of the equations in the following examples.

HOW TO

Given the function sketch its graph.

1. Identify the amplitude,
2. Identify the period,

3. Start at the origin, with the function increasing to the right if is positive or decreasing if is negative.
4. At there is a local maximum for or a minimum for with

5. The curve returns to the x-axis at

6. There is a local minimum for (maximum for ) at with

7. The curve returns again to the x-axis at

EXAMPLE 8

Graphing a Function and Identifying the Amplitude and Period
Sketch a graph of

Solution
Let’s begin by comparing the equation to the form

Step 1. We can see from the equation that so the amplitude is 2.

Step 2. The equation shows that so the period is

Step 3. Because is negative, the graph descends as we move to the right of the origin.
Step 4–7. The x-intercepts are at the beginning of one period, the horizontal midpoints are at and at the end
of one period at

The quarter points include the minimum at and the maximum at A local minimum will occur 2 units below
the midline, at and a local maximum will occur at 2 units above the midline, at Figure 19 shows the graph
of the function.

Figure 19

TRY IT #8 Sketch a graph of Determine the midline, amplitude, period, and phase
shift.
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...
HOW TO

Given a sinusoidal function with a phase shift and a vertical shift, sketch its graph.

1. Express the function in the general form
2. Identify the amplitude,
3. Identify the period,

4. Identify the phase shift,
5. Draw the graph of shifted to the right or left by and up or down by

EXAMPLE 9

Graphing a Transformed Sinusoid
Sketch a graph of

Solution
Step 1. The function is already written in general form: This graph will have the shape of a sine
function, starting at the midline and increasing to the right.
Step 2. The amplitude is 3.
Step 3. Since we determine the period as follows.

The period is 8.

Step 4. Since the phase shift is

The phase shift is 1 unit.

Step 5. Figure 20 shows the graph of the function.

Figure 20 A horizontally compressed, vertically stretched, and horizontally shifted sinusoid

TRY IT #9 Draw a graph of Determine the midline, amplitude, period, and phase
shift.
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EXAMPLE 10

Identifying the Properties of a Sinusoidal Function
Given determine the amplitude, period, phase shift, and vertical shift. Then graph the
function.

Solution
Begin by comparing the equation to the general form and use the steps outlined in Example 9.

Step 1. The function is already written in general form.
Step 2. Since the amplitude is
Step 3. so the period is The period is 4.

Step 4. so we calculate the phase shift as The phase shift is

Step 5. so the midline is   and the vertical shift is up 3.

Since is negative, the graph of the cosine function has been reflected about the x-axis.

Figure 21 shows one cycle of the graph of the function.

Figure 21

Using Transformations of Sine and Cosine Functions
We can use the transformations of sine and cosine functions in numerous applications. As mentioned at the beginning
of the chapter, circular motion can be modeled using either the sine or cosine function.

EXAMPLE 11

Finding the Vertical Component of Circular Motion
A point rotates around a circle of radius 3 centered at the origin. Sketch a graph of the y-coordinate of the point as a
function of the angle of rotation.

Solution
Recall that, for a point on a circle of radius r, the y-coordinate of the point is so in this case, we get the
equation The constant 3 causes a vertical stretch of the y-values of the function by a factor of 3, which
we can see in the graph in Figure 22.
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Figure 22

Analysis
Notice that the period of the function is still as we travel around the circle, we return to the point for

Because the outputs of the graph will now oscillate between and the amplitude of the sine wave
is

TRY IT #10 What is the amplitude of the function Sketch a graph of this function.

EXAMPLE 12

Finding the Vertical Component of Circular Motion
A circle with radius 3 ft is mounted with its center 4 ft off the ground. The point closest to the ground is labeled P, as
shown in Figure 23. Sketch a graph of the height above the ground of the point as the circle is rotated; then find a
function that gives the height in terms of the angle of rotation.

Figure 23

Solution
Sketching the height, we note that it will start 1 ft above the ground, then increase up to 7 ft above the ground, and
continue to oscillate 3 ft above and below the center value of 4 ft, as shown in Figure 24.
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Figure 24

Although we could use a transformation of either the sine or cosine function, we start by looking for characteristics that
would make one function easier to use than the other. Let’s use a cosine function because it starts at the highest or
lowest value, while a sine function starts at the middle value. A standard cosine starts at the highest value, and this
graph starts at the lowest value, so we need to incorporate a vertical reflection.

Second, we see that the graph oscillates 3 above and below the center, while a basic cosine has an amplitude of 1, so this
graph has been vertically stretched by 3, as in the last example.

Finally, to move the center of the circle up to a height of 4, the graph has been vertically shifted up by 4. Putting these
transformations together, we find that

TRY IT #11 A weight is attached to a spring that is then hung from a board, as shown in Figure 25. As the
spring oscillates up and down, the position of the weight relative to the board ranges from
in. (at time to in. (at time below the board. Assume the position of is given as a
sinusoidal function of Sketch a graph of the function, and then find a cosine function that gives
the position in terms of

Figure 25
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EXAMPLE 13

Determining a Rider’s Height on a Ferris Wheel
The London Eye is a huge Ferris wheel with a diameter of 135 meters (443 feet). It completes one rotation every 30
minutes. Riders board from a platform 2 meters above the ground. Express a rider’s height above ground as a function
of time in minutes.

Solution
With a diameter of 135 m, the wheel has a radius of 67.5 m. The height will oscillate with amplitude 67.5 m above and
below the center.

Passengers board 2 m above ground level, so the center of the wheel must be located m above ground
level. The midline of the oscillation will be at 69.5 m.

The wheel takes 30 minutes to complete 1 revolution, so the height will oscillate with a period of 30 minutes.

Lastly, because the rider boards at the lowest point, the height will start at the smallest value and increase, following the
shape of a vertically reflected cosine curve.

• Amplitude: so
• Midline: so
• Period: so
• Shape:

An equation for the rider’s height would be

where is in minutes and is measured in meters.

MEDIA

Access these online resources for additional instruction and practice with graphs of sine and cosine functions.

Amplitude and Period of Sine and Cosine (http://openstax.org/l/ampperiod)
Translations of Sine and Cosine (http://openstax.org/l/translasincos)
Graphing Sine and Cosine Transformations (http://openstax.org/l/transformsincos)
Graphing the Sine Function (http://openstax.org/l/graphsinefunc)

8.1 SECTION EXERCISES
Verbal

1. Why are the sine and cosine
functions called periodic
functions?

2. How does the graph of
compare with the

graph of Explain
how you could horizontally
translate the graph of

to obtain

3. For the equation
what

constants affect the range
of the function and how do
they affect the range?

4. How does the range of a
translated sine function
relate to the equation

5. How can the unit circle be
used to construct the graph
of
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Graphical

For the following exercises, graph two full periods of each function and state the amplitude, period, and midline. State
the maximum and minimum y-values and their corresponding x-values on one period for Round answers to two
decimal places if necessary.

6. 7. 8.

9. 10. 11.

12. 13. 14.

15. 16. 17.

For the following exercises, graph one full period of each function, starting at For each function, state the
amplitude, period, and midline. State the maximum and minimum y-values and their corresponding x-values on one
period for State the phase shift and vertical translation, if applicable. Round answers to two decimal places if
necessary.

18. 19. 20.

21. 22. 23. Determine the amplitude, midline,
period, and an equation involving
the sine function for the graph
shown in Figure 26.

Figure 26
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24. Determine the amplitude, period,
midline, and an equation involving
cosine for the graph shown in
Figure 27.

Figure 27

25. Determine the amplitude, period,
midline, and an equation involving
cosine for the graph shown in
Figure 28.

Figure 28

26. Determine the amplitude, period,
midline, and an equation involving
sine for the graph shown in Figure
29.

Figure 29

27. Determine the amplitude, period,
midline, and an equation involving
cosine for the graph shown in
Figure 30.

Figure 30

28. Determine the amplitude, period,
midline, and an equation involving
sine for the graph shown in Figure
31.

Figure 31

29. Determine the amplitude, period,
midline, and an equation involving
cosine for the graph shown in
Figure 32.

Figure 32

30. Determine the amplitude, period,
midline, and an equation involving
sine for the graph shown in Figure
33.

Figure 33
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Algebraic

For the following exercises, let

31. On solve 32. On solve 33. Evaluate

34. On
Find all values of

35. On the maximum
value(s) of the function
occur(s) at what x-value(s)?

36. On the minimum
value(s) of the function
occur(s) at what x-value(s)?

37. Show that
This means that

is an odd
function and possesses
symmetry with respect to
________________.

For the following exercises, let

38. On solve the
equation

39. On solve 40. On find the
x-intercepts of

41. On find the
x-values at which the
function has a maximum or
minimum value.

42. On solve the

equation

Technology

43. Graph on
Explain why the

graph appears as it does.

44. Graph on
Did the graph

appear as predicted in the
previous exercise?

45. Graph on
and verbalize how

the graph varies from the
graph of

46. Graph on
the window and
explain what the graph
shows.

47. Graph on the
window and
explain what the graph
shows.
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6 Topics for Integration

6.1 Sigma notation (Active Calculus)

6.2 additional practice with geometry of definite inte-

grals (TBIL)
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Calculus Fun Fact: Calculus played a key role in the development of navigation in the 17th and 18th 

centuries 



6.1 Sigma notation (Active Calculus)
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��� 3JFNBOO 4VNT

����� 4JHNB /PUBUJPO

8F IBWF VTFE TVNT PG BSFBT PG SFDUBOHMFT UP BQQSPYJNBUF UIF BSFB VOEFS B DVSWF� *OUVJUJWFMZ
XF FYQFDU UIBU VTJOH B MBSHFS OVNCFS PG UIJOOFS SFDUBOHMFT XJMM QSPWJEF B CFUUFS FTUJNBUF GPS
UIF BSFB� $POTFRVFOUMZ XF BOUJDJQBUF EFBMJOH XJUI TVNT PG B MBSHF OVNCFS PG UFSNT� 5P EP
TP XF JOUSPEVDF TJHNB OPUBUJPO OBNFE GPS UIF (SFFL MFUUFS Σ XIJDI JT UIF DBQJUBM MFUUFS S JO
UIF (SFFL BMQIBCFU�

'PS FYBNQMF TBZ XF BSF JOUFSFTUFE JO UIF TVN

1 + 2 + 3 + · · · + 100

UIF TVN PG UIF КSTU ��� OBUVSBM OVNCFST� *O TJHNB OPUBUJPO XF XSJUF

100∑
k!1

k ! 1 + 2 + 3 + · · · + 100�

8F SFBE UIF TZNCPM
∑100

k!1 k BT ɔUIF TVN GSPN k FRVBMT � UP ��� PG k�ɕ 5IF WBSJBCMF k JT DBMMFE
UIF JOEFY PG TVNNBUJPO BOE BOZ MFUUFS DBO CF VTFE GPS UIJT WBSJBCMF� 5IF QBUUFSO JO UIF UFSNT
PG UIF TVN JT EFOPUFE CZ B GVODUJPO PG UIF JOEFY� GPS FYBNQMF

10∑
k!1

(k2
+ 2k) ! (12

+ 2 · 1) + (22
+ 2 · 2) + (32

+ 2 · 3) + · · · + (102
+ 2 · 10)

BOE NPSF HFOFSBMMZ
n∑

k!1
f (k) ! f (1) + f (2) + · · · + f (n)�

4JHNB OPUBUJPO BMMPXT VT UP WBSZ FBTJMZ UIF GVODUJPO CFJOH VTFE UP EFTDSJCF UIF UFSNT JO UIF
TVN BOE UP BEKVTU UIF OVNCFS PG UFSNT JO UIF TVN TJNQMZ CZ DIBOHJOH UIF WBMVF PG n� 8F
UFTU PVS VOEFSTUBOEJOH PG UIJT OFX OPUBUJPO JO UIF GPMMPXJOH BDUJWJUZ�

"DUJWJUZ ������ 'PS FBDI TVN XSJUUFO JO TJHNB OPUBUJPO XSJUF UIF TVN MPOH�IBOE BOE
FWBMVBUF UIF TVN UP КOE JUT WBMVF� 'PS FBDI TVN XSJUUFO JO FYQBOEFE GPSN XSJUF UIF
TVN JO TJHNB OPUBUJPO�

B�
∑5

k!1(k2 + 2)

C�
∑6

i!3(2i − 1)
D� 3 + 7 + 11 + 15 + · · · + 27

E� 4 + 8 + 16 + 32 + · · · + 256

F�
∑6

i!1
1
2i

����� 3JFNBOO 4VNT

8IFO B NPWJOH CPEZ IBT B QPTJUJWF WFMPDJUZ GVODUJPO y ! v(t) PO B HJWFO JOUFSWBM [a , b]
UIF BSFB VOEFS UIF DVSWF PWFS UIF JOUFSWBM HJWFT UIF UPUBM EJTUBODF UIF CPEZ USBWFMT PO [a , b]�
8F BSF BMTP JOUFSFTUFE JO КOEJOH UIF FYBDU BSFB CPVOEFE CZ y ! f (x) PO BO JOUFSWBM [a , b]
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*>�Sh1_ 9X .16ALAh1 �L. AL.16ALAh1 ALh1:_�Ga UALV Ryj

/ 6BM/ i?2 BMi2`b2+iBQM Q7 irQ ;`�T?bX UE?�M �+�/2Kv8V

2 6BM/ i?2 �`2� Q7 TH�M2 b?�T2b- bm+? �b `2+i�M;H2b- i`B�M;H2b- +B`+H2b- �M/
i`�T2xQB/bX UJ�i? Bb 7mMeV

9XR :2QK2i`v Q7 /2}MBi2 BMi2;`�Hb UALRV

G2�`MBM; Pmi+QK2b
Ç lb2 ;2QK2i`B+ 7Q`KmH�b iQ +QKTmi2 /2}MBi2 BMi2;`�HbX

9XRXR �+iBpBiB2b
.2}MBiBQM 9XRXR h?2 /2}MBi2 BMi2;`�H 7Q` � TQbBiBp2 7mM+iBQM f(x) ≥ 0
#2ir22M i?2 TQBMib x = a �M/ x = b Bb i?2 �`2� #2ir22M i?2 7mM+iBQM �M/ i?2

x@�tBbX q2 /2MQi2 i?Bb [m�MiBiv �b
∫ b

a
f(x) dx ♦

_2K�`F 9XRXk 6Q` bQK2 7mM+iBQMb r?B+? ?�p2 FMQrM ;2QK2i`B+ b?�T2b UHBF2
TB2+2b Q7 HBM2b Q` +B`+H2bV r2 +�M �H`2�/v +QKTmi2 i?2b2 �`2� 2t�+iHv �M/ r2
rBHH /Q bQ BM i?Bb b2+iBQMX "mi 7Q` KQbi 7mM+iBQMb r2 /Q MQi FMQr [mBi2 v2i ?Qr
iQ +QKTmi2 i?2b2 �`2�bX AM i?2 M2ti b2+iBQM- r2 rBHH b22 i?�i #2+�mb2 r2 +�M
+QKTmi2 i?2 �`2�b Q7 `2+i�M;H2b [mBi2 2�bBHv- r2 +�M �Hr�vb i`v iQ �TT`QtBK�i2
� b?�T2 rBi? `2+i�M;H2b- 2p2M B7 i?Bb +QmH/ #2 � p2`v +Q�`b2 �TT`QtBK�iBQMX
�+iBpBiv 9XRXj *QMbB/2` i?2 HBM2�` 7mM+iBQM f(x) = 2xX aF2i+? � ;`�T? Q7
i?Bb 7mM+iBQMX *QMbB/2` i?2 �`2� #2ir22M i?2 x@�tBb �M/ i?2 7mM+iBQM QM i?2
BMi2`p�H [0, 1]X q?�i Bb

∫ 1
0 f(x) dx\

�X R

"X k

*X j

.X 9
�+iBpBiv 9XRX9 *QMbB/2` i?2 HBM2�` 7mM+iBQM f(x) = 4xX q?�i Bb

∫ 1
0 f(x) dx\

�X R

"X k

*X j

.X 9
�+iBpBiv 9XRX8 *QMbB/2` i?2 HBM2�` 7mM+iBQM f(x) = 2x+2X LQiB+2 i?�i QM i?2
BMi2`p�H [0, 1]- i?2 b?�T2 7Q`K2/ #2ir22M i?2 ;`�T? �M/ i?2 x@�tBb Bb � i`�T2xQB/X
q?�i Bb

∫ 1
0 f(x) dx\

�X R

"X k

*X j

.X 9
�+iBpBiv 9XRXe *QMbB/2` i?2 7mM+iBQM f(x) =

√
4− x2X LQiB+2 i?�i QM i?2 /Q@

K�BM [−2, 2]- i?2 b?�T2 7Q`K2/ #2ir22M i?2 ;`�T? �M/ i?2 x@�tBb Bb � b2KB+B`+H2X
q?�i Bb

∫ 2
−2 f(x) dx\

�X π

"X 2π

*X 3π

.X 4π

.2}MBiBQM 9XRXd A7 � 7mM+iBQM f(x) ≤ 0 QM [a, b]- i?2M r2 /2}M2 i?2 BMi2;`�H
8YYY�MJCPCECFGO[�QTI�OCVJ�CĶIGDTC��Z�GE�H�H���E�HD���GS�

Z�GE�H�H���E�HD���SWCF�U[U�X�ĶKPG�CPF�RCTCDQĶC�U[UVGO
eYYY�OCVJUKUHWP�EQO�CTGC�JVOĶ
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#2ir22M a �M/ b iQ #2
∫ b

a
f(x) dx = (−1)× �`2� #2ir22M i?2 ;`�T? Q7 �M/ i?2 �tBb QM i?2 BMi2`p�H X

aQ i?2 /2}MBi2 BMi2;`�H 7Q` � M2;�iBp2 7mM+iBQM Bb i?2 ǴM2;�iBp2Ǵ Q7 i?2 �`2�
#2ir22M i?2 ;`�T? �M/ i?2 x@�tBbX ♦
�+iBpBiv 9XRX3 1tTH�BM ?Qr iQ mb2 ;2QK2i`B+ 7Q`KmH�b 7Q` �`2� iQ +QKTmi2
i?2 7QHHQrBM; /2}MBi2 BMi2;`�HbX 6Q` 2�+? T�`i- bF2i+? i?2 7mM+iBQM iQ bmTTQ`i
vQm` 2tTH�M�iBQMX

RX ∫ 6

1
(−3x+ 6) dx

kX ∫ 6

2
(−3x+ 6) dx

jX ∫ 5

1

(
−
√
−(x− 1)2 + 16

)
dx

�+iBpBiv 9XRXN h?2 ;`�T? Q7 g(t) �M/ i?2 �`2�b A1, A2, A3 �`2 ;Bp2M #2HQrX

6B;m`2 3y

U�V 6BM/
∫ 3
3 g(t) dt

U#V 6BM/
∫ 6
3 g(t) dt

U+V 6BM/
∫ 10
0 g(t) dt

U/V amTTQb2 i?�i g(t) ;Bp2b i?2 p2HQ+Biv BM 7Tb �i iBK2 t UBM b2+QM/bV Q7 �
T�`iB+H2 KQpBM; BM i?2 p2`iB+�H /B`2+iBQMX � TQbBiBp2 p2HQ+Biv BM/B+�i2b
i?�i i?2 T�`iB+H2 Bb KQpBM; mT- � M2;�iBp2 p2HQ+Biv BM/B+�i2b i?�i i?2
T�`iB+H2 Bb KQpBM; /QrMX A7 i?2 T�`iB+H2 bi�`i2/ �i � ?2B;?i Q7 j7i- �i
r?�i ?2B;?i rQmH/ Bi #22M �7i2` j b2+QM/b\ �7i2` e b2+QM/b\ �7i2` Ry
b2+QM/b\ �i r?�i iBK2 /Q2b i?2 T�`iB+H2 `2�+? i?2 ?B;?2bi TQBMi BM i?Bb
iBK2 BMi2`p�H\
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Appendix: GNU Free Documentation License

Version 1.3, 3 November 2008
Copyright © 2000, 2001, 2002, 2007, 2008 Free Software Foundation, Inc.

<https://fsf.org/>

Everyone is permitted to copy and distribute verbatim copies of this license
document, but changing it is not allowed.

Preamble

The purpose of this License is to make a manual, textbook, or other func-
tional and useful document “free” in the sense of freedom: to assure everyone
the e↵ective freedom to copy and redistribute it, with or without modifying
it, either commercially or noncommercially. Secondarily, this License preserves
for the author and publisher a way to get credit for their work, while not be-
ing considered responsible for modifications made by others.
This License is a kind of “copyleft”, which means that derivative works of
the document must themselves be free in the same sense. It complements the
GNU General Public License, which is a copyleft license designed for free soft-
ware.
We have designed this License in order to use it for manuals for free soft-
ware, because free software needs free documentation: a free program should
come with manuals providing the same freedoms that the software does. But
this License is not limited to software manuals; it can be used for any tex-
tual work, regardless of subject matter or whether it is published as a printed
book. We recommend this License principally for works whose purpose is in-
struction or reference.

1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that con-
tains a notice placed by the copyright holder saying it can be distributed un-
der the terms of this License. Such a notice grants a world-wide, royalty-free
license, unlimited in duration, to use that work under the conditions stated
herein. The “Document”, below, refers to any such manual or work. Any
member of the public is a licensee, and is addressed as “you”. You accept the
license if you copy, modify or distribute the work in a way requiring permis-
sion under copyright law.
A “Modified Version” of the Document means any work containing the
Document or a portion of it, either copied verbatim, or with modifications
and/or translated into another language.
A “Secondary Section” is a named appendix or a front-matter section of
the Document that deals exclusively with the relationship of the publishers
or authors of the Document to the Document’s overall subject (or to related
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matters) and contains nothing that could fall directly within that overall sub-
ject. (Thus, if the Document is in part a textbook of mathematics, a Sec-
ondary Section may not explain any mathematics.) The relationship could
be a matter of historical connection with the subject or with related matters,
or of legal, commercial, philosophical, ethical or political position regarding
them.
The “Invariant Sections” are certain Secondary Sections whose titles are
designated, as being those of Invariant Sections, in the notice that says that
the Document is released under this License. If a section does not fit the above
definition of Secondary then it is not allowed to be designated as Invariant.
The Document may contain zero Invariant Sections. If the Document does not
identify any Invariant Sections then there are none.
The “Cover Texts” are certain short passages of text that are listed, as Front-
Cover Texts or Back-Cover Texts, in the notice that says that the Document
is released under this License. A Front-Cover Text may be at most 5 words,
and a Back-Cover Text may be at most 25 words.
A “Transparent” copy of the Document means a machine-readable copy,
represented in a format whose specification is available to the general pub-
lic, that is suitable for revising the document straightforwardly with generic
text editors or (for images composed of pixels) generic paint programs or (for
drawings) some widely available drawing editor, and that is suitable for input
to text formatters or for automatic translation to a variety of formats suitable
for input to text formatters. A copy made in an otherwise Transparent file
format whose markup, or absence of markup, has been arranged to thwart or
discourage subsequent modification by readers is not Transparent. An image
format is not Transparent if used for any substantial amount of text. A copy
that is not “Transparent” is called “Opaque”.
Examples of suitable formats for Transparent copies include plain ASCII with-
out markup, Texinfo input format, LaTeX input format, SGML or XML using
a publicly available DTD, and standard-conforming simple HTML, PostScript
or PDF designed for human modification. Examples of transparent image for-
mats include PNG, XCF and JPG. Opaque formats include proprietary for-
mats that can be read and edited only by proprietary word processors, SGML
or XML for which the DTD and/or processing tools are not generally avail-
able, and the machine-generated HTML, PostScript or PDF produced by
some word processors for output purposes only.
The “Title Page” means, for a printed book, the title page itself, plus such
following pages as are needed to hold, legibly, the material this License re-
quires to appear in the title page. For works in formats which do not have
any title page as such, “Title Page” means the text near the most promi-
nent appearance of the work’s title, preceding the beginning of the body of
the text.
The “publisher” means any person or entity that distributes copies of the
Document to the public.
A section “Entitled XYZ” means a named subunit of the Document whose
title either is precisely XYZ or contains XYZ in parentheses following text

7

Page 361



that translates XYZ in another language. (Here XYZ stands for a specific sec-
tion name mentioned below, such as “Acknowledgements”, “Dedications”,
“Endorsements”, or “History”.) To “Preserve the Title” of such a sec-
tion when you modify the Document means that it remains a section “Enti-
tled XYZ” according to this definition.
The Document may include Warranty Disclaimers next to the notice which
states that this License applies to the Document. These Warranty Disclaimers
are considered to be included by reference in this License, but only as regards
disclaiming warranties: any other implication that these Warranty Disclaimers
may have is void and has no e↵ect on the meaning of this License.

2. VERBATIM COPYING

You may copy and distribute the Document in any medium, either commer-
cially or noncommercially, provided that this License, the copyright notices,
and the license notice saying this License applies to the Document are repro-
duced in all copies, and that you add no other conditions whatsoever to those
of this License. You may not use technical measures to obstruct or control
the reading or further copying of the copies you make or distribute. However,
you may accept compensation in exchange for copies. If you distribute a large
enough number of copies you must also follow the conditions in section 3.
You may also lend copies, under the same conditions stated above, and you
may publicly display copies.

3. COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed
covers) of the Document, numbering more than 100, and the Document’s li-
cense notice requires Cover Texts, you must enclose the copies in covers that
carry, clearly and legibly, all these Cover Texts: Front-Cover Texts on the
front cover, and Back-Cover Texts on the back cover. Both covers must also
clearly and legibly identify you as the publisher of these copies. The front
cover must present the full title with all words of the title equally prominent
and visible. You may add other material on the covers in addition. Copying
with changes limited to the covers, as long as they preserve the title of the
Document and satisfy these conditions, can be treated as verbatim copying in
other respects.
If the required texts for either cover are too voluminous to fit legibly, you
should put the first ones listed (as many as fit reasonably) on the actual cover,
and continue the rest onto adjacent pages.
If you publish or distribute Opaque copies of the Document numbering more
than 100, you must either include a machine-readable Transparent copy along
with each Opaque copy, or state in or with each Opaque copy a computer-
network location from which the general network-using public has access to
download using public-standard network protocols a complete Transparent
copy of the Document, free of added material. If you use the latter option,
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you must take reasonably prudent steps, when you begin distribution of Opaque
copies in quantity, to ensure that this Transparent copy will remain thus ac-
cessible at the stated location until at least one year after the last time you
distribute an Opaque copy (directly or through your agents or retailers) of
that edition to the public.
It is requested, but not required, that you contact the authors of the Docu-
ment well before redistributing any large number of copies, to give them a
chance to provide you with an updated version of the Document.

4. MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the
conditions of sections 2 and 3 above, provided that you release the Modified
Version under precisely this License, with the Modified Version filling the role
of the Document, thus licensing distribution and modification of the Modi-
fied Version to whoever possesses a copy of it. In addition, you must do these
things in the Modified Version:

A. Use in the Title Page (and on the covers, if any) a title distinct from
that of the Document, and from those of previous versions (which should,
if there were any, be listed in the History section of the Document). You
may use the same title as a previous version if the original publisher of
that version gives permission.

B. List on the Title Page, as authors, one or more persons or entities re-
sponsible for authorship of the modifications in the Modified Version,
together with at least five of the principal authors of the Document (all
of its principal authors, if it has fewer than five), unless they release you
from this requirement.

C. State on the Title page the name of the publisher of the Modified Ver-
sion, as the publisher.

D. Preserve all the copyright notices of the Document.

E. Add an appropriate copyright notice for your modifications adjacent to
the other copyright notices.

F. Include, immediately after the copyright notices, a license notice giving
the public permission to use the Modified Version under the terms of
this License, in the form shown in the Addendum below.

G. Preserve in that license notice the full lists of Invariant Sections and re-
quired Cover Texts given in the Document’s license notice.

H. Include an unaltered copy of this License.
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I. Preserve the section Entitled “History”, Preserve its Title, and add to
it an item stating at least the title, year, new authors, and publisher of
the Modified Version as given on the Title Page. If there is no section
Entitled “History” in the Document, create one stating the title, year,
authors, and publisher of the Document as given on its Title Page, then
add an item describing the Modified Version as stated in the previous
sentence.

J. Preserve the network location, if any, given in the Document for pub-
lic access to a Transparent copy of the Document, and likewise the net-
work locations given in the Document for previous versions it was based
on. These may be placed in the “History” section. You may omit a net-
work location for a work that was published at least four years before
the Document itself, or if the original publisher of the version it refers to
gives permission.

K. For any section Entitled “Acknowledgements” or “Dedications”, Pre-
serve the Title of the section, and preserve in the section all the sub-
stance and tone of each of the contributor acknowledgements and/or
dedications given therein.

L. Preserve all the Invariant Sections of the Document, unaltered in their
text and in their titles. Section numbers or the equivalent are not con-
sidered part of the section titles.

M. Delete any section Entitled “Endorsements”. Such a section may not be
included in the Modified Version.

N. Do not retitle any existing section to be Entitled “Endorsements” or to
conflict in title with any Invariant Section.

O. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that
qualify as Secondary Sections and contain no material copied from the Docu-
ment, you may at your option designate some or all of these sections as invari-
ant. To do this, add their titles to the list of Invariant Sections in the Modi-
fied Version’s license notice. These titles must be distinct from any other sec-
tion titles.
You may add a section Entitled “Endorsements”, provided it contains nothing
but endorsements of your Modified Version by various parties—for example,
statements of peer review or that the text has been approved by an organiza-
tion as the authoritative definition of a standard.
You may add a passage of up to five words as a Front-Cover Text, and a pas-
sage of up to 25 words as a Back-Cover Text, to the end of the list of Cover
Texts in the Modified Version. Only one passage of Front-Cover Text and one
of Back-Cover Text may be added by (or through arrangements made by) any
one entity. If the Document already includes a cover text for the same cover,
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previously added by you or by arrangement made by the same entity you are
acting on behalf of, you may not add another; but you may replace the old
one, on explicit permission from the previous publisher that added the old
one.
The author(s) and publisher(s) of the Document do not by this License give
permission to use their names for publicity for or to assert or imply endorse-
ment of any Modified Version.

5. COMBINING DOCUMENTS

You may combine the Document with other documents released under this
License, under the terms defined in section 4 above for modified versions, pro-
vided that you include in the combination all of the Invariant Sections of all
of the original documents, unmodified, and list them all as Invariant Sections
of your combined work in its license notice, and that you preserve all their
Warranty Disclaimers.
The combined work need only contain one copy of this License, and multiple
identical Invariant Sections may be replaced with a single copy. If there are
multiple Invariant Sections with the same name but di↵erent contents, make
the title of each such section unique by adding at the end of it, in parentheses,
the name of the original author or publisher of that section if known, or else a
unique number. Make the same adjustment to the section titles in the list of
Invariant Sections in the license notice of the combined work.
In the combination, you must combine any sections Entitled “History” in the
various original documents, forming one section Entitled “History”; likewise
combine any sections Entitled “Acknowledgements”, and any sections Entitled
“Dedications”. You must delete all sections Entitled “Endorsements”.

6. COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents
released under this License, and replace the individual copies of this License
in the various documents with a single copy that is included in the collection,
provided that you follow the rules of this License for verbatim copying of each
of the documents in all other respects.
You may extract a single document from such a collection, and distribute it
individually under this License, provided you insert a copy of this License into
the extracted document, and follow this License in all other respects regarding
verbatim copying of that document.

7. AGGREGATION WITH INDEPENDENT
WORKS

A compilation of the Document or its derivatives with other separate and in-
dependent documents or works, in or on a volume of a storage or distribution
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medium, is called an “aggregate” if the copyright resulting from the compi-
lation is not used to limit the legal rights of the compilation’s users beyond
what the individual works permit. When the Document is included in an ag-
gregate, this License does not apply to the other works in the aggregate which
are not themselves derivative works of the Document.
If the Cover Text requirement of section 3 is applicable to these copies of the
Document, then if the Document is less than one half of the entire aggregate,
the Document’s Cover Texts may be placed on covers that bracket the Docu-
ment within the aggregate, or the electronic equivalent of covers if the Docu-
ment is in electronic form. Otherwise they must appear on printed covers that
bracket the whole aggregate.

8. TRANSLATION

Translation is considered a kind of modification, so you may distribute trans-
lations of the Document under the terms of section 4. Replacing Invariant
Sections with translations requires special permission from their copyright
holders, but you may include translations of some or all Invariant Sections in
addition to the original versions of these Invariant Sections. You may include
a translation of this License, and all the license notices in the Document, and
any Warranty Disclaimers, provided that you also include the original En-
glish version of this License and the original versions of those notices and dis-
claimers. In case of a disagreement between the translation and the original
version of this License or a notice or disclaimer, the original version will pre-
vail.
If a section in the Document is Entitled “Acknowledgements”, “Dedications”,
or “History”, the requirement (section 4) to Preserve its Title (section 1) will
typically require changing the actual title.

9. TERMINATION

You may not copy, modify, sublicense, or distribute the Document except as
expressly provided under this License. Any attempt otherwise to copy, mod-
ify, sublicense, or distribute it is void, and will automatically terminate your
rights under this License.
However, if you cease all violation of this License, then your license from a
particular copyright holder is reinstated (a) provisionally, unless and until the
copyright holder explicitly and finally terminates your license, and (b) per-
manently, if the copyright holder fails to notify you of the violation by some
reasonable means prior to 60 days after the cessation.
Moreover, your license from a particular copyright holder is reinstated perma-
nently if the copyright holder notifies you of the violation by some reasonable
means, this is the first time you have received notice of violation of this Li-
cense (for any work) from that copyright holder, and you cure the violation
prior to 30 days after your receipt of the notice.
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Termination of your rights under this section does not terminate the licenses
of parties who have received copies or rights from you under this License. If
your rights have been terminated and not permanently reinstated, receipt of a
copy of some or all of the same material does not give you any rights to use it.

10. FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU
Free Documentation License from time to time. Such new versions will be
similar in spirit to the present version, but may di↵er in detail to address new
problems or concerns. See https://www.gnu.org/licenses/.
Each version of the License is given a distinguishing version number. If the
Document specifies that a particular numbered version of this License “or any
later version” applies to it, you have the option of following the terms and
conditions either of that specified version or of any later version that has been
published (not as a draft) by the Free Software Foundation. If the Document
does not specify a version number of this License, you may choose any version
ever published (not as a draft) by the Free Software Foundation. If the Doc-
ument specifies that a proxy can decide which future versions of this License
can be used, that proxy’s public statement of acceptance of a version perma-
nently authorizes you to choose that version for the Document.

11. RELICENSING

“Massive Multiauthor Collaboration Site” (or “MMC Site”) means any World
Wide Web server that publishes copyrightable works and also provides promi-
nent facilities for anybody to edit those works. A public wiki that anybody
can edit is an example of such a server. A “Massive Multiauthor Collabora-
tion” (or “MMC”) contained in the site means any set of copyrightable works
thus published on the MMC site.
“CC-BY-SA” means the Creative Commons Attribution-Share Alike 3.0 li-
cense published by Creative Commons Corporation, a not-for-profit corpora-
tion with a principal place of business in San Francisco, California, as well as
future copyleft versions of that license published by that same organization.
“Incorporate” means to publish or republish a Document, in whole or in part,
as part of another Document.
An MMC is “eligible for relicensing” if it is licensed under this License, and if
all works that were first published under this License somewhere other than
this MMC, and subsequently incorporated in whole or in part into the MMC,
(1) had no cover texts or invariant sections, and (2) were thus incorporated
prior to November 1, 2008.
The operator of an MMC Site may republish an MMC contained in the site
under CC-BY-SA on the same site at any time before August 1, 2009, pro-
vided the MMC is eligible for relicensing.
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ADDENDUM: How to use this License for your
documents

To use this License in a document you have written, include a copy of the Li-
cense in the document and put the following copyright and license notices just
after the title page:

Copyright © YEAR YOUR NAME. Permission is granted to
copy, distribute and/or modify this document under the terms of
the GNU Free Documentation License, Version 1.3 or any later
version published by the Free Software Foundation; with no Invari-
ant Sections, no Front-Cover Texts, and no Back-Cover Texts. A
copy of the license is included in the section entitled “GNU Free
Documentation License”.

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, re-
place the “with . . . Texts.” line with this:

with the Invariant Sections being LIST THEIR TITLES, with the
Front-Cover Texts being LIST, and with the Back-Cover Texts
being LIST.

If you have Invariant Sections without Cover Texts, or some other combina-
tion of the three, merge those two alternatives to suit the situation.
If your document contains nontrivial examples of program code, we recom-
mend releasing these examples in parallel under your choice of free software
license, such as the GNU General Public License, to permit their use in free
software.
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