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This thesis provides a preliminary investigation of singlet fission from the perspective of

Hierarchy of pure states (HOPS), which provides a numerical exact solution for the inves-

tigation of a series of open quantum systems. Since the inception of the concept of singlet

fission about half a century ago, this photo-physical process has attracted the attention of a

multitude of researchers and has been extensively studied theoretically and experimentally.

However, these previous methods for the investigation of singlet fission focus more or less on

tackling the underlying mechanisms of singlet fission from the perspective of perturbation.

So far, the HOPS method has been the first trial for the investigation of this photo-physical

process. This thesis is organized as follows. The Chapter 1 will introduce the basics of singlet

fission and the brief history of the investigation of this phenomenon over the last half cen-

tury. Chapter 2 will focus on the introduction of the method of HOPS and its applications

to various open quantum systems. The investigation of singlet fission from the perspective

of HOPS will be introduced in Chapter 3. The focus of Chapter 4 will be on the discussion

of the current research. Chapter 5 will conclude the thesis and present some outlooks on the

future research.
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Chapter 1

Introduction

Singlet fission refers to a photo-physical process associated with certain organic com-

pounds where a singlet excited state evolves into two triplet excited states with the conser-

vation of the overall spin. The investigation of the process of singlet fission began in 1965 [1].

However, interest toward this process has grown rapidly in the last few years. Therefore, the

recent years have witnessed a soaring trend in terms of the number of publications focusing

on the exploitation of singlet fission from the perspective of theoretical analysis, modeling,

and experimental analysis. Among these studies, theoretical and computational investiga-

tions have played a pivotal role in deepening the scientific community’s understanding of

this peculiar photo-physical phenomenon. In particular, computational investigations play a

decisive role in understanding the most relevant factors for singlet fission efficiency, the prop-

erties of electronic states associated with singlet fission, the potential mechanisms of singlet

fission, the key parameters describing fission rates, and the most significant characteristics

regarding the dynamics of singlet fission [2,3]. In spite of multiple studies characterizing these

factors, there is still much work to do to fully comprehend the mechanisms and applications

of singlet fission.

In this chapter, we will illustrate a brief history of the investigation of singlet fission.

After that, we will focus on the experimental investigation of singlet fission before delving

into the applications of singlet fission. In addition, we will also discuss the electronic states

involved in singlet fission. In addition, we will also discuss the electronic states involved in

singlet fission, and then compare the differences between these states when they undergo

singlet fission.
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1.1. A brief history of the investigation of singlet fission

The inception of the exploration of singlet fission can be traced back to the year 1963,

when Singh and Stoicheff discovered a dark intermediate state in single crystals of anthracene,

capable of absorbing two photons, that is not present in the free anthracene molecule [4]. In

1965, this intermediate state was characterized as a high-energy state, formed by two coupled

triplet excited states, which can either disassociate or relax to the lowest excited singlet state

[1]. The year 1968 saw the proposition of biomolecular decay, which is described by a rate

model, of a singlet excited state into a pair of triplet excited states in tetracene crystals by

Swenberg and Stacy [5] in order to explain the phenomenon of extremely low fluorescence

quantum yield [6]. In 1969, two experimental papers presented relevant evidence of singlet

fission process in crystalline tetracene [7,8] to verify the predictions made by Swenberg and

Stacy. A 1970 work hypothesized the existence of an intermolecular correlated triplet-pair

state as an intermediate for the triplet-triplet annihilation process in anthracene crystals [9].

The singlet fission kinetic models in these theoretical works relied mostly on singlet fission

and triplet-triplet annihilation model developed by Johnson and Merrifield [9,10], which

were improved by Suna that included the effects of triplet exciton diffusion in the model

[11]. These theories were successful in advancing the investigation of singlet fission, despite

the inability to describe the electronic states involved in the singlet fission mechanism due

to the limit of quantum chemistry electronic structure calculations at that time.

Due to the limit of the power of quantum chemistry electronic structure calculations, the

research community paid less and less attention to the detailed investigation of singlet fission

in the following decades [12-14]. It was not until in 2006 that the investigation of singlet

fission was revitalized, when Hanna and Nozik proposed multiple exciton generation (MEG)

in organic materials via singlet fission as a path to overcome the the Shockley-Queisser limit

[15,16], which opens the door to a series of potential applications of singlet fission to the

improvement of conversion efficiency between solar energy and electricity.
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1.2. Experimental investigations of singlet fission

In addition to the theoretical and computational efforts devoted to the exploration of

singlet fission, singlet fission has also been detected and measured in a variety of experi-

ments, such as delayed fluorescence via magnetic variations of spectroscopic characteristics,

or that using photo-induced transient absorption techniques. The timescale of fluorescent

emission is much longer than that of delayed fluorescence, which indicates the recombina-

tion of two triplet excited states [17-23]. In addition to these experimental methods, some

other approaches have also been applied to the exploration of singlet fission to detect the

triplet excited states, e.g., transient absorption, or time-resolved two-photon photo-emission

spectroscopies. Transient absorption can be used to determine the radiation transmission

variation of a material in response to photo-excitation. The emergence of laser pulses on the

femtosecond timescale provides an opportunity for researchers to explore the time evolution

of electronic states of singlet fission, and the laser pulses are one of the main experimental

methods to detect singlet fission, which serves as the basis of the exploration of the dynam-

ics of singlet fission. The theoretical investigation of excited state absorption measurements

applied to the study of singlet fission in solid pentacene has been realized by Khan and

Mazumdar [24].

1.3. Application of singlet fission to solar cells

Since the work of Hanna and Nozik [15], researchers have tried their utmost use singlet

fission to improve solar cells by converting the solar photons into electricity in photovoltaic

devices or producing solar fuels. By combining singlet fission materials with solar cell ar-

chitectures, it may be possible to alleviate losses caused by conversion of the excess kinetic

energy of hot carriers to heat by generating a second exciton for solar photons with energies

at least twice the band gap of the semiconductor [25].
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The Shockley-Queisser limit is an important quantity proposed to describe the previous

understanding of the maximum efficiency of solar cells. In order to exceed this limit, two

or more light harvesting components are required in the solar cells associated with singlet

fission, i.e., a singlet fission material which is able to absorb high-energy photons and a

chromophore that converts lower energy solar radiation into a single electron-hole pair per

solar photon [15,26]. Theoretical results show that singlet fission in solar cells is capable of

doubling the photocurrent for short wavelength photons with the voltage of a single junction

cell. This can be explained by a potential loss mechanism that is the electron transfer channel

from the singlet excited state before the multi-exciton formation, and this mechanism is used

in singlet fission solar cells. Therefore, singlet fission needs to be fast to produce two charge

carriers for each absorbed photon. To date, by incorporating the phenomenon of singlet

fission, the external and internal quantum efficiencies of solar cells have reached 126% and

200%, respectively [27,28].

Solar cells can be integrated with singlet fission materials consisting of a singlet fission

donor and acceptor via charge separation of triplet excitons. The ionization of triplet excited

states at the donor-acceptor interface has been demonstrated in pentacene and C60, serving

as singlet fission donor and electron acceptor materials, respectively [29]. In addition, sin-

glet fission compounds can also be used as sensitizers coupled to semiconductor solar cells

such as crystalline or amorphous silicon [30] or perovskites [31]. The efficiency of one such

singlet fission sensitized parallel tandem solar cell was predicted to be approximately 45%

[30]. Compared to the fast charge transport of inorganic semiconductors, the poor charge

transport properties associated with organic semiconductors have hindered their applications

to photovoltaics. The combination of singlet fission molecular sensitizers with dye-sensitized

solar cells (DSSCs) has been proposed as a means of overcoming this gap [32], which has

been explored in a 2006 paper [33]. After discussing the potential applications of singlet

fission, we will focus on the basics and electronic states associated with singlet fission.
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1.4. The overview of singlet fission

1.4.1. The basics of singlet fission

Singlet fission, which can also be referred to as singlet exciton fission, is a photo-physical

reaction in which a spin singlet excited state is converted to two spin triplet excitons, as

described by the following equation:

S∗ → T1 + T2 (1.1)

Despite bridging the gap between singlet excited states and triplet excited states, singlet

fission is a spin-allowed process as the triplet states involved in this process are coupled as

an overall singlet state.

Singlet fission is a down-conversion process of high-frequency photons into low-energy

excitons, which, initially, was considered as the reverse process of the triplet-triplet anni-

hilation process [1,8]. Singlet fission can also be regarded as the molecular counterpart of

multiple exciton generation (MEG) in organic semiconductors, such as quantum dots [34],

and quantum cutting in lanthanide ions [35-37]. Singlet fission leads to two triplet excitons

located in two monomers, as opposed to MEG, in which the excitons are produced in a sin-

gle nano-crystal or quantum dot. One advantage associated with singlet fission is that the

lifespan of triplet excited states in organic materials is in the microsecond realm, whereas

triplet excitons tend to decay via Auger recombination in just a few tens of picoseconds in

inorganic nano-structures [38].

Singlet fission can be seen as the result of two successive steps in which an initial excited

state is the lowest excited singlet of a monomeric chromophore, which can be described by

the following equation [39],

5



S1 ⇀↽
1 TT ⇀↽ T1 + T2 (1.2)

As singlet fission, a photo-physical reaction, starts from an excited singlet state, it needs

the initial activation energy as the driving force to trigger the singlet fission. The required

activation energy is usually provided by photo-absorption and initial electronic promotion of

the system to an optically active state, even if singlet fission could occur due to some other

activation sources [40]. Photoexcitation of the system triggers the (coherent or incoherent)

formation of an intermediate state, the singlet fission precursor 1TT , with a very particular

electronic structure containing the seed for the formation of two triplet states. Once the

intermediate state is formed it can, in principle, dissociate into two independent triplets

via the Dexter energy transfer mechanism [41]. Electronic coupling between the two triplet

excitons is lost upon spatial separation, but the two triplets might remain entangled as

an overall spin singlet (quantum or spin coherence) [42,43]. Experimentally, it has been

shown that spin coherence can be preserved for a relatively long time, typically in the

order of nanoseconds [44,45]. Theoretical investigations in singlet fission have focused on

addressing static and dynamic aspects of the photo-physical reaction up to the formation of

two (electronically) independent triplets, while other important and closely related processes,

such as singlet and triplet state diffusion in singlet fission materials and, in particular, the loss

of spin coherence between the fission triplets as they diffuse through the electronic material,

remain largely unexplored.

1.4.2. Requirements for singlet fission

Despite a large number of research efforts devoted to the investigation of singlet fission,

the kinds of organic materials that exhibit singlet fission are limited by restrictions originating

6



from the requirements for such a phenomenon. The requirements for singlet fission have been

intensively explored by Michl et al. [33,46]. Here, we will elaborate on these requirements.

Thermodynamic requirement In order for spontaneous singlet fission to occur, the

energy of the initial excited state S1 must be equal or greater than twice the energy of the

lowest-energy triplet state: E(S1) ≥ 2E(T1). Due to that the singlet fission rate is slower

than the rate of vibration relaxation and that there are tremendous differences in terms of

the geometry relaxation of the lowest singlet and triplet states, it may be pivotal in order

to predict the right energetics and/or trends for a given system [33]. In order to deduce

thorough thermodynamic conditions, enthalpy and entropy contributions to the Gibbs free

energy originating from the nuclear degrees of freedom also must be taken into account. In

addition, to investigate the case without energy loss from the initial photo-excitation, the

vertical energy associated with the bright state at the Franck-Condon geometry must be

computed and applied.

Kinetic requirement As an overly exoergic process tends to slow down the photo-

physical reaction rate, such a process can prevent singlet fission and lead to energy loss due

to the heating of the system. Therefore, systems in which the energy of the S1 state is

slightly greater than twice the energy of the T1 state are optimal for singlet fission. One

example in this respect is pentacene.

Deactivation channel requirement Some additional energy requirements should be

satisfied so that singlet fission outcompetes alternative decay paths for the sake of efficient

singlet fission. One of the potential channels associated with singlet fission is the recombi-

nation of the triplet states into higher spin states, which is described by the following triplet

and quintet states in Eq. (1.3) and Eq. (1.4), respectively. The triplet and quintet states

tend to prevent the generation of two electron–hole pairs.
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T1 + T1 → T2 (1.3)

T1 + T1 → Q1 (1.4)

Triplet-triplet fusion to the triplet manifold is energetically forbidden if the energy of

the second triplet state is higher than the two lowest triplet states, i.e., E(T2) > 2E(T1),

introducing another singlet fission condition. The energy of the lowest quintet state associ-

ated with organic molecules is typically very high, and the condition that E(Q1) > 2E(T1),

related to Eq. (1.4), can be easily achieved. Failing to meet these two conditions, which are

related to the tetra-radicaloid character of the chromophore, is unfavorable for singlet fission

[39].

The direct transition from the excited singlet states into the triplet manifold through

intersystem crossing (ISC), which is shown in the following Eq. (1.5), is another compet-

ing pathway. As typical organic conjugated molecules associated with good singlet fission

properties are characterized by weak spin-orbit couplings which result in inefficient ISC, this

channel is usually not considered in the investigation of singlet fission.

S1 → Tn (1.5)

However, ISC pathways can be facilitated by the introduction of heavy atoms [47].

Photo-excited molecules tend to decay efficiently back to the ground state via symmetrical

interstate crossings, as shown in the following Eq. (1.6) [48-50]. Polyenes, such as the retinal

molecule, are good examples in this respect of the internal conversion to the state S0 via

molecular relaxation along the S1 potential energy surface (PES) [51-54].

8



S1 → S0 (1.6)

The generation of multiple spatially close singlet excitons, which can coexist simulta-

neously in large exciton densities, favors the channel of singlet-singlet annihilation, which

reduces the number of fission events [55].

S1 + S1 → Sn (1.7)

Some other unintended deactivation paths competing against singlet fission are the re-

combination to the singlet-exciton manifold, which stays away from long triplet-pair lifetimes

to allow for the separation of triplet states, the formation of charge-separated states, or the

decay to dark singlet states [56].

In addition to the above mentioned conditions, some other conditions should also be

taken into consideration. First, good light-harvesting properties, that is, the chromophore

should have a large absorption coefficient molecules with large absorption coefficients, are

needed in the π-conjugated rigid chromophores. Second, molecules which are involved in

singlet fission must be chemically stable over long periods of time. Chemical instability

is one of the major problems for the application of long linear polyacenes as a result of

their soaring diradical character with respect to their molecular length. One example of

inconvenient chemical instability is the tendency of acenes to react with fullerenes via the

Diels-Alder reaction [57,58], which renders acene-fullerene solar cells associated with singlet

fission based on donor-acceptor heterojunctions nonviable. Another limiting factor of the

acene-fullerene system is the existence of high acceptor levels in C60, which may allow for the

transfer of a single electron from the donor and prohibits the two-electron injections in each

9



harvested photon [59]. Therefore, acene-fullerene systems have had their acceptors replaced

with a number of substitutes [60-65].

So far, we have covered the following electronic states are associated with singlet fission:

the lowest spin-singlet with mono-excitonic character (S1), the two independent triplet states

(T1), and the multiexcitonic states (1TT ). Some other electronic states may also be involved

in singlet fission processes, such as the charge transfer (CT ) states and charge resonant (CR)

states [39]. In the following sections, we will discuss all of these electronic states.

1.4.3. Singlet exciton

Singlet fission systems can be promoted to an optical spin single state corresponding to

a single electron transition due to the initial photo-excitation. When it comes to weakly

interaction chromophores, the optical excitation is associated with a molecular bright state

in the limit of singlet fission in dilute solution [66]. In singlet fission, a common assumption

is that the singlet fission system will quickly decay to the lowest excited singlet state (S1)

before it undergoes singlet fission [67], even if there exists the possibility of singlet fission

from upper vibrational states of S1 [68] or from a higher excited singlet state Sn [69].

The lowest singlet-electron excited singlet state of the overall system is usually denoted

S1, which can be used to label the lowest excited state in the molecule or monomer. Fur-

thermore, the singlet-electron excited state of the entire system can also be labeled as local

exciton (LE), Frenkel exciton (FE), or exciton state (EX) from the perspective of condensed

matter physics [39].

According to Equation 1.1, which defines singlet fission in the sense of general photo-

physics reaction, the mechanism of singlet fission is relevant to the energy repackaging of a

singlet exciton located in one molecule into two triplet states on two different chromophores.

Although these pictures were applied in previous research [2,3], this model does not reflect

10



the physical nature of the excitonic state (S1) of extended systems, e.g., organic molecu-

lar crystals or aggregates, as singlet excited states are inclined to delocalize over multiple

chromophores [70-73]. Exciton delocalization can be investigated with a variety of computa-

tional methods, such as the Green’s function (GW) method and the Bethe–Salpeter equation

(BSE) method [74-82]. For example, a computational study on 5,12–diphenylte–tetracene

and rubrene shows that at least 7 molecules are involved in the photo-excited states, which

indicates that more than 10 molecules are involved in exciton delocalization [83], which can

be seen in Figure 1.1 below. Due to the rapid formation of triplet-pair states, exciton delo-

calization improves the efficiency of singlet fission in nanocrystals of pentacene derivatives

[84]. Furthermore, delocalization of the S1 state permits the emergence of ultrafast singlet

fission as a result of vibrational coherent transfer between a photoexcited singlet and singlet

fission triplets in TIPS–pentacene [85]. Based on the discussion of singlet excited state, we

can continue to discuss triplet states involved in singlet fission.

Figure 1.1: (Adapted From Ref. [39]) The exciton delocalization is represented by natural
transition orbitals [82] for S1 state in tetracene. Hole (left) and electron (right) isodensities
are obtained with the calculations from for a cluster of 12 tetracene molecules in the
crystal structure.
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1.4.4. Triplet state

The final product of singlet fission (i.e., the independent triplet state) has a strong

molecular character and corresponds to the single-electron occupation of the HOMO and

LUMO associated with the chromophore to a first approximation. Many organic conjugated

molecules are characterized by large exchange interactions, which leads to an energy sepa-

ration between singlet and triplet states on the order of 1eV [72]. For a two-electron model,

the singlet-triplet energy gap is approximately twice the exchange integral between HOMO

and LUMO (Khl).

E(S1)− E(T1) ≈ 2Khl (1.8)

The ability of organic materials to exhibit singlet fission can be ascribed to the energy

difference between the lowest excited singlet and triplet states, whereas inorganic materials

(e.g., quantum dots) cannot exhibit singlet fission as a result of the degeneration of singlet

and triplet states and a different mechanism followed by multi-exciton generation and singlet

and triplet degeneration [87].

Triplet excited states tend to have greater binding energy and be more localized than

singlet excited states as a result of a lack of electron-hole exchange interaction [88], which

is similar to the vertical transition energy of T1 states in the solid, solution and gas phases

[89]. Some exceptions exist: for example, the triplet excited states in perylenediimide (PDI)

are particularly stable in the solid state (the triplet excitation energy is about 0.14 eV with

a redshift of 0.26 eV in the S1 state) [90].

1.4.5. Triplet-pair state

Singlet fission is a process which takes place from the lowest singlet excited state (S1)

to two independent triplet excited states (T1) via an intermediate state characterized by

multiple excited states corresponding to a triplet-pair coherently coupled state as an overall
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spin singlet state. This can be described as a strong spin correction from the perspective

of the valence bond theory [91]. Triplet-pair states serve as the cornerstone of the singlet

fission mechanism, as triplet-pair states provide a spin–allowed pathway between singlet

excited states and triplet excited states. Triplet-pair states are usually labeled 1TT or 1T1T1

[39]. In order to investigate the triplet-pair states 1TT , one must focus on their electronic

structure, which is a great theoretical and computational challenge. From the perspective

of experimental detection and characterization, it is more difficult to detect 1TT states than

to detect S1, T1, or CT states [92,93]. In the basis of molecular orbitals, the complete form

of triplet-pair states associated with spins within the dimer model is a linear combination of

couplings between two monomeric triplet states characterized by the sum of two local spin

quantum numbers being zero, i.e.,

|1TT ⟩ = 1√
3
(|T+T−⟩+ |T−T+⟩ − |T0T0⟩) (1.9)

In Eq. (1.9), T+, T− and T0 are three triplet micro-states of the monomer corresponding

to three different quantum numbers ms. Eq. (1.9) can be seen as a combination of 6 double-

excited configurations if it is expanded on the basis of the direct product (see Fig. 2)

Figure 1.2: (Adapted From Ref. [39]) Electronic configurations for the 1TT state derived
from HOMO and LUMO (bottom and top) for two monomers (left and right) in a dimer
model.

In Ref. [94], the 1TT state can be regarded as a combination of zero-field triplet spin

states |x⟩, |y⟩, and |z⟩, i.e.,
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|1TT ⟩ = 1√
3
(|xx⟩+ |yy⟩+ |zz⟩) (1.10)

The two triplet states can form an overall triplet or quintet state via being coupled to

each other. The expressions for triplet and quintet triplet-pair states have been investigated

in previous research [39], with the super-indices symbolizing spin multiplicity and ms values,

respectively.

|3,0TT ⟩ = 1√
2
(|T+T−⟩ − |T−T+⟩) (1.11)

|3,+1TT ⟩ = 1√
2
(|T+T0⟩ − |T0T+⟩)

|3,−1TT ⟩ = 1√
2
(|T−T0⟩ − |T0T−⟩)

(1.12)

|5,0TT ⟩ = 1√
6
(|T+T−⟩+ |T−T+⟩+ 2|T0T0⟩) (1.13)

|5,+1TT ⟩ = 1√
2
(|T+T0⟩+ |T0T+⟩)

|5,−1TT ⟩ = 1√
2
(|T−T0⟩+ |T0T−⟩)

(1.14)

|5,+2TT ⟩ = |T+T+⟩; |5,−2TT ⟩ = |T−T−⟩. (1.15)
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The electronic interaction between two 1TT triplet states at short distance in the singlet

state, derived from the required energy to dissociate the two 1TT triplet states, is stronger

than that for the 3TT and 5TT states [95]. Configuration interaction with other singlet

configurations can be used to stabilize the singlet triplet-pair state, but the quintet state is

characterized by a much larger diabatic character. The mixing of the 5TT with some other

quintet states is limited due to their high energy [96]. Therefore, the binding energy of the

triplet states can be expressed as follows,

Eb ≈ E(5TT )− E(1TT ). (1.16)

As an intermediate state in singlet fission, the role of 5TT has been investigated via

the spin Hamiltonian of the triplet states interacting with each other [97,98]. A triplet-pair

state can be formed from the spin pure state 1TT due to the spin dipole-dipole interactions

between the two triplets [99], allowing the mixing of the singlet state and the quintet TT

state (i.e., ms = 0) in symmetrical systems, i.e., homo-fission. The triplet-pair quintet states

have been observed to form in tetracene films [100] and pentacene dimers [101].

The large separation in space gives rise to the disappearance of the electronic coupling

associated with two triplet states and the degeneracy of TT states with different spin multi-

plicities. In this situation, the pure character of 1TT can be obtained via the wave function

of the multi-exciton singlet state, without mixing with other configurations. The two triplet

states are not independent of one another, even though they are decoupled electronically, as

spin entanglement exists and decoherence is necessary to generate independent triplet states

[94]. Spin coherence is stable in organic materials, but will ultimately be lost due to finite

temperature effects, energetic disorder, and dynamic disorder (i.e., exciton-phonon coupling)

[98,102]. The loss of spin coherence through interaction with the environment plays a pivotal

role in understanding the fate of the generated triplets. Due to the quantum decoherence,
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the spins of the two triplet states are decoupled and their overall spin state is equal to a

statistical average of 1(T · · · T ), 3(T · · · T ), and 5(T · · · T ) states.

As the 1TT state is involved in the concomitant excitation of two electrons (two electron-

hole pairs), calculations concerning the 1TT state electronic structure models must account

for doubly excited configurations. Hence, calculations of electronic transitions associated

with the 1TT state cannot be achieved through standard linear response single reference

approaches. In order to make it feasible to calculate the 1TT state, researchers have devel-

oped a series of computational methods, such as the complete active space self-consistent

field (CASSCF) method [103-105] and the multi-reference Møller-Plesset perturbation theory

(MRMP) method [106-108], to investigate singlet fission in a dimer model. One outstanding

method is the restricted active space spin-flip (RAS-SF) approach, which can be used to

investigate the 1TT state in different systems with singlet fission [109]. In addition, the

construction of a spin-Heisenberg-Dirac-Van Vleck Hamiltonian can be used to investigate

the wave function associated with the 1TT state with very low computational cost [110].

1.4.6. Charge transfer/resonance states

When it comes to the adiabatic electronic states of chromophore dimers, aggregates, or

molecular solids, the localized singlet excited states and multi-exciton states, such as the 1TT

states, are inclined to mix with the charge transfer (CT) states and /or charge resonance

(CR) states. CT states refer to a net charge displacement to some extent, but CR states,

which are associated with symmetric arrangements of chromophoric units, refer to charged

configurations concerning the ionic nature of the electronic wave function, but do not imply

a permanent charge separation (see Figure 3) [111].

Singlet fission associated with CT and CR states is a central topic for scientific community

[112-116], and CT and CR states play a pivotal role in distinguishing between different
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Figure 1.3: (Adapted From Ref. [39]) A schematic view of charge transfer (CT) and charge
resonance (CR) configurations for a pair of chromophores.

potential electronic fission mechanisms in the formation of 1TT state (see Figure 1.4): these

mechanisms include 1) direct internal conversion from the S1 state to the 1TT state, where

CT states are not involved, 2) singlet fission mediated by CT states, where CT states serves

as the assisting virtual states in forming the 1TT state via a super-exchange mechanism, and

3) two one-electron transfer steps in order with CT state as a real intermediate effectively

populated prior to the generation of the triplet-pair states.

The low-lying singlet excitons in covalent dimers, aggregates or molecular solids possess

some CT/CR character. The weight of the CT configurations in the adiabatic wave function

of an S1 state depends strongly on the relative energy of CT state with respect to FE states

and the inter-chromophoric couplings. One previous investigation has shown that the CT

state have been suggested the lowest singlet excited state in some cases [117]. On other other

hand, molecular crystals with high-lying CT states exhibit FE/CT state mixing and great

localization of the S1 excited state [118]. The mixing of CT configurations with the 1TT

state is much lower than with the S1 state and higher singlet states (i.e., the Sn state), and
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Figure 1.4: (Adapted From Ref. [39]) Possible mechanisms for the formation of 1TT state
with regards to the involvement of CT states.

has a much weaker effect on its energy and electronic properties. Therefore, the differing

abilities of the S1 and 1TT states to mix with CT configurations has been related to the

much larger spatial extension of the S1 and 1TT states and the magnitude of the binding

energy of the two triplets (see Eq. (25) in Ref. [39]). In previous research, the coupling of CT

configurations with S1 and
1TT states has been considered with the singlet fission mediated

mechanism, which is the most accepted path for singlet fission in extended systems, e.g.,

crystal tetracene and pentacene [116,119]. On the other hand, in weakly coupled covalent

dimers of pentacene, the CT states in weakly coupled covalent dimers of pentacene have

been calculated at rather high relative energies, which indicates that CT configurations play

a minor role and supports a mechanism of direct transition from the S1 state to the 1TT

state for intra-molecular singlet fission in these dimers [120].

In order to investigate the role played by CT states in singlet fission, diabatic energies

and wave functions must be calculated directly. The energy of CT or CR configurations

associated with the dimer model can be approximated as the interaction of oxidized and
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reduced chromophores:

E(CT ) ≈ IP − EA+ C (1.17)

where IP and EA are the molecule’s ionization potential and electron affinity, respectively,

and C is inversely proportional to the charge separation distance. In order to use Eq. (1.17),

one should keep in mind that this equation only takes into account the Coulomb interaction

between charges and ignores orbital contribution terms. If one needs to calculate the CT

states in a more refined way, one can resort to the constrained DFT (C-DFT) method

[121], where constraints on the charge localization are applied during the self-consistent field

calculation to force negatively and positively charged densities on individual chromophores.

This method has been used to evaluate the relative energy of CT states in several singlet

fission systems [122,123] and explore how CT states in crystal pentacene are largely stabilized

through electrostatic screening and the formation of electronic bands [124].

1.4.7. Organization of this thesis

In this Chapter, we have introduced some basic concepts of singlet fission and previous

investigations of singlet fission. This thesis will be organized as follows: Chapter 2 will

focus on previous methods and our counterparts for the investigation of singlet fission. Some

comparisons between these methods and our own method, the Hierarchy of Pure States

(HOPS), will be made. Chapter 3 will concentrate on the results of HOPS simulations of

singlet fission. Chapter 4 will focus on discussion of the results from Chapter 3. Chapter 5

will conclude the thesis and discuss the outlook of current and further research.
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Chapter 2

The Comparisons between Different Quantum Dynamics Methods

So far, the majority of theoretical and computational investigations of singlet fission dy-

namics in early days of the singlet fission exploration have been devoted to understanding

the characteristics of the electronic states involved in this photo-physical process, the explo-

ration of appropriate chromophores with optimal energetics, the investigation of electronic

couplings, and the determination of possible singlet fission mechanisms. These investiga-

tions were based on calculations and computations without explicit dependence on time and

provided good platforms for estimating singlet fission rates through different kinetic mod-

els associated with experimental and/or computational energy and couplings [39]. Another

method used to investigate singlet fission is time-resolved spectroscopic measurements, which

include delayed fluorescence [128-130], transient absorption [131-135], and time-resolved two-

photon emission [95,136]. Time-resolved spectroscopic measurements have promoted the ex-

perimental explorations of singlet fission and resulted in comprehensive understanding of the

possible mechanisms of singlet fission, the time scales concerning this photo-physical process,

and some pivotal parameters associated with the efficiency of singlet fission (e.g., chemical

composition and topology) in a multitude of organic materials.

Theoretical and modeling investigations of singlet fission have attracted researchers’ at-

tention in addition to experimental studies. Since the inception of simulations of time evolu-

tion of singlet fission in 2010, a multitude of computational methods for investigating electron

and energy transfer processes have been applied to the exploration of singlet fission, which

has sparked further experimental measurements and electronic structure calculations and

helped researchers gain deep understanding of this photo-physical process. Singlet fission
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dynamics have previously been explored via quantum dynamics methods which are capable

of simulating exciton energy transfer (EET) processes. Generally speaking, these phenom-

ena can be regarded as an out-of-equilibrium multilevel systems coupled to thermal baths,

i.e., the environmental degrees of freedom interacting with the system. For the example of

singlet fission, the bath refers to relaxation after photo-excitation resulting in the creation of

two independent triplet states. In this Chapter, we would like to introduce some quantum

dynamics methods which can be used to model dynamic processes in singlet fission, and then

to compare these methods.

2.1. Wave function approach

The wave function approach is the first method we will explore for theoretical investiga-

tion and modeling of singlet fission. This approach solves the time-dependent Schrödinger

equation numerically via a series of approximations, e.g., the multiconfigurational time-

dependent Hartree (MCTDH) method [137], the density matrix renormalization group (DMRG)

method [138], or path-integral techniques [139-143].

The MCTDH method refers to the propagation of the wave packet of the nuclei on one

or more electronic states with explicit (discretized) bath modes, which are limited to a small

number of degrees of freedom. By taking into account the the propagation of selected vibra-

tional modes on the PESs of the lowest electronic states of the system, this treatment can

be successfully applied to the investigation of singlet fission [144,145]. With the combination

of the MCTDH method, DFT geometry optimization and frequency analysis, and multiref-

erence second-order perturbation theory calculations, Tamura and collaborators [146] solved

the problem of singlet fission dynamics in TIPS-pentacene and rubrene. These calculations

can not only be applied to the dimer model, but also to up to three chromophores from

the crystal structure. In addition, the authors reached the conclusion that TIPS-pentacene-

based singlet fission takes place through an avoided crossing and that resonances between

the S1 state and the 1TT state are mediated by intramolecular vibrations, and that vibronic
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coherence is transferred through the mixings with CT states (i.e., super-exchange). On the

other hand, rubrene-based thermally-activated singlet fission occurs near a conical intersec-

tion controlled by the strength of two-electron coupling (without super-excchange). Another

example of the wave function approach is a combination of the MCTDH method and time-

resolved photo-emission and transient absorption spectroscopies showing the coexistence of

the quantum coherent and incoherent mechanisms for the formation of the triplet-pair state

in crystalline hexacene [147].

The dynamics of open quantum systems can be solved from the standpoint of a stochas-

tic process in Hilbert space. Within this framework, stochastic Schrödinger equations (SSE)

have been derived to describe time evolution in quantum mechanics. A particular case

of SSE is the time-dependent wavepacket diffusion (TDWPD) method [148,149], which is a

stochastic method where the effect of electron-phonon interactions is incorporated as random

fluctuations in site energies and electronic couplings between sites, obtained from spectral

density functions. The TDWPD method can be used to simulate the singlet fission dynamics

in organic aggregates within the framework of 1-dimensional models [150] and to investigate

the effects of exciton migration through the aggregates. Results from such simulations in-

dicate that the rates of singlet fission increase with the length of aggregation, even though

singlet fission kinetics experiences a downward trend due to the electronic couplings between

1TT states [151]. These results also stress the significance of CT mediated mechanisms.

2.2. Generalized quantum master equation approach

Methods that calculate the degrees of freedom associated with the environment quantum

dynamically are based on different approximations to the Liouville-von Neumann quantum

master equation, i.e.,

dρ(t)

dt
= − i

h̄
[H, ρ(t)] (2.1)
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where ρ(t) is the total time-dependent density matrix and His the system-bath Hamiltonian.

Exact solutions to Eq. (2.1) can be used to describe the time evolution of the electronic

section of the system via reduced density matrices (RDMs), e.g., the Nakajima-Zwanzig

equation [152,153] or the hierarchical equations of motion (HEOM) [154,155]. Exact solutions

to Eq. (2.1) are very computationally expensive, and different kinds of approximations are

needed. Approximations to Eq. (2.1) are perturbative in nature. On the one hand, some

methods (NIBA-like approaches) deal with the coupling between electronic and bath degrees

of freedom in an accurate way, whereas electronic couplings are regarded as a perturbation.

On the other hand, in Redfield theories and related methods, electronic couplings are treated

accurately, and the system-bath couplings are considered as a perturbation.

Generally speaking, methods related to the Liouville-von Neumann quantum master

equation can either take non-equilibrium phonons (non-Markovian dynamics) into considera-

tion or assert that the bath modes remain in equilibrium (Markov approximation) [156,157].

Generally, Markovian dynamics are accurate if the time scale of the investigated process is

longer than the relaxation time of the bath. On the other hand, the system dynamics may

be impacted by the memory effects if the time scale of the system dynamics is comparable

to that of the bath. If this is the case, non-Markovian dynamics should be applied.

The combination of dynamic models and the quantum master equation has generated

numerous results concerning the investigation of singlet fission, which reinforces some con-

clusions reached from previous theoretical calculations, but also sheds new light on the

investigation of singlet fission mechanisms. These methods have been applied to explore

many different parameter regimes related to the energies and interstate couplings between

S1,
1TT , and CT states to explore exciton dynamics in specific systems and other aspects of

singlet fission. Therefore, these methods allow researchers to extract and highlight the ap-

proximations introduced by the quantum dynamics models (e.g., three vs. five state models,

Markovian vs. non-Markovian approaches, etc.).
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The singlet fission dynamics in molecular coupled pairs were explored through a density

matrix theory in the limit of fast coherent transfer [116], and a similar approach was employed

to explore the singlet fission coherent dynamics in crystal tetracene [158]. The study in

Ref. [116] confirmed the hypothesis that the energetics of electronic states exerts greater

influence on the singlet fission efficiencies than the electronic couplings, in turn justifying the

idea that molecular chromophores with optimal singlet-triplet energetics are good candidates

for singlet fission materials. These authors conclude that high singlet fission yields can be

achieved for small free-energy differences between the single exciton S1 and the 1TT state

within the coherent regime. It is also crucial for the formation of the triplet-pair that the

CT state is not too high-energy with respect to S1 and 1TT . In a later study, the S1/
1TT

near-degeneracy rule was reinforced by Teichen and Eaves [117], based on results from a

method similar to NIBA that accurately treated the bath to propagate the reduced density

matrix of a three state model coupled to environment vibrations. These results provided

some evidence that low-frequency solvent modes exert great influence on the singlet fission

yields by either facilitating or hindering the formation of the 1TT state.

As a result of the magnitude of the electronic couplings with respect to the reorganiza-

tion energies in typical singlet fission systems, the appropriateness of NIBA-like methods for

investigating singlet fission has been questioned by researchers [159]. Furthermore, treat-

ing the electronic degrees of freedom perturbatively seems insufficient, as doing so fails to

appropriately describe CT-mediated singlet fission path. In order to overcome these chal-

lenges, a quantum dynamics model based on the Redfield approximation to the Liouville-von

Neumann expression was proposed to explore the exciton dynamics in dimers, clusters, and

molecular crystals in a series of papers dedicated to singlet fission [118,160]. The validity

of this model was tested against the Hierarchical Equation of Motion, or HEOM, an exact

method for calculating the excited-state dynamics of open quantum systems, and used to ex-

plore memory effects by comparing the results of Markovian (time-local) and non-Markovian

forms of the model. The role of CT states in singlet fission in pentacene dimers (in terms of
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the superexchange concept in the diabatic realm) has been investigated via Redfield theory

when it comes to the study of singlet fission, providing insight into the way that singlet

fission is mediated by high energy CT states [118]. In a later study on the singlet fission

dynamics of pentacene dimers, the authors reached the conclusion that the combination of

CT states with the S1 and
1TT states is robust to the fluctuations to the energy of CT states

[160]. In addition, the Redfield model can be extended by considering multi-phonon relax-

ation processes in order to investigate singlet fission in crystalline hexacene in combination

with transient absorption measurements [161].

With the exception of the extension of Redfield theory mentioned above, Redfield theory

can also be expressed in the Markovian form to explore the role of CT and quantum interfer-

ence in molecular dimers and aggregates [162], with previous results showing how different

electronic couplings depend on displacements along the stacking disposition of molecular

dimers of PDI, pentacene, and 1,3–diphenylisobenzofuran and how the singlet fission dy-

namics change in response to promote the fission of 1TT state. In addition, the role of

intra-molecular and inter-molecular vibrations in the singlet fission dynamics of PDI crys-

tals was investigated with a non-Markovian quantum jump technique within Redfield theory

[163].

2.3. Quantum-classical nonadiabatic dynamics

Singlet fission is a process involved in excited energy transfer, the dynamics of which can

be investigated through mixed quantum-classical approaches [164-166], in which electrons

are regarded as quantum mechanical particles and the fluctuations of the atomistic structure

are dealt with classically. The trajectory-based solutions of the nuclear dynamics based on

different can be coupled to electronic structure calculations beyond the limit of the atomic

motions of a rather small number of relevant degrees of freedom. Furthermore, quantum-

classical hybrid approaches are able to treat fast bath dynamics and describe the system

dynamics atomistically. Most of these investigations rely on the idea of trajectories hopping
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between different electronic potential energy surfaces [167-174] and are based on the original

trajectory surface hopping (TSH) method [175,176]. Singlet fission has been investigated

with the combination of nonadiabatic quantum molecular dynamics (NAQMD) and kinetic

Monte Carlo (KMC) simulations [177,178] to confirm experimental results [134].

2.4. Quasi-classical dynamics

Non-adabatic dynamics can be approximated by using quasi-classical (QC) models in

conjunction with classical molecular dynamics simulations. Several versions of QC models

originated from the initial quasi-classical model have emerged, the most standard of which

applies window functions to recover quantum state information from classical models [179].

One of the QC methods is the symmetrical quasi-classical (SQC) nonadiabatic molecular

dynamics method, which is used to explore singlet fission in a general sense [180,181]. The

SQC method has been used to determine the impact of electronic energies, electronic cou-

plings, and electronic-phonon interactions, as well as bath modeling in singlet fission [181],

showing the pivotal role of reorganization energy and supporting the conclusion that while

singlet fission dynamics do not depend on temperature for high-energy photons, the dynamics

stemming from low-frequency photons still depend on temperature.

2.5. Hierarchy of pure states (HOPS) method

We have shown several different classes of methods used to tackle the problem of singlet

fission above. However, these methods, aiming for the investigation of excited-state processes

such as singlet fission, tackle the problem from the perspective of perturbation to some extent.

Therefore, they are not guaranteed to obtain accurate results. In order to investigate singlet

fission with high accuracy and without relying on perturbation approximations, a group

of researchers have developed the hierarchy of pure states (HOPS) method to investigate

the non-Markovian dynamics of excited-state processes such as singlet fission. This method

solves the dynamics of a system linearly coupled to a bath of harmonic oscillators, with the
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Hamiltonian of the system expressed as follows,

Htot = H +HB +Hint (2.2)

where H is the system Hamiltonian and HB and Hint are the bath Hamiltonian and the

interaction Hamiltonian, respectively. The expressions of HB and Hint are as follows,

HB =
∑
λ

ωλa
†
λaλ (2.3)

Hint =
∑
λ

(g∗λL⊗ a†λ + gλL
† ⊗ aλ). (2.4)

Here, L is a system-bath coupling operator in the Hilbert space of the system. a†λ and aλ are

the creation and annihilation operators of bath mode λ. The strength of interaction between

the system and the bath mode λ is described by the complex-value parameter gλ. In many

important cases, L = L†. The frequency depends on the strength of interaction in the form

of J(ω) =
∑

j|gj|2δ(ω − ωj), which is related to the bath-correlation function α(τ) by the

following equation [178],

α(τ) =

∫ ∞

0

J(ω)[coth(
ω

2T
)cos(ωτ)− isin(ωτ)] dω (2.5)

where T is the temperature and α(−τ) = α∗(τ).

By using the method in Ref. [182], the authors have derived the following equation,

which is the basis of the hierarchy of pure states (HOPS) method,

∂ψ
(k)
t

∂t
= (−iH − kw + Lz∗t )ψ

(k)
t + kα(0)Lψ

(k−1)
t − L†ψ

(k+1)
t (2.6)
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with ψ
(0)
(t=0) = ψ0 and ψ

(k)
(t=0) = 0 for k > 0.

Eq. (2.6) consists of the auxiliary pure state ψ
(1)
t with the following form

ψ
(1)
t =

∫ t

0

α(t− s)
δψt

δz∗s
ds (2.7)

According to Ref. [174], Eq. (2.7) can be written as ψ
(1)
t = Dtψt, where the expression of

Dt is

Dt =

∫ t

0

α(t− s)
δ

δz∗s
ds (2.8)

Furthermore, one can obtain the derivatives of Eq. (2.7) and Eq. (2.8) as follows

˙
ψ

(1)
t =

∂(Dtψt)

∂t
= Ḋtψt +Dtψ̇t

Ḋtψt =

∫ t

0

˙α(t− s)
δψt

δz∗s
ds

(2.9)

Similarly, we have ψ
(k)
t = Dk

t ψt. In addition, α(τ) is the bath-correlation function of the

following form,

α(τ) = ge−wτ (τ ≥ 0);α(τ) = α∗(−τ)(τ < 0) (2.10)

where w = γ + iΩ.

As Eq. (2.6) can be used to solve the singlet fission problem associated with the infinite

system, researchers needs to transform this equation into a practical form for the investigation

of finite systems. One of the methods in this respect can be shown as follows based on Ref.

[182].

The total Hamiltonian for singlet fission materials takes the same form as Eq. (2.2). The

system Hamiltonian H, the bath Hamiltonian HB, and the interaction Hamiltonian Hint
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take the following forms [183],

H = Eg|g⟩⟨g|+
N∑

n=1

En|n⟩⟨n|+
N∑

n=1

N∑
m ̸=n

Vnm|n⟩⟨m|

HB =
N∑

n=1

∑
q

h̄ωnqb
†
nqbnq

Hint = −
N∑

n=1

Ln

∑
q

gnq(b
†
nq + bnq)

(2.11)

In Eq. (2.11), the system Hamiltonian H consists of a shared ground electronic state,

electronic excited states with vertical excitation energy (En), and and an electronic coupling

between pigments Vnm. The electronic states of each pigment are linearly coupled to an

independent harmonic reservoir HB through the interaction Hamiltonian Hint with a system-

bath coupling operator Ln = |n⟩⟨n|. The following bath-correlation function is used to

describe used to describe the effects of the vibrational modes on the dynamics of the electronic

system,

αn(τ) =

∫ ∞

0

Jn(ω)[coth(
βh̄ω

2
)cos(ωτ)− isin(ωτ)] dω (2.12)

which includes the following spectral density Jn(ω) and the inverse temperature β,

Jn(ω) =
∑
q

| gnq |2 δ(ω − ωnq)

β =
1

kBT

(2.13)

In addition, the bath-correlation function, Eq. (2.12), can also be decomposed into a sum of

exponentials with a series of indexes jn as follows,

αn(t) =
∑
jn

gjne
−γjn t/h̄ (2.14)

where gjn and γjn are complex valued in general.
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Chapter 3

The results derived from the HOPS method

In this Chapter, we will present some results of simulations of singlet fission with the

HOPS method. At first, we will use the HOPS method to reproduce the previous results

generated from the Hierarchical Equations of Motion (HEOM) method [159] to confirm

the applicability of the HOPS method. After that, we will discuss some the simulation of

systems with differing system-environment coupling structures with the application of the

HOPS method.

3.1. The reproduction of HEOM results with the HOPS method

To begin with, we consider simulations of a two-state system in the realm of singlet

fission [159] with different methods: the HEOM method and the HOPS method. HEOM is a

method developed to investigate describe the time evolution of the density matrix ρ(t) of an

open quantum system. This method is a non-perturbative and non-Markovian approach used

to investigate the propagation of a quantum state over time. However, the computational

cost of this method is prohibitive in large systems [184]. Thus, one may use the HOPS

method to investigate this problem with reduced computational cost. This system possesses

two electronic states: the photo-excited initial singlet state S1 and the multi-exciton state

TT . This system can be described by the following total Hamiltonian,

Htotal = Hel +Hel−ph +Hph (3.1)

30



where Hel, Hel−ph, and Hph are electronic Hamiltonian, the system–bath interaction Hamil-

tonian, and the bath Hamiltonian, respectively. Their expressions are as follows,

Hel =
∑

i=S1,TT

|i⟩Ei⟨i|+
∑

i=S1,TT

|i⟩Vij⟨j|

Hel−ph =
∑

i=S1,TT

∑
i=k,i

|i⟩ck,iq̂k,i⟨i|

Hph =
∑
i=k

[
p̂2k
2

+
1

2
ω2
kq̂

2
k]

(3.2)

In Eq. (3.2), i and j are the indexes of diabatic electronic basis states, and the k indexes are

the inter-molecular and intra-molecular (ground-state) normal modes of the system. The

system-bath coupling is a linear, diagonal coupling to uncorrelated bath degrees of freedom.

The baths are described by identical Ohmic spectral densities with a Lorentzian cutoff, giving

rise to an over-damped oscillator model Jii(ω) = 2λΩω/(ω2 + Ω2).

The parameters of the two-state singlet fission system are as follows. The energy gap

between the two states is ES1 - ETT = 75 meV. The bath cutoff frequency h̄Ω and the

temperature T are h̄Ω = 150 meV and T = 300 K (kBT ≈ 26meV), respectively. The

electronic coupling is fixed at V = 50 meV. The reorganization energy λ varies, with values

25 meV, 50 meV, 100 meV and 200 meV in the simulations shown shown in Figure 3.1.

In Ref. [159], the authors used the HEOM method to investigate the singlet fission of the

two-state system and then compared the results derived from the HEOM method with the

ones derived from the time-local (TL) Redfield equation, the secular and Markovian (SM)

Redfield equation, and the non-interacting blip approximation.

The HEOM method is not appropriate to tackle the singlet fission systems with the size

greater than a two-state system due to the increase of computational complexity [181]. In

order to simulate singlet fission systems with great accuracy, we can apply the HOPS method,

which was proposed in Ref. [183], to singlet fission. With the same Hamiltonian described
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above, we have used the following parameter values, i.e., the number of trajectories used

in the HOPS simulation Ntraj = 1000, the timestep dt = 0.01fs, the number of Matubara

modes Nm = 1000, and the depth of hierarchyDh = 4. In addition, the system–bath coupling

operators used in the simulations are

1 0

0 0

 and

0 0

0 1

. With these parameters, we can

reproduce the results in Fig. 1 of Ref. [159] via the HOPS method, as shown in Figure 3.1.

Figure 3.1: The reproduction via HOPS of the singlet fission results derived from the
HEOM method in Ref. [155]. In this series of simulations, the number of trajectories is
1000, the depth of hierarchy is 4, and the reorganization energy is 25 meV, 50 meV, 100
meV, and 200 meV

3.2. The investigation of the connection between singlet and triplet states

After the reproduction of singlet fission results from Ref. [159], we can continue to

investigate the connection between the singlet excited states and the triplet-triplet states

via the charge transfer states that mix these electronic configurations. Our investigation in

this part is based on Ref. [188]. This paper assumes that each electronic state is coupled

to an independent vibrational environment. As an extension of the results in this paper, we

will investigate the connection between the singlet excited states and triplet excited states
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with the assumption that the vibrations of the charge states could be correlated with the

ones of the triplet excited states because both types of states reside on the same molecule

as the singlet excited states. In order to understand the role of bath correlation, we need

to investigate the two extreme cases, that is, the case in which all types of states interact

with completely independent environment and the case in which they interact with perfectly

correlated environments, respectively. It is important to note that neither of the two extreme

cases are likely to be a good representation of the physics of realistic materials. Therefore,

we need to consider the use of partially correlated environments. These environments can

be represented by independent, correlated and partially correlated system–bath coupling

operators, respectively. In this part, we will discuss the two extreme cases as follows. The

Hamiltonian of the system-bath model can be represented as follows,

H = Hel +Hel−ph +Hph (3.3)

The electronic part of the Hamiltonian He includes the energies of the diabatic states and

the electronic couplings between them, which can be shown as follows,

Hel =
∑
i

|i⟩E⟨i|+
∑
i ̸=j

|i⟩Vij⟨j| (3.4)

As for the current system-bath model, we consider the five diabatic states |i⟩, which

consist of singlet FE states |S1S0⟩ and |S0S1⟩, CT states |CA⟩ and |AC⟩, and triplet-triplet

pair state |TT ⟩. With these diabatic states, the electronic Hamiltonian He can be expressed
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as the following matrix form, i.e.,



ES1S0 0 tLL −tHH 0

0 ES0S1 −tHH tLL 0

tLL −tHH ECA 0
√

3
2
tLH

−tHH tLL 0 EAC

√
3
2
tHL

0 0
√

3
2
tLH

√
3
2
tHL ETT


(3.5)

Here, the electronic couplings between different states are described by one-electron inte-

grals based on the HOMO-LUMO active space formalism, VCA,S1S0 = ⟨CA|Ĥe|S0S1⟩ = tLL,

VAC,S1S0 = ⟨AC|Ĥe|S0S1⟩ =

−tHH , VCA,TT = ⟨CA|Ĥe|TT ⟩ =
√

3
2
tLH , and VAC,TT = ⟨AC|Ĥe|TT ⟩ =

√
3
2
tHL [151].

These one–electron integrals describe the couplings between LUMO or HOMO on individ-

ual pentacene molecules [155]. In particular, the direct coupling between singlet and triplet

state ⟨S1S0|Ĥe|TT ⟩, which is related to two–electron integrals, is assumed to be zero in this

model. To be exact, we use the following Hamiltonian in our simulation, i.e.,



250 0 116 145 0

0 250 145 116 0

116 145 500 0 −152

145 116 0 500 133

0 0 −152 133 0


(3.6)

with units of meV.
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As the first step, we would like to show the population dynamics associated with the case

that singlet excited states, charge transfer states and triplet states are coupled to indepen-

dent vibrational environment, to test the influence of purely independent vibrational envi-

ronments. When it comes to the case associated with independent vibrational environments,

the characteristic frequency Ω = 72meV, the depth of hierarchy Dh = 4, and the timestep

dt = 0.01fs. The system-bath coupling operators are



1 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


,



0 0 0 0 0

0 1 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


,



0 0 0 0 0

0 0 0 0 0

0 0 1 0 0

0 0 0 0 0

0 0 0 0 0


,



0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 1 0

0 0 0 0 0


, and



0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 1


. As for the case associated with

the perfectly correlated vibrational environment, the characteristic frequency Ω = 72meV,

the depth of hierarchy Dh = 4, and the timestep dt = 0.01fs. The system–bath coupling op-

erators are



1 0 0 0 0

0 0 0 0 0

0 0 −1 0 0

0 0 0 1 0

0 0 0 0 1


, and



0 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 −1 0

0 0 0 0 1


. With these parameters and system-
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bath coupling operators, as well as the system Hamiltonian shown Eq. (36) and Eq. (37),

we used HOPS to generate the simulation results presented in Figures 3.2 and 3.3.

Figure 3.2: The reproduction of Fig,. 2A in Ref. [186] with the HOPS method with the
characteristic frequency Ω = 72meV, the depth of hierarchy Dh = 4, the timestep dt =
0.01fs, and the above five independent system-bath coupling operators representing
independent vibrational environments. In these simulations, we consider the comparisons
between the original paper results with the simulation results generated from different
conditions.

In the above simulations, we truncate the Matsubara terms in the hierarchy with various

filters to ensure convergence. From these simulation results, one can see that the population

dynamics generated from the condition that the singlet state, the charge transfer states and

the triplet states are coupled to perfectly correlated vibrational environment (2 perfectly

correlated system-bath coupling operators) reaches equilibration much faster (from approx-

imately 200 fs) than the dynamics generated from the condition that the singlet state, the
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Figure 3.3: The reproduction of Fig. 2B in Ref. [186] with the HOPS method with the
characteristic frequency Ω = 72meV, the depth of hierarchy Dh = 4, the timestep dt =
0.01fs, and the above two perfectly correlated system-bath coupling operators representing
correlated vibrational environments of various electronic states. In these simulations, we
consider the comparisons between the original paper results with the simulation results
generated from different conditions.
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charge transfer states and the triplet states are coupled to independent vibrational environ-

ment (5 independent system-bath coupling operators).
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Chapter 4

Discussions on the population dynamics simulations based on HOPS method

4.1. Existing problems associated with the above results

Even if the conclusion can be reached that the population dynamics generated from the

condition that the singlet state, the charge transfer states and the triplet states are coupled

to perfectly correlated vibrational environment (2 perfectly correlated system–bath coupling

operators) equilibrate much faster (by approximately 200 fs) than the dynamics generated

from the condition that the singlet state, the charge transfer states and the triplet states are

coupled to independent vibrational environment (5 independent system–bath coupling oper-

ators), one can see that the simulation results based on the perfectly correlated vibrational

environment still deviate conspicuously from the previous paper’s results [182]. In addition,

the population dynamics simulations associated with the electronic states based on inde-

pendent vibrational environment also deviate from the previous paper’s results [182]. From

these results, one can conclude that the two extreme cases are not appropriate to describe

population dynamics of our system-bath model, and one needs to consider the partial corre-

lation between the electronic states and the environment associated with the model in order

to tackle singlet fission in our system-bath model. In order to carry out further simulations

on the population dynamics of this system-bath model, one needs to use the Hamiltonian

described in Eq. (3.3), Eq. (3.4) and Eq. (3.5), and the following system-bath coupling

operators associated with the partial vibrational environment, which are denoted as LA,pv,
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LB,pv, LA,pmixed, and LB,pmixed, respectively, in the following forms



0 0 0 0 0

0 0 0 0 0

0 0 1 0 0

0 0 0 −1 0

0 0 0 0 0


(4.1)



0 0 0 0 0

0 0 0 0 0

0 0 −1 0 0

0 0 0 1 0

0 0 0 0 0


(4.2)



fFE 0 0 0 0

0 0 0 0 0

0 0 fCS 0 0

0 0 0 −fCS 0

0 0 0 0 fTT


(4.3)
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0 0 0 0 0

0 fFE 0 0 0

0 0 −fCS 0 0

0 0 0 fCS 0

0 0 0 0 fTT


(4.4)

In Eq. (4.3) and Eq. (4.4), fFE, fCS, and fTT are characteristic frequencies associated

with the singlet excited state, charge transfer states, and triplet excited states. Here, we

have assumed that

fCS > fFE > fTT . (4.5)

We assume that

fCS = 1

fFE = λFE/λ
mixed
CS ≈ 0.1

fTT = λTT/λ
mixed
CS ≈ 0.05

(4.6)

One can see that Eq. (4.5) and Eq. (4.6) are assumptions based on Ref. [186], and we have

not obtained the real values of these characteristic frequencies from previous literature to

the best of our knowledge. However, these assumed values can be considered as the first

series of parameter values for initial simulations.
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Chapter 5

Conclusion

The present thesis has investigated singlet fission, a photo-physical process which con-

verts a high-energy singlet state into two low-energy excited triplet states, in a general sense

from the perspective of the HOPS method, rather than from the perspective of methods

consisting of perturbation, such as the wave-function method and different Redfield equa-

tion approaches [185]. The HOPS method is a numerically exact method which has great

potential for tackling the dynamics of open quantum systems. Therefore, we will discuss

some possible problems for future investigations. For example, in order to carry out the

simulation of spectroscopy of molecular aggregates with strong and structured coupling of

electronic excitation to vibrational degrees of freedom, the HOPS method has been applied

to provide a formally exact solution to this problem based on local stochastic trajectories.

Normalized trajectories are needed to simulate the absorption spectra of large molecular

aggregates by means of localization of the HOPS method [187]. By extending the HOPS

method to the adaptive HOPS (adHOPS) method and further to dyadic adaptive HOPS

(DadHOPS), the HOPS method can be used to investigate the linear absorption spectra

of mesoscale molecular aggregates [179]. Therefore, by extending exact simulations of sin-

glet fission to larger systems, adHOPS will allow for a more thorough understanding of this

fascinating phenomenon.

5.1. Future research

Singlet fission has been investigated with a multitude of methods as described in the above

Chapters, including the HOPS method, which has been shown above. Singlet fission can be

investigated on several different scales. In addition to the investigation of singlet fission in a
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general sense, singlet fission can also be investigated on the dimer and crystal scales [188,189].

In these papers, singlet fission is investigated with perturbative methods. The HOPS method

will be applied to investigate singlet fission on the dimer and crystal scales in future, which

will provide an opportunity for researchers to explore the discrepancies originating from the

use of different methods. In particular, the computational cost can be greatly reduced and

the speed of numerical calculations increased for singlet fission for combined excitonic and

vibrational systems [190] with the application of the HOPS method. The HOPS method

could also be a powerful tool for the exploration of singlet fission in large systems in the

condensed phase environment [191] and organic crystals [192].

In addition to the investigation of singlet fission, the investigation of triplet fusion is

another direction of the application of the HOPS method. Singlet fission and triplet fusion

are reversed processes. Triplet fusion, which refers to the process that converts low-energy

triplet excited states into a high-energy singlet excited state, has attracted far less attention

from researchers than singlet fission. One study published in 2021 [193] investigated the

process of triplet fusion or triplet-triplet annihilation up-conversion by exploring the spin

statistical factor η, which is the probability that a singlet excited state is formed from a pair

of annihilating triplet excited states from the perspective of rate equations, which is also

a perturbative method. As triplet-triplet annihilation up-conversion was explored from the

perspective of rate equations (a perturbation method), exact solutions to this problem have

not yet been obtained. As the HOPS method is a numerically exact method, numerically

exact solutions to the problem of triplet fusion based on the Hamiltonian in this paper may

be explored and obtained. Therefore, comparative studies can be made between the results

derived from perturbation-based methods and the ones derived from the HOPS method in

the future.
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