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ABSTRACT

Acquiring the thickness field of a soap film from interference colors requires an accurate relationship between color and film thickness.
Throughout the literature, an interference relation derived using monochromatic waves is widely used to calculate the colors of soap films
illuminated by light sources with significant frequency bandwidths by applying the relation at a number of discrete wavelengths in the
source, which assumes that the interfering waves are perfectly coherent. However, since the coherence between waves is expected to decrease
with increasing film thickness, it is poorly understood when interference relations derived using monochromatic waves can be applied. In
this study, an interference relation incorporating the coherence between interfering waves is derived. The effects of coherence on the inter-
ference colors of soap films are then studied by comparing the colors computed using each of these two interference relations for light
sources with different frequency bandwidths. As the frequency bandwidth of the light source increases, the difference in the colors com-
puted using each interference relation increases, which implies that the accuracy of the method involving the monochromatic relation
decreases with increasing frequency bandwidth of the source. The findings of this study will allow for more accurate measurements of the
thickness of soap films from their interference colors.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0158178

I. INTRODUCTION

Soap films are thin layers of liquid stabilized by surfactant-laden
interfaces. They typically have thicknesses between 4 nm and
10 μm.1,2 Soap films with spatial variations in their thickness exhibit
colorful interference fringes when they are illuminated. Experiments
involving soap films have exploited the visual nature of these interfer-
ence fringes to advance several fields of research. For example, soap
films have been used to investigate forced and decaying two-
dimensional turbulence, revealing key differences in the turbulent
spectra between two and three-dimensional turbulent flows.3,4

Meuel et al.5 used interference fringes to study large vortices on soap
bubbles, created by heating half of each bubble from below. Their
analysis suggests that there may be features in common between the
two-dimensional vortices that they observed on soap films and three-
dimensional tropical cyclones, which could lead to the use of soap
films to study vortices in a range of three-dimensional turbulent
flows. Soap films can also be used to investigate the flows created
when a fluid interacts with a solid, such as the flow generated by flap-
ping wings6 or the flow in the wake of a solid object.7,8

The thickness of a soap film not only provides useful information
about the fluid mechanics of the film but is also of fundamental
importance to the film stability: thinner soap films are less stable and
therefore more likely to burst than thicker films.9 When a soap film is
formed, it starts thinning through drainage and evaporation. The time
evolution of the thickness field of a soap film provides insight into the
film stability and allows drainage mechanisms, such as marginal
regeneration,10,11 to be investigated. Thickness measurements from
experiments can also be used to validate models for the thinning of
films.12 With a further understanding of the thinning mechanisms
taking place in soap films, new methods can be developed to control
film thinning and film stability. The ability to control film stability
could lead to the development of novel applications, such as the use of
bubbles as smart carriers for the targeted release of a substance trans-
ported by the bubble. Recent work featuring the application of a mag-
netic field to soap films containing magnetic nanoparticles provides
evidence that an external field can be used to control film stability.13

The development of an accurate method to obtain the thickness field
of a soap film over time is a prerequisite to drive these innovations.

Journal of
Applied Physics

ARTICLE pubs.aip.org/aip/jap

J. Appl. Phys. 134, 093103 (2023); doi: 10.1063/5.0158178 134, 093103-1

© Author(s) 2023

 12 Septem
ber 2023 09:30:56

https://doi.org/10.1063/5.0158178
https://doi.org/10.1063/5.0158178
https://pubs.aip.org/action/showCitFormats?type=show&doi=10.1063/5.0158178
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0158178&domain=pdf&date_stamp=2023-09-05
https://orcid.org/0000-0002-3421-5742
https://orcid.org/0000-0001-5406-4569
mailto:nsl16@ic.ac.uk
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1063/5.0158178
https://pubs.aip.org/aip/jap


Since the temporal evolution of film thickness is desired, inva-
sive methods, such as contact profilometry14 and capacitance
methods,15 are unsuitable as they disrupt the drainage in the film
and may induce film rupture. Widely used non-invasive techniques
for measuring the film thickness of soap films include phase-
shifting interferometry,16,17 scanning interferometry,18 laser
reflectometry,19–21 spectroscopic reflectometry,22 infrared absorp-
tion,23 and absorption spectroscopy.24,25 Although these methods
can result in accurate film thickness measurements, they can typi-
cally only make a single film thickness measurement at a time,
which makes them unsuitable for measuring thickness fields at a
given time instant. However, the spatiotemporal evolution of film
thickness can be found through a simple experimental setup featur-
ing a light source and a camera, as depicted in Fig. 1(a). The thick-
ness evolution can be found by recording the colors arising from
light interference and mapping the colors to thickness, which
requires an accurate relationship between thickness and color.
Figure 1(b) provides an example of interference colors exhibited by
an illuminated soap film recorded with this experimental setup.

In the soap film literature, interference calculations are widely
performed using interference relations derived for monochromatic
waves created from a single incident light wave by amplitude
division.26–34 These interference relations are largely similar but
with some differences. For instance, Dias accounts for different
materials on either side of the film27,28 and Jaszkowski and Rzeszut
extend the usually adopted scenario of two interfering waves to any
number of interfering waves.32 These interference relations are
commonly used to find the thickness–color relationship for soap
films illuminated by white light by applying the relation at a dis-
crete number of wavelengths in the source, as detailed in
Refs. 29–33. This method is also implemented in the open-source
Python package ColorPy.35 Since monochromatic waves have an
infinite coherence length, it is implicit in this method that the
interfering waves are perfectly coherent, regardless of the film
thickness. Interference is then predicted to occur for any film thick-
ness. In reality, the coherence between interfering waves leaving
one of the surfaces of a soap film falls as the film thickness
increases because real light sources (light sources with a non-zero
frequency bandwidth) have a finite coherence length.36 This
reduces the amount of interference occurring and is one of the key
reasons why interference phenomena are not observed for suffi-
ciently thick soap films illuminated by white light. Consequently, it
is largely unclear when interference relations derived using mono-
chromatic waves can be used for real light sources and over what
range of film thicknesses.

The objectives of this work are then to (i) derive an interfer-
ence relation that accounts for the coherence between interfering
waves and (ii) to provide insight over what range of film thicknesses
and light source bandwidths interference relations derived using
monochromatic waves can accurately calculate interference colors.
To achieve these objectives, an interference relation for monochro-
matic waves will first be re-derived and generalized with the inten-
tion of highlighting all key assumptions and physics that often go
unstated. Then, a relation that accounts for coherence effects will be
introduced. The generalized relation for monochromatic waves and
the newly introduced relation accounting for coherence effects will
then be applied to find the variation of color with film thickness for
light sources of different frequency bandwidths.

The remainder of this paper is organized as follows. First, the
derivations of the interference relation for monochromatic waves
and the interference relation accounting for coherence effects are
discussed. Then, the method for converting a spectral irradiance
distribution to color is detailed. Following this, the interference
colors computed using each of the two interference relations are
analyzed. Conclusions close the paper.

II. SPECTRAL DISTRIBUTION OF LIGHT AT A DETECTOR

This section provides a detailed derivation of the interference
relation for monochromatic waves and the interference relation
incorporating the effects of coherence. Before presenting the deriva-
tions, which are given in Secs. II H and II I, the fundamentals of
classical optics in the context of an illuminated soap film are
detailed to introduce the required concepts and notation.

FIG. 1. (a) A simple experimental setup for measuring the thickness field of a
soap film and (b) interference colors exhibited by a soap film recorded with this
setup.
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A. Classical description of light

Light is emitted in discrete bursts commonly referred to as
photons, and any observed light consists of an extremely large
number of low-energy photons.36 When averaging over time, the
radiant energy delivered by an extremely large number of photons
is the same as the energy delivered by a classical electromagnetic
wave. As a result, light can be treated as a classical electromagnetic
wave when performing interference calculations. The term “light
wave” will frequently be used to refer to this classical electromag-
netic wave, and the wavelength range for visible light is from 360 to
830 nm.37

Light waves oscillate at frequencies of the order of 1 THz;
therefore, visible-light detectors cannot measure the instanta-
neous power delivered by light waves. Instead, the radiant energy
entering through an area A in the detector is measured over a
period of time ϒ much larger than the time period of the electro-
magnetic wave. Similarly, since it not possible to filter single fre-
quencies from the light source, the detector will measure the
radiant energy in a small wavelength range. Dividing the mea-
sured radiant energy by the period ϒ leads to the radiant flux and
additionally dividing by the area A results in the radiant flux
density in this wavelength range. Since this radiant energy is inci-
dent upon the detector surface, the radiant flux density may be
referred to as the irradiance, I. Dividing the irradiance by the
small wavelength range results in the spectral irradiance, Iλ, in
units of Wm�2 nm�1. A source of light is characterized by its
spectral irradiance distribution, i.e., the variation of Iλ with the
wavelength of light, λ. Although the irradiance at a specific wave-
length λ0 is undefined, the irradiance can be found in a wave-
length interval, Δλ, centered at λ0,

I(λ0) ¼
ðλ0þΔλ=2

λ0�Δλ=2
Iλ(λ) dλ: (1)

For small Δλ, I(λ0) � Iλ(λ0)Δλ.
The thickness–color relationship of any soap film depends

on the spectral irradiance distribution of the light source used to
illuminate the film. The overall process of converting from film
thickness to color involves using the spectral irradiance distribu-
tion of the light source and considering light interference to find
the spectral irradiance distribution measured by a detector for
each film thickness. The detector could be the retina of the
human eye or an electronic detector, such as a CCD or CMOS
sensor.

In this study, the source of light and the detector will be in
air. Introducing the electric field vector of the light wave as ~E, the
irradiance at a point in space in a linear, homogeneous, and isotro-
pic dielectric, such as air, can be found from ~E by36

I ¼ �avah~E2iϒ, (2)

where �a is the electric permittivity of air, va is the velocity of light
in air, and h~E2iϒ is the time average of the magnitude of the elec-
tric field squared over a time period ϒ.

B. Electric field representation

The electric field vector of a light wave can be represented, in
general, by

~E ¼ E0(r, τ) cosf(r, τ), (3)

where E0 is the amplitude of the electric field, f is the phase of the
electric field, r is the position vector with respect to an arbitrarily
chosen origin, and τ is the time. For interference calculations, it is
more convenient to work with a complex representation of the elec-
tric field,

~E ¼ ℜ Ef g ¼ ℜ E0(r, τ)e
if(r, τ)

� �
, (4)

where E is the complex representation of the electric field vector,
ℜ{E} is the real part of E, e is the base of the natural logarithm,
and i is the unit imaginary number. The irradiance, given by
Eq. (2), can be found from the complex representation using the
result derived in Appendix A,

I ¼ 1
2
�avahE�E�iϒ, (5)

where E� is the complex conjugate of E.
Since light of any polarization can be expressed as the sum of

two linearly polarized waves that are polarized in orthogonal direc-
tions,36 linearly polarized waves with constant polarization will be
considered such that E0(r, τ) ¼ E0.

In deriving a general interference relation that does not
account for the coherence between interfering waves, the light wave
from the light source will be treated as a linearly polarized mono-
chromatic plane wave of wavelength λ0, where λ0 is the wavelength
in air. The complex representation of the electric field vector of the
light from the source, Es, is then

Es ¼ E0se
i ks �r�ω0τð Þ, (6)

where E0s, ks, and ω0 are the amplitude, wave vector, and angular
frequency of this wave, respectively. The amplitude of ks is 2π=λ0
and ω0 ¼ 2πva=λ0. No light wave is truly monochromatic because
every light wave has a frequency bandwidth, even if very small.
When treating the incident wave from the source as monochro-
matic, the interference colors can be calculated by assuming that
each wavelength in the light source produces its own interference
pattern and the overall interference pattern is the sum of the inter-
ference patterns due to each wavelength.38

When deriving the interference relation that accounts for the
coherence between interfering waves, the monochromatic plane
wave assumption will not be made.

C. Interference

Light interference involves the interaction of multiple electro-
magnetic waves and results in a wave with detected irradiance dif-
fering from the sum of the detected irradiances of each of the
interacting waves. The electric field vector resulting from the inter-
ference of light waves at a detector, ~Ed, is the sum of each electric
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field interfering at the detector. The real and complex sums of the
electric fields at the detector are

~Ed ¼
X
j

~E j and Ed ¼
X
j

E j: (7)

Since ~Ed ¼ ℜ{Ed}, the detected irradiance, Id, can be found by
inserting Ed in Eq. (5), i.e., Id ¼ 1

2 �avahEd�E�
diϒ. Since the detected

irradiance can be more easily found by only considering the
complex representation, the real representation will not feature
again in the present study.

D. Coherence

The coherence between light waves is of key importance to
light interference, particularly since it is not usually accounted for
when computing the thickness–color relationship of an illuminated
soap film.30–33

Considering each photon as a wavetrain, a wavetrain occupies
a fixed point in space over a period of time known as the coherence
time, Δtc, which is typically less than 10 ns.36 For example, at each
point in space illuminated by white light, the phase will vary pre-
dictably over a period of time given by the coherence time before
the phase randomly shifts due to the arrival of another photon.
The corresponding distance in space over which a wavetrain
extends is known as the coherence length, Δlc, and is given by
Δlc ¼ vΔtc, where v is the wave velocity. The coherence time is typi-
cally of the order of the inverse of the frequency bandwidth, Δf , of
the light source (Δtc � 1=Δf ), although this depends on the precise
definitions used for Δtc and Δf .39

The coherence between light waves refers to how correlated
the waves are in space and time.38 For multiple light waves to inter-
fere, the waves must be at least partially coherent. When a light
wave is emitted by two different points on an extended light
source, the frequency bandwidth of the source determines whether
the two light waves will interfere when they are focused onto a
single point. For any real light source, the phase difference between
the two waves will vary randomly in space and time due to the
range of frequencies present in each light wave. Furthermore, any
correlation will only exist for a time equal to the coherence time
before randomly shifting. Therefore, as the frequency bandwidth of
the light source is increased from a very small value, the correlation
between the two waves would fall until no interference occurs. The
two light waves are described as incoherent when no interference
occurs, partially coherent when some interference occurs and
coherent when a maximum amount of interference occurs, which
is the case for two monochromatic waves of the same frequency.

Therefore, we would not expect any significant interference
from two different light waves incident upon a soap film when the
light waves are produced by a light source with a significant fre-
quency bandwidth. However, there are two ways in which coherent
light waves can be produced from a single light wave emitted by a
light source with a significant frequency bandwidth: wavefront divi-
sion and amplitude division.38 In the case of a thin film, amplitude
division occurs since the light wave is split into multiple wavefronts
at the location of incidence of the light onto the upper surface of
the film, as depicted in Fig. 2. If these coherent light waves later

interfere, this process is known as interference by amplitude divi-
sion. The waves leaving the upper surface of the film will only be
partially coherent upon reaching a detector because there will be a
time delay between the waves. Ultimately, finding the irradiance
measured by a detector due to the interference of the light waves
leaving the upper surface of the film in Fig. 2 will allow the varia-
tion of color with film thickness to be found.

E. The Fresnel equations

It is evident from Fig. 2 that light reflection and transmission
occurs when light waves strike a thin film. In order to find the irra-
diance measured by a detector, it is necessary to consider how the
amplitude of the electric field vector changes upon reflection and
transmission of a light wave. The amplitude reflection and trans-
mission coefficients, r and t, are defined by

r ¼ E0r
E0i

, (8a)

t ¼ E0t
E0i

, (8b)

where E0i is the amplitude of the incident electric field vector (the
electric field vector before reflection or transmission), and E0r and

FIG. 2. Amplitude division in a very small section of thin film. Light rays are
shown, which are perpendicular to the wavefronts of each wave and in the direc-
tion of wave propagation.
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E0t are the amplitudes of the reflected and transmitted electric field
vectors, respectively. Considering the film in Fig. 2, which is sur-
rounded by air on either side, the notation r and t will be used
when the wave is in the air phase before reflection and transmis-
sion, and the notation r0 and t0 will be used when the wave is in the
film phase before reflection and transmission.

For a wave incident onto a surface at a point, the plane of inci-
dence is defined as the plane containing the incident wave vector ks
and the normal to the surface at the point of incidence. Light of
any polarization may be expressed as the sum of two linearly polar-
ized waves, where one of the waves has its electric field vector ori-
ented parallel to the plane of incidence and the other has its
electric field vector oriented perpendicular to the plane of inci-
dence. Subscripts k and ? will be used to indicate when the electric
field vector is parallel and perpendicular to the plane of incidence,
respectively. Furthermore, a subscript w will be used to indicate
that an equation is valid for either case of polarization parallel or
polarization perpendicular to the plane of incidence. The Fresnel
equations, which are valid for light passing through linear, isotro-
pic, and homogeneous media, provide expressions for the ampli-
tude reflection and transmission coefficients. The Fresnel equations
are given in Appendix B.

For a soap film created from water and bounded by air, the
relative permeability of the air and film phases will be very close to
1. This allows the Fresnel equations to be simplified. The simplified
Fresnel equations for the specific case of a soap film in air are also
provided in Appendix B.

Reflectance R and transmittance T , which will allow the
derived interference relations to be more compactly written, are
defined by

R ¼ Pr
Pi
, (9a)

T ¼ Pt
Pi
, (9b)

where Pi is the radiant flux of the incident wave (the wave before
reflection or transmission), and Pr and Pt are the radiant fluxes
after reflection and transmission, respectively. A 0 will also be
added to R and T to indicate that the wave is in the film phase
before reflection and transmission, rather than the air phase.
Appendix C presents how the reflectance and transmittance can be
expressed in term of the amplitude reflection and transmission
coefficients. For a soap film in air,

Rw ¼ rwð Þ2, R0
w ¼ r0w

� �2
, (10a)

Tw ¼ nf cos θf
na cos θa

twð Þ2, T 0
w ¼ na cos θa

nf cos θf
t0w
� �2

, (10b)

where na and nf are the absolute indices of refraction of the air and
film phases, respectively, and θa and θf are the angles labeled in

Fig. 2. From Eqs. (10) and (B2),

Rw ¼ R0
w, (11a)

Tw ¼ T 0
w ¼ twt

0
w, (11b)

Rw þ Tw ¼ 1, R0
w þ T 0

w ¼ 1: (11c)

Equation (11c) highlights how it is implicit in the Fresnel equations
that no light absorbance is assumed.

Although reflection and transmission can lead to changes in
light polarization,40 any changes in polarization due to reflection
and transmission will be neglected in this study.

F. Detector

Since the waves leaving the upper surface of the film in Fig. 2
are parallel for a very small section of film with uniform thickness,
these waves will not interfere without the presence of a detector. In
this work, a camera will be considered as the device that records
the illuminated soap film. When light is collected by a modern
camera, it first passes through a lens before hitting a digital sensor,
which converts light into electrical signals. This digital sensor will
serve as the detector in this work, where most modern cameras use
either CCD or CMOS sensors. These sensors are split into millions
of photosites, where the electrical signal produced by each photo-
site aligns with the light captured by that photosite. Multiple light
waves leaving the upper surface of the film in Fig. 2 due to one
incident light wave will strike a single photosite, and it is at the
position of the photosite where light interference occurs. For
example, each pixel in Fig. 1(b) covers a distance of 21:9 μm along
the film. Using typical values for an illuminated soap film in air, as
given in Table I of Appendix F, 49 waves leaving the upper film
surface from a single incident wave would extend over a distance of
21:9 μm. Therefore, it would be possible for 49 waves, at most, to
strike a single photosite from a single incident wave. The number
of interfering waves in the context of interference calculations will
be discussed in Sec. II H.

Each wave leaving the upper surface of the film in Fig. 2
travels a different distance from point O to the detector. Since each
wave travels approximately the same distance from the camera lens
to the detector, only the difference in distance traveled from point
O to the camera lens needs to be considered in interference calcula-
tions, as will be done in Sec. II G.

G. Phase and time difference

When treating Es as a monochromatic plane wave, an expres-
sion is needed for the difference in phase, δ, between each succes-
sive wave reaching the detector due to the difference in distance
traveled from point O to the lens. In the case when the coherence
between waves is accounted for, it is necessary to find the addi-
tional time, ξ, it takes for each successive wave to reach the detector
from point O.

In this section, the difference in distance traveled by each light
wave from point O to the lens due to the shape or angle of the lens
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will be neglected, and the light waves will simply be assumed to be
normally incident upon the lens.

For the jth wave reaching the lens from the upper surface of
the film, the distance traveled from point O to the lens, d j, is

d j ¼ (j� 1)lOBC þ (2� j)lOA þ lAD, j [ N, (12)

where lOBC, lOA, and lAD are the distances covered by straight lines
OBC, OA, and AD in Fig. 2, and N is the set of positive integers.
For a monochromatic plane wave of wavelength λ0, the change in
phase Δf j (units: rad) due to the distance traveled from point O to
the lens is

Δf j ¼ 2π
(j� 1)lOBC

λf
þ (2� j)lOA þ lAD

λ0

� �
, j [ N, (13)

where λf is the wavelength of light in the film. It can be seen from
Eq. (13) that the change in phase δ between each consecutive wave
reaching the lens remains the same and may be written as

δ ¼ Δf jþ1 � Δf j ¼ 2π
lOBC
λf

� lOA
λ0

� �
, j [ N: (14)

From Snell’s law, na sin θa ¼ nf sin θf , and since nfλ f ¼ naλ0,
Eq. (14) can be expressed as

δ ¼ 4πhnf
λ0na

cos θf , (15)

where h is the film thickness. The shift in phase δ is due to the dif-
ference in distance traveled between each successive wave reaching
the detector and does not account for phase changes due to reflec-
tion or transmission, which are accounted for by using the ampli-
tude reflection and transmission coefficients. In deriving Eq. (15),
it was assumed that the variation in thickness over the distance
between each wave leaving the upper surface of the film, lOC, is
negligible. Using the values in Table I, lOC ¼ 445 nm. In general,
soap film thickness variations of the order of a hundred nanome-
ters are expected over distances of the order of several millimeters,
such as in Fig. 1(b); therefore, it is reasonable to consider the varia-
tion of thickness to be negligible over distances corresponding with
several lOC.

From Eq. (12), the time difference between successive waves
reaching the detector from point O is

ξ ¼ lOBC
vf

� lOA
va

, (16)

where vf is the velocity of light in the film. Snell’s law allows
Eq. (16) to be simplified to

ξ ¼ 2hnf
c

cos θf , (17)

where c is the speed of light in vacuum.

H. Interference of light at the detector without
coherence effects

In this section, an interference equation for any number of
interfering waves will be derived without accounting for the coher-
ence between interfering waves. The electric field will be treated as
a linearly polarized monochromatic plane wave when deriving this
equation, with Es given by Eq. (6). For now, Es will be taken to be
linearly polarized in the direction either parallel or perpendicular
to the plane of incidence, and the w notation will be omitted for
brevity. The w notation will be reintroduced once an equation has
been derived for the detected irradiance, and it will then be high-
lighted how this equation can be used for light that is not simply
linearly polarized in these directions, such as randomly polarized
light. Following from Eq. (6), the electric field vector of the jth
wave leaving the upper surface of the film is

Erj ¼ E0rje
i kr �rþ�r�ω0τþ(j�1)δð Þ, j [ N, (18)

where kr is the wave vector for waves leaving the upper surface of
the film and �r is a phase constant. The phase constant �r is needed
since ks�r and kr�r depend on the position of the origin. The value
of �r can be found by noting that there is no change in phase upon
reflection due to the position selected as the origin,36

ks�r ¼ kr�r þ �r at point O: (19)

From Eq. (7), the resultant electric field vector at the detector is

Ed ¼
XN
j¼1

Erj, (20)

where N is the number of waves that interfere at the detector due
to the wave from the light source. At any time instant at the detec-
tor, kr�r þ �r � ω0τ is the same for each wave reaching the detector.
Combining Eqs. (18) and (20) leads to

Ed ¼ eiχ
XN
j¼1

E0rje
i(j�1)δ , (21)

where χ ¼ kr�r þ �r � ω0τ. The amplitudes E0rj may be written in
terms of the amplitude reflection and transmission coefficients,

E0r1 ¼ E0sr,

E0rj ¼ E0st r
0ð Þ2j�3t0, j ¼ 2, 3, . . . , N:

(22)

The first light wave leaving the upper surface of the film does not
undergo any internal reflections within the film. This leads to a
π rad phase shift between the first wave leaving the upper surface of
the film and the rest of the waves leaving the upper surface of the
film. This is embodied in Eq. (22) since r0 is only present in odd
powers and r ¼ �r0. It is for this reason that very thin films appear
black: for very thin films, the shift in phase δ will only be a small
fraction of the wavelength, and assuming that the power in the first
wave is similar to the total power in the other waves leaving the
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upper film surface, the interference will be almost totally destruc-
tive. Inserting Eq. (22) into Eq. (21) and employing the relations in
Eqs. (10) and (11) result in

Ed ¼ Ê0rE0se
iχ r þ r0Teiδ

XN
j¼2

Reiδ
� � j�2

" #
, (23)

where Ê0r is the unit vector of the electric field for waves leaving
the upper surface of the film, which is in the direction either paral-
lel or perpendicular to the plane of incidence. The irradiance at the
detector can be found from hEd�E�

diϒ,

Idw ¼ IswRw 1� 2Tw

XN
j¼2

Rj�2
w cos δ(j� 1)ð Þ

(

þT2
w

XN
j¼2

Rwe
�iδ

� � j�2XN
m¼2

Rwe
iδ

� �m�2

)
, (24)

where Isw is the irradiance of the light wave from the light source.
From Eqs. (5) and (6), Isw ¼ 1

2 �avaE
2
0sw. Appendix D shows how

Id=Is may be split into two parts, one due to interference and one
not due to interference, to derive the following equation that is
computationally easier to implement than Eq. (24):

Idw ¼ IswRw 1þ T2
w

XN
j¼2

R2j�4
w

(
� 2Tw

XN
j¼2

Rj�2
w cos δ(j� 1)ð Þ

þ2T2
w

XN�1

j¼2

Rj�2
w

XN
m¼jþ1

Rm�2
w cos δ(m� j)ð Þ

)
: (25)

The first two terms on the right hand side of Eq. (25) represent the
detected irradiance in the absence of interference. The last two
terms in Eq. (25), the terms involving δ, are due to interference.
Constructive interference occurs when the sum of these terms is
positive, and destructive interference occurs when the sum is
negative.

Equation (25) may be used to find the detected irradiance for
light of any polarization by decomposing the light into the sum of
electric field vectors that are oriented parallel and perpendicular to
the plane of incidence. Then, R?, T?, and Is? can be used in
Eq. (25) to find Id?. Similarly, Rk, Tk, and Isk can be used in Eq.
(25) to find Idk. The overall value of Id can then be computed by
Id ¼ Id? þ Idk. For randomly polarized light, such as light from the
sun, Is? ¼ Isk ¼ 1

2 Is.
36

Using N ¼ 2 in Eq. (25) leads to the interference equation
given in Refs. 26, 30, 31, and 34. In order to analyze the choice of
N ¼ 2, the variation of Id=Is with N was calculated using Eq. (25)
for randomly polarized light and with the values given in Table I.
The results are shown in Fig. 3 for three wavelengths of the incident
wave from the source. The value of Id=Is quickly converges to the
value of Id=Is at N ¼ 1 as N increases. This is due to the diminish-
ing power in each additional wave leaving the upper surface of the
film. Figure 3 suggests that, in this instance, N ¼ 5 is an accurate
number of waves to consider interfering since there will only be a
small change in Id=Is for increasing N beyond N ¼ 5. In addition, it

is reasonable to expect five light waves from a single incident light
wave from the source to strike the same sensor photosite, as dis-
cussed in Sec. II F. Using N ¼ 2, in this instance, provides a reason-
able approximation to the result for N ¼ 5 but does introduce some
error. Furthermore, this error depends on the wavelength of the
incident light wave and will increase as the reflectance increases.
Therefore, we recommend that N . 2 is used in interference calcu-
lations as this will allow for a greater accuracy with only a slight
increase in computational cost. Furthermore, although an infinite
number of waves would not interfere in practice, the value of Id=Is
at N ¼ 1 could be used to approximate the true value of Id=Is.
This is advantageous since an analytical equation can be derived for
the detected irradiance for N ¼ 1, resulting in an increase in accu-
racy without an increase in computational cost.

For N ¼ 1, the Maclaurin series expansion of 1
1�x,

1
1� x

¼
X1
j¼0

x j, � 1 , x , 1, (26)

can be used in Eq. (23). The sum in Eq. (23) becomes

X1
j¼2

Reiδ
� � j�2¼

X1
m¼0

Reiδ
� �m¼ 1

1� Reiδ
, R , 1, (27)

which allows Ed to be written as

Ed ¼ Ê0rE0se
iχ r 1� eiδ
� �
1� Reiδ

: (28)

The irradiance measured by the detector can again be found from
hEd � E�

diϒ. By making use of cos δ ¼ 1� 2 sin2 ( δ2 ), the detected

FIG. 3. The variation of Id=Is with N for h ¼ 500 nm and λ0 [ {400,
500, 600} nm.
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irradiance for N ¼ 1 is

Idw ¼ Isw
Fw sin2 δ

2

� �
1þ Fw sin2 δ

2

� � , Fw ¼ 4Rw

(1� Rw)
2 : (29)

Equation (29) is presented in Refs. 36 and 38.
The key limitation of using Eq. (25) to calculate interference

colors for soap films illuminated by real light sources is that it pre-
dicts interference to occur for any film thickness, even very large
film thicknesses. This is because Eq. (25) was derived using a
monochromatic wave, which necessarily has an infinite coherence
length and coherence time. However, the amount of interference is
expected to decrease as the film thickness increases. This may be
explained by considering the following: If the film thickness is
small such that ξ , Δtc (the time between each wave reaching the
detector is smaller than the coherence time of the light source),
there will be a correlation between two adjacent waves reaching the
detector since there will be a period of time at the detector where
the two waves result from the same photon wavetrain in the light
source. As a result, interference will occur. However, with a larger
film thickness, ξ will be greater and the amount of correlation will
fall as the overlap between non-correlated photon wavetrains at the
detector will increase. In Sec. II I, we derive an interference relation
that incorporates the necessary physics to predict the decrease in
interference with increasing film thickness.

I. Interference of light at the detector including
coherence effects

The aim of this section is to derive an equation for the irradi-
ance at the detector that incorporates the degree of coherence
between each pair of interfering waves. This will be done by consid-
ering the correlation between each wave reaching the detector. The
electric field of the light from the source, Es, will no longer be gov-
erned by Eq. (6), but it will be assumed, for now, that Es is linearly
polarized in either the direction parallel or perpendicular to the
plane of incidence. The w notation will be omitted for brevity and
only reintroduced once the final equation for the detected irradi-
ance has been derived.

Since each wave reaching the detector in amplitude division
comes from the same original light wave, the correlation between
each wave reaching the detector can be found through the self-
coherence function, Γ , which is given by

Γ (ψ) ¼ hEs(τ þ ψ) � E�
s (τ)iϒ, (30)

where ψ represents a time delay between the two waves. The field
of Es will be assumed to be stationary (any time averages are inde-
pendent of the specific interval in time over which the averaging is
performed), as is commonly the case in classical optics.36,39

Consequently, Eq. (30) may be expressed as

Γ (ψ) ¼ lim
ϒ!1

1
2ϒ

ðϒ
�ϒ

Es(τ þ ψ) � E�
s (τ) dτ: (31)

Following from Eq. (31), the Fourier transform of the self-

coherence function gives a power spectrum,38,41

F Γ (ψ)f g ¼ S(ω), (32)

where F is the Fourier transform and S(ω) is a power spectrum.
The term 1

2 �avaS(ω) has units of energy per unit area and describes
the energy distribution of the light source.

The irradiance at the detector can be found from hEd �E�
diϒ.

Following from Eq. (20),

hEd�E�
diϒ ¼

XN
j¼1

Erj �
XN
m¼1

E�
rm

* +
ϒ

, (33)

which can be rewritten as the sum of non-interference and interfer-
ence terms,

hEd�E�
diϒ ¼

XN
j¼1

hErj�E�
rjiϒ þ 2

XN�1

j¼1

XN
m¼jþ1

ℜ Erj � E�
rm

� �� 	
ϒ
: (34)

At any time instant at the detector, Erj is a delayed version of Erm,
but with a different amplitude, since m . j in Eq. (34). The self-
coherence function may be introduced into Eq. (34) since

hErj�E�
rmiϒ ¼ E0rj

E0s

E0rm
E0s

Γ (m� j)ξð Þ: (35)

Then, as shown in Appendix E, Eq. (34) becomes

hEd � E�
diϒ ¼ Γ (0) Rþ T2

XN
j¼2

R2j�3

 !

� 2RT
XN
m¼2

Rm�2ℜ Γ ((m� 1)ξ)f g

þ 2RT2
XN�1

j¼2

R j�2
XN

m¼jþ1

Rm�2ℜ Γ ((m� j)ξ)f g: (36)

It is useful to introduce a normalized self-coherence function,
γ(ψ), whose modulus satisfies jγ(ψ)j � 1,

γ(ψ) ¼ Γ (ψ)
Γ (0)

: (37)

Substituting γ(ψ)Γ (0) in place of Γ (ψ) in Eq. (36) and using
Is ¼ 1

2 �avaΓ (0) leads to the final equation for the detected irradiance,

Idw ¼ IswRw 1þ T2
w

XN
j¼2

R2j�4
w

(

� 2Tw

XN
j¼2

Rj�2
w ℜ γ((j� 1)ξ)f g

þ2T2
w

XN�1

j¼2

R j�2
w

XN
m¼jþ1

Rm�2
w ℜ γ((m� j)ξ)f g

)
: (38)
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Equation (38) can be used for light polarized in an arbitrary direc-
tion or for randomly polarized light in the same way that Eq. (25)
can, as detailed in Sec. II H.

When performing experiments on soap films, the spectral
irradiance distribution of the light source is usually known rather
than the time variation of the electric field of the light waves
emitted by the source. Since Γ (ψ) ¼ F�1{S(ω)}, where F�1 is the
inverse Fourier transform, γ(ψ) can be found directly from S(ω),

γ(ψ) ¼
Ð1
�1 S(ω)eiωψ dωÐ1

�1 S(ω) dω
: (39)

It is expected that Eq. (38) becomes Eq. (25) in the limit of a
monochromatic wave. For a monochromatic light wave given by
Eq. (6), the self-coherence function can be found directly from
Eq. (31), which leads to

Γ (ψ) ¼ E2
0se

�iω0ψ : (40)

From Eq. (40), γ(ψ) ¼ e�iω0ψ and ℜ γ((m� j)ξ)f g in Eq. (38) is
cos(ω0(m� j)ξ). It can be shown through Eqs. (15) and (17) that
ω0ξ ¼ δ. Therefore, for an incident monochromatic wave,

ℜ γ((m� j)ξ)f g ¼ cos(δ(m� j)), (41)

from which it is clear that Eq. (38) becomes Eq. (25) for an inci-
dent monochromatic wave.

III. CONVERTING SPECTRAL IRRADIANCE
DISTRIBUTIONS TO COLOR

The final step in finding the color of an illuminated soap film
is to convert the spectral irradiance distribution at the detector to a
color. In order to display the variation of color with film thickness
on a standard computer monitor using the same primaries as the
sRGB color space, the R, G, and B values need to be computed
from the spectral irradiance distribution at the detector for each
film thickness. This can be done by first calculating the X, Y , and
Z values of the CIE XYZ color space for each film thickness. CIE
color-matching functions allow for X, Y , and Z to be calculated
from a given spectral irradiance distribution,37

X ¼ κ
X
λ

Iλ(λ)�x(λ)Δλ, (42a)

Y ¼ κ
X
λ

Iλ(λ)�y(λ)Δλ, (42b)

Z ¼ κ
X
λ

Iλ(λ)�z(λ)Δλ, (42c)

where κ is a constant, �x, �y, and �z are color-matching functions, and
Δλ is the wavelength interval used in the summation. Where accu-
racy is desired, it is recommended that Δλ ¼ 1 nm is used with a
wavelength range from 360 to 830 nm.37 This recommendation was
used for all interference and color calculations performed in this
study, which will be presented in Sec. IV. In addition, the CIE 1931

2 degree color-matching functions for a standard observer42 were
used for color computations.

The color components for any color space of interest can sub-
sequently be found from the X, Y , and Z values calculated using
Eq. (42). In order to convert to the sRGB color space, the X, Y , and
Z values for all film thicknesses must be scaled by the same factor α
so that the scaled values, given by Xs ¼ X=α, Ys ¼ Y=α, and
Zs ¼ Z=α, are in the set [0, 1]. The chromaticity of a color is speci-
fied by its chromaticity coordinates, (x, y), which are defined by37

x ¼ X
X þ Y þ Z

, (43a)

y ¼ Y
X þ Y þ Z

: (43b)

Scaling X, Y , and Z by α keeps the chromaticity of the color cons-
tant but changes the luminance of the color, which is represented
by Y. There is a free choice in what value α takes: there is a fixed
range of brightnesses that the pixels in a computer screen can
display, and a choice must be made of how the maximum bright-
ness that can be displayed by a pixel relates to the calculated X, Y ,
and Z values. As a result, the absolute values of X, Y , and Z are
unimportant when computing the color for display purposes; there-
fore, the absolute value of κ is not needed. Furthermore, a scaled
version of Iλ(λ) may be used in Eq. (42) since it is the relative values
of X, Y , and Z that are of interest. Equations (25) and (38) both
feature irradiance rather than spectral irradiance. Colors will be
computed in Sec. IV by taking the relative spectral irradiance distri-
bution at the detector to be a scaled version of the variation of irra-
diance with wavelength. There are a number of ways in which the
scaling parameter α can be chosen. In the case that there is video
footage featuring interference colors, we recommend that the value
of the scaling factor is found by an optimization routine that mini-
mizes the difference between the computed interference colors and
the colors in the video.

Linear sRGB values, denoted by Rι, Gι, and Bι, can be found
through matrix multiplication,43

Rι

Gι

Bι

0
@

1
A ¼

3:2406 �1:5372 �0:4986
�0:9689 1:8758 0:0415
0:0557 �0:2040 1:0570

0
@

1
A Xs

Ys

Zs

0
@

1
A: (44)

The final sRGB values can be found by applying a gamma correc-
tion to the linear sRGB values,43

C ¼
�1:055(�Cι)

1:0
2:4 þ 0:055, Cι , �V ,

12:92Cι, jC0j � V ,

1:055(Cι)
1:0
2:4 � 0:055, C0 . V ,

8><
>: (45)

where C is a corrected R, G, or B value, Cι is the respective linear
value, and V ¼ 0:003 130 8. Some of the computed R, G, or B
values may be out of the range [0, 1] since the gamut of the sRGB
colorspace covers only around 35% of the XYZ colorspace.44

Therefore, any colors that lie outside of the color gamut of a
monitor with the same primaries as the sRGB colorspace must be
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converted to colors that can be represented by the monitor. A
number of methods exist for mapping out-of-gamut colors into the
colorspace,30 such as finding the color with the least perceivable dif-
ference that can be represented by the monitor. In this work, the
simplest approach of clipping any R, G, or B values outside of the
set [0, 1] to 0 or 1 was adopted. This is equivalent to clipping the
Rι, Gι, and Bι values outside of the set [0, 1] to 0 or 1 and then
applying the gamma correction. The color-science Python package45

was used for color-specific calculations performed in this work.

IV. INTERFERENCE AND COLOR CALCULATIONS

Interference calculations were performed to find the variation
of color with film thickness for light sources of different frequency
bandwidths. Coherence effects were accounted for in Sec. IV A by
using Eq. (38). In contrast, interference calculations were per-
formed in Sec. IV B by using Eq. (25), which does not account for
coherence effects. The values given in Table I of Appendix F were
used for the calculations in Secs. IV A and IV B, and it was
assumed that the light source emitted randomly polarized light.

A. Calculations incorporating coherence effects

This section details the use of Eq. (38) to find interference
colors for light sources of different frequency bandwidths.

Each photosite on a camera sensor records a single irradiance
value, regardless of the range of frequencies in the light that is inci-
dent upon the photosite. Similarly, Eq. (38) results in a single value
for the detected irradiance for light containing a range of frequen-
cies. Color cannot be extracted from a single irradiance value. It is
for this reason that a color filter array is used in cameras.46 The
most widely used color filter array is the Bayer matrix or Bayer
mosaic, which involves placing one of three color filters in front of
each photosite. Color is then extracted by comparing the brightness
values recorded by a photosite and its neighboring photosites in a
process known as demosaicing. To allow for an analytical treatment
while approximately replicating the demosaicing process used in a
camera, the spectral irradiance distribution of the light source was
taken to be composed of three individual Gaussian distributions,
where each Gaussian distribution corresponds to the light source
being passed through a different color filter. The power spectrum
S(ω) of each Gaussian spectral irradiance distribution is also
Gaussian since the power spectrum is a scaled version of the spec-
tral irradiance distribution. We are able to perform this scaling
since only relative values are needed for the color computations, as
outlined in Sec. III.

For the jth Gaussian spectrum, j [ {1, 2, 3},

S j(ω) ¼
Aj

σ
ffiffiffiffiffi
2π

p e�
1
2

(ω�ω j )
2

σ2 þ e�
1
2

(ωþω j )
2

σ2

� �
, (46)

where Aj and ω j are the amplitude and mean angular frequency of
the jth Gaussian spectrum, respectively, and σ is a parameter con-
trolling the frequency bandwidth of the source. The observable
spectrum is represented by the positive frequencies in S j(ω) and
the three Gaussian spectra were centered at wavelengths 460, 550,
and 610 nm.

Both Γ (0) and γ are needed to use Eq. (38). For the jth
Gaussian spectrum,

Γ j(ψ) ¼ Aj

π
cos(ω jψ)e

�1
2σ

2ψ2
, (47a)

γ j(ψ) ¼ cos(ω jψ)e
�1

2σ
2ψ2

, (47b)

as shown in Appendix G 1. At each film thickness, the value of ξ
was computed using Eq. (17) and Id was found from Id? þ Idk for
each of the three Gaussian spectra by using Eq. (47) in Eq. (38)
with N ¼ 5. To avoid the complexity of the demosaicing process,
the spectral irradiance distribution at the detector was assumed to
follow three Gaussian distributions with the same value of σ and
the same value of ω j as in the source but where the amplitude was
determined by the calculated value of Id. This approach, which is
illustrated in Fig. 4, leads to differences in the computed colors
compared with the colors that would be recorded by a camera,
but we favor this approach here to keep the analysis analytical.
Figure 4(a) presents the relative source spectrum for σ ¼ 0:06ω2,
and Fig. 4(b) shows the relative spectral irradiance distribution at
the detector for h ¼ 500 nm and the source in Fig. 4(a). The value
of Aj for each Gaussian spectrum was chosen so that the chroma-
ticity of the light source (from the sum of the three Gaussian distri-
butions) matched the chromaticity of the D65 illuminant, given by
(x, y) ¼ (0:3127, 0:3290) for the CIE 1931 2 degree color-matching
functions,37 for each value of σ investigated. The relative ampli-
tudes of each Gaussian spectrum are provided in Table II in
Appendix G 2.

The detected spectral irradiance distribution for each film
thickness was then converted to a color using the method detailed
in Sec. III. This was done for five sources of different frequency
bandwidths (five different values of σ ), and the resulting thick-
ness–color relationships are presented in Fig. 5. The same scaling
factor α was used for each of the five sources investigated to allow
for a comparison between the thickness–color relationships and
was chosen so that the maximum Zs value for σ ¼ 0:06ω2 was 0.8.

The color at each film thickness in Fig. 5 depends on the
amplitude of each of the three Gaussian distributions in the
detected spectral irradiance distribution. For example, the blue at
around h ¼ 250 nm results from the first Gaussian distribution,
centered at λ1 ¼ 460 nm, dominating the detected spectral irradi-
ance distribution.

FIG. 4. (a) Visible part of the relative power spectrum for σ ¼ 0:06ω2 and (b)
the relative spectral irradiance distribution at the detector for h ¼ 500 nm, where
λa is the wavelength in air.
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As the film thickness increases, particularly for larger values of σ,
the colored fringes in Fig. 5 fade. This occurs because an increase in
the film thickness results in a decrease in the coherence between any
pair of waves at the detector, as is accounted for by Eq. (38).

Although no sharp transition in the amount of interference is
expected to occur when the time between successive waves reaching
the detector is equal to the coherence time (ξ ¼ Δtc), particularly
given that multiple definitions exist for the coherence time of a
source,39 it is expected that the amount of interference occurring is
small when ξ ¼ Δtc. The coherence time is frequently taken to be
the full width half maximum of the modulus of γ(ψ).41,47 Using
this definition, the coherence time for each Gaussian spectrum may
be expressed in terms of σ as

Δtc ¼ 2
ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

σ
: (48)

Inserting Eq. (48) into Eq. (17) and rearranging for the film thick-
ness leads to

hc ¼ c
ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

nf cos θfσ
, (49)

where hc is the film thickness when ξ ¼ Δtc. White dashed lines on
Fig. 5 mark hc. It is evident from the grayish color that only a small
amount of interference is taking place for h . hc. This is quantified
in Fig. 6(a), which shows the variation of Id=Is with film thickness
for each of the three Gaussian power spectra for σ ¼ 0:10ω2. As h
increases beyond hc, Id=Is converges toward

1
2
R? 1þ T2

?
XN
j¼2

R2j�4
?

 !
þ 1
2
Rk 1þ T2

k
XN
j¼2

R2j�4
k

 !

since the interference terms in Eq. (38) tend to 0. Similarly, as h
increases beyond hc, the chromaticity coordinates tend toward
those of the D65 illuminant, as shown in Fig. 6(b).

B. Calculations without coherence effects

In this section, interference colors are calculated by applying
Eq. (25) at a discrete number of wavelengths in the light source, in
alignment with the method detailed in Refs. 29–33. This method
relies on the assumption stated in Sec. II B.

To allow for a comparison with the colors calculated in
Sec. IV A, the light source was modeled as the sum of the three
Gaussian distributions that were used in Sec. IV A for each value of
σ. This is shown in Fig. 7(a) for σ ¼ 0:06ω2.

In order to use Eq. (25) at a discrete number of wavelengths
in the source, the source spectral irradiance distribution must split
into intervals of wavelength of width Δλ. The irradiance Is in an
interval centered on λ0 can be approximated by Iλs(λ0)Δλ, as dis-
cussed in Sec. II A. In this work, Δλ ¼ 1 nm was used with
λ0 ¼ 360, 361, . . . , 830 nm. This leads to 471 values of Is, where it

FIG. 5. Variation of color with film thickness for σ [ [0:02, 0:10]ω2. The
dashed white lines mark hc from Eq. (49).

FIG. 6. The variation of (a) Id=Is and (b) chromaticity with film thickness for
σ ¼ 0:10ω2.

FIG. 7. Relative spectral irradiance distribution of (a) the source for σ ¼ 0:06ω2
and (b) at the detector for h ¼ 500 nm.
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is assumed that each of these Is values comes from a monochromatic
plane wave oscillating at a frequency corresponding with λ0. At each
film thickness, Eq. (25) was used for each of the 471 monochromatic
waves with N ¼ 5. This allows the relative spectral irradiance

distribution at the detector to be found for each film thickness. The
relative spectral irradiance distribution at the detector for h ¼
500 nm and for the source in Fig. 7(a) is shown in Fig. 7(b).

The color was then calculated for each film thickness using
the method outlined in Sec. III with the same value of the scaling
factor α that was used in Sec. IV A. The resulting thickness–color
relationships are shown in Fig. 8.

The colors fade to a color which has the same chromaticity as
the light source as the film thickness increases. It is tempting to
think that this is because the coherence between any pair of waves
at the detector falls as the film thickness increases. Although this is
true, the effects of coherence are not captured by Eq. (25). The
reason the colors fade to a color that has the same chromaticity as
the light source may be explained by considering how δ varies with
a change in the wavelength, Δλ. From Eq. (15), the change in δ, Δδ,
when λ changes from λ0 to λ0 þ Δλ is

Δδ ¼ 4πhnf cos θf
na

Δλ

λ0(λ0 þ Δλ)
: (50)

From Eq. (50), the range of wavelengths Δλ between adjacent
monochromatic waves undergoing total constructive interference
at a given film thickness decreases as the film thickness increases.

FIG. 8. Variation of color with film thickness for σ [ [0:02, 0:10]ω2.

FIG. 9. Relative spectral irradiance distributions at the detector for σ ¼ 0:04ω2 and h [ [250, 12 000] nm. The scaling was chosen so that the maximum Iλd is 1 for
h ¼ 12 000 nm. Iλs scaled to a maximum of 1 is overlaid in red onto the spectral irradiance distributions for h � 2000 nm.
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Consequently, the number of interference maxima over the range
of wavelengths in the visible spectrum increases as the film thick-
ness increases, which leads to the detected spectral irradiance dis-
tribution to more closely resemble the source spectral irradiance
distribution. This is illustrated in Fig. 9. For example, for small
film thicknesses, such as h ¼ 250 nm and h ¼ 500 nm, there are
only one or two interference maxima in the detected spectral irra-
diance distribution. This results in a vibrant color at those film
thicknesses in Fig. 8. With increasing film thickness in Fig. 9, the
number of interference minima and maxima increases. At inter-
ference minima, Id is close to 0 and the contribution to X, Y , and
Z, given by Eq. (42), will be small. At an interference maximum,
the value of Iλd depends on the value of Iλs at that wavelength. A
scaled version of the source spectral irradiance distribution has
been plotted in Fig. 9, from which it is clear that the interference
maxima in the detected spectral irradiance distribution increas-
ingly well replicate the distribution of the light source for increas-
ing film thickness beyond around h ¼ 3000 nm. It is for this
reason that the computed interference fringes shown in Fig. 8
fade with increasing film thickness. The oscillations of Iλd in
Fig. 9 with varying wavelength indicate that interference is still
occurring for film thicknesses as large as 12 μm. These oscillations
will continue to occur as the film thickness is ever increased since
each light wave is being regarded as monochromatic.

For reference, a code implementing the method of using
Eq. (25) at a discrete number of wavelengths in the source to calcu-
late interference colors is available in Ref. 48.

V. DISCUSSION

This section compares the colors calculated in Secs. IV A
and IV B with the aim of understanding when interference rela-
tions derived for monochromatic waves can faithfully be applied to
find interference colors.

A comparison between Figs. 5 and 8 for σ ¼ 0:02ω2 highlights
that the colors calculated are largely similar when the frequency
bandwidth of the light source is small. However, with increasing
frequency bandwidth, the colors are more vibrant at smaller film
thicknesses and fade slower at larger film thicknesses in Fig. 8 com-
pared with Fig. 5.

A quantitative comparison between the colors in Figs. 5 and 8
without the effect of luminance can be performed by comparing
the variation of chromaticity with film thickness. This is useful
since the luminance is affected by the scaling factor α, while the
chromaticity is not. A comparison of the computed chromaticities
for σ ¼ 0:04ω2 and σ ¼ 0:08ω2 is presented in Fig. 10,
where (xc, yc) are the chromaticity coordinates of the colors from
Sec. IV A and (xm, ym) are the chromaticity coordinates of the
colors from Sec. IV B.

For σ ¼ 0:04ω2, the variation of chromaticity with film thickness
is very similar for thicknesses below 650 nm. However, the peaks of
both x and y are higher, and the troughs in x and y are lower when
using the method detailed in Sec. IV B. This highlights how the reduc-
tion in coherence between any pair of waves at the detector with
increasing film thickness has the effect of damping the chromaticity
coordinates. This is particularly evident in Figs. 10(c) and 10(d),
which shows that there is a greater damping of the chromaticity

coordinates when the bandwidth of the source is greater. This means
that in any thickness interval featuring interference colors, a wider
range of colors is present in Fig. 8 compared with Fig. 5.

At each film thickness, the difference in color, f, between
the colors calculated in Secs. IV A and IV B can be quantified by

FIG. 10. The variation of chromaticity with film thickness for σ ¼ 0:04ω2 and
σ ¼ 0:08ω2.
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the Euclidean distance between the colors in the chromaticity
space,

f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xm � xcð Þ2þ ym � ycð Þ2

q
: (51)

A moving average of f is presented in Fig. 11 for the five light
sources investigated in this work. For small film thicknesses
(where the colors have not faded to the chromaticity of the light
source), Fig. 11 illustrates that the color differences are greater
when the frequency bandwidth of the light source is greater.

Taking (xc, yc) to be the chromaticity coordinates of the true
color, f serves as a measure of the error caused by using the
method detailed in Sec. IV B. By defining an allowable value for the
color difference, which we will denote as fa, a threshold thickness
can be defined for each source beyond which the method detailed in
Sec. IV B should not be used for color calculations. For example, for
fa ¼ 0:06, Fig. 11 suggests that the method of Sec. IV B may be
used faithfully for all film thicknesses when σ ¼ 0:02ω2 and
σ ¼ 0:04ω2. On the other hand, the threshold thickness is 415 nm
for σ ¼ 0:06ω2 and this value decreases with increasing frequency
bandwidth of the source. For example, the threshold thickness
becomes 166 nm for σ ¼ 0:10ω2. The threshold thickness depends
on the spectral irradiance distribution of the light source; therefore,
the analysis to find the thickness below which Eq. (25) can accu-
rately calculate interference colors must be conducted for each light
source of interest. Furthermore, the method that a camera uses to
extract colors from irradiance measurements should be used to
allow for a more accurate analysis of when Eq. (25) can be applied
to find interference colors. Therefore, a key part of future work will
be to use Eq. (38) to account for the coherence between waves with
the precise method that a camera uses to produce a colored image.
This will involve filtering the light leaving one of the film surfaces
with each of the color filters used by a camera. Equation (38) will
then be applied to calculate the irradiance measured by each photo-
site covered by each color filter; this will involve finding the required

self-coherence functions computationally through the inverse dis-
crete Fourier transform. Subsequently, a demosaicing algorithm will
be implemented to find the three-channel RGB color data for each
pixel in the image. This will provide a very general method for cal-
culating the interference colors exhibited by a soap film while
accounting for coherence effects.

Additional points worth considering when performing inter-
ference and color calculations for soap films are provided in
Appendix H.

VI. CONCLUSIONS

This study introduces an interference relation for soap films
that accounts for the expected decrease in coherence between inter-
fering waves with increasing film thickness and sheds light on the
range of applicability of an interference relation derived for mono-
chromatic waves. Our findings suggest that the thickness below
which the relation derived for monochromatic waves can be used
to accurately calculate interference colors decreases with increasing
frequency bandwidth of the source. For the light sources investi-
gated in the present study, there is a close agreement between the
colors calculated using the relation accounting for coherence and
the relation derived for monochromatic waves over the entire range
of film thicknesses typical of a soap film when the frequency band-
width of each of the Gaussian distributions comprising the light
source is smaller than 29 THz (σ ¼ 0:02ω2). With larger frequency
bandwidths, coherence effects start to become important at typical
soap film thicknesses. For example, when each Gaussian distribu-
tion has a frequency bandwidth of 87 THz (σ ¼ 0:06ω2), the rela-
tion derived for monochromatic waves only shows good accuracy
up to film thicknesses of the order of half a micrometer. Overall,
the introduced interference relation that accounts for the coherence
between interfering waves will enable the thickness of soap films to
be more accurately found from interference colors.
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FIG. 11. Color differences calculated using Eq. (51) for σ [ [0:02, 0:10]ω2.
The lines shown are moving averages over 200 nm of thickness. Each average
is shown at the center of the thickness interval used for averaging.

Journal of
Applied Physics

ARTICLE pubs.aip.org/aip/jap

J. Appl. Phys. 134, 093103 (2023); doi: 10.1063/5.0158178 134, 093103-14

© Author(s) 2023

 12 Septem
ber 2023 09:30:56

https://pubs.aip.org/aip/jap


APPENDIX A: IRRADIANCE FROM THE COMPLEX
REPRESENTATION OF AN ELECTRIC FIELD

We are interested in writing h~E2iϒ, the time average of the magni-
tude of the electric field squared over a time period ϒ at a given point
in space, in terms of the complex representation of the electric field, E,
so that the irradiance can be found from the complex representation.
We will consider E in its most general form: E ¼ E0(τ)eif(τ), where we
are computing the time average at a fixed point in space so that the var-
iation in E with position need not be considered. The time average of
the magnitude of the electric field squared is

h~E2iϒ ¼ h~E � ~Eiϒ: (A1)

Since ~E ¼ 1
2 (E þ E�),

~E � ~E ¼ 1
4
(2E �E� þ E � E þ E� � E�): (A2)

From Eqs. (A1) and (A2),

h~E2iϒ ¼ 1
2
hE �E�iϒ þ 1

2
hℜ{E �E}iϒ: (A3)

The phase term will disappear in E �E�; therefore, the time average
involving this term will be non-zero. On the other hand,
ℜ{E � E} ¼ E2

0(τ) cos 2f(τ). The phase of the electric field at a fixed
point in space will vary in time such that the time average of ℜ{E � E}
over a period of time much greater than the time period of a typical
oscillation will be 0. Consequently, Eq. (A3) simplifies to

h~E2iϒ ¼ 1
2
hE �E�iϒ, (A4)

which allows for the irradiance to be found using the complex
representation.

APPENDIX B: THE FRESNEL EQUATIONS FOR A SOAP
FILM IN AIR

For light passing through linear, isotropic, and homogeneous
media, the Fresnel equations are36

r? ¼ E0r?
E0i?

¼
ni
μi
cos θi � nt

μt
cos θt

ni
μi
cos θi þ nt

μt
cos θt

, (B1a)

t? ¼ E0t?
E0i?

¼
2
ni
μi
cos θi

ni
μi
cos θi þ nt

μt
cos θt

, (B1b)

rk ¼
E0rk
E0ik

¼
nt
μt
cos θi � ni

μi
cos θt

ni
μi
cos θt þ nt

μt
cos θi

, (B1c)

tk ¼
E0tk
E0ik

¼
2
ni
μi
cos θi

ni
μi
cos θt þ nt

μt
cos θi

, (B1d)

where n j, μ j, and θ j are the absolute indices of refraction, perme-
abilities, and angles labeled in Fig. 12. Subscripts i, r, and t repre-
sent “incident,” “reflected,” and “transmitted,” respectively.

For a soap film in air, the Fresnel equations in Eq. (B1)
simplify to

r? ¼ na cos θa � nf cos θf
na cos θa þ nf cos θf

, (B2a)

r0? ¼ nf cos θf � na cos θa
nf cos θf þ na cos θa

, (B2b)

t? ¼ 2na cos θa
na cos θa þ nf cos θf

, (B2c)

t0? ¼ 2nf cos θf
nf cos θf þ na cos θa

, (B2d)

rk ¼ nf cos θa � na cos θf
na cos θf þ nf cos θa

, (B2e)

r0k ¼
na cos θf � nf cos θa
nf cos θa þ na cos θf

, (B2f)

FIG. 12. Reflection at and transmission through a gas–liquid interface: the initial
wave is in the gas phase on the left and in the liquid phase on the right.

Journal of
Applied Physics

ARTICLE pubs.aip.org/aip/jap

J. Appl. Phys. 134, 093103 (2023); doi: 10.1063/5.0158178 134, 093103-15

© Author(s) 2023

 12 Septem
ber 2023 09:30:56

https://pubs.aip.org/aip/jap


tk ¼ 2na cos θa
na cos θf þ nf cos θa

, (B2g)

t0k ¼
2nf cos θf

nf cos θa þ na cos θf
, (B2h)

where subscripts a and f denote the air and film phases, respec-
tively. By using the Fresnel equations in this study, we are assuming
that the air and the soap film are linear, homogeneous, and isotro-
pic dielectrics.

APPENDIX C: REFLECTANCE AND TRANSMITTANCE

In terms of irradiances, the reflectance and transmittance are
given by36

Rw ¼ Irw
Iiw

, (C1a)

Tw ¼ Itw cos θt
Iiw cos θi

, (C1b)

where w is either ? or k, and Ii, Ir, and It are the incident,
reflected, and transmitted irradiances, respectively. Note that
Ii ¼ Ii? þ Iik, Ir ¼ Ir? þ Irk, and It ¼ It? þ Itk. Equation (2) allows
Rw and Tw to be written in terms of the amplitude reflection and
transmission coefficients,36

Rw ¼ (rw)
2; (C2a)

Tw ¼ nt cos θt
ni cos θi

(tw)
2: (C2b)

The derivation of Eq. (C2b) assumes μt ¼ μi. This is used with
v2t ¼ 1

μt�t
and v2i ¼ 1

μi�i
to simplify �tvt

�ivi
to vi

vt
.

APPENDIX D: INTERFERENCE AT THE DETECTOR
WITHOUT COHERENCE EFFECTS

In order to derive Eq. (25) from Eq. (24), part of the last term
in Eq. (24),

L ¼
XN
j¼2

Re�iδ
� � j�2XN

m¼2

Reiδ
� �m�2

, (D1)

can be expressed as the sum of terms that are not due to interfer-
ence and the sum of terms that are due to interference,

L ¼
XN
j¼2

R2j�4 þ
XN�1

j¼2

XN
m¼jþ1

h
Reiδ
� �m�2

Re�iδ
� � j�2

þ Reiδ
� � j�2

Re�iδ
� �m�2

i
: (D2)

Since Reiδ
� �m�2

Re�iδ
� � j�2 þ Reiδ

� � j�2
Re�iδ
� �m�2 ¼ 2Rm�2R j�2

cos δ(m � j)ð Þ, Eq. (D2) can be simplified to

L ¼
XN
j¼2

R2j�4 þ 2
XN�1

j¼2

R j�2
XN

m¼jþ1

Rm�2 cos δ(m � j)ð Þ: (D3)

Equation (25) is obtained by inserting Eq. (D3) into Eq. (24).

APPENDIX E: INTERFERENCE AT THE DETECTOR WITH
COHERENCE EFFECTS

This section shows how Eq. (36) can be obtained from
Eq. (34). Using Eq. (35) in Eq. (34) results in

hEd �E�
d iϒ ¼ Γ (0)

XN
j¼1

E0rj
E0s

� �2

þ 2
XN�1

j¼1

E0rj
E0s

XN
m¼jþ1

E0rm
E0s

ℜ Γ ((m� j)ξ)f g: (E1)

Equation (22) suggests that the j¼ 1 terms in Eq. (E1) should be
evaluated separately, which leads to

hEd �E�
d iϒ ¼ Γ (0) r2 þ

XN
j¼2

E0rj
E0s

� �2
 !

þ 2r
XN
m¼2

E0rm
E0s

ℜ Γ ((m� 1)ξ)f g

þ 2
XN�1

j¼2

E0rj
E0s

XN
m¼jþ1

E0rm
E0s

ℜ Γ ((m� j)ξ)f g: (E2)

Equation (22) allows for E0rj=E0s and E0rm=E0s in Eq. (E2) to be
evaluated. By also invoking the relations in Eqs. (10) and (11),
Eq. (E2) takes the form

hEd �E�
d iϒ ¼ Γ (0) RþT2

XN
j¼2

R2j�3

 !

þ 2rT
XN
m¼2

(r0)2m�3ℜ Γ ((m� 1)ξ)f g

þ 2T2
XN�1

j¼2

(r0)2j�3
XN

m¼jþ1

(r0)2m�3ℜ Γ ((m� j)ξ)f g,

(E3)

which can be written as Eq. (36) by again using Eqs. (10) and (11).

APPENDIX F: TYPICAL VALUES FOR A SOAP FILM IN
AIR

Typical values for na, nf , h, and θa for an illuminated soap
film in air are given in Table I. Amplitude reflection and transmis-
sion coefficients, which were calculated from na, nf , and θa through
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Snell’s law and Eq. (B2), and reflectance and transmittance values,
which were calculated using Eq. (10), are provided in Table I. The
variation of the absolute indices of refraction of the air and the
soap film with the wavelength of light has not been accounted for
here.

APPENDIX G: CALCULATIONS WITH COHERENCE
EFFECTS

1. Self-coherence function of a Gaussian spectrum

The self-coherence function in Eq. (47) can be derived by first
considering the Gaussian power spectrum S0(ω) centered at ω ¼ 0,

S0(ω) ¼ A

σ
ffiffiffiffiffi
2π

p e�
1
2
ω2

σ2 : (G1)

The self-coherence function of S0(ω) will be denoted by Γ 0(ψ).
From Eq. (32),

Γ 0(ψ) ¼ 1
2π

A

σ
ffiffiffiffiffi
2π

p
ð1
�1

e�
1
2

ω2

σ2 eiωψ dω: (G2)

By completing the square,

� 1
2
ω2

σ2
þ iωψ ¼ � 1

2σ2
(ω� σ2iψ)

2 � 1
2
σ2ψ2, (G3)

which can be inserted into Eq. (G2), leading to

Γ 0(ψ) ¼ 1
2π

A

σ
ffiffiffiffiffi
2π

p e�
σ2ψ2

2

ð1
�1

e�
1

2σ2
(ω�σ2iψ)2 dω: (G4)

Upon making the substitution u ¼ ω� σ2iψ , Eq. (G4) becomes

Γ 0(ψ) ¼ 1
2π

A

σ
ffiffiffiffiffi
2π

p e�
σ2ψ2

2

ð1�σ2iψ

�1�σ2iψ
e�

u2

2σ2 du: (G5)

Using Cauchy’s integral theorem, it can be shown that the integral

in Eq. (G5) evaluates to σ
ffiffiffiffiffi
2π

p
and the final equation for Γ 0(ψ) is

Γ 0(ψ) ¼ A
2π

e�
1
2σ

2ψ2
: (G6)

We are interested in the power spectrum S(ω) ¼ S0(ω� ω)
þS0(ωþ ω) with self-coherence function Γ (ψ). Therefore,
Γ (ψ) ¼ F�1 S0(ω� ω)f g þ F�1 S0(ωþ ω)f g, where

F�1 S0(ω� ω)f g ¼ eiωψΓ 0(ψ), (G7a)

F�1 S0(ωþ ω)f g ¼ e�iωψΓ 0(ψ): (G7b)

Consequently,

Γ (ψ) ¼ Γ 0(ψ) eiωψ þ e�iωψ
� �

¼ A
π
cos(ωψ)e�

1
2σ

2ψ2
, (G8)

which aligns with Eq. (47).

2. Amplitudes of the Gaussian power spectra

The relative amplitudes of the Gaussian power spectra used in
Sec. IV A were found by fixing the amplitude of the Gaussian spec-
trum centered at λ1 ¼ 460 nm and varying the amplitudes of the
other two Gaussian spectra so that the resulting chromaticity of a
light source comprised of the sum of the three Gaussian spectra
was the same as the chromaticity of the D65 illuminant.

APPENDIX H: ADDITIONAL CONSIDERATIONS

When the interference phenomena on the opposite side of the
soap film are of interest, the interference relation for light waves
leaving the lower film surface can be derived by noting that the
detected irradiance on each side of the film will sum to equal the
incident irradiance, assuming the absorbance of light by the film
can be neglected.

The interference relations derived as part of this work assume
that the soap film is surrounded by the same gas on each side of
the film. The derivation should be modified when the media on
each side of the soap film have different absolute indices of refrac-
tion since the reflectance and transmittance inside the film would
no longer be the same at the upper and lower film interfaces.

Real light sources extend over space. Therefore, light will
strike a point on a soap film over a range of angles. However, only

TABLE I. Typical values for an illuminated soap film in air. The values for na, nf, h,
and θa were prescribed, while the values for the reflectance, transmittance, and
amplitude coefficients were calculated.

na nf h θa
1.00 1.4134 500 nm 35°
r⊥ r0? t⊥ t0?
−0.2225 0.2225 0.7775 1.2225
R⊥ R0

? T⊥ T 0
?

0.049 52 0.049 52 0.9505 0.9505
rk r0k tk t0k
0.1167 −0.1167 0.7920 1.2454
Rk R0

k Tk T 0
k

0.013 63 0.013 63 0.9864 0.9864

TABLE II. Relative amplitudes of the Gaussian power spectra used in Sec. IV A.

σ A1 A2 A3

0:02ω2 1.0000 0.7712 0.3835
0:04ω2 1.0000 0.7263 0.3725
0:06ω2 1.0000 0.6635 0.3745
0:08ω2 1.0000 0.5479 0.4289
0:10ω2 1.0000 0.3741 0.5285
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some of the resulting light waves leaving the film surface will reach
a detector. By modeling the light source as a number of indepen-
dent point sources, the overall interference pattern may be found
by summing the interference pattern due to each point source.38
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