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Abstract

Cost-sharing, space-sharing, and multi-function can be achieved through integrating
wave energy converters into coastal defense facilities. In this paper, we consider a periodical
array of oscillating water columns (OWCs) embedded in the coast-based comb-type
breakwater in presence of the step bottom. Based on the linear potential flow theory and
matched eigenfunction expansion method, a semi-analytical model for solving the diffraction
and radiation problems of the periodic OWC array is developed. The mathematical model is
verified using Haskind relations and energy conservation law. Parametrical studies are
carried out to illustrate the hydrodynamic characteristics of the OWC array embedded in the
comb-type breakwater. This study also reveals the constructive and destructive interference
effects between the breakwater and OWCs. It is found that the wave amplification caused by
the projecting caisson produces a constructive effect on the wave power extraction. The
enhancement of wave power extraction corresponds to the wave amplification caused by the
projection caissons. However, the inherent strong wave reflection caused by the caisson array
weakens the wave power extraction, particularly in the sensitive frequency range (i.e., 2 <kh1

<5.5 in present investigations).

Keywords: Oscillating water column; wave resonance; oblique waves; wave power extraction;

breakwater
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1. Introduction

The exploitation and utilization of wave energy can alleviate carbon emissions from
fossil energy and promote the development of marine economy. Cost-sharing, space-sharing,
and multi-function can be achieved through integrating wave energy converters into coastal
defense facilities (Falcao and Henriques, 2016; Portillo Juan et al., 2022; Vicinanza et al., 2019;
Zhao et al., 2019). Benefits can also be gained by increasing the efficiency of wave energy
devices and reducing the wave loads on breakwaters (Zhao et al., 2022).

Wave energy devices primarily incorporate three types: oscillating water column (OWC),
oscillating buoy, and overtopping (Falcao, 2010). Among these, the OWC stands out for its
simplicity in system composition and exceptional reliability. Under the action of incident
waves, the water column experiences periodic oscillations, which drives the reciprocating
flow in the air chamber and effectively extract wave power by implementing the air turbine.
Evans (1978, 1982) pioneered the theoretical analysis on the hydrodynamics of OWC device.
The wave power extraction performance of OWC embedded in caissons with projecting wall
is examined by Malmo and Reitan (1985). Evans and Porter (1995) developed an efficient and
accurate method to calculate the hydrodynamic coefficient of OWC in the 2-D case under
context of linear water wave theory. Martins-Rivas and Mei (2009) theoretically investigate
the influence of air compressibility on the performance of the OWC device. They point out
that if the air chamber volume is large enough, the influence of air compressibility may
dominate the wave power extraction performance and should not be ignored. Zheng et al.
(2019) described a theoretical model for wave interaction with cylindrical OWC device
situated on the coast. And parametrical investigations were conducted to examine the
performance of the device. Rodriguez et al. (2021) illustrated the interaction between oblique
waves and land-based OWCs based on potential flow theory. The radiation/diffraction
problem is solved using the boundary element method. But, the length of the OWC caisson
in along-shore direction is assumed to be infinite. Li et al. (2022) and Zhao et al. (2022)
developed the semi-analytical model for wave interaction with OWC caisson array. Different
to Rodriguez et al. (2021), the array effect is considered mathematically by introducing the
periodical boundary conditions in Zhao et al. (2022). In addition, they found that the
triggering of the along-shore sloshing resonance mitigates the hydrodynamic efficiency and

significantly increases the wave loading on the wall.
2
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Qin et al. (2013) experimentally investigated the pressure and wave amplification
coefficient of OWC chamber with and without water channel. Results show that the existence
of the water channel improves the wave power extraction performance of OWCs. Zhao et al.
(2020, 2021) proposed the concept of integrating the oscillating buoy into the comb-type
breakwater. Theoretical investigations demonstrate that the wave amplification effect led to
the increment of the hydrodynamic efficiency of the wave energy device. In addition, the
successful operation of Mutriku Wave Power Plant (Torre-Enciso et al., 2009) and REWEC3
breakwater (Arena et al., 2013) also confirm the feasibility of integrating OWC with
breakwater.

It is known that topography significantly affect the wave propagation. The influence of
topography on the hydrodynamic performance of OWC has also been widely concerned.
Rezanejad et al. (2013) theoretically examined the influence of step bottom on the
hydrodynamic performance of OWC situated on the step. It is found that the third resonance
above the step broadens the efficient frequency bandwidth of the OWC. In further, Rezanejad
et al. (2015) investigate the performance of the dual-chamber OWC on the step bottom. They
point out that the presence of the step bottom may increase the hydrodynamic efficiency of
the dual-chamber device. Ning et al. (2019) numerically investigated the hydrodynamic
characteristics of a fixed OWC on the step bottom. John Ashlin et al. (2016) conducted
experimental campaign to investigate the influence of different topographies in the chamber
on the performance of the OWC device. Experimental data support that the topography does
not affect the natural frequency of the OWC but modifies the efficiency. The above literature
focus on the effect of the topography on performance of OWCs in 2-D scenarios.

In summary, extensive investigations have been conducted on the hydrodynamic
characteristics of OWC devices and the influence of topography. However, the study of
considering the effect of topography on array OWCs in 3-D scenarios has not been reported
yet, and understanding the hydrodynamic characteristics in 3-D scenarios is crucial for
practical engineering applications. Therefore, this paper aims to investigate the
hydrodynamic characteristics of OWC arrays with step bottom conditions in 3-D case. And
the corresponding mathematical model will be developed.

The paper is organized as follows. In Section 2, a detailed description of the

mathematical model for the diffraction/radiation problem of waves interacting with OWCs
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is provided, including the derivation of hydrodynamic efficiency and wave excitation
volume flux. Section 3 verifies the mathematical model using Haskind relations and the
conservation law of energy. Results are presented and discussed in Section 4. Finally, the key

conclusions of the study are drawn in Section 5.
2. Mathematical model
2.1. Problem description

The schematic diagram of the investigated OWC-CTB (OWC-Comb type breakwater) is
illustrated in Fig. 1. It consists of periodically arranged caissons projecting from the coast/cliff.
Each pair of adjacent caissons creates a channel where an OWC chamber is situated. The
OWC chamber utilizes the motion of the waves to generate air kinetic energy, which is then

converted into useful energy by an air turbine.
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108  Fig. 1. Sketch of the OWC-CTB array (a) graphic description, (b) top view, (c) section view.
109 The mathematical model is developed based on the 3-D Cartesian coordinate system (O-

110 xyz), where the origin O is located at the static water surface in the center of the OWC
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chamber. As is shown in Fig. 1, the z- and y-axis are positive in the vertically upward direction
and along straight coastline, respectively. The positive direction of O-x is perpendicular to
the coastline. Symbolically, the variables of h1, h2, and hs correspond to water depth in region
(1, the water depth on the step, and the OWC wall draft, respectively. The parameters 2w,
2w2, di, d2, and dsrepresent the caisson width, the spacing between two adjacent caissons, the
length of step, the distance between the chamber wall and caisson edge, and the length of the
chamber, respectively. The fluid domain is divided into four subdomains, denoted as Q. (n =
1,2, 3, 4). Specifically, Qu: x1<x, -B<y<B,-h1<z<0; Q2 x2<x<x1,-B<y<B,-h2<z<0; Qs
X3S X< x2, -2 <Y Swo, -h2 <z <0; Qar xa< x <, -w2 <y < we, -h2 < 2 <0, where the parameter B

= w1+ w2.
2.2. Governing equations and boundary conditions

The fluid is assumed as incompressible, inviscid, and irrotational. The entire fluid field
might be described by a time-dependent velocity potential ¢(x, y, z, t), and the time factor e-

wt can be factored out as,

o(x,y,2.1) =Re[ (x,y,2)e™ | (1)

where i =+v—1, w denotes the angular frequency, ¢ denotes a complex space velocity
potential independent of time t and satisfies the Laplace equation, i.e.,

2 2 2
6¢+6¢+6¢=0
ox>  oy* oz

()

The spatial velocity potential ¢ can be written as the superposition of an incident wave

potential ¢, a diffracted wave potential ¢ ©), and a radiated wave potential ¢ ®), i.e.,
I D R
4=9"+¢" +pp", ©

where the velocity potential of the incident wave is written as,

(1) igA (k) cOshk(z+H)
P T (4)
@ cosh kh,

The boundary conditions and periodical condition (Evans and Linton, 1993) for the

scattering and radiated wave potentials can be written as,
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o4 i=l, x=x, —B<y<B, —h<z<-h,

——=014i=2, x=x,, —-B<y<-w,Uw,<y<B, —h,<z<0, (6)

0x
i=3,4x=x;, —w,<y<w,, —h,<z<0

a¢lm o i=3, x;<x<x,, y=1w,, —h,<z<0 )
oy B i=4, x, <x<x;, y=1w,, —h2<z<0,
o)

L :O Z=—}ll,i=1311dZ=—}5,i:2, 394/ (8)
oz
4" outgoing; finitevalue, |[\/x* +1?| —> o0, 9)
¢[((a) [X, 2mB+y, Z] :eik,»2m3¢i((f‘)(x,y,z), (10)

where A, k, 0, and g are the incident wave amplitude, the incident wave number, the incident
wave angle, and the gravitational acceleration, respectively. In this paper g = 9.81m/s?, kx=
kcosO, ky= ksin0. { is denoted by the symbol of S or R, representing diffraction and radiation

problem. ¢ is the Kronecker delta,

5 1, /=R an
R0, 0 R

2.3. Solutions to wave diffraction and radiation problem

According to the governing equation and boundary conditions, the expression of

velocity potential in each subdomain is obtained by the method of separation of variables,

ie.,
0 _ 1gA] e ik ) S v (VN (A x) ()
g = | e 2 (z)+ D YV (y)D A z\(2) |, (12)
L m=—M n=1
0 __igAl by S ( B (=) | o) —zﬁﬁ?(x—xz)) 7 13
¢2 W _m;M m (y)nzz; mne + mne n (Z) 4 ( )
CIR IR SEN ( DOAN8) | () —zﬁj)(x—xa)) 70 14
¢3 W _; m (y); mne + mne n (Z) 4 ( )
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where Ag,?n, Bg,?n, Cﬁ,’}n, fo}n, E,(Qn, F,(,?n, fo}n are the unknown coefficient. The y-directional
eigenfunctions are defined as,

Y(l) (y) = ei(ky*—nm/B)yo m = Og i 19 i 29 (] iM’ (16)

m

v (y)—COS{%(WZ—y)} m=1,2, ..M, (17)

2

the z-directional eigenfunctions are defined as,

Z,El)( )= cos[ (1) (z+h‘)}/cos( kDp ), n=1,2,..,N, (18)
Z,Ez)(z)=cos[k,52)(z+h2)]/cos(k£2)h2), n=1,2,.., N, (19)

and the x-directional eigenfunctions are defined as,

—JPY P >0, m=0,%1,42,..,#M; n=1
A0 =23 =PV PO <0 m=0,41,42,...,.2M; n=1 ,Pn§;>=(ky+nm/3)2+(k,§”)2, i=1,2,
—JPY PV >0 m=0,%1,42,..,4M; n=2, 3,..,N
(20)
PO PO>0 m=1,2,..M;n=1
A0 =i —PD | PO <o, m=1, 2, M; n=1 P =[(m-1)m /2w, ] + (5. 1)

PO PY>0 m=1,2,.,M;n=2,3,.,N

mn

The eigenvalues of k(i) and k(i) (n > 2) satisfied the dispersion relation of w? =
grcgi)tanhkf)hi and w? = gk(l)tank(l)h (n 2 2), respectively; k (1) =k, kii) mgl),z—l 2.
In order to deal with the square root singularity of fluid velocity at the tip of the thin

chamber wall, the fluid velocity at x = x3 is expressed as (Evans and Porter, 1995),

oA M 0
U, =~ 18 {Z Y(2 Z qu”x . q ] (22)
q=1

w m=1

where Q,(,f()z is the unknown coefficient. ux=34(z) is determined by the following formula,

2(-1)"" z+h,
ux:x3,q (Z) = 2 B Té q-1 (—jl (23)
mf(h—h) —(z+h) "\
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where Tzq-1)[(z+h2)/(z-h3)] is the even term of Chebyshev polynomials.

Here, the matched eigenfunction expansion method is applied to solve both the wave

diffraction and radiation problems. According to the velocity and pressure continuity in

adjacent subdomains, the equations for solving unknown coefficients can be established. The

velocity continuity satisfies Eqs. (24)~(28), and the pressure continuity satistfies Eqs. (29)

~(31). For simplicity, the corresponding details of the solution based on the continuity

conditions are given in Appendix A.

o) 0, (x=x,, —B<y<B, —h <z<-h,)

— = a¢(4) ,

Ox a; , (x=x, ~—B<y<B, —h,<z<0)

540 0, (x=x,, —B<y<-w,Uw,<y<B, —h,<z<0)
= a¢(‘f)

Ox a—;, (x=x,, —w,<y<w,, —h,<z<0)

Ox U._.,
%;‘(:) =0, (x =X,,
A =4, (x=x,
)=, (x=x,
A =g, (x=x.

=
Il

Xy, —W, <y<w,, —h <z<0)

4
X=Xy, —W, <y<w,, —h,<z<-h)

(
(

a¢if/)={0, (x:x3, —W, <Y <w,, —h3<z<0)
(

7
X=Xy, —W, <y<w,, —h, <z<-hy)

—B<y<B, —h,<z<0),
—w, <y<w,, —h, <z<0),

—w, <y<wy, —h,<z<-h).

2.4. Hydrodynamic parameters

2.4.1. Volume flux inside pneumatic chamber

7

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

The excitation volume flux Qs can be obtained by the integral of the vertical water

velocity along the free surface inside the chamber. Accordingly, the radiation volume flux Qr

under forced motion can also be obtained similarly. The specific calculations are shown as
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The radiation conductance c and the radiation susceptance p are defined as ¢ = -Re (Qr)

;0
w (l—e 2 3)(1«““) + G )k tan kP,
> ,i=S,R. (32)

and p = Im (Qr), respectively. According to the Haskind relations (Falnes and Kurniawan,

2020), the excitation volume flux can also be calculated from the far-field radiated waves, i.e.,

2pgwA’B 2k
0 -2P80AB| 2 1 0 4),|. (33)
k sinh (2k#, ) :
2.4.2. Hydrodynamic efficiency and reflection coefficient
The air pressure inside the chamber can be calculated as,
T 9

C+Cpro _i(ﬂ"‘ﬂPTo),

where crro represents the PTO damping implemented on the chamber, prro corresponds to
the effects of air compressibility, and the air compression process is isentropic. The optimal

PTO damping is written as,

Cpro = \/C2 + (/U + Hpro )2 , (35)

where ., =@V /c’p,, ca (= 340m/s) denotes the sound velocity in the air, po (= 1kg/m?) is

the static air density, and initial air volume inside the pneumatic chamber is given by V =

0.2wedshs.
The time-averaged wave power extraction over one wave period can be expressed as,
1
Rnax = ECPTOPZ : (36)

The incident waves power can be written as,

A’B 2kh
incident — Pz 1+ . . (37)
2k sinh 2kh
The hydrodynamic efficiency corresponding to chamber can be calculated as,
Pmax

incident

The wave reflection coefficient can be obtained by

10
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C. = [Zzﬁ ( A 4 pA") )2 (1 —~(sin@+mn/kB)’ )l/2 / cos 9} , (39)

where M1 = int[(1+sin0)kB/m] and M2= int[(1-sinO)kB/m], the int[ | denotes the floor function.
3. Model verification

In this section, the Haskind relation and energy conservation law is used to verify the
mathematical model. The geometrical parameters are fixed as h1= 10 m, hz2/h1= 0.4, hs/h1=0.1,
di/hi=1, d2/h1= 0.5, ds/h1= 0.3, wi/h1= 0.2, w2/h1=0.3. The optimal PTO damping (see Eq.(35)) is
used to calculate the extracted power, and unless otherwise stated, the optimal damping will
also be employed throughout this paper. Truncations of N =5, M =20, and Q =5 were made
to guarantee the convergence of the model. The Haskind relation is employed to verify the
semi-analytical solution of the diffraction and radiation problem (Falnes and Kurniawan,
2020). Fig. 2(a) present the comparisons of the excitation volume flux Qg and Q,, calculate
as Egs. (32) and (33). The quantities of Qs and Qr is normalized as
0 ;= |Qi| / 2wAw,d, , i =S, R.Itis observed that the two aspects exhibit good agreement, which
may verify the solution of the diffraction/radiation problem. Furthermore, we present the
results of 1, C, and C + 17 in Fig. 2(b). The satisfaction of C:? + =1 confirms the derivation of

the reflection coefficient and hydrodynamic efficiency.

(@)5- (b)1.0+
0=n/4 AN l!
41 o 08{, ! -1
* Q / [
v A 0=/
3 0.6- / i s
! i
2 0.441 N
[ ] U
11 0241 L W
i HEAY
i \ \'\_
R T 1 6 % 10
0 2 4 " 6 8 10 i,

Fig. 2. Results of (a) Qs' Q . (b) n, Cr, and G2 + 17 versus wave number ki for 6=1t/4.
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4. Results and discussions

After validation, comprehensive parametric investigations will be conducted in this
section to reveal the impact of key parameters on the performance of the present wave energy

system.
4.1. Effect of the step bottom

Fig. 3 demonstrates the results of hydrodynamic efficiency 7, reflection coefficient C,
dimensionless excitation volume flux Qs, dimensionless radiation conductance c, and
dimensionless radiation susceptance u for different step sizes (h2/h1= 0.2, 0.4, 0.6, 0.8, 1.0).
The other geometrical and physical parameters are as follows: hs=0.1h1, di= hi, d2= 0.5, d3=

0.3h1, wi= 0.2h1, w2= 0.3h1, and O = 0. The normalization method for needed dimensionless

physical quantities is given by [E, A, ;PTO] = 2@? y [e, #t, oo |-
273

From Fig. 3(a-b), it is observed that the influence of steps on the hydrodynamic
performance of the system becomes more pronounced when the step depth is relatively small
(h2/h1<0.4). However, when the step depth is large, its impact is not significant. Generally, the
curve of 1 exhibits two peaks at kh = 2.6 and kh = 4.53. Correspondingly, two valley values
are found for the reflection coefficient. Specifically, for the case of h2/h = 0.2, the trend of 7,
and Cr demonstrate strong oscillations throughout the whole frequency range. That is to say,
when the step depth is small, strong hydrodynamic interactions occur between the step, the
caisson, and the OWC.

To further evaluate the characteristics of the water column embedded in the breakwaters,
we plot the Qs in Fig. 3(c). Similar to the trend of n and C;, it can be found that, as 2/l
decreases, stronger oscillations can be found for the curve. It is worth noting that Qs for h2/
= 0.2 is obviously greater than that corresponds to the other cases at the lower frequency
region, which can explain the strong oscillations of 7 and C: in the low frequency region (kh:
<2).

The multiple peaks of 1 in presence of the step bottom is also reported by Rezanejad et
al. (2013) for the two-dimensional case. Our results in Fig. 3 confirm that there exist multiple
peaks in 3-Dcase, which may be attributed to the third resonance (i.e., wave resonance above

the step) above the step. It is noted that the peak value appears at khi= 0.5 (i.e,, w = 0.48).
12
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Based on Newton's second law and hydrostatic theory, assuming the water column behaves
as a rigid body, the natural frequency ws corresponding to the third resonance on the step
can be expressed as

gwh,
= : 4
“ \/d2w2d3 +d, (wl +w2)d3 (40)

For the current study, the natural frequency of the third resonance is approximately w =
0.48 for h2/h1 = 0.2, which differs from the value obtained from Eq.(40), ws = 0.55. This
discrepancy arises due to the fact that the confined water in subdomain €J: cannot be strictly
considered as a rigid body. Additionally, the radiation conductance represents the ability of
extracting wave power by OWC (Rezanejad et al., 2013). As depicted in Fig. 3(d, e), the wave

power extraction performance of the OWC weakens as hz2/h1 become smaller.
(@)1.0 — 02 (b)1.04

=== hy/h=04
= =h,/h;=0.6

0.8 0.8 |'v

0.6- 0.6-
= ; &)
0.4 0.4 —11,/1,=0.2
UU. ' === h/h=04
= =l1y/h,=0.6
0.24] 0.2
0.0+ . . 0.0 .
0 2 4 ki, 6 8 10 0 8 10
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0
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Fig. 3. (a) Hydrodynamic efficiency 7, (b) reflection coefficient C:, (c) dimensionless excitation

volume flux Qs, (d) dimensionless radiation conductance c, and (e) dimensionless radiation

susceptance p versus dimensionless wave number khi1 for h2/hi= 0.2, 0.4, 0.6, 0.8, and 1.0.
4.2. Effect of the incident wave angle

In order to illustrate the performance of OWC-CTB system under oblique waves, we plot
the results of hydrodynamic efficiency 7, dimensionless excitation volume flux Q'
dimensionless radiation conductance ¢, and radiation susceptance u for different incident
wave angles (0 = 0, /12, t/6, t/4, /3, 57/12) in Fig. 4. The other geometrical and physical
parameters are as follows: h2= 0.4h1, hs3= 0.1h1, di= 1, d2= 0.5m, ds= 0.3h1, w1 = 0.2h1, and w2=
0.3h.

As is shown in Fig. 4(a), it is found that the incident wave angle significantly affects the
hydrodynamic efficiency of OWC-CTB at the relatively higher frequency region (i.e., 2 <kl

< 5.5 here), which is referred to as the sensitive frequency range in this study. The second
14
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peak of ) decreases with increasing 0, leading to a narrower effective frequency bandwidth
(i.e., frequency range corresponding to n > 50%). But, O slightly modifies the first peak of 7,
which is attributed to wave amplification in the water channel (i.e., region s in Fig. 1(b)).
That is to say, the influence of wave amplification on the performance of the embedded
OWCs is slightly affected by the incident wave angle.

Furthermore, in the low-frequency region, the oscillating volume flux is more sensitive
to the incident wave angle (as shown in Fig. 4(c)). However, the influence of 6 on the overall
variation trend of radiation conductance and radiation susceptance is weak (as depicted in

Fig. 4(d, e)). But the location of the peaks changes as 0 varies.
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Fig. 4. (a) Hydrodynamic efficiency 7, (b) reflection coefficient C:, (c) dimensionless excitation
volume flux Qs, (d) dimensionless radiation conductance ¢, and (e) dimensionless radiation
susceptance p versus dimensionless wave number khi: for 0 =0, /12, 7/6, t/4, 11/3, and 57t/12.
Interestingly, the hydrodynamic efficiency curve changes abruptly at khi= 6.28 (0 = 0).
4.99 (0 = n/12). 4.19 (0 = ©/6). 3.68 (0 = m/4). 3.37 (0 = /3). and 3.20 (6 = 57/12), which
corresponds to the condition of kB = |mTt/(1+sin0) |, m =1 (Rayleigh, 1907). Notably, this king
of wave resonance results in strong wave reflection and reduced power extraction (see Fig.
4(a, b)). Fig. 5 shows the wave amplitude distribution for case of kh1=3.68 and 0 = t/4. Due to
periodic arrangement of OWC-CTB in the y-direction, the wave amplitude of one OWC-CTB
unit can be extended to any other units multiplying the phase difference of e?*2. The surface

wave amplitude in different fluid subdomains (2, n =1, 2, 3, 4) are given by,

é,n - nzla 29 39 4 (41)

lg“’(¢ "+ pg”)),

It is instinctively found that, when condition of kB = [ 1t/(1+sin0)| are meet, the wave
height inside the OWC chamber is not significantly amplified. And we observe strong wave

reflection phenomena at the weather side. The wave amplitude decays visually, the wave

amplitude decays as distance from the OWC array increases.

A
& S P2s

0.50

1.5 - < 0.0
00 05 10 15 20 25 3.0 35 4.0 ﬁ5 5.0 55 6.0 65 7.0 75 80 85 9.0
x/hy

Fig. 5. The wave amplitude distribution in the multi-order modes at the oblique wave, (a)
first-order mode for kh1 = 3.68, 6 = /4.

Fig. 6 presents the number of propagating modal waves in different fluid subdomains
(Qu,n=1, 2, 3, 4) under 0 = nt/4 condition. Within the range of 3.48 < kh1 < 3.68, the number of

propagating modal waves in subdomain () is greater than that in subdomains (1 and Qs,

17
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indicating the occurrence of trapped wave phenomenon in subdomain (), leading to abrupt
changes in hydrodynamic coefficients and key physical quantities, such as r and C:. The total
number of the propagating modal waves in different fluid subdomains (Q., n=1, 2, 3, 4) can
be calculated as

int| (k+k,)B/m|+int| (k—k,)B/m]+1  inQ
M, = int[(ikl(z) +k,)B/ n} +int [(ik}” ~k,)B/ 7'(} +1in Q, . (42)

int[Ziwzkl(z) /n} +1 in QQ, and Q,

1 o=n/a

in the domain Q,

n the domain Q

T =+="in the domain Q, and Q,

.

3 kh,=7.36
l 1

cam o am o amo

khy =348/ \kh, =3.68 \kh; =5.06

0 1 3 35 i 3 6 7 8 5 D
kh,

Fig.6 Number of propagating modal waves at different fluid subdomains for 0 = rt/4

Furthermore, it is noteworthy that the hydrodynamic efficiency exhibits different trends
at kh1=5.35 for various incident wave angle considered here. From Fig. 7(a), the water column
exhibit a near piston-mode motion in case of 0 = 0, and the hydrodynamic efficiency curve
shows no abrupt changes. However, for 0 = 1t/12, the water inside the chamber undergoes a
partially asymmetric oscillatory motion (refer to Fig. 7(b)), resulting in a sudden increase in
hydrodynamic efficiency, which is not observed in OWC array without the projecting caisson
(Li et al., 2022). Fig. 7(c) demonstrates that at 0 = 57/12, the oscillatory motion in the y-
direction inside the chamber becomes nearly symmetric, and the hydrodynamic efficiency

approaches 0.
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Fig. 7. Wave amplitude distributions for case of (a) 6 =0, kh1 =5.35, (b) 0 = ©/12, kh1=5.35, (c)
0 =5m/12, kh1 = 5.35.

4.3. Discussion on wave amplification induced by channel and its
influence on power extraction

In order to reveal the channel effect on the OWC system, we plot the results of
hydrodynamic efficiency 1 and dimensionless radiation volume flux Qs for d2/ds =0, 5/6, 5/3,
5/2, and 10/3. The other geometrical and physical parameters are as follows: h2= 0.4h1, hs=
0.1h1, di=h, ds=0.3h1, w1= 0.2h1, and w2= 0.3h1.

As shown in Fig. 8(a), multiple peaks of efficiency were observed as the d>/ds increases.
Specifically, dz/ds = 5/2, the hydrodynamic efficiency peaked at ki = 1.5, 3.45, and 5.7,
respectively. The influence of d2/ds on hydrodynamic efficiency is mainly reflected in the
frequency range of (kh:1 < 6.3). It is noted that khi= 6.3 corresponds to the condition of kB =
|t/(1+sin0)|. For the range of ki > 6.3, the hydrodynamic efficiency was significantly
mitigated due to the presence of strong wave reflection. Nevertheless, the effective frequency
bandwidth (1 > 0.5) was broadened as d2/ds> 0. Within the present calculations, the optimal
ratio belongs to d2/ds = 5/2. Notably, the effective bandwidth comprises as the d2/ds continues

to increase. For Qs, in the range of k < 6.3, it exhibits strong oscillation phenomena with
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relatively constant amplitudes. The oscillation positions correspond exactly to the peak

positions of the efficiency.
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Fig. 8. (a) Optimal hydrodynamic efficiency 1 and (b) dimensionless excitation volume flux
Qs versus dimensionless wave number khi for d2/ds =0, 5/6, 5/3, 5/2, 10/3.

In order to illustrate the mechanism behind the multi-peak phenomenon in efficiency,
Fig. 9 present results of -urro, y, 1, ¢ and cavas- cxfor do/ds = 5/6, 5/3, 5/2, and 10/3. Please
note that ¢« represent the value of ¢ for d2/ds = 0. From Fig. 9, it can be observed that the
peaks of hydrodynamic efficiency align with that of ¢ and caus-ck. Specifically, for da2/ds = 5/2
(see Fig. 9(c)), the hydrodynamic efficiency exhibits peaks at kh1 =~ 1.5, 3.45, and 5.7, coinciding
with the peaks of ¢ and cams-cr. That means that radiating wave energy capability of the
OWC reaches its peaks at those locations, leading to the peaks in hydrodynamic efficiency.
Besides, it should be noted that the curve of -urroversus khi and p versus khi intersect at kh1
~ 3.45. Similar phenomena have also been found in Martins-Rivas and Mei (2009). However,
in Martins-Rivas and Mei (2009), they observed the dual-peak efficiency phenomenon caused
by the significant air compressibility inside the chamber, specifically when the condition -u
rro= y is satisfied. This differs from the multi-peak efficiency phenomenon observed in Fig.
9. Since the chamber volume considered here is relatively small (i.e., V = 0.2w2dshz), the
influence of air compressibility is attenuated. In this paper, the condition -prro = u
contributes only one peak, while the remaining peaks are attributed to the wave
amplification induced by the projecting caissons (refer to Fig. 10). Similar phenomena are
observed for other cases of d»/ds, indicating that this multi-peak phenomenon is caused by

the projecting caissons.

21



384

385
386

387
388
389
390
391
392
393
394

395

396

()3 d,/d;=5/6
_'Lumo R
2. A\ =sjamie]
/~/! \
yy."b .\. N
I+ .’ \‘\-—', i
7 v,
0 = \\ = o o N
_1_ 7“@ q P
N R
kh,
(€) 3 , d,/d,=5/2
,' \ '/_UP'[‘O E
2. j v e
14 \ N
;\ >§.L//. L} \.~./ i
7 b
(P AR Y| ISR da .y, £ PORY
)fy %ﬁ ) . -
-1 P
S/
N
kh,

d,/d:=5/3
2 L ¢
S YR
14 hn T
NS \ .\.
0 Jet “ | N Sesia
-1 (7”
4
'2 T T é T 1
0 2 4 8 10
ki,
d,/d:=10/3
oo === U
2 SR RY:
y S RN ‘.‘
N .
N N loss
0 3 N > = TR
0& . -
N ¢ [ A
-1 ¢
Vo
\’
-2 T T é T 1|
0 2 4 8 0
kh,

Fig. 9. Results of dimensionless air compression damping -urro, dimensionless radiation

susceptance p, Optimal hydrodynamic efficiency 7, dimensionless radiation conductance c,

and caya-ck versus dimensionless wave number khi for (a) d2/ds = 5/6, (b) d2/ds =5/3, (c) da/ds =

5/2, and (d) do/ds = 10/3.

The hydrodynamic performance of OWC-CTB is affected by the wave motion in the

channel (i.e., Q3in Fig. 1(b)). Fig. 10 shows results of the amplitude amplification factor in the

channel and hydrodynamic efficiency for do/ds =

5/2. The amplification factor of wave

amplitude in the channel can be calculated according to the following formula(Wang et al.,

2017)

R=

(2) (2)
coskl(z)a’2 _kTw, (i—glny fq Wstinkl(z)a’2
4

where y =1.781 is the index of the Euler constant.
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Fig. 10 presents the results of R and 7. It can be observed that the wave height in the
water channel reaches its maximum at khi1 = 1.5 and 5.7, corresponding to the first and second
modes (Wang et al., 2011). These two modes coincide with the locations of the peaks in
efficiency, which is the physical reason for the occurrence of the two peaks in efficiency.
Therefore, it can be concluded that the multi-peak phenomenon in efficiency of the CTB-

OWC system is caused by the amplified wave motion inside the channel.

Fig. 10 Amplitude amplification factor R in the channel and hydrodynamic efficiency 1 curve

at d2/ds =5/2.
5. Conclusions

The hydrodynamic performance of OWC-CTB unit array on step bottom was modeled
analytically based on the linear wave theory and the method of matched eigenfunction
expansion. The velocity singularity at the tip of the thin chamber wall was resolved by
introducing the Galerkin technique. The assumed linear optimum PTO model was
implemented to obtain the wave power and efficiency. The semi-analytical solution of the
diffraction and radiation problems is verified using Haskind relation, and the derivation of
reflection coefficient and hydrodynamic efficiency is verified based on the energy
conservation law. Since the model is developed based on linear potential theory, the wave
nonlinearity and fluid viscous effect are not considered, which may lead to the overestimate
of the power extraction. But the resonant characteristics of the OWC and the influence of the

dominant factor were predicted reasonably using potential-flow based tool. The
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experimental campaign or high-resolution numerical investigation is needed to evaluate the
nonlinear aspects.

In the three-dimensional mathematical model, the resonance of the water column on the
step is triggered with the increase of the step height. The incident wave angle is the key
controlling factor for the wave absorption performance of the OWC-CTB. It is found that the
change of incident wave angle triggers a variety of wave resonances at a specific frequency.
Interestingly, the increase/inhibition of hydrodynamic efficiency by sloshing resonance in the
y-direction of the air chamber is closely related to the incident wave angle. The amplitude
amplification in the channel improves wave energy extraction efficiency, which triggers the
peak value of hydrodynamic efficiency in the chamber and broadens the efficient frequency
bandwidth of OWC-CTB. The following conclusions can be drawn from this study:

1) Based on the linear potential flow theory and matched eigenfunction expansion
method, a three-dimensional mathematical model was proposed to describe the
wave scattering and radiation inside and outside OWC-CTB array under oblique
waves. The semi-analytical solutions are validated by the wave energy conservation
law and the Haskind relations.

2) With the increase of the step bottom height, the hydrodynamic efficiency and wave
reflection coefficient show multiple oscillations. It should be noted that the curve
oscillation in the low frequency region is due to the wave resonance on the step.
Oscillations at other frequencies may be due to the fact that the hydrodynamic
interactions between the step bottom and the OWC-CTB significantly modify the
hydrodynamic characteristics of the water column.

3) The action of oblique waves triggers multi-order modes for wave resonance and
leads to strong wave reflection. The increase of incident wave angle reduces the
energy component of the wave in the x-direction, and the piston resonance intensity
in the chamber gradually decreases, while the efficient frequency bandwidth also
narrows. Interestingly, due to the incomplete symmetry of the chamber structure,
with the increases of incident wave angle, the sloshing resonance first increases and
then decreases the hydrodynamic efficiency of OWC-CTB. The interaction between
the incident wave at any angle and the chamber after refraction through the channel

will not affect the trigger frequency of the sloshing resonance in the y-direction.

24



449
450
451
452
453
454
455
456

457

458
459
460

461

462
463

464

465
466
467

468

469

470

471

4) The channel formed between adjacent caissons can gather waves and amplify the
wave amplitude, and this wave amplification triggers peaks in hydrodynamic
efficiency and significantly broadens the efficient bandwidth. It is found that this
hydrodynamic peak occurs because the longitudinal oscillation modes in the channel
increase the radiation conductance of the OWC-CTB and thus improve the ability to
extract wave energy. In addition, research shows that the triggering frequency of
peak hydrodynamic efficiency may be related to the longitudinal oscillation mode in

the channel.
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Appendix A: Integral equations
By substituting Egs. (12) and (13) into Eq.(24), multiplying both sides by Yil)(y)-Zg,l)(z)
and integrating over the range y €[-B, B], z&€[-h, 0], we obtain

jhlj {-ﬂce kgt 7 Z Y\ ZAW (1) m(x=x Z,Sl)(z)}?ff)(y)zﬁ‘)(z)dydz

n=1

NI N (x=x) _ 2(2) (1) o= 25 (x=x) ) £ (2) () (1)
:JLh I—B z Y” Z( mn mﬂ I _ﬂ’mn C‘mne " ’ )Zn (Z) Ylt (y)ZV (Z)dyd.Z
2 m=—M

n=l1

, (A

where ?il)(y) represents the conjugate function of Y{’(y). By separating the unknown

coefficient matrix, we have:

X(l) +A(£)Q(l) B( )Q( )+C( )Q( )’ (A.2)
where
S 0( N 1) A00) ) ¢y [0 (1
o) j \ j ZMYm Z;A )3 We ZV (2) [Yu (»)2" (z)dydz, (A.3)
@ _° (F] N y@ (N 5060 2) oy [T (1
O =1 || 207 ()2 A2 (2) |V (»)Z2)) (2)dydz, (A4)
2 m=—M n=1
o[ [" f y ( )i A0 70 () [7 (1) 20 (2) dyez (A5)
mn —n B e’ m y - ‘mn n u \Y v 34 . .
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For the diffraction problem, the forced term is denoted by
0 58 . -i(x—x, iyk, < (
=[0I [k e 20 (2) [P () 240 (2) dy (A6)

However, for the radiation problem, the forced term is

xV=o, (A7)

mn

By substituting Eqs. (13) and (14) into Eq. (25), multiplying both sides by Y\ (y)-Z?(z)
and integrating over the range y €[-B, B], z€[-h2, 0], we obtain
J‘ J‘ { (2 z( B 1) =n) _ 2(2) (1) g4l (x-x2) ) 7 ( Z)}?Ef) (») 72 (z)dydz

n=1

, (A.8)
=fvﬂf%ﬁﬂiﬁﬁ&ﬁmm—%ﬂ%”“ﬂd%ﬂ?ﬂﬂd%ﬂwt

m=1 n=1

where Yf)(y) represents the conjugate function of Y@ (y). The separation process of
unknown coefficient matrix in (A.6) can refer to Eq. (A.1).

Chebyshev polynomials are used to resolve the velocity singularity at the tip of the thin
chamber wall. By substituting Egs. (14) and (15) into Egs.(26) and (27), respectively.
Multiplying both sides by Ygf’)(y)-ZS}Z) (z) and integrating over the range y € [-w2, w2], zE€ [-h2,

0], we obtain,

LF{ZY y) D[ DA ) A XﬂAWﬂkWﬂdWﬂWk

w | & - 0 , (A.9)
_[ _[ 2 |:2Yn(13 Zqu x =X3, q :| (3) (y)Ziz) (Z)dde
q=l1
W M 3
WA (Fm )G ) 2 (2) 0 (3) 2 2
T ) (A.10)

NPT L xx3q<z>} ()2 (=)

=1

By substituting Eq. (15) into Eq. (28), multiplying both sides by Y(ua)(y)-Z;Z)(z) and

integrating over the range y € [-w2, w2], z € [-h2, 0], we obtain,

M \
J' ) Jl |:ZY,,(13 Z( e lr(;)el,(,m)(x—&) _ Gr(n‘;l)ir(ni)efﬂsrn)(xfx“) )Zy(,z) (Z):|Yu(3) (y)Ziz) (Z)dde —0. (All)

1 n=1

By substituting Egs. (12) and (13) into Eq.(29), multiplying both sides by ?f)(y)-ZEJZ) (2)

and integrating over the range y €[-B, B], z€[-hz, 0], we obtain,
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(A.12)

By substituting Egs. (13)and (14) into Eq. (30), multiplying both sides by Yf’)(y)-Z;Z)(z)

and integrating over the range y € [-w2, w2], z € [-h2, 0], we obtain,

N 2 2
jh L { Y ( )Z( B’S;;)e/l,‘,,)(x—xl) +C’(nfn)e—/1£,2(x—xz)) Z,Sz)(z)}Yf)( ¥)Z? (z)dydz

SN A

By substituting Egs. (14) and (15) into Eq. (31), multiplying both sides by Yff)(y)-uv(z)

(A.13)

M=

mn mn
n=1

( pWiix) 4 pl0)g-28lx) ) 7 (z)}y“) ()2 (z)dydz

and integrating over the range y € [-w2, w2], z € [-h2, -hs], we obtain,

20| S0 3 DL B ) 292) 0 (5o () e

n=1

J‘ J'wz {ny Z( e A0 (x=x;) +G (3)(JC *4))252)(2)_,_%}/;(3)();)% (Z)dde

m=1 n=1 pgA

The unknown coefficients A£n31, B,(,f,)l, C,(,f%, D,(,f,)l, E,(,fr)u F,SQ, G,(m)l in Egs. (A.1), (A.8),

(A.9), (A.10), (A.11), (A.12), (A.13), and (A.14) can be solved by linear algebraic equations. In

(A.14)

this study, to assure the numerical convergence of the present model, the infinite series are

truncated at N =5, M =20, and Q =5, respectively.
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