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Abstract: In this paper, we study p-tuples of bounded linear operators on a complex Hilbert space
with adjoint operators defined with respect to a non-zero positive operator A. Our main objective is
to investigate the joint A-numerical radius of the p-tuple.We established several upper bounds for it,
some of which extend and improve upon a previous work of the second author. Additionally, we
provide several sharp inequalities involving the classical A-numerical radius and the A-seminorm of
semi-Hilbert space operators as applications of our results.
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1. Introduction

In recent years, there has been growing interest in the study of operators on semi-
Hilbert spaces, as evidenced by works such as [1-6] and related literature. This area of
research is quite promising as a subfield of functional analysis. One reason for the renewed
interest in the semi-Hilbert analysis is that it provides a more general framework for
defining operators that represent physical observables in quantum mechanics (QM). In
standard QM, the physical states of a quantum system are represented on a Hilbert space
S with a given inner product (-, -). Typically, operators representing physical observables
should be self-adjoint with respect to the given inner product, which is somewhat restrictive.
However, the theory of non-Hermitian QM offers a more general approach that defines
a new inner product using a metric operator A, such that (¢,%7), = (Ag,#) for any
¢, € J, and the considered operators are self-adjoint with respect to this new inner
product. In quasi-Hermitian QM [7,8] and pseudo-Hermitian QM [9], the metric operator
A is invertible, self-adjoint, and positive, with respect to the reference inner product. In
contrast, in indefinite metric QM [10], the underlying operator is unitary and self-adjoint
but not necessarily positive. In the mathematical approach, the operator A is self-adjoint
and positive with respect to the usual inner product of .7, but it is not necessarily invertible.

Motivated by the study of operators in the context of quantum mechanics, researchers
have recently been very interested in the joint A-numerical radius and related inequalities.
This concept extends the joint numerical radius of operators in Hilbert spaces. Specifi-
cally, when A = I, we obtain the definition of the joint numerical radius of operators in
Hilbert spaces.
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There are many other problems worth exploring in numerical ranges and radii for both
single and multivariable operators in Hilbert spaces. These include investigating topics,
such as operator convergence properties, functional equations, operator trigonometry,
model theory, robust stability, reduction theory, and factorization of matrix polynomials.
Additionally, intrinsic problems, such as the convexity of various types of generalized
numerical ranges, the realizability of certain sets (such as the numerical ranges of an
operator), the completability of partial matrices, and the classification of linear preservers
are of interest. For more information on some of these applications, interested readers
may refer to the following references, such as [11,12], and the references within. The
applications mentioned above have motivated us to explore the connection between the A-
joint numerical radius of operators and other areas of applied mathematics. This highlights
the significance of studying the A-joint numerical radius of operators.

Another crucial motivation for our current study involves recent research that has
focused on developing numerical radius inequalities for both single and multivariable
Hilbert space operators, including the joint numerical range and numerical radius. Devel-
oping such inequalities has broad implications for applications in functional analysis and
the operator theory (see, for example, [2], which contains a wealth of additional resources
on this topic). In particular, the study of the A-joint numerical radius of operators in
Hilbert spaces is a relatively new and important area of research that has gained increasing
interest among researchers in recent years. Mathematical inequalities involving the A-joint
numerical radius are essential tools for understanding the behaviors of these operators and
their applications, as seen in recent research (e.g., see [13] and its extensive reference list).

In this paper, our focus is on studying the joint A-numerical radius of bounded linear
operators on a complex Hilbert space, which is a generalization of the numerical radius of
operators in Hilbert spaces. This quantity is defined with respect to a non-zero positive
operator A. Our main objective is to establish upper bounds for the joint A-numerical
radius and provide several sharp inequalities that involve the classical A-numerical radius
and the A-seminorm of semi-Hilbert space operators. By doing so, we aim to contribute to
the existing body of knowledge in the field of functional analysis and operator theory.

2. Notations and Preliminary Results

In this section, we introduce the notations and preliminary results that will be used
throughout the article. To begin with, we denote by .#(.#) the Banach algebra of all
bounded linear operators acting on a complex Hilbert space (7, (-, -)) with the identity
operator I . The norm induced by (-,-) is given by ||¢|| = 1/(Z,&) forall { € . The

range, the null space, and the adjoint of an operator X € .2 (./¢) are, respectively, denoted
by R(X), N(X), and X*. By R(X), we mean the norm closure of the subspace R(X).
Further, we recall that the cone of every positive operator is defined as:

L) = {X e L(H); (XE,E) >0, VEen).

If X € £7(#), then we write X > 0. By X2, we mean the square root of every X €
LT (). For the rest of the present paper, we retain the notation A for a non-zero operator
in £ 1 (), which defines the following positive (semidefinite) sesquilinear form:

()1 X A —C, (&) = (&), = (AL ) = (A2E, ATy).

The seminorm induced by (-, -) , is defined as ||¢[|, = /(g &), forall § € . Let 5{
stand for the A-unit sphere of 7, i.e.,

S{={ce; |El,=1}.

Note that (7, ||| 4) is called a semi-Hilbert space, which is generally neither a normed
space nor a complete space (see [14]).



Mathematics 2023, 11, 2293

30f18

We use the notation N* to represent the set of all positive integers. Let p be an element
of N*. In accordance with [3], we introduce the joint A-numerical range and joint A-

numerical radius associated with the p-tuples of operators X = (Xy,...,X,) € L (A ),

where .#(.#)P) denotes the direct sum of p copies of the operator space .2 (.%). The joint
A-numerical range, denoted by JtW, (X)), is defined as

JWa(X) 1= { (X188, (XpE,E)a) 5 E € S},

Similarly, the joint A-numerical radius, denoted by we 4(X), is defined as

Y
we,A(X) = Sup{ ||AH2 = (Z |)\]|2> ;A= (/\lr"'/)\p) € ]tWA(X)}
=

P 2
_ sup( |<xm¢,a>A|2> , <1>
1

zesft \m=

It is crucial to mention that w4 (X) may be equal to +oo for certain p-tuples of operators
XeZLx )(p ) even if p = 1 (for instance, see [14]). Several interesting properties involving
the joint A-numerical radius w4 (-) of A-bounded operators were stated in [3,15]. A recent
investigation of w4 (+) for d = 2 was provided by the third author in [16]. By settingd = 1
in (1), we obtain the well-known A-numerical radius of an operator X € .Z (), which
was firstly defined in [17]. Namely, we have

wa(X) = sup [(Xm, ) al-
zesgt

Many fundamental characteristics of the A-numerical radius of operators can be discovered
in various sources, such as [2,3,6,18,19], and the related literature.

Recall from [20] that an operator Y € £ () is called an A-adjoint of an operator
X e L) if (X&), = (& Yn) , forevery ¢, i1 € A . In other words, Y is a solution in
ZL(A) of the equation AZ = X*A. Notice that an operator X € () does not generally
admit an A-adjoint, and even if X has an A-adjoint Y, then Y is not generally unique. By
LA (), we denote the set of all bounded linear operators on .7 that admit A-adjoints.
The well-known Douglas theorem [21] assures the existence of such sets of operators. More
precisely, by the Douglas theorem [21], we have

LA(H) = {X € L(H); R(X*A) CR(A)}.

In addition, another application of the Douglas theorem [21] shows that if X € £, (),
then the equation AZ = X* A has a unique solution in .Z (%), denoted by X%, satisfying

R (Xu/*) C R(A). The operator X*4 may be computed via the following formula: X% =
ATX*A, where At denotes the Moore-Penrose inverse of A (see [20]). The operator Xta

has similar but not identical properties to X* := X%, In particular, if X € £, (), then so
does X*4. Furthermore, we have

(XﬁA)ﬁA - P and ((XﬁA)ﬁA)ﬁA — xia. )

R XP

R(A)
Moreover, in view of [22], the following equalities
wa(XH) = wa(X) = wa (PrgyX) = wa(XPrzy), 3)

hold for every X € Z4(). In addition, we mention that for X,Y € Z4(J¢), we have
XY € 24 () and (XY)*a = YiaXPa. Now, let X € £ (). The operator X is said to be
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A-self-adjoint if AX is self-adjoint, i.e., AX = X*A. Note that the class of A-self-adjoint
operators does not cover the equality between X and X*4. However, according to [20], we
have X = X4 if and only if X is an A-self-adjoint operator and R(X) C R(A). Now, we
should note that X is A-positive and we simply write X >4 0if AX € .Z(#)". Clearly, if
an operator X is A-self-adjoint, then X € .Z4 (). Itis proved in [23] that if X € £ () is
A-self-adjoint, then so is X%4, and the following property

(XtA)ﬁA = X4, (4)

holds. An operator X € Z4 () is referred to as an A-normal operator if and only if
XXf4 = X4 X. While it is well-known that all self-adjoint operators in a Hilbert space
are normal, this fact may not hold true for A-self-adjoint operators. In other words, A-
self-adjoint operators may not necessarily be A-normal, as shown in [3] (Example 5.1)
or [14].

In the present work, we denote by

Q-+ Q Q— Qi
2

%A(Q) = and %A(Q) = T’

the A-real and A-imaginary parts of an operator Q € .Z4 (), respectively. It is clear that
for every X € £ (), we have X = R4 (X) +iS4(X).
If A > 0, then obviously A? > 0. Let .ZA 1 () stand for the set of all operators in .72

that admit A%—adjoints. Again, the Douglas theorem [21] guarantees that
XA%(%) = {X € L(A); |1 XC|| 4 < AlC]| 4, for some A > 0and all § € %”}

Operators in .ZA 1 () are called A-bounded. We should note that the following inclusions
Lp(H) C "%A% () C L)

hold. We should note that the above inclusions are generally strict. However, the equality
between the above sets holds if A is injective and has a closed range in J#. Notice that
Zx () and .,S,”A% () are two subalgebras of .2 (.%#"). However, they are generally not

closed and not dense in .2 () (see [20]).
IfX e .,S”A 1 (), then the A-seminorm of X is given by:

Xé
T = sup Xty = sup |(XEn), - ®
FER(A) A zesqt Znesy
¢#0

1X][4 =

IfX e ﬁ(,%”)\.i”A% (), then it may happen that | X|| , = +oo (see [14]). It follows from

(5) that the equality || X|| , = HXﬁA B holds for every X € £, (). If X is an A-self-adjoint
operator (in particular if X > 4 0), then

wa(X) = X4, (6)

and
1X"[a = I1XIIa, @)
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for every n € N*. It is useful to note that for every X € .Z4 (), we have X#4 X >, 0 and
XX*f4 > 4 0. Therefore, we can obtain the following result by applying (6) in conjunction
with the last equality in (5):

[xeax]], = [[xxe ®)

2
A

2
= IXI = |[x*

Baklouti et al. introduced in [3] an extension of (5) that applies to tuples of A-bounded
operators. Specifically, they defined the joint A-seminorm of the p-tuples of operators

X=(Xy,...,X,) € £ as
A2
1
P 2
IX]|a = sup ( )3 IXmé‘Ili> : )
zesp \m=1

If Xop € Za() forallm € {1,...,p}, then we remark that Zzzl X]EAXk >4 0. Conse-
quently, by using (6), we can deduce that

Nl—

d
IXla = | Y- XE* X
k=1 A
It is convenient to note that || - || 4 and we 4 (+) defines two equivalent seminorms on .#’ (Ii)‘
A2
More precisely, for X = (Xy,...,X,) € XA% ()P, it was shown in [3] that
= IXll4 < @ea () < X (10)
NG A Swea(X) < A
In particular, if X = (Xj,..., Xp) € L4 ()P, then we have
1y 2 Lo
I XX || < weaX) <) XX (11)
4|3 A k=1 A

Building upon the recent research of the third author in [16] and the work of the second
author in [24], this article establishes several new inequalities for the joint A-numerical
radius of semi-Hilbert space operators. To achieve this, we utilize extensions of the well-
known Bessel inequality developed by Bombieri, the third author, and Boas—Bellman.

The implications of our results extend beyond the specific context of semi-Hilbert
space operators. As a particular application, we present sharp bounds for the classical A-
numerical radius. These findings contribute to the ongoing research in operator theory and
functional analysis, and we expect that they will inspire further exploration of this topic.

3. Main Results

In this section, we will present the main findings of our study. We will start by
introducing a key lemma that plays a crucial role in the proof of our first result.

Lemma 1. Let yy,...,Yyp be vectors in 7. Then, for all x € H, we have

4 2 4 )\ 2
g’<x/3/i>,4) SIIXIIi(Z)@i,WA‘) )

ij=1
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Proof. Recall the following inequality from [25]:

[(abi)|” < |x||2< y |<bi,bj>yz> %,

i=1 ij=1

(12)

which holds for any 4, by, ...,by, € 7. Now, let x,y1,...,y, be vectors in 7Z. By letting

a=A?and by = A%yk forallk € {1,...,p} in (12), we see that

il‘<x,y,~>A‘2 = il‘<A%x,A%yl> 2
= =
1
< Jabof* (5 eats ats )
1,]=

=

p 2\ 2
- ||x||i(2 [ (i) | ) -

ij=1

So, we obtain the desired result. [

We are pleased to introduce our first result, which gives an upper bound for the joint

A-numerical radius of operators. The result is stated as follows:
Theorem 1. Let X = (Xq,...,Xp) € La(A)P). Then

2

Wi (X) < w2 A (Y) + ; wi(x]ﬁfxxi)
1<i#j<n
1
p 2 2
< IS(xix)) + § @h(xx)|
i=1 A 1<i£i<p

where Y = (X Xy,..., X5 X,).

Proof. Let¢ € Sf. By applying Lemma 1, for x = ¢, and y,, = X;§ forallm € {1,..

we see that

4 ‘<Xi(;",(;">A‘2 ‘2 2
=1

1

[P
< YIxelh+ ¥ [(xex),
Li=1 1<i#j<p
1

jotrxe s [+ L[5, ]

i=1 1<iZj<p

1
2

_ -é‘<X§Axi§'§>A’2+ Z ’<X?Axi§r€>A‘2] ’

1<iF#j<p

LetY = (XgA Xq,..., Xff‘ Xp). One observes that

P 3
Y [(x6,8),[ < [wz,A<Y>+ Y @i (xix))

i=1 1<i#j<n

P}
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By taking the supremum overall { € Sf in the above inequality, we reach the first inequality
in Theorem 1. On the other hand, it is clear that Yy >4 O forall k € {1,..., p}. This yields
that Yy is an A-self-adjoint operator for all k. Further, since R(Y;) C R(A) for all k, then

Yir = (X[ XM = XIAX,, ke {1,...,p}

Therefore, we can conclude that the second inequality in Theorem 1 is a direct consequence
of the second inequality in (11). Hence, the proof is complete. [

Based on the above result, we can derive several corollaries. The first corollary is
presented below.

Corollary 1. Let X = (Xy,...,X;) € La(H)P). Then

1<iZj<p

4
4
W24(X) < J VIl + Y wh(xix,).
i=1
Proof. It follows from Theorem 1 that

B ()

i=1

wi A(X) <

7

* I el)
A 1<Ki#i<p

[ xtaxo?| + lg;gpwg (xx,)

2
Y @(xx),
1<iZj<p

<

o

Il
—_

=

s

1

[
—

where the last equality follows by applying (7) since XfA X; is an A-self-adjoint operator for
alli € {1,...,p}. Hence, we reach the desired inequality by taking (8) into account. [

We can obtain another significant implication of Theorem 1 by deriving a sharp upper
bound for the classical A-numerical radius. This finding enhances our understanding of
the A-numerical radius under various conditions.

Corollary 2. Let X € L4 (). Then,

@) < 1] )t (x| 2 (50 - ) (0004 X))
Moreover, the above inequality is sharp.

Proof. Let X € Z4(). Since X = R4 (X) +iS4(X), then we deduce that X1 =
[Ra(X))#4 — i[S4(X)]?A. Further, one observes that

2
w? (X)) = sup |(X*E, &) 4l
gestt

= sup (|{IRa(X)148,8) > + (194 (X)[4,8) )

zesst
= W2 ([RACOPA, [Sa(X)]).

This immediately yields that

w0A(X) = wea ([Ra (X)), [Sa (X)) (13)
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On the other hand, by letting d = 2 in the second inequality of Theorem 1, we infer that
wba(Xy,Xa) < [[(XE150) + ()|, + B (X} X) + W (X1 X).
By considering both (2) and (3), it becomes clear that
Wi a(X1, %) < || (X5 X0) + (X1 %)% |+ 203 (X X2), (14)

forany X1, Xo € L4 (). Now, let X € £, (). By using (13) and then applying equality
(14) with X; = [R4(X)]* and X5 = [34(X)]?4, we have

wy(X) = wﬁ,A<[3?A(X)]tA, [SA(X)WA)
< [ (@raE A ) + (84 0P A 32K

+ 205 ([Ra (X)) [SA (X))

A

Furthermore, it may be checked that R4 (X) and 34 (X) are two A-self-adjoint operators.
Thus, in view of (4), we have

([RA(OPF4)H = [Ra(X)] and  ([Sa(X)]4)H = [Sa(X)]4. (15)

Taking (15) into consideration, we have

wh(X) < H((me/«)z)ﬁ ((ac0P?)

+ 205 ([Ra (OPA[S4 (X)),
A
whence

wh () < || (Ra GO + (94001

L+ 203 (184(0][RA()]),

where, in the inequality, we use the fact that w(T?4) = wA(T) forall T € .Z4 (). Thus,
we have

Wh(X) < |Ra)*+ 34001 | + 205 (194 (0]Ra(X)])-
This immediately shows the desired result.

To prove that the inequality in Corollary 2 is sharp, we consider an A-self-adjoint
operator T on 7. If we choose X = T#4 in Corollary 2 and then apply (4), we have

H (TﬂA + (TﬁA)uA)4 + <TtA _ (TﬂA)uA)4

_ H (mA)‘*

where, in the last part, we used equality (7) since T#4 is also an A-self-adjoint operator.
Further, by (6), we have wa(T#) = ||T*4|4. Hence, we infer that both sides of the
inequality in Corollary 2 become ||T#||4. O

+ 202 [((TﬂA)ﬁA - TﬁA) ((TﬂA)ﬁA + TﬁA)}

= 16HTﬂA

7

4
A

A

Additionally, Theorem 3 has a third application, which is presented in the follow-
ing corollary.

Corollary 3. Let X € L4 (). Then,

wh (X) < EH (XXP4)2 4+ (X2 X)?| + %wi (X2). (16)
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Moreover, inequality (16) is sharp.
Proof. Let X € £, (). We observe that
fa) — 2 4 2
wWe,a (X, XM) = sup \/[(XE, ) a|" + [(X*48,8) 4
zestt
= V2w4(X).
This implies that
1
wh(X) = Jwha(XP, (xPa)H). (17)

Therefore, if we replace X; and X, in (14) with X*4 and (XﬁA)ﬁA, respectively, and then we
make use of (2) and (17), we have

1
Wy (X) = ZW4A (XﬁAr (XﬁA)tA)

< 3] (ex) o ()| w2t ])].

By using the fact that | T4 |4 = ||T||a and w4 (T#) = w4 (T) for all T € L4(#), we
immediately deduce that

wh(X) < %(H (XxE0)? 4 (xEX)?| |+ 205 (X)),

Hence, we obtain the desired inequality (16). To prove the sharpness of inequality (16), we
consider an A-normal operator S. By [17], we have $2, which is also A-normal. Furthermore,
in view of [14], we deduce that the following properties

wa(T) = |Tlx ,wa(T") = wi(T) and |T"a =|Tlz, VYneN  (18)

hold for any A-normal operator T. Thus, by using (18), we see that

all(65)% + (497, + 3 () = 5497, + k(s
= sl + s

1 1
= SlISI4 + 5 1s14
= [ISI% = wal(S).
Therefore, the desired results are achieved. O

The following lemma will be useful in proving our next result. To prove this lemma,
we apply the Boas-Bellman type inequality established by the second author (see [26]) and
use the same argument as in the proof of Lemma 1.

Lemma 2. Let yy,...,Yyp be vectors in 7. Then, for all x € 2, we have

i’(x,y,@ ’ <|xHA<max ||ymHA (p—1) max ‘<ym1yk>A’)'

=1 1<m#k<p

Our preparation has led us to achieve the following outcome:
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Theorem 2. Let X = (Xy,...,Xp) € Z4(A)P). Then

X) < Xon|3 ~1 XM X,,).
We,4( )_\/ggnnggpl mlla+(p—1), max  wa(X"Xn)

Proof. Let x € Sf‘. By letting x = ¢ and v, = Xu¢, forallm € {1,...,p} in Lemma 2,
we have

P 2
Y | (X 2),
m=1
2 2
< 2l | max X+ (p = 1) max [(Xnd, Xi&), |
2 [ 2 . fa
< 113 max 1XE1R + (p = 1), max [(XE X, 2),
2 2 . a4
< 2l | sup (max [1Xndl:) +(p 1) sup (| max_[(x] Xmé,@AD]

gest gesp

2 2
<161 max Xl + (= 1) max 0a (30|

Taking the supremum over all ¢ € S#! in the last inequality, we have

2
@Ra00 < [ max X+ (p = 1) max wa (X} %) |

Hence, we have reached the desired inequality. [

Remark 1. (1) Ifwe set p = 2 in Theorem 2, a recent result established in [16] can be obtained.
This result provides sharp inequalities for any Xy, Xp € L4 (), given by:

Woa (X1, Xa) < \/max ([ X33, 1% ]3) + wa (X5 Xy). (19)

(2)  Theorem 2.5 in [24] can be derived as a special case of Theorem 2 when weight A is chosen to
be the identity operator 1.

Moving forward, we introduce a natural generalization of the widely recognized
Boas-Bellman inequality (refer to [27-29] (Section 4) for more information) in the following
lemma. The proof follows a similar approach as the previous one and will be skipped.

Lemma 3. Let yy,...,Yyp be vectors in 7. Then, for all x € H, we have

e{l,...p

P 2 ) 5 2%
Y |owmdal <] max fyuli+ (X [l ) |-
m=1 m } 1<m#k<p

The theorem below introduces a new upper bound for the joint A-numerical radius of
operators that have A-adjoint operators.

Theorem 3. Let X = (Xq,...,Xp) € La(A)P), then

Y GA(XMX)
1<m#k<p

(20)
me{l,...,p

Nl—=
N—

we,a(X) < ( max }llxmllimL
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Proof. Let x € Sf‘. By letting x = ¢ and v,y = X, forallm € {1,...,p} in Lemma 3,
we have

P 2 ) ﬁ 5\ 2
I [EIN A SNE R (P R (C

e 1<m#k<p

< sup max ||Xm§\|A
gesh me{1,...

1
2
< max |Xm||i+< Z wi(X]EAXm)>.

me{l,..p} 1<m#k<p

+sup< Y ‘<X2Axm§,g>A’2>%

Fesf \1<m#k<p

Taking the supremum over all ¢ € S{ in the last inequality, we have

1
2

w; 4(X) < max ||Xm||i+< B WIZA(X]EAXm)>-

Hence, we have reached the desired inequality. O

Remark 2. Theorem 3 provides a new upper bound for the joint A-numerical radius of operators
X1 and Xy that have A-adjoints. Setting p = 2 in this theorem yields the inequality

wWoa (X1, Xa) < \/max (X413, 1X2]3) + v2wa (X5 X5), 1)

which is valid for all X1,X, € La(H). However, it is important to note that inequality (19)
obtained from Theorem 2 is sharper than (21). This highlights the importance of Theorem 2 in
producing more accurate estimates for the A-joint numerical radius of semi-Hilbert space operators.

We can establish the following useful lemma by utilizing a Boas-Bellman type inequal-
ity, which is well-known and was proven in [29] (p. 132) (also refer to [26]).

Lemma4. Letyy,...,yp bevectors in . For all x € 5, we have

=

Il
MR

i

[ wi) 4 ’ < [|x]l4 max] %, Yi) NEII%IIA Y iy al

1<izj<p
Using the above lemma, we can derive the following result.

Theorem 4. Let X = (Xq,...,Xp) € XA(%)(’”, then

ZXﬁAX

i=1

+ ¥ wA(XfAXi). 22)

2
wy 4(X) < [max wa (X
=P A I<i#<p

In particular, zfAX}iA X;=0foralli,je{1,...,p} withi # j, then

X) < ) X[ 4. 23
Wea(X) < [ max wa (X) |X]|a (23)
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Proof. Let & € S{i. By letting x = ¢ and yy = X forallk € {1,...,p} in Lemma 4, we
see that

‘ 2

=

(Xi2.2),

< x| 620 DIxEE+ T |xe ),

1si 1<iZj<p

I
—

= max|(X,2) | inmn% Y[,

1sisp 1<iZj<p

< max wa(X) [IXIZ+ L wa(X#Xy).
I<isp 1<iZj<p

By taking the supremum over all ¢ € S{!, we have

wi A(X) < max wa(X;) [IXIZ+ Y cUA(Xi-iAXi)- (24)
L<i<p 1<iZi<p !

Therefore, the desired inequality (22) is achieved by applying (9). Finally, since AX?A Xi=0

foralli,j € {1,...,p} withi # j, then wy (X?AXZ') =0foreveryi,je {1,...,p} withi #j,
and inequality (23) is achieved by taking (24) into account. This completes our proof. [

Remark 3. By letting p = 2 in Theorem 4, we obtain a recent result proved in [16]. Namely, for
every Xy, Xp € Lp (), we have

wea(X1,X2) < \/max {wA(Xl),wA(Xz)}\/|{X§AX1 —O—XgAXzHA +2wA(X§AX1).

If we apply (10) for p = 1, we have

wg’A(Xl,Xz) < \/max{HXlHA, HX2||A}\/||X§AX1 +X§AX2||A +2(UA (XgAxl) (25)

The following corollary provides an upper bound for w4 (-) using (25), which follows
as an application of the previous result.

Corollary 4. Let X € Ly (). Then

w3 (X) < gmax {'yA(X),FA(X)}\/HXﬁAX—i— XXta|| 4+ wa ((X+ Xta)(X — XtA)),

where y4(X) = ||X + X*a
is sharp.

and T p(X) = || X — X*4|| ,. Moreover, the above inequality

la la-

Proof. Let X € £, (). First, note that a short calculation shows that

fa
fa fa
XX + X X) ‘ 28

(IRaG)) "+ ([Sa000)) = ( ;

By applying (25) for X; = [R4(X)]*4 and X = [S4(X)]*4 and then using (15) together
with (13), we observe that

@} (X) < max {|[Ra(X)]%4]

[Sa(X)4]|, f2a(X),

AI
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where
VI RA GO+ ([340000)?] , + 20 (340084 [Ra (X)11)
This implies that
@A (X) < max {|Ra(O| 1 [$4 (]| }Ea(X)
= 5 max { X+ X5 [} X = X1 J2a 00

On the other hand, by using (26), we see that

Ta(X) = \/;H (XXtA + XﬁAX)ﬁA

, F2wa (%A(X)%A(}Q)

1 1
= \/2HXXﬂA +XﬁAX||A + Eam((X—l—XﬁA)(X—XﬂA))

V2
= oV IXXE 4 XXy wa (X + XE4) (X = XE4)).
The sharpness of the given inequality can be demonstrated by considering any A-self-
adjoint operator T and applying the same approach as in Corollary 2. [

We now state a lemma that can be proved using the Bombieri inequality (see [30]
(p. 394), [31], or [29] (p. 134)), along with a similar argument to the one used in the proof of
Lemma 1. The statement of the lemma is as follows:

Lemma 5. Let yy,...,Yyp be vectors in 7. Then, for all x € 2, we have

=

[y a| < 12 max{zl vir¥) \} @7)

1<i<

I
—

i

Our next result is as follows (and we will provide a proof for it now):

Theorem 5. Let X = (Xy,...,Xp) € Za(A)P). Then
p
WZ,A(X) < max{ ) wa (X?AXi) . (28)

Proof. Let & € S{!. By applying (27) for x = ¢ and y, = Xy¢ forallm € {1,...,p}, we
see that

i—1 1<i<

y|(xe8,[ < max{ZRXc Xc>A\}
<max{ ‘(Xijg &), ‘}

1<i<p

< max{ZwA XﬁAX)}

1<i<p

By taking the supremum over all ¢ € S# in the last inequality, we reach the desired
inequality. O
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Remark 4. By letting p = 2 in Theorem 5, we deduce that for every X1, Xp € L4 (), we have
w4 (X1, X2) < max{wA (X} X1) + wa (X5 X1 ), wa (X} Xa) +wa (X5 Xa) }
By applying the second inequality in (10) for p = 1, together with (8), we have
wa(XX1) < X3 and wa (X5 X0) < X3
Hence, we have
WP (X1, X2) < max{ X113+ wa (XEX1), wa (X0 ) + 1 %ol
On the other hand, by applying (3), we see that

WA (X4 X1) = wa (X} Prrgy Xo Pra)

= wa (X XoPrrzy) = wa (X} Xa).
Hence, we deduce that
W2 (X1,X2) < max{ X4 + wa (X3 X1), wa (XP20) + [ Xa3 }
= max{ | X% + wa (X5 X1), wa (X5 X1) + X2l
whence
WA (X1, Xa) = max{ X113, [1Xa 3 } +wa (X5 Xy).
Therefore, we obtain inequality (19).

We can easily derive the following lemma by applying a result proved by the second
author in [24] and using the same argument as above.

Lemma 6. Let yy,...,Yyp be vectors in J. Then, for all x € S, we have

P 2 — o~
Y| tvi) | < Il o min {Ta, 72,64 },
=1

where

1
2

\<x,yk>Ay(iﬁltha\) ;

ke{1,...p}
or
1
1/ p 2
riom § sl (Bl ) [E(zlel) |
wherer,s > 1and 1 +%=,‘
or

kGI{Illi)fp} ‘ (o) a

%<é’<x,yi>/{’>% max LZ\ yuyj>,q]1?

ie{l,...p}



Mathematics 2023, 11, 2293 15 of 18

1 L

(é!@ykh\l)ﬂ.mx ’(x/yz A% f(ZRyuw Dm] zm,

ie{1,..p} =
where l > 1 and } —l—% =1,
or

e (Elend ) (Sl

wherel > 1, % +

1

t wp /p 472
) I OMANN ) :
i=1 \j=1

=land 1+ 1 =1fort>1;

S

1
m
or

1

(é’<x/yk>/s‘l> ' (i’(%%h’) 7 iel{l}f?fp}{ (}i‘@i/yﬁf;}m) ' }

wherel>1and%+%:1;

and

NI
Nl

1
(é’<x'yk>‘q‘> ie?ﬁfp}’ “Yila zéllé?llax ‘<yi,yj>A”2;

or p | %
Z[ max ‘<%‘:%’>A’H ’

N p % |4 m ﬁ
a = (E’(x,yﬁA) (;’<X,yi>A’> = iellp)

wherem>1and%+%:1;
or

NI=

p
;’<x,yk>A‘ i’jer?ﬁip}‘<yi/]/j>A

An upper bound for w4 (-) can be obtained by applying Lemma 6. The resulting
bound is stated as follows.

Theorem 6. Let X = (X3,...,X,) € La(H)P). Then

Wi 4(X) < min {FA/'YA/‘SA}/

where

Tai= k;{}f‘,’_f,,}( “4(%)) (i [WA(XI')D [

i=1

or

3 3 ta
ker{rlli)fp}( wa(X)) ;wA(Xi)ieﬁifp} gwA(X]. X)) |
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=

(i [wa (X)) ) max ( wA(Xk))

k=1 kE{l, rp}
where | > 1and% % =1;

or
1 1 e ﬁ
P 1\ 2r p £\ 2 p 14 4 m
Ya = <kz [wA(Xk)} > (Z {wA(Xi)} ) |:Z<Z [CUA(X].AXZ)} > ] ’
=1 i=1 i=1 \j=1
wherelt>1,}+% 1and%+%:1;
or

(ké [wA(Xk)} l) ) \/%ieﬁifp}{ (]’i [WA (X?AXz‘)} m) . },

1
wherel>1and%+%:1;

and
’ : fia
wa (X max max { wy (X4 X }
k:zl al k)ie{l'- P}( >121 je{l,... Al )
or
1
p 14 2m p iy i 2
wherem>1and%+%=1;
or
’ fia
L aat), max {yfun(03) }

The above theorem has various practical applications, one of which we will state
without proof. This is because the proof employs techniques that have already been utilized
in this work.

Corollary 5. Let X € L4 (7). Then

< (o s34 )

Jexe

+ HX—XﬁA
A

A

where

04 = \/wA((XﬁA - X) (Xt +X)).
The constant  is also sharp.

4. Conclusions

In this paper, we made significant progress in the study of p-tuples of bounded linear
operators on a complex Hilbert space with adjoint operators defined with respect to a non-
zero positive operator A. Our focus was on investigating the joint A-numerical radius of
the p-tuple, which was introduced in [3]. Our main contribution was in establishing several
upper bounds for the joint A-numerical radius, some of which extended and improved
upon previous work [24]. Our results have far-reaching implications beyond the specific
context of semi-Hilbert space operators. As an application of our findings, we presented
sharp bounds for the classical A-numerical radius. These results not only contribute to the
ongoing research in operator theory and functional analysis but will also pave the way
for further exploration of this topic. Our work builds upon the recent research presented
in [16,24], utilizing extensions of the well-known Bessel inequality developed by Bombieri,
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the third author, and Boas-Bellman. By combining these results, we were able to derive
new insights into the joint A-numerical radius of semi-Hilbert space operators.

Our paper represents a significant advance in the study of operator theory and func-
tional analysis. It has far-reaching implications and could serve as a starting point for future
research in this area. One potential avenue for future research is to explore the possibility of
extending our results to the study of the joint A-numerical radius for p-tuples of operator
matrices with entries belonging to .Z4 (%) or are A-bounded operators. This would require
deeper exploration to determine if such a generalization is feasible. Moreover, our findings
could inspire further investigation into other related topics, such as the joint A-spectral
radius and the joint A-numerical range, which may have significant applications.

Since the joint numerical radius has several applications in applied mathematics,
we expect to study the applications of the A-joint numerical radius in other sciences. In
particular, the A-joint numerical radius may be relevant in the study of quantum mechanics
and quantum computing. These applications, however, require further exploration and
will be left for future research.
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