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Hospitalized cases is fitted to experimental data corresponding to the pandemic evolution of COVID-19 in the
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an adequate tool for the study and control of infectious diseases.
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1. Introduction

Mathematical models have been a very important tool to study the evolution of epidemics since the early papers of
Kermack and Mackendrick [1]. Since then, a lot of research has been developed in this area of knowledge [2]. Recently, the
COVID-19 epidemic [3,4] has motivated new studies. This epidemic characterizes by the large number of pre-symptomatic
and asymptomatic patients [5], which makes difficult to take effective governmental measures that control the disease [6],
and the classical epidemic models have been extended so that more compartments of individuals (asymptomatic, hospital-
ized, etc.) have been taken into account [7,8].

In many studies of epidemics a constant population is assumed and neither new individuals (births) nor deaths are con-
sidered as in [9] where a multiregional model is considered to study the spatio temporal heterogeneity of an epidemic. In
others it is included the variation of the population due to COVID-19 fatalities, but no births or natural deaths are con-
sidered. This is the case for example in [10] where the transmissibility of superspreaders individuals is studied. In [11], an
individual reaction and governmental action based on some parameters of 1918 influenza pandemic is investigated. In that
study, natural deaths are considered but no new individuals are introduced.

The assumption that the total population is constant and neither births nor deaths are taken into account is reasonable,
for modeling epidemics in which the disease spreads rapidly through the population and eradicates in a short time. However,
when the population growth or decrease is significant or the disease cause enough deaths, the assumption of constant
population is not realistic. One of the most usual ways to include births and natural deaths is to assume that they are
proportional to the total population. If N(t) is the population, A is the birth ratio and u is the death ratio, then

N N.
Nmax '

If A —pu >0, the population grows initially exponentially and it tends to the carrying capacity Nmax. If A — i <0, the
population decreases exponentially and if A = & the population stays constant. If N(0) = 0, there can not be new individuals
and the population stays zero forever (it is an equilibrium point).

Even though this is the most accepted model for population growth, and it had been used in previous models [12], in
most of the recent studies of COVID-19, a constant ratio of birds has usually been assumed as in [13] where a theoretical
study of a SAIRS compartmental model with vaccination is made. In [14] the dynamical behaviour of SIRS epidemic models
were studied. In [15] the individual behavioural response due to information regarding proper precaution is analyzed, in
[16] a model for evaluating a possibility to prevent, or delay, the local outbreaks of COVID-19 through restriction on travel
form is implemented, in [17] it is analyzed how immigration, protection, death rate, exposure, cure rate and interaction
of infected people with healthy people affect the population and in [18] it is proposed a hybrid computation technique to
construct an epidemic model. These papers are a few of many others were it is assumed that the population evolves (in
absence of infection) according to the equation

N = A — uN,

that has a solution N(t) = [N(0) — %]e*‘“ + % With this model, if N(0) < A/u, the population always grows up (even if
N(0) = 0) to the maximum value A/u. This is not realistic if for example the birth ratio is smaller than the death ratio.
This model represents in fact a population where a constant ratio of new people is introduced, as for example in [19] that
studied an experiment with mice in laboratory.

In this paper we consider a model for the evolution of the epidemics that extends SEIR model by adding asymptomatic
and hospitalized groups and includes terms for the demography evolution (births and deaths), in which the ratio of new
individuals is proportional to the total population, according to a Logistic law. We analyze the differences in the behaviour
of the solution with respect to models with constant growth ratio, that can be relevant. Thus, in the case of constant ratio
it is usual the existence of a unique disease free equilibrium point and the origin is not an equilibrium point, whereas with
ratio proportional to the total population, there can be a manifold of disease-free equilibrium points and the origin is always
an equilibrium point.

In Section 2, we present the mathematical model with “correct” demographic term and analyze it theoretically. We prove
the positivity of the solutions. Next,we obtain the basic reproductive number Ry and we prove that the disease free manifold
is globally asymptotically stable if Ry < 1. Then, we analyze the stability of the equilibrium points of the system, showing its
dependence with the value of Ry. In Section 3, we present some numerical simulations showing the dependency between
numerical and theoretical results. In Section 4, we fit the parameters of the model with real data from Cuba showing that
this model can reproduce the time behaviour of symptomatic and hospitalized cases. Then, we do the discussions of results
and finally we present the conclusions.

N’=(A—M)<1—

2. Methods
2.1. Mathematical model

We consider an extended SEIR model with six states: susceptible (S(t)), exposed (E(t)), infected symptomatic (I(t)),
infected asymptomatic (A(t)), hospitalized-isolated (H(t)) and recovered (R(t)) as shown in Fig. 1.
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Fig. 1. Schematic representation for the formulation of the mathematical model for COVID-19 epidemic.

(1 —p)o

Asymptomatic

In the model, 8 (in days~!) is the transmission rate, i (in days~!) the natural death rate, A (in days~!) the birth rate,
o1 (in days) the latent time, ! (in days) the time between symptom onset to hospitalization, p the ratio between symp-
tomatic and asymptomatic patients, Iq1 (in days) the average recovery time of asymptomatic patients, k; 1 (in days) the
average recovery time of hospitalized patients and §~! (in days) is the average time that an hospitalized patient dies.
Ramirez-Torres et al. [20] report that 8 changes over time and depends on transmission rate of SARCoV-2 strain, government
measures, risk perception and social responsibility. For simplicity, we will assume that 8 is constant.

The relationships between these states are represented by the following system of ordinary differential equations

ds BSU+A) N2
E_AN_ T—(A—M)Nmax—us
dE BSU+A)

&= N (OrwE

di

= POE-(y+wl

(1)
% =(1-poE—(k+pn)A

dH

E:yi—sz—((H—,u)H

R

where N is the total population, N(t) = S(t) + E(t) +I(t) +A(t) + H(t) + R(t). Let us note that in this model, since we are
considering births and deaths, the total population N changes with time.

We have not included in system (1) the evolution of the dead people since the analysis of the system can be done
without it. Nevertheless, we can easily obtain the evolution of the dead people by adding the equation D’ = uN + H.

As mentioned in the introduction, unlike other models [7,8,13-18] where the ratio of new individuals is considered con-
stant, we are considering it as AN, proportional to the total population, in agreement with the usual models of population
growth. This can be more realistic than constant growth ratio, where, instead of the first equation of system (1) it would
read

(I+A)
-

S =A-8S LS.

Denoting P = (S, E,I,A, H,R)T, the system can be formulated in compact form as

dp
G -F®.

The vector field F(P) is well defined whenever N > 0. Moreover, variables of the differential system (1) have biological
interpretation only when all of them are non negative. Thus, we will consider the domain

D ={PeR® such that S E,I,A HR>0}. (2)

If P e D, we will write P > 0.

Note that the differential system is autonomous and we can assume, without loss of generality, that the initial time is
top=0.
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2.2. Positivity of the solution

Theorem 1. The proposed system of differential Eq. (1) has a unique solution in D. Moreover, if the initial condition of the system
is such that all the variables are non-negative, P(0) € D, then all variables remain non negative over time. In other words, if the
initial condition is in the positive hyperquadrant, the solution remains in this hyperquadrant.

Proof. The vector field F is continuous in D, and also differentiable (except at the zero point). The partial derivatives are
uniformly bounded and therefore, the vector field is Lipschitz in the domain D. This guarantees the existence and uniqueness
of solution.

Now, to prove the positivity of the solutions, let us suppose that all variables are non negative at a certain time t*.
Obviously, N(t*) > 0 since otherwise we would be in the null equilibrium solution. We will show that if at t* a variable, let
us name it generically X (t*), becomes zero, the first derivative that does not vanish at t* must be positive, X® (t*) > 0 and
therefore X (t) > 0 for t > t*.

First, if the S variable vanishes at t* and N(t*) > 0, then §'(t*) > 0 and necessarily S(t) is positive for t > t*.

It is observed that if E(t*) = I(t*) = A(t*) = 0, their derivatives also vanish at that point and therefore, it would be E(t) =
I(t) = A(t) =0 for all t (equilibrium point of this subsystem, regardless of the values that S, H, R have). Furthermore, in this
case, H = —(§ + ko + w)H and R’ = kyH — R, consequently both are non negative for all t > t*.

If E(t*) =0, then

E(t) = ﬂs(‘*)('ﬁi*ﬁ’w” — (0 + wE),
£(0) =5 e)p LA @) + A )R - BSEIUE) +AEN) (s — (@ + WEE).

If S@t*)(I(t*) + A(t*)) > 0, then E’(t*) > 0. If S(t*) = 0 but (I(t*) +A(t*)) > 0 then E’(t*) =0, §'(t*) > 0 and E”(t*) > 0.
If (I(t*) +A(t*)) =0, then E(t*) = I(t*) = A(t*) = 0. In conclusion, E(t) > 0 for t > t*.

If this analysis is performed with the other variables and proceeding in a similar way to the E(t*) case, it is proved that
these variables remain non negative at t > t* if they cancel out at t*. O

The positivity of the solutions can also be proved in a similar way in the case of considering a constant growth ratio.
2.3. Stability of disease free manifold

If E=1=A=0, the system (1) reduces to
(S+H+R)?
NTI’IGX '

Note that by the uniqueness of solution of system (1), if some of E(0),I(0) or A(0) are not zero there cannot be any
time t at witch these three variables vanish simultaneously.
The contagion-free manifold will be defined as the set

CFM = {(5,0,0,0,H,R)",S,H,R > 0}, (3)

and as we have observed, it is an invariant manifold.
Let us consider a point Q* in the CFM. The Jacobian matrix of the vector field at Q* can be written as follows

S =AS+H+R) —uS— (A —p)

A B -85 g b B B

0 —(0+n B B 0 0

| 0 po —(y+wn 0 0 0

0 (1-po 0 —(ky + 1) 0 0

0 0 Y 0 —(ka+84+pn) O

0 0 0 kq ky -

with
N* N*
A= (A—,u)|:1 _2], B=A-2(A-p)— and N* = S* + H* + R*.

NlTlHX max

This matrix has the eigenvalue W and its associated eigenvector is (1,0, ..., 0)T. This means that the com-

ponent of the fundamental solution associated with the eigenvalue %‘?’2”) only affects the first variable S. The
behaviour of the other variables will depend on the remaining five eigenvalues. The eigenvalue —u has the eigenvector
(-1,...,0,1)T. The component associated with the eigenvalue —u affects the variables S and R. Another eigenvalue is

4
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T
. . 8 (ANmax—2(A—)N*) ko + : :
—(ky +6 + 1), whose eigenvector is <’(2(Nmax(krzni);3+/\)—2(A—M)N*)’O’ 0,0, — 21<2 ,1) . The component of the solution associ-

ated with this eigenvalue affects the variables S, H and R. This means that the behaviour of the variables E, I and A around
the point Q* depends only on the three remaining eigenvalues.

The remaining three eigenvalues are those of the main submatrix of | of dimension 3 obtained by eliminating the first
and the last two rows and columns. The trace of this submatrix is clearly negative and a necessary condition for the equi-
librium point not to be unstable is that its determinant is negative, that is,

S*

Bo |:S*+H*+R*i| (M =p)(¥ +u) +plky + 1)) = (kg + ) (¥ + ) (n+0) <0, (4)

that can be written in the form
S*

STH RO ®)

with
k 1-
Ro — B(kipo + puo + (1 - p)(y +p)o) ()

Y +uw)ky +p)(n+o0)

Applying the Routh-Hurwitz criterion to the submatrix of J associated to the variables E, I, A, we obtain that the eigen-
values of this submatrix have negative real part if and only if Eq. (5) is satisfied. If we impose the condition to be satisfied
for all points Q* in the CFM, then it must be Ry < 1, that is, the CFM is locally stable if Ry < 1.

If we apply the new generation matrix method reported in [21,22] at a point Q* in the CFM, we obtain the matrices

O ﬂs* ﬁs*
S*+H*+R* S*+H*+R*
F= (0 0 0 )

0 0 0
o 0 0
(u+o0) ,
-1 _ op(ki + p) 1
ki + W)y +w)(nw+0o) (y+wr)
~__(p-Do 0
(ky + ) (u+0) (k1 + 1)

The basic reproduction number is given by the maximum absolute value of the eigenvalues of the matrix FV~1, that is,
its spectral radius. In this case we obtain the expression Eq. (5) and if we consider the maximum value in S*, H*, R*, that is
in the whole CFM, we obtain R; in Eq. (6) as the basic reproductive number.

Let’s analyze when this variety is globally asymptotically stable, that is, under what conditions on the parameters E(t) —
0, I(t) — 0, A(t) — 0 regardless of the values taken by S, H, R. Consider the equations associated with E, I and A, given by

dE SU+A

E:%—(G-FM)E

dl

= POE - v+l . ™
dA

EZ(l—P)UE—(kl'f‘IL)A

These three equations can be rewritten as

Yy =My-v. (8)
where

.y = (EsIsA)T’ (9)
and

(—(0 + 1) B B ) (g(t)>
M= po -(y+wn 0 ,v=| 0 |, (10)
(1-p)o 0 — (k1 + ) 0

with

S(t)
gty =B +A(t))<1 - N(t))

It is clear that g(t) > OVt.
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In order to prove the global stability, we will make use of the following comparison Theorem
Theorem 2. Let us suppose that

o x=(x1...,x:)T is a vector of R".

o f(t,x) is a Lipschitz continuous function in [tg, oo] x £, £ open subset of R", which is quasi monotonic, non decreasing, that
is, each component of fi(t,xy,...,xn) is monotonic non decreasing in the variables x; with j # i.

e y(t) is a differentiable function in R with y(t) € £.

e z(t) is a solution of Z/ = f(t, z).

* yi(to) < z(tp) Vi

e yi(t) < fi(t,y) Viand Vy e €.

Then y;(t) < zi(t),i=1,2,...,nVt.

Proof. This result is a particular case of Corollary 1.7.1 in [23] and also of comparison Theorems in [24]. O
Then, we can state the following stability result.

Theorem 3. If Ry < 1, then E(t) — 0, I(t) — 0 and A(t) — 0 and disease free manifold is globally stable.

Proof. Let us apply Theorem 2 with y(t) the solution of (8) and f(t,y) = My. It is clear that My is a quasi monotonic non
decreasing function since the non diagonal elements of M are non negative. It is also clear that y; < f;(t,y) because g(t) is
greater or equal to zero. Taking y(0) = z(0) we conclude that y;(t) < z;(t) for all t > 0. Now let us note that the matrix M is
in fact the submatrix of | obtained by eliminating the first and the last two rows and columns and putting H* = R* = 0. Then
if Rg < 1, the three eigenvalues of M have real part smaller than 0 and z(t) — 0. Consequently, y(t) — 0 (note that y;(t) > 0).
This proves the global stability of the contagious free manifold. Additionally, if we include in Eq. (8) the equation (linear)
of system (1) corresponding to H(t), with the same reasoning we obtain that H(t) — 0, and the disease free contagious
manifold is globally asymptotically stable. O

Remark 1. The above results are also true for the case of considering a constant growth ratio. There is however a relevant
difference in the evolution of the susceptible population. Whereas in the case of constant growth ratio S always tends to its
maximum value A/u (S tends to be equal to N if & > 0), when the growth ratio is proportional to the total population, S
tends to zero if A < u, or tends to a constant if A > i, as we will see in the next subsections.

2.4. Stability of the equilibrium points

241 Case A > 1
If parameters of the system (1) are all positive, this system of equations has two critical points, P{ = (Nmax. 0,0, 0,0, 0T
and Py = (0,0,0,0,0, 0)T. Moreover, denoting

Sy upo(Rg—1)

= , 11
“= ReCh I T W+ )+ K+ 1)~ 57 po] a
when Ry > 1 and 0 < « < 1 there exist a third equilibrium point Py = (§*, E*, I*, A*, H*, R*)T given by
N*
S* = Ry (12)
. )k +8+p) (A = pu)(e(1 —a)Nmax)
E* — . (13)
poys
= (k2 + 8+ ) (A — p)(a(l _a)Nmax)’ (14)
Y6
. (=p(y+u)ky+35+pu)(A—p)(@(l —0o)Nmax)
A= , (15)
py (ks + p)
H — (A - ,bL)(O[((Sl - Ol)Nmax)’ (16)
R — (A — ) (@(1 = )Nmax) [ k1 (1 = p)(y +p) (ko +3 + ) k| (17)
us py (k1 + )
and
N* = Npax (1 — ). (18)
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Concerning P}, the Jacobian matrix of the system is

—(A-p) —(A=2p) -(A-21)-f -(A-20)-B —(A-2p) —(A-2p)

0 —-(n+o0) B B 0 0
0 po —(y+wn) 0 0 0
J= (19)
0 (1-p)o 0 —(ky + ) 0 0
0 0 y 0 —(8 +ky+ 1) 0
0 0 0 ki ) -1

This matrix has the eigenvalue —(A — ) and its associated eigenvector is (1,0, ...,0,0). This means that the compo-
nent of the fundamental solution associated with the eigenvalue —(A — u) affects the variables S. The behaviour of the
other variables will depend on the remaining five eigenvalues. The eigenvalue —u has the eigenvector (—1,...,0,1)T. The
component associated with the eigenvalue —u affects the variables S and R. Another eigenvalue is —(§ + & + u), and has
the eigenvector (—%, 0,0,0, —"25—*5, 1)T. This means that the component of the fundamental solution associated
with the eigenvalue —(§ + & + p) affects the variables S, H and R. This means that the behaviour of the variables E, I and A
around the point P depends only on the three remaining eigenvalues.

The remaining three eigenvalues are those of the main submatrix of J of dimension 3 obtained by eliminating the first
and the last two rows and columns. The trace of this submatrix is clearly negative and a necessary condition for the equi-
librium point not to be unstable is that its determinant is negative, that is,

Bo((1-p)(y +m)+pki +p)) — ki + ) (¥ + n)(n+0) <0, (20)

There we concluded that the system (1) is stable if three eigenvalues of submatrix J have negative real part and this is
fulfilled if and only if Ry < 1, with Ry given by Eq. (6). This value coincides with the one obtained by the new generation
matrix method [21,22].

For equilibrium point Pj the Jacobian matrix of the system has some components with the term

BS(S+E+A+H+R)
(S+E+I+A+H+R?

which is not continuous when variables tend to zero. Therefore, we cannot use linearization to study the local stability of
the origin.

We will obtain next some conditions on the parameters of the model and the initial conditions for which the population
tends globally to the equilibrium point P; and the origin can not be stable.

Theorem 4. If A > 1 and Ry < 1, there exist a constant K such that if N(0) > K, then the total population N(t) tends to Nmax
when t — oo, that is, Py is globally asymptotically stable.

Proof. Let us consider the linear system
dE . . .
a:ﬁ]+,8A—(a—&—/L)E

-~

I pok i
= POE-(r+w)

dA X R (21)
a = (1 -p)oE — (ki + p)A

t
- . . "

whose general solution has the form

P(t) = GrreMt + Grpert + Cauie™s!t + Cuuget, (22)
where Aq, Ay, A3 are the eigenvalues of the matrix M in (10), A4 = —(k, + 8 + 1) and v; are the corresponding eigenvectors.
Proceeding as in Theorem 3, the components E,I, A, H of the solution of system (1) are upper bounded by the ones of
Eq. (21) and in particular

H(t) < H(t) = ByeM! + Bye*2! 4 Bye*st 4 Byeh!. (23)
where B; are constants that depend on the eigenvectors v; and the initial conditions.

Denoting u = max;Rel;, if Ry < 1, then u < 0, H(t) goes to zero and there exists a constant B such that

H(t) < Be', u <0, (24)
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Adding the equations of system (1), we get

N
dN/dt = (A — M)[l -5

max

i|N —8H. (25)

If the bound (24) is substituted in Eq. (25) we get

dN>A 1 N
E_( - ) N

max

]N — 8Bett, (26)

If there exist a constant N < Npmax such that

N(t) = N < Nmax, Vt, (27)
then

dN

o = (A — paN - 3Be". (28)
where

N
a=|1- , 29
) @

which implies

6B 6B
7 WAt " Lut
N(t)Z[N(O) u—(A—u)ozi|e +u—(A—,u)ae , (30)
and since A — i > 0, if N(0) > uf(;fﬁ, N(t) would tend to infinity, which contradicts that N(t) < N.

Note that the constant B depends on the initial conditions E(0), I(0), A(0), H(0) and therefore S(0) + R(0) must be large
enough with respect to the other initial conditions. O

The above result let us know that the population grows with time if Ry < 1 and the initial population is large enough.
We will see next that under a little more restrictive condition on Ry, the total population grows with time whatever the
initial population is.

Theorem 5. If A — u > 0 and

g, = Pollkap+ 0 -pvl
ykio

: (31)

then S(t) tends to Nmax when t — oo.
Proof. From system (1) we have
R'(t) = kiA+ KoH — uR(t) > —uR(t), (32)

There exist a point ty for which R(tg) > 0 (note that if R(0) = 0, from Theorem 1 R(t) > 0 in a neighbourhood of 0). Then,
we have the bound

R(t) = R(ty)e ™™, Vt > ty, (33)

Now, note that Ry is a decreasing monotone function with respect to p. Therefore Ry <Ry <1 for any 4 > 0 and
Theorem 3 applies. There exist a constant K such that

I(t) + A(t) < Ke*t, Vt > to, (34)

u being the maximum real part of the eigenvalues of matrix M in Eq. (10). Let us suppose again that N(t) < N < Npax. Using
Eq. (33) and Eq. (34) in the first equation of system (1), we obtain

I+A
I+A+R (35)

, Kelt
S'(t) > S[(A - wa _ﬂKeL"H%(to)el“]’Vt > to.

S(t) = (A —p)aS—Sp

Since Ry < 1, then u < —p and consequently

Kett

Kett + R(tp)e—t -0 (36)
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Table 1

Parameters for numerical study of stability of

system (1).
Parameters Values
N 10000
Nmax 100000
p 0.5500
k! (days) 14.0000
o1 (days) 5.1000
k! (days) 20.0000
§-1 (days) 15.0000
y~! (days) 3.0000
B 1.000
Ro 6.7824

There will exist a time t* and a positive constant C such that
A — o p— K C>0,Vt>t* (37)
— d—pPp————F———>0C>0, >1.
K Ke™ + R(tg)e
Therefore,
S'(¢) = CS(¢), Ve = t*, (38)

which would imply that S(t) tends to infinity. This contradicts that N(t) <= N and therefore N(t) tends to Nmax. This means
that S(t) tends to Npax.

Recall that u = maxRel;, where A, Ay, A3 are the eigenvalues of M and A4 = —(k; + 8 + 1) < . Then, the condition
u < —u is equivalent to say that the real parts of the eigenvalues of M are smaller than —u. But, the eigenvalues of M are
precisely the eigenvalues of the matrix M with x4 = 0 minus u, that is

Ai(p) = Aj(n = 0) — u, which implies that u < —u if ReA;(mu = 0) < 0.

The eigenvalues A;(4 =0) have real part smaller than 0 if and only if Ry=Rg(t =0) <1 and this proves the
theorem. O

Remark 2. If a constant growth ratio is considered, it can be proved that if Ry < 1, the total population tends to A/u
whatever the values of A and u are.

Concerning the critical points P; and Pj, a theoretical analysis is complex and we have not been able to prove their
stability. However, an exhaustive numerical study has led us to the following conclusion.

Conjecture 1. If Ry > 1

* And a € (0, 1), then P(t) — P;.
e And o > 1, then P(t) — P;.

In order to show numerically these results, an experimental simulation is presented here for three different initial con-
ditions Py, (8520, 1000, 100, 80, 200, 0), P;, (6310, 500, 50, 40, 100, 0), and Pj;(3740, 2000, 200, 160, 400, 1500). We calculate
numerically the phase portraits of the system (1) and found that all trajectories end at the conjectured equilibrium points
for the parameters shown in Table 1. These phase portraits (Appendix A) suggest that the system (1) can be asymptotically
stable.

24.2. Case A <
First, by adding the equations of system (1), we get

N
dN/dt = (A — M)[l -5

max

i|N— SH.

If parameters of the system (1) are all positive, this system of equations has two critical point P = (Nmax. 0,0, 0,0, 0T
and P; =(0,0,0,0,0, 0)T. For Py the jacobian matrix of the system (1) is calculated in Section 2.4.1 by Eq. (19). For this
equilibrium point at least one of the eigenvalues has a positive real part therefore, the system is unstable. The Jacobian
matrix of the system for point P; is not continuous at zero and we can not use linearization to study the local stability.
Nevertheless it is possible to see that this point is globally stable.

Theorem 6 (Global stability of Py). If at t = O, all variables are non negative and A < u, they tend to zero when t — oo.

Proof. As A < u, if H > 0, the total population N decreases and tends to zero as t tends to infinity. By Theorem 1, H(t) > 0,
which implies that N'(t) < (A — w)[1 - ﬁ]N Therefore, N(t) — 0 when t — oo, and since all variables are non negative,
they must tend to zero. O
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This result confirms that the proposed model is consistent with the biological system, because all variables in system
(1) tend to zero, but does not provide information on the epidemic behaviour. In practice, the values of A and u are small.
If A < u, total population will tend to die after a long time, but what we want to know is if the epidemic remits (E, I, A, H
tend to zero) in a reasonable period of time, leaving only the S and R populations, or the epidemic becomes endemic
(E,I,A,H tend to zero slowly, at a speed similar to that of S), or if the epidemic affects the entire population (S,E,I,A,H
tend to zero in a reasonable period of time). According to Theorem 3 if the basic reproduction number R; is smaller than
1, the infection remits exponentially at least as e“, u being the largest real part of matrix M in (8). If u < —pu, the infection
remits faster than the natural dead speed, that is, the disease remits (see (35) and use (36)). Nevertheless, if u is close to
—M, the infection can stay active for a long time. Additional information can be obtained by studying the cases A = u and
A=pu=0.

Note that if we compute Ry by applying the new generation matrix methods reported in [21,22] at the null equilibrium
point we obtain again the value (6).

2.4.3. Case A =
In this case, the total population satisfies

dN/dt = —8H,

which implies that N(t) is non negative and decreases if H > 0. This means that N(t) has a limit N* > 0 when t — oo.

If parameters of the system (1) are positive, any point P* = (5*,0,0,0,0,0)7 is an equilibrium point. The Jacobian matrix
of the system at the equilibrium point (limit of the Jacobian matrix at a point P when it tends to P*) with S* > 0 can be
written as follows

0 0 -B -8B 0 0
0 —(o+nwn B B 0 0
J= 0 po —(y+nwn 0 0 0
10 (1-po 0 (k1 + ) 0 0
0 0 y 0 —(ky+6+un) O
0 0 0 k4 ky -
This matrix has the eigenvalue 0, the eigenvector associated with this eigenvalue is (1,0,...,0)T. This means that

the component of the fundamental solution associated with the eigenvalue 0 only affects the first variable S. The be-
haviour of other variables will depend on the remaining five eigenvalues. The eigenvalue —(k, + & + ) has the eigenvector
(0,0,0,0, —@, 1)T. The component associated with the eigenvalue —(k, + 8 + 1) only affects the variables H and R. An-
other eigenvalue is —u, whose eigenvector is (0, 0,0, ..., 1)T. The component of the solution associated with this eigenvalue
only affect the variable R. This means that the behaviour of the variables E, I and A depends on the three remaining eigen-
values.

The remaining three eigenvalues are those of the main submatrix of dimension 3 obtained by eliminating the first and
the last two rows and columns. But this submatrix is the same as the one studied in Section 2.3, but with H* = R* = 0. There
we concluded that their three eigenvalues have negative real part (u < 0) if and only if Ry < 1, with Rg given by Eq (6). This
value coincides with that obtained by the new generation matrix method [21,22].

If Ry > 1, all the equilibrium points (except possibly the zero point) are unstable. If Ry < 1, since the Jacobian matrix has
an eigenvalue zero, we can not conclude their stability.

Note that at the origin the Jacobian matrix of the system (1) is not defined (there is no limit when all variables tend to
zero) and the linearization theorem cannot be applied. The following results give some insight about their stability.

Lemma 1. Let f(t) be a twice differentiable function, with a second derivative bounded at [0, o). If lim¢_ o |f(t)| = f* <
then lim;_, », f'(t) = 0.

Proof. First, if f’(t) does not vanish when t — oo, we can ensure that for large t }f’(t)| > M that implies that f(t) cannot
be bounded. If f/(t) has no limit, the upper and lower limit are real numbers, not equal to each other and there exist a
constant « such that,
liminf f'(t) < o < limsup f'(t)
t—o0 t—00
In addition, liminf f’(t) - lim sup f’(t) < 0 because otherwise we ensure that ‘f’(t)] > M for large enough t. From the def-
inition of upper limit, there exists a sequence of values of f(t) approaching the upper limit, and another sequence of values

of f(t) approaching the lower limit. Let us suppose that @ > 0 (the case o < 0 is similar). There exist infinite sequences {t;}

10
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and {s}, such that,

k=1,2,3,4....
H<S1<bh<S$<...o>x

flt) >a
f/(sk) = %
£ = 5t € [t 5l

The second derivative is bounded by a positive constant K and applying the mean value theorem, we obtain

o
5= |F/ (&) = f/(si)| < Kt — sil.

therefore,
o
|t = sl = 5
Applying again the mean value theorem, for some c € (t, Sy)
2

o
|ft) = fs)]| = f/(c)|tk =Skl = K
But this inequality contradicts the Cauchy condition, which states that

lime o [f(t) = f(s)[ =0,

s>t
and consequently,

lip1 inf f/(t) = 0, limsup f'(t) = 0. O
—>00 t—o00

Lemma 2. If the initial conditions are non negative, P(0) € D, and A = u, then S(t), E(t), I(t), A(t), H(t),R(t) are bounded
and have two bounded derivatives in [ty, oo].

Proof. It is a direct consequence of the form of system (1), the boundedness of N and Theorem 3. O

Lemma 3. If the initial conditions are non negative, P(0) € D, and A = i, then N(t) has a limit N* >0 when t — oo and
lim . N'(t) = 0.

Proof. It is consequence of Lemma 1. O
Lemma 4. If A =t # 0 and lim;_, o, S(t) = 0, then lim;_., N(t) = 0 and all variables tend to zero when t tends to infinity.

Proof. From Lemma 1, if S(t) tends to zero, then S'(t) tends to zero, and using the first equation in (1), N(t) tends to
zero. O

Theorem 7. Let us consider the system (1) with initial condition P(0) € D, and A = u # 0. Then

o Any solution tends to an equilibrium point (5*,0,0,0,0,0) when t — oc.

o If (31) is satisfied, then any solution whose initial condition does not vanish tends to an equilibrium point with S* > 0. The
origin is unstable.

e If Ry > 1, then N(t) — 0 when t — oo. The origin (equilibrium point with S* = 0) is globally asymptotically stable.

e If Ry < 1, then the equilibrium points P* with S* > O are stable.

Proof. According to Lemma 3, N(t) has limit N* > 0 and its derivative tends to zero when t tends to infinity. Therefore,

H(t) also tends to zero, and since its second derivative is bounded at [tg, oc], we can ensure that H'(t) — 0. This implies

that I(t) tends to zero and therefore also I'(t) — 0. From the third of the differential equations, E(t) should tend to zero, so

that E’(t) — 0, and hence either S(t) — 0, which implies (by Lemma 4) that the solution tends to the origin, or A(t) — 0.

In this case, E(t),I(t),A(t) and H(t) — 0, so R(t) — 0. This implies that the solution tends to an equilibrium point P*.
From the first equation of system (1) it is clear that

S > AR- B +A). (39)
Proceeding as in Theorem 5 and using the bounds (33) and (34), we obtain
/ t keUf
K Y B
S = R(to)e [A B R(to)em}, (40)

where u is again the maximum real part of the eigenvalues of the matrix M in (10).

1
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If Eq. (31) is satisfied, then |u| > || and

ket
Rty it — 0. (41)
There will exist a time t* such that
[A—ﬁkem ]>D>O Vi > t* (42)
Ryer | =777 =0

Therefore, for ¢t > t*, S(t) is an increasing and upper bounded function that must have a limit $* > 0. If Ry > 1, then all
the equilibrium points with S* > 0 are unstable.

To prove the stability of P*, let us see that there exists € > 0 for § > 0, such that if || P(0) — P* || < €, then || P(t) — P* || < §,
Vt. Let us consider the maximum norm and || P(0) — P* ||< €. We must see that || S(t) —S* ||< §, and that for any other
variable X, |X(t)| < 8. Comparing the solution of system (1) with the one of the linear system (21), as in Theorem 5, we
obtain that

X(t) < ke~ minllul.ielt max{E (0), 1(0), A(0), H(0), R(0)}. (43)
Since || P(0) — P* || < €, we have that

X(t) < keemmintlubilt < ke, (44)
and in particular

I(t) + A(t) < 2kee~mintlul.ult, (45)
Now, from the first equation of system (1)

—BU) +A(t)) < S'(t) < A(t) +A(t)), (46)
which implies that

IS'(t)| < max{B, A}2keemintlul.nt (47)

Using the fundamental theorem of calculus

t t
IS(t) — S(0)| = ‘/ S’ (x)dx| < max{8, A}Zke/ e~ minflul.ilxgy —
0 0

(48)
. A}
max{B, Alke ————— (1 — e~ mintult) < Zk%e =Le.
(B Ak it oy ) = il ]
. ) $
Taking € < I+1 and € < % we deduce
[S(t) —S*| < |S(t) —S(0)| +]S(0) —S*| < (L+ 1)e <6, (49)
and
[x(©)] <6, (50)

which proves the stability. O

Theorem 7 proves that if Ry > 1 all the equilibrium points with S* > 0 are unstable, but the origin is a globally stable
point. The COVID-19 disease has a high transmission (due to SARS-CoV-2 virus is very contagious) and S goes to zero quickly
or well the infection remains active for a long time.

If Ry < 1, the theorem states the stability of the equilibrium points with S* > 0, but does not states the stability or the
unstability of the origin. However, if (31) is satisfied, the origin is unstable. The infection disappears with time and the
population tends to a stable value N* = S*.

244. Case A=u=0
This is a particular case of A = u, so the total population obeys the following equation
dN/dt = —6H.

Total population N decreases if H > 0, this means that N(t) has a limit N* > 0. The difference with the general case A =
is that in this case the critical points are P* = (5*,0,0, 0,0, R*)T at which the Jacobian matrix of the system (1) is

6 0o &% -&F 0 0
0 - £ L 0 0
J=1]0 po -() 0 0
0 (1-p)o 0 —(kp) 0 0
0 0 Y 0 —(ky+8) 0
0 0 0 k] kz 0
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This matrix has the eigenvalue 0 double. The eigenvectors associated with this eigenvalue are (0,0,..., 1T and
(1,...,0,0)T. This means that the component of the fundamental solution associated with the eigenvalue 0 only affects
the first variable S and the last variable R. The behaviour of other variables will depend on the remaining four eigenvalues.

Another eigenvalue is — (6 + kp), whose eigenvector is (0, 0,0, 0, —"2,(:5, 1)T. This means that the behaviour of the vari-
ables E, I and A depends on the three remaining eigenvalues, which are those of the main submatrix of dimension 3 obtained
by eliminating the first and the last two rows and columns. This submatrix was already studied in Section 2.3, where we
concluded that their three eigenvalues have negative real part if and only if

N S*
Rostx <

1, (51)

with Ry the basic reproductive number with p = 0, that is

Bly (1 —p) + ki pl

Ry =Ro(u =0) = 52
0o=Ro(u =0) 2%, (52)

which means that the equilibrium point is stable if
S ;:R - Ry, (53)

The global stability of the equilibrium points is studied in a similar way to the case A = u, so the following theorem can
be stated.

Theorem 8. All solution of the differential system (1) with A = ju = 0, whose initial condition has all its components non nega-
tive, tends to an equilibrium point (5%, 0,0, 0,0, R*)T when t tends to infinity.

In this case, if we apply the method employed in Section 2.3 we obtain precisely the condition (51).

Taking into account the local stability result, given an equilibrium point, the limit point S* and R* will be such that
Eq. (53) is satisfied. In other words, the solution of system (1) will tend to an equilibrium point P* for which S* and R*
satisfy Eq. (53). As Rg increases, S* decreases and Eq. (53) is satisfied.

3. Results
3.1. Statistics
We use the simulation annealing algorithm for model fitting [25], in this process the sum of the squared errors between

the original data and predicted values by model are minimized to obtain the best parameters for this fit. The quality of
model fitting is verified by criteria for model assessment: r2, SSE, RMSE [26] and relative error (RE) [3], given by

SSE = an:(xj ) (54)
p
L S (6 = Xjep)” ’ (55)
S () = 5 50 (o)’
RMSE = w (56)
re = [ %erlly (57)

||xref| }2 .

In Eq. (54)~(57), X,y are data daily provided by the Ministry of Health, whereas x are those obtained from the model
fitting, and n is the number of experimental data.

3.2. Simulation

In this section, we will validate the theoretical results obtained in Section 2 by considering several cases: the case where
A > p with A =0.015 and p = 0.01, the case where A < n with A =0.008 and © = 0.01, the case where A = u # 0 with
A =0.008, and the case where A = = 0. For each case we assume Npax = 100000 and an initial population around 10000,
ensuring that we are far from the carrying capacity Nmax. Additionally, we choose three values of B such that the corre-
sponding values of Ry (see Eq. 6 and 52) are smaller than, approximately equal to or grater than 1 (Table 2).

13
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Table 2
Values of basic reproduction numbers R, for simulation of
system (1).

B(days') A>pu A<p A=p A=p=0

Ro Ro Ro Ro

0.05 03391 03391 0.3496 0.3975

0.20 1.3565 1.3565 1.3983  1.5910

1.00 6.7824  6.7824 6.9915  7.9500

Table 3

Value of each parameter for simulation and cal-

culation of Ry.

Parameters Values
Population 11380
S(t=0)=5(0) 8520
E(t =0) =E(0) 1000
I(t =0) =1(0) 100
A(t =0) =A(0) 80
H(t = 0) = H(0) 200
R(t = 0) = R(0) 0
p 0.5500
k' (days) 14
o1 (days) 5.1000
ky! (days) 20
51 (days) 15
y~! (days) 3
4
x10
2500 10 _ _
—infected Symptomatic cases —Susceptible population
—Hospitalized cases —Recovered population
2000 — infected Asymptomatic cases| | 8 ---Total population
iSOO
» 1500 ,".' 400 2 6
< K S
2 :" 300 A %
®© =3
o K \
1000 s 200 &
/'.' 100
500 -y 0
i 0 20 40 - 60
A . o e
0 | e ‘; L ) . O
0 200 400 600 800 0 200 400 600 800

Days

Fig. 2. Simulation of system (1) for A =0.015, u = 0.01, 8 = 0.05 days~' and Ry = 0.3391. a) Infected symptomatic (blue line), hospitalized (red line) and
infected asymptomatic (dashed green line) cases b) Susceptible (magenta line), recovered (black line) and total populations (dashed blue line).

The other parameters of the model and the initial conditions for those exposed, infected, infected asymptomatic, hospi-
talized and recovered cases are kept constant (Table 3).
Parameters values in Table 2 are taken arbitrarily, except o~! (in days) and k;l (in days) that are those reported in [27].

Parameter values are kept constant to perform the calculation of Ry and simulations of temporal behaviour of symptomatic
(blue line), asymptomatic (dashed green line), hospitalized patients (red line), susceptible (magenta line) and recovered
(black line) cases, as shown in Fig. 5 to Fig. 12. For numerical solution of the system (1), the ODE45 algorithm implemented
in the Matrix Laboratory (MATLAB) is used [28].

321 Case A >

Figures 2a, 3a and 4a show the temporal behaviour of infected symptomatic (blue line), hospitalized (red line) and in-
fected asymptomatic (dashed green line) cases while in Figs. 2b, 3b and 4b the susceptible (magenta line), recovered (black
line), and the total populations (dashed blue line) are shown.

The simulations reveal that the total population and the number of susceptible people grow with time, and the infected,
asymptomatic and hospitalized cases tend to zero when Ry < 1, in agreement with Theorems 3, 4 and 5, respectively. When
Rg > 1, the susceptible tend to the carrying capacity and the infected, asymptomatic and hospitalized grow with time. The

14
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—infected Symptomatic cases —Susceptible population
—Hospitalized cases —Recovered population
2000 - infected Asymptomatic cases 8 ---Total population
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c _ ke]
2 ©
g 2
1000 g

500

Days

Fig. 3. Simulation of system (1) for A =0.015, © = 0.01, 8 =0.2 days~! and Ry = 1.3565. a) Infected symptomatic (blue line), hospitalized (red line) and
infected asymptomatic (dashed green line) cases b) Susceptible (magenta line), recovered (black line) and total populations (dashed blue line).

4
10
2500 10(;
| —infected Symptomatic cases —Susceptible population
i —Hospitalized cases —Recovered population
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» 1500 2 g
5 - S
o .-~ @©
© =
o Q.
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Days

Fig. 4. Simulation of system (1) for A =0.015, u =0.01, 8 =1 days~' and Ry, = 6.7824. a) Infected symptomatic (blue line), hospitalized (red line) and
infected asymptomatic (dashed green line) cases b) Susceptible (magenta line), recovered (black line) and total populations (dashed blue line).

number of infected people increases and the growth velocity of susceptible people decreases faster as Ry increases. The
number of hospitalized cases depends on the values of y, B and Ry, showing different scenarios. First, hospitalized cases
depend on the symptomatic and asymptomatic cases, as show in Figs. 2a, 3a and 4a. Second, the number of hospitalized
cases is lower than that the asymptomatic cases when Ry > 1 (Figs. 3a and 4a).

3.2.2. Case A <
Figures 5a, 6a and 7a show the temporal behaviour of infected symptomatic (blue line), hospitalized (red line) and in-

fected asymptomatic (dashed green line) cases while in Figs. 5b, 6b and 7b the susceptible (magenta line), recovered (black
line), and the total populations (dashed blue line) are shown.

The simulation results reveal that the total population tends to zero in all the cases, in agreement with Theorem 6. Note
that population decreases quickly initially, but after some time it decreases exponentially as e~#! and since u is small, the
decreasing is very slow. It can be verified that with a larger value of u the population tends to zero much faster. For the
shake of brevity we have not included this simulation in the paper and we have included the most realistic cases. The
number of infected people increases and the value of susceptible people decreases faster as Rq increases. The number of
hospitalized cases depends on the values of y, § and Ry, and two possible scenarios appear. First, hospitalized cases depend
on infected symptomatic and asymptomatic cases with prevalence of asymptomatic patients (Figs. 5a, 6a and 7a). Second,
the number of hospitalized patients is always less than the asymptomatic when Ry > 1 (Figs. 6a and 7a).

15
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Fig. 5. Simulation of system (1) for A = 0.008, . = 0.01, 8 = 0.05 days~! and Ry = 0.3391. a) Infected symptomatic (blue line), hospitalized (red line) and
infected asymptomatic (dashed green line) cases b) Susceptible (magenta line), recovered (black line) and total populations (dashed blue line).
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Fig. 6. Simulation of system (1) for A =0.008, i = 0.01, B =0.2 days~' and Ry = 1.3565. a) Infected symptomatic (blue line), hospitalized (red line) and
infected asymptomatic (dashed green line) cases b) Susceptible (magenta line), recovered (black line) and total populations (dashed blue line).
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Fig. 7. Simulation of system (1) for A =0.008, i =0.01, B =1 days™! and Ry = 6.7824. a) Infected symptomatic (blue line), hospitalized (red line) and
infected asymptomatic (dashed green line) cases b) Susceptible (magenta line), recovered (black line) and total populations (dashed blue line).
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Fig. 8. Simulation of system (1) for A =0.008, « =0.008, 8 = 0.05 days~! and Ry = 0.3496. a) Infected symptomatic (blue line), hospitalized (red line)
and infected asymptomatic (dashed green line) cases b) Susceptible (magenta line), recovered (black line) and total populations (dashed blue line).
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Fig. 9. Simulation of system (1) for A = 0.008, = 0.008, 8 = 0.2 days~! and Ry = 1.3983. a) Infected symptomatic (blue line), hospitalized (red line) and
infected asymptomatic (dashed green line) cases b) Susceptible (magenta line), recovered (black line) and total populations (dashed blue line).
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Fig. 10. Simulation of system (1) for A =0.008, u =0.008, 8 =1 days~! and Ry = 6.9915. a) Infected symptomatic (blue line), hospitalized (red line) and
infected asymptomatic (dashed green line) cases b) Susceptible (magenta line), recovered (black line) and total populations (dashed blue line).
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Fig. 11. Simulation of system (1) for A =0, u =0, 8 =0.05 days! and Ry = 0.3975. a) Infected symptomatic (blue line), hospitalized (red line) and
infected asymptomatic (dashed green line) cases b) Susceptible (magenta line), recovered (black line) and total populations (dashed blue line).
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Fig. 12. Simulation of system (1) for A =0, u =0, 8 = 0.2 days~! and Ry = 1.5910. a) Infected symptomatic (blue line), hospitalized (red line) and infected
asymptomatic (dashed green line) cases b) Susceptible (magenta line), recovered (black line) and total populations (dashed blue line).

3.2.3. Case A =

Figures 8a, 9a, 10a show the temporal behaviour of infected symptomatic (blue line), hospitalized (red line) and infected
asymptomatic (dashed green line) cases while in Figs. 8b, 9b, 10b the susceptible (magenta line), recovered (black line) and
the total populations (dashed blue line) are shown.

The simulation results reveal that the solution of system (1) tends to an equilibrium point (§*,0,0,0,0,0), in all the
cases, in agreement with Theorem 7. The value of S* depends on Ry and decreases as Ry increases. For Ry > 1, the infected,
asymptomatic and hospitalized tend to zero, very slowly, and S* is zero, in agreement with Theorem 7. The total population
N tends to zero faster as Ry increases. The number of hospitalized cases depends on the values of y, 8 y Ry, showing
different possible scenarios. First, hospitalized cases depend on the symptomatic and asymptomatic infected, as shown in
Figs. 8a, 9a, 10a. Second, the number of hospitalized patients is always lower than the asymptomatic when Ry > 1, as can
be seen in the Figs. 9a, 10a.

324 Case A=u=0

Figures 11a, 12a, 13a show the temporal behaviour of infected symptomatic (blue line), hospitalized (red line) and in-
fected asymptomatic infected (dashed green line) cases while in Figs. 11b, 12b, 13b the susceptible (magenta line), recovered
(black line) and the total populations (dashed blue line) are shown.

The simulation results reveal that the solution tends in all the cases to an equilibrium point (§*, 0,0, 0, 0, R*), in agree-
ment with Theorem 8. For Ry < 1, the value $* is not far from the initial value Sy and most of the people do not suffer
the infection. The total population decreases due to the infection, but not much. The effect of the disease is moderated.
For Ry ~ 1, the values of S* and R* are smaller and larger respectively than the ones for Ry < 1. The population decreases a
little more and the effect of the disease is more important than in the previous case. For Ry > 1, S* is close to zero, which
means that almost the whole population gets infected (the recovered people is practically equal to the total population). The
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Fig. 13. Simulation of system (1) for A =0, # =0, 8 =1 days~! and Ry = 7.9500. a) Infected symptomatic (blue line), hospitalized (red line) and infected
asymptomatic (dashed green line) cases. b) Susceptible (magenta line), recovered (black line) and total populations (dashed blue line).

Table 4
Parameters obtained from model fitting COVID-
19 data of Republic of Cuba.

Parameters Values
Population 11201549
A 2.68x10-5
n 2.67x107°
B 0.2027

p 0.5995
k! (days) 14.0000
o1 (days) 5.1000
k! (days) 10.8342
§-1 (days) 19.6516
y~1 (days) 1.4384
Ro 13107

population is clearly reduced and the effect of the epidemic is remarkable. The number of hospitalized cases depends on
the values of y, B8 y Rg. These show different possible scenarios. First, hospitalized cases depend on the symptomatic and
asymptomatic infected as shown in Figs. 11a, 12a, 13a. Second, the number of hospitalized patients is always lower than the
asymptomatic when Ry > 1, as can be seen in the Figs. 12a and 13a.

4. Model fitting

To fit system (1), we used official data of accumulated, infected, hospitalized and eliminated cases of COVID-19 in Cuba
provided by the Ministry of Public Health (MINSAP) that displayed on the web platform (https://covid19cubadata.github.io).
We chose data reported for 429 days of pandemic from March 12, 2020 to May 15, 2021 for Cuba. The total population
(N(0)), the birth rate (A) and death rate (u) are calculated from the data reported in the MINSAP statistical yearbook
[29]. Values of latent time, o~! (in days), and the average recovery time of asymptomatic patients (kl‘], in days) are taken
from Lauer et al. [27]. Initial values of infected (I(0)) and hospitalized (H(0)) cases are taken from official data. The initial
susceptible (S(0)) and recovered (R(0)) are assumed equal to 99% of total population and zero, respectively. Finally, the
values of initial asymptomatic patient (A(0)), initial exposed patient (E(0)), A, B, p, §~1, y~! and k5 1 are estimated from
model.

Fitting the model to the data by a least squares approach, we obtain the parameters shown in Table 4. Figure 14 shows
experimental data (for symptomatic and hospitalized cases), model fitting (for symptomatic and hospitalized cases) and
simulation of infected asymptomatic cases. We can see from this figure that the model fits data of number of infected
symptomatic cases but not for hospitalized cases. It is important to point out that all the infected (symptomatic and asymp-
tomatic) cases and suspected individuals of COVID-19 are hospitalized in the Republic of Cuba. Nevertheless, in the model
the hospitalized are a fraction of these infected cases.

The value of Ry = 1.3107 obtained from model fitting is close to that reported from experimental data corresponding
to March 13, 2020 (Ry = 1.3457). Both Rg values corroborate our simulations corresponding to the case Ry ~ 1 and A = u.
Values of criteria for model assessment proposed in Section 3.1 are shown in Table 5.
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Fig. 14. Fit of system (1) from March 12, 2020 to May 15, 2021.

Table 5

Parameter values of quality of the model fitting.
Parameters Symptomatic cases Hospitalized cases
2! 0.8533 0.8917
SSEP 1.1751x103 4.4926x103
RMSE® 1.600x10° 4.4348x103
RE? 0.3825 0.3287

2Goodness of fit, "Sum of squares error, CRoot mean square error, “Relative error

5. Discussion

The modified SEIR model fits well to the reported COVID-19 data with r2 in the range 0.85 — 0.89. It is plausible that
the supplied data, has many fluctuations and likely subject to a large uncertainty. It may be mentioned: 1) fluctuacting
behaviours in the number of active and hospitalized cases due to unwanted epidemiological events in the Republic of Cuba.
These unwanted epidemiological events are due to native transmission and transmission by travellers originating in other
countries with high COVID-19 transmission and new strains of SARS-CoV-2. 2) Introduction of new strains of SARS-CoV-
2, as South Africa (variant B.1.551), United Kingdom (variant B.1.1.7), California (variant B.1.429), Brazil (variants B.1.1.28.1
and B.1.2.28.2), and India (variant B.1.617 or delta strain). These strains have higher transmission rates than original Wuhan
strain (variant D614G), which prevails in the Republic of Cuba from March 2020 up to April 2021. 3) Seven new protocols for
confrontation to COVID-19 that have been introduced according to epidemiological situation. 4) Clinical trials (Phases I-III)
of Abdala and Soberana-02 vaccine candidates. These reasons explain why model fitting system (1) of experimental data is
not totally good in the study period selected, one of limitations of this study. Another limitation of this study is that 8 and
Rg are considered constants in our model; nevertheless, epidemiological studies evidence that these two parameters change
over time [21,22,30-32].

These two above-mentioned limitations may be solved if this study period is analyzed by section, taking into account
the protocol, transmission rate of SARS-CoV-2 strain type, government measures, perception risk of individuals and social
responsibility of individuals. For this, a further study is being carried out.

Despite these two limitations, 8, p and Ry values obtained from model fitting to experimental data (Table 4) agree with
epidemiological data reported every week to MINSAP, from November 2020 up to the end May 2021. 8 = 0.2027 days!
agrees with its B values (0.2 < 8 <0.4) reported in [20,33]. Ry = 1.3107 belongs to interval [0.068, 2.85], agrees with re-
ported daily by MINSAP.

Simulations and model fitting to experimental data corroborate that the propagation of the COVID-19 disease depends
on Ry (Eq. (6) and (52)), which is directly proportional to 8 and p parameters, in agreement with the definition itself of Ry
[30-32]. If the time behaviour of 8 (named B(t)) reported in [20] is introduced in Eq. (6) and (52), we would corroborate
that Ry depends also on ¢, in agreement with [21,22,30-32].

On the other hand, Ry is directly related to p and its value may contribute to speed up COVID-19 propagation (see
Egs. (6) and (52)). The value obtained for p =.5995 is consistent with the rapid spread of COVID-19 and prevalence of
symptomatic cases in the period March 2020 - May 2021. This does not mean that asymptomatic cases become infected
later and/or they are capable of infecting other susceptible individuals. This depends on the type of dominant and circulat-
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ing SARS-CoV-2 strain, strenght of immune system (immunodeficient and immunocompetent patients), and environmental
conditions. It should be noted that these asymptomatic patients are not hospitalized because they have no symptoms or are
mild. Furthermore, none of them die. Nevertheless, some unvaccinated cases with comorbidities die when they are infected
with the Delta variant. These deceased cases are reported from June 2021.

From epidemiological point of view, p =.5995 means that more than half of the infected cases are detected, indicating
that the government policy in the COVID-19 confrontation is correct. Furthermore, this p value agrees with the number of
asymptomatic cases reported in the Republic of Cuba (55.0%) in this observation period, in agreement with [34].

The values of k2*1, 8-1 and y~! obtained from model fitting of experimental data (Table 4) allow to consider that x can
be neglected respect to ky, ¥ and o in Eqgs. (6) and (52). As pu is very small, Ry does not change significantly with o. This
confirms that Ry does not depend on incubation time of any SARS-CoV-2 strain in the host but infected individual that has
associated an average number of infected contacts (definition of Ry) [30-32]. Furthermore, the definition itself of R, justifies
that it does not depend on & and k, either. This is also expected because in our model it is assumed that a hospitalized
person does not contribute to generate new infected. Nevertheless, § value is very important because it directly affects the
number of deaths due to the infection. In these situations, Ry is dominated by B and p, as expected. Additionally, results of
Table 4 and p very small allow to obtain an expression for Ry when p = 0 proportional to ﬂ/kl, this suggest that when p is
small the progression of the disease depends on the recovery time average of asymptomatic patients kl‘1. On the other hand,
if p=1 we can obtain an expression for R, proportional to # /y. this suggest that for p large (close to 1) the progression
of the disease will depend on the time between symptoms onset to hospiltalization y ~1. Taking into account that 1/,<1 is
larger than 1/y, we conclude that p large will give smaller values of Ry. Consequently, policies tending to get p as large as
possible, and making y as large as possible (k; depends on the disease and can not be modified) will reduce the value of
Ro.

From temporal behaviour of symptomatic, asymptomatic and hospitalized cases, it can be observed that these take their
maximum value depending on the 8, y and Ry values, as shown in the Figs. 5 to 13. For case A < u, the number of Infected
cases (I) always reaches its minimum value at zero and its quick growth depends strongly on Rq. Nevertheless, the number
of infected cases for A = and A = u =0 always reaches a minimum value at zero and this depends on the Ry value,
being remarkable for A = u.

The simulation and fit of proposed model, resulted in that if the time between symptom onset to hospitalization (y 1)
increases, the average of hospitalization time (k;l) and average of time that an hospitalized patient died () also increases.
This fact, suggests that the earlier the treatment protocol is started, the less time the patient is hospitalized, as suggested in
[35]. Nevertheless, if we analyse the pandemic in two periods of time the average of time that an hospitalized patient died
(8) should increase due to the development of new treatment protocols [36] but did not vary much. This may be justified by
the presence of new SARS-CoV-2 strains with higher virulence, pathogenicity, invasiveness, and diffusibility, as delta variant.

The number of symptomatic cases higher than that hospitalized cases is not observed in Republic of Cuba. Simulations
reveal this unfavourable scenery when the time between symptom onset to hospitalization (y 1) increases. This suggest,
that the active search of infected can help to control the pandemic.

6. Conclusion

We have proposed a modified SEIR mathematical model that explicitly includes asymptomatic and hospitalized cases,
to help the epidemiological study of infectious diseases, as evidenced for COVID-19. We have also included the effect of
demography in the model, considering that the population grows proportionally to the total population, which leads to
solutions with behavior that differs from those obtained in models where the ratio is considered constant. We have studied
the stability of the model and we have verified these stability results with some numerical simulations. We computed and
verified the basic reproduction number corresponding to the model and showed that this number determines the qualitative
evolution of the disease. This model was fitted with experimental data from Republic of Cuba and we have shown that it
model reproduces the evolution of the experimental data. This suggest that the model can be a useful tool. Nevertheless, this
model is adequate only for one peak, and this is the reason why research is continuing to obtain an algorithm to improve
these results.

Data availability
Data will be made available on request.
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Fig. A.1. Phase portrait of system (1) for different initial conditions (blue line) and equilibrium point (red).
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