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ABSTRACT

Nikolaos Dokmetzoglou: Conformal Yangian and Tree Amplitudes
in Scalar and Gauge Field Theories

(Under the direction of Louise Dolan)

Scattering amplitudes are intimately related to both experimental and theoretical ongoing efforts

of testing the Standard Model of particle physics and our understanding of quantum field theory at

large, through their computation to higher orders of precision and the study of their often unexpected

and fascinating mathematical properties. It is within this latter field of study that our research lies.

We investigate the infinite-dimensional Yangian extension of the conformal group SO(2, n), where

n is the number of space-time dimensions, and its action on the tree-level scattering amplitudes of

scalar λϕ3 theory and pure Yang-Mills theory. These two non-supersymmetric field theories are

connected through the Cachazo-He-Yuan (CHY) scattering equations formalism.

We first establish the consistency of the conformal Yangian algebra, Y [SO(2, n)], for a differential

operator representation of its generators in momentum-space. We prove that this representation

satisfies the Serre relation, off-shell and in any number of space-time dimensions n for scalar fields,

but only on-shell and in n = 4 space-time dimensions for spin-one gauge fields.

We then show that the conformal Yangian generators annihilate individual off-shell scalar λϕ3

Feynman tree graphs in n = 6 dimensions when the differential operator representation of Y [SO(2, n)]

is extended by graph-specific so-called evaluation parameter terms. We further show that the action

of the conformal Yangian generators on the on-shell three-point and four-point pure Yang-Mills

theory gluon tree amplitudes has a compact, albeit non-vanishing, form in n = 4 dimensions. We

conclude our investigation by exploring the action of the Y [SO(2, n)] generators on the off-shell

scattering polynomials of the CHY formalism relating the two theories.
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PREFACE

This dissertation is based on the research work conducted by the author at the University of

North Carolina at Chapel Hill from August 2018 to May 2023 [1, 2]. Parts of this work have already

been presented in the peer-reviewed publication

[1] N. Dokmetzoglou and L. Dolan, Properties of the conformal Yangian in scalar and gauge field

theories, JHEP 02 (2023) 137 [arXiv:2207.14806 [hep-th]].

For the purpose of this dissertation, the content of the above publication has been significantly

rewritten and expanded upon, though parts of the more technical discussions were adapted with

minor changes only. The dissertation includes additional background material, several explicit

examples and some analytic expressions for the results of calculations which were beyond the scope

of the above publication, as well as an introduction to the computational tools developed by the

author in the process of completing this work.

A detailed discussion of these computational tools, including a more thorough documentation,

is in preparation to be submitted for publication, possibly to Computer Physics Communications,

under the title

[2] N. Dokmetzoglou, ConformalYangian: A Mathematica package for computations related

to the action of the conformal Yangian Y[SO(2,n)], in preparation.
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CHAPTER 1

INTRODUCTION

From the perspective of a particle physicist in the first half of the 21st century, most of what we

see around us can be understood, at a fundamental level, as the eternal dance of a set of quantum

fields, permeating the entire universe, interacting with each other and continuously fluctuating, in a

manner governed by the equations of their respective quantum field theories. The excitations of

these fields correspond to the subatomic elementary particles, constituting all that we perceive as

matter in the universe, as well as to the forces those particles exert on each other. There are reasons

to suspect, however, that the perspective of a particle physicist in the second half of the 21st century

could be somewhat different.

This latter statement is partially motivated by the several unexpected recent developments in

the study of scattering amplitudes. Scattering amplitudes are arguably the fundamental physical

observable within the field of particle physics. They are a measure of the probability of a certain set

of incoming elementary particles colliding and producing a certain set of outgoing ones. As such,

they provide a direct link between theory and experiment, with the theorists calculating predictions

for those observables, and with the experimentalists testing those predictions at particle accelerators

like the Large Hadron Collider (LHC) at CERN in Geneva, Switzerland. With the third run of the

LHC having commenced in July 2022 and scheduled to continue for the next four years, delivering

proton collisions at unprecedentedly high energies, theorists are feeling the pressure to push the

state of the art in amplitude calculations, to higher orders of precision and to more involved collision

processes.

However, this task is notoriously challenging. The traditional method, called the Feynman

diagrams formalism, prescribes drawing several diagrams, with straight and wiggly lines, for a given

collision event, one for each possible way that the set of incoming particles could interact and produce

the outgoing ones, with each diagram corresponding to an often formidable integral one needs to

compute. Some of those diagrams look like trees, and their sum corresponds to the (tree-level)
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zeroth-order approximation of the amplitude. The rest of the diagrams contain one, two or more

loops, and correspond to the (loop-level) first-, second- or higher-order corrections to the amplitude.

The more the particles in the collision and the higher the desired precision, the more the diagrams to

draw and the harder the integrals to compute, making the calculation of the amplitudes for certain

processes to high enough precision seemingly intractable.

Enter the recent developments in the field of scattering amplitudes within the last couple of

decades. Theorists have, almost accidentally, stumbled upon some very intriguing mathematical

properties of these fundamental physical observables, which have raised suspicions that there might

exist some other, novel and perhaps deeper, ways of understanding the interactions of elementary

particles [3]. Some of those unexpected discoveries include

■ the Parke-Taylor formula for maximally helicity violating (MHV) gluon amplitudes,

■ recursion relations used to decompose complicated amplitudes into the product of much simpler

ones, such as the Britto-Cachazo-Feng-Witten (BCFW) recursion relations, the Kleiss-Kuijf

(KK) and the Kawai-Lewellen-Tye (KLT) relations,

■ dualities between amplitudes of supposedly unrelated processes, such as the result that graviton

amplitudes are equal to the “square” of gluon ones, known as the double-copy Bern-Carrasco-

Johansson (BCJ) relations or the color-kinematics duality [4–6],

■ the duality between gluon scattering amplitudes and Wilson loops [7],

■ the original and supersymmetric Ward identities,

■ the Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence and its connection to

integrability [8–10],

■ connections between amplitudes and higher-dimensional geometric structures, such as the

amplituhedron and associahedron [11–16],

as well as, of more interest to us,

■ the Cachazo-He-Yuan (CHY) scattering equations formalism [17–22], and

■ the symmetry properties of certain scalar and gauge theories and their scattering amplitudes

under the action of the conformal group SO(2, n), the superconformal group PSU(2, 2|4), and

their infinite-dimensional Yangian extensions, Y [SO(2, n)] and Y [PSU(2, 2|4)] [23–31].

In Figure 1, we depict diagrammatically some of the fascinating interconnections between a subset

of the above topics which are closely related to our work.
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Superconformal Yangian
𝑌[psu(2,2|4)]

Conformal Yangian
𝑌[so 2, 𝑛 ]

Supersymmetry
Generators

Pure Yang-Mills

𝒩 = 4 super Yang-Mills

(Bi-adjoint) Scalar ϕ3 Gravity

IIB String
on AdS5×S5

CHY CHY

Color-Kinematics
Duality

AdS/CFT

Integrability

Amplituhedron

Associahedron

Geometric
Structures

Figure 1: Diagram of interconnected topics of interest. Topics we have worked on to date are marked
in blue.

We say that an amplitude has a symmetry under a given transformation if it remains invariant

under it. For example, rotating all the particles of some collision event by the same arbitrary angle,

leaves the probability of the event unchanged, and we can thus say that the corresponding scattering

amplitude has a symmetry under rotations. Each symmetry corresponds to a conserved quantity and

can be understood as an exploitable constraint on the amplitudes. To investigate the transformation

properties of an amplitude under a given transformation, one can define a differential operator with

respect to the particles’ momenta, the so-called generator of the transformation, and then act with

that generator on the amplitude of interest. If the action of a generator annihilates the amplitude,

i.e. if it produces a zero, we say that the amplitude has a symmetry under the corresponding

transformation. If it does not, such as is the case, for example, with the loop-level amplitudes of

λϕ3 and pure Yang-Mills theory under the action of the generators of the conformal group [32], we

say that the symmetry is broken, but it is still useful to understand how exactly that happens.

It is known that tree-level superamplitudes in N = 4 super Yang-Mills (SYM) theory, i.e. in

the maximally supersymmetric Yang-Mills theory, are invariant under the action of the super-

conformal group PSU(2, 2|4) and the superconformal Yangian Y [PSU(2, 2|4)] [26, 27, 33]. This

infinite-dimensional symmetry of the N = 4 SYM superamplitudes places some important con-

straints on these amplitudes at tree-level. The approach of inferring symmetry from the invariance
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of the superamplitudes under the action of the superconformal Yangian generators provides an

alternative method for understanding the previously discovered PSU(2, 2|4) Yangian symmetry of

N = 4 SYM theory, with SU(N) gauge group, in the planar limit (i.e. for large N), in n = 4

space-time dimensions [23–25]. This naturally raises the question [34]: What happens if we remove

all the (not yet experimentally observed) supersymmetry? Do the tree-level gluon amplitudes of

the non-supersymmetric pure Yang-Mills theory also enjoy such an infinite-dimensional symmetry,

perhaps under the action of the (non-supersymmetric) conformal Yangian Y [SO(2, 4)]?

In this dissertation, we make progress towards answering this question. We first prove the

algebraic consistency of the infinite-dimensional Yangian extension of the conformal group SO(2, n),

where n is the number of space-time dimensions, in the momentum-space differential operator

representation, for both scalar and spin-one gauge fields. We then investigate the action of the

generators of the conformal Yangian Y [SO(2, n)] on the tree-level scattering amplitudes of massless

scalar λϕ3 theory and pure Yang-Mills (YM) theory, two non-supersymmetric theories which at tree-

level are known to be conformally invariant in n = 6 and n = 4 space-time dimensions, respectively.

Further motivated by the close connection of these two theories through the Cachazo-He-Yuan (CHY)

scattering equations formalism [17–20], we conclude our investigation by exploring the action of the

Y [SO(2, n)] generators on the off-shell scattering polynomials appearing in the so-called polynomial

form of the CHY formalism [21,22].

The CHY scattering equations formalism, developed by Cachazo, He and Yuan, is a novel,

unified method for calculating N -point tree-level partial amplitudes of several theories and in any

number of space-time dimensions, by the evaluation of a multi-variable contour integral encircling the

simultaneous roots of a set of equations, the so-called scattering equations, which are the same for

any theory [17–20]. In the polynomial form of the CHY scattering equations formalism, developed

by Dolan and Goddard, a set of polynomials, hNm, with 1 ≤ m ≤ N − 3, replace the original CHY

scattering equations and extend the applicability of the CHY formalism to off-shell amplitudes [21,22].

The scattering polynomials hNm, which appear as the product HN ≡
∏N−3

m=1 h
N
m in the denominator of

the N -point CHY integrand for any theory, reproduce the roots of the original scattering equations

on shell, while at the same time allowing for more efficient computations of both the roots, i.e. the

poles encircled by the CHY contour integral, and of the contour integral itself [35–37].

With the scattering polynomials hNm remaining the same for any theory, selecting the theory
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whose scattering amplitudes one wishes to calculate comes down to choosing an appropriate function

ΨN , which is specific to the theory of interest and multiplies the inverse of the product of the

scattering polynomials, (HN )−1, in the CHY integrand. The simplest choice is ΨN |λϕ3 theory = 1,

which corresponds to λϕ3 theory and further justifies our interest in this scalar theory’s amplitudes.

For pure YM theory, the appropriate function ΨN |Yang-Mills theory is the Pfaffian of an antisymmetric

matrix, which is a function of the gluon momenta and polarization vectors, and of the complex

variables of integration, discussed extensively in [18,20] and summarized in Section E.3.

Since massless λϕ3 scalar theory is known to be invariant, as a classical field theory, under

the conformal group SO(2, 6), in n = 6 space-time dimensions, and pure YM theory is known to

be invariant, as a classical field theory, under the conformal group SO(2, 4), in n = 4 space-time

dimensions, it can be shown that these symmetries also show up as invariances of the tree-level

scattering amplitudes of the two theories, under the action of the generators of the conformal group

SO(2, n) in n = 4 and n = 6 space-time dimensions, respectively [38,39]. Additionally, since the CHY

integrands for the tree amplitudes of these two theories differ only by the function ΨN |Yang-Mills theory,

we expect to see the conformal symmetry of λϕ3 theory show up as the invariance of (HN )−1 under

the action of the SO(2, n) generators in n = 6 space-time dimensions, and the conformal symmetry

of pure YM theory show up as the invariance of the product of the same (HN )−1 and the function

ΨN |Yang-Mills theory under the action of the SO(2, n) generators in n = 4 space-time dimensions, up

to integration around a contour encircling the simultaneous roots of the scattering polynomials.

By the same logic, we should be able to see any further symmetry of the pure YM tree-level

scattering amplitudes, e.g. under the conformal Yangian Y [SO(2, n)], show up as an invariance

of the product of (HN )−1 and the function ΨN |Yang-Mills theory under the action of the generators

of the corresponding symmetry group, in this case the Y [SO(2, n)] generators. And thus, as

follow-up questions to our original question, we ask: How do the generators of the conformal

Yangian Y [SO(2, n)] act on the scattering polynomials hNm? How do they act on the function

ΨN |Yang-Mills theory? And do these results reproduce the action of the Y [SO(2, n)] generators on the

λϕ3 and pure YM theory tree amplitudes, as expected?

To that end, in Chapter 2, we review the infinite-dimensional algebraic structure known as the

Yangian Y [G] of a semi-simple Lie group G. For the Yangian of the conformal group Y [SO(2, n)], we

define the level-zero generators, i.e. the generators of the conformal group SO(2, n), in a differential
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operator representation in terms of (ordinary) momentum vectors, as opposed to the four-dimensional

spinor-helicity variables used in most of the pertinent literature [27,40,41]. We choose to work in this

momentum-space representation, firstly, because we want to carry out our calculations in arbitrary

space-time dimensions, to the extent possible, and secondly, because, in the CHY formalism, the hNm

scattering polynomials and the ΨN |Yang-Mills theory function are also expressed in terms of momentum

vectors. We construct the level-one generators of Y [SO(2, n)] as bilocal combinations of the level-zero

ones in a multi-site representation. To generate a consistent Yangian algebra, the level-zero and

level-one generators need to be in a representation that satisfies the so-called Serre relation. We

introduce a minimal condition that we call the Single Site Serre Condition, and which, if satisfied by

our representation at a single site, guarantees the satisfaction of the multi-site Serre relation.

In Chapter 3, we prove that the momentum-space differential operator representation of the

conformal Yangian algebra Y [SO(2, n)] satisfies the Serre relation, off-shell and in any number of

space-time dimensions n for scalar fields, but only on-shell and in n = 4 space-time dimensions for

spin-one gauge fields. To our knowledge, the consistency of the Yangian of the (non-supersymmetric)

conformal group Y [SO(2, n)] had not been proven before in the literature.

In Chapter 4, we show that the level-zero generators annihilate individual Feynman tree graphs

and tree-level partial amplitudes of off-shell λϕ3 theory in n = 6 space-time dimensions, and that

the level-one generators, when extended by graph-dependent so-called evaluation parameter terms,

annihilate only individual λϕ3 off-shell tree graphs in n = 6 space-time dimensions.

In Chapter 5, we show that the action of the (non-extended) level-one generators on the pure

Yang-Mills theory 3-point and 4-point on-shell partial amplitudes has a compact, albeit non-vanishing,

form in n = 4 space-time dimensions. These expressions can also be expressed in terms of traces of

Dirac matrices, which we show originate from tree amplitudes with 2 fermions and N − 2 gluons.

This result reflects the invariance of pure Yang-Mills gluon tree amplitudes under the PSU(2,2|4)

Yangian, and may in the future lead to some interpretation of the role of supersymmetry in pure

non-supersymmetric gauge theory.

In Chapter 6, we review the polynomial form of the CHY scattering equations formalism, and

study the action of the level-zero and level-one generators on (HN )−1, the inverse of the product

of the hNm scattering polynomials, which we show vanishes under certain conditions, in accordance

with the results of the action of the generators on λϕ3 partial amplitudes and individual Feynman
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graphs. We then briefly comment on the action of the generators on the product of (HN )−1 and the

pure YM-specific function ΨN |Yang-Mills theory.

In Chapter 7, we introduce the computer algebra tools we used to complement our formal

pen-and-paper calculations. Those are the Mathematica packages ConformalYangian,

TreeAmplitudesDatabase and NumericalEvaluationFiniteFields, which we

created for symbolically calculating the action of the conformal Yangian generators on the scalar and

gauge theory tree amplitudes, and also for numerically evaluating those using finite fields methods,

i.e. using modular arithmetic with large prime numbers.

Finally, in the appendices we present some additional background material and examples. In

Appendix A, we present the explicit commutation relations of the generators of the conformal

Yangian algebra Y [SO(2, n)] and comment on the symmetry properties of the SO(2, n) structure

constants. In Appendix B, we show that the momentum-conserving Dirac delta function commutes

with the level-one translations generator. In Appendix C, we give some explicit examples of

tree-level partial and total amplitudes of scalar λϕ3 theory. In Appendix D, we present some

additional explicit examples of the action of level-one Y [SO(2, n)] generators on 4-, 5- and 6-point

λϕ3 theory individual tree graphs. In Appendix E, we gather some additional definitions related

to the CHY scattering equations formalism. And in Appendix F, we present some additional

analytic expressions and explicit examples of the action of both level-zero and level-one Y [SO(2, n)]

generators on the N = 4, 5 and 6 scattering polynomials.
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CHAPTER 2

CONFORMAL YANGIAN Y [SO(2, n)]

In this chapter, we introduce the infinite-dimensional algebraic structure known as the Yangian

of a semi-simple Lie group G, with its defining commutation relations expressed in terms of the

first two levels of its generators. We focus on the Yangian of the conformal group SO(2, n), defined

in terms of the structure constants of the conformal algebra in n space-time dimensions, and we

discuss a multi-site representation of its so-called level-zero and level-one generators. To generate a

consistent Yangian algebra, the level-zero and level-one generators need to be in a representation

that satisfies the so-called Serre relation. For that to be the case, it is sufficient to show that the

single-site level-zero generators satisfy a much simpler, though certainly non-trivial, constraint, which

we call the Single Site Serre Condition. We conclude this chapter by defining a differential operator

representation for the conformal Yangian Y [SO(2, n)] in momentum-space, which in the following

chapter we prove satisfies this single-site constraint.

2.1 Yangian Algebra Y [G] and its Generators in Single-Index Form

A Yangian algebra Y [G] is an associative Hopf algebra generated by the elements JA, with JA

taking values in the Lie algebra of an arbitrary semi-simple Lie group G with structure constants

fAB
C , and ĴA such that the following defining relations are satisfied [24,25,41–45]:

[
JA, JB

]
= fAB

C JC (2.1)

[
JA, ĴB

]
= fAB

C ĴC (2.2)

[
ĴA,

[
ĴB, JC

]]
+
[
ĴB,

[
ĴC , JA

]]
+
[
ĴC ,

[
ĴA, JB

]]
=

1

24
fADKfBELfCFMfKLM {JD, JE , JF }

(2.3)[[
ĴA, ĴB

]
,
[
JC , ĴD

]]
+
[[
ĴC , ĴD

]
,
[
JA, ĴB

]]
=

1

24

(
fAGLfBEMfKFNfLMNf

CD
K + fCGLfDEMfKFNfLMNf

AB
K

){
JG, JE , ĴF

} (2.4)
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The latter two relations are called the Serre relations. Note that {JD, JE , JF } and {JG, JE , ĴF } are

totally symmetrized triple products. Note further that the second Serre relation follows from the

first one for G ≠ SU(2) [24, 25, 41, 42]. Therefore, for all subsequent discussion of the conformal

Yangian Y [SO(2, n)], we will be referring to (2.3) as the Serre relation. We call the elements JA the

level-zero generators and the elements ĴA the level-one generators.

For completeness we note that, as a Hopf algebra, Y [G] is equipped with the coproduct ∆:

∆(JA) = JA ⊗ 1+ 1⊗ JA, ∆(ĴA) = ĴA ⊗ 1+ 1⊗ ĴA + fABC J
B ⊗ JC , (2.5)

which provides the prescription for lifting a single-site representation of the algebra to a multi-site one.

In a multi-site representation, with single-site level-zero generators JA
i satisfying the commutation

relations [
JA
i , J

B
j

]
= δij f

AB
C JC

i (2.6)

and N -site level-zero generators

JA =
N∑
i=1

JA
i (2.7)

satisfying (2.1), a construction for the level-one generators that satisfies (2.2) is the following

[25,41,45]:

ĴA = fABC

∑
1≤i<j≤N

JB
i J

C
j . (2.8)

The infinite number of higher-level generators of the Yangian algebra, i.e. the level-two generators

and above, call them JA
(m) for m ≥ 2, are derived from commutators of level-one generators, and

satisfy the following commutation relations with the level-zero generators [41,44–46]:

[
JA, JB

(m)

]
= fAB

C JC
(m) . (2.9)
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2.2 Conformal Yangian Algebra Y [SO(2, n)] and its Generators in Double-Index
Form

For the Yangian of the conformal group SO(2, n), where n is the number of space-time dimensions,

it is convenient to use a double-index form of the generators and defining relations. In this notation,

the conformal group SO(2, n) generators JAB satisfy the Lie algebra commutation relations

[
JAB, JCD

]
= −ηACJBD − ηBDJAC + ηADJBC + ηBCJAD , (2.10)

where

JAB = −JBA, 0 ≤ A,B ≤ n+ 1, ηAB = diagonal(1,−1,−1,−1, . . . ,−1, 1),

gµν = ηµν = diagonal(1,−1,−1,−1, . . . ,−1), 0 ≤ µ, ν ≤ n− 1 .

(2.11)

To generate a consistent Yangian algebra, the level-zero generators JAB and level-one generators

ĴAB need to satisfy the following defining relations [25,42–45]:

[
JAB, JCD

]
= fABCD

EF JEF (2.12)

[
JAB, ĴCD

]
= fABCD

EF ĴEF (2.13)

[
ĴAB,

[
ĴCD, JEF

]]
+
[
ĴCD,

[
ĴEF , JAB

]]
+
[
ĴEF ,

[
ĴAB, JCD

]]
=

1

24
fAB

GHMN fCD
IJOP f

EF
KLQR f

MNOPQR
{
JGH , JIJ , JKL

} (2.14)

where the totally symmetrized triple product is defined as

{
JGH , JIJ , JKL

}
≡ JGHJIJJKL + JIJJGHJKL + JKLJIJJGH

+ JGHJKLJIJ + JIJJKLJGH + JKLJGHJIJ
(2.15)

and the structure constants of the conformal algebra (2.10) as

fABCD
EF ≡ 1

2

(
− ηAC δBE δ

D
F − ηBD δAE δ

C
F + ηAD δBE δ

C
F + ηBC δAE δ

D
F

+ ηAC δBF δ
D
E + ηBD δAF δ

C
E − ηAD δBF δ

C
E − ηBC δAF δ

D
E

)
.

(2.16)
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The indices can be raised and lowered with the metric ηAB , e.g. fAB
GHMN = fABG′H′

MN ηGG′ηHH′

and fMNOPQR = fMNOP
Q′R′ ηQQ′

ηRR′ .

In a multi-site representation, with single-site level-zero generators JAB
i satisfying the commuta-

tion relations

[
JAB
i , JCD

j

]
= δij

(
− ηACJBD

i − ηBDJAC
i + ηADJBC

i + ηBCJAD
i

)
= δij f

ABCD
EF J

EF
i (2.17)

and N -site level-zero generators

JAB =

N∑
i=1

JAB
i (2.18)

satisfying (2.12), a construction for the level-one generators that satisfies (2.13) is the following:

ĴAB =
1

2
fAB

CDEF

∑
1≤i<j≤N

JCD
i JEF

j . (2.19)

In Chapter 4, we introduce an extension to this construction, in terms of so-called evaluation

parameter terms, which also satisfies the defining relations (2.12)–(2.14).

2.3 Single Site Serre Condition

For a representation of level-zero generators JAB and a construction of level-one generators ĴAB

to generate a consistent Yangian algebra, it is not sufficient for the generators to satisfy the first two

defining relations (2.12)–(2.13). They need to also satisfy the third one, the so-called Serre relation

(2.14). From the definition of the N -site level-zero generators (2.18) and the construction of the

level-one generators (2.19), it follows that for a single site, i.e. for N = 1, JAB = JAB
1 and ĴAB = 0.

Thus, for a single site, the Serre relation reduces to the following Single Site Serre Condition :

fAB
GHMN fCD

IJOP f
EF

KLQR f
MNOPQR

{
JGH
1 , JIJ

1 , JKL
1

}
= 0 . (2.20)

Once (2.20) is proved for a given representation of single-site level-zero generators, the full Serre

relation (2.14) follows from the coproduct (2.5).

However, not all representations of the single-site level-zero generators satisfy (2.20). In Chapter 3

we prove that the momentum-space differential operator representation of the conformal Yangian

Y [SO(2, n)], which is introduced in the following section (2.25), satisfies the Single Site Serre
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Condition (2.20) for both scalar and spin-one gauge fields, in their respective domains of applicability.

In preparation for the proof, we rewrite the RHS of the Serre relation (2.14) as the sum of three

cyclic terms:

fAB
GHMNf

CD
IJOP f

EF
KLQRf

MNOPQR {JGH , JIJ , JKL}

=
[
4 ηWY

·
(
ηBD

(
{JFA, JEW , JY C}+ {JEC , JAW , JY F } − {JFC , JEW , JY A} − {JEA, JCW , JY F }

)
− ηAD

(
{JFB, JEW , JY C}+ {JEC , JBW , JY F } − {JFC , JEW , JY B} − {JEB, JCW , JY F }

)
− ηBC

(
{JFA, JEW , JY D}+ {JED, JAW , JY F } − {JFD, JEW , JY A} − {JEA, JDW , JY F }

)
+ ηAC

(
{JFB, JEW , JY D}+ {JED, JBW , JY F } − {JFD, JEW , JY B} − {JEB, JDW , JY F }

))]
+ (ABCDEF → CDEFAB) + (ABCDEF → EFABCD) .

(2.21)

We then rewrite (2.21) in terms of anti-commutators as follows:

fAB
GHMNf

CD
IJOP f

EF
KLQRf

MNOPQR {JGH , JIJ , JKL}

=

[(
4 ηDB

(
3 ηWY

(
JFA{JEW , JY C}+ JEC{JAW , JY F } − JFC{JEW , JY A} − JEA{JCW , JY F }

)
− (δWW − 6)(ηECJFA + ηFAJEC − ηEAJFC − ηFCJEA )

)
− (A↔ B)

)
− (C ↔ D)

]

+ (ABCDEF → CDEFAB) + (ABCDEF → EFABCD) . (2.22)

The terms proportional to (δWW −6) make zero contribution in (2.22) when all the cyclic permutations

are performed, so we can drop them. Note that the identities (2.21) and (2.22) hold for any number

of sites N , but we are interested to prove that they vanish on a single site. That is, the Single Site

Serre Condition (2.20) becomes

[(
ηDBMEFCA − (A↔ B)

)
− (C ↔ D)

]

+ (ABCDEF → CDEFAB) + (ABCDEF → EFABCD) = 0 , (2.23)
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where the single-site tensor MEFCA is defined as

MEFCA ≡
(
− JEA

1 {JCW
1 , JY F

1 } − JFC
1 {JEW

1 , JY A
1 }+ JEC

1 {JAW
1 , JY F

1 }+ JFA
1 {JEW

1 , JY C
1 }

)
ηWY .

(2.24)

2.4 Momentum-Space Differential Operator Representation

We now introduce the momentum-space differential operator representation of the single-site

level-zero generators of the conformal Yangian Y [SO(2, n)], i.e. the single-site conformal group

SO(2, n) generators, for scalar and spin-one gauge fields [38, 39,47, 48]. In terms of the momenta kµi

and the partial derivatives ∂ µ
i ≡ ∂/∂ki µ, ∂iµ ≡ ∂/∂kµi , 1 ≤ i ≤ N , 0 ≤ µ, ν ≤ n− 1, we define the

generators:

Pµ
i ≡ kµi Lµν

i ≡ kµi ∂
ν
i − kνi ∂

µ
i +Σµν

i

Di ≡ d+ kνi ∂iν Kµ
i ≡ 2 d ∂ µ

i + 2 kνi ∂iν ∂
µ
i − kµi ∂iν ∂

ν
i − 2Σµν

i ∂iν

(2.25)

where the conformal dimension d ∈ R (canonical mass/scaling dimension) takes the value d = (n−2)/2

for bosonic fields in n space-time dimensions. The spin operator Σµν
i terms don’t appear for scalar

fields, i.e.

Σµν
i |scalar ≡ 0 , (2.26)

while for gauge fields they are given by

Σµν
i |gauge A(kj ; ϵj) ≡ ϵαi Σµν

(αβ) Ã
β
i (kj ; ϵj ̸=i) = ϵαi (δ

µ
α δ

ν
β − δµβ δ

ν
α) Ã

β
i (kj ; ϵj ̸=i) , (2.27)

where

Σµν
(αβ) ≡ δµα δ

ν
β − δµβ δ

ν
α , (2.28)

A(kj ; ϵj) ≡ ϵαi gαβ Ã
β
i (kj ; ϵj ̸=i) is a scalar function of the momenta kµj and polarization vectors ϵµj ,

linear in each one of the latter, and Ãβ
i (kj ; ϵj ̸=i) is the tensor we obtain by stripping off the ith

polarization vector. The above definition of Σµν
i |gauge is equivalent to the following one appearing

in [39]:

Σµν
i |gauge ≡ ϵµi

∂

∂ϵi ν
− ϵνi

∂

∂ϵi µ
. (2.29)
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These generators {Pµ
i , L

µν
i , Di,K

µ
i } are the momentum-space analogues of the generators of

the conformal group SO(2, n) coordinate transformations in position-space, i.e. the generators of

translations, Lorentz transformations, dilatation and special conformal transformations.

Note that, in the double-index form introduced earlier, the single-site level-zero Y [SO(2, n)]

generators JAB
i , 0 ≤ A,B ≤ n+ 1 are given by:

Jµν
i ≡ Lµν

i Jn,µ
i ≡ 1

2 (P
µ
i −Kµ

i ) Jn+1,µ
i ≡ 1

2 (P
µ
i +Kµ

i ) Jn,n+1
i ≡ Di (2.30)

or more explicitly

Jµν
i = kµi ∂

ν
i − kνi ∂

µ
i Jn,µ

i = 1
2 (k

µ
i − 2 d ∂ µ

i − 2 kνi ∂iν ∂
µ
i + kµi ∂iν ∂

ν
i )

Jn,n+1
i = d+ kνi ∂iν Jn+1,µ

i = 1
2 (k

µ
i + 2 d ∂ µ

i + 2 kνi ∂iν ∂
µ
i − kµi ∂iν ∂

ν
i )

(2.31)

Using (2.18) and (2.25), we can now define the N -site level-zero generators of Y [SO(2, n)]

Pµ ≡
N∑
i=1

Pµ
i Lµν ≡

N∑
i=1

Lµν
i D ≡

N∑
i=1

Di Kµ ≡
N∑
i=1

Kµ
i (2.32)

in the momentum-space differential operator representation. And from (2.30), (2.19) and (2.16), we

obtain the level-one Y [SO(2, n)] generators in this representation:

P̂µ ≡ −
∑

1≤i<j≤N

[(
Pµ
i Dj + gαβ P

α
i L

µβ
j

)
− (i↔ j)

]
L̂µν ≡ −1

2

∑
1≤i<j≤N

[(
Pµ
i K

ν
j − P ν

i K
µ
j + 2 gαβ L

µα
i Lνβ

j

)
− (i↔ j)

]
D̂ ≡ −1

2

∑
1≤i<j≤N

[(
gαβ P

α
i K

β
j

)
− (i↔ j)

]
K̂µ ≡

∑
1≤i<j≤N

[(
−DiK

µ
j + gαβ L

µα
i Kβ

j

)
− (i↔ j)

]
(2.33)

Finally, note that, in the double-index form, the level-one Y [SO(2, n)] generators ĴAB , are given by:

Ĵµν ≡ L̂µν Ĵn,µ ≡ 1

2

(
P̂µ − K̂µ

)
Ĵn+1,µ ≡ 1

2

(
P̂µ + K̂µ

)
Ĵn,n+1 ≡ D̂ (2.34)
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or more explicitly

Ĵµν ≡ −1

2

∑
1≤i<j≤N

[(
Pµ
i K

ν
j − P ν

i K
µ
j + 2 gαβ L

µα
i Lνβ

j

)
− (i↔ j)

]
Ĵn,µ ≡ 1

2

∑
1≤i<j≤N

[(
Di

(
Pµ
j +Kµ

j

)
+ gαβ L

µα
i

(
P β
j −Kβ

j

))
− (i↔ j)

]
Ĵn+1,µ ≡ 1

2

∑
1≤i<j≤N

[(
Di

(
Pµ
j −Kµ

j

)
+ gαβ L

µα
i

(
P β
j +Kβ

j

))
− (i↔ j)

]
Ĵn,n+1 ≡ −1

2

∑
1≤i<j≤N

[(
gαβ P

α
i K

β
j

)
− (i↔ j)

]
(2.35)
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CHAPTER 3

PROOF OF THE SERRE RELATION

In this chapter1, we prove that the Serre relation (2.14) is satisfied by the momentum-space

differential operator representation of the conformal Yangian Y [SO(2, n)] for massless scalar and

spin-one gauge fields. More specifically, we first prove that the representation (2.25) for scalar fields

satisfies the Single Site Serre Condition (2.23), off-shell, for arbitrary conformal dimension d and

in any number of space-time dimensions n. And then, we prove that for spin-one gauge fields this

representation also satisfies (2.23), but only on-shell, for d = 1 and in n = 4 space-time dimensions.

To prove the Single Site Serre Condition (2.23) for the representation (2.25), we first write the

single-site level-zero generators JAB
i and their anti-commutators SAD

i ≡ ηBC {JAB
i , JCD

i } in terms

of a smaller set of operators, κAi , V A
i and ΣAB

i . For the remainder of this chapter all operators are to

be still understood as acting on a single site, but we suppress the single-site notation for simplicity:

JAB = κAV B − κBV A +ΣAB

SAD = −2κBκBV
AV D − 2 d ηAD − 2 (d− n−2

2 )(κAV D + κDV A)

− 2κBV AΣCDηBC − 2κBV DΣCAηBC +ΣABΣCDηBC +ΣCDΣABηBC (3.1)

1The content of this chapter was adapted with minor changes from Section 3 of the author’s previously published
paper in the Journal of High Energy Physics:
N. Dokmetzoglou and L. Dolan, Properties of the conformal Yangian in scalar and gauge field theories, JHEP 02
(2023) 137 [arXiv:2207.14806 [hep-th]].
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where

κA = (κµ, κn, κn+1), κµ = kµ, κn = −(d+ kρ∂ρ) = −κn+1

V A = (V µ, V n, V n+1), V µ = ∂µ, V n = −1
2(1 + ∂ρ∂ρ), V n+1 = −1

2(1− ∂ρ∂ρ)

ΣAB = δAµ δ
B
ν Σ

µν + δAµ (ηBn + ηB,n+1) ΣµρVρ − δBµ (ηAn + ηA,n+1) ΣµρVρ (3.2)

satisfy the simpler algebra

[κA, κB] = c̃AB
D κD, [V A, V B] = 0, [κA, V B] = −ηAB + cAB

D V D,

c̃AB
D = −δAD(ηBn + ηB,n+1) + δBD(η

An + ηA,n+1) = −c̃BA
D

cAB
D = −δAD(ηBn + ηB,n+1) − δBD(η

An + ηA,n+1) = cBA
D

[Σµν ,Σρσ] = −ηµρΣνσ − ηνσΣµρ + ηµσΣνρ + ηνρΣµσ, [Σµν , κA] = [Σµν , V A] = 0

(3.3)

To prove (2.23) we consider the scalar and gauge cases separately.

3.1 For Scalar Fields

From (2.26) we have that for scalar fields, ΣAB = Σµν = 0, and thus, (3.1) becomes

JAB = κAV B − κBV A,

SAD = −2κBκBV
AV D − 2 d ηAD − 2 (d− n−2

2 )(κAV D + κDV A) (3.4)

To construct the MEFCA tensor (2.24),

MEFCA =
(
−JEASCF − (A↔ C)

)
− (E ↔ F ) , (3.5)

we first compute

−JEA(κCV F + κFV C) = −(κEV A − κAV E) (κCV F + κFV C)

= −κEκCV AV F − κEκFV AV C + κAκCV EV F + κAκFV EV C

− κE [V A, κC ]V F − κE [V A, κF ]V C

+ κA[V E , κC ]V F + κA[V E , κF ]V C (3.6)
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which, after performing the permutations as in the four tensor, becomes

(
− JEA(κCV F + κFV C) − (A↔ C)

)
− (E ↔ F )

=− [κE , κC ]V AV F + [κA, κF ]V EV C + [κE , κA]V CV F − [κC , κF ]V EV A

− JEC [V A, κF ] + JAF [V E , κC ] + JEA[V C , κF ]− JCF [V E , κA]

=− JECηAF + JAF ηEC + JEAηCF − JCF ηEA

+ (ηEn + ηE,n+1) 2JAC V F − (ηFn + ηF,n+1) 2JAC V E

− (ηCn + ηC,n+1) 2JFE V A + (ηAn + ηA,n+1) 2JFE V C (3.7)

From the first term in SAD, we have

−JEA κ2V CV F = −κ2JEAV CV F − [JEA, κ2]V CV F

= −κ2JEAV CV F − (ηEn + ηE,n+1)
(
2κ2V A + 2(d− n−2

2 ) κA
)
V CV F

+ (ηAn + ηA,n+1)
(
2κ2V E + 2(d− n−2

2 ) κE
)
V CV F (3.8)

where κ2 = ηAB κ
A κB = k2, which after the permutations becomes

(
− JEA κ2V CV F − (A↔ C)

)
− (E ↔ F ) =

(
− [JEA, κ2]V CV F − (A↔ C)

)
− (E ↔ F )

= −2
(
d− δρρ−2

2

) (
(ηEn + ηE,n+1) JAC V F − (ηFn + ηF,n+1) JAC V E

− (ηCn + ηC,n+1) JFE V A + (ηAn + ηA,n+1) JFE V C
)

(3.9)

Then, combining (3.4), (3.5), (3.7) and (3.9), we find the tensor

MEFCA = −JEASCF − JFCSEA + JECSAF + JFASEC

= (n− 2) (JEAηCF + JFCηEA − JECηAF − JFAηEC)

= (n− 2) [JEF , JCA] (3.10)

Finally, substituting this form of MEFCA into the Single Site Serre Condition (2.23) gives a vanishing

result due to the sum over the various permutations. So, we have proved the Serre relation for the
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momentum-space differential operator representation of the conformal Yangian Y [SO(2, n)] for scalar

fields and for arbitrary k2, d and n, i.e. off-shell, for any conformal dimension d and in any number

of space-time dimensions n.

3.2 For Gauge Fields

For gauge fields, the proof of (2.23) is more complicated. The anti-commutator SAD has

additional terms, from (3.1) and (2.27), which can be simplified using the commutation relations

(3.3),

− 2κBV AΣCDηBC − 2κBV DΣCAηBC +ΣABΣCDηBC +ΣCDΣABηBC

=
(
−2V A kµ

(
δDρ + (δDn+1 − δDn )Vρ

)
Σµρ +ΣAµΣνDηµν

)
+ (A↔ D) (3.11)

With the α, γ indices on Σµν
(αγ) displayed explicitly, (3.11) becomes

=
(
− 2kα V

A
(
δDγ + (δDn+1 − δDn )Vγ

)
+ (n− 4)

(
δAα + (ηAn + ηA,n+1)Vα

) (
δDγ + (δDn+1 − δDn )Vγ

)
− 2V A (δDn+1 − δDn )ηαγ + 2V A(δDα + (δDn+1 − δDn )Vα

)
kγ

+ (δAδ + (δAn+1 − δAn )Vδ) (δ
D
δ′ + (δDn+1 − δDn )Vδ′) η

δδ′ηαγ

)
+ (A↔ D) (3.12)

where we used the anti-commutator

ΣAµΣνDηµν + (A↔ D) = 2 (δAδ + (δAn+1 − δAn )Vδ) (δ
D
δ′ + (δDn+1 − δDn )Vδ′) η

δδ′ηαγ

+ (n− 2)
((
δAα + (δAn+1 − δAn )Vα

) (
δDγ + (δDn+1 − δDn )Vγ

)
+
(
δDα + (δDn+1 − δDn )Vα

) (
δAγ + (δAn+1 − δAn )Vγ

))
(3.13)

We reduce (3.12) further using

V A (δDn+1 − δDn ) + V D (δAn+1 − δAn )− (δAδ + (δAn+1 − δan)Vδ) (δ
D
δ′ + (δDn+1 − δDn )Vδ′) η

δδ′

= −δAn+1δ
D
n+1 + δAn δ

D
n − δAδ δ

D
δ′ η

δδ′ = −ηAD (3.14)
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and combine it with the Σ-independent terms in (3.1) to evaluate the anti-commutator for the gauge

field representation as

SAD =
(
− 2kα V

A
(
δDγ + (δDn+1 − δDn )Vγ

)
+ (n− 4)

(
δAα + (ηAn + ηA,n+1)Vα

) (
δDγ + (δDn+1 − δDn )Vγ

)
+ 2V A(δDα + (δDn+1 − δDn )Vα

)
kγ

+ ηαγ
(
− k2V AV D − (d− 1) ηAD − 2 (d− n−2

2 ) κAV D
))

+ (A↔ D) (3.15)

To construct the four tensor MEFCA for the gauge field representation, we first compute from (3.15)

the product

−JEASCF = −JEA
αβ′ SCF

βγ η
ββ′

=
(
2JEA

αβ kβV C
(
δFγ + (ηFn + δF,n+1)Vγ

)
+ JEA

αγ k2 V CV F

− (n− 4)JEA
αβ

(
ηCβ + (ηCn + ηC,n+1)V β

) (
δFγ + (ηFn + ηF,n+1)Vγ

)
− 2JEA

αβ V C (ηFβ + (ηFn + ηF,n+1)V β) kγ

+ (d− 1)JEA
αγ ηCF + 2(d− n−2

2 ) JEA
αγ κCV F

)
+ (C ↔ F ) (3.16)
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Finally, with the use of

JEA
αβ kβ = [JEA

αβ , k
β ] + kβ JEA

αβ

= kα

(
(κE + ηEn + ηE,n+1) V A − (κA + ηAn + ηA,n+1) V E

)
+ (d+ 1− n)

(
δAα (ηEn + ηE,n+1)− δEα (ηAn + ηA,n+1)

)

JEA
αγ k2 = [JEA

αγ , k
2] + k2 JEA

αγ

= 2(ηEn + ηE,n+1) (kαδ
A
γ − δAα kγ)− 2(ηAn + ηA,n+1) (kαδ

E
γ − δEα kγ)

+ ηαγ

(
(ηEn + ηE,n+1) (2k2V A + 2(d− n−2

2 )κA)

− (ηAn + ηA,n+1) (2k2V E + 2(d− n−2
2 )κE)

)
+ k2 JEA

αγ

JEA
αγ k2 V CV F = kα 2

(
δAγ (ηEn + ηE,n+1)− δEγ (ηAn + ηA,n+1)

)
V CV F

− 2
(
δAα (ηEn + ηE,n+1)− δEα (ηAn + ηA,n+1)

)
V CV F kγ

+ 2
(
δAα (ηEn + ηE,n+1)− δEα (ηAn + ηA,n+1)

)
· (δCγ + (ηCn + ηC,n+1)Vγ) V

F + V C (δFγ + (ηFn + ηF,n+1)Vγ)

+
[
ηαγ

(
(ηEn + ηE,n+1) (2k2V A + 2(d− n−2

2 )κA)

− (ηAn + ηA,n+1) (2k2V E + 2(d− n−2
2 )κE)

)
+ k2 JEA

αγ

]
V CV F (3.17)
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the product becomes

− JEASCF

=
[
kα 2

(
(κE + ηEn + ηE,n+1) V A − (κA + ηAn + ηA,n+1) V E

)
+ (2(d+ 1− n) + 4)

(
δAα (ηEn + ηE,n+1)− δEα (ηAn + ηA,n+1)

)]
· (δCγ + (ηCn + ηC,n+1)Vγ) V

F + V C (δFγ + (ηFn + ηF,n+1)Vγ)

+ kα 4
(
δAγ (ηEn + ηE,n+1)− δEγ (ηAn + ηA,n+1)

)
V CV F

− 4
(
δAα (ηEn + ηE,n+1)− δEα (ηAn + ηA,n+1)

)
V CV F kγ

+ 2
[
ηαγ

(
(ηEn + ηE,n+1)(2k2V A + 2(d− n−2

2 )κA)

−(ηAn + ηA,n+1)(2k2V E + 2(d− n−2
2 )κE)

)
+ k2JEA

αγ

]
V CV F

+
[(

− (n− 4)JEA
αβ

(
ηCβ + (ηCn + ηC,n+1)V β

) (
δFγ + (ηFn + ηF,n+1)Vγ

)
− 2JEA

αβ V C (ηFβ + (ηFn + ηF,n+1)V β) kγ + (d− 1)JEA
αγ ηCF + 2(d− n−2

2 ) JEA
αγ κCV F

)
+ (C ↔ F )

]
(3.18)

We see that (3.18) does not lead to a four tensor (3.5) that satisfies the Serre relation for arbitrary

k2, d, and n. But for k2 = 0, d = 1, and n = 4, the product reduces to

−JEASCF = 2kα

[
(κE + ηEn + ηE,n+1) V A − (κA + ηAn + ηA,n+1) V E

]
·
[
(δCγ + (ηCn + ηC,n+1)Vγ) V

F + V C (δFγ + (ηFn + ηF,n+1)Vγ)
]

+ 4kα
[
δAγ (ηEn + ηE,n+1)− δEγ (ηAn + ηA,n+1)

]
V CV F

− 4
[
δAα (ηEn + ηE,n+1)− δEα (ηAn + ηA,n+1)

]
V CV F kγ

− 2JEA
αβ

[
V C (ηFβ + (ηFn + ηF,n+1)V β) + (C ↔ F )

]
kγ (3.19)

which we recognize as a gauge transformation.

So JEASCF = 0 when acting on on-shell gauge amplitudes since they are gauge invariant. Note

that (3.19) is a single site expression, but it holds for any site i, 1 ≤ i ≤ N . The gauge invariance of

on-shell gauge amplitudes provides (ki · ∂ϵi)AN (k1, . . . , kN ; ϵ1, . . . , ϵN ) = kiγ Ã
γ
i (kj ; ϵj ̸=i) = 0 for all i.

For example, if we consider (3.19) at site one, k1γ Ã
γ
1(k1, . . . , kN ; ϵ2, . . . , ϵN ) = 0 will cause the terms
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in (3.19) proportional to kγ to vanish. The terms proportional to kα will vanish upon multiplication

on the left of JEASCF with the polarization vector ϵα1 , due to the transversality condition ki · ϵi = 0.

That is to say

ϵα1
(
JEA
1 SCF

1

)
αγ

Ãγ
1(k1, . . . , kN ; ϵ2, . . . , ϵN ) = 0 , (3.20)

which implies MEFCA vanishes on the amplitudes

ϵα1
(
MEFCA

)
αγ

Ãγ
1(k1, . . . , kN ; ϵ2, . . . , ϵN ) = 0 , (3.21)

and proves that the Single Site Serre Condition (2.23) for the gauge field representation (2.25) of

the conformal Yangian Y [SO(2, n)] is satisfied, but only on-shell, for d = 1 and in n = 4 space-time

dimensions.

This restriction to fields satisfying their free field equations of motion for representation theory

is familiar from earlier discussions of the conformal group [49].

Proof of the Serre relation in the context of the SU(N) Yangian and the PSU(2, 2|4) Yangian

was given in [24] using tensor operator methods. These methods also occur in [50]. In this work we

emphasize that the SO(2, n) Yangian gauge field representation only has a consistent Serre relation

for on-shell fields and for n = 4, d = 1. In contrast, the scalar field representation is consistent off

shell, for arbitrary n and conformal dimension d.
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CHAPTER 4

ACTION OF CONFORMAL YANGIAN Y [SO(2, n)] GENERATORS ON
SCALAR λϕ3 THEORY

In this chapter, we investigate the action of the level-zero and level-one conformal Yangian

Y [SO(2, n)] generators on scalar λϕ3 theory off-shell tree-level amplitudes and individual Feynman

graphs.

We find that rewriting the momentum-space differential operator representation of the generators,

discussed previously, in terms of derivatives with respect to kinematic invariants with consecutive

momenta, significantly simplifies the calculation of their action on the off-shell λϕ3 theory tree-level

amplitudes, which themselves can be written as functions of those invariants alone. We show that

the level-zero generators (Pµ, Lµν , D, Kµ), i.e. the conformal group generators, annihilate all λϕ3

theory off-shell tree-level Feynman graphs in n = 6 space-time dimensions. This result can be easily

extended to show that λϕ3 theory off-shell tree-level partial and total amplitudes are also annihilated

by the level-zero generators in n = 6 space-time dimensions, as expected.

We find that the level-one generator P̂µ acts as a multiplicative factor of the form
∑N

i=1 cik
µ
i

on individual λϕ3 theory off-shell tree-level Feynman graphs, where ci are integer valued graph-

specific parameters, which we call the evaluation parameters, adopting the language used in the

literature [51]. Extending all the level-one generators
(
P̂µ, L̂µν , D̂, K̂µ

)
by terms that depend on

these graph-specific evaluation parameters, as in

P̂′µ ≡ P̂µ +
N∑
i=1

ci P
µ
i L̂′µν ≡ L̂µν +

N∑
i=1

ci L
µν
i

D̂′ ≡ D̂+

N∑
i=1

ciDi K̂′µ ≡ K̂µ +

N∑
i=1

ciK
µ
i

, (4.1)

we show that this extended construction of the level-one generators
(
P̂′µ, L̂′µν , D̂′, K̂′µ

)
annihilates

individual λϕ3 theory off-shell tree-level Feynman graphs in n = 6 space-time dimensions. However,
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neither the original nor the extended construction of the level-one generators annihilates λϕ3 theory

off-shell tree-level partial or total amplitudes, which are sums of individual Feynman graphs, each

one with its own set of evaluation parameters.

4.1 Some Basic Definitions and Preliminary Comments

For all subsequent discussion, it is useful for us to define any N -point function AN for which

momentum conservation is assumed (e.g. an individual Feynman graph, partial or total amplitude)

as follows:

AN (k1, k2, . . . , kN ) ≡ δn(k1 + k2 + · · ·+ kN ) AN (k1, k2, . . . , kN ) , (4.2)

where δn is the n-dimensional momentum-conserving Dirac delta function, AN is the kinematic

part of the N -point function, and where the caligraphic AN and plain AN have been chosen to

distinguish between the full N -point function and its kinematic part with the momentum-conserving

delta function stripped off. Further, we use the superscript ∆ to denote an individual off-shell λϕ3

theory graph, e.g. Aϕ3,∆
N . For a discussion of the distinction between individual graphs, partial

amplitudes and total amplitudes, see Appendix C.

Let S be any subset of the set A ≡ {1, 2, . . . , N}. We define the corresponding kinematic invariant

as k2S ≡ (
∑

j∈S kj)
2. Given the assumption of momentum conservation, any invariant k2S can be

rewritten as a linear combination of other invariants. Thus, one has some freedom in choosing the

basis of independent kinematic invariants they wish to use. In [22] Dolan and Goddard show that

a choice of basis of 1
2N(N − 1) independent off-shell invariants with consecutive momenta, of the

form k2[I,J ] ≡ (kI + kI+1 + . . .+ kJ−1 + kJ )
2 ≡ sI,I+1,...,J−1,J , with 1 ≤ I ≤ J < N , is convenient for

expressing the polynomial form of the CHY scattering equations off-shell. We adopt this choice of

basis of consecutive invariants here, as it appears to significantly simplify our calculations.

In this basis we can express all λϕ3 theory off-shell tree-level amplitudes as functions of 1
2N(N−3)

of these consecutive off-shell invariants k2[I,J ], with 1 ≤ I < J < N , but not k2[1,N−1]. Now, let us define

the set of all consecutive subsets A ≡ {[I, J ] : 1 ≤ I ≤ J < N}, where [I, J ] = {a ∈ N : I ≤ a ≤ J},

such that {k2S : S ∈ A} is our chosen set of all 1
2N(N − 1) independent off-shell kinematic invariants.

Let us further define for each individual off-shell λϕ3 theory Feynman graph, Aϕ3,∆
N , a set ∆ ⊂ A

which only includes the N − 3 consecutive subsets [I, J ] which appear in the invariants of the
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denominator of the given graph, such that

Aϕ3,∆
N (k1, . . . , kN ) ≡ (−1)N+1

∏
S∈∆

1

k2S
= (−1)N+1

∏
[I,J ]∈∆

1

k2[I,J ]
. (4.3)

For example, for the graph Aϕ3,∆
6 = −1/

(
(k1 + k2)

2(k1 + k2 + k3)
2(k1 + k2 + k3 + k4)

2
)
, we define

∆ ≡ {{1, 2}, {1, 2, 3}, {1, 2, 3, 4}} = {[1, 2], [1, 3], [1, 4]}, such that Aϕ3,∆
6 = (−1)

∏
S∈∆ 1/k2S .

Similarly, for the two graphs that constitute the N = 4 partial amplitude, − 1
s12

and − 1
s23

, we

define ∆ as {[1, 2]} and {[2, 3]} respectively, and for the five graphs of the N = 5 partial amplitude,

1
s12s123

, 1
s12s34

, 1
s23s123

, 1
s23s234

and 1
s34s234

, we define ∆ as {[1, 2], [1, 3]}, {[1, 2], [3, 4]}, {[2, 3], [1, 3]},

{[2, 3], [2, 4]} and {[3, 4], [2, 4]} respectively. We can find the N > 5 graphs from the off-shell

recurrence relation [22],

Aϕ3,∆
N (k1, . . . , kN ) = − 1

s34
Aϕ3,∆′

N−1 (k1, k2, k3 + k4, k5, . . . , kN ) (4.4)

where the momenta can be cycled to find all the subsets ∆.

Finally, we note that, for a given N -point function AN , showing that it is annihilated by all the

level-zero Y [SO(2, n)] generators (Pµ, Lµν , D, Kµ) and by at least one of the level-one Y [SO(2, n)]

generators
(
P̂µ, L̂µν , D̂, K̂µ

)
is sufficient for proving that AN is annihilated by all the level-one

generators, assuming that the level-zero and level-one generators satisfy the algebra (A.5). The same

holds for the extended level-one generators
(
P̂′µ, L̂′µν , D̂′, K̂′µ

)
.

For instance, assuming PµAN = 0, LµνAN = 0, DAN = 0, KµAN = 0, and D̂AN = 0, from (A.5)

we have

[
Kµ, D̂

]
AN = K̂µAN ⇒ Kµ

✟✟
✟✟✟✯

0(
D̂AN

)
− D̂

✟
✟✟✟✟✯0(
KµAN

)
= K̂µAN ⇒ K̂µAN = 0 (4.5)

and

[
Pµ, D̂

]
AN = −P̂µAN ⇒ Pµ

✟
✟✟✟✟✯

0(
D̂AN

)
− D̂

✟
✟✟✟✟✯

0(
PµAN

)
= −P̂µAN ⇒ P̂µAN = 0, (4.6)
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which further implies that

[
Kν , P̂µ

]
AN = 2 gµν

✟✟✟
✟✟✯

0(
D̂AN

)
+ 2 L̂µνAN ⇒ Kν

✟✟✟
✟✟✯

0(
P̂µAN

)
− P̂µ

✟
✟✟✟✟✯0(
KνAN

)
= 2 L̂µνAN

⇒ L̂µνAN = 0.

(4.7)

4.2 Level-Zero Generators on Scalar λϕ3 Theory Off-Shell Tree Graphs

Massless scalar λϕ3 theory is known to be conformally invariant as a classical field theory in

n = 6 space-time dimensions. As such, we expect its tree-level amplitudes to be annihilated by

the momentum-space generators of the conformal group SO(2, 6), as defined in (2.32), in n = 6

space-time dimensions. Here we show that that is indeed the case by acting on λϕ3 off-shell tree

graphs with Pµ, Lµν , D, and Kµ. We show that Pµ and Lµν annihilate any λϕ3 off-shell tree graph

in any arbitrary number of space-time dimensions n, while D and Kµ annihilate the graphs only

in n = 6 space-time dimensions. We use the terms “conformal group SO(2, n) generators” and

“level-zero conformal Yangian Y [SO(2, n)] generators” interchangeably.

4.2.1 Action of Level-Zero Translation Generators

The level-zero translation generators, by definition, act very simply on any N -point function.

They simply multiply the function they are acting on by the sum of all the N external momenta,

which by momentum-conservation vanishes in any number of space-time dimensions. Therefore, for

a given λϕ3 off-shell tree graph, we have

PµAϕ3,∆
N =

(
N∑
i=1

ki
µ

)
Aϕ3,∆

N =

(
N∑
i=1

ki
µ

)
δn
(∑N

j=1 kj

)
Aϕ3,∆

N = 0 . (4.8)

So, the level-zero translation generators, Pµ, annihilate all λϕ3 off-shell tree graphs in any number

of space-time dimensions n.

Given that any λϕ3 off-shell tree-level partial or total amplitude is a sum of individual graphs,

and that the level-zero translation generators act identically on all graphs, we can further conclude

that Pµ annihilates any λϕ3 off-shell tree-level partial or total amplitude in any number of space-time

dimensions.
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4.2.2 Action of Level-Zero Lorentz Transformation Generators

It can be shown that the level-zero Lorentz transformation generators simply pass through the

momentum-conserving Dirac delta function. Since all λϕ3 theory off-shell graphs have kinematic

parts that consist exclusively of scalar products of the external momenta, i.e. the off-shell kinematic

invariants k2S , it can be easily shown that the level-zero Lorentz transformation generators, Lµν ,

annihilate any λϕ3 theory off-shell graph in any number of space-time dimensions n, as in

Lµν Aϕ3,∆
N = δn

(∑N
j=1 kj

)
Lµν Aϕ3,∆

N = 0 . (4.9)

This result clearly extends to any λϕ3 off-shell tree-level partial or total amplitude, as was

explained in the previous section for the level-zero translation generators.

4.2.3 Action of Level-Zero Dilatation Generator

The level-zero dilatation generator simply extracts the degree of homogeneity, or scaling dimension,

of the function it is acting on. The momentum-conserving Dirac delta function has scaling dimension

−n, while the kinematic part of any λϕ3 theory off-shell N -point graph is −2(N − 3). Therefore,

for the kinematic part of a given λϕ3 theory off-shell graph, we have

DAϕ3,∆
N = [N d− 2 (N − 3)]Aϕ3,∆

N , (4.10)

while for the full expression for the tree graph, we have

DAϕ3,∆
N = D

[
δn
(∑N

j=1 kj

)
Aϕ3,∆

N

]
= [N (d− 2)− (n− 6)] Aϕ3,∆

N . (4.11)

We conclude that the level-zero dilatation generator, D, annihilates the full expression, i.e. including

the momentum-conserving Dirac delta function, for any λϕ3 theory off-shell graph only for d = 2

and in n = 6 space-time dimensions. We note that, since the canonical mass dimension for bosonic

fields is d = (n− 2)/2, the conditions d = 2 and n = 6 are equivalent.

This annihilation result naturally extends to the action on the full expressions for any λϕ3

off-shell tree-level partial or total amplitude in n = 6 space-time dimensions.
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4.2.4 Action of Level-Zero Special Conformal Transformation Generators

It can be shown that the level-zero special conformal transformation generators simply pass

through the momentum-conserving Dirac delta function [38]. However, the action of Kµ on the

kinematic parts of λϕ3 theory off-shell graphs is somewhat more involved compared to that of

Pµ, Lµν and D. To simplify our calculations, we rewrite all partial derivatives with respect to the

momentum vectors, ∂/∂kj µ, in terms of derivatives with respect to kinematic invariants, ∂/∂k2S ,

using

∂

∂kj µ
=
∑
S⊂A

∂k2S
∂kj µ

∂

∂k2S
=
∑
S⊂A

 2 kµS if j ∈ S

0 if j /∈ S

 ∂

∂k2S
=
∑
S⊂A

2 kµS Jj ∈ SK
∂

∂k2S
, (4.12)

where in the last inequality we have re-expressed the conditional statement in terms of an Iverson

bracket. Recall that, for a mathematical statement Q, the Iverson bracket is defined by

JQK ≡

 1 if Q is true

0 if Q is false
. (4.13)

These techniques, of converting all differential operators to derivatives with respect to kinematic

invariants and of using Iverson brackets for the expression of conditional statements, prove to be

even more useful for calculating the action of level-one generators later on.

Applying these methods to the action of Kµ on a given λϕ3 theory off-shell graph, we find

KµAϕ3,∆
N = Kµ

[
δn
(∑N

j=1 kj

)
Aϕ3,∆

N

]
= 2 δn

(∑N
j=1 kj

)∑
S∈∆

[2 |S| (d− 2)− (n− 6)] kµS

[
∂

∂k2S
Aϕ3,∆

N

]
= −2

∑
S∈∆

[2 |S| (d− 2)− (n− 6)]
kµS
k2S

Aϕ3,∆
N

(4.14)

where ∆ is the set of consecutive subsets associated with the off-shell kinematic invariants appearing

in the graph Aϕ3,∆
N , as defined in (4.3), kµS =

∑
j∈S k

µ
j and k2S = (

∑
j∈S kj)

2. For the last equality
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we used the fact that for a subset S ∈ ∆

∂

∂k2S
Aϕ3,∆

N =
∂

∂k2S

(∏
F∈∆

1

k2F

)
= − 1

k2S
Aϕ3,∆

N . (4.15)

We conclude that the level-zero special conformal transformation generators, Kµ, annihilate any λϕ3

theory off-shell graph only for d = 2 and in n = 6 space-time dimensions.

Alternatively, one can also prove that the annihilation Kµ Aϕ3,∆
N (k1, . . . , kN ) = 0 results from

the recurrence relation (4.4) as follows. If we can show

(Kµ
3 +Kµ

4 )

(
− 1

s34

)
Aϕ3,∆′

N−1 (k1, k2, k3 + k4, k5, . . . , kN )

= − 1

s34
Kµ

3+4 A
ϕ3,∆′

N−1 (k1, k2, k3 + k4, k5, . . . , kN )

(4.16)

then

Kµ

(
− 1

s34

)
Aϕ3,∆′

N−1 (k1, k2, k3 + k4, k5, . . . , kN )

= − 1

s34
(K1 +K2 +K3+4 +K5 + . . .+KN )µAϕ3,∆′

N−1 (k1, k2, k3 + k4, k5, . . . , kN )

(4.17)

which implies

Kµ Aϕ3,∆
N (k1, . . . , kN )

= − 1

s34
(K1 +K2 +K3+4 +K5 + . . .+KN )µ Aϕ3,∆′

N−1 (k1, k2, k3 + k4, k5, . . . , kN ) = 0
(4.18)

whenever Aϕ3,∆′

N−1 is annihilated by its relevant special conformal generators. This is explicitly true

for N = 4 and 5, so the annihilation for higher N follows iteratively.

To show (4.16), where Kµ
3+4 ≡ (2d∂µ3+4 + 2(k3 + k4) · ∂3+4∂

µ
3+4 − (k3 + k4)

µ∂ρ3+4∂3+4,ρ), we find,

using ∂µ3+4 ≡ ∂
∂(k3+k4)µ

,

(Kµ
3 +Kµ

4 )

(
− 1

s34

)
Aϕ3,∆′

N−1 (k1, k2, k3 + k4, k5, . . . , kN )

= − 1

s34

[
(4d− 4)∂µ3+4 −

(8d− 2n− 4)(k3 + k4)
µ

s34
+ 2(k3 + k4) · ∂3+4∂

µ
3+4

− (k3 + k4)
µ∂ρ3+4∂ρ,3+4

]
Aϕ3,∆′

N−1 (k1, k2, k3 + k4, k5, . . . , kN )

(4.19)
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which gives (4.16) for n = 6, d = 2.

This annihilation result for the individual tree graphs naturally extends to the action on any

λϕ3 off-shell tree-level partial or total amplitude in n = 6 space-time dimensions.

4.3 Level-One Generators on Scalar λϕ3 Theory Off-Shell Tree Graphs

We now consider the action of the level-one conformal Yangian generators on individual λϕ3

off-shell tree-level Feynman graphs. We start by investigating the action of P̂µ on an individual tree

graph, which does not by itself annihilate the graph. However, through the action of P̂µ, we are able

to identify the graph-specific evaluation parameters, which we subsequently use to extend the original

construction of the level-one generators
(
P̂µ, L̂µν , D̂, K̂µ

)
by terms that depend on these parameters

for each graph, as explained in (4.1). We conclude by showing that all the extended level-one

generators
(
P̂′µ, L̂′µν , D̂′, K̂′µ

)
annihilate individual λϕ3 theory off-shell tree-level Feynman graphs

in n = 6 space-time dimensions. However, as mentioned earlier, neither the original nor the extended

construction of the level-one generators annihilates λϕ3 theory off-shell tree-level partial or total

amplitudes, which are sums of individual Feynman graphs, each one with its own set of evaluation

parameters, thus indicating that the conformal Yangian is not a symmetry of λϕ3 theory.

4.3.1 Action of Level-One Translation Generators

The level-one translation generators (2.33), in the momentum-space differential operator repre-

sentation (2.25) for scalar fields, are defined as

P̂µ = −
∑

1≤i<j≤N

[(
Pµ
i Dj + gαβ P

α
i L

µβ
j

)
− (i↔ j)

]
= −

∑
1≤i<j≤N

[(
kµi (d+ kνj ∂jν) + gαβ k

α
i (kµi ∂

β
i − kβi ∂

µ
i )
)
− (i↔ j)

] (4.20)

For a given off-shell kinematic invariant, k2[I,J ], for 1 ≤ I < J < N , but not k2[1,N−1], we find that

the level-one translation generators act as a multiplicative factor of the form

P̂µ k2[I,J ] =
[
− d

∑N
j=1(N + 1− 2 j) kµj + 2

(
−kµ[1, I−1] + kµ[J+1, N ]

)]
k2[I,J ] . (4.21)

Note that the first sum simplifies to
(
2 d
∑N

j=1 j k
µ
j

)
under the assumption of momentum conservation∑N

j=1 k
µ
j = 0. Apart from the terms proportional to d, which can be extracted straightforwardly, we
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prove this as follows.

∑
1≤i<j≤N

(Pµ
i kj · ∂j + PiρL

µρ
j − (i↔ j)) k2[I,J ]

=

J∑
i=I

[
(k1 + . . .+ ki−1 − ki+1 − . . .− kN )µki · ∂i

+ (k1 + . . .+ ki−1 − ki+1 − . . .− kN )ρ(k
µ
i ∂

ρ
i − kρi ∂

µ
i )
]
k2[I,J ]

= 2

J∑
i=I

[
(k1 + . . .+ ki−1 − ki+1 − . . .− kN )µki · k[I,J ]

+ kµi (k1 + . . .+ ki−1 − ki+1 − . . .− kN ) · k[I,J ]

− kµ[I,J ](k1 + . . .+ ki−1 − ki+1 − . . .− kN ) · ki
]

(4.22)

We simplify each of the terms in (4.22), where the third term becomes

− 2

J∑
i=I

kµ[I,J ](k1 + . . .+ ki−1 − ki+1 − . . .− kN ) · ki

= −2kµ[I,J ] (k1 + k2 + . . .+ kI−1 − kJ+1 − kJ+2 − . . .− kN ) · k[I,J ]

(4.23)

and the first term contains the answer (4.21) plus a remainder,

2
J∑

i=I

(k1 + . . .+ ki−1 − ki+1 − . . .− kN )µki · k[I,J ]

= 2(k1 + k2 + . . .+ kI−1 − kJ+1 − kJ+2 − . . .− kN )µ k2[I,J ]

+ 2(−kI+1 − kI+2 − . . .− kJ)
µ kI · k[I,J ] + . . .+ 2(kI + . . .+ kJ−1)

µ kJ · k[I,J ]

(4.24)

Adding this remainder to (4.23) and the second term in (4.22), we find the cancellation

(−kI+1 − kI+2 − ... − kJ)
µ kI · k[I,J ] + (kI − kI+2 − kI+3 − ... − kJ)

µ kI+1 · k[I,J ]

+ . . .+ (kI + ... + kJ−1)
µ kJ · k[I,J ]

+
J∑

i=I

kµi (k1+ ...+ki−1 − ki+1 − ... − kN )·k[I,J ]

− kµ[I,J ] (k1 + k2 + ... + kI−1 − kJ+1 − kJ+2 − ... − kN ) · k[I,J ] = 0

(4.25)
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by identifying the coefficient of each kµi , I ≤ i ≤ J to be zero in (4.25). Here we have defined sums

of consecutive momenta as kµ[I,J ] ≡ (kI + kI+1 + · · ·+ kJ−1 + kJ)
µ. This proves (4.21) which says

that P̂µ acts on off-shell kinematic invariants as a simple multiplicative factor, similarly to the action

of the level-zero translations generator Pµ.

Moreover, it can be shown that P̂µ simply passes through the momentum-conserving Dirac delta

function (see Appendix B). Using these results, we find that P̂µ acts on the kinematic part of a given

off-shell λϕ3 theory tree graph, Aϕ3,∆
N , in a similarly simple manner:

P̂µAϕ3,∆
N =

−d N∑
j=1

(N + 1− 2 j) kµj − 2
∑

[I,J ]∈∆

(
−kµ[1, I−1] + kµ[J+1, N ]

)Aϕ3,∆
N . (4.26)

As mentioned earlier, the first sum simplifies to
(
2 d
∑N

j=1 j k
µ
j

)
under the assumption of momentum

conservation. Clearly the level-one translations generator does not annihilate the graph Aϕ3,∆
N .

Nonetheless, we can define a set of so-called evaluation parameters for each individual off-shell λϕ3

theory graph,

cϕ
3,∆

N, j ≡ d (N + 1− 2 j) + 2
∑

[I,J ]∈∆

 −1 if j ∈ [1, I − 1]

+1 if j ∈ [J + 1, N ]
, (4.27)

such that

P̂′µAϕ3,∆
N ≡

[
P̂µ +

N∑
i=1

cϕ
3,∆

N, i Pµ
i

]
Aϕ3,∆

N = 0 . (4.28)

That is, by definition of these evaluation parameters, we have:

N∑
i=1

cϕ
3,∆

N, i Pµ
i A

ϕ3,∆
N =

N∑
i=1

cϕ
3,∆

N, i kµi A
ϕ3,∆
N = −P̂µAϕ3,∆

N , (4.29)

and thus, this graph-dependent extension of the level-one translations generator annihilates individual

off-shell λϕ3 theory graphs

P̂′µAϕ3,∆
N = δn

(∑N
j=1 kj

)
P̂′µAϕ3,∆

N = 0 (4.30)

for arbitrary n and d.
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Example: P̂µ on Aϕ3, {[1,2]}
4 = −1/s12 = −1/(k1 + k2)

2

P̂µ

(
− 1

s12

)
= [−d (3kµ1 + kµ2 − kµ3 − 3kµ4 )− 2 (kµ3 + kµ4 )]

(
− 1

s12

)
Evaluation parameters : {c1 = 3 d, c2 = d, c3 = −d+ 2, c4 = −3 d+ 2}
4∑

i=1

ciP
µ
i

(
− 1

s12

)
= [d (3kµ1 + kµ2 − kµ3 − 3kµ4 ) + 2 (kµ3 + kµ4 )]

(
− 1

s12

)
[
P̂µ +

4∑
i=1

ciP
µ
i

](
− 1

s12

)
= 0 , for arbitrary n and d.

(4.31)

4.3.2 Action of Remaining Level-One Generators

As discussed in Section 4.1, having shown that the level-zero generators annihilate individual

λϕ3 theory off-shell graphs in n = 6 space-time dimensions,

JAB Aϕ3,∆
N = JAB

[
δn
(∑N

j=1 kj

)
Aϕ3,∆

N

]
= 0 , (4.32)

and that P̂′µ does so too (4.30), we are guaranteed by the algebra (A.5), which is also satisfied by

the level-zero and the extended level-one generators,

Ĵ ′AB ≡ ĴAB +
N∑
i=1

cϕ
3,∆

N, i JAB
i , (4.33)

that all the extended level-one generators annihilate individual λϕ3 theory off-shell graphs in n = 6

space-time dimensions,

Ĵ ′AB Aϕ3,∆
N = Ĵ ′AB

[
δn
(∑N

j=1 kj

)
Aϕ3,∆

N

]
= 0 . (4.34)

That is, we are guaranteed that the other three extended level-one generators also annihilate

individual graphs in n = 6 space-time dimensions,

L̂′µν Aϕ3,∆
N = L̂′µν

[
δn
(∑N

j=1 kj

)
Aϕ3,∆

N

]
= 0

D̂′Aϕ3,∆
N = D̂′

[
δn
(∑N

j=1 kj

)
Aϕ3,∆

N

]
= 0

K̂′µAϕ3,∆
N = K̂′µ

[
δn
(∑N

j=1 kj

)
Aϕ3,∆

N

]
= 0 .

(4.35)
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However, since the evaluation parameters cannot be defined in a graph independent way, and

since they are generally not equal for all the individual graphs which one has to sum over to obtain

a λϕ3 theory partial or total amplitude, we conclude that neither the original ĴAB nor the extended

Ĵ ′AB level-one generators annihilate λϕ3 theory partial and total amplitudes. Thus, we are led to

also conclude that the conformal Yangian Y [SO(2, n)] is not a symmetry of λϕ3 theory. Nevertheless,

the invariance of the individual graphs is still an unexpected interesting structure worth investigating

further.

In Appendix D, using the evaluation parameters cϕ
3,∆

N, i , defined individually for each λϕ3 theory

off-shell tree graph (4.27), we explicitly compute the action of all the extended level-one Yangian

generators
(
P̂′µ, L̂′µν , D̂′, K̂′µ

)
on the kinematic part Aϕ3,∆

N of several 4-, 5- and 6-point individual

graphs, and show that it vanishes in n = 6 space-time dimensions.
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CHAPTER 5

ACTION OF CONFORMAL YANGIAN Y [SO(2, n)] GENERATORS ON PURE
YANG-MILLS THEORY

In this chapter1, we compute explicitly how the level one SO(2, 4) Yangian generator P̂µ acts on

gluon tree amplitudes in pure Yang-Mills theory, using the momentum space differential operator

representation of P̂µ. Although the generator does not annihilate the gluon amplitudes, we find a

somewhat compact form. We show this for the 3-gluon amplitude and the 4-gluon partial amplitude,

on shell. This could be useful to understand what role the SO(2, 4) Yangian might play in pure

Yang-Mills. Since it does not annihilate the amplitude, it is not a symmetry. But it may serve some

function as a spectrum generating algebra would. We show that our answer can also be written in

terms of traces of Dirac gamma matrices, which is motivated by the fact that the supersymmetic

PSU(2, 2|4) Yangian does annihilate the superamplitude. In particular, the PSU(2, 2|4) Yangian level

one generators annihilate the pure gluon amplitudes, and the SO(2, 4) Yangian level one generator

acting on the gluon amplitude changes it into an amplitude involving 2 fermions and 2 less gluons.

This may help us to interpret a possible role of supersymmetry in non-supersymmetric gauge theory.

But this is beyond the scope of this dissertation.

In the following sections, we find it useful to factor out the polarization vectors ϵµj from the pure

Yang-Mills theory tree amplitudes,

AYM
N (k; ϵ) =

(
ϵα1
1 ϵα2

2 . . . ϵαN
N

)
(ηα1γ1ηα2γ2 . . . ηαNγN ) A

γ1γ2...γN
N (k; ✁ϵ) , (5.1)

and act with the generators on the tensors Aγ1γ2...γN
N (k), which are independent of the polarization

vectors.

1The content of this chapter was adapted with minor changes from Section 6 and Appendices C and D of the author’s
previously published paper in the Journal of High Energy Physics:
N. Dokmetzoglou and L. Dolan, Properties of the conformal Yangian in scalar and gauge field theories, JHEP 02
(2023) 137 [arXiv:2207.14806 [hep-th]].
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5.1 Level-One Translation Generators on the Three-Gluon On-Shell Tree Am-
plitude

The three-gluon tree amplitude is

Aaα1, bα2, cα3 = −g fabc (2π)4δ4(k1 + k2 + k3)

·
(
ηα2α3(k2 − k3)

α1 + ηα3α1(k3 − k1)
α2 + ηα1α2(k1 − k2)

α3

)
(5.2)

For N = 3 the SO(2, 4) Yangian level one generator for the gauge theory is

− P̂µ α1α2α3
γ1γ2γ3 = (Pµ

1 (D2 +D3) + Pµ
2 D3 − (P2 + P3)

µD1 − Pµ
3 D2) δ

α1
γ1 δ

α2
γ2 δ

α3
γ3

+ (P1ρ(L2 + L3)
µρ + P2ρL

µρ
3 − (P2 + P3)ρL

µρ
1 − P3ρL

µρ
2 )α1α2α3

γ1γ2γ3

=
(
2(k1 − k3)

µ − (k2 + k3)
µk1 · ∂1 + (k1 − k3)

µk2 · ∂2 + (k1 + k2)
µk3 · ∂3

− (k2 + k3)β(k
µ
1∂

β
1 − kβ1 ∂

µ
1 ) + (k1 − k3)β(k

µ
2∂

β
2 − kβ2 ∂

µ
2 )

+ (k1 + k2)β(k
µ
3∂

β
3 − kβ3 ∂

µ
3 )
)

δα1
γ1 δ

α2
γ2 δ

α3
γ3

− (k2 + k3)β(η
µα1δβγ1 − ηβα1δµγ1) δ

α2
γ2 δ

α3
γ3 +(k1 − k3)β(η

µα2δβγ2 − ηβα2δµγ2) δ
α1
γ1 δ

α3
γ3

+ (k1 + k2)β(η
µα3δβγ3 − ηβα3δµγ3) δ

α1
γ1 δ

α2
γ2 (5.3)

This level one generator moves trivially through the delta function, as shown in Appendix B, and we

find the compact formula

− P̂µα1α2α3
γ1γ2γ3 Aaγ1, bγ2, cγ3

= −g fabc (2π)4δ4(k1 + k2 + k3)

·
(
4kµ1

(
ηα2α3kα1

2 + ηα3α1kα2
3 + 2ηα1α2kα3

1

)
− 4kµ3

(
2ηα2α3kα1

2 + ηα3α1kα2
3 + ηα1α2kα3

1

)
+ ηµα1 (−4kα2

1 kα3
1 ) + ηµα2 (−4kα1

2 kα3
2 ) + ηµα3 (−4kα1

3 kα2
3 )

)
(5.4)

Since this expression is not zero, we know the SO(2, 4) Yangian is not a symmetry of pure Yang-Mills

theory. But it shows how this Yangian acts in a non-supersymmetric gauge theory. The expression is
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gauge invariant, i.e. it vanishes when multiplied by any kαi
i for 1 ≤ i ≤ 3. It is not cyclic invariant

since P̂µ is not cyclic. We assume transverse polarizations ki · ϵi(ki) = 0, and drop terms in (5.4)

proportional to kαi
i since they correspond to gauge transformations. The on-shell conditions k2i = 0

in four spacetime dimensions are required from the Serre relation. The presence of the ηµαi is

necessary for gauge invariance; and these fixed tensor terms cannot be removed by extending P̂µ by

evaluation parameters, as they could in the case of scalar λϕ3 theory.

To pursue a simpler form of (5.4), we note it can be streamlined from the equivalence

δ4(k1 + k2 + k3)

·
(
4kµ1

(
ηα2α3kα1

2 + ηα3α1kα2
3 + 2ηα1α2kα3

1

)
− 4kµ3

(
2ηα2α3kα1

2 + ηα3α1kα2
3 + ηα1α2kα3

1

)
+ ηµα1 (−4kα2

1 kα3
1 ) + ηµα2 (−4kα1

2 kα3
2 ) + ηµα3 (−4kα1

3 kα2
3 )

)
= δ4(k1 + k2 + k3)

(
tr(γα2γζγα3γωγα1γµ)k1ωk2ζ

− tr(γα3γζγα2γωγα1γµ)k1ωk3ζ + tr(γα3γζγα1γωγα2γµ)k2ωk3ζ
)

(5.5)

Here the Dirac γ matrices are in a Weyl representation,

γµ =

 0 σµ

σ̄µ 0

 , σµ = (1, σi), σ̄µ = (1,−σi),

{γµ, γν} = 2ηµν , ηµν = diag (1,−1,−1,−1) (5.6)

The equivalence can be checked using standard trace formulae,

tr(γµγν) = 4ηµν , tr(γµγνγργλ) = 4
(
ηµνηρλ − ηµρηνλ + ηµληνρ

)
tr(γµγνγργλγωγζ) = ηµνtr(γργλγωγζ)− ηµρtr(γνγλγωγζ) + ηµλtr(γνγργωγζ)

− ηµωtr(γνγργλγζ) + ηµζtr(γνγργλγω)

(5.7)

which can be extended to the trace of products of any number of γ matrices using the anticommutator.
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Supercharge Contribution for the Three-Point Gauge Amplitude

We were motivated to find the identity (5.5) by extending the level one generator to include

supercharges [26,27]. In position space we would have

⟨0|TAaγ1(x1)A
bγ2(x2)A

cγ3(x3)|0⟩ = Gaγ1,bγ2,cγ3(x1x2x3), (5.8)

and for PSU(2,2|4) Yangian invariance of the three-gluon tree amplitude we assume a level one

generator of the form

− P̂µα1α2α3

x,SS γ1γ2γ3
Gaγ1,bγ2,cγ3(x1x2x3) = 0

=
∑

1 ≤i<j≤3

(
Pµ
i Dj + PiρL

µρ
j − 1

4 σ̄
µα̇αQA

αiQ̃Aα̇j − (i↔ j)
)α1α2α3

x γ1γ2γ3
Gaγ1,bγ2,cγ3(x1x2x3)

=
∑

1 ≤i<j≤3

(
Pµ
i Dj + PiρL

µρ
j − (i↔ j)

)α1α2α3

x γ1γ2γ3
Gaγ1,bγ2,cγ3(x1x2x3)

− 1
4 σ̄

µα̇α⟨0|TQA
α1A

aα1(x1)Q̃Aα̇2A
bα2(x2)A

cα3(x3)|0⟩

− 1
4 σ̄

µα̇α⟨0|TQ̃Aα̇1A
aα1(x1)Q

A
α2A

bα2(x2)A
cα3(x3)|0⟩

− 1
4 σ̄

µα̇α⟨0|TQA
α1A

aα1(x1)A
bα2(x2)Q̃Aα̇3A

cα3(x3)|0⟩

− 1
4 σ̄

µα̇α⟨0|TQ̃Aα̇1A
aα1(x1)A

bα2(x2)Q
A
α3A

cα3(x3)|0⟩

− 1
4 σ̄

µα̇α⟨0|TAaα1(x1)Q
A
α2A

bα2(x2)Q̃Aα̇3A
cα3(x3)|0⟩

− 1
4 σ̄

µα̇α⟨0|TAaα1(x1)Q̃Aα̇2A
bα2(x2)Q

A
α3A

cα3(x3)|0⟩ (5.9)

QA
α , Q̃Aα̇ are the conformal supercharges appearing in the superconformal group PSU(2, 2|4), where

1 ≤ A ≤ 4. In this section we distinguish spinor indices 1 ≤ α, α̇ ≤ 2 from the Lorentz indices

0 ≤ µ, αi, γi ≤ 3, and i denotes the site. The color indices a, b, c run over the dimension of the gauge

group. The notation follows [52] where σi are the Pauli matrices,

σµ
αβ̇

= (1, σi), σ̄µ α̇β = (1,−σi),

ϵαβ = −ϵβα, ϵαβ = −ϵβα, ϵ12 = ϵ21 = 1 same for dotted indices (5.10)
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The conformal supercharges rotate a gluon into a fermion in the adjoint representation,

QA
αA

aµ ∼ σµ
αβ̇
ϵβ̇γ̇ψ̄Aa

γ̇ , Q̃A
β̇
Aaµ ∼ ϵβ̇α̇σ̄

µ α̇γψAa
γ (5.11)

We start by computing the first QQ̃ term in (5.9), using the Lagrangian coupling fermions and

gluons

L = −1
4F

µνaFµνa − igψ̄Aσ̄µDµψA = L0 + LI

LI = −gfabcAb
µA

c
ν∂

µAνa − g2

4
fabcfadeA

b
µA

c
νA

dµAeν − igfdef ψ̄
Ad
α̇ σ̄µα̇αAe

µψ
f
Aα (5.12)

Then moving from the Heisenberg picture to the interaction picture, and working to first order in

the coupling g, and suppressing g,

− 1
4 σ̄

µα̇α⟨0|TQA
α1A

aα1(x1)Q̃Aα̇2A
bα2(x2)A

cα3(x3)|0⟩

= −1
4 σ̄

µα̇α⟨0|Tσα1

αβ̇
ϵβ̇γ̇ψ̄Aa

γ̇ (x1)ϵα̇κ̇σ̄
α2κ̇γψb

Aγ(x2)A
cα3(x3)|0⟩

= −1
4 σ̄

µα̇α σα1

αβ̇
ϵβ̇γ̇ϵα̇κ̇σ̄

α2κ̇γ⟨0|T ψ̄Aa
γ̇ (x1)ψ

b
Aγ(x2)A

cα3(x3)e
i
∫
d4zLI |0⟩

= −1
4 σ̄

µα̇ασα1

αβ̇
ϵβ̇γ̇ϵα̇κ̇σ̄

α2κ̇γ

∫
d4z⟨0|T ψ̄Aa

γ̇ (x1)ψ
b
Aγ(x2)A

cα3(x3)ψ̄
Bd
δ̇

(z)σ̄νδ̇δAe
ν(z)ψ

f
Bδ(z)|0⟩fdef

= 1
4 σ̄

µα̇α σα1

αβ̇
ϵβ̇γ̇ϵα̇κ̇σ̄

α2κ̇γ σ̄νδ̇δ
∫
d4zDα3

ν (x3 − z)SF
δγ̇(z − x1)δ

A
BS

F
γδ̇
(x2 − z)δBA δceδafδbdfdef

(5.13)

where the gauge and fermion propagators are found from

δceDα3
ν (x3 − z) = ⟨0|TAcα3(x3)A

e
ν(z)|0⟩ = δce

∫
d4p3e

−ip3·(x3−z)D̃α3
ν (p3), D̃α3

ν (p) = − i

p2

δBAδ
beSF

γδ̇
(x2 − z) = ⟨0|Tψb

Aγ(x2)ψ̄
Be
δ̇

(z)|0⟩ = δBAδ
be

∫
d4pe−ip·(x2−z)S̃F

γδ̇
(p), S̃F

γδ̇
(p) =

iσω
γδ̇
pω

p2

(5.14)
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Then the Fourier transform of (5.13) is

σ̄µα̇α σα1

αβ̇
ϵβ̇γ̇ϵα̇κ̇σ̄

α2κ̇γ σ̄νδ̇δ
∫
d4x1d

4x2d
4x3e

ik1·x1eik2·x2eik3·x3

·
∫
d4zDα3

ν (x3 − z)SF
δγ̇(z − x1)S

F
γδ̇
(x2 − z)fabc

= σ̄µα̇α σα1

αβ̇
ϵβ̇γ̇ϵα̇κ̇σ̄

α2κ̇γ σ̄νδ̇δ (2π)4δ4(k1 + k2 + k3)S̃
F
δγ̇(−k1)S̃F

γδ̇
(k2)D̃

α3
ν (k3) fabc

= (2π)4δ4(k1 + k2 + k3) σ̄
µα̇α σα1

αβ̇
ϵβ̇γ̇ϵα̇κ̇σ̄

α2κ̇γ σ̄νδ̇δ
(−iσωδγ̇k1ω)

k21

(iσζ
γδ̇
k2ζ)

k22
D̃α3

ν (k3) fabc

(5.15)

Since the three-gluon amplitude in (5.2) has had the three external propagators truncated, we now

truncate (5.15) by multiplying it by the inverse propagators, D̃−1 α̃1α1(k1)D̃
−1 α̃2α2(k2)D̃

−1 α̃3α3(k3) =

−ηα̃1α1k21η
α̃2α2k22D̃

−1 α̃3α3(k3), where D̃−1 α̃α(k)D̃αν(k) = δα̃ν . Then (5.15) truncated becomes

− (2π)4δ4(k1 + k2 + k3) σ̄
µα̇α σα̃1

αβ̇
ϵβ̇γ̇ϵα̇κ̇σ̄

α̃2κ̇γ σ̄α̃3δ̇δ σωδγ̇σ
ζ

γδ̇
k1ωk2ζ fabc

= − (2π)4δ4(k1 + k2 + k3) (−(σ̄α̃2σζ σ̄α̃3σωσ̄α̃1σµ)κ̇κ̇) k1ωk2ζ fabc (5.16)

Here we have used properties of the σ, σ̄ matrices

ϵτκσµ
κβ̇
ϵβ̇γ̇ = −(σ2σµσ2)τ γ̇ = −σ̄µγ̇τ (5.17)

since σ2σµσ2 = σ̄µT . And similarly ϵκ̇α̇σ̄µα̇αϵατ = −(σ2σ̄σ2)κ̇τ = −σµτκ̇, since σ2σ̄µσ2 = σµT . The

second QQ̃ term in (5.9) leads to

− 1
4 σ̄

µα̇α⟨0|TQ̃Aα̇1A
aα1(x1)Q

A
α2A

bα2(x2)A
cα3(x3)|0⟩

→ − (2π)4δ4(k1 + k2 + k3) (σ
µσ̄α̃1σωσ̄α̃3σζ σ̄α̃2) κ

κ k1ωk2ζ facb (5.18)
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On combining (5.16) and (5.18), the truncated Fourier transform sums to

− 1
4 σ̄

µα̇α⟨0|TQA
α1A

aα1(x1)Q̃Aα̇2A
bα2(x2)A

cα3(x3)|0⟩

− 1
4 σ̄

µα̇α⟨0|TQ̃Aα̇1A
aα1(x1)Q

A
α2A

bα2(x2)A
cα3(x3)|0⟩

→ (2π)4δ4(k1 + k2 + k3)
(
(σ̄α̃2σζ σ̄α̃3σωσ̄α̃1σµ)κ̇κ̇ + (σµσ̄α̃1σωσ̄α̃3σζ σ̄α̃2) κ

κ

)
k1ωk2ζ fabc

= (2π)4δ4(k1 + k2 + k3) tr(γ
α̃2γζγα̃3γωγα̃1γµ) k1ωk2ζ fabc (5.19)

Here we use further properties of the γ matrices in the Weyl representation (5.6)

γµγνγργλγωγζ =

(σµσ̄νσρσ̄λσωσ̄ζ) τ
κ 0

0 (σ̄µσν σ̄ρσλσ̄ωσζ)κ̇τ̇

 ,

tr(γµγνγργλγωγζ)

= (σµσ̄νσρσ̄λσωσ̄ζ) κ
κ + (σ̄µσν σ̄ρσλσ̄ωσζ)κ̇κ̇ = (σζ σ̄ωσλσ̄ρσν σ̄µ) κ

κ + (σ̄µσν σ̄ρσλσ̄ωσζ)κ̇κ̇

(5.20)

The contribution of the last four terms of (5.9) can be found by exchanging b, α2, k2 → c, α3, k3 and

from there a, α1, k1 → b, α2, k2 by inspection, to yield that the truncated Fourier transform of the

last six terms of (5.9) is

− 1
4 σ̄

µα̇α⟨0|TQA
α1A

aα1(x1)Q̃Aα̇2A
bα2(x2)A

cα3(x3)|0⟩

− 1
4 σ̄

µα̇α⟨0|TQ̃Aα̇1A
aα1(x1)Q

A
α2A

bα2(x2)A
cα3(x3)|0⟩

− 1
4 σ̄

µα̇α⟨0|TQA
α1A

aα1(x1)A
bα2(x2)Q̃Aα̇3A

cα3(x3)|0⟩

− 1
4 σ̄

µα̇α⟨0|TQ̃Aα̇1A
aα1(x1)A

bα2(x2)Q
A
α3A

cα3(x3)|0⟩

− 1
4 σ̄

µα̇α⟨0|TAaα1(x1)Q
A
α2A

bα2(x2)Q̃Aα̇3A
cα3(x3)|0⟩

− 1
4 σ̄

µα̇α⟨0|TAaα1(x1)Q̃Aα̇2A
bα2(x2)Q

A
α3A

cα3(x3)|0⟩ (5.21)

→ (2π)4δ4(k1 + k2 + k3)
(
tr(γα̃2γζγα̃3γωγα̃1γµ) k1ωk2ζ

− tr(γα̃3γζγα̃2γωγα̃1γµ) k1ωk3ζ + tr(γα̃3γζγα̃1γωγα̃2γµ) k2ωk3ζ

)
fabc

(5.22)
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which with the coupling g reinserted, cancels (5.4). This motivates the identity (5.5).

In summary, we have observed that the action of the SO(2,4) Yangian on a pure gluon amplitude

is equivalent to an appropriately truncated amplitude with 2 fermions and two less gluons, as

expected from the PSU(2,2|4) Yangian symmetry of the pure gluon amplitude. If we could interpret

the fermion amplitude as the effect of some process in pure Yang-Mills theory, we might realize a

role for the level one generators of the SO(2,4) Yangian in pure gluon theory. Such an analysis could

lead to a deeper understanding of the dynamics of non-supersymmetric non-abelian gauge theory,

and help to interpret a non-supersymmetric extension of [12,16,30]. The physical meaning of our

results is they may be evidence for some fermionic structure in Yang-Mills theory.

5.2 Level-One Translation Generators on the Four-Gluon On-Shell Tree Ampli-
tude

We give an analogous identity for the four-point partial gluon amplitude, whose derivation

illuminates further how to extend these identities for all N . We expect the relation between the

action of the Yangian on the N -gluon tree, and the (N − 2)-gluon with 2 fermion graphs, to hold

for all N due to the known PSU(2,2|4) Yangian invariance of the planar N = 4 super Yang-Mills

theory. We remark that the (N − 2) gluon - 2 fermion trees we find differ slightly from standard

expressions [53] due to our procedure for truncating the external legs, as explained below (5.22).

The on-shell four-gluon total tree amplitude [4] is

Aaα1, bα2, cα3, dα4 = g2 (2π)4 δ4(k1 + k2 + k3 + k4)

·
(
csn

α1α2α3α4
s

s
+
ctn

α1α2α3α4
t

t
+
cun

α1α2α3α4
u

u

)
(5.23)

cs ≡fabef ecd, ct ≡ f bcef ead, cu ≡ f caef ebd, cs + cu + ct = 0, ns + nu + nt = 0

where s = 2 k1 · k2, t = 2 k2 · k3 and u = 2 k1 · k3. We focus on the gauge invariant partial amplitude
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A(1234), where the polarization vectors have been removed,

A(1234) = g2 (2π)4 δ4(k1 + k2 + k3 + k4)
(
i
ns
s

− i
nt
t

)
,

i nα1α2α3α4
s

=
(
ηα1α2(k1 − k2)σ + 2kα1

2 δα2
σ − 2kα2

1 δα1
σ

)(
ηα3α4(k3 − k4)

σ + 2kα3
4 ησα4 − 2kα4

3 ησα3
)

+
(
ηα1α3ηα2α4 − ηα1α4ηα2α3

)
s

i nα1α2α3α4
t

=
(
ηα2α3(k2 − k3)σ + 2kα3

2 δα3
σ − 2kα3

2 δα2
σ

)(
ηα4α1(k1 − k4)

σ − 2kα4
1 ησα1 + 2kα1

4 ησα4
)

+
(
− ηα2α4ηα3α1 + ηα2α1ηα3α4

)
t

(5.24)

We simplify the expression for P̂µ using momentum conservation and k2i = 0. For N = 4, d = 1,

−P̂µ α1α2α3α4
γ1γ2γ3γ4 =

∑
1 ≤i<j≤4

(
Pµ
i Dj + PiρL

µρ
j − (i↔ j)

)α1α2α3α4

γ1γ2γ3γ4

=
(
(3k1 + k2 − k3 − 3k4)

µ

+ 2kµ1 k1 · ∂1 + 2(k1 + k2)
µk2 · ∂2 − 2(k3 + k4)

µk3 · ∂3 − 2kµ4 k4 · ∂4

+ 2kµ2 k1 · ∂2 − 2kµ3 k4 · ∂3 − 2k1 · k2∂µ2 + 2k1 · k2∂µ3
)
δα1
γ1 δ

α2
γ2 δ

α3
γ3 δ

α4
γ4

+ ηµα1k1γ1 δ
α2
γ2 δ

α3
γ3 δ

α4
γ4 + ηµα2(2k1 + k2)γ2 δ

α1
γ1 δ

α3
γ3 δ

α4
γ4

− ηµα3(k3 + 2k4)γ3 δ
α1
γ1 δ

α2
γ2 δ

α4
γ4 − ηµα4k4γ4 δ

α1
γ1 δ

α2
γ2 δ

α3
γ3

− δµγ22k
α2
1 δα1

γ1 δ
α3
γ3 δ

α4
γ4 + δµγ32k

α3
4 δα1

γ1 δ
α2
γ2 δ

α4
γ4 (5.25)
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Then from (5.24) and (4.21),

− P̂µ
(
i
ns
s

)
=

∑
1 ≤i<j≤4

(
Pµ
i Dj + PiρL

µρ
j − (i↔ j)

)α1α2α3α4

γ1γ2γ3γ4

(
i nγ1γ2γ3γ4s

s

)
=

∑
1 ≤i<j≤4

(
Pµ
i Dj + PiρL

µρ
j − (i↔ j)

)α1α2α3α4

γ1γ2γ3γ4
(ηγ1γ3ηγ2γ4 − ηγ1γ4ηγ2γ3)

+ 2(k3 + k4)
µ 1

s

(
ηα1α2(k1 − k2)σ + 2kα1

2 δα2
σ − 2kα2

1 δα1
σ

)
·
(
ηα3α4(k3 − k4)

σ + 2kα3
4 ησα4 − 2kα4

3 ησα3
)

+
1

s

∑
1 ≤i<j≤4

(
Pµ
i Dj + PiρL

µρ
j − (i↔ j)

)α1α2α3α4

γ1γ2γ3γ4

·
(
ηγ1γ2(k1 − k2)σ + 2kγ12 δ

γ2
σ − 2kγ21 δ

γ1
σ

)(
ηγ3γ4(k3 − k4)

σ + 2kγ34 η
σγ4 − 2kγ43 η

σγ3
)
(5.26)

− P̂µ
(
i
nt
t

)
=

∑
1 ≤i<j≤4

(
Pµ
i Dj + PiρL

µρ
j − (i↔ j)

)α1α2α3α4

γ1γ2γ3γ4

(
i nγ1γ2γ3γ4t

t

)
=

∑
1 ≤i<j≤4

(
Pµ
i Dj + PiρL

µρ
j − (i↔ j)

)α1α2α3α4

γ1γ2γ3γ4
(−ηγ1γ3ηγ2γ4 + ηγ1γ2ηγ3γ4)

+ 2(−k1 + k4)
µ 1

t

(
ηα2α3(k2 − k3)σ + 2kα2

3 δα3
σ − 2kα3

2 δα2
σ

)
·
(
ηα4α1(k1 − k4)

σ − 2kα4
1 ησα1 + 2kα1

4 ησα4
)

+
1

t

∑
1 ≤i<j≤4

(
Pµ
i Dj + PiρL

µρ
j − (i↔ j)

)α1α2α3α4

γ1γ2γ3γ4

·
(
ηγ2γ3(k2 − k3)σ + 2kγ23 δ

γ3
σ − 2kγ32 δ

γ2
σ

)(
ηγ4γ1(k1 − k4)

σ − 2kγ41 η
σγ1 + 2kγ14 η

σγ4
)
(5.27)

Evaluating (5.26), (5.27) using momentum conservation, dropping terms that are gauge transforma-
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tions i.e. proportional to kαi
i , and using the on-shell conditions k2i = 0, yields

− P̂µ
(
i
ns
s

− i
nt
t

)
=

[
ηµα1

(
ηα2α3

(
4kα4

3 − 8kα4
1 k1 · k2
t

)
− ηα3α4(4kα2

3 − 8kα2
1 k1 · k4
s

)
− 8kα2

1 (kα4
1 kα3

4 + kα4
3 kα3

2 )

s
+

8kα4
1 (kα2

1 kα3
2 + kα2

3 kα3
4 )

t

)
+ ηµα2

(
ηα1α4

(
− 4kα3

4 +
8kα3

2 k1 · k2
t

)
+ ηα3α4(4kα1

4 − 8kα1
2 k1 · k4
s

)
+

8kα1
2 (kα3

2 kα4
3 + kα3

4 kα4
1 )

s
− 8kα3

2 (kα1
2 kα4

1 + kα1
4 kα4

3 )

t

)
+ kµ1

(
6 ηα1α3ηα2α4 − ηα1α4ηα2α3

(
6 +

8k1 · k2
t

)− ηα1α2ηα3α4
(
6 +

16k1 · k4
s

)

+ ηα1α2
(16kα3

4 kα4
1 − 16kα4

3 kα3
1 − 4kα3

4 kα4
3

s
− 12kα4

1 kα3
2

t

)
+ ηα3α4

(8kα2
1 kα1

4 − 16kα1
2 kα2

4 − 4kα2
1 kα1

2

s
− 12kα2

3 kα1
4

t

)
+ ηα1α3

(8kα2
1 kα4

3

s
+

12kα4
1 kα2

3

t

)
+ ηα2α4

(16kα1
2 kα3

4

s
+

12kα3
2 kα1

4

t

)
+ ηα1α4

(
− 8kα2

1 kα3
4

s
+

−8kα3
2 kα2

4 + 8kα2
3 kα3

4 + 4kα3
2 kα2

3

t

)
+ ηα2α3

(
− 16kα1

2 kα4
3

s
+

−12kα4
1 kα1

3 + 12kα1
4 kα4

3

t

) )
+ kµ2

(
2 ηα1α3ηα2α4 − ηα1α4ηα2α3

(
2 +

8k1 · k2
t

)− 2ηα1α2ηα3α4

+ ηα1α2
(4kα3

4 kα4
3

s
+

4kα4
1 kα3

2

t

)
+ ηα3α4

(4kα1
2 (k3 − k4)

α2

s
− 12kα2

3 kα1
4

t

)
+ ηα1α3

(4kα4
1 kα2

3

t

)
+ ηα2α4

(8kα1
2 kα3

4

s
+

4kα3
2 kα1

4

t

)
+ ηα1α4

(4kα2
3 (k4 − k1)

α3

t

)
+ ηα2α3

(−8kα1
2 kα4

3

s
+

4kα4
1 kα1

2 − 4kα1
4 kα4

2 + 8kα4
3 kα1

4

t

) )
− (1 ↔ 4), (2 ↔ 3) simultaneous exchange

]
(5.28)
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which can also be expressed in terms of Dirac matrices

=
(k1 + k2)τ
(k1 + k2)2

[
− tr(γα̃1γµγα̃3γζγα̃4γτγα̃2γω)k1ωk3ζ + tr(γα̃2γµγα̃3γζγα̃4γτγα̃1γω)k2ωk3ζ

+ tr(γα̃1γµγα̃4γζγα̃3γτγα̃2γω)k1ωk4ζ − tr(γα̃2γµγα̃4γζγα̃3γτγα̃1γω)k2ωk4ζ

]
− (k2 + k3)τ

(k2 + k3)2

[
tr(γα̃1γµγα̃2γζγα̃3γτγα̃4γω)k1ωk2ζ − tr(γα̃1γµγα̃3γζγα̃2γτγα̃4γω)k1ωk3ζ

+ tr(γα̃2γµγα̃4γζγα̃1γτγα̃3γω)k2ωk4ζ − tr(γα̃3γµγα̃4γζγα̃1γτγα̃2γω)k3ωk4ζ

]
−

[
k1ωk2τ

(k3 + k4)2

[
− 2kα̃3

4 tr(γα̃1γµγα̃2γτγα̃4γω) + 2kα̃4
3 tr(γα̃1γµγα̃2γτγα̃3γω)

+ ηα̃3α̃4

(
− k3 + k4

)
ν
tr(γα̃1γµγα̃2γτγνγω)

]
+

k3ωk4τ
(k3 + k4)2

[
− 2kα̃1

2 tr(γα̃3γµγα̃4γτγα̃2γω) + 2kα̃2
1 tr(γα̃3γµγα̃4γτγα̃1γω)

+ ηα̃1α̃2

(
− k1 + k2

)
ν
tr(γα̃3γµγα̃4γτγνγω)

]]

+

[
k2ωk3τ

(k1 + k4)2

[
− 2kα̃1

4 tr(γα̃2γµγα̃3γτγα̃4γω) + 2kα̃4
1 tr(γα̃2γµγα̃3γτγα̃1γω)

+ ηα̃1α̃4

(
− k1 + k4

)
ν
tr(γα̃2γµγα̃3γτγνγω)

]
+

k1ωk4τ
(k2 + k3)2

[
− 2kα̃2

3 tr(γα̃1γµγα̃4γτγα̃3γω) + 2kα̃3
2 tr(γα̃1γµγα̃4γτγα̃2γω)

+ ηα̃2α̃3

(
− k2 + k3

)
ν
tr(γα̃1γµγα̃4γτγνγω)

]]

(5.29)

The equivalence between (5.28) and (5.29) is motivated below, and can be checked manually via the

trace relations (5.7), or by using computer algebra. Here we have isolated a supercharge contribution

(5.29) for a Yangian level one generator without using the spinor-helicity and superspace formalism.

We display explicitly that the SO(2,4) Yangian level one generator acts on the four-point pure gluon

amplitude by transforming it to another amplitude which could be interpreted to involve fermions,

fields not in the pure gauge theory. Also the differential operator representation provides more

versatility when comparing how the Yangian acts on scalar and gauge theories.
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Supercharge Contribution for the Four-Point Gauge Amplitude

For the four-point function we motivate the identity between (5.28) and (5.29) by adding

supercharges to the level one generator for N = 4,

⟨0|TAγ1(x1)A
γ2(x2)A

γ3(x3)A
γ4(x4)|0⟩ = Gγ1γ2γ3γ4(x1x2x3x4) (5.30)

For superconformal PSU(2,2|4) Yangian invariance,

− P̂µα1α2α3α4

x,SS γ1γ2γ3γ4
Gγ1γ2γ3γ4(x1x2x3x4) = 0

=
∑

1 ≤i<j≤4

(
Pµ
i Dj + PiρL

µρ
j − (i↔ j)

− 1
4 σ̄

µα̇αQA
αiQ̃Aα̇j − (i↔ j)

)α1α2α3α4

x γ1γ2γ3γ4
Gγ1γ2γ3γ4(x1x2x3x4)

=
∑

1 ≤i<j≤4

(
Pµ
i Dj + PiρL

µρ
j − (i↔ j)

)α1α2α3α4

x γ1γ2γ3γ4
Gγ1γ2γ3γ4(x1x2x3x4)

− 1
4 σ̄

µα̇α⟨0|TQA
α1A

α1(x1)Q̃Aα̇2A
α2(x2)A

α3(x3)A
α4(x4)|0⟩

− 1
4 σ̄

µα̇α⟨0|TQ̃Aα̇1A
α1(x1)Q

A
α2A

α2(x2)A
α3(x3)A

α4(x4)|0⟩

− 1
4 σ̄

µα̇α⟨0|TQA
α1A

α1(x1)A
α2(x2)Q̃Aα̇3A

α3(x3)A
α4(x4)|0⟩

− 1
4 σ̄

µα̇α⟨0|TQ̃Aα̇1A
α1(x1)A

α2(x2)Q
A
α3A

α3(x3)A
α4(x4)|0⟩

− 1
4 σ̄

µα̇α⟨0|TAα1(x1)Q
A
α2A

α2(x2)Q̃Aα̇3A
α3(x3)A

α4(x4)|0⟩

− 1
4 σ̄

µα̇α⟨0|TAα1(x1)Q̃Aα̇2A
α2(x2)Q

A
α3A

α3(x3)A
α4(x4)|0⟩

− 1
4 σ̄

µα̇α⟨0|TQA
α1A

α1(x1)A
α2(x2)A

α3(x3)Q̃Aα̇4A
α4(x4)|0⟩

− 1
4 σ̄

µα̇α⟨0|TQ̃Aα̇1A
α1(x1)A

α2(x2)A
α3(x3)Q

A
α4A

α4(x4)|0⟩

− 1
4 σ̄

µα̇α⟨0|TAα1(x1)Q
A
α2A

α2(x2)A
α3(x3)Q̃Aα̇4A

α4(x4)|0⟩

− 1
4 σ̄

µα̇α⟨0|TAα1(x1)Q̃Aα̇2A
α2(x2)A

α3(x3)Q
A
α4A

α4(x4)|0⟩

− 1
4 σ̄

µα̇α⟨0|TAα1(x1)A
α2(x2)Q

A
α3A

α3(x3)Q̃Aα̇4A
α4(x4)|0⟩

− 1
4 σ̄

µα̇α⟨0|TAα1(x1)A
α2(x2)Q̃Aα̇3A

α3(x3)Q
A
α4A

α4(x4)|0⟩

(5.31)
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Then working to second order in the coupling g,

− 1
4 σ̄

µα̇α⟨0|TQA
α1A

aα1(x1)Q̃Aα̇2A
bα2(x2)A

cα3(x3)A
dα4(x4)|0⟩

= −1
4 σ̄

µα̇α σα1

αβ̇
ϵβ̇γ̇ϵα̇κ̇σ̄

α2κ̇γ⟨0|T ψ̄Aa
γ̇ (x1)ψ

b
Aγ(x2)A

cα3(x3)A
dα4(x4)e

i
∫
d4zLI |0⟩ (5.32)

= −g2 18 σ̄
µα̇α σα1

αβ̇
ϵβ̇γ̇ϵα̇κ̇σ̄

α2κ̇γ

∫
d4z1d

4z2⟨0|T ψ̄Aa
γ̇ (x1)ψ

b
Aγ(x2)A

cα3(x3)A
dα4(x4)

· ψ̄Bm
δ̇

(z1)σ̄
νδ̇δAe

ν(z1)ψ
f
Bδ(z1) ψ̄

Ch
ϵ̇ (z2)σ̄

ρϵ̇ϵAj
ρ(z2)ψ

ℓ
Cϵ(z2)|0⟩ fmeffhjℓ

= 1
2g

2σ̄µα̇α σα1

αβ̇
ϵβ̇γ̇ϵα̇κ̇σ̄

α2κ̇γ σ̄νδ̇δσ̄ρϵ̇ϵ
∫
d4z1d

4z2

·
[
Dα3

ν (x3 − z1)D
α4
ρ (x4 − z2)S

F
ϵγ̇(z2 − x1)S

F
γδ̇
(x2 − z1)S

F
δϵ̇(z1 − z2) fbchfhda

+Dα3
ν (x3 − z1)D

α4
ρ (x4 − z2)S

F
δγ̇(z1 − x1)S

F
γϵ̇(x2 − z2)S

F
ϵδ̇
(z2 − z1) fℓcafbdℓ

+Dα3
ρ (x3 − z2)D

α4
ν (x4 − z1)S

F
ϵγ̇(z2 − x1)S

F
γδ̇
(x2 − z1)S

F
δϵ̇(z1 − z2) fbdhfhca

+Dα3
ρ (x3 − z2)D

α4
ν (x4 − z1)S

F
δγ̇(z1 − x1)S

F
γϵ̇(x2 − z2)S

F
ϵδ̇
(z2 − z1) fℓdafbcℓ

]
(5.33)

with LI given in (5.12). As in Section 5.1, in this section 1 ≤ α, α̇ ≤ 2 and 0 ≤ αi ≤ 3 for site i.

With multiplication by four inverse gluon propagators, the truncated Fourier transform of (5.33) is

− i g2 (2π)4 δ4(k1 + k2 + k3 + k4)

·
(
(−σ̄α̃1σµσ̄α̃2σζ σ̄α̃3στ σ̄α̃4σω)γ̇γ̇ k1ωk2ζ(k2 + k3)τ

1

(k2 + k3)2
fbcefeda

+ (−σ̄α̃1σµσ̄α̃2σζ σ̄α̃4στ σ̄α̃3σω)γ̇γ̇ k1ωk2ζ(k2 + k4)τ
1

(k2 + k4)2
fcaefebd

)
(5.34)
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There is also a contribution to (5.32) from the interaction Lagrangian given by

− 1
4 σ̄

µα̇α⟨0|TQA
α1A

aα1(x1)Q̃Aα̇2A
bα2(x2)A

cα3(x3)A
dα4(x4)|0⟩

= −1
4 σ̄

µα̇α σα1

αβ̇
ϵβ̇γ̇ϵα̇κ̇σ̄

α2κ̇γ⟨0|T ψ̄Aa
γ̇ (x1)ψ

b
Aγ(x2)A

cα3(x3)A
dα4(x4)e

i
∫
d4zLI |0⟩

= i g2 1
4 σ̄

µα̇α σα1

αβ̇
ϵβ̇γ̇ϵα̇κ̇σ̄

α2κ̇γ

∫
d4z1d

4z2⟨0|T ψ̄Aa
γ̇ (x1)ψ

b
Aγ(x2)A

cα3(x3)A
dα3(x4)

· ψ̄Bm
δ̇

(z1)σ̄
νδ̇δAe

ν(z1)ψ
f
Bδ(z1) A

j
ρ(z2)A

ℓ
σ(z2)∂

ρAσh(z2)|0⟩ fmeffhjℓ

= i g2 σ̄µα̇α σα1

αβ̇
ϵβ̇γ̇ϵα̇κ̇σ̄

α2κ̇γ σ̄νδ̇δ
∫
d4z1d

4z2 S
F
δγ̇(z1 − x1)S

F
γδ̇
(x2 − z1) fbea

·
[
Dα3

ρ (x3 − z2)D
α4
σ (x4 − z2)∂

ρ
z2D

σ
ν (z1 − z2)

−Dα3
ρ (x3 − z2)∂

ρ
z2D

α4σ(x4 − z2)Dνσ(z1 − z2)

−Dα3
σ (x3 − z2)D

α4
ρ (x4 − z2)∂

ρ
z2D

σ
ν (z1 − z2)

+Dα3
σ (x3 − z2)∂

ρ
z2D

α4σ(x4 − z2)Dνρ(z1 − z2)

+ ∂ρz2D
α3σ(x3 − z2)D

α4
ρ (x4 − z2)Dνσ(z1 − z2)

− ∂ρz2D
α3σ(x3 − z2)D

α4
σ (x4 − z2)Dνρ(z1 − z2)

]
fecd

(5.35)

The truncated Fourier transform of (5.35) is

− i g2 (2π)4 δ4(k1 + k2 + k3 + k4) fbeafecd

·
[
(σ̄α̃1σµσ̄α̃2στ σ̄α̃4σω)γ̇γ̇

k1ωk2τ
(k3 + k4)2

(
− k3 − 2k4

)α̃3

+ (σ̄α̃1σµσ̄α̃2στ σ̄α̃3σω)γ̇γ̇
k1ωk2τ

(k3 + k4)2

(
2k3 + k4

)α̃4

+ (σ̄α̃1σµσ̄α̃2στ σ̄νσω)γ̇γ̇
k1ωk2τ

(k3 + k4)2
ηα̃3α̃4

(
− k3 + k4

)
ν

]
(5.36)

The second supercharge term in (5.31) is evaluated in a similar way, which when added to (5.34) and
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(5.36) promotes the sigma matrices to Dirac matrices (5.20). The truncated Fourier transform of

− 1
4 σ̄

µα̇α⟨0|TQA
α1A

aα1(x1)Q̃Aα̇2A
bα2(x2)A

cα3(x3)A
dα4(x4)|0⟩

− 1
4 σ̄

µα̇α⟨0|TQ̃Aα̇1A
aα1(x1)Q

A
α2A

bα2(x2)A
cα3(x3)A

dα4(x4)|0⟩ (5.37)

is

i g2(2π)4δ4(k1 + k2 + k3 + k4) tr(γ
α̃1γµγα̃2γζγα̃3γτγα̃4γω) k1ωk2ζ

(k2 + k3)τ
(k2 + k3)2

fbcefeda

+ ig2(2π)4δ4(k1 + k2 + k3 + k4) tr(γ
α̃1γµγα̃2γζγα̃4γτγα̃3γω) k1ωk2ζ

(k2 + k4)τ
(k2 + k4)2

fcaefebd

− ig2(2π)4δ4(k1 + k2 + k3 + k4) fbeafecd

[
tr(γα̃1γµγα̃2γτγα̃4γω)

k1ωk2τ
(k3 + k4)2

(
− 2kα̃3

4

)
+ tr(γα̃1γµγα̃2γτγα̃3γω)

k1ωk2τ
(k3 + k4)2

(
2kα̃4

3

)
+ tr(γα̃1γµγα̃2γτγνγω)

k1ωk2τ
(k3 + k4)2

ηα̃3α̃4

(
− k3 + k4

)
ν

]

(5.38)

where also we could have used the antisymmetry under a↔ b, x1 ↔ x2, α̃1 ↔ α̃2, to generate the

second term from the first term in (5.37). We have dropped gauge transformations, i.e. those terms

proportional to kα̃i
i .

Analogous symmetries can be used to generate the remaining ten supercharge terms in (5.31)
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from the first two (5.38), to find that total supercharge contribution to (5.31) is

i g2 (2π)4δ4(k1 + k2 + k3 + k4)

·

(
fbcefead

(k2 + k3)τ
(k2 + k3)2

[
tr(γα̃1γµγα̃2γζγα̃3γτγα̃4γω)k1ωk2ζ − tr(γα̃1γµγα̃3γζγα̃2γτγα̃4γω)k1ωk3ζ

+ tr(γα̃2γµγα̃4γζγα̃1γτγα̃3γω)k2ωk4ζ − tr(γα̃3γµγα̃4γζγα̃1γτγα̃2γω)k3ωk4ζ

]
+ fabefecd

(k1 + k2)τ
(k1 + k2)2

[
− tr(γα̃1γµγα̃3γζγα̃4γτγα̃2γω)k1ωk3ζ + tr(γα̃2γµγα̃3γζγα̃4γτγα̃1γω)k2ωk3ζ

+ tr(γα̃1γµγα̃4γζγα̃3γτγα̃2γω)k1ωk4ζ − tr(γα̃2γµγα̃4γζγα̃3γτγα̃1γω)k2ωk4ζ

]
+ fcaefebd

(k1 + k3)τ
(k1 + k3)2

[
tr(γα̃1γµγα̃2γζγα̃4γτγα̃3γω)k1ωk2ζ + tr(γα̃2γµγα̃3γζγα̃1γτγα̃4γω)k2ωk3ζ

− tr(γα̃1γµγα̃4γζγα̃2γτγα̃3γω)k1ωk4ζ + tr(γα̃3γµγα̃4γζγα̃2γτγα̃1γω)k3ωk4ζ

]
− fabefecd

[
k1ωk2τ

(k3 + k4)2

[
− 2kα̃3

4 tr(γα̃1γµγα̃2γτγα̃4γω) + 2kα̃4
3 tr(γα̃1γµγα̃2γτγα̃3γω)

+ ηα̃3α̃4

(
− k3 + k4

)
ν
tr(γα̃1γµγα̃2γτγνγω)

]
+

k3ωk4τ
(k3 + k4)2

[
− 2kα̃1

2 tr(γα̃3γµγα̃4γτγα̃2γω) + 2kα̃2
1 tr(γα̃3γµγα̃4γτγα̃1γω)

+ ηα̃1α̃2

(
− k1 + k2

)
ν
tr(γα̃3γµγα̃4γτγνγω)

]]

− fbcefead

[
k2ωk3τ

(k1 + k4)2

[
− 2kα̃1

4 tr(γα̃2γµγα̃3γτγα̃4γω) + 2kα̃4
1 tr(γα̃2γµγα̃3γτγα̃1γω)

+ ηα̃1α̃4

(
− k1 + k4

)
ν
tr(γα̃2γµγα̃3γτγνγω)

]
+

k1ωk4τ
(k2 + k3)2

[
− 2kα̃2

3 tr(γα̃1γµγα̃4γτγα̃3γω) + 2kα̃3
2 tr(γα̃1γµγα̃4γτγα̃2γω)

+ ηα̃2α̃3

(
− k2 + k3

)
ν
tr(γα̃1γµγα̃4γτγνγω)

]]

− fcaefebd

[
k1ωk3τ

(k2 + k4)2

[
2kα̃2

4 tr(γα̃1γµγα̃3γτγα̃4γω)− 2kα̃4
2 tr(γα̃1γµγα̃3γτγα̃2γω)

+ ηα̃2α̃4

(
k2 − k4

)
ν
tr(γα̃1γµγα̃3γτγνγω)

]
+

k2ωk4τ
(k1 + k3)2

[
2kα̃1

3 tr(γα̃2γµγα̃4γτγα̃3γω)− 2kα̃3
1 tr(γα̃2γµγα̃4γτγα̃1γω)

+ ηα̃1α̃3

(
k1 − k3

)
ν
tr(γα̃2γµγα̃4γτγνγω)

]])

= g2(2π)4δ4(k1 + k2 + k3 + k4) ·
(
fabefecd P̂µ ns

s
+ fbcefead P̂µ nt

t
+ fcaefebd P̂µ nu

u

)
(5.39)
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Then the terms relating to P̂µ A(1234) ≡ P̂µ
(
i ns

s − i nt
t

)
can be read off from (5.39), by taking the

coefficient of fabefecd and subtracting from it the coefficient of fbcefead. That results in i times the

expression (5.29) given in Section 5.1. This motivates the equivalence of (5.28) and (5.29).
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CHAPTER 6

ACTION OF CONFORMAL YANGIAN Y [SO(2, n)] GENERATORS ON THE
SCATTERING EQUATIONS FORMALISM

6.1 CHY Scattering Equations Formalism

From [21,22], we have that the kinematic part of the N -point partial amplitude can be computed

by evaluating the multi-variable contour integral

Apartial
N =

∮
O

ΨN

HN

1

zN−1

∏
2≤a<b≤N−1

(za − zb)

N−2∏
a=2

za dza+1

(za − za+1)
2 ≡

∮
O
IN , (6.1)

where z2 = 1, zN = 0, HN is the product of N − 3 polynomials, called the hNm scattering polynomials,

which we define below,

HN ≡
N−3∏
m=1

hNm , (6.2)

and O signifies the closed contour surrounding only the simultaneous zeroes of those N−3 polynomials,

also known as the solutions of the scattering equations, of which there are (N − 3)!. The scattering

polynomials were initially defined on-shell by Dolan and Goddard in [21], and later generalized to

their off-shell form in [22]. See Appendix E for more details.

The function ΨN is the piece of the integrand IN which specifies the theory whose partial

amplitudes we want to compute. Taking ΨN = 1 yields massless scalar λϕ3 theory amplitudes. The

function ΨN corresponding to pure Yang-Mills theory is discussed in Section E.3.

The off-shell scattering polynomials hN, off-shell
m are defined in [22] as:

hN, off-shell
m =

N−2∑
J=2

k2[1,J ] (zJ − zJ+1)Π
m−1
[1,J ]o −

N−1∑
J=3

k2[2,J ] (zJ − zJ+1)Π
m−1
[2,J ]o

+
∑

3≤I<J<N

k2[I,J ] (zI − zI−1) (zJ − zJ+1)Π
m−2
[I,J ]′o

, 1 ≤ m ≤ N − 3 (6.3)

where z2 = 1, zN = 0, [I, J ]′o = [I, J ]o ∩A′, [I, J ] = {a : I ≤ a ≤ J}, 1 ≤ I ≤ J < N , [I, J ]o is the

54



complement of {I − 1, I, J, J +1} in A = {1, 2, . . . , N}, A′ = {2, 3, . . . , N}, and Πn
V is the symmetric

function,

Πn
V =

∑
i1<i2<···<in

ia∈V

zi1zi2 · · · zin (6.4)

where V ⊂ A and n ≤ |V |. Note that Π0
V = 1 and Π

|V |
V =

∏
i∈V zi ≡ zV .

Example: The N = 4, 5, 6 off-shell scattering polynomials

h4, off-shell
1 = (1− z3)(k1 + k2)

2 − z3(k2 + k3)
2

h5, off-shell
1 = (1− z3)(k1 + k2)

2 − (z3 − z4)(k2 + k3)
2

+ (z3 − z4)(k1 + k2 + k3)
2 − z4(k2 + k3 + k4)

2

h5, off-shell
2 = z4(1− z3)(k1 + k2)

2 − z4(1− z3)(k3 + k4)
2

+ (z3 − z4)(k1 + k2 + k3)
2 − z3z4(k2 + k3 + k4)

2

h6, off-shell
1 = (z4 − z5)(k1 + k2 + k3 + k4)

2 + (z3 − z4)(k1 + k2 + k3)
2 + (1− z3)(k1 + k2)

2

− z5(k2 + k3 + k4 + k5)
2 − (z4 − z5)(k2 + k3 + k4)

2 − (z3 − z4)(k2 + k3)
2

h6, off-shell
2 = (z3 + 1)(z4 − z5)(k1 + k2 + k3 + k4)

2 + (z5 + 1)(z3 − z4)(k1 + k2 + k3)
2

+ (1− z3)(z4 + z5)(k1 + k2)
2 − z5(z3 + z4)(k2 + k3 + k4 + k5)

2

− z3(z4 − z5)(k2 + k3 + k4)
2 − z5(z3 − z4)(k2 + k3)

2 + z5(z4 − z3)(k4 + k5)
2

+ (z3 − 1)z5(k3 + k4 + k5)
2 + (z3 − 1)(z4 − z5)(k3 + k4)

2

h6, off-shell
3 = z3(z4 − z5)(k1 + k2 + k3 + k4)

2 + z5(z3 − z4)(k1 + k2 + k3)
2

+ (1− z3)z4z5(k1 + k2)
2 − z3z4z5(k2 + k3 + k4 + k5)

2

+ (z3 − 1)z4z5(k3 + k4 + k5)
2 + z5(z4 − z3)(k4 + k5)

2

(6.5)

6.2 Scalar λϕ3 Theory Off-Shell Amplitudes from CHY Formalism

Partial amplitudes

As discussed above, from [22] we have that an off-shell λϕ3 theory partial amplitude, Aϕ3, partial
N ,

i.e. the sum of λϕ3 theory planar tree graphs, can be obtained by evaluating the multi-variable
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contour integral

Aϕ3, partial
N =

∮
O

1

H off-shell
N

1

zN−1

∏
2≤a<b≤N−1

(za − zb)

N−2∏
a=2

za dza+1

(za − za+1)
2 . (6.6)

Using the off-shell scattering polynomials (6.3) and methods of multivariate contour integration,

such as the Global Residue Theorem [54, 55], which is a multi-variable generalization of Cauchy’s

theorem, one can show that the λϕ3 theory off-shell 4-point partial amplitude is given by

Example: The λϕ3 theory off-shell 4-point partial amplitude

Aϕ3, partial
4 =

∮
O

dz3

h4, off-shell
1

1

z3 (1− z3)
= − 1

s12
− 1

s23
, (6.7)

and the 5-point partial amplitude by

Example: The λϕ3 theory off-shell 5-point partial amplitude

Aϕ3, partial
5 =

∮
O

dz3 dz4

h5, off-shell
1 h5, off-shell

2

z3 (1− z4)

z4 (1− z3) (z3 − z4)

=
1

s12s123
+

1

s23s234
+

1

s12s34
+

1

s123s23
+

1

s234s34
.

(6.8)

Individual Feynman graphs

From [22] we have that an individual off-shell λϕ3 theory Feynman graph, Aϕ3,∆
N , can be obtained

by evaluating the multi-variable contour integral

Aϕ3,∆
N =

∮
O

1

H off-shell
N

1

u∆

∏
2≤a<b≤N
d(a,b)>2

(za − zb)
N−1∏
a=3

dza (6.9)

where d(a, b) ≡ min(|a − b|, N − |a − b|), with 1 ≤ a < b ≤ N , and u∆ is the product of N − 3

cross-ratios, one for each of the N − 3 propagators of the given graph,

u∆ ≡
∏

[I,J ]∈∆

uI,J (6.10)
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of the form

uI,J =
(zI − zJ)(zI−1 − zJ+1)

(zI − zJ+1)(zI−1 − zJ)
, (6.11)

as introduced originally by Koba and Nielsen. Here we have once again used the definition (4.3)

of the set of N − 3 consecutive subsets, ∆, associated with the kinematic invariants appearing in

the denominator of the given tree graph, Aϕ3,∆
N . The product 1/u∆ has only simple poles in the

variables za, and these only occur at locations of the form za = zb where |a− b| ̸= 2.

Example: The two 4-point λϕ3 theory tree graphs

A
ϕ3, {[1,2]}
4 = − 1

s12
= − 1

k2[1,2]
=

∮
O

dz3

h4, off-shell
1

1

z3

A
ϕ3, {[2,3]}
4 = − 1

s23
= − 1

k2[2,3]
=

∮
O

dz3

h4, off-shell
1

1

1− z3

(6.12)

Example: The five 5-point λϕ3 theory tree graphs

A
ϕ3, {[1,2],[1,3]}
5 =

1

s12s123
=

1

k2[1,2]k
2
[1,3]

=

∮
O

dz3dz4

h5, off-shell
1 h5, off-shell

2

1

z4

A
ϕ3, {[2,3],[2,4]}
5 =

1

s23s234
=

1

k2[2,3]k
2
[2,4]

=

∮
O

dz3dz4

h5, off-shell
1 h5, off-shell

2

1

1− z3

A
ϕ3, {[1,2],[3,4]}
5 =

1

s12s34
=

1

k2[1,2]k
2
[3,4]

=

∮
O

dz3dz4

h5, off-shell
1 h5, off-shell

2

1− z4
z3 − z4

A
ϕ3, {[1,3],[2,3]}
5 =

1

s123s23
=

1

k2[1,3]k
2
[2,3]

=

∮
O

dz3dz4

h5, off-shell
1 h5, off-shell

2

z3(1− z4)

(1− z3)z4

A
ϕ3, {[2,4],[3,4]}
5 =

1

s234s34
=

1

k2[2,4]k
2
[3,4]

=

∮
O

dz3dz4

h5, off-shell
1 h5, off-shell

2

z3
z3 − z4

(6.13)
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6.3 Level-Zero Generators on Off-Shell Scattering Polynomials

It is straightforward to show that the level-zero generators Pµ, Lµν and D annihilate the inverse

of the product of the N − 3 off-shell scattering polynomials,
(
H off-shell

N

)−1, as expected from the

conformal invariance of the off-shell λϕ3 theory partial amplitudes (6.6) and individual graphs (6.9),

established earlier in (4.8), (4.9) and (4.11),

Pµ
[
δn
(∑N

j=1 kj

) [
H off-shell

N

]−1
]
=

(
N∑
i=1

ki
µ

)
δn
(∑N

j=1 kj

) [
H off-shell

N

]−1
= 0

Lµν
[
δn
(∑N

j=1 kj

) [
H off-shell

N

]−1
]
= 0

D
[
δn
(∑N

j=1 kj

) [
H off-shell

N

]−1
]
= [N (d− 2)− (n− 6)] δn

(∑N
j=1 kj

) [
H off-shell

N

]−1
= 0

(6.14)

for d = 2 and in n = 6 space-time dimensions.

The special conformal generator Kµ is not first order in the derivative operators, and thus acts

on the scattering polynomials in a more complicated way. Here, we show how it acts on the contour

integral for the two Feynman graphs of the λϕ3 N = 4 partial amplitude (6.12). Its action on higher

N involve multivariable contour integrals, but they must also vanish for n = 6, d = 2, in accordance

with (4.14). See Appendix F for some additional discussion and examples.

Example: Kµ on
[
H off-shell

4

]−1

Kµ
[
h4, off-shell
1

]−1
= Kµ

[
(1− z3)(k1 + k2)

2 − z3(k2 + k3)
2
]−1

= −2 (4 d− n− 2) [(1− z3) (k
µ
1 + kµ2 )− z3 (k

µ
2 + kµ3 )](

h4, off-shell
1

)2
−

8(z3 − 1)z3
((
k3

2 − k2
2
)
kµ1 +

(
k4

2 − k2
2
)
kµ2 +

(
k1

2 − k2
2
)
kµ3
)(

h4, off-shell
1

)3
(6.15)

Let h ≡ h4, off-shell
1 = (1− z) s12 − z s23, with z = z3. The N = 4 individual graphs are

− 1

s12
=

∮
h=0

dz

h

1

z
, − 1

s23
=

∮
h=0

dz

h

1

(1− z)
(6.16)
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From (6.15) the surviving integrals are

Kµ

∮
h=0

dz

h

1

z
= (−8d+ 2n+ 4)(k1 + k2)

µ

∮
h=0

dz

(h)2
1

z

= (8d− 2n− 4)(k1 + k2)
µ

∮
z=0

dz

z

1

(h)2
=

(8d− 2n− 4)(k1 + k2)
µ

s212
,

Kµ

∮
h=0

dz

h

1

(1− z)
= (8d− 2n− 4)(k2 + k3)

µ

∮
h=0

dz

(h)2
z

(1− z)

= (−8d+ 2n+ 4)(k2 + k3)
µ

∮
z=1

dz

(1− z)

1

(h)2
=

(8d− 2n− 4)(k2 + k3)
µ

s223

(6.17)

In the integrands with 1
(h)3

the contour encircles all the zeros of the denominator, so those integrals

vanish. In (6.17) we can swap the contour around h = 0 to minus the contour around z = 0, etc.

since there is no residue at infinity.

For N = 5, acting with Kµ results in terms like
∮
h1=h2=0

dz3dz4
h2
1h2z4

≡ Res(h21, h2), where h1 ≡

h5, off-shell
1 and h2 ≡ h5, off-shell

2 , which can be evaluated with the Global Residue Theorem, by dividing

the factors in the denominator into two disjoint sets, {h21, z4} and {h2}, so that Res(h21, h2) =

−Res(z4, h2).

6.4 Level-One Generators on Off-Shell Scattering Polynomials

The action of the level-one generators on the scattering polynomials is similarly complicated. As

far as the level-one generator P̂µ is concerned, we find that:

P̂µ
[
H off-shell

N

]−1
= −d

[
N∑
i=1

(N + 1− 2 i) kµi

] [
H off-shell

N

]−1

− 2
[
H off-shell

N

]−1
N−3∑
m=1

[
hN, off-shell
m

]−1 ∑
[I,J ]∈A

(
−kµ[1, I−1] + kµ[J+1, N ]

)
k2[I,J ]

(
∂hN, off-shell

m

∂k2[I,J ]

)
,

(6.18)

where A ≡ {[I, J ] : 1 ≤ I ≤ J < N} is the set of all consecutive subsets of the form [I, J ] = {a ∈ N :

I ≤ a ≤ J}. It is clear that the action of the level-one generator P̂µ does not appear to vanish in

any number of space-time dimensions. It also does not act as a multiplicative factor of the form∑N
i=1 cik

µ
i , as it does when it acts on individual λϕ3 theory off-shell tree-level Feynman graphs.

Therefore, there is no obvious way of extending P̂µ by some evaluation parameters term, so that it

annihilates
(
H off-shell

N

)−1.
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For the N = 4 polynomial h ≡ h4, off-shell
1 , we have:

Example: P̂µ on
[
H off-shell

4

]−1

P̂µ
[
h4, off-shell
1

]−1
=− d (3kµ1 + kµ2 − kµ3 − 3kµ4 )(

h4, off-shell
1

)
−

2
(
(1− z3)(k1 + k2)

2 (kµ3 + kµ4 )− z3 (k2 + k3)
2 (−kµ1 + kµ4 )

)(
h4, off-shell
1

)2 (6.19)

The polynomial does not transform simply. However, the partial amplitude (6.7) transforms as

expected after contour integration, in accordance with (4.26),

− P̂µ

∮
dz

h

(
1

z
+

1

1− z

)
= 2kµ3 s12

∮
dz

h2
1

z
+ 2kµ1 s23

∮
dz

h2
1

1− z
+ 2kµ4

∮
dz

h

(
1

z
+

1

1− z

)
+O(d)

= 2(k3 + k4)
µ

(
− 1

s12

)
+ 2(−k1 + k4)

µ

(
− 1

s23

)
+O(d) (6.20)

For a more general theory beyond λϕ3, the amplitude (6.6) acquires a further numerator which

may depend on the momenta. In particular for Yang-Mills theory, the CHY integral has also a Pfaffian

in the numerator that depends on the momenta (see Section E.3). For these conformally invariant

amplitudes, including the Pfaffian ΨYM
N has the effect of dropping the space-time dimensions in

which the amplitudes are invariant from six to four. This further reflects that the Yangian generators

must now act on both the polynomials and the Pfaffian. For instance, the level-one P̂µ generator,

as a first-order differential operator, acts on the pure YM theory CHY integrand as follows:

P̂µ

[
ΨYM

N

H on-shell
N

]
=− d

[
N∑
i=1

(N + 1− 2 i) kµi

] [
ΨYM

N

H on-shell
N

]
+ΨYM

N

[
P̂µ
∣∣∣
d=0

1

H on-shell
N

]
+

1

H on-shell
N

[
P̂µ
∣∣∣
d=0

ΨYM
N

]
.

(6.21)
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CHAPTER 7

COMPUTATIONAL METHODS

Figure 2: Mathematica packages startup message

In addition to the pen-and-paper calculations we carried out for the formal proofs in this work,

we have created and made use of computer algebra tools which have proven very useful. More

specifically, we have created three Mathematica packages, which we plan on making publicly

available on GitHub:

■ ConformalYangian: to be submitted for publication in the journal Computer Physics

Communications [2]. This package consists of the subpackages:

– YangianGenerators: Definitions of the level-zero and level-one Y [SO(2, n)] generators

in the momentum-space differential operator representation for scalar and spin-one

gauge fields, in terms of the momenta and polarization vectors, with which one can

perform efficient symbolic computations of their action on any expression with kinematic

dependence. For the definition of these differential operators we have made use of the

Mathematica package FeynCalc [56–58].

– YangianGeneratorsOnTreeAmplitudesDatabase: Database of the action of

level-zero and level-one Y [SO(2, n)] generators on scalar and gauge theory amplitudes.
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■ TreeAmplitudesDatabase: Database of all N -point tree-level amplitudes of scalar

λϕ3 and pure Yang-Mills theory, 3 ≤ N ≤ 7, along with their dual description through the

CHY scattering equations formalism.

■ NumericalEvaluationFiniteFields: Package with functions for the numerical

evaluation of expressions invovling momenta and polarization vectors using finite fields, i.e.

using modular arithmetic with modulus a large prime number, for the purposes of quick

numerical checks.
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APPENDIX A

Y [SO(2, n)] ALGEBRA : ADDITIONAL INFORMATION

A.1 Explicit Checks of the Y [SO(2, n)] Yangian Algebra

We have explicitly checked the algebra of the level-zero Y [SO(2, n)] generators, in the momentum-

space differential operator representation, for both the scalar and gauge field cases:

[JAB, JCD] = fABCD
EF JEF = −ηACJBD − ηBDJAC + ηADJBC + ηBCJAD (A.1)

In {Pµ,Lµν ,D,Kµ} form:

[
Lµν ,Lλρ

]
= gνλLµρ − gµλLνρ + gµρLνλ − gνρLµλ[

Lµν ,Pλ
]
= gνλPµ − gµλPν[

Lµν ,Kλ
]
= gνλKµ − gµλKν

[Lµν ,D] = 0

[D,Pµ] = Pµ

[D,Kµ] = −Kµ

[Pµ,Kν ] = −2gµνD− 2Lµν

[Pµ,Pν ] = 0 [Kµ,Kν ] = 0 [D,D] = 0

(A.2)

In JAB form: [
Jµν , Jλρ

]
= gνλJµρ − gµλJνρ + gµρJνλ − gνρJµλ[

Jµν , Jn,λ
]
= gνλJn,µ − gµλJn,ν[

Jµν , Jn+1,λ
]
= gνλJn+1,µ − gµλJn+1,ν

[
Jµν , Jn,n+1

]
= 0[

Jn,n+1, Jn,µ
]
= Jn+1,µ

[
Jn,n+1, Jn+1,µ

]
= Jn,µ

[
Jn,µ, Jn+1,ν

]
= −gµνJn,n+1

[Jn,µ, Jn,ν ] = Jµν
[
Jn+1,µ, Jn+1,ν

]
= −Jµν

[
Jn,n+1, Jn,n+1

]
= 0

(A.3)
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We have also checked the algebra between the level-zero and level-one Y [SO(2, n)] generators:

[
JAB, ĴCD

]
= fABCD

EF ĴEF (A.4)

In {P̂µ, L̂µν , D̂, K̂µ} form:

[
Lµν , L̂λρ

]
= gνλL̂µρ − gµλL̂νρ + gµρL̂νλ − gνρL̂µλ[

Lµν , P̂λ
]
= gνλP̂µ − gµλP̂ν

[
Pλ, L̂µν

]
= −gνλP̂µ + gµλP̂ν[

Lµν , K̂λ
]
= gνλK̂µ − gµλK̂ν

[
Kλ, L̂µν

]
= −gνλK̂µ + gµλK̂ν[

Lµν , D̂
]
= 0

[
D, L̂µν

]
= 0[

D, P̂µ
]
= P̂µ

[
Pµ, D̂

]
= −P̂µ[

D, K̂µ
]
= −K̂µ

[
Kµ, D̂

]
= K̂µ[

Pµ, K̂ν
]
= −2gµνD̂− 2L̂µν

[
Kν , P̂µ

]
= 2gµνD̂+ 2L̂µν[

Pµ, P̂ν
]
= 0

[
Kµ, K̂ν

]
= 0

[
D, D̂

]
= 0

(A.5)

A.2 Symmetry Properties of the Y [SO(2, n)] Structure Constants

We have checked and confirmed the following symmetry properties of the Y [SO(2, n)] structure

constants. For

fABCD
EF ≡ 1

2

(
− ηAC δBE δ

D
F − ηBD δAE δ

C
F + ηAD δBE δ

C
F + ηBC δAE δ

D
F

+ ηAC δBF δ
D
E + ηBD δAF δ

C
E − ηAD δBF δ

C
E − ηBC δAF δ

D
E

)
,

(A.6)

we have

fABCD
EF = −fBACD

EF = −fABDC
EF = −fCDAB

EF = −fABCD
FE , (A.7)

and for
fAB

CDEF ≡ 1

2

(
− δAC δ

B
E ηDF − δAE δ

B
D ηCF + δAD δ

B
E ηCF + δAE δ

B
C ηDF

+ δAC δ
B
F ηDE + δAF δ

B
D ηCE − δAD δ

B
F ηCE − δAF δ

B
C ηDE

)
,

(A.8)

we have

fAB
CDEF = −fBA

CDEF = −fAB
DCEF = −fAB

EFCD = −fAB
CDFE . (A.9)
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APPENDIX B

COMMUTATION WITH MOMENTUM-CONSERVING DELTA FUNCTION

In this appendix1, we show that P̂µ commutes with the momentum-conserving Dirac delta

function

P̂µ δn
(∑N

j=1 kj

)
M(k) = δn

(∑N
j=1 kj

)
P̂µ M(k) (B.1)

for any function of the momenta M(k) =M(k1, . . . , kN ).

Note that, for any function f of the sum of the momenta
∑N

j=1 k
µ
j , we have

∂

∂k1ν
f
(
kµ1 + kµ2 + . . .+ kµN

)
=

∂

∂k2ν
f
(
kµ1 + kµ2 + . . .+ kµN

)
=

∂

∂kiν
f
(
kµ1 + kµ2 + . . .+ kµN

)
(B.2)

for any 1 ≤ i ≤ N . We prove (B.1) as follows:

P̂µ δn
(∑N

j=1 kj

)
M(k)

= −
∑

1≤i<j≤N

[
Pµ
i Dj + PρiL

µρ
j − (i↔ j)

]
δn
(∑N

j=1 kj

)
M(k)

= −
∑

1≤i<j≤N

[
kµi (d+ kj · ∂j) + kiρ(k

µ
j ∂

ρ
j − kρj ∂

µ
j +Σµρ

j )− (i↔ j)
]
δn
(∑N

j=1 kj

)
M(k)

= δn
(∑N

j=1 kj

)
P̂µ M(k)

−

( ∑
1≤i<j≤N

[
kµi kj · ∂j + kiρ(k

µ
j ∂

ρ
j − kρj ∂

µ
j )− (i↔ j)

]
δn
(∑N

j=1 kj

) )
M(k)

(B.3)

The last term is zero because the momentum-conserving Dirac delta function is a function of the

sum of the N momenta, which from (B.2) implies that all the partial derivatives ∂i act on it in the

1The content of this appendix was adapted with minor changes from Appendix B of the author’s previously published
paper in the Journal of High Energy Physics:
N. Dokmetzoglou and L. Dolan, Properties of the conformal Yangian in scalar and gauge field theories, JHEP 02
(2023) 137 [arXiv:2207.14806 [hep-th]].
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same way, as in ∂i = ∂
∂
∑N

ℓ=1 kℓ
,

∑
1≤i<j≤N

[
kµi kj · ∂j + kiρ(k

µ
j ∂

ρ
j − kρj ∂

µ
j )− (i↔ j)

]
δn
(∑N

j=1 kj

)
=

∑
1≤i<j≤N

[
(kµi kjρ + kµj kiρ) ∂

ρ
j − kiρk

ρ
j ∂

µ
j − (i↔ j)

]
δn
(∑N

j=1 kj

)
=

∑
1≤i<j≤N

[
(kµi kjρ + kµj kiρ)

∂

∂
∑N

ℓ=1 kℓρ
− kiρk

ρ
j

∂

∂
∑N

ℓ=1 kℓµ
− (i↔ j)

]
δn
(∑N

j=1 kj

)
= 0 ,

(B.4)

since the coefficients of ∂
∂
∑N

ℓ=1 kℓρ
and ∂

∂
∑N

ℓ=1 kℓµ
, after the inclusion of the interchange (i↔ j), sum

to zero.
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APPENDIX C

TREE AMPLITUDES DATABASE

C.1 Scalar λϕ3 Theory

C.1.1 Partial Amplitudes

The tree-level partial amplitudes of λϕ3 theory are defined as the sum of cyclic permutations of

individual Feynman graphs of the form (4.3).

4-point

Apartial
4 = − 1

s12
− 1

s23
= − 1

s12
+ cyclic 2 terms

5-point

Apartial
5 =

1

s12s123
+

1

s23s234
+

1

s34s345
+

1

s45s451
+

1

s51s512
=

1

s12s123
+ cyclic 5 terms

6-point

Apartial
6 = − 1

s12s123s1234
+ cyclic 6 terms

− 1

s12s345s6123
+ cyclic 3 terms

− 1

s34s345s2345
+ cyclic 3 terms

− 1

s12s34s1234
+ cyclic 2 terms

7-point

Apartial
7 =

1

s12s123s1234s12345
+ cyclic 7 terms

+
1

s23s123s567s56
+ cyclic 7 terms

+
1

s12s123s567s56
+ cyclic 7 terms

+
1

s23s123s567s67
+ cyclic 7 terms

+
1

s12s34s567s67
+ cyclic 7 terms

+
1

s12s45s123s67
+ cyclic 7 terms
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C.1.2 Total Amplitudes

The tree-level N -point total amplitudes are related to the N -point partial amplitudes by:

Atotal
N (k1, k2, . . . , kN ) = i

gN−2

2N−2N
(2π)n δn(k1 + k2 + · · ·+ kN )

∑
ρ∈SN

Apartial
N (kρ(1), kρ(2), . . . , kρ(N)) ,

(C.1)

where SN is the permutation group on N objects (here the N momenta), and g is the coupling

constant. For λϕ3 theory, we set g = λ.

Therefore, the λϕ3 theory tree-level 4-point total amplitude is given by:

Atotal
4 (k1, k2, k3, k4) = −i λ2 (2π)n δn(k1 + k2 + k3 + k4)

(
1

s12
+

1

s23
+

1

s13

)
, (C.2)

where s12 ≡ (k1 + k2)
2, s23 ≡ (k2 + k3)

2 and s13 ≡ (k1 + k3)
2. Likewise, the 5-point total amplitude

is given by:

Atotal
5 (k1, k2, k3, k4, k5) = i λ3 (2π)n δn(k1 + k2 + k3 + k4 + k5)

×

(
1

s12

1

s34
+

1

s12

1

s35
+

1

s12

1

s45
+

1

s13

1

s24
+

1

s13

1

s25

+
1

s13

1

s45
+

1

s14

1

s23
+

1

s15

1

s23
+

1

s45

1

s23
+

1

s14

1

s25

+
1

s14

1

s35
+

1

s15

1

s24
+

1

s35

1

s24
+

1

s15

1

s34
+

1

s25

1

s34

)
, (C.3)

where sa1,a2...,am ≡ (ka1 + ka2 + . . .+ kam)
2, and the 3-point total amplitude is simply:

Atotal
3 (k1, k2, k3) = i λ (2π)n δn(k1 + k2 + k3) . (C.4)
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C.2 Pure Yang-Mills Theory

For pure YM theory in four dimensions, with gauge group SU(m), the total amplitude is given

by:

Atotal
N (k; ϵ) = 2N/2gN−2 (2π)4 δ4

(
N∑
i=1

ki

) ∑
ρ∈SN/ZN

tr [T aρ(1) . . . T aρ(N) ]

×Apartial
N (kρ(1), . . . , kρ(N); ϵρ(1), . . . , ϵρ(N)) ,

(C.5)

where the sum runs over all possible non-cyclic permutations ρ of the set {1, . . . , N} and T a are the

generators of the gauge group [26].
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APPENDIX D

ACTION OF CONFORMAL YANGIAN Y [SO(2, n)] GENERATORS ON
SCALAR λϕ3 THEORY : ADDITIONAL EXAMPLES

In this appendix, we present some additional examples of the action of level-one Y [SO(2, n)]

generators on individual off-shell Feynman tree graphs of scalar λϕ3 theory. These results have been

checked computationally using the Mathematica packages we developed.

D.1 Level-One Generators on Scalar λϕ3 Theory Off-Shell Tree Graphs

Given our earlier discussion in Section 4.3, we expect the level-one SO(2, n) Yangian generators(
P̂µ, L̂µν , D̂, K̂µ

)
(2.33), when extended appropriately

(
P̂′µ, L̂′µν , D̂′, K̂′µ

)
(4.1), by the graph-

dependent evaluation parameters cϕ
3,∆

N, i (4.27), to annihilate any individual off-shell scalar λϕ3

theory tree graph Aϕ3,∆
N = δn

(∑N
j=1 kj

)
Aϕ3,∆

N , in n = 6 space-time dimensions (4.34). Here, we

show explicitly that in n = 6 space-time dimensions the extended level-one generators annihilate the

kinematic part of several off-shell scalar λϕ3 theory tree graphs Aϕ3,∆
N (4.3), where the momentum-

conserving Dirac delta function has been stripped off. These results imply that the extended level-one

generators commute with the momentum-conserving Dirac delta function for these examples. We

express the scalar theory tree graphs in terms of the off-shell kinematic invariants sI,I+1,...,J−1,J ≡

k2[I,J ] ≡ (kI + kI+1 + . . .+ kJ−1 + kJ)
2.
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D.1.1 Action of Level-One Translation Generators

N = 4 Examples

Example: P̂µ on Aϕ3, {[1,2]}
4 = −1/s12 = −1/(k1 + k2)

2

P̂µ

(
− 1

s12

)
= [−d (3kµ1 + kµ2 − kµ3 − 3kµ4 )− 2 (kµ3 + kµ4 )]

(
− 1

s12

)
Evaluation parameters : {c1 = 3 d, c2 = d, c3 = −d+ 2, c4 = −3 d+ 2}
4∑

i=1

ciP
µ
i

(
− 1

s12

)
= [d (3kµ1 + kµ2 − kµ3 − 3kµ4 ) + 2 (kµ3 + kµ4 )]

(
− 1

s12

)
[
P̂µ +

4∑
i=1

ciP
µ
i

](
− 1

s12

)
= 0 , for arbitrary n and d.

(D.1)

Example: P̂µ on Aϕ3, {[2,3]}
4 = −1/s23 = −1/(k2 + k3)

2

P̂µ

(
− 1

s23

)
= [−d (3kµ1 + kµ2 − kµ3 − 3kµ4 )− 2 (−kµ1 + kµ4 )]

(
− 1

s23

)
Evaluation parameters : {c1 = 3 d− 2, c2 = d, c3 = −d, c4 = −3 d+ 2}
4∑

i=1

ciP
µ
i

(
− 1

s23

)
= [d (3kµ1 + kµ2 − kµ3 − 3kµ4 ) + 2 (−kµ1 + kµ4 )]

(
− 1

s23

)
[
P̂µ +

4∑
i=1

ciP
µ
i

](
− 1

s23

)
= 0 , for arbitrary n and d.

(D.2)
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N = 5 Examples

Example: P̂µ on Aϕ3, {[1,2],[1,3]}
5 = 1/(s12s123) = 1/

(
(k1 + k2)

2(k1 + k2 + k3)
2
)

P̂µ

(
1

s12s123

)
= [−d (4kµ1 + 2kµ2 − 2kµ4 − 4kµ5 )− 2 (kµ3 + kµ4 + kµ5 )− 2 (kµ4 + kµ5 )]

(
1

s12s123

)
Evaluation parameters : {c1 = 4 d, c2 = 2 d, c3 = 2, c4 = −2 d+ 4, c5 = −4 d+ 4}
5∑

i=1

ciP
µ
i

(
1

s12s123

)
= [d (4kµ1 + 2kµ2 − 2kµ4 − 4kµ5 ) + 2 kµ3 + 4 (kµ4 + kµ5 )]

(
1

s12s123

)
[
P̂µ +

5∑
i=1

ciP
µ
i

](
1

s12s123

)
= 0 , for arbitrary n and d.

(D.3)

Example: P̂µ on Aϕ3, {[1,2],[3,4]}
5 = 1/(s12s34) = 1/

(
(k1 + k2)

2(k3 + k4)
2
)

P̂µ

(
1

s12s34

)
= [−d (4kµ1 + 2kµ2 − 2kµ4 − 4kµ5 )

−2 (kµ3 + kµ4 + kµ5 )− 2 (−kµ1 − kµ2 + kµ5 )]

(
1

s12s34

)
Evaluation parameters : {c1 = 4 d− 2, c2 = 2 d− 2, c3 = 2, c4 = −2 d+ 2, c5 = −4 d+ 4}
5∑

i=1

ciP
µ
i

(
1

s12s34

)
= [d (4kµ1 + 2kµ2 − 2kµ4 − 4kµ5 )

+2 (kµ3 + kµ4 + kµ5 ) + 2 (−kµ1 − kµ2 + kµ5 )]

(
1

s12s34

)
[
P̂µ +

5∑
i=1

ciP
µ
i

](
1

s12s34

)
= 0 , for arbitrary n and d.

(D.4)
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Example: P̂µ on Aϕ3, {[2,3],[1,3]}
5 = 1/(s23s123) = 1/

(
(k2 + k3)

2(k1 + k2 + k3)
2
)

P̂µ

(
1

s23s123

)
= [−d (4kµ1 + 2kµ2 − 2kµ4 − 4kµ5 )− 2 (−kµ1 + kµ4 + kµ5 )− 2 (kµ4 + kµ5 )]

(
1

s23s123

)
Evaluation parameters : {c1 = 4 d− 2, c2 = 2 d, c3 = 0, c4 = −2 d+ 4, c5 = −4 d+ 4}
5∑

i=1

ciP
µ
i

(
1

s23s123

)
= [d (4kµ1 + 2kµ2 − 2kµ4 − 4kµ5 )− 2 kµ1 + 4 (kµ4 + kµ5 )]

(
1

s23s123

)
[
P̂µ +

5∑
i=1

ciP
µ
i

](
1

s23s123

)
= 0 , for arbitrary n and d.

(D.5)

Example: P̂µ on Aϕ3, {[2,3],[2,4]}
5 = 1/(s23s234) = 1/

(
(k2 + k3)

2(k2 + k3 + k4)
2
)

P̂µ

(
1

s23s234

)
= [−d (4kµ1 + 2kµ2 − 2kµ4 − 4kµ5 )− 2 (−kµ1 + kµ4 + kµ5 )− 2 (−kµ1 + kµ5 )]

(
1

s23s234

)
Evaluation parameters : {c1 = 4 d− 4, c2 = 2 d, c3 = 0, c4 = −2 d+ 2, c5 = −4 d+ 4}
5∑

i=1

ciP
µ
i

(
1

s23s234

)
= [d (4kµ1 + 2kµ2 − 2kµ4 − 4kµ5 ) + 2 kµ4 + 4 (−kµ1 + kµ5 )]

(
1

s23s234

)
[
P̂µ +

5∑
i=1

ciP
µ
i

](
1

s23s234

)
= 0 , for arbitrary n and d.

(D.6)

Example: P̂µ on Aϕ3, {[3,4],[2,4]}
5 = 1/(s34s234) = 1/

(
(k3 + k4)

2(k2 + k3 + k4)
2
)

P̂µ

(
1

s34s234

)
= [−d (4kµ1 + 2kµ2 − 2kµ4 − 4kµ5 )− 2 (−kµ1 − kµ2 + kµ5 )− 2 (−kµ1 + kµ5 )]

(
1

s34s234

)
Evaluation parameters : {c1 = 4 d− 4, c2 = 2 d− 2, c3 = 0, c4 = −2 d, c5 = −4 d+ 4}
5∑

i=1

ciP
µ
i

(
1

s34s234

)
= [d (4kµ1 + 2kµ2 − 2kµ4 − 4kµ5 )− 2 kµ2 + 4 (−kµ1 + kµ5 )]

(
1

s34s234

)
[
P̂µ +

5∑
i=1

ciP
µ
i

](
1

s34s234

)
= 0 , for arbitrary n and d.

(D.7)
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N = 6 Examples

Example: P̂µ on Aϕ3, {[1,2],[1,3],[1,4]}
6 = −1/(s12s123s1234) = −1/

(
k2[1,2]k

2
[1,3]k

2
[1,4]

)

P̂µ

(
− 1

s12s123s1234

)
= [−d (5kµ1 + 3kµ2 + kµ3 − kµ4 − 3kµ5 − 5kµ6 )− 2 (kµ3 + kµ4 + kµ5 + kµ6 )

−2 (kµ4 + kµ5 + kµ6 )− 2 (kµ5 + kµ6 )]

(
− 1

s12s123s1234

)
Evaluation parameters :

{c1 = 5 d, c2 = 3 d, c3 = d+ 2, c4 = −d+ 4, c5 = −3 d+ 6, c6 = −5 d+ 6}
6∑

i=1

ciP
µ
i

(
− 1

s12s123s1234

)
= [d (5kµ1 + 3kµ2 + kµ3 − kµ4 − 3kµ5 − 5kµ6 )

+2 kµ3 + 4 kµ4 + 6 (kµ5 + kµ6 )]

(
− 1

s12s123s1234

)
[
P̂µ +

6∑
i=1

ciP
µ
i

](
− 1

s12s123s1234

)
= 0 , for arbitrary n and d.

(D.8)

Example: P̂µ on Aϕ3, {[2,3],[4,5],[2,5]}
6 = −1/(s23s45s2345) = −1/

(
k2[2,3]k

2
[4,5]k

2
[2,5]

)

P̂µ

(
− 1

s23s45s2345

)
= [−d (5kµ1 + 3kµ2 + kµ3 − kµ4 − 3kµ5 − 5kµ6 )− 2 (−kµ1 + kµ4 + kµ5 + kµ6 )

−2 (−kµ1 − kµ2 − kµ3 + kµ6 )− 2 (−kµ1 + kµ6 )]

(
− 1

s23s45s2345

)
Evaluation parameters :

{c1 = 5 d− 6, c2 = 3 d− 2, c3 = d− 2, c4 = −d+ 2, c5 = −3 d+ 2, c6 = −5 d+ 6}
6∑

i=1

ciP
µ
i

(
− 1

s23s45s2345

)
= [d (5kµ1 + 3kµ2 + kµ3 − kµ4 − 3kµ5 − 5kµ6 ) + 6 (−kµ1 + kµ6 )

+2 (kµ4 + kµ5 ) + 2 (−kµ2 − kµ3 )]

(
− 1

s23s45s2345

)
[
P̂µ +

6∑
i=1

ciP
µ
i

](
− 1

s23s45s2345

)
= 0 , for arbitrary n and d.

(D.9)
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D.1.2 Action of Level-One Lorentz Transformation Generators

N = 4 Examples

Example: L̂µν on Aϕ3, {[1,2]}
4 = −1/s12 = −1/(k1 + k2)

2

L̂µν

(
− 1

s12

)
= − [4(d− 2)− (n− 6)]

(kµ1 + kµ2 )(k
ν
3 + kν4 )− (kν1 + kν2 )(k

µ
3 + kµ4 )

s122

− 4 d
kµ1 k

ν
2 − kν1 k

µ
2

s122

Evaluation parameters : {c1 = 3 d, c2 = d, c3 = −d+ 2, c4 = −3 d+ 2}
4∑

i=1

ciL
µν
i

(
− 1

s12

)
= 4 d

kµ1 k
ν
2 − kν1 k

µ
2

s122[
L̂µν +

4∑
i=1

ciL
µν
i

](
− 1

s12

)
= − [4(d− 2)− (n− 6)]

(kµ1 + kµ2 )(k
ν
3 + kν4 )− (kν1 + kν2 )(k

µ
3 + kµ4 )

s122[
L̂µν +

4∑
i=1

ciL
µν
i

](
− 1

s12

)
= 0 , when n = 6 and d = 2.

(D.10)

Example: L̂µν on Aϕ3, {[2,3]}
4 = −1/s23 = −1/(k2 + k3)

2

L̂µν

(
− 1

s23

)
= − [4(d− 2)− (n− 6)]

(kµ2 + kµ3 )(−kν1 + kν4 )− (kν2 + kν3 )(−k
µ
1 + kµ4 )

s232

− 4 d
kµ2 k

ν
3 − kν2 k

µ
3

s232

Evaluation parameters : {c1 = 3 d− 2, c2 = d, c3 = −d, c4 = −3 d+ 2}
4∑

i=1

ciL
µν
i

(
− 1

s23

)
= 4 d

kµ2 k
ν
3 − kν2 k

µ
3

s232[
L̂µν +

4∑
i=1

ciL
µν
i

](
− 1

s23

)
= − [4(d− 2)− (n− 6)]

(kµ2 + kµ3 )(−kν1 + kν4 )− (kν2 + kν3 )(−k
µ
1 + kµ4 )

s232[
L̂µν +

4∑
i=1

ciL
µν
i

](
− 1

s23

)
= 0 , when n = 6 and d = 2.

(D.11)
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N = 5 Examples

Example: L̂µν on Aϕ3, {[1,2],[1,3]}
5 = 1/(s12s123) = 1/

(
(k1 + k2)

2(k1 + k2 + k3)
2
)

L̂µν

(
1

s12s123

)
̸= 0

Evaluation parameters : {c1 = 4 d, c2 = 2 d, c3 = 2, c4 = −2 d+ 4, c5 = −4 d+ 4}[
L̂µν +

5∑
i=1

ciL
µν
i

](
1

s12s123

)
= 0 , when n = 6 and d = 2.

(D.12)

Example: L̂µν on Aϕ3, {[2,3],[2,4]}
5 = 1/(s23s234) = 1/

(
(k2 + k3)

2(k2 + k3 + k4)
2
)

L̂µν

(
1

s23s234

)
̸= 0

Evaluation parameters : {c1 = 4 d− 4, c2 = 2 d, c3 = 0, c4 = −2 d+ 2, c5 = −4 d+ 4}[
L̂µν +

5∑
i=1

ciL
µν
i

](
1

s23s234

)
= 0 , when n = 6 and d = 2.

(D.13)

N = 6 Example

Example: L̂µν on Aϕ3, {[1,2],[1,3],[1,4]}
6 = −1/(s12s123s1234) = −1/

(
k2[1,2]k

2
[1,3]k

2
[1,4]

)
L̂µν

(
− 1

s12s123s1234

)
̸= 0

Evaluation parameters :

{c1 = 5 d, c2 = 3 d, c3 = d+ 2, c4 = −d+ 4, c5 = −3 d+ 6, c6 = −5 d+ 6}[
L̂µν +

6∑
i=1

ciL
µν
i

](
− 1

s12s123s1234

)
= 0 , when n = 6 and d = 2.

(D.14)
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D.1.3 Action of Level-One Dilatation Generator

N = 4 Examples

Example: D̂ on Aϕ3, {[1,2]}
4 = −1/s12 = −1/(k1 + k2)

2

D̂
(
− 1

s12

)
=

1

2
[4(d− 2)− (n− 6)]

(
−s12 − s34 + s1234

s122

)
− 2d

(
k21 − k22
s122

)
Evaluation parameters : {c1 = 3 d, c2 = d, c3 = −d+ 2, c4 = −3 d+ 2}
4∑

i=1

ciDi

(
− 1

s12

)
= 2d

(
k21 − k22
s122

)
[
D̂+

4∑
i=1

ciDi

](
− 1

s12

)
=

1

2
[4(d− 2)− (n− 6)]

(
−s12 − s34 + s1234

s122

)
[
D̂+

4∑
i=1

ciDi

](
− 1

s12

)
= 0 , when n = 6 and d = 2.

(D.15)

Example: D̂ on Aϕ3, {[2,3]}
4 = −1/s23 = −1/(k2 + k3)

2

D̂
(
− 1

s23

)
=

1

2
[4(d− 2)− (n− 6)]

(
−s123 + s234 + k21 − k24

s232

)
− 2d

(
k22 − k23
s232

)
Evaluation parameters : {c1 = 3 d− 2, c2 = d, c3 = −d, c4 = −3 d+ 2}
4∑

i=1

ciDi

(
− 1

s23

)
= 2d

(
k22 − k23
s232

)
[
D̂+

4∑
i=1

ciDi

](
− 1

s23

)
=

1

2
[4(d− 2)− (n− 6)]

(
−s123 + s234 + k21 − k24

s232

)
[
D̂+

4∑
i=1

ciDi

](
− 1

s23

)
= 0 , when n = 6 and d = 2.

(D.16)
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N = 5 Examples

Example: D̂ on Aϕ3, {[1,2],[1,3]}
5 = 1/(s12s123) = 1/

(
(k1 + k2)

2(k1 + k2 + k3)
2
)

D̂
(

1

s12s123

)
= − 1

2
[4(d− 2)− (n− 6)]

(
s12345 − s12 − s345

s122s123

)
− 1

2
[6(d− 2)− (n− 6)]

(
s12345 − s123 − s45

s12s1232

)
− 2d

(
− k21 − k22
s122s123

− s12 − s23 + k21 − k23
s12s1232

)
− 2

(
−s123 + s12 − k23

s12s1232

)
Evaluation parameters : {c1 = 4 d, c2 = 2 d, c3 = 2, c4 = −2 d+ 4, c5 = −4 d+ 4}
5∑

i=1

ciDi

(
1

s12s123

)
= 2d

(
− k21 − k22
s122s123

− s12 − s23 + k21 − k23
s12s1232

)
+ 2

(
−s123 + s12 − k23

s12s1232

)
[
D̂+

5∑
i=1

ciDi

](
1

s12s123

)
= − 1

2
[4(d− 2)− (n− 6)]

(
s12345 − s12 − s345

s122s123

)
− 1

2
[6(d− 2)− (n− 6)]

(
s12345 − s123 − s45

s12s1232

)
[
D̂+

5∑
i=1

ciDi

](
1

s12s123

)
= 0 , when n = 6 and d = 2.

(D.17)
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Example: D̂ on Aϕ3, {[2,3],[2,4]}
5 = 1/(s23s234) = 1/

(
(k2 + k3)

2(k2 + k3 + k4)
2
)

D̂
(

1

s23s234

)
= − 1

2
[4(d− 2)− (n− 6)]

(
−s123 + s2345 − s45 + k21

s232s234

)
− 1

2
[6(d− 2)− (n− 6)]

(
−s1234 + s2345 + k21 − k25

s23s2342

)
− 2d

(
− k22 − k23
s232s234

− s23 − s34 + k22 − k24
s23s2342

)
− 2

(
−s234 + s23 − k24

s23s2342

)
Evaluation parameters : {c1 = 4 d− 4, c2 = 2 d, c3 = 0, c4 = −2 d+ 2, c5 = −4 d+ 4}
5∑

i=1

ciDi

(
1

s23s234

)
= 2d

(
− k22 − k23
s232s234

− s23 − s34 + k22 − k24
s23s2342

)
+ 2

(
−s234 + s23 − k24

s23s2342

)
[
D̂+

5∑
i=1

ciDi

](
1

s23s234

)
= − 1

2
[4(d− 2)− (n− 6)]

(
−s123 + s2345 − s45 + k21

s232s234

)
− 1

2
[6(d− 2)− (n− 6)]

(
−s1234 + s2345 + k21 − k25

s23s2342

)
[
D̂+

5∑
i=1

ciDi

](
1

s23s234

)
= 0 , when n = 6 and d = 2.

(D.18)

Example: D̂ on Aϕ3, {[3,4],[2,4]}
5 = 1/(s34s234) = 1/

(
(k3 + k4)

2(k2 + k3 + k4)
2
)

D̂
(

1

s34s234

)
= − 1

2
[4(d− 2)− (n− 6)]

(
−s1234 + s12 + s345 − k25

s342s234

)
− 1

2
[6(d− 2)− (n− 6)]

(
−s1234 + s2345 + k21 − k25

s34s2342

)
− 2d

(
− k23 − k24
s342s234

− s23 − s34 + k22 − k24
s34s2342

)
+ 2

(
−s234 + s34 − k22

s34s2342

)
Evaluation parameters : {c1 = 4 d− 4, c2 = 2 d− 2, c3 = 0, c4 = −2 d, c5 = −4 d+ 4}
5∑

i=1

ciDi

(
1

s34s234

)
= 2d

(
− k23 − k24
s342s234

− s23 − s34 + k22 − k24
s34s2342

)
− 2

(
−s234 + s34 − k22

s34s2342

)
[
D̂+

5∑
i=1

ciDi

](
1

s34s234

)
= − 1

2
[4(d− 2)− (n− 6)]

(
−s1234 + s12 + s345 − k25

s342s234

)
− 1

2
[6(d− 2)− (n− 6)]

(
−s1234 + s2345 + k21 − k25

s34s2342

)
[
D̂+

5∑
i=1

ciDi

](
1

s34s234

)
= 0 , when n = 6 and d = 2.

(D.19)
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N = 6 Example

Example: D̂ on Aϕ3, {[1,2],[1,3],[1,4]}
6 = −1/(s12s123s1234) = −1/

(
k2[1,2]k

2
[1,3]k

2
[1,4]

)

D̂
(
− 1

s12s123s1234

)
=

1

2
[4(d− 2)− (n− 6)]

(
s123456 − s12 − s3456

s122s123s1234

)
+
1

2
[6(d− 2)− (n− 6)]

(
s123456 − s123 − s456

s12s1232s1234

)
+
1

2
[8(d− 2)− (n− 6)]

(
s123456 − s1234 − s56

s12s123s12342

)
+2d

(
− k21 − k22
s122s123s1234

− s12 − s23 + k21 − k23
s12s1232s1234

− s123 + s12 − s234 − s34 + k21 − k24
s12s123s12342

)

+2

(
−s123 + s12 − k23
s12s1232s1234

+
−s1234 + s123 − k24
s12s123s12342

+
−s1234 + s12 − s34
s12s123s12342

)

Evaluation parameters :

{c1 = 5 d, c2 = 3 d, c3 = d+ 2, c4 = −d+ 4, c5 = −3 d+ 6, c6 = −5 d+ 6}
6∑

i=1

ciDi

(
− 1

s12s123s1234

)
=

=− 2d

(
− k21 − k22
s122s123s1234

− s12 − s23 + k21 − k23
s12s1232s1234

− s123 + s12 − s234 − s34 + k21 − k24
s12s123s12342

)

− 2

(
−s123 + s12 − k23
s12s1232s1234

+
−s1234 + s123 − k24
s12s123s12342

+
−s1234 + s12 − s34
s12s123s12342

)
[
D̂+

6∑
i=1

ciDi

](
− 1

s12s123s1234

)
=

1

2
[4(d− 2)− (n− 6)]

(
s123456 − s12 − s3456

s122s123s1234

)
+
1

2
[6(d− 2)− (n− 6)]

(
s123456 − s123 − s456

s12s1232s1234

)
+
1

2
[8(d− 2)− (n− 6)]

(
s123456 − s1234 − s56

s12s123s12342

)
[
D̂+

6∑
i=1

ciDi

](
− 1

s12s123s1234

)
= 0 , when n = 6 and d = 2.

(D.20)
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D.1.4 Action of Level-One Special Conformal Transformation Generators

N = 4 Examples

Example: K̂µ on Aϕ3, {[1,2]}
4 = −1/s12 = −1/(k1 + k2)

2

K̂µ

(
− 1

s12

)
= 4 d [4(d− 2)− (n− 6)]

kµ1 + kµ2
s122

+ 2 d (n− 6)
kµ1 − kµ2
s122

+ 16 d
(k21 − k22)(k

µ
1 + kµ2 )

s123

Evaluation parameters : {c1 = 3 d, c2 = d, c3 = −d+ 2, c4 = −3 d+ 2}
4∑

i=1

ciK
µ
i

(
− 1

s12

)
= 4 d [4(d− 2)− (n− 6)]

kµ1 + kµ2
s122

− 2 d (n− 6)
kµ1 − kµ2
s122

− 16 d
(k21 − k22)(k

µ
1 + kµ2 )

s123[
K̂µ +

4∑
i=1

ciK
µ
i

](
− 1

s12

)
= 8 d [4(d− 2)− (n− 6)]

kµ1 + kµ2
s122[

K̂µ +
4∑

i=1

ciK
µ
i

](
− 1

s12

)
= 0 , when n = 6 and d = 2.

(D.21)

Example: K̂µ on Aϕ3, {[2,3]}
4 = −1/s23 = −1/(k2 + k3)

2

K̂µ

(
− 1

s23

)
= 2 d (n− 6)

kµ2 − kµ3
s232

+ 16 d
(k22 − k23)(k

µ
2 + kµ3 )

s233

Evaluation parameters : {c1 = 3 d− 2, c2 = d, c3 = −d, c4 = −3 d+ 2}
4∑

i=1

ciK
µ
i

(
− 1

s23

)
= −2 d (n− 6)

kµ2 − kµ3
s232

− 16 d
(k22 − k23)(k

µ
2 + kµ3 )

s233[
K̂µ +

4∑
i=1

ciK
µ
i

](
− 1

s23

)
= 0 , for arbitrary n and d.

(D.22)
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N = 5 Examples

Example: K̂µ on Aϕ3, {[1,2],[1,3]}
5 = 1/(s12s123) = 1/

(
(k1 + k2)

2(k1 + k2 + k3)
2
)

K̂µ

(
1

s12s123

)
̸= 0

Evaluation parameters : {c1 = 4 d, c2 = 2 d, c3 = 2, c4 = −2 d+ 4, c5 = −4 d+ 4}[
K̂µ +

5∑
i=1

ciK
µ
i

](
1

s12s123

)
= 0 , when n = 6 and d = 2.

(D.23)

Example: K̂µ on Aϕ3, {[1,2],[3,4]}
5 = 1/(s12s34) = 1/

(
(k1 + k2)

2(k3 + k4)
2
)

K̂µ

(
1

s12s34

)
̸= 0

Evaluation parameters : {c1 = 4 d− 2, c2 = 2 d− 2, c3 = 2, c4 = −2 d+ 2, c5 = −4 d+ 4}[
K̂µ +

5∑
i=1

ciK
µ
i

](
1

s12s34

)
= 0 , when n = 6 and d = 2.

(D.24)

Example: K̂µ on Aϕ3, {[2,3],[1,3]}
5 = 1/(s23s123) = 1/

(
(k2 + k3)

2(k1 + k2 + k3)
2
)

K̂µ

(
1

s23s123

)
̸= 0

Evaluation parameters : {c1 = 4 d− 2, c2 = 2 d, c3 = 0, c4 = −2 d+ 4, c5 = −4 d+ 4}[
K̂µ +

5∑
i=1

ciK
µ
i

](
1

s23s123

)
= 0 , when n = 6 and d = 2.

(D.25)

Example: K̂µ on Aϕ3, {[2,3],[2,4]}
5 = 1/(s23s234) = 1/

(
(k2 + k3)

2(k2 + k3 + k4)
2
)

K̂µ

(
1

s23s234

)
̸= 0

Evaluation parameters : {c1 = 4 d− 4, c2 = 2 d, c3 = 0, c4 = −2 d+ 2, c5 = −4 d+ 4}[
K̂µ +

5∑
i=1

ciK
µ
i

](
1

s23s234

)
= 0 , when n = 6 and d = 2.

(D.26)
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Example: K̂µ on Aϕ3, {[3,4],[2,4]}
5 = 1/(s34s234) = 1/

(
(k3 + k4)

2(k2 + k3 + k4)
2
)

K̂µ

(
1

s34s234

)
̸= 0

Evaluation parameters : {c1 = 4 d− 4, c2 = 2 d− 2, c3 = 0, c4 = −2 d, c5 = −4 d+ 4}[
K̂µ +

5∑
i=1

ciK
µ
i

](
1

s34s234

)
= 0 , when n = 6 and d = 2.

(D.27)

N = 6 Example

Example: K̂µ on Aϕ3, {[1,2],[1,3],[1,4]}
6 = −1/(s12s123s1234) = −1/

(
k2[1,2]k

2
[1,3]k

2
[1,4]

)
K̂µ

(
− 1

s12s123s1234

)
̸= 0

Evaluation parameters :

{c1 = 5 d, c2 = 3 d, c3 = d+ 2, c4 = −d+ 4, c5 = −3 d+ 6, c6 = −5 d+ 6}[
K̂µ +

6∑
i=1

ciK
µ
i

](
− 1

s12s123s1234

)
= 0 , when n = 6 and d = 2.

(D.28)
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APPENDIX E

CHY SCATTERING EQUATIONS FORMALISM

E.1 Off-Shell Scattering Polynomials

E.1.1 Möbius Covariant Off-Shell Scattering Polynomials

The off-shell scattering polynomials can equivalently be defined as follows:

hN, off-shell
m (z, k) = lim

z1→∞
h̃m+1/z1, 1 ≤ m ≤ N − 3 , (E.1)

where

h̃m(z, k) =
∑

1≤I<J<N
(I,J)̸=(1,N−1)

k2[I,J ] (zI − zI−1) (zJ − zJ+1)Π
m−2
[I,J ]o , 2 ≤ m ≤ N − 2 (E.2)

are the Möbius covariant off-shell scattering polynomials.

E.1.2 Scattering Equations Solutions

Using the off-shell polynomials (6.3) as defined in [22]:

4-point

h4, off-shell
1 (z, k) = (1− z3) s12 − z3 s23 (E.3)

The solution of the scattering equation h4, off-shell
1 (z, k) = 0 is:

z3 =
s12

s12 + s23
(E.4)

5-point

h5, off-shell
1 (z, k) = (1− z3) s12 + z3s123 − z4s123 − z4s234 + (z4 − z3) s23

h5, off-shell
2 (z, k) = z3s123 + z3z4s34 − z3z4s234 − z4s34 − z4s123 + z4 (1− z3) s12

(E.5)
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The two simultaneous solutions of the scattering equations h5, off-shell
1 (z, k) = 0 and h5, off-shell

2 (z, k) = 0

are:

z±3 =
2s12 (s12 − s34) + s12 (s23 − 2s123 + s234)− s23s34 + s34s123 − s123s234

2 (s12 + s23 − s123) (s12 − s34 + s234)

±
√

(−s23s34 + s123 (s34 − s234) + s12 (s23 − 2s123 − s234)) 2 − 4s12s123 (s12 − s34 + s234) (−s23 + s123 + s234)

2 (s12 + s23 − s123) (s12 − s34 + s234)

z±4 =
s12 (s23 − 2s123 − s234)− s23s34 + s34s123 − s123s234

2 (s23 − s123 − s234) (s12 − s34 + s234)

±
√

(−s23s34 + s123 (s34 − s234) + s12 (s23 − 2s123 − s234)) 2 − 4s12s123 (s12 − s34 + s234) (−s23 + s123 + s234)

2 (s23 − s123 − s234) (s12 − s34 + s234)
(E.6)

E.2 On-Shell Scattering Polynomials

hN, on-shell
m (z, k) =

1

m!

∑
a1,a2,...,am∈A′

ai uneq.

σa1a2...amza1za2 . . . zam , 1 ≤ m ≤ N − 3 (E.7)

where σa1a2...am = k21a1a2...am = (k1 + ka1 + ka2 + · · ·+ kam)
2 ≡ s1a1a2...am , A′ = {a ∈ A : a ̸= 1, N},

and A = {1, 2, . . . , N}.

E.2.1 Möbius Covariant On-Shell Scattering Polynomials

The on-shell scattering polynomials can equivalently be defined as follows:

hN, on-shell
m (z, k) = lim

z1→∞
ĥm+1/z1, 1 ≤ m ≤ N − 3 , (E.8)

where

ĥm(z, k) =
∑
S⊂A
|S|=m

k2SzS , 2 ≤ m ≤ N − 2 (E.9)

are the Möbius covariant on-shell scattering polynomials and

kS =
∑
b∈S

kb, zS =
∏
a∈S

za, S ⊂ A. (E.10)
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E.2.2 Scattering Equations Solutions

Using the original on-shell polynomials (E.7) as defined in [21]:

4-point

h4, on-shell
1 (z, k) = s12 + s13 z3 (E.11)

The solution of the scattering equation h4, on-shell
1 (z, k) = 0 is:

z3 = −s12
s13

(E.12)

5-point

h5, on-shell
1 (z, k) = s12 + s13 z3 + s14 z4 (E.13)

h5, on-shell
2 (z, k) = s123 z3 + s124 z4 + s134 z3 z4 (E.14)

The two simultaneous solutions of the scattering equations h5, on-shell
1 (z, k) = 0 and h5, on-shell

2 (z, k) = 0

are:

z±3 = −
(s12 s134 + s13 s124 − s14 s123)±

√
(s12 s134 + s13 s124 − s14 s123)2 − 4 s12 s13 s124 s134

2 s13 s134

z±4 =
−(s12 s134 − s13 s124 + s14 s123)±

√
(s12 s134 + s13 s124 − s14 s123)2 − 4 s12 s13 s124 s134
2 s14 s134

(E.15)
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E.3 Pure Yang-Mills Theory Partial Amplitudes from CHY Formalism

N -point

AYM, partial
N =

∮
O

ΨYM
N

H on-shell
N

1

zN−1

∏
2≤a<b≤N−1

(za − zb)

N−2∏
a=2

za dza+1

(za − za+1)
2 . (E.16)

From [18,20], the ΨYM
N (z; k; ϵ) function, appearing in the integrand of the CHY formalism, for pure

Yang-Mills theory is given by:

ΨYM
N (z; k; ϵ) = lim

z1→∞

(
z21 Pf

′ Ψ̃N (z; k; ϵ)
)N−1∏

a=2

(za − za+1) , (E.17)

where

Pf ′ Ψ̃N (z; k; ϵ) = 2
(−1)a+b

za − zb
Pf Ψ̃

(a,b)
N (z; k; ϵ) (E.18)

is the reduced Pfaffian of the matrix

Ψ̃N (z; k; ϵ) =

 A D

C B

 , (E.19)

with elements

Aab =
ka · kb
za − zb

, Bab =
ϵa · ϵb
za − zb

, Cab =
ϵa · kb
za − zb

, a ̸= b, 1 ≤ a, b ≤ N (E.20)

Aaa = Baa = 0, Caa = −Σa, Σa =

N∑
c=1
c̸=a

ϵa · kc
za − zc

, 1 ≤ a ≤ N (E.21)

Dab = −Cba, 1 ≤ a, b ≤ N . (E.22)
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4-point

AYM, partial
4 =

∮
O

dz3

h4, on-shell
1

1

z3 (1− z3)
ΨYM

4 (E.23)

ΨYM
4 (z; k; ϵ)

= (1− z3) (ϵ1 · ϵ2) (k2 · ϵ4) (k4 · ϵ3) + (1− z3) (ϵ1 · ϵ3) (k3 · ϵ4) (k4 · ϵ2)

− (1− z3) (ϵ1 · ϵ4) (k4 · ϵ2) (k4 · ϵ3)− (1− z3) (ϵ2 · ϵ4) (k2 · ϵ1) (k4 · ϵ3)

− (1− z3) (ϵ3 · ϵ4) (k3 · ϵ1) (k4 · ϵ2)− z3 (ϵ1 · ϵ2) (k2 · ϵ3) (k2 · ϵ4)

+ z3 (ϵ1 · ϵ3) (k2 · ϵ4) (k3 · ϵ2) + z3 (ϵ1 · ϵ4) (k2 · ϵ3) (k4 · ϵ2)

− z3 (ϵ2 · ϵ3) (k2 · ϵ4) (k3 · ϵ1) + z3 (ϵ2 · ϵ4) (k2 · ϵ1) (k2 · ϵ3) + z3 (ϵ2 · ϵ4) (k2 · ϵ3) (k3 · ϵ1)

− z3 (k2 · k3) (ϵ1 · ϵ3) (ϵ2 · ϵ4) +
z3 (k2 · k3) (ϵ1 · ϵ4) (ϵ2 · ϵ3)

1− z3
− (ϵ1 · ϵ2) (k2 · ϵ3) (k3 · ϵ4)

+ (k2 · k3) (ϵ3 · ϵ4) (ϵ1 · ϵ2) + (ϵ1 · ϵ3) (k3 · ϵ2) (k3 · ϵ4)− (ϵ1 · ϵ4) (k3 · ϵ2) (k4 · ϵ3)

+ (ϵ2 · ϵ3) (k2 · ϵ1) (k3 · ϵ4)− (ϵ3 · ϵ4) (k2 · ϵ1) (k3 · ϵ2)− (ϵ3 · ϵ4) (k3 · ϵ1) (k3 · ϵ2)

(E.24)

5-point

AYM, partial
5 =

∮
O

dz3 dz4

h5, on-shell
1 h5, on-shell

2

z3
z4

(1− z4)

(1− z3) (z3 − z4)
ΨYM

5 (E.25)

ΨYM
5 (z; k; ϵ) = − (k2 · k3) (k4 · ϵ3) (ϵ1 · ϵ5) (ϵ2 · ϵ4) z4

2 (1− z4)

− 1

2
(k2 · ϵ3) (k3 · ϵ4) (k4 · ϵ5) (ϵ1 · ϵ2) +

1

2
(k2 · k3) (k4 · ϵ5) (ϵ3 · ϵ4) (ϵ1 · ϵ2)

+
1

2
(k2 · ϵ3) (k3 · k4) (ϵ4 · ϵ5) (ϵ1 · ϵ2)−

1

2
(k2 · k3) (k4 · ϵ3) (ϵ4 · ϵ5) (ϵ1 · ϵ2)

− 1

2
(k2 · ϵ5) (k4 · ϵ3) (k5 · ϵ4) (1− z3) (ϵ1 · ϵ2) +

1

2
(k2 · ϵ3) (k2 · ϵ5) (k5 · ϵ4) (z3 − z4) (ϵ1 · ϵ2)

+
(k2 · ϵ3) (k3 · ϵ5) (k5 · ϵ4) (z3 − z4) (ϵ1 · ϵ2)

2z3
− (k2 · k3) (k5 · ϵ4) (ϵ3 · ϵ5) (z3 − z4) (ϵ1 · ϵ2)

2z3

− (k2 · ϵ5) (k5 · ϵ3) (k5 · ϵ4) (1− z3) (z3 − z4) (ϵ1 · ϵ2)
2z3

+
(k2 · ϵ4) (k4 · ϵ5) (k5 · ϵ3) (1− z3) (z3 − z4) (ϵ1 · ϵ2)

2z3 (1− z4)

− (k2 · k4) (k5 · ϵ3) (ϵ4 · ϵ5) (1− z3) (z3 − z4) (ϵ1 · ϵ2)
2z3 (1− z4)

− 1

2
(k2 · ϵ3) (k2 · ϵ5) (k3 · ϵ4) z4 (ϵ1 · ϵ2)

+
(k2 · ϵ4) (k2 · ϵ5) (k5 · ϵ3) (1− z3) (z3 − z4) z4 (ϵ1 · ϵ2)

2z3 (1− z4)
− (k2 · ϵ3) (k3 · ϵ4) (k3 · ϵ5) z4 (ϵ1 · ϵ2)

2z3

+
(k2 · k3) (k3 · ϵ4) (ϵ3 · ϵ5) z4 (ϵ1 · ϵ2)

2z3
+

(k2 · ϵ5) (k3 · ϵ4) (k5 · ϵ3) (1− z3) z4 (ϵ1 · ϵ2)
2z3
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+
(k2 · ϵ4) (k2 · ϵ5) (k4 · ϵ3) (1− z3) z4 (ϵ1 · ϵ2)

2 (1− z4)
+

(k2 · ϵ4) (k3 · ϵ5) (k4 · ϵ3) (1− z3) z4 (ϵ1 · ϵ2)
2z3 (1− z4)

− (k2 · k4) (k3 · ϵ5) (ϵ3 · ϵ4) (1− z3) z4 (ϵ1 · ϵ2)
2z3 (1− z4)

− (k2 · ϵ4) (k3 · k4) (ϵ3 · ϵ5) (1− z3) z4 (ϵ1 · ϵ2)
2z3 (1− z4)

+
(k2 · k4) (k3 · ϵ4) (ϵ3 · ϵ5) (1− z3) z4 (ϵ1 · ϵ2)

2z3 (1− z4)
+

(k2 · ϵ5) (k3 · k4) (ϵ3 · ϵ4) (1− z3) z4 (ϵ1 · ϵ2)
2 (z3 − z4)

+
(k2 · ϵ3) (k2 · ϵ4) (k2 · ϵ5) z4 (z4 − z3) (ϵ1 · ϵ2)

2 (1− z4)
+

(k2 · ϵ3) (k2 · ϵ4) (k3 · ϵ5) z4 (z4 − z3) (ϵ1 · ϵ2)
2z3 (1− z4)

− (k2 · k3) (k2 · ϵ4) (ϵ3 · ϵ5) z4 (z4 − z3) (ϵ1 · ϵ2)
2z3 (1− z4)

+
(k2 · ϵ3) (k2 · ϵ4) (k4 · ϵ5) (z4 − z3) (ϵ1 · ϵ2)

2 (1− z4)

− (k2 · k4) (k2 · ϵ3) (ϵ4 · ϵ5) (z4 − z3) (ϵ1 · ϵ2)
2 (1− z4)

+
(k2 · ϵ4) (k4 · ϵ3) (k4 · ϵ5) (1− z3) (ϵ1 · ϵ2)

2 (1− z4)

− (k2 · k4) (k4 · ϵ3) (ϵ4 · ϵ5) (1− z3) (ϵ1 · ϵ2)
2 (1− z4)

+
1

2
(k3 · ϵ2) (k3 · ϵ4) (k4 · ϵ5) (ϵ1 · ϵ3)

− 1

2
(k3 · ϵ2) (k4 · ϵ3) (k4 · ϵ5) (ϵ1 · ϵ4) +

1

2
(k3 · ϵ2) (k4 · ϵ3) (k5 · ϵ4) (ϵ1 · ϵ5)

+
1

2
(k2 · ϵ1) (k3 · ϵ4) (k4 · ϵ5) (ϵ2 · ϵ3)−

1

2
(k2 · ϵ1) (k3 · ϵ2) (k4 · ϵ5) (ϵ3 · ϵ4)

− 1

2
(k3 · ϵ1) (k3 · ϵ2) (k4 · ϵ5) (ϵ3 · ϵ4) +

1

2
(k2 · ϵ1) (k3 · ϵ2) (k4 · ϵ3) (ϵ4 · ϵ5)

+
1

2
(k3 · ϵ1) (k3 · ϵ2) (k4 · ϵ3) (ϵ4 · ϵ5) +

1

2
(k3 · ϵ2) (k4 · ϵ1) (k4 · ϵ3) (ϵ4 · ϵ5)

− 1

2
(k3 · k4) (k3 · ϵ2) (ϵ1 · ϵ3) (ϵ4 · ϵ5)−

1

2
(k2 · ϵ1) (k3 · k4) (ϵ2 · ϵ3) (ϵ4 · ϵ5)

+
1

2
(k3 · ϵ4) (k4 · ϵ5) (k5 · ϵ2) (ϵ1 · ϵ3) (1− z3)−

1

2
(k4 · ϵ3) (k4 · ϵ5) (k5 · ϵ2) (ϵ1 · ϵ4) (1− z3)

+
1

2
(k4 · ϵ3) (k5 · ϵ2) (k5 · ϵ4) (ϵ1 · ϵ5) (1− z3) +

1

2
(k2 · ϵ1) (k4 · ϵ3) (k5 · ϵ4) (ϵ2 · ϵ5) (1− z3)

− 1

2
(k3 · ϵ1) (k4 · ϵ5) (k5 · ϵ2) (ϵ3 · ϵ4) (1− z3) +

1

2
(k3 · ϵ1) (k4 · ϵ3) (k5 · ϵ2) (ϵ4 · ϵ5) (1− z3)

+
1

2
(k4 · ϵ1) (k4 · ϵ3) (k5 · ϵ2) (ϵ4 · ϵ5) (1− z3)−

1

2
(k3 · k4) (k5 · ϵ2) (ϵ1 · ϵ3) (ϵ4 · ϵ5) (1− z3)

− 1

2
(k2 · ϵ5) (k3 · ϵ2) (k5 · ϵ4) (ϵ1 · ϵ3) (z3 − z4) +

1

2
(k2 · ϵ3) (k4 · ϵ5) (k5 · ϵ2) (ϵ1 · ϵ4) (z3 − z4)

− 1

2
(k2 · ϵ3) (k5 · ϵ2) (k5 · ϵ4) (ϵ1 · ϵ5) (z3 − z4) +

1

2
(k2 · ϵ5) (k3 · ϵ1) (k5 · ϵ4) (ϵ2 · ϵ3) (z3 − z4)

− 1

2
(k2 · ϵ1) (k2 · ϵ3) (k5 · ϵ4) (ϵ2 · ϵ5) (z3 − z4)−

1

2
(k2 · ϵ3) (k3 · ϵ1) (k5 · ϵ4) (ϵ2 · ϵ5) (z3 − z4)

+
1

2
(k2 · k3) (k5 · ϵ4) (ϵ1 · ϵ3) (ϵ2 · ϵ5) (z3 − z4)−

1

2
(k2 · ϵ3) (k4 · ϵ1) (k5 · ϵ2) (ϵ4 · ϵ5) (z3 − z4)

+
(k2 · k3) (k4 · ϵ5) (ϵ1 · ϵ4) (ϵ2 · ϵ3) (z3 − z4)

2 (1− z3)
− (k2 · k3) (k5 · ϵ4) (ϵ1 · ϵ5) (ϵ2 · ϵ3) (z3 − z4)

2 (1− z3)

− (k2 · k3) (k4 · ϵ1) (ϵ2 · ϵ3) (ϵ4 · ϵ5) (z3 − z4)

2 (1− z3)
− (k3 · ϵ2) (k3 · ϵ5) (k5 · ϵ4) (ϵ1 · ϵ3) (z3 − z4)

2z3

− (k3 · ϵ2) (k4 · ϵ5) (k5 · ϵ3) (ϵ1 · ϵ4) (z3 − z4)

2z3
+

(k3 · ϵ2) (k5 · ϵ3) (k5 · ϵ4) (ϵ1 · ϵ5) (z3 − z4)

2z3

− (k2 · ϵ1) (k3 · ϵ5) (k5 · ϵ4) (ϵ2 · ϵ3) (z3 − z4)

2z3
+

(k2 · ϵ1) (k3 · ϵ2) (k5 · ϵ4) (ϵ3 · ϵ5) (z3 − z4)

2z3

+
(k3 · ϵ1) (k3 · ϵ2) (k5 · ϵ4) (ϵ3 · ϵ5) (z3 − z4)

2z3
+

(k3 · ϵ2) (k4 · ϵ1) (k5 · ϵ3) (ϵ4 · ϵ5) (z3 − z4)

2z3

− (k3 · ϵ5) (k5 · ϵ2) (k5 · ϵ4) (ϵ1 · ϵ3) (1− z3) (z3 − z4)

2z3
− (k4 · ϵ5) (k5 · ϵ2) (k5 · ϵ3) (ϵ1 · ϵ4) (1− z3) (z3 − z4)

2z3

+
(k5 · ϵ2) (k5 · ϵ3) (k5 · ϵ4) (ϵ1 · ϵ5) (1− z3) (z3 − z4)

2z3
+

(k2 · ϵ1) (k5 · ϵ3) (k5 · ϵ4) (ϵ2 · ϵ5) (1− z3) (z3 − z4)

2z3

+
(k3 · ϵ1) (k5 · ϵ2) (k5 · ϵ4) (ϵ3 · ϵ5) (1− z3) (z3 − z4)

2z3
+

(k4 · ϵ1) (k5 · ϵ2) (k5 · ϵ3) (ϵ4 · ϵ5) (1− z3) (z3 − z4)

2z3
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− (k3 · ϵ5) (k4 · ϵ2) (k5 · ϵ4) (ϵ1 · ϵ3) (1− z3) (z3 − z4)

2z3 (1− z4)
− (k4 · ϵ2) (k4 · ϵ5) (k5 · ϵ3) (ϵ1 · ϵ4) (1− z3) (z3 − z4)

2z3 (1− z4)

+
(k4 · ϵ2) (k5 · ϵ3) (k5 · ϵ4) (ϵ1 · ϵ5) (1− z3) (z3 − z4)

2z3 (1− z4)
− (k2 · ϵ1) (k4 · ϵ5) (k5 · ϵ3) (ϵ2 · ϵ4) (1− z3) (z3 − z4)

2z3 (1− z4)

+
(k3 · ϵ1) (k4 · ϵ2) (k5 · ϵ4) (ϵ3 · ϵ5) (1− z3) (z3 − z4)

2z3 (1− z4)
+

(k2 · ϵ1) (k4 · ϵ2) (k5 · ϵ3) (ϵ4 · ϵ5) (1− z3) (z3 − z4)

2z3 (1− z4)

+
(k4 · ϵ1) (k4 · ϵ2) (k5 · ϵ3) (ϵ4 · ϵ5) (1− z3) (z3 − z4)

2z3 (1− z4)
+

1

2
(k2 · ϵ5) (k3 · ϵ2) (k3 · ϵ4) (ϵ1 · ϵ3) z4

− 1

2
(k2 · ϵ5) (k3 · ϵ2) (k4 · ϵ3) (ϵ1 · ϵ4) z4 +

1

2
(k2 · ϵ3) (k3 · ϵ4) (k5 · ϵ2) (ϵ1 · ϵ5) z4

− 1

2
(k2 · ϵ5) (k3 · ϵ1) (k3 · ϵ4) (ϵ2 · ϵ3) z4 −

1

2
(k2 · ϵ5) (k3 · ϵ4) (k4 · ϵ1) (ϵ2 · ϵ3) z4

+
1

2
(k2 · ϵ5) (k3 · k4) (ϵ1 · ϵ4) (ϵ2 · ϵ3) z4 +

1

2
(k2 · ϵ1) (k2 · ϵ3) (k3 · ϵ4) (ϵ2 · ϵ5) z4

+
1

2
(k2 · ϵ3) (k3 · ϵ1) (k3 · ϵ4) (ϵ2 · ϵ5) z4 +

1

2
(k2 · ϵ3) (k3 · ϵ4) (k4 · ϵ1) (ϵ2 · ϵ5) z4

− 1

2
(k2 · k3) (k3 · ϵ4) (ϵ1 · ϵ3) (ϵ2 · ϵ5) z4 −

1

2
(k2 · ϵ3) (k3 · k4) (ϵ1 · ϵ4) (ϵ2 · ϵ5) z4

+
1

2
(k2 · k3) (k4 · ϵ3) (ϵ1 · ϵ4) (ϵ2 · ϵ5) z4 +

1

2
(k2 · ϵ5) (k3 · ϵ2) (k4 · ϵ1) (ϵ3 · ϵ4) z4

− 1

2
(k2 · k3) (k4 · ϵ1) (ϵ2 · ϵ5) (ϵ3 · ϵ4) z4 +

(k2 · k3) (k2 · ϵ4) (ϵ1 · ϵ5) (ϵ2 · ϵ3) (z3 − z4) z4
2 (1− z3) (1− z4)

+
(k2 · ϵ4) (k3 · ϵ5) (k5 · ϵ2) (ϵ1 · ϵ3) (1− z3) (z3 − z4) z4

2z3 (1− z4)
− (k2 · ϵ5) (k4 · ϵ2) (k5 · ϵ3) (ϵ1 · ϵ4) (1− z3) (z3 − z4) z4

2z3 (1− z4)

− (k2 · ϵ4) (k5 · ϵ2) (k5 · ϵ3) (ϵ1 · ϵ5) (1− z3) (z3 − z4) z4
2z3 (1− z4)

+
(k2 · ϵ5) (k4 · ϵ1) (k5 · ϵ3) (ϵ2 · ϵ4) (1− z3) (z3 − z4) z4

2z3 (1− z4)

− (k2 · ϵ1) (k2 · ϵ4) (k5 · ϵ3) (ϵ2 · ϵ5) (1− z3) (z3 − z4) z4
2z3 (1− z4)

− (k2 · ϵ4) (k4 · ϵ1) (k5 · ϵ3) (ϵ2 · ϵ5) (1− z3) (z3 − z4) z4
2z3 (1− z4)

+
(k2 · k4) (k5 · ϵ3) (ϵ1 · ϵ4) (ϵ2 · ϵ5) (1− z3) (z3 − z4) z4

2z3 (1− z4)
− (k2 · ϵ4) (k3 · ϵ1) (k5 · ϵ2) (ϵ3 · ϵ5) (1− z3) (z3 − z4) z4

2z3 (1− z4)

+
(k2 · k4) (k3 · ϵ5) (ϵ1 · ϵ3) (ϵ2 · ϵ4) (1− z3) (z3 − z4) z4

2z3 (1− z4) 2
− (k2 · k4) (k5 · ϵ3) (ϵ1 · ϵ5) (ϵ2 · ϵ4) (1− z3) (z3 − z4) z4

2z3 (1− z4) 2

− (k2 · k4) (k3 · ϵ1) (ϵ2 · ϵ4) (ϵ3 · ϵ5) (1− z3) (z3 − z4) z4
2z3 (1− z4) 2

+
(k2 · k3) (k3 · ϵ4) (ϵ1 · ϵ5) (ϵ2 · ϵ3) z4

2 (1− z3)

+
(k3 · ϵ2) (k3 · ϵ4) (k3 · ϵ5) (ϵ1 · ϵ3) z4

2z3
− (k3 · ϵ2) (k3 · ϵ5) (k4 · ϵ3) (ϵ1 · ϵ4) z4

2z3

− (k3 · ϵ2) (k3 · ϵ4) (k5 · ϵ3) (ϵ1 · ϵ5) z4
2z3

+
(k2 · ϵ1) (k3 · ϵ4) (k3 · ϵ5) (ϵ2 · ϵ3) z4

2z3

+
(k3 · ϵ2) (k3 · ϵ5) (k4 · ϵ1) (ϵ3 · ϵ4) z4

2z3
− (k2 · ϵ1) (k3 · ϵ2) (k3 · ϵ4) (ϵ3 · ϵ5) z4

2z3

− (k3 · ϵ1) (k3 · ϵ2) (k3 · ϵ4) (ϵ3 · ϵ5) z4
2z3

− (k3 · ϵ2) (k3 · ϵ4) (k4 · ϵ1) (ϵ3 · ϵ5) z4
2z3

+
(k3 · k4) (k3 · ϵ2) (ϵ1 · ϵ4) (ϵ3 · ϵ5) z4

2z3
+

(k3 · ϵ4) (k3 · ϵ5) (k5 · ϵ2) (ϵ1 · ϵ3) (1− z3) z4
2z3

− (k3 · ϵ5) (k4 · ϵ3) (k5 · ϵ2) (ϵ1 · ϵ4) (1− z3) z4
2z3

− (k3 · ϵ4) (k5 · ϵ2) (k5 · ϵ3) (ϵ1 · ϵ5) (1− z3) z4
2z3

− (k2 · ϵ1) (k3 · ϵ4) (k5 · ϵ3) (ϵ2 · ϵ5) (1− z3) z4
2z3

+
(k3 · ϵ5) (k4 · ϵ1) (k5 · ϵ2) (ϵ3 · ϵ4) (1− z3) z4

2z3

− (k3 · ϵ1) (k3 · ϵ4) (k5 · ϵ2) (ϵ3 · ϵ5) (1− z3) z4
2z3

− (k3 · ϵ4) (k4 · ϵ1) (k5 · ϵ2) (ϵ3 · ϵ5) (1− z3) z4
2z3

+
(k3 · k4) (k5 · ϵ2) (ϵ1 · ϵ4) (ϵ3 · ϵ5) (1− z3) z4

2z3
− (k2 · ϵ4) (k3 · k4) (ϵ1 · ϵ5) (ϵ2 · ϵ3) z4

2 (1− z4)

+
(k2 · k4) (k3 · ϵ4) (ϵ1 · ϵ5) (ϵ2 · ϵ3) z4

2 (1− z4)
+

(k2 · ϵ3) (k3 · k4) (ϵ1 · ϵ5) (ϵ2 · ϵ4) z4
2 (1− z4)
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− (k2 · k4) (k3 · ϵ2) (ϵ1 · ϵ5) (ϵ3 · ϵ4) z4
2 (1− z4)

+
(k2 · k3) (k4 · ϵ2) (ϵ1 · ϵ5) (ϵ3 · ϵ4) z4

2 (1− z4)

+
(k2 · ϵ5) (k3 · ϵ4) (k4 · ϵ2) (ϵ1 · ϵ3) (1− z3) z4

2 (1− z4)
− (k2 · ϵ5) (k4 · ϵ2) (k4 · ϵ3) (ϵ1 · ϵ4) (1− z3) z4

2 (1− z4)

− (k2 · ϵ4) (k4 · ϵ3) (k5 · ϵ2) (ϵ1 · ϵ5) (1− z3) z4
2 (1− z4)

+
(k2 · ϵ5) (k3 · ϵ1) (k4 · ϵ3) (ϵ2 · ϵ4) (1− z3) z4

2 (1− z4)

+
(k2 · ϵ5) (k4 · ϵ1) (k4 · ϵ3) (ϵ2 · ϵ4) (1− z3) z4

2 (1− z4)
− (k2 · ϵ5) (k3 · k4) (ϵ1 · ϵ3) (ϵ2 · ϵ4) (1− z3) z4

2 (1− z4)

− (k2 · ϵ1) (k2 · ϵ4) (k4 · ϵ3) (ϵ2 · ϵ5) (1− z3) z4
2 (1− z4)

− (k2 · ϵ4) (k3 · ϵ1) (k4 · ϵ3) (ϵ2 · ϵ5) (1− z3) z4
2 (1− z4)

− (k2 · ϵ4) (k4 · ϵ1) (k4 · ϵ3) (ϵ2 · ϵ5) (1− z3) z4
2 (1− z4)

+
(k2 · ϵ4) (k3 · k4) (ϵ1 · ϵ3) (ϵ2 · ϵ5) (1− z3) z4

2 (1− z4)

− (k2 · k4) (k3 · ϵ4) (ϵ1 · ϵ3) (ϵ2 · ϵ5) (1− z3) z4
2 (1− z4)

+
(k2 · k4) (k4 · ϵ3) (ϵ1 · ϵ4) (ϵ2 · ϵ5) (1− z3) z4

2 (1− z4)

− (k2 · ϵ5) (k3 · ϵ1) (k4 · ϵ2) (ϵ3 · ϵ4) (1− z3) z4
2 (1− z4)

+
(k2 · k4) (k3 · ϵ1) (ϵ2 · ϵ5) (ϵ3 · ϵ4) (1− z3) z4

2 (1− z4)

+
(k3 · ϵ4) (k3 · ϵ5) (k4 · ϵ2) (ϵ1 · ϵ3) (1− z3) z4

2z3 (1− z4)
− (k3 · ϵ5) (k4 · ϵ2) (k4 · ϵ3) (ϵ1 · ϵ4) (1− z3) z4

2z3 (1− z4)

− (k3 · ϵ4) (k4 · ϵ2) (k5 · ϵ3) (ϵ1 · ϵ5) (1− z3) z4
2z3 (1− z4)

− (k2 · ϵ1) (k3 · ϵ5) (k4 · ϵ3) (ϵ2 · ϵ4) (1− z3) z4
2z3 (1− z4)

+
(k2 · ϵ1) (k3 · ϵ5) (k4 · ϵ2) (ϵ3 · ϵ4) (1− z3) z4

2z3 (1− z4)
+

(k3 · ϵ5) (k4 · ϵ1) (k4 · ϵ2) (ϵ3 · ϵ4) (1− z3) z4
2z3 (1− z4)

− (k2 · ϵ1) (k3 · ϵ4) (k4 · ϵ2) (ϵ3 · ϵ5) (1− z3) z4
2z3 (1− z4)

− (k3 · ϵ1) (k3 · ϵ4) (k4 · ϵ2) (ϵ3 · ϵ5) (1− z3) z4
2z3 (1− z4)

− (k3 · ϵ4) (k4 · ϵ1) (k4 · ϵ2) (ϵ3 · ϵ5) (1− z3) z4
2z3 (1− z4)

+
(k3 · k4) (k4 · ϵ2) (ϵ1 · ϵ4) (ϵ3 · ϵ5) (1− z3) z4

2z3 (1− z4)

+
(k2 · ϵ1) (k3 · k4) (ϵ2 · ϵ4) (ϵ3 · ϵ5) (1− z3) z4

2z3 (1− z4)
− (k3 · k4) (k3 · ϵ2) (ϵ1 · ϵ5) (ϵ3 · ϵ4) z4

2 (z3 − z4)

− (k3 · k4) (k5 · ϵ2) (ϵ1 · ϵ5) (ϵ3 · ϵ4) (1− z3) z4
2 (z3 − z4)

− (k2 · ϵ1) (k3 · k4) (ϵ2 · ϵ5) (ϵ3 · ϵ4) (1− z3) z4
2 (z3 − z4)

− (k3 · k4) (k4 · ϵ2) (ϵ1 · ϵ5) (ϵ3 · ϵ4) (1− z3) z4
2 (1− z4) (z3 − z4)

− (k2 · k4) (k4 · ϵ3) (ϵ1 · ϵ5) (ϵ2 · ϵ4) (1− z3) z4
2 (1− z4) 2

− (k2 · ϵ4) (k2 · ϵ5) (k3 · ϵ2) (ϵ1 · ϵ3) z4 (z4 − z3)

2 (1− z4)
− (k2 · ϵ3) (k2 · ϵ5) (k4 · ϵ2) (ϵ1 · ϵ4) z4 (z4 − z3)

2 (1− z4)

− (k2 · ϵ3) (k2 · ϵ4) (k5 · ϵ2) (ϵ1 · ϵ5) z4 (z4 − z3)

2 (1− z4)
+

(k2 · ϵ4) (k2 · ϵ5) (k3 · ϵ1) (ϵ2 · ϵ3) z4 (z4 − z3)

2 (1− z4)

− (k2 · ϵ1) (k2 · ϵ3) (k2 · ϵ4) (ϵ2 · ϵ5) z4 (z4 − z3)

2 (1− z4)
− (k2 · ϵ3) (k2 · ϵ4) (k3 · ϵ1) (ϵ2 · ϵ5) z4 (z4 − z3)

2 (1− z4)

− (k2 · ϵ3) (k2 · ϵ4) (k4 · ϵ1) (ϵ2 · ϵ5) z4 (z4 − z3)

2 (1− z4)
+

(k2 · k3) (k2 · ϵ4) (ϵ1 · ϵ3) (ϵ2 · ϵ5) z4 (z4 − z3)

2 (1− z4)

+
(k2 · k4) (k2 · ϵ3) (ϵ1 · ϵ4) (ϵ2 · ϵ5) z4 (z4 − z3)

2 (1− z4)
− (k2 · ϵ4) (k3 · ϵ2) (k3 · ϵ5) (ϵ1 · ϵ3) z4 (z4 − z3)

2z3 (1− z4)

− (k2 · ϵ3) (k3 · ϵ5) (k4 · ϵ2) (ϵ1 · ϵ4) z4 (z4 − z3)

2z3 (1− z4)
+

(k2 · ϵ4) (k3 · ϵ2) (k5 · ϵ3) (ϵ1 · ϵ5) z4 (z4 − z3)

2z3 (1− z4)

− (k2 · ϵ1) (k2 · ϵ4) (k3 · ϵ5) (ϵ2 · ϵ3) z4 (z4 − z3)

2z3 (1− z4)
− (k2 · ϵ4) (k3 · ϵ5) (k4 · ϵ1) (ϵ2 · ϵ3) z4 (z4 − z3)

2z3 (1− z4)

+
(k2 · k4) (k3 · ϵ5) (ϵ1 · ϵ4) (ϵ2 · ϵ3) z4 (z4 − z3)

2z3 (1− z4)
+

(k2 · ϵ3) (k3 · ϵ5) (k4 · ϵ1) (ϵ2 · ϵ4) z4 (z4 − z3)

2z3 (1− z4)

+
(k2 · ϵ1) (k2 · ϵ4) (k3 · ϵ2) (ϵ3 · ϵ5) z4 (z4 − z3)

2z3 (1− z4)
+

(k2 · ϵ4) (k3 · ϵ1) (k3 · ϵ2) (ϵ3 · ϵ5) z4 (z4 − z3)

2z3 (1− z4)

+
(k2 · ϵ4) (k3 · ϵ2) (k4 · ϵ1) (ϵ3 · ϵ5) z4 (z4 − z3)

2z3 (1− z4)
− (k2 · k4) (k3 · ϵ2) (ϵ1 · ϵ4) (ϵ3 · ϵ5) z4 (z4 − z3)

2z3 (1− z4)
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+
(k2 · k3) (k4 · ϵ2) (ϵ1 · ϵ4) (ϵ3 · ϵ5) z4 (z4 − z3)

2z3 (1− z4)
− (k2 · k3) (k4 · ϵ1) (ϵ2 · ϵ4) (ϵ3 · ϵ5) z4 (z4 − z3)

2z3 (1− z4)

− (k2 · k4) (k2 · ϵ3) (ϵ1 · ϵ5) (ϵ2 · ϵ4) z4 (z4 − z3)

2 (1− z4) 2
− (k2 · ϵ4) (k3 · ϵ2) (k4 · ϵ5) (ϵ1 · ϵ3) (z4 − z3)

2 (1− z4)

− (k2 · ϵ3) (k4 · ϵ2) (k4 · ϵ5) (ϵ1 · ϵ4) (z4 − z3)

2 (1− z4)
+

(k2 · ϵ3) (k4 · ϵ2) (k5 · ϵ4) (ϵ1 · ϵ5) (z4 − z3)

2 (1− z4)

+
(k2 · ϵ4) (k3 · ϵ1) (k4 · ϵ5) (ϵ2 · ϵ3) (z4 − z3)

2 (1− z4)
− (k2 · ϵ1) (k2 · ϵ3) (k4 · ϵ5) (ϵ2 · ϵ4) (z4 − z3)

2 (1− z4)

− (k2 · ϵ3) (k3 · ϵ1) (k4 · ϵ5) (ϵ2 · ϵ4) (z4 − z3)

2 (1− z4)
+

(k2 · k3) (k4 · ϵ5) (ϵ1 · ϵ3) (ϵ2 · ϵ4) (z4 − z3)

2 (1− z4)

+
(k2 · ϵ1) (k2 · ϵ3) (k4 · ϵ2) (ϵ4 · ϵ5) (z4 − z3)

2 (1− z4)
+

(k2 · ϵ3) (k3 · ϵ1) (k4 · ϵ2) (ϵ4 · ϵ5) (z4 − z3)

2 (1− z4)

+
(k2 · ϵ3) (k4 · ϵ1) (k4 · ϵ2) (ϵ4 · ϵ5) (z4 − z3)

2 (1− z4)
+

(k2 · k4) (k3 · ϵ2) (ϵ1 · ϵ3) (ϵ4 · ϵ5) (z4 − z3)

2 (1− z4)

− (k2 · k3) (k4 · ϵ2) (ϵ1 · ϵ3) (ϵ4 · ϵ5) (z4 − z3)

2 (1− z4)
− (k2 · k4) (k3 · ϵ1) (ϵ2 · ϵ3) (ϵ4 · ϵ5) (z4 − z3)

2 (1− z4)

+
(k3 · ϵ4) (k4 · ϵ2) (k4 · ϵ5) (ϵ1 · ϵ3) (1− z3)

2 (1− z4)
− (k4 · ϵ2) (k4 · ϵ3) (k4 · ϵ5) (ϵ1 · ϵ4) (1− z3)

2 (1− z4)

+
(k4 · ϵ2) (k4 · ϵ3) (k5 · ϵ4) (ϵ1 · ϵ5) (1− z3)

2 (1− z4)
− (k2 · ϵ1) (k4 · ϵ3) (k4 · ϵ5) (ϵ2 · ϵ4) (1− z3)

2 (1− z4)

− (k3 · ϵ1) (k4 · ϵ2) (k4 · ϵ5) (ϵ3 · ϵ4) (1− z3)

2 (1− z4)
+

(k2 · ϵ1) (k4 · ϵ2) (k4 · ϵ3) (ϵ4 · ϵ5) (1− z3)

2 (1− z4)

+
(k3 · ϵ1) (k4 · ϵ2) (k4 · ϵ3) (ϵ4 · ϵ5) (1− z3)

2 (1− z4)
+

(k4 · ϵ1) (k4 · ϵ2) (k4 · ϵ3) (ϵ4 · ϵ5) (1− z3)

2 (1− z4)

− (k3 · k4) (k4 · ϵ2) (ϵ1 · ϵ3) (ϵ4 · ϵ5) (1− z3)

2 (1− z4)
+

(k2 · ϵ3) (k2 · ϵ5) (k4 · ϵ1) (ϵ2 · ϵ4) z4 (z4 − z3)

2 (1− z4)

(E.26)
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APPENDIX F

ACTION OF CONFORMAL YANGIAN Y [SO(2, n)] GENERATORS ON THE
SCATTERING EQUATIONS FORMALISM : ADDITIONAL EXAMPLES

The following results have been checked computationally using the Mathematica packages we

have created.

F.1 Level-Zero Generators on Scattering Polynomials

F.1.1 Action of Level-Zero Translation Generators

Pµ
[
hNm
]
=

(
N∑
i=1

ki
µ

)[
hNm
]

Pµ

[
1

hNm

]
=

(
N∑
i=1

ki
µ

)[
1

hNm

]

Pµ [HN ] =

(
N∑
i=1

ki
µ

)
[HN ] Pµ

[
1

HN

]
=

(
N∑
i=1

ki
µ

)[
1

HN

] (F.1)

Pµ

[
δn
(∑N

j=1 kj

) 1

HN

]
=

(
N∑
i=1

ki
µ

)[
δn
(∑N

j=1 kj

) 1

HN

]
= 0 (F.2)

F.1.2 Action of Level-Zero Lorentz Transformation Generators

Lµν
[
hNm
]
= 0 Lµν

[
1

hNm

]
= 0

Lµν [HN ] = 0 Lµν

[
1

HN

]
= 0

(F.3)

Lµν

[
δn
(∑N

j=1 kj

) 1

HN

]
= 0 (F.4)

F.1.3 Action of Level-Zero Dilatation Generator

D
[
hNm
]
= (N d+ 2)

[
hNm
]

D
[

1

hNm

]
= (N d− 2)

[
1

hNm

]
D [HN ] = [N d+ 2 (N − 3)] [HN ] D

[
1

HN

]
= [N d− 2 (N − 3)]

[
1

HN

] (F.5)

D
[
δn
(∑N

j=1 kj

) 1

HN

]
= [N (d− 2)− (n− 6)]

[
δn
(∑N

j=1 kj

) 1

HN

]
= 0 , (F.6)

for n = 6 and d = 2.
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F.1.4 Action of Level-Zero Special Conformal Transformation Generators

On a Single On-Shell Scattering Polynomial

Kµ hN, on-shell
m =

∑
S⊂A

[
Kµ (kS)

2
] [∂hN, on-shell

m

∂(kS)2

]

=
∑
S⊂A

[
4 d (|S| − 1) kµS

] [∂hN, on-shell
m

∂(kS)2

] (F.7)

where kS ≡
∑

i∈S ki, k
µ
S =

∑
i∈S k

µ
i and (kS)

2 =
(∑

i∈S ki
)2

=
∑

i,j∈S
i ̸=j

ki · kj , on-shell.

On a Single Off-Shell Scattering Polynomial

Kµ hN, off-shell
m =

∑
S⊂A

[
Kµ (kS)

2
] [∂hN, off-shell

m

∂(kS)2

]

=
∑
S⊂A

[
2 (2 d |S| − n+ 2) kµS

] [∂hN, off-shell
m

∂(kS)2

] (F.8)

where kS ≡
∑

i∈S ki, k
µ
S =

∑
i∈S k

µ
i and (kS)

2 =
(∑

i∈S ki
)2, off-shell.

Now note that from (6.3) we have:

∂hN, off-shell
m

∂(kS)2
=

N−2∑
J=2

δS,[1,J ] (zJ − zJ+1)Π
m−1
[1,J ]o −

N−1∑
J=3

δS,[2,J ] (zJ − zJ+1)Π
m−1
[2,J ]o

+
∑

3≤I<J<N

δS,[I,J ] (zI − zI−1) (zJ − zJ+1)Π
m−2
[I,J ]′o

(F.9)

and thus,

Kµ hN, off-shell
m =

∑
S⊂A

[
2 (2 d |S| − n+ 2) kµS

] [∂hN, off-shell
m

∂(kS)2

]

=

N−2∑
J=2

2 (2 d J − n+ 2) kµ[1,J ] (zJ − zJ+1)Π
m−1
[1,J ]o

−
N−1∑
J=3

2 (2 d (J − 1)− n+ 2) kµ[2,J ] (zJ − zJ+1)Π
m−1
[2,J ]o

+
∑

3≤I<J<N

2 (2 d (J − I + 1)− n+ 2) kµ[I,J ] (zI − zI−1) (zJ − zJ+1)Π
m−2
[I,J ]′o

(F.10)
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Similarly, for the Möbius covariant form of the off-shell polynomials (E.2), we have:

∂h̃m
∂(kS)2

=
∑

1≤I<J<N
(I,J)̸=(1,N−1)

δS,[I,J ] (zI − zI−1) (zJ − zJ+1)Π
m−2
[I,J ]o (F.11)

and thus,

Kµ h̃m =
∑
S⊂A

[
2 (2 d |S| − n+ 2) kµS

] [ ∂h̃m
∂(kS)2

]

=
∑

1≤I<J<N
(I,J)̸=(1,N−1)

2 (2 d (J − I + 1)− n+ 2) kµ[I,J ] (zI − zI−1) (zJ − zJ+1)Π
m−2
[I,J ]o

(F.12)

On the Inverse of an Off-Shell Scattering Polynomial

We propose the following rewriting of the action of Kµ on the inverse of an off-shell scattering

polynomial, which makes the vanishing of some of the terms for d = 2 and n = 6 manifest:

Kµ
[
hN, off-shell
m

]−1

= −2
[
hN, off-shell
m

]−2 ∑
F⊂A

[2 (d− 2) |F | − (n− 6)] kµF

[
∂hN, off-shell

m

∂(kF )2

]

− 8
[
hN, off-shell
m

]−2 ∑
F⊂A

(|F | − 2) kµF

[
∂hN, off-shell

m

∂(kF )2

]

− 4
[
hN, off-shell
m

]−3 ∑
F,F ′⊂A

F ̸=F ′, F∩F ′ ̸=∅

[
k2(F\F ′) k

µ
(F ′\F ) + k2(F ′\F ) k

µ
(F\F ′)

− k2(F∩F ′) k
µ
(F∪F ′) + k2(F∪F ′) k

µ
(F∩F ′)

] [
∂hN, off-shell

m

∂(kF )2

][
∂hN, off-shell

m

∂(kF ′)2

]
(F.13)

Example: Kµ on
[
h4, off-shell
1

]−1

Kµ
[
h4, off-shell
1

]−1
= −2 (4 d− n− 2) [(1− z3) (k

µ
1 + kµ2 )− z3 (k

µ
2 + kµ3 )](

h4, off-shell
1

)2
−

8(z3 − 1)z3
((
k3

2 − k2
2
)
kµ1 +

(
k4

2 − k2
2
)
kµ2 +

(
k1

2 − k2
2
)
kµ3
)(

h4, off-shell
1

)3
(F.14)

95



Example: Kµ on
[
h5, off-shell
1

]−1
and

[
h5, off-shell
2

]−1

Kµ
[
h5, off-shell
1

]−1
= −2 (4 d− n− 2)

(1− z3)(k1 + k2)
µ − (z3 − z4)(k2 + k3)

µ(
h5, off-shell
1

)2
− 2 (6 d− n− 6)

(z3 − z4)(k1 + k2 + k3)
µ − z4(k2 + k3 + k4)

µ(
h5, off-shell
1

)2
+ 8 z4

kµ1 + kµ2 + kµ3 + kµ4(
h5, off-shell
1

)2 − 8

(
h5, off-shell
2

)
kµ1(

h5, off-shell
1

)3
+ 8

(
z3(z3 − 1)k22 − (z3 − z4)

(
(z3 − 1)k23 − z4k

2
4

))
kµ1(

h5, off-shell
1

)3
+ 8

(
z3(z3 − 1)k22 − z4(z4 − 1)k25

)
kµ2(

h5, off-shell
1

)3 + 8
z4
(
(z3 − 1)k22 − (z4 − 1)k21

)
kµ4(

h5, off-shell
1

)3
+ 8

(
−z3(z3 − 1)k21 + z3(z3 − 1)k22 + z4(z3 − z4)k

2
5

)
kµ3(

h5, off-shell
1

)3 (F.15)

Kµ
[
h5, off-shell
2

]−1
= −2 (4 d− n− 2)

z4(1− z3) ((k1 + k2)
µ − (k3 + k4)

µ)(
h5, off-shell
2

)2
− 2 (6 d− n− 6)

(z3 − z4)(k1 + k2 + k3)
µ − z3z4(k2 + k3 + k4)

µ(
h5, off-shell
2

)2
− 8

z3k
µ
1 − z3(z4 − 1)kµ2 + (z3 − z4)k

µ
3(

h5, off-shell
2

)2 + 8 z3 z4

(
h5, off-shell
1

)
(kµ1 + kµ2 + kµ3 + kµ4 )(
h5, off-shell
2

)3
+ 8

z4
(
z3z4(z3 − 1)k22 + (z3 − z4)

(
(z3 − 1)k23 + k24

))
kµ1(

h5, off-shell
2

)3
+ 8

z4
(
(z3 − 1)

(
z3z4k

2
2 + (z3 − z4)

(
k23 − k24

))
− z23(z4 − 1)k25

)
kµ2(

h5, off-shell
2

)3
+ 8

z4
(
z3z4(z3 − 1)

(
k22 − k21

)
+ (z3 − z4)

(
(z3 − 1)k23 + k25

))
kµ3(

h5, off-shell
2

)3
+ 8

z4
(
(z3 − 1)

(
z3z4k

2
2 + (z3 − z4)k

2
3

)
− z23(z4 − 1)k21

)
kµ4(

h5, off-shell
2

)3 (F.16)
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For the Möbius covariant form of the off-shell polynomials, using (F.11), we can also write:

Kµ
[
h̃m

]−1

=− 2
[
h̃m

]−2 ∑
1≤I<J<N

(I,J)̸=(1,N−1)

[2 (d− 2) (J − I + 1)− (n− 6)] kµ[I,J ] (zI − zI−1) (zJ − zJ+1)Π
m−2
[I,J ]o

− 8
[
h̃m

]−2 ∑
1≤I<J<N

(I,J)̸=(1,N−1)

(J − I − 1) kµ[I,J ] (zI − zI−1) (zJ − zJ+1)Π
m−2
[I,J ]o

− 4
[
h̃m

]−3 ∑
1≤I<J<N

(I,J)̸=(1,N−1)

∑
1≤I′<J′<N

(I′,J′)̸=(1,N−1)

(
1− δ[I,J ]∩[I′,J ′],∅

) (
1− δ[I,J ],[I′,J ′]

)

×
[
k2([I,J ]\[I′,J ′]) k

µ
([I′,J ′]\[I,J ]) + k2([I′,J ′]\[I,J ]) k

µ
([I,J ]\[I′,J ′])

− k2([I,J ]∩[I′,J ′]) k
µ
([I,J ]∪[I′,J ′]) + k2([I,J ]∪[I′,J ′]) k

µ
([I,J ]∩[I′,J ′])

]
×
[
(zI − zI−1) (zJ − zJ+1) (zI′ − zI′−1) (zJ ′ − zJ ′+1)Π

m−2
[I,J ]o Π

m−2
[I′,J ′]o

]
(F.17)
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On the Product of Off-Shell Scattering Polynomials

We further propose the following rewriting of the action of Kµ on the product of all N − 3

off-shell scattering polynomials, H off-shell
N ≡

∏N−3
m=1 h

N, off-shell
m , appearing in the denominator of the

N -point CHY integrand for any theory:

KµH off-shell
N = Kµ

[
N−3∏
m=1

hN, off-shell
m

]

=
∑

ρ∈CN−3

[
N−4∏
j=1

hN, off-shell
ρ(j)

][
Kµ hN, off-shell

ρ(N−3)

]

+
∑

ρ∈SN−3

[
N−5∏
j=1

hN, off-shell
ρ(j)

][
N∑
i=1

2 kνi

(
∂iν h

N, off-shell
ρ(N−4)

)(
∂µi h

N, off-shell
ρ(N−3)

)

− kµi

(
∂iν h

N, off-shell
ρ(N−4)

)(
∂νi h

N, off-shell
ρ(N−3)

)]

=
∑

ρ∈CN−3

[
N−4∏
j=1

hN, off-shell
ρ(j)

][
Kµ hN, off-shell

ρ(N−3)

]

+ 2
∑

ρ∈SN−3


[

N−5∏
j=1

hN, off-shell
ρ(j)

] ∑
F,F ′⊂A
F∩F ′ ̸=∅

[(
k2F ′ + k2(F\F ′)

)
kµF +

(
k2F + k2(F ′\F )

)
kµF ′

+
(
k2(F∩F ′) − k2(F\F ′) − k2(F ′\F )

)
kµ(F∪F ′) − k2(F∪F ′) k

µ
(F∩F ′)

]∂hN, off-shell
ρ(N−4)

∂(kF )2

∂hN, off-shell
ρ(N−3)

∂(kF ′)2


(F.18)

where SN−3 is the symmetric group of order N − 3, i.e. the group of all possible permutations of a

given set of N − 3 elements (here the N − 3 off-shell scattering polynomials), and CN−3 is the cyclic

group of order N − 3, i.e. the group of only the cyclic permutations of a given set of N − 3 elements.

On the Inverse of the Product of Off-Shell Scattering Polynomials

Following similar methods to the ones we discussed in Chapter 4, we propose the following

rewriting of the action of the level-zero generator Kµ on the inverse of the product of all N − 3

off-shell scattering polynomials, which makes the vanishing of some of the terms for d = 2 and n = 6
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manifest:

Kµ
[
H off-shell

N

]−1
=

= −2
[
H off-shell

N

]−1 ∑
ρ∈CN−3

[hN, off-shell
ρ(N−3)

]−1 ∑
F⊂A

[2 |F | (d− 2)− (n− 6)] kµF

∂hN, off-shell
ρ(N−3)

∂k2F


− 4

[
H off-shell

N

]−1 ∑
ρ∈CN−3

[hN, off-shell
ρ(N−3)

]−1 ∑
F⊂A

2 (|F | − 2) kµF

∂hN, off-shell
ρ(N−3)

∂k2F


+
[
hN, off-shell
ρ(N−3)

]−2 ∑
F,F ′⊂A

F ̸=F ′, F∩F ′ ̸=∅

[
k2(F\F ′) k

µ
(F ′\F ) + k2(F ′\F ) k

µ
(F\F ′)

−k2(F∩F ′) k
µ
(F∪F ′) + k2(F∪F ′) k

µ
(F∩F ′)

]∂hN, off-shell
ρ(N−3)

∂k2F

∂hN, off-shell
ρ(N−3)

∂k2F ′


( The following terms contribute only when N ≥ 5 )

+ 2
[
H off-shell

N

]−1

×
∑

ρ∈SN−3

[hN, off-shell
ρ(N−4)

]−1 ∑
F⊂A

kµF

∂hN, off-shell
ρ(N−4)

∂k2F

+
[
hN, off-shell
ρ(N−3)

]−1 ∑
F⊂A

kµF

∂hN, off-shell
ρ(N−3)

∂k2F


−
[
hN, off-shell
ρ(N−4)

]−1 [
hN, off-shell
ρ(N−3)

]−1 ∑
F,F ′⊂A

F ̸=F ′, F∩F ′ ̸=∅

[
k2(F\F ′) k

µ
(F ′\F ) + k2(F ′\F ) k

µ
(F\F ′)

−k2(F∩F ′) k
µ
(F∪F ′) + k2(F∪F ′) k

µ
(F∩F ′)

]∂hN, off-shell
ρ(N−4)

∂k2F

∂hN, off-shell
ρ(N−3)

∂k2F ′


(F.19)

where SN−3 is the symmetric group of order N − 3, i.e. the group of all possible permutations of a

given set of N − 3 elements (here the N − 3 off-shell scattering polynomials), and CN−3 is the cyclic

group of order N − 3, i.e. the group of only the cyclic permutations of a given set of N − 3 elements.

We expect that the terms which vanish manifestly when we set d = 2 and n = 6, i.e. the terms

of the first line, after being multiplied by the rest of the z-dependent factors in the CHY integrand,

should exactly reproduce the action of Kµ on the corresponding tree-level massless scalar λϕ3 theory

off-shell partial amplitude or graph, for arbitrary d and n, by evaluation of the multi-variable contour

integral around the solutions of the scattering equations. It must also be that the remaining terms,

those that do not vanish manifestly when we set d = 2 and n = 6, after being multiplied by the rest

of the z-dependent factors in the CHY integrand, will vanish by integration.
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Example: Kµ on
[
H off-shell

5

]−1

Kµ
[
h5, off-shell
1 h5, off-shell

2

]−1

=− 2 (4 d− n− 2)

(1− z3)(k1 + k2)
µ − (z3 − z4)(k2 + k3)

µ(
h5, off-shell
1

)2 (
h5, off-shell
2

)
+
z4(1− z3) ((k1 + k2)

µ − (k3 + k4)
µ)(

h5, off-shell
1

)(
h5, off-shell
2

)2


− 2 (6 d− n− 6)

(z3 − z4)(k1 + k2 + k3)
µ − z4(k2 + k3 + k4)

µ(
h5, off-shell
1

)2 (
h5, off-shell
2

)
+
(z3 − z4)(k1 + k2 + k3)

µ − z3z4(k2 + k3 + k4)
µ(

h5, off-shell
1

)(
h5, off-shell
2

)2


+
8(

h5, off-shell
1

)3 (
h5, off-shell
2

) [ (z3(z3 − 1)k22 − (z3 − z4)
(
(z3 − 1)k23 − z4k

2
4

))
kµ1

+
(
z3(z3 − 1)k22 − z4(z4 − 1)k25

)
kµ2 + z4

(
(z3 − 1)k22 − (z4 − 1)k21

)
kµ4

+
(
−z3(z3 − 1)k21 + z3(z3 − 1)k22 + z4(z3 − z4)k

2
5

)
kµ3

]
+

8(
h5, off-shell
1

)(
h5, off-shell
2

)3 [z4 (z3z4(z3 − 1)k22 + (z3 − z4)
(
(z3 − 1)k23 + k24

))
kµ1

+ z4
(
(z3 − 1)

(
z3z4k

2
2 + (z3 − z4)

(
k23 − k24

))
− z23(z4 − 1)k25

)
kµ2

+ z4
(
z3z4(z3 − 1)

(
k22 − k21

)
+ (z3 − z4)

(
(z3 − 1)k23 + k25

))
kµ3

+ z4
(
(z3 − 1)

(
z3z4k

2
2 + (z3 − z4)k

2
3

)
− z23(z4 − 1)k21

)
kµ4

]
+

8(
h5, off-shell
1

)2 (
h5, off-shell
2

)2 [z4 (z3(z3 − 1)k22 + (z3 − z4)k
2
4

)
kµ1

+ z3z4
(
(z3 − 1)k22 − (z4 − 1)k25

)
kµ2 + z3z4

(
(z3 − 1)k22 − (z4 − 1)k21

)
kµ4

+ z4
(
z3(z3 − 1)

(
k22 − k21

)
+ (z3 − z4)k

2
5

)
kµ3

]
− 8

kµ1(
h5, off-shell
1

)3 − 8 z3 z4
kµ5(

h5, off-shell
2

)3

(F.20)
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F.2 Level-One Generators on Off-Shell Scattering Polynomials

F.2.1 Action of Level-One Translation Generators

On a Single Off-Shell Scattering Polynomial

P̂µ hN, off-shell
m =− d

[
N∑
i=1

(N + 1− 2 i) kµi

]
hN, off-shell
m

+ 2
∑

[I,J ]∈A

(
−kµ[1, I−1] + kµ[J+1, N ]

)
k2[I,J ]

(
∂hN, off-shell

m

∂k2[I,J ]

) (F.21)

Example: P̂µ on h4, off-shell
1

P̂µ h4, off-shell
1 =− d (3kµ1 + kµ2 − kµ3 − 3kµ4 )h

4, off-shell
1

+ 2
[
(1− z3)(k1 + k2)

2 (kµ3 + kµ4 )− z3 (k2 + k3)
2 (−kµ1 + kµ4 )

] (F.22)

Example: P̂µ on h5, off-shell
1

P̂µ h5, off-shell
1 =− d (4kµ1 + 2kµ2 − 2kµ4 − 4kµ5 )h

5, off-shell
1

+ 2
[
(1− z3)(k1 + k2)

2 (kµ3 + kµ4 + kµ5 ) + (z4 − z3)(k2 + k3)
2 (−kµ1 + kµ4 + kµ5 )

+ (z3 − z4)(k1 + k2 + k3)
2 (kµ4 + kµ5 )− z4(k2 + k3 + k4)

2 (−kµ1 + kµ5 )
]

(F.23)

Example: P̂µ on h5, off-shell
2

P̂µ h5, off-shell
2 =− d (4kµ1 + 2kµ2 − 2kµ4 − 4kµ5 )h

5, off-shell
2

+ 2
[
(1− z3)z4(k1 + k2)

2 (kµ3 + kµ4 + kµ5 ) + (z3 − z4)(k1 + k2 + k3)
2 (kµ4 + kµ5 )

+ (z3 − 1)z4(k3 + k4)
2 (−kµ1 − kµ2 + kµ5 )− z3z4(k2 + k3 + k4)

2 (−kµ1 + kµ5 )
]

(F.24)
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Example: P̂µ on h6, off-shell
1

P̂µ h6, off-shell
1

=− d (5kµ1 + 3kµ2 + kµ3 − kµ4 − 3kµ5 − 5kµ6 )h
6, off-shell
1

+ 2
[
(1− z3)(k1 + k2)

2 (kµ3 + kµ4 + kµ5 + kµ6 ) + (z4 − z3)(k2 + k3)
2 (−kµ1 + kµ4 + kµ5 + kµ6 )

+ (z3 − z4)(k1 + k2 + k3)
2 (kµ4 + kµ5 + kµ6 ) + (z5 − z4)(k2 + k3 + k4)

2 (−kµ1 + kµ5 + kµ6 )

+ (z4 − z5)(k1 + k2 + k3 + k4)
2 (kµ5 + kµ6 )− z5(k2 + k3 + k4 + k5)

2 (−kµ1 + kµ6 )
]

(F.25)

On the Inverse of an Off-Shell Scattering Polynomial

P̂µ
[
hN, off-shell
m

]−1
=− d

[
hN, off-shell
m

]−1

[
N∑
i=1

(N + 1− 2 i) kµi

]

− 2
[
hN, off-shell
m

]−2 ∑
F⊂A

(
−kµ[1,min(F )−1] + kµ[max(F )+1, N ]

)
k2F

(
∂hN, off-shell

m

∂k2F

)
(F.26)

Example: P̂µ on
[
h4, off-shell
1

]−1

P̂µ
[
h4, off-shell
1

]−1
=− d (3kµ1 + kµ2 − kµ3 − 3kµ4 )(

h4, off-shell
1

)
−

2
(
(1− z3)(k1 + k2)

2 (kµ3 + kµ4 )− z3 (k2 + k3)
2 (−kµ1 + kµ4 )

)(
h4, off-shell
1

)2 (F.27)
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Example: P̂µ on
[
h5, off-shell
1

]−1

P̂µ
[
h5, off-shell
1

]−1
= −d (4k

µ
1 + 2kµ2 − 2kµ4 − 4kµ5 )(

h5, off-shell
1

)
−

2
(
(1− z3)(k1 + k2)

2 (kµ3 + kµ4 + kµ5 ) + (z4 − z3)(k2 + k3)
2 (−kµ1 + kµ4 + kµ5 )

)(
h5, off-shell
1

)2
−

2
(
(z3 − z4) (k

µ
4 + kµ5 ) (k1 + k2 + k3)

2 − z4 (k
µ
5 − kµ1 ) (k2 + k3 + k4)

2
)(

h5, off-shell
1

)2
(F.28)

Example: P̂µ on
[
h5, off-shell
2

]−1

P̂µ
[
h5, off-shell
2

]−1
= −d (4k

µ
1 + 2kµ2 − 2kµ4 − 4kµ5 )(

h5, off-shell
2

)
−

2
(
(1− z3)z4(k1 + k2)

2 (kµ3 + kµ4 + kµ5 ) + (z3 − z4) (k
µ
4 + kµ5 ) (k1 + k2 + k3)

2
)(

h5, off-shell
2

)2
−

2
(
(z3 − 1)z4(k3 + k4)

2 (−kµ1 − kµ2 + kµ5 )− z3z4 (k
µ
5 − kµ1 ) (k2 + k3 + k4)

2
)(

h5, off-shell
2

)2
(F.29)

Example: P̂µ on
[
h6, off-shell
1

]−1

P̂µ
[
h6, off-shell
1

]−1

=− d (5kµ1 + 3kµ2 + kµ3 − kµ4 − 3kµ5 − 5kµ6 )(
h6, off-shell
1

)
−

2
(
(1− z3)(k1 + k2)

2 (kµ3 + kµ4 + kµ5 + kµ6 ) + (z4 − z3)(k2 + k3)
2 (−kµ1 + kµ4 + kµ5 + kµ6 )

)(
h6, off-shell
1

)2
−

2
(
(z3 − z4) (k

µ
4 + kµ5 + kµ6 ) (k1 + k2 + k3)

2 + (z5 − z4) (−kµ1 + kµ5 + kµ6 ) (k2 + k3 + k4)
2
)(

h6, off-shell
1

)2
−

2
(
(z4 − z5) (k

µ
5 + kµ6 ) (k1 + k2 + k3 + k4)

2 − z5 (k
µ
6 − kµ1 ) (k2 + k3 + k4 + k5)

2
)(

h6, off-shell
1

)2
(F.30)
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On the Inverse of the Product of Off-Shell Scattering Polynomials

P̂µ
[
H off-shell

N

]−1
= −d

[
N∑
i=1

(N + 1− 2 i) kµi

] [
H off-shell

N

]−1

− 2
[
H off-shell

N

]−1
N−3∑
m=1

[
hN, off-shell
m

]−1 ∑
[I,J ]∈A

(
−kµ[1, I−1] + kµ[J+1, N ]

)
k2[I,J ]

(
∂hN, off-shell

m

∂k2[I,J ]

) (F.31)

Example: P̂µ on
[
H off-shell

5

]−1

P̂µ
[
h5, off-shell
1 h5, off-shell

2

]−1

=− d (4kµ1 + 2kµ2 − 2kµ4 − 4kµ5 )(
h5, off-shell
1

)(
h5, off-shell
2

)
−

2
(
(1− z3)(k1 + k2)

2 (kµ3 + kµ4 + kµ5 ) + (z4 − z3)(k2 + k3)
2 (−kµ1 + kµ4 + kµ5 )

)(
h5, off-shell
1

)2 (
h5, off-shell
2

)
−

2
(
(z3 − z4) (k

µ
4 + kµ5 ) (k1 + k2 + k3)

2 − z4 (k
µ
5 − kµ1 ) (k2 + k3 + k4)

2
)(

h5, off-shell
1

)2 (
h5, off-shell
2

)
−

2
(
(1− z3)z4(k1 + k2)

2 (kµ3 + kµ4 + kµ5 ) + (z3 − z4) (k
µ
4 + kµ5 ) (k1 + k2 + k3)

2
)(

h5, off-shell
1

)(
h5, off-shell
2

)2
−

2
(
(z3 − 1)z4(k3 + k4)

2 (−kµ1 − kµ2 + kµ5 )− z3z4 (k
µ
5 − kµ1 ) (k2 + k3 + k4)

2
)(

h5, off-shell
1

)(
h5, off-shell
2

)2

(F.32)

By contour integration for the 5-point partial amplitude we get

− P̂µ

∮
dz3dz4
h1h2

z3(1− z4)

(1− z3)(z3 − z4)z4

= −P̂µ

∮
dz3dz4
h1h2

(
1

z4
+

1

1− z3
+

1− z4
z3 − z4

+
z3(1− z4)

(1− z3)z4
+

z3
z3 − z4

− 2

)
= −2kµ1

(
2

s23s234
+

1

s34s12
+

1

s123s23
+

2

s234s34

)
− 2kµ2

(
1

s34s12
+

1

s234s34

)
+ 2kµ3

(
1

s12s123
+

1

s34s12

)
+ 2kµ4

(
2

s12s234
+

1

s23s234
+

1

s34s12
+

2

s123s23

)
+ 4kµ5

(
1

s12s123
+

1

s23s234
+

1

s34s12
+

1

s123s23
+

1

s234s34

)
= −P̂µ

(
1

s12s123
+

1

s23s234
+

1

s34s12
+

1

s123s23
+

1

s234s34

)

(F.33)

in agreement with (4.26).
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Example: P̂µ on
[
H off-shell

6

]−1

P̂µ
[
h6, off-shell
1 h6, off-shell

2 h6, off-shell
3

]−1

=− d (5kµ1 + 3kµ2 + kµ3 − kµ4 − 3kµ5 − 5kµ6 )(
h6, off-shell
1

)(
h6, off-shell
2

)(
h6, off-shell
3

)
− 2 ((1− z3)s12 (k

µ
3 + kµ4 + kµ5 + kµ6 ) + (z4 − z3)s23 (−kµ1 + kµ4 + kµ5 + kµ6 ))(
h6, off-shell
1

)2 (
h6, off-shell
2

)(
h6, off-shell
3

)
− 2 ((z3 − z4)s123 (k

µ
4 + kµ5 + kµ6 ) + (z5 − z4)s234 (−kµ1 + kµ5 + kµ6 ))(

h6, off-shell
1

)2 (
h6, off-shell
2

)(
h6, off-shell
3

)
− 2 ((z4 − z5)s1234 (k

µ
5 + kµ6 )− z5 s2345 (k

µ
6 − kµ1 ))(

h6, off-shell
1

)2 (
h6, off-shell
2

)(
h6, off-shell
3

)
− 2 ((1− z3)(z4 + z5)s12 (k

µ
3 + kµ4 + kµ5 + kµ6 )− z5(z3 − z4)s23 (−kµ1 + kµ4 + kµ5 + kµ6 ))(
h6, off-shell
1

)(
h6, off-shell
2

)2 (
h6, off-shell
3

)
− 2 ((z5 + 1)(z3 − z4)s123 (k

µ
4 + kµ5 + kµ6 ) + (z3 − 1)(z4 − z5)s34 (−kµ1 − kµ2 + kµ5 + kµ6 ))(
h6, off-shell
1

)(
h6, off-shell
2

)2 (
h6, off-shell
3

)
− 2 (−z3(z4 − z5)s234 (−kµ1 + kµ5 + kµ6 ) + (z3 + 1)(z4 − z5)s1234 (k

µ
5 + kµ6 ))(

h6, off-shell
1

)(
h6, off-shell
2

)2 (
h6, off-shell
3

)
− 2 (z5(z4 − z3)s45 (−kµ1 − kµ2 − kµ3 + kµ6 )− z5(z3 + z4)s2345 (k

µ
6 − kµ1 ))(

h6, off-shell
1

)(
h6, off-shell
2

)2 (
h6, off-shell
3

)
− 2 ((z3 − 1)z5 s345 (−kµ1 − kµ2 + kµ6 ))(

h6, off-shell
1

)(
h6, off-shell
2

)2 (
h6, off-shell
3

)
− 2 ((1− z3)z4z5s12 (k

µ
3 + kµ4 + kµ5 + kµ6 ) + z5(z3 − z4)s123 (k

µ
4 + kµ5 + kµ6 ))(

h6, off-shell
1

)(
h6, off-shell
2

)(
h6, off-shell
3

)2
− 2 (z3(z4 − z5)s1234 (k

µ
5 + kµ6 ) + z5(z4 − z3)s45 (−kµ1 − kµ2 − kµ3 + kµ6 ))(

h6, off-shell
1

)(
h6, off-shell
2

)(
h6, off-shell
3

)2
− 2 ((z3 − 1)z4z5s345 (−kµ1 − kµ2 + kµ6 )− z3z4z5s2345 (k

µ
6 − kµ1 ))(

h6, off-shell
1

)(
h6, off-shell
2

)(
h6, off-shell
3

)2
(F.34)
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