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ABSTRACT

Mochuan Liu: Incorporating Benefit-Risk Consideration and Feature Selection into Optimal Dynamic
Treatment Regimens
(Under the direction of Donglin Zeng)

Optimal dynamic treatment regimen (DTR) is one of the most important strategies in precision medicine,
which sequentially assigns the best treatment to patients based on their evolving health status to maximize
the cumulative outcome. For many chronic diseases, treatments are often multifaceted where aggressive
treatments with a higher beneficial reward are usually accompanied by an elevated risk of adverse outcomes,
and ideal DTRs should both yield a higher beneficial gain while avoiding unnecessary risk. In addition, it
is often that among many possible tailoring variables, only a small subset is essential for treatment, and
identifying these variables is particularly important for developing sparse DTRs, which are useful in practice.

To address these challenges, in the first project we propose a new machine learning-based method to
learn the optimal DTRs that maximize patients’ cumulative reward but at each stage, the acute short-term risk
induced by the treatments is controlled lower than a pre-specified threshold. We show that this multistage-
constrained problem can be decomposed into a series of single-stage single-constrained problems, which
can be efficiently solved using a backward algorithm. We provide theoretical guarantees for the method and
demonstrate the performance via simulation studies and an application to a clinical trial for T2D patients
(DURABLE study).

In the second project, we develop a general approach to estimate the optimal DTRs that maximize
patients’ cumulative reward but lead to a cumulative risk no higher than a pre-specified threshold. This
procedure converts the problem into solving unconstrained DTRs problems, which can be accommodated to
existing DTRs methods. Furthermore, we propose an estimation procedure (MRL) to solve the decision rules
across all stages simultaneously. The method is justified via theoretical guarantees, simulation studies, and an
application to the DURABLE study.

In the third project, we develop a new machine learning-based method by extending and adding an

L1-penalty to the MRL framework to implement variable selection while learning optimal DTRs across
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all stages contingently. A DC algorithm is developed to solve the L1-MRL problem efficiently and the
performance is demonstrated via simulation studies and application to an observational electronic health

record (EHR) data of T2D patients.
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CHAPTER 1: INTRODUCTION

1.1 Study background

Personalized medicine aims at tailoring treatments to patients so that treatments are best suited to each
individual via leveraging patient’s health heterogeneity during treatment design (Kosorok and Laber, 2019;
Roberts et al., 2020). The awareness of personalized medicine was driven by the recognition that for many
complex diseases, there is no optimal one-size-fits-all treatment that can best fit all patients sharing the same
diagnosis, and the advocacy of personalized medicine can be traced back to late 20th centuries (Sgrensen,
1996; Longford and Nelder, 1999). Many data-driven strategies have been developed to substantiate the
idea of personalized medicine in the past two decades, and among them dynamic treatment regimens (DTRs)
focuses on finding the optimal sequence of decision rules based on patients’ evolving health status so that
patients’ cumulative medical reward is maximized (Chakraborty and Moodie, 2013; Laber et al., 2014).

For many DTRs studies, the statistical problem is usually simplified as an optimization problem where
the unique goal is to find the optimal DTRs that maximize patients’ cumulative beneficial rewards. However,
from the application perspective, it has been debated that the potential side effect, treatment cost and patient’s
personal preference should also be fully concerned and addressed when personalizing treatments to patients,
which is particularly important for treatments of chronic diseases such as cancer and diabetes (Krzyszczyk
et al., 2018; Chung et al., 2020). Only a few recent studies have ever been proposed to tackle the optimal
DRTs problem when restrictions such as safety or budget limit should also be assessed and controlled.
Motivated by the demand from real applications, in this dissertation, we focus on developing new DTRs
methods to incorporate additional constraint(s) in DTRs estimation.

In this section, we provide a general review of existing standard optimal DTRs methods and recent
developments of DTRs methods with consideration of additional restrictions in literature. The remaining
sections are organized as follow: in Section 1.2, we review existing standard DTRs methods which aims at
maximizing certain beneficial reward; in Section 1.3, we go over existing DRTs studies where additional
requirements of DTRs need to be satisfied; in Section 1.4, we discuss the main motivation of three main

problems studied in this dissertation and the outline of remaining chapters.



1.2 Review of standard optimal DTRs methods

1.2.1 Statistical framework of standard DTRs problem

For a standard T'-stage DTRs problem, the data consists of {(H;, Ay, Yt)};f:l. Here, H; € H; C R%
denotes patients’ feature variables at stage ¢ which can be leveraged to determine ¢-stage treatment assignment,
Ay € Ay denotes the observed treatment assignment at stage ¢ with A; denoting the set of available treatments,
and Y; € R denotes the instant reward by the end of stage ¢. In practice, we assume that Hy 1 = (Hy, A¢, Oy)
which includes all previous stages’ feature variables H, treatment assignment of previous stage A; and
additional time-dependent covariates O; which are only observed after treatment assignment happened. In
this work, we only focus on the problem where {A;}L ; are discrete sets. For convenience, we further
reduce the problem to the case when only two treatments are available at each stage, denoted as {—1, 1},
ie, Ay ={-1,1} fort = 1,...,T. In the end, we assume that higher outcome Y; indicates better treatment
performance and the cumulative reward gained at final stage 7" is measured by Y = Ethl Y:.

We say
D=(Dy,....D¢): H1 X -+ Xx Hp — Ay X --- x Ap where Dy : Hy — A,

is a sequence of DTRs. Under D, patients with health status h; € H; at stage ¢ will be assigned with treatment

Dy (ht). The optimal DTRs problem aims at finding the optimal rules D* such that

D* € argmax EP[Y]
D

where EP[] denotes the expectation under A; = D;(H;) fort = 1,...,T. In other words, we would like
to learn decision rules D* so that patient’s average cumulative reward will be maximized by following
treatments A, = D*(H,) at each stage.

Additional assumptions need to be imposed to ensure that EP[Y] is learnable given observed data. To
this end, we introduce some useful causal inference notations. Let A; = (A1, ..., A;) denote the sequence
of observed treatments and a; = (ay,...,a;) € A; X --- x Ay denote a sequence of determined treatments
combination prior to stage ¢. We use X (a;) to denote the potential outcome of an arbitrary random variable

X under treatment combination a;. Throughout this work, we also use p(A; = a;|Hy = h;) to denote the



treatment assignment probability of A; = a; given H; = hy. For the standard DTRs problem, we assume

that the following three assumptions hold:

* Stable Unit Treatment Value (SUTV): at each stage, the subject’s outcomes are not influenced by other

subjects’ treatments allocation, i.e., forany t = 1,..., T,
Y; = Yy(a;) given Ay =a,

holds for any a; € {—1,+1}".

* No Unmeasured Confounders (NUC): forany t =1, ..., T,

Ay L (O411(a), Yig1(degr), .., Or(@r—1), Yr(ar))| Hy

holds for any ar € {—1,+1}T.

* Positivity: forany t = 1, ..., T, there exists universal constants 0 < ¢; < ¢p < 1 such that

c1 <p(Ay=1|Hy) < co for Hyas.

Assumptions above are standard causal assumptions in many DTRs literature (Chakraborty and Moodie,
2013). SUTYV was first proposed in Rubin (1980) and is equivalent to the no interference between units
assumption introduced in Cox (1992). The SUTV assumption ensures that each subject in the data is
independent and not affected by other subjects. In particular, SUTV is a reasonable assumption when data is
collected from a randomized trial drawn from a large population. The NUC assumption is sometimes also
known as sequential randomization assumption, sequential ignorability or exchangeability in the literature.
Under NUC assumption, the treatment assignment A; will be independent of all future states and outcomes

conditioning on past treatment history H; (Robins, 1997). Mathematically, under NUC assumption we have

P(A¢|Hy, O1(ay), Yeg1(Geg1), oo, Or(ar—1), Yr(ar)) = p(A¢d Hy),

so at each stage, the treatment assignment can be viewed as a randomized trial with randomization prob-

ability p(A¢|Hy). The NUC assumption is automatically guaranteed when data is collected from a simple



randomization trial or sequential multiple assignment randomized trial (SMART) (Murphy, 2005b). For
observational data, the NUC assumption will also approximately holds when all relevant confounders have
been observed and controlled. The last positivity assumption is also sometimes referred to experimental
treatment assignment (ETA) assumption, which ensures that treatments to be evaluated at each stage will have
a positive chance to be observed conditioning on the past trajectory. In recent years, new causal frameworks
and personalized medicine methods have also been proposed to tackle the problem when either SUTV
(Jiang, Wallace and Thompson, 2022), NUC (Kallus and Zhou, 2019; Bennett and Kallus, 2019; Cui and
Tchetgen Tchetgen, 2021; Chen and Zhang, 2021; Saghafian, 2022; Rose, Moodie and Shortreed, 2022; Fu
et al., 2022), or positivity assumption (van der Laan and Petersen, 2007; Li and Li, 2019; Zhou et al., 2023) is

violated.

1.2.2 Regression-based DTRs methods

One type of approach to solving the optimal DTRs problem is known as the regression-based method.
For regression-based methods, optimal DTRs are estimated via modeling the expected reward under different
treatments or different variants. To illustrate the idea behind regression-based methods, we consider the
single-stage DTR problem and use (H, A,Y") to denote the feature variables, observed treatment assignment
and reward. The single problem then becomes

max  EP[Y].
D:H—{-1,1}

Define Q-function to be Q(h,a) = E[Y|H = h, A = a] and let the conditional average treatment effect

(CATE) to be
C(h) = Q(h7 1) - Q(h7 _1)'

Then when both SUTV, NUC and positivity assumptions hold, it can be verified that the optimal decision rule
D* is given by
D*(h) ¥ sign(C(h)) 2 argmax Q(h, a). (1.1)
ac{-1,1}
Therefore, (1.1) indicates that the estimation of D* can be achieved via either modeling the CATE or Q-
function using observed data, which leads to the structured mean model (SMM) (Robins, Rotnitzky and Zhao,

1994) and Q-learning (Watkins, 1989; Qian and Murphy, 2011) in personalized medicine literature.



Both SMM and Q-learning can be extended to the problem with more than two stages, however, such
extension is non-trivial. The main challenge is the existence of so-called delayed treatment effect where
treatments adopted at stage ¢ may not only affect the instant reward Y; but can also influence the final outcome
Y via affecting future time-dependent covariates including future instant rewards. As a result, decision rules
that maximize future reward conditioning on the past observed trajectory may eliminate potential delayed
treatments effect and lead to suboptimal rules (Almirall, Ten Have and Murphy, 2010).

The delayed treatment effect can be fully accounted for by using the well-unknown Bellman equation in
reinforcement learning literature (Bellman, 1966; Sutton and Barto, 1998). Specifically, for a given DTRs

problem, we define the stagewise Q-function to be

Qt(ht,a) = ElY; + max  Quri(Heg1, ap1)|Hey = he, Av = a¢), t=1,...,T,

At41e{-1,1}

with Q741 = 0. Then Bellman equation indicates that the optimal decision rules will satisfy

D*(h) = argmax Q¢(ht,a¢), t=1,..,T. (1.2)
azE{—l,l}

To extend SMM to T' > 2 using (1.2), we define the stagewise g-outcome to be

T T
Y9 = ZYS _ Z sign(Cy (Hy))Cy(Hy)
s=t s=t+1

where Cy(Hy) = Q¢(Hy, 1) — Qi(Hy, —1) denotes the t-stage CATE function. By noting that
1 1
E[Yt(g)’Ht, Ayl = Q(Hy, Ay) = §(Qt(H17 1)+ Qu(Hy, —-1)) + §Atct(Ht)7
the t-stage optimal treatment rule can be estimated by fitting the semi-parametric model

1
V9 = my(H,) + §Atct(Ht;/8t) +e?; Elef?|Hy, A =0, (1.3)



where Cy(Hy; 3;) is a parametric model of Cy(H) indexed by some unknown parameters ;. The optimal

decision rules can be approximated by
Di(he) = sign(C (hs; ).

Model (1.3) is a special case of the optimal structural nested mean model (SNMM) proposed by Robins
(2004). Several approaches have been proposed to implement (1.3) given observed data, including A-learning
(Blatt, Murphy and Zhu, 2004; Shi et al., 2018), dynamic weighted ordinary least squares ({AWOLS) (Huang,
Ning and Wahed, 2014; Wallace and Moodie, 2015), regret regression (Murphy, 2003; Almirall, Ten Have
and Murphy, 2010; Henderson, Ansell and Alshibani, 2010; Almirall et al., 2014) and G-estimation (Robins,
2004).

Alternatively, the optimal decision rules can be estimated via modeling the expected reward under each
treatment rule according to equation (ii) in (1.1). Following this idea, Qian and Murphy (2011) proposed
a backward induction procedure, still namely Q-learning, to estimate the optimal decision rules iteratively

from the final stage T’ to the initial stage. Specifically, let t-stage g-outcome to be
Y\ = Vi + Qi1 (Hyr, D*(Hy))

then it can be verified that £ [Yt(q) |Hy, At] = Q(Hy, Ar). The optimal DTRs can be therefore determined
via modeling

Y9 =Y, + max }@t+1(Ht+1’at+1)’

are{-1,1

)

where response variable )?t(q can be calculated using the estimated Q-function from stage ¢t + 1 to 7T'. The

estimated rule at stage ¢ is then given by
Dy (hs) = sign(Q1(he, 1) — Qi (he, —1)).

When Q:(Hy, A¢) is assumed to be linear in terms of (H;, A;) and their interaction terms, a typical choice of

the linear regression model is assuming that

Qi(Hy, At) ~ oo + Heow + Ae(Bor + Hi ).



To lessen the model misspecification, refinements are also explored to mitigate Q-function estimation error,
including methods via penalized regression model (Qian and Murphy, 2011; Song, Wang, Zeng and Kosorok,
2015), nonlinear model (Laber, Linn and Stefanski, 2014), generative additive model (Moodie, Dean and
Sun, 2014), support vector regression and random tree (Zhao, Kosorok and Zeng, 2009), decision tree-based
model and kernel regression (Zhang et al., 2018), bayesian model (Murray, Yuan and Thall, 2018) and robust
regression model (Ertefaie et al., 2021). Q-learning in DTRs is also closely related to the policy iteration
methods in reinforcement learning literature and useful methods including Q-iteration (Ernst, Geurts and
Wehenkel, 2005), deep Q-learning (Mnih et al., 2015) and robust policy search methods (Zhang et al., 2013;
Jiang and Li, 2016).

1.2.3 Machine learning-based DTRs methods

Different from regression-based methods, another type of method, known as machine learning-based
methods, solves the optimal DTRs problem by directly maximizing a value function. Starting with the
single-stage problem, the intuition behind machine learning-based methods is to note that under SUTV, NUC
and positivity assumptions, the expected reward under arbitrary decision rule D can be expressed by the

expectation of inverse probability estimator (IPW)

I(A = D(H))]j 14

V(D) =E|Y —F——F—
)= 2T

assuming that the treatment assignment probability is known. Note that (1.4) is indeed a weighted binary
classification problem with true label A and weight Y/p(A|H ), using this observation Zhao et al. (2012)
proposed to estimate the single-stage optimal DTR problem via solving a weight classification problem.
Specifically, assume that D can be expressed by the sign of some measurable function f : H — R and let F

denotes the set of all measured functions, then one can consider the optimization problem

max P,
fer

[Y]I(Af(H) > 0)}

p(AlH) |
However, due to the existence of the indicator function, solving the optimization above is NP-hard given
finite observed data. To overcome this numerical challenge, following the idea from SVM, Zhao et al. (2012)

suggests replacing the indicator function with the hinge loss function defined as ¢(z) = (1 — x) (Cortes



and Vapnik, 1995) and proposes the outcome weighted learning (OWL), which learns the optimal treatment
assignment by solving the surrogate minimization problem

yeasn)

2
A+l

min P
feg "

where the last term is a typical choice of regularization term to reduce overfitting and G denotes a subset of
F. The same classification framework was studied by Zhang, Tsiatis, Laber and Davidian (2012) and Zhang
and Zhang (2018), and regression approaches were proposed to solve the binary classification problem. Other
than hinge loss, the use of quadratic loss was studied in Qi and Liu (2018); Shah, Fu and Kosorok (2021) and
non-convex loss was explored in Huang and Fong (2014); Qiu, Zeng and Wang (2018); Jiang et al. (2020).
Alternatively, when D is assumed from the class of decision tree, different splitting criteria for searching the
optimal decision tree based on (1.4) was also studied in Laber and Zhao (2015); Zhu et al. (2017); Kallus
(2017).

For observational studies, treatment assignment probability is usually unknown and needs to be estimated
from the observed data. In this case, (1.9) can be modified to accommodate observational data via replacing
the true assignment probability p(A|H) by any consistent estimator p(A|H ), which can still guarantee that
the IPW estimator is consistent. To further improve the accuracy, the augmented IPW (AIPW) estimator was
studied to replace the standard IPW estimator. The AIPW estimator is defined to be

I(A="D(H)) I(A=D(H))—p(AlH)

Varpw (D) =P, |Y A A E[Y|H,A=D(H) (1.5)

Here, p(A|H) denotes an arbitrary estimator of the treatment assignment probability p(A|H), and E[Y|H, A]
denotes an arbitrary estimator of the Q-function. It can be shown that when either p(A|H) or E[Y |H, A] is
unbiased, the AIPW will be an unbiased estimator of the true expected reward under treatment rule D. This
property is called doubly robust (Dudik, Langford and Li, 2011; Zhang, Tsiatis, Laber and Davidian, 2012)
and an interpretation based on missing data imputation was provided in Robins, Rotnitzky and Zhao (1994).
Different methods were proposed to estimate the optimal decision rule based on (1.5), including classification
approach (Zhang, Tsiatis, Davidian, Zhang and Laber, 2012), genetic algorithm approach (Zhang et al., 2015),
decision tree-based approach (Tao, Wang and Almirall, 2018; Athey and Wager, 2021; Zhou, Athey and

Wager, 2022) and deep learning approach (Liang, Lu and Song, 2018). Further refinements of AIPW to



efficiently learn optimal rule was also studied in Zhao et al. (2019); Liang et al. (2021) assuming that the
treatment assignment probability or Q-function is only biasedly estimated for some of the subjects.

The single-stage OWL proposed by Zhao et al. (2012) can also be extended to tackle the DTRs problem
with 7' > 2. Analogous to the extension of single-stage Q-learning to multistage problems, the extension of
OWL can be achieved by sequentially excluding subjects whose future treatment rules were not optimal and
decomposing the problem into a series of single-stage weight classification problems. Specifically, for T" > 2

the IPW of the expected reward under decision rule D can be given by

HtT:1 I(A fr(Hy) > 0)} .

Vipw (D) =P, [Y 17 (Al

Based on this observation, Zhao et al. (2015) proposed the backward O-learning (BOWL) to approximate the

optimal decision functions { f;}Z_; via solving

ft € argmin P,
F€Gt

[YHS Lo WAL (H) > 0)

Auf (He)) | + Ml fllG, (1.6)
Hs:tp(As|Hs) ¢( tf( t)):| Hng

like Q-learning sequentially from ¢ = 7T to ¢t = 1. Here, G; denotes a subset of the set of all measurable

functions from H; to R.

Since subjects whose future treatment rules do not follow the estimated optimal treatment rules will be
assigned with weight O in expression (1.6), which will eliminate the contribution of these subjects to all early
stages’ estimation, this leads to a major limitation for BOWL that the sample size will decrease exponentially
as induction proceeds from stage 7" to 1, unless the majority of the subjects received optimal treatments cross
all stages which is very unlikely in real data and particularly will not happen in a randomized trial. To address
this issue, Liu et al. (2018) proposed the augmented OWL (AOWL). Concretely speaking, give estimated

decision functions (ft, e fT) the augmented estimated Q-function is defined to be

T

A _ - H ( Zsfs >0 Hl zlfl ) ) H(AZSJ/;(HM)>O) _ ~ -
o (;YH) Hg tp(Alezs) Z, 1) p(AalHa) ( (A Hiy) 1) ts(His),

where my s(H;s) is the weighted least squares of

TT5, 1A fu(Hy) > 0) 1 A13|H,8( y >2
; Hz ¢+ p(Au|Hyp) 1'[, L p(Au|Hy Z i —mes(His) |



Let }Afi,t_l = my—1(H; 4—1) be the least squares of

n

Z(Yi,tﬂ + Qit — my—1(Hip-1))?,

i=1
then the ¢ — 1 stage’s optimal decision function is approximated by solving the optimization problem

n

. Ri1—1 ~ ,
- J A H; P 7
7€, Zp(Ai,t—l‘Hi,t—l)(b( X lf( ot 1)> T iz l”‘fugt—l

where ]5%-7,5_1 =Yii1+ @it — }A/Lt_l and fTZ-7t_1 = Ai,t_lsign(§i7t_1). The intuition behind the AOWL is to
impute the expected reward under the optimal decision rules for subjects whose future treatment assignments
do not follow the optimal rules. In addition, replacing the imputed response variable Y; ;1 + @it by its
residual §i7t_1 will further reduce the variability in response variable and improve the estimation performance.
Numerical and theoretical results indicate that AOWL will have better performance than OWL when the
sample size is relatively small. For convenience, in the following chapter, we use O-learning to refer to either

OWL, BOWL or AOWL when the context is clear.

1.3 DTRs methods in consideration of additional constraint

Different from flourishing studies that focus on standard DTRs, only a few methods have ever been
proposed to address the application when additional constraints, such as the potential side effects or the
cost of the treatment, must be fulfilled during optimal treatment rules design and many are restricted to
single-stage problems.

Among existing literature, most of the studies consider introducing utility function to combine different
outcomes into a univariate outcome (Houede et al., 2010; Thall, Nguyen and Estey, 2008; Thall, 2012; Lee
et al., 2015; Butler et al., 2018; Luckett et al., 2021). Specifically, for T' = 1 we let (Ry, ..., Rx) € R
denote K arbitrary response variables, which can include either beneficial rewards, adverse risks or patients’
preference. A utility function is any prespecified function U : R® — R, and in utility-based approaches, the

optimal DTRs are estimated via maximizing

max PPIU(Ry,...,Rk; H)|.
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The utility function can be selected according to different goals that need to be achieved. However, the main
limitation of the utility-based approach is that the choice of the utility function is very subjective and how
different choices of utility will affect the optimal decision rules is hard to quantify.

One of the key goals of personalized medicine is to reduce the adverse impact of treatments to avoid
unnecessary harm treatments may cause to patients. Lizotte, Bowling and Murphy (2012); Laber, Lizotte
and Ferguson (2014) proposed algorithms to maximize multiple outcomes through modeling a series of
conditional expectations via regression similar to Q-learning, and as pointed out in Kosorok and Moodie
(2015), the method proposed in Laber, Lizotte and Ferguson (2014) can be implemented to estimate the
optimal treatment regimen to maximize the beneficial reward while controlling unnecessary risk via a grid
search procedure, but the computation is intense and lack of theoretical justification to guarantee that the
estimated rule is optimal.

Instead, Wang, Fu and Zeng (2018) proposed to incorporate the risk consideration as an additional
constraint and estimate the optimal DTR via solving a constrained optimization problem. Specifically,
consider a single-stage optimal treatment regimen problem with Y denoting the beneficial reward that needs
to be maximized and R denoting the adverse risk that needs to be avoided. Given prespecified risk constraint

7, Wang, Fu and Zeng (2018) considers following benefit-risk tradeoff optimal treatment regimen problem
max EP[Y], subjectto EP[R] < 7. (1.7)

By imposing the additional constraint, the estimated rule is guaranteed to maximize beneficial reward and
meanwhile secure that the expected risk will also be lower than the prespecified risk threshold 7 to ensure
treatment safety. Analogous to standard DTRs problem, additional causal assumptions need to be made to

ensure that (1.7) is learnable given observed data. To this end, we assume that
e Forany a € {—1,+1}, (Y,R) = (Y(a), R(a)) given A=a.
e Foranya € {—1,+1}, A L (Y(a), R(a))|H.
* There exist 0 < ¢; < ¢ < 1 such that ¢; < p(A|H) < ¢o hold for H almost surely.

The three assumptions above are SUTV, NUC and positivity assumption in the context of benefit-risk

consideration when 17" = 1.

11



Suppose that the baseline feature variable H has a continuous density function, then it has been shown
in Wang, Fu and Zeng (2018) that the true optimal rule of (1.9) can be explicitly derived using the same
argument for finding the optimal rejection region in the proof of Neyman-Pearson lemma. Specifically, it can

be shown that the optimal decision rule D* is given by
D*(H) = sign(dy (H) — v*0r(H)) (1.8)
where
dy(H) = E[Y|H,A=1] - E[Y|H,A = —1],
dr(H) = FE[R|H,A=1]— E[R|H,A = —1]

are CATE function w.r.t. Y and R with v* being a positive constant such that the expected risk is equal
to 7 under D*. As a direct observation, expression (1.8) provides a natural estimation method, namely
BR-M, to estimate D* via modeling the conditional mean E[Y |H, A = £+1] and E[R|H, A = +1]. Provided
with unbiased estimators E[Y |H, A = +1] and E[R|H, A = +1], then function &y (H) and 65 (H) can be
approximated by

Oy (H) = E[Y|H,A = +1] - E[Y|H, A = —1],
Or(H) = E[R|H, A = +1] — E[R|H, A = 1],

and the optimal rule can be estimated by grid searching 7 such that

RN PN . N
o3 |Bll A = 11y (1) - F0u) > 0
=1
+ E[R|H;, A = —1|I(6y (H;) — 76r(H;) < 0)| ~ 7.

Like Q-learning, the performance of BR-M may significantly worsen if the conditional mean models are not
correctly specified.

Alternatively, to avoid the impact of model misspecification, Wang, Fu and Zeng (2018) also proposed a
machine learning-based approach, namely BR-O, which directly solves (1.9) as an optimization problem

without involving model estimation. By assuming that the optimal decision rule can be expressed by the sign
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of a decision function, under three causal assumptions it can be shown that (1.8) can be reformulated as

[Y]I(A F(H) >0 (1.9)

20 s 5|00

p(AlH
Again, like O-learning the indicator functions in both the objective and constraint functions make solving
the empirical problem of (1.9) NP-hard and numerically unsolvable. To overcome the computational issue,
Wang, Fu and Zeng (2018) suggested replacing the indicator functions with appropriate surrogate functions.
Let ¢(x) still denote the hinge loss function and let ¢)(x, ) denote the shifted ramp loss function (Huang,

Shi and Suykens, 2014) defined as

0, ifx <0

Y(z,m) = TE - ifz € (0,1)

1, ife >1,

associated with shifting parameter 7 € (0, 1]. Then, we consider the new surrogate problem

argmin F [Y QZ)(Af(H))}

ferF P(A|H)

G(AF(H),n)
P(A[H) } =7

(1.10)
subject to £/ [R

In (1.10), the hinge loss is a typical choice of surrogate function for 0-1 loss similar to O-learning, while
shifted ramp loss ¢(z,n) can be viewed as a smooth upper approximation of the indicator function in the
constraint, which will converge to I(z > 0) as 7 goes to 0. Empirically, an estimated rule can be obtained by

solving

Hi))
- E Y + A\
ar%engun - A ]H) Hf”g W
subject to — E R; m <,

for sufficient small 7. Again, the additional term A, || f||é is a typical choice of regularization term to
reduce overfitting. When G is a RKHS, Wang, Fu and Zeng (2018) shows that the optimization problem

can be solved efficiently via the difference of convex functions (DC) algorithm (Tao and An, 1997) and the
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optimization problem in each iteration can be reduced to a standard quadratic optimization problem. Recently,
this framework was further studied when outcome variable Y is binary in Wang, Zhao and Zheng (2020)
and when the constraint is specified by the quantile of the Y in Fang, Wang and Wang (2022). A similar
framework was also studied in Pan et al. (2021) and a cross-validation algorithm was proposed to find the
optimal rule that satisfies the constraint.

For DTRs with constraint, the same challenge will occur when extending the single-stage method to the
multistage problem with 7" > 2. Like standard DTR, the optimal decision rule estimated by conditioning on
past trajectories may lead to suboptimal rules due to the delayed treatment effect toward the beneficial reward
outcome. Moreover, the treatment may also yield delayed treatment effect upon the adverse risk leading the
optimal rules estimated stagewisely infeasible when risk restrictions are imposed. Hence, methods designed
for the single-stage problem are hard to extend to the problem with more than 2 stages when risk needs to be
considered unless further causal assumptions are imposed. Very few methods have been proposed to tackle
the multistage DTRs with additional restrictions. Among existing methods, Laber et al. (2018) studied the
multistage optimal dosage regimen problem with additional restrictions over safety. A policy iteration-based
algorithm was proposed to estimate the optimal DTRs under constraint via modeling a series of Q-function.
Illenberger, Spieker and Mitra (2021) considered the same problem from a benefit-cost perspective and
proposed another Q-learning-based approach with the additional restriction that the optimal decision rules
are from the class of decision tree. However, both two methods rely on accurately modeling the Q-function
and are computationally intense without theoretical justification to guarantee that the estimated rules will be

optimal under the constraint.

1.4 Contributions and outline

As discussed early, controlling the adverse impact of treatments is one of the main goals that need to be
achieved in personalized medicine and few methods have ever been proposed to address this problem. In
this work, we contribute to the study of personalized medicine by proposing new DTRs with consideration
of additional risk constraint(s). Our work is mainly motivated by the treatment of chronic diseases where
treatments that lead to a higher beneficial reward will also cause adverse impacts on patients and need to be
avoided during treatment design.

The remaining work is organized as follows:
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* In Chapter 2, we propose a new DTRs method, namely benefit-risk DTRs (BR-DTRs), to tackle the
DTRs problem where the primary goal is to maximize certain patient’s cumulative reward but during
each stage, the acute short-term risk induced by the proposed treatment rules should also be controlled
lower than prespecified risk restrictions to ensure safety. Numerically, we show that the multistage
multi-constraints DTRs problem can be decomposed into a series of single-stage single-constraint
optimization problems, which can be efficiently solved using optimization algorithms developed in

Wang, Fu and Zeng (2018).

* In Chapter 3, we develop a general framework to handle one type of DTRs problem, namely the
cumulative benefit-risk (CBR) problem, where the primary goal is still to find the optimal treatment
rules that maximize certain patient’s cumulative beneficial reward, but we also require that the proposed
treatment rules should not induce a cumulative risk exceeding the prespecified risk restriction. Numeri-
cally, we propose a general estimation procedure that will convert the estimation of the constrained
DTRs problem into a series of standard unconstrained DTRs problems. To substantiate the estimation,
we present how Q-learning and O-learning can be utilized along with the proposed procedure to solve
a concrete CBR problem. In addition, we propose a novel estimation framework, namely multistage
ramp loss (MRL) learning, to solve each unconstrained DTRs problem with decision rules being jointly

estimated across all stages.

* In Chapter 4, we develop a new machine learning-based method, namely L1-MRL, by extending and
incorporating an additional L;-penalty to MRL framework to implement variable selection in addition
to learning optimal DTRs. Because of the simultaneous property of MRL, the new method is able to
impose cross-stage penalization over the estimated decision rules and a DC algorithm is developed to

estimate the optimal rules efficiently.
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CHAPTER 2: LEARNING OPTIMAL DYNAMIC TREATMENT REGIMENS SUBJECT TO
STAGEWISE ACUTE RISK CONTROLS

2.1 Introduction

As discussed in Chapter 1, existing DTRs method often formalize the problem as learning the optimal
decision rules that solely maximize patients’ certain beneficial reward outcome. However, for many chronic
diseases, treatments are usually multifaceted: the aggressive treatment with a better reward is often accom-
panied by higher toxicity, leading to the elevated risk of severe and acute side effects or even fatality. For
example, the Standards of Medical Care in Diabetes published by the American Diabetes Association (ADA)
suggests metformin as first-line initial therapy for all general T2D patients. Intensified insulin therapy should
be applied to patients when the patients’ A1C level is above the target (American Diabetes Association,
2022b). However, according to the UK Prospective Diabetes study, evidence has indicated that many patients
who may eventually rely on insulin therapy to achieve ideal A1C level will be likely to experience more
hypoglycemic episodes (UKPDS Group, 1998), and the latter can cause neurological impairments, coma, or
death (Cryer, Davis and Shamoon, 2003). Another example is corticosteroid therapy adopted by patients with
asthma, rheumatoid arthritis, or other immune system disorders. Corticosteroid helps patients to relieve the
symptom but will also increase the risk of complications in the short term if patients have another disease via
inhibiting patients” immune system (Buchman, 2001; Liu et al., 2013). Therefore, the benefit-risk challenge
presented in these chronic diseases entails that the ideal treatment rules should also take into consideration to
reduce any short-term risks while maximizing the long-term rewarding outcome.

To respond to the real demand for the treatment of chronic disease, in this chapter, we consider the
problem of learning the optimal DTRs in a multistage study, subject to different risk constraints at each stage.
Our motivation is to learn the treatment strategy for T2D patients such that the strategy can best control the
HbA1c level in the long run but also ensure that the number of adverse events related to metabolic health
is controlled. We propose a general framework, namely benefit-risk DTRs (BR-DTRs), by extending the
framework developed in Wang, Fu and Zeng (2018) from the single stage to the multiple stages. Specifically,

we propose a backward procedure to estimate the optimal treatment rules: at each stage, we maximize the
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expected value function under the risk constraint imposed at the current stage. The solution can be obtained
by solving a constrained support vector machine problem. Theoretically, we show that the resulting DTRs are
Fisher consistent when some proper surrogate functions are used to replace the risk constraints. We further
derive the non-asymptotic error bounds for the cumulative reward and stagewise risks associated with the
estimated DTRs.

Our contributions are two-fold: first, we propose a general framework to estimate the optimal DTRs
under the stagewise risk constraints; the proposed framework reduces to the O-learning for DTRs in Zhao
et al. (2015) when there is no risk constraint and reduces to the method in Wang, Fu and Zeng (2018) when
there is only one stage. Second, our work establishes the non-asymptotic results for the estimated DTRs
for both value and risk functions and such results have never been given before. In particular, we show that
support vector machines still yield Fisher consistent treatment rules under a range of risk constraints. Our
theory also shows that the convergence rate of the predicted value function is in an order of the cubic root of
the sample size and the convergence rate for the risk control has an order of the square root of the sample size.

The remaining chapter is organized as follows. In Section 2.2, we discuss the statistical framework of
BR-DTRs and present the complete BR-DTRs algorithm. In Section 2.3, we provide further theoretical
justification for BR-DRTs. We demonstrate the performance of BR-DTRs via simulation studies in Section 2.4
and apply the method to a real study of T2D patients in Section 2.5. We discuss the contribution, limitation
and future study topics in Section 2.6. The detailed derivation of the DC algorithm is presented in Section 2.7

and the proofs are presented in Section 2.8 and 2.9.

2.2 Method

2.2.1 DTRs under stagewise risk constraints

Consider a T-stage DTRs problem and we use (Y7, ...,Yr) to denote the beneficial reward and
(R1, ..., Rr) to denote the risk outcomes at each stage. We assume that {(Y;, R;)}7_, are bounded random
variables and a series of dichotomous treatment options are available at each stage, denoted by A; € {—1,+1}.
Let Hy C --- C Hr be the feature variables at stage ¢, which includes the baseline prognostic variables,

intermediate outcomes and any time-dependent covariates information prior to stage ¢ and recall that DTRs
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are defined as the sequence of functions
D=Dix---xXDp:Hi X XHp — {—1,+1}T where Dy : Hy — {—1,+1}.

The goal of BR-DTRs is to find the optimal rule D* that maximizes the cumulative reward at the final stage T,
while the risk at each stage ¢ is controlled by a pre-specified risk constraint, denoted by 7. Mathematically,
we aim to solve the following optimization problem

T
EP Y,

subjectto  EP[Ry] < 71,..., EP[Ry] < 7,

where E[] still denotes the expectation given A; = Dy(H;) fort = 1,..,T.

Analogous to standard DTRs methods reviewed in Section 1.2, additional assumptions are necessary
to ensure that the above problem can be solved using the observed data. To this end, we again let A; =
(A1, .., A¢) denote the observed treatment history and a; = (ai,...,a;) € {—1,+1}" denote any fixed
treatment history up to time ¢, and use X (a;) to denote the potential outcome of variable X under treatment

Q.

Assumption 2.1 (Stable Unit Treatment Value (SUTV)) At each stage, the subject’s outcomes are not

influenced by other subjects’ treatments allocation, i.e.,
(Yy, Ry) = (Yi(ay), Re(ar)) given Ay = ay.
Assumption 2.2 (No Unmeasured Confounders (NUC)) Foranyt=1,....,T
Ay L (Hyy1(@y), ..., Hr(ar—1), Yr(ar), Rr(ar))|Hy.

Assumption 2.3 (Positivity) Foranyt = 1,...,T, there exists universal constants 0 < ¢1 < co < 1 such
that

c1 <p(Ar=11Hy) < ¢

holds for H; almost surely.
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Assumption 2.4 (Acute Risk) Foranyt =1,....,T and a; € {—1,1}!, Ry(a;) only depends on a;. Thus, we

can write Ry(ay) for this potential outcome.

The first two assumptions are corresponding SUTV and NUC assumption in the context of the DTRs
problem with multiple stagewise risk constraints and we repeat the positivity assumption in the standard
DTRs problem as Assumption 2.3. In particular, the NUC and positivity assumption will still hold when data
is collected from a simple randomized trial or SMART. Assumption 2.4 captures the acute risk property of
chronic diseases. That is, for the same individual, the adverse risk in each stage is caused by his/her most
recent treatment. As an additional note, we can further assume that R; is positive and bounded away from
zero after shifting both R; and 7, by one same constant without changing the problem of interest.

Under all four additional assumptions and suppose D;(H;) = sign( f;(H;)) for some measurable decision

function f;, we note that

Ry HtT:1 I(Ay fi(Hy) > 0)
HtT:1 p(A¢| Hy)

EP[R] = E[ ] =F [Rt(sign(fl), sign(ft))}

— E{Rt(sign(ft))] = E[RtI(Atft(Ht) : 0)]

p(A¢|Hy)

Then according to Qian and Murphy (2011), the original problem can be reformulated as

max E [(ZtT—l V) TT WA fo(Hy) > O)]
(f1,-0fr)EFL X F Hf:1 p(A¢| Hy)
RI(Acfie(Hy) > 0)]

p(A,|T,) =T

2.1

subject to E[ t=1,..T,

where JF; denotes the set of all real value measurable functions from #; — R. Intuitively, following the same
arguments as in Zhao et al. (2015), the solution of the above problem can be solved in a backward fashion as
follows: let {O;}1_; denote the feasible region of the original problem under risk constraints (71, ..., 77) at

stage t, i.e.,

O, = {f € ft‘E[RtH(Atf(Ht) = 0)] < Tt}, t=1,...T,

p(A|Hy)

and define the U-function as

) bl g ey ’l E II li 0
H_j_—tp

(Aj]Hj)

Ht = ht:|)
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where we set Ur.; = 0. Then the optimal solution to (2.1), denoted by (g7, ..., g7-), satisfies

JF = argmin B (Y2 + Urp1 (Het15 91415 5 97) 1At fr (H) < 0)
! f1€0; (A Hy)

. (2.2)

In fact, our later proof for Theorem 2.1 will show that such a backward algorithm leads to the optimal DTRs

solving problem (2.1).

2.2.2 Surrogate loss and Fisher consistency

One main difficulty of implementing the framework (2.2) is the existence of the indicator functions
in both the objective function and risk constraints, which makes solving the original problem NP-hard.
Following the idea in Wang, Fu and Zeng (2018), we propose to replace the indicator function in the objective
function by hinge loss function ¢(-) defined as ¢(z) = (1 — x), and replace the indicator function in the

risk constraint by shifted ramp loss function given by

1, ifz>0
Y(z,m) =9 ifz e (—n,0)

0, ifx < —n,

where 7 € (0, 1] is a prespecified shifting parameter that can vary with stage. We then consider the following

surrogate problem, namely the BR-DTRs problem,

. . (Ye + U1 (Hes1s fi1, 0 f7))0(Ae fr(Hy))
7 = w5 s | @
where
_ R (A f (Hy),me)
A= {r e e[ MR <)

from stage t €= {1, ..., T'}. Equivalently, we replace the 0-1 loss function in the objective function with the
hinge loss and replace the indicator function in the risk constraint with the shifted ramp loss function. The
shifted ramp loss leads to a smooth and conservative approximation of the risk constraint function when 7; is

small.
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Our next result shows that the new surrogate problem leads to the DTRs that are Fisher consistent. Before

stating the theorem, we define a ¢-stage pseudo-outcome (); as

Qi =Y + Ut (Hig1s fiiy1s - f7)5

which is the cumulative reward from stage ¢ to 7" assuming that all treatments have been optimized from

stage t + 1 to T'. For any random vector (Y, R, A, H) and for a = +1, we use the following notations:

my (h,a) = E]Y|H = h, A = al, dy(h) = my(h,1) — my(h, —1),

mp(h,a) = E[R|H = h, A = a], dr(h) =mpg(h,1) —mpg(h,—1).

Let

Tt,min =F [RtH(AtéRt (Ht) = 0):| )

p(At|Hy)

- [Rt]I(Atégt(Ht) > 0)].

p(Ai|Hy)

In other words, 7¢ min is the risk under the decision function given by —d g, (H¢), which is the one maximizing
the risk regardless of the reward outcome. Thus, 7; min is the minimum risk that one can possibly achieve at
stage t. While, 7; max is the risk for the decision function given by d¢, (H;), which is the one maximizing the

reward regardless of the risk. Thus, Tax ¢ 1S the maximal risk.

Theorem 2.1 Fort =1,..,T and any fixed Ty min < Tt < Tt max, Suppose that P(6¢q,(H;)0Rr,(H;) = 0) =0
and random variable 6¢q,(Hy)/6r,(Hy) has the distribution function with a continuous density function in
the support of Hy. Then for any n, € (0,1] andt = 1, ..., T, we have sign(f;") = sign(g;) almost surely, and

(ff, ..., f3) solves the optimization problem in (2.1).

When 74 > T4 max, the BR-DTRs problem reduces to a standard DTRs problem and Zhao et al. (2015)
shows that the Fisher consistency holds without additional conditions. For 7" = 1, the conditions are similar
to Wang, Fu and Zeng (2018), but they assume H; to have a continuous distribution. Theorem 2.1 basically
indicates that when the risk constraints are feasible and assume that the reward difference between two
treatments varies continuously with respect to the risk and risk difference, using the surrogate loss leads to the
true optimal DTRs for any shifting parameter 7; € (0, 1]. We note that this result has never been established

before. The complete proof is presented in Section 2.8.
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2.2.3 Estimating BR-DTRs using empirical data

Given data {(H;1, A1, Yii, Rit, ..., Hir, Ai7, Yir, Rir) }i', from n i.i.d. patients, we propose to solve

the empirical version of the surrogate problem to estimate the optimal DTRs: let

-At,n = {f € gt

n Z; p(Ait|Hip) =Ty

1=

then we solve

(Zs ¢ Yis) Hs t+1 (Ais]?s(His) > 0)

ft = argmax — o(Aif(Hit)) + An, 24)
feEALn n; Hsztp(Ais’His) ' !
fort =T,...,1in turn. Here, || - ||g, denotes the functional norm associated with functional space G; C F;.

Again, the last term A, 2 is a typical choice of penalty term which regularizes the complexity of the

estimated optimal decision function to avoid overfitting. Common choices of G; include RKHS under a linear
kernel where k(h;, h;) = hl hj, or a Gaussian radial basis kernel with k(h;, h;) = exp(—o?|/h; — h;|[?),
where o denotes the inverse of the bandwidth.

To improve the numerical performance of BR-DTRs, we further adopt the augmentation technique used
in the AOWL proposed by Liu et al. (2018) introduced in Section 1.2. Specifically, we replace the weights in

the objective function and treatment variable respectively by
}Afzt =Y + @i,t—l—l — e (Hit)l, A\it = Aysign(Yi + @i,t-ﬁ-l — [t (Hig))- (2.5)

Here, @ivt is the augmented ()-function defined as

(ZST:t+1 Yis) HST:t+1 ]I(Aisfs(HiS) > 0)

HZ t+1p(AiS‘HiS)

| I(4 Aisfs(His) > 0) [WAyf(Hy) >0) ]
Z { Hs - p(Ais’His) |: p(Aij|Aij) 1:| /~Lt+1,](Hw)

Qi1 =

(2.6)

j=t+1

and let @i,TJrl = 0. Additionally, /1 ; is the estimated mean function from solving the weighted least square

problem
17 s [(Aifs(His) > 0) AylHy) <
1 L I(A fo(H; — p(Aij|Hij) (S Vi = pay (i), 2.7)
[Ty p(Ais His) = t+1P(A@s|HZS) s=t+1
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Algorithm 1 BR-DTRs

Input: Given training data (Y;;, R, Ait, Hit) and (A, G, 7¢,m) fori=1,..,nandt =1,...,T
fort =T to1ldo

forj=t+1toT do

obtain estimator fi; ; via minimizing (2.7)

end for R

if t = T then define Q; 741 =0

else compute @Z‘,tJrl from (2.6)

end if L

compute fi;(H;;) via least square estimator and obtain { (Y, A;;)}7; via (2.5)

obtain f; by solving

~

n

1 Y; —~
min - — » —————¢(Air f(Hit)) + Mo 2
fege n z; p(Ait\Hit)¢( of (Hir)) #llflls,

n

. 1 R
- T . . <
subject to  — E o !it‘Hit)ﬂ)(Aztf(Hn)W) ST

using DC algorithm
end for

Output: (f\l, ...,fT)

and [i;(H;;) is obtained by minimizing >« ;(Yy + @z‘,t+1 — p¢(Hy))?. The main motivation for this
construction was discussed in Section 1.2.2, where Liu et al. (2018) showed that the removal of the main
effect, fi;(H;: ), could reduce the weight variability without affecting the treatment rule estimation, and that
using the augmentation term in constructing @z}t-&-l could use the information from all subjects, leading to
more efficient estimation for DTRs.

Hence, we propose a backward procedure to estimate the optimal DTRs. First, we solve a single-stage
problem using data at stage ¢ = 7', and then in turn, for¢ = 7'—1, ..., 1, we solve the constrained optimization
problem after plugging in (ﬁ+1, vy fT) For the optimization at each stage, we apply the difference of convex
functions (DC) algorithm (Tao and An, 1997) which is an iterative process and in each iteration, the update
can be reduced to a standard quadratic programming problem. Details of the DC algorithm are provided in

Section 2.7.

2.3 Theoretical Results

In this section, we establish the non-asymptotic error rate of the value function and stagewise risks

under the estimated decision functions (fi, ..., fr). More specifically, for any arbitrary decision functions
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(g1, ---, gt), the value function of (gy, ..., g7) is defined as

o[ (i Y ILiy [(Avge(H2) > 0)]
H;le p(A¢|Hy)

V(gla "'7gT) =

We aim at obtaining the non-asymptotic bound for the regret function given by

V(fikv B fi*“) - V(]?l’ ey .]/(.\T)

and the stagewise risk difference is given by

RtH(Atﬁ(Ht) > 0)

FE
p(A¢|Hy)

— Tt,

fort=1,...,T.
We assume that {G;}7_, are the RKHS generated by the Gaussian radial basis kernel, i.e., G; = G(0,+)
where G(o) denotes the Gaussian RKHS associated with bandwidth o~!. Furthermore, for random variable

Q¢, Ry, Ay and Hy, we define for a,b € {—1,1},
Hyp = {h € H :adg,(h) > 0,bf;, (h) > 0}

and Ay o (h) =32, peqq,1y dist(h, H/Hap)I(h € Hqp), where dist(-) denotes the Euclidean distance and

*_, denotes optimal solution of (2.3) at stage ¢ but replace the risk constraint in A; by 7. Recall that
fir p g p y

Qi =Y + Upr(Hiy1; fiyrs o 7)) = Yo + Ut (Hygas fias o f7)-

We assume

Assumption 2.5 Let P; denote the joint probability Hy. For given (11,...,77) and any t = 1,..,T, there

exists universal positive constant 6o > 0, K; > 0 and oy > 0 such that for any 7' € [1; — 2604, 7t +200,4] C

A (h)?
/ exp ( _ M)Pt(dh) S Ktsatdt/Q
Hy s

(Tt,mirn Tt,max) we have

holds for all s > 0.
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Assumption 2.5 is an extension of the Geometric Noise Exponent (GNE) assumption proposed by Steinwart
and Scovel (2007) to establish a fast convergence risk bound for standard SVM, and later adopted by Zhao
et al. (2012) to derive the risk bound for the DTRs without risk constraints. The assumption can be viewed as a
regularization condition of the behavior of samples near the true optimal decision boundary. For a fixed 7, o
can be taken to 1 when A(h) has order less or equal to O(h). When the optimal decision boundary is strictly
separated, i.e. dist(H,p, Hy y) > 0 for any a # o’ and b # ¥/, by using the fact that exp(—t) < Cst~*
one can check that Assumption 2.5 holds for a; = co. When the optimal decision boundary is not strictly
separated, it can be shown that Assumption 2.5 can still hold for arbitrary oy € (0, 00) when the marginal
distribution of H; has light density near the optimal decision boundary (see Example 2.4 in Steinwart and
Scovel (2007)).

The following theorem gives the non-asymptotic error bound for the value loss and risk difference for the
estimated DTRs, assuming that all z; and 1 ; in the augmentation are known. The theorem allows stage-wise

shifting parameters to vary with sample size, denoted by (7,1, ..., 7n.T)-

Theorem 2.2 Suppose that Assumption 2.1 to 2.5 and conditions in Theorem 2.1 hold, and H; is defined
on a compact set Hy C R% fort = 1,...,T. Let {v;} and {0;} be two series of positive constants such that
O<y<2and @y > 0forallt =1,..,T. Then foranyn > 1, \pt > 0, 0y > 0and 0 < 1 < 1, such
that A,y — 0,0y, — 00 and that there exit constants C1, Co, C3 satisfying

Cio _atdtnnt < dot, Con~ U(lt ve/2)(1+0)de <1,

l/t/4
and 8, + C10,, "y} + Can =207 2)(H9t)dt/2< X o ) ot < 2604, it holds

C1An,t n,t
R R T
V(Frseos ) = VU 1) < S (e1/5)11C <n-1/2A;,1/%$;”” 2o/
+ )\ma +to atdtnnt +77m>

with probability of at least 1 — Zthl hi(n, on.t), where

ht(n,Un,t)ZQexp<— 2 >—|—2exp<— 2M2)+6Xp( t ¢ t).
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Moreover, with probability at least 1 — hy(n, oy, 1), the risk induced by ﬁ satisfies

E

RI(Afi(H,) > 0) “1/2_(1=ve/2)(1400)de /2~ /4_—v/2
<1+ +Cn 7o, A, it -
p(Ai|Hy) crRT v

Here, C; denotes some constant only depending on oy, Ky, dy, vy, 01, ¢1 and M.

Theorem 2.2 can be established by first verifying the result for 7' = 1 and then extending the result
to 7' > 2 using an analogous argument of Theorem 3.4 of Zhao et al. (2015). The risk bound of the value
function proved in Theorem 2.2 indicates that the error consists of four parts. The first two terms correspond
to the stochastic error and systematic error due to using the empirical estimator to approximate the true
objective function and restricting the optimal function within a RKHS in empirical the problem (2.4). The

atdt

third error term O(o,, M, t) is induced by using the empirical estimator as risk constraints in (2.4). The

remaining error has order O(7,, ;) and results from the property that the regret under 0-1 loss function is
upper bounded by the regret under hinge loss plus an error term of order O(n) when we use the shifted ramp
loss to approximate the indicator function in constraints. Due to the existence of the last two error terms, the
choice of shifting parameter must be small but bounded away from 0 in order to minimize the regret. The

proof of Theorem 2.2 and required preliminary lemmas are provided in Section 2.9.

According to Theorem 2.2, the risk bound of the regret is minimized by setting 7, ; = atdtnn it

—Oétdt =172y —1/2 _(1—ve/2)(1+0¢)d: /2
n /)‘n,t Gn,t

An, tad =0, nnt and 1, ; = , which gives

>\n L= O(O‘;iat+2)dt/2), m = O(O_—atdt/2)

) n,t

and

1
Ont = 0(natdt+<at+2>dt/2+<1—ut/2><1+et>dt),

Consequently, there exists constants kj, k2 > 0 independent of sample size n such that

‘V(f/l\lv "‘7fT) - V(ff? 7fT

01/5 tn 2atdt+(at+2)dt+2(1 vt/2)(1+6¢)dy

IIMH

(A—vy/2)(14+64)dy
holds with probability 1 — 23:1 exp( — konordi (o +2)dy/2+(1-vy /2)(1401)dy ) When «; can be selected

arbitrarily large in which case the data are approximately separated near the optimal decision boundary,
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the convergence rate of the value function is at most of order O(n_l/ 3). In terms of risks, when a; can be
arbitrarily large and let v; go to 0, the risk constraint inequality indicates that the stagewise risk under the
estimated rule can always be bounded by 7; plus an error term of order up to O(nfl/ 2). In terms of stage T,
we note that the error bound is increasing exponentially with respect to the total number of stages. This result
is similar to the risk bound of value function obtained in Q-learning (Murphy, 2005a) and O-learning (Zhao
et al., 2015). As another note, the value function is Lipschitz continuous in terms of the model parameters
for py and 5. Thus, when the models of y; and p; ; are parametric so the parameters are estimated at
O(n‘l/ 2), the impact on the convergence rate of the regret will be of the same order and will not affect the
minimum possible error rate of the value function and the adverse risk under the estimated rule. Similar

arguments are given in Chen, Zeng and Wang (2021).

2.4 Simulation Studies

We demonstrate the performance of BR-DTRs via simulation studies in this section. We consider two
settings both of which simulate the situation when adopting preferable treatment in the early stage would
immensely affect the performance of possible treatments in later stages. Specifically, in both settings, we
first generate an 8-dimensional baseline prognostic variable matrix X from independent uniform distribution
UJ0, 1]. In the first setting, we consider a two-stage randomized trial where treatments A;, A are randomly

assigned with an equal probability of 0.5. The stage-specific rewards and risks are defined by

Y1i=1—-X; +A1(—X1 —X2+1)+6y1, R =24+ X3 +A1(—X1/2+X2+1)+GRI,

Yo=1-X1+A(Y1 -3X1+A1+1)+ey, R=1+X1+A2Ys/2—- X1+ A2/2+1)+€p,,

where €y, €y, are noises of reward outcomes generated from the independent standard normal distribution
N(0,1), and €g,, €g, are noises of adverse risks generated from the independent uniform distribution
U[-0.5,0.5]. In this setting, both Y7, Y5, R; and Ry are the linear functions of H; = X and Hy =

(Hi, A1,Y1, Ry). In the second setting, Y is a nonlinear function of Hy and is generated according to

Yi =1 —|—A1(—X1 — X2/3+ 12) + €vyy, Ry = 15—|—A1(—X1/3+ 15) + €R,,

Yo =1+ Ay(—X?/2 - X2/2+3A1/2+1.5) +ey,, Ro=1+ As(24; +2) + €r,,

27



and (A1, As, €y,, €v;, €R, , €R, ) are generated the same way as setting 1. Note that for setting II, the optimal
decision boundary in stage II is a circle with respect to (X7, X2).

For each simulation setting, we implement our proposed method with training data sample size n equal
to 200 and 400, and 7 varies from 0.02 to 0.1 with an increment of 0.02. For the first simulation setting,
we repeat the simulation for m; = 7 = 1.4 and 1.5; for the second simulation setting, we repeat the
simulation for 71 = 75 = 1.3 and 1.4. Both the linear kernel and Gaussian kernel are employed to compare
their performance. The tuning parameter C,, = (2n)\n7t)_1 will be selected by a 2-fold cross-validation
procedure that maximizes the Lagrange dual function from a pre-specified grid of 2710 to 21°. To alleviate the
computational burden, when using the Gaussian kernel we follow the idea of Wu, Zhang and Liu (2010) and fix
o, } to be 2median{|| H; — H,]|| : A; # A;} instead of picking o, ; adaptively according to n and \,, ;. In our
simulations, all feature variables will be re-centered to mean 0 and rescaled into interval [—1, 1]. When solving
the optimization problem, we choose the initial values for parameters either uniformly in a bounded interval
or using the estimated parameters from the unconstrained problem. We recommend the latter approach as the
performance is overall better than picking the initial point randomly. All quadratic programming programs
in the DC procedure will be solved by R function solve.QP() from quadprog package (https://cran.
r-project.org/web/packages/quadprog/index.html). Asacomparison, we also implement
the AOWL method proposed by Liu et al. (2018) as implemented in package DTRlearn2 (https://cran.
r-project.org/web/packages/DTRlearn?2/index.html), which ignores the risk constraints.
In addition, we also compare our method with the naive approach where in stage I, we simply use Y7 + Y5 as
the outcome for estimation without adjusting for any delayed treatment effects even though the risk constraints
are considered. To assess the performance of each method, we calculate the stage optimal estimated reward
and risk on an independent testing dataset of size N = 2 x 10*. We repeat the analysis with 600 replicates.

Figure 2.1 displays the estimated reward and risk on the independent testing data for the first simulation
setting under the different choices of training sample size, kernel basis and shifting parameter 7 for 7, =
79 = 1.4. From the plot, we notice that for the simple linear setting, under both linear and Gaussian kernel the
median values of estimated reward/risk will be close to the theoretical reward/pre-specified risk constraints.
This indicates that the proposed method can successfully maximize the reward while controlling the risks
across both stages. In this setting, compared with the linear kernel, using the Gaussian kernel will significantly
underestimate the risk on training data, leading to somewhat exceeding risk on the testing data. Also as

expected, in this setting increasing sample size would improve the performance under both kernel choices.
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Figure 2.1: Estimated reward/risk on independent testing data set for simulation setting I, training sample size
n = {200,400} and n = {0.02,0.04, ...,0.1} (x-axis) under linear kernel or Gaussian kernel. The dashed line in
reward plots refers to the theoretical optimal reward under given constraints. The dashed line in risk plots represents the
risk constraint 7 = 1.5.
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Linear Kernel Risk (n=200)
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Figure 2.2: Estimated reward/risk on independent testing data set for simulation setting II, training sample size
n = {200,400} and n = {0.02,0.04, ...,0.1} (x-axis) under linear kernel or Gaussian kernel. The dashed line in
reward plots refers to the theoretical optimal reward under given constraints. The dashed line in risk plots represents the
risk constraint 7 = 1.4.
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In terms of the shifting parameter 7, in setting I there is no obvious preference of choosing a small value
to a large value. The result from the second nonlinear simulation setting under 71 = 7 = 1.4 is presented
in Figure 2.2. Under this more complicated setting and when both two stages’ optimal decision boundaries
are nonlinear, we notice that our method still yields a value close to the truth and the risks are reasonably
controlled in both stages. The Gaussian kernel outperformed the linear kernel in both stages since using
the linear kernel will misspecify the true model. When the sample size increased, the performance for the
Gaussian kernel improved but it was not necessary for the linear kernel, likely due to the misspecification.
We also observe that under the second simulation setting and when the Gaussian kernel is used, choosing a
small shifting parameter n will achieve better performance on the testing data with much smaller variability.
The results for 7 = 1.5 for setting I and 7 = 1.3 for setting II are similar to 7 = 1.4 already discussed. The
same conclusions can be made and the results are presented in Section 2.10.

Finally, the results in Table 2.1 compare the performance of BR-DTRs to AOWL, which ignores the risk
constraints, and the naive method, which considers the risk constraints but uses the immediate outcomes as
the reward. Clearly, even though AOWL always gives a higher reward than BR-DTRs, the corresponding
risks of applying the estimated treatment rules are much larger than the ones from BR-DTRs. In contrast,
BR-DTRs can always give valid decision rules with risks close to pre-specified threshold values. When
compared with the naive method, due to the nature of DTRs, the reward of the BR-DTRs method is always

higher than the naive method.

2.5 Application to DURABLE Trial

We apply BR-DTRs to analyze the data from the DURABLE study (Fahrbach et al., 2008). The
DURABLE study is a two-phase trial designed to compare the safety and efficacy of insulin glargine versus
insulin lispro mix in addition to oral antihyperglycemic agents in T2D patients. During the first phase trial,
patients were randomly assigned to the daily insulin glargine group or twice daily insulin lispro mix 75/25
(LMx2) group for 24 weeks. By the end of 24 weeks, patients who failed to reach an HbAlc level lower
than 7.0% would enter the second phase intensification study and be randomly reassigned with either the
basal-bolus therapy (BBT) or LMx2 for insulin glargine group, or basal-bolus therapy (BBT) or three times
daily insulin lispro mix 50/50 (MMXx3) therapy for LMx2 group. Any other patients who reached HbAlc

7.0% or lower would enter the maintenance study and keep the initial therapy for another 2 years.
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In the DURABLE study, the major objective is lowering patients’ endpoint blood glucose level measured
in HbAlc level, and in this analysis, we use the reduction of HbAlc level at 48 weeks since 0 week
as the reward outcome. The risk outcome is set to be hypoglycemia frequency encountered by patients,
which reflects the potential risk induced by adopting assigned treatment. Since not all patients entered the
intensification study with treatment reassignment, to implement BR-DTRs, we assume that for the patients
who reached HbAlc level lower than 7.0% at the end of the first phase trial, their current treatment was
already optimal and should not be adjusted. Under this assumption, the second stage analysis only involves
patients who entered the intensification study; while only in the first stage will all patients be included in the
analysis. In the first stage estimation, for the patients in the maintenance study, their future reward outcome

(reduction of HbAIc) is assumed to be maintained. That is, in Stage I, the reward outcome becomes

) if subject is from the maintenance study
Yy =
y (A2 f>(H2)>0)

0% , if subject is from the intensification study.

Finally, the second stage risk outcome is the total frequency of hyperglycemia events during the intensification
study (from 24 weeks to 48 weeks) and the first stage risk outcome is defined to be the total hypoglycemia
events from week 0-24 for patients who entered intensification study, and the total hypoglycemia events from
week 0-48 rescaled to 24 weeks for the remaining patients who entered maintenance study. In the analysis,
we eventually apply the logarithm transformation to these counts to handle some extremely large counts in
the data.

We consider 20 relevant covariates as the baseline predictors H1, including HbAlc testing result, heart
rate, systolic/diastolic blood pressures, body weight, body height, BMI and 7 points self-monitored blood
glucose measured at baseline (week 0) along with patient’s age, gender, duration of T2D and 3 indicator
variables indicating whether patients were taking metformin, thiazolidinedione or sulfonylureas. The second
stage predictors Ho include all predictors in H;, patient’s treatment assignment, the cumulative number of
hyperglycemia events during the first stage, along with heart rate, systolic/diastolic blood pressures, HbAlc
and same 7 points self-monitored blood glucose measured at the initial time of the second stage (24 weeks).
All covariates are centered at mean 0 and rescaled to be within [—1, 1].

The final study cohort includes 579 patients from the intensification study and another 781 from the

maintenance study. To compare the performance, we randomly sample 50% patients from the intensification
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Table 2.2: Estimated reward/risk under different risk constraints for DURABLE study analysis

Risk Constraint BR-DTRs Naive
T2 1 Reward Stage II Risk Stage I Risk Reward Stage II Risk Stage I Risk
0.334 0.893 1.471(0.072) 0.311(0.033) 0.844(0.044) 1.460(0.087) 0.311(0.033) 0.842(0.049)
0.948 1.520(0.078) 0.311(0.033) 0.874(0.067) 1.499(0.091) 0.311(0.033) 0.868(0.066)
1.005 1.547(0.089) 0.311(0.033) 0.929(0.102) 1.527(0.098) 0.311(0.033) 0.923(0.111)
00 0.893 1.598(0.043) 0.347(0.028) 0.832(0.039) 1.604(0.048) 0.347(0.028) 0.840(0.040)
0.948 1.605(0.053) 0.347(0.028) 0.832(0.040) 1.607(0.056) 0.347(0.028) 0.850(0.056)
1.005 1.620(0.068) 0.347(0.028) 0.922(0.107) 1.625(0.062) 0.347(0.028) 0.888(0.103)

00 1.713(0.052) 0.347(0.025) 1.040(0.047) -

study as the training sample for stage II and additional 50% patients from the maintenance study as the
training sample for stage I. The remaining patients will be treated as the testing data to assess the performance
of the estimated rules. We consider different risk constraints 75 = (0.334, c0) and 71 = (0.893,0.948, 1.005)
where we rescale the risk to hypoglycemia events per 4 weeks. We note that 0.334 and 0.948 are the mean
risks of stage II and stage I, respectively, and 1.005 is close to the median estimated risk on testing data under
the unconstrained case. We repeat the analysis 100 times for random splitting of the training and testing data.
In our method, we use the Gaussian kernel and choose n = 0.02, while tuning parameter C,, for each stage
will be selected by two-fold cross-validation similar to the simulation studies. The bandwidth of the Gaussian
kernel is also selected similar to the simulation studies.

All real data analysis results are displayed in Table 2.2. From Table 2.2 we first notice that in each
stage, the median estimated risk on testing data is tightly controlled by the prespecified risk constraints. This
demonstrates that BR-DTRs can also successfully control adverse risks in real applications. Under each
risk constraint, the cumulative reward estimated by BR-DTRs is only slightly better or closed against the
estimated reward using the naive method. One reason is that the majority of the patients in stage I would not
enter the intensification study and, hence, have no delayed treatment effect at all.

Among all 7 constraint settings, the uncontrolled setting, as expected, produces the estimated rules with
both the highest reward and risks, and the estimated reward decreases as the risk constraint of either stage is
decreasing. Under the unconstrained estimated optimal rules, all patients are recommended to receive LMx2
in the first stage and later switch to MMx3 after 24 weeks if patients’ HbAlc level is greater than 7% by the
end of the first phase. As a comparison, when the risk constraint is imposed in stage II, the optimal rules will
instead recommend all patients to receive BBT when patients failed to reach HbAlc lower than 7% in the

second stage at a price of significantly lower reduction in HbAlc by the end of 48 months. Similar treatment
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preference change happens in stage I as the optimal estimated rule becomes less favorable to LMx2 against
insulin glargine when 7, decreases.

Comparing the reward and risks under the different choice of risk constraint, 71 = 1.005 and 7 = oo
produces the second highest reward with moderate risk in the second stage and 10% lower risk in the first
stage compared to the unconstrained setting. Under this suboptimal setting, the estimated rules recommend
only 50.7% of patients start with LMx2 therapy and later switch to MMx3 therapy if patients fail to reach an
HbA1c level of less than 7.0% by the end of the first phase of treatment. By checking the baseline covariates
between the patients who received different treatment recommendations, under this estimated rule for the
patients whose baseline HbA ¢ falls in the range [7, 8), [8,9) and [9, 10), the proportion of the patients who
are recommended with LMx2 therapy drops from 62.7% to 56.3% and 46.3%; similarly, for the patients
whose baseline BMI falls in the range [28, 32), [32, 34) to [34, 36), the proportion of patients recommended
with LMx2 also drops from 59.3% to 53.8% and 51.3%. The negative correlation between the increment of
baseline HbA1c/BMI against the proportion of patients recommended with LMx2 as the first phase treatment
indicates that the patients with a worse initial health condition are less likely to be recommended with LMx2
therapy as the initial treatment when the risk impact is considered. This is consistent with the fact that
LMx2 is an intenser therapy compared with insulin glargine therapy and would cause more hypoglycemia
events among unhealthier T2D patients. In particular, the suboptimal rules obtained from BR-DTRs meet the
ADA guidance which suggests that intensive insulin therapy should be prescribed to patients according to
patients’ health condition to reduce potential hypoglycemia events. In conclusion, the real data application
demonstrates that, by evaluating the impact of adverse risks along with beneficial reward, BR-DTRs can
produce better personalized, more practically implementable treatment recommendations compared with

standard O-learning which only takes beneficial reward into consideration.

2.6 Discussion

In this chapter, we introduced a new statistical framework BR-DTRs to estimate the optimal dynamic
treatment rules under the stagewise risk constraints. The backward induction technique provided a natural
numerical algorithm to solve for BR-DTRs efficiently through iteratively solving a series of standard quadratic

programming problems. We also established a non-asymptotic risk bound for the value and stagewise risks
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under the estimated decision function. The theoretical results, for the first time, provided the performance
guarantee for the constrained support vector machine problem.

It is worth noting that even though in BR-DTRs we assumed treatments to be dichotomous and only one
risk constraint is imposed at each stage, our method can also be extended to problems with more treatment
options and risk constraints at each stage. One can achieve this by imposing multiple smooth risk constraints
to multicategory learning algorithms, such as AD-learning proposed by Qi et al. (2020). However, verifying
the Fisher consistency of generalized problems is not trivial. Moreover, even though throughout the chapter
we defined R, as the adverse risk of treatments, the interpretation of R; can indeed be more general based
on the context of the applications. For example, R; can be the cost of resources used in treating patients,
constraints due to patients’ preference for treatment design, or fairness of treatment policy among races,
genders, or different socioeconomic backgrounds. By allowing different constraints to be imposed in BR-
DTRs, our method can also provide a unified framework that optimizes the cumulative benefit while meeting
all the constraints from practice.

When proposing the BR-DTRs, our main motivation is to find the optimal decision rules that maximize
population reward while satisfying stagewise risk constraints. For many applications, finding the most
influential feature variables that decide the optimal decision rules under the consideration of adverse risks
is of equal importance, and our proposed method can also be extended to address this by including feature
selection during the estimation. For example, when RKHS is generated by the linear kernel, the optimal
decision boundary is linear, and one can add a penalty term with a group structure to impose sparsity on
feature variables. Lastly, our proposed method focuses on the scenario when controlling the short-term risks
of the treatments is of interest with the finite time horizon. In other real applications, the long-term risk or
disease burden may also need to be controlled for patients’ benefit, and the time horizon can be infinite such
as in mobile health. Due to the limitation of the backward induction technique, the BR-DRTs framework
cannot be directly extended to deal with these problems. Further investigation is needed to address the infinite

time horizon problem.

2.7 Details of DC Algorithm for Solving Single Stage BR-DTRs

In this section, we describe the DC algorithm for solving BR-DTRs at stage ¢. The algorithm was

~

originally proposed in Wang, Fu and Zeng (2018). Given estimated rules (ﬁH, .., fr), one can calculate )A/it
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and /Tit from (2.5). Our goal is to solve the optimization problem

1
min Cn it (KB + +-68"K
polnin ZZI zt\Hzt Au(Ki1B + Bo)) 2/3 B
subject to z”: Ll/}(Ait(Ki B+ Bo),n) < nm
p(Ai|Hit) ’ T

i=1

where C,, = (2n)\n,t)_1. K, is the n-by-n kernel matrix of stage ¢ defined by K;; = K(H;, Hj;) where

K (-, -) is the inner product equipped by RKHS G, and K ; is the i-th row of K.

Note that the shifted ramp loss can be decomposed as ¥(x,1) = 7~ (x + n)4+ — n~(x). By applying

the DC algorithm, given ,8(5) and ﬁés) , we update (3, 5p) by solving optimization problem

1
,BeRdt7ﬁ()ER Zz:: zt‘Hzt Zt( Z7t16 BO>) 25 tlB

n

Rt

subject to Z(t‘Ht[{Au KB+ Bo) +77} z(t) A (Ki B+ Bo)| < nnry,
i=1 A |Hi

where Cz(ts ) = H(Ait(Kivt,B(S) + ﬂés)) > 0). Similar to standard SVM, we introduce slacking variables

&E>1— A\it(Ki,t,@ + Bo), & > 0 to replace ¢(ﬁit(Ki7t,6 + [30)) in the objective function. Moreover, we

introduce additional slacking variables (; > A (K; 3+ Bo) +n, ¢; > 0 to replace {Ait(Ki,tB + Bo) + 77} N

in the risk constraint. After plugging the slacking variables, the optimization problem becomes

. Cz T
min Ch +C, K,
BRIt ByeR zz: zt‘Hzt él Z 16 tﬁ
n

. Ry
subject to Z m |:Cz - Czt A (KB + 50)] < nnt,

— (2.8)

1- z( Ztﬁ+60)<5170<£lv

A’it(Ki,t/B + /80) + n S Ci? 0 S <i7 for ¢ = 1; N

The additional term C, Y1 | % in the objective function is to guarantee that the slacking variable (; is equal
to {A,»t(K@t,B + Bo) + 77} I For fixed tuning parameter C,,, this optimization problem will be equivalent to

the original problem as the additional term will eventually vanish when the sample size n increases
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The Lagrange function of (2.8) is given by

= ﬁt = Cz) 1 T
L =C, — &+ ) 2| +-8'K
<;p(Ait’Hit)§ ; n Qﬁ h

Ri = S
- [”Wt - ; p(T\int) (Cz‘ - ;Cft)Ait(Ki,tﬁ + 50))]

- o [&‘ — 1+ A (K08 + 50)] = b= ki [Ci —n— Ai(KizB + 50)] — Y piki
i—1 i1 i=1 i=1

Taking derivatives w.r.t. §;, (;, 3 and By, one can obtain that the optimal Lagrange multipliers o =

(a1, .., al), k= (K1, ey in) T o = (1 ooy fin)s p = (p1, ..., pn) and 7 satisfy

ChViy —aa—pu=0,
Chl/n+7Vig—k—p=0,
8- WVE}‘%A’C — /Tta + Ak =0,

where 1 and 0 denote n-by-1 vectors with all entries equal to 1 and O respectively,

[ Yu ] [ Ri ] [ Ry Ay, 1
p(Ae|Hit) p(A1e|Hiy) p(Are|Hit) "
Viy = : . Vig= : D Vihac= :
}/}nt Rnt Rnt A C(s)
_ — A O,
_p(Amg‘Hnt)_ _p(Ant’Hnt)_ _p(Ant’Hnt) ! |

Here, we abuse the notation and define A; = diag{(Ay, ..., An;)} and A, = diag{(A1s, ..., An)}. Plugging

the equations back to L and note that &« > 0, kK > 0, u > 0, p > 0 and 7 > 0, after some algebra one can

obtain that the dual problem of (2.8) w.r.t. w = (7, a’, k7)) is given by

1
min in(HTKtH)w — WL, .,

subjectto  a < Ww <b, Oppi1)x1 Sw < wu,

where

(s) ~ Vt,R Onxn _In
t,R,A,C t t
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by = (=, 17,17 a = (=C,1" /n,0)T, b = (c01™,0)” and u = (00, C,,V'{y, 001")T. Note
that the optimization w.r.t. w is a standard quadratic optimization problem, which can be solved efficiently
via gradient descent methods. Denote the optimal solution of previous optimization problem by &%), we
update 3 by

BEH) =7OVE) ) o+ A — AR

The new B(gsﬂ) can be determined via grid search such that the original objective function is maximized

among values that satisfy the constraint given 3 = B+

, and we adopted this approach in our work.
Alternatively, using Karush—Kuhn—-Tucker conditions one can also determine BSSH) by taking the average
of constraints among all support vectors lie on the margin (Hastie, Tibshirani and Friedman, 2009, Chapter

12.2), i.e., B is given by solving either
Z [1- A (K BEHY 4 Bo)] =0,
{ie{1,..,n}al” 0,2 >0}

or

2 [+ Au(K; 85T + Bo)] =0,
{ie{1,...n} R >0,5%) >0}

or combine both. The DC iteration stops when the termination condition max(| Bl — gs) loos \ﬂégﬂ) —
B |) < eis satisfied. Let ,[Aﬂ = (Bl, . Bn)T and B\o denote the final solution returned by DC iteration, then

the final estimated decision function at stage ¢ is given by ft() =" K(Hy,-) BZ + BO.

2.8 Proof of Theorem 2.1

We summarize the additional notations used in the proofs below:

e the true optimal decision function solving the BR-DTRs (2.3),

and we use f; for f" whenever 7 is necessary in the context;
Vio(s:h) —{0(s)E[Q|Hy = h, Ay = 1] + ¢(—=5)E[Q|Hy = h, Ay = —1]};
Rep(s,m,h) U(s,n)E[R|Hy = h, Ay = 1] + (=5, n) E[R|Hy = b, Ay = —1].

When T' = 1, we omit subscript ¢ from all these notations.
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2.8.1 Proof of Theorem 2.1 for7 =1

We consider T = 1. After dropping the stage subscript, both (2.1) and (2.2) problems are equivalent to

solving

E[YI(Af(H) < 0)}

min
"~ RI ‘Z(AZLI) 0 29)
subject to E[ (piff(l\f}; )] <,

and its resulting decision is given by sign(g*). Without loss of generality, we assume that Y is non-negative;
otherwise, we can change Y to |Y| and A to A x sign(Y).

We define M = {h: §y(h)or(h) < 0}, i.e., the set of subjects where the beneficial treatment also
reduces risk. Then according to Theorem 1 in Wang, Fu and Zeng (2018), for any 7 € (Tmin, Tmax), the

optimal f* can be chosen as

(

sign(Sy (b)), ifhe M
1, it h € {0y (h)/0r(h) > A",y (h) > 0} N M°
g"(h) = { -1, if h € {0y (h)/dr(R) < A*, 0y (h) > 0} N M€
1, if h € {0y (h)/0r(h) > A*, by (h) < 0} N M°
1, if h € {0y (h)/0r(h) < A*,dy (k) < 0} N M,

where \* satisfies E[R(g*, H)] = 7. Our surrogate problem to be solved is (2.3), which is

R(AS(H). ) 10

subject to F/ <rT
! [ p(A[H) }

We let f* denote the solution. Our following theorem (the same version for Theorem 2.1 for 1" = 1) gives an

explicit expression for f* so that the solution for the surrogate problem has the same sign as g*.

Theorem 2.3 For any fixed Tyin < T < Tmax, suppose that P(0y (H)or(H) = 0) = 0 and random variable

Oy (H)/dr(H) has distribution function with a continuous density function in the support of H. Then for
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anyn € (0,1], f*(h) can be taken as

sign(y (h)), ifh € M
1, if b € {0y (h)/dr(h) > X*, 8y (h) > 0} N M®
fr(h) =4 —n, if h € {8y (h)/dg(h) < \*, 8y (h) > 0} N M€ (2.11)
1, if b € {0y (h)/dr(h) > X*, 6y (h) < 0} N M®
m, if b € {0y (h)/8r(h) < \*, 8y (h) < 0} N M,

where \* is the same one in the definition of g*.

By comparing the expressions for g* and f*, we immediately conclude that they have the same signs so
solving (2.10) leads to a Fisher consistent solution to the original problem in (2.9). The proof consists of
several steps. For any decision function f, we say that f is feasible meaning that f satisfies the risk constraint
in the surrogate problem (2.10), and for any two feasible functions, f; and fs, “f; is non-inferior to fo”
means that the objective function in (2.10) is less than or equal to the one for f5, and “f; is superior to fo” if
the objective function is strictly less than.

From now on, we assume 7 € (0, 1] and 7 € (Tmin, Tmax)- By the definitions of V4 and R, we note

p[Yearn)

| =B

Ry(Af(H), 77)]
E|—————| = E[Ry(f,n, H)|.
e (RS, H)
Proof of Theorem 2.3:
Step 1. We show that the value for the optimal solution, f*, can be restricted within [—1, 1]. That is, the

following lemma holds.

Lemma 2.1 For any feasible decision function f(h), define f(h) = min(max(f(h), —1), 1) as the truncated

fat-1and 1. Then fis non-inferior to f.

Proof: Note that ¢)(h,n) = ¢(1,n) forany h > 1 and ¥ (h,n) = ¢(—1,n) for any h < —1. Thus, it follows
from n < 1 that E[Rw(f, n, H)| = E[Ry(f,n,H)] <T,s0 f is feasible. Moreover, it is easy to see that if
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f(h) > 1, then f(h) = 1 s0

E[¢ﬁ${@h} E[Y|A = —1,H = h(1 + f(h)
>9FY[A=—1,H=h] = %’H h]

Similarly, if f(h) < —1,

E [%‘H h] E[Y|A=1,H=h](1 - f(h))
>9F[Y|[A=—1,H =h] = %’H h]
Since f(h) = f(h), when |f(h)| < 1, we conclude
Y (Af(H)) Yo(A[(H))
B2 E |G ] |
Thus, Lemma 2.1 holds. O

Step 2. We characterize the expression of f*(h) for h € M, which is the region where the beneficial

treatment also reduces the risk.

Lemma 2.2 For any feasible function f with | f| < 1, we define
f(h) = f(h)I(h € M) + sign(dy (h))I(h € M).

Then ]?is non-inferior to f.

Proof: For h with dy (h) > 0 and 0r(h) < 0, Ry (s, n, h) is minimized when s € [n, 1], while Vy(s, h) is

maximized at s = 1. Since f(h) = 1 Ry (f(h),n,h) < Ry(f(h),n, h) and V4(f(R),h) > Vs(f(h),h).

The same inequalities hold for i with y- (k) < 0 and 6r(h) > 0. In other words, they hold for any h € M.
Since f(h) = f(h) for h € M°,

E[Ry(f.n.H)| = E[Ry(f,n, H)] = E[(Ry(f,n, H) = Ry (f,n, H)I(H € M) > 0
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and similarly, E[Vy(f, H)] — £ [V¢(f~, H)] < 0. We conclude that f is non-inferior to f. O
Step 3. From steps 1 and 2, we can restrict f to satisfy | f| < 1 and f(h) = sign(dy (h)) for h € M.

Furthermore, since Tyax is the risk under decision rule sign(dy (h)), 7 < Tmax implies that
P(f(H) # sign(dy (H)), H € M°) > 0.

In this step, we wish to show that the optimal solution should attain the risk bound, i.e., E[Ry(f,n, H)] = 7.

Otherwise, assume for some feasible solution f such that E[R(f,n, H)] = 19 < 7. Consider two sets
Dt ={he€H: f(h) <1,0y(h)>0}NM"

D™ ={heH: f(h)>-1,0y(h) <0} N M",

then P(D1) + P(D~) > 0. Without loss of generality, we assume that P(D") > 0. We construct

_ f(h), ifh ¢ DF
f(h) =

min (f(h) + 1 1), if h € D,

where M is the bound for R.

For h € DT, V¢(]7(h), h) > Vy(f(h),h) since 1 > f(h) > f(h) and Vs (s, h) is an strictly increasing
function of s € [—1, 1] due to dy (k) > 0. We immediately conclude E[V(z)(]?, H)] > E[Vg(f, H)]. On the
other hand, R (s,7, h) is a piecewise linear function of s with absolute value of slopes no larger than

max(E[R|H =h,A=1],E[RH=hA=-1]) M

Ui n

Hence, it follows that

E[R¢(ﬁna H)] :E[Rd)(ﬁmH)] - E[Ril)(f’an)] +E[Rw(f777>H)]

<E[(Ry(fin, H) = Ry(fsn, H)I(H € D¥)] + 7

M n(r — 1)

———P(D* =T
=7 MP(D) (D")+m=r1
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As aresult, fis superior to f with a strictly larger objective function, a contradiction. In other words, the
expected risk for the optimal solution should attain the bound.

With steps 1-3, we can restrict within the class
W ={f:[fl <1, f(h) = sign(dy (h)) for h € M, E[Ry(f,n, H)| = 7}

to find the optimal decision function.
Step 4. We derive the expression of the optimal function for f by considering solving a Lagrange

multiplier for the problem (2.10):

max_E[w‘lﬂH»] _(E[mef(ff»] _T>,
f

p(AlH) p(AlH)
where v is a constant to be determined by the constraint in V. We maximize the above function by

maximizing the conditional mean of the term in the expectation given H = h for every h, which is given by

G(f) =Vs(f, h) = vRy(f,n,h).

Note that G(f) is now a function w.r.t. the value of f given fixed h. Since f € [—1,1] and f in W is already
given for h € M, it suffices to examine that for h € M¢€. In addition, G(f) is a piecewise linear function for
fe€l-1,-n],(-=n,0], (0,n] and (n, 1]. Thus, the maximizer can only be achieved at points —1, —n, 0, and
1. Note that R is assumed to be positive, G'(0) = —v/n(E[R|H = h,A=1]+E[R/H =h,A=—-1]) <0
if v >0,0r>0ifv < 0. Forv =0,G(0) = —E[Y|H = hyA = 1] - E[Y|H = h,A = —1] =
(G(1) + G(—1))/2. Thus, the maximum for G(f) can always be attained at f which is not zero. In other
words, we only need to compare the values at f € {—1, —n,n, 1}.

Simple calculation gives
G(—-1)=—-2E|Y|H =h,A=1] —vE[R|H = h, A = —1],

G(—n)=—(1+n)E[Y|H=hA=1—(1—-n)E[Y|H =h,A=—1] - AE[R|H = h, A = —1],

Gn)=—-(1—n)E[Y|H=hA=1—-(1+n)E[Y|H=h,A= -1 - vE[R/H = h, A= 1],
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and

G(1) = —2E[Y|H = h,A= —1] —vE[R|H = h, A = 1].

When 0y (h) > 0so dr(h) is also positive, it is straightforward to check G(1) > G(n) and G(—n) > G(-1).
Note G(1) — G(—n) = (1 4+ n)dy (h) — Adr(h) so we immediately conclude that the optimal value for f
should be 1, if 0y (h) > A, where A = /(1 + 1), and it is —n otherwise. When dy (h) < 0, we use the same
arguments to obtain that the optimal value for f should be -1 if dy (h) > A, and it is 1 otherwise. Therefore,

the optimal function maximizing the Lagrange multiplier for any fixed v (equivalently, \) has the same

expression as (2.11).

Next, we show that there is some positive A* such that
E[RI(Ag"(H) > 0)/p(A|H)] = E[RI(Af*(H) > 0)/p(A|H)] = E[Ry(f*,n, H)] = 7.

The first equality follows from the fact that sign(g*) = sign(f*), and the second equality follows from that

Ry (s,m, h) is constant for any s € [—1, —n] and s € [0, n]. To prove the existence of A*, we notice

I(X) =E[RI(Af*(H) > 0)/p(A|H)]
—E[E[R|H, A = 1]I(H € {5y (h) > 0} N M)]
+ E[E[R|H, A = —1]I(H € {5y (h) < 0} N M)]
+ E[E[R|H, A = 1]I(H € {6y (h)/ér(h) > X, 8y (h) > 0} N M°)] (2.12)
+ E[E[R|H, A = —1]I(H € {0y (h)/6r(h) < \,dy (h) > 0} N M°)]
+ E|E[R|H, A = —1]I(H € {6y (h)/5r(h) > X\, 6y (h) < 0} N M°)]

+ E[E[R|H, A = 1)I(H € {5y (h)/5g(h) < X, 5y (h) < 0} N ME)]

is a continuous function of \ since dy (H)/dr(H ) has continuous density function. Furthermore, I'(c0) =
Tmin»> 1'(0) = Tmax. Thus, there exists some A* > 0 such that I'(A*) = 7.

Finally, for any f, based on steps 1-3, we have

S )
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On the other hand, for f € W, E[RY(Af(H))/p(A|H)] = 7 and

] o552 )

oo ) )

Therefore,
Yo(Af*(H
E[Yab(Af(H))} . E{ BAL( >>]_
p(AlH) p(AlH)
In other words, f* given by (2.11) is the optimal solution to the problem (2.10). We thus complete the proof

of Theorem 2.3.

2.8.2 Proof of Theorem 2.1 for T" > 2

Start from stage 7. For any given f1, ..., fr_1, we consider fr maximizing

5 {(Ztll Y)I(Ar fr(Hr) > 0) [T, I(Acfu(Hy) > oq
p(Ar|Hr) [T p(Adl )

subject to constraint

RrI(Arfr(Hr) > 0) [T, I(Acfi(Hy) > 0)
p(Ar|Hr) [Ti= p(Adl Hy)

E <7

Based on Theorem 1 in Wang, Fu and Zeng (2018), the optimal solution can be chosen as

sign(d5:(h)), ifhe M

1, if h € {65 (h)/85(h) > X, 05 (h) > 0} N M®
gr(h) = q -1, if h € {05(h)/65(h) < X, d5(h) > 0} N M¢

-1, if h € {65 (h)/65(h) > X, 85 (h) < 0} N M°

1, if h € {65 (h)/85(h) < X, d5(h) < 0} N M®
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where M = {h:63(h)dz(h) <0},

HtT:_ll I(Ayfi(Hy) > 0)
HtT:? p(A¢| Hy)

0=

v(h) = (E[Qr|HT = h, A7 = 1] — E[Qr|HT = h, A = —1])

9

HtT:_11 I(A¢ fe(Hy) > 0)
HtT:HI p(A¢| Hy)

O=

=(h) = (E[Rr|Hr = h, A7 = 1] — E[Ry|Hr = h, Ay = —1])

i

and and )\ satisfies
RyI(Argy(Hr) > 0) [T, I(Aufu(Hy) > 0)

E
p(Ar|Hr) 12 (A Hy)

Note that for A in the support of H; where A, f;(H;) < 0foranyt=1,...,7 — 1, g;-(h) can be any arbitrary
value since it does not affect the value and risk expectations. On the other hand, recall that g7.(h) is the

function maximizing

B [ o YO I(Ar fr(Hy) > 0)]
p(Ar|Hr)

subject to constraint

RrI(Ar fr(Hr) > 0)
b { p(Ar| Fr) }STT'

Based on Theorem 1 in Wang, Fu and Zeng (2018), g7 is given as

/

sign(6g,.(h)), ifhe M

1, if b € {60, (h)/dr,(h) > X*, 80, (h) > 0} N M€
gr(h) = § -1, if h € {30, (h)/0r. (h) < A\*, 00, (h) > 0} N M®

-1, if b € {60, (h)/dr, (h) > X*, 80, (h) < 0} N M€

1, if b € {60, (h)/dr,(h) < X*, 80, (h) < 0} N M€

where M = {h : 6g, (h)dg,(h) < 0}, and \* satisfies

g | Brl(Argp(Hr) > 0) T LA H) > 0) | _
p(Ar|Hr) [T p(AHy)
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From the above two expressions, it is clear that on the set when A; f;(Hy) > Oforallt =1,...,7 — 1,

g7 (h) takes the same form as the solution as g7.(h). Furthermore, due to Assumption 2.4,

RrI(Arfr(Hr) > 0) [T I(Acfi(H;) > 0)

E
p(Ar|Hr) [T p(A Hy)

_E [RTI(ATfT(HT) > 0)
p(Ar|Hr)

Thus, we conclude that X can be chosen to be the same as A* so g7(h) can be chosen to be exactly the same

as g;(h). In other words,

V(fl, veey fT_l,g;) Z V(fl, ceey fT)

and g7 satisfies
RrI(Argy(Hr) > 0) HZ;I I(Asfi(Hy) > 0)
p(Ar|Hr) [T p(A Hy)

E

= TT.

By Theorem 2.3, both g7 and f7 have the same signs. Therefore,

V(fi, .o fr—1, f7) 2 V(f1, -, f1)

and f7. satisfies

I:RTI(ATf’;(HT) > 0)} .
p(Ar|Hr) -

Once f7 is determined, we consider the T — 1 stage. Now the original problem (2.1) becomes

o () YOI(Ar £, (Hr)>0) TTE 1( Ay fo (Hy ) >0)
maXV(fla"'?fT*th) - E|: p(AT|HT37 tl_[lz:zlp(AdHt)
subject to E[W] <7, t=1,...,T —1.

We repeat the same arguments as for stage 7" as before, to conclude

V(fla "‘7f';:—17f’;:) Z V(fh "'7fT*17fT)

and f7._ satisfies
Ry 1 I(Ary f7_y(Hr-1) > 0)
p(Ap [Hp-1)

= T7—-1-
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We continue this proof till ¢ = 1 so conclude that (f}, ..., f;) maximizes the multistage value and

satisfies the constraints over all the stages. The above arguments also show that f;" has the same sign as g;.

Theorem 2.1 thus holds.

2.9 Proof of Theorem 2.2

Instead, we prove a more general version of Theorem 2.2.

Theorem 2.4 [In addition to the conditions in Theorem 2.1, suppose that Assumption 2.5 holds and Hy takes

value from a compact subset of R% fort = 1,...,T. Let (11, ..., 7r) and (80 1, ..., do.7) denote the constraints

and corresponding constants in Assumption 2.5. Let 6y > 0, 1 < x4, 0 < 014, 0 < b4, 0 < v14 < 2,

0 <oy <2fort=1,..,T. Give positive parameter \p, ; — 0 and oy, — oo, and let

M bt %
)\n,t( + Ugft>>n_l/2(0,§t 1,6/2) (1401 ¢)d¢ /2 i 2\/2—1} n th/\/ﬁ)7

C1 An,t

5(22 = c(Ap,0d + Uﬁatdt) and &, ¢ = f(l) + fnt In addition, let

nt¥ ng

a1 Vs (v 4tnndz( M\ e
/ — — — —vat 2,¢)dt —vat
En,t = 5,5 + Cl,tUn ot tnn,t + 03,15” / Un,t (Cl>\ . + o-nft) 77n,t

n,

and

27152 62 n52c2
he(n,z) = 2exp ( - ]\/3; 1) + 2exp ( . 1) + exp(—xy¢).

Then for any n > 1 and (A 1, O t, Mn,t) Such that
Creoy, Yy < dog,
Cgt (1 11 t/2)(1+91 t)dt S 17

€nt < 2004, and xy > 1, with probability at least 1 — 23:1 hi(n, x;), we have

S

V(P oo ) = Vi 7)) < Zc1/5 (i + (T =t + 1) My + 206l ,).
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Moreover, with probability at least 1 — hy(n, x¢) the risk induced by ﬁ satisfies

Rt]I(Atﬁ(Ht) > 0) (1-va.¢/2)(A402.)di /2 [ M d v/t /2

FE <7+ 6+ Csy0 2t 20 — 4ot n 202 (2.14)
p(At|Ht) t¥n,t Cl)\n,t n,t n,t

Here, c in front of 57(1172 is a positive constant only depends on (v14,61,d;), ¢ in front of 57(1272 is a positive

constant only depends on (o, dy, Ky, M) and c of €, , is a positive constant only depends on (74, 00,¢). C1,¢

is a positive constant depend on (o, dy, K¢, M), Cay is a positive constant depends on (114,01 +,dt), Cst a

positive constant depends on (v, 02, dy, c1, M).

Theorem 2.2 can be obtained from Theorem 2.4 by setting 0; = 01; = 024, vy = v1; = V2 and

Ty = ag; ve/2)(1+0e)de C; = sup, C; 4 fori = 1,2, 3. We first prove Theorem 2.4 for 7' = 1 and then extend

the result to 1" > 2.
2.9.1 Proof of Theorem 2.2 (Theorem 2.4) for 7' =1

Since T' = 1, we omit the subscript for the stage in this subsection so all the notations are the same as in
Section 2.8. Since T is necessary in the proof, we use f* to refer to f* that solves (2.10) corresponding to 7

and n = n,.

2.9.1.1 An excessive risk inequality

In this section, we prove some preliminary lemmas for (2.10). Lemma 2.3 shows that the regret from the
optimal decision function solving the original problem (2.9) is bounded by the regret from the one solving the
surrogate problem (2.10), plus an additional biased term of order O(7,,). Lemma 2.4 shows that the optimal

value using the surrogate loss is Lipschitz continuous with respect to 7.

Lemma 2.3 Under the condition of Theorem 2.3, for any f : H — R and any n,, € (0, 1], we have
V(f7) = V(f) < EVy(f7, H)] — E[Vy(f, H)] + My

Proof: Theorem 2.3 shows that £ must have expression (2.11) almost surely. Let V(f, h) = I(f(h) >
0)E[Y|H =h,A=1]+I(f(h) <0)E[Y|H = h,A = —1]. Forany h € {0y(h) > 0}, we consider the

following 6 scenarios:
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. When h € M, f*(h) = 1and f(h) > 0, we have V(f*, h) — V(f, h) = 0 and

(1= f(r)dy (h), f(h) <1

Vo(f7 h) = Ve(f, h) =
(f(h) - l)mY(h‘v _1>7 f(h‘) > 1,

. When h € M, f*(h) = 1 and f(h) < 0, we have V(f*,h) — V(f,h) = 8y (h) and

(1= f(h))dy (h), f(h) = -1

Vo(fr:h) = Vo(fih) =
20y (h) + (= f(h) = 1)my (h,1), f(h) < —1,

. When h € M¢, f*(h) = 1and f(h) > 0, we have V(f*,h) — V(f, h) = 0 and

(1= f(h))oy (h), f(h) <1

Vo(f7:h) = Vo(f h) =
(f(h) = V)my (h,=1), f(h) > 1,

in which case Vs (£, h) — Vs(f, h) > V(f£,h) = V(f, h).
. When h € M€, f*(h) =1and f(h) <0, we have V(f*,h) — V(f,h) = éy(h) and

(1= f(r)dy (h), f(h) = -1

Vo(f7:h) = Ve(f, h) =
26y (h) + (= f(h) = 1)my (R, 1), f(h) < -1,

in which case V4 (5, h) — Vy(f, h) > V(ff, h) = V(f, h).

. When h € M¢, f*(h) = —n, and f(h) > 0, we have V(f*,h) — V(f, h) = —0y (h) and

—f(R)dy (h) — nndy (h), f(h) <1

Vo(f2.h) = Vo(f.h) =
3y (h) = nuby (1) + (F(h) = Dmy (h, 1), f(h) > 1.

Thus, Vs (£, h) — Vo (f.h) > =8y (h) — mady (h) = V(f£,h) = V(f, h) — 120y (h).
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6. When h € M€, f*(h) = —ny and f(h) < 0, we have V(f*,h) — V(f, h) =0 and

—f(h)dy (h) = nudy (), f(h) > -1

(f(h) = D)my (h,1) + (1 — nn)dy (h), f(h) < —1.

Vo(f7,h) = Vs(fi h) =

Thus, we obtain Vi (2, h) — Vs (f, h) > —nndy (h) = V(fZ,h) — V(f, h) — 0.0y (h).

Hence, by combining all these cases, we conclude that
V(f72h) = V(£ h) < Vo(F7.h) = Vo(f,h) + Mg,

for any 7,, € (0, 1] and any decision function f. The same argument holds for any & such that dy (h) < 0.

Consequently, since V(f) = E [17( f, H)],we have
V() = V() < ENV(f7, H)] = E[Vs(f, H)] + Mny.

O

Lemma 2.4 Forany § > 0 and T such that [T — 26,7 + 26| C (Tmin, Tmax), E[Vg(f5, H)], as a function of

T, is Lipschitz continuous at T.

Proof: Let 71 = 7 and 73 be any number in [T — 26, 7 4 2d]. Without loss of generality, we assume 7o < 77.
We also let f] and f5 be the optimal decision functions solving (2.10) for 7; and 73, respectively, and their

corresponding A\*’s values are denoted as A; and \2. According to (2.11), it is easy to verify that

E[VQS(fva)} - E[V¢(f§7H)]

—E [(1 + nn)éy(H)]I<)\1 <

_E [(1 + nn)éy(H)]I<)\1 <

=(1+m)E [|5Y(H)|]I(>\1 <
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On the other hand

1 — 12 =E[Ry(f1, 00, H)I(H € M) — E[Ry(f3,nn, H)I(H € M°)]

:E[éR( )i <)\1 < O )\ N1y () > O)I(H € MC)]

The above two equations imply that

E[V¢(ff7H)] - E[Vfi)(f;?H)]

5y (H)]
()] 2 H )‘H<A1 =

<2\ FE [5R(H)|H<)\1 <

=(1+ nn)E[

§2)\2(T1 — ’7’2).

The lemma holds since Ao is no larger than A\*-value corresponding to 7 — 24. ([l

2.9.1.2 Approximation bias in RKHS

In this section, we prove a series of lemmas to quantify the approximation bias of f, where f denotes the

solution of single stage empirical problem

H;))
arg min — E Y + M\l f
eg ni A |H) 171G

(2.15)
subject to — Z R; M <,

p(AilHi) — —
resulted from restricting ]?to be a function in Gaussian RKHS G.
The section is organized as follows: Lemma 2.5 provides an approximation of f* using functions in
Gaussian RKHS; in Lemma 2.6, we quantify the difference of risk under shifted ramp loss between f* and
its approximation in G; in Lemma 2.7, we show that || f||g is bounded with high probability; in Lemma 2.8,

we show that A, (7) changes continuously w.r.t. 7 and the approximation bias is given Lemma 2.9.
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For convenience, we define

_ L O(Af(H)) 1 O(Aif(H;))
S(ﬁ(f)—ym, nz; z’H) ’
Ry (f11n) = RW, PRy (f, 7)) = iZRiW’

i=1
where P,, denotes the empirical distribution. Let G = G(o,) denote the Gaussian RKHS with bandwidth

—1
o, -, we define

Ar) = {1 < gz < 7

An(r) = {

where A,,(7) is equivalent to the definition of the feasible region of the empirical problem with 7' = 1. We

Bl (o) < }

also define H = 3H,

_ dy (h), if[p| <1 _ or(h), if [ <1
Sy (h) = or(h) =
dy (h/|h), if [h] > 1, or(h/IR]), if [h] > 1,

and recall that in Assumption 2.5 we defined

Ha,b = {h EH: agy(h) > 0, b(gy(h) — )\*SR(h)) > 0}

and when T = 1 Ar(h) = 30, cr 113 dist(h,H/Hap)I(h € Hgyp), where a,b € {—1,1} and \* is the

value in f so function A depends on 7, and

1, if h € Hl,l
Nn, ifhe€H 1,
, if h € H—l,—l

—Mn, if h € Hl,fl

0, otherwise.
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Thus, f, can be viewed as an extension of f* from of # to . Our first lemma is to determine the pointwise
approximation bias of f* using the RKHS. Note that we assumed H is a compact subset of G, without loss of

generality, from now on we assume that H C g where Bg denotes the unit ball in G.
Lemma 2.5 Let f, = (02 /7)%*f. and define linear operator

. o)4/2 2 2 -
Vof(z) = (27rd)/4 /]Rd e 27 el f(y)dy.

Then, we have

Vo 715 < ol (2.16)

and

Voo fr(B) — f2(R)| < BeonAr(W)?*/2d, (2.17)

holds for all h € H, where A, (h) is defined in Assumption 2.5 and ¢ denotes a constant which depends on

the dimension of feature space H.

Remark 1 Note that V,, f- is an approximation of frin G. Thus, Lemma 2.5 quantifies the distance between

the true optimal decision function and its approximation at each point h.

Proof: Since H C Bg and fr = (02/ W)d/ 4f_, we can easily obtain that the Ly norm of f; satisfies
2 2 (81 iz d d
1718 < vot(a (2 ) ot = cat,

where Vol(d) is the volume of Bg (see equation (25) from Steinwart and Scovel (2007)) so ¢ is a positive

constant depends only on d. Moreover, it has been shown in Steinwart, Hush and Scovel (2006) that V;; :

L*(R%) — G(0) is an isometric isomorphism and the inequality above implies ||V, f;]|Z = || f-|3 < co.
We now start proving (2.17). By the construction of f;, it is straightforward to see that f,(h) = f*(h)

for all h € H. Note for any h € H7 1 we have

™

202\ "/? —207 |h—yl* £ —207 |h—yl* £
== e 2oV f (y)dy + e 7Y £ (y)dy |,
& B(h,A-(h)) R?/B(h,A (h))

~ 20’2 d/2 2 2 —
vc,,,fT(h)(") [ e gy
Rd
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where B(h, ) is the ball of radius r centering at 4 under Euclidean norm. By Lemma 4.1 in Steinwart and
Scovel (2007), the construction of f, guarantees that B(h, A (h)) C H 1,1 for all h € Hy . It then follows

that for any h € Hj 3

Vo fr = 1 (0)| =|Vo, fr(h) = fz(h)|
VanfT(h) . (2‘7%)(1/2/ 6—2aih—y2dy‘
Y R4

20_2 d/2 B B B
:K) / ol y'Q[fT(y)—l]dy‘
T R4/ B(h,Ax(h))

<2P(|U| > A;(h)),

where the last step uses the fact that | f, — 1]o, < 2, and U follows the spherical Gaussian distribution on R%

with parameter o,,. Following inequality (3.5) from Ledoux and Talagrand (1991), we have
P(|U| > Ay (h)) < e~ onB7 (/24
Similarly, we can obtain the same bound for h € H 1,15 H 1,—1 and H_q _1. As a conclusion, we have
Voo Fr(h) = f7(h)] < 8emontz()/2d

for any h € H. O

In the next lemma, we show that under Assumption 2.5, the difference of the risk under shifted ramp loss
between f7, and its approximation V5, fr, is uniformly bounded by O (o, 4y, 1) for any 71 € [T — 280, T +
24p]; moreover when n is sufficiently large, V, fT,Q(;O will belong to the empirical feasible region A, (7)

with high probability.

Lemma 2.6 Forany 11 € [T — 209, T + 200),

B[Ry (Vo fris )] = BR(fm)ll < cop (2.18)

where c is a constant depending on («, d, K, M). Moreover, for any o, and n,, such that ca;admf < o,

2.2
—2ndjcy

with probability 1 — 2 exp (=572 ), we have V, fr_2s, € An(T).
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Proof: First note that for any measurable function fi, fo : H — R, we always have

|E[QRy (f1,m0)] — E[Ry(f2,m0)]
E[R|H’A = 1”1/)(f1(H)’77n) - w(fQ(H)777n)]
E[RIH, A= —1[{(=f1(H),mn) — (= f2(H), )]

<2Mun,  E[|fi(H) — f2(H)I].
Using result (2.17) in Lemma 2.5 and Assumption 2.5, we can obtain

|E[Ry (Vo fris )] — B[R (f2,m0)]| <y 116M Elem oA (W7/2d]
SlGMK(2d)ad/2 fadngl

_ . —ad, —1
=CO0p Ty -

To prove the remaining part of the lemma, suppose 71 = 7 — 2Jp. We note that Ry, (V,, fﬁ , M) is bounded

by M/c;. Based on Hoeffding’s inequality, we can obtain

. . 2n9,
P[0V, o) = BV o 2 0] < 20 (Z20). g

According to (2.18) and the choice of (o, 7,), we have

‘E[%w(vanfvrunn)] — (7 = 24o)|
:‘E[%llﬂ(van.fnﬂ?n)] - E[%w(fikvnn)” (2.20)

Sco_gad

L < 6.

Combining (2.19) and (2.20), we obtain

3 —2ndic
Pn[%zb(vanfﬁ,nn)] 2 7-:| S 2exp < M20 1>’
which implies that V,, f., € A, (7) with probability at least 1 — 2 exp (2 2n52 . -

In Lemma 2.7, we show that || f ||g is bounded with high probability.
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Lemma 2.7 f; satisfies

~ M —2nd2c?
P<HfTII?; < C<C1An +a;‘5>) >1—2exp <M;1> (2.21)

ny' < 6o. Here, the constant c in front of & only depends on dimension d and the

for any choice of co,,

constant in front of 0,11 is equal to the constants of the same term in Lemma 2.6.

Proof: From the last claim of Lemma 2.6, we have V,, f, 25, € A, () holds with probability at least

1—2exp (_21‘7?280% ) Using and (2.16) of Lemma 2.5, under the choice of (o, 7, ) we have

~

-~ ~ - . M
)‘anH?j < Pn[£¢(f)] + )‘anH(i’ < Pn[£¢(vanfr—260)} =+ )\n||VUnfT—25o”g' < C(q + Anaﬁ>,

which gives (2.21).

Lemma 2.7 implies that, instead of .A(7) and .A4,,(7), we can concentrate on the sets given by

At = {1 € 0|1l < G B <7},

Ay(r,C) = {f e Q’Hfllg < Cos PalRulfy )] < 7}7

where C,, = ¢4/ cf\fn + od. This is because J?belongs to them with a high probability.
We further study the relationships among A(7,C,,) and A, (7, C,,). The proof will use a general covering

number property for Gaussian RKHS from Steinwart and Scovel (2007), which is stated as Proposition 2.1 in

Section 2.9.1.4.

2.2
Lemma 2.8 For any § > 0 with probability at least 1 — exp ( — T;iwc; ), we have

A(T — €,,Cp) C An(1,Cn) C A(T + €,,Cp), (2.22)
where

M va /4
€, = CO_SLI—I/Q/Q)(1+92)(1/2 ()\ _I_Ug) 77;”2/2 +6
C1An

for0 < vy < 2and 6y > 0. Moreover, let

! —ad, —1
€n, = €n +COp N,
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then for any \,, and o, such that €,, < 25¢, we have V,, fT_E/n € A(t — €,,Cy) and

|B[L4(Var, fre)] = BILo(fi_o)]| < oy,

Here, the constants in front of o;,°® and o;,;%n1 are equal to the constants in Lemma 2.7. c in front of €, is

a constant only dependent on (M, c1, 2,02, d).

Proof: To prove (2.22), it is sufficient to show that with probability 1 — exp ( . gi\iﬁ) we have

sup IPnlf] — E[f]] < €n, (2.23)
femﬂhrlnoBg(Cn)

where Ry, ,, 0 Bg(Crn) = {Ry(f,m)|f € Bg(Cr)} and Bg(C,,) denotes the closed ball in G with radius C,,.

By Theorem 4.10 from Wainwright (2019), we have that

sup Pnf] — E[f]] < 2Rad, (R, 0 Bg(Crn)) + 0
fem"/’y"]nOBg(Cn)

holds with probability 1 — exp ( ’; e ) where Rad,, (F) is the Rademacher complexity of some functional
set F defined as
1 n
Rad,(F) = ExEesup |~ Y € f(X)|, € ~ii.d P(e;==£1)=05.
feF I

Following the proof in Example 5.24 from Wainwright (2019), by Dudley’s entropy integral the Rademacher

complexity is upper bound by

2% 21
Nl

) [24 (% ;

<E[\f ; \/Iog/\/<8g, ]7\74;1 €, Lo(P ))de] (2.24)
(4)

vo /4
2 ool V2/2)(1+92)d/2< M 2o S
1\ don M, ’
1\n

Rad,, (Ry 1, © Bg(Cn)) < [ \/log/\/'(iﬁ%nn o Bg(Cn), e, Lg(Pn))d€:|

where to obtain (7) we have used the fact that Ry, i

and in (i7) we used the covering number property of Bg stated in Proposition 2.1.
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For the second part of the lemma, V fT—dl € A(t — €,,Cy) is a direct conclusion of (2.18) from

Lemma 2.6 since

E[%(Vanf’r—eﬁﬂ nn)]
§|E[m(van f'T_€/n’ nn)] - E[m(van f:—e’na 7771)” + ‘E[m(von f:_dn’ nn)”

/ —ad __
<7 —¢€,+co,"" =T—¢€y.

Note that for any fi, fo : H — [—1, 1] we always have

[E1Ls(f1)] — ElLs(f2)]]

=E|ElY|H, A=1][p(f1(H)) — o(fo(H))] + E[Y|H, A = =1][¢(— f1(H)) — ¢(—f2(H))]

=FE[oy (H)[fi(H) — f2(H)]]

<E[|oy (H)||f1(H) — f2(H)|].

Hence, using (2.17) in Lemma 2.5 and Assumption 2.5 we have

|B[L4 (Vo fr—e, 1= BlLo(f7_a )] <

—02A2 | (h)/2d
8E[|6y (H)|e "2/

| < 8MK (2d)* %504 = ¢cord,

n

This completes the proof for the lemma. U
As a corollary of Lemma 2.8, we can establish risk error bound (2.14) stated in Theorem 2.4 for T' = 1.

We stated this results as Corollary 2.1 below

Corollary 2.1 Suppose (o, n,) satisfy the requirement in Lemma 2.7, then for any 0 < vy < 2, 03 > 0 and

0 > 0 with probability at least 1 — 2 exp (#528(:?) — 2exp ( — 7;6—]\2/[(:2%) we have

~

RI(Af(H;) > 0) ~1/2 (1— M va/t
E <T46+ /2 5(1=v2/2)(1462)d/2 dy v2/2
p(A[H) <7T4+d+cn o, - + ol m

Here, c is a constant only depends on (M, c1,va,02,d).
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Proof: Lemma 2.7 implies that fis bounded by C,, with probability at least 1 — 2 exp (

72n5gc%
the concentration inequality (2.23) of Lemma 2.8 implies that

74). Moreover,

B n)] ~ PulSho(f. )] < 8-+ cn 2z (1 o
C1An

holds with probability at least 1 — 2 exp ( — %205) for any § > 0 and f € Bg(C,). The result holds since
P, [D‘w(f, 7)) < 7 by definition and note that

RI(Af(H) > 0) ~
B | | < BRG]

O
Lemma 2.8 indicates that V, fT—e; € A(t — €,,C,) C A,(7,Cy) holds with high probability. In

Lemma 2.9, we will show that V,; | fr—e’n can be used to quantify the approximation bias caused by RKHS.

Lemma 2.9 Under the condition of Lemma 2.8, we have

inf

G — . (2)
™ (EL] 4 Ml BlSo(r7g)) < 2.

Proof: Let JET—E’H = (02 /m)4/* fr—e , then from Lemma 2.8 we have

|E[€4 (Vo fr—a)] = E[L4(fF_o ]| < oy,

n 9

and V,, ff,% € A(T — e, Cy,). Moreover, (2.16) from Lemma 2.5 gives that ||V, ff,ﬁh g < cod. Hence,
we have

st B0+ Ml = El2o(f7,)]

ZfeAi(gf_e )[E[%(f)] + Al flE = El€s (Vo fr—a,)] = MllVor Fr—e, 1] + Ml Vo, fre, 13

+ E[£¢>(Van fVT—Eil)] - E[£¢(f:_€/ )]

<c(Anoy, +0,°%) = 7

=&y
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2.9.1.3 Completing the proof of Theorem 2.2 (Theorem 2.4) for 7' = 1

We first establish the error bound for excessive risk (2.13). Since the Fisher consistency of Theorem 2.3

indicates V(g*) = V(f) and using the excessive risk inequality in Lemma 2.3 we have
V() = V() < BV(f7, H)] = BV (F, H)] + Mg,
the proof is completed if we can show
EVo(f, H)] = EVo(F, )] = E[24()] = BIS6(F))] < &n + 2h0€;, = &n + e, (2.25)

holds with probability at least 1 — h(n, x), where Ay denotes the \*-value for (7 — 2dp) which is a constant

only depends on (7, dp).

According to Lemma 2.7, we have shown that Hﬂ]g is bounded by C,, = ¢,/ cf\fn + o with probability
least 1 — 2 exp (#6236%) Hence, similar to proof of Corollary 2.1, we can restrict to set Bg(C,,), and replace
A(7) and A,,(7) by A(7,C,) and A, (7,C,,) correspondingly.

To prove (2.25), we note that the left-hand side of the inequality can be composed as

<B(S(Pl+ AT~ _int | (E(L(D)] + Ml S13)

. 2 *
+ feAgl(fT’Cn)(E[%(f)] + Ml flIG) — ElLs(f7)]

SEIE(N+ Ml fIG = it | (BIEs(0]+ Ml f1E) (2.26)

(1)

+ inf (E[L + MlFI%) — inf
feAlﬁT’Cn)( [£6(f)] 1£15) feA(fien,cn)

(EILo(N)] + Al £18)

(I1)

+ feA(}}fﬁmcn)(E[%(f)] + Ml FI3) = BILo(f—g )]+ E[L6(fi_a)] = E[L4(£7)]-

(I11) (V)
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Using the inclusion result from Lemma 2.8, we have

A(T — €,,Cp) C An(7,Cr) C A(T + €,,Cp)

holds with probability no more than 2 exp ( — giéf; ), and A(T — €,,Cp) C Ap(7,Cy) implies (17) < 0. In

addition, A,,(7,Cy,) C A(T + €5, C,) implies that

BlL4(f)] — BlLs(£1)]

>E[Ls(f)] = El€o(f7 1)l + ElLs(f7 1)) — E[L£4(f7)]

>E[Ls(f71e)] = El€6(f7)]:

which provides a lower bound for the difference of the surrogate reward between fand fr. Using the
approximation bias obtained in Lemma 2.9, (1) is bounded by 57(12). For term (IV'), using the Lipschitz

continuity property of the value function obtained in Lemma 2.4 we have

|E[Lo(f7-g)] = BlLo(S7)]] < 2X0€,-
Hence, it remains to derive the bound for (7). To this end, we define

fr = argmin E[€4()] + Ml 112, (2.27)
fEA(T)

and apply Proposition 2.2 for L(f) = £4(f) + Al f]13.

Wixs,xm) = L) = LI f € An(T,Cp)},

and

W = {L(f) = L(f-)|f € Bg(Cp)}-

By similar argument used in Lemma 2.7, we can show that || f||g < C,, for any choice of co;, ®dn1 < §; and
consequently we can replace A(7) by A(7,C,,) in (2.27).
Proposition 2.2 requires ||w|| is uniformly bounded by some constant B for any w € W and the

e-covering number of N'(B~'W, ¢, Ly(P,,)) is uniformly bounded with polynomial order of e . To verify
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the first condition, using the property of Gaussian RKHS we have || f||o < || f]|g for all f € Bg(C,,) and it

follows that

~ M ~ ~
1L(f) = L)oo < —I1f = Frlloo + Al Fr 12 + Nl FII

Cc1

2cM M M
< \/ dy 9\, — +0¢) =B
oo Cl)\n+0n+ ¢ n(clAn—i_O—n ’

which gives the choice of B. Moreover, from the sub-additivity of the entropy we have

log N (B™'W, 2¢, Lo (Py,)) <log N (B {Ls(f) : f € Bg(Cn), ¢, L2(Py)})
(V)

+1og N(B™HMIFIIG : f € Bg(Cn). €, La(Bn)}) -

R

For (V') we have

c1Be
M
B
=log N (Bg, aze <c

(V) SlOgN(Bg(Cn)a 7L2(Pn))

M
<log N'(Bg, 2¢, Lz(Py)),

-1
since £ is a 1-Lipschitz function of f and Cl—]\?e (c My Jg> > 2 for sufficient small \,, and large o,,.

Cc1\n
For (V' I) we have

M M
(VI) <log | cy/ +0d /(Be) ) =log | ¢4/ +0d /B —loge < —loge.
C1)\n Cl)\n

Combining the upper bound of (V) and (VI) and using the covering number property for

log N'(Bg, €, L2(P,,)) given in Proposition 2.1, we have

suplog N (B™'W, 2¢, Ly(P,,)) <suplog N (Bg, 2¢, Ly(P,,)) — log e
Py,

n

<ece ",
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forany o, > 0,0 < v1 < 2,61 > 0, € > 0 and some positive constant ¢ which only depends on (v1, 61, d).
This implies that

suplog N (B™'W, e, Ly(P,)) < coll=71/2(+00d =11
Py

c1 c1n

Therefore, let B = QCM\/CKR +od + 262>\n< M aff) and | = coli /P proposition 2.2

implies that

PES(P+ MIFIE — it (B8] + Ml FIB)] 2 €0) < e

where

2M M M
& = C<c\/ o, TRt ”"<c A “@)”‘” 2o/ 19\ /or 1 92/ /n)
1 1\n 1\n

for some positive ¢ only depends on (v1, 61, d). The risk inequality (2.14) is guaranteed by Corollary 2.1 and

this completes the proof for 7" = 1.

2.9.1.4 Statement of Propositions

In this section, we give the complete statement of all general propositions used for establishing The-
orem 2.4. The first proposition states that the e-covering number of Bg under Lo(IP,,) is uniformly with
polynomial order in terms of o, and €. This result was first established as Theorem 2.1 in Steinwart, Hush

and Scovel (2006).

Proposition 2.1 (Steinwart and Scovel (2007, Theorem 2.1)) For any € > 0, we have

suplog N'(Bg, €, Ly(Py)) < coll=#/2(1+0)d—v

Pr

forany 0 < v < 2and 0 > 0. Here, Bg is the closed unit ball in G w.r.t. || - ||g and N (-, €, La(Py,)) is the

covering number of e-ball w.r.t. empirical Ly(P,) norm

1 1/2
e = (53 70607)
i=1

c is a constant only depends on (v, 0, d).
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Proposition 2.2 quantifies the stochastic error of f The proof of Proposition 2.2 relies on first verifying
Proposition 2.3 which is a weaker generalization of Theorem 5.6 of Steinwart and Scovel (2007) to allow
the range of J?to be a subset depending on the sample. We give the proof of Proposition 2.3 after proving
Proposition 2.2, and two preliminary results used to establish Proposition 2.3 are stated as Proposition 2.4
and Proposition 2.5 at the end of this section.

To state Proposition 2.2, we use £ to denote any loss function from space Z x F to R and P to denote
the probability distribution on Z. In this section, we abuse the notation and use f* and ]?to denote the true

and empirical minimizer under loss function L, i.e.,

~

[ =argmin E[L(f)], f=argminP,[L(f)].
fer fer

Proposition 2.2 (Bounding Stochastic Error) Let L be a loss function from space Z x F to R. Let P be a
probability measure on Z and F be a set of bounded measurable functions from Z to R. Suppose that we

have a set of functional sets {F(,, . . \}(z,....2n)ezn and for any index (21, ..., z,) we have F,, .y C F.

“2Zn

Let
W =A{L(f) = L(f)If € F}.

If there exists B > 0 such that ||w||s < B for allw € W and W is separable w.rt. || - ||o. Moreover, there

are constants n > 1 > 1 and 0 < p < 2 such that

suplog N (B~'W, ¢, Ly(P,,)) < le P

Pr

for any € > 0. Then there exists ¢ > 0 depending only on p such that for any n > 1, h > 1 we have
P*(BIL(P)] > EIL(f)] + cGull, B, h) < e,

where

A h h
Cu(l, B, h) = 6cB<> +2V2By/ = +2B-.
n n n
Proof: Applying Proposition 2.3 to set VW = F and
W(zl,...,zn) = {[’(f) - ‘C(f*)|f € f(zl,‘..,zn)}v
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we have

-~

PYEIL()] >E[L(f7)] + cn)
< P*(Fw € Wiz, z) with Pp(w) < 0 we have E(w) > ()

<eh

-_— )

where ¢, = 3E supP,(s) + 2v2B \/g + 23% and S are defined in statement of Proposition 2.3. Hence,
seS

the result is proved if we can show that under additional covering number assumption, (,, is upper bounded

by (. (I, B, h). To give an upper bound of E supP,(s), it is worth noticing that by the definition of S in
seS

Proposition 2.3 we have

EsupPy(s) <E  sup  |B(w) - Py(w)| = wa(W, B?),
seS weEW,E(w?)<B?

where w, (W, £) is the modulus of the continuity of V. Define the local Rademacher complexity of W to be

n

%Zfif(zi)

i=1

Rad,,(W,¢) = Ez E.  sup
WEW,E(w?)<¢

)

where {¢;} are n i.i.d. Rademacher random variables. According to van der Vaart and Wellner (1996), we

have

wn (W, &) < 2Rad,,(W, ).

Using the property that Vr > 0
Rad,,(rW, €) = rRad,, (W, r—2¢)

and applying Proposition 5.5 of Steinwart and Scovel (2007), which is stated as Proposition 2.4, under the

assumption on the covering number of WV, we have

1\ /2
E supP,(s) <w,(W, B?) < 2Rad, (W, B?) < 2BRad,(B~'W,1) < 2¢cB (n) .
seS

0

Proposition 2.3 Let P be a probability measure on Z and Y be a set of bounded measurable functions from

Z to R. Suppose that we have a set of functional sets {W( — zn)}(z1 2n)ezn and for any index (215 ey 2n)

-----
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we have W, . ..y CW. Let (Z1, ..., Zy) be n i.i.d. sample drawn from P. Suppose that VV is separable
w.rt. ||+ ||oo and || w]leo < B < 0o forallw € W. Let S = {E(w) — w : w € W}. Then foralln > 1,
h>1and
h h
(n = 3E supP,(s) +2v2By/ — + 2B,
n n

seS

we have

P*(for allw € Wz, ... 7,y with Pp(w) < 0 we have E(w) < () > 1 — e .

Proof: Letus define S;, . ..y ={E(w)—w:w €W, . ..} by theassumption of W it is obvious that

7Zn)

S(er,zn) C S with E(s) = 0, ||s]c < 2B and E(s*) < 4B for all s € S. Moreover, it is also easy to

verify that S is separable w.r.t. || - ||o given WV is separable w.r.t. || - ||oc. Note that

P*(Fw € Wz,,....z,) with Py (w) < 0 we have E(w) > ()

<P*(Fw € Wiz, z,) with E(w) — Py (w) > ()

.....

<P"( sup  Pu(s) > ()

Using Theorem 5.3 from Steinwart and Scovel (2007), which is stated as Proposition 2.5, with b = 2B and

L = 4B2, we have

h h
P"(supPy(s) > (,) < P" <supIF’n(s) > 3EsupP,(s) + 2\/§B\/7+ 23) <e
s€S s€S s€S n n

O

Proposition 2.4 (Steinwart and Scovel (2007, Proposition 5.5)) Let VV be a class of measurable functions
from Z to |1, 1] which is separable w.r.t. || - ||~ and let P be a probability measure on Z. Assume that there
are constants ¢ > 0 and 0 < p < 2 with suplog N(W, €, Lo(P,)) < qe™P for all € > 0. Then there exists a

n

constant c depending only on p such that for alln > 1 and all € > 0 we have

Rad, (W, €) < 0{61/210/4 (q> 1/27 <q)2/(2+p)}.
n n
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Proposition 2.5 (Steinwart and Scovel (2007, Theorem 5.3)) Let P be a probability measure on Z and VW
be a set of bounded measurable functions from Z to R which is separable w.rt. || - || and satisfies E(w) = 0
for all w € W. Furthermore, letb > 0 and 1 > 0 be constants with ||w|| < band E(w?) < 1« for all

w € W. Then forall x > 1 and all n > 1 we have

2 b
pr < sup P, (w) > 3E sup P, (w) + oy x) <e .
wew wew n n

2.9.2 Proof of Theorem 2.2 (Theorem 2.4) for 1" > 2

We first prove (2.13) is Theorem 2.4. To this end, we define

(Ye + U1 (Hig15 fig1, -0 f1))
p(Ae|Hy)

Lot(ft; fr1, s fT) = E d(Asfi(Hy)) |

and

Vi= sup Vilfi, frsts oo J7), (2.28)
fteA(Te)

where

YT I(Ajg; (H;
Vit o g7) _E[(th )11 1(A;95(H;) > 0)].

T
[T;=: p(4;|H;)
Note that the Fisher consistency in Theorem 2.1 indicates that V;(g;, ..., g5) = Vi(f, ..., [7), and it is
equivalent to derive an upper bound for V;(f, ..., f}) — Vt(ﬁ, s fT)

First, note that by repeating the same argument for 7' = 1, we can show ||ﬁ|]gt is bounded by C,, s =

T 2 C2
c W + agft with probability at least 1 — 2 exp ( — (7,2;?1321]\/[2) forany t = 1,..,T. Hence, we
can replace A;(7¢) in (2.28) by A¢(7¢, Cp,+) and obtain
Villfs s F7) = VelFos o Jr)
VI ) = Vet Ve = Vi(Ji, oos J7)
SVt(ft*v“'vf;“)_‘Z+£¢,t(ﬁ;ﬁ+lv"'va)_ inf S¢7t(ft;ﬁ+17"'7fT) +(T_t+1)M77n,t7
fe€A:(1¢,Cnit)
€a) ~-
(1
where
Ry (Ai f(He), Mnyt)
i) = <Cpni,E —| < )
A (14,Crt) {f € G|l fllg, < Cny [ (AL H,) Tt
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and to obtain the last inequality we have used the fact that |Q¢|oc < (7' — t + 1) M and the excessive risk
inequality of Lemma 2.3 to replace the difference under 0-1 loss in terms of V; by the difference under hinge
loss in terms of £ ;.

For (I), we have

(D) Vi fi) = sw - Dl Jerts oo 1) = Velfes firos F7) + Vilfos fiiaees J7)]
tEAL(Tt,Cn it
Svt(ft*u'"uf%) - Sup Vt(ftvf:—i—lf"’ft*)+Cl_1’Vt+1(ft*+l7"'7ff>lk”) _Vt+1(ﬁ+17"'7fT)’

fe€Ae(1¢,Cnit)
:Cl_l|vt+1(ft*+1a s J7) = Vg1 (feg1s oo, fo) | + (T =t + 1) M1 g,

inf £ I e 7)) — £ i fE e I
+fze,4tn(ﬂn,cn,z) ot (fts [ Ir) ot (15 fi Ir)

(111)

where again we have used the fact that |Q;|oo < (T'—t+1)M and the excessive risk inequality of Lemma 2.3.
To bound the last term in (1), let f;_, denotes the solution of (2.3) of ¢ by replace the risk constraint from 7
to 7’. Then the second part of Lemma 2.8 indicates that VO’n,tht,Tt—G{n . € Ai(1i — €nt,Cnt) € Ai(7e,Cnt)s

where ftht_€/7L,t = (U%,t/ﬂ)f;,n—%,t’ and
) —aed
‘S(z)yt(VUn,tft,Tt*C'/n,t; ft*+1> ceey f;“) - £¢vt(ft>t7't*€;z,t; ft*+1’ Y f%)| S CUnftXt -

Therefore, we have

(III) S’Sgﬁ,t(VUn,tft,Tt—e%’t; f:—l—l’ 7f7*“) - Sd?,t(ft*; f:—l—lv 7f7*“)
§|2¢,t(va'n,tft,7't—€;%t; f;Jrl? ) fﬂt) - £¢’t(fz7—t_€il,t; ft*+17 e fﬂ*“)|
+ £¢,t(f;:7—t_e;m; ft*+17 s fi*“) - ’8¢,t(ft*; ft*+17 s fi*“)

SC(Uiatdt + G;L,t) < O(dz,t)

n,t

where in the second inequality from the bottom we used the Lipschitz continuity of the value function in

Lemma 2.5 and by definition f;" = fi, .
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For (I1), we have

~

(1) §2¢,t(ft; Fertr oo fr) + An,t”ﬁ”?jt - inf £¢,t(ft;ﬁ+1a o fT)
fe€Ae(m¢,Cnit)

_ [%,t(ﬁ; Frotsooo F) A2,

_ inf £ ; 7 s ey £, + A\, 2 )] 529
ftG.At,n(Tt’cn’t)< ¢vt(ft ft+1 fT) ’tHftHgt ( )

<£¢,t(ft§ Frts oo ) + An,t”ft”é)

[ inf
ft€ALn(T¢,Cnit)

— inf £ ;A ,...,A ,
ot Sailliin fﬂ}

where

1 = Rith(Aatf (Hit) s 1t }
< Cn , — : S Tt ¢-
1£llg. < Cn, ~ 1213 p(AaHy) t

A (7,Cnt) = {f € G

The first term on the right-hand side of the inequality (2.29) can be bounded by

Sqﬁ,t(ﬁ;ﬁJrlv'--afT)+)\n,t||ﬁ||ét - inf <£¢,t(ft§ﬁ+1a-~-afT)+>\n,tHft||(2_Jt>

ft€AL n(7¢,Cnit)

SQCl_l\VtJrl(f:Jrl, B Vt+1(J?t+17 ,]?T)‘

# [RaFis St )+ Mgl = it (S B )+ Ml )|

(1v)

and (V) is equal to stochastic error term (I) in the proof of 7 = 1 with Y being replaced by @;. Note that
|Q¢| < (T —t + 1)M and consequently (IV') can be bounded using exactly the same argument for term (1),
which turns out to have order O (¢ (1)) with probability at least 1 — exp(—x;). For the second term of (2.29),

n,t

we have

inf o t(Fos Frats oo F1) + An 2)- inf  L4(fe Frats o F1
fteAt,n(n,Cn,t)< ot (ft3 fe1y oo JT) Ll fellG, P ot (fts frg1s oo f1)

<27 Vi1 (ffeas oo £3) = Ver1 (frts oo F1)]

inf £ ; - 5 ey T )\n 2 - inf £ 3 g g ooy 5 .
+ ftejtltl,n(Tt)< ot (s fi1s o f7) + ,t||ft||gt> fea o ot (f1s [t mrs o0 fT)
(V)
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Note that (V') is the approximation bias term in (2.29) also with Y being replaced by @;. Hence, following
the same argument for 7' = 1, (V') can be decomposed to terms (1) — (V') in (2.29) and bounded separately,
nézcs )

which turns out to have order 0(57(122) + O(€}, ;) in total with probability at least 1 — 2 exp ( — STt 1202 ) -

Combing these results, we conclude that with probability at least 1 — h,, (¢, z;),

Ve(fes o fT) — Vt(ﬁ> '-'7]?T) §5Cf1|Vt+1(ft*+1a e fT) — Vt+1(]§+1a e fT)|

+emt + cley ) +e(€) + €8 + €, )
N—— ~
(I11) (IV)+(V) (2.30)

<5y "W (ffgs o 1) — Vi1 (frat s f1)]

+ c(&nye + 6;1,1& + 77;})

for some constant c.

On the other hand, according to Lemma 2.8, similar to the prove when 7' = 1 we can show that

2 2
nd; cy

ft € Apn(7e,Cnt) € Ai(Te + €, 4,Cny¢) With probability at least 1 — 2 exp(m). Therefore, we

have

V(s oo 2) = Vel iy o Fr)

ZVt(ft*)"')f;“)_ sup Vt(ftaft+1)"'7fT)
fe€A(Teter, 1:Cnt)

ZVt(ft*7 ey fi‘:) - Vt(f;ﬁ—i-e;m’ ft*—i—la seey f;)
- Cl_llvt(ft*-i-h ) f’;) - Vt(ﬁ-ﬁ-l’ ey .]/(.\T)’

266;1,t - C1_I|Vt(ft*+1,n+1, o 1) = Vil fes, s fr)-

(2.31)

Finally, by combining (2.30) and (2.31), we obtain that with probability at least 1 — h,, (¢, z;),

~

Vi(fE oo F2) = VelFor oo J2)) < 567 Vit (Ffeas ooos £1) = Vst (Firts o )]

+c(éni+ e+ 7777%)

Hence, (2.13) in Theorem 2.4 follows by induction starting from ¢ = 7" to 1. The error bound of risk (2.14)
can be established by repeating the same argument in Corollary 2.1 for each stage. This completes the proof

of Theorem 2.4.
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2.10 Additional Results for Simulation Setting I and I1

This section reports the additional simulation results for setting I with 7 = 1.5 and setting Il with 7 = 1.3.
See Figures 2.3 and 2.4 and Table 2.4.

Linear 1.5

Linear Kernel Reward (n=200) Linear Kernel Risk (n=200)

3.0

Beneficial Reward

o, o o, o o o o 0
> G % % Yo v % % % Y > G %

Beneficial Reward Beneficial Reward

Beneficial Reward

& Stage Il Reward/Stage Il Risk & Cumulative Reward/Stage | Risk

Figure 2.3: Estimated reward/risk on independent testing data set for simulation setting I, training sample size n = {200,400}, n =
{0.02,0.04, ..., 0.1} under linear kernel or Gaussian kernel. The dashed line in reward plots refers to the theoretical optimal reward under given
constraints. The dashed line in risk plots represents the risk constraint 7 = 1.5.
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Nonlinear 1.3

Linear Kernel Reward (n=200) Linear Kernel Risk (n=200)
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Figure 2.4: Estimated reward/risk on independent testing data set for simulation setting II, training sample size n = {200,400} and
n = {0.02,0.04, ...,0.1} (x-axis) under linear kernel or Gaussian kernel. The dashed line in reward plots refers to the theoretical optimal reward
under given constraints. The dashed line in risk plots represents the risk constraint 7 = 1.3.
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CHAPTER 3: CONTROLLING CUMULATIVE ADVERSE RISK IN LEARNING OPTIMAL
DYNAMIC TREATMENT REGIMENS

3.1 Introduction

In Chapter 2, we propose a new method to handle optimal DTRs problems for treating chronic diseases
where aggressive treatment with a better reward is often accompanied by higher toxicity. The problem
can be formulated as an optimal DTRs learning problem with stagewise risk restriction and a backward
induction-based method, BR-DTRs, is proposed to learn optimal DTRs under the stagewise restriction.
However, in practice, more aggressive treatments may lead to a higher efficacy but are also more likely to
induce elevated risk in the long term. For example, when treating type 2 diabetes (T2D), American Diabetes
Association (ADA) recommends intensified insulin therapy when patients fail to reach a safe hemoglobin Alc
level after receiving first and second-line medications (American Diabetes Association, 2022a). However,
several studies have shown that insulin therapies are commonly associated with long-term weight gain, which
can potentially increase the risk of cardiovascular diseases (Wing et al., 2011; Apovian, Okemah and O’Neil,
2019). Thus, weight gain is recommended to be controlled under 5% for T2D patients (Park et al., 2022).
Other examples include aggressive therapies for cancer (e.g., radiotherapy) or kidney failure (e.g., dialysis),
which may treat diseases effectively but often lead to poor quality of life and a high economic burden for
patients.

Most methods in personalized medicine literature that consider benefit-risk trade-offs are restricted to a
single-stage decision problem. One class of methods (Lee et al., 2015; Butler et al., 2018) prespecify a utility
function to combine benefit and risk outcomes into a single composite outcome, and the optimal decision is
obtained by maximizing the utility function. A major limitation of these methods is that it is often difficult
to reach a consensus on how to prespecify the composite outcome, especially when the benefit and risk
outcomes are measured on very different scales. Recent work in reinforcement learning (e.g., Bhatnagar and
Lakshmanan, 2012; Mahdavi, Jin and Yang, 2012; Chow et al., 2017; Yu et al., 2019; Cao, Zhang and Poor,
2021; Ding et al., 2021; Badanidiyuru, Kleinberg and Slivkins, 2018; Cayci, Eryilmaz and Srikant, 2020)

have considered learning optimal policy under safety/budget constraints. However, these methods rely on

76



the Markovian decision process assumption (MDP) and require parametric models for the unknown policy,
which do not hold for general DTRs problems.

When the cumulative risk needs to be considered in a DTR problem, the most important challenge is
that due to delayed effects, treatments at one stage may affect both the benefit and risk outcomes in any
of the future stages. Therefore, the estimation of the optimal treatment rule at any stage must take into
account its cumulative impact on future stages. However, commonly used backward algorithms such as
Q-learning or O-learning require the future stage rules to be already estimated optimally. These methods are
no longer applicable because the cumulative risk control depends on not only the future stage rules but also
the treatment decision, which is yet to be estimated at the current stage.

To respond to the real demand from clinical application, in this chapter, we propose a new statistical
learning framework, namely, multistage cumulative benefit-risk (CBR) framework, to estimate the optimal
DTRs that maximize the expected benefit (or reward) outcome but, at the same time, control the expected
cumulative risk below a pre-specified threshold. We propose two methods to solve CBR. First, we introduce
a Lagrange function and obtain its solution via solving an unconstrained DTR problem using a backward
algorithm based on Q-learning or O-learning. Second and more interestingly, we propose a new procedure
under multistage ramp loss (MRL) to estimate the DTRs simultaneously across all stages. The MRL can be
viewed as an extension of the univariate ramp loss to a multivariate setting.

Our work presented in this chapter contains several novel contributions. First, converting the constrained
estimation for DTRs to the unconstrained problem enables us to adopt the backward algorithm from the
existing methods to estimate the optimal DTRs, and we prove that the latter leads to the optimal DTRs
that satisfy the cumulative risk control. Second, in addition to the backward induction algorithm, we also
propose a simultaneous learning method based on MRL, for which the estimation of one decision function
is contingent on other decisions at later stages so that we can estimate the treatment rules using all data at
the same time. Third, we show that the non-asymptotic convergence rates of the expected reward and risk
under the estimated rules can be derived from the unconstrained DTRs associated with the Lagrange function,
which provides the finite sample performance guarantee. We also show that using MRL is guaranteed to yield
Fisher consistent rules for any unconstrained DTRs problem, and consequently, using the multistage ramp
loss along with the proposed estimation procedure will yield the true optimal DTRs.

The remaining chapter is organized as follows. In Section 3.2, we formally introduce the CBR problem

along with assumptions. We then describe a general framework to solve CBR after converting the problem
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to an unconstrained one. In the same section, we present a backward algorithm based on Q-learning and
O-learning, and the new MRL approach to obtain the solutions using empirical data. In Section 3.3, we
obtain the non-asymptotic convergence rates for both the expected reward and risk under the estimated
rules. In Section 3.4, we present results from simulation studies to examine the performance of the proposed
approaches. In Section 3.5, we apply the proposed methods to estimate the optimal DTRs using a two-stage
trial for treating T2D patients. In Section 3.6, we discuss possible future extensions based on our work. The
DC algorithm of conducting MRL is presented in Section 3.7 and the proofs of the main results are given in

Section 3.8 and Section 3.9.

3.2 Method

3.2.1 Problem setup and assumptions

Consider a T'-stage decision problem, where 7' is finite and often small in clinical settings. We use
Y to denote the total reward at the end of stage 7" and R to denote the cumulative risk at stage 7', both
assumed to be bounded by a constant M. We consider a sequence of dichotomous treatments over T’
stages and let A; € {—1,+1} denote the observed treatment at stage ¢. Additionally, we let H; denote all
observed feature variables prior to stage ¢, including the treatments or any immediate outcomes in previous
stages. Thus, H; C Ho C --- C Hp. We assume that data are from a sequential multiple assignment
randomized trial (SMART) (Murphy, 2005a), so the observed data for n independent subjects consist of
H;1, A, Hio, -+, Ayr, HiT, Y; and R; for i = 1, ..., n. Like previous chapters, we define a DTR to be any

function from the space:
D=D; x---xDp = {-1,+1}1, where D, : H; — {—1,+1}.

To control the cumulative risk, we formulate the CBR problem as seeking the optimal rule D* = (D7, ..., D})

that solves the optimization problem

max EP[Y],
D

subjectto EP[R] < 7
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for a prespecified risk constraint 7. Here, E”[-] denotes the expectation when A; are forced to be D;(H;)
fort =1,...,T. In other words, the optimal treatment rule yields the maximal reward at stage 1" among all
feasible rules whose cumulative risk is no greater than the risk threshold 7.

Like the standard DTRs and BR-DTRs, to ensure that E7[-] is estimable given the observed data, we

also require several assumptions.

Assumption 3.1 Stable Unit Treatment Value (SUTV): A subject’s cumulative potential outcome is not

influenced by other subjects’ treatments allocation, i.e.,
(Y,R) = (Y(ar), R(ar)), if Ar = ar.
Assumption 3.2 No Unmeasured Confounders (NUC): Foranyt € {1,...,T} and ar € {—1,+1}7,
Ay L (Hegr (@), ..., Hr(ar—1),Y (ar), R(ar))| Hy.

Assumption 3.3 (Positivity) For anyt = 1,...,T, there exists universal constants 0 < c¢; < co < 1 such
that

c1 <p(Ay =1|Hy) < cg for Hya.s.

Assumption 3.1 and 3.2 are SUTV and NUC assumptions under the cumulative risk control framework
and Assumption 3.3 is a restatement of the Positivity assumption. In particular, again under Assumption 3.1

to 3.3, Qian and Murphy (2011) showed that the original problem can be reformulated as

y Iy [(Ar = Di(Hy)
Hthl p(A¢[Hy)

RHZ;I ]I(At = Dt(Ht)):| <7 (3.1)

max E[ T
D [1i=1 p(Ae|Ht)

] , subjectto K [

Finally, assuming that the decision rules are determined as the signs of some decision functions (f1, ..., fr),

i.e., Dy(H,;) = sign(fi(Hy)), then (3.1) becomes

max
(fisfr)EF1 XX Fp

E [Y Hf:l I(A¢ fe(Hy) > 0)

HtT:1 I(A¢ fe(He) > 0)] < -
Hthl p(At‘Ht) m

] , subjectto E/ [R T
[Ti—1 p(Ad|Hy)

(3.2)

where F; denotes the set of all measurable functions from H; to R
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3.2.2 A general procedure for solving CBR problem

To solve CBR problems, we consider the Lagrange function of (3.1), or equivalently, (3.2). For any

k € [0, oo, the Lagrange function of (3.1) with multiplier & is given by

E [{Y —Kk(R—1)} i [ = Dt(Ht))] .

HtT:1 p(A¢| Hy)

Letting v = /(1 + k) € [0, 1], we aim to solve the following problem for each ~:

[T, (4 = Dt(Ht))]

D, = (D}, Dr,) = argmax E[{(l -7)Y —yR}
! ! ! Hthl p(A¢|Hy)

D

3.3)

where we omit the constant 7 which will not affect the solution when +y is fixed.
Let 9)(y) and PR(y) denote the expected reward and risk associated with the optimal decision rules of

(3.3),1.e.,

_ [ I 1A = Dy (1)

RHtT:1 I(A; = Dy, (Ht))
- .
[[i=1 p(A¢|Hy)

2(7) [T, p( A Hy)

EOR

To ensure that there exists a non-trivial solution to the above problem, we also require the following regular

assumption:
Assumption 3.4 R(v) is a continuous function for v € [0, 1] and R(1) < 7 < R(0).

As a note, the restriction 93(1) < 7 in Assumption 3.4 ensures that there exists at least one feasible DTRs
that satisfy the risk constraint, and 7 < 9R(0) is to exclude the trivial case when the cumulative risk for
the optimal DTR without the constraint is not larger than 7. The continuity assumption in Assumption 3.4
implies that there exists some «*, which may not be unique, satisfying R(v*) = 7. For any such v*, our

following lemma shows that D+ is indeed the optimal DTRs.

Lemma 3.1 Under Assumption 3.1 to 3.4, both Q) () and R(~y) are non-increasing function of y. Further-
more, EP+* Y] > EP[Y] for any DTRs, D, satisfying EP[R] < 7.

Lemma 3.1 indicates that solving unconstrained problem (3.3) associated with v* produces a solution of
the CBR problem. The proof of Lemma 3.1 is given in the Section 3.8. In addition, the continuity of PR(~y)

implies that searching for v* can be carried out using the bisection procedure starting from vy, = 0 and
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Ymax = 1 until reaching the termination condition |Ymin — Ymax| < € for some convergence threshold e. The
complete numerical algorithm based on bisection search is provided in the Section 3.7.

As an important remark, although the lemma implies that the optimal DTRs are associated with a
linear combination of Y and R, it should be noted that the coefficient in this linear combination, i.e, v*, is
data-driven and depends on the DTRs. Therefore, this problem is fundamentally different from learning the

optimal DTRs based on a utility function where the linear combination needs to be pre-specified.

3.2.3 Backward algorithm for maximizing the Lagrange function

Since (3.3) is an unconstrained problem for estimating DTRs for fixed vy, many existing methods such
as (Q-learning and OWL can be used to learn the optimal DTRs using a backward procedure, after treating

(1 — )Y — R as the reward outcome. Specifically, we define Q-function in turn fort = 7,7 — 1,...,1 as

Qi (hiya) = B[ argmax  Qui1(Hit1, 1) Hy = ey, Ay = ay]
at+1€{—1,+1}

with Q7414 = (1 — 7)Y — yR. Then the optimal solution for D7 is

D;'y(h’t) = Sign(Qt,’y<ht7 1) - Qt,’y(hh _1))7 = 17 ) T.

A backward Q-learning estimates the conditional expectation in the definitions of (); , using regression
models, in turn from ¢ = T to t = 1, then the estimated DTRs are obtained by plugging the estimated
Q-functions into the above expression (Qian and Murphy, 2011).

A more robust procedure without fitting regression models, namely backward OWL, uses weighted sup-
port vector machines to directly optimize the objective function at each stage (Zhao et al., 2015). Specifically,
let ( g?fﬁ, ey g}ﬁ) denotes the optimal decision functions corresponding to the outcome O, = (1—7v)Y — 7R,

then Zhao et al. (2015) indicates that { gt*ﬁ}tT:1 can be sequentially estimated via

I(Aefe(Hy) > 0) [Tee iy H(Asgt - (Hs) > 0
gz’y — arg max E O'y ( tft( t) )jljls_t—ﬁ—l ( Sgs,’y( S) ) (3.4)
JEF: 1= p(As|Hy)
fort =1T,---,11in a backward order. In other words, the optimal decision function at stage ¢ can be obtained

by maximizing the expected cumulative reward up to stage ¢ among patients whose future observed treatments

follow the optimal treatments. Using empirical data, an estimator of g; ., can be obtained via solving the
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empirical version of (3.4) in a backward order, and by replacing the zero-one function, I( A, fi(H;) > 0), with
some surrogate function. In particular, Zhao et al. (2012) adopted the hinge loss defined as ¢(z) = (1 — z)*

and sequentially solved the following problem

HsT:t+1 ]I(A’L'st,’y(His) > 0)

HT (A Hin) d(Aie fr(Hit)) +>\n,tHftHét7 (3.5)
s—=t is|Ldis

n
Fory = argmin = 31— 7)Y — 4R}
freGe M

where G; is a subspace of F;. The last term, Ay, ¢|| f Hét, is a regularization term to mitigate overfitting. When
{G,}L_, are reproducing kernel Hilbert space (RKHS), the optimization problem (3.5) can be reformulated
as a weighted support vector machine problem (SVM) (Cortes and Vapnik, 1995), which can be efficiently
solved using standard optimization software. Typical choices of RKHS include the space generated by a
linear kernel or a Gaussian kernel with inner product (H;;, H. jt> = e~ o°IlHi—=Hjtll3 for bandwidth o~ 1. Given
observed data, the tuning parameter {\, ;}._ and {0}, ;}._, can be selected via cross-validation.

As introduced in Section 1.1, to further improve the performance of OWL, Liu et al. (2018) proposed
the augmented OWL (AOWL) by predicting the expected )-function of subjects whose observed treatment
assignments do not follow the optimal estimated rules and incorporating such predictions to calculate pseudo-
outcomes through a doubly robust construction. In our subsequent numerical studies, we use both OWL and
AOWL for this backward algorithm to solve the Lagrange function in (3.3) and use O-learning to refer to

either OWL or AOWL when the context is clear.

3.2.4 Simultaneous algorithm for maximizing the Lagrange function

One disadvantage of O-learning is that the estimation of the early stage can only utilize the information
from patients whose observed treatment assignments follow the optimal rules as shown in (3.4). Moreover,
for backward induction methods such as Q-learning and O-learning, the estimation error from later stages
due to either model misspecification or overfitting will be accumulated and always present in early-stage
estimation. To overcome these disadvantages, in this section, we propose a simultaneous algorithm based on
multi-stage ramp loss (MRL) described as follows.

Our key idea is to replace the multivariate zero-one indicator function in (3.3) with a continuous surrogate
function to be directly optimized without any backward algorithm. Specifically, define ¢(-) as a piecewise

linear function given by ¢ (x) = max(min(z,1),0), then we consider solving the following surrogate
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Plot of min((X1),p(X2))

Figure 3.1: 3D plot of multivariate ramp loss, min(¢(x1), ¥ (z2)).

problem to substitute (3.3):

max E[O+min(¢(A1f1(H1)), s V(A fr(Hr)))
(f1,enfT)EFLX - X F ¥ Hle (A Hy)
n E[ Z o- min (v (a1 f1(H1)), ..., ¥ (ar fr(Hr))) (3.6)
ar€{—1,+1}, ar#As ! szl p(At’Ht) ,

Here, Ofyr and O denote the positive and negative part of O., respectively, i.e., Oj = max(0~,0) and
O = max(—0,,0). When O, is non-negative, the optimization problem (3.6) can be viewed as a

minimization problem with loss function

L(f) = —E[min(y (A1 f1(H1)), ..., (A7 fr(Hr)))] + 1.

Figure 3.1 presents a three-dimensional visualization of this loss function (i.e., 7' = 2). In other words, L
can be considered as a multivariate extension of the univariate ramp loss function proposed by Huang, Shi
and Suykens (2014). Numerically, MRL can be more robust against extreme errors in f;’s than O-learning
because MRL is bounded between 0 and 1 and is closer to the 0-1 loss compared with the hinge loss used
in O-learning. Note that the expression (3.6) does not require the decision function f;, to be estimated
before or after another decision function f;,. This implies that MRL indeed solves the optimal decision rules
simultaneously so that all patients’ information will be used during the estimation, and updating the decision
functions in early stages will also update the decision functions of later stages. The second augmentation term

of (3.6) changes the negative response variable to a positive value by reverting the observed treatments to any
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other treatment sequences. This expression ensures that the weights in each term are always non-negative

even if O, is negative. The following lemma ensures that MRL is a valid surrogate problem for (3.3).

Lemma 3.2 If (f{, ..., f7) is a solution to (3.6), then (sign(f;), ..., sign(f})) maximizes (3.3).

The proof of Lemma 3.2 is provided in the Section 3.9. Using the empirical data, we propose to solve

72 oz, min (¢ (A f1(Hi)), -, Y(Air fr(Hir)))
xGr N H?:l p(AitlHit)

1 _ min ’ll) a f H’L ) 71/) a f
+ﬁz Z o7, (¢(a1 1(T 1)), - H( rfr ZAntHff”g,
i=1 aye{—1,1},ae#Au [Ti=1 p(Ai|Hit)

max
(f1yees fT)EGL X

(3.7)

where O; , = (1 —v)Y;

Hét to prevent
overfitting.

As a remark, note that in (3.3), the optimal solution is not affected after we subtract any function of H;
from response variable O.,. Similar to the augmentation technique used in AOWL, we can replace O; - by
@n = O;, — m(H;1), where m(H) is an estimator of the conditional expectation of O, given baseline

feature variables H;. The refined empirical problem then becomes

n

. 1 QJF min(lﬁ@ﬂfﬂfﬂ))w--,w ir fr(Hir)))
(L fr)€G1xox G £ 5T [Ti=1 p(Ait| Hit)
1 — ~_ min(¢y (a1 f1(Hi)), ... Y (ar fr(H
+gz Z Oi,v T I H Z/\ Hgt
=1 aye{—1,1} a0 £ As Ht:l p( zt’ zt)
(3.8)

When context is clear, we will use (fl,,, ey fTW) to denote the solution of (3.7) and (3.8).
Computationally, the objective function of (3.8) can be further decomposed as the difference between
two convex functions. Therefore, one can adopt the difference of convex (DC) algorithm (Tao and An, 1997)
to solve (3.8) iteratively. When {G;}._, are RKHS, in each iteration of the DC algorithm, the optimization
problem can be further reduced to a quadratic programming problem so can be efficiently solved using

existing software. The details are given in Section 3.7.
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3.2.5 Estimating v* using the risk control

Finally, to determine the estimate for v*, since the empirical estimator of the risk, i.e.,

)

1 XH:R‘HtTﬂ ]I(Aitﬁ,’y(Hit) > 0)
e [T p(Ai| Hit)

is not continuous in v, a small change of v may lead to a significant risk control violation. Thus, we propose
to estimate y* based on a smooth approximation to the above function. Specifically, we obtain v*’s estimator,

denoted by 7, via bisection method to solve equation

=T 3.9

1 ,min(w(Az‘lJ?lﬁ(Hil)/W%---W(AinTﬁ(HiT)/??))
2R TWIT
n =1 Ht:l p(Azt‘Hzt)

Here, n € (0, 1] is a small shifting parameter to be chosen data dependently.

3.3 Theoretical Results

In this section, we present the theoretical results for the expected reward and risk under the estimated
DTRs. Recall that ( gf,y, e g7 7) are the optimal decision functions of unconstrained problem (3.3) and let
(91, ---, g7-) denote the optimal decision function of original CBR problem (3.1), then Lemma 3.1 indicates

(97, -, g7) can be selected as (9%*7 oy T oy ). We wish to obtain a non-asymptotic lower bound for

~

V(Fit oo Fra) = Vg o) = E[

y iz [(A iz () > oq B {YHZ;I I(Asg; (Hy) > 0)

[T/ p(Ad| Hy) [T/ p(Ad Hy)
(3.10)

and an upper bound for

E[RHthl I(Adfys(He) > 0)} o 3.11)

[T/, p(Ai| He)
where {f:,ﬁ}?:1 are either from the O-learning algorithm or the simultaneous learning algorithm. We assume
{G:}[_, to be Gaussian RKHS with bandwidth o, 1

We need additional assumptions to characterize the complexity of true optimal decision functions of each

unconstrained DTRs under different multipliers . Similar to Chapter 2, for any given ¢ and -y, we define

Hina = {he € Helgi,(he) > 0}, Hiy -1 = {he € Hilgf, (he) < 0},
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and the A-function to be

At,'y(ht) = d(ht, Ht7771)l(ht € /Ht,'y,fl) + d(ht, /Ht’%fl)l(ht S %t,%l),

where d(z, S) denote the Euclidean distant from point z to set S. We assume the following conditions for

t=1,..T.

Assumption 3.5 For any vy € [0, 1], there exist universal positive constants {c; }1_, and K > 0 such that

A?’ (h)
/ e~ v Py(dh) < K st/
Hi
holds for t = 1,...,’T. Here, d; denotes the dimension of H; and P, denotes the density function of the
random variable H;.

As a note, Assumption 3.5 is the general version of the geometric noise exponent assumption under the
framework of CBR and will hold for arbitrary oy like Assumption 2.5 when data is sparse near the decision
rule. Our next assumption concerns the discrimination property of QQ-function between the two treatments,

which is sufficient to establish the convergence rate for the risk control.

Assumption 3.6 Forany~ € [0,1],t =1,...,T, set D; C H; and n; > 0,
El|Qt~(Hy, Ay = 1) — Qi (Hy, Ay = —1)[I(H; € Dy)] <

implies that P(H; € D;) < Kym for some fixed positive constant K.

The following theorem gives the non-asymptotic convergence rates for the estimated DTRs using the

O-learning algorithm.

Theorem 3.1 Under Assumption 3.1 to 3.6, forany 0 < 0,0 < 0, 0 <1, <2, 0<v; < 2fort =1,...,T,
assume that A,y — 0, 0y — 00 and An,ta,‘fft — 0 where d; denotes the dimension of H;. For sufficient

small 6 > 0, let

T
_(1— 1 _ _ _
€, = z :Cl (1 t)Cl,t(\/ﬁo}(ll,t Vt/?)(1+0t)dt/2)\n7lt/t/4 + )\n,to'gft + Un’?tdt)
t=1
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and

=Tey 2T Z CZt (1 vi/2)(1+61)de /2 ’122/46;1’2/2.
Then for {ﬁ,g}le estimated from the O-learning approaches, we have
V(fi7s 0 fr5) = V(ghs o 98) = —Ca{CsTe T (5 + €) + 6n}

and

Ht 1 (Atﬁ,v(Ht) > 0)
[T p(Ai|Hy)

— 7 < C{C3Te;T (5 + en) + En}

. .qe _ 2 _ 127 252 —~ . . . .
holds with probability at least 1 — Zthl ek _ g3 AT M28%n , where 7 is determined via (3.9) with
n = ey /M. Here, C1; denotes a positive constant depending on parameters (v, 0y, dy, c1, M, K), Co
denotes a positive constant depending on parameters (v;,0;,d;,c1, M), ¢, denotes a positive constant
depending on parameters (v, 0y, dy, c1, M) fort = 1,..., T, Cs is a positive constant depending on (M, K1)

and Cy is a positive constant depending on risk constraint T.

Letv; — 0, v — 0, 6; — 0, 8, — 0 and assume that parameter «; in Assumption 3.5 can be arbitrarily large
forany ¢t = 1, ..., T, then Theorem 3.1 indicates that the left-hand side of (3.10) and (3.11) can be both lower
and upper bounded by a term of order as close as O(nfl/ 2). Hence, Theorem 3.1 shows that under the ideal
case, the beneficial reward under the estimated rules will be expected as high as the reward under optimal
decision rules up to a small loss of order O(n_l/ 2), with an induced adverse risk no exceeding than 7 plus an
error term also up to order O(n~1/2).

Similar to O-learning, we can obtain the non-asymptotic convergence rate for the DTRs in the MRL
approach using the Gaussian kernel. When 7 is determined via (3.9), a slightly different discrimination
assumption is needed to quantify the impact of using 7 as an approximation or multiplier v* associated with

7. To this end, we assume
Assumption 3.7 Forany~y € [0,1], D; C Hy x {—1,+1}, t € {1,...,T} and n2 > 0, we assume that

I((Hy, Ay) € Dy)
Hi:1 p(As|Hs)

U1 (Hes 15911100 9743 7) | < 2
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implies P((Hy, Ay) € Dy) < Kang for some fixed positive constant Ko. Here,

15, (A, fo(H,) > 0) TR Ma fo(H,) > 0>‘ ]
Ut Ht;fta“'af ; - + £ + O £ Ht .
( i) ’Y Hé tp(A |Hs) (lsE{—L%:L as£A, ! sztp(As|Hs)

The following theorem gives the theoretical results for the MRL approach.

Theorem 3.2 Under Assumption 3.1 to 3.5 and 3.7, forany 0 < 6, 0 < 0}, 0 < vy < 2,0 < v; < 2 for
t=1,..,T, assume that \p,; — 0, 0y, 4 — 00 and )\n,tag’ft — 0 where d; denotes the dimension of H;. For

sufficient small § > 0, let
€n =] cht< (\/>+ (T2 73T)z/t/4 (1— l/z/2)(1+9t)dt/2)\n’1;t/4> + A, tant + e -T ;?fdt>

and

€0 = Te 27 Z Co (fcl—Tut/A‘U?(ft Vt/z)(1+9')dt/2)\n;;/4).

Then for {J?tﬁ}thl estimated from the MRL approach, we have

-~

V(f1gs s Fr73) = V(ghs oonr G) > —Ca{C3Ter T (8 + €n) + €n}

and
HtT V(A f5(Hy) > 0)

Ht 1P(At|Ht)

holds with probability at least 1 — 3e—3ct M~%6%n

E|R — 7 < Cy{C3Te; T (5 + €n) + €0}

where 7 is determined via (3.9) with 1) = €,. Here, C1 4
denotes a positive constant depending on parameters (v, 0t dy, c1, M, K), Ca+ denotes a positive constant
depending on parameters (v}, 0;,d;,c1, M), Cs is a positive constant depending on (M, K2) and Cy is a

positive constant depending on .

Similar to before, let v — 0, v, — 0, 6; — 0, 6, — 0 and assume that parameter «; in Assumption 3.5 can
be arbitrarily large for any ¢ = 1, ..., T', then Theorem 3.2 implies that the right-hand side of (3.10) and (3.11)
can also be lower and upper bounded by a term of order as close as O(nfl/ 2), the same order as for the
estimated DTRs using O-learning approach.

The main challenge to establish Theorem 3.1 and Theorem 3.2 is to show that the estimated multiplier 7

determined via (3.9) satisfies with a high probability that the expected risk under (J/”\m, e ]/C\Tﬁ) is close to
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7. This can be guaranteed by showing that each unconstrained DTRs problem (3.3) can be uniformly well

estimated for fixed v € [0, 1] under Assumption 3.5. The proof of both theorems is given in Section 3.9.

3.4 Simulation Studies

In the first simulation setting, we consider a 2-stage SMART. We first generate 7 baseline feature
variables independently from Unif[-1,1], denoted as (X7, ..., X7). To mimic the patient’s evolving health
status, we also generate a time-dependent covariate at the two stages, denoted as (Xg 1, Xg2), using Xg1 =
wo + w1, Xg 2 = wp + wa, where wp, w; and wy are independently from Unif[—0.5, 0.5]. Treatments at the
two stages, A1 and Ao, take values 1 or —1 with equal probability. Finally, the camulative reward variable Y

and risk variable R are obtained using the following models:
Y=1-X1+Xo+ Al(Xl + 0.25X8’1 + 05) + AQ(X&Q + A + 025) + €y,

R=24+ X1+ Xy —|—A1(X1 — X9+ 05) + A2(05X1 +0.5X3 — X&Q + 1) + €R,

where ey = €y + €1, €r = €g + €2 with € from N (0, 1) truncated at +0.25 and €; and €2 both from N (0, 1)
truncated at +0.5. In the second simulation setting, the feature variables are generated the same as before
except that 7 baseline feature variables are from independent Unif[0,1] and wy is from unif[0.5, 1]. The

cumulative reward Y and risk R are generated using the following nonlinear models:
Y =1+2Xy+ A1(X5; + 1) + Ao(X3, + XT) + ey,

R=2-X +A1(X1 + 1) +A2(A1X8,2 + 1) + €R,

where ey and e are generated the same way as in the first simulation setting. Note that for both simu-
lation settings, the feature variables at each stage are H; = (X1, ..., X7, Xg1) and Hy = (Hi, A1, X352),
respectively. We choose the risk constraint 7 = 1 for the first simulation setting and 7 = 1.5 for the second
simulation setting.

For each simulation setting, we randomly generate the training data with sample sizes n = 200
and n = 400. For O-learning and MRL, both linear kernel and Gaussian radial basis kernel are

implemented. When the Gaussian kernel is used, we follow Wu, Zhang and Liu (2010) to choose
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O'n’% = 1.25 x mediana, 24, ||Hit — Hjt||. To choose the tuning parameters (A1, A2), we fix the tuning
grid of nA; and n\y to be from (278,276 ... 26 28). The optimal tuning parameters are then determined
via two-fold cross-validation, which yields the highest reward on the testing data.

Specifically to each algorithm in our proposed method, O-learning is conducted following both original
OWL from Zhao et al. (2015) and AOWL from Liu et al. (2018). For MRL, we replace the original
response variable with its residual as described in Section 3.2, where we estimate the conditional mean via
Lasso regression. For each stage, the initial values of MRL are set to be estimated from regression Y; on
the kernel basis functions. The quadratic optimization problem in the DC algorithm can be solved using
standard R functions such as solve_osqp() from package osgp (https://cran.r-project.org/web/
packages/osgp/index.html). For both O-learning and MRL we determine 7 via (3.9) where we set
shifting parameter 7 = 10~ and bisection termination condition e = 10~3. We also include Q-learning for
comparison, where at each stage of the backward learning, the Q-function is estimated using linear regression
with the kernel basis functions and their interactions with treatments as predictors. Finally, to examine the
impact of imposing risk control when learning DTRs, we also estimate the unconstrained optimal DTRs by
setting 7 = o0.

All simulation studies are repeated 500 times for each setting. To evaluate the performance of different
methods, an independent testing dataset of sample size 5,000 is generated, and the estimated reward and risk
on the independent testing data from each method are reported. To further quantify the benefit-risk tradeoff,
we also report the efficacy ratio, one common measure to evaluate the benefit-risk tradeoff (Guo et al., 2010)
defined as r(D) = (EP[Y] — EP°[Y])/(EP[R] — EP°[R]), where D denotes the treatment rules being
assessed and Dy represents the standard treatments. In our simulation study, the standard treatments are
selected to be the safest treatment rules which induce the lowest cumulative risk among all four possible
one-size-fits-all treatment rules. Since the standard comparison is set to be the treatment that yields the lowest
expected risk, a higher efficacy ratio indicates that the treatment rule will gain more reward under the same
risk increment as compared to a treatment rule with a lower efficacy ratio. Clearly, a treatment rule with a
large efficacy ratio is preferable.

Table 3.1 presents the simulation results. For the first linear simulation setting, we note that when no
risk constraint is imposed, the expected adverse risk under the unconstrained optimal rules is greater than
3.2, which is significantly higher than the prespecified risk constraint of 7 = 1. When the risk constraint is

imposed, using either MRL, OWL, AOWL, or Q-learning yields the rules that give an expected risk below
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or close to the risk constraint on the independent testing data. This suggests that the proposed estimation
procedure is effective in finding the estimated rules that meet the risk restriction. In terms of the reward
outcome, the theoretical maximum reward under the risk constraint 7 = 1 is approximately 2.17. As shown
in Table 3.1, we note that the testing rewards of all four methods are all close to the optimal value. This
demonstrates that our proposed estimation procedure does find the treatment rules that improve the beneficial
reward while preserving safety. For O-learning, using either OWL or AOWL yields a similar result, with
OWL having better performance in risk control. Comparing different methods, under the linear kernel,
MRL and OWL tend to yield more stable and safer rules with median testing risk strictly lower than the
risk constraint and with a smaller variability. In contrast, AOWL and Q-learning tend to underestimate the
expected risk, leading to a testing risk close to or slightly higher than the risk constraint with larger variability.
The performance of the four methods under the Gaussian kernel is similar to the performance under the
linear kernel, except that OWL also tends to underestimate the expected risk and produces higher risk under
the Gaussian kernel. In general, MRL tends to have the best risk control compared to OWL, AOWL, and
Q-learning. No significant difference is observed between different kernels.

For the second simulation setting, the risk under the unconstrained optimal rules can be as high as 4.6
when no risk constraint is imposed, which is also significantly higher than the risk constraint 7 = 1.5. When
risk restriction is imposed, and the linear kernel is used, the result shows that all methods can still well
control the risk below or close to the risk constraint on the testing data. In terms of reward, the theoretical
maximum reward under 7 = 1.5 is approximately 3.29. The expected reward on testing data using the linear
kernel are all below but also close to the theoretical optimal reward indicating that our proposed estimation
procedure can maintain its performance and balance reward and adverse risk under a different simulation
setting. Compared with AOWL and Q-learning, MRL and OWL still shows better control of the adverse risk,
with MRL having stricter risk control and more stability. When the Gaussian kernel is used, the performance
of MRL, OWL, and Q-learning slightly improve, but AOWL starts to underestimate the risk with testing risk
considerably exceeding 7 = 1.5. When the sample size is increased, all four methods using either linear
or Gaussian kernel will improve, but AOWL under Gaussian kernel remains to underestimate the risk. The
simulation results indicate that under this nonlinear setting, MRL, OWL, and Q-learning can still perform
well, with MRL showing better control of the risk similar to the first simulation setting, while AOWL under

the Gaussian kernel fails to strictly control the risk.
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In terms of the efficacy ratio, in the first simulation setting, OWL has a higher efficacy ratio under the
linear kernel, and Q-learning has a higher value under the Gaussian kernel. In the second simulation setting,
MRL has roughly the same high efficacy ratio as OWL and a higher efficacy ratio than AOWL and Q-learning
under the linear kernel. When the Gaussian kernel is used, MRL tends to achieve the highest efficacy ratio
among the four methods. In summary, these simulation results show that MRL, OWL, AOWL, and Q-learning
using our proposed estimation procedure can yield the rules that meet the risk restriction while maintaining a
high beneficial reward for a CBR problem. MRL tends to have an overall better performance with stricter
risk control. Additionally, we conduct a simulation setting with 7" = 4 and allow the treatment assignment
probabilities to depend on the covariates at later stages. The results are reported in Section 3.10 and show a
similar conclusion: MRL has better risk control and a higher efficacy ratio compared to the other competing

methods.

3.5 Application to DURABLE Trial

In this section, we apply our proposed CBR framework to the DURABLE study and the description of
DURABLE can be found in Section 2.5. For T2D, the Alc level is the main efficacy outcome measuring
the patient’s health condition, and we choose HbA1c reduction by the end of week 48 compared to baseline
level (week 0) as the cumulative reward outcome. Weight gain is one of the common long-term side effects
of insulin therapy, and in the analysis, we choose cumulative risk outcome to be BMI change by the end of
week 48, with a lower BMI increment indicating a better risk control. Due to the DURABLE study design,
not all patients were re-randomized during the second phase of the study. To implement CBR, we again make
a practical assumption like Section 2.4 that for patients who had reached HbAlc of 7% at the end of the first
phase and entered the maintenance study, their treatments received at the second phase of the study were
optimal. Hence, for the patients who entered the maintenance study, only their first-stage treatment needs to

be evaluated and optimized. With this assumption, for MRL, we solve the modified empirical problem

+H1111 zlfl( 1)), (A f2(Hi2)))
nz (Ai1|Hi1)p(Aio| Hio)

~_min(y (a1 f1(Hn)), (a2 fo(Hiz)))
T Z Z O; p(Ai1|Hi1)p(Aiz|Hi2)

max
(f1,f2)€G1 xGo2

1€h ate{fl,l},at;ﬁAit

+ = ZOM ﬂleﬂ Z > O; (?I{I!H ZAntHftHgt?
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where I; and I5 denote the set of patients who entered the intensification study and maintenance study,
respectively. For Q-learning and O-learning, in stage 2, only patients who entered the intensification study
are used for estimation. In the first stage, we use all patients for estimation but update the outcomes by their
estimated Q-functions for Q-learning, or inverse probability estimator YZ-]I(AZQ]?Q (Hi2) > 0)/p(Aie|H;2) for
the patients from the intensification study when applying O-learning.

To estimate the optimal decision rules, we extract 20 relevant feature variables as the baseline variables
H,. These variables include baseline HbA1c level, heart rate, systolic/diastolic blood pressure, body weight,
body height, BMI, and 7 points self-monitored blood glucose measured at week 0, and demographic variables
including patient’s age, gender, along with the duration of T2D and 3 indicator variables of whether patients
were receiving oral antihyperglycemic agent of metformin, thiazolidinedione, or sulfonylureas. The second
stage feature variables Hs include all variables in H, as well as the patient’s stage 1 treatment assignment,
heart rate, systolic/diastolic blood pressures, HbAlc, body weight, body height, BMI and the same 7 points
self-monitored blood glucose measured at the beginning of phase 2 study (24 weeks). All covariates are
normalized to have mean zero and variance one.

Our analysis includes 573 patients from the intensification study and 771 patients from the maintenance
study. To reduce the impact due to sampling variability, we repeatedly sample 30% of patients as training
data and use the remaining 70% of data as testing data to evaluate the performance of estimated rules.
The population average BMI change is approximately 1.5, and we repeat the analysis with 7 from 1.5 to
1.65, increased by 0.05. We still implement both OWL and AOWL for O-learning, and the tuning grid of
(nA1, nA2) for O-learning and MRL is chosen to be the same as used in the simulation study but exclude the
pairs when max(\1, o)/ min(Aq, A2) > 4, with = 10~ and € = 1073, Preliminary exploratory analyses
indicate that the optimal decision function is highly nonlinear, and hence we use the Gaussian kernel and
select the bandwidth also similar to the simulation studies. For each risk constraint, we repeat the analysis
100 times using MRL, OWL, AOWL, and Q-learning. For comparison, we also conduct MRL and set the risk
constraint to be infinite to estimate the globally optimal decision rules with no risk control.

The estimated reward and risk on testing data are reported in Table 3.2. From the results, we first
note that when no constraint is imposed, the unconstrained estimated optimal treatment rules will yield an
overall increment of BMI approximately equal to 1.75 with a gain of 1.70% HbA1c reduction over 48 weeks
period, which is close to the expected BMI increment and HbA 1c¢ reduction induced by the most aggressive

LMx2-MMx3 rules among all four one-size-fits-all rules shown in Table 3.3. In contrast, when the risk
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Percentage of Percentage of

T Method BMI Increment HbAlc Reduction Efficacy Ratio LMx2 LMx2/MMx3
during Phase I~ during Phase II
MRL 1.508(0.190) 1.589(0.089) 0.516(0.118) 0.1 100.0
150 OWL 1.493(0.082) 1.555(0.057) 0.482(0.177) 38.2 74.2
AOWL 1.516(0.080) 1.585(0.064) 0.450(0.130) 535 85.5
Q-learning 1.556(0.097) 1.583(0.057) 0.428(0.113) 64.3 64.2
MRL 1.541(0.187) 1.609(0.081) 0.547(0.150) 24.6 100.0
155 OWL 1.491(0.083) 1.563(0.053) 0.482(0.164) 36.0 81.7
AOWL 1.536(0.074) 1.593(0.058) 0.471(0.168) 55.7 88.1
Q-learning 1.568(0.097) 1.584(0.046) 0.428(0.104) 69.3 86.1
MRL 1.615(0.139) 1.609(0.079) 0.527(0.115) 99.8 100.0
1.60 OWL 1.506(0.082) 1.561(0.051) 0.482(0.168) 37.3 79.9
AOWL 1.567(0.086) 1.596(0.049) 0.466(0.114) 65.8 93.9
Q-learning 1.580(0.102) 1.585(0.055) 0.436(0.103) 72.9 68.8
MRL 1.622(0.140) 1.614(0.086) 0.502(0.125) 99.8 100.0
165 OWL 1.512(0.084) 1.556(0.056) 0.455(0.150) 45.0 83.2
AOWL 1.552(0.088) 1.589(0.058) 0.455(0.165) 61.6 86.4
Q-learning 1.594(0.092) 1.592(0.056) 0.423(0.104) 75.4 70.9
00 Unconstrained  1.746(0.056) 1.694(0.056) 0.501(0.065) 100.0 100.0

Table 3.2: Analysis results for the DURABLE study. Results are reported in median(dev) format as the
simulation study. BMI, HbAlc, and efficacy ratio are estimated on repeatedly sampled testing data. Efficacy
ratios are calculated using G-BBT as reference rules. The percentage of LMx2 during phase I is the proportion
of patients recommended with LMx2 treatment as initial treatment. The percentage of LMx2/MMx3 during
phase II is the proportion of patients recommended with LMx2/MMx3 as second phase intensification
treatment when failed to reach HbAlc < 7.0%. Treatment recommendation is estimated for all patients using
maximum voting based on 100 repeated analyses.

constraint is imposed, the expected increment of BMI can decrease from 1.60 to roughly 1.50, which is
significantly lower than the unconstrained expected BMI increment at the price of a smaller HbA1c reduction
decreasing from 1.61% to roughly 1.56%. Comparing four different methods, both MRL, OWL, AOWL,
and Q-learning can yield treatment rules with an expected BMI increment below or close to the prespecified
constraint under different choices of 7. However, in terms of beneficial reward, MRL can always lead to an
equal or higher HbAlc reduction than OWL, AOWL, and Q-learning under all choices of 7. The results
indicate that all four proposed methods will still successfully yield treatment rules that meet the risk restriction
in real data application, and MRL tends to have top performance with both ideal control over risk and higher
gain in beneficial reward compared to OWL, AOWL, and Q-learning.

We also evaluate the capability of balancing the benefit-risk via efficacy ratio against the standard

treatment rules. According to Table 3.3, assigning all patients with insulin glargine as the initial treatment and
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Table 3.3: Mean HbAlc reduction/BMI increment at week 48 under 4 one-size-fits-all treatment rules.
Efficacy ratios are calculated using G-BBT as reference rules.

Treatment Rules Mean BMI Increment Mean HbA1c Reduction Efficacy Ratio

LMx2-MMx3 1.738 1.699 0.519

LMx2-BBT 1.683 1.640 0.456

G-LMx2 1.437 1.563 0.610

G-BBT 1.205 1.422 Ref
7Treatment recommendation against HbAlc/Age VTreatmem recommendation against HbAlc/BMI

30 40 50 60 70 80 20 30 40 50
Age BMI

Treatment Glargine e Lispro Treatment Glargine  ®  Lispro

Figure 3.2: Scatter plot of baseline HbAlc against age or baseline BMI. The color indicates the treatment
recommendation estimated from MRL given 7 = 1.55. The linear decision boundary is calculated using
logistic regression.

reassigning patients who fail to reach HbAlc 7% with BBT (G-BBT) yields the lowest risk with an average
increment of BMI equal to 1.20 and HbA 1c reduction equal to 1.42%. When G-BBT is selected to be the
standard treatment, the results in Table 3.2 show that MRL still achieves an overall higher efficacy ratio than
OWL, AOWL, and Q-learning. Moreover, MRL can yield treatment rules with an efficacy ratio close to or
higher than the unconstrained optimal rules for all 7. This demonstrates that considering risk impact can also
lead to a better treatment regimen design with more efficient benefit-risk balancing in DURABLE, and MRL
tends to have better performance compared with OWL, AOWL, and Q-learning.

The proportion of patients recommended to each treatment arm by MRL is displayed in Table 3.2. MRL
recommends almost all patients to G-LMx2 rules when the risk constraint is 7 = 1.50 and almost all patients
to LMx2-MMx3 when the risk constraint is above 1.60. When 7 = 1.55, the treatment rules estimated
from MRL will recommend LMx2-MMx3 to 24.6% of patients and G-LMx2 to the remaining patients.
We show the treatment recommendation distribution in Figure 3.2, which suggests that younger and more

overweight patients with lower baseline HbA 1c are more likely to be recommended with the less intensive
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insulin glargine therapy as the initial treatment. Younger patients with lower HbAlc levels are in better
health conditions, and thus less intensive insulin therapy is preferable following the general T2D management
guidance. Moreover, clinical studies suggest that obesity is associated with insulin resistance (Saha and
Schwarz, 2017), and additional exogenous insulin will cause increased weight gain among T2D patients with
insulin resistance (McFarlane, 2009). Therefore, patients with higher BMI are more likely to be resistant to
insulin and should be treated with less intensive insulin therapy to reduce the risk of weight gain unless the
patient’s HbAlc level is high. Figure 3.2 indicates that the treatment rules learned from MRL are consistent
with clinical evidence and practices. These results suggest that our proposed method is capable of learning
treatment rules that are clinically meaningful in practice while meeting the risk constraint in a real-world

application.

3.6 Discussion

In this chapter, we proposed a general estimation procedure to solve the CBR problem where the goal is
to find optimal treatment rules that maximize the cumulative reward, but the induced risk is no more than a
pre-specified threshold. Our approach converts constrained optimization into solving a series of unconstrained
optimization problems. Consequently, the proposed procedure can be easily implemented using many existing
standard DTR methods or using the proposed simultaneous algorithm. Simulation studies and the real data
example indicated that either using MRL, O-learning, or Q-learning along with the proposed procedure would
yield well-performed DTRs with the risk being controlled under or close to the risk constraint.

The proposed MRL can be used to solve unconstrained DTRs problems. The key advantage of MRL
is that it estimates the DTRs jointly without distinguishing early stages from later stages. This special
property would allow one to impose a joint structure on stagewise decision rules to conduct simultaneous
variable selection across all stages, which is not feasible using backward Q-learning or O-learning. From the
computational perspective, the DC algorithm may be inefficient with a large sample size or a large number
of stages. Possible improvement can be to use coordinate descent along with stochastic gradient descent to
reduce the computation cost of each DC iteration or to consider a more smooth approximation to the objective
functions so that quasi-Newton’s methods are applicable.

In some applications, more than one adverse event needs to be controlled in the long run, and CBR can

be generalized to handle multiple risk constraints. In addition, CBR can be extended to solve combined
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short-term stagewise risk control along with cumulative risk control in DTRs. However, for the case with
multiple constraints, further development is needed to address the computational challenges. The proposed
method can also be extended to consider multicategory or even continuous treatments (Laber et al., 2018).
Although we focused on clinical trials, our method is applicable to analyze observational studies
except that the treatment assignment probabilities, i.e., propensity scores, must be estimated from the data.
Theoretically, when the propensity scores are estimated via parametric models, following the same arguments
in Chen, Zeng and Wang (2021), the extra error due to this estimation, which is of order O(nfé ), should not
affect the error bounds given in our results. Finally, when the positivity assumption is a concern, especially for
observational studies, some existing techniques such as pessimistic learning (Fu et al., 2022; Zhou et al., 2023)

can be incorporated into our framework to learn suboptimal DTRs by working on pessimistic Q-functions.

3.7 Details of the DC algorithm for solving MRL

The complete algorithm for solving the CBR problem via bisection is presented as Algorithm 2. To solve

MRL, we consider the equivalent minimization problem

- chtnft”gt ZO min (v ufl(lgn)),~--,1/J(AinT(Hz'T)))
(f1,eenfT)EGL XX G [T p(Ai| Hit)

min( ’fl( 1)1), - (| fr(Hir)l))
O .
z;:— [T, p(Ai| Hit)

where we let C), ; = n\, ; in this section, and I~ denotes the indices of subjects whose response variable is

negative, i.e., {i : O; < 0}. Original expression (6) can be recovered by adding and subtracting the term

72 - min((Ainfr(Hi)), ... p(Air fr(Hir)))
[T p(Au|Hi)

The derivation is based on utilizing the decomposition property

min(¢(z1), ..., ¥ (xr)) = min(zy, ..., z7r, 1) — min(zy, ..., 27, 0)
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Algorithm 2 General Algorithm for Solving CBR Problem

Input: Training data (Y, R, Hy, ..., Hr), risk constraint 7 and termination condition e.

Start with yax = 0 and 7,,,;, = 1, and solve the unconstrained problem

[1,_, (A, = Dy(H,))
InaxE 1—-—9)Y —-~R
[{( Y R T ) }

for Y = Ymin and Y = Ymax-

Let DX denote the solution associated with Yuin /Ymax respectively, we define

Ymin / max

)

T, E{ Ht 1 104 Zk'ymx(Ht))}
7o)

_ Ht 1 [(Ar = Dy, (H1))
Tmin = E|R .
Ht 1p(At|Ht)
if 7 > 71,.« then return Di‘/mx
else
while [ymax — Ymin| > € do
Set v = %(’Ymin + Ymax) and solve the unconstrained problem associated with new

Obtain the current risk

I1,_; I(A; = D} (H,)) .
I 1P(At|Ht)

Toow = E|R

if Thow < 7 then update Yy, by ¥
else update y,ax by 7.
end if
end while
end if

Output: Return D7 - as the solution under risk constraint 7.

and noticing that

—min(Y([f1(H)]), -, O (|fr(Hr)]))

=max(—|fi(H1)|, ... =|fr(Hr)|, =1) — max(=|fi(H1)], ..., =[fr(H7)|,0)
:max(_‘fl(Hl)”“'ﬂ_|fT(HT)|7_1)
T
=max(D _[fi(Hy)l, . Y |fe(Hy)l, Z’ft H))| = 1) = > [ fi(Hy)
£1 7 =1

99



Two equations above imply that the objective function can be written as the difference of two convex functions

§1 — §2 where

n

§1 = Z ‘Oz’ max(—Aﬂfl (Hil); ooy —AinT(HiT)a _di)

i=1
—1—20 maxZ]ft it) Z’ft zt‘z‘ft Hiy)| —1)
1< 1#1 t#T

T
+ > Cogllfill3,,
=1

5 :Z |Oi| max(— A f1(Hi1), .., —Air fr(Hir ), —(1 — d;))
=1

+ZO Z\ft it)|-

icel— t=1

where d; = 1{O; > 0}. Assuming that {G;}._, are RKHS, given initial coefficients {BEO)}thl and
intercepts {B(()(t))}thl, one can use standard DC algorithm to solve the optimization problem where we

update ( BESH), ((ﬁﬂ), ey éf +1), (()STH) ) sequentially via solving the optimization problem

arg min Zcmﬁt KB + Zcmﬁm + S1(B1, Bor, ---» Br, Bor)
B1,801;---.B1,0r 1

65 s s s
_Z 2 61 )76(()1)>' ©y T 35 )(Bt_ﬁt( ))

S,
_2352@1 B B BED (Bor = G-

Here, we add additional term Z?:l Ch i Bgt to avoid determining optimal Sy through exhausted search and
speed up the estimation. K denotes the kernel matrix of stage ¢ where the (7, j) entry is equal to (H;;, Hjt)

and 852 denotes the subgradients of Sy W.L.L. 5.

To avoid involving subgradients and further improve the numerical performance, we adopt the smooth

approximation technique from Nesterov (2005) and consider the smooth approximation function

l(x1,...,xx) = plog < Z;f)
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to replace non-smooth function max (i, ...,xx). When p is sufficient small, [ is a good differentiable
approximation of max(z1, ..., ¢ ). Simulation shows that 4 = 1072 is sufficiently small and we recommend
using ;1 = 107® in MRL. By introducing the smooth approximation function [, we can replace S, by

differentiable function

n T

_ 1 .

Sy = E :\Oi!ulog < E e~ Awfe(Hie)/w |~ i 1 (1—dz)/ﬂ)
=1

t:1

LY or Zl“og < (H) 2e—fz( m/u)

iel—

By introducing slack variables &;, 1;, ws, the optimization is equivalent to

min chtﬁt Ktﬁt—l-zcntBOt“‘Z’O & + Z O; ni

Bt,Bot,&imi wit

el—
aS S S S S
—Z 285,857, s B BE (B — B
oS s) (s $) (s s 3.12
—Z 2 (817 B8 B B B — B7). ©-12)

subject to & > —Au(KitBy + Bor), & = —diy mi > ) wis, Wi > szt -1, V{i,t},
s#t
wit > — (KB + Por), wir > Kubr + Por, Viel andte {l,..,T}.

Here, K;; denotes the i-th row of kernel matrix K. The Lagrange function of (3.12) is given by

L(uztyuuvztavz; it zt ZCn tﬁfKtﬂT + ZCn tﬁ(]t + Z ’O ‘gz + Z O i

iel-
+ZZ 104l At (Kt Br + Bot) +ZZC O; (Kt + Bot)
i=1 t=1 iel— t=1
n T n
- Z Zuit(fi + Ait (KBt + Bot)) — Z ui(& + d;)
i=1 t=1 i=1
T
—szzt szs —Z z‘m—Zwit—i—l)
iel— t=1 s#t €l- t=1
T
- Z Zln wit + KB + Bot) — Z Zlft (wit — KitBe — Bot),
icl— t=1 icl— t=1
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where
o~ Ai (KB +65)) /1

oy =
it s) 4 5(s) ’
§ =1 e~ 1t ztﬁ +/B )/ru + 67(17di)/l"

(3.13)

o~ (KB +85)) _ (KB 485

Ci(s)
& e(Knﬁ(s> B 1 e (KuB+65)

(3.14)

Taking derivatives w.r.t. &;, n; and w;; and setting the derivatives equal to O, we can obtain

T
0] = wig — u; =0,
=1

T
=) v —v; =0,
=1

—l;—li_tJeritJrvi:O.
sF#t

The equations above yield

T
wi =0 =),
=1

vie =0 — 1 — 1,

T
= (U +13) — (T -1)0; .
t=1

Plugging in u;, v;; and v; back to L and taking derivatives w.r.t. 3; and [y, yields

B = ——[AUs = WC) + I (L — Ly =W~ C; ™))

[1,4:(U; = WCP) + 1, (L — Ly —W—C; @),
t

Here, 1,, and Ilﬁf) denote the one vector of length n and size of I ~, I, denote the submatrix of identical matrix
I,, where only columns within index set I~ are kept, W = diag{|0;|}, W~ = diag{O-*} A, = diag{A4;},
U = {ur o}, L = U5V Ly = U)o, OF = {f)) .7, o7 = {0, )T
defined in (3.13) and (3.14).

ZEI*
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Plug in the expression of 3; and [y back to L and include the constraints u;; > 0, wu; > 0, vy > 0,

; > 0, l+ > 0, l;; > 0, we can obtain that the dual problem of (3.12) is given by

T
min Z {AtWC SrerwoorW AU - L+ I L ] K
U, L Ly =1

: {Atwcﬁ + I woCY - AU - I L+ InLt_]
T T
+> Cnt []lnAtWC’t(s) v, WY -1, AU, — 1, L + nnL;]

: {MAMCF) +1, WY -1, AU, -1, L + nnL;]

—ZZuztd + ZZ C+17)

i=1 t=1 icl— t=1

T
subject to Y iy < [Oil, uiy >0, Vi, t}
t=1
T

G+ <07, Y (4 +1;) > (T -1)0;,
t=1

>0, 1;>0 Viel ,te{l,..,T},
or equivalently

T
min Z [ we + w7 - AU, - I7Lf + 1Ly } (K +171,)
U, Lf Ly

: [Atwct(s) YWY - AU - I L + I;L;]

T

S e+ 330 )

=1 t=1 iel— t=1

T
subject to Zu“ <|0il, wiy >0, V{i,t}

T
I+ <05, Z(l; +1;)> (T -1)0;,
t=1

iy 20, I7 20, Yiel  te{l,.,T}

The last optimization is a standard quadratic optimization and can be efficiently solved using the standard

method such ADMM solver (Stellato et al., 2020).
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3.8 Proof of Lemma 3.1 and Lemma 3.2

3.8.1 Proof of Lemma 3.1

We first verify that 23(y) and 9)(+y) are non-increasing functions for v € [0, 1]. By definition, for any -,

and 2 we have

1., 1(A, = Df, <Ht>>}

[T, I(A; = D}, <Ht>>]
Hthl p(A¢|Hy)

E {{“ mY =B 17, p(AdlHy)

> E {{(1 -1)Y — R}

and

[T, 1(A = D}, <Ht>>]

E [{(1 R =

T J— *
> 5[(( -y -y it = P ()]

HtT:1 p(A¢| Hy)

By reorganizing and adding the two inequalities above, we have

(1 =7 () —D(2)

- ([l ] - sl g )

(3.15)
[T, I(A; = Df, (Hy)) B [1_, I(A; = D}, (H))
= <E [R Hle p(A¢|Hy) ] E[R Hthl p(Ai|Hy) })
=71 (R(m) — R(12))
and
(1=72)D(n) —D(12))
[1,_, (A, = D}, (H)) [1,_, (A, = D}, (H))

—(1- Y ’ ~E|Y ’

Rl U v B v ) 1o

(A i)t

=72(R(11) — R(2))-

Hence, suppose that y; < 72 and (1) < R(72), then by combining (3.15) and (3.16) we can obtain

i > 72
I—m " 1=
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and consequently ; > -2, which is a contradiction. Therefore, we must have R(y2) < 9(~;) for any
71 < 2. By exactly the same argument, we can also show that 2)(y2) < (1) for any 71 < 2. Hence, we
have shown that both 23(~y) and 2)(y) are non-increasing functions of ~.

We now complete the proof of Lemma 3.1. Suppose that R(y*) = 7 and let D = (Dy,...,Dr) be

arbitrary decision rules such that

EFHﬁJthﬂ&mq<ﬂ
HtT:1 p(At|Hy) -

then it is sufficient to verify that one must have

EP =1 141 = Di(Hy)

HLMM%)}S@W)

We prove the result by contradiction. Suppose that

[ HtT1H(At Dy(Hy))

[T, p(Ad He) } > D), (3.17)

then we consider two possible cases:

Case 1: Suppose that

Eh =1 (A = D)
[Ti=1 p(A¢|Hy)

then Assumption 3.4 implies that v* < 1 since 7 is assumed to be greater than 93(1) and we have

] =R(y") =7,

0<(1—9% (E [Y Hf(f; Aj)]t{th ] 0 )
T T —
=(u—fWPJLﬁ?ﬁAﬁyﬂ] S Cvavrrol)

(oo el )

which implies that D should be the optimal solution of unconstrained problem (3) associated with multiplier

7" and is contradictory to the definition of D..
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Case 2: Suppose that

pllim LA = Di(Hy))

A1) < E[ HtT:1 p(A¢| Hy)

} =7 <17=%R("),

then by the continuity and non-increasing property of S3(~y) and recall that 93(1) < 7, we can always find

such that (/) = 7’ for some v* < 4" < 1. Hence, by definition we have

o=(e-mep el )
(e TR ol S5
=(1 _7*)<E [YHfZHI(TAtp:(ADﬁ;I,SHt))] _E[Y %—IITE(A;(ZT;?O)D
;lr[,?’ltH(Attht»D o
[T p(AdH) 1)

=(1-7") <@(7’) - E{

which implies that

5 [Y [T [(Ar = Dy(Hy))
Hthl p(A:|Hy)

On the other hand, the non-increasing property of 2)(+) indicates that 9)(7') < 2)(7*) and, hence, we have

} <Y9().

E[Y =1 1(As = Di(H,))

7, p(Ad ) } <907,

which is contradictory to the assumption (3.17).

Hence, combine Case 1 and Case 2 and we obtain that

5 [Y [, I(Ar = Dy(Hy))

17, p(Ad ) } =390r)

holds for any decision rules D such that

E{R ?_1H<At=Dt<Ht>>]<
HtT:1p(At\Ht) -

which indicates that D:* is one of the optimal solutions of (3.1) under risk constraint 7.
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3.8.2 Proof of Lemma 3.2

First note that for arbitrary weight O, by adding an additional term E[O~/ Hthl p(A¢|Hy)] which is

independent of the choice of decision functions { ft}le, one can notice that the optimization problem

arg max

B [O th1 I(As fie(Hy) > O)]
(f1,-fr)EFLX X Fr

HtT:1 p(A¢| Hy)

is equivalent to maximizing

E[OHZl I(A fe(Hy) > 0)} n E[ O~ ]
[Ti—1 p(AiHy) [Ti p(AdlHy)
(A fo(Hy) > 0) _TI Wau fi(Hy) > 0)
—=F O+ t=1 E o) t=1
|: Hthl p(A¢|Hy) :| i Lte{_L%:}, ar# Ay Hle p(A¢|Hy)

where now both O and O~ are non-negative random variables. Hence, it is sufficient to prove Lemma 3.2
for non-negative weight O.

From now on, we assume that O > 0 and let

(ff,- f7) € arg max

E[Omin(¢(A1f1(H1)), ...,w(ATfT(HT)))} .
(f1yeerfT)EFL XX F

HtT:1 p(A¢|Hy)

and

(g7, g7) € argmax

E [O HtT=1 I( A fe(Hy) > 0)}
(f1yeefT)EFL XX Fp

Hle p(At| Hy)
denote arbitrary optimal decision rules of MRL and the original problem for an arbitrary non-negative
response variable O. Our goal is to show that (sign(f}), ..., sign(77)) is one of the choices for (g7, ..., g7).

To prove this, by conditioning on Hr the conditional objective function of (3.18) is equal to

m min( (A1 f1(H1)), ~-a¢(ATfT(HT)))‘HT}

_ min(e, (| fr(Hr)|))1(f7(Hr) > 0)
[T p(AHy)

n min(c, ¢ (| fr(Hr)))I(fr(Hr) <0)
[T p(Ad| He)

E[O|Hr, Ar = 1] (3.19)

E[O|Hp, Ap = —1],
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where

c =min(Y (A1 f1(H1)), -, Y(Ar-1 fr-1(Hr-1))).

Note that the weight term min(c, ¢ (| fr(Hr)|)) in (3.19) is non-negative and is maximized for any fr(-)
such that | f7(Hr)| > 1 due to the definition of ¢(-). Thus, in the interval where f7(Hr) > 0, the above
term has the maximum value min(c, ¢ (1))E[O|Hr, Ar = 1]/ HtT:? p(A¢|H;) which is attained for any
fr(Hr) > 1; in the interval where fr(Hr) < 0, the maximum value is min(c, (1)) E[O|Hr, Ar =
-1}/ Hf:_ll p(A¢|Hy) and it is attained for any fr(Hp) < —1. Comparing these two values, we conclude

that f7.(Hr) can be any function taking form w(Hr)sign(E[O|Hr, Ar = 1] — E[O|Hr, A7 = —1]) where

w(Hr) > 1.0n the other hand, according to Zhao et al. (2015) function {g; }_; should satisfy
sign(g; (Hy)) = sign(E[Uf (Hepr )| Hy, Ay = 1] — E[Uy (Heg)|Hy, Ay = —1])

almost surely, where

vr i) = B[ o et 1A (H:) > 0) ‘ H]

szt p(As|Hs)
with U7, = O. Immediately, we have sign(g7.(Hr)) = sign(f7(Hr)), which indicates that f7. is a Fisher
consistent estimator of g7.

By plugging f7 into (3.18), we can verify that (f7, ..., f7_;) should maximize

5[ omin((ALf (Hy)). ...,w(AT_lfT_l(HT_l)),w(ATf%(HT)D}
T
L thl p(At|Ht)
_g|plotAr/z(Hr) > 0) } min(y(Arfi(H1)), -, Y(Ar—1fr—1(Hr-1)), 1)]
p(Ar|Hr) ’ [T/ p(AdHy)
min(¢(A1f1(H1>), ~--77/1(AT1fT1(HT1)))]
[T/ p(A|Hy)

=F|Uy(Hr)
and the last inequality holds since ¥(-) < 1. Repeating the same argument for 7" — 1, we can also show that

sign(fr—1(Hr-1))

=sign(E[Ur(Hr)|Hr-1, Ar—1 = 1] — E[Up(Hr)|H1-1, AT—1 = —1])

=sign(g7_1(Hr-1))
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and (f7, ..., f;_,) should maximize

ploRnW A (), ---,w(AT-lf%_AHT_l)),w<ATf;<HT>>>}
[T= p(Ad|Hy)

I(Ar f7(Hr) > 0)I(Ar_1f7_1(Hr—1) > 0)

p(Ar|Hr)p(Ar—1|Hr_1)

min(y(Ay f1(Hy)), -~-71/)(AT—2fT—2(HT—2)))]'

HtT:_12 p(At |Ht)

=E|E|O

Hy 1} min(yY(Ay f1(H1)), -, Y(Ar—2 fr—2(Hr-2)))
) ITi2) p(AdlHy)

=E|Ur_(Hr-1)
(3.20)

The first equality in (3.20) holds since previous arguments indicate that | f.(H7)| > 1and | f_(Hp—1)| > 1

almost surely, which implies that

) i . 1, if ATflfj*w_l(HTfl) >0& ATfj*«(HT) >0
min(¢Y(Ar_1 fr_1(Hr-1)), ¥ (Ar f7(Hr))) = ;
O, if AT—lf;ﬂ,l(HT—l) < Oor ATf’;"(HT) <0

and consequently,

min(¢ (A1 f1(H1))s s Y(Ar—2 fr—2(Hr—2)), Y(Ar—1 fr_1 (Hr-1)), ¥ (A7 f7(HT)))

=I(Ar—1f7_1(Hr-1) > O)I(Ar f7(Hr) > 0) min(¢ (A f1(H1)), ... Y (Ar—2 fr—2(Hr-2))),
The proof is completed by repeating the argument from 7" — 2 to 1.

3.9 Proof of Theorem 3.1 and Theorem 3.2

We aim to prove Theorem 3.1 and Theorem 3.2 in this section. The structure is organized as follows: in
section Section 3.9.1, we prove a general preliminary lemma which will be used to derive the non-asymptotic
rates in Theorem 3.1 and Theorem 3.2. We then complete the proof of Theorem 3.1 and state the propositions
and lemmas used in the proof in Section 3.9.2. The proof of Theorem 3.2 is given in Section 3.9.3 along
with additional lemmas used to complete the proof. The proof relies on the covering number property

Proposition 2.1 stated in Section 2.9.
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3.9.1 Proof of a general lemma

We start with proving a general lemma for establishing the non-asymptotic convergence in Theorem 3.1
and Theorem 3.2. Recall that we use {(g7 ., ---» 97,) },e[0,1] to denote the true optimal decision functions of
unconstrained DTRs problem with response variable O, = (1 — 7)Y — yR. Lemma 3.1 indicates that the

true optimal decisions functions of a CBR problem under risk constraint 7 are given by

(975 97) = (G170 9T9)-

Let {(]?177, e fT,'y)}ve[O,l] be arbitrary estimators of {(g7 ..., 9}77)}76[071} and let 7 denote an arbitrary
estimator of true multiplier v*. Given constants 0 < a,, 0 < b, and ¢ € (0,1), for arbitrary §; > 0 and

d2 > 0 we consider following three conditions:

(C1) sup

~v€[0,1]

(C2) 'E|:RHtT—1 ]I(At,ff,,a(H,,)>0):| .

tT=1P(At|Ht) ?:1 p(A¢|Hy)

i T ®
E[{(l )Y — Ry H(Atft‘ﬂ,(Ht)>O):| _E {{(1 )y —ry T H(Atgm(Ht)>o)} ’ <an 45

T p(AcH,) < bp + 02

(C3)) y<1-¢.
The main result of this section is stated as Lemma 3.3 below:

Lemma 3.3 Suppose that there exist 0 < a,, 0 < by, and ¢ € (0,1) such that conditions (C1)-(C3) hold

with probability at least 1 — ce™¢ min(é%’(sg)”for any sufficient small 61 > 0 and d2 > 0. Then, we also have

T T T «
[y ll=s H;Atft”(ﬂt) ~ 0)} >E [YHtl HT(Atgt (He) >0)] _ Nt bt 646 (321
[Ti=1 p(Ae|He) [Ti=1 p(Ae|Hy) ¢

. e _ ¢/ min(82.62 . ..
holds with probability at least 1 — ce ¢ min(3.05)n  Here ¢ and ¢ are two arbitrary positive constants that

do not depend on sample size n.

Remark: Note that condition (C2) characterizes the expected adverse risk under the estimated decision
functions against risk constraint 7, which provides an upper bound of the expected risk. Lemma 3.3 indicates
that if in addition the estimation of each unconstrained DTRs problem w.r.t. response variable O, can be
uniformly good for any « € [0, 1] and the estimated multiplier 7 is guaranteed to be bounded away from 1,

i.e. conditions (C1) and (C3) also hold, then the characterization of the expected adverse risk will also ensure
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that the beneficial reward under this estimated rules will not be significantly lower than the optimal expected
reward. In the proof of Theorem 3.1 and Theorem 3.2, we will verify that conditions (C2) and (C3) can be
obtained from condition (C1) under Assumption 3.6 and Assumption 3.7. Hence, the establishment of the
non-asymptotic convergence rates consists of first establishing the uniform concentration inequality (C1) and

then verifying conditions (C2) and (C3).

Proof: Condition (C1) implies that

~ ~ T: H(AtﬁA(Ht) > 0)
_ _ t=1 Y
E{{(l WY IR ) ]

[Ti=: I(Avg5(H) > 0)

Hthl p(At|Ht)

> El{0 -3y -3m) |-an-s:

—c’ min(6%,62)n

with probability at least 1 — ce . Moreover, by the definition of (gf77 e g;’ 7) we also have

[T I(Ag; = (Hy) > o>]

o1 L(Argi (H) > 0)} |
Hle p(Ai|Hy)

Blia-5y -3 R O L s
t=1 t|24t

Hence, the two inequalities above imply that

[T (A o5 (Hy) > 0) [T I Ag; (Hy) > 0)
1—-")E|Y —(1—-")E|Y
( 7) [ HtT:1 p(At\Ht) ] ( 7) { Hthl P(At|Ht) ]
T (A5 (H) > 00 [TIE, T( Ay (Hy) > 0)
FlR — 5K —a, — 90 3.22
= [ H?:l P(At|Ht) } ! [ Hf:l p(At\Ht) ] ' ( )

AT )

Note that condition (C2) indicates that (3.22) is further lower bounded by —(a,, + b, + 61 + d2) with

probability at least 1 — ce=¢ min(31.35)n_ Since 7 < 1 —¢, by dividing 1 — 4 from both side of (3.22) we have

T N T *
E [Y i H;Atftﬁ(Ht) ~ 0)} >E [Y =1 HT(Atgt () > 0)} — Lan + bo+ 61+ 62),
[ L= p(A:|Hy) [Ti=1 p(Ae|Hy) ¢

hold with probability at least 1 — ce™¢ min(83.85)n which completes the proof of lemma. g
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3.9.2 Proof of Theorem 3.1

We complete the proof of Theorem 3.1 in this section. Throughout Section 3.9.2, we let

T
:; (1- tcl (\/» 7(1115 Vt/2)(l+9t)dt/2>\ I/t/4+)\nto_ +o Oltdt>

€0 = T2l Z s (lt vi/2)(1+61)de /2 y — Izé/46*l'£/2
n f n n, n .

The proof is completed by verifying (C1) to (C3).

Step 1 - verify condition (C1): Let

T
R IR

and

[Tees 1 (A, f5(Hy) > 0)
Hs:tp(ASIHS)

Then following the same proof of Theorem 3.4 in Zhao et al. (2012) and Theorem 3.4 in Zhao et al. (2015),

Voilfos o frin) = —E [{(1 )Y R ¢><Atft<Ht>>} |

under Assumption 3.5 it can be shown that both

0 SVt(gZ‘w s 973 Y) = Vilftys s fT457)

< ch (=) Cru <f 7(7,1t Vt/Q)(H@t)dt/Q/\ V’/4 + )\ntG + U_atdt> +0 (3:23)

<en, +0

0 SVm(gIW s 9773 Y) = Voiferys - frai7)

<ch (t—s) Ol (\/~ 7(th l/t/2)(l+9t)dt/2)\ Vt/4+Ant0' t+aatdt> +5 (324)

<éen+ 0

holds with probability for at least 1 — >7_, e~ forany § > 0, € [0,1] and ¢ € {1, ..., T}, where ¢} is
a positive constant which depend on (4, 6, d;, M, ¢1) and are independent of n for t=1,...,T.

Remark: Liu et al. (2018) shows that using AOWL to estimate an unconstrained optimal DTRs problem

112



will lead to the same non-asymptotic errors as OWL obtained in (3.23) and (3.24). Hence, the proof of OWL
and AOWL can follow exactly the same proof scheme which leads to the same error bounds as stated in
Theorem 3.1.

In particular, when ¢ = 1 we can obtain that for any 6 > 0,y € [0,1] andt =1, ..., T,

0 gvl(gi'w "'79);“,7;7) - Vl(fl,'y» ceey fT,’y; 7)

V(A fiy (H) > 0)
H?:l p(At‘Ht)

:'E{ (1 )Y — vy = [T L(Acgi, (Hy) > oq ‘

} - E[{(l SO R )

<én + 0

holds with probability for at least 1 — Zthl e~“9"n which indicates that condition (C1) holds by choosing

an = €, and 61 = 4.

Step 2 - verify condition (C2): To verify (C2), following the proof of Theorem 3.4 in Zhao et al. (2012) one

can also show that jA’tﬁ € Bg,(M cfl)\;;/ 2) and Lemma 3.4 given at the end of this section implies that

min(y(Ay fr5(H1) /1), oo, (A7 fr5 (Hr) /7))
[T p(A|Hy)

'E[R ] —7" <§5+&, (3.25)

holds with probability at least 1 — e~ M2 where &, 1s the term defined in (3.41) which depends on
the shifting parameter 7.

One the other hand, let

~ Fua(Hy), if | fo5 (Hy) <1
Qtﬁ(Ht) =

sign(fis(He)), if | frs(Hy)| > 1,

which is equal to ftﬁ truncated at =1 for ¢t = 1, ..., T". Using the definition of the hinge loss function and,
without loss of generality, assuming that (1 — 7)Y — 4R are non-negative, which can always be achieved
via simply adding constant M to the response variable or using the augmentation, we can obtain that the

surrogate regret under 7y = 7 up to stage ¢ satisfies
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Voi(i5r 9753 %) = Vorfias o fri?)
Zv(z),t(g;fkﬁ7 seey g:]k”fy‘v 3) - Vd),t(/g\t,/’% ﬁJrl,:y\? Sz} fT,;y\; 5/\)
[ [Temsi1 I(Asg 5 (Hs) > 0) ]
= F 1_AY_AR S 579 A *AH
_{( 7)Y —yR} [T p( Ao P(Arg5( t))_
[ ITivi MAgs5(H) >0) ' (3.26)
+E|{(1-73)Y -3R z ¢(Aigi7(Hy))
=7 T ) Rl
[ Hsttﬂ I(Asg; 5(Hs) > 0) |
—E{1-3)Y —3R al d(Arge7(Hy))
_{( ) } HS tp(A ‘H) tIt,y\ L1t ]
+ E{(1-7)Y —3R . d(Asges(Hy)) |
_{( ) } l_[sTtp( s!H) e (H1)
Since (gi‘ﬁ, cey g}ﬁ) are the optimal decision functions associated with response variable (1 —7)Y — 7R,
the first two terms in the last expression of (3.26) is lower bounded by
[ HT:t+1 [(Asg; 5(Hs) > 0)
- E|{(1-73)Y —AR}—° i Agi = (H
(1=~ R S 1)
[ [Tiis1 H(Asgl 5 (Hs) > 0)
cella—sy-3r 5 g5 (1)
_{( ) ¥ [T (AL L) 19¢7 (Hy
r T I(Asg*~(Hy) >0 7
>-E|{(1-79)Y —7R} izt (o) > 0 1(9:5(Hr)| < €n)p(Argy 5(H))
i [T p(As|Hs) ] (3.27)
- HZ:tHH( s955(Hs) > 0) -
E{(1- —A3R =i I(|g:5(Hy)| < €n)p(Argy 5 (H,
+ _{( )Y —yR} [T oAl ([9t7(Hp)| < €n)d(AeGes( t))_
[ HT:t+1 [(Asg; 5(Hs) > 0) ]
—_—FE|{(1- — ARV il Hy)| < €,)p(Argl ~(H,
_{( )Y — AR} TAOALA 1] foq (H)| < en)d(Argi5( t))_
[ HT:t+1 I(Asg?~(Hs) > 0) ~ |
El{(1- —AR}—2 =7 Hy)| < en)o(Asfin(Hy)) |
+ _{( 7)Y — YR} [T oA o) 1| foq (Hy)| < €n)d(Afra( t))_
Moreover, using conclusion (3.23) with ¢ + 1 the third and fourth terms of (3.26) is lower bounded by
[Te—is1 1(Asg35(Hs) > 0)
—E|{(1- R - P(Aegrs(H ))]
e Gz,
~ I WA f5(H) >0) ] (3.28)
El{(1—-Y —3R : Agr5(H,
# B[R —qR) R R oA (1)

> — (en, +0)
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with probability at least 1 — Zthl e~“9°n_ Hence, by combining (3.27) and (3.28) we can obtain that

V(b,t(g:,:y\? 7gf)lk‘fy\,/’)\/) - V(f),t(ft,W) . afT,’ya )
T
[T I(Aug? o () > 0)

> F {{(1 _A)Y 3R} I Foa ()| < en)b(Argis ()

I~ Hitp LII?E > 0) G2
+ E[{u _ %)Y —7R) ?{T t;(gﬂ| H:) I(] foq(Hy)| < en>¢<Atﬁﬁ<Ht>>]

— (en +9)
holds with probability at least 1 — Zthl e=¢%""_ On the other hand, note that

HsT:t+1 H(Asgé‘ﬁ(Hs) >0)
Hz:t p(As‘Hs)

= - 2min(Qt;’y\(ht7 1)5 Qtﬁ(htv _1))

E{(1-7)Y —7R}

¢(At92k,a(Ht))‘Ht = ht}

and

HS t+1 ]I(Asg::;(Hs) >0) R
’ 15 (H)| < en)p(Aifin — Iy
M oAy eI oA ,7<Ht>>‘Ht h]

<max{(1+€n)Qi5(hi, 1) + (1 — €n)Qe5(he, =1), (1 = €n)Qu5(hs, 1) + (1 + €n) Qe 5(he, 1)},

EH{(1-7)Y -k}

we can show that (3.29) is lower bounded by

Vqﬁ,t(g:ﬁa ey g’_)'[k‘ﬁa ’/7\) - V(ﬁ,t(ftfy\a ey fT,/"?; ﬁ)

(3.30)
> (1— ) E[|Qus(Hi, 1) — Qua(Hes ~DI(fi5(H)| < €0)] — (en +9).
Assumption 3.6 implies that we either have
PH(|ﬁﬁ(Ht)’ < €n) < 3Ki(en +0)
or
E[|Qu5(He, 1) = Qua(He, —1)[1( fu5(H)| < €0)] > 3(en +3). (3.31)
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When the second case happens and assume that €, is sufficient small, (3.30) will then imply that

V(Z),t(g:fy\a 79;“,’7\7:?) - V(Zﬁ,t(ft,:y\? ceey foy\; 7) > €p + 0.

Since the inequality above will only hold with probability no more than EtT:l e—cid’n according to (3.24),
therefore we must have

Pu(|fi3(Hy)| < en) < 3K1 (65 +0) (3.32)

holds with probability no more than Z?zl e~ for t = 1,...,T.
Consequently, let

D = {(Hy, ..., Hy) : 3t such that | f,5(Hy)| < en},

then by taking union of (3.32) for t = 1 to T', with probability at least 1 — Zle e~9"" we have
P(D) <3K1T(en + ).

As aresult, when < €, we have

5 [Rmin(w(AU/c\lﬁ(Hl)/n)v sy ¢(AT]?T,W(HT)/77))
T
[Ti—1 p(Ae|Hy)

B min(’l/](Alflfy‘(Hl)/n)v --wlﬁ(AT]?Tﬁ(HT)/”))
=F [R T oA L) I((Hy,...,Hr) € D)}
min((Ar f15(H1) /1), o (A7 fr5(Hr) /1)) .
+ E[R T oA ) I((Hy,...,Hr) € D )}

[ i (A1fig(Hy)/n), - Az fra(Hr) /1))

L HtT:1 p( A Hy)

[ Llict A5 (He) > 0)

L HtT:1 p(A¢|Hy)

[ Llimt LA (He) > o>]

L HtT:1 p(AHy)

e [ pLL LA fi5(Hy) > 0)
HZ—’:l p(As[Hy)

]I((Hl, Al, ooy HT) c DC):|

I((Hy, ..., Hy) € DC)}

I((Hy, ..., Hr) € D)]

» | pllims LA s (H:) > 0)

> [ T pCAH:) ] — 3K TMc; (e, 4 6).
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In addition, by definition we also have

. [Rmin(w(Alﬁﬁ(Hl)/n), - ¥(Ar fr5(Hr) /n)) (3.33)

L I(Afis(Hy) > 0)]‘
Hthl p(At|Hy)

] = E[R [T, p( A H,)

Hence, combine the two inequalities above we can obtain that

] R LA o (1) > O) - [ s )b U )

< C3Teyr (e, +0)
Hle p(A¢|Hy) HZ:1 p(A¢|Hy) ] ‘ '

holds with probability at least 1 — Zg;l e—cidn, Along with (3.25), we have

‘E[Rnle 1(As f,5(Hy) > 0)} .

< C3Te; T (en +0) + &5
HtT:1 P(At|Ht) !

holds with probability at least 1 — ZZ;I e=aid’n _ om3ef M7I%n, Therefore, condition (C2) is satisfied by
choosing n = ¢, and b,, = C'chl_Ten + &, which will hold with probability at least 1 — Zthl e=cd*n _

_ 1T p-252 _
e zaM J"foréng’chlT(S.

Step 3 - verify condition (C3): We will verify that 5 is bounded away from 1 with high probability in this step.

Recall that
[T, (A, (Hy) > 0)
[T, (A Hy)

and in the proof of Lemma 3.1, we have shown that 93() is a non-increasing function of ~.

%(y) = B|R

9

Since we have also assumed 23(7y) is continuous w.r.t. v and 7 > 9R(1) in Assumption 3.4, one can

always find 7 > 79 > (1) and ¢ > 0 such that

RAI-¢)<mn<T

and

. T—10 1
< min - /.
¢ < { 6M 3}
Without loss of generality, we assume that ( is the largest positive constant that satisfies the two requirements

above.
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We complete the proof by verifying that
T
PA>1-¢( <1~ Z o—Ch0?n _ — el M~26%n
t=1

holds for any 0 < § and n such that z,, < % where we define z,, = CchfT(en +9) + &,. We now show

that ¥ > 1 — ¢ implies

[T/ L(Avg; = (Hy) > 0)
HZ; P(At|Ht)

1 H(Atﬁﬁ(Ht) > 0)
Hthl p(A¢|Hy)

]E[{(lﬁ)YﬁR} I |-Blta-2y-r) ] ‘ S ents. (334)

We verify this by contradiction. If not, then it follows that

15, LA fos (Hy) > 0)}

02 B| (-5 ~FRy R A T

17, M (H1) > 0 o
_ HPS >
- E[{(l ~3)Y — AR} S ] > —¢, — 0.
[Ti—1 p(Ad|Hy)
By rearranging (3.35), we can obtain that
T i T *
_ /7\<E [RHtl ]I(TAtftﬁ(Ht) > 0)] g [RHt:I HﬁAtgtﬁ(Ht) > 0)} >
[Ti—1 p(Ae Hy) [T;=1 p(A:|Hy)
>—€,—0—2M(1-7)
> — €, — 0 —2M( (3.36)
T —1T0
>—€,— 0 —
Z — € 3
1
> — 5(7 —T70)

T—T0

where the last inequality since €, + § < x,, assuming that Ky > 1 without loss of generality and z,, < 5

by requirement. On the other hand, since we have also assumed that 4 > 1 — (, the non-increasing property

of M(~y) obtained in Lemma 3.1 implies that

[T I Avg; 5(Hy) > 0)

B|R=
[Ti—1 p(Ae|Ht)

< T0-
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Moreover, in step 2 we have shown that

=

holds with probability at least 1 — Z;‘FZI e _ o=l M725%n Therefore, the left-hand side of (3.36)

satisfies

() i)

~ ~ 3.37
<Hn —H(1 = 70) 337

2
<on = =(r = 7o)

with probability at least 1 — Zthl e=Ctd®n _ gmzel M7?6%n Again, since x, < 5, (3.36) and (3.37) imply

that

5 =) < =3(r—m) + 5(r ) < —3(r — m)

which is a contradiction. This indicates that ¥ > 1 — ¢ implies (3.35) holds with probability at least

1 . Tar—252 . .. . .
1-— Zthl e~ _ gmgei M6, Consequently, according to condition (C1) verified in step I we have

PH>1-¢)

-

[T 1(Asg; 5 (Hy) > 0)
[T p(Ad|Hy)

T
} ' > e+ 5> +O() et 4 gzl M)

t=1

- E[{(l _3)Y - R)

T
SO(Ze—cﬁQn + 6—%CITM_26271)‘
t=1
(3.38)
Indeed, the proof can be completed by conditioning on two events
T N T *
_W(Arfiz(Hy) >0 1 I(Avgf 5(He) >0
Bt -ay -am It 20 gl gy smlet At 20 o s
[Ti=1 p(Ae Hy) [Ti=: p(Ad|Hy)
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and

‘ [ pLLim 1(Afi5(Hy) > 0)
[T p(A|Hy)

which will improve the inequality (3.38) to

:| - T‘ é O3TC;T(€n + 5) + gnv

T
P(/’? >1— C) <1-— Z 6—026271 - e_éch*252n.
t=1

Complete the proof of Theorem 3.1: stepl - 3 indicate that both condition (C1), (C2) and (C3) hold with
probability at least 1 — Zthl e=Ci0*n _ o= 3¢l M72%n iy ap = €n, bp = C’chfTen + &5, 61 = 6 and
09 = Cchl_Td for sufficient large n and sufficient small §. Thus, Theorem 3.1 will be proved by directly
applying the conclusion of Lemma 3.3 up to a constant C’3Tcl_T for .’

We now state and prove Lemma 3.4 used in the proof of Theorem 3.1. The goal of Lemma 3.4 is to
establish a concentration inequality for the smooth estimator on the left-hand side of (3.39). Recall that by

the choice of 7 we have

p, [ iR AL L5 () /1), o 0 (Arfra(Hr) )] _ (3.39)

Hthl p(A¢| Hy)

The additional Proposition 3.1 used to complete the proof of Lemma 3.4 is stated by the end of the proof.
To state Lemma 3.4, let G denote a Gaussian RKHS defined on R, then we use Bg(r) to denote the ball of

radius r centered at 0 for G w.r.t. the norm induced by the inner product equipped by G.

~

Lemma 3.4 Suppose that the estimated decision functions ( f .., fr5) satisfy
1/2
fis € Bg,(0ni®), t=1,..,T

with probability 1, then for any 0 < v, < 2,0 < 0 fort =1,..., T, we have

<e 2TM 2520 (3.40)

— 9

p('E [Rminw(mﬁ,ﬂfﬁ%/z@ﬁf)ﬁfna(ﬂﬂ/n))] _ \ 2046) e

where

b =Ty ZC Iy /2 ). (3.41)
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Here, Cy; is a positive constants which depend on parameters (v}, 0y, d;) and M but does not depend on

sample sizen fort =1,...,7T.

~

Proof: Since (flﬁ, ..., fr5) satisfy (3.39), it suffices to derive a uniform bound for

sup [P, [f] — E[f]],

few
where
_ pmin( (A fi(Hi)/n), - Y (Arfr(Hr) /1)) 1/2 1/2
W—{R SRS 1 € Bg, (A Y?), oo fr € By (0L )}.

To establish the uniform bound, let f; and f> be two functions from set WV associated with stagewise
decision functions (f11, ..., fir) and (fa1, ..., for), then the square of the empirical Lo norm, which we give

the definition by the end of this section and denote it as Lo(P,,), between f; and fo satisfies

*Z fl l‘z f2 l‘l))

) T
SiZM%l_QT Z (Ait fre(Hir) /n) — (Ai for(Hie) /0)|)?

(3.42)
(41) 1 &
<= ZZTM? T (Aifre(Hie) /n) — (Ait fo(Hie) /)]
i=1 t=1
(444) 2 -2
< ZTM SN Hi) — fo(H)

i=1

Here, inequality (i) is guaranteed by Proposition 3.1 stated by the end of the proof and note that
|R/ Hthl p(AHy)| < M cl_T, (7i) is followed by the Cauchy-Schwarz inequality and the last inequal-

ity (ii7) holds by noting that v(-/n) is a n~!-Lipschitz function. Inequality (3.42) implies that
T
N(&W, Ly(P H cT'ne; Bg, (i), La(Pn)). (3.43)
By Theorem 4.10 from Wainwright (2019), for any § > 0 we have
2T
‘1 2

P(sup |E[f] — Pu[f]| > 6 + 2Rad,(W)) < e 2™ (3.44)
few
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where Rad,, (F) denotes the Rademacher complexity of F defined as

n

sup = 5 F(X3)

feF M4

Rad,(F) = ExE. . € ~idd. Ple; = +1)=0.5.

Following Example 5.24 from Wainwright (2019), the covering number inequalities (3.43) and the covering

number bound from Proposition 2.1 stated in Section 2.9, we can obtain

2Mcy
Rad, (W) < E[/ - \/log/\/ T e ne;WjLz(Pn))dff]

oM T /
< 24E[/ | (ZC g D ””2(M—1T‘101T’76>_”£>d6}
0

—2T
C | .y / ) ,
1 (A—v3/2)(A1+067)de /2y —vi/4 vl /2
Un,t )‘n,t n o/ )

i
B

which completes the proof. ([
Proposition 3.1 shows that the difference of the objective function of MRL is bounded by the sum of the

difference of each entry.

Proposition 3.1 Forany z; € R, z; € Rand t € {1,...,T}, we have

T
min(e(z1), o ¥(2r)) = min((z), oy ()] < 3 2t — 2.
t=1
Proof: Without loss of generality, we assume that
min(¥(21), ..., ¥(27)) < min((21), ..., P (2r))

and suppose that min(t(2), ..., ¥ (27)) = 2, then it is easy to verify that

min(y(z1), ..., (2r)) — min((21), ..., Y (27)) =min(P(21), .., (e1)) — ¥(24,)
<[¥(21,) — (a1, )|

T
<D W) = v(=)]
=1
tT
<D a2l
t=1

122



where in the last inequality we have used the fact that 1) is a 1-Lipschitz function, which completes the proof.

O

3.9.3 Proof of Theorem 3.2

We complete the proof of Theorem 3.2 in this section. For convenience, we define

HtT:1 I(A¢ fe(He) > 0)]

V(f1, o fr) = E[O [T p(Ai|Hy)

and define the surrogate reward under MRL to be

min(¢ (A1 f1(H1)), ..., Y(Ar fr(Hr)))
HtT:1 p(A¢|Hy)
_min(y(| f1(Hy)]), -, ¢(fT(HT)D)] ‘
[T p(Ai| H)

Vo(f1, o fr) =E [O

+E{O
Moreover, let
Li(f1, ..., fr) = —min(¢ (A f1(Hy)), ..., (A7 fr(Hr))) + 1,
Lo(f1, ..., fr) = —min(¢(| f1(H1)|), - 0| fr(Hr)])) + 1,

and let O, = (1 — )Y — ~vR. Then by definition, we have

(GT s s 9T4) = arg min E[L(f1, .-, fT3 7)),
(fryeesfT)EFL XX Fr

where

Li(f1, - fT57) +O_L2(f1,---7fT;’Y).
T p(AdH) T TTE p(Ad Hy)

’g(fla 7fT77) =0

From now on, given finite sample we use fy = (fi, ..., fr,y) to denote the solution of

T
min PolC(fr1, o frs V)] + > A 2.
TR [L(f1s -0 fT37)] ; tllfellg,

where G; = G(0y,+). Throughout Section 3.9.3, we let
T 1 f
En — C]__T Z Cl,t (\/ﬁ (\/T + Tl/t/chdTl/t/Llo_T(l]’.tVt/2)(1+9t)dt/2An71;t/4> + )\n,tagft + C]__To-njltdt> ,
t=1
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T
1 — ! ! / o
& = TCIQT E 027,5 <\/ﬁcl Tyt/40'7(117t Vt/Q)(lJret)dt/Q)\n,’;t/‘l) ’
t=1

and use ¢, to denote a constant that depends on parameter x. The proof of Theorem 3.2 is also completed by

checking conditions (C1) to (C3).

Step 1 - verify condition (C1): According to Lemma 3.5 given at the end of the section, we have

V(QT? 79%) - V(fb -~-7fT) < Viﬁ(gi 79%) - Vw(fla ---7fT)

hold for any (fi, ..., fr), it is sufficient to prove

~ ~ 1 _
P( Sl[lp ]|E[£(f1,’ya (EXE} fT,’y;’Y)] - E[S(gi'ya 7.9:1‘(“,777)” > o + €n> < 26_§C?TM 25271. (345)
v€[0,1

The key is to construct an adequately good approximation of gy, from G; forany ¢ = 1,..,7 and v € [0, 1],
which will be denoted as ﬁﬂ from now on.
The construction of such ﬁ,y basically follows the idea of the proof of Theorem 2.7 in Steinwart and

Scovel (2007). Specifically, our goal is to find function J?tn € G; such that

I fer |3, < ca,oy (3.46)

and

[ Fory (he) = g (Re)| < 8e™Tma iy ()2 (3.47)

holds for any h; € H;.

The proof follows the same argument used for proving Theorem 2.7 in Steinwart and Scovel (2007).
Using the same argument, we can construct an extension of g; ., denoted as g; , such that gy  is well defined
on 3H; and gfﬁ(ht) = §i,v(h¢) holds for any h; € H;. The construction of ﬁﬁ will use the fact that the

linear operator V, : Lo(R?) — G, defined by

20)4/2 952 ||z—
Vog(z) = (Wd)/4 /R et g (y)dy
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is an isometric isomorphism. Let g; , = (afl?t / W)dt/ 4§t -, then one can verify that
~ 12 2 d de
Hgt,’YHLg < VOl(dt) O-nft = Cdto-nttv

where Vol(d;) is the volume of the unit ball in R%.
We now show that J?t,w = Vi, .9t~ satisfies the requirements (3.46) and (3.47). Since V,, , is an isometric

isomorphism, we have

s ~ ~ d
1ferllE, = 1Von GenllE, = 19eal12, < ca,0o0:

On the other hand, following the argument of Lemma 4.1 from Steinwart and Scovel (2007) it can be shown
that for any h; such that g/ (ht) = 1, by construction we will have g; (h) = 1 for any h € B(ht, At (ht)).

Consequently, we have

207, \ ? ~202 |he—yll -
12>V, 9(he) = € nt Gty (y)dy
t

20, di/2
> < ; ) / e 2nalhe=vl(g,  (y) + 1)dy — 1
B(hmAt,w(ht))

di)2
—9 (2(%) / 202l gy,
d B(ht,At,y(ht))

21 =2P(|U| = Ary(he)),

where U is a random variable following spherical Gaussian distribution in R%. Hence, we can obtain
[fea(he) = 1] = |feqy(he) = giy ()] <1 =2P(JU] = Agy(he))

for any h; such that gfﬁ(ht) = 1. Using inequality (3.5) from Ledoux and Talagrand (1991), the right-hand

side of the inequality above is bounded by
1—2P(|U| > Ay (he)) < 1 — 8e Ty (h)/2d: (3.48)

By repeating the same argument, we can verify that (3.48) will also hold for any h; € {h € H; : g{ ., (h) < 0}.
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We now show that using (3.48) and Assumption 3.5, we can obtain that (flm . fTﬁ) satisfies

T T

E[’S(fl,’ya ey fT,"/; ’Y)] + Z )\n,t ft,’YHét - E[S(gi,},, ey g;‘?'y; ’7)] < Z Cdt,K,M()\n,to_gft + CI_TO—';,(tXtdt)'
t=1 t=1

(3.49)

To prove (3.49), first note that (3.46) indicates that

T
> Hnl
t=1

T
o2 d
ft,ngt < E :Cdt)‘n,to-nft'
t=1

On the other hand, Proposition 3.1 implies that

E |:O’yLl(.)?1,’yv ) fT,’Y):| _E |:O'\/L1(gi’y7 Y g;:,’y>
[T, p(Ad|Hy) T, p(As|Hy)

SMcl_TEHLl(E,’W ceey fT,’Y) - Ll(gi'w 7g>7k",'y)H

(i) oo
<Mc; T B[ finy(He) — g7, (Hy)|]

t=1

(i) T
< MCIT ZE[G_U%"A%”Y(Ht)/th]
t=1
(id) T
T —aud
< Curcy fon,?t ‘
t=1

where to obtain (i) we implement the inequality in Proposition 3.1, (i7) is ensured by (3.47) and (3.48), (ii7)

follows from applying Assumption 3.5. Similarly, using the fact that ||x1| — |z2|| < |21 — 22| we can also

show that

O Lo(fimy ey [ O Lot o,y g T
. ;(fm fTﬁ)] _E[ . ;(gm gTﬁ)] < CM,KCITZU;,?tdt
thlp(At\Ht) Ht:lp(At|Ht) t=1

which completes the verification of (3.49).

We now start verifying condition (C1). Note that for any v, we have following decomposition

0 <E[E(fi, s frai V)] = EILG] s o0 973 7)]

< E[E(J1s o0 J13 )] = Pal €1 o0y JT37)]
(1)
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T

T
+ Pal€(F1 o Fri DD A i allE, = Bal€(frs o Frai D = D Antll fer G,

t=1 t=1

(I1)
+ Pul€(frs o Jro)] = BI&(f1s ooy JT2)]
(IT7)
~ ~ T ~
+ E[S(fl,’ya (AR fT,’Y)] + Z )\n,t |ft,’Y||(2_:}t - E[’g(gify? ey g},’y; 7)]7
t=1

av)
By the definition of {ﬁ,v}tT:p we know that (I7) < 0. Moreover, (3.49) indicates that

T
(IV) < cap it (noty, + ¢ Foy ¢,
t=1

Hence, it remains to establish a non-asymptotic upper bound for (1) and (/1) w.r.t. 7. Note that by definition

T
PolL(fiys oo fri )] + Z )‘n,t”ft,’yuét
t=1
<Pn[£(0,...,0;7)] + 0
<Mec;",

and consequently, we have

T
Z )‘n,tHft,'yH(Q}t < =PulE(frys s fry)] + Po[£(0, ..., 0:9)] < 2MCIT'
t=1

The previous inequality implies that

Fir € Bg, (M)~ 2203, (3.50)

n,t

and (3.46) indicates that
> de/2
fi € Ba(ca,00if?).
Since we assumed )\n’tazft — 0, without loss of generality we can further assume that both J?t,v and ﬁﬁ

~T/2,~1/2

belong to Bg, (¢4, mrc; ni ) for some positive constant cg, s. Therefore, it is sufficient to obtain a
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uniform concentration inequality for |P,[£(f1, ..., fr)] — E[£(f1, ..., fr)]| for any v € [0,1] and f; €

-T

Bg, (cd, mc; /2)\;’1/2) witht =1,...,T.

To achieve this, recall that

Li(f1, -, fri7) 7L2(f1,~~»fT;’7)'
! Hthl p(A:[Hy) ! H,irzl p(At|Hy)

£(f1,., fri7) = O

Thus, it suffices to establish the uniform value bounds for both

sup |E[f]_]P>n[f”a sSup |E[f]_]Pn[f”7
fewr feEWs

where

Wy = {{(1 ~ )Y = ARYLy(f1, s fr) : 7 € [0,1], f € Bg, (capnrey Ay )t = 1, T}

We = {{u Y = AR} La(|fuls ooy | f]) 7 € [0,1], fi € Bg, (capnreyAny ) t = 1""’T}‘

We first derive a concentration inequality for sup |E[f] — P,[f]|. Again, by Theorem 4.10 from Wainwright
femwr

(2019), for any § > 0 we have

P(fsuvg |E[f] — Pulf]| > 6 + 2Rad, (W) < e~ 2 M~*0%n (3.51)
eWwr

and following Example 5.24 from Wainwright (2019) and the upper bound of covering number obtained in

Lemma 3.6 given by the end of the section we have

Radn(Wl)
o4 [ [2Me”
SﬁE / \/logN(e;W1,L2(1P’n))d6}
LJo
o4 [ [2Me” T T/2\~1/2
<p| [ o ( —loge+ T+ log N(cl ¢/(2MT); By, (ca,ner "2 y/™), Lﬂp””)de}
I t=1
()24 [ [2Me” -
SﬁE /O CM e, ( _ loge + T+ Z01_3T1/t/2T1/tO.T(Ll,fl—Vt/Q)(l-l-@t)dtAT_L:t/Qel/t>d€:|
t=1

T
C c — —_ |2 —V. — VU,
< M,c1 o T <\/f+ chﬁtTut/%l 3T t/407(117t 1,/2)(1+0t)dt/2)\n’tt/4>’

t=1

B

(3.52)
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where to obtain (i) we again use the covering number property Proposition 2.1. The last inequality in (3.52)

implies

T
P( sup [ELf] — Palf]] = 8+ SMet 7 (ﬁ s ol,tTw/%ﬁT”t/%g{tVt/2><1+9t>dz/2xn;t/4>)
fewr \/ﬁ =1

< e—%C%TM’Z(SQn

Repeating analogous argument for WV, we can also show that

T

CrMe —3Tv, —v —v

P( sup |E[f] — Pulf]| > 6 + M, 1CI_T <ﬁ+ ZCLtTW/?Cl 3T t/407(11,t t/2)(1+9t)dt/2)‘n,tt/4>)
fEWs \/ﬁ =1

< 6—%C%TM’252TL

Combine two concentration inequalities above, we can obtain that

P(sup Bul€(frs oo Fri )] — ELL(fr o fr5 )]
T
> 6+ C\]\//fgl C;T <\/T+ Z01,tTVt/ch_gTyt/ZlO',,(ll’;yt/m(1+0t)dt/2)\;§t/4>> < 26—%C%TM726271
t=1

(3.53)

where the supreme in (3.53) is taken w.r.t.
—T/2\—1/2 —T/2,\—1/2
v€[0,1], (fi,... fr) € Bg1(cd1,Mcl / )‘n,l/ ) X oo X BQT(CdT,Mcl / )‘n,Y{ ).

Apply (3.53) to (I) and (III), we can show that both two terms are bounded by the left-hand side of (3.53)

with probability at least 1 — 22" M™*"n_ The verification is completed by combing () — (IV).

Step 2 - verify condition (C2): We complete verifying (C2) by first proving a preliminary inequality. Let
T t R ~
I(e) = ZPH<{Ht € He: [[UAsfor(Hs) > 0) = 1, | fiz(Hy)| < e}>
t=1 s=1

Here, we again use index H to emphasize that the expectation is taken w.r.t. to Hr with {ﬁﬁ}tT:l being

treated as fixed function, so I'(¢) is a random variable w.r.t. sample. Our goal is to show that for any
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w > 2(€p + 9), we will obtain
P(T(en/M) > KoTw) < 3¢~ 2 M~2%n, (3.54)

To verify (3.54), we first note that according to the augmentation decomposition used in the proof of
Lemma 3.5 presented at the end of this section, the U-function defined in Assumption 3.7 can be written as
the summation of expectations w.r.t. non-negative response variables. Therefore, without loss of generality,
we can assume that O, is non-negative during the proof. In this case, U; in Assumption 3.7 can be simplified

as

Ut(Ht; ftv ceey fT?fy) =K O’Y

[T L(Aufs(H,) > 0) ‘ Ht] |
[Te—i p(As|Ho)

For convenience, we use g; to denote sign(ftﬁ) and let
Sp={H, € Hy : |fia(Hy)| < en/M},

and

t
D; = {(Hl,Al, o Hy A H]I(Asfsﬁ(Hs)) =1,H, € St}.

We consider two situations:

Case 1: Suppose
I(H; € Dy)

then by Assumption 3.7 we have Py (D;) < Cw.

Ut+1(Ht+1; g;-lfy\’ ceey g;“ﬁ?):| g W,

Case 2: Otherwise, suppose

I(Hy € Dy)

{WUt-i-l(Ht—&-l% 9:4.137 S g;ﬁ)} > w, (3.55)
s=1 S S

in this case, we aim at showing that

0 min(z/)(Awi:y(fl))a s 1/J(AT9;,$(HT)))} _E [Oﬁ
[To=1 p(As[Hs)

min((A; fi 5(H1)), ... 0(Ar fr2(Hr)))
[T, p(AS|H,)

>€n + 0.
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First, using the fact that

[OAmmwmlgrﬁ(Hl»,...,w<ATg;ﬁ<HT>>>
! T, p(A|H.)

y {OAmmwm@(Ho),...,w<At§t<Ht>>,w<At+lg:m<Ht+l>>,...,¢<ATg;;ﬁ<HT>>>
L [T (ALl H,)

B {OA miH(T/)(Alfm(fﬂ)y o Y(Ar fr5(Hr)))
Hs=1 p(AS|HS) R
<E [OA min(Y(A191(H1)), o Y(Ar1Ge—1(Hi 1)), Y(Ai fr 3(Hy)), Y(Ar41Ge41(Hig1)), - 7/1(AT§T(HT))):|
< 5 T
Hs:1 p(As|Hy)

where the first inequality is guaranteed by the optimality of (g} SRR gi*pa) and the second inequality is

guaranteed by noting that ¢(-) is a non-decreasing function, we can obtain that

Rt SV S L) B win (04 o). w<ATfT,a<HT>>>}
[Ts=1 p(As|Hs) [Ts=1 p(As|Hs)
- min(y(A191(H1)), -, Y (Age(Hy)), ¥ (Aeg197, 4 5(Hig)), -, w(ATQ?ﬁ(HT)))}
! [T p(AS|H2)
B -OA min(P(A1g (H1)), oo, D (Ar—1Ge—1(He—1)), ¥ (Ae fo5(Hy)), ¥(Arsr Gesr (Hig1)), oo 7/)(AT§T(HT))):| .
! [T p(As|HL)

(3.56)

Sequentially taking conditional expectation w.r.t. H7 to Hy;; in backward order, the last term of (3.56) is

equal to

{ - min(p(Aigi (H1)), - P(Aege(Hr)) Y (A9 5 (Hir)), s ¢(AT9%ﬁ(HT)))}

’ [Te-s p(AS|He)

_ E[OAmin(ﬁJ(Alﬁl(Hl)),~~~a¢(At1§t1(Ht1)),?/J(Atftﬁ(Ht))vw(At+1§t+1(Ht+1))a~~~71/J(AT§T(HT)))
! [Ty p(AS|Ho)

Ut+1(Hi415 9541 50 5 g;ﬁ)]

[mmwm@(m», o Y(AG(HL)))
Hi=1 p(As|Hy)

F [minw(Alal(Hl)), o Y(AG(Hy)))
Hi:1 p(As|Hy)

G(Fon ()| Uess (o G, ...@T)}

(3.57)

Since we have
|17Z)(ftﬁ(Ht))|Ut(Ht7 ftﬁa ooy fTﬁ) < Ut(Hta ft,’/y\7 ) fT,fy\) < Ut(Ht7 g;(ﬁ> "'79}3)7
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(3.57) is further lower bounded by

B [ A ). A 5)
[To=1 p(As|Hs)

- | PR SO o (B (e i1, - )

- AR, oS ABID g, 50 1 rrr )

¢ ~

s= I Asfs,'\ Hs >0 a * *

:E|:H _i—[t( p(;(|H)> )H(Ht S St)UH‘l(HH‘l;gtJrlﬁ’""gTﬁ):l
s=1 s|4ls

C H(Asfas(H) >0 PO ~ ~
- E[Hshg_lp{dimj; )H(Ht € St)|ftﬁ(Ht)|Ut+l(Ht+l§ft+1ﬁv---afTﬁ)}

Ut+1(Ht+1§ g:—s—l,ﬁ’ ) g;ﬁ)]

(3.58)

[ I(H, € D,)
Hi:l p(As|Hy)

L I(Afas(H) >0 PPN ~ >
- E[Hszi—[t( ;(Zl(|}}))> )H(Ht € S| fe5(He)|Upr1(Hit1; fre17, ~~va,%)}
s=1 s s

L% *
t+1(Hi415 9441 50+ 97.7)

Hence, when (3.55) holds, (3.58) will be lower bounded by

I(H; € Dy)
———————Upr1(He415 95415+ > 97 5)
[Hzlpmsms) i 7

L I(Ayfo5(Hs) >0 PR .
- E[H -hgzlp&i‘ Hz) VL, € 80172 () [Usss(Husas Foanms oo Fr) .
[T, (A, fo5(Hy) > 0) enM]
T, p(AH) M

Zw—E[
>e, + 0.

Combine (3.56), (3.57), (3.58) and (3.59), we have shown that (3.55) implies

_min((Asfi5(H), o 0(Arfra(Ho)) o

Oﬁmmwmlg;ﬂﬁ(m»,...,¢<ATg;ﬁ<HT>>>} - {O
! [T, p(AslH,) ! TTe_ p(As|H,)

which holds with probability no more than 224 M6 aq verified in step 1.

The discussion of case I and case 2 indicates that

Py(Dy) > Cw
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can only hold with probability no more than 2e™ 36" M7?5*n Note that the argument of case I and case 2

holds for any ¢ € {1, ..., T}, taking summation w.r.t. ¢ we can obtain that

P(T(en/M) > KyTw)
T
=P(> " Py(Dy) > K>Tw)

gp(sup Py (Dy) > Cw)

<26_761TM 252n

9

which completes the verification of (3.54).

We now begin to verify (C2) by utilizing (3.54). Recall that our goal is to verify

‘ [ Ht VI(Acfi5(Hy) > 0)

[T, p(AdHy) ]‘T’ < c(en + &n + 0).

Note that the estimated decision functions satisfy (3.50), by applying Lemma 3.4 we can obtain that the

inequality (3.40) also holds with high probability. Hence, the key to complete the proof is to show that

'E{Rminwmlﬁﬁ(m)/n), ...,w<ATfm<HT>/n>>] B E[R 1 [ Aefi5(Hy) > 0)

O(en).
e pAd) [T plAdH) || <ot

To achieve this, we let

T

D :Z{(th‘h, o Hpy Ap) : T 1A fi5(H) > 0) = 1,3t € {1,..., T} such that | f, 5 (H,)| < ]6\7[}
t=1

T t
—~ ~ €n
Cl I : | I 5 = 5 < —
7t:1 {(Hl,Al, ,Ht,At) S:1H(Asft”y(Hs) > 0) ]., |ft,'y(Ht)| ~ M}

and choose w = 2(€,, + ¢), then (3.54) implies that
Py(D) < 2K5T (e, + 6) (3.60)

holds with probability of at least 1 — 2e~ 3¢ M~*%n, Therefore, we have
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min(y(A1fi5(H1)/n), -, ¥(Ar Fra(Hr) /n))
[Ti=: p(Ad| Hy)
min(y(A1fi5(H1)/n), -, ¥(Ar Fra(Hr) /n))

[Ti=, p(Ad| Hy)
min(y(A1fi5(Hh)/n), - $(Ar frz(Hr) /)

[Ti=: p(Ad Hy)
o | g (Asfig (1) /0), . o (Ar fr5(Hr) /1))
| [Tiz: p(AdlHe)
0 [ izt [(Aefuz (i) > 0)
L HtT:1P(At|Ht)
B ?:1H<Atﬁ,a<ﬂt>>o>}
L HtT:1P(At|Ht)
L=

—E [RHt:i_][Ié‘it;a(ﬁz; O)]I((Hl, Ay, .., Hp Ar) € D)]
@y {R iy (A5 (F) > 0)

Ht:1P(At|Ht)

p|r

) [R I((Hy, Ay, ..., Hr, Ar) € D)]

+E|:R H((Hl,Al,...,HT,AT) EDC):|

I((H1, As, ..., Hr, A7) € Dc)}
(3.61)

H((Hl, Al, ...,HT, AT> € 'Dc):|

} — C3Te; T (e + 6).

holds with probability at least 1 — 2¢~2¢1" M~*8°n, Here, equality (z) is followed by noting that for any
p y quality y g

~

fe7(Hy)| > 5 implies

n <%
V(A fiz(Hy) /m) = 1(Aefuz(Hy) > 0),

and (7i) is guaranteed by (3.60). Combine (3.61) and (3.33), we obtain that

’E{Rmin(w(AlJ?lﬁ(Hl)/n)y--ww(ATJ?Tﬁ(HT)/U))] —E[R LA S5 (Hy) > 0)” < Cy(c+9).
[T/, p(Ae Hy) [T/, p(Ad| He) B

On the other hand, recall that the estimated decision functions satisfy (3.50), by applying Lemma 3.4 we can

obtain that

’ . [ R (A i () /0), o 0 Ar frs(Hr) /1))
T
Ht:l p(At’Ht)

lC%TM7252

holds with probability at least 1 — e~ 2

:|_T|§€n+5

. Combining the two inequalities above, we have that

‘E[RntTl I(A¢fr5(Hy) > 0)

[1,_ p(A|Hy) ] - T' < O(én +&n +0)
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1

holds with probability at least 1 — 3e™ et M8 Hence, (C2) holds by choosing b,, = Cchl_Ten + &n,

09 = CchchS with 7 choosing to be n = €, /N in &,.

Step 3 - verify condition (C3): Using exactly the same argument of step 3 in the proof of Theorem 3.1, we
can show that

PA>1-() <1— 3¢ 2 M2

holds for any 0 < 6 and n such that Cchl_T(en +6) + & < 7™, which completes the verification of (C3).

Complete the proof of Theorem 3.2: stepl - 3 indicate that both condition (C1), (C2) and (C3) hold with
probability at least 1 — 3¢~24" M5 with a,, = ¢,,, by, = C3Tc; €y + Eny 61 = 6 and 63 = C5Te; 76
for sufficient large n and sufficient small 0. Therefore, Theorem 3.2 will again be proved by directly applying
the conclusion of Lemma 3.3.

We complete the proof of two additional lemmas used in the proof of Theorem 3.2. Lemma 3.5 shows
that the excessive risk of arbitrary decision function (f1, ..., fr) is upper bounded by the excessive risk under

the surrogate objective function of MRL.

Lemma 3.5 For any random variable O and any decision functions ( f1, ..., f1),

V(gra ag;) - V(fla ceey fT) < Vw(gikv 79}) - Vd)<f17 ceey fT)

Proof: Lemma 3.2 ensures that Vy; (g1, ..., 97) = V(g7, ..., 97-). Moreover, using the augmentation decom-

position we have

V(gi, - 97) = V(15000 f1)

:(ng, g +E[1ﬁ1;(o)(:4t|Ht)D - (V(fl, )+ E{IMD
_ E{(ﬁ [T I( Ay (Hy) > 0)] N E[ S o 17, Iag; (Hy) > 0)]

H;F:l p<At’Ht) ar€{—1,41}, ar£A; Hf:l p(At’Ht)
B [OJ[L I(Aufo(He) > oq B E[ y o Hmlwhtih) > oq
H?:l p(At‘Ht) ar€{—1,4+1}, ar#£A; H?:l p(At‘Ht>
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and by definition

V(975 97) — Vo (f1, s f1)
E[O+min(1/1(A1gT(H1)), --wlﬁ(ATg}(HT)))]
[T=1 p(Ai| H)

[ —min(¢(a197 (H1)), ..., Y (argy (Hr)))
E O
* -ate{1,+zl}, ar£ A, HtT:1p(At’Ht) }
B E_O+min(¢(A1f1(H1))7---7¢(ATfT(HT)))]
L H?:1 p(At|Ht)
[ _min(¢ (a1 f1(H1)), ..., Y(ar fr(Hr)))
- F @) )
-ate{—1,+21:}, ar£ A HtT:1 p(At‘Ht) ]

where now both O" and O~ are non-negative response variables. Hence, without loss of generality, it is
sufficient to prove the result for non-negative weight O.

When O is non-negative, we have

Vlfty o fr) = Omin(7/’(A1f1(H1)),...,@ZJ(ATfT(HT)))].

szl p(At’Ht)

Note that

T
min(y(Ayf1(H1)), ..., (A7 fr(Hr)) H (A fi(Hy) > 0)

holds for any (H1, A1, ..., Hp, A;). Consequently, Vy,(f1, ..., fr) < V(fi,..., fr) holds for any decision

functions which implies that

V(QT, ,9:}) - V(flv ) fT) < Vlﬁ(fﬁ? 79;) - Vw(fla ) fT)

This completes the proof of Lemma 3.5. ([l
Lemma 3.6 provides an upper bound of the covering number of MRL. In the proof of Lemma 3.6, we

abuse the notation and use F; to denote an arbitrary set of measurable functions defined on H,.

Lemma 3.6 Let

Wl = {{(1 _’7)Y _’YR}Ll(fh“'?fT) IS [07 1]>f1 € flv"-afT € fT}a
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Wo = {{(1 — )Y —~yR} La(|f1l, - | f7]) : v € 10,1], f1 € F1, ..., fT € fT},

then for any positive e — 0 we have

T
log N (€ Wi, Ly(Pp)) < C(—loge+ T + > log N(c{ ¢/(2MT); Fy, Lo(Pn))) (3.62)
t=1
and
T
log N (; Wa, La(Py)) < C(—loge + T + > log N(cf ¢/(2MT); Fy, Lo(Py))), (3.63)
t=1

where C is a positive constant that only depends on (M, cy).

Proof: We first prove the conclusion (3.62). Note that any function in W is the product of two functions
from functional space

Wi = {(1 -7)Y —yR|y € [0,1]}

and

W _{min(w(Alﬁ(Hl))a---,¢(ATfT(Ht)))
12 = 7
[T;—1 p(A¢|Hy)

Hence, for any function /; and ls in W}, using inequality

f1 S f"l, ...,fT (S fT}

(a+b)? < 2d® +2b* Va,b

the Lo (P, ) distance between [; and lo satisfies

3 ) — ) = S () ) — () fo)?
=1

i=1

:% > (g1 fi(@i) — gr(@i) falws) + g1 () folwi) — ga(ws) fo(w:))?
i=1

<23 @) i) — folw))+ o 3 i) or() - g2(w)
=1 =1

2 N Cf2T n
<2ES (fa@) — fol@)? + 2 3 (g1 (@) — galw))?

n - X
i=1 =1
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where g1, g2 € W11 and fi, fo € Wis. The inequality above implies that
N(&Wh, La(Pn)) < N(cf €/2; Wi, Lo(Pn))N (€/ (2M); Wha, Lo (Pn)).

For Wi, it is easy to verify

N(cle/2;Wn1, Lo(Py)) < 2M /cfe.

Furthermore, analogous to the proof of Lemma 3.4 we can show that

*Z fil@i) = fa(:))

éiZcIQT Z (Aitfre(Hie)) — (Aie for(Hir))|)?
(i4) ZZI o (3.64)
< % O T (A fue(Hir)) — (Aue for(Hir)))

i=1 t=1

ZZZ Z

— n
TQT

Z Fre(Hip) — for(Hy))?
=1

where again we use f;; to denote the ¢-th stage decision function of f;, i.e., f; = L1(fi1, ..., fir). Inequality
(i) is guaranteed by Proposition 3.1 and note that any function from W5 is bounded by ¢; 7, (ii) is followed
by the Cauchy-Schwarz inequality and the last inequality (i7¢) holds by noting that ¢(-) is a 1-Lipschitz

function. Inequality (3.64) implies that
T
N (€ Wia, Ly(P H T cle; Fy, La(Py)). (3.65)

Taking logarithm transformation, we have

log NV (e; W, La(Py,))

<log N(c{ ¢/2;Wi1, La(Py)) +log N (¢/ (2M ); Wiz, Lo (Pn))
T

<log(2Mc; ™) —loge + Zlog]\/’(c{e/(QMT); Fiy La(Py))
=1

(3.66)

T
=C(—loge+T+ > logN(c[e/(2MT); Fi, Ly(Pn)))
t=1
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which completes the proof of (3.62).
Inequality (3.63) can be established using the same argument and the fact that [(z) = 2~ and (z) = |z|

are both 1-Lipschitz functions. Specifically, let

War = {[(1 = 7)Y —yR]" |y € [0,1]},

fmin@(f1), . ¥(fr))
e { [T, p(AdHy)

where |F;| = {|f| : f € Fi}, then by repeating the same argument for JV; we can obtain

fielFl, ... fr e |]:T|}

N(e; War, La(Py,)) < N(e; Whi, La(Py)),

and
T
N (6 Was, Lo(Pr)) < [[ N (el ¢/ (2MT); | Fif, Lo(Py))
t=1
T
<[[N(cle/@MT); Fi, La(Py)),
t=1
and (3.63) can be obtained via exactly the same argument as (3.66). (]

3.10 Additional Simulation Results

In the first part, we present the additional simulation result with 7' = 4 under a more complicated
treatment design. In this simulation, (Z1, ..., Zg) are 8 independent baseline feature variables generated from
the uniform distribution U0, 1]. We use (Yp, ..., Y1) and (Ry, ..., R4) to denote the reward and risk outcome

at baseline and time point ¢t = 1, ...,4. Yy and Ry are generated according to

Y0:Z1+Z2/2+67

Ry=271/2+4 Zy +e.

where e denotes the noisy term generated from independent normal distribution N[0,1] truncated at =0.5. For

t=1,.,4, (A, Y, Ry) are generated according to
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logitP(A; = 1|H;) = 0.5,
Yi=Zi+ A(Yo—1) +¢

Ry = Z2—|—A1(R0—1) + €.

10gitP(A2 = 1‘H2) = 0.5,
Yo =271+ A2(Y1 — 1) + ¢,

Ry = ZQ"‘AQ(Rl — 1) + €,

logitP(As = 1|H3) ~ Ya/4 — Ry /4,
Yg = Zl + 2A3(Yé/2 + R2/2 — 05) + ¢,

Rs =25+ 2A3(R2 - 05) + €,

logitP(A4 = 1|H4) ~ Y3/4 - ]%3/47
Yi=71+ 2A4(Y3/2 + R3/2 +05) + €,

Ry =Zy+2A4(+R3 — 0.5) +e.
The feature variable at each stage is set to be
Hy = (Z1,..., Z3, Yo, Ry),
Hy = (Z3,...,Z3, Yy, Ro, A1, Y1, Ry),
Hs = (Z3,...,Z3,Y0, Ro, ..., A2, Y2, Ra),

Hy = (Z1,...,23,Y0, Ro, ..., A3, Y3, R3),
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N Kernel Method Testing Reward Testing Risk Efficacy Ratio
MRL 2.320(0.431) 1.312(0.500) 1.916(0.376)

OWL 2.520(0.347) 1.657(0.418) 1.670(0.206)

Linear AOWL 2.333(0.439) 1.686(0.425) 1.490(0.136)
Q-learning 3.131(0.638) 2.248(0.857) 1.486(0.250)

200 Unconstrained 3.980(0.138) 3.802(0.188) 1.102(0.025)
MRL 2.568(0.455) 1.720(0.515) 1.564(0.221)

OWL 2.532(0.474) 2.165(0.471) 1.271(0.078)

Gaussian AOWL 2.627(0.447) 2.120(0.452) 1.325(0.087)
Q-learning 2.962(0.636) 2.200(0.770) 1.460(0.221)

Unconstrained 3.974(0.145) 3.854(0.161) 1.095(0.017)

MRL 2.491(0.378) 1.465(0.438) 1.859(0.299)

OWL 2.647(0.289) 1.677(0.337) 1.710(0.174)

Linear AOWL 2.335(0.408) 1.606(0.414) 1.511(0.142)
Q-learning 3.020(0.451) 2.103(0.603) 1.540(0.209)

400 Unconstrained 4.058(0.150) 3.892(0.171) 1.106(0.026)
MRL 2.605(0.396) 1.725(0.474) 1.619(0.213)

OWL 2.806(0.307) 2.278(0.300) 1.326(0.074)

Gaussian AOWL 2.603(0.297) 2.053(0.314) 1.357(0.065)
Q-learning 2.835(0.599) 1.935(0.756) 1.580(0.253)

Unconstrained 4.001(0.128) 3.866(0.148) 1.096(0.018)

Table 3.4: Summary table for additional simulation result. The results are reported in median(dev) format the
same as Section 3.4.

and the cumulative reward and risk outcomes are set to be Y = Zle Yiand R = Zle Ry.

In this simulation, we assume that the treatment assignment probability at each stage is unknown and
estimate the treatment assignment probability using training data repeatedly via Lasso logistic regression. We
analyze the training data of size n = 200 and 400 and repeat the analyses 500 times. The risk constraint is
set to be 7 = 2 and we repeated the analysis for both MRL, OWL, AOWL, and Q-learning following the
same setting in Section 3.4, except that for MRL, OWL, and AOWL, we reduce the tuning grid by forcing
A1 = --- = M4 and choose the optimal tuning parameters from \; € 27%=6+6:48 The performance of
the estimated rules is estimated on independent testing data of size n = 5,000. The efficacy ratio is also
reported with the reference treatment rules set to be the safest rules that induce the minimum risk among 16
possible one-size-fits-all rules. The analysis result is summarized in Table 3.4. From the table, we observe
that MRL still achieves the best risk control with the highest efficacy ratio compared with OWL, AOWL, and
Q-learning under both n = 200 and n = 400 for both two kernels. This result is consistent with the findings

in Section 3.4.
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n Method Testing Reward Testing Risk Efficacy Ratio
MRL 1.667(0.150) 0.845(0.156) 1.041(0.151)
10-2 OWL 1.797(0.114) 0.893(0.143) 1.292(0.179)
AOWL 1.878(0.123) 0.975(0.171) 1.287(0.198)
Q-learning 1.868(0.106) 1.096(0.174) 1.028(0.143)
MRL 1.649(0.162) 0.840(0.175) 1.020(0.170)
10-3 OWL 1.795(0.118) 0.896(0.152) 1.284(0.183)
AOWL 1.875(0.122) 0.959(0.165) 1.291(0.188)
Q-learning 1.846(0.107) 1.066(0.170) 1.042(0.146)
MRL 1.658(0.165) 0.837(0.167) 1.022(0.158)
10-4 OWL 1.792(0.118) 0.894(0.146) 1.289(0.181)
AOWL 1.875(0.122) 0.962(0.160) 1.290(0.187)
Q-learning 1.844(0.107) 1.062(0.172) 1.043(0.149)
MRL 1.635(0.175) 0.829(0.173) 1.017(0.173)
10-5 OWL 1.792(0.118) 0.894(0.146) 1.289(0.181)
AOWL 1.875(0.122) 0.962(0.161) 1.288(0.186)
Q-learning 1.844(0.108) 1.062(0.173) 1.044(0.149)

Table 3.5: Sensitive analysis of CBR under the different choice of 7.

In the second part, we repeat the simulation study under Setting I with n = 200 in Section 3.4 under
different 7 to evaluate the impact of parameter 1 on the performance of each method. The simulation is
conducted following the same description as Section 3.4 except that 7 is varied in {1072, ..., 107°}. The
results are displayed in Table 3.5. From the table, we observe that when 7 decreases from 10~2 to 1075,
the risk control of all four methods will slightly improve but the performances are roughly the same under

different choices of 7. This indicates that Algorithm 2 is not sensitive against  when 7 is small.
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CHAPTER 4: SIMULTANEOUS VARIABLE SELECTION AND LEARNING FOR
DYNAMIC TREATMENT REGIMENS

4.1 Introduction

The demand for identifying key biomarkers that helps treatment design in precision medicine has raised
the concern of developing new DTRs method with the capability of both maximizing patients’ beneficial
outcome and eliminating unimportant variables that have little contribution to improving patients’ health
condition. Driven by this, many new DTRs methods have been designed to address both goals. Among
them, most of the proposed methods refine and extend existing regression-based approaches and achieve
variable selection by incorporating additional penalty terms to impose sparsity over the estimated decision
rules. These methods include A-learning based methods (Gunter, Zhu and Murphy, 2011; Shi et al., 2018),
Q-learning based methods (Qian and Murphy, 2011; Song, Wang, Zeng and Kosorok, 2015; Ghosh et al.,
2022), G-estimation based method (Bian et al., 2021) or semi-parametric modeling method (Guo, Zhou and
Ma, 2021). For machine learning-based approaches, the variable selection is usually achieved by adding
proper penalty term with variable selection capability to the objective function and the optimal DTRs are then
learned via optimizing the penalized objective function, existing methods including L,-penalty extension
of O-learning (Lu, Zhang and Zeng, 2013; Li et al., 2018; He et al., 2021), SCAD-penalty extension of
O-learning (Song, Kosorok, Zeng, Zhao, Laber and Yuan, 2015) and ramp loss L..-penalty method (Huang,
2015).

However, serval limitations exist for each type of method. For regression-based methods, method
performance will be significantly affected when regression models are misspecified like the standard case.
For machine learning-based approaches, the methods mentioned early are all designed to handle single-stage
optimal treatment regimen problems. More importantly, though existing single-stage machine learning-based
approaches mentioned early can be extended to multistage DTRs setting by adopting the backward induction
technique introduced in Zhao et al. (2015), to our best knowledge, all existing regression-based and machine
learning-based approaches are only capable of learning optimal DTRs stage by stage separately in backward

order. This causes a main disadvantage for existing methods that the decision rule estimation and variable
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selection of later stages cannot fully utilize the information from the early stage, while in practice an important
biomarker for early stages’ treatment decision-making is also a strong implication that the biomarker will be
important in later stages’ decision making.

To overcome the disadvantages of existing methods, in this chapter, we propose a new machine learning-
based approach to learn optimal DTRs with simultaneous variable selection capability across all stages.
Specifically, we extend the multistage ramp loss (MRL) function proposed in Chapter 3 by incorporating
an additional Lasso-type penalty term to impose sparsity over the estimated coefficients. We name this
new method as L1-MRL. Our proposed method learns the optimal DTRs by maximizing a single objective
function in terms of unknown decision functions of all stages, which is guaranteed to use all information to
learn DTRs and conduct variable selection across all stages. Numerically, the optimization problem can be
efficiently solved using DC algorithm (Tao and An, 1997) where the optimization problem can be reduced to
a simple optimization problem of a piecewise linear function in each DC iteration.

The remaining sections are organized as follows. In Section 4.2, we briefly introduce the MRL and
present the details of the L1-MRL framework in the same section. Theoretical justification of L1-MRL
is provided in Section 4.3. In Section 4.4, the performance of our proposed method is demonstrated via
extensive simulation studies and comparisons with some of the existing methods. In Section 4.5, we apply
our method to real observational electronic health record (EHR) data of type II diabetes (T2D) patients.
The discussion and future extension of this chapter are presented in Section 4.6. The algorithm for solving

L1-MRL and proofs are presented in Section 4.7 and Section 4.8.

4.2 Method

4.2.1 Learning optimal DTRs via multistage ramp loss (MRL)

Consider a T-stage decision-making problem with Y denoting the cumulative reward observed by the
end of stage T" and {At}le denoting the treatment assignment at each stage. Throughout this chapter, we
assume that a higher value of Y indicates the better decision strategy and we assume two treatments, denoted
as {—1,+1}, are available at each stage. For each ¢, we use H; to denote patients’ feature variables prior to

stage ¢ and let #; C R% denote the feature space at each ¢. A dynamic treatment regimen is any function
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from functional space
D:Dyx---xDpr = {1,441}, D;:H; — {—1,+1},
and the optimal DTRs D* is defined to be the decision rules that maximize

D* = argmax ET[Y],
D

where E[-] denotes the expectation with A; forcing to be D(Hy).
To estimate D*, additional causal assumptions are required to ensure that EP[Y] is estimable given
observed data. Throughout this chapter, we assume that three standard causal assumptions made in Chapter 1

hold and repeat the assumptions below:

Assumption 4.1 Stable Unit Treatment Value (SUTV): A subject’s cumulative potential outcome is not

influenced by other subjects’ treatment allocation, i.e., Y =Y (ar) if A = ar.

Assumption 4.2 No Unmeasured Confounders (NUC): For any t € {1,...,T} and ar € {—1,+1}7,

A L (Ht+1(c_zt), . HT(C_LT_l), Y(aT))|Ht

Assumption 4.3 Positivity: Foranyt € {1,...,T}, there exists universal constants 0 < ¢ < co < 1 such

that the treatment assignment probability at stage t satisfies ¢c1 < p(A; = 1|Hy) < ca for Hy almost surely.

Again under Assumption 4.1 to 4.3, Qian and Murphy (2011) shows that

T
I(A; = Dy(H,
ED[Y} :E YHt:lT( t t( t)) .
[L—1 p(A:|Hy)
Furthermore, suppose that the optimal DTRs are given by the signs of a series of optimal decision functions,
i.e., there exists f; € F%, where F; denotes the set of all measurable functions from #; to R, such that
D*(H;) = sign(f;(Hy)) almost surely for ¢ = 1, ..., T', then estimating the optimal DTRs is equivalent to

the optimization problem

(ff f;:) = arg max E YH?=1 ]I(Atft(Ht) > 0) ]

7 4.1
(f1yeeesfT)EFL XX Fr Ht:1 p(A¢|Hy)
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Note that solving (4.1) directly is NP-hard due to the existence of the indicator functions, several methods
have been proposed to address the computation challenge and estimate the optimal decision functions
efficiently. In this chapter, we consider the multistage ramp loss (MRL) framework proposed in Chapter 3.

Specifically, in Chapter 3 we consider the surrogate optimization problem

max E[wmi“(@b(f‘hfl(ffl)%--m(ATfT(HT)))]
T
(f1yefr)EFLX X Fr Ht:lp(At|Ht) )
+E[ 3 y- i), ...,w<anT<HT>>>]7 -
atF#Ag Ht:l p(At’Ht)

where Y and Y~ denote the positive and negative part of Y defined as Y = max(Y,0) and Y~ =
max(—Y,0), and ¢(z) = max(min(z, 1), 0). The objective function above can be viewed as a multistage
extension of the shifted ramp loss function proposed in Huang, Shi and Suykens (2014). As one of the key
properties of MRL, Lemma 3.2 in Chapter 3 shows that the optimization problem (4.2) is guaranteed to yield
Fisher consistent estimators of (f7, ..., f7). Moreover, from the expression (4.2) one can notice that f;, is not
necessary to be a decision function before or after f;, for any ¢; and ¢. This special property indicates that
MRL does determine the optimal decision function simultaneously without identifying early stages from later
stages, which, unlike other methods such as Q-learning or OWL that must determine each stage’s decision
function separately, ensures that all information is used while determining the decision functions of all stages.
As one of the main advantages due to the simultaneous property, for MRL the estimation of the early stage
can provide feedback to the estimation of later stages; while for the backward induction-based method, the
estimation error of later stages will be fixed and cumulated into the estimation of early stages once the later

stages’ decision rules have been estimated.

4.2.2 Variable selection via penalized MRL with adaptive coefficients

In many real applications, identifying important variables that contribute to treatment optimization is
as important as finding optimal DTRs that yield the highest possible reward. In this chapter, we consider
the specific decision-making problem where H; = (O, W;) with O; having fixed length P fort = 1,...,T.
From now on, we focus on linear decision rules and assume that the optimal decision function is linear in

terms of feature variables, i.e., there exists 0} = (o, 8F,7;) € R%*! fort = 1,..., T such that

fH(Hy) =Wlhay + 0] 87 + -
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We assume that {3} }_; are sparse and our goal is to learn optimal DTRs while recovering the sparsity within
{8 }thl. In real applications, W; can be viewed as already-unknown important variables for decision-making,
such as treatment assignment from previous stages, so variable selection is not necessary for these features.
{(O1p, ..., OTp)}f:1 can be selected as P candidate variables for tailoring treatment to patients, which can
take the same value to represent the impact of certain time-independent baseline covariates, or different
values for time-varying variables such as patient’s health test results obtained prior to each decision stage.
To substantiate variable selection while learning the optimal rules, we consider adding a penalty term to
MRL (4.2) to enforce sparsity over {3, }._,. Specifically, when treatment rules are assumed to be linear, we

introduce L;-penalty to MRL and consider following the L1-MRL optimization problem

L min((Ay(H] 01) /1), .-, w(AT(H%OT)/Un))]
[Tiz: p(Adl He)
~ min(y (a1 (H{ 61)/1n), -, Y (ar (H{07) /1))
Y
a;t [T p(A| H) }

— )\ni - |Bt,p‘

P
p=1 t=1 Zle 185,012

Here, we assume that H; includes an intercept term to simplify the notation, and we also abuse the notation

max F [Y
0

+ E[ (4.3)

and use {EM,} to denote the optimal solution of (4.1) normalized so that ||(§t71, s @ p)|l2 = 1 for all ¢.
The Li-penalty is a typical choice of penalty term to impose sparsity over the estimated coefficients and
the additional adaptive coefficient 1/ Zthl |/§t7p|2 aims at imposing a stronger penalty to coefficients that
are not significant across all stages. Like standard Lasso, A, is the tuning parameter to control the sparsity,
and we also introduce shifting parameter 7,, € (0, 1] as an additional tuning parameter to adjust for possible
model misspecification under linearity assumption. We note that when 7" = 1, the L1-MRL framework will
reduce to the ramp loss framework studied in Huang (2015).

Given finite samples, we estimate 8™ = (67, ..., 7)) by solving the empirical version of (4.3)

6 — argmax z":yi min(aw(Aﬂ(HiTlel)T/nn), ooy V(Air (H07) /1))
o i [Ti=1 p(Ait| Hit)
I8N — min(¢(a1 (H101)/mn), ... Y (ar (HiT07) /1))
+- Y;
n ; at;it [Ty p(Ase| Hit) “@.4)
P T
Wt,p

ALY

=
/ T =
p=1t=1 Zs:l ‘5s,p|2
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where Et’p can be arbitrary estimators of Bt,p without penalty over coefficients. In application, we recommend
using O-learning (Zhao et al., 2015; Liu et al., 2018) to estimate the unpenalized optimal coefficients. As
another advantage of MRL, though being a non-convex optimization problem, the objective function of the
minimization equivalence of (4.4) can be written as the difference between two convex functions. Hence, the
empirical problem (4.4) can be solved efficiently via the DC algorithm. When the optimal decision functions
are linear as assumed in this chapter, in each DC iteration the problem can be reduced to an optimization
problem with the objective function being piecewise linear, which can be further solved efficiently by
calculating the derivatives explicitly and grid search. In particular, note that (4.1) is invariant if we subtract Y’

by any function of H;, one can further refine (4.4) as

9 — argmax - Zn: P+ min(Y(Ai (H1601)/0n), - Y (Air (H107) /1))

0 ni3 HtT:1 p(Aie|Hit)
1 ¢ o min(¢(a1(H161) /1), ..., Y (ar(H07) /1))
+ 7,
" ; at;it Hthl p(Azt‘Hzt) (45)
_ >\n s |ﬁt,p ’

T =
p=li=1 /37 |5s,p|2

where we replace Y; by corresponding estimated residual lA/z =Y, — E [Y;|H;1] following the idea of AOWL,
which turns out to have better performance under the MRL framework with the proposed L;-penalty term. In
practice, we proposed to estimate E[Y | H;| via standard linear or Lasso regression. A coordinate descent DC
algorithm-based procedure for solving (4.4) and (4.5) is provided in Section 4.7.

L1-MRL requires that treatment assignment probability {p(A|H;)}_; are known which can be satisfied
when data is collected from a simple randomized clinical trial or a SMART. When {p(A;|H;)}L; are
unknown such as in an observational study, to implement L1-MRL one can assume that {p(A;|H;)}_; can
be consistently estimated from observed data and replace p(A;|H;) by p(A¢|H;) fort = 1,...,T in (4.4) or

(4.5) respectively.

4.2.3 Choose optimal tuning parameters

When implementing L1-MRL, one must prespecify the choice of tuning parameters (A, 7, ). In practice,

we propose to choose the optimal tuning parameters via cross-validation and consider following AIC-type
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(Bozdogan, 1987) criterion

1% log (R(B(/\mnn), )

=~ - k()‘nann) (46)
R(6(0,7), 1) >

Here,

. " oo min(Y(An (HE01)/n), .., o (Air(HE-07) /)
RO, =S V" il -
©m=2 [T, p(AulHa)
- o_min(¢(ay(HY61)/n), ... (ar(H07) /1))
Y.
RIP 17 Al

denotes the empirical estimator of the MRL objective function with coefficients 8 and shifting parameter
7. 5()\, 1) denotes the estimated coefficients of (4.4) or (4.5) under tuning pair (\,7) and k(\, n) denotes
the number of nonzero coefficients of 5(/\, n). Similar BIC-type criteria were early adopted in Shi et al.
(2018) under an A-learning framework and He et al. (2021) under a doubly robust outcome weighted learning

framework. When implementing L1-MRL, we choose the optimal tuning parameter that maximizes (4.6) on

testing data under cross-validation.

4.3 Theoretical Results

We present the theoretical result and show that the estimated coefficients obtained via LI-MRL enjoy the

oracle property under mild conditions in this section. To state the necessary conditions, we let

HtT:1 p(At|Ht)
_min(¢(|H{ 61]/n), ..., @b(IHEﬁHT/n))]
[T, p(AdHy) ’

-~y

so 8% = (07, ...,607) will be the minimizer of £(€) by definition. In addition to the standard causal

assumptions, we assume that the following two assumptions hold.

Assumption 4.4 H, C R% is compact fort =1, ..., T. Moreover, there exists a constant B > 0 such that

107 |00 < B holds fort =1,...,T.
Assumption 4.5 £(0) is three times differentiable,

a‘c kY 2 *
5907 =0, VEL(67) -0,
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and the third order derivatives of L(8) is bounded.

Assumption 4.4 and 4.5 are regularity assumptions analogous to the regularity assumptions adopted in Fan and
Li (2001) for establishing the oracle property for non-convex penalized regression. Basically, Assumption 4.4
and 4.5 ensure that the optimal solution for the unpenalized problem exists and the objective function is

locally strictly convex near the optimal. Under the additional assumptions, we have

Theorem 4.1 Assume that Assumption 4.4 and Assumption 4.5 also hold and for any fixed € (0, %) we
have anni_g = O(1) where

an = max{ Ay : |B;,| # 0}.

Let shifting parameter 1 be a fixed constant, then there exists a local minimizer @n of the empirical problem
(4.4) such that
107 — Bnll2 = Op(n™ 172 + an).

Consequently, we have P(max{|gn,tp| 1B, =0}=0)=1

Theorem 4.1 implies that as n goes to infinite, there always exists a local minimizer of the empirical problem
(4.4) within the ball of radius Op(n_%“%) centered true optimal solution 8*. Consequently, §n can recover
the true sparsity of 8* with probability 1 as the sample size n goes to infinity. The proof of Theorem 4.1 is

presented in Section 4.8.

4.4 Simulation Studies

We conduct simulation studies to assess the performance of L1-MRL in this section. We consider a
two-stage SMART design and first generate 12 time-dependent baseline covariates (71, ..., Z12) from a

multivariate normal distribution with mean 0, variance 1 and

02, V1<i<j<é,
C’O’U(ZZ'7 ZJ> =

0,  forall otheri # j.
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In addition, we generate 3 time-dependent covariates, denoted as (X11, X12), (X21, X22) and (X31, X32),

independently according to

Xi1 = Ziw; + o; + €1

Xio = Ziwi + ai(1 + A1/2) + €0,

where {w; }i=1,2,3 are independently sampled from uniform distribution Unif[0, 1], {«; };=1 2 3 are indepen-
dently sampled from standard normal distribution N(0,1), and {(¢;1, 67;2)}1‘:17273 are independent noisy terms
sampled from standard normal distribution N(0,1).

In the simulation study, we consider the following two settings:

¢ Setting I:

Y=1+ Z1 —+ Z3
V AV(3Z) + 32y — 277 — 275 — 2X11)

+ A9(37Z1 4+ 3729 — 2727 — 273 — 2X12) + €y

* Setting II:

1
Y:1+Zl+22+§(2§+zf)
2
+ A <(21 +3)2 + (Zo+3)% 4+ (Z7 —3)2 + (Zs — 3)* + 3 (X - 5)% — 60>

2
+ A, <(21 +3)2+ (Z2+3)° + (Zr —3)* + (Zs — 3)* + 3 (X2 = 5)% — 60> +ey.

For both settings, ey is generated from a standard normal distribution N(0,1) and treatments are randomly

assigned following the regression model
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In this simulation, we assume that the treatment assignment models are unknown. The feature variables for

each stage are set to be

Hy =(Z1,..., 212, X11,X01, X31), Ho = (Z1,..., Z12, X12, X22, X32, A1),

and we repeatedly conduct the analyses for two settings 100 times with a training sample size of n=200 and
400. The performance under each setting is evaluated on an independent testing dataset of size 5,000 where
the expected reward under the estimated rules is approximated via the Monte-Carlo method.

For L1-MRL, we solve the refinement problem (4.5) and select the optimal tuning parameters from
tuning grid (A, 7,) € 107375 x 2019 according to AIC criterion (4.6) via two-folds CV. In this study,
we use standard Lasso regression to estimate the conditional mean model E[Y|H;|. When estimating the
coefficients given tuning parameter (A, 77, ), we choose the initial iteration point of the DC algorithm to
be the estimated coefficients of (4.5) under (0, 77,,) and using the solution of AOWL proposed by Liu et al.
(2018) as the initial iteration point when estimating the coefficients under (0, n),,). For the second stage, A is
excluded from variable selection, leaving P = 15 and only 12 time-independent and 3 time-dependent being
penalized.

To demonstrate the performance of L1-MRL, we also compare our method with the following 4 competing

methods:
* Q-learning with L1-penalty (Qian and Murphy, 2011): assume that the Q-function, which is defined as
Qi(ht;a;) = E[  max Qi1 (Hep1, ap1)[Hy = by, Ay = aq,
ar+1€{~1,+1}
follows linear regression model
Qu(Hy, Ay) = H w, + AH[ 0,

where we again assume that H; includes an intercept term. Then, it can be shown that

D*(Ht) = Sigl’l(Qt(Ht, 1) — Qt(Ht7 —1))
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almost surely. The Q-learning with Lj-penalty (Qian and Murphy, 2011) estimates the optimal
decision functions and substantiates variable selection through estimating @Q;(H;, A;) via standard

Lasso regression and backward induction from¢ =T to t = 1.

* A-learning (Shi et al., 2018): the A-learning approach assumes that the Q-function satisfies
1 T
Q (Ht7At) Wt+ 2(1+At)Ht 91&-

In Shi et al. (2018), Q:(H¢, A¢) is estimated by solving a Danzig selector optimization problem Candes
and Tao (2007), which will impose an L;-penalty over the estimated coefficients and ensure sparsity

over the final estimated rules.

» Weight least square (Bian et al., 2021): Bian et al. (2021) proposes to use G-estimation (Robins, 2004)
to estimate the optimal DTRs and conduct variable selection by imposing a hierarchical Lasso type

penalty to enforce sparsity.

* Lji-penalty O-learning: Zhao et al. (2015) proposes to estimate the optimal DTRs by solving a series

of weighted support vector machine (SVM) (Cortes and Vapnik, 1995) problem

[ p1 [(Ais H 9, > 0)

0, = argmmz =t G(AirH;0) + A 6113

o = Tl p(Ais|His)

via backward induction, where ¢(-) denotes the hinge loss function defined as ¢(z) = (1 — x)4.
To incorporate variable selection, we consider the modified L;-penalty O-learning and estimate the

coefficients by solving

Hs t+1 I(AiHE 0, > 0)

187 S

0, = argmmz P(AnH;L0) + Xy |61

e i=1 Hs tp<Ai5’HiS>

also in backward order. In the final simulation study, we implement the AOWL where all standard

weighted SVM optimizations involved are replaced by corresponding L1-penalized weighted SVM.

For L1-MRL and all competing methods requiring known treatment assignment probability, we use Lasso

logistic regression to estimate the treatment assignment probability using all available feature variables as
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predictors, which will yield consistent estimators of the true treatment assignment probability because of the
choice of true treatment assignment models.

The simulation results are displayed in Table 4.1. For setting I, we first notice that in terms of the
reward, L1-MRL and A-learning can attain an average reward of around 9 on testing data under n=200 and
400. In contrast, Q-learning, O-learning and pdwols can only attain a significantly lower average reward of
less than 7. This indicates that Q-learning, O-learning and pdwols fail to achieve reward optimization after
incorporating variable selection. Compared with A-learning, when the sample size is n=200, L1-MRL tends
to yield a lower expected reward on testing data with slightly more selected variables than A-learning and
higher variability. When the sample size is increased to n=400, the performance of L1-MRL is improved
with higher reward, fewer selected variables around 4.5 for both stages and lower variability, which becomes
closer to the performance of A-learning under n=400, but the reward of A-learning is still slightly higher
than L1-MRL. As the conclusion, for the first setting and when treatment effects are approximately linear in
terms of feature variables, L1-MRL and A-learning tend to have superior performance than other competing
methods, with L1-MRL tending to have worse small sample performance and analogous but still slightly
worse performance than A-learning. Note that A-learning is a regression-based method and under the first
linear setting the decision rule of the second stage is correctly specified. This indicates that L1-MRL has a
performance close to a regression-based approach with nearly correctly specified regression models when the
sample size is large.

For the second simulation setting, in terms of the reward we still observe that LI-MRL and A-learning
can attain an average reward of around 20 which is significantly higher than the reward of Q-learning,
O-learning and pdwols, which only have an average reward lower than 13. This is consistent with the first
setting that competing methods Q-learning, O-learning and pdwols fail to preserve reward optimization while
implementing the variable selection. Compared with A-learning, L1-MRL now tends to attain a higher reward
under both n=200 and 400, with L1-MRL selecting around 6 important variables and A-learning selecting
around 3 important variables for each stage. Note that in the second setting, reward Y is generated according
to a nonlinear function w.r.t. feature variables, so the linear decision function is misspecified. The lower
expected reward of A-learning implies that the performance of A-learning will be affected and worsened by
the model misspecification, leading to relatively worse performance in terms of maximizing the beneficial
reward. In contrast, L1-MRL is designed to maximize (a surrogate function of) the expected reward directly,

which can be more robust against model misspecification and maintain a high reward when decision function
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models are incorrect. In terms of variable selection, we notice that A-learning tends to select much fewer
variables than L1-MRL. By simulation design, Z; is an important variable that correlates with X; and Z»
and will consequently both directly and indirectly influence the cumulative reward. By checking the selected
variables when n=400, A-learning is less in favor of selecting Z; as an important variable for both two stages,
which only has a 27% selecting rate during the first stage and a 16% selecting rate during the second stage,
while L1-MRL will select Z; as an important variable with more than 90% selection rate for both two stages
among 100 repeated analyses. The failure of selecting Z; as an important variable and a significantly lower
number of selected variables implies that A-learning tends to be overconservative and omits important feature
variables under the second simulation setting compared with L1-MRL when the model is misspecified. To
sum up, under the second simulation setting L1-MRL tends to have better performance than A-learning
and significantly superior performance than the other 3 competing methods. As an overall conclusion,
simulation studies suggest that L1-MRL and A-learning have overall better performance than other competing
methods, with L1-MRL tending to have slightly worse but comparable performance than A-learning when
the simulation setting is close to being linear, while tending to be more robust and have significantly better

performance than A-learning when models are misspecified.

4.5 Application to T2D EHR Data

We apply L1-MRL to an observational electronic health record (EHR) data of T2D patients. The raw
data consists of EHR data of 55,246 T2D patients collected from the Ohio State University Hospital system
between 2008 to 2018. The final cumulative reward Y is set to be

Y; - Y;
Y =—
(Tg—T1> * 365,

which is the cumulative HbA1c reduction at 180 days since the initial of the second stage treatment rescaled
to 1 year, so higher Y indicates better treatment performance. The feature variables of the first stage H;
consist of all 3 time-independent variables and 6 time-dependent variables at 77, and the second stage
feature variables Ho consist of all 3 time-independent variables and 6 time-dependent variables at 75 plus the
treatment assignment of the first stage and the duration of the first stage treatment.

In this section, we implement L1-MRL and also compare the performance with 4 competing methods

in the simulation studies. For each method, we conducted repeated analysis 100 times by sampling 50% of
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patients as training data and evaluating the expected reward under the estimated rules using the remaining
50% data as testing data. Since EHR data is observational data, we estimate the treatment assignment
probability model via Lasso logistic regression using sampled training data and use the estimated model
to calculate the treatment assignment probability for testing data repeatedly. To eliminate the impact of
extreme weights, the treatment assignment probability is truncated at 25% and 75% quantile of the estimated
treatment assignment probability of training data. For L1-MRL, we impose variable selection for 3 time-
independent and 6 time-dependent variables. The implementation of L1-MRL follows the same description
as the simulation studies, except that we fix the adaptive coefficients to be the coefficients calculated from
the estimated coefficients obtain from AOWL using all available data as training data, without recalculating
the adaptive coefficients for each sampled training data. Ohio State University Hospital between 2008 to
2018. Patients’ treatment stage and medication received are inferred using patients’ medication prescription
records where two medication prescriptions that happened less than 90 days are combined and counted into
the same treatment stage (which extends the treatment ending time correspondingly). In the screening stage,

we require that qualified candidate patients must satisfy the following criteria:
1. Patients must have three identifiable treatment stages since 2008.
2. The duration of the first and second treatment stage must be both longer than 180 days.

3. Patients’ inferred treatment of the first stage must be either fast-acting insulin monotherapy or fast-

acting insulin plus long-acting insulin combined therapy.

4. Let Ty, T5 denote the starting point of the first and second stage treatment, then patients must have at
least one HbA Ic lab test result before 77, one test result between (77, 5] and one lab test results after

Ts.

After the screening stage, 624 patients satisfy the screening requirements. To apply L1-MRL, we generate a

two-stage dataset with two arms available at each stage. The treatment arm is defined as follows:
 Stage I:

— Fast-acting insulin (F) arm: if patient adopted fast-acting insulin monotherapy.
— Fast-acting + long-acting insulin (FL) arm: if patient adopted fast-acting insulin plus long-acting

insulin combined therapy.
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 Stage II:

— Intensified arm (I): for the fast-acting insulin arm, patients are classified into intensified arm if
patients kept using fast-acting insulin plus long-acting insulin or at least one type of other types
T2D medication; for fast-acting + long-acting insulin arm, patients are classified into intensified
arm if patients kept using fast-acting and long-acting plus at least one type of other types T2D

medication.

— Maintained/Reduced arm (MR): for fast-acting insulin arm, patients are classified into main-
tained/reduced arm if patients maintained fast-acting insulin monotherapy or stopped using
fast-acting insulin; for fast-acting plus long-acting insulin arm, patients are classified into main-
tained/reduced arm if patients maintained fast-acting plus long-acting insulin combined treatment,

or stopped using either fast-acting insulin or long-acting insulin.

For each patient, we extract 3 time-independent feature variables including patients’ age, gender, and smoking
status at the beginning of the first stage. We also extract 6 time-dependent biomarkers including patients’
BMLI, systolic blood pressure, level of low-density lipoprotein, high-density lipoprotein, triglyceride and
HbA1c level measured at the beginning of each treatment stage. For time-dependent variables apart from
HbAlc, the value at each time point is approximated via linear interpolation using the most recent test results
before and after the time point, and missing values for patients who have insufficient lab tests are imputed by
the population mean. Extreme observed values greater than 95% or smaller than 5% quantile are truncated at
95%/5% quantiles before imputation to eliminate the impact of extreme values for 5 time-dependent variables.
For HbAlc level, we let 75 = T, + 180 and use (Y7, Y2, Y3) to denote the HbAlc level at (711,75, T3)
respectively. In this analysis, we impute Y; using the most recent HbA 1c test result before 7 and similarly
impute Y3 using the most recent HbAlc test result between (77, 7>]. For Y3, the HbAlc level is either
imputed using the most recent lab test result within [T5 — 90, 75 + 90] if any lab test result exists in the time
interval or impute the value by fitting a simple linear regression using all lab test results since 75 (assume
that the imputed value at 75 is the true HbAlc level at 75) till the end of the second stage treatment if no lab
test result exists within [T5 — 90, T3 + 90]. For patients with Y3 imputed using linear regression, extreme

imputed HbAlc values greater than 14% and below 4% are truncated at 14% and 4 % correspondingly.
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The final cumulative reward Y is set to be

Y5 -1
Y=—-|—— 365
(T?»—Tl)* ’

which is the cumulative HbA 1c reduction at 180 days since the initial of the second stage treatment rescaled
to 1 year, so higher Y indicates better treatment performance. The feature variables of the first stage H;
consist of all 3 time-independent variables and 6 time-dependent variables at 7, and the second stage
feature variables H consist of all 3 time-independent variables and 6 time-dependent variables at 75 plus the
treatment assignment of the first stage and the duration of the first stage treatment.

In this section, we implement L1-MRL and also compare the performance with 4 competing methods
in the simulation studies. For each method, we conducted repeated analysis 100 times by sampling 50% of
patients as training data and evaluating the expected reward under the estimated rules using the remaining 50%
data as testing data. Since EHR data is observational data, we estimate the treatment assignment probability
model via Lasso logistic regression using sampled training data and use the estimated model to calculate the
treatment assignment probability for testing data repeatedly. To eliminate the impact of extreme weights, the
treatment assignment probability is truncated at 25% and 75% quantile of the estimated treatment assignment
probability of training data. For L1-MRL, we impose variable selection for 3 time-independent and 6 time-
dependent variables. The implementation of L1-MRL follows the same description as the simulation studies,
except that we fix the adaptive coefficients to be the coefficients calculated from the estimated coefficients
obtain from AOWL using all available data as training data, without recalculating the adaptive coefficients
for each sampled training data.

The real data analysis results are displayed in Table 4.2. From the table, we first note that compared with
4 competing methods, MRL produces the highest reward on testing data, which indicates that the treatment
rules learned by L1-MRL have the best clinical performance. In particular, the expected testing reward
under the estimated rules of L1-MRL is significantly higher than all 4 possible one-size-fits-all rules. This
suggests that the L1-MRL method can preserve treatment optimization capability and improve the treatment
decision via personalizing treatments to patients while conducting variable selection at the same time on real
observational data, where competing methods including A-learning fail to achieve comparable reward gain.

In terms of variable selection, L1-MRL tends to select 4.5 important variables for the first stage and

roughly the same number of important variables for the second stage, which is higher than A-learning and
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Method Testing Reward (%) N1 N2

L1-MRL 0.101(0.049) 4.550(2.728) 4.630(2.493)
A-learning 0.091(0.045) 2.410(0.767) 2.480(1.150)
Q-learning 0.079(0.045) 2.190(2.465) 1.790(2.056)
O-learning-L.1 0.078(0.046) 1.250(1.666) 4.710(2.630)
pdwols 0.068(0.031) 3.150(2.066) 0.050(0.500)
FL-I FL-MR F-1 F-MR
Reward 0.072(0.037) 0.060(0.041) 0.037(0.037) -0.013(0.021)

Table 4.2: Summary of the expected testing reward, the number of selected variables under the estimated
rules and the expected testing reward under all 4 possible one-size-fits-all rules. Estimation results are
reported in the same format as simulation studies. Variables with estimated coefficients with an absolute
value greater than 1076 are identified as important variables. Expected rewards are calculated using the
stabilized inverse probability estimator defined as the inverse probability estimator divided by the mean of
the inverse propensity weight.

Variable L1-MRL A-learning Q-learning O-learning-L1 pdwols
Stage I Stage 11 Stage I Stage II Stage I Stage 11 Stage I Stage 11 Stage I Stage II
Age 48 52 9 37 28 26 18 74 30 1
Gender 67 74 74 51 27 41 45 1 55
Smoking 51 46 21 19 25 11 14 62 23 0
BMI 88 69 59 4 22 4 0 59 12 1
SBP 44 71 3 37 20 28 3 67 15 0
LDL 25 14 9 4 16 4 12 40 26 0
HDL 26 21 7 9 26 6 10 46 23 0
Triglyceride 37 21 10 17 24 13 9 44 31 1
HbAlc 69 95 49 70 31 46 14 78 100 1
Jaccard Index 0.389 0.474 0.370 0.306 0.300 0.312 0.317 0.441 0.422 0.981

Table 4.3: Selected time as important variables for each candidate feature variable and average Jaccard index
between selected variables across 100 repeated analyses.

other competing methods. However, by checking the number of times selected as important variables for each
candidate variable in Table 4.3, we note that Q-learning, O-learning-L.1 and pdwols fail to produce reasonable
variable selection results. For Q-learning and O-learning-L.1, the decision rule of the first stage learned by
Q-learning shows no preference for any variable, while the decision rule learned by O-learning-L.1 tends to
only prefer gender as an important variable for stage I but discontinue to select the same variable during
the second stage, both of which is less meaningful from the clinical perspective. For pdwols, the method
only identifies important variables for the first stage and strongly prefers HbAlc, but selects no variable
and does not conduct any personalization during the second stage, which is also less meaningful in practice.

The unideal variable selection performance of 3 methods is consistent with the result in Table 4.2 where
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Q-learning, O-learning-L1 and pdwols can only attain a lower expected reward compared with L1-MRL
and A-learning due to worse variable selection performance. For L1-MRI and A-learning, L1-MRI tends to
keep gender, BMI, and HbA 1c level as important variables for both two stages, while A-learning tends to
select only gender as an important variable for both two stages but consider BMI and HbA1c as important
only during the first stage. Since the ideal method is expected to yield stable variable selection results
when repeatedly implemented, to quantify the stability of variable selection results, we calculate the average
pairwise Jaccard index between the sets of selected variables under 100 repeated analyses, where the Jaccard

index between two repeated analyses is defined as

S1 NS
J(SI’SQ)_M'

Here, S; and S5 denote the set of indices among 9 candidate feature variables selected as important under
two repeatedly analyses and we let J(S1,S2) = 1 if both S; and Sy are both empty set. By definition, a
larger Jaccard index closer to 1 indicates higher similarity between the sets of selected variables and more
stable variable selection results. By checking the average Jaccard index between L1-MRL and A-learning
also reported in Table 4.3, we can notice that L1-MRL and A-learning have similar average Jaccard index
during the first stage but the Jaccard index of L1-MRL during the second stage will be significantly higher
than A-learning. This suggests that the variable selection of L1-MRL is more stable and consistent across
both two stages compared with A-learning under repeated analyses. From the clinical application perspective,
HbAIc is known and adopted as one of the most important health biomarkers to make the treatment decision
for T2D patients (American Diabetes Association, 2022b), and studies have also unveiled that overweight
will also affect the response of insulin therapy to T2D patients (Yki-Jarvinen et al., 1997). Thus, compared
with A-learning, L1-MRL also produces more meaningful variable selection results, which tends to select
both HbA1c and BMI as important variables for both two stages and is consistent with clinical guidance and
evidence. The better variable selection performance of MRL also explains the result in Table 4.2 that L1-MRL
can lead to higher reward gain by producing more stable variable selection and including known important
biomarkers to tailor treatments to patients, where the lack of sufficient variable selection of A-learning
matches the observation in simulation studies that A-learning can be overconservative under certain scenarios.

To sum up, the real data example shows that L1-MRL remains to have overall the best performance compared
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with the other 4 competing methods when applied to real observational data, with both higher reward, more

stable and clinically meaningful variable selection results.

4.6 Discussion

Incorporating variable selection in learning optimal DTRs has drawn increasing attention in recent years
driven by the clinical demand for treating chronic diseases. To respond to the challenge, in this chapter, we
propose a new machine learning-based approach, namely L1-MRL, to estimate the optimal decision rules and
identify important variables that contribute to treatment optimization at the same time. As one of the main
distinctness, due to the simultaneous property of the MRL, the proposed framework is able to estimate the
decision rules and conduct variable selection contingently across all stages, where existing methods, up to our
best knowledge, can only estimate the decision rules and conduct variable selection stage by stage separately.
The simulation studies and the real data example indicate that L1-MRL has overall better performance than
the compared existing DTRs methods with variable selection capability.

Apart from the variable selection, incorporating additional restrictions over tolerable adverse risk or
allowable treatment budget and learning the optimal treatment rules under restriction has also been studied
in recent years. As one of the possible extensions, L1-MRL can also be extended to substantiate variable
selection in learning optimal DTRs under consideration of additional restriction by including corresponding
constraints to the optimization problem. However, since the objective of L1-MRL is non-convex, the penalty
term needs to be carefully designed to facilitate numerical efficiency while preserving theoretical property to
guarantee that the estimation will lead to the optimal sparse rules. Future extensions over L1-MRL or novel
new methods are still expected to address the variable selection challenge when additional restrictions over
the rules need to be satisfied.

Moreover, it is worth noting that apart from the cross-stage variable selection, because of the simultaneous
property of the MRL framework, the MRL framework can also be extended to address other cross-stage
restrictions over the decision rules in learning optimal DTRs via adding different penalty terms. One possible
extension is to incorporate appropriate penalty terms over the similarity between recommended treatments
over time for each patient to impose smoothness restriction over the treatment trajectory at the individual
level. Such extension can be used to address the real application when treatment rules need to be designed to

avoid frequency switching of treatment in a short period of time to reduce potential risk and medical burden
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caused to patients due to treatment change. Further studies of different penalty terms are expected to reflect
such as the variation of treatment over time or other cross-stage restrictions over the decision rules to tackle

real problems with additional restrictions over decision rules across multiple stages.

4.7 Details of Coordinate Decent DC Algorithm for Solving L1-MRL

For convenience, we let

~

1 Y 1 Y

= — or O; =— .
n T p(AilHi) n T p(AilHi)

By subtracting and adding an additional term

in (4.4) or (4.5), one can obtain that L1-MRL problem is equivalent to maximizing
L(0) = Z O; min(yp(An H 01 /1), ... W (Air Hp0n /1))

p
+ZOi_m1n( (IHEO011/10), s (| H O] /1)) )\"ZZ 101 |

i=1 p=l1t=1 4/ Zs 1 ‘gs,p

= Z ’Oz‘ min(AilHi:';Ol/nn, ceey AiTHEFGn/nn, dz)

i—1
- Z Oi| min(Ait HY 01 /0y .oy Air Hip O /110, 1 — d;)
=1
n P T 0,
_ . :,
300 w501 e [0, /) — Ay 3050 A%l
i=1 p=lt=1 /> . 193’1,

where we have abused the notation and used ¢; ;, to denote all unknown parameters and assume that the first
P coefficient needs to be penalized. In the previous equations, d; = I(O; > 0) and to obtain the second

equality, we have used the fact that

min(¢(x1), ..., ¥ (xr)) = min(zq, ..., zp, 1) — min(zy, ..., x7,0).
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By reorganizing the objective function, we can equivalently minimize the new objective function

= Z ’Ol| maX(_ 11H 101/77n7 “ AzTHg“On/nna _dz)
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To obtain an estimated solution for the L1-MRL problem, we consider solving the minimization above via

the coordinate decent. For convenience, we let

k k k
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where we use K to denote the number of unknown parameters at stage ¢. Given current parameter vector
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- Hgf )KT) we update Hg;) by fixing remaining parameters as constants and solving

the optimization problem
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_ k k
+ZOZ» 92((Hipf + Hy 08 9) I ) + i phn

65! = argmin 51 (6) — Sa(6), @.7)
0

Z\O[max it(Hitpt + Hzig pe(k+1k )/ Cit)

6]
T =~
Zs 1 03,1)

Z\O|max Air(Hig 0 + HE 00 [0, canr)

- Z O; g1((Hiupf + HY 084 9) /),

164



with 7 , = 1if 0; ;, needs to be penalized and ; ;, = 0 otherwise,

gl(x) = |‘T|a g2(l‘, C) = maX(ix -G O) + max(x - C7O)a
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Note that both S and S; are convex function of 6, therefore (4.7) can be solved by applying the DC-algorithm
(Tao and An, 1997) where we iteratively solve
05,

=201y (0 — 01)) (4.8)
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until converging starting from 90 = GE”CP). To further reduce the computational complexity, we approximate

the subgradient % 992 7 (0) by
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using the smoothing technique from Nesterov (2005). For fixed ¢ and p, the optimization of (4.8) w.r.t.
0 becomes a minimization problem w.r.t. a piecewise linear function which can be efficiently solved by
calculating the derivatives at each ending point. For each ¢ and p, we update H(k) until the DC procedure (4.8)

converges, and the coordinate decent algorithm terminates until 8 {0 . Ggﬁ )} converges.

165



4.8 Proof of Theorem 4.1

We complete the proof by first verifying the lemma below:

Lemma 4.1 For any compact subset X; C R% and B > 0, let {X; ;*F:l be T random vectors defined on

spaces {X;}L_,. Define
W = {min(w(XlT01), o 0(XEO7)) 1 10¢]loe < B, B, €R™, t =1, T}

then for any § > 0, we have

d¢log(BTd
P( sup |P,[w] — E[w]| > c\/Zt ¢ log t) + 5> < e’
weW \/ﬁ

holds for constants c and ¢ which do not depend on sample size n.

Proof: Without loss of generality, we assume that X; is the unit ball of R% for ¢ = 1, ..., T Let BB denote the
center of a d%T covering of interval [— B, B] under Euclidean distance. For arbitrary w € WV associated with

coefficient {6;}7_,, we can find centers b, € B% fort = 1,..., T such that

€
b — Ol < —.
lbr — 04| < 4T

Using the fact from Proposition 3.1 that for any (1, .., 7) and (2], ..., 27.), we have
T
[ min (1), s (7)) — min(e(ah), s (@) < 3 Ja — ),
t=1
we can obtain that

sup
(X1,.., X7)exT

w — min(p(XTH), ..., w(X%?BT))‘

T
< ZdtHbt — 6¢||0o
t=1

<e

)
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where to obtain the first inequality we have used the fact that ¢)(x) is 1-Lipsitz function. Since

B
e’

N([=B; Bl &l - o) < —

the previous inequality implies that

NVl 1) < T (BTdt>

t=1
Now, we show that the concentration inequality stated holds. Using Theorem 4.10 from Wainwright, we can

show that

P( sup |P,[w] — E[w]| > 2Rad,, (W) + 5) > ce 0
weWw

holds for any 6 > 0 where Rad,,() denotes the Rademacher complexity of WV defined as

Rad, (W) = sup ExE.

. P(e;==+1)=0.5.

Here, we abuse the notation and use w(X;) to denote i.i.d. replication of function w evaluated at X;. Using

Example 5.24 from Wainwright we have

n

i=1

Ee \/10gN W, 6 |l - lle, )de

f

where || - ||, denotes the empirical Lo-norm defined as

n

1
s — walg, = S (1) — wa(ai))
i=1
Since ||w; — wal|p, < [Jwi — wal|eo, We have

NW. &l - lle,) SN, & - [lo)

and consequently

1 . dilog BTd
L Zezw > dilog t
n vn
The inequality is verified by taking expectation w.r.t. X. ([l
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We now complete the proof of Theorem 4.1 using Lemma 4.1.

Proof: For convenience, we define

£1(6) = —E [Ymin(w(AlHlTel/”)’ ~--v¢(ATH$9T/n))]’

H?:l p(A¢|Hy)

1, p(A¢ Hy)

and use Q;(0) and Q2(8) to denote the empirical version of £;(6) and L5(0) respectively. Hence, we have

Q(0) = Q1(8) + Q2(0) + > _ AuplBpyl

t,p

Let a = ap +n~ 173 where a, = max{Anp : |35, # 0}, our goal is to show that
Q(0 * +0nd) > Q(6)

holds for any ||d||2 = C for some sufficiently large C' that does not depend on sample size n where d is a
vector in R¥Zi-1 4.

To show this, we first note that for any £ € (0, %) we have

QO + and) — Q(0%) > — |£1(6" + nd) — Q1(8% + and)| — |L2(8" + and) — Qa(8" + )]
= [£1(67) = Q1(67)] — [£2(07) — Q2(07)]

+ L(0" + a,6) — L(67) + Z Anp Bip + andip| — Z Anp|Btp| -

t,p t,p

By doing Taylor expansion of £(6* + «,,8) at 0" and use Assumption 4.5, the term I on the left-hand side of

the inequality above is lower bounded by
1
1> in_QaiéTV2£(0*)6 + 0p(1) — sn 2 Canay, (4.9)

for some constant s that does not depend on sample size n and constant C.
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£
2

Since it is assumed that a,n1 "2 = O(1) and V2L£(6*) is positive definite, we can choose sufficiently

large C such that n=2a2 67 V2L (*)d dominates s~ 3Cay,a,, for any |||z = C. Hence, term I has order

1 . . :
al = n~2 7€ up to a positive constant that does not depend on n. On the other hand, fixing C' to be sufficiently

large, then Assumption 4.4 and Lemma 4.1 imply that
I£1(0° + and) — Q1(0" + and)| = Op(n™2),  |L2(6" + and) — Qa(0* + and)| = Op(n"2),
£1(67) = Qu(6")] = Op(n2),  |£2(67) = Qa(67)] = Op(n~2).
Combine with (4.9), we can obtain that
Q0" + and) — Q(0%) > Op(n~2) + I = I(1 + +0,(1)) > 0

for a sufficiently large n.

The discussion above indicates that for any € > 0

P< inf Q0"+ a,0) > Q(O*)) >1—k¢,

[16]l2=C

for sufficient large n, which further indicates that there always exists a local minimum 6,, such that Han —

%2 = Op(n*i+% + ay,). This completes the proof of the theorem O
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CHAPTER 5: EXTENSIONS AND FUTURE WORK

As discussed in previous chapters, in real application especially for treating chronic diseases, aggressive
treatment may induce multiple negative impacts on patients including but not limited to adverse medical
risks, excessive medical cost or deteriorated life quality. Though our proposed methods in this work can
be easily refined to accommodate problems with multiple constraints, it lacks theoretical justification to
ensure that the choice of surrogate functions used in this work can still lead to consistent estimated rules
under mild conditions. Moreover, due to the non-convexity of the surrogate functions adopted, finding a valid
initial point and efficiently solving the optimization problem can be hard when the number of constraints is
more than one. Hence, future extensions and studies are still expected to improve or develop new efficient
methods to tackle the multiple constraints problems in learning optimal DTRs. Also, to our best knowledge,
no existing method has ever been proposed to address the variable selection challenge when constraints are
imposed in learning optimal DTRs. Future research is also expected to provide statistical tools with variable
selection capability under restrictions.

For our work, we focus on handling the problem when the number of available treatments is finite and
can be encoded as discrete random variables. For some applications such as drug dosage optimization, the
treatment intervention will be a continuous variable and can no longer be fitted into the framework studied in
this work. To handle the optimal DTRs problem with continuous treatments, when no additional constraints
are considered, a flourishing number of methods have been proposed to learn the optimal rules, the works
including Thall, Nguyen and Estey (2008); Chen, Zeng and Kosorok (2016); Li et al. (2020); Zhu et al.
(2020); Zhou, Zhu and Zeng (2021); Chen, Li and Yu (2022); Ding, Li and Song (2022); Park, Chen and
Yu (2023). In opposed, only a few methods have also been proposed to tackle the optimal DTRs problem
with both continuous treatments and additional constraint. These methods include Bayesian approaches
such as Thall and Cook (2004); Thall (2012); Lee et al. (2015) and policy learning approach Laber et al.
(2018). However, the implementation of the methods mentioned requires strong model assumptions and
are lack theoretical justification to guarantee that the learned rules are nearly optimal. New methods with

solid theoretical justification and numerical efficiency are still expected for optimal DTRs problems with
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continuous treatment under consideration of additional constraints. Also, throughout this work, we have
always assumed that the three standard causal assumptions - SUTV, NUC and positivity assumption - hold
for the problem studied. However, such assumptions can be violated in real applications, particularly for
observational data. As listed at the end of Section 1.2.2, a series of works have been done to tackle the
policy learning problem when one of three standard causal assumptions is violated without consideration of
additional constraint over the optimal policy. Hence, future work can focus on developing new methods to
learn the optimal DTRs under consideration of additional constraints when either one or multiple standard
causal assumptions are violated.

Lastly, our work focuses on the problem when treatments are imposed at a fixed and finite number of
time points. When the time horizon is closed to be infinite, a number of studies have been completed to
learn the optimal treatment rules with infinite decision points (Luckett et al., 2020; Hu et al., 2021; Liao,
Klasnja and Murphy, 2021; Shi et al., 2022; Zhou, Zhu and Qu, 2022; Gao, Shi and Song, 2023), and the
methods are particularly useful when data is collected from mobile health devices. More recently, studies
also explore the problem when the treatment intervention time can be adjusted based on the patient’s health
condition (Xu et al., 2016; Nahum-Shani et al., 2018; Nie, Brunskill and Wager, 2021; Hua et al., 2021;
Chen et al., 2022) and recent research has also started developing new methods when medical surveillance
time/method can also be optimized for patients at personal level stimulated by the concept of precision
surveillance. With the rapid growth of the concept of precision medicine, how to unify all concerns in
precision medicine and personalize the optimal treatment regimens for every patient still remains an open
question. From a broad view, novel methods are expected to substantiate treatment personalization with
finite/infinite treatment stages, discrete/continuous interventions, unevenly spread predictors, violation of
standard causal assumptions, possible multiple constraints, and capability of variable selection particular for

the case when patient’s gene or long-term longitudinal health information data is available.
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