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Abstract

Epidemiologists often wish to estimate quantities that are easy to communicate and correspond to
the results of realistic public health interventions. Methods from causal inference can answer these
questions. We adopt the language of potential outcomes under Rubin’s original Bayesian
framework and show that the parametric g-formula is easily amenable to a Bayesian approach. We
show that the frequentist properties of the Bayesian g-formula suggest it improves the accuracy of
estimates of causal effects in small samples or when data are sparse. We demonstrate an approach
to estimate the effect of environmental tobacco smoke on body mass index among children aged
4-9 years who were enrolled in a longitudinal birth cohort in New York, USA. We provide an
algorithm and supply SAS and Stan code that can be adopted to implement this computational
approach more generally.
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1 Introduction

Epidemiologists often wish to estimate quantities that are easy to communicate and
correspond to the results of realistic public health interventions, such as changes to treatment
guidelines or policy. Recent developments in the field of causal inference have shown that,
under stated assumptions, observational data can be used to estimate such quantities.1
Robins’ generalized computation algorithm formula (the g-formula) is one example of an
approach from that field.3% Using a parametric version of the g-formula, we can easily
compare risks or rates of a health outcome in a population of interest under different
exposure distributions.2!

One assumption of the parametric g-formula is that we have accurately modeled the
association between the outcome of interest and both the exposures of interest and potential
confounders. For example, if the rate for a particular outcome varies in a linear-quadratic
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function with exposure, then our model could capture that by including both a linear and a
quadratic term for exposure. This assumption can be approximately satisfied by modeling
the association using flexible models that incorporate non-linear functions and interaction
terms. In particular settings, such as the study of complex exposure mixtures, complex
longitudinal data, or small data sets, this may result in the model smoothing over strata in
which we have little or no data, resulting in highly unstable estimates.

Numerous statistical approaches have arisen for stabilizing model estimates in such
scenarios. Of note, Bayesian approaches have shown promise for dealing with sparsely-
identified models through the use of parameter prior distributions to stabilize estimates that
would be highly variable in an unpenalized maximum likelihood procedure.23:42 Further,
even a set of default shrinkage priors can improve parameter estimation in multivariable
regression models. For example in Stein’s paradox (see, for example, Efron and Morris’s
description12), the maximum likelihood estimator of a set of regression parameters will
always be inferior to a well-chosen shrinkage estimator whenever the number of parameters
exceeds two. The parametric g-formula is computationally intensive and requires modeling a
large joint parameter space that includes the outcome of interest, confounders, and possibly
exposure. When exposure and confounders are time-varying, the modeling requirements
increase. When models are specified (approximately) correctly, the parametric g-formula is a
powerful inferential tool with applications in many fields of knowledge generation such as
public health, environmental health, and medicine. A significant drawback of the parametric
g-formula in the frequentist construction is that it relies on inadmissible estimators (that is,
we can always find a better estimator4?) of a large number of model parameters, the
maximum likelihood estimates.

The primary objective of the current manuscript is to outline a foundational framework for
Bayesian causal inference in epidemiologic studies that can be adapted for situations in
which frequentist estimators may not be ideal. Such situations arise in cases of sparse data
due to small sample size, when the number of parameters approaches sample size, when
meaningful prior information is available, when covariates are highly correlated,23 or when
accounting for measurement error.20 In particular, we focus on the case of small samples
when the nuisance parameters of the parametric g-formula may be highly unstable, leading
to poor finite-sample characteristics of the parameters of interest. We hypothesize that, in the
vein of Stein’s paradox, a Bayesian approach with default shrinkage priors can result in
estimates of marginal, population parameters that can improve on our predictions of the
outcome of public health actions or interventions. This work work builds on previous
applications of Bayesian, causal inference?7:18:39:45 by taking a more general approach to
the Bayesian g-formula.

Our work also builds on non-Bayesian approaches to estimating parameters of the g-
formula, such as those given by Taubman et al*1, Ahern et al 1, Westreich et al6, and Keil et
al?, In particular, the algorithm given in §3 is a Bayesian analogue of the algorithm given
by Taubman et al*1, whereby we estimate the distribution of potential outcomes under
exposure using the empirical distribution of predicted outcomes under hypothetical
interventions on exposures. We show, using simulations, that finite-sample characteristics of
the g-formula can be improved by adopting a Bayesian framework. Thus, provided that
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causal assumptions are met, our Bayesian approach may provide more accurate predictions
of potential public health interventions than other approaches. For example, in a recent
example of the non-Bayesian g-formula, Keil et al. estimated the potential impact of
interventions on arsenic exposure in a cohort of copper smelters.22 In that example, the
authors addressed the effects of airborne arsenic exposure on lung cancer and heart disease
mortality. The latter effect estimate was estimated imprecisely, in part due to the highly
variable baseline risk of heart disease mortality. Our approach could be applied directly to
improve such an analysis by providing shrinkage priors or by leveraging the numerous
studies done of non-airborne arsenic exposure and heart disease, which could, for example,
provide a reasonable prior range for the estimate of association between arsenic and heart
disease mortality. We also show here that Bayesian Lasso is a viable approach to variance
reduction. We are not aware of alternative approaches that can directly leverage prior
information or shrinkage estimators while still providing impact estimates for hypothetical
exposures. Such estimates are essential in deriving exposures standards in occupational and
environmental settings, where precise estimates of risk are necessary to address the cost-
benefit between exposure-control measures and population health.

The novelty of this work is based on 4 points: (1) we derive a Bayesian g-formula approach
in the potential outcomes framework, (2) we show that the Bayesian g-formula is possible
using off-the-shelf MCMC software, (3) we provide an example showing that the approach
is naturally “modular’ and can be used to incorporate existing Bayesian solutions to
problematic data, and (4) we demonstrate that the Bayesian g-formula has desirable
frequentest properties under some choices of default shrinkage priors. This last point
indicates that the Bayesian g-formula may have useful practical applications in scenarios
when the frequentist g-formula may typically be used.

In Section 2 we define notation and demonstrate the Bayesian g-formula in time-fixed data,
and we discuss some potential settings of interest. We outline an algorithm in Section 3 that
can be used to develop software for this approach in a general Markov chain Monte Carlo
estimation framework. This algorithm builds on non-Bayesian approaches to estimating
parameters of the g-formula, such as those given by Taubman et al*1, Ahern et al%, Westreich
et al*®, and Keil et al.2! In particular, we focus on the use of Bayesian methodology to
improve on the finite-sample performance of the g-formula.

In Section 4 we assess the ability to improve parameter estimation using default shrinkage
priors by simulation. In Section 5, we demonstrate our approach using a longitudinal study
of environmental tobacco smoke exposure and childhood body mass index (BMI), and
extend our approach to non-normal shrinkage priors using a version of the Bayesian LASSO
(least absolute shrinkage and selection operator’). We close in Section 6 with a discussion
of the assumptions underlying our approach and speculate about future extensions. In the
Appendix, we derive our approach for both the time-fixed and longitudinal settings and we
supply code in the Supporting Information to implement our approach for SAS, and Stan
programming languages.
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2 The Bayesian g-formula

2.1 The parametric g-formula

To simplify our presentation, in this section we nest our example in the context of an
observed set of time-fixed variables, O= (Y,.X,L), where Y'is some utility function, in our
example a binary endpoint such as all-cause mortality, X is a binary exposure of interest,
such as the level (high or low) of criteria air pollutants, (CO,NO,, O3, SO,, Pb), and L is a
vector of potential confounders such as residence in an urban (versus rural) setting and
annual income (above or below $80,000, say). A more general setting is given in the
Appendix.

In this setting, we are interested in the marginal distribution of the potential outcome Y9 €
{0, 1}, where grefers to some intervention value (or distribution) for the exposures of
interest. For example, we may be interested in the risk (i.e. cumulative incidence) of lung
cancer in the population in which g represents low concentrations of the pollutants. In other
words, our intervention is to “set” each of the pollutants to “low.” We assume that this
hypothetical scenario corresponds to a well-defined intervention or set of interventions to
reduce the pollutants to our specified level, such as mandating manufacturing changes to
decrease vehicle exhaust emissions or restricting traffic on certain days. The risk under this
intervention is given as Pr( Y9 = 1)°. For example, for binary L the g-formula estimate of the
risk under intervention can be expressed using the law of total probability as

pry¥=n= Y P@=1LL== Y  Pr(¥¥=1|L=¢)Pr(L=0).

To facilitate the expression of these quantities in a Bayesian framework, we adopt a more
general notation and instead express the distribution of the potential outcome as

p(yg)=Lp(yg|f)p(f)df, 1)

where the summation symbol has been replaced by an integral, and the discrete probability
notation has been replaced by the generic probability function p. For a random variable A, if
A is discrete then we let p(a) denote Pr(A = &), the mass of A at realization a. Likewise, if A
is continuous then we let p(4) denote f{4), the density of A at realization a. We also let o(:/a)
denote p(-/A = 4). To simplify notation we allow that the integral expression | g(a)dafor a
function g(&) of a will be used to denote integration if A is continuous under Lebesgue
measure, i.e., ' g(a)da, and summation if A is discrete under counting measure, i.e., Zia
9(8). The formula given in 1 yields the population distribution of the outcome under the
intervention g, where the “population” referred to here is the set of individuals with the
distribution of L given by p (d.
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The parametric g-formula extends the g-formula given in 1 by characterizing the conditional
components p(J9/ and p(f) using parametric models. Thus, the parametric g-formula
represention of the potential outcome distribution under intervention g is given as

p(yg;ﬂ,n)=Lp(yg | f;ﬂ)p(f,n)df=Lp(ylg,f;ﬁ)p(f;n)df 2

where the parameter vector g corresponds to the conditional change in the probability of Y
for unit changes in X'and L, and 7 corresponds to the parameters of the probability of L. The
rightmost side of 2 is derived under counterfactual consistency2® and relies on the
assumptions of positivity, conditional exchangeability, and correct specification of models.
Summary effect measures, such as the causal risk difference for a unit increase in X can be
estimated using Monte Carlo methods.2!

The utility of the g-formula becomes apparent when one considers that the functional form
of the relationship between Xand Y may be a complicated non-linear function in non-binary
data, possibly with high order interaction terms. Note that, under such a scenario, the
counterfactual distribution p(9) is easily interpreted as the outcome distribution we would
expect if we could have intervened to set Xto g. Similarly, if L is high dimensional or X
(and possibly L) is time-varying, simple interpretations are still possible and can correspond
to realistic settings. Thus, the approach provides results that are easy to communicate to
non-specialist stakeholders and have immediate public health utility. As a further
consideration, the g-formula can be used to estimate unbiased net effects of exposure when
Xand L may affect each other over time, whereas regression model estimates will generally
be biased for such parameters.36

The parameters S or nmay not be stably estimated when L or X'is of high dimension
relative to the sample size, when estimating effects in small samples, or when there is high
correlation between elements of the data (i.e., due to variance inflation or finite sample bias).
In such settings, common approaches are to create a more parsimonious model, apply some
penalization term/regularizing, or adopt a Bayesian framework to stabilize estimates using
prior knowledge. We adopt an approach that recasts the parametric g-formula within a
Bayesian framework as a way to embrace the interpretability of the g-formula approach
while employing the variance reduction properties of Bayesian inference. We focus on
shrinkage estimation, in which we allow the possible introduction of some bias in exchange
for higher precision and an overall reduction in mean-squared error.

2.2 A Bayesian approach

Following Rubin 37 and Saarela et al. 39, we consider a Bayesian version of the potential
outcome distribution, the posterior predictive distribution p(90). The posterior predictive
distribution of the potential outcomes given by the Bayesian approach differs from the
estimated distribution of potential outcomes using the standard g-formula in that it
marginalizes over the posterior distributions of the parameters (Sand 7).
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Our quantity of interest is the posterior predictive distribution of the potential outcome under
the intervention g, which is defined as p(j90) = | n(396) (6 0)d6, where p(60) is the
posterior distribution of the parameters & (which describe the models of the relationships
between Y, X, and L).

The posterior predictive distribution of the potential outcome under intervention g is given in
our example as

p(;8|o):[?p(;|g,?,o)p(?|o)d?:[?fgp(y|g,?,9)p(?|9)p(9|o)ded?.

Under counterfactual consistency and the assumptions of conditional exchangeability,
positivity, and parameter variation independence (detailed in the Appendix), p (79 0) is a
function only of the observed data, the target population distribution of L, the intervention
value set by the analyst, and prior parameter distributions. We make these assumptions for
the remainder of this section.

Given a likelihood £.(60) = £.(B8,a, o) that factors into three distinct components £ (4,
X O x&(alx § x &£ (nd we show in the Appendix that the posterior predictive distribution
of Y'9is proportional to:

p@ 10 [ [r(51870)p(7 1) 2010 x0 701 Or@rmasnd? @
n

To conceptualize the computation, ¥ 9 acts like a missing variable that can be imputed after
setting exposure to some value g.11 In general, 3 and it’s extension to longitudinal data given
in the Appendix will not be given in closed-form, which necessitates MCMC approaches.
MCMC software that can accommodate imputation of missing data may be used for the
Bayesian g-formula.

3 Bayesian g-formula algorithm

Here we present an algorithm for estimation using the Bayesian g-formula to numerically
approximate 3, as well as quantities derived from a comparisons of ¥ 9 under two
interventions, such as the 30-year risk difference comparing the study population under two
different exposures, one version of the average causal effect. To generalize the outline given
in section 2 to longitudinal settings, we describe an algorithm for estimating parameters of
the Bayesian g-formula when exposure and covariates may be time-varying (the Bayesian g-
formula in the time-fixed setting is just a special case of this longitudinal approach). For
simplicity, we limit this approach to static, deterministic interventions such as “always treat”
or “never treat.”

Generalizing our approach to the longitudinal setting requires choosing some time scale,
such as time-on-study, calendar time, or age, and we denote specific points on that time scale
as ¢, which we assume to be fine, yet discrete. We denote the value of the exposure at time ¢

Stat Methods Med Res. Author manuscript; available in PMC 2018 October 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Keil et al.

Page 7

as X(# and let the history of exposure up to and including time zbe X(2 = (X(0), ...,X(D).
Time-varying covariate vectors £(#) and outcomes ¥{2) are denoted similarly. In our notation
X(9, L(), and ¥(4) are multivariate vectors with elements at times 0, ..., £ In practice, these
usually correspond to functional summaries over time that include only relevant aspects,
such as the cumulative exposure through time £ The vector (L(0),.X(0), Y '(0)) contains the
values of the covariates, exposure and outcome we observe at the origin of the time scale of
interest. Generally, L(0) includes time-fixed quantities such as race, sex at birth, or income
at baseline.

We let ¥ 9(h and L(¢ g) represent values of the posterior predictive distributions of the
potential outcome Y'9(5 and the covariate vector L(# under intervention g. These variable
vectors are denoted in different ways to emphasize that we may be able to estimate the
posterior distribution of the potential outcomes (a causal interpretation) under intervention g
without making the additional assumptions necessary to estimate the distribution of the other
post-exposure covariates. We assume that L(# occurs temporally before X(#), which both
occur before Y (8, implying that £(0, g) = £(0). This allows us to non-parametrically sample
£{0) from the population empirical distribution pp(/0)). Because we let pp(/0)) = A(A0)/n)
and we let §0) = 0), our algorithm is more accurately described to estimate parameters of a
semi-Bayesian, semi-parametric g-formula.

After we have selected an appropriate target population (defined by p{0)) and intervention
of interest (defined by g), the Bayesian g-formula algorithm can be summarized in the
following steps:

1. Specify the model for the joint likelihood

Specify a joint model in the source population for {L(8,X(H, Y (d}. For static regimes, this
corresponds to the following

1. Specify a model for each component of L(#). One could conceivably fit a separate
model at each £ which, for multivariate L = (Ly, ..., Ly) and t= (0, ... , K)
equals p x Kmodels. In practice, the elements (£ are modeled using time-
averaged (pooled) models that average coefficient values across time. If L()
consists of a single dichotomous variable this could be given as

=1 =1
logit {L() = 1| &t = 1,1t = 1), Ya = D) =0} =y +nyt+ny Y x(D+ny 3, £0)
=0 j=0

2. Specify a time-averaged model (or set of time-specific models) for Y'(9.
Assuming that Y'(J is an indicator of death by time ¢ this model could be

t 1
logit {¥, () = 1| 0,1(0), Yt = 1) = 0: B} = By + Byt + By X, x(D+P3 Y, £0)
j=0 j=0

Both of these relatively simple models should be considered for illustrative purposes only
because they are likely over-simplifications for realistic settings.
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2. Specify the prior distributions

For a static intervention, we need only define prior distributions () and () because
modeling exposure is unnecessary. In most scenarios, investigators may be able to derive
meaningful and relatively precise prior information for 8 because this model often
corresponds to regression models used in the literature. Parameters for 7 may be more
challenging because covariate model parameters are rarely reported.

In many scenarios, the analyst will be unable to specify informative, non-null distributions
for some (or possibly all) parameters. One may, instead, specify reasonable generic
information, such that the conditional log-odds ratios are likely to be within some interval.
In epidemiologic practice, it is rare to see (for example) odds ratios outside of the range 1/10
to 10.19 Therefore, weakly informative default priors result in shrinkage estimators that may

improve predictive accuracy, which is a common justification for using Bayesian inference.
17

3. Sample from the target population

Define and sample from a target population defined by p (£(0). This is often identical to the
population by the observed sample, and the L(0) can be sampled by taking the empirical
distribution of the baseline covariates in the data. The target population will be considered to
be under observation for some fixed time &, such that = {1, .., £}.

4. Set the intervention values

Define a static intervention &(/7) such as “always exposed”, e.g., g() = g = 1for all £ Set the
exposures at all time points to this static intervention; i.e., X (8 = g for all £ A parameter of
interest could be the posterior predictive causal risk difference comparing “always exposed”
to “never exposed.”

5. Draw from the posterior parameter distribution

From our simple models in step 1, draws from the posterior distribution of the model
parameters given in step 1 (ﬁo, 7}3 ﬁo ,83) are interpreted as posterior, conditional
log-odds-ratios. These quantities are not of particular interest for our purposes, but are used
in the next step to generate posterior predictive values. This is the point where typical
epidemiologic Bayesian analyses stop, because the posterior log-odds ratio is the parameter
of interest in many settings.

6. Draw from the posterior predictive distribution

Draw new values of £(# and ¥ (4 in the target population by iteratively sampling values
from the models in step 1 under intervention g(4). In our example, one could impute values
of £41) by simulating random values from a Bernoulli distribution with a mean equal to
logit (g + mt+ g+ n3R0)). Similarly, ¥ (1) would be imputed as a draw from a
Bernoulli distribution with a mean of /ogir™( ﬁo + ﬁ1t+ B2g+ /?3(7(1, g) + £0))). One would
then similarly draw values of £(2) using /fogit (o + mt+ 2mg+ m(f0) + 1)) among
those with y7(1) = 0. This process of sampling from conditional posterior distributions would
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continue iteratively for times 7= 2, ..., k. Note that the posterior distributions of £(# and ¥
(9 depend on the histories of the posterior draws up to time £

7. Estimate the parameter of interest
For the survival outcome Y'(9), we are interested in causal contrasts of the posterior potential

outcome distribution p(5% | o). For example, we can estimate the posterior potential risk
difference at the end of follow-up, time /m, defined as: rdd9(m) = & Yi(m)) - & Y(m)),
by taking the difference of the sample posterior means of the imputed ?f(m) values:

—~(1,0 TR Yoo
rd Oy =™ 3 ¥ om) - PREC

The 95% posterior intervals could then be calculated by taking the 2.5th and 97.5th
percentile of the posterior distribution of the risk difference or using an approximation such
as taking #1.96 times the standard deviation of the posterior distribution (a plug-in estimator
of the standard error).

This step could be modified by considering only the expected values of {L(Z g), Y95} at
each time rather than simulating discrete values, as in Taubman et al’s notable application of
the frequentist g-formula®?.

4 Simulation study

We examine the impact of null-shrinkage priors in a Bayesian g-formula approach using 2
simple simulation studies in scenarios in which shrinkage parameters might typically be
used. Our first simulation is in a time-fixed setting in which we have measured an exposure
and a confounder that are highly correlated. Such settings are common in environmental
epidemiology, such as in the air pollution literature where the effects of one pollutant might
be difficult to estimate precisely due to high correlation with another pollutant from a similar
source. Our second simulation deals with a simple, time-varying data scenario in small
samples.

For both simulations, we are primarily interested in m(if(_)), the causal risk difference
comparing “always exposed” and “never exposed” (referent). Thus, the hypothetical
intervention g corresponds to exposing everyone or completely preventing exposure in a way
that has no side-effects (i.e. we assume the intervention is an instrument for exposure, much
in the way that randomization is an instrument for treatment in a randomized clinical trial).
The target population in both scenarios is the population implied by the observed sample.
We estimate ra‘">? using both the frequentist g-formula (“standard g-formula”) and the
Bayesian g-formula. We calculate bias as ra'"? — 719 For each simulation, we perform
the analyses on M= 1, 000 simulated datasets and average the bias and mean-squared error
over samples.
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For the standard g-formula, the risk difference and its standard error, were estimated using a
non-parametric bootstrap. For each of the Miterations, we created S= 1, 000 bootstrap
samples of each of the M/simulated datasets and calculated a risk difference using the Monte
Carlo approach we described previously?!, which involves taking D draws from each
bootstrap sample, where we set D = 2000. The risk difference for each of the M iterations
was taken to be the mean risk difference across the Ssamples, and the standard error was
calculated as the sample standard deviation for these Ssamples. Thus, for each analysis, the
standard g-formula required simulation across S xM x D= 2,000, 000, 000 units.

For the Bayesian g-formula, we analyzed each dataset using the MCMC procedure of SAS
9.4. Each analysis was performed using C= 10, 000 iterations after a burn-in of =1, 000

iterations. We estimated ra‘">? using the sample mean of the risk difference across all

MCMC iterations, and we estimated the standard error of 10 by taking the sample
standard deviation of the posterior draws of the risk difference. For each analysis using the
Bayesian g-formula, we made (C+ B) xM =11, 000, 000 posterior draws.

We calculated 95% confidence/credible intervals for each analysis by as the 2.5th and 97.5th
percentiles of the bootstrap/MCMC estimates. Confidence/credible interval coverage was
calculated as the proportion of all datasets for which the 95% confidence/credible intervals
contained the true risk difference. We also compared the standard deviation of the bias
across the M samples for each approach as a measure of precision. Mean-squared error
(MSE), our primary metric of comparison, was calculated as the average across the M/
iterations of the squared bias plus the variance. We also calculated the mean-squared (in-
sample) prediction error (MSPE) as the mean of the squared difference between individual
predictions of /a(1.9) and the true value. For most analyses MSE~MSPE, so we only report
MSE. We compared the MSE between the Bayesian g-formula and the standard g-formula
using the ratio of the MSE for the Bayesian g-formula and the MSE for the standard g-
formula. A value of the MSE ratio below one indicates that the Bayesian g-formula performs
better than the standard g-formula in a bias-variance tradeoff (with MSE as the loss-
function).

For computational considerations, all simulations are performed on samples of 100 or fewer
units. Data generating mechanisms were designed to maximize precision of the parameter of
interest in such small data situations. We expect that the choice between the Bayesian g-
formula and the standard g-formula will be driven by the sparsity of data, which occurs even
in large samples as the number of parameters grows. We expect that general statements
about bias-variance tradeoff from our simulation results will apply to larger sample sizes in
more realistic scenarios, though the (unknown) ideal amount of shrinkage that minimizes
MSE will vary according to the data, the model, and the parameter of interest.

4.1 Time-fixed example

We simulate a simple dataset to represent a scenario in which two highly correlated,
measured variables may be independently associated with an outcome, and we are interested
in the independent effect of a single exposure X. The simulated data consist of a binary

Stat Methods Med Res. Author manuscript; available in PMC 2018 October 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Keil et al.

Page 11

outcome Y, a binary exposure Xand a binary covariate L, where Xand L are correlated with
coefficient px;.

The data are simulated as follows:

. U~ uniform(0, 1)

Select v; — vy that define the correlation coefficient
(1./1 >kl/4—l/2*l/3)

XL= \/(1/1 ) x (gt vy * () +1,) * (Vg 1)

(vi + v3) =05,

. L=1ifU <v; + v, 0 otherwise

subject to the constraint (v, + v) =

p

o vty IfL=1

X~ Bernoulli( ), where z =
Uyt 3 IfL=0

. Y~ Bernoulli(0.4 + UAO + X * rg1.0))

We repeated each of these simulations for values of the correlation coefficient equal to (0.4,
0.8, 0.9). Each analysis was repeated under a true risk difference of 0 and 0.2.

In a time-fixed setting, the standard g-formula requires only a single model to predict the
outcome (if we take p({/n) to be the empirical distribution of L). For both the standard and
the Bayesian g-formula, we predict Y'using a logistic model with terms for X, and L, with
coefficients 8. For the model intercept we used a vague prior with a normal distribution with
a mean of log(0.5) and a variance of 1000 (.#'(/0g(0.5), 1000)). Other coefficients were
given identical prior distributions of 8~ .#(0, 3) (null, moderately informative priors). We
also report MSE as a function of the prior variance on 8, where we consider variances
corresponding to upper 95% prior-odds ratios of 1.5, 3, 10, 30, 80, and 500.

As expected, the bias was larger for the Bayesian g-formula than for the standard g-formula
(Table 1). The sample variance was higher for the standard g-formula estimator, however.
With respect to MSE, the Bayesian g-formula under moderately informative priors
outperformed the standard g-formula at correlation coefficients of 0.8 and 0.9, and 0.4.
Credibile interval coverage was, in general, conservative, while confidence interval coverage
in the standard g-formula was anti-conservative at higher values of the correlation
coefficient. Overly precise, null-centered prior information can lead to over-shrinkage when
the true risk difference is non-null, in which the MSE starts to increase as one posits
increased precision (decreased variance) for the prior distributions of g for the Bayesian g-
formula. For example, the minimum MSE for a risk difference of 0.2 occurred at a prior
variance of 0.3. At prior variances larger than 0.3, the MSE increases due to larger posterior
variance of the risk difference. At prior variances smaller than 0.3, the MSE increases due to
larger bias in the posterior mean of the risk difference. When the true risk difference is null,
decreasing prior variance leads to vanishing MSE because null values for individual
coefficients in the Bayesian g-formula imply a null value for the posterior risk difference.
(Figure 1.)
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4.2 Time-varying example

We simulate a simple dataset with a time-varying exposure. The data, collected at two time
points, £= (0, 1), include a binary outcome measured at the end of follow up Y'(1), a binary
exposure at two time points {X(0),X(1)}, and a binary confounder of the exposure-outcome
relationship that is also affected by prior exposure L(1). L(1) is related to the outcome by the
common cause U, which we consider to be unmeasured. This particular simulation setup has
been used previously to illustrate other causal inference methods.3* It addresses a central
feature of the Bayesian g-formula: control of confounding by covariates that may also be
affected by exposure.

The data are simulated as follows:
. U~ uniform(0.4, 0.5)
. X(0) ~ Bernoulli(0.5)
. L(1) ~ Bernoulli( logit (-1 + X(0) + U))
. X(1) ~ Bernoulli(logit 1(-1 + X(0) + L(1)))
. Y ~ Bernoulli{ U + (X(0) + X(1))2 * rdL.0))

In a time-varying setting, the parametric g-formula requires a model to predict L(1) and Y
(1). For both the standard and the Bayesian g-formula, we use the correct model (i.e. the
logistic model implied by the data generating mechanism) to predict L(1) (with coefficients
n) and we predict Y'(1) using a logistic model with terms for X(0), X(1), and L(1), with
coefficients 8. All model coefficients were given normal priors (.#'(/m(0.5), 1000) for
intercepts and B, n~ 4/(0, 3) for all other coefficients). Each analysis was repeated under a
true risk difference of 0 and 0.2 We also report MSE as a function of the prior variance on
(B, ), where we consider variances corresponding to upper 95% prior-odds ratios of 1.5, 3,
10, 30, 80, and 500.

As in our time-fixed simulations, under moderately informative, null priors, the bias was
larger and the sample variance was smaller for the Bayesian g-formula than for the standard
g-formula. In the samples we examined, the Bayesian g-formula outperformed the standard
g-formula with respect to MSE (Table 2). As in the previous example, at increasingly higher
precision of prior information, the MSE for the Bayesian g-formula can increase as a result
of over-shrinkage (Figure 2.) Unlike the simulation shown in Figure 1, there is no inflection
point for which a decrease or increase in prior variance will lead to an increase in the MSE.
This is likely due to the small number of values we used for the prior variance, and we
speculate that MSE reaches a minimum at some prior variance between 0.04 and 0.3.

5 Application

We estimated the impact of interventions on environmental tobacco smoke on childhood
BMI z-scores in a prospective birth cohort. Here we propose to estimate the effects of an
intervention that could affect smoking without otherwise influencing BMI (to reiterate, the
intervention is assumed to be an instrument for environmental tobacco smoke exposure with
respect to BMI). The Mount Sinai Children’s Environmental Health and Disease Prevention
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Research Center enrolled 479 primiparous women with singleton pregnancies in New York
City between 1998 and 2002. The final cohort consists of 404 mother-infant pairs who met
previously described inclusion criteria.13 Children were invited to attend follow-up visits at
approximately 4-5.5, 6-6.5, and 7-9 years of age (hereafter referred to as visits 1, 2, and 3,
respectively) and 69 children attended all three visits. For simplicity, we assume that loss-to-
follow-up is missing completely at random. Maternal baseline characteristics were
ascertained via questionnaire at enrollment. At each follow-up visit, we calculated age- and
sex-standardized BMI z-scores and classified children as physically active or inactive as
described by Buckley et al.>

We estimated posterior distributions for the BMI z-score using the Bayesian g-formula
approach. Our specific approach involved a pooled-logistic model for physical activity and a
pooled-linear model for the BMI z-score. The predictors in the physical activity model
included all baseline covariates (maternal age [quadratic polynomial], maternal pre-
pregnancy BMI [quadratic polynomial], maternal height [linear], smoking during pregnancy
[yes, no], race [white, black, or other], education [some high school, high school grad, some
college, college grad]) as well as time-varying covariates for cumulative number of visits at
which physical activity was reported [lagged one visit, range 0-2], cumulative visits at
which ETS was reported [lagged one visit, range 0-2], child’s age (months), and product
terms for cumulative ETS and all other variables. The model for BMI z-score used identical
predictors and additional terms for current ETS, cumulative years of ETS, and current PA.

For the physical activity model, we used moderately informative priors with .4/(0, 3)
distributions for all covariates, which represent a moderate skepticism that we captured any
strong predictor of PA. For the BMI z-score model, we used a Bayesian LASSO (least
absolute shrinkage and selection operator) approach similar to that of Park and Casella 2’.
Briefly, this approach utilizes a double exponential prior, assuming all regression
coefficients are exchangeable. This approach differs from placing normally distributed priors
on the coefficients in that it places much of the prior mass at the mean. We specified that the
prior distribution for each parameter had a mean zero, again suggesting prior skepticism that
any particular predictor of BMI z-score is strong. The motivation for using the Bayesian
LASSO was both to demonstrate that hierarchical models may be used in the Bayesian g-
formula approach as well as that the hierarchical LASSO approach allows the data to inform
the amount of shrinkage that occurs (we allow that alternative prior structures may also have
this property). The model for the BMI z-score at time fusing the Bayesian LASSO has the
following hierarchical representation (the justification of which is given in section 5 of Park
and Casella (2008)%7):

BMI () | . Z(). p.o™~N, (ul +Z(0)f.0°1 )

2 2 2 22
plo ’Tl""’Tp Np(Opla Tp)

P 1222
2 2 2 2., 277 4 _ 2 22 2
c ,‘r],...,rp~n'(g )do Ijljexp 5 dt © ,T],...,Tp>0

J
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Where (7 denotes the 77 x p matrix of model covariates at time #and zpare the elements of
a diagonal p x p matrix. We placed an inverse Gamma distribution prior /G(1, 10) on &2, a
Gamma distribution prior G(1, 1) on A2, and xwas given an independent, flat prior. We note
that the LASSO parameter (A) is not fixed, which allows the data and model to inform the
degree to which the g parameters are shrunk towards 0.

A linear model for the BMI z-score is standard in the literature. We assessed the fit of a
linear model for the BMI z-score using the White test for heteroscedasticity,*” which yielded
an Lagrange-Multiplier statistic of 207 (p=0.45). A plot of standardized residuals versus the
predicted BMI z-score is given in Appendix Figure A.1. For visits 1, 2, and 3, we estimated
the median BMI z-score under the interventions “always exposed to ETS” and “never
exposed to ETS”, as well as the difference in the mean BMI z-score under these
interventions. We report the median of the posterior distribution of the population mean BMI
z-score under each intervention (reported as “mean” or “mean z-score”). We report the 2.5th
and 97.5th percentile of the posterior distributions as 95% credible intervals.

Approximately 25% of the children were exposed to ETS at visit 1, and this proportion
increased to 35% at visits 2 and 3. The average BMI observed among the children in the
study was slightly above the age-specific population norms, with mean z-scores between 0.5
and 0.6 at visits 1,2, and 3 (Table 3.) At all ages, we estimated that the BMI z-score was
higher in the “always exposed” intervention group compared with the “never exposed”
intervention group. Comparing the BMI z-score in the always exposed to never exposed
(referent), the difference in the mean BMI z-score was largest at visit 2 (posterior median
[95% Crl] = 0.42 [-0.22, 1.05]), though the credible intervals included the null at all ages.
Our results suggest that environmental tobacco smoke is associated with higher BMI z-score
throughout childhood, though the small study size precludes precise estimation in the study
population.

Using a standard linear regression model adjusted for age and all baseline variables, we
estimated that the BMI z-score at each visit was 0.15 higher among those actively exposed
to ETS than among those not exposed (95% confidence intervals = —0.20, 0.49). After also
adjusting for physical activity, this association increased to 0.22 (95% confidence intervals =
-0.12, 0.57). The regression results do not correspond to potential interventions, as in the
Bayesian g-formula and so the two results are difficult to compare directly. We note that the
magnitude of association was smaller in the regression analysis. In the regression models,
we can potentially capture an unbiased estimate of the association between BMI and the
ETS behavior reported at the current visit. Thus, this regression model does not capture
potential cumulative effects of ETS exposure at prior ages. We fit a model using cumulative
ETS exposure, but this model may be subject to uncontrolled confounding by physical
activity. After adjusting for physical activity, our estimate could be interpreted (under the
assumptions outlined in the appendix) as a cumulative direct effect of ETS on BMI that does
not operate through physical activity. Further, if there is effect measure modification by
physical activity on the absolute scale, then the adjusted regression estimates will not have
an easily defined interpretation with respect to informing interventions.
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While our results should be seen as primarily illustrative, they show that the effects of
interventions on childhood risk factors for obesity can be estimated using standard
epidemiologic data, provided that the interventions act as instruments for exposure (a ‘no-
side-effects’ or ‘treatment-version irrelevance’ assumption®). Such inference is valuable in
placing the results of observational studies in real-world contexts to prioritize public health
actions. We could easily compare the benefits of interventions on smoking to the benefits of
interventions on physical activity or diet, for example.#? Such comparisons are difficult with
standard regression approaches, even under conditions in which estimators from regression
models are unbiased.

One potential weakness of the Bayesian LASSO approach is that we assume that all model
coefficients are exchangeable. It is likely that prior BMI is a much stronger predictor of
current BMI than the other confounders considered, so future applications of the Bayesian g-
formula could implement non-parametric Bayesian approaches that allow coefficients to
shrink to different means. To assess whether our results might be sensitive to the shape of
the LASSO prior, we estimated the risk difference using null-centered, normal variables (.4
(0, 3)) in the model for the BMI z-score. The new priors resulted in changes to the risk
difference at each visit of less than 0.03 (7%), and results were slightly more precise. Thus,
even with the limitations of our illustrative approach, our results appear to be robust to a
reasonable range of priors. We also examined the prior predictive distribution of the mean
difference (which can be sampled from by removing the likelihood from the algorithm given
in §3), which was diffuse and did not suggest a strong influence on the posterior.

6 Discussion

From a Bayesian perspective, the g-formula is a natural approach to causal inference. The
frequentist version of the g-formula uses the basic rules of probability calculus, along with
the language of counterfactuals and explicit identification assumptions, to make inference on
the effects of treatment regimes or interventions. Other studies investigating postnatal
exposure to environmental tobacco smoke in relation to child body size have also reported
positive associations.2%:26:35:48 For example, in the Menorca subcohort of the Spanish
INMA study, children living with one or two smoking parents at age 4 years had higher BMI
z-scores at ages 4-14 years.3> BMI z-scores were on average 0.21 (—=0.05 to 0.48) or 0.27
(=0.07 to 0.61) units higher among children living with one or two smoking parents
compared to nonsmoking parents, respectively.

The observed reduction of the MSE makes the Bayesian g-formula attractive for data
analysis from a frequentist perspective. Our simulations suggest that, even in a limited
longitudinal setting, default shrinkage priors on conditional model coefficients can result in
improved frequentist results for marginal, population parameters (for whom the prior is a
complex function of the model parameters and target population covariate distribution).
Over-shrinkage can result in an increase in the MSE, as well. Our example in 85 shows that
the Bayesian g-formula is useful in the epidemiologic setting that originally motivated the g-
formula: longitudinal data in which exposures, covariates, and outcomes vary over time.2!
The approach is useful for making easily interpretable inference, even when data or the
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relationships between variables are highly complex. Thus, the results are easily
communicated with stakeholders, public agencies, and non-statisticians.

Our approach has much in common with recent examples of Bayesian causal inference and
Bayesian predictive inference. Namely, Arjas and co-authors developed an approach
analogous to the Bayesian g-formula under a causal framework that does not utilize potential
outcomes (described in a general setting in? and under a Bayesian framework in chapter 7 of
Berzuini et al. 4, with a practical example given in321438) Robins refers to the approach that
does not utilize the language of potential outcomes as an “agnostic” causal model.33 In
contrast, our approach is derived under the original causal framework of Rubin, which bases
causal inference on the concept of potential outcomes.3” The approach of Chib 7 is identical
to the g-formula in the time-fixed setting. A previous example by Wang et al. used the
Bayesian g-formula to estimate the effect of a change in ventilation practices on survival in
patients with acute lung injury.*> Notably, none of the examples mentioned focused on
Bayesian inference as a way to improve the frequentist performance of causal inference
methods. Using our general framework, we build on these applications by integrating the
Bayesian Lasso, which demonstrates the potential utility of our approach to use other
shrinkage or dimension reduction procedures to improve causal inference. The modularity of
our approach allows for the straightforward incorporation of other Bayesian regression
solutions to problems such as inference with highly correlated covariates,23 or accounting
for measurement error.20

As we show, Bayesian causal inference can be framed as a prediction problem. De Los
Campos et al. 10 previously used a Bayesian LASSO approach to predict quantitative traits
in wheat and mice based on genetic markers. In contrast to their approach, our work frames
prediction in terms of causal inference, where the goal is not simply to predict observed
outcomes, but to predict such outcomes /ad we been able to change an exposure or
treatment. Interestingly, De Los Campos et al. 10 showed that the Bayesian LASSO can be
used when the number of parameters exceeds the sample size, a canonical problem in high-
dimensional data. Our approach could be used to extend these results to make causal
contrasts in higher dimensional problems.

An characteristic feature of our approach is that we do not place priors directly on the
quantity of interest. Thus, the bias-variance tradeoff of the Bayesian g-formula is not
targeted towards the causal estimand. Similar claims can be made about frequentist
parametric g-formula. Recent likelihood-based approaches, such as Targeted Maximum
Likelihood (Minimum Loss) Estimation (TMLE), remedy this feature of standard causal
inference approaches by ‘targeting’ the estimator at the parameter of interest, rather than the
nuisance parameters that go into predicting the outcome or the treatment/exposure.** TMLE
is typically combined with SuperLearner, which is an ensemble learning approach that
averages predictions across many (possibly semi-parametric or non-parametric) models.2°
More generally, TMLE falls under the heading of “double-robust” methods, which are
consistent if either the outcome model or the treatment/exposure model are correct. Such
methods are typically based on restricted-moment models developed in the semi-parametric
literature,*3 which do not imply a full likelihood and thus are not easily incorporated into a
Bayesian framework. Graham et al. 15 uses an approach on Bootstrap methods, which has
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approximate Bayesian inference for the posterior predictive distribution of causal effects.
Because such an approach is outside of a formal Bayesian framework, it is difficult to
ascertain whether it could easily incorporate other aspects of a formal Bayesian analysis that
accounts for problems such as measurement error or missing data. However, it is more
robust to model misspecification than our approach. We address this shortcoming by
ensuring that the posterior is flexibly parameterized, which allows for a variety of model
forms. Thus, the Bayesian g-formula can be cast as one alternative to double-robust
estimation as a way to reduce model specification assumptions. Bayesian model averaging?
may be an additional way to incorporate robustness to model misspecification in our
framework.

In more general settings with higher dimensional data, the need for flexibility grows even
further as approximating correct model specification is more difficult. Other causal
approaches, such as the use of inverse probability weighting to estimate the parameters of a
marginal structural model, can marginalize over some of these parameters. However, such an
approach necessitates modeling the (possibly longitudinal) exposure mechanism and a
marginal model for the outcome, and thus does not completely absolve one from the
modeling task. In some settings, such as studies of occupational exposures where time-
varying confounders may have deterministic relationships with the exposure of interest, such
alternative approaches may not be possible.8 Using multiple causal approaches with
different modeling assumptions to answer the same question can help triangulate the effects
of interventions. Further work is needed regarding how to select model forms for p(f1)/) and
pPOAD/) because the g-formula estimator is a function of both models. Our work suggests
that some model selection choices can be avoided by introducing some flexibility and
leveraging the shrinkage properties of Bayesian methods. This shows that previous
knowledge about shrinkage estimation in standard regression models' may also apply to
causal analysis where the estimator is a complex function of multiple parameters.

One potential concern in using the g-formula is the g-null paradox, in which model
misspecification leads to hypothesis tests that inevitably reject the null hypothesis as sample
size increases, even when the causal null hypothesis is true.32 Part of this paradox is
explained by considering that some choices of model form can rule out the null hypothesis a
priori because no parameter values in the model parameter space are consistent with the
causal null hypothesis - we say that such models are “incompatible.” Similar concerns may
arise with prior specifications that rule out the null. Allowing for flexible models increases
the parameter space but may necessitate the use of shrinkage priors, which may reduce
concern over this paradox in the Bayesian setting, provided that the prior parameter space
includes the “g-null” hypothesis. In the Bayesian setting, presence of the g-null paradox can
be assessed by examining whether the prior predictive distribution of the potential outcomes
(which is a function both of the priors, the intervention, the model, and the target population)
rules out the g-null hypothesis. In general, we recommend examining the prior predictive
distribution of the marginal parameter of interest to conceptualize how the joint function of
the regression priors might influence the marginal parameter of interest in possibly
unexpected ways.
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We demonstrated that hierarchical modeling is feasible in the Bayesian g-formula, which
suggests multiple future directions. Our example leveraged the naturally modular aspect of
Bayesian modeling: once a probability model can be used to describe a process (e.g.
measurement error, missing data), it is relatively straightforward to include that model as
part of a Bayesian hierarchical model. This modular aspect of the Bayesian g-formula opens
up many possibilities for improving causal inference in real-world data where some
variables are not measured, and those that are measured may be recorded with error.
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Refer to Web version on PubMed Central for supplementary material.
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Derivations

For any random variable A, if Ais discrete then let p(&) denote Pr(A = ), the mass of A at a
Likewise, if A is continuous then let p(a) denote f{4), the density of Aat a. Let p(-/a) denote
p(:JA = &), and likewise let A(-/a) denote £(:/A = 4), where £(') denotes the expectation
function. In a slight abuse of notation, the integral expression | g(a)da for a function g(a) of
awill be used to denote integration if A is continuous, i.e., J g(d)da, and summation if A is
discrete, i.e., Zgz 9(d). Suppose we have an observed sample of /=1, ..., 7measurements.
Let Y; X and L denote random variables or vectors that represent an outcome, a binary
exposure or treatment such that X'= 0, 1, and other covariates, respectively. Let O= {Y,.X,L}
represent these observed quantities, where A= {Aq, ..., A;} for a random variable A =

Y X L. Let Y9 represent the potential outcome Y under exposure or treatment X'= g.

7.2 Bayesian G-Formula

The mean potential outcome, the g-formula estimand of interest, may be estimated within
the Bayesian framework as the posterior predictive mean potential outcome. The frequentist
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approach estimates the parametrized expected potential outcome A Y9; B, i) by using the
information in oto estimate Band 7, e.g., as Sand 7, respectively, in order to calculate
E(YY, /§ 7}) as an estimate of £( Y9, 8, n)). Contrast this with the following Bayesian quantity,
the posterior predictive distribution of the potential outcome, which explicitly conditions on
oand marginalizes over any parameters.

p(?g|o)=/p(?g|9,o>p<e|o>de. (A1)

The Bayesian analogue of a potential outcome distribution under intervention gis

t

(710) = £y £, (71 0.0)

0] (A2)

!

9,0]p(¢9 | 0)do

=E9[E~[E?g(l7g|z,9,o)

9,0}

EN[E?g(?g | Z,e,o)

{fE(?ﬁ?,e,o)p(?|9,o)d?]p(9|o)d9

/[/;gp(yﬂ?,e,o)d%’]p(?|9,0)d?]p(9|o)d9,

where @ denotes a set of parameters.

7.2.1 Assumptions

In all following subsections, we assume the following. We do not include the positivity
assumption here, as it will first be motivated through the derivations, and then included in
the summary in subsection 7.2.6. Let 6= {B,a, i}

Conditional exchangeability— Y9 1 X|L, 8for g=0, 1
Consistency— Y= YA X+ Y(1 - X) where the support of Y2 and Y are identical.

We also make the following set of independence assumptions regarding the parameters

11 {A} 1 O6for any set { A} that is a subset of { V,g, £}. Conditional on 6, any
subset of future outcomes {A}of { ¥,g, L} is independent of all observed
outcomes O.

12 B, a, and nare mutually and jointly independent
13 Yua, XL, B px L O =puix L p)

14 XLufa ns px 16 =px la, n)

15 XurL as pAla n)= A a)
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16  Lupfa, ne pxl6)=pla, n)and L1 alne pla, )= pln)

7.2.2 Conditional Distribution of §
The conditional distribution of y9in (A2) is

p(;,y,x, f,O) ’

p(’)\/g | ;’070) = p(;g | ;,y,x,f,ﬁ) =
The probability function in the numerator is

p(78.23xt.0)={p(Y18.2.8) p 01 2. )z B{p (7 1) p (. L@z @)z ()

by Bayesian conditional exchangeability, consistency, 11-14, and 16. Likewise, the
probability function in the denominator is

p(frxt.0)=(po1xepa®Yp(¢1n)pxtlamz@rm] (A
by 11-14 and 16. Hence,

(p(¥182.8)p01xe.xBp(Z10)p (.t 1anz@am)

P(y |g’l’ﬁ’9’0)= r&| x,f,ﬁ)ﬂ'(ﬁ)}{l’(; | ﬂ)p(x,f | (l,i’l)ﬂ(a)ﬂ(ﬂ)}

=p(¥18.7.5).
(A4)

7.2.3 Conditional Distribution of ?
The conditional distribution of 2in (A2) is

p(Z10.0)=p(71n) (A5)

by 11, 12, and 16.

7.2.4 Posterior Distributions

The posterior distribution of & can be expanded as
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__p|®)r®)
p(elo)_/p(0|6’)ﬂ'(6)d9' (A6)

The conditional probability function in the numerator and denominator is
p|)=pylxt,ppx|ta)pIn) (AT)

by 13-16. Hence,

p& | m @)

0 =
ap) T (@ Tnyxndn

JXIERN)EI0) “ Pz )@ ]
[rGlxe.pr@dp)| [px| ¢ a) (@) da

by 12. Note that the posterior distribution of gis

bGP
PBlyxd) = T papas PO

by 12-14. Also note that the posterior distribution of a is

__pxlZar(@
plalx?)= fp(x|f,a)7r(a)d(x

by 12, 15, and 16. We therefore have

p@loy=pBly.x.0)pla|x,)pn|?). (A9)

7.2.5 Two Equalities

Page 23

Consider the following equality, whereby the posterior predictive distribution of the potential

outcomes is instead expanded as
E(?g|o)=/E(?g|?,o)p(?m)d}?. (A10)

The posterior predictive distribution of lis
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~ /p(?,f,y,x,a)de

P10 = s e

The probability function in the numerator is
p(Z.yxt.0)= pO 1tz PP | £z @Wp (7 1n)p(@ | m)zn)
by 11-16. Likewise, the probability function in the denominator is

p,x,0,0)={pylxt.paBHp | ) z@Hp | n)z0}

by 12-16. Hence, the equality
p(Z10)= [o@Z n)parioram=p(Z 1)

7.2.6 Summary of Calculation Requirements

The relevant parameter posterior distributions are

ZP1x0y)xp)
JZ B xty)nB)dp

pBly.x¢)=

by (A8), and

EAVIRPEA0))

PO = T Hamdr

where £ () denotes the likelihood function. Let O;= { Y}, X, L;} represent the observed data
for measurement /. For example, for an observed sample of /=1, ..., nindependent
measurements, we have

n
Z@Blxey)= T ply1x:2,5)

i=1

n
zwl )= ] r(¢;1n)
i=1

Expressions (A4), (A5), and (A9) may now be substituted into expression (A2) for the
posterior predictive mean, yielding
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p@|o)do

[/[ P}’|g,ft90)dy]p(f|90)df
/fflfl/yg p(¥1e ,ﬂ)dy] (;|ﬂ)d;}p(ﬂ|y,x’f)p(a|x’f)p(’7|Lﬁ)

dndadf .

(A11)

Note that (A11) is well defined only if all denominator quantities used in its definition are
not equal to zero. That is, the following additional assumptions have been made implicitly
up to this point.

. The expanded denominator in (A3) is greater than 0 if p{l7) >0, pOAx, £ ) >0,
AAL @) >0 by I5and p(§n) >0 by 16, and (&) >0. Note that p(§n) >0 and p({
n) >0 are implied by assuming p(§n) >0 for all £

. The denominator used to define (A5) is greater than 0 if z(6)>0.
. The denominator in (A6) is greater than 0 if p(0)>0.

For the support (i.e., allowed values) of the random variable 6, p(6)>0 is always true. Note
that p(0)> 0 by definition because o represents observed quantities. Hence, the key
assumption that must me made is:

Bayesian positivity—p(§7)>0 for all Land 7, p(4x, € B>0 for all y, x, £ and B; and (A
{ a)>0forall x, £ and a.

One reason to explicitly acknowledge the Bayesian positivity assumption is that it may help
set realistic constraints on the possible values of &= {g8,a, n}. The following variable values
and models must be observed, set, or specified.

. Observed values: y; x, ¢

. Values set by the intervention: g

. Models specified: p (Ux, £ B), pln), = (B), m ()

Importantly, note that 2need not be set because it is integrated out.

7.2.7 Some Binary Outcome Results

Suppose the outcome is binary such that ¥9=0, 1 for x=0, 1. Hence,

E(?gu): Pr()?g=1|z)
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by the definition of an expectation for any set of variable realizations z (including the empty
set). Suppose assumptions Bayesian conditional exchangeability, consistency, and 11-16 are
true. From the equivalence of lines 1 and 2 of (A11), A Y96, 0) = £(Y9)6). Hence, (A2) is
therefore equal to

Pr <I7g=1|0)=/Pr (?g=1|0)p(.9|o)d.9.
Equivalently,
p(§g|0)=/p(?g|0)p<e|o>de
Similarly, (A10) is equal to
e (P8 =110)= [P (78 =117.0)p(710)a?
Equivalently,
p(#10)= [p(F18.7.0)p( 10)a7

by conditional exchangeability and consistency. Finally, from the equivalence of lines 1 and
2 of (A11) and the penultimate line of (A2),

pr (V8= 1|o):/{fpr (7:1 |g,?,9)p(?|9)d?lp(e|o)d9
by conditional exchangeability and consistency. Equivalently,
p(#10)= [ [p(5127.0)p(710)p@1 0)a0a?
and
10 [ [ [o6 10700 1) 26155020 201 O dpind?

by (A9), I3, and 16. Suppose Y¥ (and therefore, Y by consistency), .X; and L are binary such
that 9=0,1, x=0, 1, and £= 0, 1. For an observed sample of /=1, ..., nindependent
measurements, we have
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n v, 1=
z@lo)= [] Pr (Yl.: 1 |Xi:xi,Li:fi,/}) Lpr (Yl.:OlXi:xl.,Li:fi,/})
i=1

Vi

x Pr(X,=1 |Li=f’l.,a)xiPr <Xi=0|Ll.=f’l.,a)1_xi>< Pr(L;=1 |;1)fipr (Li=0|;7)1_fi

by (A7). Note that
ZO@lo)=2@|y.x,O)ZL@|x,O)Zn|7)
by (A7).

7.3 Time-varying quantities

Given a set of longitudinal data O(4) = (L(9, X(#), ¥(1), the Bayesian g-formula for the
posterior predictive distribution of the potential outcomes under a static intervention gis
given as proportional to:

t
p(FE0) | 0) o / f /v fv [TrFhIe 76, FG-D0p)xp  (AL2)
pIn[Jyu-DJ 20 j=0

(G 18, ZG=1, 5 G=1,0.0)|dTdZ | Z B o) L | o)z (B () dpdn

ff f H[p YO 182G, FG=10,8)%p
Fa-0J 70 =0

(18 2G=1.5G=1D.0m)| 2O 0ot)7©)dodT d 7

where the vector of posterior predictions is given as A() = (A(0), ..., A()) and fg(k) = I[;(o),

. Ig(k). We now show that this definition comes from a the full likelihood of the
parameters 8= (a, n, B), given the data O, the assumptions of positivity and conditional
exchangeability, with consistency linking the observed outcomes with the potential
outcomes, and the definition of a posterior predictive distribution.

We can express the likelihood under a set of correctly specified models for L(#), X(#) and Y

(9 as

t
ZO ] o) = |p(y(t) | %), £(t = 1), 5t = 1), f) X H [PG(i) | %G = 1. 20), 3G = D, @) X p( () | G = 1), £(j
j=1

= 1,5G = Dom X py(i = 1) | 5 = 1), 20 = 2), 3G = 2), ) x| p(£(0), n)
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Where we define ({-1), 7(-1)) = & We also note that, under a static intervention/regime in
which we set X'to g, p(x;/, X(j - 1), &), y(j- 1), a) is a degenerate distribution with
probability 1 at x= g, and the posterior will be independent of a. Thus, we can reduce our
expression for the likelihood to

t
L0 00) = 2B | o)L | 0@) = [] [P0 | 5G).20). 3G = D. ) X peG) | 5 = 1.2 = 1.5 = Do)
j=0

|

We define a new assumption of sequential conditional exchangeability (no unmeasured
confounding) as

Y8() L X() | L), Y(i = D, X(i = D) = g, 0forg = 0,1, j = 1,...,1

where, for simplicity of notation, we redefine g in a longitudinal setting to mean that we set
X()togforj=0, ..., ¢t

The predictive distribution of interest is the joint posterior predictive distribution of the
potential outcomes given by p (39(0), ..., y9(H|0), which can be expressed as a complex
function of the posterior predictive joint distribution of the Yand L at a fixed value for the

exposure X = g, given as o((0), ..., y(9,40), ..., Xd\g, o).

Under the above assumptions, a draw from the posterior predictive distribution of the
potential outcome at time #can be expressed as a recursive application of the law of total
probability and the “one step ahead innovations” of Robins 3! (Theorem 3.2; This proof is
also given more explicitly by Young et al. 4). The posterior predictive generating function
(which takes as inputs posterior draws of the coefficients and outputs the posterior predictive
distribution of covariates) for a fixed (8, n, g) is given as

p(38@ 10, p.n) =

t
fw_ 1)/70)]'];[()[;:0(1)|g, )Y G=1,0.8)xp(0) 182G =1, 5= Dson)|dvd?

Outputs from this function can be recursively drawn in order of time. For example, at a
given value of (8, 7, g) we would first draw a value from p{R0), /o, 1), next, we would draw
from p((0)/g, 40), o, p), followed by a draw from p{(1)/g, 3(0), %0), 0, B), and so on
through time £ The conditioning on ois implicit because we draw values of (8, 7) from the
posterior distribution (8, /o).

It follows by definition A1 that the posterior predictive distribution of the potential outcome
Y9(# under intervention gis given by the Bayesian g-formula as proportional to A12.
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Figure A.1.
Pearson residuals versus predicted BMI z-score from the linear model to predict BMI z-

score in the example given in §5. Dashed line represents a LOESS line-of-fit to the data
shown in the figure.
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Mean-squared error for the risk difference as a function of correlation between Xand L and
of the prior variance on regression coefficients (log-odds ratios) for simulation given in §4.1
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Mean-squared error as a function of sample size and the prior variance on regression
coefficients for simulation given in §4.2
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Table 3

Comparing childhood BMI z-scores after potential interventions on environmental tobacco smoke exposure in
69 children, New York, USA 2004 to 2008.

Observed Intervention
Never exposed Mean z-score Always exposed Mean z-score Difference Mean (95%
Visit (age®) Mean z-score (95% CI) (95% Crl) (95% Crl) Crl)
1(5) 0.52 (0.22, 0.81) 0.35(0.13, 0.57) 0.64 (0.27, 1.02) 0.29 (-0.14, 0.73)
2(6) 0.55 (0.29, 0.80) 0.46 (0.19, 0.73) 0.88 (0.32, 1.43) 0.42 (-0.22, 1.05)
3(7) 0.59 (0.32, 0.85) 0.44 (0.10, 0.79) 0.80 (0.07, 1.54) 0.36 (-0.49, 1.21)

a .
Mean age at visit

Stat Methods Med Res. Author manuscript; available in PMC 2018 October 01.



	Abstract
	1 Introduction
	2 The Bayesian g-formula
	2.1 The parametric g-formula
	2.2 A Bayesian approach

	3 Bayesian g-formula algorithm
	1. Specify the model for the joint likelihood
	2. Specify the prior distributions
	3. Sample from the target population
	4. Set the intervention values
	5. Draw from the posterior parameter distribution
	6. Draw from the posterior predictive distribution
	7. Estimate the parameter of interest

	4 Simulation study
	4.1 Time-fixed example
	4.2 Time-varying example

	5 Application
	6 Discussion
	References
	7 Appendix - Derivations
	Figure A.1
	Figure 1
	Figure 2
	Table 1
	Table 2
	Table 3

