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Piezoelectric electron-phonon interaction in impure semiconductors:
Two-dimensional electrons versus composite fermions
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We study the effects of piezoelectric coupling between two-dimensional electrons and bulk phonons in cases
of both zero and strong perpendicular magnetic fields, the latter corresponding to even-denominator filling
fractions. In contrast to the case of coupling via the deformation potential, the leading contributions due to
impurity-renormalized electron-phonon vertices are not exactly canceled by processes of inelastic electron-
impurity scattering. Electron energy relaxation time, diffusion correction to the conductivity, and the phonon
emission rate by hot electrons are computed for realistic GaAs/AlxGa12xAs heterostructures.
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It is well known1 that in impure metals the Coulomb in
teraction is drastically enhanced as a result of a sing
renormalization of interaction vertices in the diffusive r
gime of small momentum and energy transfers (ql ,1 and
vt,1, wheret is the electron momentum relaxation tim
due to elastic electron-impurity scattering, andl 5vFt is the
electron mean free path!. Earlier analysis of the effects of th
deformation potential in impure metals2 was based on the
assumption that the electron-phonon interaction underg
the same renormalization. It turned out, however, that
situation is essentially more complicated. It was shown
Ref. 3 that screening of Coulomb ionic and impurity pote
tials together with inelastic electron-impurity scattering lea
to a precise cancellation of the impurity renormalization
the electron-phonon vertex. The underlying physics of t
cancellation is a local electroneutrality of the system.

In this paper we reexamine the problem of piezoelec
electron-phonon interactions in crystalline semiconduct
without an inversion center, such as GaAs. In piezoelec
crystals an elastic strain is accompanied by a macrosc
electric field, and the electron-phonon interaction resu
from coupling between electrons and the lattice polarizat
caused by the strain. However, the electroneutrality of
electron-ion system does not affect piezoelectric coupling
one could expect its effects to be different from those of
deformation potential, particularly in the long-waveleng
limit.

In a metal, inelastic electron-impurity scattering is det
mined by the same impurity potentialVe-imp which stems
from a local charge disturbance. In the case of a piezoele
crystal, however, there is another potential source of inela
scattering processes. That is, if the size of impurity atom
different from that of host ones, then the lattice strain cau
by this difference gives rise to a local lattice polarizatio
The latter results in an additional inelastic electron-impur
scattering which may become important in the lon
wavelength limit.

One can argue, however, that in Si-dop
GaAs/AlxGa12xAs heterostructures, the inelastic electro
impurity scattering associated with the piezoelectric coupl
560163-1829/97/56~24!/15822~5!/$10.00
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can be safely ignored. Indeed, the covalent sizes of Al,
As, and Si atoms are very close~1.18, 1.26, 1.20, and 1.19 Å
respectively!. Therefore an additional perturbation induce
by the impurity size appears to be much smaller than
effect of its Coulomb potential. Hence inelastic piezoelect
electron-impurity scattering is negligible compared to t
elastic~Coulomb! one.

This important conclusion had been used implicitly in
recent theory of kinetic phenomena associated with pie
electric electron-phonon interactions in the two-dimensio
electron gas in a quantizing perpendicular magnetic field c
responding to filling factors equal to some of the even
nominator fractions~EDF’s! n5n61/2q.4 The effective
coupling of electrons to acoustic phonons at EDF’s was
rived in Ref. 4 by employing the composite fermion theo
by Halperin, Lee, and Read.5

In Ref. 4 we found the temperature dependencies o
number of experimentally measured quantities, such as
phonon contribution to electronic mobility, phonon-dra
thermopower, and phonon emission rate by hot electro
which all appeared to be in qualitative agreement with
available experimental data. In the present paper we
calculate the electron energy relaxation time, the correc
to the diffusion conductivity, and the hot-electron energ
loss rate for both cases of zero magnetic field and for EDF
For the latter quantity, which was measured directly,6 an
agreement is found.

ELECTRON ENERGY RELAXATION TIME

In what follows we consider the range of temperatu
below a few K, where the only important coupling is th
piezoelectric one, and treat phonons as bulk acoustic mo
coupled to a local electronic density by virtue of the ba
vertex7

Ml
~0!~Q!5eh14~Al/2rulQ!1/2, Al5

9qz
2q4

2Q6 ,

Atr5
8qz

4q21q6

4Q6 ~1!
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56 15 823PIEZOELECTRIC ELECTRON-PHONON INTERACTION . . .
whereQ5(q,qz) is the three-dimensional~3D! phonon mo-
mentum,r is the bulk mass density of GaAs,ul is a longi-
tudinal (l ) or a transverse~tr! sound velocity, andh14 is the
only nonzero component of the piezoelectric tensor.

As a result of the Coulomb interaction in the tw
dimensional electron gas~2DEG! the vertex~1! undergoes a
dynamical screening which appears to be important at p
tically all scales,8

Ml~v,Q!5
Ml

~0!~Q!

«~v,q!
, ~2!

where«(v,q)511H(q)(2pe2/«0q)P00
R (v,q) is the 2DEG

dielectric function which depends on the~retarded! 2D scalar
polarizationP00

R (v,q) and the form factor of the quantum

well H(q)5**dzdz8j2(z)j2(z8)e2quz2z8u given in terms of
the wave function of the lowest occupied quantum well s
bandj(z);ze2z/w.

In the diffusive regimeql ,1, the dielectric function is
given by the standard formula

e~v,q!511
Dkq

iv1Dq2 , ~3!

where D5vF
2t/2 is the diffusion coefficient andk

52pe2nF /«0 is the 2D Debye wave vector proportional
the two-spin electron density of states at the Fermi levelnF
5m/p.

As follows from the above discussion, in the diffusiv
regime one should also renormalize the vertex~2! by an im-
purity ladder.2 The kinetic equation which describes electr
energy relaxation and accounts for such a renormaliza
was derived in Refs. 2 and 3. Generalizing it onto the cas
different electronic (T) and lattice (Q) temperatures, we ob
tain

]n~e!

]t
52

1

~2p!4(
l
E d3QE dvuF~qz!u2uMl~v,Q!u2

3ImDR~v,Q!Re
1

iv1Dq2 RT,Q~e,v!, ~4!

where RT,Q(e,v)5coth(v/2Q)@S(e1v)2S(e)#2S(e
1v)S(e)11, S(e)52n(e)21, andF(qz)5*dz eizqzj2(z).

For thermal acoustic phonons with a dispersi
Vl(Q)5ulQ, one can use the customary expression for
phonon propagator ImDR(v,Q)52p„d@v2Vl(Q)#
2d@v1Vl(Q)#….

PuttingT5Q and using the equilibrium form of the elec
tron distribution functionS(e)52tanh(e/2T), we arrive at
the following expression for the energy relaxation time:

1/te~T!52
d

dn~e!

]n~e!

]t U
e50

5
2

~2p!3(
l
E d3QuF~qz!u2uMl@Vl~Q!,Q#u2

3Re
1

iVl~Q!1Dq2
$coth@Vl~Q!/2T#

2tanh@Vl~Q!/2T#%. ~5!
c-

-

n
of

e

This formula is valid at temperatures belowT15u/l which
correspond toql ;1, and characterizes the onset of the h
drodynamical regime~throughout this paper we neglect th
difference betweenul and utr , while making rough esti-
mates!.

In typically used high-mobility samples (m;106

cm2/V s) with sheet electron concentrationne;1011 cm22

the applicability of Eq.~5! is limited to the regime of ex-
tremely low temperatures (T,T1;5 mK).

In this temperature range, Eq.~5! yields

1/te~T!5C3

~eh14!
2

2rul
3

T2

Dk2 , ~6!

where the numerical factorC35 1
4 *0

1dx„9x2(12x2)2

1(ul /ut)
3@8x4(12x2)1(12x2)3#…'1.35 receives its main

contribution from two transverse phonon modes which
slower than the longitudinal one (ul /utr'1.73).

Since the width of the quantum wellw;(kkF
2)21/3 is

typically smaller than or of the order of 1/kF , the small-q
response does not probe the structure ofj(z), and one can
set the form factorsH(q) andF(qz) equal to unity.

We note, in passing, that in contrast to the conclus
drawn in Ref. 2, where the case of the unscreened defor
tion potential was considered, the temperature dependen
te given by Eq.~5! continues all the way down toT50, and
undergoes no additional crossover atT;T25u2/D defined
in Ref. 2 from the conditionDq2;Vl(q). On the contrary,
in our calculation ofte given by Eq.~5!, this condition does
not appear at all, since the factor (iv1Dq2)21 resulting
from the impurity vertex correction is exactly canceled by
identical factor contained inMl@Vl(Q),Q# @see Eqs.~2!
and ~3!#.

For comparison, in the clean regimeT1,T,TD52ukF
;10 K ~the latter condition facilitates that both in-planeq
and out-of-planeqz components of the phonon momentumQ
are controlled by temperature rather than by the width of
quantum wellw), we obtain the well-known result7

1/te~T!;
~eh14!

2

ru4

T3

vFk2 . ~7!

Equation~4! can be also used to determine the rate of ene
transfer from the 2DEG to the lattice in the case of so-cal
‘‘hot’’ electrons, with the effective temperatureT.Q:

P~T,Q!52E enF

]n~e!

]t
de

5(
l
E d3Q Vl~Q!

]N@Vl~Q!#

]t
. ~8!

The detailed derivation of the kinetic equation for the ph
non distribution functionN(v) can be found in Ref. 3.

In the strongly disordered regime, we obtain the resul

P52
C3

p2

~eh14!
2

2rul
3

n

Dk2E
0

`

v dvE
2`

`

e de RT,Q~e,v!.

~9!

The frequency integral
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E
0

`

v dvE
2`

`

e de RT,Q~e,v!

52*0
`@N~v/2Q!2N~v/2T!#v3dv

5~2p4/15!~Q42T4!

yields an unusual behavior of the electron-energy-loss
P(T,Q);T42Q4 discussed in Ref. 6, whereas in the cle
limit P(T,Q) follows the standard dependence (;T52Q5).

As a reciprocal effect of the electron-phonon couplin
the impurity-renormalized matrix element~2! leads to attenu-
ation of long-wavelength phonons:

1/tph,l~ulQ!5
uMl

0@Vl~Q!,Q#u2

2pe2/«0q
Im

1

«@q,Vl~Q!#

5uMl@Vl~Q!,Q#u2ImP00
R @q,Vl~Q!#.

~10!

It can be readily seen that under the conditions of the di
sive regime 1/tph,l(Q) remains constant, whereas in th
clean limit it varies as a linear function ofQ.

In all regimes the estimates made with the use of Eqs.~5!
and ~10! satisfy the relation

Ce~T!

te~T!
;

Cph~T!

tph~T!
, ~11!

where Ce,ph(T) is a 2DEG (;T) or a 3D phonon (;T3)
specific heat, which is implied by the energy balance eq
tion ~8!.

Our Eq. ~9! is in agreement with the results of Ref.
where the phonon emission rate was computed in the fra
work of a hydrodynamical model which postulates a co
stancy of the conductivitysxx(q) in the strongly disordered
regime. Compared to this phenomenological approach,
microscopic analysis allows one to calculatete and tph di-
rectly, as well as to generalize the results onto the cas
compressible states of electrons in quantizing magn
fields.

CONDUCTIVITY CORRECTION

The correction to the conductivity from the piezoelect
electron-phonon interaction can be obtained by modify
the expression derived in Ref. 2:

dse-ph

s0
52

2

~2p!4(
l

ImE d3Q

3E d vDR~v,Q!uMl~v,Q!u2uF~qz!u2

3F Dq2

~ iv1Dq2!3G f S v

T D , ~12!

where

f ~v/T!5 1
2 E

2`

`

de S~e1v!~]/]e!S~e!

5~]/]v!@v coth~v/2T!#.
te

,

-

a-

e-
-

ur

of
ic

g

In the range of temperaturesT2,T,T1, Eq. ~12! yields

dse-ph

s0
52

2C1

p2

~eh14!
2

2rul

1

D2k2 lnS T1

T D , ~13!

where C15 1
4 *0

1dx„9x2(12x2)1ul /ut@8x41(12x2)2#…
'1.22.

At temperatures T,T2 the conductivity correction
dse-ph(T) ceases to diverge logarithmically, and shows on
a quadratic deviation from its value atT5T2. For the real-
istic parameter values one hasT1 /T25u/vF'20230 and,
hence, the interval where Eq.~13! holds is quite narrow.

COMPOSITE FERMIONS

A comprehensive description of the physics of EDF’s h
been achieved in the framework of the theory of compos
fermions~CF’s!, regarded as a new kind of fermionic quas
particle forming a nearly Fermi-liquid state.5

The residual interactions of the CFs, as well as their
teractions with charged impurities~remote ionized donors
which are usually set back some 102 nm from the 2DEG!,
turn out to be essentially more singular than the conventio
Coulomb potential. In the framework of the Chern-Simo
theory of Ref. 5, these interactions are formally described
gauge forces representing local-density fluctuations.

The microscopic analysis of the coupling between co
posite fermions and bulk phonons was done in Ref. 4, wh
it was shown that in the presence of transverse gauge in
actions the electron-phonon scattering is strongly enhan
compared to the zero-field case of~purely scalar! Coulomb
interactions. Experimentally, the features attributed to the
hanced electron-phonon interaction were observed in b
phonon-limited electron mobility9 and phonon drag
thermopower10 at EDF’s.

It was shown in Ref. 4 that instead of Eq.~2! the screened
piezoelectric electron-phonon matrix element reads~hereaf-
ter we focus on the EDF state atn5 1

2, which is the one bes
studied experimentally!

Ml
cf~v,Q!5Ml

cf,s1Ml
cf,v

5
Ml~Q!

«c f~v,q!F114ipH~q!
v3q

q2
P00

R ~v,q!G ,

~14!

where

«cf511H~q!~2pe2/e0q!P00
R 1H~q!2~4p/q!2P00

R P'
R

.

The transverse component of the vector polarization is gi
by the formula P'

R(q,v)5xcfq
21 ivscf(q), where xcf

51/48p2nF,cf and scf(q) equals (A2/4p)kFl cf if qlcf,2,
andA2kF /(2pq) otherwise.

The diffusive regime, which is only accessible at ultralo
temperatures in the zero-field case, now sets in at m
higher temperatures (T1,c f;1 K), since the bare Drude con
ductivity at EDF’s is typically two orders of magnitud
lower than the zero field one.

One more remark is in order here. Recent experimen11

demonstrated that in the typical parameter range then5 1
2
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state retains its metallic conductivity down toT;20 mK,
and only becomes insulating when the amount of disor
effectively increases by a factor of 2, which can be achie
by applying a negative voltage to the side gate and ther
depleting the 2DEG. In view of that, we believe that in t
interaction-dominated regime the CF metal obeys a conv
tional diffusive behavior, whereas effects such as a disor
induced multifractality of single-particle wave functions b
comes important only at excessively low temperatures.

Proceeding along the lines of the previous zero-fi
analysis, we arrive at the formula for the CF energy rel
ation time:

1/te,cf~T!5
2

~2p!4(
l
E d3QE dv

3ImDR~v,Q!uF~qz!u2ReF tcfuMl
cf,vu2

1
uMl

cf,su2

~Dq21 iv!
G @coth~v/2T!2tanh~v/2T!#.

~15!

In the disordered regimeT,T1,cf the resulting expression fo
te,cf can be cast in the form of Eq.~6!, where the Debye
screening momentumkcf52pe2nF,cf /«0, and the diffusion
coefficientD1/25s1/2/nF,cf determined in terms of the phys
cal conductivitys1/2'(e2/2h)2/scf ,

5 contain the mean-field
composite fermion density of statesnF,cf5mcf/2p.5

However, Eq.~6! only holds provided the conductivity
s1/2 is large compared tosM5e0u/2p;1022e2/h. In the
opposite case,s1/2,sM , the result reads

1/te,cf~T!5C5

~eh14!
2

2rul
5

D1/2T
2, ~16!

where the value of the numerical factor

C55 1
4 E

0

1

dxF9x2~12x2!31S ul

ut
D 5

3@8x4~12x2!21~12x2!4# D
'2.48

is again dominated by the transverse phonon modes.
In the clean regimeT1,cf,T,TD,cf5A2TD , one obtains

1/te,cf~T!;
~eh14!

2

ru2

Ts1/2kF

max@u2/D1/2;D1/2kcf
2 #

. ~17!

As opposed to the case of zero field described by Eqs.~6!
and ~7!, the exponent in the power-law temperature dep
dence ofte,cf reduces by 1 asT increases.

Equations~16! and ~17! are also consistent with the en
ergy balance relation~11!, since the phonon relaxation ra
1/tph(Q) due to scattering against CF’s changes from a c
stant in the diffusive regime to the 1/Q behavior in the bal-
listic one.
r
d

by

n-
r-

d
-

-

-

In the diffusive regime both the zero field and then5 1
2

energy relaxation rates share the sameT2 behavior. The ratio
of the prefactors can be estimated as

te,cf
21

te,cf
21

;S nF

nF,cf
DminF s0

s1/2
;
s0s1/2

sM
2 G , ~18!

wheres0 is the zero-field conductivity.
In pure samples exhibiting the ‘‘n5 1

2 anomaly,’’ the nu-
merical value of the right-hand side of Eq.~18! is substan-
tially greater than unity, but reduced compared to that of
transport relaxation rates4 which does not contain the extr
factor nF /nF,cf52m/mcf'0.14.

The CF conductivity correction differs from Eq.~12!, due
to the fact that the CF-phonon vertex~14! contains both sca-
lar and vector parts, the latter making the dominant con
bution:

ds1/2

s1/2
52

dscf

scf
5

tc f

~2p!4(l
ImE d3QE dv DR~v,Q!

3F uMl
cf,vu2

~Dq21 iv!
1

vF,cf
2 q2uMl

cf,su2

~Dq21 iv!3 G f S v

T D . ~19!

The peculiar relation between the CF ‘‘quasiparticle cond
tivity’’ scf and the physical current response function5

makes both the dc conductivitys1/2 and the resistivityr
's1/2/(e2/2h)2 increase asT→0.

At T2,cf,T,T1,cf ands1/2.sM , we obtain

ds1/2

s1/2
5

C1

p2

~eh14!
2

rul
S 2e0

e2 D 2

lnS T1,c f

T D , ~20!

whereas ats1/2,sM the result reads

ds1/2

s1/2
5

C3

p2

~eh14!
2

rul
3 S s1/2

sc f
D lnS T1,cf

T D . ~21!

The logarithmic growth of correction~21! stops atT5T2,cf
5u2/D1/2;0.1 K and at lower temperaturesds1/2 shows
only a ;T2 deviation from its value atT5T2,cf .

In either case described by Eqs.~20! or ~21!, the absolute
value of the conductivity correction is small compared to t
logarithmic term resulting from the residual~gauge! interac-
tions of CF’s.12 The latter Altshuler-Aronov-type term
which was predicted to exist in a much wider range of te
peratures (1 mK,T,1 K),12 provides a reasonable ac
count of the available data on the temperature dependenc
the resistivity at EDF’s obtained in Refs. 11 and 13.

At compressible EDF states the powerPcf(T,Q), carried
out by piezoelectric phonons from hot electrons, appear
be strongly enhanced compared to that at zero field (P0).
Repeating our calculation, which led to Eq.~9!, for n5 1

2 we
obtain

P1/2

P0
5minF s0

s1/2
;
C5

C3

s0s1/2

sM
2 G . ~22!

Equation ~22! interpolates between the limiting cases
s1/2, being much greater or much smaller thansM . Com-
pared to Eq.~18!, ratio ~22! is free from an uncertainty re
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15 826 56D. V. KHVESHCHENKO AND MICHAEL REIZER
lated to a definition of the~strictly speaking, gauge
noninvariant! CF density of states. It can also be used as
estimate in the practically relevant case ofs1/2;sM
;1022e2/h, where it predicts an enhancement of the rate
phonon emission by two orders of magnitude, which is c
sistent with the experimental data from Ref. 6.

It is worth mentioning that after being expressed in ter
of the physical conductivity, the energy-loss rate at ED
contains absolutely no reference to CF’s used in its der
tion. This formulation enables one to make a direct link
the hydrodynamical model of Ref. 6, and to compare
enhancement ofP(T,Q) to that of the surface acoustic wav
attenuation atn51

2.
To conclude, in the present paper we elaborated on

unified treatment of the piezoelectric electron-phonon in
action in the disordered 2DEG in cases of both zero
strong magnetic fields, which was developed in Ref. 4. Fi
we pointed out an important difference between
impurity-assisted renormalizations of the electron-phon
vertices due to the deformation potential and piezoelec
ev
n

f
-

s
s
-

e

e
r-
d
t,
e
n
ic

coupling. Second, we showed that in high-mobility samp
the diffusive regime can be probed at experimentally acc
sible temperatures only in the case of strong fields co
sponding to compressible EDF states.

In the course of our comparative study of the zero-fie
case versus that of EDF’s, we compute the phonon contr
tion to the electron energy relaxation time, the energy-l
rate by hot electrons, and the conductivity correction wh
results from quantum interference between electron-impu
and electron-phonon scattering. We observe that in the
ordered regime the above quantities follow the same te
perature dependences in both cases. Numerically, howe
the results obtained for EDF’s are all enhanced compare
those at zero field by the numerical factor related to the ra
of physical conductivities. Further experiments of the ki
carried out in Ref. 6 would allow one to test this and oth
predictions of the theory.
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