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Quantum impurity models of noisy qubits
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We demonstrate that the problem of coupled two-level systéinsbits”) which are also subject to a
generic (sub)Ohmic dissipative environment belongs to the same class of models as those describing
(nonmagnetic impurities embedded in strongly correlated systems. A further insight into the generalized
single- and two-impurity Bose/Fermi Kondo models enables one to make specific recommendations towards a
systematic engineering of highly coherent multiqubit assemblies for potential applications in quantum infor-
mation processing.
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The studies of open quantum systems have long been fo- Regardless of the qubits’ physical makeup, the dynamics
cused on the behavior of a single two-level systameffec- of N such species is usually described by the spin-boson
tive spin-1/2 or, as it is nowadays often referred to, a qubit Hamiltonian,
in a dissipative environment, for this hallmark problem ap-
pears to descrﬁbe a variety of physically differépét, for- H(s'\QZE B+ 7,ah_a)Jrz I?SaS‘?‘+2 wkblbk- (1)
mally related situations: a Vogn T %

More recently, the attention has been drawn to this prob- e« R apet
lem’s further extension whers coupled two-level systems 1 N€ random fielhy== e \i(bg+b_ )/ Vo represents a

would be subject to a dissipatipossibly, nonuniformen- ~ generic - multicomponent bosonic bath composed  of
vironment. This interest was largely motivated by the rel-D-dimensional propagating modes with the dispersign

evance of the problem in question for practical implementa-zvk and described by the correlation functidrereafterR

tions of the ideas of quantum information processing. =i—jlis a distance between tmtt,] andjth qub|ts and\ is
However, despite the previougnostly numerical and an upper cutoff of order the bath's bandwirth

largely limited to weak couplinganalyses of the problem of

N=2 noisy qubits’ not much of a consideration has been <hia(t)hb(o)>oc .

given to the assessment of a possibility of reducing the en- : [t?—(Riv)?]*~ 2

wronn‘_nentally induced deco_he_re_nce by means of properl)ﬁ.he variable parameter<Qe<<1 controls the bath’s spectral

choosing the parameters of individual qubits and/or by virtue

N . . : density p(0)=2(|\]|H 0) 80— o )*xA‘w "¢, thus al-
O.f permanent pairwise qubit Interactions whl@bhether d?’ . lowing one to study the entire range of differéatibjOhmic
iteudpor not would be unavoidably present in any realistic environments within the same unifying framework.

] . Recently, a new reincarnation of the Hamiltonidn has
As one step towards developing a system@gopposed  emerged under the name of the Bose Kondo model in the

present work we explore a formal connection between th&ystems, such as heavy fermions, Mott insulators, and high-
spin-boson model of interacting qubits coupled to a generiqr cuprate$

5PN €

2

(multicomponent and/or(sub)Ohmic) bosonic bath and In the case of a single qubiNE 1), the Hamiltonian(1)
some of the recently studied models(obrimagnetic impu-  gives rise to the renormalization groufRG) equations
rities in strongly correlated electron systems. which, to the first order in the dimensional regularization

Such analysis would be incomplete without investigatingparametee=3—-D<1, read
the intermediate-to-strong coupling regime where the cus-
tomary Fermi's Golden rule-based estimates fail, and a more dg
elaborate approach is needed. While, at the first sight, a ar G_a:EJ.,Z 9:1.a/9
strong-coupling behavior may not seem to be immediately
relevant to the previously proposed designs of a practical
guantum register, it should be noted that experimentally mea-
sured decoherence rates routinely exceed their best estimates
obtained in the framework of the weak-coupling Bloch-
Redfield and related approximations. Moreover, even in the dBa_ 1- E B
case of a single qubit, the recent nonperturbative analyses of dl a=12 9r.a|Pa-
the strong coupling behavior as well as the effects of non-
Markovian and/or structured environments have already reln these equations which generalize the analysis of Ref. 4 to
sulted in a number of potentially interesting implications forthe case of a finite uniform fiel+#0, |=InA/w is the
quantum computing. energy-dependent renormalization scale. The longitudinal

di :(e_bsﬁa g*b_g'_y)gl‘a'
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9/=(yB)?/B? and the transvers@, , [S,-1.0, ,=7> the regime of smalf(l) and’A(l) which is of primary im-

—(yB)?/B?] qubit-bath couplings are defined with respectportance for quantum computing-related applications of

to the direction ofB=(0,0A). Eq. (1). . :
Equations(3) feature a variety of fixed points that can be In the latter case, contrary to the naive expectation drawn

classified according to the number of effectively equal com-from the weak-coupling analysis, the coupligt) may first

- . increase, before succumbing to the continuing growth of
ponents of the vectog. Namely, we find unstable SQ)- ~ . . . .
_ _ —0 : : : A(l) and reverting to the opposite, decreasing, behavior, pro-
(9. ,a=9)) and XY- (9, a=9, g,=0) invariant fixed points, ded that the initial val f the RG iabl tisfy th
while the only stable one is a pair of Ising fixed poingg ( vide . at the |n|~|§1 values ot the variables satisfy the
=g, ,=0 org;=g, ,=0). Thus, in a striking contrast with condition makg,,Ag|=<e. _
the conventionalFermij Kondo modef: an anisotropy of the Besides, Eqgs(3) indicate that for a strongly sub-Ohmic
bosonic couplings does not renormalize away, but insteaflath (€>e€, =1/2) yet another unstable XY-symmetrical
tends to increase. fixed point can emerge abyy;=1/2 and Ayy=(e
In the Ising case, the coupling to a one-component Ohmic_ ¢ )2 whjle the fixed point atgyy, =€ and Ayy ;=0

bath gives rise to the conventional Kosterlitz-Thoul&§$)  would then become stable. Considering the fact that the cor-
transition that occurs aj;=1, A;=0 and separates the re- responding threshold valug, is quite large, this prediction
gime where a sufficiently small initiad continues to de- Mmay turn out to be spurious. Nevertheless, from a general
crease ¢>1) from that where it instead growsg€1). In  Viewpoint, it is conceivable that even a multicomponeyet,
the language of the Fermi Kondo modeke below, these  sufficiently strongly sub-Ohmjcbath could still be capable
two regimes correspond to the ferromagnéfi®) Kondo  of causing a complete localization of the qubit for smgjl
effect and the usual antiferromagneti=M) Kondo screen- The above predictions for the RG flow of the couplings
ing, respectively. and the effective level splitting have a direct bearing on the
The behavior of the running RG variahlg1) should not, ~ Properties of such observables as the qubits’ correlation func-
of course, be confused with that of the renormalized splittingions ({S(t),S{(0)}) and the corresponding dynamical
between the qubit's energy leved{1)=A(1)e' which still  SPectral functions
decreasedalbeit, in different wayp in both cases. In the

extensively studied AFM regime of the Ohmic problem, the (n[SfIm)(m[Sfin)

latter is given by the well-known solution X”(w)_lmn,Em (Pan=Pm w—Eq+Epn+ilm ®
A, ~A(Ag/A)VE9 (4)  9iven by the sums over renormalized and broadened energy
levels [n) of the interacting noiseless qubits which are
of the self-consistent equation,, = A(1=InA/A,)." weighted with the diagonal elements of the equilibrium den-
In the case of a sub-Ohmie%0) bath and in the vicinity ~Sity matrix p,,=|n){n|.
of the Ising fixed point, the RG flow decribed by Eq3) is The analysis of Eq(5) reveals that for noninteracting

characterized by a constantly increasing effective couplingjubits the coherentsingle-qubil behavior manifests itself
g(l) and a vanishingpossibly, after some temporary in- through the presence of inelastic peaksoat £ A, /2 in the

_ . . —€ 3,5 .
creasg A(1), provided that its bare valug, falls below the ~normalized spectral density;; (w)/ '~ < §; > The width
separatrix which connects the unstable fixed poirg,at1, of these peaks is controlled by the decoherence rate

A, = €2 to the trivial one at the origin of thg—A plane.

Such a behavior signals a total loss of coherence and a 8. p(4,)cot(A, 12T), ©
complete qubit's localization in one of the two degeneratewhich increases aB~g, T(A/A, )€ with increasingy, and
states(overdamped regimein agreement with the custom- decreasingA, <T. As the qubits lose their coherence, the
ary expectations.However, forA,=A[2ge"? 9]¢ the so-  spectral weight gets transferred from the inelastic peaks to
lution of Egs.(3) shows that coherent damped oscillationsthe small energies«~0), this behavior constitutes the de-
with a frequencyA, ~ A (2g) ' might still be possible, thus cohering effect of the environment. The onset of complete
supporting the earlier prediction made in Ref. 5. localization is usually preceeded by exponential relaxation

In contrast to the Ising case, the coupling to a multicom-which separates the former regime from that of the partly
ponent(“nonabelian”) Ohmic bath may give rise to a mark- coherent damped oscillations.
edly different behavior. In both cases of the XY- and(3\J It is worth reminding that different probes may signal the
symmetrical couplings, our solution of EgS) shows that |oss of coherence at different critical couplings. In the exten-
the standard KT fixed point is absent, and the renormalizedively studied Ohmic case, such a difference is exemplified
level splitting continues to groalthough it may tempo- by the juxtaposition of the single-qubit avera¢®(t)) and
rarily descrease aj(l)~1], thus enabling the qubit to avoid the autocorrelation functiog;; (w)cothw/2T whose coherent
localization. peaks get washed out at, respectivedys 1/2 (Toulouse

Furthermore, in the “weakly sub-Ohmic” (Qe<1) case point) andg=1/3° both critical values being lower than the
a new unstable fixed point emerges @tv=€¢ (dsuz)  beforementioned estimatg=1.
=¢/2) for the XY- [SU(2)-] symmetrical couplings and  |n light of the above mentioned possibility of a nonmono-
va,sua):O- Notably, this nontrivial fixed point governs tonic behavior ofg(l) near the S(R)- and XY-symmetrical
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fixed points at smalh, andA,, the initial increase of the a_a aa_ .aSINkeR) sirf(kgR)

coupling strength may give rise to the situation where the J+=J% Jn=J “(keR) JI=J%41- TKRZ
inelastic peaks in the spectral functi@®) might temporarily 9)
th f th t still
IkZ)E\"/Sgrmeen(;?gieesr broad before they can narrow down at s IbetweenSi=S"i‘iS§1 and the even, odd, and mixed bilinear
The above findings strongly suggest that by operating &omamatlons Ofb_ tr,‘el fermion  fieldsc, o= (Ce* Co)/ 2 .
noisy qubit in the vicinity of one of the XY- and §p)- &t the two qubits’ locations are given in terms o

symmetrical fixed points one can better retain its quantunﬁropic Fermi Kondo mod&l which. in turn, are related

coherence. - ' S )
One could argue, however, that for noninteracting qubitsto the paramet?{s OIT th(Nz_l’ E—Oll-iamlltoman (@
=[1-(2/m)tan ~(7J/4A)]7 andA=J".

the intrinsic instability of the modg[l) towards developin 9 . /
y o) Ping In contrast to its bosonic counterpdm®), the Ruderman-

the Ising-like anisotropy may hinder any possibility of taking . ; > ; X -
advantage of the greater robustness of quantum coheren tteI-Kasuy'a-\_(osma like interqubit coupling med"’;“ed by
fermionic bath behaves as lgoc(J9/A)

e e L (2COS ) -Sn(Bc (o). Thereor, ures
flow of the sinale-aubit RG traiectory awa fro?/n a desired °"'€ chooses to neglect any environmentally induced contri-
w ot single-qubl J y away fron SI"€Ay tions to the exchange couplimgltogether, the strict cor-

operating point can be thwarted by interqubit couplings eqnandence between TIKM and the=1 model (1) can
which provide for an extra protection against decoherence.omy hold for small interqubit separationB<1/kg (see be-
In fact, some exchangelike interaction between the qubit@bw)_
is necessari_ly generated by the qu_bit-bath couplings them- | the presence of the particle-hole symmetry, the two-
selves. The instantaneous part of tfgenerally, retarded and channel TIKM (8) possesses an unstable fixed point at a
FM-like) interaction which arises in the course of integratingcritical (AFM) value I, which is set by the single-qubit
over the bosonic modes down to the energy seatev/R, Kondo scaleT(S=*2 . This critical point, which in the
b SU(2)-symmetrical casé TS~ 2= Aexp(—A/J)] occurs at
I ~ S=1/2 B ;
-3 )\k)\fkeik(ri,rj)oc _SPGAYRYE (7) I, ~2.5T(8 Y2, gets replaced by a crossover, if the particle-
" wi hole symmetry is brokeh.

In the FM regime (= —T~Y?), the Kondo screening
combines together with the direct interqubit coupling into theof the composite spirb=1 is characterized by the scale
effective parameterk]} introduced in Eq(1). Te(D)~TEY2TE=Y2)1])7 which interpolates between

It can be easily seen that a sufficiently strong FM ex-T{e=? and TS '=T,(I=—A). The nonuniversal exponent
change (— —) forces a pair of qubits into a triplet state 7 depends on the exchange anisotropy and assumes the value
which then follows an effectives=1, Bose Kondo scenario. =2 in the SU2)-invariant cas¢ TS~ Y= Aexp(~2A/J)].

In the opposite, strongly AFM, limitl(— +¢) the two qu- The above behavior pertains to the two-channel model
bits get locked into a singlet state, which prevents them fronwhich describes a pair of well separated qubRs>(1/kg),

any unwanted entanglement with the environment. Accordwhereas at small separations the term in @y proportional

ing to Eq.(7), however, the latter regime cannot be attainedig J2 <J2~J2 can be disregarded, and E@) reduces to

in the absence of a sufficiently strong AFM direct couplingthe single-channel TIKM model formulated solely in terms

between the qubits. _ of the even combination, of the fermion orbitals which is
flow which now torminates 41 A before reaching the  <CUPISd 10 the total spirS. . Remarkably, the wio- and

i lina limit. thereb ling i | f? . single-channel TIKM models appear to describe the two op-
strong coupiing fimit, thereby resuiting in a larger etiective posite limits which correspond to independent and collective
A, =A(l,) that determines the position and the width of thedecoherence respectively

coherent peaks. For a pair of identical qubitsJ;=J,), the single-channel

In the case of the 3D Ohmic bath, a further insight can bep,\, undergoes a simple first order transitiflevel cross-
gained from the previously established correspondence b?ﬁg), as| is tuned past its critical valuk, , from the under-

tween theN=2 Hamitonian(1) and the anisotropic two- screeneds=1 model atl <l to the two-qubit singlet state

impurity (Fermj Kondo (TIKM) model which is completely decoupled from the bathl al, .8
" If, however, the qubits are differenfi{+J,), then, asl
HEL = —iv >, dxcfa,ci+ >, 1353S3 increases past, , the more strongly coupled qubit first gets
=12 /- a screened aff{)=Aexp(—A/max{J;,J;]), followed by the
KT-type transition(which now occurs regardless of the pres-

he exchange constants of the single-impurity aniso-

+, [J2S2 (clofc,+clo?c,) + 32 S (cloc, ence of the particle-hole symmetrat T¢")=maxI-I, ,
a TPexpTYN-1,)].
—clo?c,) + 332 (clo?c,+ clofey)], (8) The above conclusions, which were drawn in the case of

the SU2)-invariant couplings, apply not only to qubits rep-
where the autocorrelation function of the 1D spin-1/2 fermi-resented by physicaklectron or nuclearspins but also to
ons with the Fermi momenturkg is <CiT(t)Cj(0))°<5ij It, the effective qubit operators which represent, e.g., electron
while the Kondo couplings states in two-level single or lateral/vertical double quantum
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dots. Such operators have been routinely introduced in thésub)Ohmic dissipative environments and the recently stud-
Anderson or resonant level models where the genuineljed models of quantum impurities in strongly correlated sys-
SU(2)-invariant exchange couplings are generated from théems. This insight enabled us to formulate a number of con-
electron tunneling amplitudes by the Schrieffer-Wolff trans-Crete  recommendations for achieving the optimal

formation. (coherence-wiseregime for operating a noisy multiqubit
A comparison between several different kinds of thequantum register. ) )
Ising-type qubit interactions studied in the context of Me Firstly, we investigated the RG properties of the

=2 problent indicates that a pair of qubits can better retain(SUPYOhmic single-qubit model1) in the vicinity of its
their coherence if the interaction term commutes with the!xed points of different symmetries. In the course of this
qubit-bath coupling operator. In this regard, the Heisenber&nalys's' we dlscqv?red that for non-interacting qu'tS_ and a
exchange, which not only commutes with the overall qubit- WEakly-sub-Ohmic™ bath (G<e<e,), the best possible
bath coupling in the case of collective decoherence but aIsSO_nd't'or]$ for preservmg.coherer_wce would require the most
provides for the strongest lifting of the singlet-triplet degen-Spln rotationally symmetpcal QUb't'bat.h coupllng%.
eracy, might offer the best available option for reducing de- >econdly, we a;scertamed the possible benefits of perma-
coherence. nent interactiondj; between the elements of a multiqubit
We note, in passing, that spin-rotationally invariant cou-array fpr attaining. the most coherence-frigndly re.gir_ne and
plings may not be easily realizable for some of the pseuProtecting the qubits’ quantum memory during the idling pe-
dospin qubits. Among such examples are the Josephsonjun@gds betwgen consecutive gate operations. Specifically, we
tion qubits whose Hamiltonians, while being potentially well found that it would be advantageous to tune [theeferably,
controllable, generally would have no particular symmetriesSU(Z)'SymmetflCa] pair-wise interqubit coupling close to
at all. Therefore, it is conceivable that future designs of practyet; smaller thanthe critical valuel, of the TIKM model,
tical solid-state qubits will need to optimize between thetheéreby causing an incipient singlet formation and concomi-
somewhat contradictory requirements of efficient control and@nt guenching of the Kondo screening.
robust coherence. Lastly, the Kondo physics-conscious approach to the en-
The formal analogy between the problems of noisy qubitdineering of robust qubit Hamiltonians might prove instru-
and quantum impurities established in this work can be purmental in solid-state implementations of quantum informa-

sued even further. In particular, tfe#0 counterpart of the tion processing where, unI|ke_ n Ilqwd-state NMR - or

: . . : trapped-ion designs, such active noise suppression tech-
previously studied Fermi-Bose Kondo matiehn describe a niques as dvnamical decounlina/recounling schemes mav not
system of qubits coupled to one Ohmiiepresented by a R y piing piing y

fermionic) and the other sub-Ohmidosonid bath. Such a be readily available. Therefore, we believe that this work

situation occurs, e.g., in the Josephson qubits where the e\f\fi” further spur the ongoing crqss—fertili_zation between the
fects of both the, Nqu,JiSte(=0) and 1f (e=1, if treated as developing theory of quantum information and such well-

approximately Gaussiamoises which are caused, respec-eStab“Shed topics in materials theory as Kondo physics of

i . heavy fermions and quantum dots.
tively, by fluctuating currents and background charges often Note added in proofin the case1=1 ande>0, Eq.(2)

need to be considered on equal footing. ) ) . .
The fact that the only stable fixed points of the mixed O.f this Work(flrst made avgu]gble in Ref. 1@1r_1d the conclu.-.
sions regarding the possibility of a delocalization transition

Fermi-Bose model are the pure Fermi and pure Bose“one?or a sufficiently largeA were recently confirmed in Ref. 9
suggests a possibility of effectively blocking off a more y larg y C

harmful type of coupling, while tackling the remaining one  The author acknowledges valuable discussions with S.
with, e.g., error-correction techniques. Girvin, A. MacDonald, and S. Das Sarma. This research was
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