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Abstract. Given n samples of a function f: D — C in random points drawn with respect to a measure ps we
develop theoretical analysis of the Lo(D, or)-approximation error. For a parituclar choice of o5 depending on or,
it is known that the weighted least squares method from finite dimensional function spaces Vy,, dim(Vyn) = m < oo
has the same error as the best approximation in V;, up to a multiplicative constant when given exact samples
with logarithmic oversampling. If the source measure gos and the target measure or differ we are in the domain
adaptation setting, a subfield of transfer learning. We model the resulting deterioration of the error in our bounds.

Further, for noisy samples, our bounds describe the bias-variance trade off depending on the dimension m of the
approximation space Vi,. All results hold with high probability.

For demonstration, we consider functions defined on the d-dimensional cube given in unifom random samples.

We analyze polynomials, the half-period cosine, and a bounded orthonormal basis of the non-periodic Sobolev space

H2,.. Overcoming numerical issues of this H2;, basis, this gives a novel stable approximation method with quadratic

error decay. Numerical experiments indicate the applicability of our results.

2020 Mathematics Subject Classification. 41A10, 41A25, 41A60, 41A63, 42C10, 65TXX, 65F22,
65D15, 94A20.

Keywords. domain adaptation, individual function approximation, least squares, sampling theory, transfer
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1. Introduction

In this paper we study the reconstruction of complex-valued functions on a d-dimensional domain
D c R from possibly noisy function values

y:f+€:(f(:cl)+51,...,f(m”)—l—sn)T,

which are sampled in random points ', ..., 2" € D. We consider error bounds for the weighted least
squares method for individual functions, which is common in, e.g. partial differential equations [9]
or uncertainty quantification [22]. In this setting, the samples are drawn after the function is fixed
in contrast to worst-case or minmax-bounds, which hold for a class of functions and usually do not
include noise in the samples. For individual function approximation the majority of Ls-error bounds
are stated in expectation, cf. [4, Thm. 1.1] for penalized least-squares, [10, Thm. 3] for plain least-
squares or, [21, Thm. 4.1], and [24, Thm. 6.1] for weighted least squares. Bounds, which hold with
high probability, are known for polynomial approximation, cf. [31, Thm. 3], wavelet approximation,
cf. [29, Thms. 3.20 & 3.21], or in a more general setting incuding noise in [11, Thm. 4.3] with the
coarser Lo-norm instead of the natural Lo-norm in the estimate. Further, in [11, Thm. 4.1] an error
bound with the natural Lo-norm estimate is presented in expectation with the same behaviour as we
will present with high probability. The contribution and novelty of this paper is twofold:
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e We use concentration inequalities to show error bounds in the Ls- and Ly,-norm which hold
with high probability, including the noisy case. The behaviour of our bound is similar to [11,
Thm. 4.1], which is stated in expectation. Approximating from an m-dimensional function
space we achieve the best error up to a multiplicative constant using logarithmic oversampling.
Note, there exists a distribution such that linear oversampling achieves the optimal error but
this is not constructive, cf. [14]. Including noise, our bounds reflect the typical bias-variance
trade off which one wants to balance to prevent over- or underfitting. The results enable to
give performance guarantees for model selection strategies like the balancing principle [30, 37]
or cross-validation [5, 6].

e For an application we have a look at approximation on the d-dimensional unit cube [0, 1]d when
samples are distributed uniform according to the Lebesgue measure. A result with focus on
polynomial approximation in the one-dimensional space is [31, Thm. 3] which is improved by
the general result [11, Thm. 2.1]. There, the aproximation error is estimated by the L.-error
of the projection with high probability and to the more natural Ls-error of the projection
in expectation. We obtain a bound by the Ls-error of the projection which also holds with
high probability. A drawback of polynomials is the need for quadratic oversampling, which we
show for the Legendre polynomials but holds in general, cf. [31]. To circumvent this, we use
the eigenfunctions of the embedding Id: H® — Lo from the Sobolev space H® for s = 1,2
which allow for logarithmic oversampling. The H'! basis, also known as half-period cosine,
was introduced in [25] and has become the standard in many applications and is researched
thouroughly, cf. [1, 2, 12, 13, 23, 27, 46, 53]. But also for functions in Sobolev spaces H® of
higher smoothness their convergence is limited to be linear in theory (the rate 3/2 can be
observed in practice). This can be improved by using the H? basis, examined theoretically
in [3, §3] to have quadratic convergence. So far it is not used as it is prone to numerical errors
and unusable for higher degree approximation. Here, we propose an approximation and prove
its accuracy which leads to a numerically stable way for approximating non-periodic uniform
data with quadratic convergence.

For a more detailed formulation we need some notation. Given an m-dimensional function space
Vin C La, we define the best possible approximation (projection) to f: D — C in V,, and its error:

P(f, Vin, Ly) = axgmin ||f = gllz, and e(f, Vin, Lp)r, = I = P(f, Vin, Lp) Iz,
g

m

for p,q € {2,00}. Note, since V,,, is finite-dimensional the minimum is actually attained. Following [4,
10, 11, 24, 29, 31], we use weighted least squares S,,, defined in (3.1), as underlying approximation
method. Because of its linearity, the approximation error ||f — Sp,y||r, splits as follows:

Hf - Smy”%g = e(fa Vins LQ)%Q + HP(fa Vins LQ) - SmyH%Q
< e(f, Vi, L2), +2 | P(f, Vin, L2) — S fII7, +2 1SmelZ, -
N

truncation error discretization error noise error

For fixed number of points n, we have a look at the behaviour with respect to m, the dimension
of the approximation space V,,. The truncation error is the best possible benchmark and usually
has polynomial decay m™° for some rate s > 1 depending on f and the choice of V,,. We show,
that the discretization error obeys the same decay as the truncation error. Thus, given logarithmic
oversampling, we obtain the best possible error up to a multiplicative constant in the noiseless case,
cf. Theorem 3.2.

Including noise, we show that we get an additional summand growing linear in m, cf. Theorems 1.1.
This resambles the well-known bias-variance trade off modeling the over- and undersmoothing effects
which one wants to balance, cf. [20, 37]. This linear behaviour in m is approved by [30, Thm. 4.9] (by
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LEAST SQUARES APPROXIMATION FOR NOISY SAMPLES

m = 2 (underfitting) m=4 m =16 (overfitting) ||f — Smyllf,
1 1 1 -

FiGURE 1.1. One-dimensional approximation on the unit-interval for three different
choices of m and the schematic behaviour of the Lo-approximation error || f — Spyl|7,
(solid line) split into the error for exact function values ||f — S, f||7, and the noise
error ||Spel|7, (dashed lines) with respect to m.

using the regularization gx(¢) = 1/(A + o) with A = 0). An example of that behaviour for D = [0, 1]
and por = dx being the Lebesgue measure is depicted in Figure 4.1 where the detailed example is
found in Section 4. Our central theorem, complying this behaviour, looks as follows:

Theorem 1.1. Let f: D — C, =',..., 2", n € IN be points drawn according to a probability mea-
sure dog = 1/Bdor and y = f+e = (f(z!) +e1,..., f(@") + en)" noisy function values where
e = (e1,...,6,)" is a vector of independent complez-valued mean-zero random variables satisfying
E(le;|?) < 02 and |e;| < B fori=1,...,n. Let further, t >0, V;, be an m-dimensional function space
with an Lo(D, or)-orthonormal basis 1y, . .., Mm—1 satisfying

m—1
10[18(- )N (Vin, ) oo (log(m) +1) < with N(Vin,-) = > lm(+)[*
k=0

Then, for Sy, the weighted least squares method defined in (3.1) with w; = B(x*), we have with joint
probability exceeding 1 — 3exp(—t):

1283275)
n b

" 2
15 Syl < 140 Voo b 44/ e, Vi 120 )+ a1 (2 (14BVi7 1 0) +

where Lo = Lo(D, or) and Loo = Loo(D, o7).

The first line of the bound corresponds to the truncation error and discretization error, decay-
ing in m. Note, that the L.,-term with the prefactor n~1/2 behaves as the Lo-term whenever S is
bounded from below, cf. Theorem 3.2. The second line is the error due to noise, increasing in m, cf.
Figure 1.1. The estimation of the noise error is using a Hanson—Wright concentration inequality, which
can be found using different assumptions. Thus, we can replace the noise model by general Bernstein
conditions, cf. Lemma 2.3, or sub-Gaussian noise, cf. [43]. This theorem extends to the L., case:

Theorem 1.2 (L..-error bound with noise). Let the assumptions of Theorem 1.1 hold. Then, for Sy,
the weighted least squares method defined in (3.1) with w; = B(x"), we have with probability exceeding
1 —3exp(—t):

lf = SmyllLe < (1 + 4/ 5N(Vm)) (e(f, Vs Loo) oo + \/Ze(f’ Vi, Lw)Lg)
¥ 2\/||ﬁ||ooN(Vm)\/ ™ (14BVie? + 07) + 2L

The bound is similar to [29, Thm. 3.21] in the wavelet setting but we use the best approximation
with respect to the more natural L., instead of Lo. In addition to the error of the best approximation
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we now have the additional factor N(V,) due to using the norm estimate ||g||z.. < /N (Vin)llgllL,
for functions g € V,,,. The same factor appears when approximating the worst-case error where it is
known to be necessary in various examples, e.g. [41, §7] or [47, Thm .1.1].

The sampling measure os(E) := [ 1/ dor, induced by the probability distribution 3, may differ
from the error measure o, which is known as the change of measure and has applications in domain
adaptation, cf. [36]. We assume to know /3 exactly but it may be approximated as well, cf. [18]. Note,
[ affects the maximal size of V;,, in the assumption and the amplification of the noise in bound. There
are two extremal cases:

(i) Having B(x) = m/N(V,,, x), as it was done in [11, 22, 24, 34], we obtain the assumption
10[[B(+ )N (Vin, - ) loo (log(m) +t) = 10m(log(m) +t) < n

which allows for the biggest choice of m possible. But this spoils ||3]|~ in the error bound when
the Christoffel function attains small values.

(ii) For domains D with bounded measure, we may choose () = o7 (D), as it was done in [10, 11,
29]. As all weights w; = o7 (D), Sy, becomes the plain least squares method. In this case, ||5]|oo
is minimal and noise is amplified the least. But this choice spoils the assumption on the choice
of m when the Christoffel function N(V,,,x) attains big values. This effect is controllable, for
instance, when working with a bounded orthonormal system (BOS) (||7x|lcoc < B for some B > 0
and all k). Then

m—1

N(Vi) < D ImellZ < mB?
k=0

and the assumption on the size of V;,, can be replaced by
10[|BC- )N (Vin, - ) lloo (log(m) + ) < 1007 (D) Bm(log(m) +t) < n

An interesting example, where these effects occur, is the approximation of functions on the unit
interval D = [0, 1] from samples given in uniformly random points.

e When using algebraic polynomials and the Lebesgue error measure dor = da we have to
choose 8 = 1 to obtain uniform random points. Orthogonalizing algebraic polynomials with
respect to the Lebesgue measure, we obtain n, = Pg/|| Pkl 1,((0,1),d2) Legendre polynomials for
our approximation space V;,. Since HP;CH%2 ((0.1),dz) = 2k + 1 and P,(0) = 1, we have

N(Vin,0) = Z 1B nf(%+ 1) =m?. (1.1)

1Pz, k”Lg #=0

Thus, this case falls into category (i) from above and spoils our choice of m < /n, i.e
quadratic oversampling as in [31].

e When using algebraic polynomials and the Chebyshev error measure dor = (1 — (22 —
1)2)~1/2 dz we have to choose f(x) = 71— (22 — 1)2)~1/2 to obtain uniform random points.
Orthogonalizing algebraic polynomials with respect to the Chebyshev measure, we obtain
Chebyshev polynomials n(x) = Ti(z) = cos(karccos(2x — 1)) for our approximation space
Vin. These are a BOS, but the distribution S spoils both the assumption on m and the er-
ror bound, since § diverges at the border (this effect can be circumvented using a padding
technique at the border as we discuss in Section 4).
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LEAST SQUARES APPROXIMATION FOR NOISY SAMPLES

e In Section 4.1 we construct orthogonal functions with respect to the Sobolev space inner
product

(o) 0,1y = (F+9) Ea(0).d2) T (0 1o 0,1),00)
for s = 1 and s = 2, which are orthogonal with respect to the L2((0,1),dz) inner product

as well. For s = 1, these functions were originally introduced in [25] and for s = 2 in [3, §3],
where also higher orders can be found.

We show that they form a BOS and, by (ii) above, this basis is then suitable for approximation
in uniform random points on D = [0, 1] using plain least squares and only logarithmic oversam-
pling. The H? basis is prone to numerical errors. To overcome this, we propose a numerically
stable approximation and proof its accuracy.

As for the structure of this paper, we start with some tools from probability theory in Section 2. In
Section 3 we show error bounds for the weighted least squares method. The construction of the H'!
and H? basis mentioned above are found in Section 4 along with a comparison to the Legendre and
Chebyshev polynomials. To indicate the applicability of our error bounds and the proposed basis, we
conduct numerical experiments in one and five dimensions.

2. Tools from probabilty theory

For the later analysis we need concentration inequalities starting with Bernstein’s inequality, which is
found in the standard literature, cf. [45, Thm. 6.12] or [17, Corollary 7.31].

Theorem 2.1 (Bernstein). Let &1, ... ,&, be independent real-valued mean-zero random variables sat-
isfying B(&2) < 02 and |||l < B fori=1,...,n and real numbers o* and B. Then

1 & 2Bt 202t
— Zfz‘ < — 4+ —
n 3n n

with probability exceeding 1 — exp(—t).

Bernstein’s inequality gives a concentration bound for the sum of independent random variables.
We need similar bounds for quadratic forms in random vectors, which are known as Hanson—-Wright
inequalities. To formulate them, we need to introduce the spectral norm and the Frobenius norm of a
matrix A € C™*"

[All2—2 = \/Amax(A*A) = omax(A) and ||Allr = A Z Z‘ak,iPa
k=11=1

where Apax and omax denote the largest eigenvalues and singular values, respectively. The following
result is such an inequality with a Bernstein condition on the random variables and was shown in [8,
Thm. 3].

Theorem 2.2 (Hanson-Wright). Let & = (£1,...,&,)" be a vector of independent mean-zero random
variables such that for all integers p > 1
E(|&]%) < p!B* %07 /2 (2.1)

for real numbers B >0, 0; > 0, and all i =1,...,n. Let further A € C"*™ and m = E(§*AE). Then
D, = diag(o1,...,0n)

£*AE —m < 256B2||AD, 2ot + 8V/3B||ADy ||Vt
with probability exceeding 1 — exp(—t).
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The following is a special case of the above Hanson—Wright inequality for Hermitian positive semi-
definite matrices and random variables with known variance E(|¢;]?) and a uniform bound ||&;||co-

Corollary 2.3. Let £ = (&1,...,&,)7 be a vector of independent comples-valued mean-zero random
variables satisfying B(|&[?) < 02 and ||&illoo < B fori=1,...,n. Then for all A € C™*"

1AE]13 < 12882 A5 5t + (8V3BVto? + 0?) | Al %

with probability exceeding 1 — exp(—t).

Proof. Since ||A¢||3 = £€*A* A€ is a quadratic form we want to apply Theorem 2.2 on A* A. For that
we check the moment condition (2.1) on ¢2,...,£2. For p = 1 it is fulfilled for constants B/v/2 and
(vV20;)2. For p > 2, we have p! > 2P~! and obtain

E(lai&i|*) < &2 B (&%)

< (B)2/p_202

Therefore, Theorem 2.2 is applicable.

It is left to estimate the expected value. Since &1, ..., &, are independent and have bounded variance,
we obtain
m n n
E(|A3) = >3 aisair BEE)
k=1i=1j=1
m n
= (Zzalka]k]E§Z§] ) +Z‘azk’2E ‘gz’ )
k=1 \i=1 j#i i=1
< o?[|Alff -
|

The following tool is a concentration bound on the maximal singular values of random matrices
which was shown in [51, Thm. 1.1].

Lemma 2.4 (Matrix Chernoff). For a finite sequence A1, ..., A, € C™*™ of independent, Hermitian,
positive semi-definite random matrices satisfying Amax(A;) < R almost surely it holds

( min <ZA ) (1—1) umm> < mexp(—'u;in (t+ (1 —t)log(1 — t)))

42
< mexp(—'ur;l};t )

and

P <)\max<i Ai) > (1+ t)umax> < mem(“?" (=t + (1 +1t)log(1 + t)))

Mmaxt2 )
3R

< mexp(—

fort € 0,1] where pimin = Amin (O =1 E(A;)) and pimax = Amax(> i E(A;)).
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Proof. The first estimates are provided by [51, Thm. 1. 1] Based on the Taylor expansion
1+t)log(l+t)=t
(1+1t)log(1 + + Z k - 1 7

which holds true for ¢ € [—1, 1], we further derive the 1nequaht1es

=1 t?
k=2
o (_1)k’ ) t2 t3 t2
and —t+ (1 +t)log(l+t)=> ———th>———>—
= k(k—1) 2 6 3
for the range t € [0, 1]. [ |

3. Error bounds for least squares

In this section we develop Lo- and L-error bounds for the least squares method. To this end we
introduce some notation and the method itself. Let ng,...,nm—1: D — C be an Lo-orthonormal basis
of Vi,

NV, x) = Z Ine(x)?> and N (Vi) = sup N(Vin, )
xeD

be the Christoffel function and its supremum. For our approximation method S, we use the weighted

least squares approzimation depending on ng, ..., Nm—1 and ', ..., ™

Y gnle) with g —argmin |La -yl
acCcm
no(z') ... nmo1(xt) w1
L= : : eC™™ and W = € [0, 00)™" (3.1)
no(x™) ... Nmo1(x™) W,
where ||La — y|%, = (La — y)*W (La — y). If all weights are equal we speak of plain least squares

approximation.
The coefficients § of the approximation S,y are found by solving the normal equation

§g=(L*WL)'L*Wy.

Doing this by the means of an iterative solver, the stability and the iteration count for a desired
precision are determined by the spectral properties of the above matrix, cf. [19, Thm. 3.1.1]. However,

these are fully determined by the spectral properties of W1/2L, since for a singular value decomposition
W1/2L = UXV*, we obtain

(LWL 'L'W'? = v (=) 'sU*. (3.2)

For f = ZZL;Ol fknk € V,,, the singular values of W1/2L relate the coefficients f = (fo, e fm,l)T
with the samples f = (f(x!),..., f(2"))T = Lf. Such connection is known as Ly-Marcinkiewicz -
Zygmund inequality for V,. It was established in [11, Thm. 2.1] that random points also fulfill this,
which is central in all theorems presented. This makes it applicable in a very general setting, cf. [33,
Thm. 2.3], [32, Thm. 5.1], [15, Lemma 2.1], or [7, Thm. 2.1].
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Lemma 3.1. Lett >0, n € N, ',..., " be points drawn according to a probability measure dog =
1/ dor. Let further, Vi, be an m-dimensional function space with an orthonormal basis no, ..., Mm—1
in Lo with m satisfying

10 )N (Vin, - )lloo (log(m) + 1) < n
and L, W be as in (3.1) with w; = B(x*). Then

n, . R 3n, . R
913 < IWLgIE < gl for all g e,
where each inequality holds with probability exceeding 1 — exp(—t), repectively.

The proof ideas go back to [10, Thm. 1] and [11, Thm. 2.1] but for the sake of readability we state
it here as well.

Proof. The result is a direct consequence of Tropp’s result in Lemma 2.4. For a randomly chosen point
@’ we define the random rank-one matrix A; = 18(z%)(y’ ® y') with y* = (no(x?), ..., nm-1(x"))T.
By construction, it holds

n
Y Ai=L'WL
i=1
and by the orthogonality of n

1 _1 kg
(BA)), = | m@)n(@)5)5 (@) dor (@) = 54
which gives E(31"; A;) = Idmxm and, therefore, timax = fmin = 1. Further, we have
Lo i\ (i o o [N 1
A 8@ 7 @ 5 ) = 2 8@ 13 < 2 18( )N Vins e
Lemma 2.4 with ¢ = 1/2 then gives the lower bound
1., 1 )
P (i (LWL < 3 ) < mexp(— 518NVl )

which is smaller than exp(—t) by the assumption on m.
The bound for the largest eigenvalue works analogue. |

We now formulate a bound on the Lo-error of the weighted least squares method for exact function
values. This result is heavily based on [29, Thm. 3.20] which extends to a more general setting.

Theorem 3.2 (Ls-error bound without noise). Let f: D — C, z',..., 2", n € IN be points drawn
according to a probability measure dos = 1/Bdor and y = (f(x'),..., f(&™))T exact function values.
Let further, t > 0, Vi, be an m-dimensional function space with an orthonormal basis ng, . .., Nm—1
satisfying

1018 )N (Vin, - )lloo(log(m) +t) <n

Then, for Sy, the weighted least squares method defined in (3.1) with w; = B(x"), we have with proba-
bility exceeding 1 — 2exp(—t):

15— Syl < 8(e(f. Voo L), + \f . Vi L)1)

2

2
=¥ (”\/ 180 >|roo) elf> V. L)1,
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LEAST SQUARES APPROXIMATION FOR NOISY SAMPLES

Proof. For abbreviation, we use ea = e(f, Vin, L2)1, and exs = e(f, Vin, L2)r.,. Further, we define
the event

A {a:l a"eD: <||W1/2L||M} (3.3)

which has probability P(A) > 1 — exp(—t) by Lemma 3.1 and the assumption on V,,. We split the
approximation error

If = Smfli, = €3+ | P(f, Vin, L2) = Sm FIIZ, -
Due to the invariance of S, to functions in V,,,, we pull it in front and use compatibility of the operator
norm to obtain

If = SmflL, < €3+ 1Sm !\2%2[3 N(f = P(f, Vi, La)) (®)) |-

i=1
By (3.2) and the event (3.3), we have ||.Sy, H%%Q = |W2L| 7}, < 2/n. Thus,

If = Smflf, <3e3+ > Z [i(f = P(f, Vin, Lo)) (@)]* = €3]
=1
It remains to estimate the latter summand. We define

& = B))|(f - Puf)(@)|

which is mean-zero since we sample with respect to the distribution pg. Further, we have

E(&) = E((B@))I(f = Puf)(@)|') — €3 < If = Puflli.e3 — e < 32+ eo)?,

2
— 62,

and
€]l < sup [B@I(S = P )(@)]* — €3] < €2, + .

Thus, the conditions in order to apply Bernstein are fulfilled:

L 2t 2t 2 2 2t
;;& < 371<e§ + ego) + \/:(60062 + e%) < (3 + ﬂ)eg + \/;60062 + — ™ e (3.4)

with probability 1 — exp(—t), where ¢t < n was used in the last inequality. Thus,

13 8t At to\
||f - Smf”%@ < ( 3 + 2\[) e5; + 60062 + %62 ( + 2[) <€2 + \/;eoo) .
By union bound we obtain the overall probabllity exceeding the sum of the probabilities of events

given by (3.3) and (3.4).
The second bound is attained as follows: For any g = > 7" 1(9, M),k € Vin the Holder-inequality

gives an estimate on the Lo,-norm in terms of the Ls-norm:
= VNV)llgllL, - (3.5)

J f:@,nka S
k=1 k=1 I

ol = || - o e,
k=1

Using the assumption on V,,,, we have

\/Ze(f, Vi, L2) ., < EN (Vi) e(f, Vi, La) L,

n

~

<\/ N(Vin)
10( log(m)+t) IBCIN(Vin, oo

NV
W N<vm, T L Ve L)

e(f,Vin, L2) L,
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Provided N(Vp,)/18(- )N (Vin, - )||oo is finite, Theorem 3.2 says that the least squares approximation
from a finite-dimensional function space V,,, and given the oversampling condition has the same error
as the Lo-projection up to a multiplicative constant with high probability. This improves on [11,
Thm. 2.1] where the same bound was shown in expectation or bounded by the L.-error with high
probability.

Next, we prove the central theorem which includes the noisy case.

Proof of Theorem 1.1. We split the approximation error
If = SmyllZ, < e(f, Vin L2)1o + 2|1 f = SmFIIZ, +2lISme 2,
and bound the first two summands as in the proof of Theorem 3.2 with the events given by (3.3)

and (3.4). Note, the constant changes from 13/3 + 2v/2 to 23/3 + 4y/2 < 14. Now, we focus on the
third summand. Applying Corollary 2.3 gives

ISmellz, = I(L*WL)"'L*We|3
<128e| 3 [(LW L) T L* W35t + (8V3|le|l o ViEo? + o) (L*W L)' L*'W 3 (3.6)
with probability 1 — exp(—t). Since L*W L € C"™*™, the matrix (L*W L)~'LW/2 has rank at most
m and, thus, we use || A% < rank(A)||A||3_,, to obtain
* — * * — * 2m
I(L*W L)' L*W |3 < [|B]|ooml|(L*W L)' L*W'2|3_,, < 1Blloo =~

where the last inequality follows from (3.2) and event (3.3). Therefore,

2 2m
ISmellz, < 11801 (128]1]% -t + (8V3]lelloc Vio? +0%)==) .

By union bound we obtain the overall probability exceeding the sum of the probabilities of the events
given by (3.3), (3.4), and (3.6). [ |

Next, we prove Theorem 1.2 bounding the approximation error of least squares in the Lo,-norm.

Proof of Theorem 1.2. For abbreviation, we use ez = e(f, Vin, Loo)r, and eso = e(f, Vin, Loo) L., -
Using (3.5) we reduce the Lqo-case to the Lo-case which we already covered. We split the approximation
error

1f = Smyllzee < f = P(f, Vi, Loo) | Lo + [1P(f; Vins Loo) = SmFll e + [1Smell Lo

< oo + A/ N(Vi)[P(f, Vi, Loo) = Smf ||z + /N (Vi) | Smel[ 2 -

Analogously to (3.4) we obtain

2 2t 2t
IP(Vin L) = S flE, < (5 + V2) e [ escen + 563

3n€2
< (G2 et 5en)

where the last inequality follows from ¢ < n. Thus,

If = Smyllra < (1+ \/AHF??\/EN(Vm)) (oo + \/zez) + /N V) lISmellz, -

Using the same bound as in Theorem 1.1 for ||Sp,e| 1, we obtain the assertion. |
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4. Application on the unit cube

In this section we are interested in approximating functions on the d-dimensional unit cube D =
[0, 1]d when sample points are drawn uniformly, i.e., with respect to the Lebesgue measure dx. The
deterministic equivalent to uniform sampling are equispaced points. When using these for polynomial
interpolation, Runge already knew in 1901, that higher degree polynomials lead to oscillatory behaviour
towards the border which spoil the approximation error. Even though, we do not interpolate, we will
observe similar behaviour using Legendre and Chebyshev polynomials. We propose alternative bases,
which are stable for large m = dim(V;;,) as well.

Throughout this section we have Ly = Ly((0,1)%, dz) unless stated otherwise.

We consider function spaces to know about the decay of the coefficients. Note, that for individual
functions they may decay faster in contrast to the worst-case setting. Literature for the worst-case
setting can be found in the papers [26] for random points with logarithmic oversampling, [28, 33] for
subsampled points with linear oversampling and a logarithmic gap in the error bound (this was made
constructive in [7]), and [16] for subsampled points with linear oversampling and sharp bounds.

4.1. Sobolev spaces on the unit interval

Let d = 1, D = [0, 1] be the unit interval equipped with the Lebesgue measure dz. In order to get hold
on appropriate finite-dimensional function spaces V;, for approximation, we have a look at Sobolev
spaces H® = H®(0,1) with integer smoothness s > 0. The inner product of these Hilbert spaces is
given by

<fa g>Hs = <f’g>L2 + <f(8)7g(s)>L2 .

Since ||f[17, < |fIEs = (f,f)ms, the embedding operator Id: H® < L; is compact. Thus, W =
Id* oId: H% — H*® is compact and self-adjoint. Applying the spectral theorem gives for f € H*

W(f) =Y or(f er)msex
k=0

where (01)72, is the non-increasing rearrangement of the singular values of W and (e;)32, C H® the
corresponding system of eigenfunctions forming an orthonormal basis in H®. Since

(exer)r, = (Id(ex),1d(e1))r, = (Wer), &) s = op{er, €) s = ok,

the functions n, = a,?lek form an orthonormal system in Ly. Setting V;, = span{nk}?:_ol, we obtain
for H* > f = 32320(f, ex) m=ey
2

(o ¢] (e.) 2
e(f, Vi, L2)3, = | D (frew)msen| =D ‘<f,€k>HSUk‘ <N f G0 - (4.1)
k=m k=m

Lo

Thus, the eigenfunctions corresponding to the largest singular values are a canonical candidate for
the approximation space V,,,. To put this into concrete terms, in the next two theorems, we give the
singular values and eigenfunctions for H' and H?.

Theorem 4.1. The operator W = Id* oId: H' — H' has singular values 0',% = W with corre-
sponding Lo-normalized eigenfunctions
(z) 1 for k=0
€Tr) =
Tk V2cos(nkx) fork>1.

105



F. BARTEL

Proof. For o a singular value of W with corresponding eigenfunction n € H' and ¢ € H' a test
function, we have

(0, 9) o = (1A0),1d(9)) 1, = (W (), 9) i = 02, @) = 0> ((0,0) 10 + (0} 1) -
Partial differentiation yields (n/, "), = n'(1)p(1) — 7' (0)(0) — (", ¢)L,. Thus
1—0?
< poa Rl s0> =17'(1)p(1) = 7'(0)¢(0) .
Lo
Since this has to hold for all test functions ¢ € H', we obtain the differential equation

L= with g(0) = (1) =0
—5n=—n" with 7(0)"=n(1)"=0.
The proposed functions are exactly the ones fulfilling this differential equation. [ |

To our knowledge, the H! basis above was originally introduced in [25] and was already considered
in [53, Lemma 4.1] with the same proof technique, in [23] as a modified Fourier expansion. It is
further used in [46] as a basis for multivariate approximation in the context of samples along tent-
transformed rank-1 lattices, and in [1, 2, 12, 13, 27]. The following H? basis was already posed in [3,
§3], where higher-order Sobolev-spaces are found as well. The proof of the following theorem is found
in Appendix A.

Theorem 4.2. The operator W = 1d* o Id: H? — H? has singular values o3 = 1 with corresponding
Lo-normalized eigenfunctions

m(z) =1 and m(z)=2v3z -3

and fork > 2, o2 = ﬁ with t,, > 0 the solutions of cosh(ty) cos(ty) = 1 (tx ~ 2’“2—_17@ cf. Lemma A.1)
k

and

cosh(ty) — cos(t)

sinh(tx) — sin(tg)

Nk (z) = cosh(trx) + cos(trx) — (sinh(tgx) + sin(tpx)) .

Further, it holds

1 fork=20
[7klloe < q V3 fork=1
V6 fork > 2.

The singular values o, for H? decay quadratic in contrast to linearly for H'. Thus, approximating
a twice differentiable function, m = dim(V},) can be chosen smaller when using the H? basis whilst
achieving the same truncation error e(f, V;,, L2)r,. Furthermore, as noise enters with the factor m/n,
cf. Theorem 1.1, this helps prevent overfitting as well and leads to a smaller approximation error.

However, as cosh and sinh both grow exponentially, the representation of the H? basis in Theo-
rem 4.2 is prone to cancellations and, therefore, numerical unstable. In the next theorem we pose an
approximation which is numerically stable.

Theorem 4.3. For 0 < ty < t3 < ... fulfilling cosh(ty)cos(tx) = 1, let ny be as in Theorem 4.2.
Further, forn > 2, let t, = 7(2k — 1)/2 and

Mk(z) = \/icos(fk:c +7/4) + Tjo,1/2) () exp(—tgx) + 11/, (z)(—1)* exp(—tr(1 —2)).

Then |ni(z) — iik(2)| < € for k > 21log(16/¢) + 1. In particular, the approzimation iy, is ezact up to
machine precision € = 10716 for k > 27.

For the proof see Appendix A. For the numerical experiments we use the exact representation from
Theorem 4.2 for m < 10 and the approximation from Theorem 4.3 for m > 10.
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4.2. Polynomial approximation on the unit interval

Next, we examine how the H' and H? bases compares to polynomial approximation when points
are distributed uniformly, i.e., V,, = II,, = span{l,z,...,2™ '} and gg(x) = 1/B(z)dor(x) = dz.
Polynomial approximation results often assume f € X® with

X% = {f: 0,1] = C: f,... , £~ absolute continuous, £ € BV(]o, 1])} ,

where BV (]0,1]) are all functions with bounded variation. This assumtion is stronger than assuming
f € H? as the following remark shows.

Remark 4.4 (X° < H*t1/27¢). For a rigorous investigation of the relation of X* and H®, we need
to define the Besov space B, , for p =1, ¢ = 0o, and integer smoothness s

A2 f(s—1)
B = fElesup—H nf Iz, < 00
’ h£0 Al
with the finite difference (A f)(x) = f(z + h) — f(z) and A2 = A, 0 Ay, cf. [50, §1.2.5]. For f € X¢
the derivative f() is of bounded variation. Thus, also the finite difference A2 f is of bounded variation.
In particular, f®) € L; and, therefore, f € Bfté By [50, (2.3.2/23)], we further have B‘fté s ijl_a
for any € > 0. Thus,

X* s Bitl s Bl o getl/2e
where the third embedding follows from the Sobolev inequality, cf. [49, (2.7.1/1)], and the Sobolev

space for non-integer smoothness s consists of functions f such that (f,n;) < Ck™* for some constant
C < 0.

Assuming f € X? we have a look into approximating with Legendre- and Chebyshev polynomials:

e The canonical choice for the target measure is dor = dx and § = 1 such that pg(z) =
1/6(z)der(z) = dx. Orthogonalizing the first m — 1 monomials with respect to dor(z) = dz,
we obtain the Legendre polynomials Py. For the error of the projection, assuming f € H®, the
following was shown in [52, Thm. 3.5]:

2V
Vi, Lo)2. < , 4.2
sV L)t < S ) o — st (4.2
where V is the total variation of f(*). With this stronger assumption f € X* half an order is
gained by polynomial approximation in contrast to the H® bases. This is expected as we require
half an order of smoothness in Ly more, cf. Remark 4.4. (In the later numerical experiments,
we observe the gain of half an order for H' and H? as well.)

A drawback comes with the Christoffel function N (V;,, ). Since N (V;,,0) = m?, cf. (1.1), this
spoils the choice of m to quadratic oversampling;:

10m?(log(m) +t) < n,

which is usual for polynomial approximation in uniform points, cf. [31].

e When using the Chebyshev measure dor(z) = (1 — (22 — 1)2)~/2 dz we have to compensate
with B(z) = (1 — (2z — 1)%)~/2 to obtain uniform random samples as well. Orthogonalizing
the first m — 1 monomials with respect to the Chebyshev measure, we obtain the Chebyshev
polynomials T}, which are a BOS. As for the error, assuming f € X*, we use [48, Thm. 7.1]
or [38, Thm. 6.16] to obtain the same bound as for Legendre polynomials (4.2) but with respect
to the L((0,1), (1 — (2 — 1)?)~%/2dz) norm.
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As ||B||o diverges at the border, this spoils the choice of the polynomial degree m and our
bound. Note, when we exclude some area around the border for sampling, it does not diverge
and the resulting error can be controlled. This is called padding and was done in [39, §4.1.2]

Thus, with polynomial approximation we assume half an order of smoothness more, cf. Remark 4.4,
which we also see in the approximation rate O(m*+1/2).

Remark 4.5. Note, when using the Chebyshev polynomials and samples with respect to the Cheby-
shev measure, we have 8 = 1. Since the Chebyshev polynomials are a BOS, this does not spoil our
bounds.

Furthermore, using the Legendre polynomials (dgr = dx) and samples with respect to the Cheby-
shev measure (8(z) = w(1 — (22 — 1)?)%/2) works as well. To see this we use [42, Lemma 5.1]:

J1— (2 — 12 P (a)? < i(2 + ,1)

for k> 1. Thus, ||B(- )N (Vin, - )||co and ||3( - )|/ are bounded and do not spoil the choice of polynomial
degree m nor the error bound.

4.3. Numerics on the unit interval

To support our findings, we give a numerical example. As a test function we use

—2? 4 3/4 for x € [0,1/2]

2?/2—3/2x+9/8 forxz € [1/2,1] (4:3)

fla) = B5" () with B5™(z) = {
which was already considered in [35, 40]. The function BS" is shown in Figure 1.1 and is a cutout of
the B-spline of order two. It and its first derivative are absolute continuous and the second derivative
is of bounded variation. Therefore f € X3 and the polynomial approximation bounds from above are
applicable. According to Remark 4.4 we further have f € H>/27¢ for any € > 0, i.e., there exists C' > 0
such that for & > 0 it holds (f,n.)r, < Ck~%2%¢. In particular, f € H? and (4.1) is applicable for
approximating with the H' and H? bases.

We sample f in 10 000 uniformly random points and add 0.1%M Gaussian noise to obtain y = f+e,
where M = max,e(o 1) f(z) — minge(o 1) f(z) = 5/8. For V;;, we consider the four choices from above:
The Chebyshev polynomials V,, = span{T}.}}" (dor(z) = (1 — (22 — 1)?)""/2 dz and § = 7/2); the
Legendre polynomials V;,, = span{Pk}Zl:_Ol (dor(z) = dx and 3 = 1); the first m basis functions of H*
from Theorem 4.1, and the first m basis functions of H? from Theorems 4.2 and 4.3 (dor(x) = dx
and 8 =1 as well). For m = dim(V},) up to 1000 we do the following:

(i) Compute the minimal and maximal singular values of 1//nW 2L, with W and L given in (3.1).

(ii) We use least squares with 20 iterations to obtain the approximation S,y = ZZZ:_OI ik, defined
in (3.1).

(iii) We compute the Lo-error by using Parseval’s equality:
m—1 . m—1 R
1f = Smylli, = 1717, = D1 Fel®+ D 1 = anl?,
k=0 k=0
where the coefficients f), = (f,mk) L, are computed analyticaly.
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FIGURE 4.1. One-dimensional experiment for different choices of V,,,. Top row: minimal
and maximal singular value of 1/ \/ﬁwl/ 2L. Bottom row: the Lg-approximation error
| f = Smyll7, (solid line) split into the error for exact function values || f — S, f||Z, and
the noise error ||Sy,e||7, (dashed lines) with respect to m.

(iv) We compute the split approximation error:

where we compute both quantities separately, again, using Parseval’s equality.
The results are depicted in Figure 4.1.

e The smallest singular values for the Chebyshev polynomials and the Legendre polynomials
decay rapidly for bigger m. This coincides with the violation of the assumtion in Lemma 3.1
for small m:

10B(- )N (Vin, - )lloo (log(m) + £) < n,

where ||B(- )NV, )|lo is unbounded in the Chebyshev case and quadratic in the
Legendre case, cf. (1.1). In this experiment, for m = 1000 the condition number
amaX(Wl/ ’L)/ O'min(Wl/ 2L) exceeded 10%° for the algebraic polynomials and was below 14
for the H® basis.

e The error for exact function values || f — Sy, f|7, has decay 3/2 for H' and 5/2 for the other
bases. This conforms with the theory for the polynomial bases. For the H' and H? bases the
theory predicted only decay rate 1 and 2, cf. Theorems 4.1, 4.2, and (4.1).

e For the noise error ||Sye||7, we observe linear growth in m = dim(V},) as predicted in The-
orem 1.1. Furthermore, this error is bigger by a factor of around 40 in the Chebyshev case
compared to the others. The maximal weight |W|» in this case is around 40 as well. The
error due to noise in our bound has the factor ||3||oc which can be replaced by |W/|« to
sharpen the bound and explain this effect.
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Ip(HL;,) with 254 frequencies Ir(H2;,) with 254 frequencies

\

and R=5.3-10"° and R=8.3-108

AN
LU LU

Ficure 4.2. Hyperbolic cross in three dimensions.

This numerical experiment and the earlier theoretical discussion shows, that the H! and the H?
bases are suitable for approximating functions on the unit interval given in uniform random samples.
They are numerically stable in contrast to polynomial approximation with Chebyshev or Legendre. In
particular, the least squares matrix is well-conditioned and we can limit the iterations when using an
iterative solver, cf. [19, Thm. 3.1.1].

4.4. Sobolev spaces with dominating mixed smoothness on the unit cube

The ideas from Subsection 4.1 can be extended to higher dimensions using the concept of dominating
mixed smoothness. We focus on the case of H' and H?, but the same can be done for polynomials as
well, cf. [44, §8.5.1].

Let D = [0, 1]% be the d-dimensional unit cube equipped with the Lebesgue measure da. The Sobolev
space with dominating mixed smoothness of integer degree s > 0 is given by HS, = H3..(0,1)? =
H*(0,1) ®---® H*(0,1). The inner product of these Hilbert spaces is given by

(f.g)ms, = > (DY, DDgy .

mix
3€{0,s}4

With o, and 7 the singular values and eigenfunctions of H®, the singular values and eigenfunctions
of W=1d"old: HS, — HS. extend as follows:

mix mix
d d
o = [[of, and m(@) =] m,(x)).
j=1 7=1

To obtain the eigenfunctions corresponding to the smallest singular values, we now work with multi-
indices k. The indices corresponding to the largest singular values lie on a, so called, hyperbolic cross

d
Ip(HS ) = {k e IN? . HO']%j > R}.
j=1

For V,,, = span{ng : k € Ir(HS )} and f € HS ., we obtain by (4.1)
e(f, Vins L2)1, < RIIf I -

In Figure 4.2 we have equally sized index sets for Hl. and H2, . Note, that R is smaller for H2 as
its singular values decay faster, cf. Theorems 4.1 and 4.2.

110



LEAST SQUARES APPROXIMATION FOR NOISY SAMPLES

; 41001 ot

1072¢

Covvdl 0 vl ......E 10—4 ol TEEL o
102 10%  10* 102 10%  10*

m m m

FIGURE 4.3. Five-dimensional experiment for H2, . The solid lines represent the Lo-
error ||f — Spyll7, and the dashed lines the bound from Theorems 3.2 and 1.1.

4.5. Numerics on the unit cube

For a numerical experiment we do the same as in the one-dimensional case but only consider the H2,
case. For our test function we tensorize the B-Spline cutout

d
flx) = 1] B5"(x;)
j=1

where BS" was defined in (4.3). We increase the dimension to d = 5 and the number of sam-
ples to 1000000 and use Gaussian noise with variance o € {0.00, 0.01M, 0.03M} where M =
maXge[o,1)¢ f(x) — minge[o 1) f(z) =5/8.

Let Vi, = span{n : k € Ig(H2,,)} of size m with n the tensorized H2

mix
and 4.3. Since the H2,, basis is a BOS, we obtain

N(Vin)

With ¢ = 6, we satisfy the assumptions of Theorem 1.1 for m < 12250 and obtain a probability
exceeding 0.99 for the error bound in Theorem 1.1. For m = dim(V},,) up to 10 000 we do the following;:

ix basis, cf. Theorems 4.2

<6.

(i) We use plain least squares with 20 iterations to obtain the approximation S,y = EZL:_OI Gk
defined in (3.1).

(ii) We compute the Lo-error by using Parseval’s equality analog to the one-dimensional case.

(iii) We compute our bound: Applying Theorem 1.1 using (3.5), t = 6, and n = 1000000, we obtain
2

6N (Vi
If — Smyl3, < 14(1 n §L)> e(f, Vins L2)2, + %(1383\/02 +40%) +0.0031 3

with probability exceeding 0.99 and all the remaining quantities known in our experiment.
The results are depicted in Figure 4.3.

e The bounds capture the error behaviour well. But it seems that there is room for improvement
in the constants, especially in the experiments with noise. Here, improving constants in the
Hanson—Wright inequality in Theorem 2.3 could be a starting point.

e Furthermore, this experiment shows, that the H? basis is easily suitable for high-dimensional
approximation as well.
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Appendix A. Calculations for the H?*(0,1) basis

Proof of the first part of Theorem 4.2. Analogously to Theorem 4.1, for ¢ a singular value of

W with corresponding eigenfunction n € H2, , we obtain the following differential equation
1— o2 .
n=n" with 7®(0)=n®(1) =9 0) =9 (1) =0.

2
o
Now we distinguish three cases for the value of o

First case. Let us assume o2 = 1. The ansatz function becomes
n(z) = A+ Bz + Cx? + Da3.
From the conditions 7(?(0) = n(®(0) = 0 we obtain D = C' = 0. The two remaining degrees of free-

dom are restricted by demanding Lo(0, 1)-orthonormality. By simple calculus we obtain the proposed
eigenfunctions 1y and n;.

Second case. Lets assume (1 — 02)/0? > 0 < 0% < 1. Introducing t := /(1 — 02)/02, we use the
ansatz
n(x) = Acos(tz) + Bsin(tz) + C cosh(tx) + D sinh(tx).
The conditions 7?)(0) = n®)(0) = 0 transform to A = C and B = D, respectively. The conditions
7@ (1) = n®)(1) = 0 can be put into a system of equations:
{cosh(t) —cos(t) sinh(t) — sin(t)} [A} _o
sinh(t) + sin(¢) cosh(t) —cos(t)] |B]
or, by using cosh?(t) — sinh?(t) = cos?(t) + sin?(t) = 1, equivalently
[cosh(t) —cos(t)  sinh(t) — sin(t) } [A} _o
0 1 —cosh(t)cos(t)| |B]
For non-trivial solutions we need non-regularity of that matrix which transforms to the condition
cosh(t) cos(t) = 1. With the leftover degree of freedom we choose
cosh(t) — cos(t)

A=C=1 d B=D-=
an sinh(t) — sin(t)

and obtain n for k > 2 as proposed in the theorem.
For the Lo-norm we obtain

/01\77n|2 dz = /Ol(cosh(tx) + cos(tx))? dz + B? /Ol(sinh(tx) +sin(tz))? dz
1
+ QB/O (cosh(tz) + cos(tx))(sinh(tx) + sin(tz)) dx
sin(2t) + sinh(2t) + 4 cos(t) sinh(t) + 4 sin(t) cosh(t)
4t
— sin(2t) + sinh(2t) — 4 cos(t) sinh(¢) + 4 sin(t) cosh(t) B (sin(t) + sinh(¢))?
41 + 2t

=1+

+ B?
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142 2(sinh(2t) + 4sin(t) cosh(t)) + — 2(sin(2t) + 4 cos(t) sinh(t))
n B(sin(t) —i—tsinh(t))2
=1+ ! —;tBQ cosh(t)(sinh(t) 4+ 2sin(t)) + ! ;tBZ cos(t)(sin(t) + 2sinh(t))
n B(sin(t) —i—tsimh(t))2 ‘
Using cos(t) cosh(t) = 1, we obtain
_ sinh(t) _ sin(t)
1+B?_2m and 1—B2_—2m. (A1)
Thus,
1

1
2da = in cos sin sin
) e =14 s | Sinh () cosh(r)(sinh (1) + 2sin(1)

— sin(t) cos(t)(sin(t) + 2sinh(t)) — (cosh(t) — cos(t))(sin(t) + sinh(t))?

cos(t) sinh?(t) — cosh(t) sin?(t)
t(sinh(t) — sin(t))
cos(t) cosh?(t) — cos(t) — cosh(t) + cosh(t) cos?(t)
t(sinh(t) — sin(t))
where cos?(t) +sin?(t) = cosh?(t) —sinh?(t) = 1 was used in the last equality. Using cosh(t) cos(t) = 1,
the latter summand evaluates to zero and we have proven the Ly-normality.
Third case. Assume o2 > 1. Set t := /(62 — 1)/(¢2). The ansatz becomes
n(z) = Acosh(tzx) cos(tx) + B cosh(tz) sin(tx) + C'sinh(tx) cos(tx) + D sinh(tx) sin(tx).

The conditions 7®(0) = 7®)(0) = 0 transform to D = 0 and B = C. The two remaining degrees of
freedom are fixed by the conditions 7(?) (1) = 5(® (1) = 0 which, in matrix form, look as follows

— sinh(¢) sin(t) sinh(t) cos(t) — cosh(t) sin(t)] {A] _ [0]

— sinh(t) cos(t) — cosh(¢) sin(t) —2sinh(¢) sin(t) B| |0]°

For a non-trivial solution we need that matrix to be non-regular. To achieve that we have a look at
the roots of its determinant:

2sinh?(t) sin?(t) + sinh?(t) cos?(t) — cosh?(t) sin?(t) £ 0.
Using sin?(t) + cos?(t) = cosh?(t) — sinh?() = 1 we have

=14+

1 1
sinh?(t) — sin?(t) = 5 cosh(2t) + 5 cos(2t) — 1 =0

which is only fulfilled for ¢ = 0, or equivalently, 0> = 1. Hence, there are no eigenvalues bigger
than 1. |
Lemma A.1. For 0 <ty < t3 <... fulfilling cosh(ty)cos(ty) = 1 and t, = 2217, we have

3 -

§7T <ty and ’tk —tk‘ <e
for k > log(n/e). In particular |ty — ty| < mexp(—2n) for all k > 2.
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FIGURE A.1. cos(t) and 1/ cosh(t)

Proof. Since 0 < 1/cosh(t) < 1 for ¢ > 0 and the oscillating behaviour of cos(t), as depicted in

Figure A.1, we obtain
(@W, %W) for k even
tr €

(MW, 2”f7—17r> for k odd.

2 2
In particular, %W < ty. Furthermore, for even k and t € (%T_lﬂ, %W) we have
2k — 1 — 2kl
———— < 2exp(—t) < 2exp| — and cos(t) > 2
cosh(t) — xp(—t) < xp( W) () = /2

The function bounds intersect for a value larger than t;, which we use to refine the interval:

- 2k — 1
tr € | Tk, tp +mexp| — T |.

2

Similarly, for odd k and ¢ € (L;%r, 2’2;1#) we obtain

- 2k — 2 -
tr € |ty — mexp| — 5 T, |-

Thus, for £ > 2 we have ’fk - tk‘ < wexp(—(k — 1)7), which is smaller than e for

k> log(m/e) 1> log(m/e) ‘
T T
|
Lemma A.2. For 0 <ty <t3 <... fulfilling cosh(ty) cos(ty) = 1, we have that 1., defined by
h(t) — t
771511C (x) = cosh(tpz) — cosh(ty) — cos(ty) sinh(txx) (A.2)

sinh(ty) — sin(tg)
is convexr and non-negative for all even k and monotone for all odd k.

Proof. Step 1. We distinguish for different values of B = B(t) := (cosh(t) —cos(t))/(sinh(t) —sin(t)).
For B < 1 we have

nf(x) = cosh(tz) — Bsinh(tx) > cosh(tz) — sinh(tz) > 0
and by the same argument (n/(z))® = t*n/(z) > 0 for all z > 0. Thus, n/(z) is convex and non-

negative.
For B > 1 we obtain

(nl) = t(sinh(tz) — B cosh(tz)) < t(sinh(tz) — cosh(tz)) < 0

for all # > 0. Thus, 7 is monotone.
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Step 2. It is left to show for which k’s B(tx) attains a value smaller or bigger than one:
B(ty) s1 <« cosh(ty) — cos(ty) < sinh(ty) — sin(tk)
& exp(—t) — V2cos(ty + /4) S
We will show that exp(—tj) — v/2 cos(t; + 7/4) has the same sign as (— 1)"“Jrl and, thus, are finished.
We do this by estimating their difference by a quantity smaller than one. With #;, = 2k 17r we obtain
lexp(—t1) — V2 cos(ty, + m/4) — (—=1)*| = |exp(—t) — V2 cos tk+7r/4)+\/§cos(tk+7r/4 )|
Using that cos is Lipschitz-continuous with constant 1 and Lemma A.1 we estimate the above by
lexp(—tr) — V2cos(ty +m/4) — (=1)* | < Jexp(—ti)| + V2|tx — ]

< exp(—3/2m) +V2m exp(—27r),

which is certainly smaller than one. |

Lemma A.3. For 0 <ty <t3 < ... fulfilling cosh(t) cos(tx) = 1, we have that n{_ defined in (A.2)
is even with respect to the axis x = 1/2 for all even k and vice versa.

Proof. Step 1. We will show that n{k has any symmetry around x = 1/2. We shift the function and
split it into an odd and an even part. For B = B(t) = (cosh(t) — cos(t))/(sinh(¢) — sin(h)), we obtain
nl (x4 1/2) = cosh(tx +t/2) — Bsinh(tx +t/2)
= (cosh(t/2) — Bsinh(t/2)) cosh(tx) + (sinh(¢/2) — B cosh(t/2)) sinh(tx).
= =p
Multiplying the two factors o and 8 in front of cosh(tx) and sinh(tz), we obtain
a8 = —Bcosh?(t/2) — Bsinh?(t/2) + (1 4 B?) cosh(t/2) sinh(t/2)
cosh(t) — 1 cosh(t) + 1 sinh(¢)

S— - B 1+ B?
2 2 +(1+ 57 2

inh(t
— —Beosh(t) + (1 + B?) Sm2( ).
Using (A.1), cosh(t) cos(t) = 1, and 1 = cosh?(t) — sinh?(#) this evaluates to
h?(t) — 1 inh?(¢
PR T
sinh(t) —sin(t) = sinh(t) — sin(t)
And since we are not dealing with the zero function either a or 3 is zero. Thus, = + 1/ (z +1/2) obeys
a symmetry.

Step 2. It remains to specify the kind of symmetry. By Lemma A.2 we have that 5/ is convex for
even k. Since a convex non-constant function cannot be odd it has to be even. Also by Lemma A.2
we have that 7/ is monotone for odd k. Since a monotone non-zero function cannot be even it has to
be odd. |

Proof of the second part of Theorem 4.2. The cases k € {0, 1} are clear. For k > 2 we split the
function into 7/ defined in (A.2) and
cosh(t) — cos(t)

nt (z) = cos(tz) — Sinh(f) — sin() sin(tz).

We will show that each of these is bounded by 1.01v/2 and, thus, obtain the assertion.
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Step 1. In order to bound ntIk we firstly have a look at the boundary points z € {0,1}. With Lemma A.3
we obtain

nt, (0) = [nf, (1)] = 1. (A.3)

By Lemma A.2 n{k is either non-negative and convex or monotone and, thus, cannot exceed its values
on the boundary.
Step 2. In order to bound 7/’ we define

_ cosh(t) — cos(t)

~ sinh(t) — sin(t)
Next, we use the exponential definition of sine and cosine and the polar representation of complex
numbers to obtain

nt(z) = cos(tz) — Bsin(tz)
exp(itx) + exp(—itz exp(itr) — exp(—itx

_ explita) + exp(—ita) . explite) — exp(=ita)

and ¢ = arg(1 + Bi).

2 2
(1 + Bi)exp(itr) + (1 — Bi) exp(—itz)
B 2
exp(i(tx + V) + exp(—i(tz + 1))
=1+ B2
+ 2
=1+ B?cos(tz + )
Thus, by (A.1)
2 2
)| <V1+B2= < A4
" (@)l < V1+ 1 sin(f)/sinh() ~ \/ 1= 1/smh() (A-4)
From Lemma A.1 we use t > 3/27 in combination with the monotonicity in (A.4) we have |n/!(x)| <
1.01v/2. u

Lemma A.4. Fort > max{2log(4/¢),3/2n} we have for x € [0,1/2]

(1- o=ty

<e.

) sinh(tz)

Proof. We use cosh(t) — sinh(t) = exp(—t) and cos(t) — sin(t) = /2 cos(t + 7/4) to estimate

cosh(t) — cos(t)\ . B cos /4 — exp(— sinh(tx)
’(1_ sinh(t)sin(t))smh(m) = [V2eos(t +m/4) — exp(—0)l| gy

Since x < 1/2, sinh strictly monotone growing, and ¢ > 3/27 by Lemma A.1, we further estimate

cosh(t) — cos(t)\ . sinh(t/2)
(1 ~ sinh(t) — sin(¢) ) sinh(te)] <2 sinh(t) — sin(t) ‘

1 1
=2

2cosh(t/2) 1 — sin(t)/ sinh(t) ‘
Using 1 — sin(t)/sinh(t) > 1/2 for t > 3/2m, we obtain

cosh(t) — cos(t)> ) 4
1-— h(t < <
‘( sinh(t) —sin(e) ) )| = TR S e
which is smaller than € for ¢ > 2log(4/¢). |
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Lemma A.5. For 0 <ty <t3<... fulfilling cosh(t)cos(tx) = 1, we have

’ntfkf(q;) — V2 cos(tyx —1-7'('/4)‘ <e for x€](0,1]

and ‘ntfk(ac) — exp(—tw)‘ <e for x€]0,1/2]

for k> 2log(4/e) + 1.

Proof. Step 1. For the first inequality we use
V2 cos(tx + m/4) = cos(tx) — sin(tx)
to obtain h(t) ®
cosh(t) — cos(t
Sinh(f) — sin(t) ) sin(t)
which is smaller than e for ¢ > max{2log(4/¢),3/2n} by Lemma A.4. The second inequality follows
analogously from exp(—tz) = cosh(tz) — sinh(tx) and Lemma A.4.

i’ = V2cos(ta + m/4)| = | (1~

Step 2. It is left to show the condition ¢ > max{2log(4/¢),3/2n} from Step 1. By Lemma A.1 we
have t; > 3/27. Further, by assumption, we have

2 4 2 4 1
k> — log<) +1>— log(> +exp(—27) + =
us € ™ € 2
Thus,

2
where the last inequality follows from Lemma A.1. |

4 2k —1
2log( ) m — mwexp(—2m) <ty

Proof of Theorem 4.3. Because of the symmetry shown in Lemma A.3 we assume without loss of
generality z € [0,1/2]. Then

() = ()| < |0 (2) — exp(—ti)| + 1] (@) = V2 eos(tyr + /4)]

+ ‘ exp(—trx) — exp(—ka)’ + ‘\/icos(th +7/4) — V2 cos(tpx + 7r/4)’.

By Lemma A.5, the first two summands are each smaller than £/4 each for n > %log(lG /) + 1. We
estimate the two latter summands as follows.
Since cos is Lipschitz continuous with constant one we have

’\@cos(tk:r—l—ﬂ/él) V2 cos (tkif-i- )’ ‘ﬁ(tk—fk)‘

which, by Lemma A.1 is smaller than /4 for k > 1 log(47/(v/2¢)).

Since exp is Lipschitz continuous with constant 1 on (—00,0), we have
’exp(fth) — exp(—txT) ’ < |tp — tk’

which, by Lemma A.1 is smaller than /4 for k > 1 log(16/e).
Overall, we obtain |9, (z) — 7,(z)| < 45 = ¢ for

k> max{ilog(lG/a) 41, %log(élﬂ'/(\@e)), ;log(16/5)} _ ;log(lﬁ/s) +1
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