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Abstract: The aim of this paper is to deal with the Kirchhoff type equation involving fractional
Laplacian operator

(a +p8 f I(=A) 2yl dx) (=AY + «y = [Py in R,
R3

where «, 3,k > 0 are constants. By constructing a Palais-Smale-Pohozaev sequence at the minimax
value c,,,, the existence of ground state solutions to this equation for all p € (2,2}) is established by
variational arguments. Furthermore, the decay property of the ground state solution is also investigated.
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1. Introduction

We are concerned with the existence and decay property of ground state solutions for the following
Kirchhoff equation involving fractional Laplacian operator:

(@ +/3’f (=A)z gl dX) (=8 + & = [Py inR,
R3
y(x) € H'(R),

(1.1)

where a, 3,k > 0 are positive constants, s € (0,1),2 < p < 2} = ﬁ and the fractional Laplacian
(—A)* is given by
Y(x) —¥(y)

R X =y}

(—A)y(x) = C,P.V.

)
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where
r'G+s)
702 - s)

The fractional Laplacian operator (—A)® has a wide range of applications arising in some physical
phenomena such as fractional quantum mechanics, flames propagation, etc. (see [10, 13]). In recent
years, problems involving fractional Laplacian operators and Kirchhoff-type nonlocal terms have been
discussed by lots of researchers for their broad applications. Some remarkable results have been
yielded, see [1,2,6-8,12, 14, 15] and the references therein. In particular, when @ = 1, 8 = 0 and R3is
replaced by R¥(N > 2), equation (1.1) turns into the classical fractional Laplacian problem

C,=s(1 —s5)4°

—A)S = -2 | N
{( AYY + k= [Py inRY, (1.2)

Y(x) € H'RY).

In [4], employing the constrained variational methods, Dipierro et al. studied the existence and
symmetry of nontrivial solutions for (1.2) as s € (0, 1) and p € (2, Nz_l\és).

In this paper, we intend to consider the fractional Kirchhoff equation (1.1) with p € (2,2}) using
variational arguments, and we encounter several difficulties to overcome. First, note that solutions

of Eq (1.1) correspond to critical points of the following functional:

2
sw) =2 f (—A)iuPde+ B f (—A)iyPdx| + & f WP de— f P dx.
2 R3 4 R3 2 R3 P JRr3

Since the nonlocal term ( fR3 I(=A)2y? dx)2 included in the energy functional E(Y) is homogeneous of
degree 4, and the nonlinearity [/|?~2 does not satisfy the global Ambrosetti-Rabinowitz type condition
for p € (2,2}), it would bring about more difficulties to establish the boundedness of (PS)-sequence
for &) when p < 4. Second, in general, from ¢, — ¢ in H*(R*), we do not know whether there holds

f (=8)3, [ dx f (=8)3 ¢, (~A) 3¢ dx — f I(=A)3y P dx f (D) Y(-A)i¢dx, ¥ € € H'RY),
R3 R3 R3 R3
which is vital when we consider the convergence of the (PS)-sequence.

We now give the main result.

Theorem 1.1. Let s € (%, 1)and p € (2,2%). Then, Eq (1.1) has a ground state solution yry(x) € H*(R?),
namely

EWo) = m = inf (EW) : EW) = 0,y € KR\ (0)}.
Moreover, Yy(x) < TCP*'“ for some constant C > Q.

Remark 1.1. In Theorem 1.1, we give the existence result for all p € (2,2}), our result could be viewed
as an extension of one of the main results in [11] (see in particular Theorem 1.4 there), which only
dealt with the case p € (3,2}) with s = 1, the case p € (2,3] having been left open.

2. Proof of Theorem 1.1

In this paper, we use the notation ||y qr3) = ( fR3 || dx)é to denote the norm of LY(R¥), g € [1, +o0).
For s € (0, 1), the fractional Sobolev space H*(R?) is defined as
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_ 2
H'[R®) = {w e I*(R%): f f W) O dxdy < +oo},
R3 R3

|X _ y|3+25

endowed with the norm

1

l(x) =y :
||l//||[—]3 = (LB ‘[1@ W dxdy + ||lp||iZ(R3)) .

Note that by Propositions 3.4 and 3.6 in [13], one has

s C; l(x) =y
2 _ S 3
A, = 5 fR 3 fR I sy, e )
and s |l szs) = (fR3(|(—A)%1,//|2 + [¥*) dx)? is an equivalent norm to |||l for ¥ € HS(R3).

For fixed a,x > 0, we also employ the norm ||| = (fR3(a|(—A)%tp|2 + kj¥|*) dx)?, which is an
equivalent norm to [y|gszs). D*(R?) is the completion of Ci*(R*) with respect to the norm ||| pe2es) =
( fR3 I(=A)2y)? dx)%. Now, we recall the following fractional Sobolev embedding results.

Lemma 2.1. (See [13]) Let s € (0,1). Then, the embeddings D**(R?) — L*»R3) and H*R?) —
LY(R)(q € [2,2}]) are continuous, and the embedding H*(R?) — L! (R*)(q € [1,2%)) is compact.

We define the minimax value
Cmp = Inf max E(L(1)), 2.1

ZeA 1e]0,1]
where
A ={{ € C([0,1], H(RY)) : £(0) = 0,8(£(1)) < O}
First, we show that A # @, it is sufficient to prove the following lemma.

Lemma 2.2. Let s € (%, 1) and p € (2,27). Then, there exists . € H*(R*) such that Er.) < 0.

Proof. We consider the following perturbation functional &, defined by

2
&) = % f |(—A>5://|2dx+f—f( |(—A)5w|2dx) - f G,(¥) dx, (2.2)
R3 R3 R3

where G, () := %Mlp - glt,lfl2 and n € [no, 1] is a parameter, 17 € (0, 1) is a positive constant. Now, we

take ¢y > 0O such that
K

2t§ >0,

o
G, (1) = ;zg

and for € > 0 define
to, if |x| < ¢,
we(x) =<2 (C+1—|xDty, if € < |x] <€+ 1,
0, if|x| > €+ 1.

By the definition of ¢.(x), clearly ¢,(x) € H*(R?) and ||¢|| msr3) — +oo as { — +oo. Moreover, by
direct calculations (see Lemma 2.6 in [4]), we conclude that

I(=A)2 @[} 53y < CCs, Ot
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and

f Go(pe(x)) dx = f Go(pr(x)) dx + f Gy (pc(x)) dx
R3 B¢ Bri1\Be

>|B|G,,(t0) — |Bes1\ Byl tfef[loagi] |G, (2)]
510

A3
2—=Gylt0) = Co((L + 1)’ = £)
>C, 0} - 7,

where Cy, Cy, C, are constants depending on #,. Thus, for sufficiently large £, > 0 we can get

f Gﬂo(‘pfo(x)) dx > 1.
R3

Let ¢z,.5(x) = ¢, (5) for o > 0, then the following hold true:

5 2 3-2s 5 2
I(=8)> ey ol o g3y = 0 =D @ ll2 55

f Gno(‘pfo,tf) dx =0’ f Gng(‘Pfo)dX > o,
R3 R3
Hence, by (2.2) and note that 6 — 45 < 3 we have

0.3—2s ﬁ0.6—4s 3
87]0(9050,0') = ”( A) SofollLZ(R? ”( A) ¢€0||L2(R3 % f} Gr]o(sofo) dx
R3

3-2s 6—4s

o o
-840 Bz, + 2 I8 g e, =

<

— —00as o — +oo.

In addition, we notice that E() < &, (¢) forany € H S(R?), so we obtain E(¢y, ) — —00 as o — +09,
Thus, we can take ¥, = ¢y, -, such that &) < 0 for oy > 0 large enough.

By Lemma 2.1, for all y € H*(R?), we know that ||y/||” D®) S < c||y||” for some positive constant ¢ > 0,
and noting that p > 2, we deduce that

B

1 s
EW) =51l + ZII(—A)ftI/II‘{z(Rg) - ”l//”L,;(R3

2
1 c

ZEIII/III2 — =l = 00 > 0,
p

if |||l = &9 > 0 is sufficiently small. Thus, combining with Lemma 2.2, we know that c,,, € (0, +00).
Note that if € H*(R?) is a critical point of &, then i satisfies the Pohozaev identity (see Lemma 2.2
in [15]):

(3 2s) ,3(3 25)

PWY) = ==Y} ) + ”l/’”Lz(R% ——— =)l s, IIIJ/IIL,,(Rz =0. (2.3)

Next, we expound that there is a Palais-Smale-Pohozaev sequence ((PSP)-sequence, for short) at
the minimax level c,,, defined by (2.1).
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Lemma 2.3. Let s € (43'1’ 1), p € (2,2%) and k > 0. Then, there is a sequence {,,} C H*(R?) such that

1) EWn) = cmp asn — oo;
(ii) & () = 0in (H*(R?))" as n — oo;
(iii) PW,) = 0 asn — oo.

Proof. For T € R and ¢ € H*(R?), we set (S;¢)(x) = ¢(e~"x), and we denote E:Rx H*(R?) — R the
functional defined by

E(1, ) =E(S:¢)
a,e(3—2s)‘r 3 ﬁ 2(3 25)T 3

= 2 ||( A) QD”LZ(R? ||(p||L2(R3 —”( A) SDHLZ(RS - ”QD”L}’(]R%

Here, R x H*(R?) is equipped with the norm (7, @)llgxps@s) = (71> + lgl?)2. Clearly, E(t, ¢) € C'(R X
H*(R%)) and satisfies the following properties:

E0,¢) = Elp), E1,9) = E(p(e ). 2.4)
We define a minimax value for 5(7', ©) by

d,, = inf sup (1)),

LeA te[0,1]

where N _ s
= {{ e C([0,1,R x HS(R3)) : £(0) =(0,0),E((1)) < 0}.

It is not hard to see that A # 0, and thus the minimax value d,,, is well defined. Now, we claim
that d,,, = c¢,,. Indeed, for any {(t) € A we can check that (0, (7)) € K, so {0} Xx A C K thus for
5(0 @) = E(p) we get d,,, < cyp. On the other hand, for every given Z(t) ((),n()) € A, letting
Z(0)(x) = n(t)(e”™(x)), we can verify that /(f) € A, and from (2.4), we obtain E( (1)) = 8({ (2)). This
yields that d,,, > c,,,. Hence, the claim follows.

By (2.1), we may choose {{,} C A such that

sup EL(1)) < cmp + 1

0<t<1

Let Z,(t) := (0, (1)), then 7, € A and S0, we obtain

sup E(y(1)) < Cp +

0<t<1

Then, by Lemma 2.3 in [9], we can get that a sequence {(7,,, ¢,)} C R x H*(R?) satisfies
ETn @) = Cupr E (Tnpr) > 0, 2.5)

and
5213 1(Tn> 1) = $i(Dllrxpswsy = 0 as n — oo. (2.6)
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Remark that for any (h, U) € R x H*(R?),
0(1) = (€ (T4, ). (h, U)) = (E(S+,01),S:, U + P(St, 0u)h. (2.7)
Then, the conclusion of Lemma 2.3 follows by taking ¢, = S;,¢,. Indeed, by (2.6) we can get
Il = I7n = OF < min [i(7a, @) = (0, Gu()llrxrsee) = 0.

By the fact that 7, — 0 as n — oo, via (2.5) and (2.4) one can obtain that E(},) — ¢, as n — co.
For any ¢ € H*(R?), we choose h = 0, U(x) = ¢(e™x) in (2.7), and note that 7, — 0, then we obtain

(& ), @) = (E (T ), (0, 0™ 1)) = 0(Dllp(e™ )| = 0Dl

Hence, &' (¥,) — 0 as n — oo. Moreover, taking (h, U) = (1,0) in (2.7), we get P(¥,,) — 0 as n — oo.
To sum up, we have obtained a sequence {¢,,} C H*(R?) that satisfies

EWn) = Cmp, EWn) = 0, PWy) >0 asn — oo, (2.8)

The proof is completed.
Lemma 2.4. The (PSP)-sequence {,} in (2.8) is bounded in H*(R?).

Proof. From (2.8), we get

B4s —3)
2

1 s s
Cmp + On(l) = 8(¢n) - §P(¢’n) = ?“(_A)El/’n”f}(R?) + ||(_A)ZWH||12(R3)‘ (29)

Note that by (2.9), ||(—A)%wn||Lz(R3) is bounded. By Lemma 2.1, the fractional Sobolev embedding
D*?(R3) — L*(R?) is continuous, so we have

Wall 22 ey < CN=D)3Wallzes).
and thus [, 2; g3, is bounded. Next, we prove {i,} is bounded in L*(R?). By the fact that & (y,,) — 0
and [[(=A)2y,,]] 2% 18 bounded, we can deduce that
K”ly[/n”LZ(R%) —_ ||l//n||Lp(R3

for some constant C > 0. Since 2 < p < 2}, then for any & > 0, there is C, > 0 such that

all7 ) < ENall e, + Cellll” (2.10)

L2 (R3

Thus, by (2.10) we obtain

AWl ey < el + ColI; , +C

Choosing & = 7, and meanwhile |y,][,2 ®) is bounded, we obtain the boundedness of [|y,|;2x3) and
therefore {1/, } is bounded in H*(R?).
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Proof of Theorem 1.1. The result of Lemma 2.3 reveals that there is a (PSP)-sequence {i/,,} ¢ H*(R?)
satisfying
8(‘//n) — Cmps Sl(wn) - O, P(lpn) — 0 asn — oo.

Moreover, by Lemma 2.4 the (PSP)-sequence {,,} must be bounded in H*(R?®). Then, passing to a
subsequence if necessary, we may suppose that

W, — Yo weekly in H*(R?), and y,(x) = ¥o(x) a.e. in x € R>. 2.11)

Next, we divide our arguments into several steps.
Step 1: We claim that i solves Eq (1.1). In fact, by (2.11) for any ¢ € C8°(R3), we have

lim f (A=A 2, (=A)2E + ki) dx = f (@(=A)2o(=A)2E + Kipro) dx (2.12)
n—oo R3 R3
and
lim f Wl dx = f ol g dx for p € (2,2). (2.13)
n—oo R3 R3

Moreover, suppose that ||(—A)5wn||iz(R3) — % for some ¥ > 0, then from (2.12) and (2.13), for
£ € CF(R?), we deduce that

0= lim (& W), &)

_ f (@A) Uo(~A)E + kot dx + BB f (~A)uo(~A)iE dx - f Wol” 2wk dx
R3 R3 3

R

=(G' o). &), (2.14)

Gy = P72 f (=AYl dx + & f i dx— 2 f P dx.
2 R3 2 R3 p R3

Using Fatou’s lemma, we have

where

.. 2 2
hzllloglf“'j/n”LZ(RB) > ||w0||L2(R3)’

s . s o (2.15)
||(_A)§w0||iZ(R3) < hnm_)glfn(—A)ilﬁn”Lz(Rs) = %
Noting that & (,) — 0 and ||(—A)%1//n||i2 (» — %, one can obtain that
lim (G (), Y) = 0.
Now, by combining (2.13)—(2.15) we conclude that
S”l//()”ip(RS) - K“l//OHEZ(RS)
=(@ + BBN-D) 3ol - (2.16)
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Putting together (2.16) and (2.15), we get

fim [[(~A)3 gl s, = 1Bl s, = 2. (2.17)

n—oo

Accordingly, using (2.12), (2.13) and (2.17), we can derive that ¢, — ¢ strongly in H*(R?) and so
0 = lim(& W), &) = (€ %0),&)

for all ¢ € Cg°(R3), that is, & (o) =0

Moreover i # 0. Otherwise, if ¢y = 0, that is ¢, — 0 in H*(R?), which leads to E(y,,) — 0, this is
a contradiction since E(,) — ¢y > 0.

Step 2: Next, we claim that E(g) = ¢, = m, that is, ¢ is a ground state solution of (1.1). Indeed,
note that P(¥,,) — 0 as n — oo, one has P(,) = 0. Therefore, from (2.3),

1 s 45 -3 s
E(W0) =E(W0) ~ zPW0) = T=8) Yol zs, + ﬁ”—)||(—A>wo||‘;2(R3)

,3(4 3)

<11m1nf(—||( N3l sy + =5 II(=A)? wnlle(Rg)

= liminf (8) - 3PW)
=liminf EWr,) = Cpp.
Clearly, by the definition of m, there holds m < &(¢), and hence m < ¢,
On the other hand, we prove that ¢, < m. Let w(x) € H S(R3) \ {0} be another solution of (1.1)

and satisty &(w) < E(o). We set {*(7)(x) = w(z) for 7 > 0 and £*(0) = 0. It is clear that {*(7) €
C([0, +0), H*(R?)). From (2.3), for T > 0 we obtain that

7372 3 Br 2(3-25) 3
I(=A)? W||L2(R3 ||W||L2(R3 +——II(=A)2 W”Lz(R3 - IIWIIZ,(R3

& (M) =

37'32“—3—2sr 372(323)—23—2s7 s
- O 20T -8y Wl + 2O 2T Al

With a simple calculation, we conclude that

max &(¢"(7) = E(7(1) = Ew),

and it follows that &E({*(1)) < E(w). Observe that E({* (1)) — —oo as T — +oo. Then, with appropriate
scaling change we can get a path £(¢) € C([0, 1], H*(R?)) such that £(0) = 0 and E(Z(1)) < 0; £(t)) = w
for some ¢, € (0, 1); max E(L() = E(L(ty)) = Ew). Then, by the definition of ¢,,, in (2.1), we know
that ¢,,, < E(w), wh1ch shows that c,,, < m. Thus as desired E(w) = E(Yo) = ¢,y = M has been proved.

Step 3: We estimate the decay properties of ¢(x). Following [3], by the standard regularity
arguments we can deduce that yo(x) € H*(R?) N C"(R?) for all r € (0,2s) and |1|i_r>n Yo(x) = 0. Note

that p > 2. Then, we can pick p > 0 such that for all |x| > p,

2 < K

@+ [, (=Dl dx ~ 2(a +BL)’
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where L > 0 such that ||y|? < L, and we conclude that

S(R3) -
K Ko(x)
-A)* < (-A)°
(B0l + g o) S AV + e P
o (017> o(x) K
= < .
a8 [ (Aiwrdx - 2Aa+pD "
Therefore, p
(=A)*o(x) + mwo(x) <0,V x e R\ B,(0). (2.18)
According to Lemma 4.3 of [5], we can find a continuous function ®(x) satisfying 0 < ®(x) < #
and
(—AYD(x) + ————D(x) > 0, ¥ x € R>\ B, (0) (2.19)

2(a + BL)
for some suitable R; > 0. Let R = max{p, R}, and set

a = min ®(x), b = maxiyy(x).
[xI<R |x|<R

Define U(x) = Z(D(x) — Yo(x). From (2.18) and (2.19), consequently, we can obtain

K
—A)* S >0 fi >R
( )U(X)+2(a+ﬁL)U(X)_0 or [x[ > R,
Ux) >0 forl|x] =R,

|llim U(x) =0.

Then, by the maximum principle we infer that U(x) > O for all |x| > R. In addition, by the definition of
U(x), obviously, U(x) > 0 for |x| < R. Thus, we get U(x) > 0 for all x € R?, furthermore, we have

b C 3
'7[/0(75) < E(D(X) < W, YxeR’.
The proof of Theorem 1.1 is finished.
3. Conclusions

In this paper, we are interested in the existence and decay property of ground state solutions for a
Kirchhoff equation involving fractional Laplacian operator. Since the nonlocal term ( fR3 I(=A)2y)? dx)2
included in the energy functional E(¢) is homogeneous of degree 4, when p < 4, it brings about two
obstacles to the standard mountain-pass arguments both in checking the geometrical assumptions in
the corresponding energy functional and in proving the boundedness of the Palais-Smale sequence
for &()). By constructing a Palais-Smale-Pohozaev sequence at the minimax value c,,,, the existence
of ground state solutions to this equation for all p € (2,2}) is established by variational arguments.
Furthermore, the decay property of the ground state solution is also investigated. Our result extends
and improves the recent results in the literature. We believe that the proposed approach in the present
paper can also be applied to studying other related variational problems.
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