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1. Introduction

It is well-known that the Navier-Stokes equations are the typical evolution equations and widely
used in the field of science and engineering. The attractors of Navier-Stokes equations are studied by
many scholars in the fields of dynamical systems for a long time (see [1-15] and reference therein).
Especially in recent years, there are many research achievements on g-Navier-Stokes equation. In
[16-18], Roh deduced the 2D g-Navier-Stokes equations from 3D Navier-Stokes equations on thin
region. It can be viewed as a perturbation of the usual Navier-Stokes equations. Bae et al. studied
the well-posedness of weak solution for the 2D g-Navier-Stokes equations. Kwak et al. researched
the global attractor and its fractal dimension of 2D g-Navier-Stokes equations in [19]. In [20-24],
Jiang et al. studied global and the pullback attractor for g-Navier-Stokes equation. Moreover, the
long-time behavior for 2D non-autonomous g-Navier-Stokes equations and the stability of solutions
to stochastic 2D g-Navier-Stokes equations were studied by Anh in [25,26], The stationary solutions
and its pullback attractor are researched in [27]. On the basis of the above research, we have studied
the long time properties for g-Navier-Stokes equation with weakly dampness and time delay in [28]
recently.

In this manuscript, the uniform attractor of the g-Navier-Stokes equations with nonlinear dampness
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is researched. Its usual form is as follows:

B yAu+ (u-Vyu+cluf'u+Vp = f(x,1) in [1,+00) X Q
V-(gu)=0 in [r,+00) X Q

u(x,1) =0 in [1, +00) X 0Q

u(T, x) = ur(x) xeQ

(1.1)

In (1.1), we can see that u(z, x) € R? and p(t, x) € R denote the velocity and pressure respectively.
v > 0 is the viscosity coefficient, c|ulf’~'u denotes nonlinear dampness. ¢ > 0 and 8 > 1 are positive
constant. f = f(x,t) is the external force term, 0 < my < g = g(x1,x) < My and g = g(x1,x3) i1s a
suitable smooth function, Let ¢ = 0 and g = 1, the Eq (1.1) will become the usual 2D Navier-Stokes
equations.

This manuscript is organized as follows. In Section 2, we recall some basic results of 2D g-Navier-
Stokes equations, then we give the concept about process families and uniform attractor. In Section 3,
the global well-posedness of weak solutions for 2D g-Navier-Stokes equations with nonlinear damp-
ness is studied. In Section 4, by the energy equation method, the existence of the uniform attractor of
2D g-Navier-Stokes equation with nonlinear dampness is proved on the unbounded domain. In Section
5, the dimension estimation of the uniform attractor in the quasi-periodic case is obtained.

2. Preliminaries

We assume Q is a smooth unbounded domian of R?, Let L*(g) = (L*(Q))? and we denote (u,v) =
fQ u-vgdxand|-|=(,)"%, u,velL*g). Let Hé(g) = (Hé(Q))2, Set

2
((u,v)) = fZVuJ- - Vv;gdx,
o5

and || - || = (¢, D% u = (ui,u2),v = (vi,v2) € Hy(g). We denote D(Q) be the space of C* functions
with compact support contained in . So we have the following spaces

H={eDQ):V-gv=0 in Q};

H, = closure of H in L*(9);
V, = closure of H in Hé(g).

where H, and V, endowed with the inner product and norm of L*(g) and Hé (g) respectively.
We assume that there exists A; > 0, such that

1
ul> < ﬂ—llullz,vu eV, 2.1)
1

This Poincaré-type inequality imposes some restrictions on the geometry of the domain Q.
The g-Laplacian operator is defined as follows:

1 1
—Agu=-=(V-gV)u=-Au—-—-Vg-Vu.
8 8
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The first equation of (1.1) can be rewritten as follows:

3 v
a—bt‘ — VA + V=2 Vu+ clufu+ (u, Vyu + Vp = f. (2.2)
g

In [16], g-orthogonal projection and g-Stokes operator are defined respectively by P, : L*(g) — H,
and Agu = —Pg(é(V - (gVu))). Applying the projection P, on the Eq (2.2), we have the following weak
formulation of (1.1).

d
EQ@W+VGMW)+dWWﬂLW+bgmum)+Wme:%ﬁv>\WGi@Vt>O, (2.3)
u(0) = uo, (2.4)

where b, : V, XV, XV, —» R and
2
ov;
bo(u,v,w) = Z fu,-a—jwjgdx,
ij=1 X

we have {
Ru = P,[-(Vg-V)ul,Yu € V,.
8

Then the formula (2.3) and (2.4) are equivalent to the following functional equations

% +vAqu + cluf~'u + Bu+ vRu = f (2.5)
u(0) = ug (2.6)

We denote
(Agu, vy = ((u,v)),Yu,v € V,. 22.7)

From [16,17,19], we have

IVglo
I1B@)lly, < clulllull,  [IRully, < —Flull, Yu € V,.
Wl()/l1

where B(u) = B(u,u) = Py(u - V)u is defined by
(B(u,v),w) = bo(u,v,w),Yu,v,w € V,.
A family of two parametric maps {U (¢, 7)} = {U(¢, D)t > 7,7 € R} is defined in H, as follows:
Ust, ) :E—>E, t>71, T€R.

The following concepts and conclusions are given from [7]. ¥V f € L*(R"; V}), the translation operator
is defined in L*(R™; Vy) as follows.

Thf(s)=f(s+h), Yh>0, seR.

Obviously
IT (W fllo®evy < N flleo®evy, YR 20, f€ L™(R™; Vé)-
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We set £ = {T(h)f(x,s) = f(x,s+ h), Y h € R}, where T(-) is the positive invariant semigroups
which act on X and satify T(h)X Cc Z, Y h > 0 and

UT(h)f(l‘,T) = Uf(t+h,T+h), Y h >0,t>7>0.

Let p# > 0 be constant, £ C {f € L*(R™; Vg,) : ||f||Loo(R+;Vg,) < ps}. For {Us(t,7)} with f € X, we call
the parameter f as the symbols of the process family {U (7, )}, and X as the symbol space.
Definition 2.1 [7] A family of two-parametric maps {U(t, 7)} is called a process in H,, if
(DU, s)Us(s,7) = Up(t,7), Vi=>2s5s2>1, TER,
Q)Uy(r,7)=1d, 7te€R.
Let E be the Banach space, B(E) is denoted the set of all bounded sets on E, then
Definition 2.2 [7] A set By C E is said to be uniformly absorbing for the family of processes
{Us(t,7)}, f € X}, if for any 7 € R and each B € B(E), there exists 1) = to(r, B) > 7, such that for all
t = ty,
| JusenB C By
fex
Definition 2.3 [7] A set P C E is said uniformly atttracting set of {U,(, 7)}, f € X}, if for any 7 € R,
there is
lim (sup distg(U(t, 7)B, P)) = 0.

t—+00 fex

Definition 2.4 [7] A closed set Ay C E is said to be the uniform attractor of the family of processes
{Urt, D)}, feZ},if

(1) As C E is uniformly attractive;

(2) Az C E is included in any uniformly attracting set A" of {U (¢, 7)}, f € X}, thatis Az € A’.

3. The well-posedness of the solution for 2D g-Navier-Stokes equations with nonlinear
dampness in unbounded domain

In the section we will prove the well-posedness of the solution for 2D g-Navier-Stokes equations

with nonlinear dampness by the Faedo-Galerkin method.
Definition 3.1 Let ug € Hy, f € L7, (R;V}), For any 7 € R, u € L™(1,T;V,) N L*(1,T; V) N
[P, T; IPYY(Q)), VYT > 1 is called a weak solution of problem (1.1) if it fulfils
d%u(t) + vAu(t) + B(u(n) + clulf'u + vR(u(?)) = f(x,1) on D' (1, +0; Vo),
u(t) = uy.

Theorem 3.1 Let 8 > 1, f € LiOC(R; V;,), Then for every u, € V,, the equations (1.1) have a
unique weak solution u(f) = u(t;t,u;) € L¥(1,T; V) N L*(1, T; V) N LA (7, T; LP*(Q)), and u(r) is
continuously depending on the initial value in V,.

Proof. Let {w;};>; be the eigenfunctions of —A on Q with homogeneous Dirichlet boundary condi-
tions, Its corresponding eigenvalues are 0 < 4; < A, < ..., Obviously, {w;};»; C V, forms a Hilbert
basis in H,, given u, € V, and f € L2, (R; V).

For any positive integer n > 1, we structure the Galerkin approximate solutions as u,(t) =

u,(t; T, u;), It has the following form

n

(8, T5100) = > Y j(OW).

J=1
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where v, ;(t) is determined from the initial values of the following system of nonlinear ordinary differ-
ential equations.

' \Y
(I/tn(t), W]) + V((Mn(t), Wj)) + C(|un(t)|ﬂ_lun(t)’ W]) + b(un(t)’ l/ln(t), W]) + b(?g’ ul’l(t), Wj)

=(fx,n,wp,t>7,j=12,...n 3.1

((un (1), W) = ((ur, w))).

where (-) is dual product of V, and V.

According to the results of the initial value problems of ordinary differential equations, we have
that there exists a unique local solution of (3.1). In the following, we prove that the time interval of the
solution can be extended to [7, 00).

1d . \v
EEW”U)@ + Vllun (DI + clua (D)l + b((?g V) (1), un(1)) = (f(x, 1), un(1)) (3.2)

Using Cauchy’s inequality and Young’s inequality, we have

fx 0, uy () < Nf Dl - (Dl

gnunnz + —IIf(x DI (3.3)

where || - ||, is norm of V;,. We take (3.3) into (3.2) to obtain

%%mn(z)@ + V(DI + clun(D)ly) + b((% * V)uun(1), un (1))
< ZllP + —IIf(x ol

d +
Elun(l)li + 2/l (DI + 2clun (D)l + Zb((? - V)un(2), (1))

1
2 2
S Vil + S G DI

d . \Y 1
SO + VIO + 2elun (DL + 26~ - V(1) un () < I (x DI (3.4)
g v
That is J Vel
Emn(r)l%+v||un(r)||2+2c|un(t)r§i} —IIf( DI +2v Ogl";n un(H)|I”
dl t 2 1 | gloo o) S+1 < 1 2 35
(O + (1 - 41/2)” un (DI + 2¢lutn (Ol < ~I1f 0 DI (3.5)

By integrating (3.5) from 7 to 7, we have

2|Vglw
(DI + (1 - g],z)f [ ,,(s)||2ds+2cf Jun(s)ly 1 ds
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1 !
< lu (D)) + - f L (x, s)|I*ds.

For any T > 0 and 8 > 1, we obtain

sup (en()P) + (1 — 2 g1'7;> f ()P + 2¢ f lun($)lir s

T<t<T mo 1

1 !
< lu,(T)I* + " f Ilf(x, s)lI*ds < C.

So we can obtain that {u,(#)} is bounded in L*(7, T; V,), 3.6)
{u,(1)} is bounded in L* (7, T; V,), (3.7)
and {u,(¢)} is bounded in L#*!(t, T; LP*1(Q)). (3.8)

So u,(t) € L™(z, T; V). Therefore B(u,(1)) € L™(1,T; V,),
lu,(OP u,(t) € LPH(z, T; LPY1(Q)). As a result,

%(un(t), vy = (f(x, 1) = clunOF ™ (1) = vAU(1) = Bun(1)) = vR(un(1)),v), Vv € V.

so {u, (1)} is bounded in L(7, T; V).

Then we deduce that there is a subsequence in {u,(¢)}, which is still denoted by {u,(#)}. We obtain
u,(t) € L*(1,T; V) and u,(t) € L*(t, T; V) such that

(Du,(t) — u(t) is weakly * convergent in L™ (7, T; V,);

(ii)u,(t) — u(t) is weakly convergent in L*(t, T’ Ve)s

(iii)|u, ()P u,(t) — & is weakly convergent in LA (1, T; [P*1(Q));

(iv)u,(f) — u'(¢) is weakly convergent in L*(z, T'; V,);

(V)u,(f) = u(?) is strongly convergent in L*(t, T; H,);

VDu,(t) > u(t), ae(x,t) e Qx|[t,T].

From Lemma 1.3 of [29], we can see & = |ulff~'u. Since | J,cn+ Span{wy, w, - -- ,w,} is denseness in
V,, Taking the limit n — oo on both sides of Eq (3.1), we can obtain that u is a weak solution of (1.1).

In the following, the solution is proved to be unique and continuously dependent on initial values.
Let u;,u, be two weak solutions of (1.1) corresponding to the initial values u,., u>, € V,, We take
u = u; — u,, From (2.3) we have

1d
Ed—(lul )+ vl + QP uy = o~ u, 1) + v(Ru, u) = (Blu) — Bluy), u). (3.9)

Using Holder inequality and Sobolev embedding theorem, we obtain

—1 -1 -1 —-1
(s Py — |unlP uz,u)=f(lu1|ﬁ uy — ol up)(uy — ua)dx
Q

> \[(|Ml|ﬂ+1 — |1 Plug| = |ualPuy + unPHdx
Q

= f(|bt1|ﬁ — |uzP)(Juy| = ual)dx > 0. (3.10)
Q
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we have
(B(uz) — B(uy), uy = KB(ua, up — uy) — B(uy — uz, uy), u)|

< Cillezllluez = waglllfuell + Cilluer = wa[[foe [[]]el|
= CillullP(lluey + lluezl)
< Cillull® (3.11)

where C; > 0 is any constant.

IVelle
V(R 1) < v
I’I’l()/l1
VIIVgIIoo
< ull? + luP)
= a(llull® + [uf). (3.12)
where o = %.
d
Ed—tlul2 +Vllull® < Cillull® + a(lull® + |u).
d o 2 2
E|u| +2(v = C| — a)Aiul” < alul”.
Thus

d
d—lul2 [@ = 24,(v = C; — a)]|ul*.

Let C be a constant and C = @ — 24;(v — C; — @) > 0, then
d
E|u|2 < Clul*.

Therefore

2 C(t— 2
lul <e « T)lurlz-

So we prove the continuous dependence on the initial value. When u;, = uy,, that is u, = 0, then the
uniqueness of the solution holds.

4. The uniform attractor of 2D g-Navier-Stokes equations with nonlinear dampness in
unbounded domain

In the following we have that the family of processes {U((t,7)}, f € X is uniformly bounded
(w.r.t.f € ) and it has uniform absorbing sets.

Firstly, the existence of uniformly absorbing sets is proved. Taking the inner product of (2.5) with
u, we have

d v
d—t|u|2 + 2v|lull? + 2clult = 2(f, u) - 2v((?g -Vu, u),
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Then
2
d I ey N
—ul + 2v||ul® + 2cluf*! < —g+v||u||2+2v| Vel llull?,
1/2
dt v mo/ll
For B > 1, we obtain
2
d o, , _d o, 9 ||f||L°°(R+;v’)
—|ul* + vAyylul® < —\ul” + vyllu S—g,
dtl | 1Yl dtl |* + vyllull ”

where y =1 — 2|Vg1|/03 > ( for sufficiently small |Vg|.. Using the Gronwall inequality, we have
moA

A2 e,
|u(t)|2 < |u0|26—1’/1171 + Z—g, Yi>0.
\ % /11’}/
and from
2
d (7 .
S+ 2 + 20k <~ + 2 g'mn .
t mod!
we have
d o 2 1 ”flli""(R*‘V') Vgl
v, o
—|ul® + Vull* + 2cluft < + 2y —" u ull.
dt Vv /l
So
2
d 2AVelor 1o _ IIfIILw(RW)
— |l +v(1 - llulP £ ———= 4.1
dt ( mod 1/2) . 4.1)

Integrating (4.1) in s from O to t, we have

1 ! 5 |u0|2 ”f”sz’“(R“f;V;)
- [lu(s)||°ds < + 5 , Yr>0.
t 0 Z‘V)/ vy

then we know that the family of processes corresponding to u is uniformly bounded, and

1 f 2
By={ueHy:ul<py= 5 m”f”lfo(R’f;V;)}

is uniformly absorbing set in H,. Then the following lemma holds.

Lemma 4.1 Let X be symbolic space, The process family corresponding to Eq (1.1) is uniformly
bounded in L*(R™; H,) N L1, T; V,) and there is a uniform absorbing set in H,.

Lemma 4.2 Let 7 > 0, u,, be the sequence in H, that weakly converges to u, € H,, f, € X is the
sequence in L*(R"; V;) that weakly converges to f, then

(I)For ¥V t > 7, Uy, (t, T)u,, is weakly converges to U(t, T)u, in Hg;

(2)For VT > 7, Ug, (-, Du,, is weakly converges to Us(:, T)u, in L*(t,T; Vo).

The proof is similar to Lemma 3.2 of [7], so it is omitted.
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As we know, when u,, is bounded in H,, f, C X, t, — +oo. If {U¢, (¢4, T)u,,} 1s precompact in H,,
then the family of processes {Us(t,7)}, f € X is asymptotically compact. So we construct an energy
functional [-, -] : V, X V, — R as follows:

\Y) \Y A
[, V] = Y(t1, V) + = (—2, V)i, v) + 2 (2, Vv, 1) = 22, 0) + (b~ u,v), Y u,v e V.
2 g 2 g 4
Obviously [-, -] is bilinear and symmetric, and

\Y A
[l = (at ] = Vil + V(=5 - Vout0) = =l + ™
g

1/2
0%

e (4.2)

1
+ Z)Ilull2

Let |Vg|. be sufficiently small in (4.2), such that ’Z‘j';’jz < }‘. Hence
1

3
2P < WP < SvlulP, VueV,

Since 4 1
EW + %W + 2Ll = 2(f, u,

Given u = u(t) = Ug(t,T)u,, u, € Hy, t> 7 >0, Then we have
A
U (t, Dt = JurPe 2 12 f e MR, U (s, Dur) — [U (s, T)uc*)ds.

Thatis ¥ u, € Hy, t > 7 > 0, we obtain

U (0, Tt = a0

+2 f e METIRAT (1) £(5), Uz (5, 0tr) — [Uroyp(s, 0 1*)d's.
0

Lemma 4.3 Let {U/(t,7)} ses is the family of processes of Eq (1.1), then {U (¢, 7)} fes is uniformly
asymptotically compact.

Proof. Let B C H, is bounded, u,, € B, f, € X and 1, € R* is satisfied #, — +oo(n — +o0). From
Lemma 4.1, we have a constant M(B, ) > 7 and

Uit,)BC By, Yt>M(B,71), feX.

There exists sufficiently large 1, > M(B, 1), such that U (t,,7)B C By. then {Uy,(t,, T)u,,} is weakly
precompact in H,. For w € By C H,, we can deduce that Uy, (t,s, T)u,, is weakly convergent to w
in H,. Similarly ¥V T > O and #,, > T + M(B, 1), we obtain Uy, (t,s — T,7T)u,,, € By. The same to
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wr € By, we can take n®, VT > 0, so we have u,, = Uy, (t,s — T, T)u,,, is weakly convergent to wr in
H,. According to the definition of process and translation operator, we have

Up,(tys,7) = Urg-1yf,s (T, 0) 0 U (s — T, 7).
Let g7 = T(tys — T)fs, we denote lim,,sy, as weak limit in H,, then

w = l}}:ln Ufns (tn'va T)u‘r,,x = l}g] Ugry,,.v (T9 O)I’ttns = UgT(Ta O)WTa

thus

w| < liminf |Uy, (ts, Dtz | = liminf |U,, (T, 0)u,|.
n’ : ns

T,n%

Now we will prove
limsup Uy, (s, e, | < |wl.
nS

YT > 0, we have w* = Ug (T, 0)wr. When 1, > T + M(B,7), we obtain

Ugl;:ns (Ta O)Mt,,s

t
= 2[ e—V/h(T—s)/z((gl;,ns(S)a ngT Y(S, O)Mtj,') - [Ug/; r(s’ O)Mt,,s]z)ds + |ut,,x|23_MlT/2
0 .

Obviously

v T/2 —v4T/2

lim sup(e Iu,njlz) < p(z)e

ns

From Lemma 4.2, we obtain

T T
f e M2 [U g (5, 0)wr*ds < lim inf f eI PU (5, 0)u,1ds.
0 ns O nS

So ;
limsup —2 f e PUg (s,0)u,,Pds
ns 0 T,n’
T
= —2liminf f e PU (5,00, ds
ns 0 nS
T
S—2f e‘“'T/Z[Ug/;(s,O)wT]st.
0
For
T T
lim | e (gh (), Uge (5,00, )ds = f eI (s), Uy (5, 0wr)ds
ns—o0o0 0 0 0
thus

T
limsup [Uy (T, 0)u,,|* <2 f eI ((gh (), Ugs (5, 00wr) = [Ugs (5, 0)wr]*)ds
ns RO 0
+p(2)€_th/2.
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From w* = Uy (s, 0)wr, we have

WP = [Ugs (s, 0wyl

T
= e Plwy? +2 f eMIIR((gf(s), Uy (5, 0)wr) = [U g (5, 0)wr P)ds.
0
YT > 0, we have

lim sup |ngT (T, O)Mt,,s|2 < WP+ (05 — Iwr[H)e ™M T2 < wh P + pie T2,
ns n

From w = U, (T, 0)wr, by the Lemma 3.3 of [7] and Lemma 4.2, we can obtain wk — win H,. So

there exists any sufficiently small & > 0, such that [w*]> < |w|> + . Since
sup |Ufnx(t,,.r,T)u,nsl2 = sup |U,, (T, 0)l/ttnx|2 < |w|2 +¢& +p§e‘v’“T/2.

ns—+oo0 nf—+o0

T.nS
When € —» 0, T — oo, we have

lim sup | U, (te, Dt > < .
n.“

Let B C H, be any bounded set, we have

wex8) = () JUss 0B

>7 fer s>t

and v € w,x(B) iff there exists a sequence v, € B, f, € X, t, € [1,400). When n — oo, we have
t, = +oo and Uy, (t,,T)v, — v in H,. When {U(t,7)}, f € X} is uniformly asymptotically compact,
t — 400, we have
supdisty, (U (1, 7)B, ws(B)) — 0.
fex
We will obtain the minimization of the uniform attractor in the following.
Lemma 4.4 Let {Uf(t,7)}, f € X is any the family of processes, By is uniformly absorbing set,
As = wox(Byp). then Aj is contained in any uniform absorbing set of {Uf(t,7)}, f € X.
Proof. ¥ 7 > 0, V B C H,, Suppose there is another bounded closed set P C H, which satisfies

lim sup disty (Us(t,7)B, P) = 0,

1= rey
where As is not contained in the P. We deduce there is at least one v € As and v ¢ P. Since v € As =
wo.#(By), From the definition of the uniform w limit set, there is a sequence v, € B, f, € X, 1, €
[7, +00), a8 n — oo, we have 1, — +oo, then Uy, (t,,0)v, — vis obtained in H,. Given ¥, = U, (t,, 0)v,,
when n — +oo, There must be Uy (1,, 7)V, — v. Let ¥, € B, then we obtain v € P, It is contradiction,
so As C P.
Theorem 4.1 Let {Uf(t,7), f € X} is a family of processes of Eq (1.1), Then the process family
has a unique compact uniform attractor Ay C H,. where As = w(x(By), By is any uniform absorbing
set corresponding to a family of processes.
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5. The dimension estimation of the uniform attractor in the quasi-periodical case

When f(x,1) = f(x,w(t),ws(?),...,wi(t)) is a quasi-periodic function, That is, there exists a
set of rational independent real numbers a4, ..., @, which satisfies f(x,at,...,a;t + 21, ..., a4t) =
f,ant,...,qit,...,at) (1 <i<k).Herew (t+ay)=w (1), wa(t+ay) = wy(t),...,wi(t+ay) = wi(t)
and ay, @y, .. ., @, are rational independent.

Let at = (ait, ..., o), @ = (@, ..., &), w(t) = W), ..., wi(®) = [at + wo] = (at + wo)mod(2r),
wo = Wor, ..., wor) € TF = [0, 2n]%, F(x, w(t)) = f(x, ). we can obtain the following conclusion.

Theorem 5.1 Let A is the uniform attractor of (1.1), then its Hausdorff and Fractal dimensions are
estimated as follows:

4 C2|f? Gk
dy(A) < 1 +k+1.
(A v Ay 2v3Amim, vml/ll)
16 C2|f1? G2k
dp(A) < o )+ 2k + 2.

le/ll 2v3/11m1m2 le/ll
where

k
oF ,
G = (Zl |(9_M|BC(Tk’Hg))2’

Vglo Vgle
m1:1+—| gll/z, I’I12:1——| gll/z.
I/I’l()/l1 I’I’l()/l1

Proof. We transform the Eq (1.1) into the following forms of autonomous systems by semigroup
S (D)o, wo) = (U, (1, 0)ug, T1()wy),

0 v
a—bt’ — vAgu + B(u, u) + v(?g V) + cluf " u+ Vp = F(x, w(1) (5.1)
%w(t) =a (5.2)
uli—o = g, u(D)lio = wo, Uy € Hy, wo € T (5.3)

Let y(t) = (u(x, 1), w(t))", M(y(1)) = (vAgu — B(u, u) - V(% - Vu — cluf~'u— Vp + F(x,w(t), )"
Then we can write the Egs (5.1) and (5.2) as follows,

0
% = M) (5.4)
Y(®li=o = yo = (uo, wo) (5.5)

Vyo € A, where y(r) = (u(t), w(t))" is the solution of Eqs (5.1) and (5.2) and y, as initial value. The
linearized equation of (5.1) in y(¢) is

9 ,
% = M (D) (5.6)
Z2(Dl=0 = 20 (5.7

In the equation of (5.6), z(t) = (W(1), w(®))", u(t) = (i (D), -+, pu(0)), 20 = (vo, pto)" € Hy X T,

’ V ’
M (y(1)z = (vAgv — B(v,u) — B(u,v) — V=& VY — cluf v -V + F u,0)".
g
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while Vel
’ 4 00 _ 4
(M (5(1))2.2) = =vIVIP = (v, 1,v) = S0l = cluf~" P ~ f Fu - vdx
mod, o)
V|V |<>o Clulﬁ_l ,
< —viVIP? + f Vul - vl*dx + gl,zll 1>+ VI + [ 1F,ul - Ivldx
Q mod, A1 Q
Let
oF , 1/2
G = (; |6W BC(TI‘ H))
then

/ |Vg|oo Clulﬁ_l
(M (y()z,2) < —v(1 - -
o mo/l}/z A1

b is any positive constant, Let (M(y(¢))z,z) = (Mv,v) + (Mau, ),

Vgl cluff™! bG G
- Ay + (|Vul + —)v, Moyu=—1I
mo/l%/z 1 YAy + (Vul > W S T

bG , G
VI + f Vul - [Pdx + 7|V|2 + %Iulz-
Q

My = —v(l —

I is identity operator in R¥. Thus operator

~ Ml 0

My = ( 0 M )
is block operator, (v, 0), - - -, (v,—, 0) are respectively solution of (2.7) with (&1,0), - - , (£, 0) as the
initial value, where &,---,&, is linearly independent basis in Hy, ¢, - , ¢, 1s unit orthogonal
basis of span{vi, - ,Vp_t}> fin—is1,"" " »flx is unit orthogonal basis of R¥, then (¢;,0),- -, (¢p_t,0),
(0, fty—t+1)s* ++ » (0, f1,) is unit orthogonal basis of H, X R¥. Let 6; = (¢,,0) (i = 1,--- ,n — k),v; =
O,u), (n—k+1<i<n).

T n
= hm inf sup(—f Z(M'(y(s))ﬁ,-, 6,)ds).
1

yoeﬂ
\ ! |Vg|00 c|u|ﬁ ! G 2 2 1/2 G G
Z(M 0. 6) < —v(1 = s - )Z el + Il (Z BV + =Ry 5
We make m; = 1 — Nl _ Clulﬁ , then
mo/l]/

G
Z(M (), 6) < —vm, Z il + Il f (Z i)' + (n — k) + 5k

2b
n—k 2
vm, 2, ) G
<—— ; + —m—-k)+ —k.
S-3 ; llill™ + ||u|| ( ) b
We take b = Y24 then
n ) C2 GZk
E (M (y(5))6;,6;) < — (n k) v —Llul® + :
- Vi, vmi A4
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Since | d v
Ll P = (fw) = (=2 - Vo, 0) = vl ),
2dt g
d 2 2 |f|2 2 IVgleo 2 V|”|ﬁ ! 2
d—tlul + 2v|lull” < V—/ll+wh|u| +2v " }/ZII ull” + ——llull”.
That is Iﬁ : 5
d 2IVgleo  lu s
4 (1 = =55 Tl < f
l’l’l()/l1

2Vl -1
We take my = 1 — 2 g||/2 jut ,
()/l A

P
s

d o
b+ vmallull

2 Vs
So ||| < - therefore

v A CaIfP G’k
2V3/11m11’l’Zz le/ll '

Let oo
4 C I/l N G’k

le/ll 2v3/11m1m2 le/ll

ny = N+ k+1,

where [-]. denotes trunc, then we have ¢,, < 0. so

4 C2If1? G%k
dy(A) < I +k+1.
H( ) le/ll 2v3/11m1m2 le/ll)
We take another 2
8 C G*k
n = ( LA ). +k+ 1,

le/ll 2v3/11m1m2 le/ll

then ¢,, < 0, and max <<, -1 (q’)* < 1, thus

16 ClfP , Gk

dp(A) <
F( ) le/ll 2v3/11m1m2 le/ll

)+ 2k + 2.

6. Conclusions

In this paper, using a priori estimates of the solutions and the energy equation method, we show how
to control the nonlinear dampness and obtain the uniform attractor of the g-Navier-Stokes equation on
unbounded domain. Meanwhile, the dimension of the uniform attractor is estimated in the quasi-
periodic case. The methods in this paper can bring some inspiration for the research of 3D Navier-
Stokes equations in the future.

From a theoretical point of view, it is important to analysis the connection between Navier-Stokes
equations and g-Navier-Stokes equations. So it is of great significance to study the dynamics for the

Electronic Research Archive Volume 31, Issue 7, 3963-3979.
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g-Navier-Stokes equations. To obtain more research results for the study of g-Navier-Stokes equations
in the next research, we may continue the research in this line, extending the case of Lebesgue space
L? to the case of L>*, for suitable 0 < A < 2. On the other hand, we may consider that the pullback
asymptotic behavior of solutions for 2D g-Navier-Stokes equations with nonlinear dampness on the
unbounded domain.
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