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Abstract: The present paper aims to investigate some semi-separation axioms relating to the
Alexandroff one point compactification (Alexandroff compactification, for short) of the digital plane
with the Marcus-Wyse (MW-, for brevity) topology. The Alexandroff compactification of the MW-
topological plane is called the infinite MW-topological sphere up to homeomorphism. We first prove
that under the MW-topology on Z2 the connectedness of X(⊂ Z2) with X♯ ≥ 2 implies the semi-
openness of X. Besides, for the infinite MW-topological sphere, we introduce a new condition for the
hereditary property of the compactness of it. In addition, we investigate some conditions preserving
the semi-openness or semi-closedness of a subset of the MW-topological plane in the process of an
Alexandroff compactification. Finally, we prove that the infinite MW-topological sphere is a semi-
regular space; thus, it is a semi-T3-space because it is a semi-T1-space. Hence we finally conclude that
an Alexandroff compactification of the MW-topological plane preserves the semi-T3 separation axiom.

Keywords: Marcus-Wyse topology; semi-T3-space; Alexandroff compactification; infinite
MW-sphere; semi-regular, hereditary property

1. Introduction

Let (X,T ) be a non-compact, locally compact, and Hausdorff topological space. Then it is well
known that an Alexandroff one point compactification (Alexandroff compactification, for short) of
(X,T ), denoted by (X∗,T ∗) and ∗ ∈ X∗ \X, is also a Hausdorff topological space [1]. Namely, it is clear
that an Alexandroff compactification preserves the Hausdorff topological structure. Meanwhile, unlike
the Hausdorff compactification, let (Y,T ) be neither compact nor Hausdorff but locally compact. Then
we can also consider an Alexandroff (not Hausdorff) compactification (Y∗,T ∗) of (Y,T ) [2]. Then, it
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is well known that (Y∗,T ∗) is a T1-space (or topological space satisfying the T1-separation axiom) if
and only if (Y,T ) is a T1-space. However, up to now the study of the other cases remains open. For
instance, assume that (Y,T ) is not a compact space, but rather a locally compact space with a certain
Ti-separation axiom, i , 1, or semi-T j-separation axiom, j ≤ 3. Then we may ask if an Alexandorff
compactification of (Y,T ) preserves the given Ti-separation axiom, i , 1, and the semi-T j-separation
axiom, j ≤ 3, which remains open.

In the present paper, for convenience, we use the following notations. N and Z indicate the sets of
natural numbers and integers, respectively. “ :=” will often be used for indicating a new term. For the
distinct integers s, t ∈ Z, [s, t]Z := {x ∈ Z | s ≤ x ≤ t}. ℵ0 means the first infinite cardinality of a set,
as usual and “ ⊂” (resp. X♯) denotes a ‘proper subset or equal’ (resp. the cardinality of the given set
X). Besides, for a subset A of X, Ac means the complement of A in X. In addition, given a topological
space (X,T ), for A ⊂ X the closure of A in (X,T ) is denoted by ClT (A).

In order to study semi-separation axioms of topological spaces, we need many concepts such as
semi-open [3], semi-regular [4], semi-closed [3, 4], s-regular [5–7] and so on. Since both separation
axioms and semi-separation axioms take important roles in modern mathematics including pure and
applied topology such as digital topology, computational topology, and so on, these axioms were
studied in [4–6, 8–23]. In detail, in realation to the study of semi-topological properties of digital
spaces, up to now there have been some works in the literature [16, 18, 19, 24–26]. Since the present
paper examines what semi-separation is preserved by the Alexandroff compactification of the
MW-topological plane, this trial is new and can facilitate some studies in the field of pure and applied
topology and computer science.

The paper [27] introduced a topology on Z2, called the Marcus-Wyse topology, which can be used
in applied topology as well as computer science. After that, many works investigated some properties
of it and used them in applied sciences. Since we will often use “Marcus-Wyse” in the paper,
hereafter we will use the term “MW-” instead of “Marcus-Wyse”, if there is no danger of ambiguity.
Since the MW-topological structure is one of the crucial platforms for studying the 2-dimensional
lattice set Z2 from the viewpoints of pure and applied topology, the paper [19] proved that an
MW-topological space is a semi-T3-space. Besides, the recent paper [28] initially established an
Alexandroff compactification of the MW-topological plane. Hereinafter, for convenience, let
((Z2)∗, γ∗) be an Alexandroff compactification of the MW-topological plane (Z2, γ) and we call it the
infinite MW-topological sphere up to homeomorphism [28]. Then we have the following queries.

(1) Under (Z2, γ), are there some relationships between the connectedness of X(⊂ Z2) and the semi-
openness of X?

(2) For ((Z2)∗, γ∗), is there a new condition for the hereditary property of the compactness of it?
(3) Are the semi-openness and semi-closedness in the MW-topological plane respectively preserved

in the process of an Alexandroff compactification?
(4) Does the infinite MW-topological sphere satisfy the semi-T3-separation axiom?
Equivalently, for the MW-topological plane, does an Alexandroff compactification of it preserve the

semi-T3-separation axiom?
To address the queries above, first of all, the present paper initially proves that the infinite

MW-topological sphere is a semi-regular space so that we can finally confirm that an Alexandroff
compactification of the MW-topological plane preserves the semi-T3-separation axiom. Besides, the
paper corrects some misprinted parts in the literature.
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The rest of the paper is organized as follows. Section 2 provides some basic notions associated
with the MW-topological space. Section 3 studies various properties of semi-closed and semi-open
sets in the MW-topological plane. Section 4 investigates some properties associated with the semi-
T3-separation axiom of the MW-topological space. Furthermore, we introduce a condition for the
hereditary property of the compactness of the infinite MW-topological sphere. Section 5 proves that
the infinite MW-topological sphere is a semi-T3-space. Thus we can confirm that an Alexandroff
compactification of the MW-topological plane preserves the semi-T3-separation axiom. Section 6
concludes the paper with a summary and further work.

2. Preliminaries

A topological space (X,T ) is called an Alexandroff space [2,29] if for each x ∈ X, the intersection of
all open sets of X containing x (denoted by S NT (x)) is T -open [2]. To make the paper self-contained, let
us now recall some properties of MW-topological spaces associated with the semi-separation axioms.
The MW-topological plane was initially established in [27] and some studies of its various properties
include [18–20, 26, 27, 30–32].

In detail, for a point p := (x, y) ∈ Z2, we will take the notation [33]

N4(p) := {(x ± 1, y), p, (x, y ± 1)}, (2.1)

called a 4-neighborhood of a given point p := (x, y) ∈ Z2.
In addition, we also use the notation N4(p)∗ = N4(p) \ {p} [33].

The MW-topology on Z2, denoted by (Z2, γ), is generated by the set {M(p)} in (2.2) below as a
base [27], where for each point p = (x, y) ∈ Z2

M(p) :=

N4(p) if x + y is even, and
{p} : else.

 (2.2)

In relation to the further statement of a point in Z2, in the paper we call a point p = (x1, x2) doubly
even if x1 + x2 is an even number such that each xi is even, i ∈ {1, 2}; and even if x1 + x2 is an even
number. Then, in these cases we use the notation p ∈ (Z2)E: the set of all doubly even or even points.
Besides, we call a point p = (x1, x2) odd if x1 + x2 is an odd number [34]. In this case we use the
notation p ∈ (Z2)O: the set of all odd points.

In each subspace of (Z2, γ) described in Figures 1 and 2, the symbol ♢ (resp. •) means a doubly
even or even point (resp. an odd point). In view of (2.2), we can obviously obtain the following: under
(Z2, γ), the singleton with either a doubly even point or an even point is a closed set. In addition, the
singleton with an odd point is an open set. Besides, for a subset X ⊂ Z2, the subspace induced by
(Z2, γ) is obtained, denoted by (X, γX), as usual, and it is also called an MW-topological space. It is
clear that (X, γX) is an Alexandroff space.

In terms of this perspective, we clearly observe that the smallest (open) neighborhood of the point
p := (p1, p2) of Z2, denoted by S Nγ(p) ⊂ Z2, is the following [31]:

S Nγ(p) :=

{p} if p is an odd point
N4(p) if p is a doubly even or even point.

 (2.3)
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Hereafter, in (X, γX), for a point p ∈ X we use the notation S Nγ(p) := S Nγ(p) ∩ X [31] for short.
Using the smallest open set of (2.3), the notion of an MW-adjacency in (Z2, γ) is defined, as follows:
For distinct points p, q ∈ (Z2, γ), we define that p is MW-adjacent to q [30] if

p ∈ S Nγ(p) or q ∈ S Nγ(q)

Owing to the properties of (2.3), we obviously obtain the following: Given a point p := (p1, p2) of
Z2, the closure of the singleton {p} in (Z2, γ) is obtained and denoted by Clγ({p}) ⊂ Z2, as follows [30]:

Clγ({p}) :=

{p} if p is a doubly even or even point,
N4(p) if p is an odd point.

 (2.4)

Definition 2.1. [31] Let X := (X, γX) be an MW-topological space.
(1) Given distinct points x and y in X, we say that an MW-path from x to y in X is a sequence

(pi)i∈[0,l]Z ⊂ X, l ∈ N such that p0 = x, pl = y and each point pi is MW-adjacent to pi+1 and i ∈ [0, l−1]Z.
The number l is the length of this path. In particular, a singleton in (Z2, γ) is assumed to be an MW-
path with a length 0.

(2) Distinct points x, y ∈ X are called MW-path connected (or MW-connected) if there is a finite
MW-path (p0, p1, ..., pm) on X with p0 = x and pm = y. For arbitrary points x, y ∈ X, if there is an
MW-path (pi)i∈[0,m]Z ⊂ X such that p0 = x and pm = y; then, we say that X is MW-path connected (or
MW-connected).

(3) We say that a simple MW-path in X is a finite MW-path (pi)i∈[0,m]Z in X such that the points pi

and p j are MW-adjacent if and only if | i − j | = 1.

Let us recall some concepts associated with a semi-open and semi-closed set. Namely, a subset
A of a topological space (X,T ) is said to be semi-open if there is an open set O in (X,T ) such that
O ⊂ A ⊂ Cl(O). Besides, we say that a subset B of a topological space (X,T ) is semi-closed if the
complement of B in X (or Bc) is semi-open in (X,T ). Then it turns out that a subset A of (X,T ) is
semi-open if and only if A ⊂ Cl(Int(A)) [3] and a subset B of (X,T ) is semi-closed if and only if
Int(Cl(B)) ⊂ B [11]. Hence it is clear that both the whole set X and an empty set are both semi-open
and semi-closed.

Based on the notions of a semi-open and a semi-closed set, we obviously obtain the following.

Remark 2.2. [3, 26] (1) Given two semi-open sets, the union of them is semi-open.
(2) Given two semi-closed sets, the intersection of them is semi-closed.

It is well known that any subspace of (Z2, γ) is a semi-T 1
2

space which means that each singleton
in (Z2, γ) is either semi-closed or semi-open. Furthermore, since (Z2, γ) is an Alexandroff space with
the separation axiom T0, the paper [24] proved that it is a semi-T 1

2
space. Owing to the topological

structure of (Z2, γ) (see the property of (2.3)), it is clear that an infinite subset of (Z2, γ) is not compact
in (Z2, γ).

In relation to the study of semi-openess and semi-closedness of a set in (Z2, γ), given a set X in
(Z2, γ), we will take the following notation [19]:

Xop := {x | x is an odd point in X}.
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Since the empty set is clearly both semi-open and semi-closed, the following two theorems will
play important roles in discriminating semi-openness and semi-closedness of a subset of the MW-
topological plane.

Lemma 2.3. [26] In (Z2, γ), a non-empty set X(⊂ Z2) is semi-open if and only if each x ∈ X, S Nγ(x)∩
Xop , ∅.

Owing to the notion of semi-closedness, using Lemma 2.3, we obtain the following:

Lemma 2.4. [26] In (Z2, γ), a non-empty set Y(⊂ Z2) is semi-closed if and only if each x ∈ Z2 \ Y,
S Nγ(x) ∩ (Z2 \ Y)op , ∅.

By Lemmas 2.3 and 2.4, in (Z2, γ), we obtain the following [26]:
(1) In the case of p ∈ (Z2)O, the singleton {p} is both semi-closed and semi-open.
(2) In the case of q ∈ (Z2)E, the singleton {q} is not semi-open but semi-closed. Namely, Z2 \ {q} is
semi-open, where q ∈ (Z2)E.

In order to investigate the semi-T3-separation axiom of the infinite MW-topological sphere and
make the present paper self-contained, let us first recall the Alexandroff one point compactification
of a locally compact, non-compact [29], and non-Hausdorff topological space. Let (X,T ) be a non-
compact and locally compact space. Take some object outside X, denote by the symbol ∗ < X, adjoin
it to X, and finally form the set X ∪ {∗} := X∗. Then topologize X∗ by taking as open sets all the open
subsets U of (X,T ) together with all sets V = X∗ \ F = Fc, where F is closed and compact in (X,T ).
This topological space is called an Alexandroff one point compactification (for brevity, Alexandroff
extention or Alexandroff compactification, for brevity) of (X,T ) and denoted by (X∗,T ∗). According
to (X∗,T ∗), it is obvious that the singleton {∗} is not an open subset, but rather a closed subset of
(X∗,T ∗) [25].

Lemma 2.5. [35] In ((Z2)∗, γ∗), the point ∗ does not have an open set U(∋ ∗) that is homeomorphic to
S Nγ(p), where p ∈ Z2.

Lemma 2.6. In (Z2, γ), A(⊂ Z2) is compact if and only if A is finite.

Proof. Using the locally finite (LF-, for brevity) topological structure of (Z2, γ) (see (2.3)), the proof
is completed. More precisely, we first prove that with (Z2, γ), in the case that A(⊂ Z2) is compact, A
is finite. By the contrapositve logic, assume that A is not finite. Since Z2 is an infinite countable set,
we may put A := {ai | i ∈ M : infinite countable set}. Then it is clear that A is not compact because of
the LF-topological structure of (Z2, γ). To be specific, owing to the LF-topological structure of (Z2, γ),
it is obvious that A contains many countably infinite doubly even or even points, or many countably
infinite odd points. Then, by (2.2), a certain open covering of A may not have a finite subcovering of it.
For instance, let A := Z×{0} ⊂ Z2. Then take the open covering of A, {N4(p) | p ∈ {(2m, 0) |m ∈ Z} (see
the set N4(p) in (2.2)). Then it is clear that this open covering of A does not have any finite subcovering
of A.
Conversely, it is so obvious that a finite subset A is compact under (Z2, γ). □

Owing to Lemmas 2.5 and 2.6, we have the following:

Corollary 2.7. [25] ((Z2)∗, γ∗) is not an Alexandroff space.

Electronic Research Archive Volume 31, Issue 8, 4592–4610.



4597

Before proving this assertion, while it was stated in [25], since this result is indeed an essential part
of the present paper, to make the paper self-contained, let us prove it again more precisely.

Proof. Let us prove that for the point ∗ ∈ (Z2)∗ \ Z2, no smallest open set S Nγ∗(∗)(∋ ∗) exists in
((Z2)∗, γ∗), where S Nγ∗(∗) is the smallest open set containing the element ∗ in ((Z2)∗, γ∗). For the sake
of a contradiction, suppose that there exists an S Nγ∗(∗). Then (Z2)∗ \ S Nγ∗(∗) should be a closed and
compact subset of (Z2, γ). Let us take the notation Y := (Z2)∗ \ S Nγ∗(∗) := {y1, y2, · · · , yn} (see Lemma
2.6). Owing to the MW-topological structure of (Z2, γ), since the complement of Y in Z2 is an infinite
set, there are doubly even or even points p in (Z2, γ) such that p < Y . Then it is clear that the set
Y1 := {p} ∪ Y is also closed and compact (or finite) in (Z2, γ). Hence Y2 := (Z2)∗ \ Y1 is also an open
set containing the point ∗ in ((Z2)∗, γ∗), and it is a proper subset of S Nγ∗(∗), i.e., Y2 ⊊ S Nγ∗(∗), which
invokes a contradiction of the existence of S Nγ∗(∗). □

3. Some properties of MW-topological spaces

This section investigates various properties of the infinite MW-topological sphere with respect to
the semi-topological structures. This work will play an important role in studying topological spaces
related to the MW-topological structure. To do this work, let us now recall some notions associated
with the s-T3-separation axiom and the semi-T3-separation axiom, and so on (see Definition 3.3 below).
To be specific, the papers [5, 6] established the notion of s-regularity as follows: A topological space
(X,T ) is said to be s-regular if for each closed subset F of X and a point x ∈ Fc, there are U,V ∈
S O(X,T ) such that F ⊂ U, x ∈ V and U∩V = ∅ [6], where S O(X,T ) := {U |U is semi-open in (X,T )}.
The paper [7] proved that this s-regularity has the finite product property. Unlike the s-regularity, let
us now recall the notion of semi-regularity.

Definition 3.1. [4] A topological space (X,T ) is semi-regular if for each semi-closed set C and each
x < C there exist disjoint semi-open sets U and V in (X,T ) such that x ∈ U and C ⊂ V.

Definition 3.2. [5] A topological space (X,T ) is said to be a semi-T1-space if any distinct points
p, q ∈ X have their own semi-open sets S O(p) and S O(q) in (X,T ) such that q < S O(p) and p < S O(q),
where S O(x) means a semi-open set containing the given point x.

Besides, it turns out that a topological space (X,T ) is a semi-T1-space if and only if every singleton
is semi-closed [5].

Based on the s-regularity and the semi-regularity above, it is clear that the semi-regularity implies
the s-regularity. However, the converse does not hold. Let us now define the following:

Definition 3.3. [19] (1) We say that a topological space (X,T ) is an s-T3-space if it is both a semi-T1-
space and an s-regular space.

(2) We say thatl a topological space (X,T ) is a semi-T3-space if it is both a semi-T1-space and a
semi-regular space.

Based on Definition 3.3, it is clear that an s-T3-space is a semi-T3-space. However, the converse
does not hold. A recent paper [19] studied some semi-properties of (Z2, γ), as follows:

Lemma 3.4. [19] Assume a simple MW-path X in (Z2, γ).
(1) X is semi-closed whenever X♯ ≤ 6.
(2) X may not be semi-closed whenever X♯ ≥ 7.
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Motivated by Lemma 3.4(2), let us investigate some conditions for a simple MW-path to be semi-
closed, as follows. Assume a simple MW-path X = (p0, p1, · · · , pl−1) in (Z2, γ) with X♯ ≥ 7 such that X
does not have the subset A := {pt−3(mod l), pt−1(mod l), pt+1(mod l), pt+3(mod l)} ⊂ X satisfying that each element
of A is an odd point and A = N4(c) \ {c}, c ∈ Z2 \ X. Then the paper [19] proved that X is semi-closed.
Thus we obtain the following:

Remark 3.5. Under (Z2, γ), consider the set X(⊂ Z2) such that N4(p) \ {p} ⊂ X, p < X, and p ∈ (Z2)E.
Then X is not semi-closed.

Unlike Remark 3.5, by Lemma 2.3, we have the following:

Remark 3.6. [19] A simple MW-path need not be semi-open because the path P := {c0} as a singleton
is not semi-open, where c0 ∈ (Z2)E.

Motivated by Remark 3.6, for p ∈ (Z2)O, while a singleton is semi-open, we need to study the
following case.

Theorem 3.7. In (Z2, γ), any connected subset X with X♯ ≥ 2 is semi-open.

Proof. With the assumption, take x ∈ X ⊂ Z2. Then we can consider the following two cases.
(Case 1) Assume that x ∈ X ∩ (Z2)O. Since x ∈ S Nγ(x) = {x}, we obtain that S Nγ(x) ∩ Xop , ∅.

(Case 2) Assume that x ∈ X ∩ (Z2)E. Since there is x′ ∈ S Nγ(x) such that x′ ∈ X ∩ (Z2)O because X is
connected and X♯ ≥ 2, we obtain that S Nγ(x) ∩ Xop , ∅.
In view of these two cases, by Lemma 2.3, the proof is completed. □

Lemma 3.8. [19] (Z2, γ) is a semi-T3-space.

Since the notion of “s-regular” is more restrictive than that of “semi-rgular”, the following is
obtained.

Corollary 3.9. (Z2, γ) is an s-T3-space.

Let us now further recall some properties of (Z2, γ) and ((Z2)∗, (γ)∗). Since (Z2, γ) is neither
compact nor Hausdorff but locally compact, an Alexandroff compactification of (Z2, γ) was developed
in [28]. Note that (Z2, γ) is not a T1-space. For convenience, we often call ((Z2)∗, (γ)∗) the infinite
MW-topological sphere. Besides, under ((Z2)∗, γ∗), we need to remind that for an open set, say O(∗),
containing the element ∗, the complement of O(∗) in Z2, i.e., O(∗)c, is a closed and compact subset of
(Z2, γ).

In view of the topological features of ((Z2)∗, γ∗), it is clear that O ∈ γ implies that O ∈ γ∗. However,
a closed set C in γ need not be a closed set in γ∗ (see Lemma 3.10 below). Hence we need to investigate
some semi-topological features of subsets of ((Z2)∗, γ∗), as follows:

Lemma 3.10. Let F be a closed set in (Z2, γ). Then F need not be a closed set in ((Z2)∗, γ∗).

Proof. As an example, while the set Z2 is clearly a closed set in (Z2, γ), it is not a closed set in
((Z2)∗, γ∗). □

Hereinafter, Clγ∗(A) indicates the closure of the given set A in ((Z2)∗, γ∗). Motivated by Lemma 2.6,
we have following:
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Theorem 3.11. (1) Assume that F is a closed set in (Z2, γ) and that F♯ ⪇ ℵ0. Then Clγ∗(F) = F under
γ∗.
(2) In the case that F is a closed set in (Z2, γ) and that F♯ = ℵ0, we have that Clγ∗(F) = F ∪ {∗} under
γ∗.

Proof. (1) With the hypothesis, we observe that F is also closed in ((Z2)∗, γ∗) because the set (Z2)∗ \ F
is also open in ((Z2)∗, γ∗) owing to the finiteness of F (see Lemma 2.6).

(2) With the given hypothesis, because F♯ = ℵ0, it is obvious that F is not closed in ((Z2)∗, γ∗) (see
Lemma 2.6). For the sake of a contradiction, as an example consider the set (Z2)E which is a closed set
in (Z2, γ). Then it is obvious that the set (Z2)E is not closed in ((Z2)∗, γ∗) (see Lemma 2.6). However,
the set F ∪ {∗} is closed in ((Z2)∗, γ∗) because the set (F ∪ {∗})c in (Z2)∗ is equal to the set Fc in Z2 and
Fc ∈ γ ⊂ γ∗, which completes the proof. □

4. Semi-topological properties of the infinite MW-topological sphere

In relation to the hereditary property in compactness, it is well known that a closed subset of a
compact topological space is also compact. Unlike this property, let us now come back to the following
query mentioned in Section 1. Under (Z2, γ), is there another condition for the hereditary property of
the compactness of ((Z2)∗, γ∗) ?

In relation to this work, we first need to recall that an infinite subset of (Z2, γ) is not compact in
(Z2, γ) (see Lemma 2.6).

Theorem 4.1. Let A ⊂ Z2. Then (Z2)∗ \ A is compact in ((Z2)∗, γ∗).

Proof. With ((Z2)∗, γ∗), let C := {Uα |Uα ∈ γ∗, α ∈ M} be an arbitrary open covering of (Z2)∗ \ A,
A ⊂ Z2. Then, there is an open set containing the element ∗, say, Uα0(∋ ∗) ∈ C. Furthermore,
we now obtain that D := Z2 \ Uα0 that is closed and compact in (Z2, γ). By Lemma 2.6, we may
put D := {di | i ∈ M′ : finite}. Then, for each point di ∈ D, in C take a corresponding open set
containing di, say, Uαi(∋ di) ∈ C, such that Uαi , Uα0 . Then we have at least a finite subcovering
C0 := {Uα0 ,Uαi |αi ∈ M, i ∈ M′} of (Z2)∗ \ A, which completes the proof. □

In Theorem 4.1, note that the given set A need not be an open set in (Z2, γ). To support Theorem
4.1, we have the following:

Example 4.1. Both the sets (Z2)∗ \ (Z2)O and (Z2)∗ \ (Z2)E are compact in ((Z2)∗, γ∗).

As a generalization of Theorem 4.1, the following is obtained by using the method used in the proof
of Theorem 4.1.

Corollary 4.2. Let (X∗,T ∗) be an Alexandroff compactification of (X,T ) and A ⊂ X, where (X,T ) is
neither compact nor Hausdorff but rather locally compact. Then X∗ \ A is compact in (X∗,T ∗).

By Theorem 4.1, we obtain the following:

Remark 4.3. (Correction) (1) In Proposition 2.2 of [18], there are misprinted parts, i.e., the parts “but
is not compact” in (1) of [18] and “neither closed nor compact” in (2) of [18]. Indeed, the former
should be replaced by “compact” and the latter should be replaced with “not closed but compact” in
(2).
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Namely, under ((Z2)∗, γ∗), we have the following:
(1-1) (Z2)∗ \ {o} is closed and compact, where o ∈ (Z2)O.
(1-2) (Z2)∗ \ {e} is not closed but is instead compact, where e ∈ (Z2)E.
(2) In Proposition 1(1) of [28], there is also a misprinted part, i.e., the part “not compact” should be
replaced by “compact”. Namely, under ((Z2)∗, γ∗), the following holds.
(2-1) (Z2)∗ \ A is closed and compact, where A is a subset of (Z2)O.

Proof. By Theorem 4.1, the proofs of (1) and (2) are completed. □

By Theorem 4.1, we obtain the following:

Corollary 4.4. (1) While not every subset of ((Z2)∗, γ∗) is always compact in ((Z2)∗, γ∗), any subset
B(∋ ∗) of (Z2)∗ is compact in ((Z2)∗, γ∗).
(2) In the case that p ∈ (Z2)E ∪ {∗}, the singleton {p} is not semi-open in ((Z2)∗, γ∗).
(3) In ((Z2)∗, γ∗), (Z2)E is not closed but is instead semi-closed.

Proof. (1) Unlike Theorem 4.1, in the case that B is a subset of (Z2)∗ and it does not contain the element
∗, the set B need not be compact in ((Z2)∗, γ∗). For instance, take B := (Z2)O. Then it is not compact in
((Z2)∗, γ∗).

However, by Theorem 4.1, a subset B(∋ ∗) of (Z2)∗ is proved to be compact in ((Z2)∗, γ∗).
(2) The proof is straightforward from the notion of semi-openness.
(3) With the assumption, it is clear that (Z2)E is not closed in ((Z2)∗, γ∗) because it is not compact in
(Z2, γ). However, (Z2)E is semi-closed because Clγ∗((Z2)E) = (Z2)E ∪ {∗}; thus, Intγ∗(Clγ∗((Z2)E) = ∅,
which implies the semi-closedness of (Z2)E under γ∗. □

By Lemma 2.3, we obtain the following:

Lemma 4.5. (1) In (Z2, γ), for any point p ∈ Z2 the set Clγ(S Nγ(p)) is semi-open [19].
(2) (Z2)O is a dense subset of ((Z2)∗, γ∗).

Proof. (1) By Theorem 2.2, the proof is completed.
(2) Since Z2 ⊂ Clγ∗((Z2)O) and for any open set containing the element ∗, e.g., O(∗)(∋ ∗), in ((Z2)∗, γ∗)
we obtain that O(∗) ∩ (Z2)O , ∅; thus, ∗ ∈ Clγ∗((Z2)O). Finally, we obtain that Clγ∗((Z2)O) = (Z2)∗. □

Owing to Lemma 4.5(2), the following is obtained.

Corollary 4.6. The infinite MW-topological sphere is separable.

Let us now investigate some semi-topological properties of subsets of (Z2)∗.

Theorem 4.7. Under ((Z2)∗, γ∗), the following is obtained.
(1) (Z2)∗ \ A need not be semi-open, where A(, ∅) is a subset of (Z2)O.
(2) (Z2)∗ \B is not open but is instead semi-open, where B is a (infinitely) denumerable subset of (Z2)E.
(3) (Z2)∗ \C is not semi-closed but is instead semi-open, where C(, ∅) ⊂ (Z2)E.

Proof. (1) For a point p ∈ (Z2)E, take A := N4(p)∗ = N4(p) \ {p} ⊂ Z2. For instance, consider
p := (0, 0) ∈ (Z2)E (see Figure 1(a)). Indeed, the set N4(p)∗ is a subset of (Z2)O. Then (Z2)∗ \ A is not
semi-open in ((Z2)∗, γ∗) because
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Clγ∗(Intγ∗((Z2)∗ \ A)) = Clγ∗((Z2)∗ \
⋃

q∈N4(p)∗
N4(q)) = (Z2)∗ \ N4(p),

so that (Z2)∗ \ A ⊈ Clγ∗(Intγ∗((Z2)∗ \ A)); this is beacuse, while p ∈ (Z2)∗ \ A, we observe that p <
Clγ∗(Intγ∗((Z2)∗ \ A)).
Meanwhile, consider the set A := {(0,±1), (−1, 0)} ⊂ (Z2)O. Then (Z2)∗ \ A is semi-open.
(2) Note that B = ((Z2)∗ \ B)c is not a closed set in γ∗ because ∗ ∈ (Z2)∗ \ B and further, by Lemma 2.6,
B is not compact in (Z2, γ). Thus (Z2)∗ \ B is not an open set in γ∗.
Next, we now prove that (Z2)∗ \ B is semi-open in ((Z2)∗, γ∗). More precisely, since

Intγ∗((Z2)∗ \ B) = Z2 \ B and,
Clγ∗(Z2 \ B) = (Z2)∗ (see Lemma 4.5(2)),

(4.1)

We obtain

Clγ∗(Intγ∗((Z2)∗ \ B)) = Clγ∗(Z2 \ B) = (Z2)∗,

which implies the semi-openness of (Z2)∗ \ B. To be specific, to verify the assertion of (4.1), note
that Intγ∗((Z2)∗ \ B) should not contain the element ∗. For the sake of a contradiction, suppose ∗ ∈
Intγ∗((Z2)∗ \B). Then there is certainly an open set O(∗) ∈ γ∗ \γ such that O(∗) ⊂ (Z2)∗ \B, where O(∗)
is an open set containing the element ∗. However, because ((O(∗)c)♯ = ℵ0, we obtain a contradiction to
the compactness of (O(∗))c in γ (see Lemma 2.6). In addition, we observe the property (Z)2\B ∈ γ ⊂ γ∗.
(3) Let us now prove the non-semi-closedness of (Z2)∗ \ C, where C(, ∅) ⊂ (Z2)E. By Lemmas 3.10
and 4.5(2), since (Z2)O ⊂ (Z2)∗ \C, we obtain

(Z2)∗ = Clγ∗((Z2)O) ⊂ Clγ∗((Z2)∗ \C) so that
Intγ∗(Clγ∗((Z2)∗ \C)) ⊈ (Z2)∗ \C,

which implies the non-semi-closedness of (Z2)∗ \C.
Next, let us prove the semi-openness of (Z2)∗ \C. Since

(Z2)O ⊂ (Z2)∗ \C so that (Z2)O ⊂ Intγ∗((Z2)∗ \C) and further,
Clγ∗(Intγ∗((Z2)∗ \C)) = (Z2)∗(see Lemma 4.5(2)),

which implies the semi-openness of (Z2)∗ \C. □
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(a)

(0, -1)

(-1, 0) (1, 0)

(0, 1)

p

(0, 0)

A

(b)

(0, 0)

Figure 1. (a) Configuration of A := N4(p)∗ = N4(p) \ {p}, p = (0, 0) relating to the proof
of Theorem 4.7(1). (b) B(⊂ {p = (x, x)| x ∈ Z} ∪ C,C ⊂ (Z2)E) is a part of an (infinitely)
denumerable subset of (Z2)E relating to the proof of Theorem 4.7(2).

By Theorem 4.7(1), we obtain the following:

Corollary 4.8. Under ((Z2)∗, γ∗), let A(⊂ (Z2)∗) be a set containing the set N4(p)∗, where p ∈ (Z2)E

and p < A. Then (Z2)∗ \ A is not semi-open.

Proof. While p < Clγ∗(Intγ∗((Z2)∗ \ A)), we observe that p ∈ (Z2)∗ \ A. □

Lemma 4.9. With ((Z2)∗, γ∗), for q ∈ Z2, we obtain
Clγ∗(S Nγ(q)) = Clγ(S Nγ(q)).

Proof. Based on the notion of (2.3), S Nγ(q) = S Nγ∗(q), q ∈ Z2; the proof is completed because

Clγ∗(S Nγ(q)) =
⋃

p∈S Nγ(q)

N4(p) = Clγ(S Nγ(q)).

□

Example 4.2. (1) The set A := S Nγ(p) ∪ {∗} is not semi-open under γ∗, where p ∈ Z2. To be specific,
in the case of p ∈ (Z2)E, since Intγ∗(A) = S Nγ(p), we obtain

Clγ∗(Intγ∗(A)) = Clγ∗(S Nγ(p)) =
⋃

q∈S Nγ(p)

N4(q) ⊉ A

because Clγ∗(S Nγ(p)) does not contain the element ∗.
In the case of p ∈ (Z2)O, we obtain that Clγ∗(Intγ∗(A)) = N4(p) so that ∗ < Clγ∗(Intγ∗(A)), which implies
the non-semi-openess of A under γ∗.

(2) Let B = (Z2)E ∪ {p1, p2}, where p1 = (1, 0) and p2 = (5, 0). Then B is semi-closed in γ (see
Lemma 2.4). Indeed, B is also semi-closed in γ∗ because

Clγ∗(B) = B ∪ {∗} ∪ (
⋃

q∈{p1,p2}

N4(q)) and Intγ∗(Clγ∗(B)) = {p1, p2}.

As another example, since S Nγ(p) is semi-closed in γ, it is also semi-closed in γ∗ because
Intγ∗(Clγ∗(S Nγ(p))) = S Nγ(p),
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Motivated by Lemma 4.9 and Example 4.2, the following is obtained.

Theorem 4.10. (1) Let A be semi-open in (Z2, γ). Then it is also semi-open in ((Z2)∗, γ∗).
(2) Let B be semi-closed in (Z2, γ). Then it need not be semi-closed in ((Z2)∗, γ∗). However, in case B
is finite and semi-closed in (Z2, γ), it is semi-closed in ((Z2)∗, γ∗).

Proof. (1) Based on the hypothesis, it suffices to prove that A ⊂ Clγ∗(Intγ∗(A)). In the case of A = ∅,
the assertion is trivial.

Let us now assume that A(, ∅) ⊂ Z2. Then, with the hypothesis, owing to A ⊂ Clγ(Intγ(A)), for any
x ∈ A, we obtain that

S Nγ(x) ∩ (Intγ(A))op , ∅ ⇒ S Nγ(x) ∩ Intγ(A) , ∅ (4.2)

under (Z2, γ) because (Intγ(A))op ⊂ Intγ(A).
Meanwhile, under ((Z2)∗, γ∗), for x ∈ A ⊂ Z2 we have that S Nγ∗(x) = S Nγ(x) and further, for

A ⊂ Z2 we obtain that Intγ(A) = Intγ∗(A) which implies that A ⊂ Clγ∗(Intγ∗(A)) because for any x ∈ A,
we obtain that (see (4.2))

S Nγ(x) ∩ Intγ(A) = S Nγ∗(x) ∩ Intγ∗(A) , ∅.

(2) For the sake of a contradiction, take B := Z2. Even though B is semi-closed in γ, it is not semi-
closed in ((Z2)∗, γ∗). To be specific, we obtain that

Intγ∗(Clγ∗(Z2)) = Intγ∗((Z2)∗) = (Z2)∗,

which implies the non-semi-closedness of Z2 in γ∗.
However, in the case that B(⊂ Z2) is finite, we have that Clγ(B) = Clγ∗(B) which is also finite. Thus

we obtain
Intγ∗(Clγ∗(B)) = Intγ∗(Clγ(B)) = Intγ(Clγ(B)) ⊂ B,

which completes the proof. □

5. The semi-regularity of the infinite MW-topological sphere

This section proves that the infinite MW-topological sphere has the semi-regularity, which addresses
the last question raised in Section 1.

Lemma 5.1. The infinite MW-topological sphere, ((Z2)∗, γ∗), is not a T1-space.

Proof. For the sake of a contradiction, take a point p ∈ (Z2)O. Then the singleton {p} is not closed in
((Z2)∗, γ∗). □

Unlike Lemma 5.1, let us investigate the semi-T1-separation axiom of the infinite MW-topological
sphere, as follows:
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Theorem 5.2. The infinite MW-topological sphere, ((Z2)∗, γ∗), is a semi-T1-space.

Proof. By Lemma 3.8, since (Z2, γ) is a semi-T1-space, to prove the semi-T1-separation axiom of
((Z2)∗, γ∗), it suffices to consider the distinct points p and q such that either p or q is equal to the
element ‘∗’. Without loss of generality, we may assume that p = ∗ ∈ (Z2)∗ \ Z2 and q ∈ Z2. Then,
owing to γ ⊂ γ∗, Lemma 4.9 and Theorem 4.10, take the set

V := Clγ∗(S Nγ∗(q)) = Clγ∗(S Nγ(q)) = Clγ(S Nγ(q)) (5.1)

which is compact and closed in (Z2, γ) because S Nγ(q) ∈ γ ⊂ γ∗. Furthermore, by Theorem 4.10, V is
semi-open in ((Z2)∗, γ∗) because it is semi-open in (Z2, γ). Then we clearly have that q ∈ V and p < V .
To be specific, in the case of q ∈ (Z2)E, since S Nγ(q) = N4(q) and

Clγ∗(S Nγ∗(q)) = Clγ∗(S Nγ(q)) =
⋃

t∈S Nγ(q)

N4(t),

we obtain that V is closed and semi-open (see Lemma 2.3) in (Z2, γ) and further, in ((Z2)∗, γ∗).
In the case of q ∈ (Z2)O, since S Nγ(q) = {q} and Clγ∗(S Nγ(q)) = N4(q), by Theorem 4.10, we

obtain that the set V of (5.1) is closed and semi-open in (Z2, γ) and further, semi-open in ((Z2)∗, γ∗)
(see Theorem 4.10).

Next, take another set
U := (Z2)∗ \Clγ∗(S Nγ∗(q)). (5.2)

Then the set U is open in ((Z2)∗, γ∗) so that it is also semi-open in ((Z2)∗, γ∗).
Then, we obtain that p ∈ U and q ∈ V such that U,V ∈ S O(((Z2)∗, γ∗)), q < U, and p < V , the proof

is completed. □

In the case that C is closed in ((Z2)∗, γ∗) and (Z2)∗ \ C contains the element ∗, C should be finite.
However, we obtain the following:

Remark 5.3. Assume that C is closed in ((Z2)∗, γ∗) and ∗ ∈ C.
Then C need not be finite.

Proof. For instance, take C := (Z2)E ∪ {∗}. Although C is a closed set in ((Z2)∗, γ∗), i.e., ((Z2)∗ \ C) ∈
γ ⊂ γ∗, C is not finite.
Meanwhile, let C := {∗}. Then, C(∋ ∗) is clearly closed in γ∗, and C is finite. □

On top of Example 4.2(2) and Theorem 4.10(2), the following is obtained.

Lemma 5.4. Under ((Z2)∗, γ∗), assume that
(1) D ⊂ (Z2)∗ with D♯ ⪇ ℵ0 and
(2) there is

no N∗4(p) ⊂ D where p < D and p ∈ (Z2)E. (5.3)

Then D is semi-closed.
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Proof. For the set D with the hypothesis above, we need to point out that D need not be connected.
Let us now consider the following two cases.
(Case 1) Assume the following case: ∗ < D. Then, owing to the property of (5.3), we obtain the
following: 

Intγ∗(Clγ∗(D)),
= Intγ∗[

⋃
pi∈(Z2)O∩D

N4(pi) ∪ {d j | d j ∈ D ∩ (Z2)E}],

= Intγ∗(D) = Intγ(D) ⊂ D.

(5.4)

(Case 2) Assume the following case: ∗ ∈ D. Then, owing to the hypothesis, it is clear that Clγ∗(D)(∋
∗) is finite. Indeed, we need to confirm the finiteness of Clγ∗(D). To be specific, we first observe that
∗ ∈ Clγ∗(D). And it is obvious that for x(, ∗) ∈ Z2, owing to the finiteness of D, we obtain

{x | S N(x) ∩ D , ∅}♯ is finite,

which implies the finiteness of Clγ∗(D).
Let O(∗) be an open set containing the element ∗ in γ∗. While O(∗)∩D , ∅, since O(∗)♯ = ℵ0, there

is not a certain open set O(∗) such that O(∗) ⊂ Clγ∗(D). Thus, using a method similar to the method
used in (5.4), we obtain

Intγ∗(Clγ∗(D)) = Intγ(Clγ∗(D)) = Intγ(Clγ(D)) ⊂ D. (5.5)

The properties of (5.4) and (5.5) imply the semi-closedness of D. □

Corollary 5.5. If D(⊂ Z2) is semi-closed in γ∗, then there is no N∗4(p) ⊂ D where p < D and p ∈ (Z2)E.

Theorem 5.6. The infinite MW-topological sphere is semi-regular.

Proof. Let us take a semi-closed set C in ((Z2)∗, γ∗) and x < C. Then we need to take the following
two cases (see Cases (1) and (2) below).
(Case 1) Assume the following case: ∗ ∈ C and x < C.
In relation to the choice of the element x, we can further consider the following two cases (see Cases
(1-1) and (1-2) below):
(Case 1-1) Assume that x ∈ (Z2)O and x < C. Then, take the set U := {x} which is both semi-closed
(see Theorem 4.10(2)) and semi-open (see Theorem 4.10(1)) in ((Z2)∗, γ∗). Let us now take the set
V := (Z2)∗ \ U. Then this set V is semi-open in ((Z2)∗, γ∗), i.e., Clγ∗(Intγ∗(V)) = V and further, C ⊂ V .
Thus we obtain that U,V ∈ S O(((Z2)∗, γ∗)) such that U ∩ V = ∅.
(Case 1-2) Assume that x ∈ (Z2)E and x < C. Then, note that for any A ⊂ (Z2)E, (Z2)∗ \ A is not
semi-closed in ((Z2)∗, γ∗) because Intγ∗(Clγ∗((Z2)∗ \ A)) = (Z2)∗ (see Lemma 4.5(2)). Thus there is at
least an MW-path V := {x, x′} (see Figure 2(a)) such that x′ ∈ S Nγ(x) and V ⊂ (Z2)∗ \ C. Then, by
Theorem 3.7, V is semi-open in γ, thus it is also semi-open in γ∗ (see Theorem 4.10(1)). Furthermore,
V is also semi-closed in ((Z2)∗, γ∗) because Intγ∗(Clγ∗(V)) = {x′} ⊂ V .
Next, take U := (Z2)∗ \ V . Then U is semi-open in γ∗ because

Clγ∗(Intγ∗(U)) = (Z2)∗ \ {x′} ⊃ U(see Figure 2(b)).
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Then we obtain
C ⊂ U, x ∈ V, and U ∩ V = ∅.

(a)

(1, 0)

x

x

(b)

(1, 0)

x

x

V
W

Figure 2. (a) Configuration of V in the proof of (Case 1-2) of Theorem 5.6. (b) Intγ∗(U) =
(Z2)∗ \W, where U := (Z2)∗ \V and V = {x, x′} as in (Case 1-2) of the proof of Theorem 5.6.

(Case 2) Let us assume the following case: ∗ < C and x < C, i.e., C ⊂ Z2, and C is semi-closed in
((Z2)∗, γ∗).
Then we need to further consider the three cases as follows:
(Case 2-1) Assume that x ∈ (Z2)O. Then we may state that V := {x} and U := (Z2)∗ \ V so that both U
and V are semi-open in ((Z2)∗, γ∗) and

C ⊂ U, x ∈ V, and U ∩ V = ∅.

(Case 2-2) Assume that x ∈ (Z2)E. Note that for any x ∈ (Z2)E, the set Z2 \ {x} is not semi-closed in
((Z2)∗, γ∗) (see the proof of (Case 1-2) above) since

Intγ∗(Clγ∗(Z2 \ {x})) = Intγ∗((Z2)∗) = (Z2)∗.

Hence there is at least an MW-path V := {x, x′} such that x′ ∈ S Nγ(x) and V ⊂ Z2 \ C. Then it is
clear that V is semi-open in γ thus, it is also semi-open in γ∗ (see Theorem 3.11(1)). Besides, V is also
semi-closed in γ∗.
Then, take U := (Z2)∗ \ V . Then U is semi-open in γ∗ because V is semi-closed in γ∗. Besides, we
obtain

C ⊂ U, x ∈ V, and U ∩ V = ∅.

(Case 2-3) Assume that x = ∗ and C(⊂ Z2). we now need to recall that the semi-closed set C in γ∗

does not contain the set N∗4(p) ⊂ (Z2)O, where p ∈ (Z2)E and p < C that is finite (see Lemma 5.4 and
Corollary 5.5).
On top of this, as an infinite case of C, one of the important things is that the set C does not contain
(Z2)O as a subset. For the sake of a contradiction, suppose that (Z2)O ⊂ C. Then we obtain

Intγ∗(Clγ∗(C)) ⊈ C,
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because Clγ∗(C) = (Z2)∗, which implies the non-semi-closedness of C under γ∗. Besides, the given
semi-closed set C is not a kind of the set B := Z2 \ {xt | t ∈ M := [1, n]Z, xt ∈ (Z2)O}. If not, the set B is
not semi-closed in γ∗ at all. To be specific, since Clγ∗(B) = (Z2)∗ \ {xt | t ∈ M := [1, n]Z} and

Intγ∗(Clγ∗(B)) = (Z2)∗ \
⋃
t∈M

N4(xt),

which implies the non-semi-closedness of B in γ∗ because ∗ ∈ Intγ∗(Clγ∗(B)) and ∗ < B.
In view of this observation, it is clear that Z2 \ C has a subset D ⊂ (Z2)O such that D♯ = ℵ0 (see also
Example 4.2(2) and Theorem 4.10(2)). Then we may take a set V := D ∪ {∗} so that V is semi-open in
γ∗ because

V ⊂ Clγ∗(Intγ∗(V)) = Clγ∗(D). (5.6)

To be specific, since Intγ∗(V) = D and ∗ ∈ Clγ∗(D), we obtain that ∗ ∈ Clγ∗(Intγ∗(V)), which guarantees
the property of (5.6). Furthermore, V is also semi-closed in γ∗. Precisely, while ∗ ∈ Clγ∗(V), we obtain
∗ < Intγ∗(Clγ∗(V)) = D so that Intγ∗(Clγ∗(V)) ⊂ V .
Next, take U := (Z2)∗ \ V . Then we have that C ⊂ U and U is semi-open such that U ∩ V = ∅. □

Corollary 5.7. The infinite MW-topological sphere is a semi-T3-space.

By Corollary 5.7, the following is obtained.

Corollary 5.8. The Alexandroff compactification preserves the semi-T3-separation axiom of the MW-
topological plane.

Since the s-regularity is more restrictive than the semi-regularity, the following is obtained.

Corollary 5.9. The infinite MW-topological sphere is s-regular.

Since (Z2, γ) satisfies the s-regularity and the semi-regularity, by Corollaries 5.7 and 5.8, the
following is obtained.

Corollary 5.10. The Alexandroff compactification preserves both the semi-T3-separation axiom and
the s-T3-separation axiom of the MW-topological plane.

Since neither the semi-T3-separation axiom nor the s-T3-separation axiom is related to the notion
of a T0-separation axiom, the following can be meaningful.

Theorem 5.11. The Alexandroff compactification preserves the T0-separation axiom of the
MW-topological plane.

Proof. Since the MW-topological space is a T0-space, we need to prove that the infinite
MW-topological sphere is also a T0-space. To do this work, it suffices to prove that for distinct points
∗ ∈ (Z2)∗ \ Z2 and p ∈ Z2, there are two open sets U and V in ((Z2)∗, γ∗) such that U ∩ V = ∅. To be
specific, take the open set S Nγ(p) ∈ γ ⊂ γ∗ and the closed set Clγ(S Nγ(p)). Then put

U := (Z2)∗ \Clγ(S Nγ(p)).

Then it is clear that both U and V are open sets in ((Z2)∗, γ∗) and U ∩ V = ∅, which implies that the
infinite MW-topological sphere is a T0-space. □
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Unlike Theorem 5.11, since the MW-topological space is not a T1-space, it is clear that the infinite
MW-topological sphere is not a T1-space. We say that a topological space (X,T ) is a T 1

2
-space (resp.

T 1
2
-space) [36] if for any x ∈ X the singleton {x} is either open (resp. semi-open) or closed (resp.

semi-closed) in T . However, since the MW-topological space is a T 1
2
-space, we obtain the following

because the infinite MW-topological sphere is also a T 1
2
-space owing to the closedness of the singleton

∗ in ((Z2)∗, γ∗).

Corollary 5.12. The Alexandroff compactification preserves both the T 1
2
- and semi-T 1

2
-separation

axiom of the MW-topological plane.

6. Conclusions

Since the problem asking if the semi-T3-separation axiom is preserved by the Alexandroff one point
compactification, the present paper addressed the unsolved problem with a positive answer. In order to
address this problem, we have initially investigated some relationships between the connectedness of a
subset X and the semi-openness of X in the MW-topological space so that the connectedness of X with
X♯ ≥ 2 implies the semi-openness of X in (Z2, γ). Next, we established a condition for the hereditary
property in the compactness of the infinite MW-topological sphere. Using this approach, we finally
proved that the semi-T3-separation axiom is preserved by the Alexandroff one point compactification.

In the present paper, based on the semi-T3-separation axiom of (Z2, γ2), we proved that ((Z2)∗, (γ2)∗)
also satisfies the semi-T3-separation axiom. Unlike this case, as a general case, we still have the
following query.

Open problem: Assume a topological space with the s-regularity or the semi-regularity. Does the
Alexandroff compactification of it preserve each of the properties?
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92 (1924), 294–301.

3. N. Levine, Semi-open sets and semi-continuity in topological spaces, Mathematics, 70 (1963),
36–41. https://doi.org/10.1080/00029890.1963.11990039

4. C. Dorsett, Semi-regular spaces, Soochow J. Math., 8 (1982), 45–53.

5. S. N. Maheshwari, R. Prasad, Some new separation axioms, Ann. Soc. Sci. Bruxelles 89 (1975),
395–402.

6. S. N. Maheshwari, R. Prasad, On s-regular spaces, Glasnik Math., 10 (1975), 347–350.

7. T. Noiri, A note on s-regular space, Glasnik Math., 13 (1978), 107–110.

8. P. Bhattacharyya, B. K. Lahiri, Semi-generalized closed set in topology, Indian J. Math., 29 (1987),
375–382.

9. N. Biswas, On some mappings in topological spaces, Ph.D thesis, University of Calcutta, 1971.

10. S. G. Crosseley, A note on semitopological properties, Proc. Amer. Math. Soc., 72 (1978), 409–
412. https://doi.org/10.1090/S0002-9939-1978-0507348-9

11. S. G. Crosseley, S. K. Hidelfrand, Semi-closure, Texas. J. Sci., 22 (1971), 99–112.

12. S. G. Crosseley, S. K. Hidelfrand, Semi-topological properties, Fund. Math., 74 (1972), 233–254.
https://doi.org/10.4064/fm-74-3-233-254

13. M. C. Cueva, R. K. Saraf, A research on characterizations of semi-T 1
2

spaces, Divulg. Math., 8
(2000), 43–50.

14. C. Dorsett, Semi-separtaion axioms and hyperspaces, Int. J. Math. Sci., 4 (1981), 445–450.

15. N. Hamllet, A correction to the paper “Semi-open sets and semi-continuity in topological spaces”
by Norman Levine, Proc. Amer. Math. Soc., 49 (1975), 458–460.

16. S. E. Han, Study on topological spaces with the semi-T 1
2
-separation axiom, Honam Math. Jour.,

35 (2013), 717–726.

17. S. E. Han, Hereditary properties of semi-separation axioms and their applications, Filomat, 32
(2018), 4689–4700. https://doi.org/10.2298/FIL1813689H

18. S. E. Han, Topologies of the quotient spaces induced by the M-topological
plane and the infinite M-topological sphere, Topol. Appl., 264 (2019), 201–209.
https://doi.org/10.1016/j.topol.2019.06.016

19. S. E. Han, Semi-topological properties of the Marcus-Wyse topoloigical spaces, AIMS Math., 7
(2022), 12742–12759.

Electronic Research Archive Volume 31, Issue 8, 4592–4610.

http://dx.doi.org/https://doi.org/10.1080/00029890.1963.11990039
http://dx.doi.org/https://doi.org/10.1090/S0002-9939-1978-0507348-9
http://dx.doi.org/https://doi.org/10.4064/fm-74-3-233-254
http://dx.doi.org/https://doi.org/10.2298/FIL1813689H
http://dx.doi.org/https://doi.org/10.1016/j.topol.2019.06.016


4610

20. S. E. Han, W, Yao, Homotopy based on Marcus-Wyse topology and its applications, Topol. Appl.,
201 (2016), 358–371. https://doi.org/10.1016/j.topol.2015.12.047

21. D. Jankovic, I. Reilly, On semi-separation axioms, Indian J. Pure Appl. Math., 16 (1985), 957–
964.

22. N. Levine, Generalized closed sets in topology, Rend. Circ. Mat. Palermo, 19 (1970), 89–96.
https://doi.org/10.1007/BF02843888

23. J. P. Penot et M. Thera, Semi-continuous mappings in general topology, Arch. Math., 38 (1982),
158–166.

24. V. A. Chatyrko, S. E. Han, Y. Hattori, Some Remarks Concerning Semi-T 1
2
- spaces, Filomat, 28

(2014), 21–25.

25. S. E. Han, Low-level separation axioms from the viewpoint of computational topology, Filomat,
33 (2019), 1889–1901. https://doi.org/10.2298/FIL1907889H

26. S. E. Han, Semi-Jordan curve theorem on the Marcus-Wyse topological plane, Electron. Res.
Arch., 30 (2022), 4341–4365. https://doi.org/10.3934/era.2022220

27. F. Wyse, D. Marcus,, A special topology for the integers (problem 5712), Amer. Math., 77 (1970),
1119.
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