
1.  Introduction
Ultra-low frequency (ULF) waves, with frequencies ≲1 Hz (Jacobs et al., 1964), provide one means of coupling 
disparate regions/populations of geospace such as the solar wind, magnetosphere, plasmasphere, ring current, 
radiation belt, and ionosphere plasmas (Hartinger et al., 2022, and references therein). They are typically approx-
imated using Ideal-Magnetohydrodynamics (MHD), where waves are derived about equilibrium (subscript 
0's in equations) by linearizing the equations for small perturbations (δ’s), arriving at the Alfvén, and fast and 
slow magnetosonic dispersion relations. Number density (n) and isotropic pressure (p) fluctuations in terms of 
displacement ξ, where velocity δv = ∂ξ/∂t, are
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Abstract  Ultra-low frequency (ULF) wave observations across the heliosphere often rely on the sign of 
correlations between plasma (density/pressure) and magnetic field perturbations to distinguish between fast and 
slow magnetosonic modes. However, the assumptions behind this magnetohydrodynamic result are not always 
valid, particularly within the magnetosphere which is inhomogeneous and supports standing waves along 
the geomagnetic field. Through theory and a global simulation, we find both effects can result in anomalous 
plasma–magnetic field correlations. The interference pattern in standing waves can lead both body and surface 
magnetosonic waves to have different cross-phases than their constituent propagating waves. Furthermore, if 
the scale of gradients in the background are shorter than the wavelength or the waves are near-incompressible, 
then advection by the wave of inhomogeneities can overcome the wave's inherent sense of compression. These 
effects need to be allowed for and taken into account when applying the typical diagnostic to observations.

Plain Language Summary  Fluid plasma wave theory provides a key distinguishing feature 
between the two compressional wave modes: fast magnetosonic waves should have correlated fluctuations 
in the magnetic field strength and the plasma (density or pressure) whereas anticorrelation relates to the 
slow magnetosonic mode. This classic result is often used as a diagnostic for waves observed by spacecraft 
throughout the heliosphere. However, it is important to recognize that this result is derived under the 
assumption of a single traveling wave in a uniform background plasma. Planetary magnetospheres, in contrast, 
have spatially-varying plasma conditions and can reflect waves off of boundaries to form standing modes. 
We investigate what influence these effects have on both freely propagating waves and those tied to a surface 
through analytic theory and a global magnetospheric simulation. We find it is possible for the wave's correlation 
between plasma and magnetic field to be fundamentally altered. For standing waves we show the interference 
pattern present can lead to this change, whereas for non-uniform plasmas changes are due to the wave moving 
plasma with a significantly different background value. These effects need to be allowed for and taken into 
account when applying the typical plasma–magnetic field test to observed waves.
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for adiabatic exponent γ = 5/3. These consist of terms relating to the wave's inherent compression as well as 
advection by the wave of inhomogeneities in the background. Magnetic field strength perturbations

𝛿𝛿𝛿𝛿‖ = [∇ × (𝝃𝝃 × 𝐁𝐁0)]‖
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‖

� (3)

are subject to similar effects, though only depend on perpendicular displacements whereas plasma compressions 
are sensitive to the parallel direction also.

In an infinite uniform plasma, propagating fast and slow magnetosonic body modes have (angular) frequencies
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(vA and 𝐴𝐴 𝐴𝐴𝑆𝑆 =
√
𝛾𝛾𝛾𝛾∕2𝑣𝑣A are the Alfvén and sound speeds) and associated displacements

𝝃𝝃 ∝

[(

𝜔𝜔
2

F,Sl
− 𝑘𝑘

2

‖
𝑐𝑐
2

S

)

𝐤̂𝐤⟂ + 𝑘𝑘⟂𝑘𝑘‖𝑐𝑐
2

S
𝐁̂𝐁0

]

exp{𝑖𝑖(𝐤𝐤 ⋅ 𝐫𝐫 − 𝜔𝜔F,Sl𝑡𝑡)}� (5)

Equations 1–5 lead to
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demonstrating (via Equation 4) that fast-modes have correlated plasma (density/pressure) and magnetic field 
strength perturbations, whereas slow-modes exhibit anticorrelation.

In addition to body modes, magnetosonic surface waves occur on discontinuities such as the magnetopause 
and plasmapause (Chen & Hasegawa, 1974; Pu & Kivelson, 1983a, 1983b; Southwood, 1968). Surface wave 
frequency depends on conditions from both sides of the boundary. While the compressible plasma relation can 
only be solved numerically, in the incompressible limit (cS → ∞) it becomes
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applied to the magnetopause with magnetic shear θB and negligible flows (Archer & Plaschke, 2015; Plaschke 
& Glassmeier, 2011). Surface waves are evanescent on either side and their (imaginary) normal wavenumber is 
dictated by the local magnetosonic relation
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for tangential wavenumber kt (note 𝐴𝐴 𝐴𝐴
2
𝑛𝑛 = −𝑘𝑘

2

𝑡𝑡
 in the incompressible limit). Both quasi-fast and quasi-slow surface 

waves are possible in compressible theory and typically follow the same plasma–magnetic field correlations as 
their body wave namesakes (Pu & Kivelson, 1983a, 1983b).

The relationship between plasma and magnetic field has become a widely applied diagnostic for waves measured 
in situ: fast-modes have been observed in the foreshock (e.g., Eastwood et al., 2002), magnetosheath (e.g., Turc 
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et al., 2022), and magnetosphere (e.g., Hartinger et al., 2013); and slow-modes reported in the solar wind (e.g., 
Yao et al., 2013), flank magnetosphere (e.g., Zhang et al., 2022), and magnetotail (e.g., Du et al., 2011). However, 
given magnetospheric plasmas are highly inhomogeneous (Moore et al., 1987), with curvilinear magnetic field 
geometries (Degeling et al., 2010), and reflecting boundaries present (Allan, 1982; Chen & Hasegawa, 1974; 
Kivelson & Southwood, 1988; Southwood, 1974), it is not clear whether these relations remain universally valid. 
In this paper we consider the effects of standing structure and inhomogeneous plasmas on this correlation in both 
simple theory and a global magnetospheric simulation.

2.  Theory
We apply analytic MHD theory to a box model magnetosphere (e.g., Chen & Hasegawa, 1974; Radoski, 1971; 
Southwood, 1974) with representative dayside conditions. An infinitesimally-thin magnetopause is located at 
x = 0 such that x > 0 is the magnetospheric half-space and x < 0 the magnetosheath. The geomagnetic field is 
assumed uniform at 60 nT along z. Perfectly reflecting ionospheric boundaries are placed at z = ±15 RE where 
ξ⊥ = 0, a reasonable assumption for magnetosonic waves (Kivelson & Southwood, 1988). Only if conjugate iono-
spheres have different conductivities might results be affected due to both standing and propagating components 
being present (Allan, 1982), though this effect should be small due to waves' high reflectivity. To satisfy the bound-
ary conditions, fundamental (half-wavelength along the field) eigenmodes are considered (π/kz = 30 RE). The 
background magnetosheath and magnetospheric densities at the magnetopause are nmsh = n0(x = 0 −) = 20 cm −3 
and nsph = n0(x = 0 +) = 1 cm −3 respectively.

2.1.  Standing Waves

Here we consider whether standing (nodal) structure along the field between conjugate ionospheres (Kivelson 
& Southwood, 1988) alters the plasma–magnetic field correlation. Both model half-spaces are assumed uniform 
and we only consider stable waves. Given the ionospheric boundary conditions, standing waves take the form (see 
Text S1 in Supporting Information S1).
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We do not consider perpendicular standing structure, such as in cavity/waveguide modes (Kivelson et al., 1984; 
Kivelson & Southwood, 1985; Samson et al., 1992).

2.1.1.  Body Waves

Body wave solutions can be simply constructed by superposing waves (Equation 5) with equal perpendicular but 
opposite field-aligned wavenumbers, yielding
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It follows that the plasma–magnetic field cross-phase is determined by
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Figures 1a–1d shows standing fast-modes with varying β for fixed small ky = kz/2. Relative displacement coeffi-
cients (normalized to unity; panel b) go from predominantly perpendicular (purple) to parallel (blue) with increas-
ing β. Standing waves exhibit quadrature between compression (divergence of displacement) in the parallel and 
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perpendicular directions (panel c), unlike the propagating case. While for small β perpendicular compression 
dominates leading to in-phase plasma and magnetic field, under large β parallel compression is largest resulting 
in ∼90° cross-phases (panel d) hence zero correlation. Figure 1i shows standing fast-modes differ from in-phase 
only for β ≳ 1 and ky ≪ kz, due to their high-β asymptotic frequencies ωF ∼ csk (panel a).

Figures 1e–1h similarly shows standing slow-modes. Here displacement coefficients have opposite signs and vary 
from predominantly parallel to perpendicular with increasing β. For small β, this results in parallel compression 

Figure 1.  Theoretical results for standing magnetosonic waves. Panels show frequency (a, e), coefficients of displacement (b, f), compression (c, g), and plasma–
magnetic field cross-phase (d, h) for the fast (a–d) and slow (e–h) modes as a function of plasma beta. Variations in cross-phase are also shown with both beta and 
perpendicular wavenumber (i, j).
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dominating (panel g) and thus quadrature between plasma and magnetic field (panel h), like for high-β standing 
fast-modes. At large β though, perpendicular and parallel compressions are of similar magnitudes yielding ∼45° 
cross-phases or 50% correlation of variance (rather than anticorrelation). Panel j shows results are insensitive to 
ky, due to the slow-mode's asymptotic frequencies depending only on kz (panel e). Thus slow-modes with parallel 
standing structure do not exhibit the usual plasma–magnetic field anti-phase.

It is worth stressing both modes are constructed from a superposition of waves which individually do satisfy 
the usual plasma–magnetic field correlations. It is their interference, particularly along the field, that results in 
anomalous cross-phases.

2.1.2.  Surface Waves

The reflective ionosphere also leads to surface eigenmodes on boundaries such as the magnetopause and plasma-
pause (Archer et al., 2019; Chen & Hasegawa, 1974; He et al., 2020; Plaschke & Glassmeier, 2011). To investi-
gate plasma–magnetic field relations for magnetopause surface eigenmodes (MSE) we must numerically solve 
the linearized MHD equations for compressible plasmas given by (see Text S1 in Supporting Information S1)
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We apply the frequency from incompressible theory (Equation 9), which Pu and Kivelson (1983b) showed is 
similar to the quasi-fast numerical solution. We do not require precise eigenfrequencies, depending on conditions 
from both\ half-spaces, as we are only concerned with perturbations in the magnetosphere. The normal wavenum-
ber kx is set by the magnetosonic relation (Equation 10), which has a singularity at critical plasma β.
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For typical dayside outer magnetosphere conditions this is small but finite at ∼0.1. Around βcrit under some 
conditions 𝐴𝐴 𝐴𝐴

2
𝑥𝑥 > 0 , corresponding to body modes which are neglected here. Using Pu and Kivelson (1983a), we 

confirmed the propagating surface waves are quasi-fast with correlated magnetospheric plasma and magnetic 
field. Standing wave solutions were then found through the null space of Equation 14's matrix by singular value 
decomposition. Only one independent solution existed for the range of conditions considered.

Figure 2 shows the variation of standing surface waves with β for ky = 0. We find transitions across βcrit in normal 
wavenumber (panel a), displacement coefficients (panel b), and compressions (panel c). Below βcrit normal 
(purple) and field-aligned (blue) displacement coefficients have opposite signs but their compressions have the 
same sense, hence standing quasi-fast surface modes retain correlated plasma (black line in panel c) and magnetic 
field (purple). Note for β → 0 only perpendicular displacements exist as there is no pressure to couple motion 
along the field, whereas as β → βcrit displacements tend toward predominantly field-aligned. Above βcrit we find 
the two displacement coefficients have the same signs, the field-aligned component having reversed across the 
transition. Displacements are field-aligned near βcrit, but as β increases the two components become equal in 
magnitude. Compressions perpendicular and parallel to the field are oppositely-signed. Given the greater magni-
tude of parallel motion for β > βcrit, the result is anticorrelated plasma and magnetic field. In the limit β → ∞ 
parallel and perpendicular compressions cancel, corresponding to incompressibility as expected.

Figures  2d–2i shows results across azimuthal wavenumbers and plasma β’s. The change of sign in parallel 
displacement (panel f) across βcrit with no such change in the perpendicular components (panels d–e) remains for 
all ky. This again results in reversal in parallel compression (panel h) but not perpendicular (panel g). Hence the 
plasma (panel i) becomes anticorrelated to the magnetic field (panel g) above βcrit despite the standing surface 
modes being quasi-fast. Note that as ky increases, waves become less compressional in all directions.
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These standing wave solutions can again be thought of as a superposition of two quasi-fast surface modes prop-
agating oppositely along the field (cf. Plaschke & Glassmeier, 2011). Anomalous anticorrelation above βcrit is a 
result of the wave interference, as was the case for standing body modes also.

2.2.  Inhomogeneous Plasma

Inhomogeneity in the background might also affect plasma–magnetic field relations. We introduce a range of small 
linear density gradients in x to our box model, shown as colors in Figure 3a. These alter the Alfvén speed profiles 
(panel b). A cold (β = 0) plasma is used to eliminate slow-modes and the anomalous effects from Section 2.1. We 
consider magnetopause surface waves, with frequency again from Equation 9, since these have the largest normal 
scales of magnetospheric MHD eigenmodes (Archer et al., 2022). The WKB (Wentzel–Kramers–Brillouin) solu-
tion for magnetospheric displacement are (see Text S2 in Supporting Information S1).

𝜉𝜉𝑥𝑥(𝑥𝑥) =
1

√
𝜅𝜅(𝑥𝑥)

exp

⎧
⎪
⎨
⎪
⎩

𝑖𝑖

𝑥𝑥

∫
0
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⎫
⎪
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⎩

1

2

𝑥𝑥

∫
0
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⎬
⎪
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𝑘𝑘
2
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′
𝑥𝑥(𝑥𝑥)� (18)
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where primes indicate differentiation in x and
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2
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1

2
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′
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Figure 2.  Theoretical results for standing surface waves. Panels show wavenumber (a), coefficients of displacement (b), and compression (c) as a function of plasma 
beta. Variations in displacement (d–f) and compression (g–i) are also shown with both beta and azimuthal wavenumber.
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𝑘𝑘
2
𝑥𝑥(𝑥𝑥) = −𝑘𝑘

2
𝑦𝑦 − 𝑘𝑘

2
𝑧𝑧 +

𝜔𝜔
2

𝑣𝑣
2

𝐴𝐴
(𝑥𝑥)

� (22)

Figures 3c and 3d show for ky = 0 the normal wavenumber and thus displacement are insensitive to these density 
gradients. Magnetic field fluctuations (Equation  3; panel e) are due to perpendicular compression only as a 
uniform field is used, thus vary similarly to ξx. On the other hand, density oscillations (Equation  1) include 
effects of both the wave's inherent perpendicular compression as well as perpendicular advection of plasma with 
a different background density. There are no pressure perturbations as β = 0. The density compression has the 
same sign as the magnetic field. However, due to the sense of the gradient and wave pattern, advection opposes 
compression. As the density gradient increases the sign of the density perturbations reverses, as demonstrated in 
panel f. Using Equation 1, this occurs when

|𝝃𝝃 ⋅ ∇𝑛𝑛0| > 𝑛𝑛0|∇ ⋅ 𝝃𝝃|

|
|
|
|
|

𝑛𝑛
′

0

𝑛𝑛0
𝜉𝜉𝑥𝑥

|
|
|
|
|

> |
|𝜉𝜉

′
𝑥𝑥 + 𝑖𝑖𝑖𝑖𝑦𝑦𝜉𝜉𝑦𝑦

|
|

>

|
|
|
|
|

(

1 +
𝑘𝑘
2
𝑦𝑦

𝑘𝑘
2
𝑥𝑥

)

𝜉𝜉
′
𝑥𝑥

|
|
|
|
|

|
|
|
|
|

𝑛𝑛
′

0

𝑛𝑛0

|
|
|
|
|

>

|
|
|
|
|

𝑘𝑘𝑥𝑥

(

1 +
𝑘𝑘
2
𝑦𝑦

𝑘𝑘
2
𝑥𝑥

)|
|
|
|
|

� (23)

in other words, when the scale of the density gradient is shorter than that of the wave. Indeed reversals occur 
approximately (to within WKB's accuracy) when the two scales cross in panel c. Figure  3h shows density 

Figure 3.  Theoretical results for inhomogeneous density. Panels show, for a range of density gradients, the background density (a), Alfvén speed (b), normal 
wavenumber and proportional density gradient (c), normal displacement, and magnetic field (e) and density (f) perturbations with distance. Also shown are magnetic 
field (g) and density (h) perturbations as functions of azimuthal wavenumber and density gradient. Gray areas depict >5% errors in the WKB approximation.
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fluctuations near the magnetopause for a range of both density gradients and azimuthal wavenumbers. Equa-
tion 23 is given by the black line, which clearly separates positive and negative. The magnetic field in this param-
eter space (panel g), however, remains positive throughout, though decreasing in amplitude with ky. Therefore 
fast-modes, in this case surface waves, can have anticorrelated density and magnetic field due to inhomogeneity 
in the background plasma.

3.  Simulation
We now investigate if similar effects occur within a more representative magnetosphere through global 
MHD simulations. We use a published high-resolution Space Weather Modeling Framework (SWMF; Tóth 
et al., 2005, 2012) run simulating the magnetospheric response to a 1 min solar wind density pulse (see Table S1 
in Supporting Information S1 for setup; Hartinger et al., 2015; Archer et al., 2021, 2022, 2023). Previous studies 
have demonstrated a large-amplitude transient response occurs followed by global damped 1.8 mHz compres-
sional waves, the latter corresponding to MSE: surface waves with parallel standing structure. MSE stands 
against the magnetosheath flow across the dayside, also seeding tailward propagating boundary disturbances to 
the flanks. Amplitudes decay with distance from the magnetopause and phase motion (≪vA) toward the boundary 
occurs, in line with damped compressible surface waves. Coupling to body eigenmodes occurs on the nightside 
where eigenfrequencies match. Density and pressure oscillations in this run have yet to be studied.

We extract equilibrium conditions through 30 min median filtering of each quantity, subsequently smoothed using 
10 min moving averages. Figures S1a–S1c in Supporting Information S1 shows the equatorial density, pressure, 
and magnetic field equilibria. The magnetospheric plasma β varies substantially (Figure S1d in Supporting Infor-
mation S1): ∼0.1–0.4 in the dayside outer magnetosphere (r ≳ 7 RE); ∼2–25 in both outer flanks 𝐴𝐴 (|𝑦𝑦| ≳ 10RE) ; 
and up to ∼150 in the magnetotail plasma sheet. We compute 3-dimensional gradients of these backgrounds using 
second order 5-point finite differencing (see Figures S1e–S1g in Supporting Information S1 for proportional 
magnitudes). Perturbations about equilibrium are shown in Movie S1 across the equatorial plane and maps of 
their Median Absolute Deviations (MAD), used as a robust measure of variability and thus amplitude, are given 
in Figures S1h–S1j in Supporting Information S1.

Movie  S1 clearly shows the density pulse's initial transient response consists of dayside compression of the 
geomagnetic field, density, and pressure. Once the launched compressional wave front reflects off the simula-
tion inner boundary at t = 7 min (Archer et al., 2021), plasma becomes rarefield while the magnetic field is still 
enhanced, indicating these are no longer in-phase. Following this (t ≳ 10 min) MSE is established on the dayside, 
as sufficient time has passed for poleward propagating surface waves to reflect off the simulation inner boundary. 
Plasma and magnetic field perturbations have opposite signs during MSE. Similar results occur in the flanks, 
though at later times owing to propagation of the pulse and launched waves.

From the analytic signals of plasma and magnetic field oscillations (computed via Hilbert transforms in time) 
we calculate instantaneous cross-phases, also shown in Movie S1. These confirm the plasma and magnetic field 
are mostly in-phase (green) initially but change to predominantly anti-phase (blue). Figure 4 shows cross-phase 
time-series from representative locations in the outer dayside (square, panel r) and flank (circle, panel n). They 
are almost the same for density and pressure. In the flanks the cross-phase settles to 160 ± 20° (mean and spread), 
close but not exactly anti-phase. This is also apparent in the time-series (black lines in panels k–m). On the dayside 
we find somewhat similar results at 150 ± 30°, with the offset again clear in the time-series (panels o–r). Rippling 
in cross-phase occurs as amplitudes decreases, likely artifacts of the Hilbert transform (e.g., Hong et al., 2021).

Anticorrelation of plasma and magnetic field is also clear in Spearman's rank correlation coefficients (Figures 4a 
and  4b). This statistic is more representative of the monotonic relationship throughout the interval, not bias-
ing toward the larger-amplitude transient like Pearson's. Both panels indicate significant anticorrelation 
(−0.75 ≲ rs ≲ −0.5) between magnetic field and plasma throughout the outer magnetosphere. Note that tailward of 
the terminator a region of strong correlation emerges around the open–closed field line boundary (black and white 
dashed line), a proxy for the magnetopause. These correspond to the amplitude of boundary oscillations evident 
in the movie, thus are oscillatory transitions between magnetospheric and magnetosheath plasma. The waves in 
this simulation are fast-modes, given agreement in theoretical eigenfrequency (Hartinger et al., 2015) and large 
perpendicular Poynting fluxes (Archer et al., 2021), yet exhibit anticorrelated plasma and magnetic fields.

To understand this we estimate the linear contributions to the perturbations due to compression and advection (Equa-
tions 1–3). Since the simulation does not output displacement we instead use the extracted velocity fluctuations in 
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Figure 4.  Global MHD simulation results in the equatorial plane. (a–b) Correlation coefficients between the magnetic field and density (a) or pressure (b) 
perturbations. Grays indicate low-amplitudes. (c–j) Linear contributions to density (c–e), pressure (f–h), and magnetic field (i–j) perturbations due to the effects 
of perpendicular (c, f, i) and parallel (d, g) compression, and perpendicular advection (e, h, j). Shown are correlation coefficients (top half) and amplitude ratios 
(bottom half) between the contributions and overall results. (k–r) Example time-series in the flank (k–n) and dayside (o–r) comparing the contributions to the overall 
fluctuations for each quantity, and magnetic field–plasma cross-phases.
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these equations at each time, yielding the perturbations' time-derivatives. While these are sufficient to arrive at our 
conclusions which we checked (Figure S2 in Supporting Information S1), rates-of-change are less intuitive than the 
perturbations themselves hence we integrate them in time. As this could result in accumulation of numerical errors, 
we try to limit these. Smooth piecewise-polynomials of the rates-of-change using Akima's (1970) algorithm are 
constructed and analytically integrated. This is performed backwards in time to reduce errors associated with the 
transient, which is large-amplitude and poorly resolved by the 30 s simulation output cadence. Finally,  accumulated 
non-oscillatory trends are removed by applying the same median filter as before. Results in the equatorial plane 
are shown in Movie S2 for the afternoon sector only, since the simulation is dawn–dusk symmetric. This plane is 
a field-aligned velocity node (Archer et al., 2022) thus we neglect displaying parallel advection. It is clear, despite 
the careful processing, artifacts still remain at the start of the interval, such as large initial values and banding 
patterns of similar scale to the transient. Nonetheless, following the transient (t ≳ 15–20 min) results appear reliable. 
Figures 4c–4j compare the linear contributions to the simulation output. In each panel the top half (dusk sector) 
shows Spearman correlations and the bottom (dawn) shows ratios of MAD (remember we have dawn–dusk symme-
try). Where banding artifacts remain in this analysis, values intermediate between the peaks/troughs should be 
considered (cf. Figure S2 in Supporting Information S1). Time series of these contributions (colors) from locations 
on the dayside (panels o–r) and flank (panels k–n) are also shown and compared to the simulation output (black).

We first look at contributions to the magnetic field. Movie S2 shows throughout the run perpendicular compres-
sion of plasma is much larger than advection of magnetic field inhomogeneities. Figure 4j indicates advection is 
poorly (and often anti-) correlated to the overall perturbations. Exceptions to this occur close to the magnetopause, 
though their amplitudes are about an order of magnitude too small. This is also clear in example time-series on 
the dayside (panel q) and flank (panel m), where advection (green) poorly follows the overall result (black). In 
contrast, perpendicular compression (panel i) shows good correlation. The amplitude of this term is also similar 
to the simulation output. Finally, the two example time-series (panels m, q) show perpendicular compression 
(purple) reasonably tracks the actual field compressions (with slight offsets likely due to the processing). Note the 
double-peaked structure of the transient is not well captured as plasma displacements are large with the boundary 
itself moving, violating the linear assumptions used. Therefore, we find the magnetic field oscillations are largely 
dictated by perpendicular compression.

Looking at the linear contributions to the plasma in Movie S2, density and pressure exhibit similar patterns. On 
the dayside, the pulse's arrival causes strong perpendicular compression with the other two terms being small and 
of opposite sign (see also Figures 4o–4p). However, once MSE is established parallel compression dominates, 
due to the larger-amplitude of standing structures in the parallel velocity compared to perpendicular (Archer 
et al., 2022). Only parallel compression shows strong correlation and similar amplitudes to the resultant plasma 
perturbations here (Figures 4c–4h). Indeed, the simulation output follows parallel compression (blue) very well 
on the dayside (panels o–p). Thus despite low dayside plasma β, the finite pressure coupling perpendicular and 
parallel fluid motion has a strong influence on the waves. β is found to be ∼3–10X the critical value (Equa-
tion 15). Therefore, anticorrelation of plasma and magnetic field arises from the interference pattern along the 
field of oppositely propagating surface waves. In the flanks, Movie S2 reveals both parallel and perpendicular 
compression are strong but with opposite signs, with perpendicular compression being anticorrelated with the 
overall perturbations (Figures 4c–4h). Both compressional terms overestimate the resultant amplitude. This is 
because the flanks have high β, corresponding to near-incompressibility, which is also apparent in the time-series 
(panels k–l). Despite perpendicular advection being the weakest term, it correlates well and has generally similar 
amplitude to the simulation output. As this term (green) is of opposite sign to the perpendicular compression 
(purple), the result is an overall anticorrelation between plasma and magnetic field. Therefore, in the flanks the 
advection of plasma non-uniformities becomes important since the wave is near-incompressible.

Overall, the simulation demonstrates that fast-mode waves can have anticorrelated plasma and magnetic field. We 
see evidence of both theoretical effects described in Section 2 at different locations within the magnetosphere, 
due to the conditions present.

4.  Discussion
We have shown through both theory and a global MHD simulation that magnetosonic body and surface waves can 
have altered magnetic field–plasma (density/pressure) correlations when the wave has standing structure along 
the magnetic field or if the plasma is inhomogeneous. For standing body waves anomalous cross-phases may 
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occur of: ∼90° for fast-modes at high-β and small perpendicular wavenumber, or for slow-modes at low-β; and 
∼45° for slow-modes at high-β. Therefore, standing slow-modes do not show the usual anticorrelation between 
plasma and magnetic field. Quasi-fast surface eigenmodes, however, may exhibit anticorrelated plasma and 
magnetic field, which occurs above a critical plasma β. These standing wave effects are a result of the interfer-
ence pattern between counter-propagating waves along the field. Additionally, if the background environment 
is inhomogeneous, a magnetosonic wave advects plasma with a different background, which can overcome the 
sense of the wave's inherent compression. This becomes important if the scale of the gradient is shorter than the 
wave's scale, or if the wave is near-incompressible. Across geospace both of these MHD wave effects are likely 
most important within the magnetosphere since ULF waves are reflected by the ionosphere and their wavelengths 
are of the order of the system size, however we do not preclude they could also occur elsewhere.

This study focused only on Ideal-MHD, where the isotropic pressure strongly couples motion perpendicular and 
parallel to the field. However, space plasmas are collisionless and anisotropic, which can be incorporated into 
MHD through double-adiabatic laws specified by two exponents. Studies exploring propagating waves in these 
theories have shown density and magnetic field can be correlated for slow-modes whereas the usual relation 
persists for fast-modes (Hau & Sonnerup, 1983; Hau & Wang, 2007). It is likely the effects presented here would 
still be present, though we leave exploring the parameter spaces to future work. Highly anisotropic plasmas can 
also be unstable to (drift-) mirror modes (e.g., Génot et al., 2001; Hasegawa, 1969), also characterized by anti-
correlated magnetic field and density. Statistical studies of the outer magnetosphere often attribute observed anti-
correlations to this mode, despite the instability criterion not always being satisfied (Nishi et al., 2018; Vaivads 
et al., 2001; Zhu & Kivelson, 1991, 1994). Magnetopause surface waves might account for some of these obser-
vations. Several additional tests for identifying kinetic wave modes exist (Schwartz et al., 1996) such as compress-
ibility (Denton et al., 1995), particle distributions (Leckband et al., 1995), or plasma frame frequency.

The effects presented here might be accounted for in multi-spacecraft missions (such as MMS or the upcoming 
HelioSwarm) as, when suitably separated, they are able to track phase motion and measure gradients, hence can 
compute directly the contributions of compression and advection to observed waves. However, with less than four 
local observation points that is not generally possible. Nonetheless, standing structure along the field could be 
inferred through reactive field-aligned Poynting flux (Archer et al., 2022; Kokubun et al., 1977) and magnitudes 
of plasma gradients might be ascertained through background trends as spacecraft orbit. We, therefore, recom-
mend wave observations relying on the plasma–magnetic field correlation employ these additional checks to be 
confident on their fast-, slow-, or mirror-mode nature.

Data Availability Statement
Simulation results have been provided by the Community Coordinated Modeling Center (CCMC) at Goddard 
Space Flight Center using the SWMF and BATS-R-US tools developed at the University of Michigan's Center 
for Space Environment Modeling (CSEM). This data is available at https://ccmc.gsfc.nasa.gov/results/viewrun.
php?domain=GM&runnumber=Michael_Hartinger_061418_1.
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