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Many manufacturers in the automobile industry accommodate the huge number of used cars by offering
trade-in programs. In addition, some manufacturers have begun considering product refurbishment, a pol-
icy that is widely adopted in the electronics industry. Therefore, we are motivated to explore the reasons
behind different practices in the automobile industry. We propose an analytical framework to identify
when a manufacturer facing strategic consumers should offer trade-in (and refurbishment) programs. For

Keywords:
Supply chain management that purpose, we analyze and compare the results of three models: no program, trade-in program only,
Trade-ins and trade-in and refurbishment programs. This study establishes that the manufacturer can always in-

Product refurbishment
Durable goods
Strategic consumers

crease his profit by improving the quality of new products and reducing the quality depreciation rate.
Yet when the manufacturer does not (resp., does) offer a refurbishment program, his profit must (resp.,
need not) decrease with any increase in the production cost of new products. Finally, the manufacturer
prefers to offer (a) trade-in programs only when the production cost of new products is low, (b) both
trade-in and refurbishment programs when that cost is moderate, and (c) neither program when the cost
to produce new products is high. Our numerical study reveals more management implications for the

manufacturer’s preferred decision.

© 2023 The Author(s). Published by Elsevier B.V.

This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)

1. Introduction

In the automobile industry, trade-ins are a convenient way for
consumers to dispose of used cars because they involve relatively
little paperwork and overall hassle. There are an estimated 41 mil-
lion used cars in the United States, and changes triggered by the
pandemic will add to that number (Rosenbaum, 2020). In response
to this boom of used cars, many manufacturers are pro-actively of-
fering trade-in programs. For example, Subaru created the Subaru
Guaranteed Trade-In Program, tailored specifically so that owners
are always given the highest possible trade-in value for their vehi-
cle.! Tesla accepts passenger cars, trucks, vans, and SUVs for trade-
in toward the purchase of a new Tesla.? BMW offers their cus-
tomers a plethora of upgrade options, so current BMW owners can
trade up to one of the newest BMW models at the same (or lower)

* Corresponding author.
E-mail addresses: hushu@swjtu.edu.cn (S. Hu), x.zhu@rugnl (S.X. Zhu),
fuke@mail.sysu.edu.cn (K. Fu).
1 https://www.suburbansubaru.com/guaranteed- trade-in-program-site.htm.
2 https://www.tesla.com/support/trade-ins.

https://doi.org/10.1016/j.ejor.2023.01.032

monthly payment.® Toyota allows trade-ins as part or all of a down
payment when buying a brand-new Toyota.*

In addition to offering trade-in programs, Toyota is exploring
the possibility of incorporating one of Apple’s best ideas by start-
ing a refurbishment program at the brand’s UK production facility
(Duffy, 2022). In essence, Toyota would take back used cars, re-
store them to like-new condition, and thereby extend a vehicle’s
life cycle; this new process will form the backbone of a new mo-
bility sub-brand called Kinto (Kalmowitz, 2022). The quality of a
car can be partially restored by refurbishment, which is not the
case when it is simply recycled. Toyota may perform refurbish-
ment three times on a vehicle before turning its attention to re-
cycling the car responsibly, which may include rebuilding batteries
and reusing parts from the vehicle that are still in good condition.
A brand-new Toyota could last for more than ten years with multi-
ple refurbishments (Seto, 2022). The refurbished car could be sold
again, becoming a new source of revenue for Toyota. The program
is now being implemented only in Toyota’s Burnaston plant, but if
all goes well then similar schemes will pop up in numerous facto-
ries worldwide (Szymkowski, 2022).

3 https://www.plazabmw.com/bmw- trade-up-program.htm.
4 https://www.buyatoyota.com/gst/trade-in-value/.

0377-2217/© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)


https://doi.org/10.1016/j.ejor.2023.01.032
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ejor
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ejor.2023.01.032&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:hushu@swjtu.edu.cn
mailto:x.zhu@rug.nl
mailto:fuke@mail.sysu.edu.cn
https://www.suburbansubaru.com/guaranteed-trade-in-program-site.htm
https://www.tesla.com/support/trade-ins
https://www.plazabmw.com/bmw-trade-up-program.htm
https://www.buyatoyota.com/gst/trade-in-value/
https://doi.org/10.1016/j.ejor.2023.01.032
http://creativecommons.org/licenses/by/4.0/

S. Hu, S.X. Zhu and K. Fu

Therefore, we are motivated by the different practices in the au-
tomobile industry mentioned above, and the reasons behind them
are explored in this paper. It is worth noting that, we focus on
the automobile industry rather than the electronics industry be-
cause we have observed that in the automobile industry, some
firms (Subaru, Tesla, and BMW) only implement trade-in programs,
while others (Toyota) offer both trade-in and refurbishment pro-
grams. But in the electronics industry, almost all major manufac-
turers (Apple, Huawei, Xiaomi, et al.) offer both trade-in and refur-
bishment programs.

Although most consumers would like to purchase a new car,
a large portion (43%) of them end up looking for a used car
(AdColony, 2019). Consumers are heterogeneous not only in their
preferences for old and new products but also regionally. For ex-
ample, Gravy Analytics (2021) reports that the three US states with
the greatest increase in auto buyers in 2021 were Alabama (32%),
Arkansas (32%), and Mississippi (30%); an individual in any of these
states might well be looking to trade in their current vehicle. Typ-
ically, consumers’ product-purchasing and trade-in behaviors are
strategic. For instance, consumers can learn important tips on buy-
ing a car, and decide whether to buy a new or an used one, by re-
ferring to Martucci (2022). Consumers can determine how best to
dispose of old cars by consulting Agustinus (2022), which analyzes
the pros and cons of consumers trading in or selling their old ve-
hicles. Furthermore, we consider that under our two-period model
setting, strategic consumers will make their first-period decisions
by taking account of their utility across both periods (Kremer et al.,
2017; Van Ackere & Reyniers, 1995). Understanding the strategic
behavior in which heterogeneous consumers engage during the
purchase process is critical for determining the manufacturer’s op-
timal decisions, since choosing the right program helps the manu-
facturer increase his profits.

Given this set-up, we address the following three questions.

(i) How do heterogeneous consumers make purchase and
trade-in decisions?

(ii) How do manufacturers make optimal decisons - with regard
to selling prices and trade-in rebates - so as to maximize
their profits, and what metrics can the manufacturer adjust
to improve his profit margin?

(iii) Under what conditions will a manufacturer implement
trade-in (and refurbishment) programs?

We address these questions by considering a manufacturer who
sells new products to heterogeneous consumers for two periods
and who can also offer a trade-in program to collect old prod-
ucts at the end of the first period, which can then be refurbished
and resold to consumers in the second period. The new product’s
quality depreciates over the two periods, and the quality of old
products is partially restored by the refurbishment program. At the
beginning of the first period, strategic consumers make their pur-
chase decisions while accounting for their expected utilities across
both periods. Three models are proposed: no program, trade-in
program only, and both trade-in and refurbishment programs. For
each model, we start by analyzing the decisions of heterogeneous
consumers to determine how many of them choose each option;
we then solve for the manufacturer’s optimal pricing and trade-in
rebate decisions. Our analysis shows that the manufacturer’s op-
timal pricing strategy is to set the same selling price for the new
product in both periods. Finally, we identify the manufacturer’s op-
timal strategy after comparing his profits in the three models. Our
main findings are summarized as follows.

First, in order to ensure that manufacturers are willing to pro-
duce and sell new products and to offer trade-in and refurbish-
ment programs, the production costs for new products must be
limited. In particular: manufacturers with the best control over
their new products’ production costs can profitably offer both
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trade-in and refurbishment programs; manufacturers with inter-
mediate control can profit only by offering just trade-in programs;
and manufacturers with the least control must sell new products
without offering any such programs at all.

Second, manufacturers can always increase profits by improv-
ing the quality of new products and reducing the rate of qual-
ity depreciation, regardless of whether or not they offer trade-in
(and refurbishment) programs. Even if the manufacturer can get
some revenue from the product depreciation by offering a trade-
in program, he cannot change the trend of his profit decreasing
with an increase in the depreciation rate. And despite the ability
of manufacturers to exploit new sources of profit by offering refur-
bishment programs on a trade-in basis, they still cannot alter that
monotonically decreasing trend. This outcome, which follows from
the strategic behavior of consumers, is interesting because it runs
counter to the “planned obsolescence” recommended to manufac-
turers by much of the literature.

Third, when the manufacturer does (resp., does not) offer a re-
furbishment program, his profit must (resp., need not) decrease
with an increase in the production costs of new products. This
finding suggests that manufacturers can cope with the loss of prof-
its caused by higher production costs of new products by im-
plementing a refurbishment program characterized by low costs
and high levels of recovered quality. Moreover, the manufacturer’s
profit decreases with an increase in the refurbishment cost but in-
creases with the quality recovery of refurbished products.

Finally, manufacturers prefer to offer only trade-in programs
when the production cost of new products is low, to offer both
trade-in and refurbishment programs when that production cost is
moderate, and to offer neither program when the production cost
is high. Also, our numerical study reveals that improving the qual-
ity recovery rates of refurbished products does not encourage man-
ufacturers to offer trade-in programs - but it does incentivize the
adoption of refurbishment programs by manufacturers that are al-
ready offering trade-in programs. An increase in the depreciation
rate of new products not only encourage manufacturers to adopt
trade-in programs, but also further encourage refurbishment adop-
tion by those already offering trade-in programs.

Our research makes three main contributions. First, we observe
the practice of existing trade-in activities and the emergence of
product refurbishment activities in the automobile industry, which
form the basis of our practical suggestions for manufacturers. Sec-
ond, we adopt a two-period model to analyze the strategic behav-
ior of consumers and give their number (endogenously) under dif-
ferent options; this approach supplements the method, used in the
extant literature on trade-in and product refurbishment, of treat-
ing the consumer group as exogenously given. Third, we identify a
condition - not discussed in previous studies — under which man-
ufacturers should implement trade-in and refurbishment programs.

The rest of our paper proceeds as follows. Section 2 briefly
reviews the relevant literature, and our model is introduced in
Section 3. In Section 4, we analyze the respective equilibrium solu-
tions of three models: no program, trade-in program only, trade-in
and refurbishment programs. The three models are compared in
Section 5, and we conclude in Section 6 with a brief review of our
study’s results and limitations. Mathematical proofs are given in
the Appendix.

2. Literature review

This study focuses on the manufacturer’s decision, given that
consumers behave strategically, about whether to implement
trade-in (and refurbishment) programs for old durable goods.
Hence our work is most closely related to three streams of lit-
erature: research on (i) the durable goods monopoly problem
with strategic consumers, (ii) trade-ins by strategic consumers, and
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(iii) mechanisms for dealing with old products (i.e., second-hand
old products, remanufactured products, leased products, and refur-
bished products).

First, our research is related to the classic durable goods
monopoly problem, which has been extensively studied in microe-
conomics (for a detailed review of this field, interested readers are
referred to Waldman, 2003). Given the strategic behaviors exhib-
ited by consumers when purchasing products, the existing liter-
ature studies a variety of issues faced by the monopolist; exam-
ples include devising an optimal price policy (Board, 2008; Conlisk
et al., 1984), the impact of rationing (Denicolo & Garella, 1999),
the optimal sales strategy (Levinthal & Purohit, 1989), production
and pricing decisions (Tilson & Zheng, 2014), the optimal dynamic
price-quality strategy (Kumar, 2002), and whether selling is prefer-
able to leasing (Chien & Chu, 2008). Along these lines, we study
a manufacturer’s pricing and trade-in decisions based on analyz-
ing strategic consumer behavior. Some of the literature on durable
goods suggests that monopolies tend to reduce product durability,
causing products to break down more quickly and thus inducing
repeat purchases from consumers; this phenomenon is known as
“planned obsolescence” (Bulow, 1982; Fishman & Rob, 2000; Wald-
man, 1996). However, scholars (e.g., Agrawal et al., 2016b) have
also suggested that firms can benefit from designing conspicuously
higher durability into consumer durable goods. Our research con-
firms that the manufacturer’s profit decreases as the product’s de-
preciation rate increases, but we give a different reason: because a
strategic consumer is less likely to buy new products if she antici-
pates their inefficient use in the future.

Second, our study is clearly related also to trade-in programs,
which have been studied from multiple perspectives. Most relevant
to our work are those studies that consider a two-period frame-
work, treating products in period 1 as new products and prod-
ucts in period 2 as old products (Li et al., 2019; Miao et al., 2017).
Strategic consumers usually make an optimal decision by compar-
ing the total surplus they expect to derive from the product across
two periods under different options (Liu et al., 2019; Van Ackere
& Reyniers, 1995). While viewing the number of consumers un-
der different options as being endogenously given, studies typically
seek to identify the optimal price and rebate decisions for man-
ufacturers (Hu et al, 2019; Ray et al.,, 2005; Yin et al., 2015). In
addition, some scholars explore various issues in the context of
trade-ins; topics include the optimal choice of trade-in provider
(Tang et al., 2021), when and how an OEM should offer trade-ins
(Agrawal et al., 2016a; Bian et al., 2019), the impact of implement-
ing trade-ins (Dou & Choi, 2021; Rao et al., 2009; Zhu et al., 2016),
the optimal trade-in rebate mechanism (Genc & De Giovanni, 2018;
Guo et al., 2022), optimal subsidy schemes and budget allocations
(Bai et al., 2021), and optimal scrappage subsidy levels (Zaman
& Zaccour, 2021). However, none of these cited works addresses
product refurbishment, which is now receiving concerted attention
in the industry.

Consumers who buy a new product in the first period are usu-
ally called product owners (or holders); in the second period, they
can choose whether or not to trade in their old product and re-
ceive the corresponding rebate. Consumers who do not purchase
new products in the first period are often called acquirers (or
nonholders) and may purchase old products in various forms in
the second period. So with respect to the third related research
stream, dealing with old products, the most intuitive resolution
is for the second-hand (old) products to be sold directly to con-
sumers without any processing. In general, old products connect
product owners and acquirers by second-hand dealers or online
peer-to-peer platforms (Crosno & Cui, 2018; Fernando et al., 2018;
Fudenberg & Tirole, 1998; Guiot & Roux, 2010; Purohit, 1992; Rao
et al., 2009; Vedantam et al., 2021; Yin et al., 2010). For exam-
ple, Yin et al. (2010) examine how the emergence of retailer- and
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P2P-used product markets affected the manufacturer’s product up-
grading strategy and the retailer’s pricing strategy in the context
of textbooks. The three main differences between our study and
theirs are as follows. First, they consider that consumers need text-
books only for a certain period of time and will not need them
after that period. Unlike them, we consider consumers may need
automobiles for multiple periods. Second, due to differences in re-
search backgrounds, they consider that consumers have no oppor-
tunity to wait, while in our model, consumers may choose to wait
strategically. Finally, when consumers face different choices (choos-
ing which channel to return the old product through), the propor-
tion of different types of consumers is exogenously given, while
we endogenously compute the number of consumers of each type
based on the utility of consumers. The above cited studies suggest
that the second-hand old-product market will compete not only
with the sales of new products but also with the recycling of old
products involved in the trade-in program (if the trade-in program
is provided). We differ by considering that the manufacturer can
generate additional profits from refurbishing and selling the old
products recycled. Note that the refurbished products considered
here can, just like the second-hand old products, compete with the
trade-in program.

The most widely discussed form of old-product disposal is that
of the old products’ “cores”, recovered through trade-in, being re-
manufactured and sold to consumers. Against this background,
scholars have addressed the following topics: choosing the appro-
priate reverse channel structure (Savaskan et al., 2004), analyz-
ing the impact of trade-ins on economic and environmental values
(Zhang & Zhang, 2018), the OEM’s remanufacturing entry decision
(Li et al., 2019), and the interactions between delegating collection
and the channel structure (Fan et al., 2022). Here we must em-
phasize a key difference between the remanufactured products dis-
cussed in the literature and the refurbished products we study. In
the model setting of most previous work, the quality of old prod-
ucts with a certain product category can be entirely restored by
remanufacturing, which is sometimes even assumed to yield qual-
ity on the level of new products (e.g., Fan et al.,, 2022; Xiao et al.,
2020a; Zhang & Zhang, 2018). However, real-world observations
indicate that the quality of old products is never fully recovered
by refurbishment - from which it follows that the manufacturer’s
profit will be affected by its product’s depreciation rate. In fact, our
research establishes that the higher the rate of product deprecia-
tion, the lower the manufacturer’s profit.

Another mechanism that companies commonly use for old
products is leasing programs. Agrawal et al. (2012) examine
whether the leasing model is better for the environment than the
selling model, and both Dou et al. (2017) and Jia et al. (2018) study
whether the leasing model is more profitable than the selling
model. In addition, Li & Xu (2015) derive the optimal pricing strat-
egy under trade-in versus product leasing models in their study of
manufacturers’ preference for these two strategies. In the leasing
model, consumers typically use the product at a lower price than
the new product’s sales price; but since the company still owns
the product after use, it has an incentive to design a more durable
product (Agrawal et al., 2012). In contrast, we examine a refurbish-
ment program in which consumers still use the old (refurbished)
product at a lower price but companies do not own the product
after use. Nevertheless, one conclusion of interest is that, owing to
the strategic behavior of heterogeneous consumers, the manufac-
turer can still benefit from making products more durable.

Most relevant to our research is work concerned with product
refurbishment. Based on the two common disposal options of
refurbishing to remarket and to fulfill warranty claims, Pinge et al.
(2016) examine how OEM should dynamically allocate consumer
returns between fulfilling warranty claims and remarketing re-
furbished products. Borenich et al. (2020) investigate whether
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Table 1
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Comparison of this study with the most related literature.

Literature Trade-in program

Product refurbishment  Strategic consumers

Kumar (2002)

Board (2008)

Chien & Chu (2008)
Tilson & Zheng (2014)
Ray et al. (2005)

Rao et al. (2009)

Li & Xu (2015)

Yin et al. (2015)
Zhang & Zhang (2018)
Hu et al. (2019)

Li et al. (2019)

Liu et al. (2019)
Vedantam et al. (2021)
Borenich et al. (2020)
Xiao & Zhou (2020)
Xiao et al. (2020b)

Li et al. (2022)

This study

LANNLNNANA A X X x X

LUX XXX R R ARk

2 2 L & X X X X X X X X X X X XX

manufacturers could sell products returned by consumers as
refurbished items and thus motivate retailers to reduce consumer
returns. Slama et al. (2022) address the capacitated disassembly
lot-sizing problems under uncertain refurbishing durations, to
minimize the expected total cost. However, these researches
have nothing to say about trade-ins. Xiao & Zhou (2020) derive
the optimal trade-in prices of old products and resale prices
of refurbished products - for a firm that offers both “trade in
for upgrade” and “trade in for cash” programs - to acquire old
products, refurbish them, and then resell them together with new
products. Xiao et al. (2020b) study the joint and dynamic decisions
on the selling price of new products and the trade-in price of old
products while assuming that returned old products can be sold
on a secondary market after being refurbished or remanufactured.
Li et al. (2022) derive and compare the optimal decisions of a mo-
nopolistic recycling platform under three trade-in modes (trade in
for cash, trade in for refurbishment, and trade in for new). Our
study differs from the extant literature in the following three key
aspects. First, before proposing decision criteria for manufacturers,
we analyze the strategic behavior of consumers in two periods
and consider consumer groups with different preferences to be
endogenous (rather than exogenous). Second, we assume that the
quality of refurbished products depends on the quality of recycled
old products - rather than a dismantled or weak relationship
between refurbished and returned old products in prior literature.
Third, we identify conditions under which manufacturers should
implement trade-in and refurbishment programs.

In sum, we not only distinguish our study from each research
stream in terms of research topic, but also discuss some aspects
related to model setting, analysis, results and insights. Specifically,
we have pointed out that we adopt a two-period model and in-
troduced multiple consumer types under different behaviors. We
have also made some comparisons among refurbished, remanu-
factured, second-hand, and leased products. Further, we have dis-
cussed some interesting results and insights of our study differ
from the existing literature. In Table 1, we summarize the differ-
ences between our study and the closely related literature.

3. Modeling framework

We focus on automobile industry, and construct a two-period
model to capture the crucial market characteristic that (a) products
depreciate with time and usage and (b) the intertemporal substi-
tution effect due to product durability, in the same spirit as most
of the literature (Agrawal et al., 2012; Jiang & Tian, 2018; Li et al.,

2019). We presuppose that the service life of each new product
is designed to be only two periods, after which the product is
fully depreciated functionally (Li & Xu, 2015) and is fit only for
disposal (via recycling, incineration, or landfilling; Agrawal et al.,
2012). That is, the product’s salvage value is normalized to zero.
At the beginning of the first period, the manufacturer sells the
new durable product to consumers at price p,q; this product will
be sold at price p,, in the second period. The new product has
a quality of q and is produced at unit cost c. The product’s qual-
ity becomes q(1 — §) at the end of the first period, where § is the
product’s depreciation rate and 0 < § <1 (Guo et al.,, 2022; Li et al.,
2019).

In addition to selling new products directly, the manufacturer
also offers trade-in programs that give consumers a rebate r for
each unit traded in (this set-up has been widely adopted in the
literature since Van Ackere & Reyniers, 1993). We assume that
the manufacturer also incurs a fixed cost F for implementing the
trade-in program. After the manufacturer recovers the old prod-
uct through trade-ins, he can refurbish it at unit cost yc; we use
y to denote the cost rate and 0 <y < 1, which is the cost of re-
furbishing an old product relative to the cost of manufacturing a
new product. According to Chen et al. (2020), the purpose of re-
furbishment is to recycle old products so that they reach a cer-
tain quality standard and then continue to be put into the market,
which is lower than the quality standard of new products. Thus,
we assume that the quality of old products will be restored at the
rate of f after refurbishment and 0 < 8 < 1. This set-up can also
reflect our observations from automobile industry. Since the refur-
bishment process of the automakers (e.g., Toyota) is essentially to
replace some (but not all) used parts with new ones, the quality of
the used parts that are not replaced will affect the quality of the
refurbished products (Kalmowitz, 2022). Therefore, we assume that
the quality of a refurbished product is q(1 — & + 88). The man-
ufacturer also incurs a fixed cost F- for implementing the refur-
bishment program. Finally, the refurbished products will be sold to
consumers at price pr in the second period.

Without loss of generality, we normalize the total number of
consumers to 1. We assume that each consumer needs at most one
unit of product in each period (Agrawal et al., 2016a; Vedantam
et al., 2021) and that each consumer makes only one decision dur-
ing each period (Van Ackere & Reyniers, 1995). Following the liter-
ature (see, e.g., Agrawal et al., 2016a; Biyalogorsky & Koenigsberg,
2014; Rao et al., 2009), we assume that heterogeneous consumers’
taste 0 for a product is uniformly distributed over [0,1]. Consumers
can obtain usage values throughout both periods. Thus a consumer
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First period Second period

<

<

Fig. 1. Consumer behavior in the presence of trade-in and refurbishment programs.

Trade in their old products BT consumers

Buy new products

(Owners) Continue to use their old products BU consumers

Consumers

Buy new products NB consumers

Do not buy new

i NR
products (Acquirers) consumers

Buy refurbished products

Do not buy any products NN consumers

with taste 6 can gain usage value 0q during the first period if she
purchases a new product; her usage value is 8q(1 — §) if she con-
tinues to use her old product during the second period, and it is 6q
if she trades in her old product. Also, a taste- consumer who has
not bought a new product in the first period but who does buy a
new (resp. refurbished) product in the second period gains usage
value 0q (resp. 6q(1 — 38 + B6)). For ease of exposition, we refer
to consumers who purchase new products at the beginning of the
first period as owners and to those who are unwilling to buy new
products in the first period as acquirers.

Suppose that both the trade-in program and the refurbishment
program have been implemented. At the beginning of the first pe-
riod, consumers either buy or do not buy the new products. When
the first period ends, consumers who have bought new products
(i.e., the owners) either participate in the trade-in program (these
are “BT” consumers) or continue to use the current old products
(the “BU” consumers). At the same time, consumers who have
not bought any new products (i.e., the acquirers) can either buy
new products (thus becoming “NB” consumers), or buy refurbished
products (thus becoming “NR” consumers) or exit the market with-
out buying anything (the “NN” consumers). We normalize to zero
any consumer’s utility from an outside option. Consumer behavior
is summarized in Fig. 1.

When purchasing automobiles, people are more likely to make
strategic decisions. As the pandemic makes cars more expensive
due to shortages of raw materials, George Hoffer suggests people
might be better off waiting (see Tupponce, 2022). It follows that
consumers are more cautious and “rational” or strategic about buy-
ing cars, not as impulsive and eager as they are about buying elec-
tronics (see Anchanto, 2022; Sha, 2022). Therefore, it is necessary
to analyze the strategic behavior of heterogeneous consumers be-
fore solving the optimal decisions and formulating trade-in (and
refurbishment) strategies for manufacturers. In other words, we
consider each strategic consumer will take account of her utility
across both periods at her first-period decision, and choose the op-
tion that gives her the largest surplus (Liu et al., 2019; Van Ackere
& Reyniers, 1995).° It follows that the number of consumers un-
der each option can be given endogenously. We use Qp to denote
the expected number of consumers who buy new products in the
first period, Qr the expected number of owners who participate
in the trade-in program (if one is implemented), and Qi the ex-
pected number of acquirers who buy refurbished products (if a
refurbishment program is launched). In particular, we must have
Qp > Qr > Qg. These inequalities imply that the volume of refur-
bished products in the second period is limited by the trade-in
amount, which in turn is limited by the volume of first-period

5 As defined in Bernstein & Martinez-de Albéniz (2017), “strategic consumers are
forward looking and time their purchasing decision by anticipating changes in price
or product value.” Consumers’ strategic behavior may be driven by different forces,
for example, the product’s price and stocking level (Kremer et al., 2017; Liu &
Van Ryzin, 2008), product’s value and technology level (Bernstein & Martinez-de
Albéniz, 2017; Liu et al., 2019), consumers’ strategic consideration when joining ser-
vice systems (Guo & Zhang, 2013; Hu et al., 2022), etc.
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sales. Moreover, we use Qnp to denote the expected number of
consumers who buy new products only in the second period.

The aim of our research is to discover under what circum-
stances the manufacturer should implement trade-in (and refur-
bishment) programs. Toward that end, we consider three models:
Model N, in which neither the trade-in program nor the refurbish-
ment program is implemented; Model T, where only the trade-
in program is launched; and Model TR, for when both programs
are implemented. We use the superscripts N, T, and TR to denote
the three respective models. For each model, we consider a two-
stage decision-making process for the manufacturer, and then fol-
lowed by the consumers’ strategic behavior. We now describe the
sequence of events.

In Model N, in the first stage, the manufacturer decides on the
new product’s selling price p,; for the first period; and in the sec-
ond stage, he sets the new product’s selling price p,; for the sec-
ond period. Then, strategic consumers make their purchase deci-
sions while anticipating their utilities across the two periods.

In Model T, in the first stage, the manufacturer determines both
the new product’s selling price p,; for the first period and the used
product’s trade-in rebate r; and in the second stage, the manufac-
turer determines the new product’s selling price p,, for the sec-
ond period. Then, these choices are followed by the strategic con-
sumers’ purchase and trade-in decisions.

In Model TR, in the first stage, the manufacturer sets the op-
timal selling price p,; for new products as well as the optimal
trade-in rebate r for old products, and in the second stage, he
sets the selling price p,; for new products and the selling price pr
for refurbished products, to maximize his profit. Consumers make
strategic purchase, trade-in, or exit decisions that maximize their
utility across both periods and in accordance with the options il-
lustrated in Fig. 1.

Our notation is summarized in Table 2.

4. Equilibrium analysis

The goal of this section is to discuss some measures that the
manufacturer can adopt to increase his profit. More specifically, for
each model we explore the manufacturer’s optimal decisions by
anticipating consumers’ strategic behavior; these results are then
used to show how the parameters affect manufacturer profits.

4.1. No program

Under the scenario that neither the trade-in program nor the
refurbishment program is implemented (Model N). Because no
trade-in progarm is offered, a consumer who has bought a new
product in the first period has no choice but to continue using
that product in the second period (thus becoming a BU consumer).
Hence her utility across both periods is UY, = 6q — py1 +0q(1 - 8).
However, consumers who have not bought new products in the
first period cannot buy any refurbished products because this pro-
gram is also not offered; but these consumers can either buy new
products and obtain utility UIQ’B = 60q — pyy or buy nothing thus ob-
tain zero utility, i.e., UI{}‘N = 0. When making her decision, a con-
sumer compares the utility of the three options. Thus consumers
will buy new products in the first period only if UY, > UX; and
Ué“u > UI{}’ ; consumers will buy new products in the second period
only if U\y > UN; and U, > URy; otherwise, she will exit the mar-
ket.

Therefore, on the one hand, if the manufacturer adopts the
markdown stategy, we focus on the nontrivial case that all op-
tions co-exist. So we obtain that the market demand for new prod-

; ; N _ Pn1—P N _ Pmi—P p
ucts in both periods .are Q =1- (]"(117_5")2 and Qup = ;(11_3")2 %2.
On the other hand, if the manufacturer does not adopt the mark-

down stategy, it is easy to verify that Ulg“U > UNNB. So we can ob-
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Table 2
Notation.
Symbol  Description
c Unit cost of manufacturing new products
q Quality of new products
Pn1 Unit selling price of new products in the first period (decision variable)
Pn2 Unit selling price of new products in the second period (decision variable)
Dr Unit selling price of refurbished products (decision variable)
r Trade-in rebate (decision variable)
6 Consumers’ taste for quality (0 <6 <1)
§ Depreciation rate of new products (0 <68 < 1)
y Cost rate of refurbished products (0 <y <1)
B Quality recovery rate of refurbished products (0 <8 <1)
Qp Number of consumers who buy new products during the first period
Qr Number of owners who trade in their old products during the second period
Qr Number of consumers who buy refurbished products during the second period
Qng Number of consumers who buy new products only in the second period
U Consumers’ utility
T Profit of the manufacturer

tain that the market demand for new products in both periods are

N_ _P N _
Q = gty and Qup =0.

Based on anticipating consumers’ stategic behavior, the manu-
facturer sets the new product’s selling prices for both periods, pp;

and pp;, to maximize his profit 7N; formally,

max 7N = (pn1 — ©)QY + (Pn2 — ©) Q- M

Dn1,Pn2

Lemma 1. Let &N = (2 — §)q. When c < &N, the manufacturer sets his

optimal selling price px = pNs = “(zzﬂ. Hence the market demand

for new products in both periods are QY = %{;’)’; and QN = 0.
Accordingly, the manufacturer’s profit is w\* = %.

Lemma 1 gives a condition, ¢ <&V, that guarantees Q};’* > 0.
That is to say: in order to ensure non-negative market demand
for a manufacturer’s new products, their production costs cannot
be too high. This condition ensures that the manufacturer is will-
ing to produce and sell the new product; it makes sense because
a manufacturer will always raise his selling prices to compensate
for increased production costs, resulting in lower demand. Further-
more, our analysis shows that the manufacturer’s optimal pricing
strategy is to set the same selling price for the new product in
both periods, i.e., pNf = ps. That is, the manufacturer has no in-
centive to set different prices for each period. The reason is as
follows. First, the manufacturer will not charge a higher price in
period 2 (i.e., p’,f; > pﬁ‘{), for otherwise no consumers will choose
to wait. Second, if the manufacturer adopts a markdown strategy
(ie., p’,jé‘ < py{‘), some consumers may delay their purchases to pe-
riod 2 for a lower price. However, such a waiting behavior will
hurt the manufacturer’s profit. Paradoxically, the manufacturer ac-
tually does not lower the product price in the second period due to
consumers’ strategic waiting for a markdown. As a consequence, the
manufacturer will set the same selling price for the two periods
to avoid the strategic waiting of consumers. This is similar to the
price commitment policies that have been extensively studied in
the existing literature (see, e.g., Lee et al., 2000; Liu et al., 2012;
Taylor, 2001). It is worth noting that in reality, consumer strategy
waiting may be caused by many factors (such as consumer irra-
tionality, competition between firms, etc.), which is not within the
scope of our current study.

Lemma 1 leads directly to our first proposition.

Proposition 1. The effects of parameters c, q, and & on the manu-

a7 Nx N . N
acturer’s profit are as follows: %%m" < 0,%™m" > 0 gnd %" <o
ac 3 35

If all else is held equal, then Proposition 1 has three implica-
tions. First, the increase in production costs ¢ will lead to lower
profits for manufacturers. Because manufacturers must raise their
selling prices to cover increased production costs, demand for new
products will fall and so manufacturer profits will suffer. Second,
raising product quality q will increase manufacturer profits; this
follows because the improvement of product quality can increase
demand for the new product even at a higher selling price. Fi-
nally, the higher the depreciation rate §, the lower the manufac-
turer’s profit. We explain this result as follows. Under a high de-
preciation rate, strategic consumers are less willing to buy a new
product because they expect it will deliver lower utility in the sec-
ond period. Anticipating this response, the manufacturer must re-
duce the selling price so that his product will be more attractive
to consumers. Yet our research establishes that reductions in the
selling price cannot halt falling market demand for (rapidly depre-
ciating) new products. As a result, the manufacturer’s profit will
inevitably decline. It is interesting that, as in Agrawal et al. (2016b),
this conclusion runs counter to those who argue that monopolists
should adopt a “planned obsolescence” strategy (see e.g., Bulow,
1982; Fishman & Rob, 2000; Waldman, 1996).

4.2. Trade-in program

Under the scenario that only the trade-in program is imple-
mented (Model T), each consumer has four options, and she makes
decisions while anticipating her utility across both periods. These
options, and their respective utilities, are described as follows.

(i) If a consumer buys a new product in the first period and
also participates in a trade-in program during the second
period (a BT consumer), then her utility is Ug.r =0q—pm +
0q — pn2 +T1.

(ii) If a consumer buys a new product in the first period and
continues to use that product in the second period (a BU
consumer), then she obtains utility UgU =60q—pm +60q(1 -
).

(iii) If a consumer does not buy a new product in the first period
but wait to buy a new product in the second period (a NB
consumer), then she obtains utility UIEB =0q— pna-

(iv) If a consumer does not buy a new product in both periods
and must therefore exit the market (an NN consumer), then
her utility is Ul = 0.

When making her final decision, the consumer once again com-
pares the utility that she can derive from each option. Thus she
selects option (i) only if UL, > US,, Uk, > UL, and UL, = Ufy; she
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selects option (ii) only if U}, > UL, UL, > Ul and UYL, > Uf; she
selects option (iii) only if U, > UL, Uly = US, and U, = UL Oth-

erwise, she selects option (iv).

Therefore, on the one hand, if the manufacturer adopts the
markdown stategy, we focus on the nontrivial case where all op-
tions co-exist. Then, the expected number of consumers engaging
in the trade-in program can be derived as Qf =1 — "%q‘r, the ex-
pected number of consumers who buy new products in the first
period is Qg =1—En=Pn2 apd the expected number of consumers

q(1-9)’
; : : T _ Pn1=Pn2 _ Pn2
who buy new products in the second period is Quz = 2(=5) R

On the other hand, if the manufacturer does not adopt the mark-
down stategy, it is easy to verify that Ugu > U]I,B. So we can obtain
that the expected number of consumers engaging in the trade-in
program Q} =1- p”alq*r, as well as the expected number of con-

sumers who buy new products in both periods are Qg =1- %
and Qf; =0.
By anticipating consumers’ stategic behevior, the manufacturer

sets the new product’s selling price for both periods, p,; and p,>,
and the used product’s trade-in rebate r to maximize his profit 7z}

max sty = (pm1 = €)Qg + (Pr2 = € = NQf + (P2 = ) Qg — -
(2)

In this expression, the first term on the right-hand side corre-
sponds to the manufacturer’s profit from selling new products in
the first period while the second term is the profit obtained from
the second-period customers who trade in their old products. The
third term refers to the manufacturer’s profit from selling new
products in the second period. Also, the manufacturer incurs a
fixed cost F for implementing the trade-in program.

Lemma 2. Let &7 = 8q. When c < &, the manufacturer sets his op-
timal selling price pli = pls = ”Qzﬂ and trade-in rebate r™* =
q — 8q. We accordingly have the trade-in amount Q}* =5- Wfq, as
well as the market demand for new products in both periods are

Q= (22(_257)[‘37;1 < and Qs = 0. Accordingly, the manufacturer’s profit is
. 2 —
given by 7l = 35550 + 5 — F.

Lemma 2 gives a precondition, ¢ < ¢T, that guarantees the in-
equalities Qg* zQ}* > 0. In other words, ensuring that a non-
negative number of consumers participate in the manufacturer’s
implemented trade-in program requires that the production cost
of the manufacturer’s new product should not be too high. The
reason is that manufacturers will raise their new products’ sell-
ing prices to compensate for increased production costs, which re-
duces consumers’ willingness to engage with a trade-in program.
Hence that program’s successful implementation can be guaran-
teed only if ¢ < ¢T. Here, we should point out that & <¢N; this
inequality indicates that, if the manufacturer wants to implement
a trade-in program, he must reduce production costs. For instance,
Subaru, Tesla, and BWM who can improve their cost efficiency are
qualified to offer trade-in programs. Whereas manufacturers whose
production costs are below the threshold (¢T) might not be will-
ing to offer a trade-in program, those for whom production costs
are above that threshold will definitely not offer any trade-in pro-
grams. Again, Lemma 2 shows that the manufacturer will set the
same selling price for the two periods to avoid the strategic wait-
ing of consumers.

Lemma 2 leads to our next proposition, as follows.

Proposition 2. The effects of parameters c, q, and § on the manu-

T Tx Tx
facturer’s profit are: 373721 < O,%”—&" >0, and ag—g" <0.

According to this proposition, the manufacturer’s profit in-
creases with improvements in product quality q but decreases with
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any increase in the production cost ¢ or the depreciation rate § -
outcomes that are consistent with Proposition 1. In essence, the
manufacturer’s profit after implementing a trade-in program are
still realized through the sales of new products. So whether or
not the manufacturer does adopt a trade-in strategy, the influence
of production costs and product quality on his profit remains un-
changed.

An implication of perhaps greater interest concerns the relation
between the manufacturer’s profit and the depreciation rate §. As
the depreciation rate increases, products yield lower usage values
in the second period. On the one hand, consumers who recognize
this dynamic will forgo buying new products in the first period and
thus reduce the manufacturer’s profit from selling new products (a
negative effect). On the other hand, more owners will choose to
participate in trade-in programs rather than continue to use their
old products, which results in more profits from the implementa-
tion of the trade-in program (a positive effect). One would there-
fore expect the manufacturer’s profit to be non-monotonically re-
lated to the depreciation rate. Yet we establish the surprising re-
sult that the former (negative) effect always dominates the latter
(positive) effect, so that the manufacturer’s profit is monotonically
decreasing in the depreciation rate. We stress that this result re-
flects the strategic behavior of consumers, who - so as not to be
exploited by the manufacturer - make decisions at the beginning
of the first period that account for their total utility across both pe-
riods. The management implication here is that although automo-
bile manufacturers (e.g., Subaru, Tesla, BWM) can gain profit from
offering trade-in programs, selling low-durability products will re-
sult in a profit loss for them since more consumers forgo buying
new products. This suggests that manufacturers would be better
off improving the durability of their products.

4.3. Trade-in and refurbishment programs

We now address the scenario in which both the trade-in pro-
gram and the refurbishment program are implemented (Model TR).
Consumers continue to make decisions while anticipating their
utility across both periods. The consumers’ five options and cor-
responding utilities are summarized as follows.

(i) If a consumer buys a new product in the first period and
also participates in a trade-in program during the second
period (a BT consumer), then her utility is UIR = 6q — ppy +
0q — pn2 +1.

(ii) If a consumer buys a new product in the first period and
continues to use that product in the second period (a BU
gc))nsumer), then she obtains utility UIR = 6q — p,; +6q(1 —

(iii) If a consumer does not buy a new product in the first period
but wait to buy a new product in the second period (a NB
consumer), then she obtains utility UIR = 6q — py;.

(iv) If a consumer does not buy a new product in the first period
but does buy a refurbished product in the second period (an
NR consumer), then her utility is UIR = 0q(1 — 8 + B8) — pr.

(v) If a consumer does not buy a new product in both periods
and exits the market (an NN consumer), then her utility is

UTR — 0,

Again, each consumer compares the utility that she can derive
from each option to make her final decision. Therefore, on the one
hand, if the manufacturer adopts the markdown stategy, we fo-
cus on the nontrivial case where all options co-exist. Then, we
have the number of consumers who participate in the trade-in pro-
gram is QR =1 - p”BLq_T; the expected number of consumers who
buy new products in both periods are QR =1 — 7’3;(11:%”)2 and QJF =

Pn1—Pn2 Pn2—Pr .
q(1-5) 3q(1-B)°

also, the number of consumers who buy refur-
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bished products in the second period is Qif = 32"(21 %’) ﬁ.

The remaining consumers exit the market. On the other hand, if
the manufacturer does not adopt the markdown stategy, it is easy
to verify that UIR > UIR. So we can obtain that the number of con-
sumers who participate in the trade-in program is QR =1 — p"gq Pnl T,

the expected number of consumers who buy new products in
both periods are QIR =1 — p'”ﬁsp’ and QiR = 0; also, the number of
consumers who buy refurbished products in the second period is
QMR = Zm/squ ﬁ_fﬂ)éq. The remaining consumers exit the mar-
ket.

In Model TR, the manufacturer’s profit function is given by

it = (Pm — OQ" + (P2 — € = 1)QN + (P2 — ) Qg
+(pr = YO ~ 3)

As before, the first term on the RHS refers to the manufacturer’s
profit from selling new products in the first period while second
term is his profit from the second period’s trade-in consumers. The
third term is the profit from selling new products in the second
period and the forth term is the profit from selling refurbished
products. The manufacturer also incurs the fixed costs F and F
of implementing, respectively, the trade-in and refurbishment pro-
grams. The manufacturer determines the prices p,q, pp2 and pr and
trade-in rebate r, to maximize his profit.
3q(1-(1-p)8)(1-p3d)
—(_prs—ya-ss V=
%. When c<éR and y <y <7y, the manufacturer sets his
optimal selling price pI% = pIR = ”%ﬂ, trade-in rebate r™R* —
q—98q, and the refurbished product’s optimal selling price pTR* =

Lﬂ)a‘”q Then, we have the trade-in amount is Q% = 1 — -< 7

the market demand for new products in both periods are ng* = 1
=P and QIR = 0, as well as the market demand for refurblshed

- /SSq) 6B 1)-2y+1)
TR+ _ C(6(B+y-1)-2y+
products is Qg™* = 30151

@ (1-(1-p-)282-2(1-y)y9)
25g(1-(1-F)3)(1-P5)

To guarantee that QI® > QI®* > QIR* > 0, Lemma 3 stipulates
conditions related to the production cost of a new product (¢ <
&™) and the cost rate of refurbishing a old product (y <y < y).
Since we can easily verify that the refurbished product’s selling
price increases with the refurbishment cost rate y, it follows that
the market demand for refurbished products decreases. So in or-
der to ensure a non-negative market demand for refurbished prod-
ucts (i.e., QgR* > 0), the refurbishment cost rate should not be too
high (i.e., ¥ < ). At the same time, the refurbishment cost rate
should not be too low (y > y) in order to preclude the case where
demand for new products is less than the number of consumers
willing to trade in their old products (Qf®* > QI®*) - a situation
that arises when more consumers choose to buy refurbished rather
than new products. And since the market demand for refurbished
products should not exceed the trade-in amount (QI® > QI®*), we
conclude that the production cost for new products cannot be too
high (c < ¢™R). The reason is that the new products’ increased sell-
ing price, which is due to its increased production cost, will induce
more consumers to buy refurbished products instead of new ones.

It is worth noting that &R < ¢T (< &N). These inequalities sug-
gest that a manufacturer who (has already offered a trade-in pro-
gram) wishes to continue offering refurbishment programs must
has the ability to further reduce the production costs of new prod-
ucts. The management implication here is that the manufacturer
with the best control over production costs is uniquely positioned
to continue offering refurbishment programs in addition to the
trade-in programs already provided. In short: firms whose produc-
tion costs are below the threshold (¢™®) may or may not be will-
ing to offer both trade-in and refurbishment programs; but firms

ﬂ6+8 1

Lemma 3. Put ¢R = , and y =

Accordingly, the manufacturer’s

profit is given by sTR* = 92¢ —F —F.

140

European Journal of Operational Research 309 (2023) 133-151

whose production costs are above that threshold should definitely
not offer both programs.

Furthermore, Lemma 3 once again shows that the manufac-
turer has no incentive to set different prices for each period.
Lemma 3 allows us to derive directly the effects of parameters c,
q, 8, v, and B on the manufacturer’s profit, as shown in our next
proposition.

Proposition 3. If B <pB; and y <y, then w[R* first decreases

. . . 9 TR« 97 TR+
and then increases with c. Othen/vlse, AL < 0. Moreover, 33 >
dmr IR« 3 IRx RS
0,555 =05, =0, and =% " >0

It is intuitive to suppose that, as the cost ¢ of producing a new
product increases, the manufacturer will sell fewer new products
at a lower unit sales revenue (in each of the two periods), so the
manufacturer’s profit always decreases with an increase in pro-
duction cost. Our research confirms that this is indeed the case
when the manufacturer does not offer a refurbishment program
(see Propositions 1 and 2). However, Proposition 3 shows that this
commonly held supposition may not hold when the manufacturer
does provide refurbishment programs. It is interesting that, when
both the refurbishment cost rate and quality recovery rate of refur-
bished products are low, the manufacturer’s profit first decreases
but then increases with increasing production costs.

We interpret this result as follows. As the production cost of
new products increases, more consumers will become unwilling to
buy new products and so will turn to their refurbished counter-
parts. Although manufacturers will respond by raising their price,
consumers will continue being strongly inclined to buy refurbished
products - which, in turn, eventually increases manufacturer prof-
its from the sale of refurbished products. This positive incentive
explains why the manufacturer’s profit does not vary (decrease)
monotonically with the production cost. It should be emphasized
that these results are facilitated by our condition that both the
refurbishment cost rate and quality recovery rate of refurbished
products are not too high, so that manufacturers will neither bear
a high production cost for refurbished products nor lose too much
market demand for its new products because of competition from
refurbished products. For management, these considerations imply
that firms (e.g., Toyota) can cope with the loss of profits caused by
higher production costs of new products by implementing refur-
bishment programs and successfully aiming for a lower refurbish-
ment cost rate and quality recovery rate of refurbished products.

Once again, the manufacturer’s profit decreases as the quality
depreciation rate § increases. This relation suggests that, even if
the manufacturer (e.g., Toyota) also adopts refurbishment programs
(on a trade-in basis) to increase his revenue sources, that does not
change how the quality depreciation rate affects his profit. We re-
iterate that this outcome is due to consumers’ strategic behavior:
because their decisions at the start of the first period are made
with future product quality in mind, refurbished products of low
quality are unattractive to them. Finally, our results also show that
the manufacturer’s profit decreases with an increase in the refur-
bishment cost rate y of refurbished products and increases with
improvements in the quality q of new products and in the quality
recovery rate B of refurbished products.

Our results suggest several ways for automobile firms (e.g., Toy-
ota) to improve profits when implementing both trade-in and re-
furbishment programs. First, produce new products of higher qual-
ity and greater durability. Second, improve the quality recovery
rate of refurbished products and reduce the corresponding cost
rate. Finally, firms should always seek to reduce the cost of new
product production - unless (a) the quality recovery rate of refur-
bished products and the corresponding cost rate are both low and
(b) the production cost of new products is already high enough for
the firm.
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5. Comparison

We now compare the three models to investigate how the
trade-in program and refurbishment program affect not only the
manufacturer’s decisions and profit but also consumer demand.

5.1. The manufacturer’s preference

Proposition 4. Comparing Model T and Model N yields the following
statements.

(1) pﬁ ; pl’j{’rT* > rN*,p?* — plr\l*’Qg* — Qg‘*,Q—}-* > Q’IF\I*’ and QI—QF*
— *

(i) When F > 8q/4, we have mrl* < wN*. Yet when F < 8q/4, we
have T > N* if ¢ < ¢p; else, if ¢ > ¢ then M < N~

Part (i) of this proposition shows that, although manufactur-
ers can promote the sale of new products in the second period
and remain profitable if they offer trade-in programs, the cost of
this approach is the need to pay trade-in rebates to consumers
who recycle old products (i.e., r™ > rN* and QI* > Q). It follows
that the manufacturer does not always profit from a trade-in pro-
gram, especially when one considers that he also incurs a fixed
cost F for implementing it. So when that fixed cost is high (i.e.,
F > 8q/4), the manufacturer will have no interest in implement-
ing a trade-in program (i.e., 7,* < 7*). Yet when the fixed cost is
low (i.e., F < 8q/4), Proposition 4(ii) establishes that manufacturers
will (resp., will not) implement trade-in programs if the production
cost of new products is relatively low (resp., high). From a man-
agement perspective, manufacturers with lower production costs
for new products are more likely to offer trade-in programs. The
reason is that lower production costs help manufacturers preserve
market demand by making it unnecessary to raise prices to cover
production costs. Reducing production costs ultimately allows the
manufacturer’s profits to outweigh the fixed and variable costs as-
sociated with implementing a trade-in program.

Proposition 5. Comparing Model TR and Model T yields the following
statements.

(l) p;l;l;* — p;lﬁ’rTR* — rT*’pIR* > pI*’QgR* < Qg*sQ;R* — Q;*, and
TRx > Tx
(i) When F > F.q, we have mI®* <ml* Yet when F <F., we
have TR < w1 if ¢ < c3; else, if ¢ > c3 then wIR* > 7 lx.

Manufacturers who implement refurbishment programs on a
trade-in basis encounter two opposite effects. On the one hand,
manufacturers can increase their revenue streams by implement-
ing refurbishment programs (since p/®* > pI* and Q®* > Qf*). On
the other hand, the encroachment of refurbished products on new
products will cause manufacturers to lose some new product sales
revenue at the start of the first period (since pI&* = p* and Qff* <
Qg*). As shown by Proposition 5(ii), the trade-off between these
two resulting revenue streams makes it less necessary for manu-
facturers to carry out refurbishment programs.

We must bear in mind that there is also a fixed cost F- for im-
plementing the refurbishment program. So when this fixed cost is
high (i.e., F- > F.1), the manufacturer will certainly not implement
a refurbishment program (i.e., 7,78 < 71*). But when the fixed cost
is low (i.e., - <F.7), the manufacturer will (resp., will not) carry
out refurbishment programs when the production cost of the new
product is relatively high (resp., low). These outcomes reflect that
refurbishment programs allow manufacturers to rely less on the
sales of new products for their profits and thus to be less adversely
affected by increases in their production costs. The management
implication here is that a manufacturer who has already offered
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trade-in programs can improve his situation by implementing re-
furbishment programs if his production costs for new products is
high.

Proposition 6. Comparing Model TR and Model N yields the follow-
ing statements.
TR

; _ Ns TR o pNx TR N+« TR N+« TR N
(1) ppy* = pyi, T =T Pt =, Q< Qg Q= QT
and Qf®* > QM.
(i) When E + F > 8q/4, we have w®* < wN* and when F + F <
Fr, we have wIR* > wN* Yet when F, <F +F < 8q/4, we
have IR > N* if ¢ < cy; else, if ¢ > ¢4 then IR < N+

Proposition 6 (i) illustrates the impact of both trade-in and re-
furbishment programs on manufacturer profits. First, implement-
ing a trade-in program benefits the manufacturer by boosting sales
of new products in the second period - albeit at the expense of
paying consumers a trade-in rebate to recycle old products (i.e.,
rTRe > N+ and QfR* > QM*). Second, implementing refurbishment
programs enables manufacturers to profit from the sale of refur-
bished products (since p® > pM* and QIR* > Q). Third, imple-
menting a refurbishment program could cannibalize the manufac-
turer’'s new product sales at the start of the first period (since
pI® = pN* and QI® < Q)*). The combination of these three fac-
tors makes it inadvisable for the manufacturer to implement both
programs.

By Proposition 6(ii), if the sum of the fixed costs, F + F., of pro-
viding the two programs is relatively low (resp., high) then the
manufacturer will (resp., will not) offer both programs. Yet if the
sum of the fixed costs is moderate (i.e., ki r < F + F < §q/4), then
the manufacturer will (resp., will not) implement both programs
when the production cost of new products is low (resp., high). This
follows because lower production costs for new products render
manufacturers more willing to sell new and refurbished products
at a lower price. Thus the manufacturer can ensure that the profit
when implementing the two programs will offset his costs. In this
case, the management implication is that only manufacturers who
can reduce the production cost of new products should offer both
trade-in and refurbishment programs.

Now suppose F <F.; and F,<F +F <d4q/4, so that none
of our three models is completely dominated by either of the
others. In this case, we can summarize the results proposed in
Propositions 4-6 as follows.

Proposition 7.

(i) If c < min{c,, c3}, then the manufacturer prefers Model T.
(ii) If c3 < ¢ < ¢4, then the manufacturer prefers Model TR.
(iii) If ¢ > max{c,, ¢4}, then the manufacturer prefers Model N.

Proposition 7 gives manufacturers’ preferences for trade-in (and
refurbishment) programs in different situations. In particular: man-
ufacturers prefer to offer only trade-in programs when the pro-
duction cost of new products is low, to offer both trade-in and
refurbishment programs when that production cost is moderate,
and to offer neither program when the production cost is high.
This conclusion can be used to explain the different practices we
have observed from the automobile industry. In recent years, due
to the improvement of the core technology of automobile produc-
tion (such as battery or fuel cell technology, lightweight structure),
the production cost of automobile can be reduced (Peters et al.,
2014). That is why many automobile manufacturers (e.g., Subaru,
Tesla, BWM, Toyoto) can start to offer trade-in programs. How-
ever, the pandemic has resulted in a shortage of automobile semi-
conductor chips, increasing production costs for many automakers,
such as Toyota (see Bellwood, 2022). That may be one reason why
Toyota starts offering refurbishment programs on a trade-in basis.
However, due to the high investment cost of providing refurbish-
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Fig. 2. Effects of quality recovery rate 8 on manufacturer’s preference.
Table 3
Parameter values.
Parameter ~ Description Value
q The quality of a new automobile 1
c The production cost of new automobiles ce[0.1,0.6]
1% The cost rate of refurbishing automobiles y €[0.1,0.45]
§ Product depreciation rate 0.5
B Quality recovery rate 0.5
F The fixed costs of implementing trade-in programs for automobiles 0.005
F The fixed costs of implementing refurbishment programs for automobiles  0.005

ment programs, not all manufacturers can afford to offer such a
programs.

The implication for management is that manufacturers should
carefully choose whether to implement trade-in and refurbishment
programs - that is, while accounting for the production cost of
new products and other relevant factors, since the threshold value
of that production cost can be influenced by a host of parameter
values. Therefore, we conduct a numerical study to show more di-
rectly the various preferences of manufacturers.

5.2. Numerical study

Before performing the numerical study, we have the follow-
ing considerations. First, the quality of a new automobile should
be normalized to one for simplicity. Second, in order to ensure
that manufacturers are willing to produce new automobiles (as
well as offer trade-ins and refurbishment programs), the produc-
tion cost of new automobiles should not be too high, which is
the so-called low cost manufacturing (see, e.g., Tisza & Czinege,
2018; Tisza et al., 2017). Third, to ensure that the automobile man-
ufacturer is willing to offer the refurbishment program, we need
to have the cost rate of refurbishing automobiles neither too high
nor too low. Forth, we consider a new automobile can be used for
two periods and will be worthless at the end of the second period
(Agrawal et al., 2012; Li & Xu, 2015). Fifth, we consider the quality
of a refurbished automobile can reach a certain quality standard
and will be lower than the quality standard of new products (Chen
et al., 2020). Finally, in order to make any one of the three mod-
els has a chance to be the most preferred, we need to have the
fixed costs of implementing trade-in and refurbishment programs
for automobiles in the middle. Therefore, we set the parameter val-
ues accordingly and summarized them in Table 3.

Next, we will examine how the quality recovery rate § and the
depreciation rate § affect the automobile manufacturer’s prefer-
ence. Specifically, we vary S within the range [0.4,0.6] when an-
alyzing the impact of the quality recovery rate f§; to check for
effects of the depreciation rate §, we vary § within the range
[0.4,0.6].

Figs. 2 and 3 illustrate how the different preferences of manu-
facturers vary with the quality recovery rate § of refurbished prod-
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ucts and the quality depreciation rate § of new products. These
figures verify the theoretical results proposed in Propositions 4-7
and also convey several more implications. First, when the pro-
duction cost of new products and the cost rate of refurbished
products are both high, manufacturers prefer not to provide either
a trade-in program or a refurbishment program (Model N). Sec-
ond, when the production cost of new products is low or when
the production cost of new products is moderate and the cost
rate of refurbished products is high, manufacturers prefer to of-
fer only trade-in programs (Model T). Third, when the produc-
tion cost of new products is moderate and the cost rate of refur-
bished product is low, manufacturers prefer to offer both trade-
in and refurbishment programs (Model TR). This result suggests
that although many automakers have began to offer trade-in pro-
grams (such as Subaru, Tesla, BWM, Toyoto), only those manu-
facturers with relatively high production costs but relatively low
refurbishment costs (such as Toyota) have more incentive to of-
fer additional refurbishment programs. Here, the refurbishment
cost is another reason for the variation in automotive industry
practices.

We can make several other observations with reference to
Fig. 2. As the quality recovery rate § of refurbished products in-
creases, the region where the manufacturer has the ability to offer
both trade-in and refurbishment programs becomes smaller while
the region where he prefers to offer both trade-in and refurbish-
ment programs becomes larger. In addition, the regions associated
with manufacturers’ preferences for trade-in programs only and
for declining to offer either program will be smaller. The practical
implication here is that improved quality recovery rates of refur-
bished products do not encourage manufacturers to offer trade-in
programs but do encourage those who already have a trade-in pro-
gram to offer a refurbishment program as well. In the automobile
industry, as refurbishment technology improves the quality recov-
ery rate of refurbished products, more firms (which already offer
trade-in programs) will be willing to offer another refurbishment
programs like Toyota’s.

Finally, a close observation of Fig. 3 reveals that, with an in-
crease in the quality depreciation rate § of new products, the re-
gion in which manufacturers are likely to provide both trade-in
and refurbishment programs will expand, as will the region in
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Fig. 3. Effects of depreciation rate § on manufacturer’s preference.

which manufacturers prefer to offer both programs. In addition,
the region where manufacturers prefer to offer only trade-in pro-
grams becomes larger whereas the region where manufacturers
prefer to offer neither program becomes smaller. The practical im-
plication under these circumstances is that an increase in the de-
preciation rate of new products will not only induce manufacturers
to implement trade-in programs; it will also encourage the adop-
tion of refurbishment programs by those who are already offering
trade-in programs. Therefore, as people use their cars more often,
causing the depreciation rate to increase, it will also encourage
more firms that have already implemented trade-in programs to
offer refurbishment programs.

6. Conclusion

The goals of this research are (i) to determine when a manufac-
turer with strategic consumers should implement trade-in (and re-
furbishment) programs for durable goods and (ii) to show how this
manufacturer can do so to improve his profit. We develop an an-
alytical model in which a manufacturer sells new products to het-
erogeneous consumers in two periods and can also offer a trade-
in program to collect old products at the end of the first period.
The collected old products can be refurbished and resold to con-
sumers in the second period. We address our study’s goals by way
of three models (no program, trade-in program only, trade-in and
refurbishment programs both) that we describe, analyze, and com-
pare.

Our principal results can be summarized as follows. First, man-
ufacturers can always increase their profits by improving the qual-
ity of new products and thereby reducing the rate of quality de-
preciation, regardless of whether or not they offer trade-in (and
refurbishment) programs. As described in the main text, this con-
clusion contradicts the apologists for planned obsolescence. Sec-
ond, when the manufacturer does (resp., does not) offer a refur-
bishment program, his profit need not (resp., must) decrease with
any increase in the production cost of new products. Besides, if
the manufacturer implements a refurbishment program then his
profit decreases with an increase in the refurbishment cost rate
but increases with the quality recovery rate of refurbished prod-
ucts. Third, previous studies suggest that the firm should offer a
trade-in program if it faces a competition from a third-party re-
manufacturer (Agrawal et al., 2016a), if it can take full advantage
of forward-looking customer behavior (Zhang & Zhang, 2018), or if
it has a high market share of old customers (Xiao et al., 2020a).
We complement this research by showing that the manufacturer
prefers to offer only trade-in programs when the production cost
of new products is low, to offer both trade-in and refurbishment
programs when that production cost is moderate, and to provide
neither program when the production cost is high. Finally, our nu-
merical study shows that improving the quality recovery rates of
refurbished products does not encourage manufacturers to imple-
ment trade-in programs - though it does encourage the adoption
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of refurbishment programs by manufacturers who are already of-
fering trade-in programs. However, an increase in the depreciation
rate of new products will motivate manufacturers to offer trade-
in programs while also encouraging the adoption of refurbishment
programs by those who already offer trade-in programs.

The features we consider in our model, such as the decline
of product quality over time and trade-in and refurbishment pro-
grams, also apply to the electronics industry. Therefore, although
our model is based mainly on the automobile industry, under cer-
tain conditions (e.g., when the production cost of new products is
moderate and the refurbishment cost of old products is low), man-
ufacturers prefer to choose the TR model - providing trade-in and
refurbishment services, which concurs with the practice of elec-
tronics industry.

This paper has the following main limitations. First, our model
only describes the situation where the old products are at the
same quality level. In reality, the old products may have multiple
quality levels. Thus, it is important to establish a model that can
capture different quality levels of old products. Second, we do not
address how the manufacturer’s optimal operating strategy is af-
fected by (say) leasing new cars to consumers and then refurbish-
ing them after a certain period of time. Third, in recent years, the
pandemic has caused a shortage of raw materials to produce au-
tomobiles. Thus, it is valuable to consider not only the uncertainty
of component supply in assembly problem, but also the imbalance
between supply and demand of products. Forth, the shortage of
raw materials will lead to different levels of product availability
and different waiting times for consumers. We conjecture that due
to supply uncertainty, consumers might be more or less willing to
wait strategically. This depends on how the supply uncertainty af-
fects the production of the two periods differently. For example, if
the level of uncertainty is higher in the second period, it will dis-
courage consumers from waiting strategically. This would reinforce
the waiting behavior in the current model and results. Moreover,
it is worth studying how the manufacturer allocates limited raw
materials among different types of products. Competition between
manufacturers would further intensify and complicate supply un-
certainty.
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Appendix A. Proofs

Proof of Lemma 1. Under the scenario that neither the trade-
in program nor the refurbishment program is implemented
(Model N), we will discuss two cases as follows.
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Case 1. The manufacturer adopts the markdown stategy. In the
first stage, the manufacturer sets the new product’s selling price
in the first period p,;; and in the second stage, he decides the
new product’s selling price in the second period p;,;, to maximize
his profit 7N = (pn1 — ©)QY + (pn2 — ©)QN subject to QN >0, in
which Q) =1 - p"‘] ‘33”)2, and QY; = pq"(ll %”)2 - p”Z We solve this
model by backward induction.

In the second stage, to solve the constrained maximum prob-
lem for the manufacturer, we construct the following Lagrangian
function

N(pn2, A) = —(P1 — C)Q}g\] — (Pn2 — C)Q}\;IB - )\QII\;IB’

in which A is the Lagrange multiplier. So the KKT conditions are

(EC1)

OIN =S+ (-2 A+2pm +2(8=2)Pny 0
0pr2 0-T)q -
N
~Qu =0 (EC2)
A >0,
AQN, = 0.

Then, we indentify the manufacturer’s selling prices for both
new products and refurbished products, by discussing two sub-
cases as follows.

Case 1a. If . =0, then from the KKT condition, Eq. (EC.9), we
have

2pn1 — € + ¢
426 ’

In the first stage, by substituting Eq. (EC.3) into the profit func-
tion 7N, the manufacturer sets p,; to maximize his profit. Since
3N 2
R, T @
Hence the unique optimal selling price p’,;‘ll* can be obtained by

solving the first-order condition gg'" =
nl

Phy (Pn1) = (EC.3)

<0, so the profit function 7} is concave in p;.

0. Thus we obtain pNl* =

”%ﬂ. We accordingly have the market demand for new prod-
ucts in the second period is Q}\‘,‘g* = —ch < 0. As a result, this case
is eliminated.

Case 1b. If A # 0, then from the KKT condition, Eq. (EC.2), we
have

{pﬁ’z(pm) = fo

— C
)‘—C_ﬁ~

(ECA4)

In the first stage, by substituting p’,‘l’2 (pn1) into the profit func-
tion 7Y, the manufacturer sets p,; to maximize his profit. Since

92N
aapﬂ = —ﬁ <0, so the profit function 7N is concave in py;.
Hence the unique optimal selling price le* can be obtained by

solving the first-order condition gg’“ =

0. Thus we obtain pil* =

”%ﬂ. We accordingly have the manufacturer’s profit wN!* =
(2-8)q—0)?

4q(2-8) *

Case 2. The manufacturer does not adopt the markdown stat-
egy.

In this case, the manufacturer sets the new product’s sell-
ing price in the first period p,; to maximize his profit 7} =

(pn1 —©)QY, in which Q) = qé“_ls) and QY =0. It follows from
2N
aap# = 7ﬁ < 0 that the manufacturer’s profit is concave in

Brrm

Pn1- Thus, the first-order condition ™ = 0 yields the optimal sell-

ing price ph?* = ”(22 894 we accordmgly have the market demand

for new products Q}'** = (2 ‘”g)qc and the manufacturer’s profit
N2x _ (2=0)g—0)
m 325

By comparing the manufacturer’s profit in the above two cases,
we have 7N* — 7 N2* = 0, which implies that the manufacturer has
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N2
no 21r1cent1ve to mark down przlce ie, pn2 = pm = ppit.
QY% QN =0, and 7 \* = TN?*.

Moreover, to guarantee the market demand for new products is
non-negative, i.e., Qg‘* > 0, we need to have the precondition that

c<eN inwhichN=@2-68)g O

. Also, Q) =

Proof of Proposition 1. In Model N, we have the precondition that
c < &N, Then, the effects of parameters (i.e., ¢, ¢ and §) on the man-
ufacturer’s profit are as follows:

Rk A c 1
oc — 4q-28q 2’ (EC5)
N 2-6 ¢z
dg =~ 4 42 -08)¢*’ (EC6)
N c? q
95 ~ 4(2-08)2q 4 (EC7)
(i) Since we have
e
05z _ 1 -0
ac 4q—-26q —
agrg* |C%C'N =0, we
can deduce that d’g'c” <o0.
(ii) Since we have
am )
ad a c -0
ac 2(2 -8)q* — 7

N =0, we
can deduce that a”"‘ > 0.
Since we have
N+
O
ac

(iii)

_ o
N 2(2 -48)%q

— Y,

5 |C4>CN - O we

9 Nx N N
In conclude, we have "’;? O O

<0, >0 and <0. O

Proof of Lemma 2. Under the scenario that only the trade-in pro-
gram is implemented (Model T), we will discuss two cases as fol-
lows.

Case 1. The manufacturer adopts the markdown stategy. In
the first stage, the manufacturer sets the new product’s selling
price in the first period p,; and the used product’s trade-in re-
bate r; and in the second stage, he decides the new product’s sell-
ing price in the second period pp,, to maximize his profit 7, =
(Pn1 — ©)Q + (P2 — ¢ —1)Q] + (Pn2 — ©)Qly — F subject to Qfy >
0, in which Qf =1 P, Qf =1 Bri=hw2 and Q, = Pt —
’%2. We solve this model by backward induction.

In the second stage, to solve the constrained maximum prob-
lem for the manufacturer, we construct the following Lagrangian
function

L"(pn2, A) = —(pn1 — 0)Qf — (P2 — ©)Qup
+F - 2Qf, (EC.8)

in which A is the Lagrange multiplier. So the KKT conditions are

(P2 —€c—1)Qf —

ALY = (=1 (8(c+q)+c+2r)+(8-2)8A+28pr +2((8—1)8—D)pny _ 0
0pm2 d-1)dq -
0T < 0
Qi =0, (EC.9)
A >0,
AQT, = 0.



S. Hu, S.X. Zhu and K. Fu

Then, we indentify the manufacturer’s selling prices for both
new products and refurbished products, by discussing two sub-
cases as follows.

Case 1a. If A =0, then from the KKT condition, Eq. (EC.9), we
have
G -1)((c+q)+c+2r)

2(6—-1)6 -2

In the first stage, by substituting Eq. (EC.10) into the profit

function 7L, the manufacturer sets p,; and r to maximize his

- 25[)"1

Pra(Pr1.1) = (EC.10)

2nl 2(841) 2nt 4-25
a2 = e =& a0 = e = & and
Pay _ Prh 2 .
SyF = Arape = (rd_s)sg: We can now calculate the determi-
nant of the Hessian matrix as
o2mh || 02w 3w} o?mh | 4 -0
op%, or? oOpnior || 0rdpm |~ A1+ (1 -8)8)q? =

(EC.11)

Therefore, the Hessian matrix is negative definite and so the
profit function 7% is jointly concave in (py,;,r). Hence the unique
optimal selling price pI!* and trade-in rebate r™* can be obtained

d J'L’m

by simultaneously solving the two first-order conditions = 0
n
T
and m — 0. Thus we obtain phr = 7”(22_5)‘7 and rT1* = 7{;(12—8)' We

accordingly have the market demand for new products in the sec-
ond period is Q) —45 = 0. As a result, this case is eliminated.

Case 1b. If A #0, then from the KKT condition, Eq. (EC.9), we
have

pnz(pnl r) = 2 s
A = O=D(@E=2)(G(c+q)+c+20)+2pm)
= 6—-2)28 :

(EC.12)

In the first stage, by substituting pﬁz(pnl,r) into the profit
function 7}, the manufacturer sets p,; and r to maximize his

. Pl 21202-8)8 2y _ Py
profit. Since SP%T =~"25)%q = <0, 5= _ﬁ <0, and pg1or
ny 2 i
Srap = 35957 We can now calculate the determinant of the
Hessian matrix as
2xy || 92x) RS AN 2y | 4 -0
op2, JL 02 | | 9pmr [[ 0rdpm |~ (2-8)8¢2 =
(EC13)

Therefore, the Hessian matrix is negative definite and so the
profit function 7% is jointly concave in (py,,r). Hence the unique
optimal selling price pl* and trade-in rebate r™* can be ob-
tained by 51multaneously solving the two first-order conditions

gpﬂ =0 and 8”’” = 0. Thus we obtain pll* = SHZ00 apq fTix —

%. We accordingly have the manufacturer’s profit
Tlx _ __c? g-2c

Tm” = asasq T2 It

Case 2. The manufacturer does not adopt the markdown stat-
egy. In this case, the manufacturer sets the new product’s selling
price in the first period p,; and the used product’s trade-in re-
bate r, to maximize his profit 7}, = (pp1 — ©)Q} + (pn1 — ¢ —1Qf —

F; here Qf =1 - P"l fand Qf =1- p"a)q.
927l 92zl
Then, it follows that ﬁ = 8)&1 <0, 072 = f—q <0, and
Pup _ Py _ 2y Iculate the determinant of th
Bpmar = Brapnl = ﬁ € Can now calculate e determinant o e
Hessian matrix as
Py || Py | | 9%y, ?mh | 4 >0
op2, ar? Opmor || 0rdpm |~ 2-68)8q2 ~—
(EC.14)
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Therefore, the Hessian matrix is negative definite and so the
profit function 7, is jointly concave in (py,,r). Hence the unique
optimal selling price pl4* and trade-in rebate r™* can be ob-
tained by simultaneously solving the two first-order conditions

g;”; =0 and dnm =0. Thus we obtain pI?* = @ and 112 =

q(1-348). We accordmgly have the market demand for new prod-

ucts in the first period Q% = (22(’2 )g)qc and the trade-in amount

QP =3 — 5% q Also, the manufacturer’s profit is given by 72* =
C2

282= 8)q+ 2 ¢ -F.

By comparing the manufacturer’s profit in the above two cases,
we have 7 [1* — 12* = 0, which implies that the manufacturer has

: : : P T T2 Tx _
nTo2 mC?_ntlve Tt;) maTrk dov_}lzn prche, ie, p3 _Tpn1 _%72” . Also, r'* =
* ko * * * * * *
e Q= Qp, Qg = QY Qup =0, and wpf = Ty

Moreover, we can directly show that the market demand for
new products is larger than the trade-in amount, since Qg* - QT* =

&“ 6)68)q > 0. Further, to guarantee the trade-in amount is non-

negative, i.e., Q}* > 0, we need to have the precondition that ¢ < &
in which é"=8q. O

Proof of Proposition 2. In Model T, we have the precondition that
c < ¢T. Then, the effects of parameters (i.e., ¢, ¢ and §) on the man-
ufacturer’s profit are as follows:

RE AN c
9 59208 1; (EC15)
ol 1 c?
=5 - ; EC.16
3 ~ 2 22-0)%g (EC16)
o c2(1-19)
35~ (2-8)%2g (EC17)
(i) Since we have
ay
8 gf = 1 >0
ac 8q(2-96) ~
that is, 3?—? increases in c. Together with 2 dc |HC = La
1 < 0, we can deduce that ‘}gg' <0.
(ii) Since we have
oml
05 o c -0
ac 2-68)5q2 —
that is, 07w decreases in c. Together with 67;5,* leoax=1-

a7 Tx
755 > 0, we can deduce that "’g—[; > 0.

am L
ac

77 T
In conclude, we have <0, % >0 and %Lg" <0. O

Proof of Lemma 3. Under the scenario that both the trade-in pro-
gram and the refurbishment program are implemented (Model TR),
we will discuss two cases as follows.

Case 1. The manufacturer adopts the markdown stategy. In the
first stage, the manufacturer sets the new product’s selling price
in the first period p,; and the used product’s trade-in rebate r;
and in the second stage, he decides the new product’s selling price
in the second period p,, and the refurbished product’s selling
price pr, to maximize his profit nTR (Pn1 — QR + (Pnz —c—

N + (pr2 — QR+ (pr — yOQR—F - F subject to Qf% >0, in
; TR _ P2—T TR _ p pn Pn1—P, P2 —Pr
which Q=1 B Q7 =1 - Gty NE = G5 ‘6q"<21—ﬂ>
TR _ Pn2—Pr Pr i
and Qp* = 5q(-B) ~ =(-B)5q" We solve this model by backward
induction.

In the second stage, to solve the constrained maximum prob-
lem for the manufacturer, we construct the following Lagrangian
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function Therefore, the Hessian matrix is negative definite and so the

TR _ _ \ATR_ . \OTR_ B profit function 7[R is jointly concave in (p,;,r). Hence the
LB (Pn2. pr. A) = = (pn1 = Q" = (Pn2 = € =) Q"~(Pn2 — ©) unique optimal selling price p!®* and trade-in rebate r™!* can

TR TR . . .
—(pr—voQ" +Fk +F — AQu. (EC.18) be obtained by simultaneously solving the two first-order con-
. 4 TR o TR . _
in which A is the Lagrange multiplier. So the KKT conditions are ditions %7;—“"‘1 =0 and & — 0. Thus we obtain P = M
L™ =BOA— (=1 (c(B+y=2)+(B=1)(8¢+2R)+1+2(B=1)0pm =2(B+0-2)pa+2(6-Dpr _
W (B-1)(6-T)dq -
AL _ (B=1Ir+c(-pé+y+6—D+A+2((B-1S+Dpma=2pr _
opr (B-1)3q((B-1)6+1) -
Qi <0, (EC19)
A>0,
AQIR = 0.
. . ) . and r™R1* = M We accordingly have the manufac-
Then, we indentify the manufacturer’s selling prices for both 2-2p8 11 252 2231 s
new products and refurbished products, by discussing two sub- turer’s profit 7 R'* = 92€ 4 2 ;éq(}’fi’(ly_)ﬂ)g)’(f_,;g))y ) —F —F.
cases as follows. Case 2. The manufacturer does not adopt the markdown stat-

Case 1a. If A =0, then from the KKT condition, Eq. (EC.19), we egy. In the first stage, the manufacturer sets the new product’s
have

5—-1)(8 2r)—28p,
pﬁ'é(pm,r) -1 (C(Jrq)+)%+2r) Pu1

c(zS B+y-1)—yd— y+5)+28( BE+6-1)pn1+(6-1)8q((B-1)6+1)+2(6-1)r((B— l)5+l)

(EC.20)
prR(pp1. 1) = 20-1)5-2

In the ﬁrst stage, by substituting Eq. (EC.20) into the profit selling price in the first period p,; and the used product’s trade-
function 7[R, the manufacturer sets p,; and r to maximize in rebate r; and in the second stage, he decides the refurbished

2_TR 927 IR B , . R 7. .
his profit. Since &7m — 204D _ _q m 4 product's selling price pr, to maximize hrs profit 7R = (pn; —
9p? A+(1-8)8)q — ar2 T a+a- 5)5) -
P ’ ' " QI+ (b —c~ QI + (pr— YOOI~ — ;. here QTR =1-
0, and " 1dr = arg;m] = (1+(12—8)8)q' We can now calculate the de-  Py~" QIR _ 1 _ %, and QIR = pnl pq =gy We solve
terminant of the Hessian matrix as this model by backward induction.
In the second stage, it follows from the manufacturer’s profit
927 IR 9277 IR 527 IR 527 IR 4 D (aTRy2
m m _ m m — > 0 s TR ; 1 Tm — __2_ _
P2, 372 3pmr || 3ropm ENE function that m;" is concave in p, because o -85

arrm

(EC.21) m < 0. Thus, the first-order condition =0 yields the
manufacturer’s optimal refurbished products sellmg price re-
sponse, which is given by

c((A-B—y)+2y-1)+2pn (1 - (1—;3)5).

Therefore, the Hessian matrix is negative definite and so the
profit function 7[R is jointly concave in (p,;,r). Hence the
unique optimal selling price pIR* and trade-in rebate r™!* can

TR
)= EC.24
be obtained by simultaneously solving the two first-order condi- Pr (P, 1) 2(2-8) ( )
. 97 TR
tions %’;m] =0 and d”’” — 0. Thus we obtain p/Rl* — S£2-9)4 apq In the first stage, by substituting Eq. (EC.24) into the profit
pTRIx — 40-9) e accordmgly have the market demand for new  function R, the manufacturer sets pp; and r to maximize his
. 927 TR 32 TR 927 R
products m the second period is QR = W <0. As are-  profit. Since 3%’;' =— 5)5q =0, = *5; and g =
sult, this case is eliminated. 921k 2 .
’ . - — £ We can now calculate the determinant of the Hessian
Case 1b. If A # 0, then from the KKT condition, Eq. (EC.19), we ardpmy — 8q
have matrix as
pTR(p r) = B-D(c(6(6@2B+y=2)=B=2y+3)-D)+(6-1) ((B=1)3+1) (8q+21))-25 (B~ 1)Pn1
n2 \Fnt> 26(2B(6-2)5+B-(3-1)2)+2
TR (B8-1)(c(6(82B+y—2)-p-2y+3)-D)+(6-1) ((B=1)8+1)(89+2r))-28 (B~ 1)6+1)(/3(28 1)—=8)pn
P (Pm, 1) = 25(2B(3-2)8+p—(6-1)?)+2 g (EC.22)
2 = — O B+3=2)+yc((G=1I—D+c+2(B=1)3pm+(F=1)(8-2)8(8¢+21))
§(2B(6-2)8+B—-(5-1)2)+1
In the first stage, by substituting p R(pm. 1) and pIR(pp1.1) |:a2ﬂ’7T1R:||:82nglR:| [aznrrlk ][ 927 R ] ~ 4 o
into the profit function 7, EtrreRmanufacturzer(zse‘tuss)apzm and r to 31?%1 or? Opmor]Lordpn ]l 2-8)8¢2 =
m_ —
maximize his profit. Since R, = " 3@EPG-25h- 617 <0, (EC.25)
ZrR 2(2-8)(1-B8) <0 d 32miR _ 8imIR . . ) .
= 5q(2B0-20+B-G-1)T)+g = an ap,ﬂar = 3r3p,ﬂ - Therefore, the Hessian matrix is negative definite and so the
2-2B8 We can now calculate the determinant of profit function 7R is jointly concave in (p,;,r). Hence the

8q(2B(8-2)5+B-(5-1)2)+q"

. . unique optimal selling price pI%?* and trade-in rebate r™?* can
the Hessian matrix as

be obtained by simultaneously solving the two first-order con-

|:327TrTnRj| |:327TnT1R] _ |: e j||: Pt i| ditions %”—"' =0 and % =0. Thus we obtain pIR%* = %’5)"
2 2
P ar dpmr || Irdpm and r™2* = q(1-§). We accordingly have the optimal refur-

2 —(1-B)éq+
bished product’s selling price pTR*:w. Then, we

have the trade-in amount is Q}Rz*z%—ﬁ, the market de-

_ 4-4B8 N
?(8(2B(6-2)5+p - (5 -12)+1) =0 (EC23)

146



S. Hu, S.X. Zhu and K. Fu

mand for new products in the first period is Qf%* = 1 — z(gi%q),

and the market demand for refurbished products is QFR** =

c@(B+y-D-2y+1) , ; :
2PN Also, the manufacturer’s profit is given by
-k —FE.

IRz _ g=2c | A(-(1-B-y)282-2(1-y)y3)
m 2 25q(1—(1-p)8)(1-P5)

By comparing the manufacturer’s profit in the above two cases,
we have mIR1* — 7 TR2* — 0, which implies that the manufacturer
has no incentive to mark down prices. As a result, we have pTR* =
— pTEZ* AlSO TTR* _ rTRZ* pTR* _ erZ*' Q_I'I:R* — Q;RZ*' QgR* —
QN 0, Q;{R* Q;{RZ*’ and 7TTR* _ ]T;,I;RZ*.

Moreover, first, to guarantee the market demand for new prod-

ucts is larger than the trade-in amount, ie., Qi > Q/®*, we need
Tsrs-1
By

pTR*

QIT;"}{Z*

to have the precondition that y > y, in which y = . Sec-
ond, to ensure that the market demand for refurbished products
is non-negative, i.e., QER* >0, we need to have y <y in which
y = %. Third, the trade-in amount should be larger than the
market demand for refurbished products, ie., Q% > QR+, we need
to have ¢ < &R, in which &R = 290-0-BHA-p5)

APy Also, we can
verify that &R < 8q(=¢T). O

Proof of Proposition 3. In Model TR, we have the precondition
that <y <y and c < &™(< &"). Then, the effects of parameters
(ie, ¢, g, 8, y and B) on the manufacturer’s profit are as follows:

I c@B*(B+y -1 -2(y -Dys-1)
= - 1; EC.26
ac 26q((B-1)6+1)(B6—-1) ( )
It A(=82(B+y-1)2+2(y —Dyd+1) 1
g~ BEB-1sin@E-n Tz ED
Img & (1-B)y? ,3()/ -1 1
3 40 (B_1)s+12 " (BS_1)? ~52) (EC28)
O R OB +y-1)=-2y+1)
=— R EC.29
By~ 2q((B- 13+ (1~ D) (FC.29)
d7r TR 628(8(/3 +y-1)=-2y+1)(1-BQRyYy —1)§+y5 — 8)
9B 49((B-1)Bs2+6-1)?
(EC.30)
(i) Since
(gt S (B+y -1 -2(y -Dys-1
92c  ~ 28q((B-1Ds+1)(B5-1)
thus, we have
9 (L) 8By -1 -2y +1
ay q((B-1)6+1)(1 - B3)
Let &1 =8(B+y —1) — 2y + 1. As we have
0d;
that is, ®@; decreases in y. Together with ®],_,; =0, we can de-
3 R)2 .
duce that ®; > 0. Thus, 8(337;6) <0. In other words, ‘)%TZR i

decreases in y. Together with

8(7[1;F1R*)2 o 1
92c V7V T 28q - 82q 20,

8(7'rm

we can obtain that

TR
we will show that whether ’gfg is negatlve or positive at the
boundary point.

TR+
dac

TR:
o R

ac |C~>O:_1 <0.
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TR
o 1R
ac

Thus, we have

—(B+y —1)%82 +2(y -Dys+1
2(B-1)282+2y(6-2)6+2

|C~>C‘TR =

_8a-9H0+a-poHa-Aa-p5Ha-p&HBs+1)

IR+
(| _awm)?

a2y (- (B-122+y(-2)0)°
Let ) =1— (B —1)282 + y (8§ — 2)8. Because
0D,
W =-(2-4)5 <0,

that is, @, decreases in y. Together with ®,[,_,; = (1 - B)BS% —
9 IR+

s mdc |caETR)2 -

%y =

g iS convex in y. So we have

6+1=>0, we can deduce that &, > 0. Thus,

9”TR*
ac

_ ¢ at the boundary point are as follows

0, which implies that
BH%R*l
dc o

|C~>5T

Oy _ (=86 -(B+3)d).

T'C%E‘TR,V%P = 8((ﬁ—3)8+3) 5 (ECB])
87TTR* 1

Tﬁh»m,y»;‘/ =5-5 1<0. (EC32)

Let &3 =1 - (B +3)4, we have
0d3
ap

that is, ®3 decreases in . Thus, we have ®3 <0 if 8 > B, else if

=-6<0,

B < B1 then &3 > 0, in which B4 is the unique solution of &3 =0,
which is given by
1
B1= 5~ 3. (EC.33)
. TR+
Therefore, if 8 > B;, we have ®3 <0. Thus, B”#kﬁfm’yﬂ, <

0. As a result, together with dafg |.em is convex in y and
O <0, deduce that 0T | e < 0. Agai

= |Hcmyﬁy7 we can deduce that =3[ _ . gain,
recall that 3”'" increases in ¢ and ” |c40 < 0. Therefore, 375"‘
increases in ¢ from negative to negatlve, that is, "’g’g <0.

. 7 IRx

However, if 8 < 1, we have &3 > 0. Thus, %|H5Tk,yﬂ7 >
0. As a result, together with d”a—"c‘lc_)m is convex in y and
RN IR .

| am 5 =0, we can deduce that —gi-|._ . either de-

creases from positive to negative or first decreases from positive
and then increases to negative. In either case we can deduce that

aﬂTR*
| = 0if y < yy; else 1fy > Y then Zm™
i,

y1 is the unique solution of
[7. 7], which is given by

—8+/2B-1DB+ 15 —2((B -1 +1)8° +25
2-98)8

oL |c—>cTR < 0. Here,

o |HETR =0 within the range of

V=
(EC.34)

Based on the above analysis, we can conclude two results as
follows. -
On the one hand, if 8 < f; and y > y4, then 9

«
ac |C4>ETR <0.

3JTm * . o TR+
Again, recall that s increases in c. Thus, we have i < 0.

On the other hand, if ;‘3 Bi and y <y, then Zm— it

*
“ac |C~>CTR =

> 0.
TR+

|C_>0 < 0. Therefore, 2%m ol
increases in ¢ frorn negative to posmve that is, 7t first decreases

9 IR*
3 = 0

and then increases with the increase of c. In particular,
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if c <cq; else if ¢ > ¢; then a@ggm >0, in which ¢; is the unique LIf y <3, we have 1§ - y =0, 1th2en we obtain the other
* i = —<Y
solution of a’g'TgR =0 within the range of [0, ¢™}], which is given upper bound of 3, i.e. § < (8, =) 1-B-y (< 1). Thus, we have
by CE Cy-pa-p-y»> _,
28q((B-1)§ +1)(BS - 1) (EC.35) 35 -6 q(l - 2,3)2(1 —2y)2 — 7

T RBry-12-2(y -Dys-1
In sum, if B < B; and y < y;, we have n,LR* first decreases and

Rs i aJ'L'm
then increases with c. Otherwise, we have %% 'g <0. 15, <0.
(ii) Since 2.1f y > 1, to guarantee y < y (= 1*'% 5) we must have 1 —
3 (7T TR*)?2 AE2B+y—12-2(y —1yd—-1) B - y<0and8_ﬂ2+” 11(>1) wh1ch is conflict with § < 1.
92q =" 28¢3((B—1)6 +1)(1— B9) : In other words, this case is not exists.
Let ®4=82(B+y—1)2-2(y —1)y8—1, as we have ®;>0 In conclude, in the feasible domain, we always have ngrgm in-
fi h
E;(me (1), thus creases in § to negative, that is, "”"‘ <0.
87)/4 =266(B+y —-1)-2y+1)=25d; >0, (iv) Recall from (i) that ®; > 0. So we can directly have DZ'JT’;R* =
2Py
that is, @4 increases in y. Together with T 2q((B— 1)5+1)(1 Bs) = =0.
21— B)BS? +2(1 - ) (v) Let &5=1- B2y —1)é + y5 — 4. Since we have
Dalysy = - =0, acb
2= 52 =(1-2p)8,
we can deduce that ¢4 < 0. Thus, 3(7?‘& > 0. In other words, o ) )
anTRe ) a wh1ch implies that @5 is either increases or decreases in y. To-
3q— increases in q. gether with the fact that ®s|,,_,; =28(1 - 88) = 0 and @5, 5 =
From the precondition that ¢ < ¢TR = % we can %W >0, we can deduce that ®5 > 0. Recall from (i)

obtain the lower bound of g, that is,

- (1-p8—y(2-5)d)
12 =50 -a-po)a - ps)

o TR 25D D5
95 = aqa-ppsirisy = 0

a”’" >0 if B<PBi, ¥y <y, and c>

that &4 > 0, so we have

(=q™), In conclude, we have

o we have c1; otherwise, we have 3%’?* < 0. Moreover, 373”1 >0, a”TR* <0,
BnTR*| _SB-18+ DB -D(FB+y 1 +2(y —Dyd+1)
dq 't T 41 - (B-1)282 +y (8 - 2)5)? 2

Since we have &, > 0 from (i), thus

(5 o) _ S2((B=1)8+1)2(1 = 8)*(8(1— f—y) +2y + D

oy - 203
. 37-[;;]{* . .
that s, 0 | qﬁqm decreases in y. Together with

AR <0 and drrypt >0. O

3
“oq lgsqmy—y = P
0. Together with the fact that BJTm increases in g, we know that Proof of Proposition 4. (i) Using Lemmas 2 and 1, we compare

o9mTR 9 TR the results for Models T and N and deduce that
a’Z increases from positive, that is, - = 0.

T N .
(iii) Since Pui — Pn1 =0 (EC.36)

o TR
dy

= s 5 +1=0, we can deduce that 2 Iqqqm >

()2 Cz B*(1 - J/)2 (1-p)3y? 1
—_~'m 7 _ - 0 T« _ . Nx _ Tx .
328 (1-B8)3 ((,3 15+ 1)3 T35 )= rr—rr=rr=0; (EC.37)
dr IRx
aa 38 prr — pM* = 0; (EC.38)
is negatlve or positive at the boundary point.
On the one hand, from y > y (= M), we have § < —L (=
) o B-y+1 Ql* - Q¥ =0 (EC.39)
81). So we obtain "‘ at the upper bound is
TR 201 _ 2
AT lsns, = Ber(1-B)(y — /3)(/2 y+1) . ;'* _ ;\1* _ Q}'* >0: (EC.40)
a8 ' q(y —28)
Thus we have a:;irgﬁbg >0 if y>p; else if y <p, then QF — QN = 0; (EC.41)
TR* TR+
68 |8~>(§ < 0. Therefore, if y < 8, we know that a’g”g increases
in § to negative, that is, 8”’" <0. T _ N (c—ég) _F (EC.42)
m m - * *
However, if y > 8, we know that 3”"1 may increases in § to 45q
positive, so we will discuss the value of a"’” " on the other hand, Recall from Lemma 2 that ¢ < &' (= 8¢). It follows from
ie, when y < y(= “’385 8. In this scenario, it follows that §(1 — B(nnT;‘ - nn’j*) 1
B —v)<1-2y.So we have the following two cases: Jc *(E - ]> <0,
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that 7l — wN* decreases in c.
Since we have
8q
T N
(ij* - nm*)|c~>0 = Z - Ha
and
T N
(nm* - nm*)|cac =-F =<0

Therefore, if F > 9, then (m} —N*)|c_0 <0, that is 7} — 7
decreases in ¢ from negative to negative, ie., 7L < wN*. However,
if £ <9, then (mk —7N*)|c0 >0, that is, 7* — xN* decreases
from posmve to negative. Thus, 7 > TN* if ¢ < ¢;; else if ¢ > ¢y,

Nx
m

then L < w)*, in which c, is the unique solution of 7L — 7 N\* =
0 within the range of [0, &T], that is
— 8q—2./5qF. (EC.43)

In conclude when E > %, we have 7Z'T* < JTN* However, when
k<

T

, we have l* > nﬂ* if ¢ < cy; else if ¢ > ¢y, we have 7l <

N* D

Proof of Proposition 5. (i) Using Lemmas 3 and 2, we compare
the results for Models TR and T and deduce that

P —pai =0 (EC44)
rTR* _ rT* =0: (EC45)
Pt —pr=pi = 0; (EC46)
TR+ Tx cdB+y-1)-2y+1)
_ = _ ; EC.47
%" - Qs 20841~ p3) (FCA7)
Q** —Qf =0 (EC.48)
Qf* —QF = Qf® > 0; (EC49)
2 2

TR+ Ts cc@B+y-1)-2y+1)
- = —F. EC.50
n T = gz o) ((B-De+ ha-py 1 E0
(i) Recall from the proof in Proposition 3 that &; =

§(B+y —1)—2y +1=0, so we can directly have Q% —
cdq
~2amaps =
(ii) It follows from

o -

A —mr)  c(d(B+y—-1)-2y+1)? -0,
dc S 292-5)(1-0-p)8)(A-pd) ~
that 7rJR* — 7 increases in c.

Recall from Lemma 3 that we have ¢ < &R (= cT). So we have

(7o = 7Y |eo = —F < 0,

and

(ﬂnT1R* _

82q(1-PPS>+1-8H@EB+y - -2y +1)°

)| 42 -5) (1~ (B- 128+ 7 (3 —2)8)? :

R =

Let

g1 -PP+1-H@EB+y -1) -2y +1)
42-85)(A - (B-1)282+y (5 -2)8)?

Fq=

(EC.51)

Therefore, if F > F.1, then (w®* — )|, <0, that is, 7R —
7k increases in ¢ from negative to negative, i.e., 7, % < 7 *. How-
ever, if F > F, 1, then (wI®* — )| aw > 0, that is, 7R — 71 in-
creases from negative to positive. Thus, R < 7T if ¢ <c3; else
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if ¢ > cs, then 7®* > 7 in which c; is the unique solution of
R _ T+ — 0 within the range of [0, ¢}], that is

2/q2-8)((1-p)Bs> -5+ DF
SB+y—-1)-2y+1 ’
In conclude, when F- > F. ;, we have mJ®* < 71+ However, when

F <F.1, we have mfR* <7l if c <c3; else if ¢>c3, we have
PALY S

- (EC.52)

Proof of Proposition 6. (i) Using Lemmas 3 and 1, we compare
the results for Models TR and N and deduce that

PR - Bl =0, (BC53)

TR _ N _ (TR 5 . (EC.54)

pTRs _ phs — pTR > (EC.55)

22-8)q(1-Bs

QM — QM = Qf** > 0 (EC.57)

Q}'{R* _ Q’IN* — Q;R* > 0; (ECSS)
oTRe _ N _ 4= 2C A(1-(0-B-y)*8 -2(1-y)yd)

m L) 45q(1—(1-B)8)(1 — Bo)
(2-8)q-0)?

7 Ny S F —F. (EC.59)

(i) Recall from the proof in Proposition 3 that &; =

S(B+ y ~1)-2y +1=0, so we can directly have QIR — Q)+ =

- st <0

(ii) Let dg = (1 ﬂ)a + (1 ﬁg — 515 + . It follows that
3 (rRe — gy @ 1
ac T 2q 2
and
a(nr'gR* _ JT,,I:I*)Z _ %
d%c 2q°
Recall from Lemma 3 that <y < y. Since we have
D2 2-§
2y T q((A-PBR+1-0)

that is, % increases in y. Together with |, =0, we

0D
Ay

can deduce that 2% <o, ®g decreases in y. As

oy
1
we have &gl,_; = 55

that is,
>0, we can deduce that &g > 0. Thus,

TRx %2
8(”8%5”'”) > 0, which implies that AT M) jncreases in c.
s Furth;;:r(,S g%call from Lemma 3 that c¢<¢&R(=
q(1-(1-p)8)(1-B4) ; it
m), and recall from the proof in Proposition 3 that

®; >0 and ®, > 0. So we have
3 (7R — N S(1-B5+y(2-46))d,
ac 22-68)d,

DI
ac

<0,

|C~>CTR =

; ; Ve i dGAR—mNY)
that is, increases to negative, i.e., =5 —=m> < 0. Thus,

TR — N« decreases in c.
Since we have
3q
TR N
(T[m * _nm*)|c—>0 = I -k -F,
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and
(T = ) e
g =-BBs+1-8)+DHEB+y-1) -2y +1)?
B 42-8)B(y (6 -2)—-(B-1)25)+1)2
-k —F.
Let
E, - 82q(8((1-B)BS+1-8)+1)(S(B+y —1) -2y +1)2‘

’ 42 -8)(B(y(6-2)—-(B-1)28)+1)2
(EC.60)

Therefore, if F; + F > %q, then (R — wN*)|._ ¢ < 0, that is, 7R —
N* decreases in ¢ from negative, ie., TR <N If F +F <FE,,
then (7 [® — N[ am > 0, that is, 7 [®* — wN* decreases in ¢ to
positive, i.e., 7 & > 7N+ However, if ., < F +F < ‘%‘ﬂ then 7R+ —
7N* decreases in ¢ from positive to negative. Thus, 77®* > 7N« if
€ <cg; else if ¢ > ¢4, then 7IR* < 7N in which ¢, is the unique
solution of 7 /R — 7 N* = 0 within the range of [0, &R], that is

_dq-4F+E)

4T e

in which &, =
4(E+F) (3 2y (3-2) (B=1)8+1)+8 (BRB(3—1)—36+4)+8—1)+y? (5-2)2=2)+2)~82q(3(B+y —1)-2y +1)?
©-2)8q((B—1)BSZ+5-1) :

In conclude, when F +F > 1, we have 7’ < N*. When F. +
F < R, we have 7R > 7 N*. However, when F; <F +F < 84—‘1, we

have IR* > TN* if ¢ < ¢4; else if ¢ > ¢4, we have 7R < 7N+, O

(EC.61)
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