arXiv:1209.1575v2 [math.AP] 18 Jan 2013

The confined Muskat problem: differences with the deep water
regime
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Abstract

We study the evolution of the interface given by two incompressible fluids with different
densities in the porous strip R x [—{,!]. This problem is known as the Muskat problem and
is analogous to the two phase Hele-Shaw cell. The main goal of this paper is to compare the
qualitative properties between the model when the fluids move without boundaries and the
model when the fluids are confined. We find that, in a precise sense, the boundaries decrease
the diffusion rate and the system becomes more singular.
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1 Introduction

In this paper we study the evolution of the interface between two different incompressible fluids
with the same viscosity in a flat two-dimensional strip. This problem has an interest because it
is a model of an aquifer or an oil well, see [19]. In this phenomena, the velocity of a fluid in a
porous medium satisfies Darcy’s law

gv = —Vp — gpes, (1)

where p is the dynamic viscosity, x is the permeability of the medium, g is the acceleration due
to gravity, p is the density of the fluid, p is the pressure of the fluid and v is the incompressible
field of velocities, see [3, 20].

Equation (1) has also been considered as a model of the velocity for cells in tumor growth,
see for instance [13, 23] and references therein.
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Figure 1: Physical situation for an interface z(a,t) in the strip R x (—I,1).

The motion of a fluid in a two-dimensional porous medium is analogous to the Hele-Shaw
cell problem, see [15]. In this case the fluid is trapped between two parallel plates. The mean
velocity in the cell is described by

12u
?U = —Vp — gpes,

where b is the (small) distance between the plates.

We consider the two-dimensional flat strip S = R x (—[,1) C R? with [ > 0. In this strip we
have two immiscible and incompressible fluids with the same viscosity and different densities, p!
in S'(¢) and p? in S?(t), where S¢(t) denotes the domain occupied by the i—th fluid. The curve

z(a,t) = {(z1(ayt), z2(a, 1)) : a € R}

is the interface between the fluids. We suppose that the initial interface fo(z) is a graph and
|fo(x)| <1 for all . The character of being a graph is preserved at least for a short time (see
Section 3). The Rayleigh-Taylor condition is defined as

RT(a,t) = —(VpQ(z(a,t)) — Vpl(z(a,t))) . ai‘z(a,t).

Due to the incompressiblity of the fluids and using that the curve can be parametrized as a
graph, the Rayleigh-Taylor condition reduces to the sign of the jump in the density:

RT = g(p* — p") > 0.

This condition is satisfied if the denser fluid is below.
We consider the velocity field v, the pressure p and the density p

p(t) = p'Lgiggy + p°Ls2qy, (2)

in the whole domain S. We also consider the conservation of mass equation, so we have a weak
solution to the following system of equations

gv(x,y,t) = —Vp(z,y,t) — gpea in S, t>0,
V-v(x,y,t) =0 in S, t >0,
op(z,y,t) +v-Vp(z,y,t) =0 in S, ¢t >0, (3)

f(@,0) = fo(x) inR,
v(z,£l)-n=0 inR,



i.e. with impermeable boundary conditions for the velocity..

We denote by v!(x,y,t) the velocity field in S'(¢) and by v?(z,y,t) the velocity field in S?(t).
Because of the incompressibility condition, the normal components of the velocities v!,v? are
continuous through the interface. Moreover, the interface moves along with the fluids. Therefore,
if initially we have an interface which is the graph of a function, we have the following equation

for the interface:

Oif(x,t) = (=0, f(x,1),1) - vi(z, f = /14 (0pf(z,))2n - 0° (4)
where n denotes the unit normal to the interface.
In each subdomain S%(t) the fluids satisfy Darcy’s law (1),

Eol(z,y.t) = =Vp'(,9,8) = 9'(0,1) i S'(2), (5)
and the incompressibility condition
V-vi(z,y,t) =0 in Si(t). (6)

We define the following dimensionless parameter (see [!] and references therein)

A= HfO’l’LOO. (7)

This parameter is called the nonlinearity (or amplitude) parameter and we have 0 < A < 1.
The case A = 1 is the case where f reaches the boundaries and we call it the large amplitude

regime. In [17] they consider a two dimensional droplet in vacuum over a plate driven by surface
tension.
The case A = 0 is the deep water regime for which the equation reduces to
2 _ 1 o -0 _
2 1+ (f(z) — f(z —n))

It has been shown, for equation (8), local existence in Sobolev spaces when the Rayleigh-Taylor
condition holds (see [9]), a maximum principle for the L* norm of f and also a maximum
principle for ||0yf||ze (see [10]). For initial data with |0, fo|lL~ < 1 follows global existence
of W1 solution (see [7]). For large initial datum there are turning waves, i.e a blow up for
|0x fllLee (see [0]). For other results see [1, 5, 6, 8, 16, 24].

The equation for the evolution of the interface in our bounded domain, which is deduced in
Section 2, is

2 1
uf(0,t) = TGP, [ | 0uf (2) = 001 (@ = ) Za(ovn )

2 1

(9 (2) + 0:f (@ =) Zala,n. )| dn = L Alf(@), (9)

where the singular kernels =; and =5 are defined as

sinh (21177)

Ei(z,n) = - : (10)
cosh (5m) — cos(5;(f(x) — f(z —n)))
corresponding to the singular character of the problem, and
_ sinh (21
Ea(a,1) = () (11)

cosh (5n) + cos(F;(f(z) + f(z —n)))’
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which becomes singular when f reaches the boundaries. The text P.V. denotes principal value.
As for the whole plane case (see [7, 11]) the spatial operator A[f](x) can be written as an
z-derivative. Indeed,

tan

s f(:v)*f(:v*n)
(tzlnh (il > i

2%)
+%ZP.V.[R@$ (arctan(tan (%f +fx_ )>t h<2ln)>>dn (12)

and we conclude the mean conservation

/]R fz,t)de = /R folz)dz. (13)

When we do not parametrize the curve as a graph, i.e., we consider z(a) = (z1(), z2()),
we obtain the equation

Alfl(z )——PV /8 arctan

P (9a2(2) = Baz()) sinh(z1(a) — 21 (1))
9z = e | [cosh<zl< T 21(0) — cos(zala) — 22(n)
(0a21(0) — Ba1(0), Baza(@) + Bazo()) sinh(21(a) — 21(1))
* cosh(z (o) — 21(n)) + cos(z2(a) + 22(n)) dn. (14)

As our interface moves in a bounded medium the correct space to consider is

Hp = H*R) N Af = [[fllze < 1}

—|—

The density p defined as in (2) is a weak solution of the conservation of mass equation present
in (3) if and only if the interface verifies the equation (4) (see Proposition 1 in Section 2 below).
It also follows (see 20) that if we take the limit A — 0 we recover the equation (8) (see [9]).

In a recent work [12], J. Escher and B-V.Matioc studied the problem (5), (6) in the case
with different viscosities and surface tension in a periodic (in z) domain when 0 < A < 1.
They obtained an abstract evolution equation for the interface and showed well-posedness in
the classical sense when the Rayleigh-Taylor condition is satisfied and the interface is in a
neighbourhood of the zero function in certain Holder spaces. They consider the problem as a
problem in two coupled domains. The domains are coupled by the interface and by the Laplace-
Young condition

p*(x, f(z,t),t) — p'(z, f(,1),t) = y&[f],

where k[f] denotes the curvature of the interface f(z,¢) and + denotes the surface tension
coefficient.

In Section 3 we study the similarities between the case A = 0 and 0 < A < 1. First,
we prove local well-posedness in Sobolev spaces (see Section 3.1) and instant analyticity in a
growing complex strip when the Rayleigh-Taylor condition is achieved (see Section 3.2). The
last similarity studied in Section 3.3 is that for arbitrary initial curves which are analytic there
is an unique local solution, which is analytic, both forward and backward in time. We remark
that for this result the Rayleigh-Taylor condition is not needed. The proofs follows the steps
of the paper [(]. Here we show that the contribution from the boundary does not affect the a
priori estimates from [6]. In Section 3.4 we show an ill-posedness result in Sobolev spaces. The
key point of this result is that we do not need global existence for some class of solutions to
prove the result (compare with [9] and [21]).



The main purpose of this work is to study the differences between the case with infinite depth
and the case with bounded medium. This is done in Section 4, where we study some qualitative
properties of the solution. We prove the maximum principle for ||f(¢)|| L~ and also for ||0y f|| L
by studying the evolution of the maximum or the minimum values. The ODEs coming from
these analysis have local and non-local terms and the main dificulty is to compare these two
different kind of terms in order to ensure the decay. In particular, we prove the following decay
estimate for || f(t)|/z in a confined medium:

~llfoll 1

d _ 7llfollp1
Tl < =c(llfollzr [ folle, o, pt e Tz (15)

As a corollary we conclude that the unique one-signed, integrable, stationary solution is the rest
state. Let us observe that the natural boundary condition for the velocity, v - n = 0, imposes
that if our initial interface is close enough to the boundary the evolution of the maximum is
very slow. Due to this fact, we obtain the slow decay inequality (15).

We show that if the initial data is in a region depending on || fo||re and ||0y fo||ree then we
have a maximum principle for |0, f||z~ in a confined medium. Indeed, we consider a smooth
initial data fy in the Rayleigh-Taylor stable regime such that the following conditions holds:

102 foll = <1, (16)

7| foll oo ™
tan( S ) < 19z foll - tanh (4l) , (17)
and

(HamfoHLoo + [2(cos (%) — 2) sec* (%) Hyaxfou?iw> g_;

tan (1220120 )
L+ 0z follzee | 10z foll Lo + T am(z) )
4 ™

g 6 tanh (4%) 412

i T
+ dtan (| foll= ) = 410 follz=cos (Tl foll=) < 0. (18)

Moreover, if (x(1),y(l)) is the solution of the system

tan (%) — ytanh (%) =0

tan(—l%)
Iyl y+—o
(y + [2(cos (F7) — 2) sec* () |v®) ( gtanh(%()u) >> (21)5 (19)

+4 tan (%x) — 4y cos (%x) =0,

=

and we have that |0, fo|lzee < y(I) and || fo|/z~ < x(I) we obtain
10z fllLee < 1.

The effect of the boundaries is very important at this level, and we obtain a region (Region
B in Figure 2) where we do not have maximum principle for ||0; fo|| but we have an uniform
bound [|0, f(t)||ree < 1Vt > 0. The region A is the region where we have maximum principle
for the derivative. Due to the term coming from the effect of the boundaries, =5, the conditions
that we obtain are much more restrictives than in the deep water regime (the case with infinite
depth). The previous result gives us conditions on the smallness of A and ||0; fo|| e (which, for
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Figure 2: Different regions in (|| fol/ze, |0z fol|>) for the behaviour of |0 f|| L~ when 7 = 21.

fixed amplitude, can be understood as the ’wavelength’ of the wave) so, roughly speaking the
Theorem says that if we are in the long wave regime (small amplitude and large wavelenght)
then there is no turning effect, i.e. there are no shocks. We remark that if we take the limit
A — 0 we recover the result for the deep water regime contained in [10]

We study the formation of singularities in Section 4.2. The singularity is a blow up of
|0 f(t)||Lee. Physically this result means that there are waves such that they “turn over’.
Moreover, we compare this result with the result for the deep water regime (see [0]). In particular,
we obtain firm numerical evidence of the following turning effect in a confined medium: There
exist initial data zo(a,0) = (z1(,0),22(,0)) such that in finite time the solution of (14)
achieves the unstable regime only when the depth is finite. If the depth is infinite the same
curves become graphs (see Section 4.3).

Remark 1 In order to simplify the notation we take u/k = g = 1 and we sometimes suppress
the dependence on t. We denote v; the component i—th of the vector v. We remark that v* is
the velocity field in S?(t). We write n for the unitary normal to the curve I' vector and @ for
the non-unitary normal vector. We denote p = %&1. In the rest of the paper we take, without
loss of generality, 2l = w and p = 2 if there is no other explicit statement.

2 The equation for the internal wave

In this section we obtain the equation for the interface z(a,t) in an explicit formula. First we
have to add impermeable boundary conditions for v, i.e. v(x,+l,t) -n = 0.

Using the incompressibility condition we have that there exists a scalar function ¥ such that
v = VU, The function ¥ is the stream function. Then

AV = —curl(0, p) = w
where the vorticity is supported on the curve
w(z,y) = w(a)d((z,y) — 2(a,)),

with amplitude
w(a) = —(p* = p)daz().

In this domain we need to obtain the Biot-Savart law. The Green function for the equation Au =
f in the strip R x (0,2l) (with homogeneous Dirichlet conditions) is given by the convolution



with the kernel

G(2,y, 1, v) = 5= Z [log ( —p)?*+(y— (4nl + V))2>

n=—oo

~tog (V= + = @l =) |

The Biot-Savart law in this strip is given by the kernel

1 ZOO o) @)t
_ vl _ n n
BS(may7M7 V) - vx,yG(way7M7 V) - % |: ’F;HQ - ‘F;P 9

n=—oo

where
U = (z—py— @l +v)), T = (x—py— (@nl —v)).

It is useful to consider complex variables notation. Then

1 = [1 1
BS(z,y, p,v) = — —_— = —.
@y, ) omi [rg rn]

Fixed n, we compute the following

1t 2e—ptily—v)
iy L, (@—ptily—v)?+ (4n)?
L, 1 2—ptily+v)
Ip T2, (z—p+ily+v)2+ (4nd)?

We change variables (y — [ = y,v — [ = v) to recover the initial strip S = R x (-, ), moreover,
without lossing generality we take [ = 7/2. Due to the formula

R 2z 1 z
LSt b))
z+zlz2—i—(2n7r)2 2 M\

we obtain that the Biot-Savart law in cartesian coordinates is given by

1 sin(y — v) sin(y +v)
B0 = 1o (e ) ey =)~ e ey T
sinh(z — p) B sinh(z — p)
cosh(z — p) —cos(y —v)  cosh(x —p) +cos(y+v) /)

Using the formula for the vorticity we have that the velocity is

[ U 'w(@)sinly - »(8) | (40 w(8)sin(y + ()
“%”‘14<ame—zmm>—am —zxm>+cme—zmmy+wﬂy+@w»
(47) "L (B) sinh(x — 21(B)) B (47) "t (B) sinh(x — 21(B)) >d5
cosh(z — 21(8)) — cos(y — 22(B)) _ cosh(z — z1(B)) + cos(y + 22(8)) )

We use the identity

/R@n log(cosh(z1(a) — z1(n)) £ cos(z2(a) = 22(n))) =0
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to obtain that the average velocity in the curve is

v(z(a)) = —% 2 sinh(z1 (a) — 21(n))
(2()) ( P.V. /3 1( [cosh(zl( ) — z1(n)) — cos(z2(a) — 22(n))

N sinh(21 (o) — 21(n))
cosh(z1 () — z1(n)) + cos(ze () + 22(n))
b . sinh(z1 (a) — 21(n))
2P'V' /]R Daz2(n) [cosh(zl(a) — z1(n)) — cos(z2(a) — 2z2(n))
B sinh(z1(a) — 21(n))
cosh(z1(a) — 21(n)) + cos(z2(a) + 22(77))]d77> .

The interface is convected by this velocity but we can add any velocity in the tangential
direction without altering the shape of the curve. The tangential velocity in a curve only changes

dn,

the parametrization. We consider then the following equation with the redefined velocity

Oz(a) = v(z(a)) + c(a)0q2(v),

where

sinh(z;(a) — z1(n))
) = 3P| R R0 - e
n sinh(z1(a) — z1(n))
cosh(z1(a) = z1(n)) + cos(z2(@) + 22(n))
Following this approach we obtain (14). Because of that choice of ¢(«) we obtain that, if initially
the curve can be parametrized as a graph, i.e., z(z,0) = (z, fo(x)), we have that the velocity

v1 on the curve is zero, thus our curve is parametrized as a graph for t > 0 and we recover the
contour equation (9).
Note that when [ — oo in the equation (9) we recover the equation for the whole plane (8):

o 9 0(0.1(x) — 0o f(x — 1))
fm 7All@) = 2PV, / 2+ (@) — fla—n)2™"

(20)

where A[f] is the operator defined in (9).
Furthermore, we obtain the pressure p (up to a constant) solving the equation
—Ap = gdyp,
with Neumann boundary conditions
Onply=t = —gp"s  Onply=—1 = gp*.

In this way we obtain v, p satisfying Darcy’s Law and the incompressibility condition. It is
easy to check that p(z,y,t) is a weak solution of the conservation of mass equation.

Definition 1. Let v be an incompressible field of velocities following Darcy’s Law. We define
the weak solution of the conservation of mass equation present in (3) as a function satisfying

/ // z,y,t)0p(x,y,t) + v(z,y,t)p(z,y,t) Ve y o (2, y, t)dydrdt =0
for all g € CX(R x (—=1,1) x (0,T)).

We conclude this section with the following result.

Proposition 1. Let p be the function defined in (2). Then p is a weak solution of the conser-
vation of mass equation (see Definition 1) if and only if f is a solution of (9).

The proofs of these two results are straightforward and, for the sake of brevity, we left them
for the interested reader.



3 Similar results between the two regimes

In this section we show a group of results for 0 < 4 < 1 similar to those in the regime A = 0.
Some proofs follow the same ideas but, due to the structure in our equation (9), with a second
term coming from the boundaries present in our model, there are some difficulties. We show the
well-posedness in Sobolev spaces when the Rayleigh-Taylor condition is satified, i.e. the denser
fluid is below the lighter one. In the case where the Rayleigh-Taylor condition is not satisfied but
our initial data is analytic we also have a well-posedness result by means of a Cauchy-Kovalevski
Theorem. We prove the smoothing effect of the spatial operator in (9), i.e. the solution becomes
instantly analytic. We also apply this smoothing effect to prove an ill-posedness result when the
system is in the unstable regime.

3.1 Well-posedness in Sobolev spaces

In this section we sketch the proof of local well-posedness in Sobolev spaces in the Rayleigh-
Taylor stable case:

Theorem 1. If the Rayleigh-Taylor condition is satisfied, i.e. p?> — p' > 0, and the initial
data fo(z) = f(x,0) € HF(R), k > 3, then there exists an unique classical solution of (9)
f € C([0,T], HF(R)) where T = T(|| foll g*, || follLe). Moreover, we have f € C1([0,T],C(R)) N
C([0,T), C3(R)).

Proof. We indicate the constants with a dependency on [ as ¢(I). The proof follows the same
lines as in [J], i.e. we obtain a priori bounds for the appropriate energy which allow us to
regularize the system and to take the limit of the regularized solutions. In order to deal with
the kernel =5, the kernel corresponding to the effect of the boundaries, we define the following
energy:

E[f1(t) = 1 7 (&) + ldLf]l| = (2), (21)
where d[f] : R? x RT = Rt is defined as

1
cosh(n) + cos(f(z) + f(z —n))

The function (22) measures the distance between f and the top and floor /. In other words,
ld[f]l|ze= < oo implies that ||f||z= < §. So this is the natural ’energy’ associated to the space
Hl?’(R) We obtain ’a priori’ energy estimates as in [9]. The integrals corresponding to the
kernel Z; are the more singular terms and can be bounded as in [9] because has a singularity
with the same order. Indeed, we compute

d[f] (x’n’t) = (22)

=, - sinh(n) —n
cosh(n) — cos(f(z) — f(z —n))
n B 21
" cosh(n) — cos(f(z) — F(z — 1)) 2 (1 N (f(m)f(rn))2>
n

+ 2
12+ (f(x) — flz—n)*

The last term in this expression is (up to a constant) the kernel obtained when the fluids fill the
whole plane and the other terms are not singular.




The integrals corresponding to the kernel =, are harmless and can be bounded using the
definition of d[f]. For instance, one of the integrals arising in the study of the third derivative,
after an integration by parts, is

I= / |03 f ()] </ +/ ) 0xZa(z,n)dndz = Lip + Lo,
R B(0,1) c(0,1)

and we obtain

o (S @)+ S =) (O @)+ Ouf )|,
o< [ 102 ’PV/ ) ™ st (n) + cos((F@) + Fla—m)® "
e OISl < eI

9 sinh (|n]) 3
Tout < c(D)|Ifller 1f I /Bc(o,l) Wdﬁ < (D[ fIgs-

With these techniques we obtain

D)l < eO(BLT + 1)

In order to use classical energy methods we have to bound the evolution of ||d[f]||ze in terms
of the energy E[f]. With this method we need a bound on ||, f| . In order to do this we split
Oy f in two terms, one for each kernel

O f = A1+ As.

We give the proof for the

A =PV. / (0 f (@) — Buf(z — 1)) (s m)dn.

For the term corresponding to the second kernel, Ay, the procedure is analogous.
We split A; in its in’ and ‘out’ parts, A; = A" + A9¥, with

AP < eIIOFf NIz,

and
AUt < P.V./ Op f(z)=Z1(x,n)dn + P.V./ —0pf(x —n)Z1(z,n)dn
Be(0,1) oo Be(0,1) oo
We have that the integral
PV. sinh() o
peo, sinh® (3)
using this fact and the classical and hyperbolic trigonometric identities we can write
sinh(n) 1
P.V. E1(z,n)dn =P.V. . — — 1| dn.
B(0,1) Be(o) 2sinh? (1) | 1 4 sin ((];(131;{77(72_)”))/2)
We compute
sinh(n) - SinQ((f(r)sz/(m)*n))/Q)
—_ sinh“(n/2
P.V. =Z1(z,m)dn = P.V. : _ dn,
/Bc(o 5 1w, m)dn Beo1) 2sinh? (1) \ 1 4 @@ —fe—my |

sinh?(n/2)

10



and we obtain

< c(D)]|0x fl oo
LOO

P.V. / Ox f(2)Z1(x,m)dn
B¢(0,1)

We note that

P.V. / —0p f(x —n)E1(x,n)dn = P.V. / Onf(x —n)Z1(x,n)dn.
Be(0,1) B<(0,1)

In order to bound this integral we integrate by parts. We conclude

S DN llzee (T4 10 Sl zoe)-
Lo

P.V. / =0y f(x —n)E1(z,n)dn
B¢(0,1)

Thus we get
10cfl[Loe < e(D1flzoo (1 + |0z fll Loo)-

Now, we can prove the last estimate. We have that

d

ilfl= d[f)? sin(f (z) + f(z = 0)(0cf (@) + 0 f(x —n)) < c(O)d[f]*[|0f || .

Due to the previous bound for ||0; f|| =, we obtain

d

—d[f] < e(DdlfIlldlf] = (BLf] + 1)%,

Integrating in time, we get
d[f](t + h) < d[f](t)els " cOIdi1Loo (BUfI(s)+1)%ds,

Finally we have

[Tl e~ (¢ + h) = [ldIf |z~ (2)
h

L difll = im < (Bl + 1)1,

Putting all together we obtain the following bound

d
L Bl7) < (Bl + 17,
therefore Elfol
0
BIfI() < = ‘ .
VBt 1 1
Now we regularize equation (9) in the classical way using mollifiers (see [18]) and these regu-

larized equations have an unique classical solution. The estimates for the regularized equations
mimic the previous ones above, thus with these ’a priori” bounds we can obtain the local ex-
istence by taking the limit solutions of the regularized equations. The proof of uniqueness of
classical solutions follows the same ideas. O

11



3.2 Smoothing effect

In this section we sketch the proof of the instant analyticity for the classical solution (which
exists due to the result in the previous Section).

Theorem 2. Let fy € H;’(]R) be the initial data and the Rayleigh-Taylor condition is satisfied
then the unique classical solution f(x,t) to equation (9) continues analitically into the strip
B ={x+i&, ¢ < kt,VO0 <t <T(fo)} with k= k(fo).

Proof. The proof, as the one in [(], relies on some a priori estimates for the complex extension
of the function f on the boundary of the strip

B = {x+ i, || < kt,¥Y 0 <t < T(fo)}

for certain k, a constant that will be fixed later. Once the evolution of the appropriate energy is
bounded, we construct regularized equations with analytical solutions and such that the same
estimates hold. Therefore we can pass to the limit in the regularized solutions to obtain a
solution of the original problem. We denote

Fi /R |f (& + ikt)|*dz + /]R |z —ikt)*dz, ||l = 11172 + 102 F1172():

cosh?(n/3)

cosh(n) + cos(f(z + i) + f(x +1i& —n))’
sinh?(n/3)

cosh(n) — cos(f(xz + &) — f(z + i€ —n))’

d*[f(z +1i&,n) =

d”[f](x +i&,n) =

and 1
m(t) = min Re——————
N EEN
We remark that d*[f], as d[f] defined in (22), controls the distance to the boundaries. d~[f]
plays the role of the arc-chord condition (see [(]) and ensures that the singularity in the first
kernel has order two. In order to get energy estimates working with complex functions, we need
to study when the kernels =; and Z5 are singular. If Z; is singular then the following equality
holds

(23)

cosh(n) — cos(Re[f(z + ikt) — f(z + ikt — n)]) cosh(Im[f(z + ikt) — f(z + ikt —n)]) = 0.

Assume now that |n| > R > 2I, where R >> 2l is a fixed constant, then

1 1

5 cosh(n) + 3 cosh(R) — cosh (2| f|| o (B))
1

< —cosh(n) + 3 cosh(R) — cosh(2[[Im f || o0 (m))

x +ikt) — f(x + ikt — n)]) cosh(Im[f (z + ikt) — f(z + ikt — n)]).

DO | —

< cosh(n) — cos(Re[f

—~

Then, taking R >> 2] such that
1
- cosh(R) — cosh(2]|fl1(s)) > 0,

we ensure that the kernel Zp is not singular in this region. A similar analysis can be done for
=9 to obtain the same condition.
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We denote .

cosh(R) — 2 cosh(2|f(v)])
This term is a technical resource to obtain enough decay at infinity. We consider Hardy-Sobolev

spaces (see [2] and references therein) on B so we want to obtain ’a priori’ bounds on the
following energy

D{fI(v) =

Bs(f] = |1 Es ) + 14" [ oo @y + 147 (£l ooy + 1 DL Loo ). (24)
where
|F(z+i&,n)lze@ = sup [F(z+i&n)l.
r+if€eB,neR

The evolution for the complex extension of f is

O f(x + ikt) = P.V. /

[ (0xf (x £ ikt) — Or f (x £ ikt — n)) sinh (n)
R

cosh (n) — cos((f(x + ikt) — f(x + ikt —n)))

(0xf (x £ikt) + Op f (x £+ ikt — n) sinh (n) . (25)
cosh (1) + cos((f(x £ ikt) + f(x £ ikt —n))) "
Recall that R >> 2l is a fixed constant. Then, as in [9, (], we obtain
d

— Eg[f] < exp(c(l)(EB[f] +1))

dt
+ | A2 DR £117 2 g <K Hlm (P.V./REI + 52>

+2k —2mm(t) |, (26)
Lo<(B)

where K = K(I) is an universal constant and k is the width of the strip. At time ¢t = 0, we have
that if k is small enough (k only depends on the initial data)

R

2
Lo (B) 1+ HaxfOH%oo(R)

t=0
2

= 4k — <0. (27)

1+ Hamfonzoo(R)

Then we need to show that this quantity remains negative (at least) for a short time. In order
to do this we define the following new energy:

1

Cs(f] = Eplf] + 2rm(t) — K HIm (P.V. fR E1+ 52)

. (28)
HL‘X’(B) — 4k
If ¢5[f] < oo then & Eg[f] < exp(c(l)(Eg[f] + 1)) and we have the correct ‘a priori’ estimates.
We need to bound m/(t) and & ||Im (P.V. [ Z1 + Zadn) HLOO(]B)
solution with Eg[f] < oo, the Sobolev embedding gives us that

. Now, if we have a classical

em e C1([0,T] x B)

Thus we can apply Rademacher Theorem to m(t) in (23) and we get

R

m' < exp(c(l)(€p(f] + 1))

13



Again, applying Rademacher Theorem, we have

d
— ||I P.V. = =od
dth< /R 1+ 277>

< exp(c()(€p[f] + 1)),

L (B)
We get
sl < explel)(€slf] + 1),
and then, we have
¢x[f](t) < L log(exp(—c(l)€g[fo]) — c(l) exp(c(l))t). (29)

c(l)

Furthermore, there exists a time T'=T'(fy), T < T* = eXp(_c(l)c(&;L@B LfoD) syich that €5 [f] < e(fo)-
Now, for € > 0, we consider

1 x
Jl@) = =7 (), (30)
€ €
where J is the heat kernel, and the regularized problem
Of =F(f°) forz eR, t >0,  f°x,0) = J. * fo(z) for z € R, (31)

where

e (T * 0u f5(x) — T % 0o f*(x — 7)) sinh(n) )
FR = e (P'V' o o e R L

(T % O fO () + To % 0p fO (z — m)) sinh(n)

e <P'V' /R cosh(n) + cos(J. * [<3(@) + T fo(x — ) 1 0

mﬁ. (32)

For these regularized problems we show the existence of classical solutions f¢° € C1([0,T¢], H3(R)).
This fact follows from the proof of the local well-posedness result in Sobolev spaces (see Section
3.1). Now we pass to the limit § — 0, showing the existence of solutions f¢ € C*([0,7¢], H3(R)).
Moreover, f€ are analytic functions. Using the previous ’a priori’ estimates for €g, we conclude
the existence of an uniform time existence, T', for all f€. Finally, we can pass to the limit in e,
and we conclude the proof of the smoothing effect. O

3.3 Well-posedness for analytical initial data

In this section we show that there is an unique local smooth solution when the initial data are
analytic curves z(«). For a similar result in the case with infinite depth see [(]. We prove this
result by a Cauchy-Kowalevski Theorem (see [0, 21, 22]). We observe that there is no hypothesis
on the Rayleigh-Taylor condition.

The complex extension of the equation can be written as

@z:gFM,

where

_ (0a2(7) = Oaz(y —n)) sinh(z1(v) —21(y — 1))
R B e ey e ey e
n (9a21(7) = az1(y = 1), Oaz2(Y) + Oaza(y — 1)) sinh(z1(y) — z1(y — 1))
cosh(z1(y) — z1(y — 1)) + cos(z2(y) + 2z2(y — 1))

dn. (33)

14



We define

- B sinh?(7/2)
THON = S Em ) a0 - ) - cosz0) — w0 — ) .
1.2
Felr) = cosh”(n/2) (35)

cosh(z1(y) = 21(y =) + cos(z2(y) + 22(y — 1))

The finiteness of the term d~ is the arc-chord condition in our domain, i.e. if d= € L then
z(a) # 2z(B) and |d42| > 0. The finiteness of the term d™ means that the curve doesn’t touch
the boundaries.

We consider curves z in the space

X, = {z analytic curves on B, such that ||[d"[z]||p~ < oo and ||d*[2]||p~ < oo}, (36)

where B, = {a + i, |£] <r} and d* are defined in (34) and (35). We consider the following
norm

z|lr = ||z(a) — (a 3 = z ri) — ri,0)|%d D3z ri)|2d¢,
Izllr = ll2(a) = (a, 0) | 3 B, Zi:/Rl(Ci) (¢ £7i,0)] C+/R| (¢ £ri)|"d¢, (37)

where H3(B,.) denotes the Hardy-Sobolev space (see [2] and references therein). We remark that
the fact that they are a Banach scale can be easily proved (see [2]). For notational convenience
we write v = a+ir, ¥/ = a £ ir’ and we take p = 2 and | = 7/2. We claim that, for 0 <1’ <r,

C
100 - |22,y < - 70,” N2, (38)

Indeed, we apply Cauchy’s integral formula with I' = 4/ 4 (r — 7/)e® to conclude the claim. We
need the following result

Proposition 2. Consider 0 <1’ <r and the set
Or = {z € X, such that ||z|l, < R, ||d”[2]||p(®,) < R, [|d" 2]l (m,) < R},

where d~[z] and d*[z] are defined in (34) and (35). Then F : Or — X, is continuous. More-
over, for z,w € Og, the following inequalities holds:

C

IFElass,) < Izl (39)
C

|Fle] = Flollus,) < ——llz =~ wllms@,), (40)

sup |F[z](7) — Fle)(y — B)| < CrlB]. (41)

vEB-,BER

The proof of this proposition follows the same ideas as in [6] and we left for the interested
reader. With this Proposition we can prove the local existence result:

Theorem 3. Let zp € X, for some ro > 0 (see definition (36)), be the initial data and assume
that this initial data does not reach the boundaries and that the arc-chord condition is satisfied.
Then there exists an analytic solution of the Muskat problem (14) for t € [=T,T] for a small
enough T > 0.

15



Proof. Notice that 2o € X, satisfies the arc-chord condition and does not reach the boundaries.
Then, there exists Ry such that zp € Ogr,. We take r < rg and R > Ry in order to define Op
and we consider the iterates

t
Znil = 20 +/ Fz,]ds,
0

and assume by induction that z; € Og for k < n. Then, following the proofs in [6, 21, 22], we
obtain a time Tox > 0. It remains to show that

ld™ [zn1lll Lo ,) < R, ld¥ [zns1]ll Lo 8,) < R,

for some times Ty, Tp > 0 respectively. We have

cosh (20, () = 20, (v = ) + J F'[E)(3) = F'[e](y = m)ds)

(& [znﬂ])il B sinhQ(n/Q)
cos (20, (7) = 20 (7 = ) + fy F2[2)(7) = F2[2](y = m)ds)
- sinh?(n/2)
cosh (20, (7) — 20, ( = m)) cosh ( fy F1[z](7) = F*[2](y — m)ds)
- sinh?(n/2)
+sinh (20, () — 20, (v — n)) sinh <fg Fl2)(y) — F2](y — 77)ds>
sinh?(n/2)
cos (20,(7) — 20,(y — 1)) cos (fot F22)(y) — F?[2](v - n)dé’)
- sinh?(n/2)
S Go,0) — sy = ) sin (Jy F2L10) = F2[)(y = m)ds)
sinh?(n/2) '

Using the classical trigonometric formulas we obtain

cosh (20, () — 20, (y — ) 2simh? ((fg F'[2)() — F' 2]y — m)ds) /2)

(d [zan)™ = (d[2]) " +

sinhQ(n/Z)
 sinh (o, (7) = 20 (y = ) sinh (Jy FE) = FU )y = m)ds)
sinh?(1/2)
cos (z0,(7) — 20, (v = m)) 2sin? ((fy F2[=)(7) = F2[](y = m)ds) /2)
- mnh2<n/2>
S Gan0) — (7 =) sin (Jfy F2L10) = F2[=](y = m)ds)
sinh?(n/2)

Take t < 1, assuming that n € B(0,1) and using the inequality (41) in Proposition 2, we have
_ 1
(d [znsa]) > e CR(t* +1).
0

In the case where n € B¢(0,1), to ensure the decay at infinity, we use the inequality (39) in
Proposition 2 to get
_ 1
0
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Thus, we can take

1 1 1
T in<1 — — =
0< A<m1n{,\/<RO R>4maX{Cl,C]2%}}’

and then [|d~[zp41]l[ Lo (m,) < R. We proceed in the same way for d*[z,41]. Using the classical
trigonometric formulas and the previous inequalities we obtain

cosh (20, (1) = 20, (v = ) 2sinh? (g FU[=1(2) = F'[2)(y = m)ds) /2)

(@ [znn])™ = (d[z0)) ' + cosh2(77/2)
s a0, (7) = 20,y — ) s (Js FE) = FU )y = m)ds)
cosh?(n/2)
os (20,(7) + 20,(y = m)) 2sin? ((fy F2[£1(3) + F2[2) (v — m)ds) /2)
- cosh?(/2)
S () + 20,0 —n)sin (s F2L10) + F2L2)(y = m)ds)
cosh?(n/2)

thus, we can consider

0<Tp <minq1 ! ! 1
min — — =) ==
P "\\Rro R)203 ("
and then ||d*[2,41]|| oo (B,) < R. Taking 0 < T' < min{Tcx, T, T}, we conclude the proof. [

Remark 2 We remark that there is not any hypothesis on the Rayleigh-Taylor condition in
this existence result. As a corollary, we obtain that if we start in the Rayleigh-Taylor unstable
case with an analytic graph, we have local existence and uniqueness for a short time. The same
result can be proven in the more general case of C%°(B,.) functions.

3.4 Ill-posedness in the Rayleigh-Taylor unstable case

Now, if we consider p? < p' in our system, the problem is ill-posed in Sobolev spaces, i.e. a
singularity appears for arbitrarly small initial energies and times. We remark that, if the initial
data is analytic and does not reach initially the boundaries, there is local existence (see Section
3.3). The idea is to use the instant analyticity forward in time to conclude our result.

Theorem 4. There exists a solution f of (9) with p*> < p' such that ||f0HHs(R) < € and
Hf(‘g)HHS(R) = 00, for any s > 4, € > 0 and small enough § > 0.

Proof. We prove the case s = 4, being analogous the rest of the cases. Take go(x) € H3(R) but

go ¢ H*(R). We consider a fixed constant R > 4 and 0 < A < 1. Now we denote f*(z,t) the

solution to the problem (9) with initial datum f*(z,0) = Ago(z). We know that f* exists for

a positive time T'(), go) and that it is analytic in a complex strip which grows with constant

k(X go) (see Sections 3.1, 3.2 and equation (27)). We can take an uniform k* with respect to A.

Indeed, using the definition of (23),
7m(0)

EO\ g0) s 1 > s 1
y4o) — - = -
4 41+ A2(|0zg0l ooy — 41+ 1029017 gy

= k" (g0)-
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Then the condition

2T

<0
1+ )‘2H6190||%00(R)

4k™(go) — 2rm(0) = 4k*(go) —

is satisfied. We have

€s[f(0)] = AllgollEs gy + 4™ Agolll ooy + ld* [Ago] | oo (m)

14+ 22029012

+ 1DAgolll o= () +

T
with 2 /
) sinh®(n/3 2
4~ Dol ey = TS
QSinhQ(ﬁ/Q) (1 + : gihQ(nfS) - >
cosh?(n/3
1" [Ago]ll oo =) = sirf2 (/A im(x”go(”’))
2 cosh2(n/2) (1 - : cosh?(n/2) >
2
< COShsirE:](/l?)(io(m)Jrgo(mn))) = [|d* [gO]HL‘X’(R
2 cosh? (77/2) (1 - ) cosh?(n/2) >
and
1 1

DA oo = < ’
IDIAGo]l| Lo ®) cosh(R) — 2 cosh(2X][gol| o (z)) — cosh(4) — 2cosh(r)

Therefore, we conclude the following uniform bound

€g[f(0)] < e(go0),

with ¢(gg) some constant depending on gy that changes from line to line. We also take

1
< min T(\, go).

0<090) = Copleloon) = i,

Now, we consider 0 < § < 6*(gg). We remark that all f*(z,t) exists up to time 6*(go) and, by

means of the instant analyticity result in Section 3.3, we have

s ()] < elgo). YO <t < (90).

Now define fA(z,t) = f(x, —t + ). We have

172 (O3 (y = Algollra ) = oo

Recall that f* is analytic in the common complex strip growing with constant k*(go) for all
0 < A < 1. Then, applying Cauchy’s integral formula with the curve T' = 2 + k*(go)de? and

that Hardy spaces on growing strips are a Banach scale, we get

C

100 1At pA <
10, £ (0 2@y = 105 (0 L2 m) < (g0}

102 F I 22 (850 -

18
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Using the uniform energy bound (42) we have

103 £ | 282y < (90) M3 g0l L2

thus (00)
3 cl9o
102 P0) ey < S0,
Now, given € > 0 take 0 < A\ = min {1, %ﬁo)} to conclude HaﬁfA"s(O)HLQ(R) < e. O

Remark 3 We remark that the problem in the whole plane is also ill-posed in the unstable
regime case but the proof of this fact is different and depends on the kernel appearing in the
whole plane. Therefore, the same idea in the proof can not work in the confined case. Moreover,
the ill-posedness result above is different from those in [9, 2] because we do not require a family
of solutions having arbitrary long time existence.

4 Differences between the two regimes

In this section we study some properties of the regime with 0 < .4 < 1 (finite depth) which are
different with respect to the regime A = 0 (infinite depth).

We show the qualitative behaviour for ||f||z~ and |0y f| L, and the existence of turning
waves. A "turning wave’ is a blow up for 9, f (see [0]).

4.1 Maximum Principles

In this section we show a maximum principle and a decay estimate for || f||z~ and a maximum
principle for ||0,, f|| e for a special class of initial data. In order to prove the maximum principles,
the key point is to compare the local and the nonlocal terms that appear in the ODEs for the
evolution of the L norms.

4.1.1 Maximum principle for ||f| 1

Theorem 5. Let f(t) € H}(R) be the unique classical solution of (9) in the Rayleigh-Taylor
stable case. Then f satisfies that

1f@Olzee < [ foll oo

Proof. Due to the smoothness of f in space and time we have that || f(t)||r = f(z) is Lipschitz.
Then, using Rademacher Theorem, we have that f(z;) is differentiable almost everywhere and
thus we get that

d — -
IOl = e f(ze) = P.V. /R@nf(wt —m(Ei(ze,n, f) = Baze,n, f))dn =1L + 1. (43)
Let us introduce the following notation:

Hzf(l“t)—f(ﬂ?t—n) f(@e) + flze —n)
2 ’ 2 ’

|
|

(44)
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Now, since Z; is defined as (10), using the classical and hyperbolic trigonometric formulas for
the half-angle, we have

2sinh ( ’27 ) cosh (%) 2sinh (%) cosh (1)
I = _2Pv/89 NS =TI _—2PV/89 s
cos " 1+tan2(0) cos 1+tan2(0)
_ _opv / o, 0 (1 + tan?(6)) coth (%) _ _opy / 00 coth (%)
1+ tan? (6) coth? (%) " Jr cos?(0) 1 + tan? (0) coth? (%)

2coth (%)
1 + (tan(#) coth(n/2))?

= —P.V./(?,7 tan(6) dn
R

) tan (f(gt)) PV / tan(6) 2coth (%) J
= — V. an ,
1+ tan? (20 o 0% T (an(6) coth(7/2))?

where we integrate by parts. Considering

G(z) = T + arctan(z),
we have
f(x1)
tan( i ) tan(6)
L =— 1 . . -2 R(?n G tanh(2) dn
+ tan? ( 5 ) 2
tan(0) 1
—P.V. dn.
/R sinh?(2) 1 + (tan(6) coth (1)) "
Then, we get
tan(6) 1

= =2f(@) = P'V'/R sinh?(n/2) 1 + (tan(8) coth(n/2))? . (45)

Anagously for the Is term, we use the classical and hyperbolic trigonometric formulas. In this
case we have to write all in terms of the tan(f). This is possible because z; is a maximum point.
Since =5 is defined as (11) and using the same function G evaluated in tan(f) tanh(n/2), we get
the following expression for I

Lo 0PV 5.3 2sinh (g) cosh (g _opv. /8 7 QSmh )Cosh (")
C R cosh (n )+1 tan?(0) cosh (7 _1+7
1+tan2( 1+tan? (9)
— 2PV, /a gUtcot?@)coth (3) _ o / 0,6 coth (3)
B 1+ cot? (0) coth? (2) "~ Jrsin®(0) 1 + cot? (6) coth? (%)

6779 tanh (5) .
r c0s2(A) 1 + tan? (6) tanh? (3) B

tanh (g)
1 + tan? (9_) tanh? (g)

= —92P.V. —2P.V./8,7tan(9_)
R

Y cot(6) 1
= 2f( t) + P.V./R SiDhQ("?/2) 1+ (cot(e_) COth(’l?/2))2

Therefore, by (45) and (46), we have in (43)

dn. (46)

cot (6 1

Opf () = =4[ () + g cosh?(n/2) tanh?(n/2) + cot2(6) &

tan(6) 1
' /R cosh?(/2) tanh?(n/2) + tanQ(e)d"' (47)

20



Due to the definition of 4

cot(f) = tan <g - 9_> = tan <g — flxy) + 9) .

Moreover, using that

arctan(tan(f(x;)) tanh(n/2)) = 2f(x¢),

.

— f(z1))
¢)) + tanh? (g)

we can write

1) = [ — fa“f an,

cosh? (1) tan?(% —

and we use the equality

>

PR EEND
1 —tan(§ — f(x)) tan(f)

By notational convenience we write 0 = § — f(x;). We define

(5~ ) +

tan(o) tan(6)
tan?(o) + tanh® (2)  tan?(6) + tanh® (2)
B (tan(o) + tan(6))(1 — tan(o) tan(6))
(tan(o) 4 tan(h))2 + (1 — tan(o) tan(f))2 tanh? (3) ’

(xz,n,t) =

and, using (47), we have

1
Of () = —/RWH(%UJ)CW (48)

So we need to prove that II > 0 (respectively < 0) if ||f|r~ = max, f(x) (respectively
min, f(x)). We have

tan(o) tan(6)(tan(f) + 2 tan(o))
[tan?(0) + tanh? (3)][(tan (o) + tan(6))? + (1 — tan(o) tan(6))? tanh* (3)]

. tan?(o) tan(6)(tan(co) tan(#) — 2) tanh? (3)

[tan?(o) + tanh? (3)][(tan(o) -+ t@n(6))2 + (1 — tan(o) tan(0))? tanh? (3)]
N tan(o) tan(6)(tan(o) + 2 tan(6))

[tan?(0) + tanh? (g)] [(tan(o) + tan(#))? 4+ (1 — tan(o) tan(6))? tanh? (%)]
N tan(o) tan? (0 )(tan( )tan(#) — 2) tanh? (3)

[tan?(0) + tanh” (4)][(tan(o) + tan(0))? + (1 — tan(o) tan(9))? tanh® ()]

(tan(o) + tan(f)) tan(o) tan(6)
(tan(o) + tan(6))? + (1 — tan(o) tan(6))? tanh” (%)

H:

(49)
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Rearranging, we get

tan(c) tan®(0)[1 + tan* (o) tanh® (3)]
[tan®(a) + tanh? (§)][(tan(o) + tan(9))? + (1 — tan(o) tan(6))* tanh? (3)]
. 2tan? (o) tan(0)[1 — tanh? (’27)
[tan?(0) + tanh” (#)][(tan(o) + tan(6))? + (1 — tan(o) tan(6))? tanh” (4)]

]

(
tan?(o) tan(6)[1 + tan?() tanh? (2)]

(

]

Il =

* [tan?(0) + tanh? (2)][(tan(o) + tan(6))> (1 — tan(o) tan(6))? tanh* (2)]
N 2tan (o) tan?(0)[1 — tanh? (1)
[tan2(6) + tanh? (2)][(tan (o) + tan(6))? + (1 — tan(o) tan(6))? tanh? (3)]
(tan(o) + tan(0)) tan(o) tan(f)
(tan(o) + tan(8))? + (1 — tan(o) tan(8))? tanh? (3)

Now, we use that tanh® (2) < 1. If || f|| . = max, f(z), the definitions of § and o give us that
tan(f),tan(c) > 0 and obtaining that II > 0. This concludes the proof for this case. For the
case where the L° norm is achieved in the minimum the proof is analogous. Indeed, we have
that in this case II < 0 because tan(c), tan(f) < 0. O

Remark 4 The main difference of this result with respect to the one in [10] is that we have
positive and negative terms in (47). Thus we have to balance them to obtain our result. We
note that the local terms dissapear with infinite depth.

4.1.2 A decay estimate for | f(t)| z
Theorem 6. Let fo >0, fo € L' N HF(R) be the initial datum and assume p? — p* > 0. Then
the solution f(z,t) of equation (9) satisfies the inequality

wllfoll 11

d _ Wollpr
@l < =c(llfollzrs [ follzee. p*, ", e Oz,

Proof. We conserve the notation and the hypothesis of the proof of Theorem 5, i.e. f(zy) =
(D)L, 0 =5 — f(x¢) and 6§ = 7/‘(%)—5(@—77). We have the equation (48) with IT defined in
(49). Due to analysis in the proof of Theorem 5, we have the following bound
tan?(o) tan(0)[1 4 tan?(0) tanh? ()]
[tan?(0) + tanh? (2)][(tan(o) + tan(6))? + (1 — tan(c) tan(9))? tanh? (Z)]
tan(0) 1
(tan?([[ foll L) + 1) + tan([| foll L) 1 + tan*(|| foll =)

II

thus
cosh™2(n/2) tan(9)

/R ((tan? (|| foll L) + 1) + tan? (|| fo| L)) (1 + tan?(|| fol L))

Let 7 > 0 be a parameter that will be chosen below and define the interval [—r,r]. We consider
the sets

— O f(wy) >

dn. (50)

U = {77:776 [—r,r],0 >

and



We observe that Uy is not empty for every r > 0. The conservation of the total mass (13) gives
us a control for the measure of these sets. Indeed,

z
foller = [ stee=min> [ stee—man > L8
R Uz
Therefore ol
Ul =2r —|Us| > 2T — 07L1> .
==l 22 (=8
Notice that if r > % we obtain that |[U;]| > 0. Using (50), we have
1 tan(0)
-0 f(x > / d
() iy cost(5/2) ((tan? ([ follz) + 1)2 + tan® ([ follz= ) (1 + tan?([ follz=))
1 tan(f(2¢)/4)

cost2(r/2) ([ foll=) + D2 + tan2(] foll=)) (1 + w2 follz=))

rf(ze) — |l follz .
2 cosh?(r/2)((tan? (|| foll Lo ) + 1)% + tan(|| fol o)) (1 + tan?(|| fol o))

Now, we fix

[ follzx
r=2 .
f (@)
Then, we get
COSh_2 <||f0||L1> HfOHLl
— O0if () = 2 2 f;mt) 2
2((tan([| fol[zo) + 1)* + tan*(|| foll o)) (1 + tan*([| foll o))
_ 2llfoll 1
N eI ol
— 2((tan?(|| follzee) + 1)? + tan? (|| foll o)) (1 + tan®(|| fol| =)
and we conclude the proof. O

Remark 5 We observe that in the whole plane case (see [10]) the decay rate is given by

Ocf(xe) < —c(ll follzr, | follze, pts p°)(f (24))?,

so in the case without boundaries the decay is faster.

Remark 6 As a corollary we conclude that there are no one-signed, integrable, steady state
solutions.
4.1.3 Maximum principle for |0, f(t)| r~

In this section we show the maximum principle for ||0, f(t)||ze for a special class of initial data:

Theorem 7. Let fy € H?(R) be a smooth initial datum such that conditions (16),(17) and (18)
hold. Then, the solution f(x,t) of equation (9) satisfies

10 f (#)]| Lo < 1102 foll oo - (51)

Moreover, if (x(1),y(1)) is the solution of the system (19) and assuming that || fol|L~ < x(l) and
10z follzee < y(1), we have that
102 f (#)ll 2o < 1.
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Proof. Using the same method as in Theorem 5 and the smoothness of f, we have that the
evolution of 0, f(xt) = ||0x f(t)|| L is given by

D ouFlie = 00, (1),

We suppose that 9, f(x;) = max0d,f(z,t) in order to clarify the exposition, but the proof is
analogous in the case where the norm is achieved by the minimum. Since (9) is equivalent to
(12), so we have to take a derivative in space in this equivalent formulation. The boundaries in
the principal value integrals contributes with —80, f(z;). Thus we get

0¢0p f(x) = =80, f (xy) + 11 + Iy,

with
, tan (f(xt);f(n)>
I =2P.V. | O t dn,
1 /R -~ | arctan - (xt_Q—rz) n
and
I =2P.V. / 02 <arctan <tan <M> tanh <xt - 77>>> dn.
R 2 2
We define

flae)—f(n)
tan (L7 100) it (LI 1, (210)
’ 2 2 ’

T anh (257)

We compute

B tanh?((x; — 1)/2) Q1(x¢,m,t)
20% arctan (p1) = cosh? ((z¢ —1)/2) cos2(6) (tanh2((xt —n)/2) + tan2(9))2’
with
Q1 = Ouf ()i + (1 — (0uf (24))*) 1 — B f (1),
and
B 1 QQ(mt’ UB t)
28:% arctan (po) = cosh2 ((z — 1) /2) COSQ(@) (1+ tanh2((xt —n)/2) tanQ(é))Q,
with

Q2 = —0uf(x)1i + (O f(20))* — iz + O f ().

Thus the sign of the integral terms are given by the sign of @)1 and Q3. @Q; are polynomials in
the variables p;, respectively.
The roots of Q1 are 9, f(z¢) and —1/0, f (), so if we have

. 1
|p11] < min {Haxf(t)HL“” m} ’

then we can ensure that the integral involving the increments of f is negative. However we have
that for n = x; the following equality holds

<f(wt);f(n))

tan

= 1102 f(t) oe

nhﬂnllt tanh ( % )
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and so we need that min {||0, f(¢)||ee, 1/||0x f (t)|| o} = |02 f(t)||zo. Thus we impose condition
(16).
Moreover, if |x —n| > 1 then

tan (|| fol|z>)
| < “tann (1)

under the hypothesis (17). Then

tan (f(xi);f(n) >
It = 2P.V./ 0% [ arctan — dn < 0.
Be(ar,1) tanh (%)

We have to bound the following integral

" = P.V. / Ouf (@) (1) + (1 = (Duf (@)1 = Duf (1)
B(x,1) sinh? ((z; —1)/2) cos2(0) (1 + (u1)2)

<10z foll o=,

dn.

Using the definition of # in (44) and the fact that |x; —n| < 1, we have

(z — 77)2
0 o) S e (D)

tan(6)
tanh((ze — 7)/2)

To obtain this we split as follows

(0uf(xe) +5(02f(24))*) -

tan(0)
tanh((z¢ —1)/2)

~ tan(0) — 0
~ tanh((z; —1)/2)

- amf(xt)

1 2 20
0 <tanh((ggt D)2 77) e O f (1)

Taylor theorem and the fact that the function (z; — n)/tanh(z; —n) < 0.5/tanh(0.5) in this
region give us the desired bound. In the same way,
tan?(0)
w2 (2, — 7)/2)

- (8$f(xt))2

(2 —n)* tan (a“;(m)
< m (@cf(xt) + 5(0$f(xt))3) (@cf(%) + W .

Thus, using the cancellation when puy = 9, f(z¢), we obtain

ndn
0 Sinh2 (g)

tan O f(2y)
(@) + 50 @) (1 0,1 (x) (amfm) v %)) 1
"< 24 tanh(1/2) cos (| F (D) 1) /
tan Oz f(wy)
(axf(xt) + 5(396.]0(1'15))3) (1 + 83&.]0(1'15) <8$f(1't) + tSHTE)>>>
< .

- 6 tanh(1/2) cos?(|[f (£)[| )

‘We have

I, <

[ 0T = ) i ) i)+ 0uS)
r cosh? ((z; — 1) /2) cos2(6)(1 + tanh?((x; — 1)/2) tan?(6))

2dn'.

25



Easily we get

tan (|| £(1)]| 1<) + 190 F ()] oo
LA ROl

It remains to show that '
"+ 1, — 80, f(xy) < 0.

We need to use the local term —80,f(z;) in order to control the remainder terms. Using the
maximum principle (Theorem 5), we obtain

19 foll Lo
tan <+)

tanh(1/2)

102 foll Lo + 5|0 foll3 o
6 tanh(1/2)

1+ HaxfOHLOO H8$f0HL°° +

+ 4tan(Hf0HLoo) + 4H8$fOHL°°(1 — 2COS2(HfQHLoo)) S 0,

which is the condition (18).

We have shown that, if initially the previous conditions hold, there is local in time decay
for ||0x f(t)|| Lo, but maybe these conditions are not satisfied for all time. Indeed, if ||0y f(t)]| Lo
decays faster enough then the condition (18) is not global. But, if there exists ¢; > 0 such that
|0x fl o= starts to grow, then there is a time ¢* > t; so that the condition (18) again holds, and
(51) is achieved. The same is valid for the condition (17).

The last part in the Theorem is obvious using the maximum principle for ||f(t)||z>~ (see
Theorem 5). This concludes the proof. O

Remark 7 We observe that in the case A = 0 the condition depends only on |0y fo| L. In the
case 0 < A < 1, this appears to be impossible because of two facts: First, the term with 6 in (44)

gives us a condition on || fo|| ., also we notice that the condition on tan <M) / tanh (£51)

gives us implicitly a condition on || f(t)||z. Indeed, we have

. tan <f(xt)2—f(77) )

ni—eo  tanh (#5)

= |tan(f(z¢)/2)] < 102 f (1) oo

The second fact is that the term p; can be bounded below by the incremential quotients, but if
we want to bound it above we have to use ||0, f(t)| e and || f(t)||zo-

Remark 8 The region without decay but with an uniform bound (see Figure 2) appears due
to the boundaries. This region does not appear in the case with infinite depth A = 0. We notice
that if we now take the [ — oo limit we recover the well-known result (contained in [10]) for the
whole plane case. Indeed, if | — oo, the conditions (17) and (18) are automatically achieved
and we only have (16) as in [10].

4.2 Turning waves

Now, we can prove the existence of turning waves in the stable Rayleigh-Taylor regime.

Theorem 8. Take p?> — p' > 0. Then there exist analytic initial data sy = s(,0), that can be
parametrized as a graph, such that the solution of (14) at finite time is no longer a graph.

Proof. First, we show that there exists curves z(a) = (21(a), z2()) such that:
Cl. z; are analytic, odd functions.

C2. Oqz1(a) > 0,V # 0, 0p21(0) = 0, and 0, 22(0) > 0.
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Cs. aavl(()) = 8aat21(0) < 0.

By integration by parts in expression (14) and using the definition of z; we obtain

& 1
0,v1(0) = 2022(0 Oa, inh i
01(0) = 20:2(0) |~ Busat)sihea () i) o e
1
+ dn. (52
R reEmE )
Now, we define piecewise smooth and odd curves z(a) = (21(a), 22(a)) (see Figure 3) with
components
z1(a) = a — aexp (—a2)
and, fixed 2 < b < a positive constants,
(1
— sin(ac) if0<a< z,
a a
sin (r 0T/ Ny T
;rﬂ/a)—(ﬂ/b) a b’
LT i
z(a) =4 —a+ — if -~ <a< =, (53)
b b 2
s T 1
a—m+ — if -~ <a<n(l--),
b 2 b
. 1
0 if m(1— E) <a

Notice that C2 is achieved for this (21, z2). Moreover, these curves satisfy the arc-chord condition
in the whole domain. Using the definition of z5 we have that

&ﬂ)l (0) < 2822(0)(Ia + Ib),

where I,, I, are the integrals (52) on the intervals (0,7/a) and (7 /b, 7), respectively. Easily,
we show I, < 0 and this is independent of the choice of a. The integral I, is well defined and
positive, but goes to zero as a grows. Therefore, by approximating, there exists curves (z1, 22)
that satisfies the conditions C1-C3.

Now, we consider (z1, 22) as the analytic initial datum for the equation (14). By a Cauchy-
Kowalevski Theorem, there exists a curve, w(a,t), solution of (14) for any t € [—-T,T] (see
Section 3.3). Due to C3, we get the following

1. for =T < t < 0, we have min, Oywi(,t) > min, dywi (e, 0) = 0 and sp(a) = s(a,0) =
w(a, —T/2) can be parametrized as a graph.

2. At t =0, w(a,0) = s(a,T/2) = z(«) has a vertical tangent.

3. For 0 < t < T we get min, Oqwi(,t) < min, Opwi(e,0) = 0. Thus, for 0 < ¢t < T,
the curve is no longer a graph and the Rayleigh-Taylor condition is not satisfied in a
neighbourhood of o = 0.

O

Remark 9 This theorem implies that there exist initial data fj, parametrized as graphs, such
that the solution of (9) develops a blow up for ||0;f(t)|/ze at finite time ;.
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z(a) v

Figure 3: The curve in the case a = 5,b = 3.

4.3 Numerical evidence

In this Section we obtain firm numerical evidence showing that the confined problem is more
singular than the problem with infinite depth (8). The precise statement of this fact is the
following: We consider a strip with width equal to l, a fized constant. Then there exists initial
data zo(a) = (z1(a), z2 () that can not be parametrized as graphs such that the solution of (14)
achieve the (Rayleigh-Taylor) unstable case and, if you consider the same initial datum when
the depth is infinite, the same curves becomes graphs.

It is enough to show that there exist smooth curves z(«,0) = (z1(«,0), 22(a, 0)) satisfying
arc-chord condition and such that 0,21(0,0) = 0 and the following holds:

1. 9,v1(0,0) = 0,0¢21(0,0) > 0 in the deep water regime,
2. 9,v1(0,0) = 9,0¢21(0,0) < 0 when the strip is considered.

Indeed, if 94v1(0,0) = 0,0;21(0,0) > 0 then denoting m(t) = ming, dy21 (e, t), we have m(0) =
9az1(0,0) = 0 and £m(t) > 0 for ¢t > 0 small enough. This implies m(5) > 0 for a small enough
0 > 0 and the curve can be parametrized as a graph. If d,v1(0,0) = 0,0:21(0,0) < 0, then
m(t) < 0 if ¢ is small enough and the curve can not be parametrized as a graph.

We construct a piecewise smooth curve such that both conditions holds (see Figure 3). We
take z1 defined as follows

o2k

z1(a) = a—e “ "sin(a),

with & = 1074. The idea is to take k << 1 such that e=®% ~ 1, for —m < o < w. Moreover, we
take z9 as in (53) with a = b = 3, i.e.,

(1
“sin(3a) f0<a<o,

3 +7T ,f7r< <37T

—a+ = I -—<a<_,

2(a) = 0 3 5n
a— — if —<a<—,

3 3 3
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Notice that, in the deep water regime, the expression (52) takes the form

0av1(0) > daz1(n)z1(n)22(n)
g~ 1020 /o ()2 + (22()2)?

Substituting the choice of z, we need to compute

0,1 (0
1)21( ) =T + 1y + 13, (54)
where
I E/% (1 — cos(n)e™ "% + 2kne=""* sin(n)) (n — e~"* sin(n)) sin(3n) p
"7 3, (n — e sin())? + (sin(37)/3)?)2 "
Y RS R O U U CREY
SE (n— e PR sin(n)? + (<7 + 7/3)2)2 "
and

27

7 (1 cos(m)e™E 4 2hne " sin())(n — e~ sin())(n — 27/3)
=t (71— PFsin(m)? + (1 — 21/3)2)? -

In the finite depth case the integrals appearing in (52) are

Oav1(0
%() =TZs+ 15 + T, (55)

2

where

- |
0

w3y

(1-— cos(n)e_"% + 2kne T sin(n)) sinh(n — ek sin(n)) sin(sin(3n)/3)

1
' <(Cosh(77 — ek sin(n)) — cos(sin(31)/3))2
1

" Tcosh(n — e PFsin(n)) + cos(sin(3m)/3))? > o

Zs (1-— COS(?])G_WQIC + 2kn6_772k sin(n)) sinh(n — ek sin(n)) sin(—n + 7/3)

Il
w\:\-v
INIE

1
. <(cosh(77 — e~k sin(n)) — cos(—n + 7/3))2

1
d
* (cosh(n — e~k sin(n)) + cos(—n + 7T/3))2> "
and

27

Zo = [ (1= cost)e ™ + 2kne ™ sin()sinb( — ¢ sin)) sin(y — 273

us

V)

1
' <(cosh(77 — e~k sin(n)) — cos(n — 27/3))2

1
+ (cosh(n — e~k sin(n)) + cos(n — 27/3))? > -
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In order to obtain the sign of (54) and (55), we compute the integrals Z;, (i = 2,3,5,6)
using the trapezoidal rule with a fine enough mesh (see Figure 4). The integrals Z;, (i = 1,4)
are approximated by

I 4 /g (1 — cos(n)e™ % + 2kne=""* sin(n))(n — ¥ sin(n)) sin(3n) dn
1 — 5 9
0

3 Joa (n — e~ sin(n))2 + (sin(3n)/3)2)?

and

(e

I, = / (1— COS(?])G_WQIC + 2kn6_772k sin(n)) sinh(n — e~k sin(n)) sin(sin(3n)/3)
0.1
1
' <(cosh(77 — e~k sin(n)) — cos(sin(3n)/3))2
1

" {coshi(n — e P sin(n)) + cos(sin(37)/3))° > o

The truncation of the integral domains in 7}, (i = 1,4) gives us an error Epy < 0.72- 1073, To
obtain this bound we notice that, due to the particular choice of z;,

" Bammz(mza() . oo
| ) + (za ()22 = O

and the same is valid for the relevant integral in the presence of boundaries (52).

The other error is coming from the method used in the numerical quadrature. We use the
trapezoidal rule, obtaining E; < 1.1-1072. We conclude that, if d,v1(0) denotes the numerical
approximation of d,v1(0) defined in (55), we have

Oav1(0) < 0301(0) + [Epv| + | Er| <0,
and, analogously, in the case where 9,v1(0) is defined in (54) we get
0 < 04v1(0) — |Epy| — |Er| < 0av1(0).

Finally, we approximate this zy by analytic functions. This shows that the problem with
finite depth appears to be, in this precise sense, more singular than the case A = 0.

In order to complete a rigorous enclosure of the integral, we are left with the bounding of
the errors coming from the floating point representation and the computer operations and their
propagation. In a forthcoming paper (see [11]) we will deal with this matter. By using interval
arithmetics, we will give a computer assisted proof of this result.
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