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Abstract

Asymptotic perturbation formulas characterize the effective behavior of waves as the volume
of the scattering object tends to zero. In this work, wave propagation is described by time-
harmonic Maxwell’s equations in free space and the corresponding scattering objects are thin
tubular objects that feature a different electric permittivity and a different magnetic permeability
than their surrounding medium. For this setting, we derive an asymptotic representation of the
scattered electric field away from the thin tubular object and use the corresponding leading order
term in a shape identification problem and for designing highly electromagnetically chiral objects.
In inverse problems, the leading order term may be used to find the center curve of a thin wire
that is supposed to emit a scattered field, which is reasonably close to a given measured field. For
the optimal design of electromagnetically chiral structures, the representation formula provides
an explicit formula for the leading order term of an asymptotic far field operator expansion. A
chirality measure, usually requiring the far field operator, will now map aforementioned leading
order term to a value between 0 and 1 dependent on the level of electromagnetic chirality of
the thin tubular scatterer. This approximation greatly simplifies the challenge to maximize the
chirality measure with respect to thin tubular objects. The fact that neither the evaluation
of the leading order term nor the calculation of corresponding derivatives require a Maxwell
system to be solved implies that the shape optimization scheme is highly efficient compared to
shape optimization algorithms that use e.g. domain derivatives. In the visible range, the metallic
nanowires obtained by our optimization scheme attain high values of electromagnetic chirality
and even exceed those attained by traditional metallic helices.

vii






Chapter 1

Introduction

1.1 Electromagnetic scattering from thin tubular structures

This thesis is about the interaction of time-harmonic electromagnetic waves with thin tubular
scattering objects and the efficient shape optimization of these structures to obtain objects with
large electromagnetic chirality.

The wave propagation is described by time-harmonic Maxwell’s equations in three-dimensional
space. An incident electric field E° satisfying

curlcurl E' — kK’°E' = 0 in R3

illuminates the object and produces a scattered field E®. The wave number k is given by
k = w\/eoio, where w denotes the angular frequency and ¢y and pg denote the electric per-
mittivity and the magnetic permeability in free space, respectively. Inside the scattering object
the electric permittivity and magnetic permeability distributions ¢, and pu, differ from the free
space by attaining the interior values €1 and ;. The interior permeability p; is supposed to
be positive, i.e. p; > 0, whereas we study permittivities with either e; > 0 or ;1 € C with
Re(e1) < 0 and Im(eq) > 0. The first case corresponds to a purely dielectric scatterer, whereas
the second case covers metallic materials such as gold or silver for frequencies corresponding to
the optical range. The full Maxwell system for the total field E = E*+4 E* is consequently given
by the weak formulation of

curl (,u;l curl E) —w?’c,E = 0 inR?

and the Silver—Miiller radiation condition for the scattered field E°.

We consider thin tubular scattering objects, which can be described by a non self-intersecting
center curve K C R? with finite length, a fixed cross-section D’p C R? and a twist rate that
determines how the cross-section rotates as it is extruded along the center curve. Throughout
this thesis such an object will be denoted by D, and we call it a thin tubular scattering object.
If its size is in the range of a few nanometers (nm), we call D, a nanotube or nanowire. The
cross-section is supposed to be given by D;, = pD’, where D’ is a bounded Lipschitz domain,
which is orthogonal to the center curve’s tangent vector for every point on K. The number
p > 0 in the notations D, and D;, is called the radius of the cross-section. In particular, it holds
that |D,| — 0 for p — 0. An example of such a thin tubular scattering object is visualized in
Figure 1.1. The non-circular cross-section D;) that is also shown in the bottom right corner,
twists along the tube’s center curve K.

We aim to derive an asymptotic model for electromagnetic wave scattering for thin tubular
scattering objects D, in free space that holds true as the cross-section D,/a of D, shrinks to the
center curve K, i.e., as the radius p tends to zero. In our analysis we derive such an expansion
for the scattered field E® away from D, as well as for the electric far field E>°. The latter can
be understood as the unique representation of the scattered field on the unit sphere. For this
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Figure 1.1: Sketch of the geometry of a thin tubular scattering object D,,.

asymptotic expansion, the goal is to study the leading order term that is supposed to effectively
characterize the scattered electric field due to thin tubular scattering objects without solving the
full Maxwell system. In the literature, various asymptotic perturbation formulas are available
for electrostatic potentials (see e.g. [2, 29, 31, 56, 69]), elastic waves (see e.g. [11, 18, 20]) as well
as for electromagnetic waves (see e.g. [12, 13, 68]). These formulas find applications in inverse
problems such as the reconstruction of small inhomogeneities (see e.g. [9] and the references
therein) or crack-identification in homogeneous material (see e.g. [19, 69]). However, the existing
formulas for Maxwell’s equations either consider different geometries for the scatterer, or are
posed in a bounded set.

Here, we derive an asymptotic perturbation formula for scattered electric fields in free space
away from the scattering object by extending the general low-volume asymptotic representation
formula from [68] by using integral equation methods similar to [13]. We find that the leading
order term of this expansion can be written as a (scaled) line integral over the spine curve K with
an integrand featuring (i) the dyadic Green’s function of time-harmonic Maxwell’s equations in
free space, (i) the incident field E® and (iii) the electric and magnetic polarization tensors
denoted by M® and M*. The range of integration and the polarization tensors are the signatures
of the scattering object, as they depend on the shape of both the curve K and the cross-section
D;,, on the twist rate of the cross-section around the curve, as well as on the material parameters
inside and outside of the scatterer. The polarization tensors can be seen as a generalization to the
particle polarizability « for a nano particle that relates the electric dipole moment p generated
by a nanoparticle to the incoming field E* via p = aE® (see e.g. [1, pp. 152]). Similar as for the
particle polarizability «, plasmonic resonances, i.e. collective surface charge-density oscillations
on metallic nanoparticles are directly coupled to the polarization tensors. For simple cross-
sections such as circles or ellipses, the condition for the appearance of plasmonic resonances is
linked to poles in an explicit representation of M® and M. More general cross-sections require
to study the spectrum of the adjoint double layer potential, also called the Neumann—Poincaré
operator.

For the particular choice of material parameters considered throughout this thesis and for
thin tubular scatterers D, we study the magnetic polarization tensor for positive and the electric
polarization tensor for positive as well as for complex-valued interior permittivities having a
negative real and a positive imaginary part. In both cases, we find that for v € {e, u} the
tangent vector of the center curve K is an eigenvector of M7 for a.e. point on the center curve
K. In the orthogonal complement of the space spanned by the tangent vector, this is the
plane in which the cross-section D;, is located, the polarization tensors can be characterized by
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using the two-dimensional polarization tensors m” corresponding to D;. This property does
not come by surprise as it has been established in [19] for straight cylindrical scatterers with a
sufficiently small but arbitrary cross-section. The asymptotic representation formula, as well as
the characterization of the polarization tensors give a straightforward model for approximating
scattered fields due to thin tubular scatterers. For the simple case, in which the cross-section is
given by an ellipse, the two-dimensional polarization tensor is explicitly known and the lowest-
order term in the asymptotic perturbation formula is explicitly computable.

We incorporate the leading order term in two efficient shape optimization algorithms, which
are the reconstruction of thin tubular dielectric and metallic wires and the maximization of
electromagnetic chirality.

1.2 Shape optimization of thin wires in electromagnetic chirality

A shape optimization problem can be understood as a minimization (or likewise maximization)
problem, described as follows: Within the set of admissible shapes U, 4, find the optimal structure
D* € U,q, for which holds that

D* = argmin J(D), (1.1)
DeU,q

where J : U,q — R is a shape functional. This objective function often incorporates the solution
of a partial differential equation, for which D € U,q acts as (or changes) the domain, on which
the partial differential equation is defined. Studies on the sensitivity of J with respect to
variations in D may lead to shape derivatives (see e.g. [117]) or topological derivatives (see e.g.
[101, 116]). Another approach in shape optimization (in particular in the context of thin wires)
relies in adding thin ligaments to the domain and to study the shape functional as the ligaments
thickness tends to zero (see [39]).

As a first shape optimization problem, we consider the inverse problem, which is to determine
the center curve of a thin tubular scatterer with a circular cross-section, given the material
parameters, a single incident plane wave and measurements of the corresponding electric far field.
In the literature, derivative-based reconstruction schemes often make use of domain derivatives.
For domain derivatives corresponding to the Helmholtz equation, we refer to e.g. [77, 78, 87],
for Maxwell’s equation see e.g. [72, 73, 74, 79]. In a different approach, the boundary integral
equation for the solution of the scattering problem is differentiated with respect to variations of
the domain. For the Helmholtz equation this has been done in e.g. [108, 110] and for Maxwell’s
equations in e.g. [71, 109]. Both of these approaches require an additional scattering problem to
be solved for every variation of the domain. In a Newton-type algorithm every iteration requires
several variations of an admissible shape (note that the current iterate is an admissible shape)
to establish a gradient and therefore, several scattering problems need to be solved.

In our approach for a reconstruction scheme, we let the forward model map the center curve
K of the wire to the leading order term of the asymptotic representation formula of the electric
far field. We use this map to derive an inexpensive Gauf-Newton scheme which does not require
a single Maxwell system to be solved. We introduce regularization terms for stabilizing the
reconstructions and provide several numerical results. Starting from a given far field pattern,
which is simulated independently by means of Bempp, both, dielectric as well as metallic thin
tubes can be reconstructed when the initial guess is close enough to the true scattering object.
A similar method for electrical impedance tomography has been considered in [69] (see also [19],
where a similar inverse problem involving thin straight cylinders is studied).

Our motivation to study electromagnetic scattering from thin wires is electromagnetic chi-
rality (em-chirality). The concept of em-chirality has been introduced to distinguish scattering
objects, materials or metamaterials from one another based on different interactions with waves
of opposite helicities. Helicity can be understood as an extension to circular polarization from
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plane waves to general fields, which solve the homogeneous time-harmonic Maxwell’s equations.
More precisely, helicity of a monochromatic field is related to the eigenvalues and eigenvectors
of the helicity operator k=1 curl (see also [49]). Since this operator has the eigenvalues +1, one
distinguishes between fields of positive (4+1) and negative (-1) helicities. A scattering object is
said to be electromagnetically achiral (em-achiral), if, in some sense, all the information that is
obtained upon illuminating the scattering object with fields of one helicity (either positive or
negative) can be reproduced by fields of the opposite helicity. If this property is not given, the
object is defined as electromagnetically chiral (em-chiral). The quantification of em-chirality is
realized by using chirality measures, which were introduced in [49] and further studied in [15]
in a mathematical framework involving the electric far field operator.

The far field operator can be associated to a scattering object and is mapped by the chirality
measure to a scalar value, which lies between zero and the total interaction cross-section of the
scattering object. An object attaining the lower bound (i.e. zero) would be em-achiral. This
class includes objects that are achiral in the classical sense, i.e., objects that are symmetric with
respect to a mirror plane. Examples include e.g. spheres, ellipsoids or tori. On the other hand, an
object attaining the upper bound of the chirality measure (i.e. the total interaction cross-section)
would be maximally em-chiral. Such an object would not scatter fields of one helicity at all, i.e.
the scatterer would be invisible with respect to fields of one helicity. It is not clear, whether
such a maximally em-chiral object exists. However, even scatterers that attain sufficiently
large measures of em-chirality would enable interesting applications in photonic metamaterials,
especially, when these chiral effects occur in the visible spectrum (see e.g. [41, 52, 60, 84, 105,
107, 112, 125)).

An approach for formulating a shape optimization scheme for finding highly em-chiral objects
might be described as follows. The shape functional J in (1.1) would map the scattering object
D to its electric far field operator and afterwards, by introducing a scaled chirality measure
(i.e. dividing the original chirality measure by the total interaction cross-section), to a value
between zero (em-achiral) and one (maximally em-chiral). This approach has a major drawback
from the numerical perspective, as the numerical approximation of the electric far field operator
corresponding to the scattering object under consideration requires the computation of several
solutions corresponding to Maxwell’s equations. To be precise, denoting by N € N the degree
of the multipole expansion that is used to approximate the incident and scattered field, the
computation of the far field operator requires the solution of 2N (N + 2) Maxwell systems.
An optimization of em-chirality based on shape derivatives would require additional 2N (N +
2) solutions to Maxwell systems for every variation of the domain, resulting in a tremendous
computational effort.

In the literature, metallic helices are often studied for frequencies corresponding to the
infrared regime. It has been observed in [60] that gold helices exhibit strong chiral effects
as they show low transmittance for waves of one polarization handedness with a direction of
propagation parallel to the helix axis, while allowing for a high transmittance of the other
polarization handedness. Experimentally, an array of these helices has been observed to block
fields of one helicity while transmitting the other one, thus, acting as a broadband circular
polarizer for an exterior wavelength from around 4um to 8um. Further improvements on the
design of such a helix were proposed in the literature such as tapered helices, intertwined helices
or combinations of such. For an overview on these we refer to the review article [76] and the
references therein. Using the chirality measure introduced in [49], the optimizations in [61, 62]
focus on designing silver helices with a fixed circular cross-section at frequencies ranging from the
infrared regime to the optical band. The shape optimization consequently results in optimizing
four parameters that define the geometry of the helix: the radius, the pitch, the thickness and
the number of turns. While the obtained optimized silver helices achieve high chirality measures
in the infrared regime, their performance decreases significantly towards the optical frequency
band (see [61, 62]).
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Our approach to designing highly em-chiral objects relies on using the thin wire model
for approximating the far field operator. In doing so, we go beyond the search for helices by
establishing a simultaneous free-form optimization of both the center curve of the wire as well as
the rotation of the cross-section around it. This enables us to cover a wide range of thin tubular
scattering objects. In particular, we aim to design metallic nanowires for frequencies in the
optical regime that attain high values of the (normalized) chirality measure. These optimized
nano structures are supposed to serve as possible building blocks in novel three-dimensional
metamaterials (see e.g. [52, 76, 84]).

The procedure in establishing the optimization algorithm can be described as follows: We
use the leading order term of the asymptotic representation formula for approximating the elec-
tric far field operator, which provides the leading order term of a far field operator expansion.
The shape functional J from (1.1) can now be understood as a function that first maps the
thin tubular scatterer to its leading order term of this expansion and afterwards, to a normal-
ized chirality value. By using this approximation, the effort to quantify em-chirality reduces
significantly: Computationally expensive finite element or boundary element simulations are re-
placed by the computation of curve integrals over known integrands, which can be approximated
within seconds. The shape derivative with respect to the center curve and the rotation of the
thin tubular scatterer can be computed explicitly. A BFGS scheme for the shape optimization
thus does not require a single Maxwell system to be solved, neither for the evaluation of the
forward model, nor for the Fréchet derivative with respect to the center curve and rotation.

In our numerical examples we first focus on dielectric scattering objects with a circular cross-
section. The shape optimization results in helix-shaped center curves with a relatively low value
of em-chirality. Secondly, we study dual symmetric scatterers, i.e. objects, for which the electric
and magnetic fields stay a solution to Maxwell’s equation when they are transformed by a certain
duality transform. Dual symmetry implies preservation of helicity, which is a necessary condition
for an object to be maximally em-chiral. Our shape optimization yields similar structures as
for the dielectric case and the chirality measure reaches approximately half of the (theoretically
possible) upper bound. Finally, we focus on metallic nanowires with an elliptical cross-section.
We study discrete frequencies in the optical band and obtain the largest chirality values, when
both the shape of the center curve and the twist rate of the cross-section of the nanowire are
suitably optimized simultaneously, and when the frequency, where the optimization is carried
out is slightly below the plasmonic resonance frequency of the nanowire’s cross-section. In these
cases, our optimization scheme finds nanowires with non-intuitive shapes that attain more than
90% of the theoretically maximum of the chirality measure.

1.3 Outline of the thesis

In Chapter 2 we first introduce some preliminaries that we need throughout the whole thesis.
This includes function spaces and traces for bounded Lipschitz domains. Afterwards we derive
time-harmonic Maxwell’s equations from Maxwell’s equations in the time domain and study spe-
cial solutions of time-harmonic Maxwell’s equations. Then, we prove existence and uniqueness
for the particular choice of material parameters that we consider throughout this thesis.
Chapter 3 is about the asymptotic representation formula for electric fields in free space. We
give a precise definition for the scattering objects D, and derive the previously mentioned formula
rigorously from an asymptotic representation formula in a bounded domain. To study the leading
order term of the representation formula we focus on the polarization tensor corresponding to
a thin tubular scattering object in detail. For this purpose, we derive symmetry properties,
bounds and finally establish an explicit characterization of the polarization tensors. Moreover,
we study the two-dimensional polarization tensor of the thin tubes’ cross-section and recall that
its definition is linked to an elliptic transmission problem. We examine the plasmonic resonances
and discuss the conditions under which this phenomenon occurs for thin metallic nanotubes.
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Finally we perform numerical studies on the accuracy of the leading order term compared to a
boundary element simulation. Here, we focus on dielectric thin tubular scatterers and metallic
nanowires with a circular cross-section.

In Chapter 4 we discuss an inverse scattering problem for thin tubular objects with a circular
cross-section. The challenge is to reconstruct the center curve of a thin tubular scattering object
essentially, from observations of an electric far field pattern corresponding to a single incident
plane wave. We establish an inexpensive Gau3-Newton algorithm that incorporates the leading
order term of the asymptotic perturbation formula for the reconstruction. Furthermore, we
provide numerical examples for the identification of the center curve for dielectric thin tubes
and metallic nanowires.

Chapter 5 is about the maximization of electromagnetic chirality (em-chirality) for thin tubu-
lar scattering objects. First, we recall the definition and quantification of em-chirality for general
three-dimensional scattering objects. Afterwards we focus on the quantification of em-chirality
for thin tubular scatterers. By using the leading order term of the asymptotic perturbation for-
mula we find an explicit representation of the leading order term of a far field operator expansion
that is associated to the thin tubular scatterer. This implies a functional that maps the center
curve and a potential rotation of the cross-section around the center curve to its chirality value.
For this operator we rigorously derive the Fréchet derivative with respect to the center curve
and the rotation and establish an efficient shape optimization algorithm for designing highly
em-chiral structures and in particular, highly em-chiral metallic nanowires. We introduce penal-
ization terms for the optimization and derive the corresponding Fréchet derivatives. Finally, we
highlight numerical results achieved by the shape optimization algorithm. For dielectric, dual
symmetric and metallic thin tubular scattering objects, we study shape optimizations and exam-
ine the final structures that the optimization scheme provides by performing various parameter
scans. In Appendix A we study a few basic definitions from functional analysis.

In Appendix B we collect several useful estimates that are needed for the characterization
of the polarization tensor in Chapter 3.

Moreover, we study in Appendix C the PMCHTW formulation that we need in order to
simulate electromagnetic scattering using the boundary element library Bempp.

In Appendix D we compute derivatives of entire solutions of Maxwell’s equations. These are
needed for the shape optimization.

Prior publications

This thesis is based on the following works, in which I contributed as an author:
o [14], together with T. Arens and R. Griesmaier,
o [28], together with Y. Capdeboscq and R. Griesmaier,
o [50], together with I. Fernandez-Corbaton, R. Griesmaier and C. Rockstuhl.

Chapter 3 was originally published in [28] and [50]. In [28] we studied the derivation of the
asymptotic perturbation formula in free space and the characterization of the polarization tensor
for dielectric materials. We extended this to metallic materials in [50]. The reconstruction of thin
tubular scattering objects in Chapter 4 was originally published in [28]. The shape optimization
for thin em-chiral structures from Chapter 5 was published in [14] and [50]. In [14] we studied
shape optimization for dielectric thin tubes with a circular cross-section and in [50] we extended
these studies to metallic nanowires with an elliptical cross-section. Appendix B was published
in [28] and Appendix D in [14].



Chapter 2

Time-harmonic Maxwell’s equations:
Well-posedness for dielectric and metallic objects

Maxwell’s equations model electromagnetic wave propagation and serve as the governing partial
differential equation for describing the scattering problems that we study in this work. In this
chapter, we consider general bounded Lipschitz domains D C R? as potential scattering objects.
We first discuss preliminaries for studying Maxwell’s equations. This includes special functions,
spaces and traces. Afterwards, we derive time-harmonic Maxwell’s equations and show existence
and uniqueness for the particular coefficients considered in this thesis. For this aim, we use the
procedure, ideas and results from [99].

2.1 Preliminaries

We shortly summarize the mathematical framework for studying time-harmonic Maxwell’s equa-
tions. For an open set @ C R? with d = 2,3 we denote by C*¥(Q2) and C*(9Q) the classical
function spaces of k times continuously differentiable functions on €2 and 0f2, respectively. The
spaces CF () and C*(Q) are constituted by functions in C*(Q) that have compact support in §2
and that have bounded and uniformly continuous derivatives up to order k on 2, respectively.
Let B/, (0) denote the two-dimensional disc of radius « centered at the origin. Moreover, denote
by B, (0) the three-dimensional ball of radius « centered at the origin. We recall the definition
of a three-dimensional Lipschitz domain from [88, Def. 5.1].

Definition 2.1. We define a domain © C R? to be a Lipschitz domain, if there exist a finite
number of open cylinders Uj, j = 1,...,m, m € N of the form

Uj = {Rjz + 2V |z € BL(0) x (—28;,25;)}

with 20) € R3 and rotations R; € R3*3 and real-valued Lipschitz-continuous functions § €

C(B(0)) with |€;(z1,72)| < B for all (21, 72) € B, (0) such that 00 C JjL, U; and
0QNU; = {Rjx+ 29 | (21, 29) € B,(0), 23 = &j(z1,22)},
QNU; = {Rjx + 29 | (z1,29) € BL(0), 23 < &j(w1,22)},
Ui\ Q = {Rjm + 29| (21, 22) € B,(0), w3 > &(1,22)} .

Two-dimensional Lipschitz domains can be defined similarly (see e.g. [97, Def. 3.28]). The
Definition 2.1 requires the sets of cylinders U;, j = 1,...,m to cover the boundary 9€2. The
cross-section of the cylinder B/ (0) x {0} is mapped to a part of the boundary by using the map
&j. Assuming without loss of generality that the height of the cylinder f3 is larger than the radius
a, we have B, (0) C B/, (0) x (—28;,20;). Moreover, we define the transformations

x1
U,(z) = R; 2 +29, @ = (z1,29,25)" € Ba0),
§j(£€1,x2) —|—x3
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as well as the restriction of \ITJ to B.,(0)
I A
U;(&) = R, To +2U & = (z1,29)" € BL(0) (2.1)
&j(@1, 22)
(see [88, p. 228]). The functions ¥; are differentiable a.e. on B} (0) by the Rademacher theorem
(see e.g. [45, Thm. 6, Sec. 5.8]). This implies the existence of a unit normal vector v a.e. on the

boundary of Q (see also [88, Rmk. A.8]). We define U} = \fI/Vj(Ba(O)). Then, the boundary 02 is
still covered by these sets, i.e. 9Q C UL, U ]’ Moreover,

IONU) = {¥;(z)| 2 € Ba(0), 23 = 0} = {U;(&)|& € B(0)},
QNUj = {¥(@) |2 € Ba(0), 3 < 0},
Ui\ Q = {¥;(z) |z € Ba(0), x5 > 0}.

The transformation ¥ will be directly involved in the definition of (vector-valued) Sobolev spaces.
From now on, let Q C R3 denote a Lipschitz domain as introduced in Definition 2.1. We denote
by LP(Q2) for 1 < p < oo the standard Lebesgue space with norm

{(fglf( )P da)'/? for 1 <p < oo

(2.2)
esssupgcq |f(x)| for p=oo.

1f]lze

The space L?(Q) is a Hilbert space with scalar product!
/f g(x) dz for f,g € L*(Q).

The Hilbert space L?(99) is defined analogously. For a locally integrable function u in Q and a
multi-index o € N3 we say that a locally integrable function v is the ath weak derivative of u
if it satisfies

/¢ ) de = |a|/ )(D%p)(z) dz for all ¢ € ()

(see e.g. [63, Sec. 7.3.] or [45, Sec. 5.2]). Further, we denote by W*(Q) the space of k times
weakly differentiable functions. Let W*P(Q), for 1 < p < oo, be defined by

WEP(Q) = {u € WHQ) | D™ € LP(Q) for all o] < k},

where the norm is given by

ulwiney = ([ X [0 az)"”. (2.3)

|| <k

We denote by W, ’p(Q) the closure of C¢(9) with respect to the norm in (2.3) for k = 1. For
p =2, WkP(Q) and Wo P(Q2) become Hilbert spaces and we denote these by H*(Q) = Wk2(Q)

and H}(Q) = VVO1 %(Q), respectively. Often, we consider H'(€2), where the inner product is given
by

(u,v) i) = (U, ) 2) + (Vu, Vo) r2(q) - (2.4)

In order to introduce Sobolev spaces on the boundary 92 we first consider a space of periodic
functions and declare the assignment of a function to this space by the decay of its Fourier

'In our notation, scalar products are always linear in the first and antilinear in the second component.
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coefficients. This follows [88, Def. 5.5]. Let Qq = (—m,m)% C R? denote the cube in R? for
d = 2,3. For a scalar-valued function v € L?(Qg) the Fourier series Y nezd Une™® with Fourier
coefficients (vy,),eze C C converges to v with respect to the norm in (2.2) for p = 2. Therefore,
we identify the function v with its Fourier series and write v(x) = 3, cz4 vne™®. For any

real-valued s > 0, let H;.(Qg) be defined as

1/2
Hyo (Qa) = {U € L*(Qu) ‘ 10l g, @a) < OO}’ with [|v]| g, @a) = ( > 1+ |"|2)8|Un|2> -

nezd

Indeed, || - ||as,, (@ ) is a norm (see [88, Def. 5.5]). The trace o : Hl . (Q3) — Héérz(Qg) is
introduced as the extension of Y0 : P(Q3) — P(Q2) defined by Yo(u) = ulg,x {0y, where P(Q3)
and P(Q2) are the spaces of trigonometric polynomials defined on @3 and @2, respectively (see
[88, Thm. 5.7]). In order to define the operator vy for a Lipschitz boundary 92 we need a
partition of unity {¢;, j =1,...,m} (see Theorem A.1) and the transformations ¥; from (2.1).

Let f € L?(09). Then, using that g‘ijf X % = (1 +|V¢|?)/? and the transformation rule
gives
2 _ )2 ds = / 2 4
7oy = [ 17 @) ds Z vy 5N
(2.5)
= Z/ F@P0+ Vg @) da,
where
7 (3 (U5(@) 2 f(¥)()), € BL(0),
fil) =4 7 ’ , (2.6)
0, wEQQ\Ba(O)’

(see [88, p. 236]). Using the inequality
N\ 1/2 ) 1/2
1< (141Vg @) < max (14 V6]3(0,)

=1,...,

- 1/2
and (2.5) shows that the norms || f||12(50) and ( i Hfj”%2(Q2)) are equivalent. Therefore,

we find that f € L?(09) if and only if f] € L3(Qq) for all j = 1,...,m (see [88, p. 236]). This
property is used to define the space H'/?(9Q), given by

HY2(0Q) = {f € L*(09) | f; € HY2(Qo) for all j =1,...,m}

per

with norm
m 1/2
_ 712
£l r20m) = (;\\fJ\H;g(QZ)) (2.1

(see [88, Def. 5.8]). The choice of the partition of unity, that is used in the definition of f; in (2.6)
does not matter, as different choices imply equivalent norms (2.7) (see [88, Cor. 5.15]). It turns
out that the trace vo : C1(Q) — C(99Q), You = u|sn can be extended to a bounded operator from
HY(Q) to H'/?(9Q). Moreover, the trace operator v has a bounded right inverse that we denote
by 7 (see [88, Thm. 5.10]). We denote by H~/2(9) the dual space of H'/2(99). A vector field
v € (L?(2))? has a variational (or weak) divergence in L?() if there is a scalar-valued function
p € L?(Q) such that

/v-Vgp de = —/pgp dx for all ¢ € C5°(92). (2.8)
Q Q
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For the unique function p we write divo (see [88, Def. 4.16]). The space of functions that possess
a weak divergence in L?(2) is denoted by H(div, Q). For u € (C*(£))3, the normal trace

T = V- ulpq, (2.9)

where v denotes the exterior unit normal to 92, can be extended to a continuous linear map
from H(div,Q) to H1/2(Q). Moreover, Green’s theorem holds for functions v € H(div,)
and ¢ € HY(Q), that is

/U-Vgodm—l—/divvgpdm :/ wv-vds. (2.10)
Q Q a0

These results are found in [99, Thm. 3.24]. We emphasize that we interpret the right hand side
of (2.10) as the dual pairing in H/2(9Q) x H=/2(99Q).

A vector field v € (L?(Q2))? has a variational (or weak) curl in (L?(£2))3, if there exists a
vector field w € (L?())? such that

/v-curl't,b de = /'w-'zpda} for all ¢ € (C5°(2))3.
Q Q

For the unique function w we write curlv (see [88, Def. 4.16]). The space of functions that
possess a weak curl in (L2(Q2))? is denoted by H(curl, ), i.e.

H(curl, Q) = {v € (Lz(Q))3 | curlv € (LZ(Q))S}.
The inner product in H(curl, ) is defined by
(u,v) = (curlu,curlv)2q) + (u,v)2(q) - (2.11)

For an unbounded € we use the notation Hj,.(curl, ) for the space of functions, for which the
function itself and its curl are locally in (L?(£2))3. More precisely, a function v is said to be in
Hoc(curl, Q) if v|5 is in H(curl, Q) for all open and bounded Q € Q. The following theorem
can be found in e.g. [88, Thm. 5.19].

Proposition 2.2. If Q is a bounded Lipschitz domain, then (C*(Q))? is dense in H(curl, Q)
with respect to the norm in (2.11).

In order to introduce appropriate traces for functions in H(curl, ), we first describe periodic
Sobolev spaces of vector-valued functions (see [88, Def. 5.20]). We recall that for x € Qg =
(—m,m)% and v € (L*(Qq))? the Fourier series 3", 7a vne™?, where v, € C? denote the Fourier
coefficients of v, converges to v with respect to the norm in (L?(Qg))3. Let

T@) = { ¥ vne™|2€ Qs omeC Nen)
m|<N

be the space of trigonometric vector polynomials. For any s € R we introduce the spaces
Hjiv,per(Qz) and H? (Q2) as the completion of 7(Q2) with respect to the norms

curl,per
2\s 2 2 1/2
lollms, (@ = (3 A+ mP) (jomf? + m-omf?) )

div,per
meZ?
2\s 2 2 1/2
lollms,, o = (22 (4 mP) (loml® + [m x vml?) )
meZ?2

respectively (see [88, Def. 5.20]). Here, m x a = mjas — maa; for m,a € C?. For a bounded
Lipschitz domain €2, let

L (09) = {a € (Lz((‘)Q))3 |v-a=0 ae. on 89} .
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The unit sphere in R? is denoted by S? and often takes the role of 9. Let {¢;|j =1,...,m}
be a partition of unity (see Theorem A.1) and recall the transformation ¥; from (2.1). For
f € L?(09Q) we define the functions

Fi(3) {cj@ (6;(U;@) " F @) F(0;(@)), & € By(0),
J

0, 7 € Q2 \ By(0),
@) = { 9@ @@ FI@)F(2E), @< Bi0),
0, T €Q2\ BL(0),
where
. |0vi(@)  8v,(T) U (&) | 0V, (&) | OV, (&) OV, (&)
R R e

for & € B/, (0). We define the space H, dlv/ (0Q) and H, ~1/2 (09) as the completion of the spaces

curl
{f € L}00)| fl € Hylo(Q2), j=1,...,m} and
{£ € L3OV | f] € Honler(@2), 5 = 1,...om}

with respect to the norms

1/2
(Q2 )) ’

respectively (see [88, Def. 5.23]). For v € (C*(Q))3 we consider the tangential trace 7; and the
projection on the tangential plane vy given by

1/2
P T (Z||fT||2 oy

curl ,per

171151725 = (an 12172

le per

n(v) = v xvlgg and Ap(v) = (v X v|pa) X v

Both traces v; and 7 can be extended to H(curl, Q) in such a way that the maps

v+ H(curl, Q) — HC;‘II/Q((?Q) and 77 : H(curl,Q) — H 1/2(89) (2.12)

curl

are both linear, continuous and surjective. Moreover, for both operators, there exists a bounded
right inverse denoted by 7; : dw/ (0Q) — H(curl,Q) and nr : H_, 1/2(69) — H(curl,Q) (see

curl

88, Thm. 5.24]). Following [88, Def. 5.29], for a € Hy/*(99) and b € H_'{*(99), we define

curl

the surface divergence divaoa € H~/2(9Q) and the surface curl curlpgn b € H=/2(90) as the
linear bounded functionals defined by

/ divggayy ds = —/ a- ((V X VJ) X V|8Q) ds for all ¥ € HY?(8Q), (2.13a)
o0 o0
/ curly by ds = f/ (v x Vilon) b ds forall v € H'(99). (2.13b)
oN oN

Here, J € H(Q) is any extension of v, which is defined as J = np, where 7 is the bounded right

inverse of the trace 9. We emphasize that both left hand sides in (2.13) must be interpreted

as the dual pairing in H/2(9Q) x H~'/2(9Q) and the right hand sides as the dual pairing in
;\1,/2(6)(2) (;111/2(8(2) By Proposition 2.2, for a bounded domain €2, the space (C*°(€2))3

is dense in H(curl,Q). This implies that the space {v x u|spg|u € (Coo( ))3} is dense in

H(;},/Q(ﬁ()). For a € H(;i/ (092) we therefore find an expression for a x v € chh/Q(&Q) that we
interpret as

axv = (vxmna) XV, (2.14)
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where 7, is the bounded right inverse of v, (see also [88, Proof of Lem. 5.61]).
We introduce spherical coordinates

x = r[sin(f) cos(y) | sin(f) sin(y) | cos(8)] ", r>0,0¢€][0,x], p€0,2m) (2.15)

and define the spherical harmonics Y, for & = = /|z| € S? by

Y () = 2n+1(n—|m])! P|m|(cos(0))eim“" form=-n,...,nandn=1,2,...,
4 (n+ |m|)!

where P (t) = (1 — t2)™/2(d/dt)™P,(t) denote the associated Legendre polynomials. The
functions P, are the Legendre polynomials (see e.g. [34, pp. 26]). The functions Y,)” form a
complete orthonormal system in L2(S?) (see e.g. [88, p. 41]). We denote by Vg2 the surface
gradient on the unit sphere, which for a function f € C'(S?) can be defined in the spherical
coordinates (2.15) by

8f 1 af

0 0
with @ = [cos(f) cos(g) | cos(h) sin() | —sin(d)] "and ¢ = [—sin(y) | cos(¢)|0]". We define
the vector spherical harmonics by

1

U'(x) = ———=VgY) () and V() =2 x U () (2.16)
n(n+1)

for m = —n,...,nand n = 1,2,.... These functions form a complete orthonormal system in

L?(S?) (see e.g. [88, Thm. 2.46)), i.e., every function f € L?(S?) has an expansion of the form

Z Z a™U™(Z) 4+ bV (z), for z € S?. (2.17)

n=1m=-n

Remark 2.3. For functions a € Hd_ii/Q(aBl(O)) we interpret the expansion in (2.17) in the
following sense. The function @ can be extended to H(curl, B;1(0)) by using the bounded
right inverse 1 of the trace v from (2.12). The extension u = m:a € H(curl, B1(0)) can be
approximated by a sequence (uy)ny C (C*®(B1(0)))? (see Proposition 2.2) that we can write
explicitly as

N n
=30 3 aROIUI@ + SOV @) o (Y @8

for 0 <r <1,z € S? (see [88, Thm. 5.36]). Applying the trace v; to ux (note that v = Z on
S?), using the boundedness of 7; and the fact that v;u = a gives that

1/><uN|8]31 Z Z ()-8 (VUM Z) > a as N — 0.

n=1m=-n

Similarly, we consider series expansions of b € H Cuh/ 2(6B1 (0)).

2.2 Time-harmonic Maxwell’s equations

We shortly outline how to derive time-harmonic Maxwell’s equations from the time-dependent
Maxwell’s equations. We refer to the introductory chapters in [81, 88, 96]. Let & be the
electric field in Volt/meter, H the magnetic field in Ampere/meter, D the electric displacement
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in Coulomb/meter?, B the magnetic flux density in Weber/meter?, J the current density in
Ampere/meter? and p the volume charge in Coulomb/meter?. Maxwell’s equations relate the
fields £, H, D, B, J and the scalar function p via

D
divD = p, curl’H:j—&—%—t,
divB = 0, curlé’—l—%l:—o.

All of these quantities in general depend on time and space. The four fields £, H, D, B are further
related via the equations

1
D =€+ P, H=—DB-M, (2.18)
Ho
where P and M denote the macroscopic polarization and magnetization, respectively. The
parameters g and pg denote the electric permittivity and magnetic permeability in free space
and they are given by

F H
go = 8.854 x 10712 —, po = 4m x 1077 —. (2.19)

m m
As described in [102, Sec. 2.1], the relations in (2.18) are not restrictive, i.e. they can be stated
for any medium. In this work, we consider linear and isotropic media. This means that the

constitutive relations?, i.e. the relations between D, € and B, H are linear and do not depend on
the direction of £ and H. Thus,

D=cf, B=uH, (2.20)

where ¢ and p are scalar-valued. The equations in (2.20) are often implicitly defined by using
the electric and magnetic susceptibilities Y, X that describe the relation between P and £ and
M and H from (2.18) in terms of

P =t M= (221)

(see e.g. [102, Sec. 2.3] and [96, p. 8]). Comparing (2.21), (2.20) and (2.18) gives that ¢ =
e0(1 4+ xe) and = po(1 + xm). According to Ohm'’s law, a linear approximation to the current
density J is given by J = o0& + J., where o is the conductivity and 7. denotes external source
densities. We always assume that J, = 0. If 0 = 0, the material is called dielectric.

Our considerations restrict to time-harmonic fields, i.e. we consider an ansatz for the fields
as E(x,t) = Re(E(x)e ), H(x,t) = Re(H(x)e ) etc.. The number w > 0 is the angular
frequency. It is connected to the frequency f via w = 2nf. Using g9 and po as defined in
(2.19), the wave number k in free space is given by k = w,/gofig. The corresponding wavelength

A > 0 can be computed via A = 27 /k = ¢/ f, where ¢ = (so,uo)_l/2 denotes the speed of light in
meter/second. Thus, the time-harmonic Maxwell’s equations read

curl K —iwpH = 0, curlH+iw<5+w>E:0.
w

For convenience, we do not consider permittivity and conductivity separately. This means that
instead of € +io/w we only write €, where ¢ € C. Accordingly, a medium is said to be dielectric,
if Im(e) = 0. This is a common procedure in the literature (see e.g. [102, Sec. 2.8]).

Before we start with the introduction to the electromagnetic scattering problem, we provide
an overview about special solutions of Maxwell’s equations and the Helmholtz equation that we

%In the literature, instead of € and p in (2.20) one often finds €o& and poji, where & and ji denote a relative
permittivity and permeability (see e.g. [102, Eq. (2.11)—(2.13)]).
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use throughout this thesis. For a domain Q C R? we consider isotropic time-harmonic Maxwell’s
equations, which read

curlV —iwugW = 0, curl W +iwsgV =0 in Q. (2.22)

The following definition can be found in [34, p. 231] and [34, Def. 6.6]. Note the different scaling
of time-harmonic Maxwell’s equations that we consider here.

Definition 2.4. Let (V, W) be a pair of fields satisfying (2.22). On the one hand, for Q = R3
the pair (V, W) is called an entire solution of (2.22). On the other hand, let Q = R3\ Bg(0) for
some R > 01in (2.22). If the pair (V, W) additionally satisfies one of the Silver—Miiller radiation
conditions

lim || (y/eoV xZ+ /uoW) =0 or ‘l|im lz| (VuoW x & —/egV) = 0,
r|—0o0

|| —o00

uniformly with respect to & = /||, then it is called a radiating solution of (2.22).

Forn € N, m = —n...,n, we define the fields

M (x) = —jn(kr) V" (@), (2.23a)
curl M™(z) = ”(:f“) ju(kr)Y™(@) & + % (ju(kr) + kr il (kr)) U™(@),  (2.23b)
as well as
N (@) = b (kr) V" (@), (2.24a)
nn+ 1)

1
curl N™(z) = WD (k) Y (@) @ + — (D (k) + kor hD' (k) ) U (@), (2.24D)

r r
where j, denote spherical Bessel functions of the first kind and degree n (see e.g. [34, Chap.
2.4]). Moreover, we denote by vy, spherical Bessel functions of the second kind and degree n.
The spherical Hankel functions of the first kind of order n are defined by hﬁ}’ = jn + iy,. From
[34, Thm. 6.26] we find that the pair (M™, (iwpg) ! curl M[™) is an entire solution to time-
harmonic Maxwell’s equations (2.22) and that the pair (N, (iwug) ™! curl N*) is a radiating
solution to time-harmonic Maxwell’s equations (2.22) in R3\ {0}. Moreover, for k > 0, we
introduce the fundamental solution of the Helmholtz equation given by

eiklm_yl

O(x,y) = forz,y eR3 x#y. (2.25)

This function satisfies
Ap®(z,y) + P (x,y) = —0y(x) for z,y € R?
together with the Sommerfeld radiation condition in the three-dimensional space that is

lim || (Z - Vy®(x,y) —ikP(x,y)) = 0, (2.26)
|| —00
where the limit is uniform in # = /|| € S? and in y € Y for every bounded subset Y C R3.
The matrix-valued function
1

12 Vedivg (®(x,y)I3) for z,y eR®, x #y, (2.27)

G(m’y) = (I)(:va)]l3+

where I3 € R3*3 is the identity matrix, is called the dyadic Green’s function for Maxwell’s
equations (see e.g. [99, p. 303]) as it fulfills

curly curl, G(z,y) — k*G(z,y) = 6y(z)];.
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Here, the operators V, div, and curly are applied columnwise. Furthermore, denoting a column
of G by gg, £ = 1,2, 3, the pairs (go(-,y), (iwpo) " curl go(-,y)) are radiating solutions of (2.22),
where y € Y, for every bounded subset Y C R3.
It is well-known (see e.g. [34, Thm. 6.9]) that every radiating solution of (2.22) denoted by
(V,W) has an asymptotic expansion of the form
eik|:1:\ 1 eik\:z:| 1
Vi) = & (voo (&) + 0 ()) W@ = (WOO &)+ O ()) (2.28)

"~ 4r[x] B " 4r ] |

as || — oo, where £ = x/|x|. The fields V°, W € L2(5?) are called far field patterns.
Similarly, it can be seen that also (scalar valued) solutions u® of the Helmholtz equation

Au® + k*u® = 0 in R\ Bg(0)

for some R > 0 that additionally satisfy the Sommerfeld radiation condition from (2.26), possess
an expansion of the form

u®(x) ol (uoo (z)+ 0O (1>> , as x| — oo,

T dr [z ]

where & = x/|x|. For the dyadic Green’s function G, we find that

G®(z,y) = e %Y (3 x (I3 x 7)),  (curlyG)® (&,y) = ike ¥ (& x I3)  (2.29)

with the curly operator for matrix valued functions, again, to be understood columnwise (see
e.g. [99, Proof of Cor. 9.5]).

Now, we can introduce the electromagnetic scattering problem. Let the pair of incident
fields (E', H') € Hy,.(curl,R?) be entire solutions of time-harmonic Maxwell’s equations in
homogeneous space, i.e.

curl B! —iwpgH® = 0, curl H® +iwggE' = 0 in R3, (2.30)

with angular frequency w > 0, and electric permittivity €9 and magnetic permeability pg in free
space defined as in (2.19). The incident fields are scattered by a bounded Lipschitz object D
as defined in Definition 2.1, which we assume to be isotropic and homogeneous. We denote its
material parameters by the constant electric permittivity €; and the constant magnetic perme-
ability p1. In this work, the magnetic permeability is assumed to be positive, i.e. u; > 0. For
the electric permittivity we distinguish between two cases. In the first case we choose €; > 0.
For this choice, our setting models electromagnetic scattering from a purely dielectric object.
In the second case let €1 € C with Re(e1) < 0 and Im(eq) > 0. These electric permittivities are
observed in the study of metallic scattering objects like silver and gold, in particular for wave-
lengths in the visible electromagnetic spectrum. We define the piecewise constant permittivity
and permeability distributions € and p by

€1, ¢z€D, pwi, x €D,
e(x) = - and wlx) = e
g, ¢€R\D o, x€R>\D.

We also use the notation e, = 1/¢¢p € C and p, = p1/up € R for the relative electric permittivity
and the relative magnetic permeability, respectively. The scattering problem is to find the total
fields (E, H) = (E' + E*, H' + H?) € (Hyo(curl, R%))? satisfying

curl E —iwpH = 0, curl H +iweE = 0 in R3, (2.31)
together with the Silver-Miiller radiation condition for the scattered fields (E*, H?®), which is

lim |z|(/poH?®(x) x & — \/eoE*(x)) = 0 (2.32)

|| —o0
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uniformly with respect to all directions Z = x/|x| € S%. From (2.28) we see that

B (2) = :::; <E°° @)+ 0 (|jc|)> H (2) = f:::’ <H°° @) +0 <|x1|)) (2.33)

as |z| — oo, where £ = x/|x|. The field E® € L?(S?) is called electric far field pattern,
radiation pattern or simply far field of E®. The magnetic counterpart is the magnetic far field
pattern H. It is sufficient to work only with E°°, since ZgH> = Z x E*, where Zy = \/uo/<o
denotes the impedance in free space (see e.g. [88, Thm. 3.30]). The Maxwell system (2.31) can
be formulated in terms of the electric field E alone by

1
curl ( curl E) —w*E =0 inR3, (2.34)
©
whereas (2.32) becomes
‘ 1|im |z| (curl E*(x) x & — ikE®(x)) = 0, (2.35)
T|— 00

with the limit to be understood uniformly with respect to all directions & = = /|x| € S2.

Remark 2.5. In this work, Maxwell’s equations for piecewise constant parameters always need
to be understood in a weak sense. For example, E € Hoc(curl,R?) is a solution to (2.34) if and
only if

1
/ ( curl E - curl V — w*E - V) de =0 for all V € Hy(curl, R?). (2.36)

RS \
Here, Hy(curl,R?) denotes the space of functions that are in H(curl, R?) and have a compact
support. Note that the Silver—Miiller radiation condition in (2.35) is not included in (2.36) and
must be prescribed additionally.

The radiation condition in (2.35) can be understood as a boundary condition at infinity. In
fact, uniqueness of solutions to the scattering problem (2.34) together with (2.35) (see Proposi-
tion 2.14) follows from Rellich’s lemma that we cite from [99, Lem. 9.28|.

Lemma 2.6. Suppose that E € Hy,.(curl,R3\ Br(0)) is a solution of Mazwell’s equations
curlcurl E* — k*E* = 0 in R®\ Bg(0)

and suppose that E* satisfies the Silver—Miller radiation condition (2.35). Furthermore, let
H* = (iwpo) ' curl E5. If

Re(/ (EXES)-IJSds>§O
9B (0)

for all R > R, then E* = H® =0 in R3\ Bg(0).

Remark 2.7. Electric permittivities €; with Re(e1) < 0 and Im(e;) > 0 are also predicted by the
Drude model. We present a short description of this model based on the works [96, 102]. We
return to (2.18) and do not apply the constitutive relations in (2.20). Following the procedure
in [102, Sec. 12.2], we denote by 7 the displacement of an electron, linked to a dipole moment p
via p = er, where e is the elementary charge. Then, the macroscopic polarization P from (2.18)
is given by P = np, where n is the electron density. This formula reflects the collective action
of all electric dipoles generated by single electrons. The Drude model is based on a harmonic
oscillator model. Thus, for the displacement 7, we consider Newton’s equation of motion driven
by the external field £ = Ege %!, which reads

or? or

me@ + mEFE = eEpe ¥,
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Figure 2.1: The relative permittivity of the Drude model epyyge/c0 compared to experimental
data from [83]. Left column: Material parameters corresponding to silver. For the Drude
model we used the values w, = 9.04eV and I' = 21.25meV. Right column: Material parameters
corresponding to gold. For the Drude model we used the values w, = 8.89eV and I' = 70.88meV.

where m, is the effective mass of the free electrons and I' is a damping parameter (see e.g. [102,
Eq. 12.16]). Using the time-harmonic ansatz r(t) = roe ! yields a solution to this differential
equation given by

e
= ———Fj.
"o Mme(w? + Tiw) ™ °
Therefore,
ne? ot
P=ner = —+———FEge™".

me(w? 4 Tiw)

Using (2.18) now yields that D = ep;ude(w)E, with

w2
rude - 1-— — P y 2.
EDrude(w) = €0 < w? + Fiw) (2:37)

where the plasma frequency wy, is given by w, = (ne?/ (aome))l/ 2. The permittivity eprude in

(2.37) is also called the dielectric function of the free electron gas (see e.g. [96, p. 11]. Different
material features different plasma frequencies w, and damping parameters I'.  Moreover, the
values for w, and I' vary in the literature. For silver, typical values are e.g. w, = 9.04eV and
I' = 21.25meV. For gold we further find e.g. w, = 8.89eV and I' = 70.88meV (see e.g. [124, Tab.
1]). To obtain corresponding values in 2rHz we use the Planck relation E = hw, where E denotes
the photon energy, i denotes the reduced Planck constant and w is the angular frequency. As
explained in [102, Ch. 12.2.2] and [96, Ch. 1.2], the Drude model provides a good approximation
to the electric permittivities of metals at low frequencies. However, at higher frequencies, the
model becomes less accurate. For more details, we refer to [96, Chap. 1.4]. In Figure 2.1 we
plot the complex dielectric function eppuge/eq for silver and gold against experimental data from
[83]. We find that the imaginary part of the experimental data for silver starts to deviate from
the Drude model for frequencies higher than 900THz. For gold, this deviation already starts
for frequencies around 450THz. Similar plots are also found in the literature, e.g. in [96, p. 14],
[102, p. 375] or [65, Fig. 4.4].

In the next section, we establish unique solvability of the Maxwell system (2.31) and (2.32)
following the techniques from [99, Chap. 4, 9, 10]. Doing so, we particularly consider the second
case for the electric permittivity, namely that Re(e;) < 0 and Im(eq) > 0, since this case is
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not explicitly covered by the techniques in [99]. However, we emphasize that this case does not
involve new methods, except for the use of the slightly different version of the Lax-Milgram
theorem from Appendix A.

2.3 The exterior Calderén operator

In order to reduce the scattering problem from (2.34) and (2.35) to a bounded domain, we study
the exterior Calderén operator. Let R > 0 be such that Br(0), the ball centered at zero with

radius R, satisfies D CC Bg(0). For a given field on the boundary f € H, (;‘1,/ 2(83 r(0)), consider
the exterior scattering problem

1E° —iwpoH?® = 0 o0
{cur iwpo ) in R\ Br(0), vxE® = f ondBg(0) (2.38)

curl H? +iwegE* = 0
together with the Silver—Miiller radiation condition

lim |z|(\/poH?®(x) x & —\/egE*(x)) = 0.

|| =00

This problem has a unique solution (see e.g. [88, Thm. 5.64]). We cite the following well-known
result about an expansion of the scattered fields from [99, Thm. 9.17]) without a proof.

Theorem 2.8. Let (E*, H?®) be a pair of radiating solutions of Mazwell’s equation’s for |x| > R
as introduced in Definition 2.4. Then, (E°, H®) can be expanded using the radiating wave fields
N and curl N from (2.24). If E® has the expansion

Z Z ap' N} (x) + b)) curl Ny ()

n=1m=-n

then

=3 Y —iweeb! NJ'(z) +

n=1m=-—n

" curl N (x) .
o ay curl N (x)

Moreover, both series (together with their classical derivatives) converge uniformly on compact
subsets of R3\ Bg(0).

Theorem 2.8 shows that for |x| > R the unique solution of (2.38) can be understood classi-
cally. We study the representations in the last theorem and find by using the definitions of N,
and curl N} from (2.24), the definitions of U;”* and V,* from (2.16) as well as that on 0Bg(0)
it holds that v = & that

S . m m 1 mxsm/=
s myrm 1 my;m(a
vx H yaBR(O)(Rcc = 1w€0<21 Z A (KRUT (Z) + kQRh w(kR)a™ V! (a:)),

where 7, (kR) = B (kR) + kR b)) (kR). Let the field on the boundary f € Hy>(9Br(0)) be
given by

Z Z an U (@) + BV, (@), @es? (2.39)

n=1m=-—n
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(see also Remark 2.3). Then, the boundary condition v x E® = f on 0Br(0) yields that

) n o™ BTR
E’(x) = —2—N"™(x) + ="—curl NJ"(x), (2.40a)
H’(x) = i i —iwe b 1 N (x) + LI curl N (x) (2.40b)
e T |

for x € R3\ Bg(0). We define the electric to magnetic Calderén operator

A HY2(0BR(0)) — Hy/?(0Bgr(0)),  Af = v x H* (2.41)

‘BBR(U) ’

where H® € Hyy(curl, R?\ Br(0)) is the magnetic field of the unique solution to (2.38), which is

given by (2.40b). For f € Hy;, Y *(0Br(0 r(0)) expanded as in (2.39), we see by comparing coefficients
that

M e A ams, kRRY (1
-y ¥ e an V™. where 8, = 1+R(1)7(R) (2.42)
=1m=—n 5" iw OR hn (k?R)

/
Remark 2.9. The functions h%l)( ) and hy, (z) = h(l)( )+ zhiV () that appear in (2.40) do not
have roots on the positive real line. This is seen as follows. The Wronskian W (j,, y,) satisfies

W (jns4n)(2) = Gn(2)n(2) = Jn(2)yn(z) = 12

for all z € C\ {0} and n € NU{0} (see [88, Thm. 2.27]). As introduced earlier, j,, and y,, denote
spherical Bessel functions of the first and second kind, respectively. Then, for real and positive
t the identity

—5 = 20(yn(t)n(t) — dn(t)yn(t))
= (G (®) + iyn()) (7(5) = 197, (8)) = (G () = ign (1)) (7 (1) + (1)
= iR (1) — hD (6RD (1),

which can be also found in [99, Eq. (9.51)], cannot hold true if either hY (t) or hy(t) vanish.

We cite the next result from [99, Thm. 9.21] without a proof. This proposition shows the
boundedness of the exterior Calderén operator A.

Proposition 2.10. For a constant C > 0 it holds that
IAF 12 0m 00y < CIF 12y for all £ € Hy(0Br(0)).

Remark 2.11. The proof of Proposition 2.10 in [99, Proof of Thm. 9.21] uses that
cin < |0,| < ean for constants ¢, ca > 0 (see [99, Lem. 9.20]) and the norm

00 n 1/2
Il = (Z > (1+n(n+1))1/2|047T|2+(1+N(n+1))_1/2@T!Z>

n=1m=—n

where f is given as in (2.39). This norm is equivalent to || - [| ,—1/>
div
Thm. 5.38] and its proof).

(@Br(0)) O% balls (see e.g. [88,
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We define a0y
N RV (R
6n:1+71 0 (iF)
hy’(iR)
recall the expansion of f from (2.39) and define the bounded operator

(2.43)

- - " R s,
R H32(08r(0) B3 20B(0), Af = V22 (S0 3 Bigm _ 00nym) (o 4y
VHo R
This operator arises from replacing k = i or equivalently w = i/,/upgg in the definition of A
n (2.42). For this operator we cite [99, Lem. 9.22, 9.23|, which we summarize in the following
lemma.

n=1m=—n n

Lemma 2.12. For alln € N it holds that gn is real and strictly negative. Moreover,

/ Af-(fxv)ds <0 (2.45)
OBR(0)

~1/2
for any f € Hdiv/ (0BRr(0)), f #0.
We recall that we interpret the expression on the left hand side in (2.45) as the dual evaluation
in H;\l,/z((?BR(O)) _1/2(8BR( 0)) (see also (2.14) for the interpretation of f xv). The fact that

curl

A is bounded can be seen similarly as outlined by Remark 2.11 by using that —2n < J§,, < —n
for n large enough (see [99, Proof of Lem. 9.22]). We define the space

Hytls (0BR(0)) = {f € HylP(0Ba(0) [ £ = 3 3 BV for some () C c}.

n=1m=-—n

This space is of particular interest, as for p € H'(Bg(0)) we find that v x VplaBgro) €

dli/g((?BR( 0)). We cite [99, Lem. 9.24] in our next lemma.

Lemma 2.13. The operator
A+ikA : Hyy(0Br(0)) — Hyy*(9BR(0))

is linear, bounded and compact.

2.4 Reduction of the scattering problem to a bounded domain

The aim of this subsection is to transform the scattering problem (2.31) and (2.32) into an
equivalent problem posed on a bounded domain. For this, we need the exterior Calderén operator
that we introduced in the previous section. Subsequently, we use the Fredholm theory to prove
existence and uniqueness of solutions to this problem. We consider the artificial computational
domain Br(0) with R > 0 such that D CC Bgr(0). We repeat the proof of the general uniqueness
theorem from [99, Thm. 10.1] and emphasize that it remains true for our choice of complex-
valued e7.

Proposition 2.14. Let e; > 0 or e; € C with Re(e1) < 0 and Im(e1) > 0. Then there is at
most one solution E = E' + E* € Hy,.(curl,R?) of

1
curl ( curl E) —w¥’E =0 inR3, (2.46)
7
together with the Silver—Miiller radiation condition
lim || (curl E%(x) x & — ikE®(x)) = 0. (2.47)
|| —00

uniformly with respect to all directions & = x/|x|.
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Proof. Let Ey = E' + E{, E; = E' + Ej € Hy,(curl, R?) be two solutions of (2.46), where the
scattered fields Ef and Ej both satisfy (2.47). Defining E = E; — E3 € Hyy(curl, R?), we find
that E solves (2.46) and (2.47). The weak formulation of (2.46) in (2.36) with V' = ¢ E, where

Y € C§°(R3) with 1 = 1 in Bg(0) and v = 0 in R3 \ Bg/(0) with R’ > R implies that

1 1 — —
0= / —|curl E|? — w*¢|E|? dz + —curl E - curl(@E) — w?soE - E dx.
Br(0) M Br/(0)\Bgr(0) H0
Outside of Br(0) the field E is smooth and therefore partial integration and curl E = iwuoH
yields

/ L curl B2 w22 B2 dm—iw/ (U5 Bl ) (% H) x0)|gpo ds = 0. (2.48)
Br(0) 1 0B (0)

Taking the complex conjugate of both sides in (2.48) and considering the imaginary part gives
that

w/ Im(e)|E? dz = Re (/ (v % Elogp) - (v x H) X 1)los0) ds> L (249)
Br(0) 0BRr(0)

In both cases we have that Im(g) < 0 and therefore

Re (/(93R(0)(V X Elop0)) - (v x H) X V)|ap,0) ds) < 0.

Since (E,H) are radiating solutions of the Maxwell system, Rellich’s lemma 2.6 gives that
(E, H) vanish in R3\ Bg(0). Due to the unique continuation principle in [99, Thm. 4.13] (since
g0, o > 0) the fields (E, H) vanish in R? \ D. In particular, the right hand side of (2.49)
vanishes.

Let us now assume that Im(e) > 0 in D. Then, the left hand side of (2.49) yields that E = 0
in D. For Im(g) = 0 in D we proceed as in the proof of [99, Thm. 4.12]: Let g € 9D and let
r > 0 be sufficiently small such that the boundary 0D divides B,(xg) into two disjoint parts.
We find that F is a weak solution of

1
curl ( curlE) —w?’e1E = 0 in DU B,(x),
H1

since in By(xo) N D, the field E is a solution of (2.46) and we have already shown that E
vanishes in B, (xo) N (Bgr(0)\ D). Recall that E € Hj,.(curl, R3) by definition. Now we use the
unique continuation principle in [99, Thm. 4.13] to conclude that E must vanish in all B, ()
and by the same argument in all of D. O

For (E,H) = (E' + E*, H' + H®) we study the Maxwell system in the truncated domain
Bgr(0), which is

curl E —iwpH = 0, curl H +iweE = 0 in Bgr(0), (2.50)
and introduce the nonlocal boundary condition on dBg(0) given by
A(l/ X ES‘[)BR(O)) =V X HS’@BR(O) on 8BR(O), (2.51)

where A denotes the exterior Calderon operator introduced in (2.41). Again, the boundary value
problem (2.50) with (2.51) has to be understood in a variational sense. The weak formulation
is to find E € H(curl, Bg(0)) such that

B(E,V) = F(V) forall V € H(curl, Bg(0)) (2.52)
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with

1 N —
B(E,V) = / —curlE -curlV — w*E -V dx
Br(0) 1

tiw [ AW X Blapy) (v x V) x V)l ds, (2:53)
0BRr(0)

F(V) = iw/ AW x E'lpp0) - (0 X V) % Vlop) ds
0BR(0)

1 i B
" o Jos (0)(” x eurl E'|pp, () - (v x V) X V)|apg) ds.  (2.54)
R

The following lemma states that any (weak) solution of the scattering problem (2.31) with (2.32)

can be reduced to a (weak) solution of (2.50) with (2.51). On the other hand, any (weak) solution
to (2.50) with (2.51) can be uniquely extended to a (weak) solution of (2.31) with (2.32).

Lemma 2.15. Let the entire incident fields (E*, H') be given. The problem in full space, which
is to determine the total fields (E,H) = (E' + E* H' + H®) € (H(curl,R3))2satisfying
(2.31) and the Silver—Miiller radiation condition (2.32) is equivalent to the problem to determine
(E,H) = (E'+ E*, H' + H®) € (H(curl, Bg(0)))? satisfying (2.50) and the nonlocal boundary
condition (2.51).

Proof. For f € H, (i\l/ 2((‘?BR(O)) we consider the exterior boundary value problem, which is to

determine (V, W) € (Hyoc(curl, R?\ Bg(0)))? such that

1V —iwpeW = 0 Br(0)
{Cur e © R\ Bg(0), wvxV =f ondBg), (2:55)

curl W + iwegV = 0

together with the Silver—Miiller radiation condition
Jim_[al (VW (@) x &~ V&V (@) = 0 (2.56)
r|—00

with the limit to be understood uniformly with respect to all directions £ = x/|z| € S?. Now
let (E, H) € (Hjoe(curl,R?))? be a solution to (2.31) and (2.32), which, by Proposition 2.14, is
uniquely determined. Then,

E= Ely o and H= Hip  satisty (E,H) € (H(curl, BR(0)))? (2.57)
and Maxwell’s equations in Br(0). We define f = v x EVS]aBR(O) € Hd_i\llﬂ(GBR(O)) with Es =

E - E'|p,0) and denote by (V,W) € (Hio(curl,R? \ Bg(0)))? the unique radiating fields
determined by (2.55) and (2.56). It holds that

AW % Bopu) = Av x E'lop, ) = My x E*[J, o) = Av x VI3, o)

— + _ + — - _ s
= v X W|aBR(0) = v X HS|BBR(0) =vX HS|8BR(0) = v X H¥[3p,) -

The first and the last equality hold due to (2.57). The second and the sixth equality is fulfilled
since (E, H) € (Hjoc(curl, R?))? and hence the interior traces coincide with the exterior ones
(see e.g. [99, Lem. 5.3]). The third and the fifth equality are satisfied since (due to the uniqueness
of solutions) V' = ES\Rg\m and W = H S\Rg\m. The fourth equality holds by the definition
of the exterior Calderén operator from (2.41).
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On the other hand, let (E, H) = (E' + E*, H' + H*) € (H(curl, Bg(0)))? be a solution of
(2.50) and (2.51). Again, we consider the auxiliary problem (2.55) with f = v x E®[sp, ). As
in (2.40), we can derive a series representation of the scattered fields (V, W). We define

—~ E* in Bg(0 — H* in Bg(0
s — in Bi(0), and H® — in Br(0) (2.58)
V  in R3\ Bg(0) W in R\ Bg(0).
It holds that
v X E*fp o0 =V X Vg0 = F = v % Elapyo) = v X E*| 55 - (2.59)

Moreover, we find that

vx Holfy o0 = v X Wlaga0) = A X Viggae) = AW x Elop, )

=V X HS’@BR(D) =V X HS‘(;BR(O)'

The first and the last equality hold by the definition in (2.58). The second equality is fulfilled
due to the definition of A in (2.41). The third one holds as seen in (2.59). The fourth equality
is true due to (2.51). Using [99, Lem. 5.3], we conclude that (E,H) = (E'+ E*,H' + H%) €
(Hyoc(curl, R3))? solve (2.31). Furthermore, (E%, H®) is a radiating wave pair. Proposition 2.14
now yields that this series extension is unique. This completes the proof. O

In conclusion, once we proved that the problem to find E € H(curl, Br(0)) satisfying
(2.52) has a unique solution and depends continuously on the right hand side, the scattering
problem (2.31) with (2.32) is well-posed. The space H(curl,R3) is not compactly embed-
ded in (L?(Bg(0)))? and therefore, we need to study a Helmholtz decomposition for the space
H(curl, Bg(0)). This is a decomposition of H(curl, Bg(0)) into two subspaces, which are or-
thogonal to each other with respect to the inner product in H(curl, Br(0)). On the one hand,
in the first subspace, this is the curl free part of H(curl, Br(0)), the variational problem (2.52)
is easy to solve, as we see next. On the other hand, the second subspace, this is the div free
part of H(curl, Br(0)), is compactly embedded in H(curl, Br(0)). We first study the curl free

space and define
S = {qe H'(Br(0)) | / gds = o} :
0BR(0)

with the norm || - || g1, (0)) given by (2.3) for k =1 and p = 2. Finding p € S such that
B(Vp,VE) = F(VE)  forallé e S

is equivalent to

ar(p,€) + az(p,€) = F(VE)  forall{ € S (2.60)
with

ap§) = o [ eVp-VEda

Br(0)
+ wk AV x Vplopg) - (v x VE) X V]gpa) ds, (2.61)
2B (0)
az(p,§) = iw /83 (0)(/\ +ikA) (v X Vplopgo) - (v x VE) X v]ap,0) ds, (2.62)
R

where Z\ denotes the electric to magnetic Calderén operator with k£ = i from (2.44). For the
space S we obtain a similar result as in [99, Thm. 10.2], that we state and prove below.
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Proposition 2.16. Let 1 > 0 or &1 € C with Re(e1) < 0 and Im(e1) > 0. The sesquilinear
form ay : S x S — C from (2.61) is bounded . Further, there is a ( € R such that

Re(ea1(p,p)) > cllpllm(paoy for allp € S. (2.63)
Moreover, there is a compact operator A : S — S with

al(Ap’ f) = a2(p7 5) fOT’ all p?f € ga

where ay : S x S — C is defined in (2.62). _ _
The operator I + A is an isomorphism from S onto itself. The problem to find p € S with

B(Vp,V¢) = F(VE) forall€e S

is uniquely solvable in §, where the sesquilinear form B and the antilinear functional F are
defined in (2.53) and (2.54), respectively. The solution is given by

p=(I+A)7"b,
where b is the unique solution to
a1(b,€) = F(VE) forall€ € S.
In particular, it holds that ||p|| g (B, (0)) < ClIF||-

Proof. The boundedness of a; follows from an application of the Cauchy—Schwarz inequality
together with the boundedness of A and the traces v and yp from (2.12) combined with the
fact that curl(Vp) = 0. N

Let e1 > 0. We use the negative definiteness of A from Lemma 2.12 and the Poincaré
inequality to find that

—ai(p,p) > C/B )IVp|2 dz > c|lpll g1 (00 -

r(0

On the other hand, let ¢; € C with Re(g1) < 0 and Im(g1) > 0, i.e. we can write &1 = |e1]e!®
with o € (7/2, 7). For 8 = /2 € (7/4,7/2) we find that

Re(—e ¥ay(p,p)) = wz/ Re(e™P¢)|Vp|? dz
Br(0)

— wk Re(e*iﬁ)/ A(v X Vplapg o) - (v X VD) X V]gpe ) ds.
0BRr(0)

Since 8 € (m/4,7/2) it holds that

—wkRe(e™) Av x VploBr©) - (¥ X Vp) X V]sp,0) ds > 0
0BR(0)

for p # 0 due to the negative definiteness of A from Lemma 2.12. Furthermore, we see that
w?Re(e™¥e) > ¢ >0
for a constant ¢ > 0. Using the Poincaré inequality once more gives that

Re(—e ¥ay(p,p)) > cllplm Br) -
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which shows (2.63). Due to the Lax-Milgram theorem A.4, the boundedness and coercivity of
a1 on S implies the existence of a linear and boundedly invertible operator A; : S — S such
that

a1(p,€) = (A1p, &) mi(ppo) forall p,& € S. (2.64)

The inner product on the right hand side of (2.64) is given as in (2.4). Since the sesquilinear
form ay from (2.62) is bounded as well there exists a linear and bounded operator Ay : S — S
such that

az(p,€) = (Aap, &) mi(ppo) for all p,& € S. (2.65)

Furthermore, Ay is compact. This can be seen as follows. Let (py,), C S be a sequence, weakly
converging to 0. We have to show that (Aapy,), converges strongly to 0 since, by [33, Lem.
12.2], an operator T': X — Y, for a reflexive Banach space X is compact if and only if it maps
weakly convergent sequences in X to strongly convergent sequences in the Banach space Y.
Accordingly,

142pnll 1 B0y = @2(Pn, A2pn)
< ClA + kD) (¥ X VPalos©)ll =172 5,0 | ¥ X V (A2P0)) X Vlosa0) | =172, 0y

curl

Using the boundedness of the trace operator yp from (2.12) and noting that curl(V(Azp,)) =0
gives that

| A2pnll i1 (B (o)) < ClI(A +ikA) (v Vpn|aBR(0))||H;1/2(8BR(0)) : (2.66)

The gradient V is a linear and bounded operator from H'(Bg(0)) to H(curl, Bg(0)). Thus,
for all functionals ¢ € H(curl, Bg(0))’, the functional v o V is an element of H'(Bg(0))".
Since (pn)n converges weakly to 0 in H'(Bg(0)), we therefore find that Vp,, converges weakly
to 0 in H(curl, B(0)). Moreover, since v; is a bounded operator from H(curl, Br(0)) to
Hca\l,/z (0BRr(0)) we get that (v x Vpn|sp,(0))n converges weakly to 0 in H(;\l,/z(aBR(O)). Finally,
since A + ikA is a compact operator by Lemma 2.13 we get that the right hand side of (2.66)
converges to 0. This shows that As is compact. We define A = Al_lAg : S — S and observe
from (2.64) and (2.65) that

a1(Ap,€) = ax(p,€) forallp, &€ S.

Furthermore, A is compact, since As is compact and compositions of compact and bounded
operators are compact (see e.g. [33, Lem. 12.3]). By the Riesz representation theorem (see e.g.
[122, p. 90]) there further exists a unique b € S such that (b, &) g1(p(0)) = F(VE) with

bl Broyy = IF(V)lgse < I1FeurBroy—c = IFI, (2.67)
where F has been defined in (2.54). For b= A7 'b we use (2.64) and see that
a1(b,€) = F(VE) forallée§S.
Thus, equation (2.60) is equivalent to finding p € S such that

al(pag) + al(Ap7 g) = al(bag) for all 5 € 5,

which is equivalent to the operator equation

(I+A)p = b. (2.68)
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The operator on the left hand side of (2.68) is an operator of Fredholm type and solvability of
(2.68) is equivalent to uniqueness of solutions to (2.68) due to the Fredholm alternative (see e.g.
[33, Lem. 13.4]). Therefore, we consider the case, in which b = 0. Then, (2.60) reduces to

—w2/ eVp-VE dz + iw/ A(v X Vplogg0) - (¥ X VE) X V|gp,) ds = 0
Br(0) 9BR(0)
for all £ € S. Choosing ¢ = p yields that

i/ A(v X Vplogs) - (v X V) X V]gp,) ds = w/ e|Vp? de .

9BR(0) Br(0)

For f = v x Vp denote by (V,W) € Hj,.(curl, Bg(0))? the unique radiating pair of fields
solving (2.38). Then, v x V = v x Vp and A(v x Vp) = v x W. We write 4 and v for
abbreviating the traces v X -|gp,(0) and ((v x -) X V)|gp,(0), respectively and compute

Lo V)W ds==[ (W) (V) ds == [ AGTD): (1) ds
OB (0) OB (0) 9B R(0)

= —/ A (vVp) - (vrVp) ds = —iw/ Z|Vp|? dz. (2.69)
9BRr(0) Br(0)

Therefore,

e </aBR<o) (v % Visa) - (@ x W) x Vo) ds) - W/B Im ()| Vp[* dz < 0.

r(0

Rellich’s lemma 2.6 now implies that V' and W vanish in R? \ Br(0). Due to (2.69) it follows
that Vp vanishes in all Br(0), since the left hand side in (2.69) is zero. The Poincaré inequality
now yields that p = 0 in Br(0), and we have shown uniqueness of solutions to (2.68). For the
unique solution p € S of (2.68) we obtain by using (2.67) that

1Pl By < ClElm Baey < Clollm s < CIFI-
O

The space VS is the curl free part of a Helmholtz decomposition of H(curl, Bi(0)). For
the div free part we define the space

Xo ={u € H(curl, Bg(0)) | B(u, V) =0 for all £ € S}
={u € H(curl, Bg(0)) | div(eu) = 0in Bg(0), iwegvnu = divyp,0)A(y:u) on dBr(0)},

where B is defined in (2.53). The operators div, v, and divgp,) denote the weak diver-
gence, normal trace and surface divergence introduced in (2.8), (2.9) and (2.13a), respec-
tively. If B(u,VE) = 0 for all £ € S, then indeed div(eu) exists, since C§°(Bg(0)) € S and
¢ € C§°(Bg(0)) implies that V¢ € (C§°(Bg(0)))? € N(yr), where N (y7) denotes the kernel of
~r (see [88, Thm. 5.25]). To see that the above mentioned sets are indeed the same, we consider
u € H(curl, Bg(0)) and apply Green’s theorem in (2.10), which yields

/ div(eu)¢ dz = —/ eu- VE dx + eov - long(0)&lonr () ds (2.70)
Br(0) Br(0) 0BRr(0)

for all £ € S. Let

B(u,V¢) = 0for all £ € S.
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By using (2.70) and the definition of the surface divergence in (2.13a) this implies that

div(eu da::/ (di Alv xu) +eov-u ) ds
/BR<0) vieu)t oBr) \w 22RO ( ) v - ulapg0) | EloBg)

for all £ € S. Since this equality holds for all £ € S, it holds for ¢ € H}(Bg(0)) in particular.
Therefore, we find that

div(eu) = 0 in Bg(0) and eov - ulpp,0) = *idiVaBR(o)A(V xu) on 0BR(0).

We cite the next lemma from [99, Lem. 10.3]. The proof is omitted, as it can be done in the
same way as in [99, Lem. 10.3].

Lemma 2.17. The vector spaces V.S and X, are closed subspaces of H(curl, Bg(0)). The space
H(curl, Br(0)) is the direct sum of the spaces V.S and Xy, i.e. it holds that

H(curl, Br(0)) = VS & X,.

The orthogonal projections onto these spaces are bounded, i.e., there exist constants C1,Cy > 0
such that

Cle + vpH?’{(curl,BR(O)) < HwH%{(curl,BR(O)) + HVpH%—I(curLBR(O)) < CQHw + vp”?r{(curl,BR(O))

for allwe)?o cmdpeg.

The next lemma and proof are similar to [99, Lem. 10.4]. In our proof we make use of the
second representation of Xy and refer to a compactness result from [75, Prop. B.3].

Lemma 2.18. The space X is compactly embedded in (L?(Bg(0)))?.

Proof. Let (un), C Xo be a bounded sequence with respect to the norm || - | 7 (cur1, Br(0)) We
show that this sequences converges with respect to the norm ||| z2(p,(0y)3- For every function uy,

n € N, we consider f,, = v X Un|gp,(0) and denote by (V,,, Wy,) € (Hioc(curl, R? \ Bg(0)))? the
unique radiating fields solving (2.38) with f,, taken as the boundary value. Then, the functions

i = Up, TE BR(O)
" V,, xeR?\ Bg(0)

satisfy w, € Hioc(curl, R3) for all n € N. Since u,, € X, we find that
iweol - Unlopy0) = divop, ) AV X Unlpp,)) for all n € N. (2.71)
From [99, Eq. (3.52)] we find that for v € H(curl, B(0)) it holds that

diVaBR(O)(V X v|8BR(O)) = —UV- (curl ’U)|aBR(O). (272)
By the definition of the exterior Calderén operator (see (2.41)) we find that
1
A X unlgpy0) = M) = v X Walopgo) = ol curl Vo[, (0)
and combining this with (2.71) and (2.72) yields that

. 1 s
iweow - Unloppo) = iwuoleaBR(O)(V x curl Valgpg () = " iwpo

v - (curl’ V;,)ap,(0)
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which gives that v - u,lop,0) = v - Valapgo)- By [99, Lem. 5.3] and the definition of Xy, we
find that eu, € H(div,R3) and div(e@t,) = 0 in all R®. Let R’ > R and consider Un B (0)-
Then, @n|p; (o) € H(curl, Br(0)), div(etn|p, ) = 0 in Br/(0) and v - 5un|B/ Dosg ) =
oV Valap, o) € C*(0Br(0)), since (Vn,Wn) are analytic outside of Br(0 see (34, Thm
6.3] and Theorem 2.8). By [75, Prop. B.3], the space

M = {u € H(eurl, Br/(0)) | div(€u) € L*(BR(0)), fu-v € LX9Br(0)} , (2.73)

with & € L°°(Bp/(0)) satisfying Re(€) > « is compactly embedded in (L?(Bg/(0))3. The set M
in (2.73) does not change if either & = ¢ or £ = e¢, with 8 such that Re(e!’c) > « is chosen.

Thus, there is a subsequence of (4n|p,, (0))n, still denoted by (@n|p,, (0))n such that (@n|p,,©0))n

converges with respect to the norm in (L?(Bp/(0))®. Therefore, (wn|pg0))n = (un)n must

converge in (L?(Br(0))3. O

According to Lemma 2.17, any E € H(curl, Bg(0)) has a unique decomposition E = w+Vp
with w € Xy and pE S. Following the definition of Xj it holds that

B(w,V¢) =0 forallée s,

where B was defined in (2.53). Therefore, using for any V' € H(curl, B(0)) the decomposition
V = V¢ + 1 with £ € S and 9 € X we find that the weak formulation in (2.52) is equivalent
to

B(Vp, V&) + B(Vp, ) + B(w, ) = F(VE)+ F(¢) forall € € S and ¢ € Xj. (2.74)
Setting 1 = 0 gives that p € S must satisfy
B(Vp,V¢) = F(VE) foralléeS.

Due to Proposition 2.16 we see that p € S is uniquely defined by (I + A)p = b. Furthermore, p
depends continuously on b. Now, in (2.74), we set & = 0. Therefore, it is left to show that there
is a w € Xy with

B(w, ) = F(y) — B(Vp,t) for all ¢ € X,

that is uniquely defined and continuously dependent on the data. We define the right hand side
to be the antilinear and bounded functional

F() = F(¢) — B(Vp,¢p) for all ¥ € X. (2.75)

Let f € Hy, 1/2(833( 0)) be given by

o0 n
=D D ayUr+ BV, (2.76)
n=1m=—
with the vector spherical harmonics defined in (2.16). Using the expansion (2.42) we find that
m Y my
Af = Z Z _1w€0,8 RU,’L” L% (0n, 5n)Vm ardy,

iwpogR " dwpgR "

n=1m=-n

with 8, as in (2.43). Therefore, we define for f € H(;\l,/z(ﬁBR(O)) as in (2.76) the bounded
operators

a5, — dn)

_ _ R
A+ HyP0Bp(0) By 0Ba0), Mif =Y Ly T

n=1m=-—n

Ay : Hyy2(0BR(0) — Hy*(0Br(0), Aof =Y Y- L

m
v,",
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The boundedness of both A; and Ay can be seen by using Remark 2.11 and —2n < ;5; < -n
(see [99, Proof of Lem. 9.22]). As before, the ansatz is to decompose the sesquilinear form B
in such a way that the Riesz representation theorem yields an operator equation of the form
(I + K)w = b, where K is a compact operator. The compact operator results from the following
observation about the first part of the Calderén map A1, which we state in the following without
proof (see [99, Lem. 10.5]).

Lemma 2.19. The operator Ay o~y is compact from X into H&}/Q(@BR(O)).

Now, we use the decomposition B = by 4+ bs with the sesquilinear forms by, b : X’o X )~(0 — C,
defined by

1 -
bi(u, ) = / —curlwu - curley da:+w2/ eu-vdx
Br(0) H Br(0)

+ iw/ Aa(v X wlppp) - (v X B) X Vlogp) ds (2.77)
0BRr(0)

ba(u, ) = —2w2/B " cu-v dx
R
+ iw/ A (v X o) - (U X B) X Vlps) ds. (2.78)
O0BR(0)

Using these two sesquilinear forms, we find the following proposition, which is similar to [99,
Thm. 10.6].

Proposition 2.20. Let 1 > 0 or &1 € C with Re(e1) < 0 and Im(e1) > 0. The sesquilinear
form by : Xo x Xo — C from (2.77) is bounded. Further, there is a ( € R such that

Re(eby (u,u)) > cllulgrq) forallu e Xo.
There is a compact operator A : Xo — Xo with
bi(Au,v) = bo(u,v) for all u,v € Xo,
with by : Xo x Xo — C defined as in (2.78). B
The operator I + A is an isomorphism from Xo onto itself. The variational formulation,
which is to find w € Xg such that

B(w,v) = F(v) forallve X,

1s uniquely solvable in X, where the sesquilinear form B and the antilinear functional F are
defined in (2.53) and (2.75), respectively. The solution is given by

w = (I+A)"'b,
where b € )~(0 is the unique solution to
bi(b,€) = F(v) for all v € X,.

In particular, it holds that [|w| g (curl,(Br(0) < C||IF|.
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Proof. Boundedness of the sesquilinear form b; follows from an application of the Cauchy-
Schwarz inequality, the boundedness of As and the boundedness of the traces v+ and . For
feHy 1/2(8BR( 0)) defined as in (2.76) we find that

o n
vxf=Y > apv;r-pruor
n=1m=—n
and therefore

iw/aBR() s x f)-fds = ——Z Z 18™6, > 0, (2.79)

n=1m=-n

since 8, < 0 (see Lemma 2.12). For &; > 0, by using (2.79), we see that

bi(u,u) > cl|wllpeur,Broy for all w € Xo.
For e € C with Re(e1) < 0 and Im(e1) > 0 we write &1 = |e1]e!® with a € (7/2,7). For
B =a/2 ¢ (n/4,7/2) we have that Re(e ) > 0 and Re(e™?) > 0. Therefore,

. . 1 .
Re(e by (u,u)) = Re(e*‘fj)/ ~|curlul? dz +w2/ Re(e Pe)|ul? de
BR(O) 1 BR(O)

n Re(e—iﬂ)iw/ AoV X ulogy) - (v X ) X vlog, ) ds
0BR(0)

> CHUHH(curl,BR(O)) )

The sesquilinear form by from (2.78) is bounded as well. Therefore, we find a boundedly invertible
operator Ay and a bounded operator As, both mapping from X into itself, such that

bi(u,v) = (A1U, V) g(curl,B0)) and  ba(u,v) = (A2, V) f(curl,Br0)) for all u,v € Xo.
Defining A = Al_lAQ gives that
bi(Au,v) = by(u,v) forall u,v e X.

In order to show that the operator A is compact, we consider a sequence (u, ), in Xo, weakly
converging to 0, and show that (Aw,,), converges strongly to 0. Then, by [33, Lem. 12.2], A is
a compact operator. Since (u, ), converges weakly to 0 in X, we find that (v x u,), converges

weakly to 0 in H C;i/ 2(83 r(0)), since the trace operator is a bounded operator. According to
Lemma 2.19 we find that A; o v is compact and therefore, (A1(v X unlsp,(0)))n converges

strongly to 0 in H, Cﬂi/ 2 (0Br(0)). Moreover, due to Lemma 2.18, the sequence (u,), converges
strongly to 0 in (L?(Bg(0)))3. In what follows we use 8 = 0 for the case 1 > 0 and 8 = «/2
for the case that &1 = |e1]e'® for a € (7/2,7). We set

¢ = min{Re(e ¥¢), Re(e ¥ 1)}
and find that

. 1
cllAun || Fcurt, Ba()) < Re (e ’ </BR(0) ;\ curl Au,|* da + /BR(O)f?!AUnF dw))

< Re(e by (Aun, Au,)) = Re(e Pby(un, Au,)) < |bo(un, Auy,)|

< C([[Aunll 2By 1unll 22 (Bro))? + 1M @ X wnlopy o)l —1/2(0Bp(0)) A (eur, Br(0)))-
The second inequality holds true due to (2.79). This gives that

[Awn fr(curt) = 0 asn — oo
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and consequently that A is compact. Similar to the proof of Proposition 2.16, by the Riesz
representation theorem (see e.g. [122, p. 90]), there exists a unique b € Xy such that

<b7/lzb>H(curl,BR(O)) = ﬁ(T/’) for all (NS XO with HEHH(CUI‘LBR(O)) = ||ﬁH ) (280)

with F from (2.75). Thus, finding w € X, such that B(w,) = F(3) for all ¢ € X is
equivalent to the operator equation

(I+A)w =b,

where b = A7'b. It remains to show that (I + A)w = 0 implies w = 0. For such a w € X, we
have that

B(w, ) = bi(w, ) +ba(w, 1) = bi((I + A)w, ) = 0 for all 3 € Xy.
According to the definition of X, we also have that
B(w,V¢) =0 forall & eS.
Following the decomposition of H(curl, Bg(0)) in Lemma 2.17 gives that
B(w,z) = 0 for all z € H(curl, Br(0)).

This coincides with the weak formulation obtained in (2.52) if the pair of incoming fields (E*, H?)
vanishes identically in all R3. As established in the proof of Lemma 2.15, w € Xy can be
extended to a function E in the full space R?, where E is a weak solution of Maxwell’s equation
(2.34) and E — E' satisfies the Silver-Miiller radiation condition. However, since the incident
electric field is zero, the total field E, must be zero in all R? due to the uniqueness result from
Proposition 2.14. Consequently w = E |Br(0) must be zero as well. Since (I + A)w = 0 implies
w = 0 and (/ 4+ A) is an operator of Fredholm type, the Fredholm alternative (see e.g. [33, Lem.
13.4]) shows that (I + A)w = b is uniquely solvable for every b € X,. Moreover, using (2.80),
we obtain the bound

Wl (eurt.Br©0) < Clbller(eurro) < Cllblle(eurro) = CIFl.

We summarize the main result of this chapter in the following theorem.

Theorem 2.21. Let e > 0 or e; € C with Re(e1) < 0 and Im(e;) > 0 and let p3 > 0.
Moreover, let (E*, H") be entire wave fields satisfying (2.30). Then, the scattering problem,
to find (E,H) = (E' + E*, H' + H*) € (Hy(curl,R?))? satisfying (2.31) together with the
Silver—Mdiller radiation condition for (E°, H®) in (2.32) is uniquely solvable and equivalent (by
Lemma 2.15) to the problem to find E € H(curl, Br(0)) solving B(E,V) = F(V) for all
V € H(curl, Bg(0)) with B and F defined in (2.53) and (2.54). Moreover, for this field E it

holds that || E|| g (curt, Br(0)) < CIE || t(curt,Br(0))-

Proof. According to Lemma 2.17, any fields E, V' € H(curl, Bg(0)) can be uniquely decomposed
via E=Vp+4+wand V = V& + 1, where p, £ € S and w, P € Xo. The variational formulation
to find E € H(curl, Bg(0)) with B(E,V) = F(V) is thus equivalent to find the unique p € S
and w € )?0 such that

B(Vp, V&) + B(Vp,¥) + B(w, VE) + B(w, ) = F(VE) + F() forall € € S, € X,. (2.81)
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By the definition of X, we have that B(w,V¢) =0 for all £ € S. If we set ¢ = 0 in (2.81),

then, we obtain the problem to find p € S such that
B(Vp,Vé) = F(VE) foralléeS. (2.82)

From Proposition 2.16 we conclude that there is a uniquely determined p € SL solving (2.82)
with [|pl| 1 (BR(0)) < [|F]l- We use this p in (2.81), set £ = 0 and find that w € Xo must satisfy

B(w,) = F(1) — B(Vp,9) = F(¢p) forall £ € Xg. (2.83)
According to Proposition 2.20 there is a uniquely determined w € X0 solving (2.83). Addition-
ally, it holds that ||wl| g (curl,Br(0)) < C|IF|. Thus, E = w + Vp is uniquely defined and it holds
that

1B tr(curt,Br0) < Wl a(eurt,Bro) + 1Pl (Ba0) < CIE || (curl,BA(0)) -



Chapter 3

An asymptotic perturbation formula for
electromagnetic scattering by thin tubular structures

In the previous chapter, we established existence and uniqueness of solutions to time-harmonic
Maxwell’s equations for a scattering object D C R? with a Lipschitz boundary dD. Beginning
from this chapter on, our considerations concern thin tubular scattering objects exclusively. For
this special class of three-dimensional objects, we study the behavior of scattered electric fields as
the volume of the tubular cross-section shrinks to zero. The result is an asymptotic perturbation
formula that provides a representation of the scattered electric field away from the scatterer via
a leading order term plus terms of higher order, as the volume of the scatterer tends to zero. The
leading order term features the electric and magnetic polarization tensors. As these terms carry
essential properties of the thin tubular scattering object, they require detailed considerations,
which are discussed in Section 3.3. In the next two chapters, the leading order term will be of
particular interest, as it allows an approximation of solutions to the scattering problem (2.34)
and (2.35) without a numerical computation of a solution corresponding to the full Maxwell
system.

We start this chapter with a precise description of a family of thin tubular scattering objects.
Afterwards, we present the asymptotic representation formula for electric fields in free space
scattered by these objects. We continue with preliminary results for the proof of this theorem
and finally prove it by extending the results from [68]. Afterwards, we study the polarization
tensors, examine the two-dimensional polarization tensor of the thin tube’s cross-section and
draw connections to plasmon resonances. Finally, we perform our first numerical examples with
the leading order term of the asymptotic perturbation formula.

3.1 Scattering from thin tubular structures

In this section we introduce a detailed description of (families of) thin tubular scattering objects,
that we consider throughout the next chapters. For this purpose, let Br(0) C R? be a ball of
radius R > 0 centered at the origin that is supposed to include all scatterers under consider-
ation. Let I' C Bg(0) be a simple, i.e. non-self-intersecting but possibly closed curve with C?
parametrization by arc-length pr : (—L, L) — R? equipped with a right handed rotation mini-
mizing frame (RMF) (¢p,rp,sr). For the description of a rotation minimizing frame, we refer
to [22, 36, 46, 121, 123]. For a list of possible applications consider e.g. the references in [36,
Ch. 3]. In the RMF (tr,rp,sr), the vector ¢t = pp denotes the tangent vector. The reference
vector rr is characterized as the solution of the ordinary differential equation

r(s) = f(s)tr(s), rr(s)-tr(s) =0 for all s € (—L, L) (3.1)

for a function f: (—L,L) — R, together with some initial condition for rp at s = —L. Having
rr, the vector sr is given by sy = tp X rp. Using the linear combination

t/F = K1TT + Kaosr (3.2)

33
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with functions k1, k2 : (—L, L) — R as an ansatz, we find that
Si—\ = tll" X rr + tr X ’I"{—\ = —kotr and ’I‘/F = —ritp. (33)

The latter equality is found by using that »r = st X tp and deriving as in the first equality. These
differential equations were initially characterized by Bishop in [22]. Although, in his study, he
named a normal field to a curve I' satisfying (3.1) a relatively parallel frame. Therefore, the
RMF is sometimes called the Bishop frame. In [22, Thm. 1] it is proven that for curves I' as
considered in this work, there exists a uniquely determined RMF (tr,rr,sr) for a given initial
value for rr at s = —L. Moreover, for different initial values for rr at s = — L, the two reference
vectors corresponding to the uniquely determined frames keep a constant angle along the curve
I (see also [121, p. 2:5]). We introduce the rotation function # € C?([—L, L]) and the rotation
matrix
cos (6(s))

Ro(s) = ain (8(5)) _C(S)lsn(éfgg) eR2*?, se(~L,L). (3.4)

For sufficiently small » > 0, the tubular neighborhood theorem (see e.g. [118, Thm. 20, p. 467])
shows that the map

ar: (=L, L) x B/(0) = R®,  gr(s,1,€) = pr(s) + [rr(s) [sr(s)] Re(s) m : (3.5)

where B..(0) C R? is the disk of radius r centered at the origin, defines a local coordinate system
around pr. We define its range by

Qr = {QF(Sﬂ?,g) ‘ ERS (_LvL)7 (777§) € Bvl"(o)} . (36)

For 0 < ¢ < L and 0 < p < r/2 we consider a cross-section D), C B,(0) given by D), = pD’,
where D’ is supposed to be a simply connected Lipschitz domain. Thus, the rotation matrix
in (3.4) that appears in the definition of the local coordinates in (3.5) incorporates rotations
of the cross-section D; along the wire. Accordingly, we define the corresponding thin tubular
scattering object by

D, = {ar(s:n.€) | s € (=£.0), (1.€) € D} } (3.7)
and call

K = {pr(s)|se (-0}

the center curve of D,. In Figure 3.1 we visualize an example of a thin tubular scattering object
having a cloud-shaped cross-section D;, that twists along the center curve K. Note that, as
explained before, the center curve K of the scattering object is a subset of I'. In the particular
situation, in which the dimensions of D}, are within the order of a few nanometers (nm), we call
D, a nanowire.

The parameter p is called the radius of the cross-section D; of D, or sometimes just the
radius of D,. For the family of thin tubular scatterers (D,),~0 let the electric permittivity and
magnetic permeability distributions be defined by

, T ED,, , x€D,,
ep(x) = {El v :f — and py(x) = {Nl v g . (3.8)
g0, xR\ D, o, xR\ D,

The coefficients in (3.8) are supposed to satisfy the same properties as those from Chapter 2,
i.e. 1 > 0 and either e > 0 or ¢; € C with Re(e;) < 0 and Im(e;) > 0. We emphasize the
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B,(0) r

Figure 3.1: An example of a thin tubular scattering object with cross-section D}, C B},(0).

dependence of electric and magnetic fields on the cross-section D,’O by indexing them with p > 0.
Accordingly, the electric field E, = Ei + E} must satisfy

1
curl ( curl Ep> ~w?e,E, = 0 inR?, (3.9)
Hp

together with the Silver—Miiller radiation condition

lim |z| (curl E3(z) x & — ikEj(z)) = 0 (3.10)

|| —o00

uniformly with respect to all directions & = = /|x| € S2.

Remark 3.1. The results about the asymptotic perturbation formula and the polarization tensor
that we describe in the next sections may be formulated for more general cross-sections D;) than
Lipschitz domains. In fact, one can assume that the cross-sections D; are just measurable and
that ]D;)| tends to zero as p — 0. We do not consider this general setting and refer to the original
work [28] instead.

3.2 The asymptotic perturbation formula

We establish and motivate the main result of this chapter, namely the asymptotic representation
formula for electromagnetic fields scattered by thin tubular scattering objects. This formula
reflects the behavior of the scattered electric field E} away from the scattering object and the
corresponding far field E7° as the radius of the cross-section D;, of the scattering object D, tends
to zero. Asymptotic expansions of this type are available in the literature for time-harmonic
electromagnetic fields. However, the existing results for Maxwell’s equations are formulated
either on bounded domains (see e.g. [2, 12, 68]) or for scattering problems on unbounded domains
but with different geometrical assumptions on the scattering objects than considered in this
work (see [13, 66]). In [12] the authors study an ensemble of diametrically small scatterers of
the form z() + pB;, for j = 1,...,n, where B; is a C°° domain containing the origin. For a
background medium with constant electric permittivity &g € C with Re(gy) > 0 and Im(&y) > 0
and constant magnetic permeability fig > 0 they derive an asymptotic perturbation formula for
the magnetic field H inside a domain  with a smooth boundary 02 under the assumption
that the inclusions possess a constant electric permittivity and magnetic permeability. In [68]
a general perturbation formula for measurable, low-volume defects in a homogeneous bounded
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domain  with smooth boundary 02 is derived. In fact, the perturbation formula from [12] can
be derived from the one in [68]. In [2] the authors derive an asymptotic expansion for the electric
and magnetic field for variable anisotropic permittivities and permeabilities inside and outside
of the inclusions. In the work [13] a scattering problem for an ensemble of diametrically small
inclusion is studied. Moreover, a representation formula for the scattered electric field subject
to such a scattering object is derived. In [66] a similar setting is studied for layered media and
an ensemble of perfectly conducting diametrically small scatterers. In the following we combine
the generall perturbation formula for electromagnetic fields on bounded domains from [2, 68]
(see also [29]) with an integral equation technique developed in [8, 13] to arrive at an asymptotic
representation formula that applies to our setting.

In order to establish the asymptotic perturbation formula, we consider a sequence of radii
(pn)nen C (0,7/2) converging to zero as n — oo. The corresponding sequence of cross-sections
of Lipschitz domains is denoted by D], = p,D" C B, (0), n € N. We find the following property
for the sequence of measures (| D, % DY, JneN-

Lemma 3.2. The sequence of measures (\D;)n|_1xD;m JneN has the property that

|D/n’_1XD:zn converges in the sense of measures to i/ as n — oo, (3.11)

where p' is the two-dimensional Dirac measure with support in 0.

Proof. By assumption, Dj, C B;(0) for all p, < p' and a p' > 0. Thus, for all ¢ € C(B;(0)) it
holds that
D, 11D, 17" inf (e < [ oy |D, 76 da! < (D), 1D, 17! sup o). (3.12)
x’'eD), BLO) ™ 2eDl

Since ¢ is a continuous function, the lower and the upper bound in (3.12) converge to ¢(0) and
so the middle term needs to converge to ¢(0) as well. O

We need the Jacobian determinant of the local coordinates (3.5) in order to represent the
gradient in these coordinates and to perform integral transformations. Recall that the two-
dimensional parameter dependent rotation matrix Ry € C?((—L, L), R?*?) is defined as in (3.4).

Lemma 3.3. The Jacobian determinant of the local coordinates qr from (3.5) is given by

Jr(s,n,¢) = det Dgr(s,n,¢) = 1— i1 (s) -Ro(s) | (3.13)
Ka($) ¢

for s € (=L,L) and (n,¢) € BL(0). The functions k1, k2 are introduced in (3.2).

Proof. By using the relations in (3.2) and (3.3) we find that the partial derivatives of gr can be
computed to

20 (5,0, Q) = tr(s) (1 - [ggﬂ - Ry(s)

ORy

: ) +[rr(s) [ sr(s)] 5,0 6) m ,

¢

a;;(s,n, () = [rr(s) | sr(s)] Ro(s) H )

aaqéﬂ<37777 C) = [TF(S) ’ SF<3>] RQ(S) [?1 .

'Here, the word general refers to an arbitrary choice of scattering objects D, with |D,| — 0.
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The Jacobian of gr is consequently given by Dqr with

- o] e [¢] |0 o]
Dar(s,n,¢) = [tr(s) | rr(s) | so(s)] { 2

and the Jacobian determinant is found to be

Jr(s,m,¢) = det Dqr(s,n,¢) = 1 — [m(sﬂ - Ry(s) [g] ,

what ends the proof. O

Since the curvature  is given by x = |pf.(s)| we find from (3.2) that x = \/x? + r3. Further-

more, since I' is a C® curve, we have that kpay = Ikl e~y < o0 and it has e.g. been shown
in [95, Thm. 1] that the radius » > 0 from (3.5) must necessarily satisfy rkmax < 1 in order for
the tubular neighborhood theorem to hold. Accordingly, the Jacobian determinant from (3.13)
satisfies |Jp| = Jp > 0 in (=L, L) x B.(0). We introduce the notation

Ou | oul’ . ov ov¢
V%vcu = {577 a—c and dlvgﬂcfv =14 =5

3 T o (3.14)

for the two-dimensional gradient and the two-dimensional divergence with respect to (n, () and
obtain the following representation of the three-dimensional gradient in local coordinates.

Lemma 3.4. The gradient in the local coordinates gr from (3.5) is given by

Vu(ar (s,1.0) = [rr(s) | so(s)] Ro(s) (V. cuoar) (s,m,€)

- (Jp‘l(s,n,C) (augsqp (51,0) + 92(5) (Vo ar) (51, 0)- [ ¢ D) tr(s), (3.15)

-0
where V, -u denotes the two-dimensional gradient with respect to (n,¢) € B;(0) from (3.14).

Proof. We compute the partial derivatives of gr as in the proof of Lemma 3.3 and find that an
application of the chain rule gives that

8u805ql“ (s,m,¢) = Vu(s,n,() - (tr(S)JF(S,TZa Q)+ [TT(S) | Sp(s)] 88}?(5) [Z}) , (3.16a)
8uai7qr (5,m,€) = Vu(s,7,¢) - ([rr(s) | s0(s)] Ro(s) H) : (3.16D)
8u60gqr (8,1,¢) = Vu(s,1,0) - (["“F(S) | sr(s)] Ro(s) lﬂ) : (3.16c)

Note that in (3.16a) we already used the representation of the Jacobian from (3.13). From
(3.16b) and (3.16¢) we find that the two-dimensional gradient with respect to (7, () from (3.14)
can be written as

(V%’Cu © qF)T (5,m,C) = Vu(s,n,¢) - [rr(s) | sr(s)] Re(s) .
This implies that

Vu(s,n,0) - [re(s) | se(s)] = (Vycuoar) (s.m.0)- By'(s). (3.17)
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We rearrange the expression in (3.16a), use (3.17) and that

OR 00 0 -1
e (8) = S (5)Ra(s) [1 0]

to see that

Vu(s,n,C) - tr(s) = Ji(s,m,€) (8“58“ (5,m,0) = % (Vicuoar) (s,m,0)- [ﬂ) . (3.18)

Finally, using the orthogonal decomposition
Vau(s,1,¢) = (tr(s) - Vu(s,n, () tr(s) + (rr(s) - Vu(s, 0, () rr(s) + (sv(s) - Vu(s, n,¢)) sr(s)
the fact that the last two summands can be written as
(rr - Vu)rr + (sr- Vu)sr = [rr | sp](Vu - [rr | sp]) "
as well as (3.17) and (3.18) gives that
Vu(ar (s,1,0)) = [rr(s) | sr(s)] Ro(s) (V. cuoar) (s,m.€)

T (Jr_l(s,n, 3 (8“;;” (5.m.0) + 5 (5) (Vhguoar) (5,7, [ ﬂ)) tr(s).

O

Similar to Lemma 3.2, we can now derive a convergence property for the sequence of measures
—1
(‘Dpn| XDy, )n

Lemma 3.5. The sequence of measures (‘Dpn|_1XDpn JneN has the property that
|Dpn‘_1XD,Jn converges in the sense of measures to p as n — oo, (3.19)

where the Borel measure p is defined by

1
/BR(O)w dp = 27/}(1[) ds. (3.20)

Proof. We apply the particular formula for the Jacobian determinant in (3.13) and find that

14
Dol = [ ] Ir(s.1.0) d.0) ds = 241D}, (1+ Olttmaspn)

as n — 0o. Accordingly, for ¢ € C(Bg(0)) it holds that
Dyl 1
1Doul J—¢ 1D}, JB1(0)

/B (0)¢‘Dpn|_1XDpn de = XDlpn (7],()¢(QF(5777, C))JF(SJ%C) d(77, C) ds

1 ff , B 1
50 [ s n.0) a0 ds = 5 [ wtpr(s) as

as n — oo. In the limit process we used the convergence property from (3.11). O

Using the fundamental solution of Maxwell’s equation from (2.27) we state the main result
of this chapter in the following theorem.
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Theorem 3.6. Let K CC Bg(0) be a simple C3 center curve and let v > 0 such that the local
parametrization in (3.5) is well-defined. Let (pn)nen C (0,7/2) be a sequence of radii converging
to zero and let (D), )nen be a sequence of Lipschitz cross-sections with D), = p, D" C By, (0)
for all n € N. Suppose that (D,,)nen C Bgr(0) is the corresponding sequence of thin tubular
scattering objects as in (3.7), where the cross-section twists along the center curve subject to the
parameter dependent rotation matriz Ry € C*([—L, L],R?**?) as in (3.4). Denoting by (£,, )nen
and (tip, )nen permittivity and permeability distributions as in (3.8), let E;  be the associated
scattered electric field solving (3.9) for some incident electric field E*. Then, there exist matrix-
valued functions M° € L*(K,C3*3) and MF € L*(K,R3*3) called the electric and magnetic

polarization tensor, respectively, such that
D .
E; (x) = |2’2"| (/ (ur — 1) curly G(x, y)MH*(y) curl E*(y) ds(y)
K

+ [ (e = )Gy () B W) ds<y>> tolD,)) (321)

for € R3\ Br(0). Furthermore, the electric far field pattern satisfies

~ |Dpn|
B - 2

(/K (r — 1) ike—ikey (2 x I3) M*(y) curl E'(y) ds(y)

[ (o= 1) e @ x (13 x @) ME (1) B (w) ds<y>> tolD,)) (322)

for & € S%. The sequence (D,, )nen and the polarization tensors MF and M¥ are independent of
the incident field E'. The terms o(|D,,|) in (3.21) and (3.22) are such that for any R > R,

01Dl e @y /1ol and (10 (D)l ey /1D

converge to zero uniformly for all E* satisfying HEZHH( 0) < C for some fized C > 0.

curl, Bgr(
Remark 3.7. For real-valued 1 > 0, the electric polarization tensor MF is real-valued as well.

The polarization tensors M® and M* that appear in (3.21) and (3.22) carry essential informa-
tion of the sequence of scattering object (D,, )nen. Therefore, M* and M* are studied in detail
in the next section. Before we prove Theorem 3.6 we collect several results that we need for the
proof. As stated before, our aim is to extend the general asymptotic representation formula for

electromagnetic fields from [68] to free space. For this purpose, we recall the setting from [68]

and repeat the results that we use. For g € H, d_i\l,/ 2(5’BR(0)), we consider the boundary value

problems

1 1
curl (5 curl hg) —w?uohy = 0 in Bg(0), - curlhg x v = g on 0Br(0), (3.23)
0 0

1 1

curl < curlhpn> —w?p, by, = 0 in Bg(0), — curlh,, xv = g on dBr(0). (3.24)
Epn Epp,

Throughout the rest of this section, we assume that k2 is not an eigenvalue of the interior

Maxwell problem (3.23). This is not a strict assumption as the set of eigenvalues of (3.23) is

a discrete set in Ry (see [2, Prop. 3.17]). Consequently, for g € Hcﬁi/Z(@BR(O)), the problem
(3.23) has a unique solution hy € H(curl, Br(0)). Assuming that 0 < p,, < po for a sufficiently
small pg, the problem (3.24) has a unique solution h,, € H(curl, Br(0)) as well. This can be
shown by extending the results from [12] to Lipschitz domains (see also [68, Prop. 2.1]) as well
as to the coefficients €, considered in this work by applying multiplications with el similarly, as
we did in Chapter 2. For these coefficients the asymptotic perturbation formula from [68, Thm.
2.2], that we cite next, can be derived in the same way.
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Theorem 3.8. Suppose that (D, )nen is a sequence of thin tubular scattering objects as in
) wi ipschitz cross-sections = pp D" C and assume that 0 < p, < po, where
3.7) with Lipschit ti D;)n D’ B;,n 0 d that 0 h

po > 0 is so small that (3.24) has a unique solution. Given g € H(;\ll/Q(@BR(O)), let hg and h,,, ,
n € N, denote the corresponding solutions of (3.23) and (3.24), respectively. Then, there exist
matriz-valued functions M¢ € L?(K,C3*3) and M* € L?(K,R3*3) such that

v(y) x (hy,(y) — ho(y)) — 2 (v(y) x curly G(z,y)) (v(x) X (hy, (x) — ho(x))) ds(x)
9BRr(0)

= 2|D2p€”|< — /K (er — 1) (v(y) x curly G(x,y)) M*(x) curl hy(x) ds(x)

1 [ (1) 0w) % Gl y) M (@)ho(@) ds(@) ) + (1D, ) (325)

for all y € O0BR(0). The sequence (D,, )nen and the functions M and M¥ are independent of
g. The last term on the right hand side of (3.25) satisfies

Tim (|o(|Dp,, Dl oo 95,(0)) /1 Ppal = 0

for any g € H&}/Q(GBR(O)), uniformly on bounded subsets of H(;iﬂ(@BR(O)).

For later reference, we note that the proof of [68, Lem. 3.2] implies that there is a constant
C' > 0 such that, for any g € H&i/Q(aBR(O)) it holds that

1o = holl i (curt, Bro)) < C|D,,|'* HgHH;i/Q(BBR(O)) - (3.26)
We define the functions
ey = i/(weg) curlhy and e,, = i/(we,,)curlh,,,
and by using (3.23) and (3.24) we find that
curleg = iwpohg and curle,, = iwp,, h,, .

Furthermore, eg and e,,, satisfy

1
curl ( curl eo) —w?epeg = 0 in Bg(0), vxey =g ondBg(0), (3.27)
Ho

curl (,ul curl epn> —w?e,,e,, = 0 in Bg(0), vxey, =g ondBr(0), (3.28)
Pn

with g = —i/wg. As we see from (3.27), for g = iwv x E' it holds that ey = E° in Bg(0),
where E' denotes the incident field of the full scattering problem (3.9). In the next proposition
we cite [88, Thm. 5.52] for part (a) and (b), which summarizes the mapping properties of the
Maxwell single layer and Maxwell double layer potentials as well as their corresponding jump
relations. Moreover, we show in part (¢) a result about the representation of solutions to exterior
scattering problems with boundary values in H, Cﬂ\l,/ 2 (0BRr(0)) provided that k? is not an interior
eigenvalue. This part is similar to [88, Thm. 3.36].

Proposition 3.9. Let Q C R? be a bounded domain such that 9Br(0) C Q.
(a) The operators

(Ma)(z) = curlk (z,y)a(y) ds(y), z€Q,
0BRr(0)

(Na)(@) = curt? | a(@.y)a(y) ds(y), Q.

are well-defined and bounded from H(;\lfﬂ(@BR(O)) into H(curl, Q).
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(b) The traces
1 =+ ~ _ -
M=3 (V X M0 Y M|aBR(0)) ;N =vxNlopgo (3.29)

are bounded from H(;\l,/z(ﬁBR(O)) into itself. Withu = Ma and a € H(;\l,/z(@BR(O)), the
Jjump relations read

1 +
v X u|§BR(O) = j:§a + Ma, v x curlu|aBR(0) = Na. (3.30)

(c) Consider the exterior scattering problem to find v € Hy,.(curl,R3\ Bg(0)) such that
curlcurlv — k*v = 0 in R\ Bg(0), vxwv=Ff ondBg(0), (3.31)

where v is supposed to satisfy the Silver—Mdiller radiation condition. Let f € Hd_nl,/2 (0BRr(0))
and assume that hg = 0 is the unique solution to the interior boundary value problem (3.23)
with g = 0. Then, (3.31) has a unique solution given by Ma with a € Hy, 1/2(8BR( 0))
given by (1/21 + M)a = f. In particular, (1/21 + M)~! exists and is bounded.

Proof. For (a) and (b) we directly refer to the proof of [88 Thm. 5.52]. For part (¢) we proceed
similar to the proof of [88, Thm. 3.36]. Let v = Ma for an a € Hy; 1/2(833( 0)). Then,
by [88, Thm. 5.52], v solves curlcurlv — kv = 0 in R? \ 9BR(0) and satisfies the Silver—
Miiller radiation condition. Taking the trace from the exterior yields by (3.30) that a must
satisfy (1/2I + M)a = f. By [27, Lem. 11] the operator M from H(;i/Q(aBR(O)) into itself
is compact. Note that this requires the boundary of the domain (in this case 0Br(0)) to be
sufficiently regular. The Fredholm alternative (see e.g. [33, Lem. 13.4]) now yields that the
operator 1/21 4+ M is injective if and only if it is surjective. Therefore, we study the case f =0
and denote by a € H(;‘lfﬂ(@BR(O)) a solution to (1/2I + M)a = 0. For this a, let v = Ma.
Then, v x ’U’:?LBR(O) = (1/2I + M)a = 0. The uniqueness theorem in [88, Thm. 5.59] yields that
v =0 in R\ B(0). In particular, this implies that v x curlv|§BR(0) = 0. Again, by [88, Thm.
5.52] the field v satisfies v x curlv|gBR(0) =v X curlfv|gBR(O) and therefore, the interior trace
satisfies v x curlv|5BR(0) = 0. Due to our assumption that k2 is no interior eigenvalue of the
problem (3.23), v must be 0 in Br(0). This also implies that v x v|5BR(0) = 0. The jump relation
in (3.30) now shows that @ = v X vy, )" — V¥ X vap,)|~ = 0. This shows that 1/2I + M
is injective and thus, by the Fredholm alternative, surjective. The open mapping theorem (see
e.g. [122, p. 75] implies that the bijective operator 1/2/ + M has a bounded inverse. O

Now, we can prove Theorem 3.6. In order to simplify notation, we suppress the dependency
on the integral variable.

Proof of Theorem 3.6. The Stratton—Chu formula (see [88, Thm. 5.49]) applied to the incident
field E* gives that

— curly 05 (0) O(x, ) (v x E |BBR(0)) ds
1 A E' Bgr(0
——zcurlz/ () x curl B, )ds = 4 0@ BEBRO) g,
k dBR(0) r(0) 0, x € R3\ Bg(0)
Furthermore, for the scattered field E; the Stratton-Chu formula shows that
curly 080 O (x, ) (v x Epn|8BR 0)) ds
1 0, x € Br(0)
+ = curlQ/ d(x, ) (v x curl EY ds = . (3.33
k2 OB (0) (=) pilosg) { E; (z), xR\ Bg(0) (3:33)
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Subtracting (3.32) from (3.33) we conclude that

E’ (x) = curly O(x, )(vx E

ds
Pn 8B R(0) )

Pn |aBR(0)

1 2
+12 curly /8312(0) O (x,-)(v x curl EPn|8BR(0)) ds (3.34)

for z € R®\ Bg(0). Applying the tangential trace v; to (3.34) and noting the jump relations in
(3.30) yields

1
+ 5N xcurlE,,

B 1
vxE; | SV X Ep, ’8BR(O)) 2

pnloBR0) = 3 )y T M(v x E,,

(3.35)

|8BR(0 |aBR(0)) :

On the other hand, the same procedure applied to (3.32) gives

vx E — M(v x E

IBBR(O)

1 %
‘8BR(0) = N(v x curl E |8BR(0))‘ (3.36)

1 %
§V><E |8BR(0))_E

Due to our assumption that k2 is not an interior Maxwell eigenvalue for Br(0), we find that the

boundary value problems (3.27) and (3.28) are uniquely solvable for every g € H, Ci‘l/ 2(83 r(0)).
Consequently, the interior Calderén operators

- - 1
Ay, Hyy* (0BR(0) — Hy*(9Br(0), Ap,g = o curl ey, [op,(0) -

Ao : HZ2(0BR(0)) = Hi?(0BR(0)), Aog = churleo|3BR © >

2
are both well-defined and bounded. Furthermore, it holds that

. 1 .
vxcurlE, [sp,0) and Ag(v x E') = v x curl E'[5p, )

Apn (V X Epn) = kg

k2
on OBR(0). Next, we define the operators T}, and Ty by

1
Ty, : Hy*(9BR(0)) = Hyy*(0BR(0)), T,, = 51— M —NA,,

_ 1
Ty : H/2(0BR(0)) — HL/*(0BR(0)), Tp = 5L =M~ NA.

The operator Tj is the identity operator on H, (;\1,/ 2((9BR(O)). This can be seen as follows. Let

gec dei/Q(aBR(O)) and let eg be the unique solution to (3.27). Then, the Stratton—Chu formula
yields that

eo(x) = —curly ®(zx,-)(v X eolopy(0)) ds
0BRr(0)

1
- — curlz/ ®(x, ) (v x curle d 3.37
12 DB (0 (,)( 0loBr(0)) ds  (3.37)

for & € Br(0). Applying the tangential trace ; to both sides of (3.37), using the jump conditions
(3.30), the boundary condition of (3.27) and Agg = k~2v x curl €0loBx(0) yields that

- 1
g = v Xeolppro) = 5V X €lapy0) — MV X €olapy0) — 73NV x curleolsp, ()

2

1_ - _ _
= 59— Mg—Nhog = Tog.

Thus, (3.35) and (3.36) can be written as

k2

T,,(v x E,, ) =vxE

) and Tp(v X EZ‘BBR(O)) =V X EZ‘BBR(O)

0BRr(0) ’8BR(0
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on 0Bg(0). Accordingly, we have T),, (v x E,, —To(v x EY| ) = 0 and therefore

|BBR(0)) 0BR(0)
Ty, (v X B} |opg0) = — (Tp, = To) (v X E'lypu0) = N((Ap, — Ao) (v X E'lapg ) (3.38)
on 0BR(0). Changing the roles of  and y in (3.25), as well as noting that
G(z,y) = G(y,x), curlyG(z,y) = curliG(y,z), curliG(x,y) = —curl,G(z,y)

turns the general asymptotic perturbation formula on bounded domains from (3.25) into

v(z) x (hp,(x) —ho(x)) |98, (0)
B0 (1/ x curly G(z, )‘8BR(0)) (1/ X (hp, — ho) |BBR(0)) ds
’Dpn’ ( (m) x curly G(x, ')|8BR(0)> M curl by ds
+k{@nufm(mewu MNosaoy) M'ho ds) + (1D}, (339)

for @ € 0BR(0). As pointed out in the previous subsection, for g = —i/wg the functions

1
hy = - curleg and h,, = -

1 3.40
o D e, (3.40)

solve (3.23) and (3.24), respectively. Using g = v X Ei|aBR(0) we find that ey = E° in Br(0)
(but not that e,, = E,, in Br(0)). Since for this particular choice of g it holds that

v x curl EZ|

~ 1 - 1
AO(g) = ﬁy X Cur160|8BR(O) = dBg(0)’ Apn(g) = ?V X curlepn’aBR(O)u

k2
equation (3.39) turns into

(;I * M> (A = Do) (v x B ) ()

_ @“ (/K(ur—n (v(@) x G(@,)opy() ) M curl B ds

+ [ (o= 1) (@) % url G, om0 B ds ) +o(1D,, ) (341)

for & € 0BR(0). The proof of [68, Thm. 2.2.] and the smoothness of the dyadic Green’s function

G(x,y) for x € 0BR(0) and y € D, shows that the remainder o(|D,,|) on the right-hand

side of (3.41) is such that |lo(|D,, )|l H-2(5B,(0)) /|D,,| converges to zero uniformly for all E*
div

satisfying [|v x E'|sp, 0 )l “12(9B,(0)) < C for some fixed C' > 0.

In (3.31) we use the boundary data J = v X G(-,9)|aBg(0) (to be understood columnwise)
for y € Br(0) away from the boundary, what yields that G(-,y) is a solution to this problem.
Further, using part (c) in Proposition 3.9 and the assumption that k2 is not an eigenvalue of
the interior Maxwell problem gives that G(-,y) is the only solution to this problem and can be
written as

G(zx,y) = curly a®(x,) ds, (3.42)
0BR(0)

where a is given by a = (1/21 + M)~ (v x G(-,Y)|oBr(0))- Thus, using this particular a, we
find by applying v x curl to (3.42) and using (3.30) that

1 -1
N (514) (vl@) x C@ylanyo) = v(@) x curl G, )lonyo
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for € 0BRr(0) and y € K. Similarly, one finds that

1 -1
N (514)  (vl@) x curl 6o, y)lapym) = o) x Glaylono

for x € OBR(0) and y € K. Accordingly, applying N(1/2I + M)~! on both sides of (3.41) yields

N (Ap, = Ao) (v x E'|gpp0) (@)

- ’l;pﬁn‘(/ (hr =1) (V(w) x curl, G(z, ')|8BR(O)> M curl E* ds
K

4 [ R (e = 1) (4@) % G Mamy0) MEB' ds) +0((1D,,]) (343
for © € 9BR(0). Denoting

Aé/ ‘Dpn|
B (@) ==

(/ (ptr — 1) curly, G(z, - )M* curl E* ds
K

+ /K k2 (e, — 1) G(a, )MEE ds> (3.44)

for x € R3\ Bg(0) and combining (3.43) with (3.38) leads to
T,,(v % ES lopa) = v % B3, lopgo) +0(|Dy,|)  on dBR(0). (3.45)
Due to (3.40) and (3.26) there is a constant C' > 0 such that
”(Apn - AO) g”Hd:},/Q(@BR(O)) < C ||h’ﬂn - hOHH(curl,BR(O)) < C’DPn|1/2 ||§||Hc;ii/2(aBR(0))
for any g € H(;\l,/z(aBR(O)). The boundedness of the operator N (see Proposition 3.9) further
yields a constant C' > 0 such that
1Ty, = Toll = IN (Ap, = Ao)|| < CID,, V2.

Since Ty = I, there is an ng € N such that for all n > ng, the operator 7}, has a bounded inverse
Tp_n1 and ||TF;1H < C, where C > 0 is independent of n for all n > ng (see e.g. [91, Thm. 10.1]).
The identity (3.45) gives that

1p, (V x B3 |oBr(0) —V X Eﬁn\aBR(o)) = — (T}, — To) (V X EﬁnlaBR(o)) +o(|Dp,[) -

Further, using (3.44) we find that ||v x EEL@BR(O)HH_UQ( ) < C|D,,|. Thus,
div

OBR(0)

||V X E;S)n|8BR(0) —UvX ESTJ@BR(O)HHd:‘ll/2(aBR(0))

< CIT, 1D, |10 % By ol -172 oy + (Do) = 01D,

Accordingly, E; € H(curl, R3\ Bg(0)) is the radiating solution to
curlcurl E) — kQE;n = 0 in R®\ Bg(0),
v X E;n|aBR(0) = v X Ezn|aBR(0) + OUDPnD on 8BR(0) .

As before, we use that 1/2I + M is invertible (see Proposition 3.9) and deduce that E; — EEI
can be written as

s s 1 -1 s o
Epn(w) — Epn(m) = curly (0 O(x,-) (21 + M) (V X Epn‘aBR(O) — VU X Epn‘aBR(O)) ds

for € R3\ Bg(0)). The right hand side is in o(|D,,|), what shows (3.21). The asymp-
totic representation formula (3.22) follows by substituting the far field expansion of G(-,y) and
curl, G(+, y) from (2.29) into (3.21). O
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Remark 3.10. The asymptotic representation formulas for the scattered field in (3.21) and for
the far field in (3.22) can be extended to variable anisotropic permittivities and permeabilities

in D, , as well as in R3\ Bg(0) by using the more general perturbation formula from [2, Thm.
4.4] instead of [68, Thm. 2.2].

3.3 Explicit characterization of the polarization tensor of a thin
tubular scattering object

The leading order term of the asymptotic perturbation formula features two matrix-valued
polarization tensors M® € L?(K,C3*3) and M* € L?(K,R3*3). The definition of M® and MH*
depend both on the material parameters and on the geometry of the scatterer and can therefore
be seen as the fundamental parts in the leading order term of the perturbation formula. Our
studies on the polarization tensors rely on the works [29, 30, 68].

To introduce the polarization tensor as in [68] (see also [29]) we consider Br(0) C R? in-
cluding the scattering objects D, for 0 < p, < r/2 as in Theorem 3.6. Further, let v,,
with 7 € {e,u} be as in (3.8). We consider the boundary value problems, which are to find

VD, v e HY(BR(0)) for j = 1,2,3 with

. ()
div (VOVV(])) = 0 in Bg(0), vgagy = ov; on dBg(0), (3.46)
. ) . 8v£,j)
div ('yanvp]n) = 0 in Bg(0), %"(971/ = yv; on JBR(0), (3.47)

together with the normalization conditions | OB R (0) V) ds = 0 and [ OB (0) Uﬂjn) ds = 0. The
functions v;,1 < j < 3 denote the jth component of the exterior unit normal to Br(0). The
solution of (3.46) is explicitly given by V) = z; — |0Bg(0)|~! [;q 2, ds. Convergence results
from [29, Lem. 1] are cited in the following lemma.

Lemma 3.11. Let VY and vgl) be the unique solutions of (3.46) and (3.47), respectively. Then,
there is a constant C' > 0 such that

VO — v | gy < C|D,, V2. (3.48)
Moreover, there is a constant C > 0 such that

VO — o5 12) < C|D,, [**. (3.49)

Pn

For a sequence of Lipschitz domains (D,, )nen as in Theorem 3.6, and ¢ € C(Bgr(0)) the

component M?j, 1 < 4,5 < 3 of the polarization tensor M” is defined by

()
/ M} dp = lim ! 0on y das (3.50)
Br(0)
R

n—00 |D,0n| D 61’1

where p denotes the measure from (3.20). Later in this chapter we use an equivalent definition
of the polarization tensor. However, for the next two propositions, in which we study symmetry
and bounds of the polarization tensor, this definition is favorable. The following proposition
and proof follows along the lines of [29, Lem. 2]. We emphasize, that it remains valid also for
complex-valued coefficients £; with Re(e1) < 0 and Im(eq) > 0.

Proposition 3.12. The polarization tensor M for v € {e, u} is symmetric, i.e. MZ'; = MJZ for
all1 <4,5 < 3.
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Proof. The weak formulations of (3.46) and (3.47) imply that

Br

and

L Vel v 9Oy de = [ (0=, Vel) VIV da (352)
Br(0) B

r(0)

for all ¢» € C(Br(0)). Further, it holds that

V(0@ — VOV . Vol de :/ vib(v® — VD) ds. 3.53
/BR(o)%" ((t5, W)V, 08(0) ¥ ) (3:33)

Using the Cauchy—Schwarz inequality as well as (3.48) and (3.49) yields

/B Vo V() — VD). vyn§) de = / Vo, V() — VD). vV dz + o(|D,,|) (3.54)
R

and

/B Vo (08 = VYT - Vo) da = / Yo (05 = VYT - WV da + o(|D,,|) .
#(0) Bg(0) 555
3.55

In the equality

Jono eV =V V) do = [ VO =V (6 +)9) da

BRr(0)

we apply (3.53) and (3.55) for the first summand and (3.54) for the second summand on the
right hand side to see that

/B ) ’)’an(USB — vy, V(U/(,i)w) dz = —/ Vou (V) () _ vy . vV de
R

Br(0)
+ Ao (0f) — V) ds + / WV (@ — V). Vv da
0Br(0)
[ =0V - V). ey D o o1Dp.)- (3.56)

Pn

Similarly, we find that

/ WV (@D = VD). v (Vg da = _/ Yo(vl) — VYV vV ) da
Br(0) Br(0)
+ / 0% (P — V@) ds+ V(0 — VD). vy dz. (3.57)

Br(0)

Using (3.57) in (3.56), rearranging the terms and using (3.49) again gives that

[ 0 -V vede) de = [ 30Vl - V) V() da
Br(0) Br(0)

+ / (11 =10V = VD). Vv D) da + o|D,,[). (3.58)
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In (3.58) we use the identities (3.51), (3.52) and (3.48) once more to obtain
| 0=V V00) de
Br(0)

= [ 0=V - VDY) et [ (1= 0) T = V) Vv da + oDy, )
Br(0) Dy,

= (Yo = Ypn) VO - V(VDy) da — / (7o —71) Vo) - VoY) de
BR(O) DPn

+ / (v — 1)VVD . TV ) da + o(| D, |)
- / (Yo = Ypu) V05 - TV d + / (v = 1)VVD - TV @) da + o(|D,.|)
DPn
= [ 0= )V IV det [ (0= )TV Tyl da+ oDy, )
DPn

BRr(0)

Another rearrangement gives that
Do [ (0= 11X, TV - Vel da
Br(0)

= 1D, [ (0= )xp,, Vol - VYO da (1),
Br(0)
Taking the limit on both sides gives that

L o=y du = [ (o= m)M da,
BRr(0) Br(0)

for all ¢» € C(Br(0)), what shows that the polarization tensor M is symmetric. O

In the next theorem, we establish bounds for the polarization tensors. For real v, we refer
to the results from [29, Ch. 4]. The proof that we provide here for £; with Re(e1) < 0 and
Im(eq) > 0 is similar to [29, Ch. 4].

Proposition 3.13. Let £ € R3. For vy, >0, v € {e, u}, it holds that
min{ }|§|2 < E-ME < max{ }|£|2

for p—a.e. x € Bg(0). For e; with Re(e1) < 0 and Im(e1) > 0 there is a f € (0,7/2) with
Re(el’g,,) > 0 and Re(e’? (21 — £0)) < 0 such that the inequalities

- 0 — 21" 2 o € Re(@(FT-MIE _
(1 Re (e (g7 — £0)) Re(eiﬁs)> € 2 Re(e (21 — &0)) > [&]°, (3.59a)
leo — &1 L o & Im(ET—c0)MIE _ Lo
(1 - Im()> €° < Im (=) <[] (3.59b)

hold for p—a.e. x € Br(0).

Proof. We show the assertion for complex-valued £1 only. Let & € R3. Asin [29, Chap. 4] it can
be shown that

> & / 0 (1 — €0)| Dy, | "' XD, VO - VV Dy dar

1<4,5<3

= IDpn\’l Z fifj/ (g1 — go)vv(j) YV Dy da

1<i,j<3 Do

S DY

SV (d) — V). v <v<i> upn) vdz+o(l)  (3.60)
1<4,5<3 (0)
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for all 1y € C(Br(0)). We define the functions

3 3
= Z&'V(i) — Zfz (CCZ - |3BR(0)|*1/ i ds> and v va
i=1 i—1 9BR(0)

and conclude for p, — 0 in (3.60) that

2
/ (1 — 20) M€ dp = ’Dpn|_1/ (57 — €0) ’VV(ﬁ)’ Y de
Br(0) p

Pn

—|D *1/ Ton
1D | Ba0) "

We consider (3.61) for real and positive ) only and take the imaginary part on both sides. This
gives that

1<i,j<3

Ve~ vO) v de+o1). (361)

| e tm(E =) g0 d = D, [ tm @) |[TVO[ p da+ (1),
Br(0) D

Pn

since Im(g,,,) < 0. Further, we take the limit p,, — 0 on the right hand side and see that
m (&7) [€* < & Tm (5 — 20)MF) €.

We write &7 = |e1]e!® with o € (,37/2). We multiply both sides of (3.61) with e, where
B =3m/2—a+cand ¢ > 0 is so small that Re(e’z,,,) > 0 and Re(e?” (27 — £9)) < 0. This gives
that

/ & Re(e"((e7 — 20)M"))€¢ dp < [D,y, | / Re(e” (27 — 20)) !W(E)f Y da +o(1)
Br(0) D

Pn

and the limit p, — 0 shows that
€ -Re(e (21 — £0)M?)¢ < Re(e” (57 — c0)) €)%
We rearrange the terms in (3.60) and see that
|D,0n|71/ Epn ’V Q—U )‘ ) dx
Br

_ |Dpn]_1/ (51 — ) V(V'O — v©) . YV Oy da + o(1).

Pn

As before, we consider real and positive . We multiply both sides with —1 and take the
imaginary part. This gives

D —1/ Im(—%,~
‘ pn| BR(O) ( pn)

< ‘Dpnrl ‘/D (Eo — H)V(V(é) — Uéi)) . Vv(é)w dx
Pn

vve v},?)fw da

+o(1)

B = ‘ 1/2 ) 1/2
< on™ ([, iy 77 Fvte) ([, e[ -0 o e
+o(1).

The inequality a? < ab+ ¢ implies that a® < ab+c+ (a — b)? = a® + ¢+ b?> — ab < b + 2c. This
shows that

D —1/ Im(z,
| pn| BR(O) m( pn)

5

2
v(V© —v,(f})‘ b do > |Dpn|—1/D |5101|\vv ‘ W da + o(1).
Pn
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We consider the imaginary part of the identity (3.61) again, estimate the second term on the
right hand side using the inequality above and apply the limit p,, — 0 to get that

- Im (57 — o)V € < <1m (&) - |1m<)|> &

For the real part, we study a similar setting. We multiply both sides of (3.61) with e*#, where
[ is chosen as before, and consider the real part. We perform the same calculations as before,
which yields that

1 i © _ . (]2 - leo —E11% | o)
Dol [ Rel5) [P0 — @)y ae < 10, 7 [ (AT (VO gz o).

Using this inequality, we finally deduce from (3.61) that

leo — &1/?

(Re(ei% — &) — mw) [€]> < &-Re(e” (21 — e0)M)E.

O]

Exactly as in the proof of Proposition 3.13 we introduce a vector & € S2?, define
V& =538 &V and find that

) ) v €
div (’yoVV(g)) = 0 in Bg(0), Yo . Y& v on 0BR(0).
Moreover, defining v,(,i) == fiv,(,i) gives that
. | oy
div <7anUf,i)) = 0 in Bg(0), 706710/ = & -v on 0Bg(0).

Noting that VV(€) = & and using the definition from (3.50), we find that for all ¢» € C'(Bg(0))
it holds that

1
o / £ MEp ds = / €-MEY dp = lim VWO vy dz.  (3.62)
K Br(0)

1
‘DP | Dy,

Remark 3.14. As stated in [30, Lem. 1], the characterization of M" in (3.62) still holds true when

vgi) is replaced by E,(;i) on the right hand side, where E,(;i) € H'(Br(0)) is the unique solution to

div (7, Vo)) = 0 in Br(0), 7 = V© on aBR(0). (3.63)

Using U(s) from (3.63), we define the corrector potential W,ES) = E,(;i) —V© ¢ H}(Br(0))
satisfying

div (%nvvv,g)) = —div((7p, —70)€) in Br(0), WE =0 ondBgr(0).  (3.64)

Considering the sequence (D,,), from Theorem 3.6 and in view of (3.62), we find that the
polarization tensor M € L?(K,C3*3) is uniquely defined by

L[ _ 1 2 1 o
%/Kg M€ ds |Dpn/D,,n €| 1/1dm+|Dpn|/Dpn (€-VW®)wde o)  (3.65)

for all ¢ € C(Br(0)) and & € S%.
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Similarly, we assign a two-dimensional polarization tensor m? € C?*2 to the sequence of
cross-sections (Dj, ), of the scattering objects (D,,)n as follows. As before, we denote by r > 0
the radius, such that the local parametrization in (3.5) is well-defined. Then, we set

, I BT (WC)ED/’
Vo (1:€) {70, (n.¢) € BL(0)\ D},

ie. ’y;n is the electric permittivity or the magnetic permeability distribution associated to
the cross-section D;n. For each & € S' we define the two-dimensional corrector potential
w,, € H}(BL(0)) as the unique solution to

divy, . (’yp A% Cw(g)) = —divy ((v1 =) xp,, &) in B(0), wf,i) =0 ondB.(0). (3.66)
The operators d1v ¢ and V! n,c denote the two-dimensional divergence and two-dimensional gra-
dient with respect to the local coordinates of the cross-section (7, (), as introduced in (3.14).

Recalling the measure y from (3.11), the two-dimensional polarization tensor m? € L2 (K, CQXQ)
is now defined by

Pn

for all 1y € C(BL(0)) and any & € S*.

Remark 3.15. The definition of the polarization tensor in (3.65) remains valid, if we replace the
domain Bg(0) in (3.64) by the tubular neighborhood €2, from (3.6) (see [30, Rmk. 1]). The
regularity results that are used in the proof of [30, Rem. 1] are applicable because €2, is C? away
from the ends of the tube and convex in a neighborhood of the ends of the tube. This will be
used in the next proofs.

|/ ¢-v )¢dm+0() (3.67)

The following theorem characterizes the polarization tensor M® and M¥ for thin tubular
scattering objects as in (3.7).

Theorem 3.16. Let K C Br(0) be a simple C® center curve, and let r > 0 be such that the local
parametrization in (3.5) is well defined. Let (pp)n C (0,7/2) be a sequence of radii converging
to zero, and let (D), )n be a sequence of Lipschitz cross-sections with Dj, = p,D' C By, (0)
for all n € N. Suppose that (D,,)n C Br(0) is the corresponding sequence of thin tubular
scattering objects as in (3.7), where the cross-section twists along the center curve subject to
a parameter dependent rotation matriz Ry € C*([-L,L],R?**?). For v € {e,u}, denoting by
(Ypn)n @ parameter distribution as in (3.8), let MV be the polarization tensor corresponding to
the thin tubular scattering objects (D, )n from (3.65). The following pointwise characterization
of M holds for a.e. s € (—(,0):

(a) For the unit tangent vector tr(s) it holds that

tr(s) - M7 (pr(s))tr(s) =1 for a.e. s € (=4, 1). (3.68)

(b) Let &' € S, and let & € C1(K, S?) be given by &(s) = [rr | sp| & € S? for all s € (—4,1).
Then

£(s) - M(pr(s))&(s) = &' - (Ro(s)m "Ry (s))&"  for a.e. s € (—L,¢). (3.69)

Before we give a proof to Theorem 3.16 we outline its implications that we summarize in the
following corollary.
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Corollary 3.17. Under the same assumptions as in Theorem 3.16, the polarization tensor MY
can be written as

(1] oo |

W=V om0

V(s)" fora.e se(—£,10), (3.70)

where V(s) € R3*3 for a.e. s € (—,{) is the matriz that has the vectors tr(s),rr(s),sr(s) as
its columns.

Proof. We distinguish between 71 > 0 and ; € C with Re(y1) < 0 and Im(y;) > 0. In the first
case, the polarization tensor is real-valued and symmetric. Part (a) in Theorem 3.16, together
with the bounds for the real polarization tensor in Proposition 3.13 directly imply that the tan-
gent vector tr(s) is an eigenvector for a.e. s € (—¢,¢) with corresponding (minimal or maximal)
eigenvalue 1. Furthermore, there must be two more eigenvectors that lie in the orthogonal plane
to tr(s), the plane that is spanned by rr(s) and sp(s). Part (b) in Theorem 3.16 states, that
in this plane, the polarization tensor coincides with the polarization tensor Ry(s)mYR,(s) of
the twisted two-dimensional cross-section. Thus, the representation of M in (3.70) follows by
(3.69).

For the case that 7, € C with Re(y1) < 0 and Im(v;) > 0 the polarization tensor is not
real-valued anymore (in particular it is not self-adjoint) and we need to apply the bounds for the
complex-valued polarization tensor from Proposition 3.13 as follows. We replace v by ¢ here,
since p is always real-valued. With 3 € (0,7/2) as in Proposition 3.13 we find that, for & € S2,

€ - Re(e (27 — e0)M?) €
Re(el (g7 — €0))

Im (e’ (g7 — &0))
Re(el? (21 — €0))

—¢. (Re(Me) - Im(ME)> ¢ (3.71)

and

§-Im((Er—eo)M)E (Re (€1 — o)
Im(z71) a Im(&7)

T (MF) + Re(M€)> ¢
Therefore, we multiply (3.59a) with —1 and add it to (3.59b). This gives that
c1l€]® < € - Im(M)€ < 0 (3.72)

with constants

|eo — &1 Jeo -zl o Im(e?(ET—20) | Re (51— 20)
Re(elP(e7 — £9)) Re(eifzr)  Im(z7)? > 7 Re(e (51 — 29)) Im(z7)

Cc1 =

Due to our choice of  from Proposition 3.13 we find that
Re(e? (27 — g0)) < 0, Im( (57 — &0)) < 0, Re(ez7) > 0, Re (1 — ) < 0, Im(z7) < 0

and therefore, ¢; < 0 and c2 > 0. We consider (3.68) and compare the real and imaginary part
on both sides, what gives that

tr(s) - Re(M)tr(s) =1 and tr(s) -Im(M)tr(s) = 0 for ae. se€ (—£,Y1). (3.73)

Due to (3.72) we conclude that tr(s) lies in the kernel of Im(M?). From (3.59a) and (3.71), we
find that

(1 B leo — E1)?
Re (el (g7 — £0)) Re(efz7))

&> < € A¢ < >|g|2 for all £ € R3,
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where

Im (e’ (27 — e9))
Re(e(z1 — e0))

A = Re(M°) — Im(M®) is self-adjoint and ¢p(s)- Atp(s) = 1

for a.e. s € (—¢,¢). The latter property follows by (3.73). This gives that tr is an eigenvector of
A with eigenvalue 1. However, as we have seen before, tr is also an eigenvector of Im(M?) with
eigenvalue 0 and therefore,

Im (e (27 — &0))
Re (e (g1 — €0))

tp = Atp = <R6(M€) — Im(ME)> tr = Re(ME)tr,

i.e. tr is an eigenvector of Re(M®) with corresponding eigenvalue 1. The representation of M
in (3.70) follows by (3.69). O

The proof of Theorem 3.16 relies on the following proposition, which extends the charac-

terization of the polarization tensor in (3.65) from constant vectors & € R3 to vector valued
functions & € C* (Q,, 5?).

Proposition 3.18. Let £ € C! (Q,,5?) and denote by Wi e H () the solution to (3.64).
Then, the polarization tensor satisfies

21€/K€ M€y ds = /Dpn |€|2¢ dx + /Dpn (5 . VW(§)> ¥ dz + o(1) (3.74)

1 1

for all ¢ € C(Q,).

Proof. Denote by (ey, ez, e3) the standard basis of R? and let &€ = 33_, &e; € C* (9, S?) with

& € CYQ,R) for 1 < i < 3. Let Wp(s) € H}(Q,) be the solution to (3.64) and let W,S,L ),
1 < j <3, be the solution to (3.64) with & = e;. Then, using (3.50), we find that

37 [ €@ M @)E@)v() ds(a)
> |Dp| [ e Vol (@) (660) (@) da + o)
3,j=1 n pn
- Z \D | /b V“ ( ) (&i&j9) (z) dx + o(1)
i,j=11""Pn pn
— |Dp | Z (/ VD (Gig50) (@) da:+/ ei - VIV () (€:£54) (=) d >+0(1)
nlg5=1 P
= T (€) ) dx
|Dpn|/ () d +|Dpn|/ §( (2)d(@) d
3
|D1p | /D &) ( Z ) VI )) Y(x) d + o(1)

for all ¥» € C(Bg(0)). An application of Holder’s inequality for the last integral gives that

|/Ds( vawp )wdw

< C|D,, |V*||[vw® . (3.75)

L2(Qr)

3
S v
=1
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In order to show the assertion we prove that the right hand side of (3.75) is in o(|D,,|) as

n — oo. Using (3.64) we obtain

div (ypn (Wp<§> Zg W eﬂ)))

= —div ((7p, —70) & i div (’an (WP VE + VW(:] 51)) ‘
j=1

(3.76)

Applying (3.64) once more, we find for the third term on the right hand side of (3.76) that

3

_Zdw (fyanWp gj) = Z'yanWp ij—i-Zdlv Yo —Y0) €5)&; -
j=1 Jj=1 J=1

With £ = Z?Zl &je;, the first term on the right hand side of (3.76) can be written as

3
—div ((’VPn Zdlv Yon — %) ej Z Yon — Y0) €j - ng

Therefore, (3.76) turns into

3
ol o)

3
Z Vou — Y0) €5 - V& — Zle ('anWp ij) Z’anVWp - V§;.

J=1 Jj=1 j=1

Considering (3.77), we define rﬁ), rgi), ré,} € HL(,) as the unique solutions to

div (7, Vrl) = —Zdw Vo WiEIVES) inQ,, ) =0 onoQ,,

Pn
7j=1
div (’an Vrf,i)) = — Z'yanWp - V¢ in Q,, T/()i) =0 on 99,,
7j=1
3
div (fyanr,()i)) = Z Yo — Y0) € - V& in Q,, Ef:’) =0 on 09,.

The unique solutions to these Dirichlet problems imply that

3
W = S EWE = 1)+ r 1l
j=1

(1) .(2) (3

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

and we find the following estimates for r,,’, 7, and 7, ). Using the well-posedness of (3.78) (see

g. [63, Cor. 8.7]), together with (B.3) yields that

H"”pn ’Hl Q) > Z’anWp vﬁj

L2(Qr)
< Clillera, 1Dpul** -

(e5)
< er:nﬁ%fguvfj”po(gr) Han] HL2(QT)
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Similarly, using the Poincaré inequality, the weak formulation of (3.79), Holder’s inequality, the
Sobolev embedding theorem giving that Hg(Q,) C L%(€2,) (see e.g. [63, Thm. 7.10]) and (B.4),
we find that

I e, < C| [, 7 9rf2 do| < | [ Z%n (YW - ve) ) da
< 0|3 v max V6 IS 25
j=1 L5/5(9,)

IN

C|Dpn\5/6 ||§Hcl(§zr) ||7",()i)HH1(Q )

For r,(,i) we apply the Poincaré inequality, the weak formulation of (3.80), Holder’s inequality

and the Sobolev embedding theorem to see that

_ 3
Ir 13 @, < 0] /Q Yo Vi) - Vg da:] = ‘ /Q (Yon — 0) Z ej - V&) ) dw
< Clpn = 0llisssia,) max, IVE o, 75 Hm

=1,2,3
C1Dp, [ 1€l e @y I 1 ) -

Combining these estimates with (3.81), we find that

IN

< Cli€llera,) D, [P

3
HW;,? - W
j=1

HY (@)

and using (B.3) again, finally gives

3 3
T - Y e vl < ||v (W,ﬁ? - Z@Wéﬁ”) + 3 ISVl 2,
j=1 L2(Q) j=1 L2(Q) j=1
< Cllellora,y Do + max Wi 120, V4]
= Cc1(Q,) ¥ pn =123 pn HL2(Q2) I Lo (Q
< Clllora,) Do
Inserting this estimate in (3.75) yields the assertion. O

We can now prove the first part of Theorem 3.16. The idea is to use & = tr in the represen-
tation (3.74). Then, combining the representation of the gradient V in local coordinates as in
(3.15) with partial integration, interior regularity estimates and the estimates from Appendix B,
we find that the second term on the right hand side of (3.74) is in o(1).

Proof of Theorem 3.16, (a). Let & € C1(£,) be given by &(x) = tr(s) for any = qr(s,n,() € Q.
Using equation (3.74), we find that

2@/ tr(s) - M (pr(s))tr(s)¢(pr(s)) ds

L Y(x) de + !

(&) - VWO (@) (@) dz +o(1) (3.82)
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for any ¢ € C(Q,). Working in local coordinates (3.5) and recalling the determinant of the
Jacobian in (3.13) and the V operator in local coordinates from (3.15) gives that

[, (e va@ @) ¥(z) do

Pn

‘ / / , ( (ar(sm, ) + 59 l_Cn]'V%,gW,gf)(QF(Sa"?,C)))Mqr(sﬂ%C)) dn, ) ds

L

[, Wiar(sm.O)star(s.n. ) dn o]

s=—/

9 ar(s,1.0) 22 (ar(s,1,0)) din, ) ds

+ ’ /_ 2 / . §Z<s> [_C ] V), W (ar(s,n,¢)v(ar(s,n,€)) dn,¢) ds

Interior regularity estimates (see e.g. [63, Thm. 8.24]) and (B.3) give that

WOl 0,y < C(IWE 20 + | o = 70) Ellzac)) < C1Dp, Y.

Using (B.2) and (B.3) now shows that

| (¢@) - vwO@) v(e) dz

Pn

< CID}, [IW |y + O MW E 10, + Coal Dy V2 [FW0)

L2(Qr)
S C‘DPnHDPn|1/4 + C|Dpn’1/2‘DPn|3/4 + Cpn|Dﬂn’1/2|Dpn’1/2 = O(|‘Dpn’) .

Inserting this estimate in (3.82), using (3.19) and (3.20) and letting n — oo yields that

5o [ ) M) or () ds = o, [ wiwe(s

Since ¢ € C1(Q,) was arbitrary, this implies (3.68). O

The idea in proving the second part of Theorem 3.16 is to define £ € C1(Q,,,R3) by

&(x) = [rr(s) | sr(s)] & forany & = qr(s,1,¢) € Q,, (3.83)

where &’ € S', and to use it in the representation (3.74). However, in contrast to the proof before,
the second term in (3.74) is no longer in o(1). Instead, it turns out that the second term in (3.74)
minus the second term in (3.67) is in o(1). Before we prove the second part of Theorem 3.16, we

first consider some auxiliary functions. The idea is to approximate the function VW(é) by the

(Ry'¢")

gradient of a product of functions involving the solution wp, € HY(B.(0 )) of (3.66) with &’

replaced by R, '¢’. To do so, we introduce a modified corrector potential wpn € HY(BL(0))
as the unique solution to

R, ¢ . — .
len< (’yp I+ A) 774 gn )> = —dlvi%c((’yl —90) xp, Ry 1¢") in BL(0),

—1gr
a0 €) — 0 on aB(0),

(3.84)
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where for s € (=L, L) and (n,() € B.(0) we define

90N ¢ e
A(s,n,¢) = J2 () s . 3.85
0 =52 (5) @] S T8 (3.85)
We note that the matrix A is symmetric and positive definite, i.e. there is a ¢ > 0 such that
cHEP < & A(s,n,Q)¢ < cfgP forall & €R?, s e (=L, L), (1,¢) € B(0). (3.86)
R-1
Therefore, (3.84) has a unique solution (see also the proof of Lemma B.2). Both w,(;n 0'¢) and
—1 s
@,gf 0 ¢) depend on the parameter s € (—L, L), although this is not indicated through our
notation. We define the function
—~ —1£
W9 (ar(s.m,0) = o ()5 (5.0, On? < (1,) (387)
for s € (—L, L) and (n,¢) € B..(0), where f,, € C*([—L,L]) is a cutoff function satisfying
0< fon. <1, fouX(—t0) = X(=1,0) 5
Afpn - 3.88
|2Le < ch;,n\ VS = xcelcrn < e 88

The existence of such a function is clarified in [19, Lem. 3.6]. Furthermore, for p,, small enough,
we can choose f,, such that f, (—=L) = f,,(L) = 0. We can now prove the second part of
Theorem 3.16

Proof of Theorem 5.16, (b). Let &€ € C*(€,.,R3) and Wp(f) € H(,) be defined as in (3.83) and
(3.87), respectively, and let ¢ € C1(€2,). Using (3.74), it holds that

3 [ €9 M) etpre(s)) ds = o1l v, (6T
1
+|Dpn’ Dpp,

We consider the three integrals on the right hand side of (3.89) separately. For the second
integral we use the definition of Jr from (3.13) and the gradient in local coordinates from (3.15)
to see that

/ (5 \VATTS @)w da

- / /D | ( (RQVM(J_“(RE))) <s,n,<>)w<qr<s,n,c>m<s,n,o dn, () ds

(&- (VWO — VW) g dz+o(1). (3.89)

-] ;n (B 1) Z b 0.0)) v (ar (50.0)) dln.) ds

" R—l /
+0 (D5, 2135 o, ) )
Pn
Applying estimate (B.3) and Lemma B.2 gives
/ (¢-VIW9) v da
Dﬂn

D]
l R1
:/_e/D/ (<Re‘1<$ ) g “(n,o)w(qr(s,n,c» d(n,¢) ds

R f ~R71£/
e ) vy b )

+0 <|D |~/ >+0(1)

L*(Dy,)

¢ e
- /_g/ / <(R9_1(8)£ ) nwa(’ne ¢ )(777 C)) %b (qF (57T77C)) d(na C) ds -+ 0(1) .
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Accordingly, using (3.67) we obtain for the first two terms in (3.89) that

1
’Dp’n| Dﬁn

wder\Dlpnl/Dpn (6-VIW©)y da = wb/_i(/%w(qr(s,n,c» d(n,¢)

w [ (8708 Vb 0.0 ) v lar (0. ) dn <>> s +of1)

Don
1 r¢
= 57 [ € Bals)m B (s)€ v(pr(s)) ds (390)

as n — oo. For the last integral on the right hand side of (3.89) we apply Holder’s inequality
and conclude that

/D (&- (VWO - vW ) da

Pn

< Cll€l () |1 Do V2 VW) = VLS

L2(Qy)

To finish the proof, we will show that HVWp(f) - Vﬁ/p(f) L) is in o(|D,,|"/?) as n — oc.

Then, (3.69) follows from (3.89) and (3.90). This is done in Lemma 3.19 below. O

Lemma 3.19. Let &' € S and let £ € C1(,.,R?) be given by
&(x) = [rr(s) | sr(s)] & for any = = qr(s,n,¢) € Q.
Let W(S) € H(S,) be the unique solution of (3.64) and define

Wi (ar(s,1.0) = S ()5 s O 9,0
for s € (=L,L) and (n,¢) € BL(0), where f,, € CY([—L,L)) is a cut-off function satisfying
(3.88), and @550 ¢) ¢ HI(BL(0)) solves (3.84). Then,

[vwie —wwld| ., = oD,

L2()

For the proof of Lemma 3.19, we need the following technical result. The corresponding
proof that we present here is similar to the proof of [19, Lem. 3.4].
—1 4
Lemma 3.20. Let &' € S* and let @gf" ¢) € HY(B.(0)) be the unique solution to (3.84). Then,
for a.e. s € (—£,£) it holds that

8 ~ R71§/
‘85( %,ng(me )>

Proof. We apply the operator % to both sides of the equation (3.84). The derivative on the
right hand side exists and thus, the derivative on the left hand side must exist as well. We get
that

(B¢
Hawéﬁ ¢

< C|D/n|1/2 and P

L?(B}(0))

< C|D, [P

L2(B7(0))

. 9 (B¢ . 9 _(Ry'¢
vy (50 T AVl ) vy ¢ (6, @ vy ah® @)

. 0 1
= —div, <(fyl — %) XDL,L%RG 5’) . (3.91)

This implies that
0 —(Ry'¢)

. Woy = Qp,,1 + App,2 ,

s
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o8

where ay, 1,a,, 2 € H}(BL(0)) are the unique solutions to

. (9 R_lf )
lenC (7p (I+A)V, 0,¢ Bpn,1 ) = _dIV;%C (as(’y/’] (I+ A)) 0 gn )> in B.(0),
dlvnc (’Yp (]I + A) V CCLPT“ ) = _dIV;%C <( ,YO) pn a —15 > in B;(O) ’

together with homogeneous Dirichlet data on the boundary 9B..(0), respectively. Exactly as for
the estimates in Lemma B.1, which are found in Appendix B, it can be seen that

o2l 20y < €1, [P and Hvihcapm? (By0) = CID, 2.
For a,, 1 we find that
div, ¢ (v, (L+ A) V},cap, 1)
= —div, (aa (v, T+ A)V; -0 Sf §)>
= —div) (s, T+ A) (0, (T 4) 70, (1 )T k™ €))

= vy (o, 04 A T (0 )7 L 1+ 4yl )
+divl (%n (I+A) V) (('y;n(]IJrA)) g(’an(]IJrA))) e £)>

in B/ (0). This shows that

(3.92)

tpun =~ I+ AN, (L A <) 1,

where b, € H}(B.(0)) denotes the unique solution to

div) ¢ (y;n (I+ A) v;ﬁgb,,n)
= vy (o, 1+ 4) Voo (0, 0+ ) L, @+ ) @)Y 93)

in B/(0) together with homogeneous Dirichlet data on the boundary dB..(0). The weak formu-
lation of (3.93) with test function b,, implies that

/B;(o) e‘ﬁfy; ((]I—i— AV, cbpn) Vn cbp, dz
; 10 Ry'¢
S (€ Ty (g, @)t L, @) ) ) - T B ) de,

= e
s
= min{Re(e’v} )}.

with 3 chosen such that Re(eiﬁ ’y;)n) > c¢1 > 0. Without loss of generality, let ¢;
Due to the positive definiteness of I + A (see also (3.86)) it holds that

/
IV cOon 1 F2(my 0y < C 510 (UH‘A)V Cbpn> Vicbon dn,€)

gRe <//( )61’87; <(H+A)V, Cbpn) ,74“ pn d(77 C))

C1

IN

(Ry¢) (3.94)

OlIV, by 2ol llaqsyon -

IN
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Using the Poincaré inequality, (3.94) and (B.3) we see that

IE/
< O N gy < CIDLPA. (3.95)

150l 2y < C||Vincbon L2(BL(0)

Thus, by using (3.92), (3.95) and (B.2), we find that

< C’D/n‘l/Q,

3/4
< C!D 34 and HV%,gapml FaE) =

Hapn,IHH(B/(

what ends the proof. O

Remark 3.21. The regularity assumption that pr € C3((—L, L), R3) and Ry € C?((—L, L), R?*?)
—1
imply the existence of 2 55 (7p, (L+ A)) in (3.91). This further implies the existence of 0 wgf ¢ )

In our analysis, this is the only time, where we need the existence of the third derlvatlve of pr
and of the second derivative of 6.

We can now prove Lemma 3.19.

Proof of Lemma 3.19. The weak formulation of (3.64) implies that Wp( ) e HE () fulfills

/ Y VW Ty dz = — / (Y —0) € - VO dz (3.96)
Q Q

T

for all ¢p € H}(Q,). On the other hand, for the modified potential Wp(s) from (3.87), we find by
using the gradient in local coordinates from (3.15), (3.88) and the product rule that

/Q YV VW E - Vo da
L N __
= [L //(0) Ypn ( %,ng(S) Vot + (tr ' VW,SE)) (tr - V@Z))) Jr dn,¢) ds
L Ry ¢ Ryl
= /L/’(O) Ton (X(—M) (wr(m )V, CJF +Jrlvnc f(m )> Vet
(R '¢)

Ry'¢
+(1- X(—£,0) )V on <wpn v, ng +Jp lvnc f(m )> 'V%,C¢

(a5 (b0 9, ) + fit (80 vl ) ) 0 V) ) I dn) ds
(3.97)

Using the gradient in local coordinates once more gives a decomposition of the last term on the
right hand side of (3.97), which reads

- =(Ry¢)
1 oai )
(¢ Vb ) - vo) = g Gl 0V Ayt )
(R '¢) _
Owp,, / / 3¢ ;o ~ 91'
D ) )

where A has been defined in (3.85) and

@(5,1,0) = 5o (5)T(50,) [ fn], s€[-L.Ll (1.) € BL(0).
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Thus,
/ Vo VW) - V) da
1 R_ £
_/ / ( v, nee i )>' e Jr dn, €) ds
(R E) / 1 (R 5) /
+ _I /(O)’YPn Zé))fpn Woy, \Y% CJF +JF an Pn 'VT],CquF
_(Ry'¢ _
+’anw/gn9 ) (tF : V(fanF 1)) (tr - V) Jr

_ 815(” )aw R;'e
+')’pnfpn(JF2pasas —|—AV,7€ gne ) V;LCw

~(Ry'¢')
O )+ (9,887 )

—/ / pu T+ A) V! G570 ) i, €) ds
) 1 o
+/ /B ’an< M)wgn )Vn,cJ LY
+ (1= x(= Zf)fpn(wgf g)V/gJ +Jp (T4 A) V@ ,(,f €)>'V;7,Cz/’

14 ( )
wa® ) (b, I ) (b V) + (Jp 3apTaaw

5! (W (@ 9pe0) + 5 (¢ vyl ) )))Jp dn.¢) ds. (398)
Let v € H} (B.(0)) be the unique solution to

divy ¢ (), (L+ A) Vy,0) = —div), (Jo(), —6)(R;'€) in BJ(0). (3.99)
Then, using (3.13) we find that

div) ¢ (v, T+ A) Vi v) = —divh (v, — 1) (R €)

+div] ([ ] Ro(s) m (Von —76)(&7%’)) :

~(Ry¢)

Uniqueness of the solution to the Dirichlet problem implies that wp, = v + v1, where
v1 € Hi (BL(0)) satisfies

diV;M( ! (]I—I—A)V gvl) = _dlan (l 2] Ry(s) [Zl (%n _’76)(R9_15/)> :

Using estimate (B.2) yields that

’1/2_

/
vagvl L2(BL(0)) < Cﬁmaxpn‘Dpn
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Thus, (3.99) and the representation of the gradient in local coordinates in (3.15) give that
/ [ e @+ ATl )
=/ / You L+ A) V] 0~ VL ap d1,€) ds + 0| Dy, |2 [Vl 2 )
- / / oy 1 (o = 0) (B3 €)1, 00, €) s+ 01D [ [V 50, )

= —/Q (Yon —'yo)E-Vw dz + o(| Dy, | [Vl 120 ) - (3.100)

T

Combining (3.96) with (3.100) and applying (3.98) yields that for all 1 € H}(€,),
L 1
© _ o©). _ —(Ry'¢) o -1
/QT You (Van Van) Vi dz = /_L/;(O) You <x< PR S A =i v T

+ (1 = X(=t,0)) fon (@/()5 ‘v P e A S VAT £n9£)> Vot

1, (R;1€)
+@’(’f9 i (tf ' V(fpnjr_l)) (tr - VoY) + fo, (%38%3215
(Ry'€)
0w - o [,
HF_l(pg)s (& Vyc0) + 50 (i “))))JF d,¢) ds
+0<‘Dpn’1/2 HVW‘LQ(QT)) (3101>

As pointed out in the definition of f,, in (3.88), we assume that |D,, | is so small that f,, (—L) =
fon (L) = 0. Accordingly, we find that

Lo e s
—/ / <7pnfpn (d' o’ 5/))> d(n,¢) ds

Combining this with (3.101) and choosing 1 = Wﬁg ) W(f) implies that

[vw® —vwo|

_(R,'¢ R
= C(HX(_fvf)wg” )V’ e + H(1 — X(=t,0) )fpnwgn )V’ et
Lo L2()
— R, g)
+@ = xcan) it @+ A) T @
el : Vs L2(Qr)
0 ~(R,'¢')
~(Ry'€) 1 H 3 9Wp,
+ || Won tr - V(fp. + || fondp
' (F ot )) L2(Qr) Pt Os L2(Q)
_(R,'¢)
o Bo N
-1 Pn (6) _ (5)
Flerr Os L2(Q )> HVWP” VW L2(Q)
Ry'¢
+ CH6 <7pnfpn (d’ nC gn )>> o HW/SS) ngf)np(m)
1/2 ( T (8)
+0(’DP"‘ [t - v Lz(m)) ' (3.102)
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From (3.64), (3.87), (3.84) and (B.3) we get that
W3S = Wil 20, < CID,, [

Next, we estimate the remaining terms on the right hand side of (3.102) separately. For the first
term we conclude by using (B.3) that

2

R7 N R*lgl
Hx< SR = < Cllal |2ag) < CID, P2,

L3(Qr)
Using (3.88) and (B.3), the second term can be estimated similarly, i.e.

(r7'¢

2 N R71£/
(1= xea) £, < Ol Bag,) < CIDL 2

L2(Qr)
For the third term we use again (3.88) and (B.2) to see that

Jor -1

Ry ¢
H(l—X( 00) fonJi I+ A) V), - /gn )|
L2(Qr)
Ry ¢
S CH(l _X(—é,f))anH%Q(fL,L) v/ Cw/()n ) LQ(Q) S C‘Dpn‘1/4’DPn‘ S C’Dpn‘5/4'

For the fourth term we use the product rule, the representation of the gradient in local coordi-
nates (3.15), (3.88) and (B.3) to get that

b (b V(fanr‘l)) 2

12(0,)
_/ /,(0)

28fpn
< C/ [|w pn HL2 (BL(0)) <C+‘

Using Lemma 3.20 we obtain for the fifth and sixth term on the right hand side of (3.102) that
2

2
JF d(77, C) ds

2|22 4 gy, (b0 V)

8fpn

) ds < C|D,, [*?|D,, |7V < C|D,, /.

_30w ,(;f il 3/2 10w gf_g) 3/2
12(0,) L2@)

Finally, we combine (3.88) with (B.2) and use Lemma 3.20 to get that

i (o -2t
<[ o
+/ /B Vo

L2(Qr)

R_1£/
2ty |-yl O g n.) as

2
a(d T )

Jr d(n, ¢) )

Lt L e et
B (ool 2By 110 et L2(2,)
< (D, 1/4|D A+ 1Dy D) < Ol [

Taking the square root on both sides gives that

o (o (-7 )Y

We estimated every single term on the right hand side of (3.102) separately. This finishes the
proof. ]

S C|Dpn|3/8 .
L2(Qr)




3.4 The cross-section’s polarization tensor and plasmonic resonances 63

3.4 The cross-section’s polarization tensor and plasmonic reso-
nances

Theorem 3.16 and the subsequent Corollary 3.17 induce a characterization of the three-dimensional
polarization tensor M for v € {e, u}. If there is knowledge of the two-dimensional polarization
tensor m? corresponding to the two-dimensional cross-section of the scattering objects (D;n)neN,
then the polarization tensor M has an explicit representation in terms of

[1 ] 00
M (s) = V(s) {0 Ry(s)mR:(s)

V(s)"T forae. se (—£,0).
; |

Here, as before, V(s) for a.e. s € (—¢,¢) is the matrix having the pairwise orthogonal vectors
tr(s), rr(s),sr(s) as its columns. In order to study m? € C?*2, we first consider an equiv-
alent definition to the one provided in (3.67), which is analogous to the definition of M” in
(3.50). Using the measure p’ from (3.11) (which is simply the Dirac measure in 0), the sequence
D), = pnD', where D' is a Lipschitz domain, satisfies

m(0) = / m ' = lim —— b da (3.103)
B,(0) '

for all ¢» € C (B’ (0)). The function z,()i) € H'(B.(0)) is the unique solution to

. 9,
div (7;)an£{3) =0 in B(0), Yon 8:)/" = yv; on dB.(0) (3.104)

together with the normalization condition [,p, 0) z,ﬁ{) = 0. Asin (3.46) and (3.47), the functions

vj, j = 1,2 denote the jth component of the exterior unit normal to B.(0). In addition to
(3.104) we also study the unperturbed problem, which is to find 2(9) € H'(B.(0)) such that

. 92(7)
() — in B’
Az 0 in B,(0), 075,

= yv; on dBL(0) (3.105)

together with the normalization condition [} B1(0) 2()) ds = 0. The solution of (3.105) is explicitly
given by zU) = x; — [0B.(0)]~! Jopr(0) i ds.

Remark 3.22. The deﬁnitions of m from (3.103) and (3.67) are equivalent. In fact, defining
g =(&,8)" €St zpn £1z +£2z£,2) and z(&) = 512(1) +£22) implies by using (3.103) that

/ (m&') - &y dy' = lm / Vz ) gy da. (3.106)
BL(0)

D’|

By [30, Lem. 1], the characterization in (3.106) still holds true, when the function z,(f:) on the
right hand side of (3.106) is replaced with 2,23) € HY(B.(0)), the unique solution to

div (v, VEE)) =0 i Bl(0), ) =€) onaB(0).

Then, the function w(E) € H}(B.(0)) from (3.66) is given by wﬁ(,i) = z,()i) 2(€),

The following observations are simplified versions of the results in [31], since here, the interior
material parameter 7, is constant. By considering the variational formulations of (3.104) and
(3.105) it can be seen that

//(O) %nv(zg} — 2.V de = /D/ (o —71) V2V - Vi dae for all o € H'(B(0)).
s o n
(3.107)
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We perform the variable transformation

¢3B7/~/pn(0) — Bl(0), T—y = pyx.

In order to relate the gradients to the new variable y we find that for = p,y with y € B/, Jom (0),
it holds that

1
ViV(x) = VoV(pny) = ;VyV(pny)-

For (3.107) we therefore find that

Ly g o ) V2 0n) =29 () - Vi ()

r/pn

= (Y0 — ) pn /8 . vi(y)(pny) dy for all ¢ € HY(BL(0)). (3.108)

We define w; € HL _(R?) as the weak solution to

Aw; = 0 inR?\ 9D/,

@j‘+—@j|_ =0 on 8D/,
95+ O |- (3.109)
70871/] - ’Ylaiyj = —(w—m)y; ondD,

wj(x) — 0 as|x] = oc0.

Indeed, w; is uniquely determined. This is seen by using a single layer ansatz for the function
w;, using jump relations to derive an integral equation and by studying the spectrum of the
corresponding boundary integral operator (details on this follow later in this section). Moreover,
using the weak formulation of (3.109) it holds that

Vo (PnY) Vyw; (y) - Vyi (pny) dy

B,y
— [ 0V @) V) dy + [0V, (4) - VT (o) dy
D B, (O\D’
— ow; |1~ —
= o= [t dsw [ S @) T ) dsty). (3.110)
o 95,0 Oy

for all v € H*(B. (0)). We define

wi(y) = 29 (pny) — 29 (ppy) — putt;(y) — ¢5 , (3.111)

where ¢; is chosen in such a way that faB,/ (0)wj ds = 0. A combination of (3.108) and (3.110)
r/pn
yields that for ¢ = w; we have that

Ow;
! ) 2 _ J —
Vou (Pny) [Vyw;(y)]" dy = —pno /8 B, 00 (y)w;(y) ds(y).

!
B (0) r/p

r/pn

This gives that

(3.112)

ow; ,
||ij”%/2(B;/pn(0)) S C,On /[)B’ 7J(y)w](y) dS(y) :

o (0) Oy

We rescale the integral on the right hand side to get that

/aB; . %(y)@j(y) ds(y) = 1 all (x ) w; <m> ds(z) .

"~ pn JoByo) Ovy \pn Pn
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We apply [55, Prop. 2.75] and find that

ow; 9
—_ <
By < Cpp*,

L (9BL(0))

(w)‘ = O(|l&|™?) as|z| — oo, which implies H%}ZJ (Pn)

as n — oo. Further, we use the boundedness of the trace v : HY(B.(0)) — HY/?(9B.(0)),
Yu = ulppr (o) (see e.g. [97, Thm. 3.38]) and the Poincaré inequality and find that

A (')

Cpn IV, ||L2 5, (0)

[ S0 ym() dsty)
0B

L (0) Ovy

s Gl
L@y 1|7 \Pn/ /2081 0))

IN

Combining this inequality with (3.112) yields that

||ijHL2(B;/ o) < Cpi®. (3.113)

Pn

Thus, returning to the definition of m n (3.103), we find with another rescaling that

! 025 11 0ey)
D [ oy, 0 ¥ |D,| o o By, Py ¥ony) dy
9zp ow;
- “(pnY) — Pndij — pn—m— ) d (3.114)
ID’I /M(ayz Y) = pndiy = p 8yi>¢(p y) dy

‘D,|/ < ij + ;)w(pny) dy .

for all ¢» € C(B..(0)). For the first integral on the right hand side of (3.114) we use (3.111) and
(3.113) to find that

1 6ZI(JJ) 8@
. n - n5i‘_ nij n d < n -
\D'| D/pn<ayz (bny) = pudis = pny L | (pny) dy| < Cp

Therefore, we deduce for the second term by using (3.103) that

1 0w,
7 o (57 Gy ) 0 = [ iy’ for sl € 731 0).

Consequently,

1 ow; 1 ow;
o= 0y J dy = d;; J
T |D" Oy \D’! oD’ Y9u lopr

ds(y).

We summarize these observations in the following lemma.

Lemma 3.23. Let the two-dimensional cross-section Dj, be given by D), = p, D', where D' C
R? is a simply connected Lipschitz domain and (py)n C (0,00) is a sequence converging to zero.
Further, let w; € H} (R?) be the unique solution to (3.109). Then, for the two-dimensional

polarization tensor m” = (my;) corresponding to (D), )nen it holds that

)

ow; 1 Gw
i = 0T D /D/ g, YT D Jon Yo IBD/ *W)
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Explicit formulas for m” are e.g. available when D’ is an ellipse. If the semi axes of the
ellipse are aligned with the coordinate axes, the semi axis in x;-direction has length a and the
semi axis in zo-direction has length b, then the polarization tensor m? has the form (see e.g.
[10, Prop. 4.6], [25])

a+b 0
mY = lﬁowb atb ] : (3.115)
b+yra

In order to approximate a solution to (3.109) for more general cross-sections D,’Dn = pn D’ one
uses a single layer ansatz. One aims to find a density a; € H 1/2(9D’) such that

wi@ = [ o)) dsiw).

where ® is the fundamental solution of the two-dimensional Laplace equation given by

~ 1 1
d =—1 f . 3.116
@y)=5-los (o) fora#y (3.116)
Applying the jump relations for the normal derivative to (3.116) (see e.g. [97, Thm. 6.11]) and
considering the boundary condition for the normal derivative in (3.109) gives that the density
a; must satisfy

1 /14, N
<2 <1—VT>I_K8D/> CL]' = Vj on 8D/ (3117)

Here, K}, : H~Y/2(0D") — H~'/2(9D’) is the adjoint double layer potential, also known as the
Neumann—Poincaré operator, defined by

Kipa) (@) = [ Fai(w) dstw), @ e o',

In what follows, we focus on the case, in which v, = ¢, = €1/¢¢ with Re(e,) < 0 and Im(e,) > 0.
As described in Chapter 2, electric permittivities in this range are observed for metallic scattering
objects, in particular for frequencies in the optical regime. Electric permittivities with Re(e,) < 0
and Im(e,) > 0 are also predicted by the Drude model that we studied in Remark 2.7. We put the
concept of localized surface plasmons in a more general context and motivate this phenomenon
first for general three-dimensional metallic nanoparticles. Especially, we recall results from the
literature, where balls and ellipsoids are studied. Then, we relate this to two-dimensional cross-
sections of a thin metallic nanowire and thus, obtain conditions for the appearance of a plasmon
resonance for a thin metallic nanowire D, as in (3.7).

Consider an electromagnetic field (e.g. an incident plane wave) illuminating a three-dimensional
sub-wavelength metallic nanoparticle. In more detail, this is an object of characteristic size p > 0
(e.g. the radius of a ball), for which p < A, where A denotes the wavelength of the exterior elec-
tromagnetic field. As described in [85], the metal’s free conduction electrons perform a collective
oscillation as the nanoparticle is illuminated by an electric field (see also [85, Fig. 1] for a visu-
alization). On the one hand, the metal’s plasma, i.e. the gas of charged electrons, is displaced
due to the external field, which drives the negatively charged electrons away from the positively
charged nuclei. On the other hand, by Coulomb’s law, oppositely charged particles, i.e., the
negatively charged electrons and the positively charged nuclei, attract each other. This means
that, on the one side, electrons and nuclei are driven apart, but on the other hand, a restoring
force acts to bring them back together. This results in a collective surface charge-density oscil-
lation, what is called a localized surface plasmon (see e.g. [1, p. 152], [102, p. 369], [96, p. 65]).
As stated in e.g. [1, pp. 152], the optical response of a plasmon is characterized via p = aEy,
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where p is the electric dipole moment, Ej is the incident field and « is the polarizability of
the nanoparticle. The occurrence of a localized surface plasmon resonance is related to roots
in the denominator of the polarizability «, with respect to the frequency-dependent material
parameter e, (w) (see [1, p. 153]). In many textbooks and articles, localized plasmon resonances
are studied first for the case of a sub-wavelength metallic sphere with radius a > 0 (see e.g. [1,
p. 154], [23, Ch. 5], [81, Sec. 9.2], [85], [96, Sec. 5.1], [102, pp. 398]). The polarizability can be
written in this case as (see [1, Eq. (5.3)])

3&r— 1
e +2°

a = 4mepa (3.118)
In [96, p. 68] it is pointed out that the polarizability for a sphere in (3.118) possesses the same
representation as the Clausius-Mossoti relation found in e.g. [82, Eq. 4.70]. The polarization «
from (3.118) has a pole for e, = —2. The frequency, for which this condition is met is sometimes
called the Frohlich frequency (see e.g. [23, p. 327], [96, p. 68]). We emphasize that this electric
permittivity is not attained by the experimental data from [83] or by the Drude model from
Remark 2.7, since Im(e,) > 0. However, one expects a great increase of |a| if Re(e,) = —2 and
Im(e,) is small. Using the experimental data from [83], we find that the condition Re(e,) = —2
is met at approximately 846.51THz (e, = —2 4 0.28) for silver and 620.32THz (&, = —2 + 4.31i)
for gold (see also Figure 2.1). For the Drude model, the condition Re(e,) = —2 can be solved
for the angular frequency explicitly: Using (2.37), we find that Re(e,) = —2 if and only if
w = (wg /3 —I?)1/2 where wp is the plasma frequency. In the literature, one often suppresses
the damping parameter I in this equation (since it is relatively small) and obtains the resonance
frequency at w = w,/v/3 (see e.g. [1, p. 155]). Using the same parameters for w, for silver and
gold as those in Remark 2.7 suggests that for silver, the plasmon resonance occurs approximately
at 1262THz (¢, prude = —2+0.01i) and for gold at 1241THz (&, prude = —2+0.04i). This simple
study reminds us again that the Drude model does not provide a good model for the relative
electric permittivity at optical or even higher frequencies. In [85] the authors consider a spheroid
with ratio of major and minor axis r ranging from r = 1 (sphere) to r = 10 (oblate spheroid) and
observe a red-shift of the plasmon resonance as r increases. In [23, Ch. 12.2.1] the polarizability
for an ellipsoid is studied. It is shown that if an incident wave has a direction of propagation
that coincides with one of the principal axis of the ellipsoid, then, the polarizability is given by

gr— 1

Oé:U€01+L(€T_1),

(3.119)
where v denotes the volume of the ellipsoid and the parameter L is a scalar that depends on the
shape of the ellipsoid and lies between 0 and 1. Thus, the condition for a vanishing denominator
is e, = 1—1/L. For a sphere, one obtains L = 1/3 (see [23, p. 146]) and thus, a plasmon
resonance occurs at the Frohlich frequency.

Polarization tensors for ellipsoids, similarly defined as polarization tensors for thin tubular
scattering objects in (3.50), are studied in [10, Sec. 4.2]. Up to a constant, these formulas
coincide with those in (3.118) and (3.119).

A direct implication of a localized plasmon resonance is the strong enhancement of the
electromagnetic field near the boundary of the scattering object. Applications include e.g.
surface enhanced Raman scattering and optical sensing (see e.g. [96, Ch. 9, 10]).

We return to the two-dimensional polarization tensor corresponding to an ellipse in (3.115).
In analogy to the previously studied conditions, we find that the resonance condition in (3.115)
is met if and only if the real part of a denominator vanishes. Thus, the frequency w is said to
be a plasmonic resonance frequency for an ellipse with semi axis lengths a and b if either

~ = Re(e;()) or —2 = Re(e,(w)). (3.120)
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For a circle, i.e. for a = b we therefore see that the resonance condition is fulfilled if and only
if Re(e,) = —1. This resonance condition is found e.g. in [102, Sec. 12.4.1] in the study of
transverse plasmon resonances of a thin wire. For a general two-dimensional simply connected
Lipschitz domain D’ the two-dimensional polarization tensor m® cannot be computed explicitly
and poles in m® cannot be studied as we did before. The authors in [6, 43] consider the integral
equation (3.117) and define w to be a (dielectric) plasmonic resonance frequency, if

1+er
Re (M) lies in the spectrum of K3 . (3.121)

Based on this definition, the optimal design of two-dimensional shapes that resonate at particular
frequencies has been considered in [5]. Furthermore, an inverse problem that uses the occurrence
of plasmon resonances is studied in [43]. In [86, Sec. 8.3] it is shown that the spectrum of K},
corresponding to an ellipse D" with eccentricity ¢ = (a — b)/(a + b) is given by

1 1
o(Khp) = {iqk ‘ k> 1} U {o, } :
2 2
Since

l4+e(w)  1—Re(e)? —Im(e,)? 2Im(e,) )
201 — &, (@) 2((1 —Re(e))2 + Im(5,)2) ' (1 — Re(e,))? + Im(e, )2

and the spectrum of K}, is real-valued, the integral equation (3.117) becomes singular if and
only if w is a dielectric plasmonic resonance and Im(e,) = 0. In this case, it holds that

Re (M) = iQ(C;:-bb) if and only if Re(e,(w)) € {—Z, —Z} ,

giving the condition for plasmonic resonances that we observed by studying the poles of m¢ from
(3.115) in (3.120).

Based on these observations, and by using Corollary 3.17 we can apply the definition of
(dielectric) plasmonic resonances to thin tubular scattering objects D, with a cross-section
D}, = pD’, where D' is a simply connected Lipschitz domain.

Definition 3.24. Let D, be a thin tubular scattering object as in (3.7) with cross-section
D), = pD', where D' is a simply connected and bounded Lipschitz domain. A frequency w (or
equivalently f) is defined to be a dielectric plasmonic resonance frequency of D, if and only if
the condition (3.121) for the cross-section is fulfilled. If D’ is an ellipse with semi axes lengths
a and b, then the frequency w (or equivalently f) is a plasmonic resonance frequency if (3.120)
is fulfilled.

Similar as in [85], where the tuning of the major and minor axis of a spheroids leads to
the appearance of plasmon resonances at different frequencies, the tuning of the elliptical cross-
section of a thin nanowire D, can be used to shift the appearance of plasmonic resonances across
the optical band. We apply this tuning in the shape optimizations for highly electromagnetically
chiral structures in Chapter 5.

3.5 Numerical experiments on the accuracy of the leading order
term of the asymptotic representation formula

The asymptotic representation formula from Theorem 3.6 together with the characterization of
the polarization tensor from Theorem 3.16 provide an efficient way to approximate the electric
scattered field away from the scattering object or the electric far field pattern corresponding to
a thin tubular scattering object. The approximation relies in evaluating the leading order term
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of the asymptotic perturbation formula in (3.21) or (3.22) and to neglect terms of higher order
in o(|D,|). Consequently, the quality of the approximation is determined by the norm of the
terms of higher order. As we do not provide any bounds on this norm, we perform numerical
experiments for several scattering objects made from dielectric and metallic material.

In the following, we denote the leading order term of the electric far field pattern expansion
from (3.22) by E°, i.e.

Er(@) = e ( [ G = 1)ike ™ @ x 1) M () curl B (y) ds(y)

2 [ (= e (@ x (I x ) ME () B () ds<y>), Fesh (3122

Moreover, we consider far field data EJ° accurately computed by using the boundary element
library Bempp (see [115]). In order to approximate a solution with Bempp, one transforms
the transmission problem for the Maxwell’s equation from (2.34) into an integral equation on
the boundary of the scattering object. The corresponding integral equation is based on the
multitrace operator. An explanation on this is found in Appendix C. We stress that although
in our simulations EJ° takes the role of a reference solution, and is also denoted as such, it is
still a numerical approximation, where errors arise e.g. from the boundary element mesh size,
H-matrix compression or the use of an iterative solver to approximate the solution of the linear
system of equations. In our Bempp simulations, we apply the GMRES method to approximate
the linear system of equations that results from the discretization of the Calderén operator (see
Appendix C). The tolerance is set to 107> and we do not use any restarts of the GMRES method.

In order to quantify the error of the leading order term in (3.122) to the reference solution
E?’°, we consider the relative difference of the far field, measured in the L? norm, i.e.
IEZ° — EX|l 2 (s2)

RelDiff =
1B L2(s2)

(3.123)

To approximate the norms we fix N € N and consider 2N (N — 1) points on S? given by
yj1 = [sin (6;) cos (¢1) , sin (6;)sin (¢;), cos (Gj)]T , j=1,....,.N—1, [=1,...,2N,

where 0; = jn/N and ¢; = (I —1)m/N. Using the composite trapezoidal rule in both directions
the quantity RelDiff is approximated via

2 S NTsin (0) |(B — BX) )\

Z jo1 sin (0)) | B2 (yjn) |2

In this section the first numerical examples of this thesis are simulated. For simulating scattering
from thin metallic nanowires, we can always use a scaling in such a way that we can perform the
simulation with the computational wave number k., which is often chosen to be k. = 1. Details
on upscaling and downscaling of scattering objects are collected in the following remark.

RelDiff ~

Remark 3.25. Let a > 0 be a scaling parameter that is supposed to enlarge (o > 1) or shrink
(v < 1) the scattering object. Effectively, this means that the original scattering object D is
transformed to aD. We define the scaled electric permittivity distribution ¢, and magnetic
permeability distribution u. by e.(z) = e(a ') and u.(z) = p(a"'x). Furthermore, we define
the scaled electric and magnetic fields by E.(x) = E(a 'x) and H.(x) = H(a"'x). The
subscript ¢ stands for computational, as these quantities will be used in numerical simulations
later. The variable transform y = o~ 'z yields that V.(z) = V(o !x) = V(y) and

curly, V(y) = curly V(o 'z) = acurly V(a 'z) = acurl, V.(z).
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With B and F from (2.53) and (2.54), we see that E € H(curl, BR(0)) satisfies
B(E,V) = F(V) forall V € H(curl, Bg(0))
if and only if E. € H(curl, B,r(0)) satisfies

B.(E., V) = F.(V) forall V € H(curl, B4r(0)).

Here, B, and F, differ from B and F by replacing ¢ and p by €. and p. and w by w. = o~ lw.

Moreover, the integration domains changed from Br(0) and 0Bg(0) to Bor(0) and 0Byr(0).
Both E* = E — E* and E: = E. — E! possess a far field as in (2.33) given by

eik|x| eikc|w\

(EOO(:E)+O<|361’>) wd Ei) = o <E§°(:E)+O<|x1’>),

as |x| — oo, where k. = wey/ofio- Due to the equality E.(z) = E(a~'z) we see that

E(z) =
@) = Z7a]

eikc|w\ 1
ES — ES -1 _ E>® (3 -
@) = Bale) = o (aB¥@) + 0 (7))
giving that
EX = aE™. (3.124)

When we are interested in the norm of the far field (this will later be the case when studying
the total interaction cross-section) we use (3.124) to recover the original far field. In the following,
we provide an example on how we scale a metallic nanowire.

Example 3.26. Let the exterior wavelength be given by A = 400nm = 0.4pum (i.e. the frequency
is f = 750THz and the wave number is k = 27/(0.4 x 107%)m~!) and consider the material
parameters for silver from [83] giving p, = 1 and e, = —4.42+ 0.21i. Let the scatterer be a thin
helix with two turns defined by the center curve parametrized by

p1(s) = Rcos(4ws), pa(s) = Rsin(4ns), ps(s) = hs for s € [0,1]

with radius R = 63.66nm and total height h = 381.97nm. Further, let the radius of the circular
cross-section of the thin wire be given by p = 12.73nm. We scale the object in such a way
that we can use the exterior wave number k., = 1m~! in our numerical simulation, giving that
Ae = 2rm. For this, define o = 27/(0.4 x 107%) ~ 1.57 x 107 as the scaling parameter. Indeed,
from Remark 3.25 we find that k. = o'k = 1m~! giving A, = 2rm. The scaled exterior radius
R, height h. and inner radius p. are given by

R. = 63.66c x 107 %m ~ 1m, h, = 381.97a x 107°m ~ 6m, p. = 12.73a x 10™°m ~ 0.2m

To summarize, we compute the far field EZ° corresponding to the double helix with radius
R, = 1m, height h, = 6m, cross-section radius p. = 0.2m and wave number k., = 1m~! and
obtain the far field in the original units E> by setting E® = o ' EX°.

Remark 3.27. This scaling is reasonable for computational purposes only, since in practice, the
modification of the exterior wavelength changes the electric permittivity € of a metallic nanowire.

In order to approximate the center curve of the scattering object under consideration, we use
cubic splines with the not-a-knot condition at the end points of the splines. Given a non-uniform
partition

A={0=t1<ta<---<t,=1} C [0,1], (3.125)
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we denote a corresponding not-a-knot spline by pa (see e.g. [40, p. 44]). Note that for numerical
simulations, in order to integrate over the spine curve, we always consider the interval [0, 1]
instead of (—/,¢) as we did in the definition of D, in (3.7). The reason for this is that a
parametrization by arc length for the spine curve is difficult to realize numerically. We summarize
the generation of spline curves from given spatial points 9 € R3, j = 1,...,n, as well as the
discretization of curve integrals in the following technical remark.

Remark 3.28. For n € N nodal points ¥) € R3, j = 1,...,n, in space we consider the deter-
mination of the parameter values t; defining the partition A from (3.125) by chord length (see
[106, pp. 364-365]). We denote by d the total chord length defined by

n—1
d — Z |m(j+1) _ 3,3(j),
j=1

and set
|az(j+1) _ w(j)]

p forj=2,...,n—1.

tp, =0, t, =1, ti = t; 1+
Note that this usually leads to a non-uniform partition A from (3.125). Now, we can compute
the interpolating cubic not-a-knot spline pa (see e.g. [40, p. 44]) satisfying pa(t;) = xU).
Denoting by pa ; the cubic polynomial defined on the segment [tj,t;4q] for j = 1,--- ,n —1,
the not-a-knot condition reads pA ;(t2) = PA o(t2) and PR, o(tn—1) = PA,,_1(tn—1). Thus,
the knots «(® and (™1 behave as if they were no knots, since the piecewise defined cubic
polynomials have matching derivatives of arbitrary order at these spatial points. For every
segment [t;,tj41], 7 =1,...,n — 1, we define the odd number M € N, M > 3, and consider M
uniformly distributed points in [t;, t;41] including ¢; and t;1. For every segment, we denote the
discretization length by h; = (tj41 —t;)/(M — 1), 5 =1,...,n — 1. This gives a total amount
of T'= (M —1)(n — 1) + 1 non-repeating points that we denote by @, for 7 =1,...,7. We use
these in order to approximate curve integrals as described next. Let f : R> — C be an integrable
function such as e.g. a component of the integrand of the leading order term of (3.22). It holds
that

tj1+1 n—1 (Mﬁl)]1+1
f(x) de ~ Z Z wjzf(m]é)
1 J1=1jo=(M—-1)(j1—1)+1
n—1 M
= > > Wit 1G-S @ (-1 (1)

J1=1j2=1

n—1

|

J1=1""

A%@M—

where the approximation is done by using the composite Simpson’s rule with equidistant dis-
cretization length hj, (see e.g. [91, Thm. 12.2]). By rearranging the last sums in such a way
that

1 T
| 1@ de ~ Y@ (@)

j=1
we find that
%hly .]:17
%hn717 Jj=T,
wj = { ghi, jeven, (M —1)(k—1)+1<j<(M—-1Dk+1forak=1,...,n—1,
%hk, jodd, j #(M —1)(k—1)+1forallk=2,...,n—1,
the+ theyr, jodd, j=(M-1)(k—1)+1forak=2,...,n—1.
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3

Figure 3.2: The three center curves from Example 3.29 - Example 3.31, together with their
projection onto the surrounding coordinate planes, respectively. The unit of length in all plots
is meter.

In our simulations we pick M = 11 points in each subsegment for approximating the integral
in (3.122) by using the composite Simpson’s rule. We return to the study of the relative difference
RelDiff from (3.123) and discuss the following two questions:

1. How many spline points are sufficient in the approximation of the center curve K that is
used to evaluate E0° numerically, to obtain a reasonably good approximation of E°°7

2. How small does the radius p > 0 of the thin tubular scattering object D, have to be
such that the leading order term E2° in the asymptotic perturbation formula (3.22) is a
sufficiently good approximation of EJ°7

The first question is a study on the accuracy of the cubic spline interpolation.The second question
is more important for our applications in Chapter 4 and 5 as it indicates a range of radii, for
which the leading order term of the asymptotic perturbation formula from (3.122) is a reasonable
approximation to the electric far field. We first discuss both Questions 1 and 2 for dielectric
scattering objects.

3.5.1 Numerical examples for dielectric scattering objects

For our numerical experiments, we study three different scattering objects with corresponding
center curves K, parametrized by p : [0,1] — R3. These are given in the next examples. The
center curves are also shown in Figure 3.2. Each plot features the center curve in blue surrounded
by the three shifted coordinate planes, in which we plotted the projections of the center curve in
black. The material parameters ¢,, u, that we use in the examples are not intended to describe
a realistic material. We study these parameters as a matter of interest and to test the leading
order term from (3.122).

Example 3.29. The center curve is a closed ring parametrized by
pi(s) = cos(2ms) +1, pa(s) = sin(2ws) +1, p3(s) = —1 for s € [0,1],

as shown in Figure 3.2 (left). The unit of length is given in m. With a two-dimensional circular
cross-section D;, with radius p > 0, the corresponding scattering object D, becomes a torus. We
consider the material parameters ¢, = 2.5 and u, = 1.6.
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Figure 3.3: The three-dimensional scattering objects corresponding to Example 3.29 - 3.31. Top

row: The radius of the circular cross-sections D; is p = 0.03m. Bottom row: The radius of the
circular cross-sections D;) is p = 0.2m.

Example 3.30. We consider the center curve parametrized by

cos(2ms) sin(27s)
1+ 2sin(2ws)? ’

cos(27s)
1 + sin(2ms)?’

pi(s) = po(s) = p3(s) = 4s° for s € [0,1],
as shown in Figure 3.2 (center). The unit of length is given in m. The cross-section D/p is a disc
of radius p > 0. The projection onto the zy-plane of the center curve depicts an infinity sign.

Here, we choose the material parameters ¢, = 1 and u, = 2.1.

Example 3.31. Finally, we consider a helix with two turns parametrized by
pi(s) = cos(4ms), pa(s) = sin(4nws), p3(s) = 6s for s € [0,1],

as shown in Figure 3.2 (right). The unit of length is given in m. The cross-section D,’D is a disc
of radius p > 0. Here, let the material parameters be given by ¢, = 2.1 and u, = 1.0.

In all examples, the incoming field is a plane wave, i.e.
El(m) — Aeik@-m

with polarization A = [~1, 1i, 1 + 1i]" and direction of propagation 8 = 1/v/3[1, —1, 1]T.
Note that A -8 = 0. In all examples the frequency is given by 100MHz. Accordingly, the
wave number in all simulations is k = w,/Eopo ~ 2.1m~'. Here, g9 and o denote the electric
permittivity and magnetic permeability in free space given as in (2.19). The wavelength in the
exterior is thus given by A\ = 27/k ~ 3m. Concerning the first numerical study, we consider
the radius p = 0.03m for the circular cross-section in all simulations. The corresponding thin
tubular scattering objects are visualized in the top row of Figure 3.3. Using different numbers
of nodes n € N we consider partitions A as in (3.125) and approximate the curves given by
the parametrization p by using the cubic spline pan. Due to the asymptotic character of the
expansion (3.22) and due to numerical errors in the approximation E?® obtained by Bempp,
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Figure 3.4: Dielectric scattering objects. Top row: Relative difference RelDiff between E7°

and the leading order term E;’,JO in (3.123) as a function of the number of subsegments in the
spline approximation pa of the center curve K for Examples 3.29 (left), 3.30 (center), and 3.31
(right) with radius p = 0.03. Bottom row: Relative difference Re1Diff (solid blue) between E7°

and the leading order term EEO in (3.123) as a function of the radius p > 0 of the cross-section
D), for Examples 3.29 (left), 3.30 (center), and 3.31 (right). For comparison, the plot contains
a line of slope 2 (dashed red).

we do not expect the relative difference in (3.123) to decay to zero. The result is visualized in
the top row of Figure 3.4. In each case, the relative difference from (3.123) falls below 2% for
a relatively low number of spline segments n € N that approximate the center curve. For the
torus in Example 3.29 this is the case for n > 6, for the curve in Example 3.30 for n > 26 and
for the double-turn helix in Example 3.31 for n > 12.

Concerning the second numerical study, we simulate reference solutions for different radii
p > 0 for the center curves from Example 3.29-3.31 and evaluate the relative difference in
(3.123). Here, we consider 13 Bempp simulations, respectively, with the radius in the range

p € {0.03, 0.04, 0.05, 0.06, 0.07, 0.08, 0.09, 0.1, 0.12, 0.14, 0.16, 0.18, 0.2} m. (3.126)

Since the exterior wavelength is A ~ 3m, the radius p varies in a range of around 1% to 6.7% of
the exterior wavelength. We gather information about the convergence of the GMRES method
in Table 3.1. We find that in all cases, the GMRES method converges with a relative low
number of iterations. In Figure 3.3 we visualize the scattering objects for p = 0.03 in the top
row and for p = 0.2 in the bottom row. For decreasing p we use increasingly fine triangulations
of the boundary of scatterers D,. On the other hand, for evaluating E3° we approximate the
center curves using n = 30 nodes for the spline representation pa, respectively. We present
our numerical study in the bottom row of Figure 3.4. Each plot features the relative difference
RelDiff from (3.123) as a function of the radius p (solid blue). The diamonds indicate the
positions, for which we evaluate the relative difference. Moreover, the plots show a reference
line of slope 2 (dashed red). For all examples, the relative difference decays approximately
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Example 3.29, ¢, = 2.5, ., = 1.6

p [cm] 3 4 5 6 7 8 9
#DOFs 80094 54216 69708 56958 64992 66006 67644
#Hiter ) 5) ) 5) 5) 5 )

plem] 10 12 14 16 18 20

#DOFs 67266 67146 60912 54852 61974 59226
iter 5 6 6 7 7 8

Example 3.30, ¢, = 1.0, pu, = 2.1

p [cm] 3 4 5 6 7 8 9
#DOFs 186348 186348 186348 189420 189420 147012 147012
#iter 9 6 6 7 6 6 6

plem] 10 12 14 16 18 20
#DOFs 146724 146724 141756 141756 132108 132108
#iter 6 8 9 6 6 6

Example 3.31, ¢, = 2.5, yu, = 1.6

p [cm] 3 4 5 6 7 8 9
#DOFs 186348 186348 186348 189420 189420 147012 147012
Hiter 5 5 6 5 5 5 5

plem] 10 12 14 16 18 20
#DOFs 146724 146724 141756 141756 132108 132108
Hiter 6 6 6 6 6 6

Table 3.1: The number of degrees of freedom (DOFs) and the number of GMRES iterations
(iter) for different radii p corresponding to Example 3.29-3.31.

of order p?>. However, note that our theoretical results in Theorem 3.6 do not predict any
convergence rates. In all examples the relative error RelDiff from (3.123) stays below 10% if
the radius p is below 0.12m. This corresponds to a radius, which is below 4% of the exterior
wavelength.

3.5.2 Numerical examples for metallic nanowires

We study scattering of visible light from silver nanowires for two different sizes of the scattering
objects. In all cases, let the exterior wavelength be given by A = 400nm. The material coefficients
for silver corresponding to this wavelength are thus given by ¢, ~ —4.42 4 0.21i and pu, = 1
(see [83]). We study the same overall shape of the scattering objects from Example 3.29-3.31,
however, the scattering objects are much smaller as we point out in the following examples.
Each example covers two different parametrizations of center curves that feature coefficients
dependent on j =1, 2.

Example 3.32. The center curve is a closed ring parametrized by
p1(s) = Rjcos(2ms) + R;, pa(s) = R;sin(2ws) + Rj, pa(s) = —z; for s € [0,1].

With a two-dimensional circular cross-section D’p with p > 0, the corresponding scattering object
D, becomes a torus. For j = 1, on the one hand, the exterior radius of the torus is defined to
be R; = 133.69nm and the offset in z direction is also defined as z; = 133.69nm. For j = 2, on
the other hand, we choose Ry = zo = 63.66nm.
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Figure 3.5: Relative difference Re1Diff (solid blue) between E° and the leading order term EEO
in (3.123) as a function of the radius p > 0 of the cross-section Dj, for Examples 3.32 (left), 3.33
(center), and 3.34 (right). For comparison, the plots contain a line of slope 1 (dashed magenta)
and a line of slope 2 (dashed red). Top row: j = 1. Bottom row: j = 2.

Example 3.33. We consider the center curve parametrized by

cos(2ms)

‘ “cos(2ms) sin(27s)
71 + sin(27s)?’

71+ 2sin(2ms)?

pi(s) = p2(s) = p3(s) = hjs*>  for s €[0,1].

The cross-section D; is a disc of radius p > 0. For j = 1, let the parameters be given by
Ry = 534.76nm, S; = 267.38nm and h; = 534.76nm. For j = 2 we define the parameters to be
Ry = 254.65nm, Sy = 127.32nm and ho = 254.65nm.

Example 3.34. We consider a nano-helix with two turns parametrized by the center curve
pi1(s) = Rjcos(4ms), pa(s) = Rjsin(4ns), p3(s) = hjs for s € [0,1].

The cross-section D; is a disc of radius p > 0. In the first case, i.e. for j = 1, let the exterior
radius of the helix and the total height be given by Ry = 133.69nm and h; = 802.14nm. In the
second case, we consider Ry = 63.66nm and hy = 381.97nm.

For 7 = 1 we consider radii within the range
p € {4.01, 5.35, 6.68, 8.02, 9.36, 10.7, 12.03, 13.37, 16.04, 18.72, 21.39, 24.06, 26.74} nm .
On the other hand, for j = 2, let the radii lie in the range
p€{1.91, 2.55, 3.18, 3.82, 4.46, 5.09, 5.73, 6.37, 7.64, 8.91, 10.19, 11.46, 12.73} nm .

The results for first numerical study are similar to those for the dielectric examples found in the
top row of Figure 3.4. Therefore, we focus on the second question and study the relative error
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Example 3.32, j =1, &, = —4.42 + 0.21i, p,, = 1.0
p [nm] 4.01 5.35 6.68 8.02 9.36 10.7  12.03
#DOFs 80094 54216 69708 56958 64992 66006 67644
#iter 122 160 104 93 123 104 86
p [nm] 13.37 16.04 18.72 21.39 24.06 26.74

#DOFs 67266 67146 60912 54852 61974 59226
#iter 73 86 85 99 112 7

Example 3.33, j =1, ¢, = —4.42 4+ 0.21i, p, = 1.0
p [nm]  4.01 5.35 6.68 8.02 9.36 10.7 12.03
#DOFs 186348 186348 186348 189420 189420 147012 147012
#iter 319 309 313 329 333 351 366
p [nm]  13.37 16.04 18.72 21.39 24.06 26.74

#DOFs 146724 146724 141756 141756 132108 132108
#iter 381 403 416 427 448 451

Example 3.34, j =1, ¢, = —4.42 + 0.21i, p,, = 1.0
p [nm] 4.01 5.35 6.68 8.02 9.36 10.7 12.03
#DOFs 186348 186348 186348 189420 189420 147012 147012
#iter 313 317 324 334 340 358 364
p [nm]  13.37 16.04 18.72 21.39 24.06 26.74

#DOFs 146724 146724 141756 141756 132108 132108
#iter 375 390 406 416 428 423

Table 3.2: The number of degrees of freedom (DOFs) and the number of GMRES iterations
(iter) for different radii p corresponding to Example 3.32-3.34 for j = 1.

RelDiff for a fixed center curve and a circular cross-section D’p as p — 0. First, we consider the
case j = 1. In this case, we scale the objects from Example 3.32-3.34 in such a way that we can
perform the numerical experiments with the (computational) exterior wave number k. = 2.1m~!
(see also Remark 3.25). In order to do so, we use the scaling parameter a; = 27/(2.1(0.4 x
107%)) ~ 7.48 x 10% and multiply each of the parametrizations from Example 3.32-3.34 by
a1. It turns out that the computational units for the scattering objects from Example 3.32-
3.34 are given by the parametrizations found in Example 3.29-3.31. The curves in Figure 3.2
represent the center curves of the nanowires in computational units. Moreover, the radii in
computational units are given by those in (3.126). Therefore, in order to compute a reference
solution using Bempp, we use the same grids that we studied before. Note however, that the
material parameters ¢;,, u, are completely different to those treated in Example 3.29-3.31. The
results on this study are found in the top row of Figure 3.5. In all plots we show a reference line
of slope 2 (dashed red) and a reference line of slope 1 (dashed magenta). For all examples we
find that the relative error decreases, as p gets smaller, however, the relative error (3.123) does
not decay as fast as in the dielectric case (bottom row of Figure 3.4). We leave this numerical
result as an observation and do not analyze why the relative difference decays slower in the
metallic case than in the dielectric case, as p decreases. We note however, that the GMRES
method for approximating the linear system of equations that arises by the discretization of the
Calder6n preconditioned PMCHWT integral formulation in (C.9) requires significantly more
steps as listed in Table 3.2. We stress that this only affects the computation of the Bempp
reference solution since the evaluation of the leading order term in (3.122) does not require a
linear system of equations to be solved. In this series of examples, we find that the relative
error RelDiff stays below 10% if the radius is below 6.68nm. This is approximately 1.7% of the
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Example 3.32, j =2, ¢, = —4.42 + 0.21i, p, = 1.0
p [nm] 1.91 2.55 3.18 3.82 4.46 5.09 5.73
#DOFs 80094 54216 69708 56958 64992 66006 67644
#iter 136 227 111 100 118 153 122
p [nm]  6.37 7.64 891 10.19 11.46 12.73
#DOFs 67266 67146 60912 54852 61974 59226
#iter 65 44 47 75 40 40

Example 3.33, j =2, ¢, = —4.42 + 0.21i, p, = 1.0
p [nm] 1.91 2.55 3.18 3.82 4.46 5.09 5.73
#DOFs 186348 186348 186348 189420 189420 147012 147012
#iter 557 343 311 534 348 333 341
p [nm]  6.37 7.64 8.91 10.19 11.46 12.73

#DOFs 146724 146724 141756 141756 132108 132108
#iter 354 445 593 391 407 417

Example 3.34, j =2, ¢, = —4.42 + 0.21i, p, = 1.0
p [nm] 1.91 2.55 3.18 3.82 4.46 5.09 5.73
#DOFs 186348 186348 186348 189420 189420 147012 147012
#iter 315 342 365 331 330 344 347
p [nm] 6.37 7.64 8.91 10.19 11.46 12.73

#DOFs 146724 146724 141756 141756 132108 132108
#iter 357 373 371 376 386 395

Table 3.3: The number of degrees of freedom (DOFs) and the number of GMRES iterations
(iter) for different radii p corresponding to Example 3.32-3.34 for j = 2.

exterior wavelength. We note, that the overall size of the curves parametrized in Example 3.32-
3.34 for j = 1 varies approximately between 2/3 (Example 3.32) to 2 (Example 3.34) times the
size of the exterior wavelength.

For j = 2 we proceed similarly as before. First, we scale the curves from Example 3.32-3.34
in such a way that the (computational) exterior wave number k. = 1 (see Remark 3.25) may
be considered. Therefore, we define the scaling parameter as = 27/(0.4 x 107%) ~ 1.57 x 107
and multiply each of the parametrizations from Example 3.32-3.34 by as. It turns out that
the computational units for the scattering objects from Example 3.32-3.34 are given by the
parametrizations found in Example 3.29-3.31. The radii in computational units are given by
those in (3.126). For Example 3.34, j = 2 and p = 12.73nm the scaling to exterior wave number
k. = 1 is done in detail in Example 3.26. Again, note that although we consider the same
grids as for the dielectric case in order to simulate the Bempp reference solutions, the material
parameters are completely different here. The results on this study are found in the bottom row
of Figure 3.5. Further, the number of degrees of freedom together with the number of iterations
of the GMRES method is found in Table 3.3. Again, we find that comparably many steps are
required for GMRES to stop. For Example 3.33, j = 2, and p = 8.91nm the number of iterations
reaches a maximum with 593 iterations.

Comparing Example 3.32 for j = 2 (bottom-left) with j = 1 (top-left) shows that the relative
error decays faster for j = 2. Again, we leave this as an observation that is not analyzed further.
For the other two examples the decay of the error is similar. The relative error RelDiff stays
below 10% if the radius is below 6.3nm, i.e. if the radius is less than 1.6% of the exterior
wavelength. This is comparable to the situation for j = 1 before.

Our conclusion of this section is that the leading order term of the asymptotic representation
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formula provides a relatively good approximation to the electric far field if the radius of the cross-
section is at most a few percent of the exterior wavelength. In the dielectric Examples 3.29-
3.31 we found a relative error RelDiff from (3.123) less than 10%, when the total size of the
scattering object is between approximately 2/3 (Example 3.29) to 2 (Example 3.31) times the
size of the exterior wavelength and the radius of the thin scatterer p is below 4% of the exterior
wavelength. For metallic scattering objects our numerical examples indicate that the leading
order term provides an approximation with a relative error RelDiff, which is less than 10%, if
the radius of the nanowire p is below 1.6% of the exterior wavelength.

Remark 3.35. The numerical evaluation of the leading order term in (3.122) requires only a
few seconds, whereas computations by means of Bempp can take hours or days, dependent on
how many iterations are needed for GMRES to stop. In the next two chapters we establish,
implement and test efficient shape optimization algorithms, in which we will benefit from these
rapid approximations: We first study a reconstruction scheme for thin tubular scattering objects
in Chapter 4 and afterwards, we focus on the design of highly electromagnetically chiral tubular
objects in Chapter 5.
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Chapter 4

Reconstructing thin tubular scattering objects

In this chapter we discuss an inverse scattering problem, which is the reconstruction of scattering
objects given measurements of scattered fields or far fields. We assume given a priori information
on the material of the scatterer &,,u,, the incident electric field E? and the corresponding
(measured) far field pattern E°°. The challenge is to reconstruct the shape of the scattering
object D that generates the far field E* as it is illumined by E’. We introduce the nonlinear
operator F:Xx— L?(S?) that maps scattering objects to its far field for a given incident field.
The inverse problem is to find the object D € X, where X is a set of suitable objects, such that
D satisfies

F(D) = E>. (4.1)

The nonlinear operator equation (4.1) is a starting point for derivative-based reconstruction
schemes such as e.g. a shape optimization based on domain derivatives. These were initially
studied for the Helmholtz equation. The domain derivative corresponding to sound-soft obsta-
cles was introduced in [87]. For sound-hard obstacles, Robin boundary conditions and for the
transmission problem domain derivatives were studied in [77, 78]. Fréchet derivatives based on
boundary integral equations are studied for sound-soft obstacles in [108] and for sound-hard
obstacles in [110]. In the context of Maxwell’s equations domain derivatives for the perfect
conductor are studied in [72, 74]. For penetrable scattering objects domain derivatives are
considered in [72, 79]. An inverse problem for obstacles with generalized impedance boundary
conditions is studied in [32].

Asymptotic representation formulas have been used in the literature to detect and reconstruct
inhomogeneities of small volume. For an overview we refer to [9] and the references therein. For
thin tubular objects, a reconstruction algorithm for a single inclusion for a two-dimensional con-
ductivity problem is studied in [3], and extended to several inclusions in [4]. A uniqueness result
for the inverse problem is provided in both works. In [69] an iterative optimization scheme is
applied in order to reconstruct thin tubular inhomogeneities in electrical impedance tomography.
Moreover, an inverse uniqueness result is proven. A similar inverse problem is studied in [67].
Here, a non-iterative method based on a factorization of an asymptotic perturbation formula is
established that generates an indicator function taking the value zero outside the inhomogeneity
and the value one inside. In [19] the authors use an algorithm to reconstruct the end points of
a straight conductivity inclusion in a three-dimensional domain. Furthermore, they provide an
inverse uniqueness result.

Our aim is to reconstruct the shape of a thin tubular scattering object D, as in (3.7) from
observations of a single electric far field pattern EJ° due to an incident field E‘. We restrict our
discussion to the special case, when the cross-section of the scatterer is of the form D; = pD’,
where D' = B/(0) is the unit disk. The algorithm that we study here is similar to [69]. The
central building block for our study is the asymptotic representation formula from Theorem 3.6.
The nonlinear operator in (4.1) is approximated by using the leading order term of the asymptotic
representation formula from (3.22). Our intention is to find out whether the leading order term

81
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of the asymptotic representation formula provides enough information to reconstruct a thin
tubular scattering object given measurements of a single electric far field. We assume that the
radius p > 0 is small and that the material parameters of the scattering object €1, 11 are known
a priori. In this case the explicit formulas for the polarization tensors mf, m# € C?*? of the
cross-sections from (3.115) can be used in the reconstruction algorithm. A possible twisting of
the cross-section along the spine curve does not have to be taken into account. Accordingly, the
inverse problem reduces to reconstructing the center curve K of the scattering object D, from
observations of the electric far field pattern EJ°. The governing nonlinear operator equation is
ill-posed and therefore, in order to reconstruct a solution, a regularization method is needed.
We suppose that the incident field E’ is a plane wave, i.e.

Ei(xz) = Ae*®® gz e R3, (4.2)

with direction of propagation @ € S? and polarization A € C3 \ {0}, for which holds that
A-0=0.
The solution to the direct problem is to compute the nonlinear forward map

F,: K EY, (4.3)

which maps the center curve K of the scattering object D, to the electric far field pattern EJ°.
For the inverse problem we assume that the electric far field pattern E7° is given. In this case
the challenge consists in solving the nonlinear and ill-posed equation

Fy(K)=Er” (4.4)

for the unknown center curve K. In practice, E}° would be accessible through measurements
that carry additional noise. Therefore, one usually considers a noisy right hand side E;‘”‘S instead
of E°, where ¢ > 0 is an a-priori information on the noise level satisfying

1B — E;OHLf(SQ) <9.

In what follows, we develop a regularized Newton scheme in order to reconstruct the curve K
given the measurement E7° numerically. For this purpose, we first introduce the set of admissible
parametrizations,

P = {p € C3([0,1],R?) | p([0,1]) is simple and p'(t) # 0 for all ¢ € [0, 1]}

and identify curves K with their parametrization p € P. Using the parametrization p in the
leading order term of the asymptotic perturbation formula from (3.22) gives

— > ! ik(0-2)-p(s) (5 '

By @ = (b n( = [ (o= 1) 070 @ x 1) 15(5) (6 x 4) (5]

1 o~
+ / (e, — 1) (02 P) (3 5 (T3 x &) M5 (s) A P/ (5))| ds>, ze S (4.5)
0

For this representation we combined (3.22) with (4.2) and with the identity
curl B! (x) = ik (6 x A)e*0®,

Here, M, = M o p for v € {e, 1} is the parametrized version of the polarization tensor. The
parametrized unit tangent vector t, = p’/|p/| can always be completed to an orthonormal frame
(tp,Tp,sp). For generating a rotation minimizing frame for the curve K one can use e.g. the
double reflection method (see [121]). The characterization of M}, from Theorem 3.16 together
with (3.115) shows that for v € {e, u} it holds that

M(s) = Vp(s)MVp(s)",  s€l0,1],
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where M7 = diag(1,2/(v+1),2/(7+1)) € C3*3 and the matrix-valued function
Vp = [tp|7p|sp] € CY([0,1],R3*3) contains the components of the orthogonal frame (¢, 7p, Sp)
as its columns that we introduced in the beginning of Chapter 3.

Remark 4.1. Instead of using a rotation minimizing frame it is also possible to use the Frenet-

Serret frame as in the original work [28]. For this, one assumes that p/(t) x p”(t) vanishes at
most at isolated points. Then, the Frenet-Serret frame (¢, np,bp) reads

/

P (@' xp")xp
|’ P(p x p’) x pl|

tp, bp =ty X ny,.

Note that the orientation of this frame might flip when passing an inflection point (i.e. a point
y = p(s) for which p”(s) =0 for an s € (0,1)) of the parametrization of the curve. Therefore,
the use of this frame is only reasonable when considering a circular cross-section.

We assume that the radius p > 0 of the thin tubular scattering object D, is sufficiently
small such that the terms of higher order on the right hand side of (3.22) can be neglected, we
approximate the nonlinear operator F, from (4.3) by the nonlinear operator

T, : P—Li(S%, T,(p) = EY (4.6)

P )
with E?O from (4.5). Accordingly, we consider the nonlinear minimization problem

0o |2
HTP(p) - Ep HL%(S?)

p)
1B 2 52,

— min (4.7)

to approximate a solution to the inverse problem (4.4). We note that due to the asymptotic
character of (3.22) the minimum of (4.7) will be nonzero even for exact far field data. Below we
apply a Gauss—Newton method to a regularized version of (4.7). Thus, we need access to the
Fréchet derivative of the operator T),.

4.1 The Fréchet derivative of T,

For the operator T, : P — LZ(S?), we aim to derive the Fréchet derivative denoted by
T)[p] : C3([0,1],R?) — L?(S?,C?). This operator satisfies

1

mHTp(p +h) = Ty(p) = Tylplh| ooy = 0 as [Bllgsgoryesy =0 (48)

From the representation of E’E" from (4.5) we observe that variations of the parametrization p
affect three terms in each of both integrals. In particular, it affects the polarization tensors M”
with v € {e, u}. The following lemma concerning the Fréchet derivative of the mapping p — M,
has been established in [69, Lem. 4.1].

Lemma 4.2. The mapping M : P — C([0,1],C3*3), v € {e, u} with
Mj(s) = MY (p)(s) = VoM Vp(s)"
is Fréchet differentiable. Its Fréchet derivative at p € P is given by
(M) = P = C((0,1],C¥?), (M) = (MD)'h = V5 MTV,| + VM (Vi)
where the matriz-valued function Vzg,h is defined columnwise by

1
VI;,h = W [(h, “np)np + (h/ ~bp)bp | — (h/ np)ty | — (h/ : bp)tp] .
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The proof of Lemma 4.2 is omitted since we study a similar theorem involving an additional
rotation of a non-circular cross-section in Section 5.3. This is done in Theorem 5.14. We note
that the proof of [69, Lem. 4.1] constructs an explicit orthonormal frame (t,14, Tp+h,Sp+n) for
p + h, given an orthonormal frame for p, denoted by (tp,Tp,sp). This frame reads

/ /
p+h
tpin = 4.9
p+h ‘p, I h,‘ ( a)
Sp - tpth
Tpth = (bp tpsn) Tp — Hptpiptw (tp X tpin) — (rp - tpin)tp, (4.9b)
P
Tp - tpin
Sprh = (tp-tpin)sp + ﬁ (tp X tpin) — (Sp - tpin) tp. (4.9¢)
P *pP

Remark 4.3. In our shape optimization for em-chiral structures in Section 5.3, we study a
similar update formula as the one in (4.9) involving an additional rotation of a non-circular
cross-section. For this more general update formula we show in Lemma 5.12 that the updated
frame is an orthonormal frame to the curve parametrized by p + h.

Next we consider the Fréchet derivative of the mapping T),. The proof that is similar to the
proof of [69, Thm. 4.2], relies in computing the Fréchet derivatives of the terms in the leading
order term separately and assembling the full Fréchet derivative by using the product rule.

Theorem 4.4. The operator T, : P — L*(S?,C3) from (4.6) is Fréchet differentiable and its
Fréchet derivative at p € P is given by T)[p] : C3([0,1],R?) — L*(S%,C?),

T)[plh = (k:;y)%( Z Yl =1 Z S ilp ) (4.10)

with
1
T, .1lplh = /O ik((0 — &) - h(s))(Z x I3)ML(s)(0 x A)e O DPE)|p ()] ds, (4.11a)
T, uolplh = /0 I(r’i x I3) (ML ) (5)(60 x A)e*O=2P)|p/ (5)] ds, (4.11b)
e (0 x A)eik@-2)p(s) P'(8) P(s) .
T alplh = [ (@ x M (s)(8 x )OO P AI (4.11c)
and
7). 1[plh = /0 1 ik((0 — 2) - h(s)) (@ x (T x &))M(s) A*EDPE) |/ (5)] ds, (4.12a)
bealplh = (@ x (1 x ) (45, () 40D PO ()] s, (1.12b)
! 3 7 (g eik(efa-p(s)p,(s) ) h/(S) s c
T)eslplh = [ (@ (1o < @)M5(s) A e s (4.120)

Proof. Let p € P, § > 0 and h € C3([0,1],R?) such that [hllc3(0,1),r?) < 0. In particular, let
[hllcs = [[hllcs(0,1),r3) be so small that the curve parametrized by p + h is simple. We have to
show (4.8) with T;[p]h from (4.10). We note that T),(p + h) — T,(p) can be written as

T,(p+h) —T,(p) = (kp)?m(—(pr — (T u(p+h) —Tpu(p))
+(&r = D)(Tpe(p+ h) — Tpe(p)))
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with
TP +h) = Tup) = | LHO-EN IO (G Ty ML, , (5) (6 x A)| (P + W)(s)] d
- /0 L k(0-7)p(s) (& x I3) ME(s) (8 x A) |p/(s)| ds

The

€

0+ h)~ Tyelp) = [ OO @ (1 x 2)) M5, () A |8+ R (5)] d

- /0 L k(0-)p(s) (@ x (I3 x &) M5 (s) A |p'(5)] ds..

We study Tpu(p +h) =T, ,.(p) in detail and show that

HhH HTpu p+h)— Z P ]h‘LQ(SQ) —0 as ||kl —0, (4.13)
with T, ;[plh, 1 < j <3, defined in (4-11)- The same techniques can then be used to see that
(4.13) holds with p replaced by ¢ and the terms in (4.12). We write T}, ,(p + h) — T}, ,(p) as

Tpu(@+h) —T,u(p) = Tpp1(@,h) + Ty n(p,h) + T30, h), (4.14)

where

Tp”u’l(p’ B /01 (eik(e—ﬁ)-(mh)(s) _ eik(efg)-p(5)> (z x I3) Mg+h(8) 0 x A) |(p/ + h,)(s)‘ ds,
T)pu2(p,h) = /0 L HO-8)20) (5 x 1) (M, (s) — Mia(s)) (0 x A) |0/ + H)(s)| ds,

1,
Tpus(p, h) = / ik (6-2)p(s) ( x I3) M (s) (0 x A) (| + h)(s)| = |P'(s)]) ds.
0
We will show that
|Tri@.1) = T 5l0lR) o < ClIRIES (4.15)

for all 1 < j < 3. Then, (4.13) follows by the continuous embedding of C(S?) into L?(S?) and
the triangle inequality. All functions that appear in (4.14) are smooth. Thus, we use Taylor’s
theorem and Lemma 4.2 to see that

eik(ef&\)-(erh)(-) _ eik(efﬁc\)-p(-) —ik((0 — 7) - h('))eik(()f/m\)-p(-)H
p'() k()
p'(4)] HC([OJLR)

wey B/, 2
[540,) = M) = MG O oy S ClIBIES - (4260)

For j = 3, (4.15) follows directly by (4.16b). For j = 2 we proceed as in the proof of [69, Thm.
4.2] and write (we omit the integration variable)

2
coae = Cltlcs » (4.16a)

[l +r)O =19/ ()] - C Rl . (4.16D)

1 ~
T,,2(p,h) — T, o[plh = / WO-B)P (3 x ) (ML, — ML — (ME,)') (8 x A)|p/] ds

+/ (@ x I5) (ML, — M2 (6 x A) (|9 + )| - |p]) ds. (4.17)

By (4.16¢), the first term on the right hand side of (4.17) is in O(Hh||é3) Again, by Taylor’s
theorem,

150 = M50 gy < C s+ IO+ RO = 10 Ollegosy < €l

and therefore, the second term in (4.17) is in O(||h||205) For j = 1, (4.15) can be shown similarly
by using (4.16a). O
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4.2 Discretization, regularization and the reconstruction

In the reconstruction algorithm we use interpolating cubic splines with the not-a-knot conditions
at the end points of the spline to discretize center curves K parametrized by p € P. Given a
non-uniform partition

A={0=t;<ty<---<t, =1} C|0,1]

we denote corresponding not-a-knot splines by pa (see also Remark 3.28). The space of all three-
dimensional not-a-knot splines with respect to A is denoted by Pa. We note that Pn € P,
although, functions in P are piecewise C*°. Since the inverse problem (4.4) is ill-posed, we add
two regularization terms to stabilize the minimization of (4.7). The functional ¥y : Po — R is
defined by

1
i (pa) = /0 #2(s)[p/(s)] ds, (4.18)

where
I ACET 0]
IPA ()

,  s€l0,1], (4.19)

denotes the curvature of the curve parametrized by pn. We add o?W¥; with a regularization
parameter 1 > 0 as a penalty term to the left hand side of (4.7) to prevent minimizers from
being too strongly entangled. Furthermore, we define another functional ¥y : PA — R by

1
n—1

Ws(pa) = g] [ watoras— [ itato) asf

Adding a3¥s with a regularization parameter ap > 0 as a penalty term to the left hand side
of (4.7) promotes uniformly distributed control points along the spline and therefore prevents
clustering of control points during the minimization process. Adding both quadratic regulariza-
tion terms a?¥; and a3 ¥, to the left hand side of (4.7) gives the regularized nonlinear output
least squares functional

2
HTP(pA) - E;O“L%(SQ)
|5

O: Pr—R, O(pp) = + of1(pa) + ab¥a(pa) (4.20)

2
Izs%
which we will minimize iteratively.

We assume that 2N (N — 1) observations of the far field E2° € C>(S2,C3) are available on
an equiangular grid of points

yji = [sinf; cos ¢y, sinb; sin ¢y, cosej]T e S?, j=1,..,N—-1,1=1,...2N, (4.21)

with 6; = jm/N and ¢, = (I—1)7/N for some N € N. Accordingly, we approximate the L?(5?)-
norms in the cost functional ® from (4.20) using a composite trapezoid rule in horizontal and
vertical direction. This yields an approximation @ that is given by

_ 2 2
SN Tz sin(0,)[(Th(pa) — ES°) (y1))|

Py(pa) = — : 5 +aiWi(pa) + a5Wa(pa).  (4.22)
SIS Fe sin(6)) | B (y0)|
We denote by & € R3" the vector that contains the coordinates of the control points z® ™

of a not-a-knot spline pan. We approximate all integrals over the parameter range [0, 1] of pa
in (4.22) using a composite Simpson’s rule with odd M € N nodes on each subinterval of the
partition A. This is explained in Remark 3.28. Accordingly, we can rewrite @ in the form

Oy(pa) = |Pn(Z)?, (4.23)
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Algorithm 1 Reconstruction of a thin tubular scatterer D, with circular cross-section

Suppose that E° (i.e., k, 8, A), p, &, pr, and EZ° are given.

1: Choose an initial guess g = [w(l), - ,w(")] for the control points of a cubic
not-a-knot spline pa o € Pa approximating the unknown center curve K of D,,.

2: Initialize the regularization parameters oy, ag > 0, a maximal step size spax > 0
for the line search and the tolerance tol > 0.

3: for £ =0,1,..., lnax do

: Use the Fréchet derivatives Tp, ¥, 1% q,..., 95, 1 in (4.10), (4.25) and (4.26)

to evaluate the Jacobian Jp, of Py from (4.23), which is then used to compute
the Gaufi—-Newton search direction

-1
A = (15, (@) Iy (B) T (B)PN(0).
5: Use the golden section line search to compute

sy = argmin Oy (Zy + sAy)

SE[O7SIHaX}
and evaluate Mov from (4.29).
6: if Mov > tol then
7 Update the reconstruction, i.e. compute

EC_)g_H = ?g—f—s?Ag and {=/70+1.
8: else if (Mov < tol) and the value of |P(Z;)|? is dominated by the contribution
of a3W;(pay), j € {1,2}, in (4.22) then
9: Reduce the corresponding regularization parameter, i.e. set

Oéj = Oéj/2.

10: else if (Mov < tol) and the value of |P(Z,)|? is dominated by the residual
term in (4.22) then

return
11: end if
12: end for

13: The entries of Z; are the coefficients of the reconstruction pa ¢ of the unknown
center curve K of D,,.

where Py : R® — R? and Q = 12N(N — 1) +3((M —1)(n — 1) + 1) + (n — 1). Storing real and
imaginary parts separately, 12N (N — 1) entries of Py () correspond to the normalized residual
term in (4.22), 3((M — 1)(n — 1) + 1) entries correspond to the penalty term ¥y, and n — 1
entries correspond to the penalty term Ws. Consequently, we obtain a real-valued nonlinear
least squares problem, which is solved numerically using the Gau3—Newton algorithm with a
golden section line search (see, e.g. [104, pp. 115]). In addition to the Fréchet derivative of the
operator T}, this also requires appropriate Fréchet derivatives corresponding to the penalty terms
in (4.20). Note that after a discretization of the integral in the definition of ¥; from (4.18) we
have

T
Vi(pa) = Y wilk(s)I*1p(s7)] (4.24)
j=1

where T'= (M —1)(n—1) 4+ 1 and w; are the weights corresponding to the composite Simpson’s
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rule defined in Remark 3.28. Accordingly, in the vector Py, we store a vector of size 3T at the
appropriate position, which yields the value on the right hand side of (4.24), when the norm of
Py is squared as required in (4.23). In the following lemma we suppress the dependency on the
variable s.

Lemma 4.5. It holds that

2
W2p| = P 7P -p”p,
|p/|3/2 |p’\7/2
The Fréchet derivatives of the mappings ¢ : P — R3,
p p-p

Pi(p) = - p
( ) ’p’|3/2 |p'\7/2
and 'lbgd' P — R,

tj

1 1 ,
o= [
V2,i(P) n—1/0 'l ;
are given by ¥ (p) : C3([0,1],R3) — R3,

h// 3 p/ . h/ p// 'p/ p// . h/ h// . p/ 7 (p// p/)(p/ . h/)
! /! ! /
Y1(p)h = ]p’|3/2 o §’p/|7/2p o |p’]7/2 B (\p’|7/2 + |p’|7/2 9 |p’|11/2 )p (4.25)

o,
’p|d57 j:1>"'7n_17

and by W4(p) : C3([0,1],R?) — R,

1 I i1 p' - R
P (p)h = / ds—/ — ds, j=1....n—1, 4.26
SR TR A 20

respectively.

Proof. Let p € P and let 6 > 0 be so small that p + h € P for all h € C3([0,1],R?) with
llh||cs < d. First, we note that the curvature from (4.19) can be written as

B P 0P,
- B0 = o e P

where t,, denotes the tangent vector (see e.g. [119, Prop. 1.34]). Therefore,

K(s)

)

2 | P @(s)-P(s) [
S0 = pm ~ T P
Using Taylor’s theorem we find that for o > 0 it holds that
1 1 «
(0 - h') + O(|[hl|Zs)- (4.27)

P + R = /| - [p/[o+2

Consequently,

1 3p’-h’>

R/ " _°
wipth) = @) (=5

1 7p'-h’>

— (@ -p")p' + (0" h")p + (- p")p"+ (p' - ")) (p/|7/2 C2]p/[12

+ O(Ihl12)
B p// _p,'p/,/+ " _3p/-h/ ,,_p”-p’
CPPER R R 2 Y
pB R TP )Y :
o (’p/‘7/2 /|72 D) p/|11/2 P + O(||h[lcs)-

h/
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This yields that

1
m|¢1(?+h) —1(p) —Yi(P)h| = 0 as ||hfgs — 0.

For the Fréchet derivative of 12 ; we use Taylor’s theorem again and find that
p - h
1P|
This already shows that 1y ; from (4.26) is the Fréchet derivative of ¢ ;. O

[+ R = Ip| + +O(IhIa)- (4.28)

In Algorithm 1 we describe the optimization scheme that is used to minimize |Py|? from
(4.23). Here we denote the Jacobian of Py by Jp, . The algorithm uses the following heuristic
stopping criterion. If the optimal step size sj determined by the line search in the current
iteration is zero or if the (potential) relative movement! of the iterate defined by

_ lIstAc

Mov = = (429)
12|

is smaller than a tolerance tol > 0 and additionally, if the value of the objective functional
|P(%,)|? is dominated by the normalized residual term in (4.22), then the algorithm stops.
However, if the optimal step size sj determined by the line search is zero but the value of the
objective functional |P(%,)|? is dominated by the contribution of one of the two regularization
terms ajz\I'j (pae), J € {1,2}, then we conclude that in order to further improve the reconstruc-
tion, the corresponding regularization parameter should be reduced. In this case we replace «;
by %J and restart the iteration using the current iterate for the initial guess. The fact that not a
single Maxwell system has to be solved during the reconstruction process makes this algorithm
extremely efficient, when compared to traditional iterative shape reconstruction methods for
inverse scattering problems for Maxwell’s equations (see e.g. [71, 72, 73, 79, 109]).

4.3 Numerical results

For our numerical reconstructions we study, as in Section 3.5, dielectric and metallic scattering
objects separately. In both cases, the far field data E® is computed by using the PMCHWT for-
mulation described in Appendix C together with Bempp. This reduces the possibility of inverse
crimes: The data generated by the forward solver (i.e. by Bempp) is more or less independent
from the inverse solver (see also [34, p. 179]). In all our examples we consider the construction of
cubic not-a-knot splines from given spatial points and approximate integrals using the composite
Simpson’s rule. We rigorously described this in Remark 3.28. For metallic objects, we further
refer to Remark 3.25, which enables us to upscale and downscale scattering objects in order to
perform simulations in computational units.

4.3.1 Reconstructions of dielectric thin tubes

For our numerical reconstructions of dielectric scattering objects we consider the three center
curves from Example 3.29-3.31 in Section 3.5 for the radius p = 0.03, embedded in free space.
For this particular radius the three-dimensional scattering object is also visualized in the top
row of Figure 3.3. The corresponding center curves can be found in Figure 3.2. The material
parameters corresponding to each example are as in the dielectric case of Section 3.5, i.e. e, = 2.5
and u, = 1.6 for Example 3.29, ¢, = 1 and p, = 2.1 for Example 3.30 and &, = 2.1 and p, = 1.0
in Example 3.31. For these parameters we do not have a specific material in mind. We study

'Note that s;Ap = 5)£+1 — Z. Thus, we call the expression in (4.29) the relative movement of the iterate.
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¢ =0 (initial guess) =5 £ =10

=20 ¢ =33 (final result)

units in m units in m

Figure 4.1: Reconstruction of the toroidal scatterer from Example 3.29. The top-left plot shows
the initial guess, and the bottom-right plot shows the final reconstruction.

these coefficients as a matter of interest and to test the basis of the reconstruction algorithm, that
is, the leading order term of the asymptotic perturbation formula. We simulate the far field data
E* for each of the three examples using the PMCHWT formulation described in Appendix C
together with Bempp, where we use triangulations of the boundaries of the tubes 0D, with
26698 triangles for Example 3.29, 62116 triangles for Example 3.30, and 62116 triangles for
Example 3.31. This corresponds to 80094, 186348 and 186348 degrees of freedom, respectively
(see also Table 3.1). The values of EJ° are evaluated on the equiangular grid on S 2 from (4.21)
with N = 10. As in Section 3.5, the incident field is a plane wave with polarization A =
[—1, 1i, 1+ 1i] " and direction of propagation = 1/4/3[1, —1, 1]T. As the operating frequency
we consider f = 100MHz. With the electric permittivity €y and the magnetic permeability pg
in free space from (2.19) the wave number is given by k = w\/Zopo ~ 2.1m™!, where w = 27 f
is the angular frequency. The corresponding wavelength in the exterior is A = 27/k ~ 3m.
Section 3.5 showed that the leading order term E° is a good approximation to the reference
far field E7° in this regime. We choose the following parameters in Algorithm 1:

e Let the number of nodes of the cubic not-a-knot spline be given by n = 30.

e In order to approximate integrals using the composite Simpson’s rule, let the number of
elements on each spline segment be given by M = 11.

e Let the regularization parameters in step 2 by given by a; = 0.06 and oy = 0.9.

e We choose spax = 1 in the golden section line search in step 5 and we terminate each line
search after a fixed number of 10 steps.

o We choose the tolerance tol = 5 x 1073 in step 2 of the algorithm.



4.3 Numerical results 91

£=0 (initial guess) t=4 =10

mmmm WMmm units in m
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Figure 4.2: Reconstruction of the thin tubular scatterer from Example 3.30. The top-left plot
shows the initial guess, and the bottom-right plot shows the final reconstruction.

The results are shown in Figure 4.1 - 4.3. Here, the top-left plots show the initial guess, and the
bottom-right plots show the final reconstruction. The remaining four plots show intermediate
approximations of the iterative reconstruction procedure. Each plot contains the exact center
curve K (solid blue) and the current approximation pa ¢ of the reconstruction algorithm after ¢
iterations (solid red with dots). Furthermore, we have included projections of these curves onto
the three coordinate planes to enhance the three-dimensional perspective.

Example 4.6. We consider the setting from Example 3.29. The initial guess is a straight line
segment connecting the points [0,2,0]" and [1,2,0]". The reconstruction algorithm stops after
33 iterations. The initial guess, some intermediate steps and the final result of the reconstruction
algorithm are shown in Figure 4.1. The final reconstruction is very close to the exact center
curve K.

Example 4.7. We consider the setting from Example 3.30. The initial guess is a straight line
segment connecting the points [2,0,0]" and [2,2,0]". The reconstruction algorithm stops after
44 iterations. The initial guess, some intermediate steps and the final result of the reconstruction
algorithm are shown in Figure 4.2. Again, the final reconstruction is very close to the exact
center curve K.

Example 4.8. We consider the setting from Example 3.31. The initial guess is a straight
line segment connecting the points [0,—1,1]" and [0,—2,1]". The reconstruction algorithm
stops after 45 iterations. The initial guess, some intermediate steps and the final result of
the reconstruction algorithm are shown in Figure 4.3. As in the previous examples, the final
reconstruction is very close to the exact center curve K.

In all three examples Algorithm 1 provides accurate approximations to the center curve K of
the unknown scattering object D,. However, a suitable choice of the regularization parameters
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Figure 4.3: Reconstruction of the helical scatterer from Example 3.31. The top-left plot shows
the initial guess, and the bottom-right plot shows the final reconstruction.
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Figure 4.4: Reconstructions from noisy data with 30% uniformly distributed additive noise.

a; and ag and an initial guess for pa sufficiently close to the unknown center curve K are
crucial for a successful reconstruction. In our next example we study the sensitivity of the
reconstruction algorithm to noise in the far field data.

Example 4.9. We repeat the previous computations but we add 30% complex-valued uniformly
distributed error to the electric far field patterns EJ° that have been simulated using Bempp.
Precisely, we define the error level 6 = 0.3 and set err(yj) = rand;(y;;) + randa(y;;)i, where
rand; (y;;), randa(y;;) denote randomly generated numbers between —0.5 and 0.5 with y;; € S?
from (4.21). These are the points for which observations of the far field EJ° are available. Then,
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Figure 4.5: Reconstruction of the silver torus from Example 3.32 and j = 2. The top-left plot
shows the initial guess, and the bottom-right plot shows the final reconstruction.

we define the noisy given far field E77, by

00 err(yﬂ) 0 00
E ) = ——>=2>6||FE E i) . 4.
p,n(yﬂ) HerrHLf(SQ) || o HL?(SQ) + o (yjl) ( 30)

We use the same initial guesses and the same initial values for the regularization parameters ay
and ao as in Examples 4.6 - 4.8. The three plots in Figure 4.4 show the exact center curves
(solid blue), the final reconstructions (solid red with dots), and the projections of these curves
onto the coordinate planes. The reconstruction algorithm stops after 37 iterations for Example
4.6, after 37 iterations for Example 4.7 and after 41 iterations for Example 4.8, respectively.
Despite the relatively high noise level, the final reconstructions are still very close to the exact
center curves K. In the first and second case we find that essentially the end segments of the
reconstruction distinguish from the true curve.

We note that Algorithm 1 incorporates all available a priori information about the radius
p, the shape of the cross-section of the unknown scatterer and its material parameters €, and
. Furthermore, it reconstructs a relatively low number of nodes corresponding to the spline
approximation pa of the center curve K of the unknown thin tubular scattering object D,,.
We also have carefully regularized the output least squares functional ® in (4.20). This might
explain the good performance of the reconstruction algorithm even for rather noisy far field
data.

4.3.2 Reconstructions of metallic nanowires

We aim to reconstruct thin silver nanowires that possess the center curves described in Exam-
ples 3.32 - 3.34 for j = 2 together with a circular cross-section with radius p = 1.91nm. As in the
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Figure 4.6: Reconstruction of the silver nanowire from Example 3.33 and j = 2. The top-left
plot shows the initial guess, and the bottom-right plot shows the final reconstruction.

previous subsection, we simulate the far field data EJ° for each of these three examples using the
PMCHWT formulation described in Appendix C together with Bempp, where we use triangula-
tions of the boundaries of the tubes 0D, with 26698 triangles for Example 3.29, 62116 triangles
for Example 3.30, and 62116 triangles for Example 3.31. This corresponds to 80094, 186348 and
186348 degrees of freedom, respectively (see also Table 3.3). The values of E?’° are evaluated
on the equiangular grid on S? from (4.21) with N = 10. The incident field is a plane wave
with polarization A = [~1, 1i, 1 + 1i]T and direction of propagation 8 = 1/v/3[1, —1, 1]. The
wavelength of the incident field is A = 400nm, what corresponds to the frequency f ~ 750THz.
The material parameters for silver for this wavelength are given by e, =~ —4.42+0.21i and p, = 1
(see [83]). We recall that for computational purposes, we scale the scattering objects in such
a way that the exterior computational wave number k. = 1 may be used, although the actual
wave number is given by k = 27/(0.4 x 107%)m~! in all examples (see Remark 3.25). In an
application, one would measure the far field E® corresponding to a thin metallic nanowire on
the equiangular grid (4.21). As the incident wavelength A = 400nm is known, the scaled far field,
that we use as the given data for the reconstruction, is given by EJ% = aE}° with the scaling
parameter « = k. Afterwards, the reconstruction algorithm in Algorithm 1 is supposed to find
the thin tubular scatterer corresponding to the computational wavelength k. = 1. Finally, the
nanowire in real units will be given by scaling the reconstructed wire by a~!'. We choose the
following parameters in Algorithm 1:

e Let the number of nodes of the cubic not-a-knot spline be given by n = 30.

e In order to approximate integrals using the composite Simpson’s rule, let the number of
elements on each spline segment be given by M = 11.

e Let the regularization parameters in step 2 by given by a; = 0.09 and ay = 0.6.
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Figure 4.7: Reconstruction of the silver helix with two turns from Example 3.34 and 5 = 2. The
top-left plot shows the initial guess, and the bottom-right plot shows the final reconstruction.

e We choose spa.x = 1 in the golden section line search in step 5 and we terminate each line
search after a fixed number of 10 steps.

« We choose the tolerance tol =5 x 1073 in step 2 of the algorithm.

The results are shown in Figure 4.5 - 4.7. Again, the top-left plots show the initial guess, and the
bottom-right plots show the final reconstruction. The remaining four plots show intermediate
approximations of the iterative reconstruction procedure. Each plot contains the exact center
curve K (solid silver) and the current approximation pa ¢ of the reconstruction algorithm after
¢ iterations (solid red with dots). Furthermore, we have included projections of these curves
onto the three coordinate planes to enhance the three-dimensional perspective.

Example 4.10. We consider the setting from Example 3.32. The initial guess is a straight
line segment connecting the points [0,127.32,0] 'nm and [63.66,127.32,0] 'nm. In computa-
tional units, this is the same initial guess as the one for the dielectric scattering objects from
Example 4.6. The initial guess, some intermediate steps and the final result of the reconstruc-
tion algorithm are shown in Figure 4.5. The reconstruction algorithm stops after 98 iterations.
Compared to the dielectric coefficients considered in Example 4.6, Algorithm 1 requires 46 more
steps to stop (see Figure 4.1). As in the dielectric case, the final reconstruction is very close to
the exact center curve K.

Example 4.11. We consider the setting from Example 3.33. The initial guess is a curve segment
that lies exactly on the center curve of the true scatterer. This corresponds to an additional
a-priori information about the nanowire that we want to reconstruct. For this initial guess, the
algorithm stops after 53 iterations. The initial guess, some intermediate steps and the final result
of the reconstruction algorithm are shown in Figure 4.6. The final reconstruction is very close
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Figure 4.8: Reconstructions from noisy data with 30% uniformly distributed additive noise.
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to the exact center curve K. We point out that for this example, the reconstruction appears to
be more challenging than for the dielectric counterpart in Example 3.30. Using the same initial
guess as in Example 3.30 (in computational units) does not lead to a satisfying reconstruction
of the center curve. In fact, we found that a different initial guess often leads to a failure in the
reconstruction.

Example 4.12. We consider the setting from Example 3.34. The initial guess is a straight line
segment connecting the points [0,0,0] 'nm and [0,0,318] 'nm. The reconstruction algorithm
stops after 80 iterations. The initial guess, some intermediate steps and the final result of the
reconstruction algorithm are shown in Figure 4.7. The final reconstruction is very close to the
exact center curve K. Again, the reconstruction is more challenging than in the dielectric case
in Example 3.31: Different initial guesses often lead to a failure in the reconstruction.

In all examples, we find that the reconstruction algorithm provides a good approximation
to the true scattering object. As we already pointed out, an appropriate initial guess of the
algorithm is essential for a successful reconstruction. In our final example we add additional
noise to the given Bempp far field as we did for dielectric scattering objects in Example 4.9.

Example 4.13. We repeat the computations from Example 4.10 - 4.12, but we add 30%
complex-valued uniformly distributed error to the electric far field patterns EJ° that have been
simulated using Bempp as in (4.30). We use the same initial guesses and the same initial values
for the regularization parameters a1 and as as in Example 4.10 - 4.12. The three plots in Figure
4.8 show the exact center curves (solid silver), the final reconstructions (solid red with dots), and
the projections of these curves onto the coordinate planes. The reconstruction algorithm stops
after 70 iterations for Example 4.10, after 23 iterations for Example 4.11 and after 75 iterations
for Example 4.12, respectively. For the curves from Example 3.32 and 3.34 for j = 2, the recon-
structions from noisy data are still very close to the exact center curves K. For Example 3.33
however, the reconstructed center curve is off from the true curve. In particular, one end of the
curve strongly deviates from the scatterer’s true position.

Remark 4.14. By using Algorithm 1 we reconstructed dielectric and metallic thin tubular scat-
tering objects from given far field data corresponding to a single incident plane wave. We observe
that for an initial guess that is sufficiently close to the true scatterer’s center curve, the algorithm
provides a nice approximation to the true object. Our numerical examples hence imply that
the leading order term is well-suited for a derivative based reconstruction scheme. Therefore,
it should also provide a promising basis for a derivative-based shape optimization method for
designing highly electromagnetically chiral structures.



Chapter 5

Shape optimization for thin em-chiral structures

Electromagnetic chirality (em-chirality) describes the property of a scattering object to inter-
act differently with electromagnetic waves of different polarization handedness, called helicity.
Scatterers made of isotropic materials emitting a highly em-chiral effect are being considered
as possible building blocks of novel chiral metamaterials that exhibit effective chiral material
parameters many orders of magnitude larger than what is found in natural substances (see
e.g. [52, 76, 84]). Metamaterials with large em-chirality have potential applications in angle-
insensitive circular polarizers, which are materials that transmit one circular polarization of light
and that reflect and/or absorb the opposite handedness nearly completely (see e.g. [59, 60]).

In Section 3.5, we found that the leading order term of the electric far field in (3.22) provides a
good approximation to a reference solution computed by solving a boundary integral equation,
if the radius p of the scatterer is sufficiently small. Moreover, we found in Chapter 4 that
the leading order term can be used in an inexpensive Gaufl-Newton algorithm that is able to
reconstruct thin tubular dielectric or metallic scattering objects from measurements of a single
electric far field pattern.

Our purpose in this chapter is to use the leading order term of the asymptotic perturba-
tion formula from Theorem 3.6 to establish an inexpensive shape optimization algorithm that
maximizes em-chirality for thin tubes. By means of this algorithm we want to design highly em-
chiral thin tubular scatterers and in particular, metallic nanowires for frequencies in the optical
regime. For this purpose, we proceed in the next sections as follows. We start this chapter with
the definition of em-chirality based on the work [49]. In this context we review scalar-valued
em-chirality measures. These measures quantify the degree of em-chirality of a scattering ob-
ject in terms of the singular values of suitable projections of the associated far field operator
onto subspaces of left and right circularly polarized fields. Our idea is to use the asymptotic
perturbation formula in (3.22) to find an asymptotic expansion of the far field operator via a
leading order term that is straightforward to evaluate plus terms of higher order. Hence, we
consider the operator Tp, that maps the thin tubular scatterer D, to its corresponding leading
order term of the far field operator expansion. Afterwards, the chirality measure uses only this
leading order term to quantify em-chirality. In order to establish a derivative-based optimiza-
tion scheme we require the shape derivative of the operator 7p,. We compute this derivative
and provide remarks on its implementation. Afterwards we set up the optimization scheme and
apply it in order to find optimal designs of em-chiral tubes and nanowires.

5.1 Definition of em-chirality

We first recall the definition of em-chirality, as introduced in [49]. In particular, we follow the
exposition in [15], in which the notion of em-chirality is described in terms of the electric far
field operator. We first discuss helicity, i.e. the handedness of an electromagnetic field. For a

97
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motivating example, we consider a plane wave (Ei, H") that solves (2.30) and which is given by

. . . 1 .

Ei(z) = Aeh0T H'(xz) = A (6 x A) ko (5.1)
0

Here, 6 € S? is the direction of propagation, A € C3\ {0} with A -6 = 0 is the polarization and

Zy = /1 /eo denotes the impedance in free space. In physics literature (see e.g. [82, Chap. 7.2])

the polarization of a plane wave is introduced as the direction of the oscillation of the wave. For

a given direction of propagation 8 € S2, a general time-dependent plane wave can be written as

E'(z,t) = (a1E1 + agEy)eF0@=w1) (5.2)

where (a1, az, @) constitute an orthonormal system of R? and E; and E, are complex numbers
(see [82, Eq. 7.19]). Dependent on the phases, i.e. the arguments of F; and FEs, the plane wave
in (5.2) shows different polarizations for variable times ¢. If both E; and E» have the same
phase, then the plane wave is linearly polarized. For different phases of Fy and Es, the plane
wave is in general elliptically polarized. For the special case that |Ej| = |E3| and the phases
differ by +7/2, the wave is defined as circularly polarized. In this case, (5.2) can be written as

Ei(x,t) = |E1|(a; +iay)e/F0z—wi+a) (5.3)

for a fixed a € [0,27). The physical wave is obtained by studying the real part of (5.3), which
gives that

Re (E'(x,t)) = |E1](aicos(k@ - x — wt + a) F agsin(k - — wt + )) . (5.4)

Thus, for a fixed point in space & € R? and varying times ¢ the magnitude of Re (E‘(z,t)) is
constant and equals |E;| and the orientation of the vector performs a circular motion in the
plane spanned by e; and es. Equivalently, one may consider a fixed time ¢, a point in space @
and move a quarter wavelength, i.e. A/4, forward in space into the direction of propagation 6.
This gives that

Re (E'(x +)\/46,t)) = |Ei|(aisin(k - — wt + a) + az cos(kO -  — wt + a)) . (5.5)

Comparing (5.4) and (5.5) implies that the orientation of the polarization has changed by 7/2.
This observation is independent of the time ¢ and therefore, we return to the time-independent
plane waves from (5.1). We distinguish between left and right circular polarization, dependent on
the direction, in which the real part of the amplitude moves along the direction of propagation.
Since Re(E"),Re(H") and 0 are pairwise orthogonal, |E?|/|H'| = Zy and Re(E?) x Re(H")
points in the direction 6, we find that the waves perform a anticlockwise/clockwise motion along
the direction of propagation @ (when viewed from the sender), if E'(z 4+ \/40) coincides with
FZoH'(z) for all z € R3. This gives that

T(0x A)e*® = 7 H (x) = E' (x + 1/40) = iAc*0®, (5.6)

This introductory example reveals that the polarization A corresponding to a circularly polarized
plane wave must satisfy A = +i (6 x A). An example of such a case can be found in Figure 5.1.
Here, the solid blue line shows the real part of the plane wave E¢(x) as in (5.1) with direction of
propagation @ = [0, 1, 0] and polarization A = [1, 0, i]T for = [0, 5, 0]7, where s € [0,4\].
From the perspective of the sender, the real part of E* performs an anticlockwise motion. This
is visualized by the solid blue arrows. The solid red arrows, on the other hand, show the real
part of the magnetic field H'. If we consider the orthogonal plane to @ at a fixed spatial point
and track the evolution of Re(E‘e~“) for ¢t > 0, then this field performs a clockwise motion
from the perspective of the sender.
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Figure 5.1: Visualization of a circularly polarized plane wave with direction of propagation
0 =10, 1, O]T and polarization A = [1, 0, i]T. From the perspective of the sender, the wave
performs an anticlockwise motion.

From now on, let A € L2(S5?). A Herglotz wave with density A is a linear superposition of
plane waves, for which we can write the electric field as

Ei[A](z) = . A(0)e0® ds(9), xR (5.7)
Let D be a bounded Lipschitz domain. One might already think of D as a thin tubular object
D, as in (3.7) for a fixed radius p > 0. Let D be the scattering object in the Maxwell system
(2.34) together with (2.35) (or (3.9) together with (3.10) in the case D = D,). If the incident
field in the Maxwell system is given by E’[A] from (5.7), then we denote the corresponding
scattered and total fields by E®[A] and F [A], respectively. The electric far field patterns
E*> [A] excited by Herglotz waves as incident fields are fully described by the electric far field
operator Fp : L?(S?%) — L?(S?), which is defined by

(FpA) (@) = [ B (:6) A(6) ds(6). (5.8)

For later reference, we note that Fp is an integral operator with a smooth kernel (see e.g. [34,
Thm. 6.9]) and thus, Fp is compact. By linearity we have that E> [A] = FpA. For a Herglotz
field as in (5.7) we cite from [15, Def. 2.1] the following property of the density A € L?(S?) that
characterizes helicity of the field E*[A].

Definition 5.1. A Herglotz wave field E?[A] as in (5.7) with A € L?(S?) is called left (or
right) circularly polarized if A is an eigenfunction for the eigenvalue +1 (or —1, respectively) of
the operator C : L?(S?) — L?(S?) with

CAB)=i(6x AB)), 6¢cS> (5.9)

From (5.6) we found that a plane wave as in (5.1) has helicity 1 if and only if the polarization
A € C3\ {0} satisfies A = +i(0 x A). Therefore, the eigenvalue problem to find A € L?(S5?)
satisfying CA(0) = £ A with C from (5.9) is a generalization of helicity to Herglotz waves. The
eigenspaces of the operator C corresponding to the eigenvalues 1 are given by

VE = {A+CA| Ac L}(S?)) (5.10)
(see [15, Rmk. 2.2]). This can be seen from the calculation

C(ALCA)(0) = CA(0) £C2A(0) = CA(B) F (0 x (6 x A(8))) = CA() + A(6).
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Moreover, the decomposition

1

A= L(A+CA)+ (A-CA)

O |

and the straightforward calculation
/2(A+CA) {A—CA)ds = 0
S

shows that
L}(S*H =Vtev:

(see [15, p. 561]). The corresponding orthogonal projections onto the spaces V* are given by
PT*A = 1/2(A +CA). These observations imply a decomposition of a Herglotz wave E'[A] in
fields of pure positive and negative helicity. This is summarized in the following corollary.

Corollary 5.2. A Herglotz wave field E'[A] as in (5.7) with A € L?(S?) can be uniquely decom-
posed in fields of pure positive and negative helicity. The decomposition is done by projecting the
density A to the spaces V' (positive helicity) and V'~ (negative helicity) using the orthogonal
projections

PEA = % (A+CA). (5.11)

The decomposition of fields in different helicities from Corollary 5.2 based on the density
A and was established in [15]. To work directly with the corresponding electric fields, we note
that for a Herglotz field E'[A] with density A the condition CA = +A with C from (5.9) is

equivalent to
k'curl E'[A] = +E'[A]. (5.12)

This is seen by using [99, Lem. 14.11], which states that E[A] = 0 is equivalent to A = 0. The
property in Equation (5.12) is used to describe helicity for more general fields. Let © C R? be
a bounded domain. A solution to

curlcurlU — kU = 0 in Q (5.13)

is said to have helicity £1, if U is an eigenfunction of the operator k~! curl for the eigenvalue
+1, respectively. Using the two subspaces of Beltrami fields'

W (Q) = {U € H(curl,Q) [ k™' cwrlU = +U}, (5.14)

we find that every solution to (5.13) can be decomposed into a sum of two fields of helicity +1
and —1, respectively (see also [15, Rmk. 2.3]). To see this, let E denote a solution to (5.13) and
define H = (iwp) ! curl E. Then, we set

Et = E+iZgHe Wt (Q) and E~ = E—iZyH € W™ (Q)

and see that E = 1/2(E* + E~). Using straightforward calculations it can be seen that E*
and E~ are orthogonal with respect to the inner product

(u,v) = /curlu-curlﬁ—i—kzu-?dx.
Q

The fields ET and E~ are called the Riemann-Silberstein linear combinations (see e.g. [21]).

The definition of helicity for fields satisfying (5.13) also applies for the scattered field E*[A]
in R3\ D. In order to characterize helicity for E*[A] using the spaces V¥, we cite the following
theorem from [15, Thm. 2.4].

!This is a field U satisfying curlU = oU for ¢ # 0 (sce e.g. [92, §1.3])
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Figure 5.2: Visualization of the scattering problem concerning em-chirality. The incident field E*
(bottom-left) and the scattered field E® (top-right) are both decomposed in fields with helicity
+1 (red) and fields with helicity —1 (blue).

Theorem 5.3. The far field pattern E®[A] is an element of V* if and only if for any open
and bounded set Q C R3\ D we have ES[A] € W*(Q).

To conclude, we have that

E[A] has helicity +1 if and only if A € V¥,

E°[Al[gs\p has helicity +1 if and only if E%[A] € VE,
A visualization of the wave decomposition is found in Figure 5.2. Here, the incident field,
visualized by a plane wave in the bottom-left and the scattered field in the top-right are both
decomposed in fields with helicity +1 (red) and —1 (blue).

Electromagnetic chirality describes the difference in the interaction of a scattering object
with fields of opposite helicities. Using the projections P* : L?(S?) — V¥ from (5.11), we can

decompose the electric far field operator Fp via
Fp = Fht+Fh+Fpt+Fp. (5.15)

Here, for p,q € {+, —}, the helicity contribution of the ¢ incoming field to the p scattered field
is given by FP = PPFpPI4. We note that F7' is a composition of a compact operator with two
bounded operators and therefore, it is compact. It has been proven in [15, 49] that if a scatterer
is geometrically achiral, then there exists a unitary operator U : L?(S?) — L?(S?) such that

CU = -Uc and FpU = UFp. (5.16)

The first condition ensures that the unitary transformation U swaps helicity, as with A +CA €
V* the property CUU = —UC gives that U (A+CA) € VF. Thus, geometrical achirality of
an object D can be understood as the equivalence of the far field operator Fp to itself by
means of a unitary transform that swaps helicity. An immediate consequence of (5.16) is that
Fp = Ur; p U and Fit D L{}"gfl/l *. The first equality can be seen by using the computation

1 1 1 1
UF; U =U (21—(:) Fb (21—c> U = (21+c> UFpU* (21+c> = Fit
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where we used the definitions of FA* and F,~, the definition of P* from (5.11) and the
definition of the unitary transform that swaps helicity in (5.16). In the exact same way one
shows that (5.16) implies F,© = UF,"U*. Based on this observation, the following more
general definition of electromagnetic chirality was introduced in [15, Def. 2.5].

Definition 5.4. A scattering object D is called electromagnetically achiral (em-achiral) if there
exist unitary operators YY) : L2(S?) — L?(S?) satisfying UU)C = —CUY), j = 1,...,4, such
that

Fht =uWF,~u® and Fpt = uSFL I uW. (5.17)
If this is not the case, we call the scattering object D electromagnetically chiral (em-chiral).

The property for em-achirality in (5.17) immediately implies that the singular values of F*++
and F~~ as well as those of T~ and F~7 coincide (see also [15, p. 565]). Let us denote the
singular values of the operator F*4 by (0%?)jen € 72, where p, q € {+, —}. The quantification of
em-chirality of a scattering object D relies in measuring the distance between the corresponding
sequences of the singular values (see also the definitions in Appendix A). In fact, following [49],
we define the chirality measure yo of a scatterer D associated to the far field operator Fp as

_ - 1/2
x2 (Fp) = (0] H)jen = (05 Djenllze + (07 jers = (05 jenlls) - (5.18)

The far field operator Fp is an integral operator and its kernel is smooth. As a consequence,
the singular values decay exponentially (see e.g. [91, Thm. 15.20]) and the chirality measure y2
in (5.18) is well-defined. In particular, Fp is a Hilbert-Schmidt operator since every integral
operator from L?(S?) to L?(S?) with a kernel in L? is a Hilbert-Schmidt operator (see e.g. [44,
Chap. XI1.6]). Moreover, using (5.18) and that the singular values are non-negative, it holds that

X2 (Fp)® = 1Fpllis =2 (0} Yo~ + 05 07) < |1 Fpllis - (5.19)
jEN

If .7-"1')Hr = .7-"5+ =0or F” = ]-“2;_ = 0, i.e. if fields of either positive or negative helicity
are not scattered, then the upper bound in (5.19) is attained. Thus, invisibility of an object
with respect to fields of one helicity implies x2(Fp) = || Fp|lyg- If in addition, the reciprocity
principle? holds, which is the case for the setting considered here, (see e.g. [34, Thm. 9.6]), then
the implication is also valid in the other direction (see [15, Lem. 4.3]). In particular, the proof
of [15 Lem. 4.3] shows that for a reciprocal scatterer, it holds that ;5 = 0 if and only if
Fpt = 0. The squared Hilbert-Schmidt norm || Fp||Zg of the far field operator is sometimes
called the total interaction cross section of the scattering object D.

Remark 5.5. A scattering object that preserves helicity satisfies .7-']5_ = .7-"5+ = 0. Therefore,
preservation of helicity is a necessary condition for the chirality measure y2 from (5.18) to attain
its upper bound. A dual symmetric scatterer D is a scattering object for which the solution
(E, H) to Maxwell’s equations (2.31) in some 2 C R3 stays a solution, when it is transformed
by the duality transform

Ey = Ecos(0) — ZyH sin(0) , ZyHy = Esin(0) + ZoH cos(0) (5.20)

(see e.g. [47, 48, 53]), where again, Zyp = +/po/eo is the impedance in free space. For the
incident fields (E¢, H') satisfying (2.30), the transformed fields in (5.20) remain a solution to
time-harmonic Maxwell’s equations in all R? (this is also found in e.g. [82, Eq. 6.151]). However,
the presence of a scatterer D in general breaks this property (see e.g. [51]). In [47, Sec. 2.7]
and [53] it is shown that €, = p, is the condition for duality symmetry for the macroscopic
Maxwell’s equations (2.31) and that this implies preservation of helicity independent from the
shape of the scatterer D.

2A scatterer is said to be reciprocal if E* (%, 0) = (E*°(—6,—z))" for all Z,0 € S? (see [34, Eq. 6.87]).
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The previous discussion motivates the following definition.
Definition 5.6. A scattering object D is said to be maximally em-chiral if x2(Fp) = || Fp||ys-

If the scattering object in the center of Figure 5.2 was maximally em-chiral, then either the
+1 or the —1 helicity contribution in the scattered field would vanish.
In [72, Sec. 5.2] a relaxation for x2 was introduced. We denote it by xpg with

_ 2 _ _ 2\ 1/2
xus(Fo) = ((1F5 s = 175 " lus)* + (175 s — 175 [lus)?) 5o
__ _ _ 1/2 '
= (I1Fplifs — 20175 Ius| 5 Ilus + 175 Ius |75 llns)) -
The Cauchy-Schwarz inequality in ¢ shows that
Y o o < \of Njenllell(of jenlle = 1F5  laslFp~ llus
jEN
> ooi o < | Fp T lusllFS lus -
jeN
Therefore, it holds that
xus(Fp) < x2(Fp) (5.22)

and comparing (5.19) and (5.22) yields that

xus(Fp) = [ Fpllys  if and only if  xo(F) = [|Fpllgs -

The relaxation ypg is indeed smooth. The computation of the Fréchet derivative of xyg with
respect to its argument is studied in Section 5.5.

5.2 Quantifying em-chirality for thin tubular scattering objects

In the literature, thin helical structures have been proposed as candidates for highly em-chiral
scatterers (see e.g. [7, 49, 60]). In this section we use the results from Chapter 3 and consider
the quantification of em-chirality for thin tubular scattering objects. Let D, denote a thin
tubular scattering object as in (3.7). Let the cross-section of the scattering object D, be given
by D), = pD" with a Lipschitz domain D' C R?, that possibly twists around the spine curve K.
The support D, of a nanowire is uniquely determined by a parametrization p of the spine curve
K and an associated geometry adapted frame (tp,7pg,Sp ), defined by

[rpo(s) [spa(s)] = [rp(s)[sp(s)] Ro(s)- (5.23)
Therefore, we define a set of admissible parametrizations for supports of thin nanowires by
Usa = { (P, Vpo) € C*([0,1],R?) x C*([0,1],80(3)) |
p([0,1]) is simple, p'(s) # 0, and Vpg(s)e; = p'(s)/|p'(s)] for all s € [0, 1]} (5.24)
Here, e; = (1,0,0)" denotes the first standard basis vector in R3. Measuring em-chirality, i.e.

evaluating (5.18) (or (5.21)) for a given thin tubular object D,, requires the evaluation of the
corresponding far field operator. We denote the far field operator corresponding to D, by Fp,
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as in (5.8). Recalling the asymptotic representation formula for electric far fields from (3.22),
we define the operator Tp, : L7(S?) — L7(S?) by

(To,4) (@) = (kp)*|D| ( [ (e = D @ x 1) M () curl BLAIG) ) ds(y)

+/ (er — 1) e Y (& x (I3 x &) ME (y) E'[A](y) dS(y)>- (5.25)
K

We choose the support of the thin nanowire D, to be parametrized by (p,Vp9) € Uaq. Then,
Theorem 3.16 gives that the polarization tensors M7, v € {g, u}, are given by
M7 (p(s)) = Vp,gM“’VpTe for a.e. s € [0,1] and v € {e, u}, (5.26)

where the matrix M” is given by

110 0
MY =10 L, | eC®3,
0 m

where m” denotes the two-dimensional polarization tensor corresponding to the cross-sections
(D/pn>n€N' Note that here, compared to the representation of the polarization tensor in (3.70),
the rotation is included in the geometry adapted frame (i.e. in V} 9). From Theorem 3.6, we find

that
Fp, = Tp, +0((kp)®) asp— 0. (5.27)

The remainder o((kp)?) is such that [o((kp)?)| s /(kp)? converges to 0 as p — 0. The incident
field E'[A] that appears in (5.25) is a Herglotz wave field with density A as in (5.7). We recall
the vector spherical harmonics U;”* and V,"* from (2.16) and define the circularly polarized vector
spherical harmonics by

1 1
A = —(U+1iV,)") and B]' = — (U, —iV," 5.28
\/5( iV,") an \/é( iv,)") (5.28)
form = —n,...,nand n = 1,2,.... Since U™ and V,™ form an orthonormal basis of L?(S?),

we find that A7 and B form an orthonormal basis of V™ and V= from (5.10), respectively.
We refer to these bases as the helicity bases. Especially, it holds that
0 x A™(@) = A™(H) and i6 x B™(0) = —-B™(H), 6¢c 5>

n

Further, recalling the entire wave fields from (2.23), we find that the Beltrami fields correspond-
ing to A" and B)" as described in (5.14) are given by
P"(x) = M" +k 'curl M and Q" (x) = M — k' curl M (5.29)

n

form = —n,...,nand n =1,2,.... In fact, the Beltrami fields P)*, Q" are linked to A}, B)"
via E{{A™] = /8ri" ! P™ and E'[B™] = —/8mi"~1Q™. This is derived in detail in the proof
of the next lemma and is found in (5.38). Since

curl P = kP and curlQ! = —kQ)" (5.30)

we have that P" € W and Q" € W~. The asymptotic expansions in (5.27) is now used to
approximate Fp, by Tp, in order to quantify em-chirality for thin nanowires. It turns out that
the representation of 7p, in the helicity bases Aj' and BJ' can be written down by using the
Beltrami fields P*, Q7'. This is the result of the following lemma.
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Lemma 5.7. Let A € L?(S?) with

A = i znj (a™ AT+ b'B™). (5.31)
i

Then,

Tp,A = i Z (AT +d"B") (5.32)
e

with
o = Z z (o (To, AT AT sy + 0 (To, BIY AT () (5.33a)
dm = le Z ( D, Al B 1252y + b (Th, B;’}/,B;”)L?(Sg)). (5.33b)

Introducing, for any U,V € C(K,C?), the expressions

TEU,V) = 8(rkp) |D’|/  ~ D)V MU+ (4~ )V MU ds,
we have
(Tp, W7A?>L§(52) =" gH (P, P, (5.34a)
(To, Bl , A7) pas2y = "I (Q, P, (5.34b)
(To, A% B (s = I T (P, Q). (5.34¢)
(To,BY . B 1252y = i7" T H Q. Q) . (5.34d)

Proof. The expansions (5.32) and (5.33) follow by linearity. In order to prove the expansions
n (5.34), we first cite a series representation for the fundamental solution of the Helmholtz
equation ® from (2.25) (see e.g. [34, Thm. 6.29, Eq. (6.83)]). For p € C3 it holds that

Oz, y)p = i N (y)-p

n=1m=-n

+ - Z Z curle Jeurl N (y) -p+ — Z Z Vum v™(y)-p, (5.35)

n 1 m=-n n=1m=-—n
where u"" and v denote spherical wave functions (see e.g. [34, Thm. 2.10]) that can be written
in spherical coordinates (2.15) as

u™(x) = ju(kr)Y(@) forz e R® and o™ (z) = KDY (&) for x € R?\ {0}.

n

The series expansion in (5.35) and its term by term derivatives both converge uniformly on
compact subsets of |y| > |x|. Using the asymptotic behavior of the Hankel function (see e.g.
[34, Eq. 2.42]) yields that the far fields of N]”* and curl N} from (2.24) are given by

47

(NI (@) = —

V(&) and  (curl N™)™ (3) — %Uﬁ(:ﬁ). (5.36)

Splitting the gradient into its tangential and radial part yields

vor(z) = KV (kr)kY™(2)z +

(1)
By @),
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from which we find by using [34, Eq. 2.42] once more, that

(Vo)™ (@) = STV (@)a.

The far field of the expansion (5.35) now reads

e_ikym = 47rz —i)" Z M (x)V,"(Y) - p

IS Gt Y (e MU @) - p+ V@Y (@7 ).

n=1 m=—n

Using the orthogonality of the vector spherical harmonics, it follows that

PN 4 e
U @y = () el M), (5:37)
<efiky~w7vnm(g)>L2(52) — _477(_1)”W (5.37b)

with the scalar product between a scalar and a vector understood to be taken componentwise.
Recalling (5.28) and (5.29) we find that

(™M= AT G)) 292y = VB (—1)" ' Pr(a),
(M= B (§)) 12052 = —VBr(—1)" Q).
Thus,

E'A7)(x) = ("% A7(5)) s = VB P (@) (5.38a)
E'By)(@) = @ BYE) sy = —VEri" ' QU(x) (5.38b)

and applying (5.30) gives

curl E'[A™|(z) = V8rki" ' P™(x), (5.39a)
curl EY[B™(x) = V8nki" Q™ (x). (5.39b)
In order to derive the scalar products that are needed for the representation of the far field

operator in the helicity bases A} and B]", we note that the fundamental solution of time-
harmonic Maxwell’s equation satisfies

~ 1 00 /A~ 00 ~ 00 [~
G*®(x,y)p = 72 (curly curly ®(x,)p)™ (y) and curl, G*(x,y) = curly (®(z, )p)~ (¥).

Again, using [34, Thm. 6.29] and the foregoing discussion, gives that

1
72 curly curly (®(x, y)p)

Zlkz Z N"™(y)M™(z) -p+ — Z Z curl N (y)curl M (x) - p

n=1m=-n n 1m=-n
and an alternative version to (5.35), which reads

O(z.y)p =ik) > NP(yMp(z) p
n=1m=—n
ig v m 7m m
+%Z Z curl N (y)curl M (x) - p + — Z Z Vol (y)Vul(z) - p.

n=1m=-n n=1m=-n
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Using (5.36) and (2.29) yields

¢ M (g x I3) x ) p

R NS O S W WA e
and
e (G x Tg)p = o (curly (8(z, )p))™ (5)
A Y UGN - S S Ve M ) .

Hence, we obtain that

(M0 (5 % I3) % 9) AT (@) 13s2) = VEr(—)" PP (540a)
(M0 (9 % I3) < §) B (@) sy = —VEr(-)" Q@) (5.40b)
(M (5 % I) AT @) = VEr ()" P(a) (5.400)
(e VT (g x Iy) By (Y)) 12(s2) = \/gﬂ(—i)nWTv (5.40d)

with the scalar product between a matrix and a vector understood to be taken column by
column. Now, we can combine (5.38), (5.39) and (5.40) with the representation of the operator

Tp, in (5.25) to end up with the terms in (5.34). O
Remark 5.8. The circularly polarized vector spherical harmonics A and B]', m = —n,...,n,
n =1,2,..., in (5.28) have been constructed in such a way that they span the subspaces VT

and V', respectively. Thus, the expansion in Lemma 5.7 immediately gives corresponding basis
representations of the projected operators ng for p,q € {+, —}, that yield a decomposition of
Tp, similar to (5.15).

Remark 5.9. In numerical implementations the series over n in (5.31) and (5.32) has to be
truncated at some N € N. In [70] the authors studied the singular value decomposition of the
linear operator that maps current densities supported in the ball Br(0) of radius R around
the origin to their radiated far field patterns and showed that for all practically relevant source
distributions the radiated far field pattern is well approximated by a vector spherical harmonics
expansion of order N 2 kR. Thus, we choose the truncation index N in the series representations
in (5.31) and (5.32) such that N 2 kR, where B (0) denotes the smallest ball around the origin
that includes the scattering object D,. We further note that the truncation at index IV yields a
discretization of Tp, denoted by 7, n, which is given by

- 44 24 o
with
(Tp, XL YY) (T, X0, Y7 h) (Tp, XN, Y1) ]
(To, X7 1Y) (T, X0, YY) " . :
E e T XN Y
(o, X Y ) (Tp, XN YY)y " (Tp, XN, YY) |

for X,Y € {A, B}. The scalar products in (5.42) are given by (5.34). A single block XY has
dimension Q' x Q' with Q' = N(N + 2), and consequently, 7, y € C?@*2Q",
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Before we continue with the computation of the Fréchet derivative of 7p,, we study the link
of the far field operator to the T-matrix. This is done in the next remark.

Remark 5.10. In the work [49] the definition and quantification of em-chirality is defined in terms
of the transition matrix 7', which is usually referred to as the T-matrix (see e.g. [98, Chap. 5]).
Let R > 0 be so large that D, C Bg(0). For an incident field E* and its corresponding scattered
field E*, we consider the representations

E'=> > ark 'curl M+ b M," inR?, (5.43a)
n=1m=—n
E° =) Y 'k 'eurl N +d)' N, in R®\ Bg(0) (5.43b)
n=1m=-n
(see e.g. [57, Eq. (2)—(6)], [98, Eq. (5.2)—(5.3), App. C]), where M, curl M and N,*, curl N,
are defined in (2.23) and (2.24), respectively. Note that in (5.43), we added the factor k=! in

front of curl M and curl N in order to correct the different scaling compared to the work
[57]. By the linearity of the scattering problem, we define the T-matrix 7" in such a way that

Ml

Here, the vectors a, b, ¢, d contain the coeflicients a;', b}, ¢}, d;'* in succession for m = —n, ..., n,
n=1,2,.... In what follows, we study the entries of T" in detail. Similar computations for the

representation of the T-matrix were done in [58]. For a scattering object D, we denote by S the
linear operator, that maps an incident field E’ to its corresponding scattered field E* outside
of D. With E!, E® from (5.43) it therefore holds that S(E’) = E®. Developing the function
S(k~tcurl M) and S(M™) as in (5.43) yields

oo n
Sk~ curl M) = > ts)m/mmk‘ curl N7’ +t512n nmN"?/ in R®\ Bgr(0), (5.44a)
n'=1m'=—n’
oo n'
S(M) =Y 13k eurl N ) N in B3\ BR(0). (5.44b)
n'=1m/'=—n/

Using these representations with E° from (5.43) and changing the order of summation gives

Z Z <k—1cur1N,g;’ (Z Z ) i + 15 nmbﬁ)

n'=lm/=—n n=1m=-n

o (Z St -t nmbﬁ>) in R*\ B(0).

n=1m=-—n

Comparing coefficients with E* in (5.43) yields that

o] n
4
= Z Z n'm’ nman +t£zzn nmbnm and dnm Z Z tnm nman +t7(12n nmbzl
n=1m=

- n=1m=-n
Thus, the entries of the T-matrix T are determined by tff,)m,mm, 1 < j < 4. For the expressions
in (5.44) we extract the far field on both sides, respectively. On the left hand sides, we obtain
the far fields corresponding to the incident field k=1 curl M™ and M™, respectively. By (5.37),
these functions are Herglotz waves as in (5.7) with densities (47i"~1)~tU™ and —(4xi") "1V,
respectively. The far field corresponding to a Herglotz wave is, by linearity, given by the far field
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operator with the corresponding density. On the right hand sides of (5.44) we use the expression
for the far field from (5.36). Then we find due to the orthogonality of U and V)" that

1 ik ' 3 ke /
tifzn/,nm = @ln n<~’T"DUZLerU1;r’L >Lf(52)7 tgz’ln’,nm = 1672 i" n+1<‘FD‘/nm7U—g’1 >L?(52)’
2 lk n—n— m m/ 4 lk ! /
t;’z’n’,nm = 1672 i 1<]:DUn 7Vn’ >Lf(52) ’ tf’b’?m’,nm = 1672 i" n<]:DV"m’ anl >L§(52) ’

For A € L?(5?%) we use the basis representations
(o9} n o n
A= > U+ f'V," and FpA => > grUM+hIV".
n=lm=-n n=1m=-n
In the same way as above, it can be seen that

aw =3 > (FoUl Uit) paseyen + (FoVit, Uk ) pagsey I

n=1m=-—n

hy' =3 3 (FpUL Vi) pasyen + (FoVit, Vi) pagsey

n=1m=-n
Truncating all series representations at N € N, we therefore find that
ik

Th =
N 1672

YENY.

Here, T, Fy € C?%@ with Q = 2N(N + 2) denote the discretized operators T and Fp,

respectively, and ¥ € C?*? is the diagonal matrix with entries
—(=i)" 2<ji< 2

Y = ( l)n’ msjsnint )’, n=1,...,N.

—i(=)", N(N+2)+n*<j<+N(N+2)+n(n+2),

Thus, the T-matrix is obtained by applying a scaling and a unitary transformation to the far
field operator.

5.3 The shape derivative of Tp,

In the previous section we discussed the asymptotic behavior of the far field operator Fp,
corresponding to a thin tubular scattering object D, with a cross-section D;, = pD’ that possibly
rotates around the fixed spine curve, as the radius tends to 0. In this section, we fix the
radius p > 0 and discuss the Fréchet differentiability of the leading order term 7p, in the
asymptotic expansion (5.27) with respect to the center curve K and to the rotation §. We
recall the set of admissible parametrizations Uy,q from (5.24) and define the nonlinear operator
T, : Upa — HS(LZ(S?)) that maps admissible parametrizations of supports of thin nanowires
D, to the leading order term 7p, of the associated far field operator Fp, in (5.8), by

Tp(p, Vpﬁ) = TDP’ (p, vag) € Upq - (5.45)

Here, D, is a thin tubular scattering object as in (3.7). The set of admissible parametrizations
Usg in (5.24) is not a vector space, but U,q can be parametrized locally around any admissible
(P, Vpo) € Uaa with Vg = [tp(s) [ 1pa(s) |spa(s)] as follows. Suppose that 6,,d¢9 > 0 are
sufficiently small. Then, an open neighborhood of (p, Vp ) in Ua,q is given by

{(p+ h, Vp+h,9+¢>) ’ S 03([07 1]7R3)7 HhH6’3 < 5177 <f> € 02([07 ”7R)7 H(bHC2 < 69}7 (546)
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where Vpino+g = [tprn [ Tpinors | Spinors] € C2((0,1],50(3)) with

p/+h/

tyop = LT 5.47
Sp,0+¢ * tp+h
Tpihote = (tp tpin)Tpote — W(tp X tpin) = (Tpoto  tprn)tp (5.47b)
p * 'pt+h
Tpo+¢  tptrh
Sprho+e = (tp tprn)Spore + 11’+t¢7tp(tp X tpih) — (Sp.o+o - tprn)tp (5.47c)
p Upt+h
and
[Tp.6+¢|Spore] = [cos(P)rp g +sin(@)spe| —sin(p)rp e + cos(d)spe] - (5.48)

Remark 5.11. The formulas in (5.47) apply first an update of the rotation and in a second step
an update of the spine curve. It is easy to see that changing the order of these steps results in
the same overall update.

Whenever an admissible (p, Vp ) € Uaq is deformed by a sufficiently small h and ¢, we apply
the update formulas in (5.47) and (5.48). The next lemma shows that this updated frame is an
admissible frame for the curve parametrized by p + h.

Lemma 5.12. Let (p,Vpp) € Uaa and let b € C3([0,1],R3) with ||h|cs < &p and ¢ €
C2%([0,1],R) with ||p|lc2 < dg for sufficiently small 6p,89 > 0. Then, the update formulas from
(5.47), (5.48) define an admissible frame Vpyp g1¢ for the center curve parametrized by p + h.

Proof. We prove the assertion by showing that the vectors £, pn,Tpino+¢ and spip s are
normalized and pairwise orthogonal. We first note that ¢, is the tangent vector of p + h.
Moreover, for the rotated reference vector rp, g44 from (5.48), it holds that

[Tpotol® = | cos(@)rpg + sin(@)spol® = cos?(@)|rpel® + sin®(¢)[spel* = 1,

since rp and sp, are normalized and orthogonal. In the same way, it can be seen that |sp g4 = 1.
The pairwise orthogonality of t,, 7,9 and s, s immediately implies the pairwise orthogonality
of ty, 7po+e and speie. For computing |rpineie| we use that rp9.4 and t, are orthogonal,
Tpoto (tp X tpin) = —Spote - tprn together with [Ep X tpp|? =1 — (¢, - tpin)? and Parseval’s
identity. Thus, we compute

2 _ oSpo+e tptn
1+t tpin

Sp,0+¢ " tp+h
L+tp - tpin

Pprhorol” = (bp - tpin) (tp - tprn)(Tpo+o - (tp X tpin))

2
) [ty X tpinl” + (Tpors - tprn)?

Sp,0+¢ " tpth
= (b tyin)” + 225022 o) (Spavo - tpin)
P

2

Sp6+¢ " tpth

4 (PRI TPER ) (1 (b b))+ (poss - tpin)?
L+tp - tpin

= (tp- tp+h)2 + (Tpo+o - tp+h)2 + (Sp,9+¢> ) tp+h)2 =1

In a similar fashion it can be seen that |spip 64| = 1. For computing rpip 6+¢ - Sp+h,6+4 We use
the bilinearity of the dot product and the identities ¢, X rp 914 = Spo+e, Spo+e X tp = Tpo+o
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and [tp X tpin|> =1 — (tp - tpin)?. This yields

T'p+h,0+¢ " Sp+h,0+¢
tp - tpin
- ﬁ ((Tp,o+6 “ tprn) (Tpo+o - (bp X Epin)) — (Spo+e - tp+n)(Spo+o - (Ep X Epin)))
p tp

- (Sp.o+ * tp+h)(Tpo+e “ tprn)
(1 + tp ’ tp+h)2

tp X tp+h|2 + (Sp,o+¢ * tprh)(Tpote tpin)

tp - tpin
= 2 1 —|—ptp ?t h (Tpo+6 * tp+h)(Spo+e - tp+h)
P
(Spo+¢ - tp+h)(Tpo+s - tprn) (Spo+¢ - tp+h)(Tpo+6 - tprh)
- : : 1-t,-1 : : 1+t,-t
L4ty tyin ( ptprn) + T+t tyon (1+tp - tpin)

= 0.

The pairwise orthogonality of ¢, with both vectors ry1p 044 and sy p g4 follows straightfor-
wardly. O

Remark 5.13. The update formulas in (5.47) and (5.48) do not guarantee that the new frame
possesses a minimal rotation.

Before we establish the Fréchet derivative of T),, we discuss the Fréchet differentiability of
the polarization tensor M?,~y € {g, u}, with respect to the center curve K and to the rotation
6. For this, we use the explicit representation of M” from (5.26).

Theorem 5.14. The mapping M : Uaq — C([0,1],C>*3), v € {e, u}, defined by

.
MY (P, Vpo) = M;;:VP,G =VooM Vg

is Fréchet differentiable. Its Fréchet derivative at (p,Vpg) € Uaq with respect to the local
parametrization of Uaq in (5.46)—(5.48) is given by

(M. ) = C2([0,1],R%) x C*([0, 1], R) — C([0,1],C**?)
with

(Mpy, ) = Vpolh, )M Vg + VoM (Vy (R, 6)) T, (5.49)

where the matriz-valued function V;;,e(ha @) satisfies

/ _ h'- R -Tpo n -Spo h'- “Sp.o
Vp,@(ha ¢) - ’ /‘ Tp,é’ + ’ ,‘ Sp,9 - ’ /‘ P + ¢Sp9 - | /’ tp - ¢rp,6 .
Proof. Using Taylor’s theorem we find that
1
tprn = tp + W ((R"-7po) mpo+ (B -spo)spe) + O(HhH%‘Q([O,l},R?’)) (5.50)
and
Tpo+é = Tpo + PSpo + O(H¢H%‘2([O,l},R)) ) (5.51a)
Spoto = Spo — po + 0012201 ) - (5.51b)
Substituting (5.50) in (5.47), we find that
Tp+ho = Tpo — | /| (h' - 7pp) tp“‘O(HhHQC2([0,1],R3))v (5.52a)

Sp+h,0 = Sp6 — %] ,‘ (R - sp0) p+0(”h”202([0,1],11e3))- (5.52b)
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Thus, the partial derivatives

OpVpo(h) = ’ /‘ [(h Tpﬁ) Tpo + (h, : Spﬁ) spa| — (h/ : Tpﬁ) tp| — (h/ : Spﬂ) tp] , (5.53a)

Vpo(¢) = ¢[0]spo| —rpy] (5.53b)
satisfy
[Vp+ho — Vpo — apvp,e(h)HC([o’lLRSXS) <C ‘|h‘|é2([0711,R3) ) (5.54a)
va,9+¢> — Voo — OV, ,0<¢)HC([0,1},RBXS) <C H¢H%‘2([0,1},R) : (5.54b)
Accordingly, we find that
va+h,9+¢ = Vpo — Vp o(h Hc ([0,1],R3%3)
< Vptnots — Vprno — aﬁVpﬂ( Neo,r3x3) + 1Vprno = Voo — 0pVpa(h)ll oo 1 rox)

< ||Vp+h 0+¢ — Vp+h 0~ 89Vp+h,6?( )HC([071]’R3><3) + ”89Vp+h,9(¢) — 0V, ,6(¢)HC([O71},RSXS)
+ ||Vp+h9 -0 Vp 6’( )”C’([071]7R3x3) .

Due to (5.54), the first and the third term on the right hand side can be estimated by
HhHQC,Q([O’l]ng) + H(Z)H%Q([OJLR). For the second term, we note from (5.53) and (5.52), that

o
10V sn0(0) = 0Vi0 Dl sy = |7 01 oyt (0 Spopty)
C([0,1],R3%3)

+C ||hlIg2 0.1y )
< Cllellez (o my 1Plloz o1z + C 1RG04 29
< C(IRllZ2 o1 r2) + 1011 22(0,1)1))-

The Fréchet differentiability of the polarization tensor and (5.49) are now a consequence of the
product rule. O

In the next theorem we establish the Fréchet derivative of T}, at (p, Vp ) € Uad.

Theorem 5.15. The nonlinear map T, from (5.45) is Fréchet differentiable from Uyq to
HS(L?(S?)). The Fréchet derivative at (p,Vpyg) € Uaa with respect to the local parametrization
of Unq in (5.46)-(5.48) is given by T)[p, Vpe] : C3([0,1],R?) x C2([0,1],R) — HS(LF(S?)) with

T,[p, Vpol(h, ¢)
4 4
= (kp)?|D'|((er Z ol(h, @) + (= 1) YTy, Vol (R, 6)), (5.55)
where, for any A € L3(S?),

(T o Vool (e 6) A)@) = — [ k(& R B, 20, BIAIG)P dt, (5560

I
S~~~

(Tye2lp, Vpol(h. 9)) A)(2) TP P, S(M ) (B, @) ET[Al(p) P dt, (5.56b)

1 .
e REPp, M2 | (EU[A]) [, Vool (h,6) [P'] dt,  (5.56¢)

! —ikz-p € i p/ R
€ ]P)3,a:\Mp,Vp’g E [A](p) ‘p/|

((Tp/,e,S [pv Vp,@] (h” ¢)) A) (&:\)

(Tycalp. Vpol(h. 9))A)(2) = dt (5.56d)
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and

1 L~ —
(T, [P, Vpol(h, 9)) A)(2) = —/0 ik(Z - h)e "P(z x I3)My . HI[A](p)lp| dt,  (5.57a)

(T lp. Vool (e 0) A) @) = [ 0@ x 1)y, ) () EE AR, (55
(T),.5[P, Vool (h, 0) A)(3) = /0 LR X T, (FT(A] [p, Vo, )] dt, (5570
PN

dt . 5.57d
|p'| ( )

1 o~ —
(T} sl Vil (h, 0) A)(@) = [ e7557(@ 1) M, | HY(AL(p)

Here, we used the notation Py ~ = (Z x I3) X Z and /ITZ[A] = 1 curl E‘[A] for abbreviation.

Proof. Let (p, Vpg) € Uaq. Further, let §p, 09 > 0 be such that the open neighborhood of (p, Vp4)
as in (5.46) is well-defined. We have to show that

HTP (p + h, Vp+h,9+¢>) - Tp (p7 Vp,9) - Tp/[ >Vp,0](hv ¢>HHS =0 (H(hv ¢)HC3><CQ) (5'58>

as ||(k, @)l caxc2 — 0. Here,

(R, W)l sxce = (1RIIGsqo1re) + 16182012

Using (5.25), (5.55)-(5.57) and (5.7), the Hilbert-Schmidt operators T, (p + h, Vpih.6+4),
T, (p, Vp,e) and T,[p, V}, o] (h, ¢) can be written as integral operators such that for any A € L3(5?),

(T, (P + h, Vprnore)A) (Z) = / Kpino+e(®,¢)A(C) ds((), (5.59)
(T, (p. V) )= [, Kno@.OA) ds(c). (5.59b)
(TP Vool ) A) @) = [ K} of@. QA ds(C). (5.5%)

with smooth kernels K ip.0+4, Kpo and K, 5 4 in L?(S8? x §2,C3*3). In detail, we find that
Kpp from (5.59b) is given by

Kpal@.¢) = (koI ( [ ~(ur = e (@ x Tt Y ds(y)C x

/K (er — e MoU((@ x T) x Z)ME,y, o< ds(y)) |

The representation of Kpip g+4(Z,¢) from (5.59a) is obtained by replacing p and Vp, 9 by p+h
and Vpyh.0+¢, respectively. Moreover, K, o, , from (5.59¢) is given by

/ 4 /
Ky ono(@,€) = (kp)?|D| ( ZK;JQ”;W OCx -+ (e -1 K9 (@ )
7j=1
(5.60)
with
/ 1 o~ .
Kyh s (3.€) = /O —ik(@ - h(t)e PO (@ x I)ME PO (0] dt (5.61a)
/ 1 o~ )
KO (#.¢) = /0 ez P(l) (g ><Hg)(ngpﬁ)’elkC'P(t)yp’(t)| dt | (5.61b)
(GINTRRPN ! —ikz-p(t) I h(t))elkCPE) | d 1
Kpono (@0 = | e ( x I3)My k(¢ - h(t))e p'(t)] dt, (5.61c)
1 L~ /
K (@,.¢) = / o PO (3 Hg)MZVpe ok P(“W dt (5.61d)
I lly 0 ’ )
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and
KW (@0 = /0 1 (t)e FEPO (& x I3) x B)ME, . e PO|p/(t)] dt,  (5.62a)
K @.C) = /01 eTHEPO(3 x Ty) x &) (M, )€ PO p!(1)] dt, (5.62b)
K5 /Ole“’”“’(“ (@ x 1) x @)M5,y ,ik(C - h(0)e* PO/ (1) dt,  (5.62c)
Kﬁ;’i,g(@@ = /0 o kEPO (2 x I3) x Z)MES, ., P“)W at. (5.62d)

In what follows, we denote by K% the ith row of the kernel K. Using the complete orthonormal
system of vector spherical harmonics from (2.16), we obtain that

2
HT (p+h, Vp+h9+¢>) -7, (p, Vpﬁ) _T;;[ ’Vp,G](ha¢)||Hs

= Z Z (T, (0 + B, Vit no+6) = Ty (. Vi) = Ty, Vol (b ) Ui [ 2 s,

n=1m=-—n

(T, (2 + by Vornosg) = Tp (0, Vo) = Thlp, Vi) (B 0) Vi [ 2 5202

o0 n

= L3 3 (| L nnans — Kpo ~ Ky ) €207 @) ds(@)

n=1m=-—n

2

2) as(¢)

2

] [ Bpenas = K= ,00,0)(€. 8V (@) ds(@)
00 n 3
-LE X3

n=lm=—-ni1

1<’< Vinore — Kyo = K'pong) (¢, T >(L2(52))

2) as(¢)

, 1t vm
’<(Kp+h9+¢ Ko~ K'pone) (¢), Vi >(L2(52))3

3
7, 2

= /32 ZH(KP-Fh,G-&-(b B Kp@ K/pe ih ¢>) (¢, ')H(L2(s2))3 ds(¢)

= Jo S2H pmits = Kpo = Kpono) (G 2)| . ds(@) ds(C).

Here, |- || 7 denotes the Frobenius norm on C3**3. The inequality in the computation above arises
since the rows in the kernels are not tangential. In the same way as in the proof of Theorem 4.4,
i.e. by applying Taylor’s theorem as in (4.16a) and (4.16b) and by using Theorem 5.14, we find
by using (5.60) - (5.62) that

|(Kpsno+o — Kpo — Kpong) (€ D) o < C (R d) G5 co -
This implies (5.58). O

In Lemma 5.7 we gave an explicit representation of the operator Tp, in terms of the cir-
cularly polarized vector spherical harmonics A" and B, m = —n,...,m, n = 1,2,..., from
(5.28). In the following remark we establish a similar representation for the Fréchet derivative

T,[p, Vpol(h, ¢).
Remark 5.16. Let A € L?(S?) with

o0 n

A=Y (arAT+uBY) .

n=1m=-n
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Then, we find that

(TP Vool (h,9))A = > > (AT +di'BY) . (5.63)
n=1m=-—n
with
=3 3 (@ ((@lp. Vool (h, ) AT AT
n'=1lm/=—n’'
+ 5 (Ty1p, Vol (B, 0)) B L AT) 1252, ) + (5.64a)
G= X Y (TR Vol ) AT B s
=1lm/=—n

+ 50 (Tylp, Vool (B, 0)) B BiY) (52, ) - (5.64D)

The inner products in (5.64) can be evaluated explicitly using (5.56)-(5.57), the identities (5.38),
(5.39), (5.40) and the terms

(E'[AT) (z) = V8ri"™H (P (), (5.65a)
(B'B;) (x) = —VBri" ™1 (@) (), (5.65D)
(curl E'[AT)) (z) = v8rki"™ (P (x), (5.65¢)
(curl E'[B™) () = V8rki" 1 (QT) () (5.65d)
and
= —iky-x myz =17 my g |
(ik (& - h) e 0% (5 x 1) x §) AT (@) o g0y = VEr(-)"(BP) @h . (5.66a)
N —iky-z (= -~ m(= =17 AmN TR
(i (@ 1) 77 (G xTy) x 8). By (@) yyse) = VBTN @ @A L (5.660)
= —i o NP (2 h
(i (@ h) e 0% (5 x Tg), AT <y>>L2(Sg) = VER(-i)" (P @h (5.660)
(ik (2 - h) e HV® (5 x T), (@) 12(52) = V8 (=) (Qm) (z)h . (5.66d)
Explicit formulas for the derivatives (P) and (Q")’ of the circularly polarized spherical vector
wave functions (P)") and (Q)'), m = —n,...,n, n = 1,2,..., from (5.29) can be found in
Appendix D.

Remark 5.17. As for T, we choose the maximal degree of vector spherical harmonics N € N in
such a way that N 2 kR, where Br(0) denotes the smallest ball around the origin that includes
the scattering object D, (see Remark 5.9). This gives a discretization of the Fréchet derivative
T, n =T, n[P: Vpol(h, ¢), which is given by

(AA) (BA)’] (5.67)

with
(T NXl 7Y1 > <T/NX Y, ) ......................... (T;’ng’yl—lf
<T/NX1 aYl> (T,NX YY) .
(XY) = : : (5.68)
o o '<T/ XN’YN71>
T/ X—l N T/ XN—l YN 5’715\[ ;N ;V'N
(TN XTL YR (T XN LYY (T XN, YY)
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for X, Y € {A, B}. The scalar products in (5.68) are explicitly given by combining (5.55)-(5.57)
with (5.65) and (5.66). A single block (XY')" has dimension @’ x Q" with Q' = N(N + 2) and
consequently, T, € C2Q'x2Q"

5.4 Remarks on the implementation

We discuss the implementation of the discretized operators TA y from (5.67). The matrix 7, n
from (5.41) can be implemented by using the same techniques. Considering the structure of
T, \ shows that the matrix consists of four blocks (XY) for X,Y € {A, B}, where A™
and B denote the circularly polarized vector spherical harmonics from (5.28). The block
(XY)' corresponds to evaluations of (5.55) using the incoming field E‘{X™], m = —n,...,n,
n =1,2,..., together with the field Yn”?/ in the scalar product, where m’ = —n/,...,n/, n' =

1,2,.... Moreover, the block (XY')’ can be split up via
(XY) = (XY); + (XY),,

where (XY)] results from the e-terms and (XY, results from the p-terms in (5.55). Once
more, these blocks can be split up into 4 blocks, respectively, using the terms from (5.56) and
(5.57). This gives that

4
(XY); =Y (XY)), forj=1,2.
(=1

The entries of the matrix (X Y);yg, j = 1,2, consist of a scalar product of the integrals in (5.56)
and (5.57), together with circularly polarized vector spherical harmonics. A single integral term
consists of four parts. Disregarding derivatives, these four parts are a scalar product term S, a
polarization tensor P, an incoming field Z and the norm of the derivative of the parametrization.
For discretizing curves and applying the composite Simpson’s rule for approximating integrals we
refer to Remark 3.28. In the following we recall this approach. We use n € N points to represent
the curves by a cubic spline with the not-a-knot condition at the end points. For a partition
A as in (3.125), we define the corresponding cubic not-a-knot spline by pa. To compute the
integrals in (5.56) and (5.57) we further define the odd number M € N, M > 3, and discretize
each interval [t;,¢;41] defined by the partition (3.125) in M equidistant points, including the end
points. Loosely speaking, the number n determines the accuracy of the discretized curve, M on
the other hand determines the accuracy of the quadrature formula, which we use to approximate
the integrals. Altogether, to evaluate an integral from (5.56) or (5.57), we take the weighted
sum over T'= (n — 1)(M — 1) 4+ 1 non-repeating points. We arrange these points on the spline
in the order, in which they are passed through as we go from the start to the end of the spline
and denote the points by @, = pa(t;) for 7 = 1,...,T. This means that the first point of the
spline, which is denoted by x; = x| is the start of the spline, xp = (™ on the other hand,
corresponds to the end. In what follows, we consider the implementation of a single (X Y);-j
in detail. We abbreviate by S,P and Z the functions corresponding to the scalar product, the
polarization tensor and the incoming field, respectively. In our implementation, we handle these
functions as tensors

S e CQ><3><T Pc (C3><3><T T e C3><Q><T'

Here, the number Q = N(N +2) is the total number of entire wave field functions in each block.
We define the mapping

B
% Raxﬁx'y > Rﬁxéxy N Raxéx'y, (A*B>ijk — Zaizkszk7

z=1
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Figure 5.3: Sketch of the structure of the blocks §,P and Z that are required to implement
the matrix (AB)’M. The third dimension T" corresponds to the number of points, including the
quadrature points, that represent the cubic spline.

which is the usual matrix product along every slice in the third dimension. Combining the
weights of the quadrature formula from Remark 3.28 with the norm of the derivative in the
vector W gives that an integral in (5.56) or (5.57) can be approximated blockwise by

T
S W(r)(S*xP+1I)

=1

i fori,j=1,...,Q.
For a better overview about the structure of S,P and Z we consider the sketch in Figure 5.3,
where we visualized the assignment of the blocks S, Z for the matrix (AB )31 For this example,

as we have to evaluate the entries ((T), . [p, Vpol(h, P)A™ B™) for m = —n,...,n, n =
1,2,...,and m' = —n/,...,n', n' =1,2,... according to (5.66b) and (5.38a), we define

S(q.:,7) = —VBr (=" Q) @)k, Pleir) = Moy, (20), I(.q,7) = VB P (a,),

where ¢ = n(n + 1) + m.

5.5 The BFGS scheme for the regularized optimization problem

In the last sections the quantification of em-chirality for a scatterer D, as in (3.7) based on
the leading order term of the asymptotic perturbation formula is discussed (see Lemma 5.7).
Moreover, the shape derivative of the curve and rotation to leading order term map is established
(see Theorem 5.15). Now, we combine these results to construct a BFGS method for an efficient
shape optimization. As for the reconstruction algorithm in Chapter 4, we emphasize that the
optimization scheme does not require a single Maxwell system to be solved.

We develop a shape optimization scheme to determine dielectric and metallic thin tubular
scattering objects D, as in (3.7) that exhibit comparatively large measures of em-chirality xng at
a given frequency. In addition to the frequency, we also fix the material parameters €., i, and the
length |K| of the center curve K of D, before we start the optimization process. Furthermore,
we assume that the radius p > 0 of the cross-section D;, = pD’ is sufficiently small with respect
to the wavelength of the incident fields, such that the leading order term T, of the asymptotic
expansion (5.45) gives a good approximation of the far field operator Fp, (see also Section 3.5).
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Combining (5.19) with (5.22) gives that the smooth relaxation xug of the chirality measure
X2 satisfies

xus(9) < [Gllys  for any G € HS(LF(S%)).

Accordingly, recalling the definition of the nonlinear operator T}, in (5.45), we normalize the
smooth relaxiation ypg and consider the bounded objective functional Jyg : Uaq — [0, 1], which
is given by

~xas (Tp(pr, Vpo))

Jus(pr,0) = : (5.69)
HTp(pF7 Vpﬁ)”]{g
Furthermore, we introduce the relative chirality measure
T V
Jo(pr,6) = X2ToPr. Vo)) (5.70)

B HT,O(pF,Vp,@)HHs7

which uses the original chirality measure s from (5.18) instead of xypg. Both functionals, J; and
Jus attain their maximal value 1 for a maximally em-chiral nanowire and their minimal value 0
for an em-achiral object. Since J is not differentiable and hence less suitable for a gradient based
optimization, we focus on maximizing the nonlinear functional Jyg in the following. Accordingly,
the optimization problem is to

find argmin (—Jus(p, Vpy)) subjectto |K| =L (5.71)

(P,Vp,0)EUaq

at some prescribed frequency fopt, for some fixed rescaled cross-section D' = D’p /p C Bi(0) C
R?, and for some prescribed length L > 0 of the thin tubular object. In all our numerical
experiments, we present the values of Jy for comparison (e.g. with the results from [62]).
Remark 5.18. It is important to observe that for A € L7(S?) the electric far field pattern 7p, A
from (5.25) is homogeneous with respect to the squared radius p? of the cross-section D;) = pD’
of the support of the thin nanowire. Thus, the same is true for x2(T,(p, Vps)), xus(Tp(p, Vpo))
and [|T,(p, Vpo)llys With (p,Vpe) € Uaq. In particular, the rescaled em-chirality measures
Jo(p, Vp o) and Jus(p, Vpp) from (5.70) and (5.69) are independent of p. This means that the
specific value of p does not affect the result of the optimization procedure considered below.
However, in order for the leading order term 7p, in (5.25) to be an acceptable approximation
of Fp,, the radius p of the cross-section D;) of the thin nanowire has to be sufficiently small.

It has been shown in [72, Lem. 5.15] that the smooth relaxation xpg is differentiable on

X = {G e HS(ZX(S?) | xus (G) # 0 and [ GP]lys > 0, p.g € {+.-}}. (5.72)
We derive the Fréchet derivative in the next lemma.

Lemma 5.19. For a given G € X, the Fréchet derivative of xus from (5.21) is given by
(xus)' [G] : HS (L2(S?)) — R with

GPa
Re(G, H)us — Xop gef+,—) Re(G, 7—[1"1>st

xus(9) 7

where p = —p and § = —q. Accordingly, the Fréchet derivative of the objective functional Jys
satisfies

(xus)' 91 H = (5.73)

(xus)' [T,(p, Voo |(T)[p, Vpol(h, 9))
”Tp(pv Vp,G)HHs
_ XHS (Tp(p, Vo)) Re(T,(p, Vpo), T,; [P, Vpol(h, ¢)>HS
HTp(pv Vp,G)HSHs

where Tlﬁ[p, Vp.o](h, @) denotes the Fréchet derivative of the operator T, at (p,Vpg) € Uaq from
(5.63).

JﬁS [p7 Vpﬂ] (h’a ¢) =

. (5.74)
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Proof. The Fréchet derivative of the map Xo: X — R, Xo(G) = ||G||%g is given by
X)[G] : HS(LZ(S?) = R, X}[GIH = 2Re(G, H)us, (5.75)

since the space HS (L7(S?)) is a Hilbert space. Moreover, we recall that the operators GP¢ for
p,q € {+,—} are given by GP? = PPGP? (see (5.15) and (5.11)). Hence, it can be seen in the
same way that the Fréchet derivative of the map X,q : X — R, X,4(G) = ||GP9||}g is given by

X,,[G] - HS(L7(S%)) = R, X/ [G]H = 2Re(GM, H g . (5.76)

We use the chain and the product rule and find that the Fréchet derivative of xyg is given by

1 Xpgl9IH 1
() 101 = (oo -2 30 SIS (@) )
2xus(9) ’ p}qe{z;ﬁ} 2(Xpq(9))"/2 e
where p = —p and § = —¢q. Using (5.75) and (5.76) implies the representation in (5.73).
The Fréchet derivative of Jyg in (5.74) is obtained by applying the chain and product rule, as
before. =

Before we establish the optimization scheme we study a simple example to varify the correct-
ness of the shape derivative from (5.74) numerically and to provide an insight of the functionals
Ja from (5.70) and Jyg from (5.69).

Example 5.20. Let the frequency be given by f = 700THz, i.e., the exterior wavelength is
A = 428nm. We consider a family of thin metallic nanowires with a circular cross-section and
center curves given by the parametrizations p = (py,pa,p3) | with

pi(s) = Rcos(4ms), pa(s) = Rsin(4ns), ps(s) = hs —g for s € [0,1], (5.77)

where the radius of the cross-section is given by p = 4nm. At first, we consider the material
parameter for silver, which, by [83], is given by &, = —5.94 + 0.20i (see also Figure 2.1). In
(5.77), we study a fixed exterior radius R = 30nm and variable height h € [100,600jnm. Since
h is variable, we denote the corresponding parametrizations from (5.77) by pp. Using Jyg from
(5.69), we define the operator

XHS,l : [100,600] — [0, 1], XHs’l(h) = JHS(ph), (5.78)

which maps the height of the helix parametrized by (5.77) to the values of the relative smooth
relaxation. We suppress the dependency on the twist function # in the definition (5.78) since
we consider a circular cross-section for the nanowire and thus, rotations of the cross-section do
not change the tubular scatterer. By the chain rule, the derivative of Xyg 1 is given by

Xis1(h) = Jis[pr](Onpn) , (5.79)

where Jyg is defined in (5.74) and Oppy, is given by the curve with the parametrization

1
Onpr(s) = 0, Owpna2(s) = 0, Oppna(s) = s— 3 for s € [0,1].

Note that Oppy, replaces h in (5.74). For h; = 100 + 1/2j, j = 1,...,1000, we evaluate the
functional Xyg; from (5.78). Moreover, we study the functional X5, which is defined as
in (5.78) with Jyg replaced by J from (5.70), where we used the maximal degree of vector
spherical harmonics N = 5. One the one hand, we study the derivative of Xyg; as in (5.79) for
hj, j =1,...,1000. On the other hand, we apply finite differences to Xys 1. We find the result
of this simulation in the top-row of Figure 5.4. In the top-left plot we find a visualization of
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Figure 5.4: Numerical results from Example 5.20. Top-row: Numerical examples corresponding
to the silver helix. The top-left plot visualizes the helices having the radius R = 30nm and a
variable height. The top-middle and top-right plots show the functions X2 1, Xns 1 and XI,{s,p
respectively. Bottom-row: Numerical examples corresponding to the gold helix. The bottom-left
plot visualizes the helices having the height R = 200nm and a variable radius. The bottom-
middle and bottom-right plots show the functions X5 o2, Xpg 2 and XI,{S,27 respectively.

the families of thin tubular silver scatterers, which have a fixed exterior radius R, a fixed wire
radius p and a variable height h. In the top-middle plot we find both functions X2 ; and Xyg 1.
The top-right plot features the derivative of Xpg 1. We find that the function Xyg; vanishes
near h = 257nm although X5 does not vanish. Moreover, Xyg 1 is seen to be non-smooth at
this point. Note that this does not contradict the smoothness of xpgg in X from (5.72). In the
top-right plot we find a jump of the derivative at this point. Excluding this jump point in the
comparison of Xjig, from (5.79) with finite differences gives a relative error of 0.004%.

We return to the parametrization of the double turn helix in (5.77) and consider a second
example. Now we use the material parameter corresponding to gold from [83], which is given by
gr = —1.69 + 5.66i. We fix the height of the helix to be h = 200nm and choose the radius R to
be variable in the range R € [10,250|nm. We study the functions Xyg 2, X9 : [10,250] — [0, 1],
which differ from Xpg 1, X2 insofar as they map the radius (instead of the height) to the
parametrization in (5.77). The results are shown in the bottom-row of Figure 5.4. We observe
again, that there are two points (around R = 23nm and R = 79nm) for which Xys 2 vanishes
and the derivative jumps. Excluding both jump points in the comparison of XI’{S’2 with finite
differences gives a relative error of 0.21%.

In what follows we rewrite the optimization problem (5.71) as an unconstrained optimization
problem and apply a quasi-Newton method to approximate a (local) minimizer. As before, we
consider the partition

A={0=t <ty<---t, =1} C[0,1].
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We denote by Sa and (Sa)? the space of one-dimensional and three-dimensional cubic not-a-
knot splines with respect to this partition, respectively (see also Remark 3.28).

To evaluate local minimizers of the constrained optimization problem (5.71), we approximate
the latter by an unconstrained optimization problem, where we include the length constraint
|K| = L via the penalty term

n—1 2

Uy Uqg — R, \Ill(p> Vp,@) = Z
j:

1 1 [ti+r
n—1 L

p/(1)] dt (5.80)

Besides enforcing the length constraint, this term will also promote uniformly distributed nodes
along the spline representing the spine curve during the optimization process.
We use two further regularization terms to stabilize the optimization. The functional

U iUha SR, Ua(p, Vo) = 7 / ()] dt, (5.81)
where & is the curvature of K parametrized by p given by

RO xp0 1 P PP,
0= Tper . - pollpol - wer P

prevents the optimal nanowire from being too strongly entangled. Similarly, the term

, tel0,1], (5.82)

1 1
VoiUa 2R, WalpVeo) = [ ORI, (5.83)

where (3 is the twist rate of the geometry adapted frame (tp,7p4,5p¢) parametrized by (p, Vp )
given by

/B(t) - rp,@(t) ’ SP,@(t)v te [O) 1] ) (584)

penalizes strong twisting of the cross-section of the optimal nanowire along its spine curve.

Adding a1V, asW¥s, and agW¥s with some suitable regularization parameters aq, as, ag > 0
to the objective functional in (5.71), we obtain the regularized objective functional ® : Up,q — R
given by

q)(p’ Vp,@) = _JHS (p7 Vp,9) + alqjl(p7 Vp,e) + 042\112(19, Vp,@) + 043\1’3(17, Vp,@) . (585)
Accordingly, we consider the unconstrained optimization problem

find argmin ®(p, Vp ). (5.86)
(pvvp,e)euad

Below we apply a quasi-Newton scheme to solve a finite dimensional approximation of (5.86)
numerically. In the next lemma we collect the Fréchet derivatives of the penalty terms Wy, Wy,
and W3, which are required by this algorithm.

Lemma 5.21. The penalty terms Uy, s, and V3 from (5.80)—(5.83) are Fréchet differentiable.
Their Fréchet derivatives at (p,Vpg) € Uag with respect to the local parametrization of Usq in
(5.46)—(5.48) are given by V) [p, Vpel : C3([0,1],R3) x C2([0,1],R) — R with?

) n—1 tit1 p/ . h/ L tit1
U p, Vo ol(h, d) = 9,01 [p, Vyol(h) = —— (/ dt)( —/ ’dt),
1[p p,@]( (b) D 1[p P,e]( ) L2 j_zl ¢ |p/’ n—1 ¢ ’p‘
(5.87)

3We corrected a 1/L term that was missing in the original publication [50].



122 Chapter 5. Shape optimization for thin em-chiral structures

by Wh[p, Vol : C3([0,1],R3) x C2([0,1],R) — R with

P PP R)
Uh[p, Vpol(h = Op¥a[p, / ( -3
ol ol(h, @) = 2[P; Vpo -1 I IgE
p -h” p "R (p 'p//) p/~h/ p/.p// 2
_2( T ) 150 ‘;(,’7 ) )at. 89

and by Wi[p,V, o] : C3([0,1],R3) x C%([0,1],R) — R with*

\Ilé[pa Vpﬂ](h’a ¢) = 81)\1!3[297 Vp,@](h‘) + 89\113[1)) Vp,a](¢) )

where
1 1
%Wm%%ﬂww==LL(—%%ﬁswﬂm%awx¢ﬂ¢m+aﬂmmm%-%m>
'R
+ (Irp,@ Sp,9)2 p| /‘ ) dt7 (5 89&)
2 ! !/ / /
OpVslp, Vpol(9) = T /0 (Tpo - Spo)d'|p'| dt. (5.89D)

Proof. The penalty term ¢ in (5.80) is given by

n—1 2 1 1 t;
~ . ~ J+1 /
Uy (p,V, ) = Z ‘\Ifl(p, Vpﬁ)‘ with lI’l(pa Vp,@) = n—1 - Z \ |p‘ di.
j=1 J

Therefore, the Fréchet derivative of Wy is given by

n—1

Ui [p, Vpol(h,¢) = 2> Wi[p, Vpol(h, 8)T1(p, Vo). (5.90)
j=1

Using Taylor’s theorem as in (4.28) shows that

- +1 pl - h’
U [p, Vol (h & /
il "L /|

and thus, the representation of Wi[p, Vj¢|(h, ) as in (5.87) follows by (5.90). For ¥, we use
the second representation of the curvature « in (5.82) and find that

1 1 _ - ] - p// (p/ .p//)p/
Wa(p, Vpo) = f/o Vo (p, Vpo) - Va(p, Vpe) dt  with Wa(p,Vpp) = DR

Therefore,

1 _ ~
Wolp. Vyol(h o) = 7 [ Bl Viol(h,6) - a(p, Vi) . (5:91)

We use Taylor’s theorem as in (4.27) and find that
p// + h// ((p/ + h/) . (p// + h//))<p/ + h/)
lp/ + R[3/2 o p/ + W|7/2
1 7(19/ ) h,) / /
(@) W) (= s ) o )

*We corrected errors in 8,W¥3[p, Vp.o] that appear in the original publication [50].

Us(p + h, Vpihotro) =
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1 3 p/ . h/
+ (" +h) 872 ( / 7/2) +O(|[Rllcso,1r2)
P 2lp|

/ N /
. ron ’on rn p 7(p -h )p h
— (@) + OB+ (R p»Qﬁwz—,ﬂwm PRIeE

p// h// 3(p/ . hl)p//
+ p/ 32 + /32 - 2[p/|7/2 +O([[hllcs(o,11,8%))

p’ (p/ _p//)p/ ' 3(1?/ . h’)p” (h/ _p//)p/

CRPR TR T WPE AR [
P -h)p (P -p")h (R
+ — — + O(||h|| o3 3)) .
2/p/|11/2 lp/|7/2 p/|7/2 (IRlles(o,1.-9))

Thus,

—~
\112 [p7 Vp,@](h’a ¢)
h// 3(p/ . h/)p/l 7(p/ . p//)(p/ . h/)p/ B (p/ 'p//)h/ B (p/ . h//)p/ B (h/ ‘p//)p/

:|p’\3/2_ 2/p/[7/2 + 2[p/|11/2 p/|7/2 p/|7/2 /|72

The representation of W[p,Vpgl(h,¢) as in (5.88) now follows by (5.91). For W3 we first
consider variations with respect to p. Using (5.52) and that t,,7p¢,sp¢ are normalized and
pairwise orthogonal, we find that
1
1P|
1
(800 = o8- sp0)ty) + OBl oo 20)

(h/ . Spye)(’l“, 0" tp) (h/ T 79)(15/ - S 79)
= Tho S o T OURleuR)-

! 1
Torho Sprho = (r;,ﬁ - ( ) (R - Tpo)ty — W((h, “Tp0) tp + (A - Tpﬁ)%))

With 8 =1, -spg as in (5.84) we therefore find that

2 / / / / /
81)/32 = 2(0pB)B = _W((h : Spﬁ)("p,@ tp) + (b rpﬁ)(tp : Spﬁ))("p,e “Spo),

what yields that

8p(52|p/|) = —2((h'- Spﬁ)(r;,e “tp) + (A "”pﬁ)(t;) : SP,Q))(T;),H “Spg) + (T';;,e X

This implies the representation in (5.89a). The formula for the derivative in (5.89b) follows by
using (5.51a) and again, by the fact that t,, 7, g, sp ¢ are normalized and pairwise orthogonal. [

We apply a BFGS scheme with an inexact Armijo-type line search and a cautious update
rule as described in [94] to approximate a local solution to (5.86). We start with an initial
approximation for the spine curve of the nanowire and for the geometry adapted frame. As in
Section 4.2, let Pa denote the space of all three-dimensional cubic not-a-knot splines. Further-
more, denote by Sa the space of all one-dimensional cubic not-a-knot splines. Let p(® € P be
a three-dimensional cubic not-a-knot spline describing the initial guess for the spine curve. Ac-
cordingly, we compute a rotation minimizing frame (tp(o) T p(0) sp<o>) along this spline using the
double reflection method from [121]. Then we choose a one-dimensional cubic not-a-knot spline
0 e Sx that describes the rotation function of the initial guess for the geometry adapted frame
(tp(o) s Tp(0) 9(0) sp(o)ﬂ(o)) as in (5.23). A visualization of p(®) with Tp0) and 7,0 g, respectively,
is found in Figure 5.5. As before, we write Vi gy = [tp(o) |rp(o>79(0) ‘Sp(o)ﬂ(o)]. We store the
coordinates of the knots of p(©) and 0¥ in a vector Z € R*", where the first 3n components are
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Figure 5.5: Visualization of the creation of the initial curve. Left: The initial cubic spline p©®
together with the reference vectors 7, from the double reflection method. Right: The initial

cubic spline p(® together with the geometry adapted reference vector T(0) 9(0) -

associated to p{@o} = p(¥) and the last n components correspond to #{Zy} = 6. The vector
Z¢ is the initial guess for the BEGS-scheme. Let Z, € R*" denote the ¢-th iterate of the BEGS-
scheme. The (-th spine curve p¥) = p{Z¢} € P is the three-dimensional cubic not-a-knot spline
determined by the knots stored in the first 3n components of 2. Denoting by ) = 0{Z,} € S
the one-dimensional spline described by the knots stored in the last n components of Z, the /-th
geometry adapted frame (£,), 70 g)s Spe) gy ) is obtained from the (¢—1)-th geometry adapted
frame (,00—1), Tppe-1) gee—1), Spe—1) ge-1)) using the formulas (5.47)-(5.48) with h = pl¥) — plt=b)
and ¢ = H(Z) - 0“71). We write Vp“)ﬂ(@ = Vp’g{gg} = [tp(e) "I"p(e)ﬂ(e) |Sp(e>79(g)]. After these dis-
cretizations the minimization problem from (5.86) becomes the finite dimensional optimization
problem
find arg min ®(p{Z,}, Vpo{%,}).
T ERN

For an iterate Z, € R*", ¢ € Ny, the classical Newton’s method for unconstrained optimization
is to determine the descent direction C_ig € R*" by solving

V20 p{@}, Vpo{ @} dr = —V[p{Zs}, Vpo{Ze}] (5.92)
and to update the iterate according to
fg_;,_l = 57)5 + Zl)g . (5.93)

This procedure is simply the Newton’s method for finding roots of the function V& : R4 — R4",
Thus, it shares the same advantages and disadvantages as the classical Newton’s method that
are summarized in e.g. [42, Tab. 5.1.2]: The algorithm is g-quadratically convergent to a local
minimum Z* from a starting guess that is sufficiently close to *, if V2®[p{Z*}, Vpo{ZT*} is
nonsingular (see e.g. [42, Thm. 5.2.1]). Here q-quadratically means that there exists a constant
¢> 0 and / € N such that (%¢)en, converges to * and for all £ > 7 it holds that

o — Z7| < T - Z7P

see e.g. [42, Eq. 2.3.3]. The disadvantages are however that in each step ¢, a possibly singular
or ill-conditioned system of linear equations involving the Hessian V2®[p{#,}, V, o{Z,}] has to
be solved and that there is no guarantee for the algorithm to converge, when starting with a
starting guess that is not close to a local optimum. In particular, this means that in each step, the
full Hessian V2®[p{Z}, Vp ¢{Z,}] needs to be assembled, implying an immense computational
effort. In fact, even if the iteration in (5.92) and (5.93) converges, it is not clear whether it
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converges to a local maximum, minimum or to a saddle point as all of these points necessarily
possess a vanishing gradient. Accordingly, instead of a Newton’s method, we apply a quasi-
Newton’s method. Precisely, this will be the BFGS method with the cautious update rule from
[94]. BFGS stands for Broyden, Fletcher, Goldfarb and Shanno, who discovered the BFGS
update formula independently in 1970 (see [24, 54, 64, 114]). A quasi-Newton scheme requires
only the gradient of the objective functional and replaces the Hessian V2®[p{%,}, Vpo{#%/}]
on the left hand side of (5.92) by an approximation H, € R¥>*4" which is updated, and thus
refined, in each iteration step. Given Z,, the (¢ + 1)-th iterate of the BFGS scheme is defined
by

f@.l = Z,+ )\ggg , (5.94)

where Zi)g is a solution to the linear system
—
Hydy = =VO[p{T}, VpolTi}],

and Ay > 0 determines the stepsize, which is chosen in such a way that certain line search
conditions (e.g. the Wolfe conditions or the Armijo condition) are fulfilled. The gradient
VO[p{Z}, Vpo{Zs}] of the regularized objective functional ® from (5.85) with respect to Z,
is obtained by evaluating the Fréchet derivative of T}, from Theorem 5.15 and the Fréchet
derivatives of the penalty terms Wy, WUy, and U3 from Lemma 5.21 in (p{Z}, Vpo{%,}) in the
directions corresponding to the components of ;. The classical BFGS update formula for the
Hessian Hyyq is defined by setting

HysSH,  §0j]
H = Hy— , 5.95
tH T STHS, Yl s (5.95)
where
?g = 52_)54_1 — 52_)5, g)g = Vo [p{—fg_f_l}, ‘/;),9{_5)54—1}] - Vo [p{—fg}, V},ﬁ{ﬁ?g}] N

see e.g. [100, Alg. 6.1]. As described in [100, pp. 137], in order for the new approximation to
the Hessian from (5.95) to be positive definite, the curvature condition s - 3, > 0 needs to
be satisfied. This condition is automatically satisfied for strongly convex objective functionals.
However, there is no reason to believe that this is the case here (see Example 5.20 and Figure
5.4). As a consequence, the curvature condition s, - 3, > 0 is incorporated in the cautious
update rule from [94]. Starting with the initial guess Hy = Iy, (i.e. the first update direction
corresponds to the direction of steepest descent), we use the cautious update rule

H,s,s)H, g)[_)—r . §T§’¢ — —
Hyy = B0~ =rms, tyres UwE 2 e|Ve[p{Ze}, Voo{Ze}]|, (5.96)
Hy, otherwise .
Here, as in the classical BFGS scheme,
So = Ty — Ty, Yo = VO[p{Zri1}, Vool Zer1}] — VO[p{Z}, Vpo{@e}],  (5.97)

and € > 0 is a parameter. The update formula in (5.96) performs the regular BFGS update
if a stronger curvature condition is satisfied. Otherwise, it simply skips the update. This
ensures positive definiteness of Hy throughout the BFGS iteration. It should be noted that some
textbooks (see e.g. [100, p. 143]) do not recommend such a skip, as one might miss to capture
important curvature information for the update. Instead, an inexact line search satisfying the
Wolfe conditions

S (p{Z o+ cud}, Vpo{To + cud}) < @(p{Z 0}, Vpo{Zi}) + c1aeV O [p{E s}, Vpo{ T}

3@7
V‘I)[p{i)g + Oégc_i)g}, Vpﬁ{g[ + aga)g}} . a)g > VO [p{i)g}, Vpﬁ{fg}] d

—

Iz
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with 0 < ¢1 < ¢ < 1, or a damped BFGS update is proposed. In order to satisfy the Wolfe
conditions, each line search might require the evaluation of several Fréchet derivatives (see
e.g. [42, Alg. A6.3.1mod]), what would consume a vast amount of time. Moreover, we note
that the BFGS method with line searches that satisfy the Wolfe conditions may fail for non-
convex functions (see [37, 38]). We expect a damped BFGS method to give similar results in a
comparable amount of time, since the case, in which the second case in (5.96) is chosen, occurs
rarely.

We use an inexact Armijo-type line search to determine the stepsize Ay in (5.94). Choosing
parameters o € (0,1) and 6 € (0,1), we identify the smallest integer j = 0,1,... such that &/
satisfies

@(p{fg—l—(sj g(}, Vpﬂ{i}g—l-(sj gg}) < (D(p{fg}, Vp79{i’g})+adjV® [p{i)g}, Vp,e{gﬁ}} 'El)g . (5.98)

Then, we set A, = 6. We note that the update of Hy in (5.96) together with (5.98) is a
modification of the BFGS method. The global convergence result in [94] cannot be applied here,
since the level sets

Q = (@ € R [ 0(p(F}, Vpol@)) < B(p(F0}, VpolTo})

are not bounded: As described in [15], translations of the center curve do not change the chirality
measure. Also, they do not change the values of the penalty terms. In our numerical examples,
we did not encounter any non-convergence when all the spline curves p'¥ stayed within a ball
of radius R with kR < N (see Remark 5.9). In all examples, that we consider later, this
is automatically fulfilled, when we choose the maximal degree of spherical harmonics N to be
sufficiently large. In our numerical examples in the next chapter, we use the parameters e = 1075,
oc=10"*and 6 = 0.9 in (5.96) and (5.98). We approximate all line integrals over K (i.e. over
the parameter range [0, 1]) using a composite Simpson rule with M = 2m + 1 nodes on each
subinterval (see also Remark 3.28). We stop the BFGS iteration when |Z ;1 — ®,|/|Z,| < 107%.
In Algorithm 2 we describe the scheme that is used to design highly em-chiral objects.

5.6 Highly em-chiral thin tubular scatterers

In this chapter we present numerical examples from the previously described Algorithm 2 for
finding highly em-chiral thin tubular scattering objects. We distinguish between three cases
for our examples. In our first series of examples, we consider dielectric scattering objects with
gr > 1, ur = 1. Secondly, we consider the case, where ¢, = u,. This property implies duality
symmetry, i.e. the components .7:;5; and ]:Bj in the decomposition of the far field operator
from (5.15) vanish (see also Remark 5.5). For the third type of examples, we study shape
optimization for metallic nanowires. Here, we focus on silver and gold and consider frequencies
corresponding to the optical spectrum. In this situation, scattering is modeled with material
parameters ¢, € C with Im(e,) > 0, Re(e,) < 0 and u, = 1. As already pointed out in
Remark 5.18, the scaling parameter p > 0 that determines the thickness of the thin scatterer D,
does not affect the outcome of the shape optimization. Accordingly, the results that we present
in this section are valid for any p > 0 that is small enough such that the leading order term 7p,
in (5.25) constitutes an acceptable approximation of the far field operator Fp ,- In Section 3.5 we

compared the leading order term of the perturbation formula Ego for circular cross-sections with
radius p with a reference solution that has been computed using the C4++ boundary element
library Bempp [115] for a whole range of values for p. In the dielectric case (see Figure 3.4)
the study suggests that EEO is an accurate approximation to E7° within a relative error of
less than 5% when the radius of the thin tube D, is less than 1.5% of the wavelength of the
incident field, i.e., when kp < 0.1. For metallic scattering objects however (see Figure 3.5), the
condition kp = 0.1 is expected to lead to approximations that possess a relative error around
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Algorithm 2 Optimization of thin tubes with elliptical cross-sections

1: Choose &, u, and k. > scattering problem parameters

Define n € N and an initial spline p(© by the nodes ™),... (™. Denote by
Zop € R3™ the vector containing (M, ... (™ in succession.
Set M € N as the number of intermediate points in each line segment.

: Choose the semi-axis lengths a > b for the elliptical cross-section.

5: Perform the double reflection method from [121] to generate an approximation to

10:
11:
12:

13:

14:
15:
16:
17:

18:
19:
20:

21:
22:

23:

24:

25:

a RMF on all points including the intermediate points.
Define a spline (%) by the nodes 61, . . ., 6,, and rotate the frame according to (5.23).
Denote by %9 € R" the zero vector (the rotation is included in the frame).
Set Z € R*" as the vector defined by concatenating fo,p and 5)0,9.
> initial tube defined

Choose N € N satisfying kR < N, where R > 0 such that Br(0) includes the
initial tube.
Initialize regularization parameters «q,as, a3 > 0, the parameters for the line
search 0,6 > 0 and Hy € R¥*4" ¢ > 0 for the BFGS update.
Set @9 = @(p{ o}, Vp,o{Z0})-
for /=0,1,... do

Evaluate the Fréchet derivative of ® from (5.85) with respect to p and 6 using
(5.74) and Lemma 5.21. Define

0 = VO[p{Z}, Vpe{Zs}] andsolve Hidy=—%j.

Define r, € R3 as the entries of dy from 1 to 3n and ¢y as the entries of dy
from 3n + 1 to 4n
Set j = —1
repeat
Set j = j+1
Set —ar?g_HJ, = ?Eﬂp + 5jrp and 0p4; = 67y and denote by pUtY the spline
corresponding to ¥Z+1JJ and by 6(+1) the spline corresponding to Gyyq.
Generate a frame for the tuple (p(“+1), 9(+1)) using (5.47).
Set 411 as the vector defined by concatenating Z .1, and 0y ;.
Set ¢ = (I)(p{i')gﬂ_l}, Vp79{§g+1}).
until ¢ < &g+ d? P - dy > line search ended
Evaluate the Fréchet derivative of ® from (5.85) with respect to p and 6 using
(5.74) and Lemma 5.21 and define

1= Vo[p{Z 1}, Vpo{Tri1}]

Define s, Yy from (5.97) via 8y = Fpy1 — g and Y, = P} — ) and
update the Hessian according to (5.96).

Set &y = Py, &) = ¥} and set the components from 3n + 1 to 4n of Tpyq to
ZEero > the rotation is included in the frame.
end for

10% in the worst case. In the following numerical experiments, we often show a thin tubular
scattering object D, together with the projections of its center curve K onto the three coordinate
planes that surround D,. We use the colors blue, magenta and gold or silver for dielectric, dual
symmetric and metallic scatterers, respectively, to visualize the corresponding three dimensional
scattering object.
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5.6.1 Dielectric scatterers

In this subsection we examine scattering objects measuring several meters in length. Fixing this
unit of length is artificial, since we do not intend to model a realistic scattering object here. We
note however, that a relatively low relative permittivity (e.g. 2 < &, < 5) can be associated to
permittivities corresponding to some optical glass (see e.g. [93, Tab. 5.3]).

Example 5.22. In the first example we consider scattering objects with a circular cross-section.
Thus, we do not consider variations with respect to the rotation 6. This is also reflected in our
notation, as the dependency on ¢ is suppressed. Further note that different choices for V}, do
not change the scattering object under consideration. The material parameters are set to ¢, = 5
and g, = 1. Moreover, we use the wave number k¥ = Im~! and pick aq = 5, ap = 0.0005
and ag = 0 for the regularization parameters in (5.85) and the length constraint is chosen to
be L = 6m. As an initial guess o we consider n = 20 equidistant nodes on the straight line
segment between [0,0, —3] T and [0,0,3] ", and then, we slightly perturb the first two components
of each node by adding random numbers between —0.02m and 0.02m. We note that the nodes
cannot be exactly on the straight line segment, because then the thin tubular scattering object
with center curve pa[®o] would be geometrically achiral and thus, em-achiral. The objective
functional ® from (5.85) would not be differentiable at this initial guess (see also Example 5.20).
Moreover, we pick M = 11 on each spline segment to approximate integrals over K using the
composite Simpson rule. As outlined in Remark 5.9 and Remark 5.17, the maximal degree of
vector spherical harmonics N € N that is used in the representation of the operator T,(pa, Vp,)
from (5.45) and of its Fréchet derivative T)[pa, Vp,|ha from (5.55) must be chosen in such a way
that IV is greater than R, where Br(0) is the smallest ball centered at the origin that contains
the scattering object D,. In this example, we use N = 5. In Figure 5.6 we show the convergence
history for this example. The initial guess is plotted in the top-left plot, some intermediate
results that are obtained after ¢ = 10, 30, 50, 70 are plotted in between and the final result after
¢ = 102 steps of the BFGS method is in the bottom-right plot.  Starting with an almost
straight line in the top-left plot of Figure 5.6, the center curve winds up during the optimization
process and finally becomes a helix. The orientation of the helix in space and whether it is left
or right turning depends on the orientation of the initial curve p{#o}, thus, in particular on
the values of the random perturbation that is used to construct the initial curve. In each plot
we feature the relative chirality measure Jy from (5.70) and the relative smooth relaxation Jyg
from (5.69) in a table next to the center curve p{Z,}. We find that both measures increase
by several orders of magnitude. We track the evolution of both measures among the iteration
steps £ in the left plot in Figure 5.7. Moreover, we perform a sensitivity analysis with respect
to &, and k for the final result of the optimization scheme. For this purpose, we vary either &,
or k and fix all the remaining parameters. The center plot in Figure 5.7 shows the sensitivity
analysis with respect to €, € [1,50] and the right plot in Figure 5.7 features the sensitivity
analysis with respect to k € [0.01,2]. The vertical lines in both plots (dotted magenta) indicate
the values of €, and k that have been used for the optimization (¢, = 5 and k = 1). We see
that both measures increase, when the relative electric permittivity €, increases. However, both
measures seem to converge to a value which is around 0.23 for Js and 0.11 for Jgs. On the
other hand, Jyg reaches a local maximum at the wave number k = 1 that has been used in the
shape optimization, and there is a local maximum of J close to this wave number. In order
to study the dependency of the optimized center curve on the length constraint L in (5.71) we
repeat the shape optimization with initial curves having the length L = 4m and L = 8m instead
of L = 6m. For the construction of the initial curves for L = 4,8m, we took the same random
numbers as for the length constraint L = 6m. The initial curves having length L = 4,6, 8m can
be found in the top-left, top-middle, and top-right plot of Figure 5.8, respectively. As before,
we pick the maximal degree of vector spherical harmonics N € N in such a way that N is larger
than R, where Bg(0) includes the scattering objects. Thus, for L = 4m we pick N = 4 and
for L = 8m, we pick N = 6. In the bottom-left and bottom-right plot in Figure 5.8 we show
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Figure 5.6: Convergence history for the dielectric scatterers from Example 5.22. Top-left: Initial
guess. Bottom-right: Final result.
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Figure 5.7: The relative measures Jpg and Jy for Example 5.22 corresponding to the length
constraint L. = 6m. Left: Evolution of both measures for increasing iterations ¢. Center:
Sensitivity with respect to the relative electric permittivity €,. Right: Sensitivity with respect
to the wave number k.

the final results that are obtained by the optimization scheme after 72 iteration steps and 122
iteration steps of the BFGS scheme, respectively. The bottom-middle plot features the final
center curve for L = 6m for comparison. It is interesting to note that the diameter and the
pitch of the helix is basically the same among the different values of L, while with an increasing
length, also the number of turns increases. Both measures essentially attain the same value for
the final structures, however, the total interaction cross section increases with increasing values
of L. This is not shown in our figures. The orientation of the helix remains the same among the
different lengths constraints since we used the same random numbers for perturbing the initial
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Figure 5.8: Optimized structures for the different length constraints L = 4,6,8m (left to right)
from Example 5.22. Top row: Initial guesses. Bottom row: Final results.

straight curve.

Example 5.23. For the second example, we focus again on a dielectric thin tubular scattering
object with a circular cross-section. Now, we choose the coefficients k = Im™', ¢, = 30 and
tr = 1. This means that the permittivity contrast is much larger than in Example 5.22. We
further pick the regularization parameters oy = 10, as = 0.005 and, as in Example 5.22, a3 =0
for the penalized objective function in (5.85). Since we consider circular cross-sections, rotations
of those cross-sections do not change the scattering object and consequently, do not affect the
optimization. The length constraint is set to L = 20m. We construct the initial guess of the
optimization by using two parallel vertical lines connected by a half circle. The distance of the
vertical lines is 2. Each of these has length 8 and is discretized by 20 nodes. The half circle
on the other hand is discretized by 5 nodes, resulting in n = 45, which is the total number of
nodes. As before, we slightly perturb the nodes on the vertical lines by adding random numbers
between —0.02m and 0.02m to the x and y components. The unperturbed initial curve would
be geometrically achiral and thus, the functional (5.85) would not be differentiable. We further
pick M = 11 on each spline segment to approximate integrals over K using the composite
Simpson rule. The total length of the initial curve is approximately 19.16m which is around 4%
off the length constraint. In accordance with Remark 5.9 and Remark 5.17 we use N = 6 for
the maximal degree of vector spherical harmonics that is used in the basis representation of the
operator Tp(pa, Vp, ) from (5.45) and of its Fréchet derivative T)[pa, Vp,]Jha from (5.55).

In Figure 5.9 we visualize the evolution of the scattering objects by showing the initial guess
(top-left), some intermediate results obtained after ¢ = 10,30, 50,70 iterations, and the final
result obtained after £ = 162 steps (bottom-right). The optimization turns the U-shaped initial
guess in an intertwined double helix. Both measures increase by several orders of magnitude,
respectively, starting from an almost em-achiral object.
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Figure 5.9: Convergence history for the dielectric scatterers from Example 5.23. Top-left: Initial
guess. Bottom-right: Final result.
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Figure 5.10: The relative measures Jyg and Jo for Example 5.23 corresponding to the length
constraint L = 20. Left: Evolution of both measures for increasing iterations ¢. Center: Sensi-
tivity with respect to the relative electric permittivity ,. Right: Sensitivity with respect to the
wave number k.

In Figure 5.10 (left) we track the evolution of the chirality measure Jo and the smooth
relaxation Jyg, respectively. Figure 5.10 (center) shows plots of Js and Jyg for the optimized
structure from Figure 5.9 (bottom-right) as a function of &, and Figure 5.10 (right) shows plots
of Jy and Jyg for the final structure as a function of the wave number k. In both plots, the
vertical line (dotted magenta) shows the values for ¢, and k that we used for the optimization
(e, = 30, k = 1). Both measures are monotonically increasing in &,. Moreover, the relative
smooth measure Jygg has a local maximum for £ = 1 and the relative chirality measure J; has a
local maximum, which is close to £ = 1. The sensitivities of both measures are more pronounced
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Figure 5.11: Optimized structures for the different length constraints L = 15,20,25m (left to
right) from Example 5.23. Top row: Initial guesses. Bottom row: Final results.

than in Example 5.22. This is due to higher values of Jo and Jps, which, on the other hand,
result from a larger €, than in Example 5.22. To study the dependency of the optimized center
curve on the length constraint L, we repeat the shape optimization for the length constraints
L = 15m and L = 25m instead of L = 20m. We construct the initial curves in the same way
as described above and use the same perturbations for the straight lines. As in the previous
example, this determines the orientation of the final double helix.

The initial center curves for this simulation are shown in Figure 5.11 (top-left and top-right).
For reference, we included the initial curve corresponding to the length constraint L = 20m in
the top-middle plot. For the length constraint L = 15m we choose N = 5, on the other hand,
for the length constraint L = 25m we choose N = 7 as the maximal degree of vector spherical
harmonics that is used in the basis representation of the operator T),(pa, Vp, ) from (5.45) and of
its Fréchet derivative T)[pa, Vp,Jha from (5.55). In Figure 5.11 (bottom-left and bottom-right)
we show the final results that are obtained by the BFGS method after 121 steps (L = 15m)
and after 194 steps (L = 25m). We also included the final result for L = 20 in the bottom-
center plot of Figure 5.11, for comparison. As we already observed in Example 5.22 for the
helix, the diameters and the pitches of the three intertwined double helices that are found by
the optimization algorithm are basically the same for the three different length constraints L.
However, the number of turns of these helices increases with increasing length constraint L.
In all of these simulations, the algorithm converges to objects that essentially attain the same
values for J; and Jyg. For increasing total lengths of the center curve, the total interaction cross
section also increases. This is not shown in our figures and is studied in more detail for metallic
scattering objects in the next subsection.
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5.6.2 Dual symmetric scatterers

As described Remark 5.5, the choice pu, = €, is the condition for duality symmetry for the
macroscopic Maxwell’s equations and this implies preservation of helicity independent from the
shape of the scatterer. For the leading order term of the asymptotic expansion of the far field
operator T, from (5.45) the property p, = e, implies Tj - =1, T = 0, what can be easily
seen by using the representations in (5.34). Accordingly, in our next numerical examples the
condition u, = ¢, > 0 guarantees preservation of helicity. For having a well defined derivative
of xus for p, = &,, we replace the space X from (5.72) by

X' = {G € HS(L3(5) | xus (9) # 0 and |07 ys > 0, |97 lus =0, p € {+,—}} .

where p = —p, and find that for a given G € X’ and H € HS (L7(S5?)), the derivative is given by

1577

(s [G1H = Re(G, H)ns — Xpeqr,—y Re(GPP, HPP )us ngp”:s (5.99)
xus(9) ’
where p = —p. This replaces the derivative in (5.73). The fact that (5.99) is the Fréchet

derivative of xgs on X’ can be seen by using the same computations as in Lemma 5.19.
As in the previous subsection, the unit of length that we choose here is artificial.

Example 5.24. We consider thin tubular scattering objects with a circular cross-section and
material parameters given by k = Im~! and p, = €, = 50. As outlined before, this implies that
throughout the iterations it holds that T/~ (pa) = T, " (pa) = 0. We construct a U-shaped
initial guess as in the previous Example 5.23, where we used the vertical side length 6m. The
distance of these vertical lines is 2m. Thus, we use the length constraint L = 14m. We discretize
both vertical lines by using 10 nodal points. Furthermore, we use 5 nodal points to discretize
the arc that connects both lines. This yields n = 25 discretization points in total. In order to
obtain an initial guess that is not em-achiral, we perturb the x and y component of all nodes
by adding random numbers between —0.02m and 0.02m. Moreover, we pick M = 11 on each
spline segment to approximate integrals over K using the composite Simpson’s rule. For the
regularization parameters, we consider (as in Example 5.23) ay = 10, ag = 0.005 and a3 = 0. In
accordance with Remark 5.9 and Remark 5.17, we use N = 5 as the maximal degree of vector
spherical harmonics that is used in the basis representation of the operator T,(pa, Vp,) from
(5.45) and of its Fréchet derivative Ty[pa, Vp,lha from (5.55).

In Figure 5.12 we show the initial guess for our shape optimization (top-left), together with
some intermediate results obtained after £ = 10,20, 30,40 steps and the final result (bottom-
right) after ¢ = 50 iterations of the optimization scheme. Despite the different material pa-
rameters, the convergence history from Figure 5.12 is similar to the convergence history from
Example 5.23 in Figure 5.9. However, we observe that both measures attain higher values, what
also results from using larger material parameters.

In Figure 5.13 (left) we track the evolution of both measures Jy and Jug as the iteration
number ¢ increases. Moreover, we study the sensitivity on the material parameters e, = pu,
(center) and the sensitivity on the wave number k (right). Comparing these data with the results
from Example 5.23 shows that for the dual symmetric case, the measures are slightly higher.
Finally, we study the dependency on the length constraint L by performing the same simulation
with the length constraints L = 10, 18m instead of L = 14m. As an initial guess we construct
U-shaped curves by decreasing and increasing the lengths of the parallel vertical lines to 4m and
8m, respectively. The maximal degree of vector spherical harmonics is chosen to be N = 4 in
the first simulation and N = 6 in the second experiment. The initial guesses corresponding to
the lengths L = 10,14, 18m can be found in the top row of Figure 5.14. The final result of the
optimization is visualized below. Again, the diameter and pitch of the intertwined double helix
remains constant. However, the total length and consequently the number of turns increases
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Figure 5.12: Convergence history for the dual symmetric scatterers from Example 5.24. Top-left:
Initial guess. Bottom-right: Final result.

0.5 I . . . 0.5 I T T T 0.5 . .
045"~ %2 4 04577 7 % N 0451~ = 2 i
. —J - L__l 2 Jus| | _Lo---m-- ) — Jns
£ 04n S} —n.op== 4 £ 04 —— 1 £ 04
2 / 7 v, z
£035F ’/ - g 0.35F // — g 0.35
= 03 ’ 4 & 03[~ 1 = 03fF
3 r” —'; 1 = V
2025 4 £025 Em—— L S /
© 1 S 1 5 /
T 021 o 1% 025 1 g 02—
B = 8 7
Z 0.15 4 £015¢ 1 20151
g " =} ! g /
g 01h 4 2 01 1 5 o1l
I
0.05 1 o005 1 005},
0 | | | | 0 L L L L 0 | |
0 10 20 30 40 50 20 40 60 80 100 0 0.5 1 15 2
é Ep = oy k

Figure 5.13: The relative measures Jug and Jo for Example 5.24 corresponding to the length
constraint L. = 14. Left: Evolution of both measures for increasing iterations . Center: Sen-
sitivity with respect to the relative electric permittivity €, and relative magnetic permeability
tr. Right: Sensitivity with respect to the wave number k.

with increasing length constraint L. This does not affect the measures corresponding to the final
structures, as they almost keep the same values throughout the different lengths.

Example 5.25. In this example, we consider k = 1m~! and &, = p, = 50. As in the previous
example we use the regularization parameters a; = 10, as = 0.005 and a3 = 0 for the functional
® in (5.85). For the initial guess we consider three parallel vertical line segments arranged in
a common two-dimensional plane having a length of 6m, respectively. The distance from the
outer vertical lines to the middle line is 1m. Furthermore, the first outer line is connected to the
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Figure 5.14: Optimized structures for the different length constraints L = 10, 14,18 (left to
right) from Example 5.24. Top row: Initial guesses. Bottom row: Final results.

middle line by a half circle at one end and the second outer line is connected to the middle line
by a half circle at the other end. This gives an S-shaped initial curve completely lying in a two-
dimensional plane. We discretize the vertical lines by using 10 nodes, respectively. Moreover,
the half circles are discretized by 5 points. This yields n = 40 nodal points in total. As the
initial curve is geometrically achiral, it is em-achiral and the aim functional is not differentiable
for this center curve. Therefore, we perturb the center curve of the initial guess by adding
random numbers between —0.02m and 0.02m to the z and y components of the nodal points.
Moreover, we pick M = 11 on each spline segment to approximate integrals over K using the
composite Simpson’s rule. The length constraint for this numerical example is set to L = 22m.
In accordance with Remark 5.9 and Remark 5.17 we use N = 6 as the maximal degree of vector
spherical harmonics that is used in the basis representation of the operator T,(pa, Vp,) from
(5.45) and of its Fréchet derivative T,[pa, Vp,lha from (5.55).

In Figure 5.15 we visualize the convergence history by showing the initial curve (top-left),
some intermediate results obtained after ¢ = 10, 20, 30,40 (top-center - bottom-center) and the
final result obtained after £ = 123 steps of the BFGS method. Starting with an almost em-achiral
center curve, the optimization algorithm turns the scatterer into a nonintuitive shape attaining
relatively high values of both measures J, and Jus. The final curve possesses remarkable sym-
metries when projecting it onto the three surrounding planes as seen in the bottom-right plot
in Figure 5.15.

In Figure 5.16 (left) we show the evolution of both measures Jy and Jyg during the opti-
mization process. Both functionals increase by several orders of magnitude. Figure 5.16 (center)
shows a sensitivity analysis of both measures Jo and Jyg with respect to e, = u, and Figure 5.16
shows corresponding plots of Js and Jyg as a function of k. In both plots, the parameters that
are used in the simulation are marked with a vertical line (¢, = p, = 50, k = 1). As before, both
measures are monotonically increasing in €, = p,. Moreover, the smooth relaxation Jyg reaches
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Figure 5.15: Convergence history for the dual symmetric scatterers from Example 5.25. Top-left:
Initial guess. Bottom-right: Final result.
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Figure 5.16: The relative measures Jug and Jo for Example 5.25 corresponding to the length
constraint L. = 22. Left: Evolution of both measures for increasing iterations ¢. Center: Sen-
sitivity with respect to the relative electric permittivity €, and relative magnetic permeability
tr. Right: Sensitivity with respect to the wave number k.

a local maximum at k = Im™!, which is the wave number for which we optimized the function
® in (5.85). The original relative chirality measure has a local maximum near £k = 1. The
sensitivity with respect to k is more pronounced than in Example 5.24 (see Figure 5.13 (right)).
Finally, we study the dependency of the optimized center curve on the length constraint L. For
this purpose, we pick two more initial curves having the same vertical line distance as before
but with a length of 4m and 8m instead of 6m.

This gives two more S-shaped initial curves for which (after a slight perturbation of the
nodal points as before) we start the optimization by setting the length constraints to L = 16m
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Figure 5.17: Optimized structures for the different length constraints L = 16,22,28m (left to
right) from Example 5.25. Top row: Initial guesses. Bottom row: Final results.

and L = 28m, respectively. These curves can be found in the top row of Figure 5.17. For
comparison, we included the initial curve for the length constraint L = 22m in the top-middle
plot of Figure 5.17. In accordance with Remark 5.9, we choose N = 4 when L = 16m and
N = 6 for L = 28m as the maximal degree of vector spherical harmonics that is used in
the basis representation of the operator T,(pa,Vp,) from (5.45) and of its Fréchet derivative
T)[par; Vpplha from (5.55). In Figure 5.17 (bottom-left and bottom-right) we visualize the final
results that are found by the optimization scheme after ¢ = 121 iterations (for L = 16m) and
after ¢ = 145 iterations (for L = 28m). In Figure 5.17 (bottom-middle) we included the final
result for L = 22m for comparison. With increasing length constraint L the nonintuitive final
structure becomes larger. However, both measures remain almost constant.

5.6.3 Metallic nanowires

In the previous two subsections we studied scattering objects with positive material parameters
p1,e1 > 0. The shape optimization scheme provides interesting thin tubular scatterers, however
both measures Jo and Jyg do not come close to their upper bound 1, which would give us a
maximal em-chiral scattering object.

Now, we study shape optimization for metallic nanowires D, with an elliptical cross-section
D;) = pD’ that possibly rotates along the center curve K. As we observed in Section 3.4, by
tuning the semi axes lengths of the ellipse we can manipulate the appearance of plasmonic
resonances. Thus, it is possible to shift local maxima and minima of the total interaction
cross section || Tp, |%5 along the optical band. Rather than working directly with the material
parameters for gold and silver, we consider frequencies f in the optical band and obtain a
corresponding frequency dependent electric permittivity &,(f) by using the dataset provided in
[83]. Intermediate values are obtained via interpolation. We use these experimental data as the
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Silver Gold

f Re(er) Im(ey) Re(er) Im(er)
300 THz -50.55 0.57 -41.78 2.94
350 THz -36.23 0.48 -28.84 1.77
400 THz -26.94 0.32 -20.11 1.24
450 THz -20.57 0.44 -14.10 1.04
500 THz -16.05 0.44 -9.36 1.53
550 THz -12.62 0.42 -5.59 2.19
600 THz -9.78 0.31 -2.54 3.65
650 THz -7.64 0.25 -1.73 5.06
700 THz -5.94 0.20 -1.69 5.66
750 THz -4.41 0.21 -1.66 5.74
800 THz -3.10 0.21 -1.50 5.63

Table 5.1: Relative electric permittivities €, of silver and gold at optical frequencies (from [83]).

Drude model provides inaccurate material parameters for optical frequencies (see Remark 2.7)
and the appearance of a plasmonic resonance is highly sensitive with respect to the material
parameters (see Section 3.4). We discuss three numerical examples, where we use the shape
optimization scheme developed in Section 5.5 (see Algorithm 2) to design highly chiral thin
silver and gold nanowires at four different frequencies in the optical band. We work at

o fopt = 400THz, i.e., the wavelength is Aop = 749nm (red light),

o fopt = 500THz, i.e., the wavelength is Aopt = 600nm (orange light),
o fopt = 600THz, i.e., the wavelength is Aop = 500nm (green light),
o fopt = T00THz, i.e., the wavelength is Aopt = 428nm (blue light).

The relative electric permittivities e, of silver and gold corresponding to these frequencies can
be found in Table 5.1 (see also Figure 2.1). For the elliptical cross-sections D], = pD’ we
denote the lengths of the semi axes of the rescaled cross-section D' by 0 < b < a < 1. As
introduced in Definition 3.24, a frequency fies is called a plasmonic resonance frequency of such
a thin metallic nanowire, if the aspect ratio a/b of its elliptical cross-section satisfies a/b =
—Re(er(fres)), and if Im(e,(fres)) > 0 is sufficiently small. The total interaction cross section
of the nanowire (i.e. the squared Hilbert-Schmidt norm of the associated far field operator) at
a plasmonic resonance frequency is much larger than away from this frequency. Accordingly,
thin metallic nanowires are strongly scattering at plasmonic resonance frequencies. Strongly
scattering highly em-chiral nanowires would be very interesting for the design of novel chiral
metamaterials (see e.g. [76, 80, 120]). Thus, we choose in our first two examples the aspect
ratios of the elliptical cross-sections of the nanowires such that the frequency fop:, where the
shape optimization is carried out, is a plasmonic resonance frequency, i.e., fopt = fres. We
show that strongly scattering thin metallic nanowires with fairly large em-chirality measures
can be obtained. In our third example we then design thin metallic nanowires with even larger
em-chirality measures, choosing the frequency fop¢ to be around 100THz to 150THz below the
plasmonic resonance frequency fres of the nanowire, i.e., fopt 7 fres- However, in this case the
total interaction cross section of the optimized nanowire is smaller than in the previous examples.
For a metallic nanowire with circular cross-section, for instance, choosing p = 0.1/kept means
that the radius p is between 6.8nm at fopr = 700THz and 11.9nm at fop¢ = 400THz. Here,
kopt denotes the wave number corresponding to the frequency fopt, i.e. kopt = 27/ Aopt. In our
visualizations of the optimized nanowires with elliptical cross-sections and for the plots of the

total interaction cross section of these optimized nanowires in the examples below, we choose p
such that kopipvab = 0.05.
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Figure 5.18: Optimized silver nanowires of length L = 2.y from Example 5.26 for fopq =
400, 500, 600, 700 THz (left to right).
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Figure 5.19: Frequency scans for optimized silver nanowires of length L = 2\, from Exam-
ple 5.26 at fop = 400,500,600, 700THz (left to right).

Example 5.26. In our first numerical example we discuss thin straight silver and gold nanowires
with elliptical cross-sections. We consider four different frequencies f,,; = 400,500,600, and
700THz, and for each of these frequencies we choose a different aspect ratio for the elliptical
cross-section of the nanowire such that fopt = fres is a plasmonic resonance frequency of the
nanowire, i.e., a/b = — Re(e,(fopt)). We fix the spine curve of the nanowire to be a straight line
segment and we optimize just the twist rate of the elliptical cross-section along the spine curve
of the nanowire, i.e., the twist function 6 that determines the rotation matrix in (3.4). For the
regularization parameters in (5.85) we choose a1 = as = 0 and ag = 5 x 107°.

To discuss the influence of the length of the nanowire on the optimized shape of the nanowire,
we consider four different values L = jAop/4 with j = 1,2, 4, 8 for the length constraint in (5.80).
As before, \opy denotes the wavelength at the frequency fop. Accordingly, we choose the maxi-
mal degree N of circularly polarized vector spherical harmonics that is used in the discretization
of the operator T,(p, Vpg) and of its Fréchet derivative Tj[p, V}](h, $) (see Remark 5.9 and
Remark 5.17) to be N =2,4,6,8 for L = jAopt/4 with j = 1,2,4,8, respectively.

We use cubic not-a-knot splines with n = 10 knots to describe the (fixed) spine curve K
and the twist function 8 and M = 11 quadrature points for the composite Simpson rule on each
spline segment to approximate integrals over K. Since the em-chirality measure xgg, and thus
also the objective functional ®, are not differentiable at an em-achiral configuration, we choose
an em-chiral initial guess for the shape optimization algorithm. To this end, we start with a
rotation minimizing frame along the straight spine curve and add a small random twist. The
same random twist is used for all frequencies and length constraints.

In Figure 5.18 we show the optimized twisted silver nanowires obtained by the shape op-
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Figure 5.20: Frequency scans for optimized gold nanowires of length L = 2\, from Exam-
ple 5.26 at fope = 400,500,600, 700THz (left to right).

Silver Gold

fopt [THz] 400 500 600 700 fopt [THz] 400 500 600 700

I = dopt Jo 0.26 0.26 0.26 0.26 I — dont Jo 0.26 0.23 0.09 0.03
T4 Jus 0.12 0.12 0.12 0.12 T4 Jgs 0.12 0.12 0.02 0.003

1= dost Jo 0.39 0.39 0.39 0.39 I _ st Jo 0.39 0.37 0.17 0.06
2 Jus 0.17 0.17 0.17 0.17 2 Jus 0.17 0.17 0.03 0.004

-\ Jo 0.37 0.37 0.37 0.37 -1\ Jo 0.36 0.35 0.13 0.03
Pt Jgs 020 0.20 0.20 0.20 P Jgs 0.20 0.19 0.04 0.003

L= 2hops Jo 0.32 0.32 0.32 0.32 L= 2ops Jo 0.32 0.30 0.08 0.01

Jus 0.19 0.19 0.19 0.19 Jus 0.19 0.19 0.03 0.0008

Table 5.2: Normalized em-chirality measures Jo and Jys of optimized silver (left) and gold
nanowires (right) from Example 5.26.

timization for L = 2Aqp and fopy = 400,500,600, and 700THz (left to right). The direction
of the twist of the optimized structure depends on the initial guess. The aspect ratios a/b of
the elliptical cross-sections vary between 26.94 at fop = 400THz and 5.94 at fop = 700THz.
The optimized twist rate per wavelength of the cross-sections of the four optimized twisted sil-
ver nanowires around the straight spine curve is almost constant and virtually the same for all
frequencies.

In Table 5.2 we collect the values of the normalized em-chirality measures Js and Jygg from
(5.70) and (5.69) of the optimized straight twisted silver and gold nanowires for the four dif-
ferent frequencies and the four different length constraints. Each pair of entries in these tables
corresponds to a different optimized twisted silver or gold nanowire. For the silver nanowires
we observe that the values of .Jo and Jyg that are reached for the different optimized struc-
tures are independent of the frequency. On the other hand, for the optimized gold nanowires
these values change significantly with the frequency. While at f,pi = 400THz and 500THz the
normalized em-chirality measures of the optimized twisted gold nanowires are comparable to
those of the optimized twisted silver nanowires, the normalized em-chirality measures of the
optimized twisted gold nanowires quickly decrease at higher frequencies. This is a consequence
of the increasing imaginary part of the relative electric permittivity of gold at higher frequencies
(see Table 5.1). For the gold nanowires the aspect ratio a/b of the elliptical cross-section varies
between 20.11 at fop = 400THz and 1.69 at fop = 700THz, i.e., the cross-section is somewhat
rounder than for the corresponding silver nanowires. Finally, we study the frequency dependence
of the normalized em-chirality measures for the optimized twisted silver and gold nanowires of
length L = 2\,p¢ that have been optimized at f,,y = 400, 500,600, and 700THz. In each of the
plots in Figure 5.19 and 5.20 the optimized nanowire is fixed. However, it is illuminated with
incident waves of different frequencies, and thus its frequency-dependent relative electric per-
mittivity e, varies. In Figure 5.19 we plot the normalized em-chirality measures J (dashed) and
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Figure 5.21: Optimized silver nanowires and corresponding frequency scans from Example 5.27
for fopt = 400,500THz (top row) and fope = 600, 700THz (bottom row).

Jus (solid) and an approximation of the total interaction cross section (dotted) of the optimized
thin twisted silver nanowires shown in Figure 5.18 over a frequency range between 300THz and
800THz. The approximation of the total interaction cross section is obtained by evaluating the
Hilbert-Schmidt norm of the operator Tp, from (5.25) with p = 0.05/ (koptVab). The sharp peak
in the total interaction cross section is exactly at the plasmonic resonance frequency fyes of the
corresponding thin silver nanowire. It is important to note that, in contrast to the normalized
em-chirality measures, the total interaction cross section is plotted in a logarithmic scale. We
find that Jo and Jyg have a peak at the plasmonic resonance frequency fres as well. This is the
frequency that has been used in the shape optimization, i.e., fopt = fres-

In Figure 5.20 we show the corresponding frequency scans for the optimized thin twisted gold
nanowires. For the gold nanowires that have been optimized at fop; = 400THz and 500THz, the
results are similar as for the silver nanowires that have been optimized at the same frequencies
in Figure 5.19. On the other hand, for the gold nanowires optimized at f,,; = 600THz and
700THz, the plasmonic resonance is no longer visible in the plots of the total interaction cross
section. This is a consequence of the larger imaginary part of the electric permittivity of gold at
fopt = 600, 700THz (see Table 5.1 and Figure 2.1). For these two higher frequencies, the values
of the normalized em-chirality measures Js and Jgg are small across the entire frequency band.
The plasmonic resonance seems to be required to obtain thin metallic nanowires that exhibit
large normalized em-chirality measures.

Example 5.27. In our second example we consider a free-form shape optimization for the spine
curve of thin silver and gold nanowires with elliptical cross-sections, but we do not optimize the
twist rate of the cross-section of the nanowire along the spine curve. As in the first example,
we consider four different frequencies fopt = 400,500,600, and 700THz, and for each of these
frequencies we again choose the aspect ratio of the elliptical cross-section of the nanowire such
that fopt = fres is a plasmonic resonance frequency for the nanowire. For the regularization
parameters in (5.85) we choose a; = 5, ap = 8 x 1072 and a3 = 0.

The length constraint for the nanowire is set to be L = 3\,pt/2, and, accordingly, we
choose the maximal degree N of circularly polarized vector spherical harmonics that is used in
the discretization of the operator T),(p, Vp ) and of its Fréchet derivative T; [, Vpol(h, d) (see
Remark 5.9 and Remark 5.17) to be N = 5. We use cubic not-a-knot splines with n = 20 knots
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Figure 5.22: Optimized gold nanowires and corresponding frequency scans from Example 5.27
for fopt = 400,500THz (top row) and fope = 600, 700THz (bottom row).

to parametrize the spine curve K and the (fixed) twist function # and M = 11 quadrature points
on each spline segment to discretize line integrals over K.

For the initial guess for the spine curve we use a straight line of length L = 3A.p/2, and
we add a small random perturbation to obtain an em-chiral configuration. The same random
perturbation is used for all frequencies. The initial geometry adapted frame is chosen to be
rotation minimizing.

In Figure 5.21 we show the optimized silver nanowires that have been obtained by the shape
optimization for f,pe = 400,500,600, and 700THz. The aspect ratios a/b of the elliptical cross-
sections are the same as in Example 5.26 and vary between 26.94 at f,p¢ = 400THz and 5.94 at
fopt = 7T00THz. For a better three-dimensional impression, we also included the projections of
the spine curves of the optimized nanowires on the three coordinate planes in these plots. During
the optimization the straight initial guess bends into a rather irregular shape that is difficult
to interpret. However, the optimized silver nanowires obtained at the four different frequencies
have very similar shapes, which seem to be rescaled versions of each other with respect to the
wavelength.

Figure 5.21 also contains plots illustrating the frequency dependence of the normalized em-
chirality measures Jo (dashed) and Jyg (solid) as well as of the total interaction cross-section
(dotted) of the optimized silver nanowires. The maxima of the normalized em-chirality measures
and the plasmonic resonances visible in the plots of the total interaction cross-section are rather
localized. It is interesting to observe that, although the shape optimization has been carried
out at the plasmonic resonance frequency, i.e., fopt = fres, the maximum of the normalized
em-chirality measures Jo and Jyg is attained around 100THz to 150THz below the plasmonic
resonance frequency in all four examples. This is a common feature that we have observed in
several other examples, and we will utilize this phenomenon in Example 5.28 below to design
thin silver and gold nanowires with even higher em-chirality measures.

In Figure 5.22 we show the corresponding results of the shape optimization of thin gold
nanowires for fop¢ = 400,500,600, and 700THz. The shapes of the gold nanowires that have
been optimized at fopr = 400, 500THz are similar to those of the optimized thin silver nanowires
in Figure 5.21. Also the frequency scans in Figure 5.22 show a similar behavior, although the
plasmonic resonance is not as pronounced as for the silver nanowires. For f,p; = 600, 700THz
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Figure 5.23: Optimized silver nanowires and corresponding frequency scans from Example 5.28
for fopt = 400, 500THz (top row) and for fups = 600, 700THz (bottom row).

the results are different. The shapes of the optimized gold nanowires look similar to those
obtained for dielectric thin tubes in Example 5.22. The optimized gold nanowires are helices,
and no plasmonic resonances are visible in the plots of the total interaction cross-sections. This
different behavior results from the larger imaginary part of the electric permittivity of gold at
fopt = 600, 700THz (see Table 5.1 and Figure 2.1).

Example 5.28. The goal of our final example is to design thin silver and gold nanowires
with elliptical cross-sections that possess normalized em-chirality measures Jo and Jyg as close
to 1 as possible at optical frequencies. We consider a free-form shape optimization for the
spine curve of the nanowire, and we optimize the twisting of the elliptical cross-section of the
nanowire along the spine curve. As in the previous examples, we discuss four different frequencies
fopt = 400,500,600, and 700THz. For each of these frequencies we choose the aspect ratio of
the elliptical cross-section of the nanowire such that its plasmonic resonance frequency fres is
around 100THz to 150THz above the frequency fopt that is used in the shape optimization,
ie., we use a/b = 12.5 at fopy = 400THz, a/b = 7.14 at fopy = 500THz, a/b = 3.85 at
fopt = 600THz, and a/b = 1.92 at fopy = 7T00THz. In particular, it holds that fope # fres. This
is different from the previous two examples, where we optimized the shape of the nanowires
directly at the plasmonic resonance frequency. It is motivated by our observations at the end of
Example 5.27. For the regularization parameters in (5.85) we choose a1 = 5, ap = 8 x 1073 and
a3 = 1 x 1075, The outcome of the shape optimization strongly depends on the initial guess
for the spine curve. Thus, we consider in this example 100 different initial spine curves for the
optimization scheme at each frequency. These are helices with four turns, where the total height
and the radius of the helix are chosen randomly in [0,2X,p/3] and in [0, Agpt /2], respectively.
As before, A\opy denotes the wavelength at the frequency fop:. We also add different random
twists to these initial guesses. We use cubic not-a-knot splines with n = 40 knots to parametrize
the spine curve and the twist function, and M = 21 quadrature points on each spline segment
to discretize line integrals over K. We choose the maximal degree N of circularly polarized
vector spherical harmonics that is used in the discretization of the operator T),(p, V) and of
its Fréchet derivative Ty[p, Vpg](h,¢) (see Remark 5.9 and Remark 5.17) to be N = 5. This
gives 100 different optimized silver and gold nanowires for each frequency fop, and we finally
select those (for each frequency fopt) that attain the highest normalized em-chirality measures.
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Figure 5.24: Optimized gold nanowires and corresponding frequency scans from Example 5.28
for fopt = 400, 500THz.

In Figure 5.23 we show the optimized silver nanowires that have been obtained for fop =
400,500THz (top row) and for fopy = 600,700THz (bottom row). The shapes of the opti-
mized nanowires look complicated but they show similarities and seem to be scaled accord-
ing to the wavelength, where the optimization has been carried out. Very high normalized
em-chirality measures are being attained by the optimized structures at all four frequencies
fopt = 400, 500, 600, and 700THz, respectively. Figure 5.23 also shows plots of the normalized
em-chirality measures Jo (dashed) and Jyg (solid) as well as of the total interaction cross section
(dotted) of the optimized thin silver nanowires as a function of the frequency of the incident
waves. The maximal values of the normalized em-chirality measures appear at approximately
the same frequency, where the total interaction cross-section of the nanowires has a local mini-
mum. Directly at the plasmonic resonance frequency the normalized em-chirality measures are
smaller, but on the other hand the total interaction cross section of the nanowire is much larger.

In Figure 5.24 we show the corresponding results for gold nanowires at fopr = 400THz
and 500THz. The obtained normalized em-chirality measures are lower than for silver, which
might be explained by the larger imaginary part of the relative electric permittivity of gold at
these frequencies. Also the plasmonic resonances are not as pronounced as for the thin silver
nanowires. As a consequence of the even larger imaginary part of the electric permittivity of
gold at fopt = 600THz and 700THz, the normalized em-chirality measures obtained for thin
gold nanowires optimized at these frequencies are rather small. Therefore, we do not show the
results for these frequencies.



Appendix A

Results from linear functional analysis

The following theorem is about the partition of unity. We need this theorem to introduce Sobolev
spaces of (vector-valued) functions on the boundary of a Lipschitz domain 992. The formulation
itself can be found in e.g. [88, Thm. A.9]. A proof for a more general setting can be found in
(122, p. 61].

Theorem A.1. Let K C R? be a compact set. For every system of open sets {Uj|j=1,...,m}
with K C UjL, Uj there exists a system of functions {¢;|j = 1,...,m} with ¢; € C™(R3),
supp(¢;) CUj forj=1,....,m and 377", ¢;j(y) =1 for ally € K. We call {¢j|j=1,...,m} a
partition of unity on K with respect to the covering {U;|j =1,...,m} and write (Uj, ¢;)j=1,..m
in abbreviated form.

The following definition can be found in e.g. [91, Def. 15.15, Thm. 15.16]. We need these
definitions in Chapter 5, when studying norms and scalar products involving the far field oper-
ator.

Definition A.2. Let X and Y be Hilbert spaces, A : X — Y be a compact injective linear
operator, and A* : Y — X be its adjoint. The nonnegative square roots of the eigenvalues of
the nonnegative self-adjoint compact operator A*A : X — X are called singular values of A and
are denoted by (j1;)jen. A singular system of A is a triple (1, x;,y;) en such that (z;);en and
(yj)jen are orthonormal bases in X and Y, respectively and

Az = piyj, A*y; = pjx; for all j € N.
The next definition is found e.g. in [44, XI.6, Def. 1, Lem. 2, Def. 17].

Definition A.3. Let X be a separable Hilbert space with orthonormal basis (z;)jeny C X. A
bounded linear operator A: X — X is said to be a Hilbert-Schmidt operator if the series

1/2
lAllgs = (3 14117
jeN

converges. In this case, ||Al|yg is independent of the choice of the orthonormal basis (z;);en
and it holds that

|Allgs = (Do (A" Azg )~ = w(A7A)2.

jeN

For a singular system (i, 7;,y;)jen of A, it holds that ||Ag = [[(#)jenl,2- The space of all
Hilbert-Schmidt operators on X is a Hilbert space with scalar product

<A, B>HS = Z(A.%’j,B.%‘j) = tr(B*A)
jeEN

145
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The Lax-Milgram theorem is used to prove existence and uniqueness of the subproblems that
arise by considering the Helmholtz decomposition of H(curl, Br(0)) in Chapter 2. The proof is
similar to [45, Ch. 6.2.1, Thm. 1].

Theorem A.4 (Lax-Milgram). Let H be a Hilbert space and a : H x H — C a bounded
sesquilinear form, i.e. there exists a constant C > 0 such that

la(u,v)| < Cllull||v]] for all u,v € H.
Then there exists a uniquely determined, linear, bounded operator A : H — H such that
a(u,v) = (Au,v) for all u,v € H.

Further, let a satisfy
Re(ea(u,u)) > cllul|®* for allu € H

for some t € R and ¢ > 0. Then, A has a bounded inverse with |A~t|| < ¢! and the problem
to find u € H such that
a(u,v) = £(v) forallv e H,

where £ is a continuous, antilinear functional defined on H, is uniquely solvable.

Proof. Let u € H. We define the linear and bounded functional
l,: H— C, ly(v) = a(u,v).

The Riesz representation theorem shows that there is a uniquely determined w = w(u) € H
such that

ly(v) = (v,w(u)) forallve H.

We define the operator A : H — H via Au = w. This operator is linear, bounded, uniquely
determined and it holds that

a(u,v) = (Au,v) for all u,v € H.
Further, it holds that
cllull* < Re(e'a(u,u)) < |e"a(u,u)| = [(Au,u)| < || Aul| [Ju]
and thus
¢llull < [|Aulf. (A.1)
This immediately gives that A is injective. For v € A(H)* we have that
0= (Au,u) > clful?,

giving that A(H)* = {0}. For (vn)neny C A(H) with Au, = v, — v € A(H), (A.1) shows
that (up)neny € H is a Cauchy sequence. Since H is a Hilbert space, we find u € H with
uy, — u. The continuity of A now gives that Au = v, proving that H = A(H). This shows,
that the operator A is invertible. The inequality (A.1) further gives that ||A~1|| < ¢~!. For the
continuous and antilinear functional ¢, the Riesz representation theorem shows the existence of
a uniquely determined f € H such that

L(v) = (f,v) forallve H.
Consequently, the problem to find u € H with
a(u,v) =£(v) forallve H,

is equivalent to find u € H with Au = f. Since A is proven to be boundedly invertible, we find
that u=A"'f. O



Appendix B

Some useful estimates

Lemma B.1. Let D be a Lipschitz domain and let  be smooth (e.g. Q with a boundary in C3
in order to apply [63, Thm. 8.13.]) with D C Q C RY, d = 2,3. Further, let v > 0 and either
y1 >0 ory; € C with Re(y1) < 0 and Im(vy;) > 0. Define v € L>=(£2) by

_Jm, zeD,
Y, =€ Q\D.

Given F € L>(Q)4, the problem to find w € H}(Q) such that
div(yVw) = div(xpF) inQ, w =0 ond (B.1)

has a unique (variational) solution. Moreover, there exist constants C,Cy, > 0 such that

1YWl g2y < CIDIY? || Fll ooy (B.2)

lwllr2@) < CIDP* P oo (B.3)
() (D)

lwllyro@) < Co|DIYP [ Fllpy, 1<p<2. (B.4)

Proof. The variational formulation is to find w € Hg () such that
/’wa-de = / F.-Vuvdzx forallve HHQ). (B.5)
Q D

If 41 > 0, the sequilinear form on the left hand side is bounded and coercive on H(Q). If
y1 € C with Re(y1) < 0 and Im(7;) > 0, we consider 3 € R such that Re(e’y) > 0 and find for
w € H} () that

Re (e [ 4Vl da) 2 ¢ Vulfaq > clulf).

The last step follows by the Poincaré inequality. Thus, in both cases, the Lax-Milgram theorem
A.4 shows the existence of a unique variational solution w € H}(Q2) of (B.1). From the weak
formulation in (B.5), we immediately find that

Vw32 < C DM | Fll ooy V0l 120 »
what gives (B.2). Now let z € H}(Q) be the unique solution to
div(y0Vz) = —w inQ, z =0 on df. (B.6)

Elliptic regularity results (see e.g. [63, Thm. 8.13.]) show that ||z ysq) < C |[w[g1(q)- Note
that ||z]|;1q) < Cllw|lg(q) due to the Lax-Milgram theorem A.4. The Sobolev embedding
theorem (see e.g. [63, Cor. 7.11]) further gives that

IVallpe(q) < Cllzllasq) -
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Using the weak formulation of (B.6) and (B.1) gives that

Hw||%z(m = /Q'yon~Wda::/S)(VO—v)Vw'de%—/Qwa-de

:/(vo—v)Vw'de—l—/F-de
Q D

IN

(X Fll 30 + 100 = %) Veoll 1 ey ) 192 o
< C (IDIIF || ooy + DIV 1Vl 1200 ) 0l 511
Using (B.2) and the Poincaré inequality finally gives (B.3). Moreover, we note that
div (voVw) = div (xpF) + div ((vo — v) Vw). (B.7)
For 1 < p < 2 it holds that A is an isomorphism from Wol’p(Q) to W=LP(Q) (see e.g. [17, p.

40]). The right hand side of (B.7) is in W~1P(Q) as well and using Hélders inequality and (B.2)
leads to

HwHWlaP(Q) < CpHdiV (VOVU))HWA,;:(Q)

< Gy (ldiv (X F) 10y + iV (Y0 = 7) V)l 1))
< Gy (IX0F Loy + 100 = 7) Veoll oy )
<

Cp (D7 | F e ) + D172 [V gy ) < ColDIYP [Pl ey -

The third inequality can be deduced by using that div : LP(2) — W~=1P(Q) is continuous. [

Lemma B.2. Let 0 < p < r/2 and let D), C B)(0) be open, where B),(0) C R* denotes the disc
of radius p around zero. Suppose that Ag, A1 € CO1(BL(0),R?**2) are symmetric and

cHEP < ¢ Aj(x)E < cgf forallg eR? &' € BL(0) andj=1,2
with some constant ¢ > 0 and let F € C%(B.(0),C?). Define A,, A, € C%'(BL(0),R*>*?) by

Aq, x e D;), Aq (0), x e D/p’

w = Doz = o, ¥ mon;

Furthermore, let 9 > 0 and either 1 > 0 or v € C with Re(y1) < 0 and Im(vy1) > 0. Define
Yo € L(Q) by

_|m, zeD,
e Y, x€Q\Dl.

The problems to find w,,w, € H}(BL(0) with

div (v,4,Vw,) = div(xp, F) in B..(0), w, = 0 on 8B, (0), (B.)
div (7,4,Vi,) = div(xp, F(0)) in BL(0), @, =0 on dB.(0) (B.9)

both have a unique solution. Furthermore, it holds that

Vw, — V@pHH(B;(o)) = O(‘D/p|1/2) as p — 0. (B.10)
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Proof. First, we prove that (B.8) and (B.9) both have a unique solution. For (B.8) we find that
/ 7o (A,Vw,) - Vo dz = / xp,F Vo dz for all v € Hi(B.(0)). (B.11)
B! (0) 7(0)
Moreover, we find that for all u,v € Hg(BL(0)) it holds that

/ o (A,V0) - Vode < C [ |(A,Vu)-Vo| dz
B1.(0) B1.(0)

1/2 1/2
C (/ |A,Vul? da:) (/ |Vol? d:c)
B;.(0) B1.(0)

¢ HUHHl(B;(o)) ||”HH1(B;(0)) :

r

IN

IN

Additionally, with 8 € R such that Re(eiﬂ'yp) > 0, it holds that

Re (/ ey, (A,Vu) - Vu da:) > C A,Vu-Vude > C |Vul|* dz
BL(0) B1(0) 51.(0)

> Cllull g1 (s 0) -

Here, we used the Poincaré inequality for the last estimate. Since the right hand side in (B.11) is
antilinear, the Lax-Milgram theorem A.4 shows that there is a unique solution w, € H}(B.(0))
that solves (B.8). The uniqueness and existence of w, € H}(B.(0)), the solution to (B.9) can
be shown analogously. Furthermore, it holds that

div (1, 4,Vw,) = div (v, (4, = 4,) Vu, ) + div (7,4,Vw,)
= div (xp,F) + div ('yp (ﬁp — Ap) pr)
= div (xp,F(0)) + div (xp, (F — F(0))) + div (v, (4, - 4,) Vu,).

Introducing Q' = B/’Jl/4 (0) implies that w, = W, +v1 +v2+v3, where vy, v2 and v3 are the unique
solutions to

div (v,4,Vv1) = div (xp, (F — F(0))) in B/(0), v; = 0on dB.(0), (B.12)
div (vapr) = div (XQ/’YP (ﬁp - Ap) pr> in B/.(0), vy = 0on dBL(0), (B.13)
div ('ypﬁvay,) = div ((1 — X)Yp (/Tp - Ap> pr> in B/(0), w3 = 0on dB.(0). (B.14)

In the following, we estimate the gradients of vi,ve and wvs to prove the claim. For v; we use
(B.12), (B.2) and the Lipschitz continuity of F' to see that

19012310y < CIDGM2 IF = F(O)] 1) < CIDIY20 = o(| D 12). (B.15)

For (B.13) we use (B.2) and the Lipschitz continuity of Ag and A; to find that

190l 20y < C| (A = 40) x| 30, 1V 20 2051000
< C (141 = A1)l () + 140 = A0(0) | ey ) 1 D112
< Cp+ p/) DLV = o D). (B.16)
Next, let h, € C1 ([0, 7]) be a cut-off function satisfying
0<h, <1, X(0,p/2) h, =0,
(B.17)

L= ((0,r))

X(p/4.0)hp = X(p1/1,1)> H
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(see [19, Lem. 3.6] for a similar construction). With this function we find that

0= J,Fv (h2w,) da'

Furthermore, using the weak formulation of (B.8) gives that
0:/ AN, -V (how,) da’
B;(o)% pVw,y - V( p »)

= VAoV w, - (hoV (hpWp) + W, Vhy) da’

BL(0)
= A,V (h,w .Vhwdm’—/ w,|* A,Vh, Vh, dz’
B;(O)'Yp pV (hpw)) (hpwp) B;(O)Vﬂ ol” ApVhy, P
+ 2i / vohy (A, T (W;Vw,) - Vh,) da’. (B.18)
B;,(0)

Note that, since x g ,1/2)hp = 0, the coefficient 7, in (B.18) satisfies v, = 79. Therefore,
2 2 2
IV (oo lczmy0) = Clollia oo IV Ao Lo 10 -
Thus, an application of (B.17) and (B.3) yields that
||v (hpwp)”L2(B;(0)) < Cp_1/4|D;)’3/4 < C|D;|_1/8|D;’3/4 — O(|Dlp‘1/2)

Here, we used that D/, C B},(0) and consequently |D| < mp?. Finally, we combine (B.14) with
(B.2) to obtain that

||VU3HL2(B7L(O)) < CHprHp(B;(o)\W) < CHv(hpwp)”p(B;(o)) = O(ID:;P/Q)‘ (B.19)

Combining (B.15),(B.16) and (B.19) yields (B.10). O



Appendix C

The PMCHWT formulation for the Maxwell
transmission problem

In this appendix we derive a multitrace formulation for Maxwell’s equations. We need these
formulations in Chapter 3.3 and 4 to compute (reference) solutions using the boundary element
library Bempp (see [115]). Similar formulations combined with numerical approximation using
Bempp are studied in e.g. [16, 72, 73, 89, 90]. In this appendix we follow the presentation in
[72, Sec. 6.1.2.] to derive the PMCHWT integral equation.

First, we adapt some notations to be consistent with the Bempp framework. In Proposi-
tion 3.9 we study the Maxwell single and double layer potentials and cite their mapping prop-
erties. In [113] the operator M is denoted by H and represents the magnetic potential. The
electric potential & is often defined as & = —(ik)"'N with N from Proposition 3.9 (see also
[88, Thm. 5.52] to see the equality). Let (E, H) € (Hyy(curl, R?))? be the unique solutions to
(2.31) together with the radiation condition (2.32). As before, let D be a bounded Lipschitz
domain representing the scattering object in the scattering problem. We say that a field V' lies in
H(curl?, D) (or in Hyoe(curl?>, R3\ D)), if curl V' € H(curl, D) (or curl V € Hjy(curl, R?\ D)).
We find that the Maxwell system in (2.31) can be equivalently formulated as the transmission
problem to find (Ey, Hy) € (H(curl?, D))? and (Ey, Hy) € (Hyoc(curl®>, R3\ D))? satisfying

curl By —iwu Hy = 0, curl Hy +iwe1E1 = 0 inD, (C.1a)
curl By —iwpoHy = 0, curl Hy + iwegEy = 0 in R3 \ D, (C.1b)
vx Eily, = vxEll,, vxHl,, =vxH}, on 0D, (C.1c)

Ej = Ey — E'|gs\ 5 H§ = Ho— H'|gs\p satisfy (2.32).  (C.1d)

Note that the transmission condition (C.1c) implies that (E, H) € (Hy(curl,R?))2, where

E — E1 inD, B H — H1 iIlD, B
Ey, inR3*\D, Hy inR3\D.
and vice versa. With &; and H; we define the electric and magnetic potential with wave number

kj = w,/gjm; for j = 0,1, respectively. The Stratton-Chu formula (see e.g. [88, Thm. 5.49]) in
the interior reads

1
—Hi(v x Eqlyp) — I&(V xcurl E|,,) = E; inD. (C.2)
1
Moreover, in the exterior we find that
1 _
Ho(v x E§|dp) + —& v x curl B§|5,) = Ey inR*\D. (C.3)

lko

We note from the jump relations in (3.30) and by defining E} = —(ik;)~'N;, H; = M; with
M;, N; from (3.29) with wave number k;, j = 0,1 in the fundamental solution @, that for
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a € H;*(9D) it holds that

v

1
v X Hja%D = :I:ia + H;a,7 v X Eja,%D = EE’“?
1 + t 1 + 1 .
%V x curlH;alyp = —Eja, %V x curl&aly, = iia +Ha.

We apply the interior traces to (C.2) and find that

1

i x E1|yp — Hi (v x Eil;p) — E! (v x curl E\|,p) = v x Ei|yp,

iky

11 1 1
El(v x BEil;p) + v x curl By |, — —Hi (v x curl By |;,,) = —v x curl By |5, .
2 1]431 1]{21 lk‘l
This yields that

— — _HE Rt
X vXElpp | _ (1]+A*) . vxEilpp | oA - Ifl E% . (C.4)
wV X curl Eq [y 2 wV X curl B[y E; -Hj

Moreover, we apply the traces from the exterior to (C.3) and see that

1 1
v x Ej|§, + Hy(v x E§|p) + —

Ej(v x curl E§|3,) = v x Ejl4, .
2 ik

11 1 1
—E4(v x E§|4p) + I curl Bj |}, + %Hg(u x curl E§|3,) = T curl B[,

This shows that

v x Ejl5p _ (1 + v x E§|5, o [ —E
L,iol/xcurlEg\gD N <§I_A ) %I/XCUI‘]ES‘?{D with AT = E, —HY| (C.5)

The transmission condition (C.1c) yields that
x B, x E§| v x B}
[ v 1o ] _ 5[1 v 6o ]+5[1 oD ] : (C.6)

1 — 1 s|+ 1 1|+
&V x curl B[y, TV X curl E§[n GV X curl E*| 5,

where the matrix § € C?*? is given by

1 0
S = 0 Vi |
Jor
with p, = p1/po, er = €1/c0. We define the operators C* = 1/2I F A*, with A~ from (C.4)
and AT from (C.5). Now, we apply (C.4), (C.6) and (C.5) and obtain
C—ll v x Eiyp ]:S[1VXE8‘§D ]+S[1VXEi|§D 1

— 5|+ i+
wV X curl Eq [y wV x curl E§ |5, wV x curl E'|5,

Es|t EiT
- Ssct |, v X 0‘8DS P = v X ‘8Di L (C.7)
w vV x curl E§ 5, woV x curl E'|5,

Applying S~! to (C.7), and using (C.6) once again yields

Sflcf S 1 v X E8|§D " n v X EZ|§D "
oV x curl E§|3 ), wV x curl E'|5

o
—C’*[ VXESBFD ] [ VXEiE)rD ]

1 5|+ 1 i+
TV X curl B[ p TV X curl B[,

+5
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Rearranging these terms and using that
1
STC S -0t =9'ATS+ AT and I-S7'CTS = 51— STTATS

yields the PMCHWT integral equation

14— + v x Eflap _ (L iy VXEi|(J9rD,
We denote the operator on the left hand side of (C.8) with P. Now, we apply the Calderén pre-
conditioner P = (S~1A~S + A™) to both sides of (C.8) and obtain the Calderén preconditioned
PMCHWT integral equation

9 v x E§|} 1 o v x B}
P L%OI/ X curlal%]gD] - P(§I -S54 S) L]iov X curlalgﬂgD] ' (C9)
In [35] it is shown that this preconditioner yields a well-conditioned system matrix, when the
left-hand side of (C.9) is discretized. A numerical approximation to the integral equation (C.9)
can be simulated using the boundary element library Bempp. The multitrace operators A*
from (C.4) and (C.5) and their discretization is discussed in [113]. Note that the different signs
in front of the operators E;,Hz in the definition of the multitrace operators A* from (C.4)
and (C.5) compared to [113, Eq. 31] result from a sign swap in the definition of the tangential
traces. The implementation for the discretized multitrace operators AT from (C.4) and (C.5)
that is provided by Bempp uses both the Rao-Wilton-Glisson basis functions of order 1 as well
as the Buffa-Christiansen basis functions of order 1. This provides a stable discretization of the
multitrace operators. For more details on these functions we refer to [26, 111, 113].
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Appendix D

Derivatives of spherical vector wave functions

The explicit basis representation of the Fréchet derivative Tfﬁ[pp}h in Remark 5.16 contains
derivatives of the circularly polarized spherical vector wave functions P, and Q', m = —n, ..., n,
n =1,2,.... Recalling the definition of P!* and Q" in (5.29), we provide a detailed discussion
of the derivatives of the spherical vector wave functions M;" and curl M from (2.23). Both
functions are best expressed in spherical coordinates,

x1 sin(#) cos(p)
x = |x2| = r|sin(f)sin(p)| = ¥(r,0,p), r>0,6¢el0,7], ¢€[0,27),
x3 cos(6)

and consist of terms of the form F(x) = J(r)W (6, ), where W is one of the vector spherical
harmonics Y,"Z, U", or V,". Using the chain rule

(Fo) = (Foy)yf

and observing that (1')~! is known explicitly, it suffices to compute the partial derivatives
of M and curl M, with respect to the spherical coordinates. More precisely, with the spher-
ical unit coordinate vectors

sin(6) cos(p) R cos(0) cos(yp) —sin(yp)
T = |sin(f)sin(y) | , 0 = |cos(f)sin(y) | , @ = | cos(y) |,
cos(6) —sin(#) 0
we obtain
R 10 0
W0 = [@|6]g] [0 r 0 |,
0 0 rsin(f)
and hence
0J 1 oW 1 oW 8
/ — |27 - 0T
Froy = {81"W r 00 rsin(G)J 8@] eT ' (D-1)

Note that throughout this section, we will suppress the dependence on r, # and ¢ of the unit
coordinate vectors and most other functions.

We start with the factors in M,* and curl M that depend only on the angular variables 0
and ¢ and express their derivatives in terms of the spherical harmonics Y," and the partial
derivative of Y" with respect to 6. First, we note that the derivatives of the unit coordinate
vectors satisfy

9% = 0, 960 = —z, 09 = 0,
0, = sin(0)gp, &pé = cos(f)gp, Opp = —sin(0)x — cos(&)é.
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A particular choice of spherical harmonics Y,*, m = —n,...,n, n = 0,1,..., is obtained from
the definition

2n+ 1 (n —|m|)!
47 (n+|m|)!’

Y™ = CmP™ (cos(0))e™? with O = \/ (D.2)
where P™(t) = (1—12)™/2(d/dt)™P,(t), m = 0,...,n, denote the associated Legendre functions
(see e.g. [88, p. 41]). Derivatives of Y, with respect to ¢ just amount to multiplications with
powers of im. The first derivative of Y, with respect to 6 is calculated explicitly from

dPrqn 2 _ d™P, dntlip
t) = —mt(1 —t3)mD2Z_"g) 4 (1 — 2)m/? (¢
(1) = —mt(1 — )M DR ) 4 (1 2R
_ 1 ma1 mt . _
_mPH (t)—l_t2Pn(t), neN, m=0,...,n,
which gives
croo_ S
0pY,™ = mcot(0)Y," — Cnfﬂe*lwy“ and  9pY,, ™ = JpY," (D.3)
n
forn € Nand m = 0,...,n. Here, we use P"*! =0 and Y,"*! = 0 for convenience of notation.
As spherical harmonics are eigenfunctions of the Laplace-Beltrami operator on the unit
sphere,
1 . 1 9

(see e.g. [88, p. 41]) we can compute the second derivative of Y,)” with respect to 6 as
m2
sin?(6)

We apply these formulas to find expressions for the derivatives of the vector spherical har-
monics Yz, U], and V" with respect to 6 and ¢. For the radially oriented Y,"Z we obtain

RV = — cot(0)dpY;" + ( —n(n+1))Y,". (D.5)

O(Y"T) = OY"E + Y0, (D.6a)
1 im
——0,(Y"x) = Yz 4+ Y g D.
sin(@)a@( ") sin(f) " T (D.6b)
From the definition (2.16) we find for U and V" that
1 ~ im
U = —————hY,)"0+ —=Y."p D.7
" n(n—i—l)( 0¥n O F sin(f) " SO)’ (D.7a)
1 im R
V' = ———— (WY, "¢ — ——=Y,"0). D.7b
g n<n+1)(enso SO, (D.7h)
We further deduce
m _ 1 B mz 2y mp im m m\
U = e 1)< OpY'x + 05Y, "0 S0 (0) (cot(0)Y," — OpY, )cp> , (D.8a)
1 1 im im ~
—_— = — Y Yo — Yy D.
sin(@)agoUn n(n + 1)( sin(f) " T sin(0) (90" = cot(0)Y;")0 (D.8b)
m2
Y- ——Y"|p D.
+ (Cot(9)89 " ) )Lp), (D.8c)
1 im im ~
m Y& Y — 0pY )0 + Y, p D.
L aym = 1<_a Y™E + (mQYm ~ cot(6)d Ym)é (D.8e)
sn(@) P T o\ E T ey o '
im m m ~
+ m(&gYn —cot(0)Y, )cp) . (D.8f)
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The representations (D.3)—(D.8) contain several terms that are ill-suited to numerical eval-
uation for 6 close to 0 or . These are

Sln(e) n m(cot(e)yn —aQYn ), myn —COt(@)@gYn . (Dg)

Note that the first two expressions in (D.9) always appear in combination with a factor m in
(D.3)—(D.8) and thus are only relevant for m # 0. We will only consider m > 0 in the following
paragraphs, as the corresponding formulas for negative m can immediately be obtained by
complex conjugation.

To rewrite the first term in (D.9), we use the recurrence relation

P (t 1
\/% = th(P,TH(t)+(n+m)(n—m+1)Pg@—1(7g)), n>2 m=1,....n—1,

for the associated Legendre functions (see e.g. [88, p. 35]). Inserting this into (D.2) gives

e”l¥ n+m)(n—m+1)e¥

v c i1 4
= Yy D.10
sin(@)  2mcos(6) (CIL”H oot cmt " ) ( )
forn >2and m =1,...,n — 1. Furthermore, differentiating Rodrigues’ formula for the associ-
ated Legendre functions (see e.g. [88, Thm. 2.6]) n times shows that P)'(cos(f)) = (2273173; sin”™(6).
Therefore,
YTZ:L n(2n)‘ son—1 ing
= ! . D.11
S0 (0) cy oy SiB (0)e"?, neN ( )
For the second term in (D.9), from (D.3) we have that
1 am ) Yerl ym
()Y — Y ") = —Roe W2 —(m—1 0)——. D.12
sin(0) (cot(O)Yy bY") C,T“e sin(0) (m ) cos( )sin2(0) ( )
For m = 1, this can be evaluated using (D.10). For n > 2 and m = 2,...,n, expressions for
sin~2(#)Y," are immediately obtained from (D.10) and (D.11).
Finally, the third term in (D.9) satisfies
m2 cm ) Ym+1 ym
— Y — cot(0)0p Y, = ——e ¥ cos() 2 2(0)—2—. (D.13
sin2(9) n CO ( ) 0Ly Crrzn—He COS( )sm(Q) + (m m Co8 ( ))sin2(0) ( )

For n, m > 2, no new issues arise, and for m = 1, the last term on the right hand side of (D.13)
reduces to Y,!. In (D.13) we also have to consider the case m = 0, where (D.2) gives

— cot(0)9pY,) = —CY cot(0)yPp(cos(8)) = C°cos(h) P (cos(h)). (D.14)

For numerical implementations of (D.3), (D.5)—(D.8) we suggest to use the expressions di-
rectly when 6 € [r/4,3mw/4], and to replace the problematic terms with the expressions from
(D.10)~(D.14) when 0 € [0,7/4) or § € (37/4,7].

We continue with the factors in M;" and curl M]" that depend only on the radial variable r,
ie.,

in(kr), Jn(kr) 7 Jn(kr) + kr gl (kr) . (D.15)

T T

We require the derivatives

Opjn(kr) = kjn(kr),
Jn (k1) krjl (kr) — jn(kr)
87» - 2 )
r r

o, (jn(kr) +Tk?“jé(k7’)> (k)% (kr) + kg’%(’ﬂ”) — Jn(kr)
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These may be simplified using the spherical Bessel differential equation
£ () + 2t (1) + (2 = n(n + 1))jn(t) = 0

(see e.g. [88, p. 54]) and the recurrence relation

Ja®) = 2 ju®) = na (8
(see e.g. [103, 10.51.2]) to obtain
Orju(kr) = Zjnkr) = kjnsa(kr) (D.16a)
gy nbr) _ (0= Dinlr) — kriniabr), (D.16b)
&jn(kr) +Tkrjg(kr) _ —krjl,(kr) + (n(n +T12) — 1 — (kr)?)jn(kr)
_ krjaga(kr) + (nzr; 1= (kr)?)jn(kr) (D.160)

For small values of > 0, the expansion of the spherical Bessel functions in powers of r (see e.g.
[88, Def. 2.26]) should be inserted into (D.15) and (D.16) and being truncated to a finite sum
for numerical evaluation. In particular, we note that for n = 1 negative powers of r seem to
remain in (D.1) when the two summands in curl M," are inserted separately. However, some
tedious calculations show that these terms cancel as expected when the sum is formed. Hence,
for numerical evaluation in the case n = 1, all terms of order r~' should be left out of the
calculation to avoid cancellation effects.



Notation

Basic notation

my o

™
S

=R
S

—~

tr,rr,sr)

EE

> 9=

>

d—dimensional real Euclidean space
d—dimensional complex Euclidean space

point & = (x1,29,73)" in R3
dot product of x,y

cross product of @,y
Euclidean norm of x

open ball in R? of radius R centered at x
boundary of Br(xg)

closure of Br(xg)

unit outward normal on 0Bg(0)

unit sphere in R?

open ball in R? centered at the origin

speed of light

electric permittivity in free space

magnetic permeability in free space

electric permittivity distribution (for D,)
magnetic permeability distribution (for D,)
angular frequency

frequency

wave number

electric permittivity distribution for Dy,
magnetic permeability distribution for D,

exterior center curve including center curve K
parametrization of I'

rotation minimizing frame

range of local coordinate system around pr
thin tubular scattering object with radius p
center curve of D,

set of admissible functions

non-uniform partition

set of not-a-knot splines on partition A

34

13
13
13
15, 34
15, 34
13
13
13

50
50

33
33
33
34
34
34
80
70, 84
84
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Function spaces
Ck(Q), CF(09) k times differentiable functions on 2, 0 7
Ck(Q) functions in C*(£2) whose derivatives have continuous ex- 7

tensions to Q
LP(Q) Lebesgue space on {2 8
WP () Sobolev space on €2 8
W, (Q) closure of C}(€) in W'P(Q) 8
H5(Q) Sobolev space on €2
H{ () functions that are in H*(2) for all open and bounded Q2 C €2
H(curl, Q) function space of L?-functions with weak curl in L?(Q)3 10
H_1/2(8Q) trace s f 11
div pace, range of y;

H C_uh/ 2 (09) trace space, range of vyr 11
H(;\lh/oz (092) subspace of Hci\l/z(aﬂ) 20
S VS is the curl free part in the Helmholtz decomposition 23
Xo Xp is the div free part in the Helmholtz decomposition 26
y+ eigenspaces of operator C 97
W Beltrami fields in 2 98

Functions
P fundamental solution of the Helmholtz equation 14
G fundamental solution of time-harmonic Maxwell’s equation 14
Y spherical harmonics 12
ur,v,nr vector spherical harmonics 12
M curl M entire solutions of time-harmonic Maxwell’s equation 14
N curl N radiating solutions of time-harmonic Maxwell’s equation 14
E' H incident electric and magnetic field 15
E° H?® scattered electric and magnetic field 15
E H total electric and magnetic field 15
E> H®*> electric and magnetic far field 15
E; scattered electric field corresponding to D, 35
ExX electric far field corresponding to D, 39
ES, ES° leading order term of the asymptotic perturbation formula 39, 44,

68, 80

E‘[A], E¢[A],
E[A], E~[A] incident, scattered, total, far field corr. to density A 97
e, hg solution of homogeneous Maxwell’s equation in Bg(0) 39
ey, h, solution of inhomogeneous Maxwell’s equation in Br(0) 39
6 rotation function 34
qr local parametrization around pr 34
Ky Kmax (maximal) curvature of T’ 37
17452 solution to boundary value problem without inclusion in R3 45
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X2
XHS
Jo
Jus

Operators

Vi
yr

curl, curly, curl,
A
A

A
A1, A

solution to boundary value problem with inclusion in R3
for £ € 52 given by V) = Z?Zl ij(j)

for £ € 52 given by V(© = 2?21 fjv,gj)

modified potential satisfying 5,(;@ =V on dBR(0)
three-dimensional corrector potential

3 x 3 electric and magnetic polarization tensor corr. to D,
scaled Dirac measure on center curve K of D,

Dirac measure in 0

two-dimensional corrector potential

modified corrector potential
2 x 2 electric and magnetic polarization tensor corr. to D;)
solution to boundary value problem without inclusion in R?

solution to boundary value problem with inclusion in R?
solution to two-dimensional transmission problem

Riemann-Silberstein linear combinations

chirality measure

smooth chirality measure
relative chirality measure
relative smooth chirality measure

trace operator from H(curl, Q) to H&}/Q(@Q)
trace operator from H(curl, ) to H71/2(8Q)

curl
curl operator (w.r.t. @,y) acting on matrices columnwise
Laplace operator
electric to magnetic Calderén operator

electric to magnetic Calderén operator with £ =i
A=A+A

sesquilin. form in the weak formulation of the scat. problem
antilin. func. in the weak formulation of the scat. problem
B=a1+a

divergence in local coordinates
gradient in local coordinates

interior Calder6n operators
resulting from v x - applied to Stratton-Chu formula

far field operator
used to define helicity for fields in LZ(S?)

45
49

49
49

49
45
38

50

55
50, 63
63

63
64

98
100

115
115

11
11

19
20
29

23
23
23

37
37

42
42

97
97
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Index

A
asymptotic representation formula
in bounded space .............. ... ... 39
in free space ........... oo 38
B
Beltrami fields ............. ... oL 100
BFGS method .............. ... ..ol 125
C
Calder6n operator
electric to magnetic ............ ... ..., 19
electric to magnetic with k=1 ......... 20
interior ......... ... i 42
chirality measure ............. .. .. ... 102
relative ...... ... 118
relative smooth ............ ... ... ... 118
circular polarization .............. ... .. ... 99
of plane wave ................ ... ..., 98
composite Simpson’s rule ................... 71
corrector potential
modified ........ ... i 55
three-dimensional ...................... 49
two-dimensional ........... ... ... L 50
curvature ............ i, 37, 86
D
Drude model .............. ... ... ... 16, 67
dual symmetry ....... ...l 102
dyadic Green’s function ..................... 14
E
electric permittivity
distribution ............. ... ... L 15
free space ..., 13
interior ............ ool 15
electromagnetically achiral ................. 102
electromagnetically chiral .................. 102
maximally ....... ... ..o 103
entire solutions ............... ... ..., 14, 15
derivatives of ....... ... . ... L 155
equiangular grid of points ................... 86
exterior scattering problem .............. 18, 41
F
far field ...... ... 16
far field operator ............. ... .. ... 99
Frenet-Serret frame ................ .. .. .. 83
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fundamental solution

of Helmholtz equation .................. 14
of Laplace equation .................... 66
of time-harmonic Maxwell’s equations .. 14
G
general perturbation formula ............... 36
geometry adapted frame ................... 103
golden section line search ................... 87
H
helicity ... 97, 100
preservation of ....... ... ... . ... ... 102
helicity basis ............ooiiiiiiiii 104
Helmholtz decomposition ................... 23
Helmholtz equation ......................... 14
Herglotz wave ........ ... ... ... 99
|
impedance .......... ..., 16
inverse problem ........... ... . .ol 81
invisibility w.r.t helicity ................... 102
J
jump relations .......... ...l 40, 152
L
Lipschitz domain ............. ... ... ... ... 7
local coordinates ............... ... ..., 34
Jacobian determinant of ................ 36
M
magnetic permeability
distribution ........... ...l 15
free space ...l 13
interior ......... ... 15
Maxwell’s equation
time-dependent ............. ... ... ... 13
time-harmonic ......................... 15
minimization functional ..................... 86
N
NANOWITE .« ottt ettt eaiiee e 34
Neumann-Poincaré operator ................ 66
noble metals ........ ... ... .l 15
nonlinear least squares ...................... 86
not-a-knot spline ............... ... ... . ..., 71
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P T
penalty term ......... ... ...l 86, 121 T-matrix ... 108
plasmon resonance ............... ..., 67 thin tubular scattering object ............... 34
polarization tensor ............. ... ... ... 45 center curve of ........ ... ... ... 34
Cross-section ...............iiiiiiiia. 34
R divergence .......... ...l 37
radiating solutions .................. ... ..., 14 gradient .............. .. 37
radius of Dp ................................ 34 permeabﬂity/ permittivity distributions 34
Riemann-Silberstein linear combination ....100 total interaction cross section .............. 102
rotation function ......... ... ... ool 34 trace
rotation minimizing frame .................. 33 0 AT 11
S PP 10
S At e 11
scaling of objects .......... .. .. ol 69 trace space
Silver—Miiller radiation condition ........... 15 H-1/2 (O0) oo 9
singular system ........... ... .. oL 145 H/? (O0) oo 9
Sobolev space H;j,{Q(aQ) ............................. 11
Hgdlwﬁ) .............................. 10 Hf.l/z(aQ) ............................. 11
HY () o 8 tr div 1
HUQ) oooeeoeeeee e 3 ACES v ettt e e e e
Hige(eurl, Q) oo 10 U
W]f’p(ﬂ) """""""""""""""" 8 unique continuation principle ............... 21
WoP(Q) v 8
H(curl, Q) ... 10 \Yj
Sommerfeld radiation condition ............. 14 vector spherical harmonics .................. 12
spherical Bessel functions of the first kind ...14 circularly polarized ................... 104
spherical Bessel functions of the second kind 14 visible spectrum ........ .. .. o oo 15
spherical Hankel functions of the first kind ..14
spherical harmonics ......................... 12 W
spherical wave functions ................... 105 wave number ............ . 13
surface curl curlgg ....oov i 11 computational .............. ... .. ... 69
surface divergence divgg ..........cooiini... 11 weak curl ... 10
surface gradient ................ ... ... 12 weak divergence ............. ... 10
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