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Abstract - The Pareto distribution is to model the income data 
set of a society. The distribution is appropriate to the situations 
in which an equilibrium exists in distribution of small to large.  
There exists many generalization approaches to the 
distribution. In this paper an effort has been made to compare 
the applicability of generalized Pareto distribution with 
Picklands (1975) by using a real life income data set. The 
model has provided considerable a good fit to the data set. 
Some well known distributions has been derived as a special 
case of this model for suitable choice of parameters. 
Keywords : pareto distribution, picklands (1975) 
generalized pareto distribution, a new generalized Pareto 
distribution, Income data set, Goodness of fit.  

I. Introduction 

a) Pareto Distribution (PD) 
he Pareto distribution was proposed by an Italian 
born Swiss economist named Vilfredo Pareto 
(1897) as a model for the distribution of income. It 

is a skewed, heavy tailed distribution and is some times 
referred as Bradford distribution.  Pareto used this 

distribution to describe the allocation of wealth among 
individuals. A large portion of wealth of many societies is 
owned by a smaller percentage of the people in that 
society. This distribution s sometimes expressed more 
simple as the Pareto principle or The “80-20” rule which 
says that 20% of the population owns 80% of the wealth. 
This distribution is not limited to describing wealth or 
income distribution, but to many situations in which an 
equilibrium is found in the distribution of the “small” to 
the “large”. It is widely used and has played a very 
important role in explaining population occurrence, 
natural resources, insurance risk, business failures and 
has recently been used to study the ozone levels in the 
upper atmosphere. Wingo (1982) discussed the 
unimodility of the conditional likelihood function of the 
Pareto distribution using multi censored samples. Arnold 
and Press (1983) gave an extensive historical survey of 
its use in the content of income distribution.  

The probability density function (p. d. f) of two 
parameter Pareto distribution is defined as 

  

α, β>0  and x≥0 
Where β is a scale parameter and α is a shape 

parameter. 
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=             0       otherwise 

where λ<x< α,   β>0, α>0 
β is a scale parameter, α is a shape parameter and λ is 
the location. 

b)
 

Generalized Pareto distribution (GPD)
 

Like other distributions the Pareto distribution 
was generalized. The Generalized Pareto distribution 

(GPD) was introduced by Picklands (1975). The 
probability density function

 
(p.d.f) is defined as

 

   

f(x, α, β)= 1/ β 1
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=         0       otherwise 

The range of x is 0≤x<α for α≤0 and 0≤x≤ β/α for α>0 

The GPD is heavy tailed,
 
skewed and is used to 

model 
 
extreme

 
values

  
as

  
investigated

  
by

 
Hoking 

 
and

 
 

      
  

Well (1987),
 

Smith (1989, 1990), Davison
 

and Smith
 

(1990). Smith
 
(1990) gave a review of two most widely 

used methods based on generalized extreme value 
distribution.

 
Samia and Mohammad

 
(1993) used five 
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f(x, α, β)= )/( )1( +− αβα
β
α (1.1)

(2.1)

(1.2)

The probability density function (p. d. f) of three 
parameter Pareto distribution is defined as
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Where   
(.)τ is defined as the gamma function.

 

Here r can take any value r=1, 2, 3…., there fore mean 
and variance of x can be defined as
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d)

 

Derivations of Some Distributions

 

Many distributions can be derived from 4-
parameter generalized Pareto distribution for different 
choices of the parameters.
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modifications of moments to estimate the parameters of 
Pareto distribution. Abdel Ghaly etal (1998) obtained the 
prediction of the shape parameters. Choulakin and 
Stephens (2001) obtained the goodness of fit for the 
generalized Pareto distribution. Abd Elfattah etal (2007) 
obtained a new generalized Pareto distribution and 
derived some well known distributions as special cases.

c) A Model of Generalized Pareto Distribution

In this paper a model of generalized Pareto 
distribution as given by Abd Elfattab etal (2007) by 

introducing one more shape parameter “γ” is applied it 
to real life data set regarding family income sample from 
Kashmir (Jammu and Kashmir)-India.

The probability density function of the new 
generalized Pareto distribution is as 

f(x; α, γ, β, λ)= α/ β .)(1
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where λ<x< α,   β>0, α>0 and γ>0
α and γ are shape parameter and λ is the location and β  
is a scale parameter

To prove that f(x) is a probability density 
function, following conditions are to be satisfied.

i. f(x) ≥ 0  and 

ii. ∫
∞

∞−

= 1).( dxxf

λ<x< α, β>0, α>0 and γ>0 are the parameters 
of the model.

f(x) ≥ 0  for all x which proves (i)
clearly f(x) ≥ 0 establishes condition (ii) as 

∫
∞

∞−

= 1).( dxxf The rth moment about mean of the 

generalized Pareto distribution is

(3.1)

where λ<x< α,   β>0, α>0
β  is a scale parameter, α is a shape parameter 

and λ is the location

(i) For γ = 1 the four-parameter Pareto distribution 
reduces to three-parameter Pareto distribution 
with p. d. f as 



 
 

     

 

  
  

 

Where x>0 and, α>0 

Similarly many more distributions can be 
derived for suitable choice of parameters. 

e) Goodness of Fit 
As Pareto distribution provides a good fit to 

income data a lot of work has been done on it. In this 
paper the new generalized Pareto distribution has been 
fitted to income data along with Picklands (1975) 
generalized Pareto distribution to three hundred families 
from Kashmir valley of Jammu and Kashmir-India. The 
sample has been selected at random and stratified 
random sampling procedure involving all the six districts 
of Kashmir valley has been adopted for the purpose. 

Table 1 : Fitting of New Generalized Pareto Distribution 

Class
 

Income
 
(Rs)

 

Xi
 

Observed 
frequency (Oi) 

Expected 
Frequency (Ei) by 
Picklands (1975) 

Expected 
Frequency

 
(Ei)

 

1 < 10,000 202 196 186 
2 10,000-20,000 65 69 74 

3 20,000-30,000 18 23 25 
4 30,000-40,000 9 7 13 
5 40,000-50,000 4 3 1 
6 50,000 and above 2 2 1 

Total - 300 300 300 

The mean and standard deviation of the above 
data set has been found as mean=16565.75 and 
standard deviation= 18850.40. The Chi-square statistics

 

for new generalized Pareto distribution referred
 
by its p-

value is
 

(p=0.387)
 

and Chi-square statistics for 
Picklands (1975) generalized Pareto distribution referred

 

by its p-value is
 

(p=0.843)
 

reveals clear non-
significance

 
in both the cases. Thus encouraging that 

the new generalized Pareto distribution also
 
provides a

 

good fit to the real life data set.
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(ii) For γ =1 and λ=0 it reduces to two parameter 
Lomax distribution with p. d. f as 

f(x, α, β ) = α/ β
)1(

1
+−













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


+

α

β
x

Where x>0 and,   β>0, α>0

(iii) For (γ = β =1 and λ=0) it reduces to Beta type II 
distribution with p. d. f as

                      f(x, α, ) =  α ( ) )1(1 +−+ αx
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