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Abstract
First-order model counting (FOMC) is a computational prob-
lem that asks to count the models of a sentence in finite-
domain first-order logic. In this paper, we argue that the ca-
pabilities of FOMC algorithms to date are limited by their
inability to express many types of recursive computations.
To enable such computations, we relax the restrictions that
typically accompany domain recursion and generalise the cir-
cuits used to express a solution to an FOMC problem to
directed graphs that may contain cycles. To this end, we
adapt the most well-established (weighted) FOMC algorithm
FORCLIFT to work with such graphs and introduce new com-
pilation rules that can create cycle-inducing edges that encode
recursive function calls. These improvements allow the al-
gorithm to find efficient solutions to counting problems that
were previously beyond its reach, including those that cannot
be solved efficiently by any other exact FOMC algorithm. We
end with a few conjectures on what classes of instances could
be domain-liftable as a result.

1 Introduction
First-order model counting (FOMC) is the problem of com-
puting the number of models of a sentence in first-order
logic given the size(s) of its domain(s) (Beame et al. 2015).
Symmetric weighted FOMC (WFOMC) extends FOMC with
(pairs of) weights on predicates and asks for a weighted
sum across all models instead. By fixing the sizes of the
domains, a WFOMC instance can be rewritten as an in-
stance of (propositional) weighted model counting (Chavira
and Darwiche 2008). WFOMC emerged as the dominant
approach to lifted (probabilistic) inference. Lifted infer-
ence techniques exploit symmetries in probabilistic mod-
els by reasoning about sets rather than individuals (Kerst-
ing 2012). By doing so, many instances become solvable
in polynomial time (Van den Broeck 2011). The develop-
ment of lifted inference algorithms coincided with work on
probabilistic relational models that combine the syntactic
power of first-order logic with probabilistic models such as
Bayesian and Markov networks, allowing for a more rela-
tional view of uncertainty modelling (De Raedt et al. 2016;
Kimmig, Mihalkova, and Getoor 2015; Richardson and
Domingos 2006). Lifted inference techniques for probabilis-
tic databases have also been inspired by WFOMC (Gatter-
bauer and Suciu 2015; Gribkoff, Suciu, and Van den Broeck
2014). While WFOMC has received more attention in the

literature, FOMC is an interesting problem in and of itself
because of its connections to finite model theory (van Bre-
men and Kuželka 2021b) and applications in enumerative
combinatorics (Barvı́nek et al. 2021).

Traditionally in computational complexity theory, a prob-
lem is tractable if it can be solved in time polynomial
in the instance size. The equivalent notion in (W)FOMC
is liftability. A (W)FOMC instance is (domain-)liftable
if it can be solved in time polynomial in the size(s) of
the domain(s) (Jaeger and Van den Broeck 2012). Many
classes of instances are known to be liftable. First, Van
den Broeck (2011) showed that the class of all sentences
of first-order logic with up to two variables (denoted FO2)
is liftable. Then Beame et al. (2015) proved that there exists
a sentence with three variables for which FOMC is #P1-
complete (i.e., FO3 is not liftable). Since these two seminal
results, most research on (W)FOMC focused on develop-
ing faster solutions for the FO2 fragment (van Bremen and
Kuželka 2021a; Malhotra and Serafini 2022) and defining
new liftable fragments. These fragments include S2FO2 and
S2RU (Kazemi et al. 2016), U1 (Kuusisto and Lutz 2018),
C2 (i.e., the two-variable fragment with counting quanti-
fiers) (Kuželka 2021; Malhotra and Serafini 2022), and C2

extended with axioms for trees (van Bremen and Kuželka
2021b). On the empirical front, there are several implemen-
tations of exact WFOMC algorithms: ALCHEMY (Gogate
and Domingos 2016), FASTWFOMC (van Bremen and
Kuželka 2021a), FORCLIFT (Van den Broeck et al. 2011),
and L2C (Kazemi and Poole 2016). Approximate counting
is supported by ALCHEMY, APPROXWFOMC (van Bre-
men and Kuželka 2020), FORCLIFT (Van den Broeck, Choi,
and Darwiche 2012), MAGICIAN (Venugopal, Sarkhel, and
Gogate 2015), and TUFFY (Niu et al. 2011).

We claim that the capabilities of (W)FOMC algorithms
can be significantly extended by empowering them with the
ability to construct recursive solutions. The topic of recur-
sion in the context of WFOMC has been studied before but
in limited ways. Barvı́nek et al. (2021) use WFOMC to gen-
erate numerical data that is then used to conjecture recur-
rence relations that explain that data. Van den Broeck (2011)
introduced the idea of domain recursion. Intuitively, domain
recursion partitions a domain of size n into a single explic-
itly named constant and the remaining domain of size n−1.
However, many stringent conditions are enforced to ensure
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ϕ Compilation Propagation Model count

Domain sizes

FORCLIFT Cϕ

(a) FORCLIFT compiles ϕ into a circuit Cϕ. The domain sizes are then used to propagate values through Cϕ, computing the model count.

ϕ Compilation Algorithm 4 Simplification Evaluation Model count

Base cases Domain sizes

CRANE Gϕ Fϕ F ′
ϕ

(b) CRANE compiles ϕ into a graph Gϕ and then converts Gϕ into a collection of functions Fϕ. In some cases, these functions can benefit
from algebraic simplification. If some functions are defined recursively, base cases need to be established. One can then compute the model
count of ϕ by running the main function in F ′

ϕ with domain sizes as arguments.

Figure 1: A comparison of how FORCLIFT and CRANE can be used to compute the model count of a formula ϕ

that the search for a tractable solution always terminates.
In this work, we show how to relax these restrictions

in a way that results in an algorithm capable of handling
more instances in a lifted manner. The ideas presented
in this paper are implemented in CRANE1,2—an extension
of the (W)FOMC algorithm FORCLIFT. The differences
in how these algorithms operate are depicted in Figure 1.
Compilation is performed by applying various (compila-
tion) rules to the input (or some derivative) formula, grad-
ually constructing a circuit (in the case of FORCLIFT) or a
graph (in the case of CRANE). FORCLIFT applies compi-
lation rules via greedy search, whereas CRANE also sup-
ports a hybrid search algorithm that applies some rules
greedily and some using breadth-first search.3 This alter-
native was introduced because there is no reason to ex-
pect greedy search to be complete. Another difference
is that—in CRANE—the product of compilation is not di-
rectly evaluated but transformed into a collection of func-
tions on domain sizes. Hence, our approach is reminis-
cent of previous work on lifted inference via compilation
to C++ programs (Kazemi and Poole 2016) and the broader
area of functional synthesis (Golia, Roy, and Meel 2020;
Kuncak et al. 2010).

Using labelled directed graphs instead of circuits enables
CRANE to construct recursive solutions by representing re-
cursive function calls via cycle-inducing edges. A hypo-
thetical instance of compilation could proceed as follows.
Suppose the input formula ϕ depends on a domain of size
n ∈ N0. Generalised domain recursion (GDR)—one of the
new compilation rules—transforms ϕ into a different for-
mula ψ with an additional constant and some constraints.
After some more transformations, the constraints in ψ can

1https://github.com/dilkas/crane
2https://doi.org/10.5281/zenodo.8004077
3In the current implementation, the rules applied non-greedily

are: atom counting, inclusion-exclusion, independent partial
groundings, Shannon decomposition, shattering, and two new rules
described in Sections 4.1 and 4.3. See previous work for more in-
formation about the rules (Van den Broeck et al. 2011) and the
search algorithm (Dilkas 2023).

be removed, replacing the domain of size n with a new do-
main of size n−1—this is the responsibility of the constraint
removal (CR) compilation rule. Afterwards, another compi-
lation rule recognises that the resulting formula matches the
input formula ϕ except for referring to a different domain.
This observation allows us to add a cycle-forming edge to
the graph, which can be interpreted as a function f relying
on f(n− 1) to compute f(n).

We begin by introducing some notation, terminology, and
the problem of FOMC in Section 2. Then, in Section 3, we
define the graphs that replace circuits in representing a solu-
tion to such a problem. Section 4 introduces the new com-
pilation rules. Section 5 describes an algorithm that con-
verts such a graph into a collection of (potentially recursive)
functions. Section 6 compares FORCLIFT and CRANE on
various counting problems. We show that: (i) CRANE per-
forms as well as FORCLIFT on the instances that were al-
ready solvable by FORCLIFT, (ii) CRANE is also able to han-
dle most of the instances that FORCLIFT fails on, including
those outside of currently-known domain-liftable fragments
such as C2. Finally, Section 7 outlines some conjectures and
directions for future work.

2 Preliminaries
Our representation of FOMC instances builds on the format
used by FORCLIFT, some aspects of which are described by
Van den Broeck et al. (2011). FORCLIFT can translate sen-
tences in a variant of function-free many-sorted first-order
logic with equality to this internal format. We use lower-
case Latin letters for predicates (e.g., p) and constants (e.g.,
x), uppercase Latin letters for variables (e.g., X), and up-
percase Greek letters for domains (e.g., ∆). Sometimes we
write predicate p as p/n, where n ∈ N+ is the arity of p.
An atom is p(x1, . . . , xn) for some predicate p/n and terms
x1, . . . , xn. A term is either a constant or a variable. A lit-
eral is either an atom or the negation thereof (denoted by
¬p(x1, . . . , xn)). Let D be the set of all relevant domains.
Initially, D contains all domains mentioned by the input for-
mula. During compilation, new domains are added to D.
Each new domain is interpreted as a subset of another do-

https://github.com/dilkas/crane
https://doi.org/10.5281/zenodo.8004077


main in D.
We write ⟨·⟩ for lists, | · | for the length of a list, and ++ for

list concatenation. We write 7→ to denote partial functions
and dom(·) for the domain of a function. Let Doms (re-
spectively, Vars) be the function that maps any expression
to the set of domains (respectively, variables) used in it. Let
S be a set of constraints or literals, V a set of variables, and
x a term. We write S[x/V ] to denote S with all occurrences
of all variables in V replaced with x.
Definition 1 (Constraint). An (inequality) constraint is a
pair (a, b), where a is a variable, and b is a term. It con-
strains a and b to be different.
Definition 2 (Clause). A clause is c = (L,E, δc), whereL is
a set of literals,E is a set of constraints, and δc is the domain
map. Domain map δc : Vars(c)→ D is a function that maps
all variables in c to their domains such that (s.t.) if (X,Y ) ∈
E for some variables X and Y , then δc(X) = δc(Y ). For
convenience, we sometimes write δc for the domain map of c
without unpacking c into its three constituents.
Definition 3 (Formula). A formula is a set of clauses s.t. all
constraints and atoms ‘type check’ with respect to domains.
Example 1. Let ϕ := { c1, c2 } be a formula with clauses

c1 := ({¬p(X,Y ),¬p(X,Z) }, { (Y,Z) },
{X 7→ Γ, Y 7→ ∆, Z 7→ ∆ }),

c2 := ({¬p(X,Y ),¬p(Z, Y ) }, { (X,Z) },
{X 7→ Γ, Y 7→ ∆, Z 7→ Γ })

for some predicate p/2, variables X , Y , Z, and domains
Γ and ∆. All variables that occur as the first argument to p
are in Γ, and, likewise, all variables that occur as the second
argument to p are in ∆. Therefore, ϕ is a valid formula.

One can read such a formula as a sentence in first-order
logic. All variables in a clause are implicitly universally
quantified, and all clauses in a formula are implicitly linked
by a conjunction. Thus, formula ϕ from Example 1 reads as

(∀X ∈ Γ. ∀Y,Z ∈ ∆.
Y ̸= Z ⇒ ¬p(X,Y ) ∨ ¬p(X,Z)) ∧

(∀X,Z ∈ Γ. ∀Y ∈ ∆.
X ̸= Z ⇒ ¬p(X,Y ) ∨ ¬p(Z, Y )).

(1)

There are two differences between Definitions 1–3 and the
corresponding concepts by Van den Broeck et al. (2011).4
First, we decouple variable-to-domain assignments from
constraints and move them to a separate function δc in Def-
inition 2. Second, while they allow for equality constraints
and constraints of the form X ̸∈ ∆ for some variable X
and domain ∆, we exclude these constraints simply because
they are inessential. Note that if we replace Y ̸= Z in For-
mula (1) with Y = Z, then Formula (1) can be simplified to
have one fewer variables. Similarly, if the same inequality
is replaced by Y = x for some constant x, then Y can be
eliminated as well. Since constraints are always interpreted
as preconditions for the disjunction of literals in the clause

4Van den Broeck et al. (2011) refer to clauses and formulas as
c-clauses and c-theories, respectively.

∧
x∈∆

∨

∧

p(x) ∨ ¬p(x) ∧

q(x) ⊤

∧

¬q(x) p(x)

3n

2 + 1 = 3

2× 1 = 2

2

1× 1 = 1

1 1

1× 1 = 1

1 1

Figure 2: A circuit produced by FORCLIFT for Example 2. Values
and computations in blue (on the outside of each node) show how
a bottom-up evaluation of the circuit computes the model count.

(as in Formula (1)), equality constraints can be eliminated
without any loss in expressivity.

Example 2. Let ∆ be a domain of size n ∈ N0. The model
count of ∀X ∈ ∆. p(X)∨q(X) is then 3n. Intuitively, since
both predicates are of arity one, they can be interpreted as
subsets of ∆. Thus, the formula says that each element of ∆
has to be in p or q or both.

Example 3. Consider a variant of the well-known ‘friends
and smokers’ example ∀X,Y ∈ ∆. smokes(X) ∧
friends(X,Y ) ⇒ smokes(Y ). Letting n := |∆| as
before, the model count is

∑n
k=0

(
n
k

)
2n

2−k(n−k) (Van den
Broeck, Meert, and Darwiche 2014).

Let σ : D → N0 be the domain size function that maps
each domain to a non-negative integer.

Example 4. Let ϕ be as in Example 1 and Γ = ∆ = { 1, 2 },
i.e., σ(Γ) = σ(∆) = 2. There are 22×2 = 16 possible re-
lations between Γ and ∆, i.e., subsets of Γ × ∆. Let us
count how many of them satisfy the conditions imposed on
predicate p. The empty relation does. All four relations
of cardinality one (e.g., { (1, 1) }) do too. Finally, there
are two relations of cardinality two—{ (1, 1), (2, 2) } and
{ (1, 2), (2, 1) }—that satisfy the conditions as well. There-
fore, the FOMC of (ϕ, σ) is 7. Incidentally, the FOMC of ϕ
counts partial injections from Γ to ∆. We will continue to
use the problem of counting partial injections as the main
running example.

3 First-Order Computational Graphs
Darwiche (2001) introduced deterministic decomposable
negation normal form (d-DNNF) circuits for propositional
knowledge compilation and showed that the model count
of a propositional formula can be computed in time linear
in the size of the circuit. Van den Broeck et al. (2011)
generalised them to first-order logic via first-order d-DNNF
(FO d-DNNF) circuits. FO d-DNNF circuits (hereafter
called circuits) are directed acyclic graphs with nodes cor-
responding to formulas in first-order logic—see Figure 2



GDR

∨
∆⊤⊆∆

CRΓ7→Γ′

∧

⊥ REF{Γ7→Γ′,∆ 7→∆⊥ }

Figure 3: A simplified version of the FCG constructed by CRANE
for the problem of counting partial injections from Example 1.
Here we omit some parameters as well as nodes whose only arith-
metic effect is multiplication by one.

for an example. The following types of nodes are sup-
ported by FORCLIFT: caching (REF), contradiction (⊥),
tautology (⊤), decomposable conjunction (∧), decompos-
able set-conjunction (

∧
), deterministic disjunction (∨), de-

terministic set-disjunction (
∨

), domain recursion, ground-
ing, inclusion-exclusion, smoothing, and unit clause. We
refer the reader to previous work (Van den Broeck 2011;
Van den Broeck et al. 2011) for more information about node
types and their interpretations for computing the (W)FOMC.

We introduce first-order computational graphs (FCGs)
that generalise circuits by dispensing with acyclicity. An
FCG is a (weakly connected) directed graph with a single
source, node labels, and ordered outgoing edges. Node la-
bels consist of two parts: the type and the parameters. The
type of a node determines its out-degree. We make the
following changes to the node types already supported by
FORCLIFT. First, we introduce a new type for constraint
removal (CR). Second, we replace domain recursion with
generalised domain recursion (GDR). And third, for rea-
soning about partially-constructed FCGs, we write ⋆ for a
placeholder type that is yet to be replaced. We write Tp for
an FCG that has a node with label Tp (i.e., type T and pa-
rameter(s) p) and ⋆’s as all of its direct successors. We also
write Tp(v) for an FCG with one edge from a node labelled
Tp to another node v. See Figure 3 for an example FCG.

Finally, we introduce a structure that represents a solution
while it is still being built. A chip is a pair (G,L), where
G is an FCG, and L is a list of formulas, s.t. |L| is equal to
the number of ⋆’s in G. L contains formulas that still need
to be compiled. Once a formula is compiled, it replaces one
of the ⋆’s in G according to a set order. We call an FCG
complete (i.e., it represents a complete solution) if it has no
⋆’s. Similarly, a chip is complete if its FCG is complete.

4 New Compilation Rules
A (compilation) rule takes a formula and returns a set
of chips. The cardinality of this set is the number of
ways the rule can be applied to the input formula. While

Algorithm 1: The compilation rule for GDR nodes
Input: formula ϕ, set of all relevant domains D
Output: set of chips S

1 S ← ∅;
2 foreach domain Ω ∈ D s.t. there is c ∈ ϕ and

X ∈ Vars(Lc) s.t. δc(X) = Ω do
3 ϕ′ ← ∅;
4 x← a new constant in domain Ω;
5 foreach clause c = (L,E, δ) ∈ ϕ do
6 V ← {X ∈ Vars(L) | δ(X) = Ω };
7 foreach W ⊆ V s.t. W 2 ∩ E = ∅ and

W ∩ {X ∈ Vars(E) | (X, y) ∈
E for some constant y } = ∅ do
/* δ′ restricts δ to the new

set of variables */
8 ϕ′ ← ϕ′ ∪ { (L[x/W ], E[x/W ] ∪

{ (X,x) | (X ∈ V \W ) }, δ′) };

9 S ← S ∪ { (GDR, ⟨ϕ′⟩) };

FORCLIFT (Van den Broeck et al. 2011) heuristically
chooses one of them, in an attempt to not miss a solution,
CRANE returns them all. In particular, if a rule returns an
empty set, then that rule does not apply to the formula.

4.1 Generalised Domain Recursion
The main idea behind domain recursion (the original version
by Van den Broeck (2011) and the one presented here) is as
follows. Let Ω ∈ D be a domain. Assuming that Ω ̸= ∅,
pick some x ∈ Ω. Then, for every variable X ∈ Ω that
occurs in a literal, consider two possibilities: X = x and
X ̸= x.
Example 5. Let ϕ be a formula with a single clause

({¬p(X,Y ),¬p(X,Z) }, { (Y,Z) },
{X 7→ Γ, Y 7→ ∆, Z 7→ ∆ }).

Then we can introduce constant x ∈ Γ and rewrite ϕ as
ϕ′ = { c1, c2 }, where

c1 := ({¬p(x, Y ),¬p(x, Z) }, { (Y,Z) },
{Y 7→ ∆, Z 7→ ∆ }),

c2 := ({¬p(X,Y ),¬p(X,Z) }, { (X,x), (Y,Z) },
{X 7→ Γ′, Y 7→ ∆, Z 7→ ∆ }),

and Γ′ := Γ \ {x }.
Van den Broeck (2011) imposes stringent conditions on

the input formula to ensure that its expanded version (as in
Example 5) can be handled efficiently. Example 1 cannot
be handled by FORCLIFT because there is no root binding
class, i.e., the two root variables belong to different equiva-
lence classes with respect to the binding relationship.

In contrast, GDR has only one precondition: for GDR to
be applicable to domain Ω ∈ D, there must be at least one
variable with domain Ω featured in a literal (and not just in
constraints). Without such variables, GDR would have no



effect on the formula. The expanded formula is then left as-
is to be handled by other compilation rules. Typically, after
a few more rules are applied, a combination of CR and REF
nodes introduces a cycle-inducing edge back to the GDR
node, thus completing the definition of a recursive function.
The GDR compilation rule is summarised as Algorithm 1
and explained in more detail using the example below.
Example 6. Let ϕ := { c1, c2 } be the formula from Exam-
ple 1. While GDR is possible on both domains, we illustrate
how it works on Γ. The algorithm iterates over the clauses
of ϕ. Suppose line 5 picks c = c1 as the first clause. Then,
set V is constructed to contain all variables with domain
Ω = Γ that occur in the literals of clause c. In this case,
V = {X }.

Line 7 iterates over all subsets W ⊆ V of variables that
can be replaced by a constant without resulting in evidently
unsatisfiable formulas. We impose two restrictions on W .
First, W 2 ∩ E = ∅ ensures that no pairs of variables in W
are constrained to be distinct since that would result in an
x ̸= x constraint after substitution. Similarly, we want to
avoid variables in W that have inequality constraints with
constants. In this case, both subsets of V satisfy the condi-
tions, and line 8 generates two clauses:

({¬p(X,Y ),¬p(X,Z) }, { (Y,Z), (X,x) },
{X 7→ Γ, Y 7→ ∆, Z 7→ ∆ }),

from W = ∅ and

({¬p(x, Y ),¬p(x, Z) }, { (Y,Z) }, {Y 7→ ∆, Z 7→ ∆ })
from W = V .

When line 5 picks c = c2, we have V = {X,Z }. The
subset W = V fails to satisfy the conditions on line 7 be-
cause of the X ̸= Z constraint. The other three subsets of
V all generate clauses for ϕ′. Indeed, W = ∅ generates

({¬p(X,Y ),¬p(Z, Y ) }, { (X,Z), (X,x), (Z, x) },
{X 7→ Γ, Y 7→ ∆, Z 7→ Γ }),

W = {X } generates

({¬p(x, Y ),¬p(Z, Y ) }, { (Z, x) }, {Y 7→ ∆, Z 7→ Γ }),
and W = {Z } generates

({¬p(X,Y ),¬p(x, Y ) }, { (X,x) }, {X 7→ Γ, Y 7→ ∆ }).
Theorem 1 (Correctness of GDR). Let ϕ be the formula
used as input to Algorithm 1, Ω ∈ D the domain selected on
line 2, and ϕ′ the formula constructed by the algorithm for
Ω. Suppose that Ω ̸= ∅. Then ϕ ≡ ϕ′.

Theorem 1 is equivalent to Proposition 3 by Van den
Broeck (2011). For the proofs of this and other theorems,
see Appendix A.

4.2 Constraint Removal
Recall that GDR on a domain Ω creates constraints of the
form Xi ̸= x for some constant x ∈ Ω and family of vari-
ables Xi ∈ Ω. Once some conditions are satisfied, we can
eliminate these constraints and replace Ω with a new do-
main Ω′ := Ω \ {x }. These conditions are that a constraint

Algorithm 2: The compilation rule for CR nodes
Input: formula ϕ, set of all relevant domains D
Output: set of chips S

1 S ← ∅;
2 foreach replaceable pair (Ω ∈ D, x ∈ Ω) do
3 add a new domain Ω′ to D;
4 ϕ′ ← ∅;
5 foreach clause (L,E, δ) ∈ ϕ do
6 E′ ← { (a, b) ∈ E | b ̸= x };

7 δ′ ← X 7→
{
Ω′ if δ(X) = Ω

δ(X) otherwise;
8 ϕ′ ← ϕ′ ∪ { (L,E′, δ′) }
9 S ← S ∪ { (CRΩ7→Ω′ , ⟨ϕ′⟩) };

of the form X ̸= x exists for all variables X ∈ Ω across
all clauses, and such constraints are the only place where x
occurs. We formalise the conditions as Definition 4.
Definition 4. For a formula ϕ, a pair (Ω, x) of a domain
Ω ∈ D and its element x ∈ Ω is called replaceable if (i) x
does not occur in any literal of any clause of ϕ, and (ii) for
each clause c = (L,E, δc) ∈ ϕ and variable X ∈ Vars(c),
either δc(X) ̸= Ω or (X,x) ∈ E.

Once a replaceable pair is found, Algorithm 2 constructs
the new formula by removing constraints and defining a new
domain map δ′ that replaces Ω with Ω′.
Example 7. Let ϕ = { c1, c2 } be a formula with clauses

c1 = ({¬p(X,Y ),¬p(X,Z) }, { (X,x), (Y,Z) },
{X 7→ Γ, Y 7→ ∆, Z 7→ ∆ }),

c2 = ({¬p(X,Y ),¬p(Z, Y ) },
{ (X,x), (Z,X), (Z, x) },
{X 7→ Γ, Y 7→ ∆, Z 7→ Γ }).

Domain Γ and its element x ∈ Γ satisfy the preconditions
for CR. The rule introduces a new domain Γ′ and transforms
ϕ to ϕ′ = (c′1, c

′
2), where

c′1 = ({¬p(X,Y ),¬p(X,Z) }, { (Y, Z) },
{X 7→ Γ′, Y 7→ ∆, Z 7→ ∆ }),

c′2 = ({¬p(X,Y ),¬p(Z, Y ) }, { (Z,X) },
{X 7→ Γ′, Y 7→ ∆, Z 7→ Γ′ }).

Theorem 2 (Correctness of CR). Let ϕ be the input formula
of Algorithm 2, (Ω, x) a replaceable pair, and ϕ′ the output
formula for when (Ω, x) is selected on line 2. Then ϕ ≡ ϕ′,
where the domain Ω′ introduced on line 3 is interpreted as
Ω \ {x }.

There is no analogue to CR in previous work on first-
order knowledge compilation. CR plays a key role by recog-
nising when the constraints of a formula essentially reduce
the size of a domain by one and extracting this observation
into the definition of a new domain. This then allows us to
relate maps between sets of domains to the arguments of a
function call. Sections 4.3 and 5 describe this process.



Algorithm 3: The compilation rule for REF nodes
Input: formula ϕ, cache C
Output: a set of chips

1 foreach formula and node (ψ, v) ∈ C(#ϕ) do
2 ρ← r(ϕ, ψ);
3 if ρ ̸= null then return { (REFρ(v), ⟨⟩) };
4 return ∅;
5 Function r(formula ϕ, formula ψ, map ρ = ∅):
6 if |ϕ| ≠ |ψ| or #ϕ ̸= #ψ then return null;
7 if ϕ = ∅ then return ρ;
8 foreach clause c ∈ ψ do
9 foreach clause d ∈ ϕ s.t. #d = #c do

10 foreach γ ∈ genMaps(c, d, ρ) do
11 ρ′ ← r(ϕ \ { d }, ψ \ { c }, ρ ∪ γ);
12 if ρ′ ̸= null then return ρ′;

13 return null;

4.3 Identifying Opportunities for Recursion

Hashing We use (integer-valued) hash functions to dis-
card pairs of formulas too different for recursion. The hash
code of a clause c = (L,E, δc) (denoted by #c) combines
the hash codes of the sets of constants and predicates in c,
the numbers of positive and negative literals, the number
of inequality constraints |E|, and the number of variables
|Vars(c)|. The hash code of a formula ϕ combines the hash
codes of all its clauses and is denoted by #ϕ.

Caching FORCLIFT uses a cache to check if a formula is
identical to one of the formulas that have already been fully
compiled. To facilitate recursion, we extend the caching
scheme to include formulas encountered before but not fully
compiled yet. Formally, we define a cache as a map from
integers (e.g., hash codes) to sets of pairs of the form (ϕ, v),
where ϕ is a formula, and v is an FCG node.

Algorithm 3 describes the compilation rule for creating
REF nodes. For every formula ψ in the cache s.t. #ψ = #ϕ,
function r checks whether a recursive call is feasible. If it
is, r returns a (total) map ρ : Doms(ψ) → Doms(ϕ) that
shows how ψ can be transformed into ϕ by replacing each
domain Ω ∈ Doms(ψ) with ρ(Ω) ∈ Doms(ϕ). Otherwise,
r returns null to signify that ϕ and ψ are too different for
recursion to work. This happens if ϕ and ψ (or their subfor-
mulas explored in recursive calls) are structurally different
(i.e., the numbers of clauses or the hash codes fail to match)
or if a clause of ψ cannot be paired with a sufficiently sim-
ilar clause of ϕ. Function r works by iterating over pairs
of clauses of ϕ and ψ with the same hash codes. For every
pair of similar clauses, r calls itself on the remaining clauses
until the map ρ : Doms(ψ) 7→ Doms(ϕ) becomes total.

Function genMaps checks the compatibility of a pair of
clauses. It considers every possible bijection β : Vars(c)→

Vars(d) and map γ : Doms(c)→ Doms(d) s.t.

Vars(c) Vars(d)

Doms(c) Doms(d)

Doms(ψ) Doms(ϕ).

β

δc δd

γ

ρ
|

commutes, and c becomes equal to d when its variables are
replaced according to β and its domains replaced according
to γ. The function then returns each such γ as soon as pos-
sible.
Theorem 3 (Correctness of REF). Let ϕ be the formula used
as input to Algorithm 3. Let ψ be any formula selected on
line 1 of the algorithm s.t. ρ ̸= null on line 3. Let σ be a
domain size function. Then the set of models of (ψ, σ ◦ ρ) is
equal to the set of models of (ϕ, σ).

As FORCLIFT only supports REF nodes when the two for-
mulas are equal, our approach is much more general and ca-
pable of creating function calls as complex as f(n− k− 2).

5 Converting FCGs to Function Definitions
Algorithm 4 constructs a list of function definitions from an
FCG. The algorithm consists of two main functions: v and
visit. The former handles new function definitions, while
the latter produces an algebraic interpretation of each node
depending on its type. As there are many node types, we
only include the ones pertinent to the contributions of this
paper; see previous work (Van den Broeck et al. 2011) for
information about other types. Given a node v as input, both
v and visit return a pair (e, funs). Here, e is the alge-
braic expression representing v, and funs is a list of auxil-
iary functions created while formulating e.

The algorithm gradually constructs two partial maps F
and D providing names to functions and domains, respec-
tively. F is a global variable that maps FCG nodes to func-
tion names (e.g., f , g). D maps domains to their names,
and it is passed as an argument to v and visit. Here, a
domain name is either a parameter of a function or an al-
gebraic expression consisting of function parameters, sub-
traction, and parentheses. We call a domain name atomic
if it is free of subtraction (e.g., m, n); otherwise it is non-
atomic (e.g., m − 1, n − l). Functions newDomainName
and newFunctionName both generate previously-unused
names. The latter also takes an FCG node as input and links
it with the new name in F.

We assume a fixed total ordering of all domains. In par-
ticular, in Example 8 below, let Γ go before ∆. For each
node v, let D(v) denote the (pre-computed) list of domains,
the sizes of which we would use as parameters if we were to
define a function that begins at v. As a set, it is computed by
iteratively setting D(v) ← (

⋃
uD(u) \ Iv) ∪ Uv until con-

vergence, where: (i) the union is over the direct successors
of v, (ii) Iv is the set of domains introduced at node v, and
(iii)Uv is the set of domains used by v. The set is then sorted
according to the ordering.



Algorithm 4: Construct functions from an FCG
Input: D—the set of domains of the input formula
Input: s—the source node of the FCG
Data: F = ∅ (function names)
Output: a list of function definitions

1 D← {Ω 7→ newDomainName() | Ω ∈ D };
/* Equivalent condition: s has

in-degree greater than one. */
2 if s is a direct successor of a REF node then
3 (e, funs)← v(s, D);
4 return funs;
5 f ← newFunctionName(s);
6 (e, funs)← v(s, D);
7 return ⟨f(⟨D(Ω) | Ω ∈ D⟩) = e⟩++ funs;
8 Function v(node v, domain names D):
9 if v is not a direct successor of a REF node then

10 return visit(v, D);
11 f ← newFunctionName(v);
12 D’← D;
13 foreach Ω ∈ D(v) s.t. D’(Ω) is non-atomic do
14 D’(Ω)← newDomainName();
15 (e, funs)← visit(v, D’);
16 call← f(⟨D(Ω) | Ω ∈ D(v)⟩);
17 signature← f(⟨D’(Ω) | Ω ∈ D(v)⟩);
18 return (call, ⟨signature = e⟩++ funs);
19 Function visit(node v, domain names D):
20 switch label of v do
21 case GDR(v′) do return v(v′, D);
22 case CRΩ7→Ω′(v′) do
23 return v(v′, D ∪ {Ω′ 7→ (D(Ω)− 1) });
24 case REFρ(v

′) do
25 args← ⟨D ◦ ρ(Ω) | Ω ∈ D(v′)⟩;
26 return (F(v′)(args), ⟨⟩);
27 . . .

Example 8. Here we examine how Algorithm 4 works on
the FCG from Figure 3. In this case, D = {Γ,∆ }. Let
D1 := {Γ 7→ m,∆ 7→ n }, D2 := D1 ∪ {∆⊤ 7→ l,∆⊥ 7→
(n − l) }, and D3 := D2 ∪ {Γ′ 7→ (m − 1) } denote ver-
sions of D at various points throughout the algorithm’s exe-
cution. Here, l, m, and n are all arbitrary names generated
by newDomainName.

Figure 4 shows the outline of function calls and their
return values. For simplicity, we refer to FCG nodes by
their types. When v calls visit and returns its output un-
changed, we shorten the two function calls to v/visit.

Line 1 initialises D to D1. Once v(GDR, D1) is called
on line 3, newFunctionName updates F to {GDR 7→
f }, where f is a new function name. There are no non-
atomic names in D1, so lines 13 and 14 are skipped, and
calls to visit(GDR, D1) and v/visit(

∨
, D1) fol-

low. Here, D1 becomes D2, i.e., the
∨

node introduces two
domains ∆⊤ and ∆⊥ that ‘partition’ ∆, i.e., D2(∆

⊤) +
D2(∆

⊥) = l + (n − l) = n = D2(∆). Similarly,

Algorithm 4

v(GDR, D1)

visit(GDR, D1)

v/visit(
∨

, D1)

v/visit(CR, D2)

v/visit(∧, D3)

v/visit(⊥, D3) v/visit(REF, D3)

⟨f(m,n)=∑n
l=0[l<2]f(m−1,n−l)⟩

(f(m,n),⟨f(m,n)=∑n
l=0[l<2]f(m−1,n−l)⟩)

(
∑n
l=0[l<2]f(m−1,n−l),⟨⟩)

(
∑n
l=0[l<2]f(m−1,n−l),⟨⟩)

([l<2]f(m−1,n−l),⟨⟩)

([l<2]f(m−1,n−l),⟨⟩)

([l<2],⟨⟩)
(f(m−1,n−l),⟨⟩)

Figure 4: Function calls and their return values when Algorithm 4
is run on the FCG from Figure 3

visit(CR, D2) on line 23 adds Γ′, replacing D2 with D3.
Eventually, visit(⊥, D3) is called. A contradiction

node with clause c as a parameter is interpreted as one if the
clause has groundings and zero otherwise. In this case, the
parameter is c = (∅, { (X,Y ) }, {X 7→ ∆⊤, Y 7→ ∆⊤ })
(not shown in Figure 3). Equivalently, ∀X,Y ∈ ∆⊤. X ̸=
Y ⇒ ⊥, i.e., ∀X,Y ∈ ∆⊤. X = Y , i.e., D3(∆

⊤) < 2. We
use the Iverson bracket notation to write

[l < 2] :=

{
1 if l < 2

0 otherwise

for the output expression of visit(⊥, D3).
Next, visit(∧, D3) calls v/visit(REF, D3). Since

D(GDR) = ⟨Γ,∆⟩, and the pair ⟨Γ,∆⟩ is transformed by
ρ to ⟨Γ′,∆⊥⟩ and then by D3 to ⟨m−1, n− l⟩, args is set to
⟨m−1, n− l⟩ on line 25, and the output expression becomes
f(m − 1, n − l). The call to visit(∧, D3) then returns
the product of the two expressions [l < 2]f(m − 1, n − l).
Next, visit(

∨
, D1) returns

∑n
l=0[l < 2]f(m− 1, n− l).

The same expression (and an empty list of functions) is then
returned to line 15 of the call to v(GDR, D1). Here, both
call and signature are set to f(m,n). As the definition of
f is the final answer and not part of some other algebraic
expression, lines 3 and 4 discard the function call expression
and return the definition of f . Thus,

f(m,n) =

n∑
l=0

(
n

l

)
[l < 2]f(m− 1, n− l)

= f(m− 1, n) + nf(m− 1, n− 1) (2)

is the function that CRANE constructed for computing par-
tial injections. To use f in practice, one has to identify the



base cases f(0, n) and f(m, 0) for all m,n ∈ N0.

6 Complexity Results
We compare CRANE and FORCLIFT5 on their ability to
count various classes of functions. We chose this class of in-
stances because of its simplicity and the inability of publicly
available WFOMC algorithms to solve many such count-
ing problems. Note that, except for a particular version
of FASTWFOMC, other exact WFOMC algorithms cannot
solve any instances FORCLIFT fails on. First, we describe
how to express these function-counting problems in first-
order logic. FORCLIFT then translates these sentences in
first-order logic to formulas as in Definition 3.

Let p be a predicate that models relations between sets Γ
and ∆. To restrict all such relations to just Γ → ∆ func-
tions, one might write ∀X ∈ Γ. ∀Y,Z ∈ ∆. p(X,Y ) ∧
p(X,Z)⇒ Y = Z and

∀X ∈ Γ. ∃Y ∈ ∆. p(X,Y ). (3)

The former sentence says that one element of Γ can map to at
most one element of ∆, and the latter sentence says that each
element of Γ must map to at least one element of ∆. One can
then add ∀X,Z ∈ Γ. ∀Y ∈ ∆. p(X,Y )∧p(Z, Y )⇒ X =
Z to restrict p to injections or ∀Y ∈ ∆. ∃X ∈ Γ. p(X,Y )
to ensure surjectivity or remove Equation (3) to consider par-
tial functions. Lastly, one can replace all occurrences of ∆
with Γ to model endofunctions (i.e., functions with the same
domain and codomain) instead.

We consider all sixteen combinations of these properties
(injectivity, surjectivity, partiality, and endo-), omitting du-
plicate descriptions of the same function, e.g., the number
of partial Γ → ∆ bijections is the same as the number of
∆ → Γ injections. We run each algorithm once on each
instance. CRANE is run in hybrid search mode until either
it finds five solutions or the search tree reaches height six.
FORCLIFT is always run until it terminates. If successful,
CRANE returns one or more sets of function definitions, and
FORCLIFT returns a circuit, which can similarly be inter-
preted as a function definition. We then assess the complex-
ity of each solution by hand and pick the best in case CRANE
returns several solutions of varying complexities. In our ex-
periments, CRANE found at most four solutions per problem
instance, and most solution had the same complexity.

Recall that, in the case of FORCLIFT, solving a
(W)FOMC problem consists of two parts: compilation (via
search) and propagation. (A similar dichotomy applies to
CRANE as well.) The complexity of the former depends only
on the formula and so far has received very little attention
except for the work by Beame et al. (2015). The complex-
ity of the latter, on the other hand, is a function of domain
sizes and can be determined without measuring runtime. We
establish the asymptotic complexity of a solution by count-
ing the number of arithmetic operations needed to follow the
definitions of constituent functions without recomputing the
same quantity multiple times.6 In particular, we assume that

5https://dtaid.cs.kuleuven.be/wfomc
6Although this is not done by default, one could also use

arbitrary-precision arithmetic and consider bit complexity instead.
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Figure 5: The runtime of FASTWFOMC when counting permuta-
tions (indicated by points), together with a quartic regression model
fitted on all of the data and a linear model fitted on the first half of
the data points

each function call and binomial coefficient is computed at
most once, and computing

(
n
k

)
takes Θ(nk) time. For exam-

ple, the complexity of Equation (2) is Θ(mn) since f(m,n)
can be computed by a dynamic programming algorithm that
computes f(i, j) for all i = 0, . . . ,m and j = 0, . . . , n,
taking a constant amount of time on each f(i, j).

Let m = |Γ| and n = |∆| be domain sizes. We sum-
marise the results in Table 1, where we compare the solu-
tions found by both algorithms to the manually-constructed
ways of computing the same quantities that have been pro-
posed before.7 Examining the last two columns of the table,
we see that the two algorithms perform equally well on in-
stances that could already be solved by FORCLIFT. How-
ever, CRANE can also solve all but one of the instances that
FORCLIFT fails on in at most cubic time. See Appendix B
for the exact solutions produced by CRANE.

6.1 A Comparison with FastWFOMC
The function-counting problems described above can be
expressed in FO2 with cardinality constraints, and so are
known to be liftable (Kuželka 2021). However, two algo-
rithms that both run in polynomial time are not necessar-
ily equally good: the degree of the polynomial can make
a substantial difference. Hence, we compare CRANE with
FASTWFOMC (van Bremen and Kuželka 2021a), extended
to support cardinality constraints, which was provided to us
by one of the authors. We compare them on the task of
counting permutations of a set, i.e., bijective/injective endo-
functions. We can describe this problem in FO2 with cardi-
nality constraints as

(|p| = |∆|) ∧ (∀X,Y ∈ ∆. r(X) ∨ ¬p(X,Y )) ∧
(∀X,Y ∈ ∆. s(X) ∨ ¬p(Y,X)),

where r and s are Skolem predicates as described by Van
den Broeck et al. (2014).

We run FASTWFOMC on an AMD Ryzen 7 5800H pro-
cessor with 16GB of memory, running Arch Linux 6.2.2-

7https://oeis.org, https://scicomp.stackexchange.com/q/30049

https://dtaid.cs.kuleuven.be/wfomc
https://oeis.org
https://scicomp.stackexchange.com/q/30049


Function class Complexity of Fϕ (as in Figure 1)
Partial Endo- Class By Hand With FORCLIFT With CRANE

✓/✗ ✓/✗ Functions logm m m
✗ ✗ Surjections n logm m3 + n3 m3 + n3

✗ ✓ m logm m3 m3

✗ ✗ m — mn
✗ ✓ m — m3

✓ ✗ min{m,n }2 — mn
✓ ✓

Injections

m2 — —
✗ ✗ Bijections m — m

Table 1: The worst-case complexity of counting various types of functions. All asymptotic complexities are in Θ(·). A dash means that
the algorithm was not able to find a solution. In the case of FORCLIFT, this means that the greedy search algorithm ended with a formula
unsuitable for any compilation rule. In the case of CRANE, this means that a complete solution could not be found after having explored the
maximum allowed depth of the search tree.

arch1-1 and Python 3.10.9, with |∆| ranging from 1 to 50.
The results are in Figure 5. We use ten-fold cross-validation
to check the degree of the polynomial that best fits the data.
The best-fitting degree is 6 with an average mean squared
error (aMSE) of 16.9, although all degrees above 4 fit the
data almost equally well. As Figure 5 demonstrates, a quar-
tic (i.e., degree 4) polynomial (with an aMSE of 113.5) fits
well too. However, the aMSE quickly grows to 949.5 and
higher values for degrees less than 4. According to Table 1,
CRANE finds a cubic solution to this problem. However, we
can also use the linear solution for counting bijections be-
tween different domains for this task by setting n := m.

6.2 Miscellaneous Other Instances
We also note that standard (W)FOMC benchmarks such
as Example 3—that are already supported by FORCLIFT—
remain feasible for CRANE as well. To demonstrate that
CRANE is capable of finding efficient solutions to problems
beyond known domain-liftable fragments such as C2, we run
CRANE in greedy search mode on the following formula:

(∀X,W ∈ Γ. ∀Y ∈ ∆. ∀Z ∈ Λ.
p(X,Y, Z) ∧ p(W,Y,Z)⇒ X =W ) ∧

(∀X ∈ Γ. ∀Y,W ∈ ∆. ∀Z ∈ Λ.
p(X,Y, Z) ∧ p(X,W,Z)⇒ Y =W ).

(4)

For every element z of Λ, Formula (4) restricts p(X,Y, z)
to be a Γ → ∆ partial injection, independent of p(X,Y, z′)
for any z′ ̸= z. CRANE instantly returns a solution of com-
plexity Θ(l +mn), where l = |Λ|.

7 Discussion
This paper presents CRANE—an extension of
FORCLIFT (Van den Broeck et al. 2011) that benefits
from a more general version of domain recursion and
support for graphs with cycles. In Section 6, we listed a
range of counting problems that became newly feasible as
a result, including instances outside of currently-known
domain-liftable fragments such as C2. (Although we
focused on unweighted counting, FORCLIFT’s support for
weights trivially transfers to CRANE too.) The common

thread across these newly liftable problems is a version
of partial injectivity. Thus, we formulate the following
conjecture for a class of formulas with an injectivity-like
constraint on at most two parameters of a predicate p.

Conjecture 1. Let IFO2 be the class of formulas in first-
order logic that contain clauses with at most two variables
as well as any number of copies of

(∀X1 ∈ ∆1. . . . ∀Xn ∈ ∆n. ∀Y ∈ ∆i. p(X1, . . . , Xn) ∧
p(X1, . . . , Xi−1, Y,Xi+1, . . . , Xn)⇒ Xi = Y ) ∧

(∀X1 ∈ ∆1. . . . ∀Xn ∈ ∆n. ∀Y ∈ ∆j . p(X1, . . . , Xn) ∧
p(X1, . . . , Xj−1, Y,Xj+1, . . . , Xn)⇒ Xj = Y )

for some predicate p/n, domains ∆1, . . . ,∆n, and i, j ∈
{ 1, . . . , n }. Then IFO2 is liftable by CRANE.

Note that the unsolved instance in Table 1 does not invali-
date Conjecture 1 for two reasons. First, in our experiments,
the depth of the search procedure is limited, so there is a pos-
sibility that increasing the depth would make the algorithm
succeed. Second, the conjecture assumes distinct domains,
while the unsolved instance pertains to endofunctions.

The most important direction for future work is to au-
tomate the process in Figure 1b. First, we need a way to
find the base cases for the recursive definitions produced by
CRANE. Second, since the first solution found by CRANE is
not always optimal in terms of its complexity, an automated
way to determine the asymptotic complexity of a solution
would be helpful as well. Third, as we saw at the end of Ex-
ample 8, the functions constructed by CRANE can often ben-
efit from elementary algebraic simplifications. This process
can be automated using a computer algebra system. Further-
more, note that having the solution to a (W)FOMC problem
expressed in terms of functions enables many new possibil-
ities such as (i) the use of more sophisticated simplification
techniques, (ii) asymptotic analysis of, e.g., how the model
count grows as the domain size goes to infinity, and (iii) an-
swering questions parameterised by domain sizes, e.g., ‘how
big does domain ∆ have to be for the probability of event E
to be above 95%?’
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A Proofs
We begin with a few definitions that formalise the notion
of a model. For any set S, let 2S denote its power set
and S∗ :=

⋃∞
i=0 S

i the (infinite) set of tuples—of any fi-
nite length—of elements of S. For example, { a, b }∗ =
{ (), (a), (b), (a, a), . . . }. For any n ∈ N0, let [n] :=
{ 1, . . . , n }, e.g., [0] = ∅, and [2] = { 1, 2 }. Extending the
notation for substitution introduced in Section 2, for a for-
mula ϕ, constant c, and set of variables V , let ϕ[c/V ] denote
ϕ with all occurrences of all variables in V replaced with
c. Let Preds be the function that maps any clause or for-
mula to the set of predicates used in it. With each formula
ϕ, we associate a map πϕ : Preds(ϕ) → Doms(ϕ)

∗ s.t.,
for each predicate p/n ∈ Preds(ϕ), we have that πϕ(p) ∈
Doms(ϕ)

n. This map makes explicit the idea that each n-
ary predicate is associated with an n-tuple of domains. In the
case of formula ϕ from Example 1, πϕ = {p 7→ (Γ,∆) }.
Definition 5. Let ϕ be a formula and σ a domain size func-
tion. A model of (ϕ, σ) is a map M : Preds(ϕ) → 2N

∗
0 s.t.

the following two conditions are satisfied.

1. For all predicates p/n ∈ Preds(ϕ) with πϕ(p) :=
(∆i)

n
i=1 for some domains ∆i ∈ Doms(ϕ),

M(p) ⊆
n∏
i=1

[σ(∆i)].
8 (5)

2. M |= ϕ according to the (non-exhaustive) recursive def-
inition below. Let χ and ψ be formulas, ∆ a domain,
c ∈ ∆ a constant, p/n a predicate associated with do-
mains ∆1, . . . ,∆n, and t ∈

∏n
i=1 ∆i a tuple of constants.

• M |= p(t) if and only if (iff) t ∈M(p).
• M |= ¬χ iff M ̸|= χ.
• M |= χ ∧ ψ iff M |= χ and M |= ψ.
• M |= χ ∨ ψ iff M |= χ or M |= ψ.

8For simplicity, Definition 5 ignores constants. To include con-
stants, one would replace [σ(∆i)] with a set that contains all con-
stants associated with domain ∆i, extended with enough new ele-
ments to make its cardinality σ(∆i).

• M |= (∀X ∈ ∆. χ) iff M |= χ[x/{X }] for all con-
stants x ∈ ∆.

• M |= (∀X ∈ ∆. X ̸= c⇒ χ) iff M |= χ[x/{X }] for
all x ∈ ∆ \ { c }.

• M |= (∀X,Y ∈ ∆. X ̸= Y ⇒ χ) iff M |=
χ[x/{X }][y/{Y }] for all x, y ∈ ∆ s.t. x ̸= y.

Theorem 4 (Correctness of GDR). Let ϕ be the formula
used as input to Algorithm 1, Ω ∈ D the domain selected on
line 2, and ϕ′ the formula constructed by the algorithm for
Ω. Suppose that Ω ̸= ∅. Then ϕ ≡ ϕ′.

Proof. Let x be the constant introduced on line 4 and c a
clause of ϕ selected on line 5 of the algorithm. We will show
that c is equivalent to the conjunction of clauses added to ϕ′
on lines 7 and 8.

If c has no variables with domain Ω, lines 7 and 8 add a
copy of c to ϕ′. If c has one variable with domain Ω, say,
X , then c ≡ ∀X ∈ Ω. ψ for some formula ψ with one free
variable X . In this case, lines 7 and 8 create two clauses:
ψ[x/{X }] and ∀X ∈ Ω. X ̸= x⇒ ψ. It is easy to see that
their conjunction is equivalent to c provided that Ω ̸= ∅ and
so x is a well-defined constant.

Let V be the set of variables introduced on line 6. It re-
mains to prove that repeating the transformation

∀X ∈ Ω. ψ 7→ {ψ[x/{X }],∀X ∈ Ω. X ̸= x⇒ ψ }

for all variables X ∈ V produces the same clauses as lines 7
and 8 (except for some tautologies that the latter method
skips). Note that the order in which these operations are
applied is immaterial. In other words, if we add inequality
constraints for variables {Xi }ni=1, and apply substitution
for variables V \ {Xi }ni=1, then—regardless of the order of
operations—we get

∀X1, . . . , Xn ∈ Ω.
n∧
i=1

Xi ̸= x⇒ ψ [x/ (V \ {Xi }ni=1)] .

This formula is equivalent to the clause generated on line 8
with W = V \ {Xi }ni=1. Thus, for every clause c of ϕ, the
new formula ϕ′ gets a set of clauses whose conjunction is
equivalent to c. Hence, the two formulas are equivalent.

Theorem 5 (Correctness of CR). Let ϕ be the input formula
of Algorithm 2, (Ω, x) a replaceable pair, and ϕ′ the output
formula for when (Ω, x) is selected on line 2. Then ϕ ≡ ϕ′,
where the domain Ω′ introduced on line 3 is interpreted as
Ω \ {x }.

Proof. Since there is a natural bijection between the clauses
of ϕ and ϕ′, we shall argue about the equivalence of each
pair of clauses. Let c be an arbitrary clause of ϕ and c′ its
corresponding clause of ϕ′.

If c has no variables with domain Ω, then it cannot have
any constraints involving x, so c′ = c. Otherwise, for nota-
tional simplicity, let us assume that X is the only variable in
c with domain Ω (the proof for an arbitrary number of vari-
ables is virtually the same). By Definition 4, we can rewrite
c as ∀X ∈ Ω. X ̸= x⇒ ψ, where ψ is a formula with X as
the only free variable and with no mention of either x or Ω.



Then c′ ≡ ∀X ∈ Ω′. ψ. Since Ω′ := Ω \ {x }, we have that
c ≡ c′. Since c was an arbitrary clause of ϕ, this completes
the proof that ϕ ≡ ϕ′.

Theorem 6 (Correctness of REF). Let ϕ be the formula used
as input to Algorithm 3. Let ψ be any formula selected on
line 1 of the algorithm s.t. ρ ̸= null on line 3. Let σ be a
domain size function. Then the set of models of (ψ, σ ◦ ρ) is
equal to the set of models of (ϕ, σ).

Proof. We first show that the right-hand side of Equation (5)
is the same for models of both (ϕ, σ) and (ψ, σ ◦ ρ). Algo-
rithm 3 ensures that ψ ≡ ϕ up to domains. In particular, this
means that Preds(ψ) = Preds(ϕ). The square in

Preds(ψ) Preds(ϕ)

Doms(ψ)
∗

Doms(ϕ)
∗ N∗

0

πψ πϕ

ρ σ

(6)

commutes by Definition 3 and the definition of ρ. In other
words, for any predicate p/n ∈ Preds(ψ) = Preds(ϕ),
function ρ translates the domains associated with p in ψ to
the domains associated with p in ϕ. Let πϕ(p) = (∆i)

n
i=1

and πψ(p) = (Γi)
n
i=1 for some domains ∆i ∈ Doms(ϕ)

and Γi ∈ Doms(ψ). Since ρ(Γi) = ∆i for all i = 1, . . . , n
by the commutativity in Diagram (6), we get that

n∏
i=1

[σ(∆i)] =

n∏
i=1

[σ ◦ ρ(Γi)] (7)

as required. Obviously, any subset of the left-hand side of
Equation (7) (e.g., M(p), where M is a model of (ϕ, σ))
is a subset of the right-hand side and vice versa. Since ϕ
and ψ semantically only differ in what domains they refer
to, every model of ϕ satisfies ψ and vice versa, completing
the proof.

B Solutions Found by CRANE

Here we list the exact function definitions produced by
CRANE for all of the problem instances in Section 6, both
before and after algebraic simplification (excluding multi-
plications by one). The correctness of all of them has been
checked by identifying suitable base cases and verifying the
numerical answers across a range of domain sizes.

1. A Θ(m) solution for counting Γ→ Γ functions:

f(m) =

(
−1 +

m∑
l=0

(
m

l

)
[l < 2]

)m
= mm.

2. A Θ(m3 + n3) solution for counting Γ→ ∆ surjections:

f(m,n) =

m∑
l=0

(
m

l

)
(−1)m−l

n∑
k=0

(
n

k

)
(−1)n−k

 k∑
j=0

(
k

j

)
[j < 2]

l

=

m∑
l=0

(
m

l

)
(−1)m−l

n∑
k=0

(
n

k

)
(−1)n−k(k + 1)

l
.

3. A Θ(m3) solution for counting Γ→ Γ surjections:

f(m) =

m∑
l=0

(
m

l

)
(−1)m−l

m∑
k=0

(
m

k

)
(−1)m−k

 k∑
j=0

(
k

j

)
[j < 2]

l

=

m∑
l=0

(
m

l

)
(−1)m−l

m∑
k=0

(
m

k

)
(−1)m−k

(k + 1)
l
.

4. A Θ(mn) solution for counting Γ → ∆ injections and
partial injections (with different base cases):

f(m,n) =

m∑
l=0

(
m

l

)
[l < 2]f(m− l, n− 1)

= f(m,n− 1) +mf(m− 1, n− 1).

5. A Θ(m3) solution for counting Γ→ Γ injections:

f(m) =

m∑
l=0

(
m

l

)
(−1)m−l

g(m, l);

g(m, l) =

l∑
k=0

(
l

k

)
[k < 2]g(m− 1, l − k)

= g(m− 1, l) + lg(m− 1, l − 1).

6. A Θ(m) solution for counting Γ→ ∆ bijections:

f(m,n) = mf(m− 1, n− 1).

7. A Θ(l +mn) solution for counting |Λ| partial injections
Γ→ ∆:

f(l,m, n) = g(m,n)
l

g(m,n) =

n∑
k=0

(
n

k

)
[k < 2]g(m− 1, n− k)

= g(m− 1, n) + ng(m− 1, n− 1).
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