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MULTIVARIATE ORTHOGONAL POLYNOMIALS
AND INTEGRABLE SYSTEMS

GERARDO ARIZNABARRETA AND MANUEL MANAS

ABSTRACT. Multivariate orthogonal polynomials in D real dimensions are considered from the perspective of
the Cholesky factorization of a moment matrix. The approach allows for the construction of corresponding
multivariate orthogonal polynomials, associated second kind functions, Jacobi type matrices and associated
three term relations and also Christoffel-Darboux formulee. The multivariate orthogonal polynomials, its sec-
ond kind functions and the corresponding Christoffel-Darboux kernels are shown to be quasi-determinants —as
well as Schur complements— of bordered truncations of the moment matrix; quasi-tau functions are introduced.
It is proven that the second kind functions are multivariate Cauchy transforms of the multivariate orthogonal
polynomials. Discrete and continuous deformations of the measure lead to Toda type integrable hierarchy,
being the corresponding flows described through Lax and Zakharov—Shabat equations; bilinear equations are
found. Varying size matrix nonlinear partial difference and differential equations of the 2D Toda lattice type
are shown to be solved by matrix coefficients of the multivariate orthogonal polynomials. The discrete flows,
which are shown to be connected with a Gauss—Borel factorization of the Jacobi type matrices and its quasi-
determinants, lead to expressions for the multivariate orthogonal polynomials and its second kind functions
in terms of shifted quasi-tau matrices, which generalize to the multidimensional realm those that relate the
Baker and adjoint Baker functions with ratios of Miwa shifted 7-functions in the 1D scenario. In this context,
the multivariate extension of the elementary Darboux transformation is given in terms of quasi-determinants
of matrices built up by the evaluation, at a poised set of nodes lying in an appropriate hyperplane in R,
of the multivariate orthogonal polynomials. The multivariate Christoffel formula for the iteration of m el-
ementary Darboux transformations is given as a quasi-determinant. It is shown, using congruences in the
space of semi-infinite matrices, that the discrete and continuous flows are intimately connected and determine
nonlinear partial difference-differential equations that involves only one site in the integrable lattice behaving
as a Kadomstev—Petviashvili type system. Finally, a brief discussion of measures with a particular linear
isometry invariance and some of its consequences for the corresponding multivariate polynomials are given.
In particular, it is shown that the Toda times that preserve the invariance condition lay in a secant variety of
the Veronese variety of the fixed point set of the linear isometry.
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1. INTRODUCTION

This paper is devoted to the study of the interrelation between the theory of Multivariate Orthogonal
Polynomials, or orthogonal polynomials on several variables, and the theory of Integrable Systems of Toda
type. We perform this analysis with the aid of the Gauss—Borel factorization of the moment matrix, that in
this case reduces to a Cholesky factorization. To understand better the situation we now proceed to give a
brief description on the state of the art for multivariate orthogonal polynomials, then we recall some facts
regarding Toda equations and integrable systems. As we use quasi-determinants in a number of places we
have also included some comments regarding this subject. Finally, we describe the aims, results and the
layout of the paper.

1.1. On multivariate orthogonal polynomials. Multivariate orthogonal polynomials has been a subject
of study for many years, we refer the reader to the book by Charles F. Dunkl and Yuan Xu [39] in where the
authors of this paper enjoyed learning diverse aspects of multivariate orthogonality. The authors presents
in that book the general theory and emphasizes the classical types of orthogonal polynomials whose weight
functions are supported on standard domains such as the cube, the simplex, the sphere and the ball. It also
focuses on those of Gaussian type, for which fairly explicit formulee exist. Another general source could be
the lecture notes [120] which provide an introduction to orthogonal polynomials of several variables. It covers
the basic theory but deal mostly with examples, paying special attention to those orthogonal polynomials
associated with classical type weight functions supported on the standard domains, for which fairly explicit
formulae exist.
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The recurrence relation for orthogonal polynomials in several variables was studied by Xu in [115], while
in [I16] he linked multivariate orthogonal polynomials with a commutative family of self-adjoint operators
and the spectral theorem was used to show the existence of a three term relation for the orthogonal polyno-
mials. He discusses in [I17] how the three term relation leads to the construction of multivariate orthogonal
polynomials and cubature formulee. Xu considers in [I12I] polynomial subspaces that contain discrete mul-
tivariate orthogonal polynomials with respect to the bilinear form are identified and shows that the discrete
orthogonal polynomials still satisfy a three-term relation and that Favard’s theorem holds. Explicit three
term recurrence relations for the determination of multivariate orthogonal polynomials, which allow for the
derivation of evaluation algorithms of finite series of these polynomials, were obtained [15]. Recursive three-
term recurrence for the multivariate Jacobi polynomials on a simplex are explicitly given in [I13]. In [97]
several relations linking differences of bivariate discrete orthogonal polynomials and polynomials are given.
We should also mention the work [36] in where bivariate real valued polynomials orthogonal with respect
to a positive linear functional are considered; interestingly the authors discuss orthogonal polynomials asso-
ciated with positive definite block Hankel matrices whose entries are also Hankel and develop methods for
constructing such matrices.

Multivariate Padé approximants cubature formule were considered in [I8]. The analysis of orthogonal
polynomials and cubature formulee on the unit ball, the standard simplex, and the unit sphere [119] lead
to conclude the strong connection of orthogonal structures and cubature formulse for these three regions.
In [69] Tchebychev polynomials were obtained using symmetric and antisymmetric sums of exponentials
and Gaussian cubatures were found, which exist very rarely in higher dimension. The paper [118] presents
a systematic study of the common zeros of polynomials in several variables which are related to higher
dimensional quadrature. In [76] a description of polynomials orthogonal on the bicircle and polycircle and
their relation to bounded analytic functions on the polydisk is given. Important in this work is a Christoffel—
Darboux like formula which in the bivariate case can be related to stable polynomials, Bernstein—Szegé
measures and gives a new proof of Ando theorem in operator theory.

Karlin and McGregor [74] and Milch [85] discussed interesting examples of multivariate Hahn and Krawt-
chouk polynomials related to growth birth and death processes. A study of two-variable orthogonal polyno-
mials associated with a moment functional satisfying the two-variable analogue of the Pearson differential
equation and an extension of some of the usual characterizations of the classical orthogonal polynomials in
one variable was found [45]. In [8] semiclassical orthogonal polynomials in two variables are defined as the
orthogonal polynomials associated with a quasi definite linear functional satisfying a matrix Pearson-type
differential equation, semiclassical functionals are characterized by means of the analogue of the structure
relation in one variable and non trivial examples of semiclassical orthogonal polynomials in two variables
where given. Xu and Ilieva gave in [65] a characterization of all second order difference operators of sev-
eral variables that have discrete orthogonal polynomials as eigenfunctions is given and under some mild
assumptions, they give a complete solution of the problem.

In [46] the authors analyze a bilinear form obtained by adding a Dirac mass to a positive definite moment
functional defined in the linear space of polynomials in several variables. A new proof of Gasper theorem
on the positivity of sums of triple products on Jacobi polynomials was given in [25]; this theorem plays an
important role in setting up a convolution structure for Jacobi polynomials, the correlation operator is an
operator on the N-sphere looking for its eigenfunction expansion in various angular momentum sectors leads
to Gasper’s theorem and to the Koornwinder—Schwartz product formulz for the biangle which constitutes an
extension of Gasper’s theorem to the bivariate case. Xu discusses in [122] monomial orthogonal polynomials
with respect to the weight function on the unit sphere as well as for the related weight functions on the unit
ball and on the standard simplex getting explicit formulse for the L? norm and explicit expansions in terms
of known orthonormal basis.

Let us mention that even there are Maple libraries -MOPS— to treat with multivariate orthogonal poly-
nomials, in particular computes Jack, Hermite, Laguerre, and Jacobi multivariate polynomials, as well as
eigenvalue statistics for the Hermite, Laguerre, and Jacobi ensembles of random matrix theory [38].

1.2. On the Toda equations. Some times the name given to equations or theorems do not correspond
exactly to the original discoverers of the result. This is one of those cases.

The Toda equations can be traced back to the classical ceuvre Lecons sur la Théorie Générale des Surfaces
published in 1915, by the French Mathematician Jean Gaston Darboux [35]; when he studies the Laplace
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method on reduction and invariance properties associated with the canonical hyperbolic equation Ar = 0
where A is a second order real hyperbolic operator. In the Deuxiéme Partie. Livre IV. Chapitre II. La
méthode de Laplace if we go to number 336 we discover recursion (27) (page 30 of [35]) for the invariants hy
and hy_1 —of equations Ej; in number 335—:
2

hgs1 + hg—1 = 2Ry — %g:;c’

that for the new dependent variable ¢, given by
hi = eTk—1"0k

reads as the 2D Toda equation

O qy
— pdk—qk+1 dk—1—9k
=e tl—e ,

0xdy
that for the dimensional reduction x = £y = t simplifies to the Toda equation
2
% = 9k~ 9k+1 _ p9k—-1"9k
ot?

Then, more than a half a century later the Japanese Physicist Morikazu Toda, introduced [105] a simple
model, that he named as exponential lattice, for a one-dimensional crystal in solid state physics with a
nearest neighbor interaction, with potential ¢(r) = e "+ar +c, a,b > 0, such that the particles are
subject to

)

%(t) — e_(Qk(t)_Qk—l(t)) _ e—(%ﬂ(t)—%(t))
dt
S 1) = ),
where ¢ and p;. are the displacement of the k-th particle from its equilibrium position, and its momentum
(here the mass is set equal to the unity). In [105] exact solutions where obtained in terms of the Jacobian
elliptic functions, it was also shown that the system has N normal modes and the expansion due to vibration
of the chain was discussed. Later on [106] relations between this nonlinear exponential lattice, the Boussinesq
equation and the Korteweg—de Vries equation showed up and therefrom two-soliton solutions were given in
each case for both the head-on and the overtaking collisions.

The Toda lattice is a completely integrable system a la Liouville as it was shown in 1974 first by Michel
Henén [62] and then by Hermann Flaschka [48] in terms Flaschka’s variables:

ax(t) =g T Belt) = — gpu(t)
so that 1D Toda equations are written as follows
(1.2.1) ak(t) = ag(t) (brya(t) — be(t)),
(1.2.2) bi(t) = 2(ar(t)? — ar—1(t)?).

These equations can be reformulated as the Lax equation L(t) = [P(t), L(t)]; the Laz pair, L and P, are
linear operators in the space £2(Z) of square summable sequences given by

bo(t) ag(t) 0 0
agp (t) by (t) al (t) 0 ...
(1.23) (L) )k = ar(t) fos1 + ap—1(t) fr—1 + be(O) fr,  L(t) = 0 ai(t) bo(t) as®) ...|>
0 at) 0 0

ag(t 0 a(t 0
(L24) (P = ap®)ferr — ap1(6)frr, O B

Observe that L is a Jacobi operator, with only the superdiagonal, diagonal and subdiagonal non zero. The
spectrum of L(t) do not depend on time. These eigenvalues gives a set of independent integrals of motion:
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the Toda lattice is completely integrable. In particular, the Toda lattice can be solved by virtue of the
inverse scattering transform for the Jacobi operator L. For arbitrary and sufficiently fast decaying initial
conditions asymptotically for large ¢ the solution split into a sum of solitons and a decaying dispersive part.
The inverse scattering transform for this system was applied to find solutions in [79, 47]. Also in 1975 Mark
Kac and Pierre van Moerbeke published two articles in PNAS regarding the Toda Lattice. In [70] a discrete
version of Floquet’s theory was applied to a system of non-linear differential equations related to the periodic
Toda lattice and some solutions found by Toda where shown to fir in the inverse scattering formalism, but
more important was [71] in where the motion of the periodic Toda lattice was explicitly determined in terms
of Abelian integrals.

1.3. Gauss—Borel factorization in integrable systems and orthogonal polynomials. The seminal
paper of Mikio Sato [99] 100], and further developments performed by the Kyoto school through the use of
the bilinear equation and the 7-function formalism [31], 32}, 33], settled the basis for the Lie group theoretical
description of integrable hierarchies, in this direction we have the relevant contribution by Motohico Mulase
[90] in which the factorization problems, dressing procedure, and linear systems were the key for integrability.
In this dressing setting the multicomponent integrable hierarchies of Toda type were analyzed in depth by
Kimio Ueno and Kanehisa Takasaki [109, 110, IT1]. See also the papers [19, 20] and [72] on the multi-
component KP hierarchy and [81] on the multi-component Toda lattice hierarchy. In a series of papers
Mark Adler and Pierre van Moerbeke showed how the Gauss—Borel factorization problem appears in the
theory of the 2D Toda hierarchy and what they called the discrete KP hierarchy [I], 2, B, 4, 5, 6]. These
papers clearly established —from a group-theoretical setup— why standard orthogonality of polynomials and
integrability of nonlinear equations of Toda type where so close. In fact, the Gauss—Borel factorization
of the moment matrix may be understood as the Gauss—Borel factorization of the initial condition for the
integrable hierarchy. To see the connection between the work of Mulase and that of Adler and van Moerbeke
see [44]. Later on, in the recent paper [7], it is shown that the multiple orthogonal construction described
in previous paragraphs was linked with the multi-component KP hierarchy.

In the Madrid group, based on the Gauss—Borel factorization, we have been searching further the deep
links between the Theory of Orthogonal Polynomials and the Theory of Integrable Systems. In [9] we studied
the generalized orthogonal polynomials [I] and its matrix extensions from the Gauss—Borel view point. In
[10] we gave a complete study in terms of factorization for multiple orthogonal polynomials of mixed type and
characterized the integrable systems associated to them. Then, we studied Laurent orthogonal polynomials
in the unit circle trough the CMV approach in [II] and find in [12] the Christoffel-Darboux formula for
generalized orthogonal matrix polynomials. These methods where further extended, for example we gave
an alternative Christoffel-Darboux formula for mixed multiple orthogonal polynomials [I3] or developed the
corresponding theory of matrix Laurent orthogonal polynomials in the unit circle and its associated Toda
type hierarchy [14].

1.4. On quasi-determinants. We will like to make some comments on Schur complements and quasi-
determinants. Besides its name observe that the Schur complement was not introduced by Issai Schur
but by Emilie Haynsworth in 1968 in [60} [61]. In fact, Haynsworth coined that named because the Schur
determinant formula given in what today is known as Schur lemma in [102]. In the book [123] one can
find an ample overview on Schur complement and many of its applications. The most easy examples of
quasi-determinants are Schur complements. Israel Gel'fand and collaborators have made many important
contributions to the subject and the survey article [49] is an excellent reference. In addition, we also
recommend Peter Olver’s paper on multivariate interpolation where in §3 the reader will find an alternative
interesting approach to the subject. In the late 1920 Archibald Richardson [95][96], one of the two responsible
of Littlewood—Richardson rule, and the famous logician Arend Heyting [63], founder of intuitionist logic,
studied possible extensions of the determinant notion to division rings. Heyting defined the designant of a
matrix with noncommutative entries, which for 2 x 2 matrices was the Schur complement, and generalized
to larger dimensions by induction. Let us stress that both Richardson’s and Heyting’s quasi-determinants
were generically rational functions of the matrix coefficients. Soon, in 1931, Oystein Ore [92] manifested
his disgust with the rational character of the just introduced quasi-determinant and gave a polynomial
proposal, the Ore’s determinant. A definitive impulse to the modern theory was given by the Gel’fand’s
school [50] 411 [42] [51], 52, 53]. Quasi-determinants where defined over free division rings and was early



6 GERARDO ARIZNABARRETA AND MANUEL MANAS

noticed that is not an analog of the commutative determinant but rather of a ratio determinants. A
cornerstone for quasi-determinants is the heredity principle, quasi-determinants of quasi-determinants are
quasi-determinants; there is no analog of such a principle for determinants. However, many of the properties
of determinants extend to this case, see the cited papers and also [78] for quasi-minors expansions. Let us
mention that in the early 1990 the Gelf’and school [51] already noticed the role quasi-determinants for some
integrable systems, see also [94] for some recent work in this direction regarding non-Abelian Toda and
Painlevé II equations. Jon Nimmo and his collaborators, the Glasgow school, have studied the relation of
quasi-determinants and integrable systems, in particular we can mention the papers [55] 56, 67, [54] 68]; in this
direction see also [58], 124], [59]. All this paved the route, using the connection with orthogonal polynomials
a la Cholesky, to the appearance of quasi-determinants in the multivariate orthogonality context. Later,
in 2006 Peter Olver applied quasi-determinants to multivariate interpolation [91]. This is the approach
we apply in this paper. As in [91] the blocks have different sizes, and so multiplication of blocks is only
allowed if they are compatible. In general, the (non-commutative) multiplication makes sense if the number
of columns and rows of the blocks involved fit well. Moreover, we are only permitted to invert diagonal
entries that in general makes the minors expansions by columns or rows not applicable [78] but allows for
other result, like the Sylvester’s theorem, to hold in this wider scenario.

1.5. Aims, results and structure of the paper. The question was possed to us by Jeff Geronimo: What
about the integrable systems associated with multivariate orthogonal polynomials? To answer this question
we consulted [39] and we readily noticed the ubiquity of the Gauss—Borel factorization in the subject, and
therefore the opportunity to link it with the theory of integrable systems. Once this fact was realize we
applied the factorization technology of the moment matrix to reproduce the general theory presented in [39].

The main difference with the case of orthogonal polynomials in the real line (OPRL) is that now the
moment matrix is a block matrix, with its elements being rectangular matrices of varying size. We had
come across with matrix blocks before when we studied matrix orthogonal polynomials, but there the size
of each block was fixed, now is variable. This intrinsic fact, leagued with the multivariate character, lead
in the one hand to the appearance of Schur complements and quasi-determinants and, on the other hand,
to multivariate Cauchy integrals and integrals along the Shilov border of poly-disks —that is, to be faced
to some basic facts of complex analysis in several variables. The Schur complement already appeared in
the study of matrix orthogonal polynomials, see for example [14], 26 27], but we did not understood yet in
[14] the important role played int the theory by quasi-determinants; now we do. We adjacently get across
symmetric algebra [43] [75], being isomorphic to the set of multivariate polynomials it some times allow for
simple derivation of some result or illuminate some structure. All the necessary material regarding these
issues can be found in the Appendices.

1.5.1. Results. In the first place we recover a number of classical results from the multivariate orthogonality
general theory, see for example [39], using a Cholesky factorizatiorl] of a symmetric moment matrix. We
got the multivariate orthogonal polynomials associated with a given Borel measure and the corresponding
second kind functions, that happen to be multivariate Cauchy transforms of the polynomials. All these
objects have quasi-determinantal expressions in terms of bordered truncated moment matrices. Then, the
shift matrices allow to get the three term relation and also Jacobi type matrices and Christoffel-Darboux
formulze.

Once we have been able to reproduce, with a Cholesky flavour, classical results for multivariate orthogonal
polynomials, we begun the quest of discrete and continuous deformations of the measure which lead to
equations of the Toda type. We found both partial difference and partial differential nonlinear equations
for the varying size matrices. Moreover, we introduce quasi-tau matrices and find the analogous, in this
multi-variable scenario, to the 1D expressions of the orthogonal polynomials and its second kind functions
as ratios of Miwa shifted tau functions. Besides these achievements we noticed that the discrete flows allow
for the finding of the multivariate extension of the elementary Darboux transformations via what we named
as the sample matriz trick. These allow not only to express the kernel polynomials, but also its second kind
functions, the quasi-tau matrices and some other important coefficients as quasi-determinants of the original
data. The sample matrix trick allows also for the study of iterated Darboux transformations and the finding
of the multivariate version of the Christoffel formula. Many relevant elements of Toda integrable theory, as

1A Gauss-Borel factorization for the symmetric case.
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linear systems, Lax equations, Zakharov—Shabat equations and bilinear equations, are found. An asymptotic
module or asymptotic congruence arguments permit for another perspective of the hierarchy, and we find KP
type equations for this multivariate case. Finally, a linear isometry invariance of the measure is assumed
and we get, through the Cholesky factorization, the consequences for the multivariate orthogonality and the
corresponding integrable systems.

1.5.2. The layout of the paper. After this introduction we discuss in §2] the general theory of multivariate
orthogonal polynomials by using the Cholesky factorization of a moment matrix. We describe the monomials
and order them, according to the reserve lexicographic order, so that we can analyze the conditions for the
Cholesky factorization to hold and find the multivariate orthogonal polynomials and its associated second
kind functions and its integral representation. The shift matrices are introduced and the three term relations
are recovered. The Christoffel-Darboux formulee is deduced in this context.

In 93] we introduce discrete Toda deformations of the measure, we find the corresponding integrable
discrete flows, wave matrices, lattice resolvents and Lax (or Jacobi type matrices) pairs are given; a quasi-
determinantal expression in terms of the Jacobi matrix for the lattice resolvent is found. Discrete Lax
and Zakharov—Shabat equations and corresponding discrete Toda type equations for the varying size quasi-
tau functions are described. Then, we find some interesting expressions for the multivariate orthogonal
polynomials and its second kind functions in terms of quasi-tau functions and its shifts. For the orthogonal
polynomials we need to use the Moore—Penrose pseudo-inverse of a matrix given in terms of the shift
matrices and for the second kind functions we need to use a composed, or total, translation. In the 1D
scenario these formulae are the well known expressions for these objects in terms of quotients of tau functions
and its Miwa shifts (which happen to be discrete flows). We observe that these discrete transformations
are elementary Darboux (or Christoffel) transformations and we are able, introducing the sample matrix
trick, to give an explicit expression for the transformed polynomials in terms quasi-determinants of the
original ones. The n-th iteration of these multivariate elementary Darboux lead to a multivariate Christoffel
formulse expressing the new orthogonal polynomials P[k](ac) in terms of quasi-determinants of the original
ones Py (), . . ., Pjpin)(x) evaluated at some appropriate nodes. This approach leads to the finding of quasi-
determinantal expressions for the kernel polynomials in terms of the evaluation of the Christoffel-Darboux
kernels.

Continuous Toda deformations of the measure are discussed in §4. We introduce Baker and adjoint Baker
functions in terms of multivariate orthogonal polynomials and its multivariate Cauchy transforms, we find
the corresponding Lax and Zakharov-Shabat equations and write a continuous Toda type equations for
the quasi-tau matrices. The discrete flows are identified with Miwa shifts and the bilinear equations, with
integrals along tori —Shilov borders of appropriate polydisks— are given. Next, in §5lwe apply the congruence
technique to find KP type equations, nonlinear equations that relate through nonlinear partial differential-
difference equations coefficients of the polynomials but for the same k, not involving, as it do happen in
the Toda scenario, near neighbours £+ 1 and £ — 1. We connect using this method discrete and continuous
flows. Then, we present linear equations and corresponding nonlinear partial differential equations for the
second order flows. We end the section by exploring the linear equations for the third order flows and giving
some hints for higher order flows. Finally, in 6] we study some linear isometry type symmetries of the
measure and its consequences on the multivariate orthogonal polynomials; we discuss also what discrete or
continuous flows preserve this symmetry.

In the Appendices we present some necessary material for reading of the paper. In particular, composi-
tions, multisets and symmetric algebras are briefly treated in Appendix [Al Then, in Appendix [Bl we recall
some aspects of pseudo-inverses, Schur complements and quasi-determinants and, in Appendix [C] we give
some notations and results that appear in the analysis in several complex variables. For the sake of clarity
some of the proofs of Propositions and Theorems have been collected in Appendix

2. MULTIVARIATE ORTHOGONALITY A LA CHOLESKY

We study multivariate orthogonal polynomials in a D-dimensional real space (MVOPR) in terms of
a Cholesky factorization of a semi-infinite moment matrix. We consider D independent real variables
x = (r1,29,... ,:L'D)T € Q C RP varying in the domain Q together with a Borel measure d u(z) € B(f).
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The inner product of two real valued functions f(x) and g(x) is defined by
()= | f@)dn(@)g(a)

1. Ordering the monomials. Given a multi-index & = (ay,...,ap)’ € Z?_ of non-negative integers
we write % = z{" .- 27P; the lengthE of ais |a| := Zle «q. This length induces the total ordering of
monomials, % < &% < |a| < ||, that we will use to arrange the monomials. For each non-negative
integer k € Z we introduce the set

k] = {a € Z? : || = K},

built up with those vectors in the lattice Zf with a given length k.
We will use the graded reversed lexicographic order; i.e., for &1, & € [k]

& > & & dp € Zy with p < D such that a1 = ag1,..., 01 = agp and o pr1 < @2 p41,

and if «*) € [k] and al® € [£], with k < £ then a®) < «(®). Given the set of integer vectors of length k we
use the reversed lexicographic order and write

(k) (k)

K = {al® ol ,...,(x[ I}w1thoc()<oc()

Here |[k]| is the cardinality of the set [k], i.e., the number of elements in the set. Observe that |[0]| = 1,
[]] = D and |[2]] = P22
We introduce the vectors of monomials

X[o] «
1
X[1] mcx
. x™
X = : where X[k] = : ,
XV“] Palal
-1
(Haz ) x(zy ,...,:ED )i
for example xjq =1, XFO} = Hle x, ! and
—2
4 xll 1
1T xl_ Lo
' —1 -1
- 1T T x
1 Tq 1 1 2D 1 _2D
Lo D oyt x3 D 51712 .
-1 -1 Sy
X[ = : , XE] = <H z, ) : X[j2] = T2X3 , XE} = <H z, > Ty Tg
: a=1 '1 . a=1 :
x - :
b D T2Tp zy tap)!
x2 =2
3 L3
> -
D :ED2
Observe that for k = 1 we have that the vectors ol = e, for a € {1,..., D} forms the canonical basis of

RP, and for any «; € [k] we have o; = 2521 ajeq . For the sake of simplicity unless needed we will drop

2Also known as absolute value, order or norm.
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off the super-index and write «; instead of (xg-k), as is understood that || = k. Notice that

1

)
Tag — Ya

Vz,y € CP such that |z4| > |yal-

(2.1.1) X w)x =) =]]

a=1
2.2. Monomials and symmetric tensor powers. The dual space of the symmetric tensor powers, see Ap-
pendix [A] happens to be isomorphic to the set of symmetric multilinear functionals on R?, (Symk(RD ))* =
S((RP)* R). Hence, homogeneous polynomials of a given total degree can be identified with symmet-
ric tensor powers. Each multi-index o € [k‘]ﬁ can be thought as a weak D-composition of k (or weak
composition in D parts), k = a3 + --- + ap. Notice that these weak compositions may be considered
as multisets and that, given a linear basis {ea}le of RP, as we know from Appendix [Al we have the
linear basis {€q, ® - ® €q, }1<a <--<ap<p for the symmetric power SF(RP), where we are using multisets

keZy
1<a; <---<ap < D. In particular, see Appendix[A.2.2] the vectors of this basis ea®1M (@) .. -@efpr (“P), or
better its duals (e,’;l)GM(“l) OXERIO) (eZp)GM(“P) are in bijection with monomials of the form xé‘{(al) e a:i\;[(ap),

Therefore, either counting weak compositions or multisets we are lead to the following conclusion: the car-
dinality of [£] is |[k]| = () = (PTF71).
The monomials can be nicely expressed in terms of symmetric products and the multinomial matrix,
see Appendix [Al The reverse lexicographic order can be applied to (RD )Qk =~ RI¥I we then take a linear
. . _ Oaj ©ak
basis of S¥(RP) as the ordered set B, = {e*,...,e%k} with e% := e, Yo 0 eDaJ so that xp(z) =
le[ﬂ % e%. This means that in this canonical basis the column matrix representing x[ is [X[kﬂ B. =
%1
( : ) We will identify xx with [x(x]5.-
it

Proposition 2.2.1. If [x9%]p, is the column matriz representing % in the canonical basis B, we have

-1
(2.2.1) X (@) = (M)~ =",
Proof. It is a consequence of the multinomial theorem for symmetric powers
Ok Ok

xTr :($1€1+"'+$D€D)

D
J

K] )
Y (o )amei™ o oey
&,

=1
=M X ()
O

2.3. Cholesky factorization of the moment matrix. In this paper we will consider semi-infinite ma-
trices A with a block or partitioned structure induced by the graded reversed lexicographic order

A o A
Ao Ap o) o o™ oy
A= |Ano Ay , Apyg = : e RIFIXIA
: : A o A
iy e = <)

We use the notation Op g € RIFIXIAl for the rectangular zero matrix, O € RI¥I for the zero vector, and

Iy € RIFIXIEI for the identity matrix. For the sake of simplicity we normally just write 0 or I for the zero
or identity matrices, and we implicitly assume that the sizes of these matrices are the ones indicated by its
position in the partitioned matrix.

Definition 2.3.1. Associated with the measure d p we have the following moment matrix
G = /Q y(@) d p)x (@)

3Observe that in [43] we have diverse notation [k] = Z(D, k).
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We write the moment matriz in block form

G Gl
G=|GCuo Guu

with each entry being a rectangular matriz with real coefficients

(2.31) G 1=/QX[k}(ﬂe)dM(w)(X[z](w))T7 k,=0,1,...,
Gagk)ﬁge) Gocgk),oc‘(fe)” o
= : : e RFXAL G ) o= / % dp(x) € R,
G w G w _© v @
afgpen’ T el
Truncated moment matrices are given by
Gopop  Glople-1)
G[Z} = . : 5
Gle-uj0) + Gle-1)fe-1]
and for k > £ we will also use the following bordered truncated moment matrix
Gopor  Glopfe-1)
041 . .
GE;F I : :
Gle—a0) -+ Gl e
Gy - G e
in where we have replaced the last row of blocks, (G[g_luo] . G[g_lug_l]) , of the truncated moment matriz
G by the row of blocks (G - Gue—1)-

Notice that from the above definition we know that the moment matrix is a symmetric matrix, G = G,
which implies that a Gauss—Borel factorization of it, in terms of unitriangular lowerfl and upper triangular
matrices, is a Cholesky factorization. We describe now when and how the Cholesky factorization of the
moment can be performed. The result and its proof uses Schur complements, see Appendix

Proposition 2.3.1. (1) If det GW £ 0 for all £ = 0,1,... then G admits the following Cholesky type

factorization
(23.2) G=5"H (s,
with
I 0 0
(S, I 0
_1_ _ ) _
ST = (3 N S 1 )
Hg 0 0
0 Hy 0
H=1 10 o0 Hy 7

(2) When det GI £ 0 the Cholesky type factorization holds and

-1
det G = T det Hyy £ 0
k=0
so that all Hy,) are invertible, k =0,1,. ...

ALower triangular with the block diagonal populated by identity matrices.
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Proof. See Appendix [D.1] O
A quasi-determinant version, see Appendix Bl of the above result can be given

Proposition 2.3.2. If the quasi-determinants of the truncated moment matrices are invertible

det ©,(GF1y =0, k=0,1,...
the Cholesky factorization (23.2)) can be performed where
_ /+1 _
Hpyy = 0. (GFH), (S g = 0.(GL e, GlH1)!
Proof. Tt is just a consequence of Theorem 3 of [91], see Appendix [Bl O

2.3.1. On quasi-tau functions. In the 1D scenario the tau functions can be introduced as the determinant
of a truncated moment matrix

T :=det G[k}, k=1,2,...
and 79 = 1, so that
(2.3.3) Hy =11 k=0,1,2,....
Tk

and
Try1 = HpHy_1--- Ho.
Moreover, observe that (2Z3.3]) can be written as a quasi-determinant
H;, = det(GF /G = o, (GIF1).

Thus, in the 1D scenario the described analogy suggests that the squared norms Hj can be considered as
quasi-tau functions, being the tau functions 7, = det GI¥! determinants of the truncated moment matrix and
the quasi-tau functions Hy, = 0,(GF*1) quasi-determinants of the truncated moment matrix. This extends
to the multivariant setting and now we have Hp,) = 9*(G[k+1}), motivating us to refer to these matrices as
quasi-tau matrices. Let us mention that other authors have introduced similar concepts before, for example
in [87] a matrix valued tau function is considered for the case of matrix orthogonal polynomials. However,
the motivation of the author did not come from the quasi-determinant expressions in terms of the moment
matrix but from formulee from integrable systems.

2.4. MVOPR. With the aid of the Cholesky factorization we are ready to introduce the MVOPR
Definition 2.4.1. The MVOPR associated to the measure d . are

Py k P ] ®
(241) P=Sx=|My]|, = Suaxa (= Col Paw =D D S 0z
£=0 P (k) (=0 j=1 %
k]|

We introduce the coefficients

Bk = Sik], k-1 k>1,
which take values in the linear space of rectangular matrices RIFIXIE=Ul 4nd also define the subdiagonal
matrix
0 0 0 0
By O 0 0
g=1| 0 B 0 0
0 0 0

Bis)

An immediate consequence of Proposition 2.3.2] is
Proposition 2.4.1. The following quasi-determinantal expression holds true

By = —0.(GIe,(GH)~!
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Observe that Py = x[(®) + B Xk—1)(x) + - -+ is a vector constructed with the polynomials Py, () of
degree k, each of which has only one monomial of degree k; i. e., we can write Py, () = % + Qq, (), with
deg Qu; < k.

Proposition 2.4.2. The MVOPR satisfy

242 [ Ry@du@)R@)’ = | Py du@iE)" =0, (=01, k-1,

243) | Ry@du@)(Py@)" = [ P dae) @)’ =y,
Therefore, we have the following orthogonality conditions
/QP“E_@( 2P0 (@) d (@) = Apagk>(m)maﬁl) dpu(@) =0. £=0,1,....k—1, i=1,....[kl, j=L....|[l
with the normalization conditions
| Pe@Psy (@ @) = [ Pu@)e™ dut@) = Hoa, i =1

Here we use Dunkl and Xu’s notation, see [39]. Despite the MVOPR are orthogonal for different & and ¢,
P (P 1P (z), for k = ¢ the value of <P¢xl, Py;) = Hy, «; is not zero in general, and the set of polynomials given
by coefﬁments of the vector P, are not orthogonal among them. Observe that ([2:43]) imply that the matrices
H|;) are Grammian matrices and that, being the measure positive definite, we can write Hyy = M[k}h[’ﬂ My,

for some orthogonal matrix My, € O(R/™™Y and diagonal matrix hiy = diag(hpy,1s - - - hpgg, k) With A s >0
for j € {1,...,][k]|}. With the new vector polynomials P[k] = M3 Py we do have

/Q Pa () Pog () d u() =51 ;115 ivj =1, K,

being the Ay ; the squared norms of the polynomials. Now, instead of a block Cholesky factorization

we have a standard Cholesky factorization G = S~ h(S—1)T, with § = diag(M[g],M[I],...)S and h =
diag(hy, h(1), - - - ). However, this scalar Cholesky factorization does not help much in the understanding of
MOVPR, the reason will become clear in §2.6] where the three term relations or the Christoffel-Darboux
formulee are deduced from the block Cholesky factorization. The clue is that the shift matrices, for which
we have the symmetry (2.6.5)) of the moment matrix, are naturally written in block form.

Also notice that Hjg = fQ d pu(x) is just the measure of the support.

Proposition 2.4.3. The MVOPR can be expressed as Schur complements of bordered truncated moment
matrices

G - Guope-1 | Xpo)(®)
Pg(x) =SC : ' ' :
Gy - Gu-e-1 | Xpe—1)()
G - G-y | xpgl@)
or as quasi-determinants
G -+ G- Xpo)(®)
Py =0, : : :
Gl - G- Xig(®)

.. . . . . £ l],[>e .
Proof. Any semi-infinite matrix can be written in block form M = (MJ[‘Q]][’ q M][‘;[[;]”]» where M is the

truncation with the first ¢ block rows and block columns, M:[24 is the truncation with the ¢ first rows and
the columns after the ¢-th, M=% the truncation as the previous permuting the role of rows and columns
MZ4 the truncation formed by all rows and columns after the ¢-th one. From the factorization of the
moment matrix

SG=H(S™M = o0=sE0Mgl L gxlgal — g0l = _5[251@25],[6}(@6})—1
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With this we can rewrite Py = Ei:o Sie, kX k] a8

-1
4 4
Py =0~ (G G - Gage-n) (7).

To get the stated result we need only to fix our attention in any of the rows of this matrix. O

In terms of ratios of determinant we get for the components

Gy G- X[0]
Go o Goe-u | X G+ CGle-nle-n Xiey
. . : G G maj
P ) =SC ' ’ : _ o) 0] o9 [e-1]
o Gu_y  Gu-e—1 | Xpe—y Gopo - G
o0 : :
G“;e)m] Goc§“,[@—1] - : :
G- G-

2.5. Functions of the second kind. In this subsection we need some material regarding several complex
variables analysis and we refer the reader to Appendix [Cl Complementary to the vector P of multivariate
polynomials we introduce

Definition 2.5.1. Second kind functions are given by the coefficients of

Clo Co,
(2.5.1) C:=H(S Yy =|Cu|, Cl) = :
: Coxu
Observe that for z = (21,...,2p)" € CP we have
0o ~ T,
Clg(z) = Hig > (5 ) X (2),
k=¢
which is a vector with each of its components Cy,(z), a = 1,...,|[¢]|, a D-fold Laurent series. This is just
not the case for the definition of P, see (2.4.1]), where we had finite sums instead of infinite series. In the
case of Cy,(2), which has domain of convergence Z,, we can introduce w = 27! 1= (z;,... ,zBl)T —.e.,

z = w - and notice that Cy,(z(w)) = Z,BGZE cgwP is a power series in w and consequently converges
in a complete Reinhardt domain %. Therefore, its domain of convergency is the union of polydisks, and in
each of them the convergence is absolute and uniform. In particular, the polydisk of convergence A(r) C &
satisfies the extended Cauchy-Hadamard formula limsup g, '3/ lcg|r® = 1. The domain of convergence
of Cy,; contains a polyannulus of convergence with polyradii given by » = 0 and R = (1 Lo ,7‘51).

Let us show that the second kind functions can be expressed as multivariate Cauchy transforms of the
MVOPR.

Proposition 2.5.1. The second kind functions satisfy

Cule) = [ Wy, Ve g \swpldi 0= Lo K]
Proof. See Appendix[D.2 O
We introduce
F[O} I,
=Gy = ||, Lpy =
: Fo‘\[k]\

Proposition 2.5.2. The coefficients I'«, are the multivariate Cauchy transform of the monomials

_ Y™
Fa(@) = /Q (1 —w1) - (zp — yp) duty).
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Proof. Is a byproduct of the proof of Proposition 2.5.11 O
Proposition 2.5.3. We have C = ST'.

Proposition 2.5.4. In terms of Schur complements or quasi-determinants of bordered truncated moment
matrices the functions of the second kind are

Gropop - Guoe-1 | T Gropop - G-y T
C[g}:SC . . . :@* : . .
Gre—1),o) - Gr—1y,je—1) | Te—] Gle-1o) - Gr-1,e-1 T
G - Guue-y | Ty Gy - G-y Ty

In terms of determinant ratios the components are

Goo) - G-y Lo
G - Gpope-1 | T Gle-njo; -+ Gre-1,je-11 Ty
o % : : : chg‘),[o] Ga§‘”,[/3-1] P(x;e)
(&) = =
% Gle—ujfop -+ Gre—,je-1 | Tle—y] G - Gpope—1]
Ga§‘>,[o] Ga§‘>,[e—1} ‘ Foc;.l) : :
Gle—a)fo) -+ Gle-1),e-
Definition 2.5.2. Given k distinct labels aq,...,a; in {1,...,D} we introduce the reduced second kind
functions
R k
(252) Cah“-’ak - Z‘alllgoo o Z‘(L];:IE}OO ([Ewal} C) ’

Observe that the labels in the reduced second kind functions indicate precisely those independent variables
in which they do not depend; therefore, when k£ = D we have a constant. For the reduced second kind
functions we find

Proposition 2.5.5. When supp(d u) is a bounded set the reduced second kind functions fulfill

-~ Poc'(y)
(2.5.3) Cuiar,an = / —— d u(y), a=1,...,|[4| z € Dy, \ supp(d p)
' * Q Hi’;lk(zbi - ybi)

where {ay,...,a} U{by,....bp_} ={1,...,D}.

Proof. The Lebesgue dominated convergence theorem ensures that we can interchange the limit with the
integra

k k

et ([[Ta]e) = [ i ([TT) o s e
k —

) /Q [izl o <1 B Z%> 1] Hi’;;ﬁz)— Yb;) )

From this result we infer that

6[If},l,...,D = H[O]éo,k'

P, (v)

5The control or dominating function can be taken to be g.(y) = T e o)
i=1 \Fb; ~Yb,;
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2.6. The shift matrices. In this section we are going to discuss three term relations that extend the
recursion relations existing in D = 1 to the multivariate case. For this aim we need to introduce a set of D
shift matrices {Aq,...,Ap} that play a very important role, they model the action of increasing by one the
degree of the monomials.

Definition 2.6.1. The shift matrices are given by

0 (Ad)o 0 0
0 0 (Aa)py,j2) 0
A, = |0 0 0 (Aa)p21,3)
0 0 0 0
where the entries in the non zero blocks are given by
(Aa)az(.k),oc;kJrl) :50<£k)+ea,¢x;k+l)’ a=1,...,D, 1= 1,...,‘[/?”, j= 1,...,’[1€—|—1”.

Related to these shift matrices we further introduce

Definition 2.6.2. (1) Given any k = Zle koeq € ZY we define
Ap = Af AR me = (A7) (- (A)" (ap)t
(2) For k =neq, a € {l,...,D} and n € Z we use the notations
M =The, = (A7) (A)"
Ifn=1weusell,; =11, = AlAa.
Notice that ky, + e, € [k + 1].

Proposition 2.6.1. (1) The matrices I1,,, are projections, (Ham)2 =1y, and I, , = H;n. Moreover
they are diagonal matrices whose non vanishing coefficients are the unity. The ones are located
precisely in the entries of the diagonal corresponding to the entries (monomials) in x which contain
(xq)™ with m > n among its factors. We can write

I=Tl,, +II;

a,n’

where Hin 1s a diagonal matrixz with its non vanishing coefficients, which are equal to the unity,
located in those entries of x which contain (x4)™ with m < n among its factors. We also have

(2.6.1) I x () = x(2)] 2, -0, i (z) = 2,1 lim (zax"(z)).

Tq—r00
(2) The shift matrices fulfill the following properties for all k,£ € Zf_)
Aphe = Ao = Mg, Ag(Ag)T =T
(3) When a # b we have the commutation relations
Af Ay = AgA], I,I0, = TT0, = T, e,
(4) We also have the “eigenvalue” type properties

(2:6.2) Aex(@) = 2¥x(=), Aex* (@) = 27"y (@),
(2.6.3) Al x(x) = 2 FTI,x, AL X (x) = 2RI * (x).
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Proposition 2.6.2. For k distinct labels ay,...,ax € {1,...,D}, a; # a; fori # j, and k complex numbers
Qars- - - qa, € C we have

(2.6.4) [ﬁ(A; — qai)}x* = [ﬁ(wal qal)]x* + (=18 lim - lim ([ﬁ%]x)
. 1 “k i=1

=1 i=
(o)

[y

. Kk
- ﬁ > ([ Il @aww _q%m)] x%hm_m

0B, i=j+1 ey o ()

where &y, denotes the symmetric group of k letters.

Proof. See Appendix [D.3l d
Proposition 2.6.3. The moment matriz G satisfies

(2.6.5) MG = G(Mg) T, vk € Z2.

Proof. It follows from Definition 2.3.1] of the moment matrix G and the eigen-value property in Proposition

261l for Ag. O

2.7. Jacobi matrices and three terms relations. Once the shift matrices have been introduced we are
ready to discuss its dressing, that leads to the Jacobi matrices which are extremely important not only for
the general theory of MVOPR but also for exploring its connection with the Toda theory.

Definition 2.7.1. We introduce the following Jacobi type matrices
(2.7.1) Ji = SARS™, vk € Z2,
and the basic Jacobi matrices
Jo 1= Je,-
Proposition 2.7.1. The Jacobi type matrices satisfy
(2.7.2) Jy = H 'JH, JiP = x*P, vk € Z2.
Proof. Using the Cholesky factorization of the moment matrix G we get
SARS™ = H (SA,S™Y) T H L,
The eigen-value property is obvious from (2.6.2)). O
For the second kind functions we have

Proposition 2.7.2. For k distinct labels ay,...,ax € {1,...,D}, a; # a; fori # j, and k complex numbers
Qars- - - qa, € C we have

[0~ aa]c m qaz] 1oy
k—

1

+Z 1]1 Z ([ H o(i) ~ q%())]aacr(l)w%m)’

j:l oGy i=j+1

=

1=1

Proof. See Appendix [D.4l d
From these properties we easily conclude that

Proposition 2.7.3. The explicit form of the basic Jacobi matrices is

(T (Ja)o),] 0 0 0
(o) Jo)pp (Jadpg, 0
J, = 0 () (o (Ja)ps 0 ,
0 0 [ )3, 2

Ja)aig (Ja)pe (e



MULTIVARIATE ORTHOGONALITY AND TODA 17

where

(Ja)jo),j0) = —(Aa) o), 1180 (Ja)o),11) = (Aa)o), 1)

and

(Ja) b1 = Hiy [(A)pe—ny ] (Hemyy) ™

(Ja) i,k = By (Ma) =11, k) — (M) (1], (411 Ble+1]
(Ja) i) 1) = (Do) ) frer -

From 221 and (222) it is easy to see that the J only have (2|k| + 1) block diagonals that do not
vanish. These are the |k| first block superdiagonals, the diagonal itself and |k| first block subdiagonals.

Definition 2.7.2. We introduce the following objects

A= (Al,...,AD)T, J = (Jl,...,JD)T, éI: (61,...,6D)T.
and given any vector n = (n1,...,np)’ € RP we define the following dot products
D D
n-A::ZnaAa, n-J::ZnaJa
a=1 a=1

The celebrated three term relations [39] in the multivariate context are

Proposition 2.7.4. The MVOPR satisfy the following three term relationdd

(2.7.3)
(n-a) Py = Hygg (- A) g,y iy H Ly P+ (B (A 1, i1 — () i, 41 B 10) P+ A) g e Pl 1),
for k=1,2,.... The second kind functions satz’sfﬂ

(2.7.4) (n-z)C = Hyy(n - A)F;;_u,[k]H[;l_l]C[k_u + (B (n - A)e—g g — (0 A g et 11Bpw+1) Crig

+ (1 A) g pes ) Cliesyy — - Clig,
fork=1,2,....
Proof. They are an immediate consequence of (2.6.2]) and Propositions 272 for k = 1, and 273 O

2.8. Christoffel-Darboux formulse.
Definition 2.8.1. The Christoffel-Darbouz kernels are

K9(z,y) = (Xm(w))T (G[ )

while the second kind Christoffel-Darbouz kernels are given by

QY (z,y) = ((X*)m(:c))T <GV]>

-1

S (Py@) ' (Hp) ™ Pig(y),

k=0

-1

— -1
(Cw@)) " (Hu) ™ Cig(w)-
k=0
60bserve that for k = 0 we get
n-x+(n- A nbn = (n- A, nPu(e).

which agrees with the definition of P in terms of the factorization matrix, this is, Pyj(z)" = (z1,...,2p) + ﬂ[—;].
"For k =0 we get

(%a + (Aa) o1, 118w) Cloy () = (Aa)o),111C1 (=) + Clop,a().
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The Christoffel-Darboux kernel K+ (x,y) gives the projection, Sy : L2(RP, u) — L*(RP, ), on the
set of MOVPR of degree £ or less, given any vector in the real Hilbert space f € L?(R”, 1) its orthogonal
projection is given by the truncated Fourier series Sy(f)(x) = [, KD (x,y) f(y) du(y). In fact, if P is a
MOVPR of degree ¢ or less then P = Sy(P). and Sy o Sy = Sy; these kernels are subject to the reproducing
property K (z,y) = [, K (2, 2) d u(z) KV (2, y). This projection is the best approximation to f
with MOVPR of degree £ or less, in the sense that the mean square distance, [o,(f(2) — Se(f)(x))*d p(x), is
minimized and all the other polynomials of degree ¢ or less have a bigger mean square distance to f. When
the space of MVOPR is dense in L? (]RD , i) then the Fourier series converge in the mean square distance to
[ limyoo Jo (f () — Se(f)())? d u(x) = 0. For more information see §3.5 of [39].

From Definition 2.81] it directly follows that

Proposition 2.8.1. In terms of Schur complements or quasi-determinants of bordered truncated moment
matrices the Christoffel-Darboux kernel is expressed as

G - Grojpe-1 | xpo) (%) Goor - G-y Xpi(y)
K (x,y) = SC : ; : -0, : : :
(@) Gr—1,0  Glre—1,0e=1 | Xpe—11(v) Gr-1,0  Gre-1,e-1 Xpe-1®)
G @ |0 GE e 0

while the second kind Christoffel-Darboux kernel have the following one

G Do (G ey | Xy @)
Q[Z] x,y :SC B . B . . .
() (G Do (G ey | X g®)
(o) T@) - Gy T@) [0
G Do G ey Xig(w)
[0]
~ G e e G e
[¢—1],[0] [e—1],le—1)  Xpe—1\Y
) (@) () (=) 0
In terms of determinants we have
Gono - G-y X))
Gu—njo) - Gu=ie—1 Xpe—1)(y)
KW(z,y) X[B](w) XElZ—I](w) 0
G Glopfe-1]
G0 -~ G-l ey
G Do G ey Xg®)
. : : : Gpop - Glojfe-1)
Q T,Y)= — ) — i * ' :
(@.9) (G Dm0 (G ey Xy ) o .G
(XFO})T(:E) . (XTZ—I])T(w) 0 [¢—1],[0] [e—1],[¢-1]
Theorem 2.8.1. The following Christoffel-Darbouz formula holds
(2.8.1)
T -1 -1
KO (2 y):(("'A)w—l],[qpm(m)) (Hy—1)” Pu—1(y) — Py ()" (Hpg—1) ™ (m- A)e—1),19Prg ()

n-(x—y)
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while for the second kind kernel we have

(2.8.2)
QY (z,y) = [(n A)V_l]’mcm(w)]T (H[Z—I])_l [Cle—y(®)] - [C[z_l](w)]T (H[z_l])_l (- A)je—11,19Clg (v)]
o n-(x—y)
N [n- (AZ'V](:::)]T (HI) ™ cli(y) — [CWw)]T (H) é[ﬁ}(y).

n-(z—y)
Proof. In the first place, for the polynomials, in the one hand we have
(PU@) T (H 0 - I PU(y) = (n-y)(PU(2)) T (HD) " PY(y) — Py_yy(@) " (Hyp—n) ™ (0 ey 1Py (v),
and in the other hand
(PY(@) " (H 'n - DIPU(Y) = (n-a)(PY ()T (HD) " PY(y) — (- T) -9 Pg(2)) T (Hig—1) ™ Pi—y) ().

For the second kind functions we proceed similarly. However, we must take care of the appearing of the
reduced second kind functions. In this case the two possibilities are

(@) (H ' DI (y) = (n-y) (@) T (HD) " M(y) - ()T (H) (n- % (y))
— Clp_y() " (Hjp_ 1]) Y- I)je—1,10Cin ()
(@) (B 'n- DI (y) = (n-2)(C ()T (H)CV(y) - (n- ¢ (@) T (7T Cl(y)
— (- I)pe—11,19C1 (®)) " (Hy—1) ™ Co—y ().
O

Observe also that (2.82]) is not a standard Christoffel-Darboux formula because the last term involves
all the reduced second kind functions. These terms are absent in the scalar case but in this multivariant
scenario show up.

3. ON DISCRETE Topa AND MOVPR

In this section we discuss the connection between MVOPR associated with different measures; these
collection of measures can be considered as a lattice of measures. The set of transformations which we are
about to introduce is not the more general one but capture the essential facts.

3.1. The discrete flows. For the construction of D discrete flows we consider an invertible matrix

N = (na,b)a,bzl,...,D S GL(RD)7

and therefore D linearly independent vectors n, = (nq1, ... ,TLa7D)T, and a vector q = (q1, . .. ,qD)T e RP,
where ¢, # 0, a = {1,...,D}. For a given measure d  and each multi-index m = (mq,...,mp)" € ZP we
consider the measure
D
d:um(m) = |:H (na cL— Qa)ma] d,u(a:)
a=1

Associated with this deformed measure we introduce the set
(3.1.1) R:={x eR":|ni | <|qi],...,|np 2| < |¢pl},

and the related sets R, := {x € RP : —|q,| < n, - < |qa|}, a € {1,...,D}. Observe that R = N2_| R, is
a bounded open convex polytope included in the ball centered at the origin of radius max,e(1,... py \Qa\ We
see that the border of R, is OR, = 7} Un, in terms of the hyperplanes 7 := {x € R” : n, - = +q,}.
The measure d py, has a definite sign in R N supp(p) since the hyperplane 7r+ ! Ny -« = g, belong to the
border and therefore is unreachable in R.

As we will see later on, §3.4] these discrete flows are built up in terms of Darboux transformations.
Sometimes the flows described by m, — m,+1 are known as Christoffel transformations and those associated
with m, — mg, — 1 as Geronimus transformations.

A natural question arises here: Which are the corresponding moment matrices? and the answer, given in
terms of shift matrices, is fairly nice.
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Proposition 3.1.1. For a given Borel measure p let us assume that supp u C R, with R given in (311)),
then the moment matrices G(m) of the measures d pm, satisfy

D D
(3.1.2) G(m) = ( [[ma-A- qa)ma>G = G( [[ra-AT - qa)ma>.
a=1 a=1
Proof. We need to be specially careful when m, is a negative integer because, if that case we are dealing with
powers of the inverse matrix of (1q-A —qq), a € {1,..., D}. The request q, # 0 ensures that (1, A —qq) "

can be formally given as the following upper triangular matrix
(na - A _Qa)_l = _‘L:l _qu("a ) A)2 _qgg(”a : A)2 -

This series is a matrix organized by superdiagonals with ((na -A—qa)_l) k] = —q;(jﬂ)((na -A)j)[kaJrﬂ
the j-th block in the k-th superdiagonal, and no series is involved for a given block; i.e., the expression is not
only formal but it is well defined. However, we should also tackle the more subtle problem of the domain

of these matrices. In particular, its action on x gives (n, - A)x(x) = (n, - )x(x) and corresponding series

is (ng A —qo) 'y =—q¢;' —q;%(ng - ) — q;3(ng - x)? — - - - which converges for |n, - x| < |q,|. Recalling
Proposition 2.6.1] the result follows. O
Definition 3.1.1. (1) We introduce
D
Wo(m) = H(na A —qy)"e.
a=1

(2) The action of the translation T, on any function f on ZP is defined by
(Tuf)(ma,...,mq,...,mp) = f(m1,...,mqg+1,...,mp),
and the partial difference operator is given by
A, =T,—1.
)

These translations depend on N,q and when needed we use the notation TéN’q) or Téq to indicate

1t.

(3) The MVOPR and the corresponding second kind functions associated with d pum (x) will be denoted
by P(m,xz) and C(m,x).

(4) Assuming the block Cholesky factorization foll G(m), G(m) = (S(m))_lH(m)(S(m)_l)T, for each
m € ZP we introduce the following semi-infinite matrices

(3.1.3) M,(m) == S(m)((T,S)(m)) .

For the sake of simplicity, from hereon and when not needed we will omit writing the m-dependence and
it will be implicitly assumed.

Proposition 3.1.2. The moment matriz satisfies
T.G = (ng-A—q)G=G((ng,- A" —q,).
Proof. We observe that (3.1.2)) could be written as
-
G(m) = Wo(m)G = G(Wo(m)) .

Proposition 3.1.3. The matriz M, = S(T,S)™* fulfills
(3.1.4) M, = H((TuS)(nq - A — q)S™ 1) (TLH) ™.

Moreover, M, is a block lower unitriangular matriz with only the first subdiagonal different from zero; i.e.,
M, =1+ p, with

(3.1.5) Pa = H(na : A)T(TaH)_l
(3.1.6) = —A,pB.

8With S(m) block lower triangular with the block diagonal populated by identities, and H () block diagonal.
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Proof. For (3.1.4]) introduce the Cholesky factorization in the second equality in (B.I.2]), this equation has

as direct consequence ([.LH). The relation (3.I.6) follows from (B1.3]) and (B14)). O

Componentwise we have

0 0 0
Py 0 0
Pa:=1 0  papy O
with
(3.1.7) pai) = Hygl(na - A1) (TeHpy) ™
(3.1.8) = —Aaﬁ[k}.
Definition 3.1.2. We introduce the wave matriced]
W, :=SWo, Wy =H(S™)T,
and the lattice resolvents
(3.1.9) we :=(T,H)YM)H™, a€{l,...,D}.
Proposition 3.1.4. The evolved wave functions W1 and Wy satisfy the following
(3.1.10) G =Wy (m) ' Wy(m).
Proof. From the Cholesky factorization we deduce that
(3.1.11) G = Wy(m)~1(S(m))~* H(m)((S(m))_l)T = Wi(m) ' Wa(m).
O
For the lattice resolvent we have
Proposition 3.1.5. The lattice resolvent can be expressed as
(3.1.12) wa =(TuS)(ng - A —qq)S™"
Moreover, we have the explicit form
Wg =0g+Mng- A
where the diagonal term have the following alternative expressions
(3.1.13) g =(T,H)H™"
(3.1.14) =(TaB)(na - A) = (g - A)B — ga
Componentwise we have
(3.1.15) o) = (TuHy)) Hygf
(3.1.16) = (TuBr)) (Mo - A) =11,k — (Ma - A) k], (k1] Blk+1] — a-
Proof. The first relation is a consequence of (B.1.4]) and (B.1.9)), then (BI112) and (B.II3]) are consequences
of BI112) and (BI19). Finally, from B.I1.12) and BII3]) we infer 3 I1.14). O

As byproduct we get
Proposition 3.1.6. The following equations hold

(TaH[k])H[;]l = (TuBry) (Ma - A =11,k — (Ma - A) k], (k11 Bk+1] — a>
1
Higl(na - Ay ] " (TaHp—1) ™ = — Doy

We are now ready to show what type nonlinear partial difference equations of Toda type are satisfied.

9These definitions are motivated by the relation W1 G = Wa.
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Theorem 3.1.1. The quasi-tau matrices Hy, are subject to the following equations

_ -1
Ay (AaHpgg) Hy ') = (1 - M) e Hipey [ - Mgy ] (T Hiyg)

-1
— (TaHy)[(ns - Aoy ) (TaToH 1)~ (- Aoy i
The matrices By fulfill
((TvBprg) (my - A) oy, i — (12 Ay 1) B ) — @) (DaBipg)
= Ty A By (TaToBpy) (6 - A) =1, — (1 - A fo+1) (TaBiret1) — @)
Proof. An immediate consequence of Proposition O
Let us stress that the matrices in the nonlinear lattice have increasing sizes.

Proposition 3.1.7. If T,G and G admit Cholesky decompositions then for each a € {1,..., D} we have the
following LU factorization

(3.1.17) Ng - J — qo = Mowa,

and the UL factorization

(3.1.18) To(ng - J) = qo =waM,.

Proof. From Proposition we get

T.G :(TCLS)_l(TaH)((TaS)_l)T Cholesky factorization of (7,G)
=(ng-J —q,)G see Proposition

—(ng-J —q)ST H(S™) T

and therefore we have the Cholesky factorization [BII7). To prove (BII8) we observe that the Lax
equations (3.1.20) lead to

Cholesky factorization of G

Ta(na -J - QQ)wa :wa(na -J - Qa)

=woMyw,
which imply the result. ([l

Thus, for each given direction these translations reproduce the behaviour of the classical elementary
Darboux transformations which imply the interchange or intertwining of the lower triangular and upper
triangular factors in the Gauss—Borel decomposition. Later on we will discuss the explicit form of these
Darboux transformations for the MVOPR, quasi-tau and S matrices.

Before we derived [B.17) and (B.I1I5) where we expressed p, 3], B.18), B.I1I6) and oy ) in terms of

H and 8 matrices and its discrete time translations. Now, we show an alternative form of writing these
functions, with no discrete time translations involved, in terms of quasi-determinants of truncated Jacobi
matrices.

Theorem 3.1.2. In terms of quasi-determinants of the Jacobi matrices we have the following formule
Pkl = (Mo - Ty o)) (O (g - TH — g 1F)) 1,
Gt = Ou(ng - JEH _ g k1)
Proof. Tt is a direct consequence of Proposition B.1.7] and Theorem 3.4 of [91]. O
In particular we deduce that
Paft) = Higy(na - A1) 1) " Hip—1] (O (mg - JH — qaﬂ[k]))_l-

Next, we are ready to collect the integrable system structure for these discrete flows giving the classical
elements: linear systems, Lax and Zakharov—Shabat equations in its discrete version.
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Proposition 3.1.8. (1) For each a € {1,...,D} the wave matrices W1 and Wy are solutions of the
following linear system

(3.1.19) T, W =w,W.
(2) The Jacobi type matrices ng - J, a € {1,..., D}, satisfy the discrete Lazx equations
(3.1.20) Ty(ng - J)wp =wp (Ng - J), My Ty(ng - J) = (ng - J) My, Va,b e {1,...,D}.
(3) The lattice resolvent w, and the M,, a € {1,...,D}, are subject to the discrete Zakharov—Shabat
equations
(3.1.21) (Towp)wa =(Tpwa)wh, M, (T, My) = My(TyM,), Va,be {1,...,D}.
Proof. See Appendix [D.5l O

3.2. Quasi-tau functions formulse for MOVPR.

3.2.1. Ezpressing the MVOPR in terms of quasi-tau matrices. We discuss here certain expressions for the
MVOPR, in terms of the quasi-tau matrices HJ, that extend to the multidimensional situation the 7 type
formulae of the 1-D scenario.

Proposition 3.2.1. The MVOPR satisfy

(3.2.1) Pa, k) (TaP) -1y + (TaP) ) = Py,
(3.2.2) U [k=1)Pe—1] + (M0 - A1), Pia) = (Mo - & — ¢a) (Ta P) -1
Proof. Tt is just a consequence of P = M,(T,P) and w, P = (ng - & — q4) (T, P). O
Proposition 3.2.2. When p € 71}, i.e. ng - P = qq, the following relation holds
(3.2.3) (na - A)p—1), 11 Fli) (P) = =, jo—11Pe—11(P)-
Proof. Set n, - x = q, in (B.2.2)). O
Definition 3.2.1. Together with q := (q1,...,qq) we consider the two following rectangular matrices
(n1 - A) gy et T Hy,
[NA]j = : € RPIFIx[k+1]] [TDH], = : c RPIFIIx][E]]
(np - A) ] [o+1] T [ 0

Observe that, putting together as rows the blocks (n, - A)p k41, for a € {1,..., D}, we get a full
column rank matrix [NAJ;. Hence, the correlation matrix [NA]] [NA]; € RIFFUNXIF+H s invertible and
the pseudo-inverse is

~1
[NAJS = ([INAJ{[NA]L) "~ [NA]L,
which happens to be a left inverse, see Appendix [B.1l

We are now ready for

Theorem 3.2.1. The MVOPR can be expressed in terms of quasi-tau matrices H and its discrete time
translations as follows

Puy(q) = (—D)F[NAL [TV H] g (Hpyo— ) T [INAL TN D H] o (Hpp—g) - [INAG [TWO H]gH

[0]

Proof. Proposition B.2.2 takes an interesting form if we choose p € N2_;7}; ie., my - p = qq, which means
that Np = q and as N is invertible we have p = N~!'q. In this case (3.2.3)) takes the form

[NAli—1Pyy(N'q) = —[T(q)H]k—lH[zl_l}P[k—u (N"'q).

But, since [NA];_1 has full column rank & we can take its Moore-Penrose pseudoinverse [N A];’_l to get
Pry(N~'q) = —[NA]&_l)[T(q)H]k—lHil_l]P[k—u(N_IQ)-

Iterating this relation we get the desired result. O
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In the one dimensional case we only have one component and the block matrices are just numbers and
we should replace (n, - A)j_1),5 by 1. Thus, for D = 1 the Theorem 32T gives

Py(q) = (—0)"THy—y(Hy—1) " THy—o(Hy—2)"" - THoHy ",

so that
1 v THy_1THy_o---THy

P =
b(g) =( Hy 1Hy o+ Hy
T
:(—1)k%, Tk +— detG[k_l] :Hk_lHk_g---Ho.
k

This is a well known expression in terms of Miwa shifts of 7-functions, see §4.3] where the 7-function is the
determinant of the OPRL moment matrix

3.2.2. Quasi-tau matriz expressions for the second kind functions.

Proposition 3.2.3. The second kind functions satisfy

~

(3.2.4) Pa k) (TaC)k—1) + (TaC)p) = (M - T — ¢a)Clp) — Ma - Cliys
(3.2.5) 0, K] C[k} + (ng - A)[k},[k—i—l]c[k—l—l] = (TaC)[k].
Proof. See Appendix [D.6l d

From now on in this subsection we take N = Ip.

Definition 3.2.2. Let us introduce the composed or total translation
D
=], M = 5(TS) "
a=1

Observe that P = M(TP). From Cholesky factorization (2.3.2]) we get
Proposition 3.2.4. The following relation holds
T T
(3.2.6) M = (H)(S™) [H(Aa - qa)] (T8)" (TH)™".
a=1

This lower unitriangular banded (with D subdiagonals) block matrix can be decomposed into the product
of D lower unitriangular with only the diagonal and first subdiagonal different from zero

Proposition 3.2.5. For each permutation o in the symmetric group &p the following decomposition holds
true

(3.2.7) M = M,y (To1Mo2) -+ (To1 -+ Typ—1yMsp).
Proof. From Definition B.1.3] for each factor in the RHS of (B.2.7) we have
My = S(T,n8) ",
To1 Mys = (T51S) (T Tp2S) ',

Toay - To(p—1)Mopy = (Tor - Ty(p-1)S) (Tor1 - - TUDS)_l,

and the result follows. O

Definition 3.2.3. We introduce
a) . -1 kx(k—
(3.2.8) ol =(TLT5") (papy) € REED,

Matrices that can be expressed as
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Proposition 3.2.6. We have

D
(3.2.9) pEZ]) =TT 75 Hig) Aoy g H T Hy )
j=a j=a+1
Proof. Tt follows immediately when we substitute [B.L7) into (3:28]). O

For second kind functions, the analogous result to Theorem B.2.1] is

Theorem 3.2.2. The second kind functions can be written as
Cpaa) = (DD 37 pigt) - pff )T Hyg
1<a; <- <ak<D

or in terms of quasi-tau matrices and its inverse translations as follows

(3.2.10) Cuylg) = (=) >~ HT Hiy)(Aay) o1y, H Ty Hipy) ™

1<a1<-<ap<D j=ay Jj=ap+1
D
< (TT 757 Hi) (e ) oy H Ty Hig) ™' T~ Hyg.
j=a1 j=a1+1

Proof. See Appendix [D.71 O
Observe that for D = 1 the formula ([B.2.10) reads

Cy(q) =(=1)* (T~ Hyy) Hyev)) ™' -+ (T~ Hpyy) Hyg)) ~' T~ Hyg
T~ (Hy - - Hyj)

:_1k+1
=1) Hpp—qy--- Hyg)

:(_1)k+1T__177f
Th—1

)

for 7, = det G¥!| which is the well known formula the well-known formula that expresses the adjoint Baker
functions in terms of 7-functions and Miwa shifts. For D = 2 we have T = TiTy and (T-'M)~! =
(Ty ' Mp) = (T~ My) ™

C[k (@)= (- )k<T2 H[k])(Al)[Tk 1 Hie—) ™ (T Hpg) (M) g ) (Hpgp) ™
(T Hygg) (M) g (Hpe—1) ™ (Tz H[])(Al)ﬂ] o) ()™ (T Hpp) (M2) g oy (T3 Higp) ™
+(Ty 1H[k])(A1)k e (Hpee) ™' (T Hig) (M) iy o (T Hipp) ™ (T Hyy) (M) gy g (T Hpgp) ™!
+ (T Hiyg) (A2)g_ g (Ts  Hipp 1]) !
(T Higy) (M) o (T3 Hiy) ™ (T~ Hpgp) (Aa) gy (T2‘1H[0})‘1>T‘1H[0].
3.3. Transforming the Christoffel-Darboux kernels and kernel polynomials. We give here some

relations among translated and non translated Christoffel-Darboux kernels; we begin with the following
result for the kernels K)(z,y) and the MOVPR.

Theorem 3.3.1. The translated and non translated Christoffel-Darboux kernels are connected by
(3.3.1) KO(x,y) = (na- & — 4a)(TK) "V (@, y) + Pej(@) " (Hyp—1) ™ (TuP) ey (y)-
Proof. See Appendix [D.8 O

For the second kind kernels QU (z,y) and second kind functions C(z)we have
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Proposition 3.3.1. The transformed and initial second kind Christoffel-Darboux kernels are connected by
(3.3.2)

(T.Q)(z,y) — (T.Q)) (@, y,) = (ya — 2)Q (z, )
+ [Cg(@)] " [(Aa)e-q] (TuH)p!yy [(TaC) -1y (y) = (TaC) 1) (9]
Moreover, these kernels fulfill
QU (@, y) + (1.Q) " (0, y) — (1.Q) (@, y,) =
[(Aa)ie-1,0C1@)] [ (Hien) ™" Clen(@)] = (TaH)je—) ™ (TaC)p-ny(wa)]]
Ta = Ya
[(H[Z—l])_l Clemn () = (TH)j—y)) ™" (Tac)[ﬁ—l}(wa)}—r [(Aa)je—11,10Cl (9)]

La — Ya

Proof. Apply T, to

(3.3.3) — = (M)

and use (2.8.2]) in
[(Aa)[z_l],[e}C[e}(w)]T (Hy—1) "' [Cr_y ()] — [C[z_u(fﬂ)]T (Hi1) ™ [(A)-1.10Cra(v)]

QY (w,y) = P
L M0 ()] (1Y) ) — [00@)] " (H1) " [ Mo(T.0) )]
Ta = Ya
but now we can let the M, act on the C¥) instead of on the (7,C) and this way obtain the result. O

3.4. Elementary Darboux transformations and the sample matrix trick. Darboux transformations
were introduced in [34] in the context of the Sturm-Liouville theory and since them have been applied in
several problems. It was in [84], a paper where explicit solutions of the Toda lattice where found, where this
covariant transformation was given the name of Darbouz. It has been used in the 1D realm of orthogonal
polynomials quite successfully, see for example [114] 23] 24] 83]. In Geometry the theory of transformations
of surfaces preserving some given properties conforms a classical subject, in the list of such transformations
given in the classical treatise by Einsehart [40] we find the Levy transformation, which later on was named
as elementary Darboux transformation and known in the orthogonal polynomials context as Christoffel
transformation [114][104]; in this paper we have denoted it by 7. The adjoint elementary Darboux or adjoint
Levy transformation 77! is also relevant [84] [37] and is referred some times as a Geronimus transformation
[114], and in the notation of this paper corresponds to T~!. For further information see [98, 57]. In order
to extend it to the multivariate realm let us recall some basic facts about the 1D case and then extend it to
an arbitrary number of dimensions.

3.4.1. The 1-D context. Elementary Darboux transform. For D =1 ([3.2.3)) reads
Pi(q) = —owPy-1(q)

and as we are dealing with numbers we deduce

g = — Py (q)
Pr-1(q)
that reintroduced in the D = 1 version of ([B.2.2]) gives, the so called kernel polynomials [114],
Py(2)Py—1(q) — Pe(@)Py—1(z) 1 (k) Hy,
3.4.1 TP, 1 (z) = — K® (g,
(3.41) k1) r—q Pr-1(q) ( q)Pk—l(Q)

which is the standard elementary Darboux transformation for the OPRL. From oy, = (T'Hy)H,~ U we get
(T Hy) Py—1(q) = —Pi(q) Hg,
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Notice that we can recover this relation directly from the D = 1 version of (B3] evaluated at z = ¢

Kq,y) = —Pu(q)(THe-1) " (TP)e-1(y)-

That is, according (34T, the transformed polynomials are intimately related to the Christoffel-Darboux
kernel; this motivates that the polynomials TPy are sometimes known as kernel polynomials [114].

3.4.2. The multivariate elementary Darboux transformation. A nice property of (8.4.1]) is that the Darboux
transformed OPRL are expressed explicitly in terms of objects related to the OPRL associated with the
original measure. This is apparently lost in the multivariate situation as, despite equation ([B.2.2]) gives
new MVOPR associated with the shifted measure T; d ptyy, in terms of the MVOPR, for the measure d piy,,
now the equivalent relation (3.2.3) does not allow to express ag ;) in terms of MVOPR for the original
measure solely. We could use Theorem [B.1.2] which involves no translations, however it is expressed in terms
of quasi-determinants of the Jacobi type matrix and not in terms of the MOVPR. We will show a way to
overcome this problem.

We begin with the elementary multivariate Darboux transformation associated with n € R” and ¢ € R.
For that aim we are going to describe what we call the sample matrix trick.

Definition 3.4.1. Given the set {py,...pj} C 77 = {z € RP : z-n = q} C RP, whose elements are
known as nodes, we consider the sample matrices

Sy = (BgPy) - Bglpy)) € ROXHL

The set {py,... P} of nodes is said to be a poised set for the interpolation polynomials {Pka}gﬂ if the
sample matriz ka} 1s tnvertible, i.e. det Efk] £ 0.

We now consider the transformation generated by the discrete flow Tdu(z) = (n-x — q)dp(z). An
important observation is that the matrix o can be expressed in terms of sample matrices of MOVPR, this
is the sample matriz trick,

Proposition 3.4.1. For a poised set {py, ... ,ka“} c mt C RP of nodes we can write
-1
(3.4.2) oy = = A, e (Sfag)
Proof. From ([3.2.3]) we get
Py (p:) = — (0 A) g, i1 Pt 11 (02, i=1,...,|[K]|,
or
apgy (Pry(e) - Pu@w) = — (0 A een Py (@) - (0 A o1 P (Pyg)))

and as we are dealing with a poised set of nodes we get the result. O

Hence, we have a set of nodes {py,...,pj} C 7t C RP and a set of interpolation data, —(n -

A)[kaH}fok 1] SO that the linear combination ¢(x) = ayy Py (), the interpolation function, passes through
the interpolation points; i.e., ¢(p;) = —(n - A) ) k+11Pr+1)(P;)-
Now, we are ready to give the elementary multivariate Darboux transformations for MVOPR

Theorem 3.4.1. Given a poised set {py, .. .ka”} c 7t C RP of nodes we have the following expressions of
the elementary Darboux transformed MVOPR, the kernel polynomials T P(x) associated with (n-x—q)d pu(x),
in terms of quasi-determinants of the original MVOPR

3.4.3 TP z)=Mn-z—q) '(n-A O,
(3.4.3) (TP)y(x) = ( q)~( ), [f+1] (Efkﬂ} P (@)

For the second kind functions analogous relations hold

xk Cly ()
3.4.4 TC)(x) = (n- A O (L :
(3.4.4) (TC)py(x) = (1 - A ity <ka+1] Clet1) ()
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Proof. To prove ([B.43) introduce in ([3.22]) the expressions given in ([3.4.2]) to get the kernel polynomials

(TP)y() =(n -2 — ) (0 A o) Py () — Sy (Bh) ™ P ()

(3.4.5) . 2 Pw®)
=n-z—q) (n-A SC [k] 14 .
( q)"( )], [-+1] Effkﬂ] Pres ()
from where the results follows. For ([8.4.4]) we recall (8.2.5]) and use (B.4.2]). O

We remark that we are using the notation of [91] for the quasi-determinants, and in fact in this case
the lower right corner is a |[k]|-th dimensional vector, not even a square matrix, therefore we are dealing
with an extended quasi-determinant with some of elements not in a ring. Notice that this result extends to
the multivariate situation the well known 1D situation described by ([B:4.1]). For the transformed quasi-tau
functions H'’s and the coefficients 8 we have

Proposition 3.4.2. When the conditions specified in Theorem [3.7.1] are satisfied the elementary Darboux
transformations of the matrices Hy,y and By are given by the following quasi-determinantal formule

Sty Hp
(TH)p = (n - A) ), (5+1)Ox Sk 0 |-
(1]

and we have the relation

(T8) ) ( ) - ( ) ﬁd H[k}
TS n- _ q ’ * B '
] A) k=1, (k] + (1 A) gy, (j411© Zlfkﬂ] [k+1]

Proof. The first relation is a immediate consequence ([B.£2]) and (BI.I5]) so that
k k1
(TH)py = = (- Ay, oSy (S)— Hppg-
From (34.2) and (3.I.16) we get

—1
(TB)wy(m - A)p—1),i1) — (Ma* Ay ks1)Bpgy — = —(n- A)[k],[k+1}zl[€k+1](2ffk})

that is

~1
(TB)pg(n - A)p—1 iy = ¢+ (7 Mg, o1 Brer) — Sy (B~ )-

Observe that we can diagrammatically write a la Gel’fand
2 Hy,
(- M) ey Sy (0]
= Iik)
(- M) a1 i) | (1 A)pg e Biey |

(TH)p =

9

(TB) (1 - A)j—1), (1) =4 +

We can give a more explicit expression for § using the Moore—Penrose pseudo-inverse. In fact, using
Proposition 6.2.3] and the multinomial matrix M, (A2.3) we can write

(TB)w = qM[;]l/z((" : A)[k—l],[k}M@}l/2)+
~1/2 —1/2\+
A M (- Ay wgMy )
(n - A)[k},[kH]Efka} (n - A)[k],[k+1}5[k+1}/\/l[;]l/2 (- A)[k—u,[k]M[}]l/z)Jr

_l’_
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3.5. Multivariate Christoffel formula and quasi-determinants. For D = 1 there is a well known
formula for the orthogonal polynomials {g,(x)} associated to a measure of the form c¢(z—qi) - - - (x—qy,) d p(z)
in terms of the orthogonal polynomials {p,(x)} of the measure d u(z), see §2.5 of [104], as

pu(T) .. Pnym()

(:E) B 1 pn((h) cee pn+m(Q1)
T ) @) | L

pn(Ql) oo pn—l—m((ﬂ)

The Hungarian Mathematician Gabor Szegd, who considers the proof very easy, points out that it was
proven for d 4 = dz by Elwin Bruno Christoffel in [29]. This fact was rediscovered in the Toda context, see
for example the formula (5.1.11) in [84] for W,F (V).

In this section we will construct an analogous to the Christoffel formula in the multivariate context. We
use the sample matrix trick and quasi-determinants.

3.5.1. Iterating two elementary Darboux transformations. First, for a better understanding we discuss the
iteration of two elementary Darboux transformations

2)

dp(@) = (V- z—¢M)dp@) = (0 -z —¢?)nW .z — ") dpu(z)

or, equivalently, d u — TMTR d .
Given the corresponding lattice resolvents

(3.5.1) w@ =(TW8) (. A —¢@)s~1, a e {1,2},
we introduce
Definition 3.5.1. The second iterated resolvent matriz is
(3.5.2) w = (T(z)w(l))w(z).
A first result regarding the two step Darboux transformation is
Proposition 3.5.1. The MOVPR satisfy
(3.5.3) n® .z — @)W .z — ¢y TATOP)(2) =wP(x).
Proof. Tt is a consequence of (n( . x — ¢()T(® P = (9 P with a € {1,2}. O
Regarding the matrix structure of w if we define
n:=q¢YWn® 4 ¢@npd c RP
we quickly found that
Proposition 3.5.2. The second iterated resolvent w decomposes in diagonals as follows
w :I(n(l) -A)(n? .A)I

second superdiagonal

(3.5.4) + (TOTPB) (M A)(n® - A) — (0D A) P A)B-—n-A

first superdiagonal

+(rWTAH)H!

diagonal

Proof. From (B.5.1) and [B.5.2]) we get
W= (T(l)T(Q)S)((n(l) AP A)—n-A+ q(l)q(2))5—1

and the two superdiagonal terms follow immediately. Now, from w(® = n(®) . A + (T@WH)H~! we get the
diagonal part (T®(TWH)H-Y))(T@H)HL. O

Notice that the Zakharov—Shabat or compatibility equations ([B.1.2I]), which can be written as the sym-
metry condition w = (T(2)w(1))w(2) = (T (1)w(2))w(1), are an immediate consequence of the previous result.
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Proposition 3.5.3. Relations [B5.4) can be written componentwise as follows

(@) 2] =((n(” 'A)(n(2) ) 4 a2
(@) ey =(TOT By >(<n<1 M) A)) ey — (0 A0 A)) B — (0 A s
(W), iy =(TOTO Hy ) H [,ﬂ

Again we need to look at certain hyperplanes 7(1) = {& € RP : n(9) . 2 = ¢}, for a € {1,2}.
Proposition 3.5.4. For any p € 7t Un?t; i.e., either n - p =¢1) or n® . p = ¢@ we have

(3.5.5) Wi, k+2 P21 (P) + W] fe+11 P11 (P) + wiig 1) Prig () = 0.
Proof. Tt follows from (B.5.3)). O

We now employ the sample matrix trick used for the elementary Darboux transformation to characterize

|[K]| { (2) }\k+1]|

w in terms of MOVPR evaluated at some particular points. For the sets {p§ + i we use the

notation introduced in Definition B.4.1] i.e. we use the matrices E%)’k for the first set Of points and E%)’k

for the second set.

Proposition 3.5.5. Suppose that {p }Hk U {p] }‘ (k1]

sk sk

P
Lt a2t 4 : W
C w7 Um®T is a poised set for (P[Ichl] >, i.e.

(k] k41 1 £ 0. Then
S S
(1) (2),k+1\ ~1
> >
1),k 2),k+1 k k
(Wi, @il (e+1]) = — W[k, (k+2) <2fk)+z} Efkiz] ) (EHk zb&’f“)
[k+1] [k+1]

Proof. As said we proceed as in the proof of Proposition B.4.2] and evaluate (3.5.5]) in the set {pg-l)}‘j[i]ll U
{ (2 }\k+1]| to vet
ge

(1),k 2(2) k+1> 7

2(1)7]9 2(2)7]94‘1
} [k —w X
[klv[k+2}( [k+2] [k+2]

(Wkp,r - @, k+1]) (EJ% E@%kﬂ
[k+1] [k+1]

from where the result follows. ]

Theorem 3.5.1. For the composition of two elementary Darboux transformations, when the conditions
required in Proposition[3.5.0 hold, we have the following multivariate quasi-determinantal Christoffel formula
for the kernel polynomials

1 . 2) .
((” A)(n A))[k} [k+2] o. E(1),k >

@70 -
IETE PN @) = o 2~ @) m z — g

Proof. From (3.5.3]) we get
(n® .z —¢P)nW .z — ¢ONTATOP) () = Wy ero Pirr) (@) + @i o1 P () + wipg 1 P ()

(1), @)k \ 1
by by P (;,3)
1),k (2),k+1 k (K] k]
~en(Feen® = (3 257 (S o) (45))

from where the result follows. ]
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Proposition 3.5.6. The quasi-tau matrices Hy,) and the By matrices transform for a 2-step elementary
Darboux transformation according to the following quasi-determinantal formule

D)k w(2)k+1
Wy W, W
b K +
(T(DTQ)H)[M :((n(l) . A)(n(2) . A))[k},[k+2] E[k—i—l] E[k-i—l} 0[k+1},[k] ,
sk @k
[k—+2] [k+2] [k+2], (K]

(TOT® ) (D M) A)) gy = (0 Ay sy

1),k (2),k+1
R

e of
(K], [k+2] E[li-i-l} Egkﬂ] Ity

),k 2),k+1
E[k+2} 2[k+2] B

Proof. See Appendix [D.9 O

+ ((n(l) -A)(n® -A))

Observe that in this case we have used Gel’fand style instead of the Olver’s notation for quasi-determinant.

3.5.2. The general case: m steps Darbouz transformations. We are now ready to consider the general case
of m iterated elementary Darboux transformations

m

dp(x) = Q(x) d pu(x), Q= H(n(i) cx—q"),

1=1

ie., dp — Tdp, where T := T ... T(™) ig the iteration of m elementary Darboux transformations
In terms of the lattice resolvents

w® =T 8)(m® . A — D)5, ie{l,...,m}.
we introduce
Definition 3.5.2. The m-th iterated resolvent is
w = (T ... TG ) () ... T(s>w(2>) ™)
From its definition we see that the

Proposition 3.5.7. The m-th iterated resolvent satisfies
(3.5.6) w = (TS) ( [[n®-A - q(i))> S,

i=1
Proposition 3.5.8. The m-th iterated resolvent w can be expressed in diagonals as follows

w = (ﬁ(n(i) . A)>

i=1

I — |
m-th superdiagonal

(3.5.7) +(@B)(T[nD ) = (TIn® - 8))5 = 3" a? [[(n - A)
= i=1 =1 A
: (m — 1)-th superdiagonal I
+(TH)H™!
_
diagonal

Proof. Observe that Hg’;l(n(i) - A — q(i)) splits into m block superdiagonals. The m-th superdiagonal is
[T, (n®.A) while the (m —1)-th superdiagonal is given by — 37" ¢® H#i(n(i) -A). Then, applying B.5.6]
we get the two higher superdiagonals of the m-iterated resolvent. Now, from w®@ = n(® . A + (T OF; YH!
we get the diagonal part. O
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The components of the m-th iterated resolvent w are

(2

::]3

WIkl,[kt-m] _< )[k ], lk+m]’

=1

W erm-1) = (T8 <H("(i)'A)){k_1] hm] (ITn® 'A)>[k] ot 15
, 1 ,

(358) i=1
_ . (i) () .
Zq (H(nﬂ A)>[k],[k+m—1]’

i=1 i
wiw, i) =(TH) i Hg
Proposition 3.5.9. The MOVPR and the second kind functions satisfy

(3.5.9) Q(z)TP(x) =
(3.5.10) TC(z) =

Proof. Tt follows from (n® - & — ¢\ T P(x) = @ P(x) withi € {1,...,m} and TOC(x) = wDC(x). O
We consider again the hyperplanes 741 = {x cRP: n® . g = q(i)} forie {1,...,m} to get

Proposition 3.5.10. For any p € U;’;lﬂi7+ we have

(3.5.11) i) o) Pl (P) + @i o) Pllem—1)(P) 4+ wppg iy Py (P) = 0.

Proof. 1t follows from (B.5.9]). O

The sample matrix trick is used again to characterize w in terms of MOVPR evaluated at some particular

points. For the sets {p] }Hkﬂ 1” i€ {l,...,m}, we use the notation Efé])’k introduced in Definition [B.4.1]

Py ()
Proposition 3.5.11. Suppose that U;" 1{pj }Hk il - Uﬁlﬂ(i)’Jr is a poised set for ( : ), i.e.

Pliym—1)(z)
1),k (m) k+m—1
zm S 5
: # 0.
(1) (m)k+m—1
Z[k-i—m 1] - E[k-}—m—l}
Then
1),k (m),k+m—1\ ~1
(WL - Wl krm—1]) =—wm,[k+m}( html - Sk ) :
(1) (m),k+m—1
2[Ic—i—m 1] - E[k—l—m—l}
Proof. Evaluate (B.5.11)) in the set U™ {p] }‘ 14 6 get
1),k (m) k+m—1
=l o (1),k (m),k+m—1
(WL - WKL erm—1) : : = — W[k, [k+m] <2[k—|im} e D )
1),k (m)k+m—1
Z[k-i—m ] - E[k-}—m—l}

and the desired result follows immediately. d
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Theorem 3.5.2. If the conditions specified in Proposition[3.5.11] are fulfill the following multivariate quasi-
determinantal Christoffel formule holds true

(1)7k (m)7k+m_1
(1T, (n - A)) Bt Frg(@)
i=1\" (k) [k+m] . . .
TP[k}(w) = Q( ) 9* . . . )
z s (1)k s(m)k+m—1  p
k+m] “ “[k+m] l+m) (%)
(1)7k (m)7k+m_1
TCy() = ([T M)y s | : '
=1 1),k (m),k+m—1
Zietm] o Dlkdm) Cligm) ()
Proof. See Appendix [D.10 O

In the scalar case, D = 1, this formula in the OPRL context is known as Christoffel formula, see for
example [104].

3.5.3. Quasi-determinantal expressions for the resolvent, quasi-tau matrices and 5. An interesting conse-
quence of Proposition B.5.17]is the following

Proposition 3.5.12. The resolvent coefficients can be expressed as quasi-determinants as follows

(1),k (m),k+m—1
E[k] e E[k] O], [+
(1), (m),k-+m—1
m 2[k(+)i7€1] s ZEkJSz;u Ofeti—1], [k+4]
j 1), m),k+m—1
wig g = (JTM 2)) g 1 © 4?%2@ Egﬂ)ﬂk L)
i—=1 1), m),k+m—1
’ E[k+z'+1] E[k—i—i—i—l} Ofkeei4 1], [k
(1), (m) kb m—1
Dikdm] 0 Sk Ofk-4m], [+
. . Py ()
Proof. Assuming that Ugil{pg-z)}‘j[ifﬂ” C U;’llﬂ(i)’Jr is a poised set for : , then for i €
Pliym—1)(z)
{0,...,m—1}
Ot [+
-1 :
2(1),k ' 2(m),k—i—m—l
(k] (k] Ot i
w =W E(l)’k E(m),k+m—1 . . [k+]1 Hf[kﬂ
(K], [k+1] (KLlk+m] \ Z[ktm] - [k+m)] : : 0 (k]
(1),k2 (m),k-i—m—l i 7
2[k+m—1] Z"[/Lc+m—1} [t Jr,l}’[kﬂ

Ok +m—1],[k+i]

The previous Proposition together with ([B.5.8)) gives

Proposition 3.5.13. The m-th iteration of elementary Darbouz transformations has the following effects
on the quasi-tau matrices Hjy

(1)7k (m)7k+m_1
2([,;% i ZEM) ) 1 Hy
mo sl o pimhEmel g
_ i [k+1] [k+1] [k+1],[%]
=1 . . .
(1)7k (m)7k+m_1
E[k—i—m} e E[k+m] Ofk+-m), 4]
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and on the matrices B,

(TB) ( I A)> k1], [k+m—1] =2 <H A)) (K], [k+m—1]

=1 i=1 Jj#i

1),k (m),k+m—1

E[k] e E[k] O], [ktm—1]
i 1 ,}c JK+m—1

+ (H(n()'A))[kL[k-i-m]@* EE%FIT_z] EE —%n]z 2] . Ofk-+m—2], [k+m+1]
=1 , m),k+m—

E[k(+)fr;€—l] EEkJSTZ 1] Ikmeyy
1), +m—1

letm o E[k—i—m} Bik-+m)

We remark that in Proposition B.5.6] and Proposition B.5.13] we can get explicitly the transformed S8 by
multiplying on the right by right inverse matrices of the product of factors of type n - A, for that aim see

Proposition [6.2.31 We obtain that a right inverse of <H?l1(n(i) A)) — . can be expressed in terms
— s +m_
of pseudo-inverses as
m—1
—1/2/, (i —1/2\+
II (M[k+i] (- Aoy e M ) )
i=0

where we use the multinomial matrix (A.2.3]). Therefore

Proposition 3.5.14. After the iteration of m elementary Darboux transformations the transformed coeffi-
cient B can be expressed as a quasi-determinant as follows

m m—1
Thyy = Zq(i)<H("(j) 'A)) et 11 <M[;i/§((n(i) - A)[k—l—i—z‘},[k—i—i}./\/l[;i_/;)—i_)
=1 ! Py

(1),k (m),k+m—1
2 k] 2 k] Ok 1]
(1),.19 (m), ktm—1
. (ﬁ n-A)) Vikdme2  Dletm—2] Ofk-rm—2] (ktm1)
nt’- ml [ (1)k (m),k+m—1 m—1 -1/2 i —1/2\+
i1 (K], [et-m] E[k—i—m—l] E[k+ 1] Hz‘—o (M[k.,_z](( @ ‘A)[k—1+i],[k+i]M[k+,-]) >
(1),k (m),k+m—1 —1 2 ; —1/2\+
E[k—i—m} E[k—i—m} Blktm] H ( [k—i—z] n. A)[k 1+4], [k'H]M[k-‘rz]) )

3.5.4. Christoffel-Darbouz kernel and the kernel polynomials. The transformed polynomials T Py, are known
in the 1D case as kernel polynomials because the nice formula (8:4.1]). We will show now that a similar
relation holds in the multivariate situation, and thus the transformed MVOPR should receive the name of
multivariate kernel polynomials in the same footing as it happens in the 1D scenario.

Now we consider a result similar to Theorem [B:31] but for m elementary Darboux transformations. In
doing so we need

Definition 3.5.3. We introduce the following truncation matriz of the resolvent matrix

“ie, e wie,[e+1] e wie, [e+m—2] wie),[e+m—1]
Ore+11,10 Wie1),[e+1] -+ W], [e+m—2) Wie+1],[e4+m—1]
w[é,m} — . . . .
0[Z+m—2},[5] O[£+m—2],[£+1} s Wiedm=2),[4m—2]  Wit+m—1],[t+m—1]
Oterm—11,[ Oerm—1],[e+1) -+ Orm—1),[e4m—2] Wietm—1],[t+m—1]

and the upper unitriangular matriz ¢ = H (THW)_lwwvm].

Notice that C[[fﬁ]],[ui] = ljg44, for i € {0,...,m — 1} and that (HV])_IC[Z’”@ = (THM)_Iw[Z’m}.
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Theorem 3.5.3. The following formula relating Christoffel-Darboux kernels after and before the iteration
of m elementary Darboux transformations holds true

TPyly) \ '

(3.5.12) K (g 4) = Q(z)TKO (z,y) + : (H1) 7 ¢lem] :
TPyym—1)(y) Pym-1(x)
Proof. See Appendix [D.11] O

Py (z)

For only one elementary Darboux transformation, m = 1, the above result reduces to
K (@, y) =(n-z — TKY (2,y) + TPy(y) Hy' Py(),

and we recover Theorem [3.3.1l For m = 2, i.e., the two step Darboux transformation, we get

B
Hi'TPy(y) Py ()
KD (5 4) = () TKO (2. 9) + 1 17 (1e.2) < >
( y) ( ) ( y) H[zil]TP[Z—l—l]( ) C P[£+1}(m)
where
Q=M. z—¢W)n® .z — @) cle2 — < Iy Cwum})
Oer1yig ey
with
2 2
_ -1 % [
Clalerny = Hig(THg) <(T5)W(i1;[1(n() 'A))[e_u,[m] B (E(n() 'A))mv[uz}ﬁ”*ﬂ a (n'A)WV“])

and n = ¢Wn® + ¢@nl), Then,

K“(z,y) = Q(x)TKY (z,y) + TPy (y)TnglP[q (x) + TPy (y)TH[Z_;l_l}P[Z—i-l} (x)
+ TPy (y)TH[Z}lg[Z],[Z-i-l}P[Z—i-l] (z).

Definition 3.5.4. Given the set of points & = 1{ @ }HE L e define the following Christoffel—
Darbouz vectors
4,m T m i T
) K )(pg),y)
m . lm X
SR Ly )= 1 L i=l..m
l,m )
Rl rm—1) () K (pj 0 9)
We also introduce
T (1),¢ (m),L+m—1
Pg() Em e 2
pem) (x) = : , wlbml . — : :
(1)76 (m),f—l—m—l
P[f+m—1}(m) E[z+m—1} E[€+m—1}

Now, the sample matrix trick lead to the following finding that relates the Christoffel-Darboux kernel
evaluated in a poised set and the transformed polynomials, justifying the denomination of kernel polynomials.

Proposition 3.5.15. Assume that & C U w it s a poised set, i.e., det SE™) £ O : then,
H(Z,m) (w) — (TP)(E,m) (ZIZ)(HZ )— C[Z,m E[ﬁ,m}.

The following quasi-determinantal expressions hold

[&;ml[em]  prle] ¢lemlxlem] H
Cm) (. — ¢ _
1P == (o 0 ) o (Cumie) 7plim(a)) =°
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One recognizes the first formula as an extension to arbitrary dimensions and iterations of the 1D formula
B4T).

Given another set of points &2 := Um1{~(2 }W a

which do not need to be neither in the union of

hyper-planes nor poised we form the corresponding matrix 2™ so that
i) ~(i S [em -1 .[m m
(K(p§ ),p( ))) = (T3l })(HM) ¢clemislem],

We are expressing the evaluation of the Christoffel-Darboux kernel of the LHS as the product of matrices
that at the end are expressed as elementary Darboux transforms, or Miwa shifts —see §4.3l-, of the quasi-tau
matrices, see §3.2.1] as it happens in Theorem 8.1 in [4]. It is not so clear if it is helpful for the computation
of the Fredholm determinant det(1 — ASy) of the projection Sy with kernel K+ (x, y) [4].

4. ON cONTINUOUS Topa AND MVOPR

Now, once we have consider the Toda type discrete flows and the corresponding moments matrices G(m)
we are ready to add continuous deformations to the moment matrix. We will see that for given appropriate
deformations or flows of a given measure we get an integrable hierarchy that extends the 2D Toda lattice
hierarchy. In our extension the dependent variables are size varying matrices which satisfy Toda type
nonlinear PDE.

4.1. The continuous flows. We first introduce of time deformations

Definition 4.1.1. Let us define the following covector of time variables

t :(t[o],t[l], R ), t[k} :(t“;k), R ,t“‘([?”), toc(.k) € R.
j

Observe that the just introduced times can be considered as elements in the symmetric algebra t ' € S(RP).

Definition 4.1.2. The deformation matriz is

oo |[k]] D
Wottm) = exp (32 3ty o) TLima- A =)™,
k=0 j=1 a=1

and the deformed moment matriz is
G(t,m) == Wy(t,m)G.
Notice that G(t,m) = G(m)Wy(t,m)", and
ApG(t,m) = G(t,m)(Ag) ', Vk € 7P, G(t,m) = (G(t,m))T.

Definition 4.1.3. We introduce the notation
oo |[K]

t(x) := ZZt (k)ac gk).

k=0 j=1
It is not difficult to see that

Proposition 4.1.1. The deformed moment matriz is the moment matriz of the following deformed measure

D
d pir,m (@) = " d pin (@) = ') [H (g — qa)ma] d ().
a=1

The Cholesky factorization
(4.1.1) G(t,m) := (S(t,m)) " H(t,m)((S(t,m))™")

leads to new MVOPR depending on both continuous and discrete time parameters. We introduce

T

Definition 4.1.4. The wave semi-infinite matrices are

(4.1.2) Wi(t,m) := S(t, m)Wy(t,m), Wa(t,m) == H(t,m)((S(t,m))™")".
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An important fact regarding wave matrices and Gaussian decomposition of the evolved moment matrix
is

Proposition 4.1.2. The wave matrices factorizes the non deformed moment matrixz as follows
(4.1.3) G =(Wi(t,m)) ™ Wy(t,m).

Proof. From (A1) we deduce that]

(4.1.4) G =(Wy(t,m)"'G(t,m)

(4.1.5) (Wo(t,m)~1(S(t,m))~? H(t,m)((S(t,m))_l)
(4.1.6) (Wi(t,m)) ™ Wa(t,m).

T

O

In what follows we will use the splitting as a direct sum of the linear semi-infinite matrices in strictly
block lower triangular matrices and upper block triangular matrices. Then, M will denote the projection
of M in the upper triangular matrices while M_ the projection in the strictly lower triangular matrices.

Proposition 4.1.3. The wave matrices W1 and Wy solve the following system of linear differential equations

ow
8250‘;@

:(J“;k))+w, ji=1,...,|[],k=0,1,...

Proof. Differentiate (3.1.11) to obtain

IS(t) qip-1
ot ) S()
&;

= —(Jo‘;k) (1) _, - Wa(t) ! = (Ja§k>(t))+'

and the result follows. O

Let us observe that

IS(t) qrp-1
S(t J o (t =0
o o =+ ( o ( ))_
%j
is of particular relevance. Put for example k£ = 1 and consider the equations for the times t;) = (t1,...,tp),
the first level times,
oS
4.1.7 — S+ (J,)- =0.
(11.7) SS T+ ()
Definition 4.1.5. Let us decompose the matrices by diagonals, we write
(4.1.8) S=1+8D 45 4...

where BY) is the first subdiagonal, i.e. 8 = BN, and in general B%) is the k-th subdiagonal of S.
Then

10The product of two semi-infinite matrices is a delicate issue. There is no problem if we multiply lower triangular with lower
triangular, upper triangular with upper triangular and even lower triangular with upper triangular, as all the coefficients of the
resulting matrix are finite sums. But the multiplication of upper triangular with lower triangular could lead to problems as
sums are now infinite series that need not to converge. This is why W1(t) is well defined being S(t) lower triangular and Wy (t)
upper triangular. However, for (W1)™! we need to be more careful as the naive answer (W1)™' = W, 'S, ! involves the product
of an upper with a lower triangular. A possible answer is to say that the inverse from the right is 571H(Sil)T(Wg(t))*l7
which in fact is a consequence of this Proposition. Despite of being a formal Proposition, as we are assuming the existence of
the inverse Wfl one could compute this inverse in appropriate domains. That is the case for the adjoint Baker functions.
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Proposition 4.1.4. The coefficients S (—; = ﬁ[(,z]) of the MOVPR are subject to differential relations and
the three first are

OBk
ot -1
(2) 1)
aﬂ[k} _aﬂ[k} (1)
Ota Oty k=10
(3) (2) 1) (1)
O %Pl gy OPuf g 0P gy
ot, Oty =17 ogt, "= g¢, "k-1]"k=2]
Proof. See Appendix [D.121 0

4.2. Baker functions. Lax and Zakharov—Shabat equations.
Definition 4.2.1. Baker functions are defined by
Uy = Wiy, Wy == Wax™,
while adjoint Baker functions are given by
vi= (W) W= (W5 ) T

We notice that ¥; and ¥} lead to the computation of finite sums, but ¥} and W5 involves Laurent series;
however (V3)«, = Cq,(t,m) and its domain of convergence is %, (t,m). We will denote by 75 (t,m) the
domain of convergence of (U7)q, (t,m).

Proposition 4.2.1. The following expressions for the Baker functions in terms of MVOPR and its multi-
variate Cauchy transforms hold true

(\I/l)“i(z) = !l® {ﬁ (na -2 Qa)ma] P“z‘(z7t7m)7

a=1
Py, (y,t)

v .z:/ AL d ) z € Dy, (t,m) \ supp(d p),
( 2)“2( ) Q(Zl_yl)"'(ZD_yD) lut,m(y) 0‘( )\ ( M)

|[E]|

Py, (y,t,m) I

U (2) = H(t,m) Yq, / i d , z €N, 25 (t,m) \ supp(d p),

|[K]|
(U)o (2) = D (H(t,m) oy 0 Pex, (2, £, ).

j=1
Proof. See Appendix [D.13] d
Proposition 4.2.2. The Baker functions and the adjoint Baker functions satisfy

Jo¥1 = 2,V JoWo, =2,¥y — 11_H>1 [:L'a\lfg] ,

JIWE =2, 0% — i

m
Tq—>00

(2o W7], JIUS = 2,05,

Proposition 4.2.3. (1) The Baker functions are subject to the following linear system of differential

equations

v; vy T ‘
=(J v,, t=—(J vy =1,2.

8t“j ( a;z))_,_ 8t“j ( “5‘0)—’_ 7

(2) The MVOPR and its second kinds functions satisfy

0P o oC
—=—x%P+ (J P — =(J C
De T + ( “;z))Jr ) Ola, ( “;z))+



MULTIVARIATE ORTHOGONALITY AND TODA 39

(3) The following Lax equations hold
8J‘x§k)
at‘xy)

= [(J“;Z))+, J“Ek)].

(4) The Zakharov-Shabat type equations

(T ). (T o),
i _ (9toj(_k) + [(Jxxl(-k))-i-’ (J“;e))+] =0,

8t0‘;e)
Owg
at — (TQJ“)+OJG + wa(Jo‘)+ =0.
o

are fulfilled.

4.3. Miwa shifts and discrete flows. We will reproduce a characteristic fact in integrable systems, the

Miwa’s coherent shift in the time variables lead to discrete flows and Darboux transformations. We now

will indicate how these Miwa shifts are for this multivariate context. The simplest case is perhaps the most

interesting one as it reproduces the discrete flows we have considered previously. The coherent shift in the
times

, , tcxa x ¢ Z+ea7
t—t =t+ ty = 1
9)a; « o« =ne, with m € Z.

m 7
lead to the following deformation of the measure d
Lq

F1
d () — d s = (1 - ;> d ) =~ d (TF pu(a))

which follows from

Given g € C and n € RP, in order to recover T, we need the coherent shift given by
n no2 po3
[q]n = <_7—27—37"'>
q 2¢° 3q
In fact, considering [q],, as a semi-infinite vector of time perturbations of the times variables ¢, we get

1 n-x

[q]n(z) = i ——(n-z)™ = —log (1 — T>

maq™
m=1
Consequently, for the shifted times ¢’ =t + [¢|,, we find that
n-x
exp(t'(z))) = exp(t(x) £ [q]n(x)) = exp(t(x)) exp (:F log (1 - T))

= exp(t(x)) exp ( log <(1 - %)ﬂ) )

which immediately leads to the identification
n-x\Fl
st = (1= 77) dpa)

= —¢" AT (=)

Proposition 4.3.1. The Miwa shifts can be constructed as follows
n® 1 n
(gln) g = o EM[k}X[k]<E>a
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Proof. Use Proposition 2211 O
For each level of times we consider the corresponding nabla or gradient operators
0
8750‘;@
Vik = :
0
Ot
k]|
and also the normal derivatives
9 Ok k
aan = <’I’L ,V[k]>( )

Then, the Miwa shifts are modelled by the left factor of the vertex type operator

exp(t(x)) exp (g k‘iq” %) .

4.4. Bilinear equations. We begin with the following observation
Proposition 4.4.1. Wave matrices evaluated at different times (t,m) and (t',m/') fulfill
Wi (t,m) (Wi (¢, m)) ™" = Walt,m) (Wa(t,m)) .
Proof. From Proposition we have
Wi(t,m)G =Ws(t,m), Wi (', m")G =Ws(t',m’),
for the same initial moment matrix G, from where the result follows immediately. g

Lemma 4.4.1. We have

/ x(z)x*(z2)Tdz ---dzp = / X (2)x(z)"dz---dzp = (2ri)PL
TP (r) TP (r)

Proof. Observe that

k-t Zk1—L2 L zkl_e\[”\
Ziogo] - 2o, ) kel ka—ts Js——
DT — | Zpo 2y - T = ——
X(x") [1,[0]  £7,[1] : I
, : 21+ ZD : : :
2Rk SR =2 SR 4

If we now integrate in the polydisk distinguished border T (r) using the Fubini theorem we factor each
integral in a product of D factors, where the i-th factor is an integral over z; on the circle centered at origin
of radius 7;. This is zero unless the integrand is 2z, ! which occurs only in the principal diagonal. O

Lemma 4.4.2. Given two semi-infinite matrices U and V' we have

1 T 1 T
V= vy dz---dzp = —— “(z)(VT dz---dzp.
UV =0 o, DX o dip = oy [ @) (vIx(a) T ed
Proof. Use Lemma [Z.4.1] O

Theorem 4.4.1. For any pair of times (t,m) and (t',m’), points r1 € 9;@) (t',m') and rq € Qagk) (t,m)

J
in the respective domains of convergence and D-dimensional tori TP (r1) and TP (ry) (Shilov borders of
polydisks) we can ensure that Baker and adjoint Baker functions satisfy the following bilinear identity
/ (\Ill) (k)(z7t7m)(ql>{) (l)(z7t/7m/)dzl'“dZD :/
TD (1) % % T

(¥2) i) (2,8, m)(¥3) (z,t',m)dz - -dzp.

(&)
D(ry) %

Proof. We give two different proofs
e First proof: Use Proposition 4.1l Lemma [£.4.2] and Definition F.2.T] to get the result.
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e Second proof: For any couple of set of times (t,m) and (¢',m’) and

z € (9“(_;6) (t,m)N @:(l) (t',m')) \ supp(d )
i j
to study

/dlut (k) y7t m)P“(Z)(yvt,7m,)7

J

we can use the Fubini and the integral Cauchy formula —recalling that we are dealing with domains
of holomorphy— in each of the two factors to get

I P (2, t,m)P o (y. ', m') D -
;(H_ (t’,m’))“ge),“io /TD(ﬁ)dzl---dzD/Qdu(’y) o= yl)._.(;D —) e(®) L;,Ell ((a-2)—qa) a}
14| Pa(_k)(y,t,m)Pagg)(z,t’,m’) D

= Z 507 o /TD(TQ) dz - '~dzD/Qdu(y) l(zl —) (;D —) etw) [al;[l ((na'y)—qa)may

from where the bilinear identify follows.

4.5. Toda type integrable equations. We explore now the nonlinear partial differential equations satis-
fied by the quasi-tau matrices and the 5 matrices.

Proposition 4.5.1. The following relations hold true

OHpy .y
(4.5.1) aTHM =B (Aa) fl—1), k) — (Na) (1], (411 Be+1]
T OBk+1
Hi ) [(A) g ray] Hp == T[t L
Proof. See Appendix [D.14] O
For kK = 0 we have
OHyy
(4'5'2) _(Aa)[O},[l]ﬁ[l} = THH[Q}I
Observe also that
IBlk+1
(Ja) (k11 [%] or,

which agrees with

N
—1
(H[]H_l](Ja)[k—i-l],[k}H[k]) = (Ja) [k, (b+1]-

Theorem 4.5.1. The quasi-tau matrices Hy, are subject to the following 2D Toda lattice type equations

0 (OHp T -1 T -1
(4.5.3) 6_tb< 5. H[k]) = (M) e ) H ey [(A0) g o)) g — Hipg [(Ao) ey ] Hpp Ly (M) (11, 1)-
which can be rewritten for the rectangular matrices Py, as

B 0 OBk OBk
.01, — oL (5[k] (Ap) =1,k 5[k> + a—taﬁ[k—u (Ap)e—2),(k—1] + (Ab)[k},[k—i-l]ﬁ[k—i-l]a—ta

We also have the following partial differential-difference equations

1

OHpy; N
Ab( i]H[ml) = (M) i, o1 H ) [(m - M) i, o)) T (ToH i)

-1
— Hygl(mo - A)pe—n ] (ToHp—1) ™ (Ma) 1], 45
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and

5 . _
o (QoHu) Hip) = (m - M)y ey Higey [(Na) i ] (Hlpg) ™

ot
—1
— (T Hy) [(Aa) -1 0] T (ToHim1)) ™ (7 - A) o1 -

Notice that (£5.3]) resembles the non Abelian Toda lattice discussed in [84] Chapter 5 §3. However, in
this case we have two main differences: in the first place the varying size of the matrices and in the second
place we also have the connectors (Aq)x) (k+1]> (Aa)[k—1],[x) and its transpositions connecting different sized
matrices.

Following the ideas of Theorem B.2.1]

Definition 4.5.1. We introduce

(A1) k), (k1]
(Al = : € ROIKIxIE+1]

(AD) k), (k+1]
the gradient operator

OH
oty

VH] = | @ | e RPIBIXIKI
otp

and

B ® Ip = diag(Byg, - - - By) € RPIKIXDIE=1]
D times

The matrix [A]; has full column rank and therefore, see Appendix [B.1l the correlation matrix [A]E[A] k€
RIFHUIXIE+] g invertible and the Moore-Penrose pseudo-inverse [A]} = ([A]/ [A] k)_l[A],I e RIk+HIxDIK]
is the left inverse [A]}[A]x = Lty

Proposition 4.5.2. The 8 matrices are subject to the following recurrence
B = — [AJF IVH] Hy + [Af (B ® Ip)[Alj-1, By =— (VH)Hg -
Proof. Follows immediately from ([L5.0]), ([A5.2) and the fact that [A]p = Ip. O
Iterating once and twice the above result we get
By = — INFIVHIHG! = (A (A [VH - By | @ 1) [
+ (A (AT By © Ip)[Alk—2] @ Tp ) Ak
= — NIV HH — N ([N [V H | @1 ) )
— [ (10 ([N ol H 2 H | @1 ) [ALs] @ T ) (M)
+ (AT ([T ([1A0 5 B @ T)[Alks] @ T ) [AJe—2| @11n ) [Alx-s,
respectively. By induction we deduce the following

Proposition 4.5.3. In terms of logarithmic right derivatives of the quasi-tau matrices the [ matrices are
expressed by

By = —INF IVHIHG! = (A (A [VH 1 Bty | @ T ) Ay + -+

— AT ([ ([T ([N 9 HI) H | @ 1) AT -] @ 10) [Alk-2] © 1 ) Al
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In the 1D scenario the above formula simplifies and gives the classical 7-expressions for 8. Indeed, now

Olog H, 0Olog Hj,_q Olog Hy
/Bk-‘rl = — — —_— et —m — =
oty oty oty
and from Hy = % we get a telescopical series giving
By = _ Olog 41

5. KP TYPE EQUATIONS VIA CONGRUENCES

We study how the previous construction lead to families of nonlinear partial differential-difference equa-
tions involving a fixed site, say the k-th position, in the lattice and therefore not mixing several sites in the
lattice —mnotice that in the Toda type equations derived before, see Theorems B. 1.1l and [A5.1] we are faced
with relations involving three contiguous sites, k— 1, k and k+ 1. We refer the reader to [72] [82] [0, 81}, 107].

5.1. The congruence technique. Let us first introduce some notation

Definition 5.1.1. Given two semi-infinite matrices Ry(t,m) and Ry(t, m) we say that

e Ryi(t) € Wy if Ry (t)(Wo(t,m))_l is a block strictly lower triangular matrix.
e Ro(t) € uif it is a block upper triangular matriz.

Then, we can state the following congruences [80] or asymptotic module [66] style result

Proposition 5.1.1. Given two semi-infinite matrices Ry(t,m) and Ro(t,m) such that

e Ri(t,m) € [Wy(t,m),

e Ry(t,m) € u,

e Ri(t,m)G = Ry(t,m).
then

Rl(t,m) = 0, Rg(t,m) =0.
Proof. Observe that
Ry (t7 m) =R (tv m)G =R (t7 m) (Wl (tv m)) _1W1 (t7 m)G =R (tv m) (Wl (tv m)) _1W2(t7 m)7

where we have used (£13). From here we get

Ri(t,m)(Wo(t,m)) " (S(t,m)) ™" = Rg(t,m)(H(t,m)((S(t,m))_l)T)_l,

and, as in the LHS we have a strictly lower triangular matrix while in the RHS we have an upper triangular
matrix, both sides must vanish and the result follows. O

We use the congruence notation
Definition 5.1.2. When A — B € Wy we write A= B + Wy and if A— B € u we write A = B +u.

We introduce the following notation

0 0 0

11 = o =2 P
(5.1.1) 0 e D(a,b) Dterer ab,c) Dterrerron

and the normal derivative

9 D
= Z Nab0a-
ong —

Notice that we have employed the round bracket notation for the subindexes of the higher times. In fact,
this is convenient as its reflects the invariance under the action of the symmetric group on the letters in the
labels, for example (4 ) = t(p,q)-
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5.2. Connecting discrete a continuous flows. To begun with let us show the following “asymptotic”
behaviours

Proposition 5.2.1. We have
(5.2.1) oW1 Z(Ab + 5Ab)Wo + W,
(5.2.2) T Wi =((ng - A) + (TuB) (g - A) — qa) Wo + W

Proof. From (£1.2]) we get
W1 =(0pS + SAy)Wo
=(Ap + BA,)Wo + W,
ToWi =(ToS) (e - A — qa)Wo
(g - A) + (TaB)(ng - A) — qa) Wo + W,

O

This immediately leads to the following finding, translations and derivations are almost the same thing
when acting on the Baker functions

Proposition 5.2.2. The Baker functions V1, Wy are both solutions of the following difference-differential
linear system
ov
on,

Proof. From Proposition 5.2.1] we get that

=T, + (90— (8aB)(na - A)) 0,

(5o 2, Wi = — () (e - A))Wo + W,

and we easily conclude that

B
( G~ T~ o+ (Ba)(ma A)) Wi =0,

As (a—?m—Ta—qa—(Aaﬁ)(na-A) Ws € u from Proposition B.1.1], with R; = (a;za —Ta—qa+(Aa5)(na-A))W,~
i=1,2, we deduce

0

(Fr — T = 4o + (BaB)(na - A)) W1 =0

and the result follows. O
For MOVPR we have

Proposition 5.2.3. The MOVPR satisfy

i AoPy — (A A P
. (Mo @ — o) Ao Py — (DaB) ) (Mo - A) gy, [ Py
Proof. Introduce the form of the Baker function ¥; given in Definition E2.1] into Proposition O

The compatibility of the linear systems satisfied by the Baker functions imply
Theorem 5.2.1. The following equation for 8 holds

0 0
623 |5 (Bt t (ra Aw)] A=A, [a—,fb (A8 (ap + (5 A)B) | 1o~ A
Proof. See Appendix O

A remarkable fact regarding (5.2.3)) is that is a nonlinear partial differential-difference equation but for a
fixed k in the lattice, that is for the rectangular matrix S € RIKI>[k=1]],
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5.3. Second order flows. We introduce the diagonal matrices V,, = diag((Vas)io)s (Vas)ap, (Vap)izgs -+ -)

B OBk
(5.3.1) Vab 128—%1\17, (Vap)w) = oL, (M) (l—1), 1K) Usp == Vap — Via
Proposition 5.3.1. Both Baker functions ¥, and Vo are solutions of
ov 0*v

(5.3.2) + U, 0.

Dtapy  Oladly
Proof. On the one hand, from (£.1.2) we find
OapyW1 = (0apS + SAAy) Wo,
0Oy W1 = (040pS + 0aSAp + OpSAq + SN Ap) Wy
and therefore (045 — 0a0p)W1 = —(0aSAp + OpSAa)Wo + Wy so that
(0 — BBy + Vi + Via) W1 € O,
On the other hand, it is obvious that
(3(a,b) — 040y + Vo + Vb,a) Wy € u.
Now, we apply Proposition B.1.1] with

R = (8(apy = alh + Vap + Via ) Wi, i=1,2,
to get the result. O
Observe that for a = b (5.3.2]) reads
oV 0%y,
N (Ua) kY ¢ =t(a,a)> Ug = =2V,

ol O

which is a time dependent one-dimensional Schrodinger type equation for the square matrices Wi, the
wave functions, and potential the square matrix (Us)(;. Moreover, multidimensional matrix Schrodinger
equations appear if we look to other directions, thus given (ai,...,aq) C {1,...,D}, a1 < -+ < aq we
can look at the second order time flow generated by % = + -+ ﬁ to get in terms of the

Itay,ay
d-dimensional nabla operator V := (%, e %)T, Laplacian A := V? = 6?; + -+ 8?—; and matrix
ay aqg ay ag
potential U :=Ug, 4, + -+ + Uqya, = 2V(B) - A
OV _ Ay + Uy
Sy R DA OF

Corollary 5.3.1. The MVOPR satisfy

oP 2P oP oP ap 0B
(k] _ (k] (k] (k] _ (k] (k]
T (x) = ataatb(w) + 4o o, (w)Jrbe—ata (x) (—é%a (Ap)fe—1], (%] + Bty (Aa)[k—l},[k]>P[k}(w)’

Proof. Just introduce expressions for the Baker functions in Proposition [£.2.1] in the previous Proposition.
O

We see that again only k-th site of the lattice is involved in these linear equations and, consequently, its
compatibility will lead to equations for the coefficients evaluated at that site. These nonlinear equation for
which Sy is a solution are

Theorem 5.3.1. The following nonlinear partial differential equation

(5.3.3)
a(c7d) (&zﬁAb + abﬁAa) - a(a7b) (acﬁAd + adﬁAc) :aaab(acﬁAd + adﬁAc) - 8cacl(aaBAb + 8b5Aa)

+ (abacﬁ)(AdﬁAa - AaﬁAd) =+ (8badﬁ)(AcﬁAa - AaﬁAc)
+ (020:8)(AaBAy — ApBAG) + (0u0aff) (AcSAy — ApBA.)
+ [0aBAs + 0pBAq, OcBAg + OaBA]
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is satisfied for a,b,c,d € {1,...,D}.
Proof. See Appendix [D.16] O

Observe that this equation decouples giving for each k the same equation (5.3.3)) up to the replacements
B — By and Aa — (Aa)jp—1),k) ¥ = 1,2,... and A = a,b,c,d. For the particular case a = b = A and
¢ =d = B and use the notation {4 =z, tp =y, t(4,4) = and tp p =t we get

928 93 B 93 08 08 923
910 T 950y B T 0x2ay B T awar A T e M 5y D20y

5.4. Exploring third order flows. Associated with the third order times ¢, ) we introduce the following
block diagonal matrices

AAv

SoAp| 2o (ApBAs — AaBAR).

Vab,e = diag((Vap,e) o), (Vap,e) s Vape)igs---)

with
0B OBk
Vabe ':a_ta[ﬂva]Acv (Vape)i = Ot, (B[k—l} (Ab)[k—2],[k—l} - (Ab)[k—l],[k}/@[k]) (AC)[k—l],[k}’
op@ B aﬁ[k 9Bk
= ot ApAc — a—taAbBAcv ot (Ab)[k—2],[k—l} - Ot, (Ab)[k_luk}ﬁ[k] (AC)[k—l},[k]'

Observe the use of Proposition 4.1.4t we remark that (Va,b,c)[k] depends on ) and 5[(13]) only, coefficients
of the MOVPR for the second and third higher degree monomials, Pyj(x) = xx(®) + BrXp—1)(x) +
ﬂ[(s])x[k_2](:c) + -+ ﬁ[(:]). If we insist in using only the second higher total degree coefficient and not the

third higher total degree coefficient there is price we must pay, now we involve two polynomials Py and
Py, —as we require of [ and Sj;_1). Then

Proposition 5.4.1. The Baker functions V1 and Vo are both solutions of the third order linear differential
equations

ov Foaa ov ov oV (OVup OV  OVeg
= _Va__ c,a c ; ; ; Vac Vca ca\Il-
Tane  OaOtdte " “or,  ear,  eor, (T T T Vabe  Vhoa + Vet
Proof. See Appendix [D.19 O

For a = b = ¢ in terms of t((lg) = t(a,a,0) and

- 928 op? ,  Ip

0= =3 =51\, A2 — 2 ALBA,),

Uo = =3 (atg T, Ne T gy, e )

the Baker functions satisfies

ov 33\1’ 3 0V -
at(3) = 3 + §U“8_ta + U, V.

Therefore, in terms of the differential operators

0? op
Ly = 8t2 + U,, U, = —28—%1&&,
(5:4.1) 2 3.0 ~ 0?3 o 86
= = A A —AyBA
Py ats + Ubat +Up, Uy 3(‘%2 b— 3—F— ot atb b8y,
the wave matrix fufills
8W1 an
—r = La(W1), — = Py (W),
oty ot
Hence, the following compatibility equations holds
0L, 0Py
Rap(W1) =0, Ry = - + [La, P

a® ol
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Observe that

U, 2 ou, o2 U, 0 30U, 30*U, _0°U, 3 B,
=-3—=— 2 — Z — 0
Bap = =3 oty Ot} 3 Oty Otadly |~ Oty Oty | ( 49/ T3 ot2 ; atg 21U Ub]) Oty
19U, 10U, 0°U, 08U, 30U, -
b b U+ [Ua, O]

T2 290 02 of Ity

is a matrix second order partial differential operator in t,,t,. Its action on the wave matrix can be split into
diagonals, (Rab(W))WO_ 1is a block Hessenberg matrix with all its block superdiagonals equal to zero but
for the first and second ones[!] Thus, we should ask these two superdiagonals as well to the main diagonal
to cancel; i.e.,

Proposition 5.4.2. The matrices 8 and 8P are subject to

Aaﬁ -

g2 _ 0 |08
Ota0ty, * Oty | Otq

1% 108
2 atg 4 875[(12)

L 0P (1o 9B op o .98 0B ﬁ OB A,
O‘%A%@ 7t Rl a7 R VTR T s

0 [(,08, o 108%™\ , 08, 05
35 [(26taA B9+ 3 0@ o2 N = 25 Aoy Aa
2 2
op [3ﬁ 05 1({%}/&1,—685

+3a_tbAb It 0t 2ot 201, dt,ot,

ApBAALA,.

Ao —

6. LINEAR ISOMETRY INVARIANT MEASURES AND MOVPR

In this section we consider orthogonal transformations R € O(RP); i.e., linear isometries R : RP? — RP
preserving the dot or scalar product: Ru-Rv = u-v, Yu,v € RP. For the matrix [R]p in the canonical basis
B = {ey,...,ep} of RP of the orthogonal endomorphism means [R]}, = [R];'. Given such an orthogonal
transformation * — Rx, we assume the linear isometry invariance condition d p(x) = d ,u(Ra:)

6.1. Symmetric powers of a linear isometry. Orthonormal basis and biorthogonal systems.
What is the action of this linear isometry in the set of MVOPR? or putting it in other equivalent terms,
how do it act of the corresponding symmetric tensor powers? Given any set of linear transformations

{fi}m, € End(RP) one can construct a map f; ® - ® f,, € End <(RD)®k) such that

(10 Ofm)(u1® - Oup) =f1(u1) @ O fn(tn), Vu; € RP.

In this manner we introduce the k-th symmetric power of the endomorphism R acting on symmetric tensor
powers, R% ¢ End ((]RD )®k> and, moreover, a diagonal block endomorphism in the symmetric algebra,
X = diag(1, Zp), Ba)s---) = 1O By © g © -+ € End(S(]RD)), with its diagonal blocks given by
R = R®%. For a given invertible endomorphism R, with inverse R~!, the corresponding endomorphism
Z in the symmetric algebra is invertible with inverse (Z~')y = (R™')“*. The S*(RP) is equipped with
a natural scalar product (-, '>(k) given in terms of permanents, see Appendix In particular, for

1t is a consequence of 9. Wi = (Aq + BAa)Wo +uWo and 90y W1 = (Aahy + BAa Ay + 52 Ay + 52 Aa + B AaNo) Wo + ulWo
12The measure i is said to be invariant under R if for every measurable set A C R” we have p (R 1(A)) = u(A).
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decomposable symmetric tensors (A.2.2])

Ru1 . R’Ul te Ru1 . R’Uk
(RO%(uy @ --- ® uy,), RO%(vy ®"'®'Uk)>(k) :% perm : :
Ruk . R’Ul te Ruk . R’Uk
up-vy - Ul - U
:E perm . .
up-v1 - Rug v

:<u1®®uk)7rvl®®vk>(k)

Thus, the k-th tensor power R®¥ is an orthogonal transformation in {Sk (RP), (-, ->(k)}. At this point we
stress that care must be taken when we express this fact in terms of matrices. Observe that the canonical
basis {e"‘l}l 1, with e® = e?ai’l ORERNO e%ai’D

-1
basis. In fact, we know that, see Appendix [A2.2] |e%i||? = ( o]Z) , being the metric matrix in this basis

, is an orthogonal set for (-,-)(*) but not and orthonormal

the inverse of the multinomial matrix. Let us find the matrix representing R®* in the canonical basis
B, = {e"‘i}L[i]l'; we proceed to compute

R@kexxi — (Rel)Qa“ IORERXO) (ReD)(Dai,D

D D
— (Zle’lej)Qai,l 00 (Zle,lej)Qai’D
=1 ~
D , , . b
P> <a;,1>_]‘[1~szalea}@...@[ S (a D>H % o

lo |=au1 Jj=1 |o|=as, D =
|[%]|
= (B ey €%,
Jj=1

which gives the matrix [Z]s, = [(%[k])%“j]. Then, as the transformation preserves the scalar product
with metric matrix given by ./\/l[;]l, the matrix in the canonical basis of the k-th symmetric tensor power
satisfies

(6.1.1) (2w 5. M) [ 2] 5. = M.

Instead of the canonical basis B, we could consider the orthonormal linear basis B = {ul}H 1 with the

-1
normalized vectors u; = ( ( (fl)) e% . In this basis the matrix for RO¥ is (Z1))B = M[k}/ [%[k]]BcM[k/]
is an orthogonal matrix; i.e., [Z]} = [#]5" = [#'|p. Another orthogonal basis is B, = {e“l}l[kl, with
e%i = ( fi)_le“i, that despite not being orthonormal, forms with the canonical basis a biorthogonal system,
ie. (6%, e%)k) = d;,j. The matrix representing % in this orthogonal basis is

R = )5, =My 1] B Mg
=My R MG

and in the symmetric algebra we have the corresponding block diagonal matrix

(6.1.2) nr =M %] M.
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which satisfies nj, Mnr = M. Here [%]p, = diag([Z )] .. [Z)]B.. - - -) and [#Z] g = diag([Z )] B, [%)]B; - - - )-
Observe that

T =g = ng =MTRT MY = MOVRR) MY = (MY p M)
M YM V2% s MY T M
=Ml M,
and also that, as B, and B, forms a biorthogonal system, we have the following relations
(6.1.3) g =%, g =[%5,

6.2. Applications to monomials and shift matrices. We now see how the above developments apply
to the monomials y and the shift matrices A introduced previously.

Proposition 6.2.1. We have
X(Rz) = nrx(x),
(6.2.1) Rn- A =np(n- A)ng'.
Proof. To prove the first relation notice that form ([2Z.2.1]) we get
X (Re) =M [(Re)“Mp, = M ()b, [ . = My (2] 5. Mupxiw (@)

=1R,[k] X[k (T)-
For the second formula we observe that

nr(n - Ay x(®) =nr(n - A)x(R™'z) = (n- R '@)nrx(R™'2) = (Rn - x)x(x)
=(Rn - A)x(z),

which holds V& € RY so that the result follows. O

When R € &p C O(RP) we also have x*(Rx) = nrx*(x). We know that A, has no left inverse but it
does have a right inverse, its transpose, AqA,] = I. In this paper we have derived a number of results with
n - A and sometimes, for example in Proposition and Proposition B.5.13], is useful to find the right
inverse of n - A .

Proposition 6.2.2. Given any vector n € R” find R € O(R”) such that Re, = n. Then, a right inverse
of (n-A) is nrAlnR'; e,

(n- AmrAgng' =1
Proof. From (GZ1]) we know that n - A = (Re,) - A = nrA.ny;" but the right inverse of this matrix is
URAITI}_gl and the result is proven. O
In our opinion a nicer result, as is does not depend on any alien isometry R, is

Proposition 6.2.3. A right inverse for (n - A)j_q)x), k>0, is

_ - _ _ ~1
M[,ﬂm((" : A)[k—u,[k}M[k}m)Jr = My ((n - A ) T (0 Ay g Mg (0 A)ea ) 1))

Proof. See Appendix [D.I7 O

6.3. Consequences of the measure symmetry.

Proposition 6.3.1. Whenever, for a given orthogonal endomorphism R € O(RP), there is a symmetry in
the measure of the form d u(x) = d u(Rx) we have

(1) The moment matriz satisfies
nrGnp = G.
(2) The factors of the Cholesky factorization [232) are such that
(6.3.1) nrSNE = S, nrHnj = H.
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(3) Moreover,

MR,k Bk] = Bik)MR, k—1]
Proof. See Appendix [D.I8 O
Observe that while we can write for [ng, S] = 0 for the quasi-tau matrices we can write [ng, HM] = 0
—1 _ _
((ng)™" = MnpM™" = [Z] ).

Now, we are ready to deduce how the MOVPR of a symmetric measure behaves under the symmetry of
the measure

Proposition 6.3.2. Let us assume that for an orthogonal transformation R € O(RP) the measure satisfies
du(x) = dp(Rx), then:

(1) The MOVPR fulfill
(6.3.2 P(Rz) =npP(z).
(6.3.

(3
(6.3.4

w

)
32)
(2) The Jacobi matrices are such that
.3.3) Rn-J =ng(n- J)ng'.
) The Christoffel-Darbouz kernel remains invariant
) KY(Rx, Ry) = K (x,y).
Proof. see Appendix [D.20 O

When R € &p, as x1 - - - xp is invariant under permutation of coordinates, we also have C (R:c) = nrC(x)
and Q) (Rx, Ry) = Q) (z,y).

6.4. Compatible Toda flows. We now request that the symmetry d u(x) = d u(Rx) is preserved under
the integrable deformations discussed previously. As before we distinguish two cases, the discrete case and
the continuous case. For the first situation we have

Proposition 6.4.1. If n is invariant under the transformation R € O(RP), n = Rn, then the corresponding
discrete transformation preserves the isometry invariance of the measure

Tdu(x) =Tdpu(Rx).
Proof. The new measure is T'd u(x) = (n - x — ¢)d pu(x) so that
Tdu(Rz) =(n- Rx —q)d u(Rx)
=(n- Rz — q)d p(z)
—(R"n @ —q)du(a).
Therefore when n = R'm, as RT = R™! we get the that the new measure is invariant. ([l

For the continuous flows recall Definition 1.3l and Proposition f.I.T] and notice that if we order the times
t= (top - ) tpg = (tas sty

Proposition 6.4.2. The continuous Toda flows preserve the symmetry d u(x) = du(Rx) whenever the
times are such

bee k) = Uiwl-
Proof. As we know from Proposition 1.1l
d pu(Rx) =exp (tx(Rx)) d u(Rz)
= exp (tnrx(x)) d p(z)
and when tnp =t we get d p(Rx) = d (). O
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6.4.1. Linear subspaces of fixed points of a linear isometry. We have seen that to analyze compatible flows
with the linear isometry invariance is crucial to find fixed points for the linear isometries.

Definition 6.4.1. The linear subspace of fixed points of the linear isometry R is
Vi = {v € RP: Rv = v}.

Interesting examples of linear isometries are provided by reflections. Given a non-zero vector m the
corresponding Householder reflection is

rn =1p — ZLnnT.
n-n
This is a reflection in the hyperplane n', it is idempotent 72 = Ip, rn‘Rn = —1id, (negating any vector
component parallel to n), and rn|n . = id. Therefore, for the Householder case Vzp = n*. Any orthog-
onal matrix R € O(R?”) is as a product of at most D Householder reflections. Given an orthogonal set
{ni,...,n,} C RP the product R of the corresponding Householder reflections (which happens to be com-

mutative as the order of the factors do not affect the result) is R = Ip — 23 1", ﬁn,n: . This is a
reflection, with reflection hyperplane {ni,...,n,,}*, negating the components parallel to R{ny,...,n,}.
Now, the fixed point subspace Vg = {n1,...,n,,}" is the reflection plane.

For D = 2 the orthogonal transformations could be of two types, a rotation of angle 0, Ry = (

and a reflection according to the vector n = (12;%%? >, R=1,—2nn' = (g‘l’s g _Sicrgg 9) with reflection line

cos 6 —sin@)
sinf cos6

given by R(Z?E((zg)) > For § = 7/2 the reflection is about the line y = = and therefore exchanges x and y:
it is a permutation matrix ({3).
In general, given a linear isometry R € O(RP) there exists an orthonormal basis {u,}2_; such that its

matrix reads
R= diag(l,...,1,—1,...,—1,R91,...,R9m,)

p of them ¢ of them

being p — q even or odd depending whether D is even or odd, here Ry is a two dimensional non trivial
rotation of angle #. Therefore Vp = R{uy,...,u,}; notice that for D even it could happen that Vi = {0},
but for D odd we always have a nontrivial fixed point subspace, dim Vg > 1.

6.4.2. Secant varieties of Veronese varieties and linear isometry invariance preserving flows.

Proposition 6.4.3. If the times t' € Sym(RP) are restricted to belong to the symmetric algebra of the
fized point subspace of the linear isometry R, i.e. t' € Sym(Vg) C Sym(RP), the linear isometry invariance
condition of the measure is preserved as the time passes by, d ps(x) = d s (Rex) Vt© € Sym(Vg).

Proof. Observing that 1}, = [#]p,, the linear isometry invariance preserving condition can be written as
Ok 4T _ T
[R™"] Bty = tpy-

The first non trivial condition is that
R[t){ =t [t][Tu =

and therefore [t][TH € Vg.

In order to explore what kind of higher flows will preserve the linear isometry invariance condition of the
measure we observe that if V) = {t € RP : Rt = t} any symmetric power tensor in Vig = (Vm)Qk will
be subspace of fixed point for R®*. Indeed, Vix) 1s linearly generated by decomposable symmetric tensors
V1O OV with v; € V[l] and

R@k(,vl@...@vk) Z(va)@’”@(R'vk)
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The map C,, : R™ — (R™)®F taking v — v®* has as its image the Veronese variety ¥, := {z®% €
(R™)®F : 2 € R™}. It happens [30] that every symmetric power tensor can be written for some r > 0 as
iy v?k and the symmetric tensor rank is the minimum when this holds. Hence, the symmetric power can
be described by r points of the Veronese variety; the closure of the union of all linear spaces spanned by r
points of the Veronese variety 7#;, 1 is called the (r — 1)-th secant variety of #;, ;. Therefore, in this case we
require the times to belong to one the secant varieties of the Veronese variety ¥gim(vy) k-

Appendices

A. COMPOSITIONS, MULTISETS AND SYMMETRIC ALGEBRAS

A.1. Compositions and multisets. From combinatorics [I03] we know that a weak D-composition of an
integer k is a way of writing k£ as the sum D non-negative integers. Notice that while for a composition
we require the parts to be positive integers (excluding therefore the zero) for weak compositions the zero is
allowed. The problem of counting the number N (k, D) of weak compositions, i.e. the cardinality of the set
[k], is related to the problem of counting the number of compositions, which is ( 115__11). In fact, given a weak
D-composition k = k; 1 +---+k; p if weput ¢;; =k;;j+1,j€{l,...,D} wehave ¢j1+---+¢q¢p=k+D
and we are dealing with a (k4 D)-composition. Thus N(k, D) = |[k]| = (kzef) = (k+€_1) —consider all the
possible permutations of k+ (D — 1) elements out of which k and (D —1) are repeated—. Two sequences that
differ in the order of their terms define different weak compositions of their sum, while they are considered
to define the same partition of that number. Every integer has finitely many distinct compositions.

A multiset [22] is 2-tuple (I, M) where I is some set, the underlying set of elements, and the multiplicity
M : I — N is a function from I to the set of positive integers; for each a € I the multiplicity or number of
occurrences is M (a). For an indexed family, (a;), where i is some index-set, we define a multiset {a;}, where
the multiplicity of any element « is the number of indices i such that a; = a. A form of describing a multiset
that is used in this article is considering non-negative integers (a,-)f:1 such that 1 < a1 < --- < ap < D,
where repetitions are allowed, e.g. for k = 5 we could have a1 = a2 = a3 < a4 = as, denoting a; = a and
as = b we are dealing with the multiset {a,a,a,b,b} being three the multiplicity of a, M(a) = 3, and two
the multiplicity of b, M (b) = 2.

A.2. Symmetric tensor powers and symmetric algebras. We give a brief description of notions and
results regarding symmetric algebras, for further information we refer the reader to [30] 43 [75] [112].

A.2.1. Symmetric tensors. A symmetric tensor of order k is a tensor of order k that is invariant under a
permutation of its vector arguments:

T(uy,...,ug) =TT (ur,...,ur) =T (Us1,-- -, Usk)

for every o € G, being &, the symmetric group of k letters. The coefficients of a symmetric tensor of order
k satisfy T3, i, = Ti,,...i..- The space of symmetric tensors of order k on R is naturally isomorphic to
the dual of the space of homogeneous multivariate polynomials of total degree k and the graded vector space
of all symmetric tensors can be naturally identified with the symmetric algebra Sym(RP).

The symmetric part of a tensor T € (]RD )®k of order k is defined by

1
(A.2.1) Sym T = i Z 751,
oGy

where the summation extends over the symmetric group on k symbols. If the tensor coefficients of the
tensor are Tj, j, . i, those of the symmetric part are T(;, ;, . i) = % ZUEGk Ti, 1 ig2,..ige FOr two arbitrary
pure tensors T = v ® v3 ® -+ ® v, the corresponding symmetrization or symmetric part is given by
V1 OV2O- OV = Sym(v; Ve ®- - - Quy) 1= % 20667. Vg1 RUga X+ - -Qugy. Glven two tensors T € Symki(RD),
i € {1,2}, the symmetrization operator allows us to define T} ® T» = Sym(Ty @ Tp) € Sym*1+*2(RP). As
the resulting product is commutative and associative some authors write 71T, = 171 ® T5. Given a vector
v € RP we will use the exponential notation v®* = VOUVO- - OU=VRUR QU= v®k,

k times k times
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A.2.2. Symmetric tensor powers and symmetric algebra. Symmetric tensor powers S*(RP) = (RD)Qk are
generated by the so called decomposable (or simple or pure) symmetric tensors u; @ --- @ uy, where
ui,...,ur € RP. Given a basis {e,}2_; we can construct an explicit linear basis of S¥(RP) using the concept

of multiset. The mentioned linear basis for the k-th symmetric power is {e,, ©® - ® eq, }1<q;<--<a,<D, O in
keZ4
terms of multisets I = {al, ..., ap} with multiplicities M (a;), such that M(a;) + --- 4+ M(ap) = k we have

eSIM(“” (ORERNO) e®M ar) }7. The dual space of the symmetric powers happens to be isomorphic to the set

of symmetric multilinear functionals on R, (Sk (RP))" = S((RP)*,R).
The number of multisets of cardinality k, with elements taken from a finite set of cardinality D, is known as
the multiset coefficient ((g )), see [103], which resembles the binomial coefficients and we say “D multichoose

k” instead of “D choose k” for (7). We have that (( ) = (D+,f 1) = (k[!)(gf__ll))!! = D(D+1)(D+k2!)"'(D+k_l), and

the number of such multisets is the same as the number of subsets of cardinality k in a set of cardinality
D+ k — 1. Thus, dim S¥(RP) = |[%]| = ((})).

We can define a surjective map  : (]RD)®k — S(RP) by the symmetrization 7(u1®- - -Quy) 1= U1 O- - -Ouy.

This map has a section, i.e. an injective map 2 : S(RP) — (RD)®k such that m o+ = id. The maps gives
(ug @ - Qug) = Sym(u; ®--- ®ug) so that its image is just the space of symmetric tensors just discussed.
Moreover, for the symmetrization of tensors of (A2.I) we have Sym := o7 : (R” )®k — (RP )®k; notice
also that this symmetrization is a projection Sym? = Sym so that

(]RD)®k = Sym <(RD)®k) @ ker(Sym) = z((RD)®k> @ ker(Sym).

The direct sum S(RP) := @y>0S*(RP) is the symmetric algebra of RP, which is commutative and
associative. The symmetric algebra of RP can be constructed as the tensor algebra T(R”) quotient with the
ideal generated tensors of the form t;(x ® y — y ® x)ts with t1,t; homogeneous tensors of arbitrary degree.

A.2.3. Dot product. There is an interesting inner product in the symmetric tensor power Sk(]RD ) which is
a symmetric definite positive bilinear form, see appendix A in [75], and also [30]. It is given by the linear
extension of the following definition for decomposable symmetric tensor powers

ul-vl ... ul.vk

(A22) <’U;1@"'®’U;k,’vl® @'Uk k" Z Hua Voa = 'perm ’
O'EGkal ukrvl ’u’k’vk

where uy, v, € RP and we have used permanents [S6, [89].
We introduce the semi-infinite multinomial matrix M = diag(M|g), My, ...) where

k k
o [[F] [ |[]]
(A.2.3) M[k] : d1ag(<“1>,..., <“[k“>) eR )

are diagonal matrices with coefficients the multinomial numbers

k:> k! .
- Je{1,...,|[K]l}
Oy, 1 Oa;, D

According to the proof of Corollary A.24 of [75] for the canonical basis vectors e® =e;” " ©---Oep "7,
for all &; € [k] := {ai,lel + -+ oy pep € Zf with ;1 + -+ a;p = k}. we have the followmg metric
coefficients

-1
(e =05 (1) et ()}

&;

1310 [43] the set [k] is denoted by Z(D, k)



54

Hence, the interior product (-,-)*) : S¥(RP) x SF(RP) — R is given by

.
k]| [k Oy bk,

I
(A.2.4) <Zakieki, 1bkieki>(k): : My

i=1 =

It is easy to check that

k
(U ©® -+ O uy, v®k>(k) = H(ua V),

(A.2.5) (u®* RV E) —(y . v)F,

We remark that all these developments are connected with Quantum Physics. Indeed, when Quantum
Mechanics of large systems describes sets of an arbitrary number of bosons, if 7 is the Hilbert space for
the states of a single particle, then Sk(%” ) will describe the pure states of k identical bosons, and in general
the symmetric algebra S(7¢) is the Hilbert space of pure states of an arbitrary number of bosons, see [10§].
Thus, multivariate polynomials are connected, naively if you want, with bosons such that its single particle
Hilbert space of pure states is R” (which is a real Hilbert space, that still has a physical meaning for even
dimensions D).

Il
—

A.2.4. The shift matrices and symmetric temsors. The shift matrices have a natural description in the
symmetric algebra, as well.

Proposition A.2.1. In the symmetric tensor power setting these blocks can be thought as
(M) o180 : S"(RP) — SH(RP)

with

et if o ey # 0,

Ao %=
( )[k 1],[k]€ {07 Zf ;- e, = 0.

Following §1.10.3 of [43] we introduce interior multiplications. First we consider dual linear space (R”)* of
linear functionals RP? — R, and the dual basis {w,}?; € (RP)*, i.e. wy(ep) = 4p. The symmetric tensors
powers w* = W™ © - © WHP give rise to a linear basis {w*}xepw of Sk ((RP)*) dual to {%e“}ae[k}

w*(eP) = aldn .
Interior multiplications or right contractions are maps
L : SF(RP) x SF' (RP)*) — SFF(RD),
with
o o 0, ag < al, for some a € {1,...,D},
e Lw = al a—o ’
me s aaZaa,Vae{l,...,D}.

When we take k&’ = 1 and consider the linear maps Lw, : S*(R”) — S¥~1(RP) we find
e*Lw, = (a-e,)e* %,
In terms of the number operatord™ N, : S¥(RP) — S¥(RP) given by Na(z cq€®) = Z (x-eq)cae™ we

ack] ack]
can write

(Aa) 13,10 (1) =(Ng ' T) L wa, VT €(RP)OF,

as the composition of a number operator with an interior multiplication

141f we follow the quantum interpretation of our symmetric algebra as system of bosons with the single particle described
by RP, we could understand N, as the number operator of particles in state e,
15Following with the boson analogy we have the destruction operators a, = N;1/2Ab [108].
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B. COMPLEMENTS OF LINEAR ALGEBRA: PSEUDO-INVERSES, SCHUR COMPLEMENTS AND
QUASI-DETERMINANTS

B.1. The Moore—Penrose pseudo-inverse. As this paper requires pseudo-inverses a number of times we
decided to include a short resume on the subject, for more information see [I7]. Given a rectangular matrix
M € R™*" its Moore-Penrose pseudo-inverse M € R™*™ [88| 21} [93] is a generalized inverse, i.e.,
MM™M =M, MTMM*t =M,
that in addition satisfies
(MM =MM*, (MTM)T =M M.

Let us say that any matrix has a generalized inverse and a unique pseudo-inverse. Obviously, if M is invertible
then M+ = M~!, any rectangular zero matrix has as it pseudo-inverse its transpose. The pseudo-inverse
operation is idempotent (M*)* = M and (M )" = (M*)T.
The square matrices P := MM™T € R™*™ and Q := M ™M € R™ " are orthogonal projection operators,
ie. P=Pland Q=Q", P2 =P, Q?> = Q. Moreover, we have
(1) PM=M=MQ and MTP=M"=QM™.
(2) Im(M) = ker(M)* = Im(P) = ker(I — P)=.
(3) Im(M ") =ker(M ")+ = Im(Q) = ker(I — Q).
When P = M "M is invertible, e.g. when we have full column rank, there is a unique matrix M+ which
satisfies these properties and is given by M+ = (M ™ )y IM T which in addition is a left inverse. When

Q = MM is invertible, e.g. when we have full row rank, then M+ = MT(MMT)_I; that moreover is a
right inverse. In these cases P = M "M or Q = MM " are denominated correlation matrices, respectively.

B.2. Schur complements. Given M = (é B) in block form the Schur complement with respect to A (if

det A #0) is
Al B o L . -1
SC <+C’ D ) =M/A:=D—-CA "B.

The Schur complement with respect to D (if det D # 0) is

SCh <%’%> — M/D:= A—BD'C.

Observe that we have the block Gauss factorization

(@ 5)=lear D0 aia) b )
=(o 1) ("7 5) (bhe 1)

implies the Schur determinant formula det M = det(A)det(M/A). This is in fact the Schur lemma in a
disguise form, in fact Schur lemma in [102] assumes that [A,C] = 0 so that det M = det(AD — BC). In
terms of the Schur complements we have the following well known expressions for the inverse matrices

M~ = <g _A]I_IB> <A(;1 (M/E)él)‘l) (-Ca—l %)

(AP ATIB(MJA)TICATY —ATIB(M/A)
(B.2.1) —< —(M/A)"LC A (M)A~ >

=(cone (M o) 6 T

_ (M/D)~! —(M/D)~'BD™!
- <—D—1B(M/D)—1 D1 +D—1(M/D)—1BD—1> '

The two expressions found for the inverse of M are known as the Matrix Inversion Lemma in Linear
Estimation Theory [73] and as Sherman—Morrison-Woodbury formula in Linear Algebra [28]. If both A and
D are invertible we deduce that M /A is invertible if and only if M/D is invertible.
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B.3. Quasi-determinants and the heredity principle. Given any partitioned matrix

Al,l ALQ A Al,k

Ayy Aso .. Aoy
(B.3.1) A= | T 2

Ap1 Ago oo Apg

where A; j € R™*™ for i,j € {1,...,k — 1}, and Ay € R *"2 A, € R™**2 and Ay ; € RMX™i | we are
going to define its quasi-determinant & la Olver recursively. We start with k = 2, so that A = (ﬁ;i ﬁ;’z >, in

this case the first quasi-determinant ©;(A) := A/A; 1; i. e., a Schur complement which requires det A; ; # 0.
A1 A

, the other Schur complement, and we

The notation of Olver is different to that of the Gel’fand school where ©1(A) = |Al22 = . There

A1 Azp
need Az to be a invertible square matrix. Other quasi-determinants that can be considered for regular

A“ A2 Az

scope of the paper, as the partitioned matrix considered here have rectangular off diagonal blocks and
therefore are not invertible.

Following [91] we remark that quasi-determinantal reduction is a commutative operation. This is the
heredity principle formulated by Gel'fand and Retakh [49, 53]: quasi-determinants of quasi-determinants
are quasi-determinants. Let us illustrate this by reproducing a nice example discussed in [91]. We consider
the matrix

is another quasi-determinant ©2(A) = A/Az = [Al11 =

square blocks are and . Notice that this last two quasi-determinants are out of the

Aig | A A
A= | A1 | Asp 1 Aoy
Azq | Azp ' A3z

and take the quasi-determinant with respect the first diagonal block, which we define as the Schur comple-
ment indicated by the non dashed lines, to get
Ang A A

A A A _
O1(A) = [Ag1  [Agn Agy =<A2’2 A2’3>—<A2’1> AT (A Arg)
32 As3 3,1
A1 |A3z2 Ass

Ago — Ag AT A10  Ags — As1ATTALS ]

) St A S A A b Lt

N < Asp — A1 AT A1 " Asg — Az AT A3 ) ’

a matrix with blocks with subindexes involving 2 and 3 but not 1. Notice also, that us we are allowed to
take blocks of different sizes we have taken the quasi-determinant with respect to a bigger block, composed
of two rows and columns of basic blocks. This is the Olver’s generalization of Gel’fand’s et al construction.
Now, we take the quasi-determinant given by the Schur complement as indicated by the dashed lines, to get

(B.3.2)
02(01(A) Az — A2,1A1_&A1,2 A3 — Az,lAﬁAl,?,
21 C Ao — A3,1A1_&x41,2 A3z — A3,1A1_&x41,3
(B.3.3) = Agg— A3 AT A1z — (Aso — Ag1 AT A1 0) (A2 — A2,1A1_&A1,2)_1 (A3 — Ag1 AT A1 3).

We are ready to compute, for the very same matrix

A Aig | A
(B.3.4) A= | A1 Ao | Asgs
Az Asp| Asg

)
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the quasi-determinant associated to the two first diagonal blocks, that we label as {1,2}; i.e., the Schur
complement indicated by the non-dashed lines in (B:3.4), to get

A Ap Ais
Opay(A) =|A21 Az Ay

Ay Az
ALl ALQ -1 A1,3
:Ag’g — (A371 A3,2) <A2 1 A2 2 A2 3
But recalling (B.2.1])

<A171 A172>_1 _ (Al_% + Al_&Al,2(A2,2 — A2,1A1_7%A1,2)_1A2,1A1_,i —AHAL2(A2,2 - A2,1A1_&z41,2)>
Ay Azo —(Ago — A2,1A1_7%A1,2)_1A2,1A1_,i (Ago — A271A1_&Al,2)_1

O(1,2)(A) =Az3 — Az 1 AT 1ALz + A3 AT A2 (Az — A2,1A1_&A1,2)_1142,1141_&141,3
— Azp(Azn — Ap  ATIA 0) T Ag 1 AT T AL — A3 AT A2 (Ao — As 1 ATTAIR) T A
+ Az (Az — A2,1A1_&A1,2)_1A2,3
which is identical to (B.3.2]), so that
©2(01(4)) = O(123(A).
Given any set [ = {i1,...,im} C {1,...,k} the heredity principle allows us to define the quasi—determinan@
01(4) =0, (04 (- 6;,,(A)--+))

and the /-th quasi-determinant is

A A Ay Aq
Ay Agp Aoy Aoy,
OW(A) =0, o101, 1 (A) = Al =
Ap1 Ago Agg Ay
A1 Ao Agp Ap
The last quasi-determinant is denoted by
Ay Arp o Agg
A1 Agp Ao j,
0.(4) = 0M(4) = |Alpx = . ,
A1 Ak2 oo [ Apk

B.4. Quasi-determinants and Gauss—Borel factorization. An important application of quasi-determinants
presented in [91] is the characterization of the factors of the block Gauss—Borel factorization of a partitioned
matrix A as in (B3J) (in the case of interest in this paper a Cholesky factorization) in terms of quasi-

determinants of A. To present this result we need to introduce for two sets of indices {iy,...,4,} and
{j1,...,Jm} subset, with m elements, of {1,... k}
Ai17j1 s Aihjm
i1 . .
Ajl---jm - : :
Aim7j1 Almy,?m

161y [91] it is defined as the Schur complement with respect a big block built up by the blocks determined by the indices I.
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Theorem B.4.1 (Theorem 3 in [91]). A regular block matriz as in (B3I) factors as
A=LDV
with L = (L; ;), D = diag(D1,...,Dy) and V = (V; ;), where

L 0’ Z < j7

i,j — 12..5—1, 12...5\— . .

" 9*(A12...§_1,§)9*(Au..j) Loi>,
12...5

Dj :@*(Alz..;‘)v

V 07 Z > j7
6J — i\ — 12...i—1,i . .
YAl oA ), i<

Regularity of A requires invertibility of @*(Ag:::;) fori=1,... k.
For a symmetric case, A = AT, we have
O.(Al3}) = ©.(A3) ", O.(A1p 51y = Ou A
C. SEVERAL COMPLEX VARIABLES

In this paper we discuss multivariate second kind functions in the realm of the block Cholesky factorization
and for that aim some facts regarding complex analysis in several variables is needed. Here we just recall
them, see for example [16] (64, 10T, [77] for more information

(1) Given the vector 7 = (r1,...,7p)" € RY, we consider the polydisk
A(r)={z=(z1,...,2p)" :|z| <ryi=1,...,D} cCP
centered at the origin of polyradius r. Its distinguished boundary is the D-dimensional torus
TP(r)={zeCP:|z|=r,i=1,...,D}.
Recall that the border of the polydisk I' = QA splits in D sets of dimension 2D — 1, being the
distinguished border its skeleton; i.e. the intersection of all them. The distinguished border is also
known as Shilov border.
(2) Given two polyradii » and R we construct the associated polyannulus centered at the origin
AP(r,R):={zeCP:rj<z <R;i=1,...,D}.

(3) A set A C C" is a complete Reinhardt domain if the unit polydisk acts on it by componentwise

multiplication. _ .

(4) Any set A C CP is called Reinhardt (D-circled) if for each A := (el ... elfr) € TP with 6; € [0, 27)
for every ¢ € A we have that (e'% ¢i,...,e'%? cp)T € A;ie., TP acts on A componentwise.

(5) If 2 C CP is the domain of convergence of a Laurent series L(z), then for any ¢ = (c1,...,cp)' € Z
we have that TP (|c1|,...,|ep|) € 2. Thus, the domain of convergence is a Reinhardt (D-circled)
domain.

(6) The domain of convergence %, is logarithmically convex; i. e., the set

log Z¢, :={(log |21],...,|zp|) : (21,..., 2} € Ze,}
is convex (given any pair of points ¢1, ca € %, the segment [c1, 2] := {(1 —t)e; +tep it € [0,1]} C
D)

(7) For all polyradii » and R the annulus A”(r, R) is a Reinhardt domain. Any Reinhardt domain is
the union of polyannuli and so is the domain of convergence 2.

(8) The polydisk of convergence of a power series is such that any other polydisk A(r') with r; < 7‘; for
some j contains points in where the power series diverge.

(9) The Laurent series is locally normally summable in its domain of convergence and therefore locally
absolutely uniformly summable. We remind the reader that a Laurent series ), ,p arz® is locally
normally summable if for any compact set K C & there exists C > 0 and 6 € (0,1) such that
lagz¥| < CO¥l for z € K and k € ZP.
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(10) The function L(z) is holomorphic (holomorphic in each variable z;, ¢ = 1,..., D) in 2, which is its
domain of holomorphy.

(11) Given a holomorphic function L(z) in A?(r, R) (a polyannullus centered at ¢ € C”), and a polyra-
dius p such that r; < p; < R;, i =1,...,D then

1 L(w)
L(z) = c z—ck, I :7,/ ————dw;...dwp,
AP T @ri)P Jrp (w—eF TP

where T2 (p) is the distinguished border of the polycircle centered at ¢ with polyradius p.

D. PROOFS
D.1. Proof of Proposition [2.3.1]

Proof. Assuming det A # 0 for any block matrix M = (é g) we can write in terms of Schur complements

v=(car 1) (0 aa) o *17)

Thus, as det Gl £ 0 Vk =0,1,..., we can write
i) _ 1 ‘ 0 Gl ‘ 0 1 ‘ (vl T
il [e=1] ‘ Iig 0 ‘ Gl /Gl 0 ‘ Iig ’

4],[6—1]

where
ol = (v vgp - Ve fe-n)

Applying the same factorization to G} we get

I Gl | 0 0
G — | =12 Ipyy O 0 Gl /gl 0
slae—=2] tige—-1 g 0 0 elaniylelld
-1 ‘ (T[Z—l][é—ﬂ)'l' (S[Z}[€—2])T
X 0 Ijp—q (e, e=11)
0 0 Iig

Here the zeroes indicates zero rectangular matrices of different sizes. Finally, the iteration of these factor-
izations leads to

-
gl — | Iy diag(GM /Gl gl /gl Gl gl * Iy o :
Since this would have been valid for any ¢ it would also hold for the direct limit h_II)l G, O

D.2. Proof of Proposition [2.5.7]
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Proof.
Clg(2) =D _(SG)ig fnxfn)(2)
n=0
co /L
=> > S WG X[ (2)
n=0 k=0

00 l

ZZ/ > Sig i (@) d () (xp () (2)
n=0" k=0

-3 | Pt ) (o) (2

o

n=0
1

(z1 —=y1)--(2p —yD)

= / Py (y)du(y)
Q

D.3. Proof of Proposition [2.6.2]
Proof. From (2.6.3]) we deduce that

use the Cholesky factorization (2:3.2))

recall (2.3.7)

because ([2:4.1)

interchange of series and integral

recall (Z1.1]).
O

DI (O Ry (R

i=1 i=1
but
k k
H(':Uaz a; — Ga;) H La; xazHJ_)
i=1 i=1
k k
:[H Ta; — Ga; } (—1)’“[1_[%11
i=1 i=1
+k—1 (_1)]
2T )i

and (2.6.1]) implies the result.
D.4. Proof of Proposition

Proof. Just follow the chain of equalities

k k
[ TT0e = @) € =S TT(Aa, = aa) S~ H(S™) Ty
=1 121
=S H(Aai — qa;)GX
_SGH — Ga;)X

k
=H(S™) T T](Aq, = da)X”
i=1

Finally, (2.6.4) implies the announced result.

use (Z5.0) and 27.1))

use (232

from (2.6.5])

follows from ([2.3.2)).

O
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D.5. Proof of Proposition [3.1.8.

Proof. (1) Is proven as follows

T Wy =(ToS8) (T, W)
=(T,S)(ng - A — qga)Wo
=(ToS)(ng - A — qa)S_lWl
:waWh

TWo =(T,H)(T,5™")
—(T,H)(T,S™ ) (STH ) (STH™)~
:waWQ.

T

1

(2) For the first equation observe that

—woH(ny - J)TH!
=wg(ny - J).

and for the second one
My(TyM,) = S(Tp8) " H(TS) (ng - A)(Tp8) ™ = (ng - J) M.

(3) For the first equation from BII9) we get Ty(ToW) = (Tywa)(TyW) = [(Tywa)ws] W and interchang-
ing a <> b we get [(T awp)wa — (T bwa)wb] SWo = 0. For the second equation, from the definitions, it
is easy to see that

My (T, My) = S(T,Tp,S) ™" = My(TpM,).

D.6. Proof of Proposition 3.2.3l

Proof. From (2.6.3]) we get

D
(na A — Qa)TX* :(Z na,bbub - Qa) X*
b=1
D
=(q T — qa)X" — (Z na,bbulJ;_>X*
b=1
D
=N - — qa) X" — (; nap lim xbx*>

—

=(Ng - — o)X —Ma- X"
where

x* = (lim z1x% ..., lim xzpx®).
xr1—00 Tp—0o0
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Consequently

M(T,C) = H((T,8)(n, - A — )5 (@) (@1 ((1.8) ) ¥ from (Z51) and (L)
= H(S_l)T(na A — qa)Tx*
:(na'w—qa)C—na-a,
that together with
w,C =T,C
imply the result. ([l
D.7. Proof of Theorem
Proof. Previously to the proof we need
Lemma D.7.1. The following relation is satisfied by the second kind functions

(D.7.1) M(TC) = “2[(:5 — )] C+ (-1)PC,. ,D+Z ,j, > (] H (%00 — tou) | Con,..05).

a=1 ceSp a=j+1

Proof. 1Is a consequence of

M(TC) =(H)(S™ [fle a0 (@8)T @) TE(TS) ) ) from (E28)
7 e ]
=<Hs—1>T([a:<xa — )]’ from (ZT)
S (T ol i ([TT)
n

Now, in Lemma [D.7.1] we put & = q into (D.7.1]), observe that a[k},l,...,D = Ok,0H[o), and multiply by the
inverse of the lower unitriangular matrix M to get

(D.7.2) (C)wylg) =(=)P (T~ "M
According to (32.7) with o = 1 we have
T'M~t = (Ty'Mp)~

-1
)[k],[O}T Hig-

LTyt T M) TN T M)

and given the particular structure of M, a € {1,..., D}, we have the following simple expression
T 0 0 0
~ply) Iy 0 0
(@) = | el ~4l3 Iy 0
N T B
for a € {1,...,D}. This allows for explicit computation of the elements of the inverse matrix M~! and in

particular leads to products over multisets, see AppendiXIEL

(T7'M1) k] [0 = Zp

l<a1< <ak<D
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so that (D7.2) reads
C[k](q) = (—1)k+D Z pEZ]k) - pﬁ‘]l)T—lH[O}

1<a;1<--<ap<D

and recalling (3:2.9]) we get the desired result. O

D.8. Proof of Theorem [3.3.71

Proof. To obtain the result we consider the expressions of Pl (x)T (H [4)_1Mg] (T, P (y) when letting the
operator between square brackets act to the right or to the left. Acting on its right gives the Christoffel-
Darboux kernel

Pl )T (1) M (T, PO () =P ()T (1)1 81T, 81971 (1, P (y), consequence of (EIZ3)
=PU(a) T ()7 Pl (y) see (2.4.1)
=K (x,y), see Definition 2811

If we act on the left, recalling (B.1.4]) we get
-
PA@)T (H) " ML, P (y) =PP() T () HO((T08)(na - A = 0)5 ™)) (Tt (T,P1) (y)
T
~((Te8)(na - A = 4)$™) ! PA(@)) (1,111, P (y)

Ml e >

Now, with the help of the block decomposition of any block semi-infinite matrix M = < A0 o

write
(T28) (0 - A — q2)S ) PU (@) = (T08) (0 - A — q0) S~ P())) = (10S) (0 - A — ga)S™) PP (g5)

In the one hand, if we take into account (Z.4.1]) and ([2.6.2]) the first term in the LHS reads

((TaS)(na A — qa)S_lP(a:)) e (g - — qa)Tap[k} (z)

and in the other hand, given the lower unitriangular form of 7,5 and S and that n, - A is zero but for the
first superdiagonal

Ofo},¢ Ofo),[e+1)

. Op1), g O], fe+1)
(TuS)(na - A — gq)S™H) " = : :

Ore—21,191 Oe—2),je+1]

(m- A1y Op—1),je+1)

and therefore
((TaS)(na A — qa)S—l)[f],[zf]p[ze](w) —

Hence,

(@) A~ a5 PI@) " = (my- 2~ 0) (TP (@)

— (Ogo}, O - - -, Ope—ag, Prg () T (Mg - A)jo—11) )
so that
Pm(m)T(Hm)_lMg} (TaP[ﬂ)(y) = (ng-x — q.)T, (P[é} (m)T(H[é})—lp[é] (y))
T _
— Py ()" (g - A-1) (TaHyp—1) " (TaPy—1)(y).
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Consequently, equating both results we conclude
-
(D81)  KY@,y) = (na- @ — ) TaK (2, y) — (TuHy—1) "' (0 - A) =1y, Pg(®))  (TaPe—1) ().
Now we recall (8.2.2]) in the following form
(TaHpp—1)) " (- A)p—1y, Py = (P - @ — qa)(TaHpp—1)) " (TuP) 1) — Hy,
and introduce it into (D8] to get
_ T
K@, y) =(ny - & — ¢) LK (@,9) — ((na - — a)(T, H[Z—l]) HTuPyy(@) — Hy! g Pyyy(®) (TaBe-n)(y)
=(nq - @ — q)TLK "D (@, y) + Py _yy(x) ) H Ly (ToPe1)(y)-

[e— 1]P[f 1]

O
D.9. Proof of Proposition
Proof. Observe that Proposition implies
Sk 2(2 ), k+1
_ 1)k «(2)k+1 k]
Wik, (k) = ~ Wikl k2] (Zjer) St < e Bhan
( [k+2] [k+2] > E[k—l—l] E[k—l—l O[k—i—l
(1),k (2 ) k41
DM E 0
_ 1),k (2),k+1 k] [k k+1]
Wik po+1] = ~ Wikl k2] (Pye e < B o6 k+1>
( [k+2] [k+2] > E[k—l—l] E[k+1 Tpsq
Now, from Proposition [3.5.3] we get
W) | o) @ (50 sk Zg(;f * Efzi’kﬂ Ik
(TT Hy ) H, :_((” A)(n 'A))kk2 Yikte Yeie < 1),k (2 k+1> ( >a
(k] (k],[k+2] [k+2] [k+2] E[k‘l'l] E[k+1} O[k-i-l},[k]
and
(TIT® ) (0D M) - A)) iy = (0 Mg ) + (00 - ) (0P A)) (ﬁ[k+2]
(1)k  (2)k+1\ 1
S ) (G ) ()
+ + ; :
ity Dt I
From here the stated result follows easily by recalling the expressions of the quasi-determinant. O

D.10. Proof of Theorem
Proof. From (3.5.9) we have

[[n® -z —q¢ (H <z>P> x) = Wik), (k+m) Pigm) () + @i fotm—1)Prm—1) () + - + wpig, o) P ()

i=1
1),k (m)k+m—1\ ~1
W S R 1 Py ()
_w[k],[k-l—m](P[k-i-m}(ZU)— (E[k—lim} E[k+;n] ) : : : )
1),k (m),k+m—1
Sktmo1] o Slkrmo1] Ppm—1)(@)

from where the result follows. For the second kind functions we proceed similarly

(H <z>C> x) = W), (k+m] Clom) (T) + Wik, k-+m—1) Clhtm—1)(®) + -+ + Wiy, (1 C ()

(1),k (m),k+m—1\ ~1
o - X X Cipy ()
m),k+m—1 . . .
wa,[k+m}<0[k+m}(> <2[k+m] s Bl ) o b : )
Slrmet]  Sjeme Cligm—1)(x)
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D.11. Proof of Theorem [3.5.3l
Proof. Let us consider a similar matrix to that discussed in Definition 3:2.2] M = S(7'S)~! which factors out
as M = MW (TWA@)y... (7M. 7m=137(M)) From the symmetry of the moment matrix, G ], (n(i) :
A — q(i))T = TG, we conclude that M = Hw'(TH)™'. Notice that MTP = P and wP = QT P. Now,
we proceed as in the proof of Theorem B.3.1] and evaluate Pl (z)T (H [£+m])_1M el pletml (y); a
sandwich constructed in terms of (¢ + m)-th block truncations of semi-infinite matrices. We do it in two
ways; first by acting on the right and, as S is a block lower unitriangular matrix and therefore M+m =
Sletm (TS[“m})_l, we get
P[Z-i—m] (m)T (H[Z-i-m]) —1M[Z+m} TP[Z-i—m] (,y) :P[Z-i-m] (m)T (H[Z-i-m]) —1P[Z+m] (y)
=K (2, y).
To act on the left we first evaluate the truncation M+m = flt+m] (w[“m])T(TH [“'m})_l in terms of the
corresponding truncated resolvent. Then,
P[Z-i—m] (w)'l' (H[Z-i-m])—lM[Z-i-m]TP[Z-i-m] (,y) :(w[€+m}P[€+m} (:IZ)) T (TH[Z-Fm})—lP[Z—i-m} (y)

As we know the resolvent w is a block upper triangular semi-infinite matrix with all its superdiagonals equal
to zero but for the first m. Thus, the (¢ + m)-th truncation gives a matrix of the following form

[1],[e+m]
m w
W[Z—i— }:< 0 [¢,m] >
w b

where w4 ig o truncation built up with the first £ block rows and the first ¢ + m block columns of the
resolvent w, that for ¢ big enough looks like

Wol,o] Wl oo Woltm) Oty Otz o Ogie-y oo Ofo) a1
lOlerm] 0[11'7[01 WL @nlm o @plm Opjme) & 0[11@—11 o O ey

O—100 Ope—ui -+ Ope—1pfml Ope—1fmrr] Ope—1fmrz) - Wpe—tlfe-1] -+ @fe—1),fme—1]
Then,

Wl +m] plt+m] (:IZ)
l],[+m
w[é-i—m]P[Z-i-m] _ < wlhlerm] ) P[Z-i—m}(w) _ Pm(m)

0 [ wloml = | wlem

Pé+7;z(m)

t+ml contains the complete non trivial part of

Is important to notice that each row of the truncation w(‘:l
the corresponding row of the resolvent; i.e.
wlfhlem] pletml () — (P (2)),
=Q(x)TPY(x).

Therefore

Ph@) \' [ (THO-TPA )

-1
ple+m] (m)T(H[H—m}) Lylermlp pl Z+m o P[Z () (T'Hpy) ‘TP[Q (y)
Pz+m( ) (THipgm) ' T Prim(y)
=Q(x )H(TH) TP (y)
T
( ) Py ()
+ . (w[é,m})"l' .
Ppym(x) Prim(z)



66

D.12. Proof of Proposition 4.1.4l

Proof. We first notice that
oS (fw(l) 55(2)
Ota  Ola | O
St =1- M A 4 (5(1))2 4.

second subdiagonal

so that we can split the right ¢, derivative of S into subdiagonals as follows

855 . <(95(1) N o5®@ +) (]I—ﬁ(l) - 8@ 4 (5(1))2)

ot, Otq Ot,
:ag(l) 953 B opMm ) 98G) B 053 a 8ﬁ(1)5 2) s (ﬁ(l )
Otq - ot, Otq o ot, Otq ot, ot, .
second subdiagonal third subdiagonal

Now, recalling that the basic Jacobi operators have only a non vanishing subdiagonal from ([£.I.7) we get

OBk

i =J1k), k-1

9@ 9pW

ot, Ot ’

98B) _8ﬁ(2) ) opMm @ opMm (1)\2
oty Otg o, g = Itq (5)"

D.13. Proof of Proposition [4.2.71

Proof. We first consider the expressions for the Baker functions ¥y, U5 and the adjoint Baker function W3:

Uy(z,t,m) =S(t,m)e'?) [ﬁ (g - ) — qa)m“]x(Z)
a=1
[f[ (na-x) — qa) “}P(zat,m%

a 1

S(t,m)x(z) = H(t,m)"' P(z,t,m),
(S(t,m)"!) x*(2) = C(z,t,m).

For the remaining Baker function W] we proceed as follows

t,m)”!
‘If2( ) =H(t,m)
Uiz, t,m) =[(W(t, m)) X = Walz,t,m) ™) TG Tx (2)
=H(t,m)"'S(t,m)Gx"(2),
and recall the proof of Proposition 2.5.1] in where we replace S — S(¢,m) but keeping G (not replacing it
by G(t,m)) to get

1
—y1)---(2p —yp)’

Wiz tom) = H(t.m)™ [ Ply.tm)dnty)

and we get the desired result. O
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D.14. Proof of Proposition [4.5.1.
Proof. From ([A13]) we get

SOWo(t)G = H(t)(S(6) ™),
that, by differentiation, leads to

oS _ OH oS 1
gs 4+ SALS! —WH <8taS ) HL.
Then, we have
OH,
(o)1), = B (Aa) =111 — (M) i, (ot 1)Bpiet1] = o, : ]H[k]l
O(Bw+1) "

(Ja) k), k1) = (M) k) e+ = —H,| WTH[/_HH

D.15. Proof of Theorem [5.2.71
Proof. We obviously have

0 0
|:8—TLb—Tb,a—m—Ta:|(Wl) —O, a,bG{l,...,D}.
Recalling the proof of Proposition we can write
0o 90 _ (0AB(ng - A)  OA, B(ny - A)
ony, Ty, on, Ta] (W) = ( ony, on, >(Wl)
8W1 8W1
(ot (A A) T = (= (a8 s ) G

= (=0 + Tp(AaB) (e - A))(ToW1) + (—qp + Ta(ApB) (1 - A))(TaWh).

To evaluate this expression we recall Proposition [B.2.T] that splits it by diagonals, in fact we are dealing with
a Hessenberg matrix with the first non vanishing diagonal the first superdiagonal where we find

(AuB) (g - A)(np - A) — (ApB)(np - A) (e - A) = (THALB) (g - A) (- A) — (TuApB)((ny - A) (1 - A)
(AdApB)(1g - A)(ny - A) = (ApAuB)((np - A)(ng - A)

which happens to be an identity. Next we look at the main diagonal where we have

98 <Aaﬁ>(qa+<na-A>5)} A=A, [85 (808) (a5 + (m6 - A)B) | ma - A

A
b on, on

D.16. Proof of Theorem [5.3.7l
Proof. If we denote

(D.16.1) Loy = 0,0 + Ugp, a,be{1,...,D},

(532) reads 0gp(W;) = Lap(W;). The compatibility conditions for this linear system are
(a(a,b)(Lc,d) — Ote,a)(Lap) + [Le,d; La,b]) (W;) =0, i=1,2,

and consequently

(D.16.2) Ropca(Wi) =0, a,b,e,d € {1,...,D},

where

Ra,b,c,d = (8bUc,d)aa + (aaUc,d)ab - (8dUa,b)ac - (acUa,b)ad - a(a,b) (Uc,d) + a(c,d)([]a,b)
+ [Uc,da Ua,b] - 8cad[]a,b + 8aabUc,d'
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Notice that we have that W; satisfies an equation of the form

Recalling (5.2.1]), we find that

D D D
(X Bo W) = Y B, +D BN+ AW,
J=1 j=1 j=1
ﬁrstI superdiag:)nal : diagonal !
and, decoupling by diagonals, we get
D D
> BjA; =0, > BjBA;+ A=0.

j=1
From (D.16.2)) we find, in the first place, that
(OUc,a)Aa + (0aUc,a) Ay — (0qUqap)Ae — (0cUqp)Ag = 0,
which is identically satisfied because of (5.3.I]). In the second place, we get the following nonlinear equation
(O6Uc,a)BAa + (0aUc,a) BAy — (0aUap) BAc — (OcUap) BAd + O(a,p)Uc,d — O(c,a)Uap
+ [Ue,d, Uap] — 0:04Uqp + 0,0yUc g = 0,
and recalling (5.3.1]) we get the desired result. O

D.17. Proof of Proposition
Proof. Observe that for n = Re, we have (6.2.1]) that
M = (n- A)M™? = npAang' M™2,
from where we deduce that
MM =nrAang' M~ (ng") " Adnf
=nrAal%) MR BN 0 because (6.1.3)
=nrA M A g from (G.1.T)
We now introduce the matrix built up of multinomial coefficients involving e,
Mj4q), = diag <<£§;}i%)> s <£§%})>> c RIFIXIF]

where [k+1], := {oc;fjl) }Eﬂl C [k+1] is the set containing only the multi-indices such that e, - ocgfjl) # 0,
assuming the reverse lexicographical order; notice that |[k + 1], = |[k]|. Then, we can write

(8 i, -+ 1My (Rad g ) T = Mgy,
which is clearly invertible and, consequently
Mgy trea ) (M k1) T = 1R, M1y, 8,1

is invertible.
Thus, following Appendix[B.1] we get the the Moore—Penrose pseudo-inverse of the matrix (n-A)[k_lHk]M[_k}l /2
is
~1/2 ~1/2 _ -1
(- A) ey, My Pyt = M[k]/ (n- A)pge—,i) " (- A Mg (- A1) "))

which is the right inverse of the matrix, and therefore we get the result. O
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D.18. Proof of Proposition [6.3.7]

Proof. From Definition 2.3.1] we have
G=[ x(@)du(@)x(@)
RD

:/]RDX (Rzx) d pu(Rx)x(Rx) "

= [ mx@)dute)(@) i
=nrGng.-
From this formula and the Cholesky factorization we get

SH(S™)" =nrSH(S™) g,
.

=nrSnp mrRHng(R) (S Tng
-1
Z(URSU}El)(nRHnE)((URSnﬁl)T) ,

and given the uniqueness of the Cholesky factorization and that np is block diagonal we get the stated result
for S and H. The equation for S follows from the equation for S. O

D.19. Proof Proposition [5.4.11

Proof. For convenience we write here the next couple of equations

O W1 :(aaS + SAQ)W(),
(Oa,b,c) — 0aOp0c) (W) = (({9&71,705 — 0q40p0:5 — 030y SA: — Op0:.S ANy — 0.0,5 Ay
— 0uSAp A — OpSACA, — OCSAaAb) Wo,

Taking into account the form of S = I+ M) + 53 4 ... being B*) the k-th subdiagonal of S, we can write

(D.19.1) W1 =(Ag + BY AW + W,
first superdiagonal
(D.19.2) (Oab.cy — 0a0p0)(W1) = — (9aB Y AA: + 0BV AN, + 0BY AN
+ 08P MM + 08P A, + 0.8 Aoy

diagonal

+ 80 BY A + 008V Ay + 90,6V A ) W

diagonal

+ (W,

We can use (D.19.1) to move to the RHS of (D.19.2]) the contribution on the first superdiagonal so that

(D(abre) — 0a0p0c + 0aBY NpOe + 0pB YV AcD, + 0:8Y Aydy) (W)

diagonal
= —(0aBP NpAc + 0pBYD AcAq + 08D ANy + 0,058 Ac + 8,0:8 g + 0.0,8 Ay
—0,8Y A BYA, — 0BV ALY A, — 9.8V A B Ay ) W + (W,

diagonal
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Which using Proposition BI4] can be written as']
(Oabnc) = OaObDe + 0aBV M40 + 0pBY Ny + 08N Nay) (W)

diagonal
= —(00pBY A + 3LV N, + 00,8V Ay,
+(025)BY Ay Ao + (9,8) 8 Acha + (9e8) 8 Aay

diagonal
—0,5 N SN — 8V AN — 0,80 N5 Ny )W + W,

diagonal

which after simplifying and writing s =p
(Oab.c) — OaObOe + 0uBNOc + Op BNy + OcBAaDy) (W)
= —(0u0s BN + 050cBAa + 00aBNb + (9aB)[B, Ap) A + (08)[B, AclAa + (9eB)[B, Aa] Ao) Wo + (W
Hence, from (5.3.1))
Rl = (8(a,b,c) — 8[181)80 + Va,bac + V;),caa + ‘/C,tlab
-+ ac(Va,b) + aa(%7c) + 8b(‘/c,a) + Va,b,c + V;),c,a + ‘/Yc,b,a)(Wl) € Wy,
and trivially we know that
Ry := (8(a,b,c) — 0,050; + Va,bac + %,Caa + chaab
+0e(Vap) + 0a(Voe) + 05(Vew) + Vabe + Voea + Vo) (W2) € 1,

where R1G = R,. Consequently, from the asymptotic module Proposition [5.1.1] we deduce that Ry = Ry = 0.
Therefore,

G\IJ, - 83\I’Z v % - % B %
8t(a,b,c) B Ot,0ty0t . a.b Ote bc Oty c,a o,

- <60(Va,b) + aa(%,c) + 8b(Vc,a) + Va,b,c + Vb,c,a + Vc,b,a) \I’i-

O
D.20. Proof of Proposition
Proof. To prove ([6.3.2]) for the MOVPR observe that
P(Rx) =Snrx(z)
=nrSx(x)
=nrP(x)
which together with (6.1.2]) leads to the result. To check ([6.33]) just follow the next equalities
nr(n - J)ng' =nrS(n- A)S~ g
=Snr(n - A)nng_l
=S(Rn-A)S™!
=Rn-J.
Equations (6.3.4)) are a direct consequence of ([2.81]) and (6.3.1]). O

17This could be avoided, depending on whether or not we desired to use ,3(2) in the expressions for Vg 4, ..
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