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Abstract

Given a finite-range, translation-invariant commuting system Hamiltonians on a spin
chain, we show that the Davies semigroup describing the reduced dynamics resulting from the
joint Hamiltonian evolution of a spin chain weakly coupled to a large heat bath thermalizes
rapidly at any temperature. More precisely, we prove that the relative entropy between any
evolved state and the equilibrium Gibbs state contracts exponentially fast with an exponent
that scales logarithmically with the length of the chain. Our theorem extends a seminal re-
sult of Holley and Stroock [40] to the quantum setting, up to a logarithmic overhead, as well
as provides an exponential improvement over the non-closure of the gap proved by Brandao
and Kastoryano [43]. This has wide-ranging applications to the study of many-body in and
out-of-equilibrium quantum systems. Our proof relies upon a recently derived strong decay
of correlations for Gibbs states of one dimensional, translation-invariant local Hamiltonians,
and tools from the theory of operator spaces.
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1 Introduction

The mitigation of errors arising from noise represents a key challenge in the development of large-
scale quantum architectures [57]. Unfortunately, noise adversely affects all stages of quantum
computation, from the storage of quantum information in quantum memories to its manipulation
by means of quantum gates and quantum channels. In the future, error correcting codes will be
used to suppress noise and achieve fully fault-tolerant computation. However, full fault-tolerance
requires an unattainable overhead for current and near-term hardware. This observation leads
to the need for a better understanding and characterization of the underlying noise dynamics in
current quantum devices, both in order to inform hardware design, and for the preparation of
noise-dependent optimized error correction and mitigation protocols.

Davies generators |29, 30, BI] model the thermal dynamics that emerge for a system weakly
interacting with a large thermal reservoir. They are the natural candidates for the description of
the thermal noise occurring on self-correcting quantum memories [3| 2], [46]. The weak coupling
between the system and its environment allows to consider only the reduced dynamics on the
system alone, which can be modeled by a quantum Markov semigroup, that is a semigroup of
quantum channels. Given a spin chain A = [1,n] made of n qudits, of corresponding quantum
system Hilbert space Ha 1= Qpcp Hir Hi = C?, the closed evolution of the system in absence
of environmental noise is described by a local Hamiltonian Hj acting on Ha and of the form:

Hy = E::hA,

ACA

where for each subregion A C A, the local self-adjoint operator h 4 acts non-trivially on A. In this
article, we further impose that the Hamiltonian H is commuting, which means that for any two
regions A, A" C A, [ha,ha] = haha —hahy = 0; and translation-invariant, i.e. for any A CC Z
and k € Z, hayr = ha, were A+k = {x+k|xz € A}. We also assume that Hp has finite-range r
and bounded interaction strength J := maxcx [|hallco independently of the system size n. The
former means that for any subregion A such that diam(A) := max{k|k € A} —min{k|k € A} > r,
h4 = 0. Under some standard conditions on the generator Ef* acting on the algebra B(H,)
of linear operators on Hp (see e.g. [62]), the Davies semigroup (e'C/E\)*)tZO admits the following
asymptotic behavior: for all initial states p € D(H,),

—BH\
LD, A A€
etnx(p) 20 where ot = P (1)
denotes the Gibbs state of the Hamiltonian H at the inverse temperature 8 > 0 of the reservoir.
A natural question emerging from the above discussion is that of the speed at which the
thermalization occurs. In order to study the latter, we introduce the mizing time of the
semigroup: for any € > 0,

tmix(€) := inf {t > 0| Vp € D(Hy), [[e“Ke(p) — ot |1 < €}, (2)

where ||p — o1 := tr|p - 0’ denotes the trace distance between the states p and o. In [43], the
authors proved that the spectral gap of Ejl\)* is uniformly lower bounded by a constant Ag > 0
independent of the system size n. This can be proven to imply the following bound on the mixing
time [44]:

Fnte(€) = )\10(’)<ln (%) +n). (3)



However, by analogy with the classical setting of Glauber dynamics, one would expect a loga-
rithmic scaling with system size [40] [63]. In our main result, we answer this conjecture in the
positive. In fact, we prove the following stronger result:

Theorem 1.1 (Informal formulation). For any reservoir inverse temperature 3 > 0 and all states
p € D(Ha):

D(e'R (p)[|o™) < et D(p||o™) (4)

where a,, = Q(In(n)~ 1Y), and where D(p||o™) = tr(pln p) —tr(pln o) denotes the relative entropy
between a state p and o®. Moreover, the constant o, scales exponentially with [5.

Note that this theorem is indeed stronger than a logarithmic scaling of the mixing time of
Equation as a consequence of Pinsker’s inequality and Equation . The inequality is
referred to as a modified logarithmic Sobolev inequality (MLSI) [44] and the constant «, satisfying
this bound is called the MLSI constant. The problem of determining whether a quantum Markov
semigroup satisfies a MLSI has been addressed in various settings in the last years. Some examples
appear in [50} [49], where it was shown that the MLSI constant of the depolarizing channel can be
lower bounded by 1/2. This was subsequently extended to the generalized depolarizing channel
in |12, 20]. [9] constitutes the first attempt to prove the inequality in the setting of spin systems,
where the heat-bath generator in 1D was shown to satisfy a MLSI under two conditions of decay
of correlations on the Gibbs state. More recently, [2I] proved the modified logarithmic Sobolev
inequality for a family of Gibbs samplers of nearest neighbor commuting Hamiltonians above a
certain threshold temperature. However, the drawback of [21] stems from the lack of physicality
of the generator considered.

Although the proof of Theorem [I.1] relies on a notion of clustering of correlations similar in
spirit to that used in [21], it also requires advanced techniques from the operator space structure
of amalgamated L,, spaces [42]. To our knowledge, this is the first time that such techniques are
being used to solve a problem from many-body quantum systems. It is also worth noticing that
our result holds for any inverse temperature 5.

1.1 Applications

As mentioned above, Equation implies the following corollary, as a consequence of Pinsker’s
inequality:

Corollary 1.2. For any 8 > 0, the semigroup (etﬁf)
property:

t>0 satisfies the following rapid mixing

tomie(€) < io(ln (1) +In(n)) .
Qn €

Combining Corollary with the main result in [26], we can conclude that local observ-
ables and correlation functions are stable against local perturbations in the generator of Davies
semigroups corresponding to a one dimensional, short-range, translation-invariant commuting
Hamiltonian at any inverse temperature. Moreover, entropic decays of the form of that of Theo-
rem are known to imply a strengthening of Pinsker’s inequality [58] 52],[32], given the following



quantum generalization of the Lipschitz constant corresponding to the Hamming distance: for
any H = H* € B(H,),

|H|L = Zm?}]c min {||H — HO||oo| HD = (H¥)* does not act on i-th qudit} ,
en

we define the corresponding quantum Wasserstein distance between two quantum states p,o €

D(Hy) as
Wi(p, o) = max {te[(p — o) H]| H = H", |H|l1, < 1} (5)

Next, a state o € D(H ) satisfies a transportation-cost inequality with constant C' > 0 if for any
p € D(Ha),

Wilp, o) < /C D(pllo). (6)

It was shown in [32 Section 5| that fixed points of local quantum Markov semigroups satisfy a
transportation-cost inequality with constant C' proportional to n/«, where « is the MLSI constant
of the semigroup. Combining this with Equation (4]), we get

Proposition 1.3. Gibbs states of finite-range, commuting, one dimensional Hamiltonians of
bounded interaction strength at the inverse temperature > 0 satisfy a transportation-cost in-
equality with constant C' = O(n polylog(n)).

Transportation-cost inequalities in the form of @ were recently used to produce sample effi-
cient Gibbs state learning algorithms in [59]. They also imply Gaussian concentration inequalities
for the statistics of quasi-local observables in the state o and can be used to prove an exponential
improvement over the weak Eigenstate Thermalization Hypothesis [52].

Finally, we remark that Theorem has implications in the context of Symmetry Protected
Topological (SPT) phases [24], i.e. in systems protected against perturbations that keep the
symmetry of the system. There has been a recent increase on the interest of SPT in open
quantum systems [25], 47, 48], partially motivated by their connection with Majorana modes and
their potential use in quantum information theory. In the weak coupling limit between the system
and the reservoir, it is shown in [48] that, for unitary symmetries, the decoherence time scales
exponentially with the inverse temperature 3, even in the case in which all interactions involved
in the problem preserve the symmetry that gives the topological protection to the (closed) system.
Therefore, the decoherence time increases exponentially with the decrease of the temperature.
However, there is in principle no analysis on the dependence of the decoherence time on the
system size.

The particular case of the 1D cluster state [I7] has a commuting Hamiltonian and it is a
non-trivial SPT phase under a Zs x Zg symmetry [61]. Thus, as a consequence of Theorem for
this state we obtain an example of a non-trivial SPT phase with decoherence time scaling only
logarithmically on the size of the system in the presence of thermal noise, under the assumption
that all relevant interactions preserve the symmetry. A previous result in this direction was
already presented in [25] for on-site depolarizing noise, for which a similar behavior was shown.
For further information on this, see our companion paper [§].



1.2 Outline

In Section [2] we introduce some notations and preliminary notions which are necessary for the
rest of the paper. The main result is presented in Section [3, where we also include a complete
scheme of its proof, leaving the specifics of the most technical parts to Sections [4] and [5] for sake
of clarity.

2 Preliminary facts and definitions

2.1 Basic notations

Let H be a finite dimensional Hilbert space and B(H) (resp. Ti(H)) be the bounded operators
(resp. trace class operators) on H. We denote tr for the standard matrix trace, (-,-)gs for the
trace inner product and ||.||2 for the Hilbert-Schmidt norm. The corresponding Hilbert-Schmidt
space is denoted by T2(H). Operators will be sometimes denoted by capital letters, and sometimes
by lowercase letters, e.g. in order to emphasize their belonging to a subalgebra. We write A' for
the adjoint of an operator A € B(H), and ®* (or ®,) for the adjoint (or preadjoint) of a map
O : B(H) — B(H). The identity operator on H is denoted as 14 and the identity map on a von
Neumann subalgebra M C B(H) is idpq. We also denote the dimension of H by dy = dim(H).
Given two maps ®, ¥ : M — M on a von Neumann subalgebra M C B(H), we say that & <., ¥
if ¥ — ® is completely positive.

We say that an operator p is a state (or density operator) if p > 0 and tr(p) = 1. We denote
by D(H) the set of states on H. Given a system A, we write p4 to emphasize that p4 € D(Ha),
though we will drop this subindex whenever it is clear from the context. With a slight abuse
of notation, we write ¥(p) := (¥ ® id)(p) for a bipartite state p € D(H ® C") and a quantum
channel ¥ : M, — M.,. For two states p and o, their relative entropy is defined as

tr(plnp — plno), if supp(p) C supp(o)
D(pllo) = .
400, otherwise,

where supp(p) (resp. supp(c)) is the support projection of p (resp. o). Let N C M C B(H)
be two von Neumann subalgebras. Recall that a conditional expectation onto N is a completely
positive unital map Ex : M — N satisfying

i) forall X e N, Ex(X) =X
ii) for all a,b € N, X € B(H), En(aXb) = aEx(X)b.
We denote by Eas, its adjoint map with respect to the trace inner product, i.e.
tr(Ex+(X)Y) = tr(XEn(Y)).

A quantum Markov semigroup (QMS) (P;):>0 is a semigroup of completely positive, unital maps
over the bounded operators B(H) of a finite dimensional Hilbert space H. By the semigroup
property, the QMS is generated by a map £ : B(H) — B(#) that is referred to as a Lindbladian.
The QMS is said to be GNS-symmetric with respect to a state o € D(H) if for any two X,Y €
B(H),

trfo L(X)Y] = tr[c XL(Y)]. (7)



Whenever the state o is full-rank, there exists a conditional expectation E onto the kernel of £
such that for any X € B(H) [34]

£ (X) — E[X]. (8)

t—o00

2.2 Hamiltonians and Davies local generators

In this paper, we consider a spin chain A := [1,n] made of n sites, where at each site k € A lies a
qudit system Hy, = C%, and denote by Hy := @ ica Hi the Hilbert space of the whole system. At
thermal equilibrium, the system is in a Gibbs state o := e=#Ha / tre " AHA at inverse temperature
B > 0, for some fixed Hamiltonian Hy. Here, we further assume Hy to be finite-range and denote
by r its interaction range. This means that there exist self-adjoint operators h4 supported on
regions A C A such that Hy = ) 4 -y ha®1 4c and hy = 0 whenever diam(A) > r, where diam(A)
denotes the diameter of A. The interaction strength of Hy is defined as J := maxaca [|[hallco. In
this paper, we assume that neither r, nor J depend on the system size A.

The thermalization of the system due to its interaction with a heat-bath modeled by the
Hamiltonian "B can be described as follows: assume a set of chain-bath interaction operators
{Sak ® Ba i}, where a labels operators S, and B, associated to the site k € A. For sake
of simplicity, we assume that the operators S, form an orthonormal basis of self-adjoint oper-
ators in ‘Ha with respect to the Hilbert-Schmidt inner product (e.g. qubit Pauli matrices). The
Hamiltonian of the universe composed of the spin chain and its heat-bath is thus given by

H=Hy+H"™+ > S04 ®Bay- 9)
a,keN

Assuming that the bath is in a Gibbs state, by a standard argument (e.g. weak coupling limit,
see [62]), the evolution on the system can be approximated by a quantum Markov semigroup
whose generator is of the form

LR.(p) = —ilHa,pl + 3 LR(p). (10)
keA

for some local generators £ in GKLS form
P =D (Sewesil - {p, solsee}) (11)
w,

The sum in (11)) ranges over the index « of the local basis {S, 1} as well as the Bohr frequencies
w of the Hamiltonian Hy. Similarly, we denote the generator EA]? , by restricting the sum in
to the subregion A in the interior of A. Note that ££, acts non-trivially on A9 = {k €
A : dist(k, A) < r}. Above, the Fourier coefficients of the two-point correlation functions of the

environment Xﬂ ’

chain, 0 < Xgun <Xo kg S Xﬁlax, satisfy the KMS condition x,~ = e —Buw Xo k- The operators

Se  are the Fourier coefﬁ(ﬂents of the system couplings Sq , Wthh means that they satisfy the
followmg defining equation for any ¢ € R:

§e which we assume to be uniformly upper and lower bounded along the spin
ﬁ? 67 B?

e*ltHA Sa,keltHA _ § :eztwsik. (12)
w



2.3 Modified logarithmic Sobolev inequality

In this section, we consider the generator £ of a quantum Markov semigroup (P;)s>0 over the
finite dimensional algebra B(H), which we assume GNS-symmetric with respect to a full-rank
invariant state o, and we denote by F : B(H) — Ker(£) the conditional expectation onto the
kernel of £ such that P, — E as t — oo. The entropy production of L is defined for any other
state p € D(H) by

dD(e"* (p)|| Ex(p))

EP(p) = - d

t=0

The entropy production is always non-negative, by the monotonicity of the relative entropy under
quantum channels. Moreover, it satisfies the following useful property:

Lemma 2.1. For any other full-rank invariant state w:

EP.(p) = —tr[L.(p)(In(p) — In(w))] .

Proof. This simply follows from the fact that the difference of the logarithms of the two invariant
states In(w) — In(E4[p]) belongs to the fixed point algebra F (L) (see for instance the structure of
invariant states in Equation (2.10) of [11]). Therefore

tr[L.(p) (In(E[p]) — Inw)] = tr[pL(In(E[p]) — Inw)] =0.
O

Definition 2.2 ([44], 22| [7, B5]). The quantum Markov semigroup (Pi)i>o is said to satisfy a
(non-primitive) modified logarithmic Sobolev inequality (MLSI) if there exists a constant o > 0
such that, for all p € D(H):

4o D(p||Ex(p)) < EP£(p) . (MLSI)

The best constant satisfying is called the modified logarithmic Sobolev constant and
denoted by o(L). Moreover, the semigroup satisfies a complete modified logarithmic Sobolev
inequality (CMLSI) if, for any reference system Hp, the semigroup (e'* ®idg)i>o satisfies a
modified logarithmic Sobolev inequality with a constant o independent of R. In this case, the best

constant satisfying CMLSI s called the complete modified logarithmic Sobolev constant and is
denoted by a.(L).

The reason for the introduction of the complete modified logarithmic Sobolev constant is due
to its tensorization property:

Lemma 2.3 ([16]). Let £ and K be two generators of KMS-symmetric quantum Markov semi-
groups, and denote by Er, resp. by Ex, their corresponding conditional expectations. Moreover,
assume that [L,K] = 0. Then

ac(L+K) > min{a.(L), ac(K)} .

The following result was recently proved in [38] (see also [37] in the tracial setting):



Theorem 2.4 ([38]). For any GNS-symmetric QMS (e'*);>¢ over the algebra B(H) of linear
operators on a finite dimensional Hilbert space H, ae(L) > 0.

By Gronwall’s inequality, the (complete) modified logarithmic Sobolev inequality is directly
related to the exponential convergence of the evolution towards its equilibrium, as measured in
relative entropy:

D(e'(p)|| Ex(p)) < ¢~ D(p|| E.(p)).

In this paper, we consider the MLSI constants a(ﬁﬁ,nﬂ) of the family {'C[ﬁ,n]] }nen of Davies
Lindbladians defined in Section

2.4 Operator space theory

In this section, we briefly recall some basic definitions from operator space theory, and refer the
interested reader to the standard books [33] [56] for further details. Given a complex vector space
V and an integer n, we denote by M, (V') the space of V-valued n x n matrices. We also denote
by M, ,, the space of m x n complex valued matrices, and write M, ,, = M,,. An (abstract)
operator space V is a complex vector space equipped with a sequence of norms on the spaces
M, (V'), which satisfy Ruan’s axioms:

(i) For all integers m,n and two elements v € M, (V), w € M, (V),
[0 © Wl (v) = max{[|v]lng,, vy [[wllv, (V)5 (13)
(ii) For all integers m,n and v € M,,(V'), A € M, ,, B € My, o,

1A - v Bl vy < 1Al [0l (v 1 Bll6gn, (14)

where v @ w denote the (m + n) x (m + n) diagonal matrix [§ 9], the product A - v - B is the
multiplication on matrix coefficients and ||.|[n,,, denotes the usual matrix norm. With this
definition, M, (V') is again an operator space with the identification M,,(M,,(V)) = M, (V) in
the canonical way.

Given two operator spaces V,W and a linear mapping ¢ : V. — W, we denote for each
n € N the map ¢, = id, ®p : M,(V) — M, (W) by simply mapping each matrix component of
v € M, (V) to its image under the map ¢, i.e. [pn(v)]i; := [p(vij)lij. The completely bounded
norm (in short CB-norm) of ¢ is defined as

H‘pch = Slelg H id,, X : Mn(v) — MH(W)H )

given the above supremum is finite. Here, for each n, | id, ®¢ : M, (V) — M, (W)]| is taken
with respect to the norm structures of M, (V) and M, (W). A map ¢ is said to be completely
isometric if for all n € N, id,, ®¢p : M, (V) — M, (W) is isometric. Two operator spaces V'
and W are said to be completely isometric, which we denote by V = W, if there exists a
complete isometry ¢ : V.— W. We denote by CB(V, W) the space of completely bounded maps
¢ : V. — W equipped with the CB-norm ||-||,,. The space CB(V, W) itself is an operator space
by the identification
M, (CB(V,W)) = CB (V,M,(W)) .



Let V* be the Banach space dual of V. The dual operator space structure of V* is then given
by V* = CB(V,C). This induces a norm on each M, (V*), which can be easily seen to verify
condition (i) and (ii) above. For example, 71 (H)* = B(H) as an operator space’s dual space.

A concrete operator space V' is a norm-closed subspace of B(#) for some Hilbert space H. The
natural operator space structure is given by the embedding M,,(V') € M,(B(H)) = B(C"®@H). It
was proved by Ruan [60] that every abstract operator space is a concrete operator space. We also
need the notion of operator space minimal tensor product (also known as operator space injective
tensor product, or spatial tensor product). Let V' C B(H) and W C B(K) be two (concrete)
operator spaces. The operator space minimal tensor product V @iy W is given by the inclusion

Note that this definition is independent of the choice of embedding V' C B(H) and W C B(K).

More precisely,

[l min,

= sup{[[(f @ g)(W)lln : £V = My, g5 W — My, [f V= Myllens lg s W = My llep < 1},

where the supremum is over any pair of integers ¢, p. Here, the norm ||.||,, is taken with respect
to the natural operator space structure on M, ® M, obtained when identifying M, (M, ® M)
with B((CP @ C9)®", (CP @ C2)%n).

In this manuscript, we are exclusively interested in the operator space structure of a non-
commutative amalgamated L, space, which is discussed in Section . We will use the following
proposition (see e.g. [33, Proposition 8.1.2, Corollary 8.1.3|):

Proposition 2.5. For any two operator spaces V. and W, the natural embedding 0 : V*@upinW <
CB(V,W) defined by

0(f @w)(v) = f(v)w, VieViweW veV, (15)

is completely isometric. In particular, for any operator space W andn € N, M, (W) = M, ®in W.

2.5 Conditional expectations and subalgebra indices

Let N € M C B(H) be two von Neumann subalgebras of B(#H). Recall that a conditional
expectation onto A is a completely positive unital map Ex : M — N satisfying

i) forall X e N, Ex(X) =X,
ii) for all a,b e N, X € M, Ex(aXb) = aEx(X)b .
We denote by Easy its adjoint map with respect to the trace inner product, i.e.
tr(En (X)Y) = tr(XEn(Y)).
For a state p, the relative entropy with respect to N is defined as follows

D(p|N) = D(pllEn+(p)) =  inf D(plo),

N+ (0)=0



where the infimum is always attained by Ear.(p). Indeed, for any o satisfying Enr«(0) = o, we
have the identity (see |41, Lemma 3.4])

D(pllo) = D(pl En«(p)) + D(En=(p)llo) .

Hence the infimum is attained if and only if D(En«(p)|loc) = 0. More explicitly, a finite di-
mensional von Neumann (sub)algebra is always given by a direct sum of matrix algebras with
multiplicity, i.e.

n n
N=@PBH)&Cl,,, H=PH>K:.
i=1 i=1
Denote P; as the projection onto H; ® KC;. There exists a family of density operators 7; € D(K;)
such that

n n
Exn(X) = @ trx, (PX Pk, ® 1) @ I, Ens(p) = @ tex,(PipP) @7, (16)
=1 =1

where tri, is the partial trace with respect to ;. A state o satisfies En«(0) = o if and only if

n
o= @pi% X T
i=1

for some density operators o; € D(H;) and a probability distribution {p;} ;. Denote D(Ey) :=
{0 € D(H) |0 = En«(0)} as the subset of states that are invariant under Ep;.. For any o €
D(Ey),

N|=

EN*(O'%XO'%) = O'%E./\/’(X)O'

Let M C B(H) be a finite dimensional von Neumann algebra and N C M be a subalgebra.
The trace preserving conditional expectation Epr ¢ : M — N is defined so that for any X € M
and Y € NV,

tr(XY) = tr(Enu(X)Y).

Ep 4, is self-adjoint and corresponds to taking 7; = d,zillllci in . We recall the definition of
the index associated to the algebra inclusion N' C M,

CM:N)=inf{c>0]|p < cEnwu(p) for all states p € M},
Cor(M:N)=supC(MeM, : N@M,),
neN

where the supremum in Ccp(M : N) is taken over all finite dimensional matrix algebras M,,. The
index C'(M : N) was first introduced by Pimsner and Popa in [54] for the connection to subfactor
index and Connes entropy, and the completely bounded version Cg, (M : N') was studied in [36].
These indices are closely related to the notion of maximal relative entropy. Recall that for two
states p,w, their maximal relative entropy is [2§]

Diax(pllw) =Ininf{c > 0|p<cw}.

Indeed,

ImCM:N)= sup  Dumax(pl|En:(p))-
peD(EM,tr)

10



For all finite dimensional inclusion N' C M, the index C'(M : N) is explicitly calculated in [54]
Theorem 6.1] (hence also Cep(M : N)). In particular, for M = B(H) and N = @' | B(H;) ®
Clg,,

C(B(H): N) =) min{dy,, dc,}dc,,  Can(B(H): N)=> dg,. (17)
=1 =1

For example, if we take D C B(H) to be the subalgebra of diagonal matrices and C as the multiple
of identity

C(B(H):D) =Ce(B(H) : D) = dy ,
C(B(H):C) =dy, Co(B(H):C)=d3. (18)

In [38], the authors considered a generalization of these indices for a general conditional ex-
pectation Exn : M — N. We recall that here M, is the n-dimensional matrix algebra and
Eyx ®idy, = Ex ®id,, is a conditional expectation from M @ M,, — N ® M,,. Denote

n
T:@]IHZ.QQTZ'. (19)
=1

Note that Ex and Ejs, are uniquely defined by 7 as follows,
1 1 1 1
En(X) = Ex (T2 X72), En«(p) =712 Enu(p)T2. (20)
In particular, Exr is faithful if and only if 7 is. Next, we define

Cr(M:N) :=inf{c > 0|p < cEn«(p) for all states p € M}
Creb(M : N) :=supCrg1,( MM, : N @M,,). (21)

neN

Since 7 commutes with A/,
Cr(M : N) < pianin(T) TC(M - N, Cr.ob(M : N) < piin (7) LCe, (M N) (22)

where fimin (7) = ming fimin(7;) is the minimal eigenvalue of 7. Combined with , this implies
Cr(M : N) and Crep(M : N) are finite iff 7 is faithful. Moreover, for any invariant state
o € D(Eyr), by the obvious bound o < 7, we also have

Cr(M : N) < piamin(0) " 2C(M : N, Crab(M : N) < piin (0) T Co(M = N) . (23)

2.6 Bimodule maps and module Choi operators

Let Exr: M — N be a conditional expectation onto N. Recall that there exists a module basis
{& 1}, € M satistying (|53, Theorem 3.15], see also [6, Conséquence 1.8]):

En(£l€)) = dijpi, (24)

11



where p; € N are some projections. Also recall that ® : M — M is a A -bimodule map if
®(aXb) = a®(X)b for all a,b € N and X € M. In particular, this implies ® o Exr = Ep if @ is
unital. Next, we define the module Choi operator of a bimodule map & as

Xo = Y i) (jl® ®(]g;) € BUE) @ M,

1,j=1

where [ denotes the space of n-dimensional vectors and {|) }" ; is a fixed orthonormal basis in [i}.
Thus ® and y¢ determine each other because for each x € M, we have a unique decomposition
x =Y. &u; with z; € N satisfying p;z; = ;. Indeed, we have z; = EN(fgx). Moreover, ® is
completely positive if and only if x¢ is a positive operator in B(l5) ® M. Indeed, for any finite
family y1,-- -, ym € M, we assume the decomposition y; = >, §xj; with zj; € N. Then

(ide®)( Y1) Gl @ ylys) =D _1i) (] © 2(v]y))
i,j 2%
= Z i) (] ® af, @ (&850

3,5,k
=(> 10y (Kl @l ) xe (D 1D Gl @ 2j0)

ik 5l

from which the equivalence claimed directly follows. We remark that when N' = C1, g is the
standard Choi matrix (up to a unitary equivalence).

3 The main result

In this section, we present the main result of the paper, namely the existence of a positive
MLSI constant for any Davies generator in 1D converging to the Gibbs state of a finite-range,
translation-invariant and commuting Hamiltonian, at any temperature, with a logarithmic de-
pendence with the system size. We leave the specifics of the more technical parts of the proof,
Lemma [3.3] and Lemma [3.5] below, to Sections [4] and [5] respectively, for sake of clarity.

Theorem 3.1. Let A = [1,n]. For any B > 0, we denote by o = o” the Gibbs state of a finite-
range, translation-invariant, commuting Hamiltonian at inverse temperature 3 > 0. Consider

Ef\)* the Davies generator of a quantum Markov semigroup {etﬁf* t>0 with unique fized point o.
Then, there exists a,, = Q(In(n)~1) such that, for all p € D(H) and all t > 0,

D(pillo) < e D(pllo), (25)

where p; := etLRx (p). Moreover, a, = e 9®B) as a function of S.

Remark 3.2. The scaling of the MLSI constant with the inverse temperature is optimal, as proved
in [51].
Note that the previous result is equivalent to the existence of a positive MLSI constant
an = Q(In(n)~t) for L2 (cf. Section : Indeed, holds if, and only if, for all p € D(H,)
and all ¢ > 0,
anD(pllo) < —tx[LR,(p)(Inp — Ino)] =: EP(p), (26)
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where a,, = O(In(n)) and the entropy production in the right-hand side of the inequality is
obtained by
d

EP(p) = - at
t=0

D(pillo).

One way to prove , and therefore entropic convergence of the Davies semigroup (etcfl\j*)tzo as
claimed in Theorem is by reducing the MLSI constant in A to the complete MLSI constants
in smaller regions A, B C A. This procedure was introduced in [23] and [27] to simplify the
traditional strategy for proving positivity of MLSI constants for classical spin systems. In the
past few years, a similar idea has been explored in a number of works regarding quantum spin
lattice systems [20, O, [I8, 10 2], B8], in which a strategy to prove positivity of a MLSI constant
via results of quasi-factorization (a.k.a. approximate tensorization) of the relative entropy has
been conceived. The proof of Theorem [3.1] also follows this direction.

In the next few lines, we provide an intuition for the reduction from MLSI constant in A to
complete MLSI constants in A, B C A. Given any sub-region A C A, we denote the projection
onto the fixed points of Eﬁ) by E4. Its adjoint map E 4, is a quantum channel that corresponds
to the infinite time limit of the semigroup generated by ,CD*, ie. efi - E A« as t — oo. Then,
etL3. satisfies a positive complete MLSI if there exists ag > 0 such that for any m € N and all
states p € D(Hp ® C™),

an D(p|(Eax ®idm)(p)) < EP4(p) , (27)

where EP 4(p) denotes the entropy production of p in A and is defined as

By D(pM (B ax @ idin) (p))

d

for pit = (e'“%+ @ idm)(p). Indeed, is equivalent to the existence of a uniform MLSI con-
stant for the semigroup e*“4+ coupled with environment of all dimensions. By a straightforward
derivation, the entropy production in A can be shown to be equal to

EPA(p) = —tr | £5,(p) (In(p) — In(0 ® tra () |

where trp (p) is the reduced density on the environment system. Note that, in particular, for any
two non-overlapping regions A, B C A,

EPaus(p) = EPa(p) + EP5(p) . (28)

This simple yet important observation regarding the linearity of the entropy production (inherited
by the linearity of the generator) allows us to reduce the right-hand side of Equation from
a chain A to two sub-regions A, B such that AU B = A. The remaining part of the reduction
procedure concerns the splitting of the left-hand side, namely the relative entropy. For that, we
need the following two-steps strategy:

(i) Global-to-local reduction (Section [3.1): We first prove the following approzimate ten-
sorization of the relative entropy that for any state p € D(Ha),

D(pllo) < CZD(pHEAi*(p))a (29)

(2
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for some universal constant C > 1 and a covering {A;}; of the chain A by intervals A; of size
|A;| = O(In(n)). This turns out to be a consequence of a generic approximate tensorization
for quantum states introduced in |20} 19] (see also [9]) and a recently proven mixing property
of 1D quantum Gibbs states at any temperature [15].

(ii) Local control of the constant (Section : We then prove that the complete MLSI
holds for the local subregions A; with a constant a4 := min; aa, = min; Q(|4;/71). In
order to prove this second step, we will in fact resort to another approach of approximate
tensorization for conditional expectations recently studied in [45, [38].

The next two subsections detail the plan drawn above.

3.1 Global-to-local reduction

The first step in the proof of consists in the following abstract approximate tensorization
for the relative entropy proved in [20, 19] (see also [9]). For any finite lattice A cC Z¢ in any
dimension d, consider any two regions A, B C A with non-overlapping complements and such
that AU B = A, as in the following picture:

- A

06066
0666
0666
0066
0666
0666
©0666)
©0 66
©0 66
00660
©0 66
©0 66
©0 66
©066,

Figure 1: Possible splitting of a lattice A into two subregions A, B with non-overlapping comple-
ments and such that A = AU B.

Given o € D(Hy), let us denote

h(O'Ach) = (023/2 X Ugg/2> 0 AcBc (0'261/2 X 0551/2> — ]lAch . (30)

Then, for all states p,o € D(Ha) such that ||h(cacpe)|, < 1/2, the following holds [20]:

1
<
~ 1-=2||h(cacBe) |00

D(pllo) [Da(pllo) + Dp(pllo)] (31)

where for any region C' C A, we define the conditional relative entropy between p and o on C' as

De(pllo) = D(pllo) — D(pcelloc).

The operator h(ocpe), which constitutes a natural quantum generalization of the mixing con-
dition of [27], is a measure of independence of the regions A and B as measured in the Gibbs

14



state 0. Now, we focus on a unidimensional A CC Z and, following the lines of [9], we construct
A, B as two non-connected regions. Indeed, we choose the regions A and B to be unions of small
intervals U™ ; A; and U?’:lBj respectively, such that subregions A; (resp. Bj) do not overlap with
each other, and A U B covers the spin chain A. More specifically, for a certain £ € N to be
determined later, we assume the following conditions on {4;}]%; and {B;}];:

o |A;| =|Bj| =2(r+1¢)—1 for every 1 <1i,j < m, where r is the range of the interaction of
the Hamiltonian.

o [AiNB;|=|BiNAiy1| =1 forevery 1 <i<m—1.

For a better intuition on this construction, see Figure [2}

B1 B2
A A A
Ve N\ - N\
Q0929292902902 9292929292929900900
— _/ — _/
~ ~
Ay A

Figure 2: Representation of an interval A split into two regions A and B, which are the union of
small intervals U;” ; A; and UjL, B;, such that A;NB; # (0 # B;NA;y 1 foralli=1,...m—1 and
subregions A; N Aj = ) = B; N B; for all i # j. In the picture, m =2, r =2 and ¢ = 1.

Next, using the geometry of the chain that we have just introduced, we are able to further
upper bound the conditional relative entropies at the right-hand side of . Indeed, since the
A;’s and Bj’s have been defined so that their boundaries do not overlap, if we consider the
splitting of the chain as A; «+» 9(A4;) <> (A;0)¢ for any 1 < i < m (and analogously for B;), the
Gibbs state o is, in particular, a quantum Markov chain between these three regions, as shown
in Figure

A

00000000000 00000 00
e

E)Al Al aAL

Figure 3: Splitting of A into the three regions A; +» 9(A;) <> (A;0)°. Note that, in particular,
any other A; satisfies A; C (A4;0)°.

This property yields a privileged structural decomposition of o of the following form:

o=y TA0(A)E D To(A)R(A,0) - (32)
i
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This decomposition allowed some of the authors to show in [9, Step 2 of Theorem 7] the following
inequality for such a state o

m

>_[Da,(pllo) + D (pllo)] (33)

i=1

1
1 —2||h(cacBe)|loo

D(pllo) <

Now, we aim at estimating the multiplicative term appearing in (and in ) given this
geometry. Intuitively, the quantity ||h(ccpe)|loo should decrease with the size of the overlap
between A and B, since in this case their complements get more separated. This intuition was
recently given a rigorous justification in [I5, Proposition 8.1|. There, building up on the seminal
result of Araki [5], the authors prove the following mizing condition: Consider any three convex
regions X, Y, Z C 7Z with Y shielding X away from Z as in Figure [4]

A
0009900902929 09009002000

N
~ ~
X Y

Figure 4: Splitting of a finite interval A into three subintervals X, Y, Z with Y shielding X away
from Z.

Then, given the Gibbs state of a possibly non-commuting, finite-range, translation-invariant
1D Hamiltonian, for any inverse temperature 5 > 0 there exist constants K > 0 and v > 0
independent of n such that,

loxz(ox ®oz) ™t —1xzlle < Ke 1, (34)

Moreover, note that by [14, Proposition IX.1.1], we have for any P > 0 and any real observable
@ that
IPY2QPY 1| < (|QP 1. (35)

Therefore, putting both inequalities together, we have
1h(ox2) ]l < K& (36)

With the geometry A = A U B described above, this bound can be used in cascade in order
to yield a good enough control over ||h(o4cpe)|loo- This is the content of the following Lemma,
whose proof we defer to Section [

Lemma 3.3. Let {A;, B;}!" be a covering of A with m = Q(n/In(n)) intervals of size |A;| =
|B;| = O(In(n)) for every 1 < i < m. For any inverse temperature (3, there exists a constant C
independent of |A| = n such that for any state p € D(Hp),

D(p|lo) <C Z [Da,(pllo) + Dp,(pllo)]
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To conclude the proof of , we recall [10, Proposition 5|, in which it was proven that the
conditional relative entropy between p and o in a region A C A is upper bounded by the relative
entropy between p and its conditional expectation onto A, i.e.

Da(pllo) < D(pl|Ea+(p)) - (37)
This, together with Lemma allows us to conclude the following approximate tensorization:

Lemma 3.4. In the notations of Lemma we have that for any state p € D(Hp),

D(pllo) <C_ [D(pllEa; (p) + D(pl Es: (p))] - (38)
i=1
Proof. The result follows directly from Lemma and . O

3.2 Quasi-local control of the constant

In the next step of the proof, we need to reduce the conditional expectations in the relative
entropies on the right-hand side of to single-site conditional expectations in each of the sites
composing the region where the latter was conditioning. Inspired by the work of [45], some of
the authors provide in [38, Corollary 5.5| that, in the case of tracial conditional expectations
{EN'B}BQA and for any A C A,

D(p||Ea«(p) < 4ka Y D(p|lEi(p)), (39)
1€EA
whenever k4 € N satisfies
1 kA 3 -~
2 Pa s (ITR) " <oy B (10)

where [[;c4 E; is a product of conditional expectations in an arbitrary ordering, and <¢p stands
for the completely positive partial order. In Section |5, we make use of operator space theory
methods together with spectral gap estimates to (i) extend to non-tracial conditional expec-
tations like the ones corresponding to the infinite time limit of local Davies semigroups, and (ii)
further control the integer k4 appearing in (see Lemma for technical details).

Lemma 3.5. The approrimate tensorization 1s satisfied for
ln(2d2|A8|626|A8\J)
ka= [ w ;

"o (41)

where J is the interaction strength of Hx and

HEi_EA:IQ(U) —>L2<J) <1.

1€A

is a constant independent of the system size n = |A|.

For |A| = O(In(n)), the constant k4 in scales logarithmically with the system size n
if the constant X is independent of n. As we show in Section [3], this is a direct consequence of
the non-closure of the spectral gap proved for 1D commuting Gibbs samplers in [43] and the
detectability lemma, which precisely relates the gap of a commuting, finite-range Gibbs sampler
to A\ Il [, 43, B8]. Moreover, the exponential dependence of k4 on the inverse temperature [
causes the scaling of a,, = e~ ¥ stated in Theorem
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3.3 Merging global and quasi-local analysis

Theorem [3.1] is now a simple consequence of the reasoning provided in the last two subsections,
and of Lemmas [3.4] and [3.5]in particular. Indeed, putting both lemmas together, we have proven
that

D(pllo) < O(In(n)) > D(pl|Eix(p))- (42)
iEA

Moreover, it was proved in [38, Theorem 3.3] that the local generators EkD always satisfy a
complete modified logarithmic Sobolev inequality (cf. ) That is, there exists a constant
ap > 0 such that for all i € A and any state p € D(H,),

ao D(pl|Eix(p)) < EP;i(p). (43)

Combining the bounds and together with the additivity of the entropy production ,
we conclude the existence of a constant a,, = ag Q(In(n)~!) = Q(In(n)~!) such that

Vp€D(Ha), an D(pllo) SEPA(p) =  Vp e D(H), D(e - (p)l|o) < e ' D(pl|o).

This concludes the proof of Theorem

4 Proof of the mixing condition (Lemma (3.3))

This section is devoted to the proof of Lemma Let us first recall the construction devised
in Section for the covering of A C Z. We consider two regions A and B composed of small
intervals, A := UL, A;, B := UL, B; such that AU B covers the spin chain A and the following
holds for a certain ¢ € N:

° AiﬂAj:BiﬂBj:Q)foralllgi,jgm.

o |A;| =|Bj| =2(r+1¢)—1 for every 1 <1i,j < m, where r is the range of the interaction of
the Hamiltonian.

o |AiNB;|=|BiNAiy1| =1 forevery 1 <i<m—1.

Next, let us write C' := B¢ and D := A°. Note that both of them are composed of m disjoint
segments, namely C' := U, C; and D := U;", D;, respectively. Moreover, for every i =1,...,m
(resp. i = 1,...,m — 1) let us denote by FE;, resp. Fj, the connected set that separates C; from
D;, resp. D; from Cj 1. See this construction in Figure
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Figure 5: Notation introduced for the splitting of A into non-overlapping regions
(O AD YR, {E™, and {F;}" 1. Here we are taking m = 2 for simplicity.
Because of the definition of A and B, it is clear that

o |Ci| =|D;| =2r —1 for every 1 <i <m.

o B =|Fj|=¢ forevery1<i<m,1<j<m-—1.

Note that, with this new notation, we aim to prove the following inequality
H (051/2 ®0p?) oon (051/2 ®0p'%) - nCDH <C<1)2, (44)
o0

for C independent of A, whenever d(C, D) = O(logn). The proof of this result follows from a
repeated use of the following estimate:

loxz (0% ® 05") —1xz|, < Ke ", (45)

for finite intervals XY Z with Y shielding X from Z and |Y| = ¢. Let us denote n(¢) := Ke™*
hereafter for simplicity. As the aforementioned inequality only holds for constructions such as
the one presented in Figure 4| (i.e. A consisting of three connected parts X, Y and Z such that YV
shields X from Z and the given estimate scales with the size of Y') while the construction devised
in Figure [5| consists of a more complex structure, we need to use recursively to prove the
statement of the proposition. We divide the proof into two parts:

1. Splitting step: In this part, we use (45) repeatedly to approximate
m
oop ~ Q) (oc, ® op,) .
i=1

2. Joining step: Now, we use again to entangle o in C' and D separately, namely

m

® (0, ®op,) ~oc®0p.
i=1
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Note that the approximations stated above are in the sense that the distance of the product of one
of the terms by the inverse of the other in operator norm decays exponentially with the distance
between C and D (i.e. the size of the overlap between A and B, denoted by ¢). Therefore, these
two steps together allow to conclude the proof of the lemma.

4.1  Splitting step

Given the construction introduced above, let us further denote, for j = 1,...,2m—1, the intervals
obtained by considering the convex hull of joining the first j segments from the set {C;, D;}7,,
namely

j—1

p) n
Xj:: UCkUEkUDkUFk U Cjq ande::DuU U ChbUE,UDUFL_q1 |,
Pt 2 2 pmits
(46)
if 7 is odd, and
J

2 n

Xj:: UCkUEkUDkUFk \Flande:: U CrUE,UDpUF,_4 \Fl‘, (47)
2 2

k=1 k:%—i—l

if j is even. Note that both constructions, as shown in Figure [6] below, are in the form of Figure
[, where the role of Y is played in each case by the unique FE; or F; in between the corresponding

Xj and Z;.
X3 Z3
Vs - ~ Ve - ~ A
0909090292022 0290290202P2029200
"""

C Ey Dy Fy Cy E, Dy

Figure 6: Definition of X; and Z; from Cj, D;, E; and F;.

Moreover, note that in both cases we are in position to apply to X; and Z;. Then, the
following holds for every 7 =1,...,2m — 1:

—1

In particular, the previous expression also holds when restricting X; and Z; to CU D, i.e.

-1
ocp (U(CUD)ﬁXj ® U(CUD)ﬂZj) —1cp|| <n(). (49)

o0

Let us further define for simplicity, for j = 1,...,2m, the intervals R; from the set {C;, D;}1*,
from left to right, such that

Rj = C(j41)2 if j is odd, and Rj:=Dj/, if jiseven . (50)
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Furthermore, let us write, for 1 < k& < 2m, the union of the of all the segments {Rﬁ?gl except
for the first k — 1, namely:

2m
R®™ = JR;. (51)
i=k
Then, jointly with imply the following inequality for each 1 < k < 2m — 1:

k—1 i -1
((@ URi> ® am)) <<® aRi> ® aR<k+1>> —1epl| <o), (52)

i=1 i=1
00

Let us write for every 2 < k <2m — 1

& = ((&; UR¢> ®0'R(k)> <<é UR¢> ®GR<k+1>> ; (53)

and & == oop (0p, ® opay) . Hence, it is clear that

2m -1 2m -1
ocD <® URk) —1ep = |locp (oR, ®UR<1))_1 (oR, ®0R(1))... <® URk) —1cp
k=1 k=1

(o] o0
2m—1
= T] & —1en
k=1 00
Now, note that
2m—1 2m—1 2m—1
IT & —1en| = H(fl —1ep) [] &+ I & —1eo
k=1 00 k=2 k=2 00
2m—1 2m—1
<l& —1r o || [T &|| +| 1] & — 1z
2m—1 2m—1
S 77(@ H ”kaoo + H gk - ]lR(l) )
k=2 k=2 00

where we have used in the last inequality, as well as triangle inequality and submultiplicativy
of Schatten norms repeatedly. We further estimate each of the terms in the product of the first
summand of the right-hand side by:

1€klloe < 116k = Lpew llog +1 < m(f) + 1. (54)
Therefore,
2m—1 2m—1
IT & —1en|| <n@ @O+ 2+ || [] & -1z
k=1 0o k=2 oo
Repeating the same procedure 2m — 2 times on the last term in the right-hand side, we obtain
2m—1 2m—2
II & -1co|| <n® > @) +1)*
k=1 0 k=0
= (n() +1)*" " —1. (55)
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4.2 Joining step

In the first part of the proof, we have provided an estimate for the distance of o¢p from being a
tensor product between all the segments of the form {C;, D;}™ ;. Now, we need to approximate:

m m
Qe ~oc » Qo ~op.
i=1 =1

The idea followed here is similar to that of the previous step, but in a reversed direction. Let us
denote, for every 1 < k < m,

k
c®.=Jc;, DW:=|]JD;. (56)
i i=1

Similarly to , it is clear that the following holds for every 1 < k <m — 1,
m m -1
(Gc<k—1) ® <® Uci>> (Ucw ® < X 0@-)) =1l <n(0), (57)
i=k i=k+1 -
and analogously for D. Note that, in this case, we actually have n(2(r 4+ ¢) — 1), since that is the

distance between every two segments C; and Cj 1. However, since 7 is monotonically decreasing,
we just consider n(¢) as an upper bound for the previous norm for simplicity. Let us denote

&= <Uc<k1> ® (ék) Uci>> (%(k) ® ( (%1 Ucl-))_l : (58)
i= i=k+
& = (UD(kl) ® <§ 011-)) <Up(k> ® Qéﬂ UDZ->>_1 : (59)

m m
= H <<® UCi) 051> ® <<® UDi>Ul_)1> —1cp
00 i=1 i=1
m—1 m—1
k=1 k=1
Next, we need to separate the norms of the difference between each of the terms fg’D and identity

from the others, as we did in the previous step. The main difference now lies in the fact that we
need to do it for both C' and D. We first fix the terms in D and work on the terms with support

Then, we have

H <® (oc, ® UDi)> (oo ® UD)_l —1¢cp
=1

oo

[e.9]
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on C:
m—1 m—1
(3e) 1) -
= 5 m—1 m—1 m—1
¢ 10p) (Hgk)®(ngf>+(nag>®(m£)nCD
k=1 k=2 k=1 00
m—1 m—1 m—1
H & N1 <H 5;?) ® (H 5;?) — Ly cw
k=2 k=1 00 k=2 k=1
m—1 m—1 m—1 m—1
OTT el T el + (H &?) o (H &?) e
k=2 k=1 k=2 k=1

where we have used ( as well as triangle 1nequahty and submultiplicativity for the operator
norm. Therefore, usmg now an analogue of . for f , we obtain

C]i[j&?) ® (EE?) ~1cp (H £k> ® (Eg,?) ~Lycw

< |léF = Tew ||

oo

i

oo

< n(0) (n(0) +1)>™ 3+

o (0.9}
By repeating the same procedure m — 2 times on the terms with support on C, we get
m 2m—3 m—1
H(@ (Uc¢®0’Di)> (cc®@op) —lep| <n) Y @0 +1)F (H fx?) —1p
i=1 o) k=m—1 k=1 0o
Now, following the same idea for the terms on D, we can clearly conclude:
m 2m—3 m—2
‘ <® (UC¢®0D1-)> (cc®@op)™ = Tep| <n@) Y. (00 +1)F
i=1 o0 k=m—1 k=0
2m—3
= () 3= (o) +1)"
k=0
= (n(0) +1)*" 2~ 1. (60)

4.3 Merging both steps

To conclude the proof of Lemma we need to combine and . We also need the following
estimate on the norm of the difference of a product of observables X7, X5 and the identity:

[X1Xs — 1| <[ X1 = 1| [[ X2 = Tl + [ X2 = L[ + | X2 = T - (61)
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With this at hand, we can prove

leop(og! @ op') —lep||,

m m -1
ocD (@(Uci ®0Di)> <®(UC¢ ®0’Di)> (05" ®op') —lep

i=1 i=1

o0

[1]

R =:E2

<81 = 1enllo IE2 = Leplla + 1B1 = Lenllo + 12 — Tonlls
< [+ 0> = 1] [ + 172 1] + (@@ + 17 = 1] + (@) + 17" - 1]
<m0+ -1

Finally, let us recall that 7(¢) = e~ for some constants K,7 > 0 determined by . Thus,
choosing ¢ = O(In(n)) for n = |A|, we clearly have |4;| = |B;| = O(In(n)) for every i =1,...,m,
due to the explicit form of the covering considered. Moreover, the number of small sub-regions
considered is m = O(n/In(n)). Hence, we can control the above upper bound. Indeed, note that,
in such a case, the limit of the bound above with m tending to infinity is a constant, that we can
make smaller than 1/2 by choosing properly the specific value of £.

Therefore, we have proven that holds with ||h(0acBe)||cc < C independent of n as long
as the regions A; and B; grow logarithmically with n, since those regions depend linearly on £.

5 Proof of local control of the constant (Lemma (3.5

This section is devoted to proving the other main technical tool in the proof of Theorem
namely Lemma We first state a slightly more general formulation of Lemma before
proving the latter. Recall that y¢ denotes the module Choi operator for a bimodule map ®.

Lemma 5.1. Let N C M be finite-dimensional von Neumann subalgebras and let Enr: M — N
be a conditional expectation. Suppose ® : M — M is a N -bimodule map.

i) If [ xe — XENHB((l;))®M <e<1, then
(1—=€)Ex <ep @ <cp (1 +€)Ep -
where the order ® <., ¥ means ¥ — ® is completely positive.
ii) Assume that ® is unital and self-adjoint with respect to the KMS inner product (., .), for an

(arbitrary) invertible invariant state 0 = Epnr«(0) and A := ||® — Exr : Lo(0) — La(o)|| < 1.

Then for k > W,

(1= €)Ex <ep O <ep (1 +€)Ey

fore = )\kCTVCb(/\/l : N') < 1. In particular, one can choose k such that € = N jupin (0) "1 Copy (M
N) <1 for any invertible invariant state o = Epr.(0).

The proof of Lemma [5.1] is postponed to Section [5.2] For now, we show how it implies
Lemma B.5}
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Proof of Lemma[3.5. Specializing Lemma [5.1] to the spin chain setting, we choose the map ® to
be [[;c4 Ei and Ey := E4 for a given region A C A. Then it suffices to control the constants
foanin (04D and Cop (B(Has) : Na), where 0(49) is taken as the Gibbs state on region A9, which
is a fixed point of F4,. First of all

g(A0) — e—ﬁHAa/tre—ﬁHAa > e—/@HHAaHoo/treﬁHHAaHoo > d—|A8|e—25\A8\J7

where J denotes the interaction strength of H. Moreover, Ce,(B(Hag) : Na) < Cop(B(Has) :
Clyy) < d49!. Then, the conclusion of Lemma holds true for e = \F @214012B14017 1
Equation follows after taking ¢ = % and solving for k.

That A is independent of n is a simple consequence of the uniform positivity of the gap:

. D
A(LR) = inf inf (X, Ly (X)z"
A XcA | X —tr(aX)]l||L2(U)

>0

for 1D Davies generators associated to commuting Hamiltonians [43, Proposition 29|, together
with the detectability lemma [I, [4] which asserts that:

1

N ———— <1
TALR)/gP L
where g denotes the maximum number of conditional expectations F; which do not commute
with any given Ej. In the present framework of a finite-range commuting Hamiltonian, the
conditional expectations F; are supported on finite regions of locality controlled by the range r
of H. Therefore, g is finite and thus A < 1 independently of the system size.

O

In order to prove Lemma[5.1] we first need to derive some technical results on amalgamated
L, spaces which might be of independent interest. These are gathered in Section

5.1 Amalgamated L, spaces

In this section, we briefly review the operator space structure of the weighted amalgamated L,
spaces introduced in [42] (see also [II] for a recent account of theses spaces in finite dimensions)
and connect them to the completely bounded subalgebra indices introduced in Section These
spaces are generalizations of the non-commutative vector-valued L, spaces introduced by Pisier
in [55]. Given a full-rank state ¢ € D(H) and p > 1, we define the weighted L,(o) space by the
norm

1
2|z, () = (tr’aimaﬁ’p)p : (62)

As expected, for p = 2, Lo(0) is a Hilbert space associated with the so-called o-KMS inner
product:

(x, Y)o = tr(xTa%y a%) . (63)

Let M be a finite dimensional von Neumann algebra equipped with trace tr. Let N' C B(H) be a
subalgebra and let Ex : B(H) — N be a conditional expectation. We define the invariant state

)

=F *(
Otr N tr(]lM)
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Note that oy, is explicit from ([16)), and oy, and Ex determine each other. Moreover oy, € N’
because for any x € N,y € M

tr(owry) = tr(EN* (tr(]iwﬂxy) = ‘w(imtr<EN($y)> = ‘m"(]llj\/l)tr(xEN(y))

= ing (B 007) = g ytr(Bats) = (B (7 5 o)

=tr (xEN* (tr(]i\/()> y) =tr (iL‘O’try) .

In other words, oy, restricted to N is a trace. Let 1 < ¢,p < oo and fix % = |% - %| The
amalgamated L, spaces are defined via the following norms: for p > ¢,
leligoesn =,y 3L, Nl ey Wl Wy (64

where the infimum is over all factorizations z = ayb for a,b € N and y € M. For p < ¢,

(65)

HyHLPN = sup HaybHLP(Utr)
aNCM) a,beN HGHLQT(UU) HbHLQT(Utr)

where the supremum is over all a,b € N. For any 1 < ¢,p < oo, we denote by LH(N C M)
the space M equipped with the above norms. We gather some basic properties of amalgamated

L,-norms before discussing their operator space structure. In the following, we fix p’ and ¢’ to

be the Hélder conjugate of p and g respectively such as % + ﬁ =1.

Proposition 5.2. Let N C M be finite dimensional von Neumann algebras. Let 1 < q,p < co.
Then

(i) Hélder’s inequality: for any x € LE(N C M) and y € Lg: N C M),
o0l < lelzgercsolllp e (66)
(i) Duality: For any x € LE(N C M),
lellzgovenn = s { Gesba |+ ol cen = 1} (67)

(iii) The infimum (resp. supremum) in the definition (resp. (65)) can be restricted to the

set of positive semidefinite operators a,b > 0. Furthermore, for all positive semidefinite x,

. _ 1 _ 1 .
el pgovenn = ot | za o ifp>q (68)
llallzy (o) =1
1 1
xX = su azr razr 7 < 69
lolgorcan = _swp_ | o fr<a  (©)

lallzy (o) =1
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(iv) The following complex interpolation relation holds (see. e.g. [13] for an introduction to
interpolation spaces):

LAN C M) = [LB(N C M), LEH(N € M)],, (70)
where 0 < 0 <1, (1-0)/po+0/p1 =1/p, (1-0)/q0+0/q1 = 1/q and (p1—q1)(po—qo) > 0.

(v) Relation with Ly(ot) norms: if ¢ < p, then for any x € Ly(oy:),

120 Lg(oe) < Nzllzvemy S 12l L0 (71)
1201y (o) < N2l g (vermy < 20,00 - (72)
In particular, the equality holds for p = q, which is referred as Fubini’s Theorem.

Proof. The property (i-iii) and (v) are proved in [I1], Proposition 3.1]. The complex interpolation
(iv) is proved in [42] Theorem 3.2 & 4.6 (for the reduction from the Haagerup L,-norm to the
Kosaki Ly-norm we used in , see [39, Proposition 2.4]). For completeness, we include the
proof of p = 0o, which will be sufficient for our discussion. We show that when =z = ' is
self-adjoint, it suffices to consider @ = b > 0 in the infimum of the definition of the Lg°-norm
(64). Without losing generality, we assume ||x||Lg°(NCM) < 1 with = ayb such that

lall sy (o) = 102500y <15 Wl <1

By polar decomposition, we can further assume a,b > 0. Denote Q = (%a2 + %b2 + 5]1)1/2 eN
for some small § > 0. Since z = 3(z + 27) = 1(ayb + by'a), we have x = QY Q for

Y:%Q_l(ayb+byfa)Q_1:%Q_l[a b][y 0 ]-[Z]Q_l.

0 yf
Note that
1 2 V2 Lo Lo 1/2 _ 1/2
1Ry (01) = 'a + b rou) < Gl o + 5 10l o) + 97 = (1+6)
q\Otr
and
If@™a @' ]|l =[Q7 (> +6)Q7|
(a —1—52)1/2(2@ + 1)2—1—5]1) (a2+b2)1/2
(a2+b2)1/2(§a2+§b2)—1(a2+b2)1/2 < \/5
Thus 1
1 —1 —1 aQ” _
Mie<gliere ol |4 ]| [ se ]| <=1
Take A = ——»1——Q%. We have A > 0, 1Al L, (5,,) =1 and

”QHLQq(atr)

4772242 < QI oy IV T < 140

(otr)

Since § > 0 is arbitrary, this proves for p = 0.
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We will also need the following two factorization Lemmas. The first one is dual form of [42]
Theorem 3.19| at p = 1.

Lemma 5.3. Let N C M be finite dimensional subalgebras and oy, be defined as above. Then
for any x € M,

o] N B e (73)
x oo =
LyNeM) L (NCM) L (NCM)

where the infimum is over all factorization x = yz with y,z € M.
Proof. In the following proof, we use the short norm notation ||| := |||, Il :== [l (4,) and
||-||LC1>o = ||~||Lc1>o(NcM). First, for any factorization x = yz,

||:L‘||L inf HA_l/Z:EB_1/2H

~AB>0, Al =IBll,=1
S e Ca | S

-~ AB>0,]|All,=[Bll,=1
f ’L444/2yy11441/2H inf H1341/22Tzl34l/2H
 A>0]lA],=1 BOIBL =

H[1/2 1/2

where in the last step we used the property for yyt, 2tz > 0.
For the other direction, let us denote

e L

where the infimum takes over all factorization = yz. We first show |||, is a norm. To verify
the triangle inequality, it suffices to show that for any 1 = y121, o2 = Y222, and § > 0, there
exist yo, 29 such that x; + x2 = ypzp and

1/2 1/2 1/2 1/2 1/2 1/2
i i R s o A R
1
By rescaling 1 = ty; - t 'z, we can assume
1/2 1/2 1/2 1/2
sl ol ol el
1
1/2 1/2
- a1+ [, 7
= 212 2972
( L?) (H 11 L$<+ 27| oo (74)

Take 6 > 0 and

y = (n1y] + voyd + 612 2 = (22 + 2dz0 + 1)1/

X =y o +pzn)z =y (o1 +32)27 "
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We have

-1 -1 -1
[y uoy y2]H§1and”[zlzl g]Hél.Thus

0 0 292~

X 0 vy oy e 21271 0
= < <
=[5 o)) < 1o o)L a o) <

Then we have x = x1 + z2 = y Xz and

Jot] [+
Ly*

Lye
L Lye
< Hylyi + 120 ‘2121 + 2§
Lye LY
< (Jorsd] . + oot ) (et + [t +9)
L5° L Ls°
Since ¢ > 0 is arbitrary, we have by
1/2 1/2
Jout] . =]
1/2 e PR |2
<
Jonsd] . o]+ et o]
This proves the triangular inequality and also
1/2
]l = _ Zyzyz )
Lie

where the supremum is over all finite families {y;} and {z;} such that Zle yizi = . We now
use a standard Grothendieck-Pietsch factorization to show |||, = H||L(1X, Suppose ||z, = 1. By

Hahn-Banach Theorem, there exists a linear functional ¢ : M — C such that ¢(z) = ||z|[, = 1
and for any finite families {y;} and {z;},

k
1> é(yizi)| < sup Zyzy, 2 sup (b, Zz z)L2.
i=1 lall 1 =1 o], =1 ,

Here we use the duality L$°(N € M)* = LI (N C M) and for positive Y > 0,

Ylige = sup [(Yia)o|=  sup  (Y,a)o, .

lall 1 =1 020,y =1

By modifying the phase factor and arithmetic-geometric mean inequality, we have

k
sup (a4, > Yo+ sup (.Y 2lz)en —2) Re d(yiz) >0.  (75)
7 i=1

a20,lafl 1 =1 i b=>0,[1bll 1 =1
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Denote B as the positive unit ball of LL (N € M) and C(B4 x By) as the real continuous
function space. For each pair of finite families y = {y;} and z = {z;}, we define the function

k
fyz: By x By 4R fya(a.b) Zyzyz o+ (0D 2 ei)au = D Red(yiz).
i i=1

We define the cones in C(B+ x By)
C=A{fya [ {yi} {=} c M}
_ = {f S C(B+ X B+,R) |Supf < 0}

Note that both C' and C_ are convex and C_ is open. Moreover, C N C_ = () because of .
By Hahn-Banach separation Theorem, there exists a linear functional ¢ : C(B4+ x By) — R such
that

Y(f-) <A< Y(fyz)

for any f- € C_ and fy, € C. Since C_ is a cone, A > 0 and hence 1 is a positive linear
function. Up to normalization, there exists a probability measure p on By x By such that

O(f) = Jp, «p, f(a,b) du(a,b). Take

ap = / a du(a,b) , by = / b du(a,b).
B+><B+ B+ XB+

By convexity of B, we have ag, by € B4+ and moreover for every y, z € M,
V(fria) = / f(a,b)du(a,b)
B+><B+

— [ fawednab)+ [ @l eudua,) - 2Res(y2)
B+><B+ B+><B+
:<a0)ny>Utr + <b07 ZTZ>G,tr - Re¢(yz) >0.

Rescaling y; and z; again, we have

1/2; 1/2

6(02)] < tr(aoaly >y olf) P booly 2z lf) = a2l 2ol

2,tr HZ Jtr

where ||.||2,tr denotes the Hilbert Schmidt norm. One can further find invertible a1, b1 € (14¢€) By
such that

o)l < [[ar?oi/?], | [eot/6

2,tr

Because of the invertibility of a1, b1, there exists a contraction w such that

o(y2) = tr(uay oy *yz0y/ "0 %) = (a "'ty y2).,

tr
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Note that by Holder inequality,

HaimuTbi/Q‘ = sup HXai/ZuTbi/QYHI

1
Lo IXllp=lY =1

—supHat/ Xa1/2H Tbi/QYUtlr/Q

2,tr 2,tr

1/2

= sup tr(atrXalXT)l/ztr(YTb uuTbl/QYJtr)

<SupHXa1XTH HYTblYH < ||611H1/2 ||b1||1L/12 —1+4e

Therefore, for any factroization x = yz,
1/2 +,1/2 1/2 4,1/2
|zl = ¢(x) = (@) *ulb}’?, @)y, < H“l/ ufby/ HL 2]l e < (1+€) [|2] e -

Since € is arbitrary, that concludes the proof. O
The second factorization lemma is generalization of [55, Theorem 1.5] for subalgebra.

Lemma 5.4. For any x € Ly(oy),
ey o) = 08, 122,00 10122 0t [l - (76)
a,beN
where the infimum is over all factorizations x = ayb with a,b € N and y € M.

Proof. Once again, we use the shorter notations [|-|| := ||, [Il, = Il (s, and ||||Lg =

”'HLZ(NCM)' Denote
ol = inf  lally, i, 10l

where the infimum is over all factorizations x = ayb with a,b € N and y € M. We first show
that [|-||;, is a norm. Let x1 = a1y1b1 and z9 = agy2bs with [[y1l|;2 = [ly2[z. = 1. Take small
6 > 0 and denote a = (alaJ{ + a2a£ + 5]1)1/2, b= (bJ{bl + b;bg + 5]1)1/2. We have x1 + 29 = ayb for

Y= a_l(xl + acg)b_l = a_l(alylbl + agygbz)b_l

We show that
lyll gz, < max{flyillze s lyillpz } <1

y 0] alay a ltas |y 0 . bib=!l 0
0 0| 0 0 0 0 bb~t 0
-1

~1 -1
Denote A = [ @ Oal @ Oaz } and B = [ Z;Z,l 8 } We see that A, B € My(N') and

Indeed, we have

[e.e]

J Al = ||a™ (@10] + azaf)a™| <1

1Bl = [yt 0dor + 6oyt <1

o0
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Then by the operator space structure of L5,

e = || 4 6 ]
LE (M2 (N)CM2(M))
o3 AT

0
<t |[ 4 o ] 1Bl
Y2 TLE, (Mo (V) oMz (M)

SmaX{Hyl”Lgo ) ||ylHLgo} <1.

LE, (M2 (N)CM2(M))

Therefore, we have x1 + z2 = ayb for
; 1/2 1/2
ally, = Halal—i-agag—i-é]lH (Halalu + HGQGQH +5>

S < ([pten], ot +5) ™

1Bl = HbTbl + bhby + 5]1”

Thus

21 + @2l <llallg, [yl Lz, 10l

1/2 1/2
<(forel], + floaad], +8) ol + ebea], +5)
Taking 6 — 0 and rescaling aq, b1, we obtain

|21+ 22|, < lla1lla, [[01]l2, + [lazlly, 102114,

This proves the triangle inequality.

We now show that [|-[|;, = ||-[|, coincide. First, note that by definition of L%,
IWlzg, > e
% = a allgp [[bllap

for any a,b € N,y € M. This implies [-[|;, > [-||,- To see the converse direction, we consider the
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dual norm ||-||,. given by the sesquilinear pairing (:,-)s,. Then

I2llpe = sup [{z, )|
=1

= sup (2, ayb) o, |
a,beN yeM
lalla,=lbllop=llyll 5 =1

= Sup ‘<aTZbT7y>0'tr|
a,beN ,ye M
lallyp=lIbll2p=llyll 2 =1

= sup HaszT’
a,beN ,yeM
llallo,=Ilbllo,=1

/
P
Ll

= inf sup Hbl_lezaTal_lH
a1,b1>0,a1,b1EN a,beN yeM
lallop=l1bll2p=1 ||al|,,=([b]l,,=1

p/

> sup inf Hbl_lezaTal_lH
a,beN yeM a1 ,b1>0,a1,b1EN p’
llally,=lbll5,=1 llall2p=[1bll2,=1

> ||zl

where the last inequality follows from choosing @ = a1,b = by. This proves [|z||. > ||z||,, which
by duality gives [|z[|;, < ||z[|,. That completes the proof.
O

We now discuss the operator space structure of amalgamated L, spaces (see the analogous
treatment of the symmetric case in [36, Appendix A.2]). We first define the operator space
structure of L. (N C M), then extend the structure to L5 (AN C M) for other p by interpolation.
We define the matrix norm of L. (N C M) via the following isometry,

Mi(Loo(N € M)) = Ly (My(N) € My(M)), (77)

where for each n € N the enlarged amalgamated space on L. (M, (N) C M, (M)) is defined
with respect to the state at(f )= n~ ', ® or,. We verify that these norms satisfy Ruan’s axioms

recalled in Section Let e; (resp. ez) be projection onto M,, (M) (resp. M, (M)). Given
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v € M, (M) and w € M, (M), we have z := v @ w where v = ejxe; and z = esxey. Then,

12| L1 (Mo (N M (M) = sup llazbll , emen)y
Il oy =1 r

b m n :1
Il ||L2(U§r +n),

< sup ||a61x61b||L1(0<m+n>) + ||aega:egb||L1(J<m+n))
” HL ( (m+n))_1 b br
tr
I, b,
< sup HaelveleLl(ogmM)) + HaegwengLl(ogmM))

m n :1
||aHL2(U£‘r +n),

b m n :1
Il ”L2<0§r +n),

IN

sup laexl v[(exb) Il pem, + llaez|w (e2b) ]l o, -
||aHL2(Jt(:n+n))=l tr tr

||b||L2(o'§m+n>):l
(78)
In above, we used that

(o) 2 aerverb(0 )| L ol (00 )E U ey | v |(exb) U (o)

@
|’a€1U€1bHLl(ogn+n)) = tr

2 | Ul aer 0 (ead) (o) 20"

= [[laex| v [(ed) [l ,, (ymsm)

where in (1), U and U’ respectively are given by the polar decomposition ae; := Ulae;| and
(e1b)T = |(e1)|(U")T. In (2), we use the fact that both U’ and U belong to M, +,,(N) and hence

commute with at(;n ) The same trick applies to aes and egb. Moreover, by the fact that both
laeq| and |(e1b)T| belong to M, (N) (resp. |aes|, |(e2b)| € M, (N)), becomes
121 L1, (Mo (V)M (M) S sup H|a€1|HLQ(UE:n))HUHLgO(Mm(N)cMm(M))||\(€15)T|||L2(05rm>)

a m-rn :1
lall s

b m-r+n :1
161, ¢y e,

+ |||ae2|HLQ(UEZI))”wHL})o(Mn(N)CMn(M))H‘(€2b)T|HL2(UEf)) : (79)
Now, we observe that
lla || Sty = = |la(er + 62>”i2(at(ln+"))

= tr((o )2 (1 + e2) ol (01 ) 7 aler + e2))

1 m-rn = m-+n l

D tr((0m™)2 (o1 + e2) (61 + e2)lal (60" )? a)

1
= tr((6™™)2 (e1 + e2)(e1 + e2)Tal (0I"T™) % q)
1 1

- tr(( (m+n))% ela ( (;n+n)) ) —|—tr(( (m+"))% egaT(at(:n+n))2 a)
= HaelHiQ( (mem)) T Ha€2H22(UEZn+m)

oy F [|aez|||?

La(o Lo(oM)

34



In (1) and (2), we used the tracial property and the fact that both projections e; and e commute

with O'gn ™) Since the e;’s act trivially on M whereas Ut(:n ) acts trivially on M, 4. Similarly,
2 _ 112 1112
012 gy = MBI, )+ B2, -

Applying Holder’s inequality to , we have that
1] L1 (Mo g (V) M 4 (M)

1
< (H|a€1|\|iQ(U£:n>) + |||a62|||12(0§?))> * - max{ [0]] £ v (V)M (M) 10121 0 (A 1 (M0)) )

1
. 12 1112 2
(He®) 2 o + 22 )

= max{[|v|| .1, (V)M (M) 10 2L (0 (A M (M) -
This verifies (i) in Ruan’s axioms. For the second axiom (ii), consider € M,,,(M) and A € M, ,,,
B € M, . We have

[AzB| Ly, v, V)cMam)) = sup [laAz B[ o)

ol =1
o, m)

(1)

< sup ||aA||L2(g§n>) 121l 23, (vt (A P (M) 1B
llall, oo (n)) r
161, () =1

(2)

< sup ||GHL2(U<7_L>) | Alloo 1] L1 (v (A M (M) [ Bl 0o Hb||L2(U<n>)
|| ”L 2(0 (n)) tr tr

t

loll, oo én))

= [14lloo 121 L1, v (M) M (A1) 1Bl -

Here, equation (1) above follows again from the definition of Ll (M,,(N) C M,,(M)). In (2), we
used Holder’s inequality and the fact that [| Al == [|Ally, = [A® 1umll, (oY and similarly
,m (0

for B. This verifies Ruan’s axiom (ii), which implies that Equation indeed provides an
operator space structure for Ll (N C M). As mentioned, this observation can be extended to
the case of L5 (N C M) by complex interpolation:

Proposition 5.5. For any 1 < p < oo, the identification
M, (LE, (N € M) = LE, (M (N) € My(M))
defines an operator space structure on LY;O N CM).

Proof. We recall that LE(N C M) = Lo (M) by definition and its operator space structure is
naturally given by M, (Lo (M)) = L n(M )) Then by the interpolation (70)):

Loo(M

L2, (Mp(N) C M(M)) & [Lo ), Lo (Mn(N) € Mp(M))]
= [Mn@mw)), M, (L, (N € M))]
2 My (LE(N C M)).

3=

B =
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Combining Proposition [5.5 with (76]), we find (see also [35, Lemma 3.12] in the tracial case):
Proposition 5.6. For any N -bimodule map ® : M — M and 1 < p,q,s < oo,
|®: LE(N CM)— LIL(NCM)|=|®:LENCM)— LIN Cc M)|. (80)

In the case p = 2, assuming that ® is self-adjoint with respect to some invariant state 0 = Epy(0),
we further have

1@ : La(p) = La(p)l| = [|® : La(owr) = La(ow)|| (81)
=||®: L2 (N Cc M) = LE (N Cc M),
for any other invariant state p = En«(p).

Proof. We first prove the direction ">" in for s = 1: let z € LY(N C M) with 1]l o ey <

1. By definition, there exists a decomposition x = ayb of  with a,b € N and Ha||L2p/(Utr), ||b||L2p/(Utr) <
Land ||y[|z, (s, < 1, where p’ is the Hélder conjugate of p. Moreover, by the factorization prop-
erty , y = czd with ¢,d € N, Hc||L2p(U“), Hd||L2p((,") < 1 and ||Z||L€O(NCM) < 1. Therefore,

x = (ac)z(db) and by Hoélder inequality

lacll L) < Nallzy, @wllel Lo @) <1 (82)

where we used the fact oy, is a trace on A. Similarly, we have [|db||1,(,,) < 1. Therefore, one
can find o', ¥, c,d € N such that ac = d’c/, db = d'V’ with

11| g (00e)s 1€ 11 (000 10 1Ly o) N N g () < 1 -

Indeed, using the polar decomposition ac = Ulac| = Ulac|'/9|ac|'/? | one can choose a/ = Ulac|'/?
and ¢ = |ac|'/?. We then use the module property of the map A, so that ®(z) = ®(a'c’zd'V) =
a'd®(z)d't’. Since ||z 1z (xrcpmy < 1, we have

122 g, vy < @2 LEWN € M) = LN € M|
By definition of the L{ and L%, norms,
1@(@)] Lavery < 1€ | L,wverm)y SNENLagow) 1R La vern) 18] Lag(ow)
<[|®: LE (N Cc M) = LEL,(N c M),

Therefore

|®: LYN C M) = LIN Cc M) <||®: LB (N CM)— LLN CM)|.
By complex interpolation [I3], we can prove that this last claim holds true for all 1 < s < co:

|®: LE(N C M) = LN Cc M)|| < ||®: LE (N C M) —= LL(N Cc M). (83)

We denote by ®¥MS the dual of ® with respect to the o-KMS inner product . Then, applying
duality to , we get

1@ : LN € M) = LIN € M)|| = [&KMS . LU € M) — LZ(NV C M)||
< | O"MS . L (N € M) = LE(N € M)||
=|®: LYN Cc M) = LIN c M)|.
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Using duality one last time, we get

1@ : LE(N C M) — LI(N € M) = |85V LY (W € M) = LF' (N € M)
< | @M L LT(N € M) — LE(N € M)
=||®: LE(N € M) — LIYN C M)||
<||@: LE(N Cc M) = LI, (N Cc M),
and hence all the norms coincide. This concludes the proof of . In the case p = 2, it is easy
to see that all matrix norms are equal to each others and correspond to the spectral radius of ®

as a self-adjoint operator on Lo, from which follows. (see [38, Lemma 2.6] for independence
of invariant state p). O

We end this section with a Lemma that connects up the notion of cb-index to the operator
space structure of amalgamated L, norms (see [36, Theorem 3.9] for the tracial case).

Lemma 5.7. Let N' C M be finite dimensional von Neumann subalgebras and Exn : M — N be
a conditional expectation. Then

Cr(M:N)>|id: LL (N € M) = M|| (84)
Croan(M :N) > |lid: LL(N € M) = M| - (85)

Proof. First by duality, we have
|id : Li(0t) = LN € M)| = ||id : LL(V € M) — M]|. (86)

We show that it suffices to consider positive elements in the optimization of the norm on the left
hand side. Denote

lid : Li(ow) = LN C M)|l4 = W |2 e ey
tr(oz)=1
For general z € M, we have

a2 12 . .
lellsston) = ool oy = i8I s s

where |||, (i) denotes the usual p-Schatten norm. Take y = O’t_rl/ 2y’ and z = 2/ O't_rl/ % We have
. 1/2 1/2
CURES N Lo’ BN Ee
1/2 1/2

= inf / nyO'I/Q ’atlr/QzT tlr/Q

Yyz=x L (tr) Ly (tr)

1/2 1/2

S

Yyz=z O'tr) Ly Utr)
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Then, we have by the factorization property that

1/2 1/2
]| oo (v pq) < I ‘L‘X’ NCM)‘ L WEM)
1/2
<|lid : Li(oty) = LN C /\/l)||Jr 1nf Hyy ‘ ‘ f ‘
Li(otr) Li(otr)
=lid: Ly (ow) = LNV Cc M), ”xHLl(atr) -
which proves
lid : Li(o4) = LN C M)l = [lid : L1(o) = LN € M)]| .
Therefore, by definition of the L{*(N C M) norm
Jid s Lifow) = EOV € ML, = s el vens
tr(oz)=1
= sup inf Ha_1/2:na_1/2H
>0 a>0,aeN
tr(ox) ltr(Utr‘l) 1
= iliro) a;)r;feN inf{c¢ >0 |z <ca}
tr(oz)= 1tr(osra)=1
@)
= sup inf inf{c>0]p<caw}

p>0 w>0,Eny(w)=w
tr(p) 1 tI‘(UJ) 1
2) .
< sup inf{e>0]|p<cEn«(p)}:=Cr(M:N).
p=0
tr(p)=1

101 101
Here, the equality (1) uses the substitution p = olzo?’ and w = o2aoc’. The inequality (2)
follows by choosing w = Enr«(p). This proves the inequality . Applying to the inclusion
M, (N) C My, (M) for all n yields the CB-version (8F)). O

5.2 Proof of Lemma [5.1]

The proof of i) is identical to that of [38, Lemma B.2| in the trace-symmetric case. ii) is a
consequence of i) and Proposition (see also [38, Lemma B.2] and [35, Lemma 3.14]). Recall
that for a A-bimodule map @, its module Choi operator xo =}, ; |i) (j| ® <I>(§J£j) € B(ly) oM
where &1, ...,&, is a module basis for the conditional expectation Eas such that

En(£1¢)) = 6ijps

with some projections p; € N. We first show the following inequality (which is actually an
equality but we only need one direction here, for the other direction see [35])

19 - LV € M) = M|, = Ixallsag o - (87)

Define the map
U Ti() - ME(i) ) = €lg.
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Its (standard) Choi matrix is Jy =}, ; [4) (/| ®£jfj € B(15) ® M. Then, by Proposition [2.5| and
the duality 71(15)* = B(H), we have

1 : Ta(15) = LN € M)lleb = 101 815 )@min LA (W M)
(1)
= [[Jollm, (i (vem))
(2)
= [ Jwll L, (v (V) b (M) (88)

where (1) is a consequence of the second part of Proposition and (2) comes from the operator
space structure of L. in Proposition Because Jy is a positive element in M, (M), we have

by :

||J\I/HLgo(Mn(N)cMn(M)) = Sup HCL1/2 Jy al/Q‘
a€Mp (N), a>0
llall

IACH)

n =1
L1(U§r ))

—
~—

= sup (g, Ju) o

a€M,, (N), a>0 tr

. =1
||aHL1<J£r))

—~
~

= sup  (a, (idy ®EN)(Jw)) )
a€M,, (N), a>0 tr

a =1
Il HL1(U£?))

3) /.
D l(id ©Ex) (o)t )

=X naenll,

<1

Y

where in (1) we use that [UE?),Mn(N)] = 0, whereas (2) follows by (id, ®Exr)(a) = a and self-
adjointness of id,, ® Exr with respect to (., '>a(")' Moreover, (3) follows by duality. Combining

this bound with 7 we obtain
1 Ti(l5) = LoV € M)l < 1. (89)

Note that the standard Choi matrix of ® o ¥ is the module Choi matrix of @, i.e. Jpop = Xo-
Then, by Proposition [2.5 again

Ixollsgynt = I Tooulsapem = 190 : i) = Mg, < [[@ : LW € M) = M|, .

where the last inequality uses . This proves . Now consider ® to be a unital A/-bimodule
map that is self-adjoint w.r.t. the KMS inner product (-, -),,. It follows that ® o Exr = Exro® =
E)r. Indeed, for any x € M,y € N:

(I)(y) =Y, <I>(]l) =1 ) <y7EN ° (I)(:E)>Ucr = <(I) o EN(y)?‘/E>O'cr = <EN(y)7:L‘>Utr = <y7EN($)>Utr :
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Thus, (& — Ex)* = ®* — Ejr and we control the norm of the difference between the module Choi
operators of ®* and Ejr as follows:

Ixar — XEN”B(I;‘)@M

¢ H@’f —Ey: LN CM)— M

cb

_ H@_Emk LN C M) = M

cb

— |lid : LIV € M) = L2 (W € M), - H(@ “Ey)F L2 (N C M) = LE (N C M)

Jid: L2 € M) M, ”
D lid : LL W € M) — M|, A"
Here, (1) is a consequence of the inequality proved above. (2) follows the duality
lid : LoV € M) = LW € M) [, = [[id s LV € M) = M,
= [lid: LW € M) = M||}?
and by Equation , we have for the L2, — L2 norm
H(CD — B LN € M) = LZW c M)
= sup idyg, ©(@ — E)" : L2(M(N) € Ma(M)) - L (M (W) € Mn(M)H
=sup idag, ©(® — En)" : La(My (M)~ La(Ma (M (M)
—||@ = En)® s Lo(M) > La(m)]| < XF
Therefore, the assertion ii) follows from i) and Lemma
0
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