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Introduction

Theoretical cosmology has grown to be a mature discipline, owing to the collabo-
rative effort of observationalists and theorists over the last century. We could place
its birth after the formulation of General Relativity (GR) and the discovery of the
first cosmological solutions of the Einstein equations

Gµν = 8πGTµν . (1)

These solutions allowed the first mathematical description of the Universe as a
whole. Quite generically, the cosmological solutions represented non-stationary
universes, either expanding or contracting. Some years after, equally impressive
advances in observational cosmology led to the first Hubble diagrams. These obser-
vations supported the basic picture of a dynamical (expanding) Universe.

The community quickly realized that the expanding cosmological models, when
extrapolated back in time, predicted that the early Universe must have been ex-
tremely hot and dense. This gave rise to the “Hot Universe” (or Big Bang) paradigm.
This idea proved extraordinarily successful at explaining the relative abundance of
light elements, through the so-called Big Bang nucleosynthesis (BBN) process, and
also predicted a remanent background of microwave radiation.

In the 60s, the cosmic microwave background (CMB) radiation was measured,
putting the “Hot Universe” paradigm on a solid footing. On the theory side, the basic
framework needed to describe the state of the Universe, from the first few seconds to
the present time, was also developed during this decade. Taking GR and standard
atomic physics as its backbone, it allowed to understand how the ionized plasma
became neutral as the Universe expanded. By the mid 80s, cosmological pertur-
bation theory was a mature and solid framework able to make definite predictions
about the evolution of the primordial density fluctuations in the plasma, from the
moment they were generated to (almost) the present time. There were competing
cosmological models at the time aiming to explain the formation of structures but
the observations were not precise enough to discriminate between them.

During the last 25 years the situation has changed and cosmology has become
an observationally driven discipline. The wealth of data has allowed to rule out
many cosmological models and has also revealed puzzling features of our Universe.
Provided that we keep our most cherished assumptions, like the homogeneity and
isotropy at large scales or the validity of the Einstein equations at all scales, it
seems unavoidable to add a dark sector in order to explain current observations. The
dark sector can be regarded as an exotic fluid that constitutes most of the energy
content of the Universe, i.e. the right-hand side of (1), and whose interaction with
the visible sector, i.e. the Standard Model (SM) of particle physics, is so feeble that
we can only detect it through its gravitational effects.

In this context, the so-called ΛCDM model has been firmly established as the
standard cosmological model. It has withstood many tests and provides a consistent



explanation of a large number of independent observations over a wide range of
scales. One of its central features is its minimal dark sector. Within ΛCDM, the
dark sector is a two-component fluid composed of a cosmological constant (Λ) and
cold dark matter (CDM). Notwithstanding its success, it is important to stress that
the dark sector in ΛCDM, as it stands, is purely phenomenological. It provides
a good fit to the observations with a small number of parameters and additional
assumptions, but it lacks a solid theoretical foundation.

The dark sector plays a paramount role in modern cosmology and yet it is poorly
understood. If we want to unveil the nature of the dark sector, it is essential to
propose and test alternatives to the simplest Λ+CDM model, exploring their phe-
nomenology and searching for new observable signatures. There are essentially
three ways to move beyond a Λ+CDM dark sector:

I) Add new species. The Λ+CDM dark sector is already a two-component fluid so
it seems natural to enlarge it, adding components that may change its overall
behaviour. Dark radiation is a good example of this procedure. Even a small
amount of a radiation-like fluid can modify the early time evolution of the dark
sector while recovering the standard Λ+CDM behaviour at late times. Even
if they do not modify the cosmological evolution, these new species may also
lead to other observational signatures that are worth exploring.

II) Change the simplest paradigm. Both the cosmological constant and the cold
dark matter can be substituted by more complex models. For instance, it has
become very popular to drop the assumption that Λ is constant and consider
instead dynamical dark energy models. In the dark matter context, many al-
ternatives have been proposed: warm DM, self-interacting DM, milicharged
DM...

III) Modify a fundamental assumption. This is generally, by far, the hardest way
to go. Sometimes one can modify only a mild assumption that is easy to han-
dle, e.g. including interactions within the dark sector, but typically a careful
theoretical analysis is needed to build a consistent model.

This thesis explores the three routes, providing a representative example in
each category. For each alternative model, we first build the theoretical framework,
extracting then its phenomenology and finally adressing its observability. Given the
wide variety of topics, it has been difficult to provide an adequate background for
all of them. Nonetheless, a huge effort has been invested in providing a thorough
general introduction, that comprises Part I of this thesis. The selection of topics
and the presentation have been made with Part II in mind. Its main objective is to
present a clear splitting between what belongs to standard cosmology and what is
new in the models that we will present later. Even though the reader familiar with
modern cosmology can skip most of Part I, it may be worth skimming through it.
The structure of this part goes as follows.

• If we want to discriminate between alternative dark sector models we must
find new signatures and compare with observations. Chapter 1 provides the
necessary observational background, focusing on the observations used in this
work.
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• When trying to modify the dark sector one should first learn how to describe
it. Chapter 2 tackles this question, presenting three different ways to describe
a cosmological component.

• Since we are interested in modifying ΛCDM we must first learn how it works
and what are its standard assumptions. In Chapter 3 we develop, in detail,
the ΛCDM cosmology.

Part II of this work explores the implications of three alternatives to the standard
Λ+CDM dark sector.

• In Chapter 4 we add a new particle to the Λ+CDM dark sector: hidden gravi-
tons. The hidden gravitons are generic massive spin-2 particles, that could
be the effective description of a more fundamental theory. The model that
we consider only contains two free parameters: the mass and the coupling to
matter. Both parameters can be constrained using fifth-force tests and astro-
physical data. In particular, we compute the energy lost in stars through the
emission of hidden gravitons.

• Chapter 5 contains a full cosmological analysis of a new dark matter model:
repulsive fuzzy dark matter. Building upon previous work on the fuzzy dark
matter paradigm, where dark matter is an ultralight particle, we add a re-
pulsive self-interaction and analyze its phenomenology. This model contains
two more free parameters with respect to CDM: the mass and self-coupling
of the dark matter particles. We constrain both parameters using CMB and
large-scale structure (LSS) observations.

• Chapter 6 relaxes one of the fundamental assumptions of ΛCDM: we investi-
gate the impact of a primordial bulk motion between the dark and the visible
sector. As we will show, a sizeable bulk flow can be introduced without spoiling
the isotropy of the background. While the background behaviour is preserved,
a very rich phenomenology arises at the perturbation level. The model con-
tains a single free parameter: the amplitude of the primordial bulk motion.
While there is no leading order effect on the usual LSS and CMB observables,
in this chapter we identify new LSS observable features. In Chapter 7 we
move on to the CMB analysis, identifying new features beyond the tempera-
ture power spectrum. Finally, Chapter 8 studies the production of magnetic
fields in the presence of cosmological bulk flows. While the amplitude of the
observed magnetic fields in the Universe is difficult to explain within ΛCDM,
we find that, in this scenario, the fields produced are large enough to be the
origin of the galactic magnetic fields.

The main text is supplemented by a number of appendices. Appendix A gathers
the conventions and acronyms used in the thesis. Appendix B contains some impor-
tant numerical factors and some of the most important cosmological parameters. In
Appendix C we have collected several properties of special functions that are used
in the text and some mathematical derivations. Useful formulae for cosmological
perturbations of the metric tensors, and related results, can be found in Appendix

xv



D. Appendix E derives the Thomson collision term in the presence of cosmological
bulk flows. Appendix F studies the Maxwell equations in an expanding universe
with perturbations and bulk flows.
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1 Observational basis

This chapter summarizes some key observations in cosmology and astrophysics,
ranging from cosmological to laboratory scales. Arguably, the most powerful source
of cosmological information is the distribution of anisotropies in the CMB, that we
cover in Section 1.1. The distribution of matter at large scales, that we discuss
in Section 1.2, is an independent, increasingly important, probe of the late-time
Universe. Section 1.3 is devoted to studies of galactic structure, that play a central
role in discriminating dark matter models. Section 1.4 covers the basics of stellar
evolution. We will learn how the detailed knowledge that we possess about the
evolution of different stars may allow us to rule out the existence of new particles.
We conclude in Section 1.5 with a summary of the ongoing effort to detect deviations
from the Newtonian law of gravity, from Solar-System to laboratory scales.

1.1 CMB temperature anisotropies

1.1.1 Past, present and future of CMB surveys

A history of the CMB anisotropies could start with the launch of the COBE satel-
lite in 1989. It was equipped with three different instruments: 1) DIRBE, aimed
at measuring the cosmic infrared background, 2) FIRAS, to observe the spectrum
of the cosmic microwave background, 3) DMR, designed to find temperature fluc-
tuations in the CMB. After only one year of operation, COBE found the first (cos-
mological) anisotropies [Smo+92]. The basic picture of the CMB after COBE is
summarized in Figure 1.1. The main findings, as reported in [Fix+96; Ben+96],
were:

I) The background is extremely isotropic with a mean temperature1 T0 = 2.728±
0.004 K.

II) There is a dipolar anisotropy with an amplitude ∆T = 3.353±0.024 mK point-
ing toward galactic coordinates (l,b)= (264.◦26±0.◦33,48.◦22±0.◦13). It is com-

1This is the FIRAS value [Fix+96], that we comment below. Actually, despite of being a differ-
ential measurement instrument, DMR also gave an estimate T0 = 2.725±0.020 K. In addition to
the motion of the Solar System with respect to the CMB rest frame, that gives rise to the kinematic
dipole

T(θ)= T0
(
1+β¯

CMB cosθ+O(
β2))

,

there are additional Doppler boosting effects due to the orbital motions. These motions within the
Solar System are known with such precision that T0 can be inferred from the time-varying regular
signal, after fitting to a blackbody distribution using the six frequency channels of DMR. The method
is described in detail in [Kog+93].
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patible with a kinematical origin: it is a Doppler-shifting effect caused by the
motion of the Solar System with respect to the CMB rest frame.

III) The quadrupole and higher order anisotropies are at the level of ∆T ∼ 10−5 K.
Their origin is cosmological.

Figure 1.1: COBE observations of the monopole, dipole and higher order cos-
mological anisotropies. Credit: Legacy Archive for Microwave Background Data
(lambda.gsfc.nasa.gov).

Before moving on to modern CMB surveys, it is worth mentioning the relevance of
the FIRAS instrument. FIRAS measured with exquisite precision the CMB spec-
trum, i.e. the intensity at many different frequencies. Its main results for the
monopole and dipole are represented in Figure 1.2. We can see that the blackbody
description of the CMB is staggeringly accurate. It can be inferred that the early
Universe was extremely close to thermal equilibrium. As has been phrased in differ-
ent ways in the literature, “the CMB spectrum is the best-measured black body in
nature” [Akr+18a]. The relevance of FIRAS for modern cosmology goes beyond the
historical remark: it remains the best determination of the CMB spectrum. This
measurement still provides the best bounds on the so-called spectral distortions,
that could be produced by exotic energy injections in the early Universe (e.g. due
to the decay of dark matter particles). For more details on spectral distortions, see
[HS93b; HS93a; CS12].

The study of CMB anisotropies took a leap forward after the launch of the

https://lambda.gsfc.nasa.gov/
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Figure 1.2: Monopole (left) and dipole (right) spectra of the CMB as measured by
COBE. Note that the error bars (68% limit) on the monopole spectrum are smaller
than the thickness of the curve. Credit: [Fix+96].

WMAP satellite in 2001. COBE had an angular resolution2 of about 7◦, while
WMAP reached an angular resolution of 0.◦2. After the arrival of WMAP the amount
and quality of data increased so much that it became common, in the cosmological
community, to talk about the advent of “the era of precision cosmology”. WMAP
laid down the basic ingredients of the Universe as we know it today [Kom+11].
Shortly after, the Planck satellite was launched in 2009. It confirmed the basic
picture of WMAP, reaching even higher resolution in temperature and polariza-
tion measurements. In the next section we will review what we have learnt about
the Universe after Planck. Looking towards the future, the scientific target of the
next-generation surveys is the CMB polarization. The main experiments that have
been already approved are the LiteBIRD satellite [Haz+19] and the ground-based
Simons Observatory [Ade+19] and CMB-S4 [Aba+16].

1.1.2 Planck’s sky
The Planck satellite measured the CMB in nine frequency bands (from 30 to 857
GHz) with unprecedented angular resolution. The Figure 1.3 shows the temper-
ature map at 100 GHz before the masking and foreground subtraction (but after
subtracting the dipole). The contamination of the galactic plane is clearly visible
in the central regions, but in the poles the cosmological anisotropies dominate the
map. The different sources of noise need to be modelled and subtracted from these
maps. Since different foregrounds have different spectral behaviour, it is crucial
to measure the CMB at different frequencies for a correct modelling of these un-
certainties. After taking into account these effects and its associated systematic
errors, the temperature measurement of Planck are extremely precise. Within the
angular scales it is aimed at, Planck has exhausted all the information in the CMB
temperature, i.e. its measurements have reached the ‘cosmic variance limit’, that
we will comment below.

The effect of the (kinematic) dipole needs to be corrected in these maps. Planck
has also provided an extremely precise measurement of the solar dipole

∆Tdip = 3362.08±0.99 µK , (1.1)

2A useful reference to keep in mind is that a full moon subtends ∼ 0.◦5.
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Figure 1.3: Planck temperature map at 100 GHz. The dipole has been subtracted.
Credit: [Akr+18a].

where T0 = 2.7255 K [Fix09] is needed to convert to temperature units. This corre-
sponds to a relative CMB-Solar System motion

β¯
CMB =

(
1.23357±0.00036

)×10−3 , (1.2a)

(l,b)= (
264.◦021±0.◦011,48.◦253±0.◦005

)
, (1.2b)

or v = (
369.82± 0.11

)
kms−1. This measurement is based on the observation of

the regular Doppler-shifting effects produced by the orbital motions of the satellite,
that are exceedingly well known. Observing this orbital modulation effect (at the
µK level) the amplitude of the dipole ∆Tdip/T0 can be measured.

Once the dipole has been subtracted, it is common to decompose the temperature
over the sphere into a set of multipoles

Θ(n̂)≡ T(n̂)−T0

T0
=

∞∑

`=2

∑̀

m=−`
a`mY m

` (n̂) , (1.3)

where Y m
`

(n̂) are spherical harmonics. From the theoretical point of view, no cosmo-
logical description can aim at explaining the values of every a`m. It is assumed that
the observed anisotropy pattern is the result of stochastic processes, from which we
observe one realization. We can build statistical observables and predict, under
some assumptions, averages, 〈. . .〉, over many possible realizations. The main ob-
servable is the two-point function

C(n̂, n̂′)≡ 〈
Θ(n̂)Θ(n̂′)

〉
, (1.4)

that essentially measures the variance of the temperature difference3 in directions
n̂ and n̂′, i.e.

〈(
T(n̂)−T(n̂′)

)2
〉

/T2
0 . Moreover, if the Universe has no privileged

direction, we have statistical isotropy

C(n̂, n̂′)= C(n̂ · n̂′) , (1.5)

and all the information in the temperature map can be encoded into the power
spectrum C` 〈

a∗
`ma`′m′

〉= δ``′δmm′C` . (1.6)

3This is a common definition but notice that it differs from the C` reported in the Planck’s papers
by a factor T2

0 .
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Figure 1.4: Compilation of different observations of the CMB temperature, polariza-
tion and lensing spectra. The dotted line is the best ΛCDM fit. Credit: [Akr+18a].

Instead of the average over realizations, the observationally accesible quantity is
the average over m

Cobs
` = 1

2`+1

∑
m
|a`m|2 . (1.7)

The theoretical computation of the temperature spectrum will be the subject of the
next chapter. We will discuss the fundamental limit that arises when performing
statistics with a single realization, known as cosmic variance. This effect is more
pronounced at large scales, i.e. low `, and it is the dominant source of uncertainty
in the Planck temperature measurements shown in Figure 1.4.

1.1.3 ΛCDM model

Planck has cemented the role of ΛCDM as the leading cosmological model. This
model is remarkably simple and has proved successful at explaining many differ-
ent observations. Among other hypotheses, see [Akr+18a], ΛCDM assumes that
the Universe is extremely homogeneous and isotropic, with tiny deviations at early
times that can be handled in a perturbative way.

We will now briefly summarize the evolution of the ΛCDM model after Big Bang
nucleosynthesis (BBN), i.e. after the formation of light elements at z ' 1010. The
detailed mathematical description can be found in Chapter 3.
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I) The Universe is composed of baryons, photons, neutrinos, cold dark matter
(CDM) and a cosmological constant (Λ). The initial conditions for all the flu-
ids can be related to a primordial curvature perturbation Rk, i.e. only the
so-called adiabatic mode is present. The primordial curvature perturbation
Rk is a stochastic Gaussian variable with zero mean, so its statistics can be
completely characterized through its standard deviation or power spectrum
(two-point function).

II) Baryons and photons are the only interacting species. In the early Universe,
they form a tightly coupled fluid that undergoes acoustic oscillations, i.e. den-
sity waves, in the gravitational wells created by4 CDM. As the Universe ex-
pands and lower its temperature, most of the protons and electrons combine
into hydrogen atoms (recombination at z ' 1300). Shortly after, photons de-
couple from the baryon fluid (decoupling at z ' 1090) and free-stream. The
formation of the first structures reionize the Universe at z ' 10 and some
CMB photons rescatter before reaching us at z = 0. The main component of
the photon anisotropy observed today is an imprint of the acoustic oscillations
that took place at decoupling.

III) CDM only interacts gravitationally and its density perturbations grow through-
out the history of the Universe. Once the baryons decouple from photons, they
fall in the potential wells created by CDM and the density contrast of both
components grows (gravitational instability). At some point, the density per-
turbations on the smallest scales are so large that linear perturbation theory
breaks down. Finally, the non-linear structures observed today, e.g. galaxies
or filaments, form.

IV) Λ becomes dominant at very late times and drives the current accelerated
expansion of the Universe.

All this phenomenology is captured in the so-called baseΛCDM, or justΛCDM, with
six free parameters:

{
Ωbh2, Ωch2, log(1010As), ns, 100θ∗, κreio

}
. These parameters

can be classified into different categories.

Energy budget. Ωbh2 and Ωch2 are the (reduced) densities5 of baryons and
CDM, respectively. The amount of photons is set by the CMB temperature, T0 =
2.7255 K [Fix09], which for a blackbody translates into a densityΩγh2 = 2.47×10−5.
The energy density of neutrinos can be related at early times with that of the pho-
tons [Les+13]. For massive neutrinos, the energy density today is6

Ωνh2 =
∑

mν

93.14 eV
. (1.8)

4CDM is the dominant contribution, but of course all the species source the gravitational poten-
tials.

5Sometimes are denoted as ωb and ωc. Remember that h is the reduced Hubble parameter,
defined as H0 ≡ 100h kms−1 Mpc−1.

6If we neglect the neutrino masses, the energy density today is Ωνh2 ' 1.7×10−5. The difference
arises because for massive neutrinos the equation of state changes with time while, if they are
massless, the photon-neutrino ratio remains constant and equal to its primordial value, as given in
Appendix B.
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The base ΛCDM model features two massless neutrinos and one massive, with∑
mν = 0.06 eV. This model also assumes that the Universe is flat, so

Ωtot =ΩΛ+Ωc +Ωb +Ων+Ωγ = 1 . (1.9)

This expression fixes the value of ΩΛ.

Initial conditions. As and ns are the amplitude and spectral index of the pri-
mordial power spectrum for scalar perturbations. ΛCDM assumes that the initial
conditions are adiabatic, Gaussian and given by the power-law spectrum

PR(k)= As

(
k
k∗

)ns−1
, (1.10)

where the pivot scale is k∗ = 0.05 Mpc−1. We will come back to this point in Section
3.7.

Distance calibration. θ∗ is the angular scale of the sound horizon at the last-
scattering surface7. This parameter represents the angle subtended by a transverse
physical scale at a given redshift, in this case the sound horizon at z = 1090. For
a precise definition see [Ade+14a]. It is the best measured cosmological parameter,
since it is related to the position of the acoustic peaks. The base ΛCDM model can
also be parameterized using the reduced Hubble parameter h instead of θ∗ as a
distance indicator.

Thermal history. CMB physics is very sensitive to the evolution of the ioniza-
tion fraction, i.e. the number of free electrons. The thermal history at early times,
the details of recombination in particular, can be computed with extraordinary pre-
cision since it only relies on ordinary atomic physics. However, at late times, the
formation of the first stars and quasars led to the emission of ultraviolet photons
that produced a sharp reionization of the Universe. CMB photons, freely streaming
since decoupling, have a non-negligible probability of rescattering in the late Uni-
verse. To take into account this effect, a new parameter needs to be introduced: the
optical depth8 to reionization κreio = κ(zreio).

Extensions. ΛCDM extensions have been widely considered in the literature.
Here, we will only cover one-parameter extensions to the base, i.e. six-parameter,
model that are still traditionally associated with ΛCDM. One of the most impor-
tant is the curvature parameter ΩK = 1−Ωtot. While the six-parameter model can
be tightly constrained using CMB data alone, it is very well-known that, if we re-
lax the flatness assumption, CMB data shows a slight preference for a closed uni-
verse [Agh+18]. This is because the angular scale θ∗ is highly degenerated with

7Planck’s papers actually use the closely related parameter θMC. See [Ade+14a] for details.
8Notice that, in Planck’s papers, the same quantity is denoted as τ. Reionization is taken to be

sharp, usually modelled as a hyperbolic tangent with midpoint at a redshift zreio and width ∆z = 0.5
[Ade+14a]. This assumption has also been put to test by Planck [Agh+18].
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the spatial curvature. Including external data9 is crucial to break this degener-
acy and obtain a strong constraint on the curvature. Another parameter that is
commonly fitted is the sum of neutrino masses

∑
mν. While from oscillation exper-

iments we have a lower bound on this quantity, from the CMB (and in combination
with other probes) we can get an extremely competitive upper bound10. Finally, on
top of scalar perturbations, most models of inflation predict the presence of tensor
perturbations. These primordial tensor modes are important for the evolution of
the polarization and are usally included with a power-law spectrum with an am-
plitude At (or through the parameter r = At/As) and a spectral index nt. Current
observations can only place an upper bound on r, but it is the main target of future
CMB surveys.

Nuisance parameters. It is important to mention that the full Planck analysis
includes several nuisance parameters. These parameters model foregrounds and in-
strumental uncertainties. Even though there are reasonable priors on these param-
eters, they are non-trivially correlated with the cosmological ones. When comparing
a model with CMB observations, the nuisance parameters must also be fitted and
marginalized over to obtain the cosmological information.

The best constraints on ΛCDM, and some selected one-parameter extensions,
using only CMB data can be found in Table 1.1. The best constraints, using multiple
probes, can be found in Appendix B.

1.2 Large-scale structure

The distribution of matter at large scales provides cosmological information that
complements the CMB anisotropies. The CMB can be thought as a snapshot of the
state of the Universe at early times. After decoupling, CMB photons travelled al-
most11 freely until reaching the Solar System today. Hence, the CMB is very weakly
sensitive to the late-time evolution of the Universe, a gap that can be filled with
the aid of large-scale structure (LSS) surveys. The clustering of matter is mainly
affected by the late-time expansion history and it is also a sensitive probe of the
gravitational behaviour of dark matter at late times. Relying on LSS observations
we have access to objects with different redshift, belonging to different evolutionary
epochs. Then, it is in principle possible to recover all the ‘3D information’, encoded
in LSS snapshots and its evolution in time. However, there are two main disadvan-
tages with respect to CMB data. In the first place, since we are dealing with fully
formed astrophysical objects, the measurements are unavoidable plagued with as-

9In particular the baryon acoustic oscillation (BAO) measurements that we will cover in the next
section.

10See [Les+13] and Chapter 25 of [Tan+18] for the bounds arising from different combinations of
observations.

11The two main effects that modify the free-streaming are reionization, that introduces a non-
negligible probability of rescattering and modifies the low-` temperature spectrum through the ISW
effect, and the weak lensing produced by the metric potentials along the line of sight, whose overall
effect is a smoothing of the acoustic peaks.
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Parameter TT+lowE TT,TE,EE+lowE+lensing

Ωbh2 0.02212±0.00022 0.02237±0.00015
Ωch2 0.1206±0.0021 0.1200±0.0012
100θ∗ 1.04097±0.00046 1.04110±0.00031
κreio 0.0522±0.0080 0.0544±0.0073
log(1010As) 3.040±0.016 3.044±0.014
ns 0.9626±0.0057 0.9649±0.0042

ΩK −0.056+0.044
−0.050 −0.011+0.013

−0.012∑
mν [eV] < 0.537 < 0.241

r0.002 < 0.102 < 0.101

Table 1.1: Constraints on the base-ΛCDM model (68% limits) using only CMB data,
as reported in [Agh+18]. The second column considers only the temperature (TT)
and polarization at low-` (lowE), the latter being very important to constrain reion-
ization. The third column includes the full E-mode polarization spectrum (EE),
the cross-correlation with temperature (TE) and the information on the lensing po-
tentials inferred from the CMB lensing (lensing). On the lower part some one-
parameter extensions are included with 95% limits. The tensor-to-scalar ratio r is
evaluated at a pivot scale 0.002 Mpc−1.

trophysical uncertainties, caused by complex physical processes that must be cor-
rectly modelled. In the second place, if we want to access the smallest scales not
only do we have to deal with baryonic effects but also with non-linearities. While
these scales could, at decoupling time, be analyzed using cosmological perturbation
theory, in the present we must deal with the additional complexity of non-linear
evolution. In spite of these caveats, there is a wealth of information lurking in LSS,
while the information in the temperature anisotropies of the CMB has been mostly
exhausted.

1.2.1 LSS surveys

The distribution of (mainly dark) matter can be probed observing the so-called trac-
ers: sources of light (galaxies, quasars or clouds of gas) that populate the underlying
dark matter structures. The main observable characteristics of a tracer are its po-
sition in the sky, brightness, spectrum and shape. Most surveys operate in the optic
or near infrared, and fall into two broad categories.

Photometric. Photometric (or imaging) surveys take extremely detailed pictures
of the sky, in a few bands of frequency. This kind of experiments offer a poor red-
shift resolution, thus losing some of the 3D information, but trade it for measuring
a large number of galaxies. A very important goal of photometric observations is
to characterize the ellipticity of galaxies, that is affected by the weak lensing ef-
fects (cosmic shear) produced by the intervening matter along the line of sight.
Performing statistics over the ellipticity field one can learn about the (integrated)
metric potentials that produce the lensing, and thus about the matter distribution.
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Another target of these experiments is the identification of clusters, since the abun-
dance of clusters of a given mass12 depends on the cosmological model. Besides
measuring the clustering of matter, imaging surveys that monitorize a large region
of the sky can be used as supernova hunters. Once a supernova has been identified,
dedicated experiments can follow up its evolution. Among photometric surveys, we
should highlight the currently operating DES [Abb+18] and two surveys that will
start running during the next decade and will take LSS surveys to the next level:
LSST [Abe+09] and Euclid [Ame+18].

Spectroscopic. The aim of a spectroscopic survey is to identify as many trac-
ers as possible and characterize their individual spectra. This type of surveys can
make up for a small number of tracers, compared to photometric surveys, with an
accurate redshift determination. This allows for a tomographic analysis, where the
large-scale structure can be ‘sliced’ and analyzed at different redshifts. Redshift
information also entails velocity information. The peculiar13 velocity field of matter
contains cosmological information on its own but, in general, the peculiar veloc-
ity of the tracers can be used to infer the matter density field, e.g. matter falls
into overdense regions. Finally, one of the targets of these experiments is the mea-
surement of the baryonic features in the matter distribution, the so-called baryon
acoustic oscillations (BAO) that we will comment below. These features provide us
with a length scale, a standard ruler, whose evolution in time can be used to infer
the expansion history of the Universe. This observation complements the meth-
ods based on standard candles (supernovae Ia) and the recently available standard
sirens (gravitational wave events). Many spectroscopic surveys have produced high-
quality data over the years, with some recent examples being BOSS [Ala+17], Wig-
gleZ [Par+12] and 6dF [Beu+11]. The next generation of spectroscopic surveys has
just started with DESI [Agh+16] and it will continue with Euclid.

It is important to mention that not all surveys fall into these two categories.
The J-PAS survey [Ben+14], that has just started operating, can be thought of as a
mixed model. It is photometric in nature, but with a number of filters large enough
to allow for a very precise determination of redshift, which has been traditionally
the main advantage of spectroscopic surveys. On the other hand, there are also
alternatives to the traditional optic and near-infrared surveys. The SKA project
[Maa+15] is a next-generation radio survey that will use the 21 cm emission of
neutral hydrogen as a tracer.

12Once a cluster has been identified, it is possible to infer its mass either through the lensing
effects that it produces or through a knowledge of its temperature. The temperature in its turn
can be measured from its X-ray emission or from the SZ distortions produced in the CMB. See e.g.
[Dod03] for details.

13‘Peculiar’ in this context means that the cosmological redshift produced by the expansion of the
Universe has been subtracted. Interpreted as a velocity, the cosmological contribution is sometimes
dubbed ‘Hubble flow’.
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Figure 1.5: Compilation of different measurements of the matter power spectrum
at z = 0. The BAO signal appears as wiggles around k ∼ 0.1hMpc−1, but here it is
hidden below the error bars. Credit: [Akr+18a].

1.2.2 Angular correlations

In a similar way to the definition of the temperature perturbation (1.3), one can
define the matter overdensity as the fractional deviation from the homogeneous
background density ρ̄m

δm(t, x)≡ ρm(t, x)− ρ̄m(t)
ρ̄m(t)

, (1.11)

It can be estimated from the observed number density of tracers [BD11]. Working
in Fourier space, and omitting the time dependence, the matter power spectrum can
be defined as 〈

δm(k)δ∗m(k′)
〉≡ (2π)3δ(k−k′)Pm(k) . (1.12)

The paramount objective of most LSS surveys is to measure Pm(k). The most read-
ily observable quantity is the closely related correlation function in real space

ξ(r)≡ 〈δ(x)δ(x+ r)〉 =
∫

d3k
(2π)3 eik·rPm(k) . (1.13)

As we mentioned before, these quantities also evolve in time (or redshift). Owing to
their clean redshift determination, spectroscopic surveys can follow the evolution
of the matter power spectrum back in time. Several measurements of the matter
power spectrum (today) are collected in Figure 1.5. There is one feature in this
curve that is worth noting: the baryon acoustic oscillations. These baryonic fea-
tures appear as wiggles in Pm(k) and correspond to the same acoustic oscillations
imprinted in the CMB, but this time imprinted in the baryonic component, that
represents a non-negligible fraction of the total matter content. This baryonic ef-
fect also appears, quite spectacularly, as a bump in the correlation function. The
physical interpretation goes as follows. The initial density perturbations in the
photon-baryon plasma propagated with a finite sound speed, that dropped to zero
when baryons decoupled from photons. This means that, starting from an initial
inhomogeneity, the density wave-fronts travelled a finite distance, also known as
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sound horizon. This produced an enhanced probability of finding large overdensi-
ties separated by this characteristic distance. The sound horizon can be computed
from first principles in a given cosmological model. It provides an absolut length
scale (standard ruler) that can be used to probe the expansion of the Universe. See
for instance [Akr+18a] for a collection of these measurements.

1.3 Galactic structure
Nowadays, the existence of a dark matter component, detected only gravitation-
ally, belongs to the mainstream of cosmology. In the preceding sections we showed
how the assumption that most of the matter exists in the form of a non-baryonic,
cold dark matter component can explain all cosmological observations, ranging from
clustering to CMB. Even though it has worked exceedingly well in cosmology, his-
torically the dark matter hypothesis was proposed to explain the observed galactic
structure. For the reader interested in the historical development of the paradigm,
we recommend [Wei08] or the excellent review [BH18].

The rotation curves of galaxies are one of the observations that asks for a dark
matter explanation. Using simple Newtonian dynamics it is possible to relate the
circular velocity of an orbiting object with the mass enclosed in a spherical shell. If
galaxies were only composed of baryonic matter, i.e. stars and gas that we observe,
it would be impossible to explain the observed rotation curves. These curves tell
us that there must be much more matter in a galaxy than what we can see (with
electromagnetic signals). According to present knowledge, the galaxy disk lies at
the center of a larger, extended structure: the dark matter halo.

The study of astrophysical structures is more involved than the cosmological
observations in at least two aspects. First, it is more difficult to obtain clean ob-
servables. We usually need to deal with limited information on the astrophysical
parameters and the observations are plagued with baryonic, i.e. gas, effects that
need to be properly modelled. In the second place, while usually on cosmology we
can rely on perturbation theory, the collapsed structures are in the fully non-linear
regime. Numerical simulations are unavoidable in this field.

In the 90s, the first N-body simulations for CDM became available. These
results allowed for the first quantitative studies on the expected halo properties.
Based on several simulations, Navarro, Frenk and White (NFW) proposed the uni-
versal halo profile that bears their names [NFW97]

ρNFW(r)= ρ0

r
Rs

(
1+ r

Rs

)2 , (1.14)

where the parameters ρ0 and Rs vary from one halo to another. Even though there
are other popular profiles, NFW is the leading phenomenological model to fit the
results of N-body simulations with CDM.

Workers in the field quickly realized that there was a mismatch in the rotation
curves inferred from simulated halos and the observed ones. The simulated halos
invariably present dense and cuspy central regions (ρ∝ rγ with γ' 0.8−1.4) while
core-like structures are preferred by observations (γ' 0−0.5) [BB17]. This came to
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be known as the core-cusp problem [FP94; Moo94; BB17]. It is one of the longest-
standing discrepancies faced by theΛCDM paradigm. This is not the only challenge
for ΛCDM on galactic scales, see [BB17] for a comprehensive review of the small-
scale problems.

There is an important caveat in the previous discussion: we are comparing
CDM-only simulations with real galaxies that also contain baryons. Simulations
with baryons are extremely expensive compared with CDM-only. It has been tradi-
tionally very difficult to achieve large volumes and high resolution, though recent
progress has been made, e.g. the NIHAO [Wan+15; Tol+16] and FIRE [Hop+18]
simulations. It seems feasible to obtain cores once we introduce baryonic effects,
see [BB17], but the results depend on the model and parameters used to take into
account the baryonic feedback, e.g. the effect of supernovae.

The next alternative that comes to mind is that maybe we have chosen the
wrong dark matter model for the simulations. We know that we need something
that resemble CDM on cosmological scales. This still leaves plenty of room for
modifications that change the small-scale behaviour. There is a plethora of models
that behave as CDM on a cosmological setting and yet yield unambiguosly different
predictions for small-scale observables [OS03]. Three broad classes of dark-matter
models, that may solve in particular the core-cusp problem, have been proposed:

• Warm dark matter. Any thermal dark matter component is endowed with a
characteristic free-streaming length, below which thermal motions prevent
clustering and formation of structures. The free-streaming length depends on
the mass and for CDM, i.e. very massive particles, it is effectively assumed
to be zero. Warm dark matter consists of particles with masses in the range
of the keV, so the effect of a finite mass is irrelevant for cosmology but affects
structure formation at astrophysical scales. The original proposal is [BOT01]
and some recent constraints can be found in [Irs+17].

• Self-interacting dark matter. Self-interaction between dark matter particles
can produce an additional source of pressure and diminish clustering at small
scales, whenever the densities are high and the additional pressure becomes
important. See [CMH92; SS00] for some early works and [TY18] for a recent
review.

• Fuzzy dark matter. If the dark matter is extremely light (and non-thermal),
it may display a wavelike behaviour at small scales. This candidate will be
analyzed in detail in Chapter 5.

These alternative models have the same cosmological behaviour but differ on smaller
scales. If dark matter only interacts gravitationally, galactic-structure observations
may be our best hope for discriminating between different models.

1.4 Stellar evolution
Stars have become one of the best laboratories to study light and weakly interact-
ing particles. For instance, by using the observational evidence accumulated over
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decades and the theoretical insight on the inner workings of different stellar ob-
jects, it has been possible to constrain many neutrino properties [Raf96]. The most
spectacular among these results is probably the observation of neutrino oscillations,
that started as a mismatch between the predicted solar flux and the one measured
on Earth and ended up being an evidence of the neutrino masses. In addition to con-
straining properties of known particles, many astrophysical objects are sensitive to
the presence of any new particle interacting with the plasma.

One of the main advantages of stars as laboratories is their size. Even a feebly
interacting (light14) particle can be copiously produced and either modify the stellar
evolution or lead to a flux that could be detected on Earth. Another advantage
is that extreme conditions of temperature, density and magnetic fields, extremely
challenging to reproduce in a laboratory, are naturally present in different types of
stars.

In this work we will focus on low-mass particles, that can be thermally pro-
duced and perturb the star’s life in a significant way. We leave aside for instance
heavy-particle capture by stars, that could also modify its evolution (e.g. WIMP cap-
ture [JKG96]), and light-particle emission that, while leaving the Sun unperturbed,
leads to a measurable flux on Earth (e.g. axion helioscopes [Red08]). According to
its coupling strength, any new particle that is light enough to be thermally produced
can have two effects on a star:

• Energy loss. If the particle interacts weakly enough, so that once produced
it can freely escape, it acts as an energy sink and modifies different evolu-
tionary time scales. It typically leads to a higher burning rate or to a faster
cooling. In either case, the star shines for a shorter time. In some cases it can
also increase some scales. For instance, as we will see, a delay of the helium
iginition increases the time a low-mass star spends as a red giant.

• Energy transfer. If the particle gets trapped, it contributes to the energy
transfer. Particles with large mean free paths (but smaller than the star’s
size) can transfer energy more efficiently than photons15, modifying the stel-
lar structure.

We will only be concerned with the energy-loss argument in this work. It has
been succesfully applied for instance to hidden photons [DFK12; APP13], ster-
ile neutrinos [Raf90a; ABK19] and especially to axions [KMW84; Raf86; PK86;
Raf90b]. Before explaining the observational basis of the energy-loss argument
for different objects, we will briefly review some basic concepts of stellar evolution.

Stars are self-gravitating systems. There are three sources of pressure that can
support the star against gravitational collapse: thermal, radiation and degener-
acy pressure. Radiation pressure (P ∝ T4) is only relevant for supermassive stars.
Compact stars, like white dwarfs or neutron stars, are supported by the degeneracy
pressure (P ∝ const.). Once the density is high enough, the electron (or neutron)
gas becomes degenerated, providing a temperature-independent pressure16. Any
energy loss cools down the object, decreasing its temperature and its luminosity.

14Light enough to be thermally produced.
15Note that the mean free path of a photon in the Sun is about 2 cm.
16Once it reaches the zero-temperature limit, kBT ¿ EF , where EF is the Fermi energy of the gas.
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Standard, i.e. nuclear-burning, stars are supported by the thermal pressure
(P ∝ T) of the gas. The simplest version of the virial theorem, for a monoatomic
gas in hydrostatic equilibrium [Sch65], states that the thermal (ET) and the gravi-
tational (EG) energy of a star are related

ET =−1
2

EG . (1.15)

This simple relation can help us to understand the stellar evolution. If these are
the only energy sources, the total energy is

Etotal = ET +EG = 1
2

EG =−ET . (1.16)

This means that a star that is radiating (losing energy) must contract (EG ∝ R−1)
and increase its temperature (ET ∝ T). In general, energy loss in thermally sup-
ported stars leads to an increase of their temperature. This treatment is valid for a
contracting gas cloud but, once the temperature is high enough, the nuclear fuel is
ignited, acting as a new source of internal energy. The equilibrium configuration is
reached when the energy losses are perfectly balanced by the energy produced. If
the energy produced is less than the energy emitted, as we have seen, the star con-
tracts. The contraction increases the temperature and hence the energy produced
in nuclear reactions also increases. The same logic applies in the opposite situation.
This regulation mechanism accounts for the stability of stars.

Once the nuclear fuel is used up, the star contracts again until either it reaches
the degeneracy point of the gas or it is hot enough to burn heavier elements. For a
full account of a star’s life see [Raf96; Sch65; CG68].

At each point of the star, energy conservation requires

dLr

dr
= 4πr2ρε , ε= εnuc +εgrav −εν−εx , (1.17)

where Lr is the luminosity and ε is the emissivity. The impact of a new particle
is accounted for in εx, the energy loss rate per unit of mass. This quantity can be
computed from first principles once we know how the hypothetical particle interacts
with the plasma. From the observational point of view, we will describe now how
this new term modifies relevant evolutionary time scales in three very different
objects: Sun, red giants and the supernova SN1987A.

1.4.1 Sun

The effect of a novel channel of energy loss in degenerate stars (white dwarfs or
neutron stars) is straightforward: it increases the cooling rate. However, in a main
sequence star, the nuclear production (εnuc) is readjusted to compensate additional
energy losses. While the Sun is very well understood and seems the most promising
candidate to apply the energy-loss argument, it is not obvious what observational
effects can be expected. Frieman, Dimopoulos and Turner [FDT87] were able to

This does not mean that the star is “cold”, according to the common use of the word, e.g. the central
temperature of a neutron star is ∼ 109 K.
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tackle this problem in a semianalytic fashion assuming that the new equilibrium
configuration (with εx) is obtained as a homologous contraction17.

The main conclusion is that an increased energy-loss rate produces modifica-
tions in the luminosity and the radius of the star, thus changing its lifetime. If the
Sun were emitting more light particles, it would burn its nuclear fuel faster and
shine brighter. However, it is important to notice that these quantities are not di-
rectly observed. Solar models are actually fitted to achieve the observed luminosity,
e.g. changing the amount of helium. We can obtain bounds on the efficiency of par-
ticle production either by imposing that the solar age is not significantly modified
or that the initial helium fraction has at least the primordial value. Both criteria
agree to yield a bound [Raf96]

Lx < L¯ → εx < ε¯ , (1.18)

where ε¯ = 1 erg g−1 s−1 is the standard emissivity in the Sun and εx is the emissiv-
ity due to the new type of particle. The theoretical luminosities must be evaluated
under the conditions of the solar core

ρ = 156 g cm−3 , ne = 6.3×1025 cm−3 ,

T = 1.3 keV , X = 0.35 , (1.19)

where ρ is the density in the solar core, ne the number density of electrons, T the
temperature and X the mass fraction of hydrogen. The numerical values in this
section come either from [Raf96] or [Raf90a].

1.4.2 Red giants

After depleting the hydrogen in the center, low-mass stars (M ® 2M¯) develop a
degenerate, inert, helium core and ascend along the red giant branch (RGB). The
evolutionary track of these stars is represented in Figure 1.6. For a complete, ped-
agogical account of this fascinating process see [Raf96]. In these red giants, the
region surrounding the helium core is still burning hydrogen and then depositing
more helium into the core. The core keeps acreting material and contracts, increas-
ing its temperature. At some point it reaches a temperature high enough to ignite
helium, the so-called helium flash, and the star moves to the horizontal branch
(HB).

Additional energy losses would lead to a cooling of the degenerate core. In this
case, the ignition of helium is delayed, and could be prevented in an extreme case.

17For a detailed discussion see the chapter 22 of [CG68]. In simple terms, two stars are said to
be homologous if they are related only by a scale transformation of its parameters. The simplest
example is the following: If the configuration at the point r of one star can be computed from the
configuration of a different star at the point r0 as

r = R
R0

r0 ,

where R and R0 are the radii of the two stars, these two stars are said to be homologous. In general,
more parameters may need to be scaled.
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Figure 1.6: (Left) Evolutionary track of a low-mass star (M ® 2M¯) in the
temperature-luminosity diagram. The star starts its evolution in the main sequence
(MS), where it spends most of its life. Then, as it exhausts the hydrogen in the core,
it ascends along the subgiant branch (SGB) and the red giant branch (RGB). After
the helium flash, it moves to the horizontal branch (HB) and finally it ascends again
along the asymptotic giant branch (AGB). (Right) Hertzsprung-Russell diagram of
the globular cluster M3. Credit: (Left) [Raf96], (Right) [Raf99].

Different observables can be found studying the Hertzsprung-Russell diagrams18 of
globular clusters, like Figure 1.6, and performing statistics with the stellar popula-
tion, e.g. the brightness of the RGB tip or the ratio of HB/RGB stars. More details
can be found in [Raf90a; Raf96]. A simple analytical bound for new energy losses is

εx < 10 erg g−1 s−1 , (1.20)

to be evaluated at average conditions for the core of a red giant near the helium
flash

ρ = 2×105 g cm−3 , ne = 6×1028 cm−3 ,

T = 8.6 keV , Ye = 0.5 , (1.21)

where Ye is the inverse of the mean molecular weight for the electrons, such that
ne =Yeρ/mu where mu is the atomic mass unit.

1.4.3 Supernova SN1987A
The energy-loss argument for the supernova (SN) case is a bit different. When
a neutron star is born, during the core collapse in a type II supernova, a huge
amount of energy is emitted in the form of neutrinos. In fact, the neutrino emission
(∼ 1053 erg) dominates over the radiation and kinetic energy (∼ 1051 erg). Most of
the neutrino signal is emitted as a pulse during the first second, see Figure 1.7.
Afterwards, see the tail in Figure 1.7, neutrinos are the main cooling mechanism of
the nascent neutron star.

18Each dot in the Hertzsprung-Russel diagram represents a star, classified according to its lumi-
nosity and temperature.
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Figure 1.7: Neutrino emission from a type II supernova. The region 4 represents
the cooling of the nascent neutron star. Credit: [Raf96].

The basic theoretical picture was confirmed in 1987 when the neutrino signal
of the SN1987A event was measured in different observatories. Not only was the
initial pulse measured, but also the tail of the emission, with neutrinos received
several seconds after the pulse. If any additional cooling mechanism was at work,
at least it could not be much more efficient than neutrinos. Raffelt [Raf90a; Raf96],
based on numerical simulations of supernova evolution, proposes the following cri-
terium

εx < 1019 erg g−1 s−1 , (1.22)

where it is assumed that the particles escape freely and the energy-loss rate is to
be evaluated under conditions

ρ = 8×1014 g cm−3 , T ∼ (40−60) MeV . (1.23)

1.5 Fifth-force tests

The inverse-square law (ISL) for gravity has been, since its inception in the XVII
century, extremely successful at describing gravitational phenomena over a wide
range of scales. The Newtonian force between two bodies can be derived from the
interaction potential

V (r)=−Gm1m2

r
. (1.24)

A remarkable property of this interaction is that it gives rise to closed orbits (el-
lipses, in particular). Of course, the planets in the Solar System do not undergo
perfectly elliptical motions around the Sun. The interactions between different
planets, given again by (1.24), perturb the orbits introducing, in general, precession
effects: the orbits fail to close. This is a generic feature of any small perturbation of
(1.24). The observation of anomalous effects on the orbit of Uranus, along with the
firm belief that (1.24) was correct, led to the prediction of the existence of the planet
Neptune. The persisting anomalous precession of Mercury, on the other hand, was
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Figure 1.8: Constraints on deviations from the inverse-square law, from labora-
tory (Left) and Solar System (Right) tests. The curves have been adapted from the
following references: planetary, LLR, LAGEOS-Lunar, LAGEOS-Earth, geophysics
[AHN03], Irvine [Hos+85], Washington, Colorado [Lon+03], Stanford [Chi+03], Bor-
dag [BMM01], Mostepanenko 1 and 2 [MN01].

the first observational hint of deviations from (1.24), which could be eventually ex-
plained within General Relativity.

From the particle-physics perspective, the interaction (1.24) could arise from
the exchange of a massless, even spin (0 or 2) boson. The carrier of the force in
Einstein gravity is the graviton, a massless spin-2 particle. A similar potential can
be obtained for a massive boson mediator

V (r)= κ

r
e−mr , (1.25)

where κ is a generic coupling and m is the mass of the carrier. The potential (1.25)
is known as Yukawa potential. More exotic possibilities, like the force arising from
the exchange of two neutrinos, are reviewed in [FT99]. Clearly, if the carrier is
heavy enough its effects on the force are negligible but light mediators can lead to
observable deviations from the ISL.

Over the last decades there has been an ongoing effort to measure possible devi-
ations from the inverse-square law, without success so far. As a result of this effort,
there exists a wealth of experimental data, ranging from microscopic to Solar Sys-
tem scales, that can be used to put stringent bounds on the parameter space of any
light mediator. The interaction potential for ISL tests is traditionally parameter-
ized as

V (r)=−Gm1m2

r

(
1+αe−r/λ

)
. (1.26)

The relevant bounds for laboratory and Solar System constraints are shown in Fig-
ure 1.8. We will now briefly summarize the content of the experiments quoted and
refer the reader to the original references and topical reviews [AHN03; Ade+09] for
further details.

I) Planetary (109 - 1013 m). One of the effects produced by a modification of the
ISL over Solar System scales is an anomalous precession of planetary orbits.
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This fact was used in [Tal+88] to set bounds on possible modifications of New-
tonian gravity, analyzing the orbits of Mercury and Mars.

II) Earth-LAGEOS-Moon (105 - 1010 m). The first curve (LLR) corresponds to a
measure of the anomalous precession of the Moon, which is the same effect as
in the previous point. The other two correspond to measurements of the spatial
variation of G, based on the orbits of the Moon and the LAGEOS satellite (in
an orbit of about 1.2×107 m). More details can be found in [De 86].

III) Geophysical (1 - 104 m). There are several experiments halfway between Solar-
System and laboratory scales, which aim to measure spatial variations of G
within the Earth. These include measurements in towers, seas, mines and are
reviewed in [Sta+87].

IV) Cavendish (10 µm - 1 cm). In this range lie the laboratory probes of the force
of gravity with torsion balances. For a review, see [AHN03].

V) Casimir (1 nm - 10 µm). Although experimentally challenging, it is possible to
measure the Casimir force between two bodies, e.g. using atomic-force micro-
scopes. As reviewed in [MN01], these measurements can be used to constrain
the existence of a new force.

Recent observations of the orbit of the S0-2 star in the Galactic Center have
allowed to test the Newtonian law at even larger scales [Hee+17], but the con-
straints are not competitive yet with the ones already displayed. On the opposite
end, neutron scattering experiments are starting to probe ISL deviations at shorter
distances than Casimir experiments [BFP18; Saf+18; Had+18].



2 Components of the Universe

The mathematical description of a cosmological model requires defining a mat-
ter content, i.e. an energy-momentum tensor, and then solving the Einstein equa-
tions (1) for this matter content. Usually, this energy-momentum tensor arises as
the combination of different species. In this chapter we cover three different ways
to describe the components of the Universe: as fluids (Section 2.1), as fields (Section
2.2) or using kinetic theory (Section 2.3).

2.1 Fluid description
The word fluid is widely used in cosmology to denote any component that sources
the right-hand side of the Einstein equations. Even though we may also indulge in
this practice, in this section we will try to clarify what we regard as a proper fluid
description. A fluid is commonly understood as a coarse-grained picture of a collec-
tion of particles. The state of the fluid is characterized by a set of macroscopic vari-
ables, e.g. density and velocity, that vary smoothly over space-time. Using simple
physical arguments, e.g. see [Wei72], it is possible to define an energy-momentum
tensor that codifies the energy and momentum fluxes of the fluid. More details on
the construction and its physical motivation can be found in the classic references
[LL59] and [Wei72].

In practice, a fluid description takes the energy-momentum tensor as the start-
ing point1. The density and the velocity are the main dynamical variables in this
approach. The next section will introduce the fluid variables for a generic energy-
momentum tensor. Section 2.1.2 particularize the results to perfect fluids, that are
the simplest description for a cosmological component.

2.1.1 Energy-momentum tensor

The total energy-momentum tensor on the right-hand side of the Einstein equations
(1) can be endowed with a hydrodynamic interpretation. Following the 1+3 covari-
ant treatment of [EE99], we choose a normalized timelike vector uµ (uµuµ = −1)
and define the associated projector2 on the subspace transverse to uµ

Pµ
ν ≡ δµν+uµuν . (2.1)

Any symmetric tensor field can be decomposed relative to uµ

Tµν ≡ ρuµuν+2q(µuν) +PPµν+Πµν , (2.2)

1It may be supplemented with other four-vectors, like the entropy or number fluxes.
2It satisfies Pµ

νuν = 0 and Pµ
σPσ

ν =Pµ
ν .
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where qµ is transverse (qµuµ = 0) and Πµν is transverse (Πµνuµ = 0) and traceless
(Πµ

µ = 0). These variables can be defined in terms of the energy-momentum tensor
and physically interpreted

ρ = uµuνTµν , (Energy density) (2.3a)

P = 1
3

TµνPµν , (Pressure) (2.3b)

qµ =−TνρPµνuρ , (Momentum density) (2.3c)

Πµν =
(
Pρ

µPσ
ν −

1
3
PµνPρσ

)
Tρσ , (Anisotropic stress) (2.3d)

The vector uµ can be for instance the four-velocity of an observer at rest (ui = 0). In
this case we get qi ∝ T i

0 and it is possible to define the velocity of the (imperfect)
fluid as the velocity of the frame in which qi = 0, i.e. as the velocity of energy
transport.

The total energy-momentum tensor satisfies the conservation equation3

∇µTµ
ν = 0 . (2.4)

In general, for a multicomponent system, the invidual fluids do not satisfy (2.4)

Tµ
ν = T(1)

µ
ν+T(2)

µ
ν → ∇µT(1)

µ
ν =−∇µT(2)

µ
ν . (2.5)

The transfer of energy and momentum between two subsystems is characterized by
a four-vector

∇µT(1)
µ
ν = Sν , (2.6a)

∇µT(2)
µ
ν =−Sν . (2.6b)

It is very common to have additional conserved quantities, like the number of par-
ticles or the electric charge. These quantities can be represented by a four-vector
current satisfying a conservation law4

∇µNµ = 0 . (2.7)

In the presence of conserved charges it is possible to define the velocity of the fluid
as the velocity of the frame in which N i = 0. Except in some limiting cases, this
velocity does not coincide with the velocity of energy transport.

2.1.2 Perfect fluids

Perfect fluids are defined by the further physical requirement

qµ = 0 , Πµν = 0 . (2.8)

3Using the Gauss law, this equation implies the conservation of a four-vector (the four-momentum
in this case).

4Again, this kind of equation implies the conservation of a scalar, e.g. baryonic number or electric
charge.
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The energy-momentum tensor for a perfect fluid is

Tµν = (ρ+P)uµuν+P gµν . (2.9)

Since qµ = 0, the uµ that defines this splitting can be regarded as the velocity of
the fluid. The description of the fluid must be supplemented with a prescription to
compute P. This prescription is parameterized in terms of the equation of state

w ≡ P
ρ

. (2.10)

In cosmology, it is common to choose phenomenological equations of state that pro-
vide an effective description for the problem at hand. The evolution of a collisionless
perfect fluid is described by (2.4), that can be splitted into

uµ∇µρ+ (ρ+P)∇µuµ = 0 , (2.11a)

(ρ+P)uµ∇µuν+ (gµν+uµuν)∇µP = 0 . (2.11b)

In the appropiate limits, these expressions reproduce the continuity and Euler
equations of Newtonian fluid mechanics.

The perfect fluid approach is a good starting point for a more detailed descrip-
tion. The next level of complexity is to consider nearly-perfect fluids, introducing
small perturbations δqµ and δΠµν. The density, pressure and the metric are per-
turbed accordingly. The perturbed energy-momentum tensor is

δTµν = (δρ+δP)uµuν+δP gµν+Pδgµν+2δq(µuν) +δΠµν . (2.12)

It must be used now to source the perturbed version of the Einstein tensor. It is
customary to trade the momentum perturbation for a velocity perturbation

δqµ = (ρ+P)δuµ . (2.13)

When dealing with perturbed perfect fluids, the analog of the equation of state is
the sound speed

c2
s ≡

δP
δρ

. (2.14)

Closely related is the adiabatic sound speed

c2
ad ≡

.
P
.
ρ

. (2.15)

2.2 Field description

A classical field can be regarded as a smooth function over the space-time. It can be
characterized through its behaviour under different types of transformations, e.g.
parity or Lorentz transformations. The metric tensor gµν in the Einstein equations
is an example of a classical field.
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2.2.1 Energy-momentum tensor

The field description takes the action functional as the starting point. It is defined
in terms of the Lagrangian. In flat space-time it can be schematically written as

Sflat
M[ψ]=

∫
d4xL

(
ψ(x),∂ψ(x);ηµν

)
, (2.16)

where ψ is a generic field and ηµν is the Minkowski metric. There is a well-known
minimal coupling procedure to promote an action from flat to curved space-time,
see [Wal10]. The action in curved space-time is5

SM[ψ]=
∫

d4x
p−gL

(
ψ(x),∇ψ(x); gµν(x)

)
, (2.17)

where g is the determinant of the metric gµν and ∇ is the covariant derivative. The
equations of motion of the field are obtained through the functional derivative

δSM

δψ
= 0 . (2.18)

If the field is interacting, the functional derivative must be taken with the total
action. The interaction of this matter field with gravity is described by the action

S[ψ, gµν]= SG[gµν]+SM[ψ, gµν] . (2.19)

The gravitational part is described by the Einstein-Hilbert action

SG[gµν]= 1
16πG

∫
d4x

p−g R , (2.20)

with functional derivative

δSG

δgµν
=

p−g
16πG

(
Rµν−

1
2

gµνR
)

. (2.21)

Varying the total action we obtain the Einstein equations (1)

δS
δgµν

= 0 → Rµν−
1
2

gµνR =−16πGp−g
δSM

δgµν
= 8πGTµν . (2.22)

In this way we can define the energy-momentum tensor of the field

Tµν ≡− 2p−g
δSM

δgµν
. (2.23)

Using the results of the previous Section 2.2, it is possible to establish a fluid anal-
ogy and define the density, momentum, pressure and anisotropic stress of a field.

5This assigment may be ambiguous though. One can always add terms proportional to R that
vanish in flat space-time, see [Wal10].
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2.2.2 Scalar field
The Lagrangian for a free scalar field in flat space-time is

Lflat
φ =−1

2
ηµν∂µφ∂νφ− 1

2
m2φ2 . (2.24)

We can promote it to curved space-time

Lφ =−1
2

gµν∇µφ∇νφ− 1
2

m2φ2 . (2.25)

Remember that for scalar fields ∇µφ= ∂µφ. The action is

Sφ =−1
2

∫
d4x

p−g
(∇µφ∇µφ+m2φ2) . (2.26)

Performing a general variation6

δSφ =−1
2

∫
d4x

p−g
{(

∇µφ∇νφ− 1
2

gµν
(∇σφ∇σφ+m2φ2)

)
δgµν

+2
(−∇µ∇µφ+m2φ

)
δφ

}
. (2.27)

If the scalar field is not directly coupled to any other particle, the equations of
motion are

δSφ

δφ
= 0 → −∇µ∇µφ+m2φ= 0 . (2.28)

Sometimes it is useful to rewrite the equations of motion as

− 1p−g
∂µ

(p−g∂µφ
)+m2φ= 0 . (2.29)

The energy-momentum tensor, defined in (2.23), is

Tµν =∇µφ∇νφ− 1
2

gµν
(∇σφ∇σφ+m2φ2) . (2.30)

2.2.3 Vector field
The Lagrangian for the scalar field is so simple that we wrote it right away. When
the fields possess more structure we must motivate our choice. In general, we will
look for the most general7 Lagrangian quadratic in the field and its first derivatives
and that is free from instabilities. Our main concern will be the presence of ghost
instabilities that may arise when considering general kinetic terms, see [Sbi15;
Woo15]. We illustrate this procedure in this section applying it to a vector field,
following the exposition of [Rha14].

6We have integrated by parts too, assuming that the boundary terms vanish. We also need the
result

δ
p−g
δgµν

=−1
2
p−g gµν .

7Most general respecting Lorentz invariance, or any other symmetry that we want to enforce.
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Let us start with the most general kinetic term for a vector field Aµ

Lflat
kin = a1∂µAν∂µAν+a2∂µAµ∂νAν+a3∂µAν∂νAµ . (2.31)

The last two terms are equivalent upon integration by parts, so without loss of
generality one can write

Lflat
kin = a1∂µAν∂µAν+a2∂µAµ∂νAν . (2.32)

Note that from now on the equality between Lagrangians is meant to be equal-
ity modulo integration by parts. The field can be splitted into a transverse and a
longitudinal part

Aµ ≡ AT
µ +∂µχ , ∂µATµ = 0 . (2.33)

Plugging this splitting in the Lagrangian

Lflat
kin = a1∂µAT ν∂µAT

ν +a1∂µ∂
νχ∂µ∂νχ+a2∂

µ∂µχ∂
ν∂νχ

= a1∂µAT ν∂µAT
ν + (a1 +a2)äχäχ , (2.34)

where the d’Alembertian is ä≡ ηµν∂ν∂ν. Unless a1 =−a2, higher-order time deriva-
tives appear in the action, leading to an Ostrogradsky instability [Sbi15; Woo15].
There are different ways to see, e.g. [Rha14], that one of the two degrees of freedom8

hidden in χ is always a ghost, i.e. it carries a wrong sign in the kinetic term.
The normalization a1 =−1/2 leads to the Maxwell Lagrangian

Lflat
kin =−1

2
(
∂µAν∂

µAν−∂µAν∂νAν
)=−1

4
FµνFµν , (2.35)

with the conventional definition Fµν ≡ ∂µAν−∂νAµ. There is only one possibility for
the mass term. Adding it, we arrive at the Proca Lagrangian

Lflat
A =−1

4
FµνFµν− 1

2
m2AµAµ , (2.36)

that describes the behaviour of a massive spin-1 particle. We can promote this
Lagrangian to curved space-time

LA =−1
4

FµνFµν− 1
2

m2AµAµ . (2.37)

The equations of motion are

∇νFνµ−m2Aµ = 0 . (2.38)

The first term can be rewritten as

∇νFνµ = 1p−g
∂ν

(p−g Fνµ
)

. (2.39)

8It seems uncanny that a scalar possesses two degrees of freedom. The reason is very simple
and stems from ordinary classical mechanics. The presence of accelerations in the action functional
leads to a modification of the Euler-Lagrange equations. The equations of motion turn out to be
fourth order, so we need four initial conditions to specify a solution, i.e. two degrees of freedom.
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Two important properties of the strength tensor are

Fµν = 2∇[µAν] = 2∂[µAν] , (2.40)

∇[µFνσ] = ∂[µFνσ] = 0 . (2.41)

Finally, the energy-momentum tensor is

Tµν = FµσF σ
ν − 1

4
gµνFρσFρσ+m2AµAν . (2.42)

The strength tensor Fµν is the first antisymmetric tensor field we come across. A 1+
3 decomposition similar to (2.2) can be defined for antisymmetric tensors. Choosing
a timelike vector uµ, we can split the strength tensor into an electric and magnetic
parts [BMT07; EE99]

Fµν ≡ 2u[µEν] +ηµνσBσ , (2.43)

where ηµνσ ≡p−gεµνσρuρ and εµνσρ is the Levi-Civita symbol. As usual, the elec-
tric and magnetic vectors are transverse (Eµuµ = Bµuµ = 0) and can be written in
terms of the strength tensor

Eµ = Fµνuν , (2.44a)

Bµ =
1
2
ηµνσFνσ . (2.44b)

In the massless case, i.e. Maxwell electromagnetism, the energy-momentum tensor
can be rewritten in terms of these fields [BMT07]

T(m=0)
µν = 1

2
(
E2 +B2)uµuν+

1
6

(
E2 +B2)Pµν+2S(µuν) +Πµν , (2.45)

where the Poynting vector and the stress tensor are

Sµ ≡ ηµνσEνBσ , (2.46)

Πµν ≡
1
3

(
E2 +B2)Pµν−EµEν−BµBν . (2.47)

Notice in particular that, in the fluid analogy, the equation of state of the fluid is

w = P
ρ
= 1

3
, (2.48)

and that we have gµνT(m=0)
µν = 0.

2.2.4 Tensor field
The programme that led us to the Proca Lagrangian for vector fields can be applied
to tensor fields. We will restrict ourselves to symmetric tensor fields9. The most
general kinetic term10 has four pieces

Lflat = 1
2
∂αhµν

(
b1∂αhµν+b2∂(µhν)α+b3ηµν∂αh+2b4ηα(µ∂ν)h

)
, (2.49)

9The case for antisymmetric tensor fields is analyzed in [Van73]. The ghost-free Lagrangian that
one would obtain is the square of the strength tensor for a two-form field.

10Up to total derivatives, that we neglect.
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where h ≡ ηµνhµν. The field can be splitted into a transverse tensor (∂µhT
µν = 0) and

a vector contribution
hµν = hT

µν+2∂(µχν) . (2.50)

With this substitution, the kinetic term gives

Lflat
kin(hµν)=Lflat

kin(h
T
µν)+2(b3 +b4)hTä∂µχµ+ (b1 +b2)χµä2χµ

+ (b1 +3b2 +2b3 +4b4)χµä∂µ∂νχν . (2.51)

The absence of higher derivative terms imposes

b4 =−b3 =−b2 = b1 . (2.52)

Setting the normalization b1 =−1, we finally obtain

Lflat =−1
2
∂αhµν

(
∂αhµν−2∂(µhν)α−ηµν∂αh+2ηα(µ∂ν)h

)
. (2.53)

This Lagrangian describes the evolution of a massless spin-2 particle. It is the same
Lagrangian that would be obtained linearizing the Einstein-Hilbert Lagrangian
(2.20) over Minskowski space-time. As a result of our choice for the parameters
bi, the Langrangian is invariant under gauge transformations hµν → hµν+∂(µξν).
This is the linearized version of the diffeomorphism invariance in GR. Integrating
by parts, the Lagrangian can be recast into

Lflat
kin =

1
2

hµνEαβµνhαβ . (2.54)

We have introduced the operator

Eαβµν ≡
(
δα(µδ

β

ν) −η
αβηµν

)
ä−2δ(α

(µ∂ν)∂
β) +ηαβ∂µ∂ν+ηµν∂α∂β , (2.55)

with the following properties.

• Symmetries.
Eαβ|µν = Eβα|µν = Eαβ|νµ = Eµν|αβ . (2.56)

• Action on a symmetric tensor.

Eαβµνhαβ =ähµν−2∂α∂(µhν)α+∂µ∂νh−ηµν
(
äh−∂α∂βhαβ

)
. (2.57)

• Contractions.

ηαβEαβµν = 2
(
∂µ∂ν−ηµνä

)
, (2.58a)

ηαβη
µνEαβµν =−6ä . (2.58b)

Our next task is to find a suitable mass term. There are two possible contributions

Lflat
mass =−1

2
m2 (

hµνhµν− c h2) . (2.59)
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Splitting the degrees of freedom as in (2.50) we get

Lflat
mass =−1

2
m2

(
hT
µνhTµν− c hT 2

)
−m2 (

∂µχν∂µχν+ (1−2c)∂µχµ∂νχν
)

. (2.60)

From the discussion in the previous section we learnt that the avoidance of insta-
bilites in the vector field Lagrangian requires c = 1. Joining the kinetic and the
mass term we arrive at the Fierz-Pauli Lagrangian

Lflat
h =−1

2
∂αhµν

(
∂αhµν−2∂(µhν)α−ηµν∂αh+2ηα(µ∂ν)h

)−1
2

m2 (
hµνhµν−h2) , (2.61)

that decribes a massive spin-2 particle. It can be succintly rewritten as

Lflat
h = 1

2
hµνOαβ

µνhαβ , (2.62)

where

Oαβ
µν ≡

(
δα(µδ

β

ν) −η
αβηµν

)(ä−m2)−2δ(α
(µ∂ν)∂

β) +ηαβ∂µ∂ν+ηµν∂α∂β . (2.63)

It shares the properties of E , with the trivial substitution ä→ä−m2. The study of
a massive spin-2 particle in curved space-time is more complex than for lower spins,
especially when we couple it to matter [Hin12; Rha14; SS16; Hei19]. In this work
we will not be concerned with these subtle issues and we will restrict ourselves to
flat space-time. The equations of motion that can be derived from (2.62) are

Oµν

αβ
hαβ = 0 , (2.64)

which after a few manipulations can be cast in the form
(ä−m2)hµν = 0 , (2.65a)

∂µhµν = 0 , (2.65b)

h = 0 . (2.65c)

This is the usual Klein-Gordon equation for a symmetric (10 degrees of freedom),
transverse (−4), traceless (−1) tensor field, describing a total of 5 propagating de-
grees of freedom. This naive count is supported by a full Hamiltonian analysis
[Hin12].

2.3 Kinetic description
Kinetic theory generalizes the fluid description to situations where the particles
that constitute the fluid have very large mean free paths. It also allows to make
a connection between the microphysics of the collisions in the fluid and its macro-
scopic behaviour. The starting point in Newtonian kinetic theory is the distribu-
tion function, that expresses the probability that a cell in phase space is occupied
by a particle. Using this distribution function one can define the usual energy-
momentum density of the fluid. In a general relativistic context, we must first
define carefully both the phase space and the volume element. We adress this ques-
tions in Sections 2.3.1 and 2.3.2. In Section 2.3.3 we move on to the definition of the
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distribution function in GR. Section 2.3.4 discusses the underlying assumptions in
the Boltzmann equation, that describes the evolution of the distribution function,
and in Section 2.3.5 we make the connection with the usual Boltzmann equation
in special relativity. Finally, in Section 2.3.6 we write the energy-momentum ten-
sor in terms of the distribution function. The presentation in this section follows
mainly [Ehl73] and [Ste71]. For a cosmology-oriented introduction to kinetic theory
in curved space-time see [Ber88] and [Dur08].

2.3.1 Phase space
Let us start with a curved space-time (M, gµν). The free motion of a test particle
can be described, in terms of an affine parameter σ, by the Lagrangian

L
(
xµ,

dxµ

dσ

)
= 1

2
gµν(x)

dxµ

dσ
dxν

dσ
. (2.66)

The conjugate momenta are

Pµ =
∂L

∂
(dxµ

dσ

) = gµν(x)
dxν

dσ
, (2.67)

and the Hamiltonian is defined as

H(xµ,Pν)= 1
2

gµν(x)PµPν . (2.68)

All the possible states of a particle comprise the one-particle phase-space. Math-
ematically, the momentum Pµ belongs to the cotangent space T∗

x (M) and all the
pairs (xµ,Pν) form the cotangent bundle T∗(M)11. The one-particle phase-space P
(abbreviated as phase-space) is a subset of the cotangent bundle

P ≡
{
(x,P) ∈ T∗(M) | PµPµ ≤ 0, P0 < 0

}
. (2.69)

i.e. states of particles that follow time-like or light-like future-directed trajectories.
As usual in analytical mechanics [JS+98], we can define the vector field associated
with the phase flow

L ≡ dxµ

dσ
∂

∂xµ
+ dPµ

dσ
∂

∂Pµ

= ∂H
∂Pµ

∂

∂xµ
− ∂H
∂xµ

∂

∂Pµ
. (2.70)

We will refer to L as the Liouville operator. The Lie derivative LL can then be used
to compute the rate of change of any tensor field in P along the integral curves of
L, i.e. the physical trajectories of particles. In particular, for the Hamiltonian we
have

LLH = L(H)= 0 . (2.71)
11Note that the metric structure allows us to establish a correspondence between Pµ ∈ T∗

x (M) and
elements of the tangent space Pµ ≡ gµνPν = dxµ

dσ ∈ Tx(M). In this sense, the definitions of the space
of physical states as a subset of the cotangent or tangent bundles are equivalent. Some authors
like Ehlers [Ehl73] start with the cotangent bundle while others like Lindquist [Lin66] and Stewart
[Ste71] choose the tangent bundle.
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The Hamiltonian is conserved along the trajectories and it is simply related to the
mass of the particles. We can define the 7-dimensional phase spaces for states
associated with a given mass

Pm ≡
{
(x,P) ∈ T∗(M) | PµPµ =−m2 ≤ 0, P0 < 0

}
. (2.72)

In a similar way, we can define the restriction of L to these subspaces

Lm = ∂H
∂Pµ

∂

∂xµ
− ∂H
∂xi

∂

∂Pi
, (2.73)

where P0 is obtained from the mass-shell condition.

2.3.2 Volume element
Our final objective is to find a sensible definition of the distribution function in the
general relativistic domain. We need to adapt the Newtonian definition: ‘number of
particles per unit of phase-space volume’. This section is devoted to the definition
of volume elements.

• In the space-time M we have the volumen element12

η≡p−gd4x = 1
4!
εµνσρdxµνσρ , (2.74)

and there is defined a covariant hypersuface element

σµ =
1
3!
εµνσρdxνσρ . (2.75)

Using a four-velocity vector uµ (uµuµ =−1, u0 > 0) to define a time slicing, we
can introduce the spatial volume element

dV = 1
3!
εµνσρuµdxνσρ , (2.76)

or alternatively
σµ =−uµdV . (2.77)

• In the phase-space P we can define the canonical volume element from ana-
lytical mechanics13

Ω≡−d4xd4P . (2.78)
12 We define εµνσρ =p−gεµνσρ where εµνσρ is the Levi-Civita symbol (ε0123 = 1). We also have

dxµνσρ ≡ dxµ∧dxν∧dxσ∧dxρ .

13Note that
d4x = dx0dx1dx2dx3 ,

while
d4P = dP0dP1dP2dP3 ,
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• In a similar way it is possible to define a volume element on the tangent or
cotangent spaces

π≡− 1
4!
εµνσρdPµνσρ = 1p−g

d4P . (2.79)

This volume element can be restricted to particles of a given mass. This re-
striction can be introduced as

πm ≡NH(P)δ(m2 +PµPµ)π , (2.80)

where H(P) = 1 if P0 > 0 and 0 otherwise. The normalization constant N
will be fixed later, using physical arguments. The integration over P0 being
understood, it is usually rewritten as

πm = N
2
p−gP0 d3P . (2.81)

These volume elements are related as

Ω=−η∧π . (2.82)

Starting with a spatial surface on M and a volume element π, we can define a
surface element on P

Σµ =σµ∧π . (2.83)

It can be proven, see [Ehl73], that the 7-form

ω= PµΣµ = Pµσµ∧π , (2.84)

as well as the volume element are preserved under the phase flow

LLω= 0 , (2.85)

LLΩ= 0 . (2.86)

This is known as the Liouville theorem. Moreover, the integral
∫
Σω can be regarded

as the flux of the vector field L across the spatial surface Σ and thus have the
physical interpretation of the number of trajectories intersecting Σ (inward and
outward trajectories contribute with opposite signs). The same results can be found
using the phase space Pm.

2.3.3 Distribution function
The previous two sections have been devoted to setting up the mathematical frame-
work. We have constructed the phase space as the space of physical states. Given a
Hamiltonian, the physical evolution of test particles is represented by trajectories
in the phase space. Finally we have defined a volume element (Ω) and a hypersur-
face element (ω) that are conserved along these trajectories, i.e. along the phase
flow. In particular, ω represents the number of trajectories that intersect a given
surface element.

The classical picture of a gas represents it as a collection of a large number of
(small) particles. The representation of a gas in phase space is depicted in Figure
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Figure 2.1: Phase-space picture of a gas. Thick lines represent trajectories occupied
by a particle. Dots and crosses are creations and annihilations of states, respec-
tively, either due to collisions or to actual creation and annihilation of particles
(that we will also denote as collisions). Dotted lines represent open and closed hy-
persurfaces in phase space. Credit: Fig. 22b from [Ehl73].

2.1. The trajectories in phase space can be empty or occupied by a particle of the gas.
Clearly, this occupancy may have a beginning and an end, if the particle experience
a localized collision that changes abruptly its momentum or if there is creation and
annihilation of particles14.

Such fine-grained description is not needed in practice. Kinetic theory deals
with a large number of particles and it seeks to obtain information about macro-
scopic (average) properties of the gas. The key element in this case is the distribu-
tion function15 f (x,P). The distribution function represents the average occupation
number of a given phase-space volume. Then, the average number of particles could
be tentatively defined as

dN = f ω , (2.87)

i.e. the number of trajectories times its average occupation. The rate of change of
dN along the phase flow is

LLdN = L( f )ω , (2.88)

since ω is invariant. We see that the Liouville operator acting on f gives us the
change in the number of particles along the phase flow. Putting it in a different way:
it gives us the number of collisions, that kick particles in and out the volume. In the
absence of such collisions, the number of particles is conserved and the evolution of
f is described by the Liouville equation (or collisionless Boltzmann equation)

L( f )= 0 . (2.89)

Before discussing collisions and the Boltzmann equation we should make the re-
sults a bit more concrete. The treatment of kinetic theory in General Relativity

14Collisions will be the subject of the next section.
15As we will see later, this is properly the one-particle distribution function, defined over the one-

particle phase space.
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provides a solid, covariant foundation. However, we must reduce the level of ab-
straction to find expressions that fit our purposes. Besides, we need to reelaborate
(2.87) to include a couple of non-classical aspects.

First of all, we will drop the continuous-mass phase space P as we will be only
interested in gases with particles of a given (maybe zero) mass. The preceeding
results carry through to this case, see [Ehl73], and in the next sections we will
drop the ‘m’ subscript. Different particles16 live in different phase spaces and their
corresponding distribution functions will be distinguished with a subscript. In the
second place, we will be interested only in the kind of “special surfaces” mentioned
in [Ste71]. We build these hypersurfaces Σ in Pm out of a spatial hypersurface in
M and a volume in momentum space. More details can be found in [Ste71; Ehl73].

ωm = Pµσµ∧πm = (−Pµuµ)dV ∧πm (in Σ) . (2.90)

For an observer locally at rest with the volume (ui = 0) we obtain the classic result

ωm = N
2

d3xd3P . (2.91)

The constant N can be fixed comparing this case with the non-relativistic result.
From ordinary kinetic theory, or statistial physics, we know that the average num-
ber of particles per unit of phase-space volume is

dNm = g∗ fm
d3xd3P
(2π)3 , (2.92)

where (2π)3 is the volume of the elementary phase-space cell, i.e. (2πħ)3 with ħ= 1,
and g∗ is the number of internal degrees of freedom. The fm so described reduces
to the Fermi-Dirac or Bose-Einstein distributions in equilibrium situations. Com-
paring with our result

dNm = N
2

fm d3xd3P , (2.93)

we get N = 2g∗/(2π)3 and the momentum volume element (2.80) is

πm = g∗
(2π)3

d3Pp−g P0 . (2.94)

2.3.4 Collisions and the Boltzmann equation

The full Boltzmann equation describes the evolution of the distribution function in
realistic multicomponent systems with collisions. The main physical assumptions
are the following.

I) The interactions can be classified into long-range and short-range.

16This ‘differentiation’ includes particles with different charge or masses. Other properties, like
spin, may be included as an internal degree of freedom or not, depending whether it is relevant for
the scattering process at hand.
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• The particles interact through long-range gravitational and electromag-
netic forces. It is assumed that each particle moves in a mean field cre-
ated by all its neighbours. These fields, like gµν or Aµ, are in turn sourced
by the macroscopic (average) properties of the gas. The effects of long-
range interactions, including any external field, is incorporated in the Li-
ouville operator, that describes the trajectories of test particles in phase
space.

• The particles also interact in localized, close-by, encounters that are de-
noted as collisions, even though they may include creation and annihi-
lation of particles. Formally, anything that produces creations and de-
structions in phase space, like in Figure 2.1, and that induces deviations
from the Liouville equation (2.89), will be defined as a collision. Another
underlying assumption is that the long-range fields are weak enough so
that their effects can be neglected during the collision. As we will see, this
fact, along with the hypothesis of point-like collisions, will make possible
to compute the collision term in a special relativistic setting.

II) The medium is diluted. This is tantamount to saying that the mean free path
is large compared with the range of the short-range interactions. This assump-
tion also supports our phase-space description in terms of the one-particle dis-
tribution function. In Newtonian kinetic theory, one may start instead with
the N-particle distribution function f(N)(x1,P1, . . . , xN ,PN) that expresses the
probability of having N particles in the positions (x1,P1) to (xN ,PN). This
function f(N) satisfies the Liouville equation. It is possible then to marginalize
over the momenta to obtain f(1)(x,P), f(2)(x1,P1, x2,P2) etc. The evolution of
f(1) depends on f(2) and, in general, f(k) depends on f(k+1). Thus one arrives at
the so-called BBGKY (Bogoliubov-Born-Green-Kirkwood-Yvon) hierarchy, see
e.g. [Cha+90].

In our treatment we assume that all the relevant information is encoded in
f(1), so in particular we are neglecting the correlations

f(2)(x1,P1, x2,P2)' f(1)(x1,P1) f(1)(x2,P2) . (2.95)

Even though the correlations will be negligible for us, they play an important
role in plasma physics [Cha78]. For an elementary derivation of the correla-
tion function in a Newtonian setting see [TB17].

In what follows, we will present the Boltzmann equation for a multicomponent
gas with binary collisions. The generalization to other scenarios is straightforward.
Consider a gas composed of particles (a,b, c,d) interacting through processes of the
form

a+b ↔ c+d . (2.96)

A collision is a process taking place at a point x that destroys particles (a,b) with
momenta (pa, pb) and creates particles (c,d) with momenta (pc, pd) (or viceversa).
Clearly, the Liouville equation is not satisfied and there must be a term on the
right-hand side of (2.89) taking into account the number of collisions

L( fs)=Coll+s −Coll−s , s = a,b, c,d (2.97)
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where the sign +,− denotes that the collisions may increase or decrease the number
of particles in the volume. Of course, this expression is only schematic and we must
give a proper formulation of the collision term. Instead of delving into the subtleties
of this construction in curved space-time, we take a more pragmatic approach.

In the next section we will present the Boltzmann equation in flat space-time,
where the structure of the collision term is well established. The two assumptions
above will then allow us to immediately promote this collision term to curved space-
time.

2.3.5 Boltzmann equation in flat space-time
The Liouville operator (2.70) is usually substituted in Newtonian kinetic theory by
the closely related material derivative

D f
dt

= ∂ f
∂t

+ dxi

dt
∂ f
∂xi +

dpi

dt
∂ f
∂pi

. (2.98)

We will call it indistinctively material derivative or Liouville operator. The collision
term is defined as the right-hand side of the Boltzmann equation

D f
dt

= C[ f ] . (2.99)

The same definition of the Boltzmann equation (2.99) also applies in special rela-
tivity, where t is the time coordinate of an inertial observer. The particular form of
the collision term for a binary process a+b ↔ c+d is (for the species a) [LL00]

C[ fa]= S
2Ea

∫
DpbDpcDpd(2π)4δ (pa + pb − pc − pd) |M|2

×
[

fc fd(1± fa)(1± fb)︸ ︷︷ ︸
cd → ab

− fa fb(1± fc)(1± fd)︸ ︷︷ ︸
ab → cd

] { + bosons
− fermions

(2.100)

The meaning of the different pieces is:

• There are two terms, for the direct cd → ab and the inverse process ab → cd.
The first one is proportional to the probability of having c- and d-particles
with momenta pc and pd, i.e. fc fd, and expresses the gain of a-particles in
a phase-space volume centered at pa. The second term expresses the lost of
a-particles in phase space.

• The matrix element |M|2 is the probability of the transition a(pa)+ b(pb) ↔
c(pc)+d(pd). It is the same for the direct and the inverse process, under very
general assumptions [Wei95]. It can be computed from first principles and it
is the link to the microphysics of the problem.

• The collision is only allowed if it conserves energy and momentum, hence the
Dirac δ.

• In order to consider all the possible processes that modify the number of par-
ticles in the phase-space volume of the a-particles, we must integrate over the
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momentum of all the remaining particles (and possibly sum over every inter-
nal degree of freedom). The integration measures are the Lorentz-invariant
phase-space volumes

Dps ≡
d3 ps

(2π)32Es
, s = a,b, c,d . (2.101)

• The factor S is a symmetry factor, e.g. S = 1/2 for identical particles in the
initial or final state.

• The factor 1/Ea ensures that the Boltzmann equation is the same for all boost-
related inertial observers.

• The factors (1± f ) are quantum statistical factors that modify the final phase-
space volume available. They are responsible for the Bose enhancement (stim-
ulated emission) and Pauli blocking (exclusion principle) effects.

How do we promote this result to curved space-time? In the first place, remem-
ber that, on the tangent space at a given space-time point, we can always define an
orthonormal basis ea (tetrad) given by

ea = eµa
∂

∂xµ
, eµaeνb gµν = ηab . (2.102)

This basis defines a locally Minkowskian observer in curved space-time. In the
second place, notice that the collision term only accounts for local information. We
can compute it in the locally Minkowskian frame and use the flat space-time form
(2.100) as long as we interpret the momenta as those measured in this frame

pa = eµaPµ . (2.103)

Finally, the Boltzmann equation (2.99) applies to the physical time of a locally iner-
tial observer defined by

dt = e 0
µ dxµ , (2.104)

where we have used the inverse tetrad. We will see an example of this procedure in
Section 3.3.

2.3.6 Energy-momentum tensor
The energy-momentum tensor in the kinetic approach is defined as [Ehl73; MB95;
Dod03]

Tµν ≡
∫

PµPν f π= g∗
(2π)3

∫
d3Pp−g

PµPν

P0 f . (2.105)

If we compute the components for a locally inertial frame (2.103), we have in the
first place

d3Pp−gP0 = d3 p
E

, (2.106)

with E ≡ p0, and then

Ta
b = g∗

∫
d3 p

(2π)3E
pa pb f . (2.107)
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This expression provides the basis for the physical interpretation of the fluid vari-
ables

ρ = g∗
∫

d3 p
(2π)3 E f =−T0

0 , (Energy density) (2.108a)

Q i = g∗
∫

d3 p
(2π)3 pi f = T0

i , (Momentum density) (2.108b)

Pδi
j +Πi

j = g∗
∫

d3 p
(2π)3

pi p j

E
f = T i

j . (Pressure and stress tensor) (2.108c)

This formalism can be applied to define the current of particles

Nµ ≡
∫

Pµ f π= g∗
(2π)3

∫
d3Pp−g

Pµ

P0 f . (2.109)

Again, for a locally inertial observer we obtain

Na = g∗
∫

d3 p
(2π)3

pa

E
f , (2.110)

and the familiar definitions from flat space hold

n = g∗
∫

d3 p
(2π)3 f , (Number density) (2.111a)

V i = g∗
∫

d3 p
(2π)3

pi

E
f . (Particle flux) (2.111b)

Another interesting result concerns the possibility of translating the conservation
laws from the fluid approach, (2.4) and (2.7), to the kinetic language. It can be
proven, see [Ehl73], that

Nµ
;µ =

∫
L( f )π , (2.112)

Tµν
;ν =

∫
PµL( f )π . (2.113)

Recalling the form of the Liouville operator (2.70), if we choose a particular time pa-
rameterization dx0 = dσ≡ dτ, it can be rewritten in terms of the material derivative
(2.98)

L( f )= ∂ f
∂τ

+ dxi

dτ
∂ f
∂xi +

dPi

dτ
∂ f
∂Pi

= D f
dτ

. (2.114)

Using this time parameterization, the previous results can be recast as

Nµ
;µ = g∗

(2π)3

∫
d3Pp−gP0

D f
dτ

, (2.115)

Tµν
;ν =

g∗
(2π)3

∫
d3Pp−g

Pµ

P0
D f
dτ

. (2.116)



3 ΛCDM Cosmology

This chapter reviews, in detail, the building blocks of the ΛCDM cosmology.
The background evolution, based on perfect fluids, is analyzed in Section 3.1. The
kinetic description, at the background and perturbation levels, is the subject of Sec-
tion 3.2. In Section 3.3 we introduce the Boltzmann equation, deriving the equa-
tions that govern the evolution of all the species. Section 3.4 introduces the usual
scalar-vector-tensor decomposition and develops the Boltzmann hierarchy. The Ein-
stein equations and the gauge-transformation rules are presented in Section 3.5.
The usual approximation schemes to follow the evolution of the perturbations (tight
coupling and radiation streaming) are covered in Section 3.6. The initial-condition
analysis is carried out in Section 3.7, where we identify the usual adiabatic and
isocurvature modes. The line-of-sight approach, crucial to describe ultrarelativis-
tic species, is developed in Section 3.8. Finally, in Section 3.9 we define the main
observables of the theory: the temperature and matter power spectra.

3.1 Background dynamics
The background metric in ΛCDM is a flat Robertson-Walker (RW) metric

ds2 = a2(τ)
(−dτ2 +dx2) , (3.1)

where τ is the conformal time and a is the scale factor1. The Hubble parameter, H,
and the conformal Hubble parameter, H, are defined as

H≡
.a
a

, H ≡ 1
a
H , (3.2)

where . ≡ d/dτ. This metric can be sourced with a perfect fluid (2.9)

Tµ
ν =

(
ρ+P

)
uµuν+Pδµν . (3.3)

This cosmic fluid is made out of three components with constant equations of state.

• Radiation: w = 1/3. The radiation includes photons and neutrinos2.

• Matter: w = 0. Takes into account baryons3 and cold dark matter.

• Cosmological constant (Λ): w =−1. It is usually included as a fluid, instead of
as a term in the Einstein equations.

1Remember that the scale factor is related to the redshift as a = (1+ z)−1.
2For simplicity, we restrict ourselves to massless neutrinos.
3Following usual practice in cosmology, we denote protons, electrons and bound atoms collectively

as baryons.
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The Einstein equations (1) allow us to compute the evolution of the scale factor

H2 = 8πGa2

3
ρ(τ)= 8πGa2

3
(
ρr(τ)+ρm(τ)+ρΛ(τ)

)
, (3.4)

.
H+ 1

2
H2 =−4πGa2P(τ)=−4πGa2

(
1
3
ρr(τ)−ρΛ(τ)

)
. (3.5)

These are the celebrated Friedmann equations that describe the expansion history
of the Universe. This kind of background, or universe, is named after Friedmann,
Lemaître, Robertson and Walker (FLRW). Since the different components do not
interact, at this level, each of them satisfies the conservation equation

T µ

(s) ν;µ = 0 , s = r,m,Λ (3.6)

separately. For an observer comoving with the fluid, the conservation equation can
be written as

.
ρ =−3H(1+w)ρ . (3.7)

It can be solved for a constant equation of state4

ρ = ρ0a−3(1+w) , (3.8)

where ρ0 is the density today. The first Friedmann equation (3.4) can be rewritten
as

H2 = a2H2
0
(
Ωra−4 +Ωma−3 +ΩΛ

)
, (3.9)

where H0 is the Hubble parameter today and the reduced densities Ωs are the
densities evaluated today and normalized by the critical density

Ωs =
ρs 0

ρcrit
, ρcrit =

3H2
0

8πG
. (3.10)

Another consequence of (3.9) is that

ΩΛ = 1−Ωr −Ωm . (3.11)

Once the expansion history H(a) is known, it is possible to compute the conformal
time

τ=
∫

da
aH . (3.12)

If there is only one component in the universe, with a constant equation of state w,
we find

H= H0a−(1+3w)/2 , τ= 2
(1+3w)H0

a(1+3w)/2 , (3.13)

H= 2
(1+3w)

τ−1 , a =
(
(1+3w)H0

2
τ

)2/(1+3w)
. (3.14)

The only relevant quantities in the early Universe (a ¿ 1) are matter and radiation.
From (3.9)

H2 ' a2H2
0
(
Ωra−4 +Ωma−3) . (3.15)

4It is customary to normalize the scale factor such that today a(τ0)= a0 = 1.
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For this two-component fluid, it is possible to obtain analytic expressions for H(τ)
and a(τ) that will prove handy later

H= 1+2τ/τm

τ(1+τ/τm)
, τ−1

m ≡ H0Ωm

4
√
Ωr

, (3.16)

a = H0
√
Ωrτ(1+τ/τm) . (3.17)

3.2 Kinetic approach
The perfect fluid description of the previous section is appropiate to describe the
homogeneous and isotropic FLRW background. However, a realistic description of
our Universe must accommodate the presence of small inhomogeneities, that will
be introduced as small perturbations over the RW background metric.

The perfect fluid approach can be adapted to this scenario by including small
perturbations in the density, pressure and velocity of the fluid. The photon-baryon
plasma in the early Universe and non-relativistic species, like baryons and CDM,
can be approximated as perfect fluids and described within this formalism. Unfortu-
nately, important events in cosmology do not admit a fluid description, particularly
the details of the photon-baryon decoupling and the free streaming of neutrinos.
The introduction of a kinetic approach is unavoidable to describe accurately these
processes.

Kinetic theory in curved space-time has been amply discussed in Section 2.3.
We briefly summarize here the main ingredients. The presentation and notation
follow, inasmuch as possible, that of [MB95]. The phase space of a given component
is described by:

• Three positions xi.

• Three conjugate momenta Pi. These conjugate momenta are defined as the
spatial components of the four-momentum

Pµ ≡ m
dxµ

dλ
, PµPνgµν =−m2 , (3.18)

where dλ≡
p
−ds2 is the proper time and the spatial index i has been lowered

with the full metric gµν.

The number of particles per unit of phase-space volume is

dN = g∗ f
(
τ, xi,P j

) d3xd3P
(2π)3 , (3.19)

where g∗ is the number of internal degrees of freedom, e.g. the number of helicity
states, and f is the phase-space distribution. The energy-momentum tensor can be
defined as (2.105)

Tµν =
g∗

(2π)3

∫
d3Pp−g

PµPν

P0 f
(
τ, xi,P j

)
. (3.20)

The next two sections introduce the kinetic description of a fluid in a cosmological
setting, rederiving first the background results and then extending the discussion
to a perturbed FLRW universe.
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3.2.1 Background
Starting with the RW metric (3.1) and denoting the components of the four-momentum
as

ε≡−P0 , qi ≡ Pi , (3.21)

such that qi ≡ qi. From the mass-shell condition (3.18) we get

ε2 = m2a2 + q2 . (3.22)

We will call ε and q the comoving energy and momentum of the particles. It is
common to define the physical energy and momentum

E ≡ ε/a , pi ≡ qi/a . (3.23)

If we write f0 for the background distribution function, we can define the fluid
variables

ρ ≡ a−4 g∗
∫

d3q
(2π)3 ε f0 , P ≡ a−4 g∗

∫
d3q

(2π)3
q2

3ε
f0 ,

Q i ≡ a−4 g∗
∫

d3q
(2π)3 qi f0 , n ≡ a−3 g∗

∫
d3q

(2π)3 f0 ,

Πi j ≡ a−4 g∗
∫

d3q
(2π)3

(
qi q j

ε
− q2

3ε
δi j

)
f0 , V i ≡ a−3 g∗

∫
d3q

(2π)3
qi

ε
f0 , (3.24)

that represent the usual energy, momentum, shear tensor, pressure, number and
velocity densities of the fluid. The components of the energy-momentum tensor
(3.20) in terms of these variables are

T0
0 =−ρ , (3.25a)

T0
i =Q i , (3.25b)

T i
j = Pδi

j +Πi
j (3.25c)

In order to source a homogeneous and isotropic RW metric with a single compo-
nent we need to impose that the distribution function is homogeneous and isotropic

f0 = f0(τ, q) . (3.26)

It is straightforward to prove that this choice leads us to the perfect fluids discussed
in Section 3.1, with Q i = 0 and Πi j = 0. This connection also provides a microscopic
basis for the equations of state proposed for radiation and matter, at the beginning
of Section 3.1. It is customary to refer collectively to massless, or nearly massless,
particles as radiation. For these light particles

ε= q+O
(

m2a2

q2

)
, (3.27)

and the density and pressure are

ρ = a−4 g∗
∫

d3q
(2π)3 q f0 +O

(
m2a2

q2

)
, (3.28)

P = a−4 g∗
∫

d3q
(2π)3

q
3

f0 +O
(

m2a2

q2

)
' 1

3
ρ , (3.29)
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so w = 1/3 for massless particles. On the other hand, for heavy particles the non-
relativistic (NR) limit is appropiate

ε= ma+O
(

q2

m2a2

)
. (3.30)

In this limit

ρ = a−3 g∗
∫

d3q
(2π)3 m f0 +O

(
q2

m2a2

)
' mn , (3.31)

P = 0+O
(

q2

m2a2

)
, (3.32)

so w ' 0. This limit is implicitly assumed when some component is denoted as ‘mat-
ter’. If there is risk of confusion, the appelative ‘cold’ may be added. For instance,
in ΛCDM, the name ‘cold dark matter’ points to a heavy dark matter candidate
with w = 0. Alternative models of ‘warm dark matter’ are constructed with lighter
candidates whose equation of state, while being small, differs from zero5.

3.2.2 Perturbations
Our starting point is a perturbed flat RW metric

ds2 = a2(τ)
(
− (1− A)dτ2 +2Bidτdxi + (δi j +Hi j)dxidx j

)
. (3.33)

Reparameterizing the momentum as

P0 ≡−aE+δP0 , (3.34)

Pi ≡ a
(
δ

j
i +

1
2

H j
i

)
p j , (3.35)

from the mass-shell condition (3.18) we obtain

E2 = m2 + p2 , (3.36)

δP0 =
1
2

A aE+apiBi . (3.37)

The change from Pi to pi can be regarded just as a redefinition but it has a very
simple interpretation in terms of the tetrad (2.102). Our choice of momentum, Pµ =
e a
µ pa, corresponds to a choice of tetrad with components

e 0
0 = a

(
1− 1

2
A

)
, e 0

i = 0 ,

e j
i = a

(
δi

j +
1
2

H i
j

)
, e i

0 = aBi . (3.38)

5The discussion above obviates the fact that when we talk about light or heavy particles we are
comparing their mass with another scale, built in the distribution function. If the dark matter
candidate was in thermal equilibrium, as for example WIMPs, this energy scale is simply the tem-
perature of the plasma. However, in Chapter 5, we will discuss what is usually called an ultralight
dark matter candidate. These candidates still behave as CDM, but they have a different origin and
were never in thermal equilibrium with the plasma.
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With these definitions, pi are the physical momenta measured by a locally inertial
observer at a fixed spatial position. It is convenient to work with a closely related
set of variables, ε and qi defined as in (3.23), and it will also be useful to split the
momentum into direction and magnitude

qi ≡ qni , niδ
i jn j = 1 . (3.39)

As we will see, written in terms of qi instead of pi, the Boltzmann equation does
not contain a zero order term. The phase-space distribution is also perturbed

f (τ, x, q)= f0 (τ, q)+δ f (τ, x, q) . (3.40)

We define the corresponding perturbed fluid variables

δρ ≡ a−4 g∗
∫

d3q
(2π)3 εδ f , δP ≡ a−4 g∗

∫
d3q

(2π)3
q2

3ε
δ f ,

δQ i ≡ a−4 g∗
∫

d3q
(2π)3 qi δ f , δn ≡ a−3 g∗

∫
d3q

(2π)3 δ f ,

δΠi j ≡ a−4 g∗
∫

d3q
(2π)3

(
qi q j

ε
− q2

3ε
δi j

)
δ f , δV i ≡ a−3 g∗

∫
d3q

(2π)3
qi

ε
δ f . (3.41)

The components of the perturbed energy-momentum tensor in terms of these vari-
ables are

δT0
0 =−δρ , (3.42a)

δT0
i = δQ i , (3.42b)

δT i
j = δPδi

j +δΠi
j . (3.42c)

Defining the sound speed as6

c2
s ≡

δP
δρ

, (3.43)

for massless particles we find c2
s = 1/3. On the other hand, in the non-relativistic

limit

c2
s = 0+O

(
q2

m2a2

)
, (3.44)

δΠi
j = 0+O

(
q2

m2a2

)
, (3.45)

δρ = mδn+O
(

q2

m2a2

)
, (3.46)

δQ i = mδV i +O
(

q2

m2a2

)
. (3.47)

All the relevant information for NR particles is encoded in their density and velocity
perturbations, so they can be appropiately described as perfect fluids. The kinetic
approach has allowed us to justify this assertion and it is essential to follow the
evolution of ultrarelativistic species7.

6Remember that in Section 2.1.2 we also defined the adiabatic sound speed c2
ad =

.
P/ .
ρ. They are

generally different.
7 Sometimes it is possible to approximate ultrarelativistic species as imperfect fluids [Hu98].
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3.3 Boltzmann equation
The information about the time evolution of the distribution function is encoded in
the Boltzmann equation. In the locally Minkowskian frame it takes the form (2.99)

D f
dt

= C[ f ] , (3.48)

where dt ≡ e 0
µ dxµ is the time measured by the locally Minkowskian observer, which,

for the tetrad choice (3.38), reads dt = a(1− A/2)dτ. We shall find convenient to ex-
press the distribution function as a function of the space-time coordinates that ap-
pear in (3.33) and the momenta qi defined in (3.23). Rewritten in conformal time,
the Boltzmann equation is

D f
dτ

= a
(
1− 1

2
A

)
C[ f ] . (3.49)

The left-hand side, the so-called material derivative or Liouville operator, describes
the free streaming of particles in phase space. It is defined as (2.98)

D f
dτ

≡ ∂ f
∂τ

+ dxi

dτ
∂ f
∂xi +

dqi

dτ
∂ f
∂qi . (3.50)

This operator contains the information about the space-time geometry, through its
effects on the geodesics of the particles. The functional on the right-hand side of
(3.48) is the so-called collision term, that we discussed in Sections 2.3.4 and 2.3.5.
It takes into account how the number of particles per unit of phase-space volume
change due to collisions, i.e. local interactions. The collision term takes the same
form as in flat space-time when written in terms of the momenta measured by a
locally inertial observer, pa, defined in (3.34) and (3.35).

The next section is devoted to the left-hand side of the Boltzmann equation,
i.e. the Liouville operator, particularizing to massless and non-relativistic particles.
This analysis exhausts all the information needed to follow the evolution of non-
interacting particles, like CDM and neutrinos. However, to describe the photon-
baryon plasma, we must move on to the full Boltzmann equation. We will derive
the collision term for the interaction between photons and electrons and we will
finally gather the Boltzmann equations for all the relevant components.

3.3.1 Liouville operator
In order to compute the time derivatives appearing in (3.50), we need the geodesics
in the metric (3.33). A detailed computation of the geodesics can be found in Ap-
pendix D. Using the definition of the four-momentum (3.18) and the parameteriza-
tion (3.34), (3.35) and (3.23), the final results are8

dxi

dτ
= qi

ε

(
1− 1

2
A

)
−Bi − 1

2ε
H i

k qk , (3.51)

dqi

dτ
= 1

2
ε∂i A+ q jCi j +

q j qk

ε
D i jk , (3.52)

8Notice that, with this choice, the geodesic equation (3.52) is already first order in perturbations.
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where the following combinations of metric variables have been defined

Ci j ≡ ∂iB j −
1
2

.
Hi j , (3.53)

D i jk ≡
1
2

(∂iH jk −∂kHi j) . (3.54)

Splitting the distribution function into a background part plus a perturbation, as in
(3.40), the Liouville operator (3.50) up to first order in perturbation theory is

D f
dτ

= ∂ f0

∂τ
+ ∂δ f

∂τ
+ dxi

dτ
∂δ f
∂xi + dqi

dτ
∂ f0

∂qi . (3.55)

We will restrict our attention to massless and non-relativistic particles.

Massless particles

Since there are no collisions at the background level9, to leading order the Boltz-
mann equation is

∂ f0

∂τ
= 0 . (3.56)

For massless particles, this entails that the unperturbed distribution f0 only de-
pends10 on q

f0(τ, q)= f0(q) . (3.57)

It is convenient to work with the reduced phase-space density, integrating out the
dependence on the momentum magnitude, defined as

F (τ, x, n̂)≡ 1
N

∫
q3dqδ f (τ, x, q) , (3.58)

where the constant N is related to the comoving energy density

N ≡
∫

q3dq f0(q)= 2π2

g∗
a4ρ = const. (3.59)

Plugging the geodesic equations (3.51) and (3.52) into the right-hand side of (3.50)
and integrating out the momentum magnitude, we obtain

∫
q3dq

D f
dτ

=N
[ .
F +ni∂iF −2ni∂i A−4nin jCi j

]
. (3.60)

9We assume that thermodynamic equilibrium is maintained at the background level and that
departures from it appear as small perturbations. Hence, the collision term at the background level
(in equilibrium) is zero.

10We are tacitly assuming that we have a blackbody spectrum

f0(q)= 1
eq/T0 −1

.

where T0 is the temperature today. In particular, we assume that there is no chemical potential.
Check [KT94; Pad93; Pad00] for more details.
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The first moments of the angular distribution can be found performing the appropi-
ate integrals over n̂

∫
dΩ
4π

∫
q3dq

D f
dτ

=N
[ .
δ+ 4

3
∂iδvi − 4

3
δi jCi j

]
, (3.61)

∫
dΩ
4π

ni
∫

q3dq
D f
dτ

= 4
3
N

[
δ

.vi + 3
4
∂ jπ

i j + 1
4
∂iδ− 1

2
∂i A

]
, (3.62)

where we have defined

δ≡
∫

dΩ
4π

F = δρ

ρ
, (3.63)

δv≡ 3
4

∫
dΩ
4π

n̂F = δQ
ρ+P

, (3.64)

πi j ≡
∫

dΩ
4π

(
nin j − 1

3
δi j

)
F = δΠi j

ρ
. (3.65)

Massive particles

The results for massive particles are much more involved. However, since we will
focus on non-relativistic particles, it will be enough to restrict the analysis to the
lowest moments of the Boltzmann equation: the number density, energy and veloc-
ity perturbations.

• Number density.

a−3 g∗
∫

d3q
(2π)3

D f
dτ

= a−3 ∂

∂τ

(
a3n

)+a−3 ∂

∂τ

(
a3δn

)+∂iδV i −nδi jCi j . (3.66)

• Energy.

a−4 g∗
∫

d3q
(2π)3 ε

D f
dτ

= .
ρ+3H(ρ+P)+ρ ( .

δ+3Hδ(c2
s −w)

)+∂iδQ i

+δ
( .
ρ+3H(ρ+P)

)
− (ρ+P)δi jCi j . (3.67)

• Momentum.

a−4 g∗
∫

d3q
(2π)3 qi D f

dτ
= a−4 ∂

∂τ

(
a4δQ i

)
+∂ j

(
δi jδP +δΠi j

)
− 1

2
(ρ+P)∂i A . (3.68)

These results are general, for particles of any mass, and in the appropiate limits
reproduce (3.61) and (3.62). Equations (3.66) and (3.67) at the background level, and
without collisions, express the conservation of the comoving number of particles and
the continuity equation (3.7). Assuming that the zero-order Boltzmann equation,
without collisions, is satisfied, the results to first NR order are:

• Number density.

a−3 g∗
∫

d3q
(2π)3

D f
dτ

' n
[ .
δn +∂iδvi −δi jCi j

]
. (3.69)
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• Energy.

a−4 g∗
∫

d3q
(2π)3 ε

D f
dτ

' ρ
[ .
δ+∂iδvi −δi jCi j

]
. (3.70)

• Momentum.

a−4 g∗
∫

d3q
(2π)3 qi D f

dτ
' ρ

[
δ

.vi +Hδvi − 1
2
∂i A

]
. (3.71)

We have defined

δn ≡ δn
n

, δvi ≡ δV i

n
. (3.72)

3.3.2 Collision term

This section is devoted to the calculation of the collision term for Compton scatter-
ing between electrons and photons. The notation in this section is slightly different.
As we mentioned before, the collision term must be written in terms of the momenta
pi measured by a locally inertial observer at a fixed spatial position. These are re-
lated to the momenta qi we have been using as defined in (3.23), i.e. qi = pi/a. Some
standard physical assumptions underlying the derivation of the collision term are
the following.

• When written in terms of the momenta pi, the collision term is the same as
in flat space, since it takes into account local information where the curva-
ture effects are not important. In the same way, the matrix element M is
computed using quantum field theory (QFT) in flat space-time.

• The temperature of the plasma is low enough so that the electrons are non-
relativistic. We keep only the first order correction in the NR expansion. This
means that we keep the electron velocity but neglect its pressure and sound
speed. We consider the NR limit of Compton scattering, i.e. Thomson scatter-
ing.

• Electrons and protons are much more tightly coupled between them than to
photons. The velocities of free electrons, protons and the full baryonic velocity
are the same throughout the evolution.

• The angular dependence of Thomson scattering is neglected. This angular
dependence has proven important for 1% accuracy and especially for polar-
ization, but we will not take it into account in this work. We use the angle-
averaged matrix element instead.

• The number of internal degrees of freedom is not included in the definition
of f , i.e. the equilibrium distributions correspond to the usual Bose-Einstein
and Fermi-Dirac distributions.

• The medium is diluted enough so that we can neglect the quantum statistical
factors (1± f ) responsible for the Bose enhancement and Pauli blocking effects.
We do not take into account any plasma effect from finite temperature QFT.
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Thomson scattering

Our starting point is the definition (2.100) for the collision term with binary colli-
sions. With the qualifications above, the process e(pe)+γ(p) ↔ e(p′

e)+γ(p′) can be
modelled by

C[ f (p)]= 1
4p

∫
DpeDp′Dp′

e(2π)4δ(pµ+ pµe − p′µ− p′µ
e )

×
[

f (p′) fe(p′
e)− f (p) fe(pe)

] ∑

spins
|M|2 , (3.73)

where Dp ≡ d3 p
(2π)32E is the Lorentz-invariant phase-space volume, f and fe are the

distribution functions for photons and electrons and their dependence on space-
time coordinates has been omitted, since it does not play any role. Note that it has
been necessary to add a factor 1/2 to average over the initial helicity of γ(p). For
Thomson scattering, the matrix element is11

∑

spins
|M|2 = 48πσT m2

e
(
1+cos2θ

)
, (3.74)

where θ is the angle between the incident and scattered photons in the electron
rest frame and σT is the Thomson cross section. We use instead the angle-averaged
version, with the substitution

∑

spins
|M|2 →

〈
∑

spins
|M|2

〉

θ

= 1
2

∫ 1

−1
d(cosθ)

∑

spins
|M|2 = 64πσT m2

e (3.75)

Performing the integral over the three-momentum p′
e in (3.73)

C[ f (p)]= 16π2σT m2
e

p

∫
DpeDp′ 1

E(p′
e)
δ
(
p− p′+E(pe)−E(p′

e)
)

×
[

f (p′) fe(p′
e)− f (p) fe(pe)

]
. (3.76)

We introduce the definitions

∆p = p− p′ , ∆E = E(pe)−E(p′
e)= E(pe)−E(pe +∆p) ,

p′
e = pe +∆p , ∆E′ = E(pe −∆p)−E(pe) . (3.77)

All we need to do is to compute two integrals

C[ f (p)]= 16π2σT m2
e

p
(I+− I−) , (3.78)

where

I+ ≡
∫
DpeDp′δ(p− p′+∆E)

1
E(p′

e)
fe(p′

e) f (p′)

=
∫
DpeDp′δ(p− p′+∆E′)

1
E(pe −∆p)

fe(pe) f (p′) , (3.79)

I− ≡
∫
DpeDp′δ(p− p′+∆E)

1
E(p′

e)
fe(pe) f (p) . (3.80)

11See [PS95].
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Assuming that the energy transfer ∆E is small and expanding to first order we have

I+ =
∫
DpeDp′ fe(pe) f (p′)

1
E(pe)

{(
1− ∆E′

E(pe)

)
δ(p− p′)

+∆E′∂δ(p− p′)
∂p

+O(
(∆E′)2)

}
, (3.81)

I− =
∫
DpeDp′ fe(pe) f (p′)

1
E(pe)

{(
1+ ∆E

E(pe)

)
δ(p− p′)

+∆E
∂δ(p− p′)

∂p
+O(

(∆E)2)
}

. (3.82)

Combining them

I+− I− =
∫ DpeDp′

E(pe)
fe(pe)

{(
1− ∆E′−∆E

2E(pe)

)
δ(p− p′)

+ ∆E′+∆E
2

∂δ(p− p′)
∂p

}(
f (p′)− f (p)

)

+
∫ DpeDp′

E(pe)
fe(pe)

{(
−∆E′+∆E

2E(pe)

)
δ(p− p′)

+ ∆E′−∆E
2

∂δ(p− p′)
∂p

}(
f (p′)+ f (p)

)
. (3.83)

Additionally, in the usual NR limit for electrons we have

E(pe)= me +
p2

e

2me
+O(4) , (3.84)

∆E′−∆E = ∆p2

me
+O(4) , (3.85)

∆E′+∆E =−2pe ·∆p
me

+O(4) . (3.86)

The only terms from (3.83) that give a contribution to first NR order are

I+− I− '
∫ DpeDp′

E(pe)
f (pe)

{
δ(p− p′)+ ∆E′+∆E

2
∂δ(p− p′)

∂p

}(
f (p′)− f (p)

)
. (3.87)

Substituting in the collision term we have

C[ f (p)]= 4π2σT

p

∫
d3 pe

(2π)3
d3 p′

p′(2π)3 fe(pe)
{
δ(p− p′)− pe ·∆p

me

∂δ(p− p′)
∂p

}

×
(
f (p′)− f (p)

)
. (3.88)

If we define the electron number density and velocity with the full distribution

nfull
e ≡ 2

∫
d3 pe

(2π)3 fe(pe) , neufull
e ≡ 2

∫
d3 pe

(2π)3
pe

me
fe(pe) , (3.89)

after some simplifications, we finally obtain

C[ f (p)]= σT

4πp

∫
p′dp′dΩ

{
nfull

e δ(p− p′)

+neufull
e · (p− p′)

∂δ(p− p′)
∂p′

}(
f (p′)− f (p)

)
. (3.90)
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Notice that f corresponds to the full photon distribution, i.e. we have not yet ex-
panded in cosmological perturbations. Expanding now to first order in cosmological
perturbations, we get

C[ f (p)]= neσT

4πp

∫
p′dp′dΩ′

{
δ(p− p′)

(
δ f (p′)−δ f (p)

)

+δve · (p− p′)
∂δ(p− p′)

∂p′
(
f0(p′)− f0(p)

)}
. (3.91)

As we anticipated, there is no zero-order (background) contribution. After some
simple manipulations, it can be recast as

C[ f (p)]= neσT

{∫
dΩ′

4π
δ f (p, n̂′)−δ f (p, n̂)+ n̂ ·δve f0(p)

}
. (3.92)

Reintroducing the comoving momenta qi and integrating out its modulus, we obtain
the relevant equation for the evolution of the reduced distribution function (3.58)

1
N

∫
q3dqC[ f (p)]= neσT

{∫
dΩ′

4π
Fγ(n̂′)−Fγ(n̂)+ n̂ ·δve

}
. (3.93)

The first two moments of this equation, to match with (3.61) and (3.62), are

1
N

∫
dΩ
4π

∫
q3dqC[ f (p)]= 0 , (3.94)

1
N

∫
dΩ
4π

ni
∫

q3dqC[ f (p)]=−4
3

neσT

(
δvi

γ−δvi
e

)
. (3.95)

Conserved quantities

We have just computed the collision term for photons. However, the whole plasma
is described by the coupled system

D f
dt

= C[ f , fe] , (3.96)

D fe

dt
= Ce[ f , fe] . (3.97)

We ought to compute the collision term for electrons Ce as well. Not surprisingly,
both terms are not independent. In fact, we can make use of some conservation laws
derived from the full Boltzmann equation to save us most of the work. Following
[Dod03], we write both collision terms with the compact notation

ceγ =
1
2

1
2Epe

1
2p

1
2Ep′

e

1
2p′ (2π)4δ(pµ+ pµe − p′µ− p′µ

e )

×
[

f (p′) fe(p′
e)− f (p) fe(pe)

] ∑

spins
|M|2 , (3.98)

Ce[ fe(pe)]≡
∫

d3 p
(2π)3

d3 p′

(2π)3
d3 p′

e

(2π)3 ceγ ≡ 〈ceγ〉pp′p′
e

, (3.99)

C[ f (p)]≡ 〈ceγ〉p′p′
e pe . (3.100)
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Integrating over all the momenta, it is easy to see that we have

〈ceγ〉pe pp′
e p′ = 0 , (3.101)

〈(p+E(pe))ceγ〉pe pp′
e p′ = 0 , (3.102)

〈(p+ pe)ceγ〉pe pp′
e p′ = 0 , (3.103)

corresponding to the conservation of the number of particles, energy and momen-
tum. Using these results, the following equalities hold

∫
d3 pe

(2π)3 E(pe)Ce[ fe(pe)]=−
∫

d3 p
(2π)3 pC[ f (p)] , (3.104)

∫
d3 pe

(2π)3 pe Ce[ fe(pe)]=−
∫

d3 p
(2π)3 pC[ f (p)] . (3.105)

This means that we can compute the first two moments of the Boltzmann equation
for electrons, the only ones that we need since they are non-relativistic, from the
first two moments of the photons, already computed in (3.94) and (3.95).

3.3.3 Boltzmann equation for different components

Photons

The reduced Boltzmann equation for photons is obtained combining the Liouville
operator (3.60) and the collision term (3.93). The evolution of the reduced phase-
space density is governed by

.
Fγ+ni∂iFγ−2ni∂i A−4nin jCi j = aneσT

[
δγ−Fγ+4n̂ ·δvb

]
. (3.106)

Since protons and electrons form a single tightly-coupled baryonic fluid, we have
substituted δve with δvb, the velocity of baryons. The evolution of the fluid vari-
ables can be found performing the appropiate angular integrals. The equations
for the density, combining (3.61) and (3.94), and the velocity, combining (3.62) and
(3.95), are

.
δγ+

4
3
∂iδvi

γ−
4
3
δi jCi j = 0 , (3.107)

δ
.vi
γ+

1
4
∂iδγ+

3
4
∂ jπ

i j
γ − 1

2
∂i A =−aneσT

[
δvi

γ−δvi
b

]
. (3.108)

Baryons

As stated above, since electrons and protons are much more tightly coupled between
them than to the photons, they behave as a single baryonic fluid. The evolution of
the baryon density can be found using the left-hand side (3.70) and energy conserva-
tion (3.104). For the velocity, we must use the left-hand side (3.71) and momentum
conservation (3.105). The relevant equations are

.
δb +∂iδvi

b −δi jCi j = 0 , (3.109)

δ
.vi
b +Hδvi

b −
1
2
∂i A = 4ργ

3ρb
aneσT

[
δvi

γ−δvi
b

]
. (3.110)



3.3. BOLTZMANN EQUATION 55

Neutrinos

Neutrinos are decoupled from the plasma during the period we will be interested
in12. Moreover, since we are neglecting their masses, the equation describing their
free-streaming is the same as photons (3.106) without collision term

.
Fν+ni∂iFν−2ni∂i A−4nin jCi j = 0 . (3.111)

The phase-space description of light, massive neutrinos is very complicated [MB95;
Les+13]. The effects of neutrino masses cannot be neglected when performing pre-
cise (1%) comparisons with observational data. In fact, the measurement of the
neutrino masses through their effects on the large-scale structure formation is one
of the main scientific goals of different LSS surveys, discussed in Chapter 1. Such
a detailed description is beyond the scope of this work and we will stick to massless
neutrinos.

Cold dark matter

Cold dark matter behaves as collisionless non-relativistic matter, i.e. it just follows
the same equations as baryons without interactions,

.
δc +∂iδvi

c −δi jCi j = 0 , (3.112)

δ
.vi
c +Hδvi

c −
1
2
∂i A = 0 . (3.113)

Total fluid

The total energy-momentum tensor, adding all the components, satisfies a conser-
vation equation

Tµ
ν;µ = 0 , (3.114)

which is a direct consequence of the Einstein equations. The information encoded in
this equation is redundant, i.e. once we evolve all the components it is identically
satisfied. However it is advisable to keep in mind that it can be used, in some
circumstances, to substitute the evolution equations of one of the components. This
conservation law yields the usual continuity and Euler equations, see Section D.4,

.
δ+3H(c2

s −w)δ+ (1+w)∂i

(
δvi −Bi

)
+ 1

2
(1+w)

.
H i

i = 0 , (3.115)

δ
.vi +H(1−3w)δvi +

.w
1+w

δvi +
1

1+w
∂i

(
c2

sδ
)+ 1

1+w
∂ jπ

j
i −

1
2
∂i A = 0 , (3.116)

where the different variables are defined in the same way as for the individual
components, but using the total energy-momentum tensor, e.g.

δ≡ 1
ρ

∑
s
ρsδs , (3.117)

c2
sδ≡

1
ρ
δP ≡ 1

ρ

∑
s
δPs . (3.118)

12Essentially after BBN, z < 1010.
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3.4 Harmonic analysis

The system of cosmological perturbations that we have developed so far is linear
and, since the background is homogeneous, the only inhomogeneities come from
the perturbations. These facts make it natural to turn from real space to Fourier
space

g(τ, x) → g(τ,k) . (3.119)

The conventions for the Fourier transform are collected in Appendix A. Unless there
is risk of confusion, we will use the same symbol for the Fourier-transformed vari-
ables. The spatial derivatives follow a similar rule

∂i g(τ, x) → iki g(τ,k) . (3.120)

The homogeneity of the background allows for a great simplification. The system
of cosmological perturbations is transformed from a set of partial differential equa-
tions to a system of ordinary ones.

The next sections are mainly devoted to another simplification that arises be-
cause of the isotropy of the background. This simplification is known as decompo-
sition theorem [KS84; Dod03; Hu04]. It is possible to classify the perturbations
according to their behaviour under spatial rotations. In particular, as scalar, vector
or tensor perturbations. The decomposition theorem states that if there is no priv-
ileged direction, each of these perturbations evolve separately. In Section 3.4.1 we
will describe the usual scalar-vector-tensor (SVT) decomposition for the fluid vari-
ables and the metric. Sections 3.4.2 and 3.4.3 will cover only the evolution of the
scalar mode.

3.4.1 Scalar-vector-tensor decomposition

Any spatial vector, in particular the velocity, can be decomposed into a gradient and
a divergenceless part

δvi = ∂ivS +χi , ∂iχ
i = 0 , (3.121)

where vS is the scalar part of the velocity and χ is the vector part, i.e. the vorticity.
In Fourier space, it can be written as

δvi =− ik̂i

k
θ+χi , θ ≡−k2vS . (3.122)

A spatial traceless tensor, e.g. the shear tensor, can be decomposed in a similar way

πi j =
(
∂i∂ j −

1
3
δi j∂

k∂k

)
πS +2∂(iπ

V
j) +πT

i j , (3.123)

where again the vector part πV is divergenceless and πT
i j is the tensor part, satisfy-

ing
∂iπT

i j = 0 , δi jπT
i j = 0 . (3.124)
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Alternatively, we can write it in Fourier space13

πi j =−2
(
k̂i k̂ j −

1
3
δi j

)
σ+ ik

(
k̂iπ

V
j + k̂ jπ

V
i

)
+πT

i j , σ≡ k2

2
πS , (3.125)

The metric perturbations A, Bi and Hi j can be decomposed in a similar way. Adapt-
ing the notation of [MFB92] for a generic gauge, the perturbed metric (3.33) can be
rewritten as

ds2 = a2(τ)
{
−(1+2Ψ)dτ2 +2(∂iB−Si)dxidτ

+
(
δi j −2Φδi j +2∂i∂ jE+ (∂iF j +∂ jFi)+hi j

)
dxidx j

}
, (3.126)

whereΨ, Φ, E and B are scalar perturbations, S and F are vector perturbations, i.e.
divergenceless vectors, and hi j is a tensor perturbation, i.e. a divergenceless and
traceless tensor. The variables previously defined for a general metric perturbation
now take the form

A =−2Ψ , (3.127a)

Bi = ∂iB−Si , (3.127b)

Hi j =−2Φδi j +2∂i∂ jE+∂iF j +∂ jFi +hi j . (3.127c)

The scalar perturbations are the origin of the large-scale structure in the Uni-
verse and constitute the leading contribution to the temperature anisotropies in the
CMB. Before analyzing scalar perturbations in detail we will briefly comment upon
the relevance of vector and tensor perturbations in ΛCDM.

There are at least two well grounded reasons to ignore the vector modes in
ΛCDM. The first one is that its primordial origin is harder to justify. Inflation
is currently the preferred mechanism to explain the origin of primordial pertur-
bations. Quite generically, scalar and tensor perturbations are produced during
inflation but most (popular) models do not produce primordial vector perturbations.
The second reason to neglect vector perturbations is that, even if initially present,
they get diluted with the expansion of the Universe. An easy way to see this is to
focus on the equation (3.116) describing the velocity of the total fluid. If we neglect
the (small) anisotropic stress and project the velocity into the plane perpendicular
to k̂ we get the evolution of the vorticity

.
χi +H(1−3w)χi +

.w
1+w

χi = 0 (3.128)

During the matter-dominated era, w ' 0, we get χi ∝ a−1. This argument can be
generalized to the vorticities of the individual components, but the same conclusion
holds: vector modes are supressed. The key point is that the equations for the vector

13Our definition for σ differs slightly from [MB95] as

σ= 3
4

(1+w)σMa-Bertschinger .

It agrees for ultrarelativistic species, like photons and neutrinos.
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modes do not contain any metric perturbation so the Einstein equations do not feed
back into the fluid equations.

The tensor modes on the other hand are singularly important in modern cosmol-
ogy. Primordial tensor modes are believed to be produced during inflation with a dif-
ferent spectrum from scalar perturbations. For a given scalar spectrum, currently
observable, different inflationary models predict different tensor spectra. One of the
objectives of contemporary cosmology is the measurement of this spectrum, since it
would allow to discriminate between inflationary models. The amplitude of these
primordial modes is currently constrained to be very small [Akr+18b] and its im-
pact is negligible in all the observables that we will consider. Their effects are only
important in the polarization of the CMB, that we neglected from the onset in our
analysis.

3.4.2 Boltzmann hierarchy
At this point we introduce two new quantities

R ≡ 3ρb

4ργ
, τ−1

c ≡ aneσT , (3.129)

that represent the baryon to photon density ratio and the time scale of Thomson
scattering. Considering only scalar perturbations, the evolution of the photon-
baryon plasma is described by the following coupled system

.
Fγ+ i(n̂ ·k)Fγ+4i(n̂ ·k)Ψ+4(n̂ ·k)2(B−

.
E)−4

.
Φ

= 1
τc

[
δγ−Fγ−

4i
k2 (n̂ ·k)θb

]
, (3.130)

.
δb +θb −3

.
Φ+k2(B−

.
E)= 0 , (3.131)

.
θb +Hθb −k2Ψ= 1

Rτc

[
θγ−θb

]
, (3.132)

where we have plugged the scalar-vector-tensor decomposition in (3.106), (3.109)
and (3.110). Neutrinos and CDM obey the same system of equations but without
collisions, i.e. σT = 0. The main obstacle to solve these equations arises from the
fact that the reduced photon distribution depends explicitly on the photon direction
n̂. One way to overcome this difficulty is to integrate out this dependency, as we did
in Section 3.3.3, obtaining equations for the density and velocity

.
δγ+

4
3
θγ−4

.
Φ+ 4k2

3
(B−

.
E)= 0 , (3.133)

.
θγ−

1
4

k2(δγ−σγ)−k2Ψ=− 1
τc

[
θγ−θb

]
. (3.134)

There is still one unknown variable σγ, i.e. the anisotropic stress of photons, that
needs to be fixed to close the system14. At this point, we can either give it a physi-
cally plausible value or compute it dynamically using the Boltzmann equation. We
already took the first route with baryons, where we set σb to zero based on their NR

14The metric potentials will be taken care of in the next section.
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nature. When the interaction rate is high, the anisotropies are washed out and we
can approximately set σγ ' 0. However, in many important applications, it is nec-
essary to follow all the information encoded in the distribution function. In these
cases, we must follow the second route and compute σγ dynamically. A further
angular integral of the Boltzmann equation, with the structure given by (3.65), is
needed. Were we to do this, we would end up with another unknown variable. This
is a generic feature of this procedure. This method of solution, based on following
the evolution of the moments of the angular distribution, can be systematized as
follows.

First, note that all the explicit angular dependencies in (3.130) arise in the com-
bination µ ≡ n̂ · k, since these are the only directions in the problem. Then, the
distribution Fγ only depends on n̂ through a parameter µ that varies between −1
and 1. Under these circumstances, we can expand this angular dependency into a
series of Legendre polynomials15

Fγ(τ,k, n̂)=
∞∑

`=0
(−i)`(2`+1)F`(τ,k)P`(n̂ · k̂) , (3.135)

where the prefactors of the expansion are introduced following the convention of
[MB95]. Now we can multiply the Boltzmann equation by P` and integrate over
µ, using the orthogonality of the Legendre polynomials to obtain differential equa-
tions for the coefficients F`. This way we end up with an infinite set of coupled
differential equations, the so-called Boltzmann hierarchy,

.
δγ+

4
3
θγ−4

.
Φ+ 4

3
k2(B−

.
E)= 0 , (3.136a)

.
θγ−

1
4

k2(δγ−4σγ)−k2Ψ=− 1
τc

[
θγ−θb

]
, (3.136b)

.
σγ−

4
15
θγ+

3k
10

F3 −
4
15

k2(B−
.

E)=− 1
τc
σγ , (3.136c)

.
F`−

k
2`+1

(
`F`−1 − (`+1)F`+1

)
=− 1

τc
F` , (`≥ 3) . (3.136d)

The first three terms are the fluid variables that were defined in (3.63), (3.64) and
(3.65) and correspond to the lowest moments

F0 = δ , F1 =
4θ
3k

, F2 = 2σ . (3.137)

The same kind of Boltzmann hierarchy is satisfied by neutrinos.

3.4.3 Truncation
In practice, the infinite Boltzmann hierarchy must be truncated at some `max. An
accurate computation may require `max =O(

103). The main effect of the hierarchy
structure is to dissipate power at low `, transferring it to the higher moments. The
crudest truncation scheme one may think of

F`max+1 ' 0 , (3.138)

15See Appendix C for details.
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does not produce this dissipative effect. This leads to spurious growth at high `

that is reflected back and affects the results at low `. A better truncation scheme,
that introduces dissipation and minimizes the reflection of power from high to low
`, was proposed in [MB95]

F`max+1 '
2`max +1

kτ
F`max −F`max−1 . (3.139)

It is based on the observation that for high `

F` ∼ j`(kτ) , (3.140)

where j` is a spherical Bessel function. This can justified by observing that the
differential equation that describes the free streaming for large `, i.e. the left-hand
side of (3.136d), is the same satisfied by j`, see (C.4b). Then, the result (3.139)
stems from the properties of the spherical Bessel functions (C.4a).

3.5 Einstein equations and gauge transformations

3.5.1 Einstein equations
The last piece of information needed to close the system can be found in the Einstein
equations (1), that describe the evolution of the metric perturbations. The interme-
diate expressions for the perturbed Einstein tensor are collected in Appendix D.
The final results for scalar perturbations are

• (0,0)
2k2Φ+6H(

.
Φ+HΨ)−2k2H(B−

.
E)=−8πGa2δρ , (3.141)

• (0, i)
.
Φ+HΨ= 4πGa2

k2 (ρ+P)θ , (3.142)

• (i, j)

k2 (Φ−Ψ)−k2 (∂τ+2H) (B−
.

E)= 16πGa2ρσ , (3.143)

(∂τ+2H)(
.
Φ+HΨ)+Ψ(

.
H−H2)= 4πGa2

(
δP − 4

3
ρσ

)
. (3.144)

Since the conservation of the total energy-momentum tensor is already built in the
equations for the individual components, only two of these four equations are inde-
pendent. The source terms can be written in terms of the individual components
as

δρ = δργ+δρb +δρν+δρc , (3.145)

δP = 1
3

(δργ+δρν) , (3.146)

(ρ+P)θ = 4
3
ργθγ+ρbθb +

4
3
ρνθν+ρcθc , (3.147)

ρσ= ργσγ+ρνσν . (3.148)



3.5. EINSTEIN EQUATIONS AND GAUGE TRANSFORMATIONS 61

3.5.2 Gauge transformations
The homogeneity and isotropy of the background define a class of privileged ob-
servers: those that observe a RW metric (3.1). Once we consider a perturbed FLRW
universe, we split the metric into a RW background and a general perturbation
(3.33). However, this splitting is not unique. If we take a new coordinate system

x̃µ = xµ+εµ , ε¿ 1 , (3.149)

the background in these coordinates is the same (RW), but now the splitting into
background and perturbations is different

ds2 = a2(τ̃)
(
−(1− Ã)dτ̃2 +2B̃idτ̃dx̃i + (δi j + H̃i j)dx̃idx̃ j

)
. (3.150)

These infinitesimal coordinate transformations are known in cosmology as gauge
transformations. This raises another problem: how do we distinguish between a
genuine metric perturbation and a mere coordinate transformation? One possibility
is to construct combinations of variables that are gauge-invariant and then free
from this ambiguity, see [Bar80; KS84; MFB92; BDE92]. Another possibility is to
fix the gauge and perform all the computations in a given coordinate system. In
either case, we first need to know how to relate the perturbations in two different
gauges.

After an infinitesimal gauge transformation

∆xµ = εµ , εµ ≡
(
T(τ, x), L(τ, x)

)
, (3.151)

a generic tensor Tµν changes as16

∆Tµν = ερ∂ρTµν+Tρν∂µε
ρ+Tµρ∂νε

ρ . (3.152)

Notice that, since εµ is infinitesimal, only the background part of Tµν contributes to
the right-hand side of (3.152). Applying this rule to the metric tensor gµν, we get

∆A =−2(
.

T +HT) , (3.153a)

∆Bi =
.
L i −∂iT , (3.153b)

∆Hi j = 2HTδi j +∂iL j +∂ jL i . (3.153c)

The components of the full energy-momentum tensor with lower indices are

a2T00 = ρ+δρ− Aρ , (3.154a)

a2T0i =−δQ i −BiP , (3.154b)

a2Ti j = Pδi j +δPδi j +δΠi j +Hi jP . (3.154c)

The equation (3.152) then yields

∆δρ = T .
ρ , (3.155a)

∆δQ i =−(ρ+P)∂iT , (3.155b)

∆δP = T
.

P , (3.155c)

∆δΠi j = 0 . (3.155d)

16Note that this is just the Lie derivative LεTµν. More details can be found in [DN13].
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It can be checked that the vector and tensor perturbations to the fluid variables are
gauge-invariant. The transformation rule for a four vector is

∆Nµ = ερ∂ρNµ−Nρ∂ρε
µ . (3.156)

Taking for instance the particle flux (2.109)

N0 = n+δn+ 1
2

nA , (3.157a)

N i = δV i −nBi , (3.157b)

we get

∆δn = T .n+nHT , (3.158a)

∆δV i =−n∂iT . (3.158b)

3.5.3 Newtonian and synchronous gauge
The gauge-transformation properties of the metric perturbation (3.153) can be rewrit-
ten in terms of the scalar-vector-tensor decomposition (3.126) as

∆Ψ=
.

T +HT , ∆Si =−(
δi j − k̂i k̂ j

) .
L j ,

∆B =− i
k

k̂ ·
.
L−T , ∆Fi =

(
δi j − k̂i k̂ j

)
L j ,

∆Φ=−HT , ∆hi j = 0 ,

∆E =− i
k

k̂ ·L . (3.159)

Tensor perturbations are gauge-invariant. Even though vector perturbations are
not gauge invariant, the combination that appears in the Einstein equations, (Si −.
Fi), is gauge-invariant. The gauge dependency of scalar perturbations is a problem
that must be dealt with. One way to proceed is to fix the gauge, i.e. to give a pre-
scription for T and L. The most widely used gauges in cosmology are the Newtonian
(or longitudinal) and the synchronous gauge.

• Newtonian gauge. It is defined by

B = E = 0 . (3.160)

The two remaining variables Φ and Ψ play the role of the Newtonian poten-
tial.

• Synchronous gauge. It is defined by

Ψ= B = 0 . (3.161)

It is customary to take as independent metric variables h and η, defined as

Φ= η , (3.162a)

E =− 1
2k2 (h+6η) . (3.162b)
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It is very easy to obtain the Einstein equations in the Newtonian gauge. Since
we will use the synchronous gauge later on, it is useful to rewrite the Einstein
equations in this gauge

.
h− 2k2η

H = 3Hδ , (3.163a)

.
η= 3H2

2k2 (1+w)θ , (3.163b)
..
h+6..

η+2H ( .
h+6 .

η
)−2k2η=−12H2σ , (3.163c)

..
h+H .

h =−3
(
1+3c2

s
)H2δ , (3.163d)

where c2
sδ is defined in (3.118) and we have used the Friedmann equation (3.4). The

Newtonian gauge is convenient to obtain analytical expressions and easier to inter-
pret but the synchronous gauge is better suited for numerical integration. It is con-
venient to be able to change between both gauges. From the gauge-transformation
properties of the metric variables, we have

Ψ=
.

T +HT , (3.164a)

0=− i
k

k̂ ·
.
L−T , (3.164b)

Φ−η=−HT , (3.164c)
1

2k2 (h+6η)=− i
k

k̂ ·L . (3.164d)

That can be solved to yield

T = 1
2k2 (

.
h+6 .

η) , (3.165a)

Ψ=
.

T +HT , (3.165b)

Φ= η−HT . (3.165c)

This T can be used to reconstruct the Newtonian potentials and to transform the
fluid variables from the synchronous to the Newtonian gauge, according to

δ(Newt)−δ(Syn)= T
.
ρ

ρ
, (3.166a)

θ(Newt)−θ(Syn)= k2T , (3.166b)

δP(Newt)−δP(Syn)= T
.

P , (3.166c)

σ(Newt)−σ(Syn)= 0 . (3.166d)

3.6 Approximation schemes
There are regimes in the history of the cosmological perturbations where it is possi-
ble to introduce an approximate description. The purpose of these approximations
is two-fold. On the one hand, under the right physical conditions a simplified, while
accurate, description allows us to grasp better the underlying physics of the prob-
lem. On the other hand, approximation schemes are unavoidable once we try to
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find numerical solutions. Cosmological Boltzmann codes [LCL00; Dor05; BLT11]
must rely on a number of approximations to achieve accurate and fast computa-
tions. Here we will discuss the tight-coupling approximation (TCA), which is im-
portant at early times, and the radiation-streaming approximation (RSA), which is
important at late times.

3.6.1 Tight coupling

At early times, the time scale of Thomson scattering, τc ≡ (aneσT)−1, is much
shorter than the time scales of evolution of the background, H−1, or the pertur-
bations, k−1. In this regime, the photon-baryon system becomes computationally
hard to solve, since it involves widely different scales. However, we can find approx-
imate expressions to follow the evolution by expanding perturbatively in the small
parameter τc. This is known as the tight-coupling approximation. We will derive
only the lowest order in this expansion. Higher order terms, and the procedure to
obtain them systematically, can be found in [BLT11].

The main objective is to compute the velocity difference between baryons and
photons when τc ¿ 1. We need to find an expression correct up to first order and
then plug it in (3.136b) to obtain an equation valid to zero order in τc. We introduce
the definitions

∆θ ≡ θγ−θb , A≡ R
1+R

. (3.167)

The first step is to get an expression for σγ. Its evolution equation (3.136c) can be
rewritten as

σγ =
4

15
τc

(
θγ−

9k
8
F3 +k2(B−

.
E)

)
−τc

.
σγ

= 4
15
τc

(
θγ−

9k
8
F3 +k2(B−

.
E)

)
− 4

15
τ2

c

( .
θγ−

9k
8

.
F3

)
+O(

τ2
c
)

= 4
15
τc

(
θγ−

9k
8
F3 +k2(B−

.
E)

)
+ 4

15
τc

(
∆θ+ 9k

8
F3

)
+O(

τ2
c
)

. (3.168)

All we need to know for our purposes is that σγ =O(τc), but using the same argu-
ment it is possible to prove that F` for `> 2 are suppressed by even higher powers
of τc. Next, if we subtract the equations for the velocity of baryons (3.132) and
photons (3.136b), we end up with a differential equation for ∆θ

∆
.
θ−Hθb −

1
4

k2(δγ−4σγ)=− 1
Aτc

∆θ . (3.169)

Following the previous derivation, it can be recast as

∆θ =Aτc

(
Hθb +

1
4

k2(δγ−4σγ)
)
−Aτc∆

.
θ

=Aτc

(
Hθb +

1
4

k2(δγ−4σγ)
)
− (Aτc)2 (H .

θb −k2 .
σγ

)+O(
τ2

c
)

=Aτc

(
Hθb +

1
4

k2(δγ−4σγ)
)
−A2τc

(
1
R
H∆θ+k2σγ

)
+O(

τ2
c
)

. (3.170)
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Our final result to first order in τc is

∆θ =Aτc

(
Hθγ+

1
4

k2δγ

)
+O(

τ2
c
)

. (3.171)

We can plug this result back into the photon-baryon system. To zero order in the
tight-coupling expansion, the photon-baryon plasma can be described by

.
δγ+

4
3
θγ−4

.
Φ+ 4

3
k2(B−

.
E)= 0 , (3.172)

.
δb +θγ−3

.
Φ+k2(B−

.
E)= 0 , (3.173)

.
θγ+AHθγ+

k2

4
(A−1)δγ−k2Ψ= 0 , (3.174)

where σγ and all higher moments of the photon distribution are set to zero.

3.6.2 Radiation streaming

At late times, photons and neutrinos are decoupled and start oscillating fast. In this
case, it is time consuming to follow accurately every oscillation but it is not needed
in most applications. Since the ultrarelativistic species at late times make a neg-
ligible contribution to the metric potentials, we only need to capture the broadest
features of their evolution.

In general, the evolution equations for collisionless ultrarelativistic species, like
neutrinos, can be combined into a second-order differential equation

..
δν+

k2

3
(δν−4σν)+ 4

3
k2Ψ+ 4

3
k2(

.
B−

..
E)−4

..
Φ= 0 . (3.175)

As can be seen, when the perturbations are sub-Hubble (k À H) the density is
highly oscillating. During matter domination, it is possible to ignore the contri-
bution of ultrarelativistic species to the total density but their contribution to the
total velocity is still important. The radiation-streaming approximation consists on
following only the non-oscillatory particular solution of the system [Dor05; BLT11].
In most realistic scenarios |σν| ¿ |δν|, so we can set σν ' 0. Then, the particular
solution of (3.175) is

δν '−4Ψ−4(
.

B−
..
E)+ 4

3k2

..
Φ . (3.176)

Plugging this result in the first-order differential equation for the density, we get

θν =−k2(B−
.

E)+3
.
Φ− 3

4
.
δν

'−k2(B−
.

E)+3(
.
Φ+

.
Ψ)+3(

..
B−

...
E)− 1

k2

...
Φ

'−k2(B−
.

E)+3(
.
Φ+

.
Ψ) . (3.177)

These expressions reproduce the ones found in [Dor05] and [BLT11] in the Newto-
nian and synchronous gauge, respectively. In these references, RSA is justified in
detail, making reference to specific results for each gauge.
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3.7 Initial conditions
The last ingredients needed to evolve the system of cosmological perturbations are
the initial conditions. These must be chosen carefully. As we will see, the initial
value of each variable cannot be set arbitrarily. Upon imposing the Einstein and
fluid equations, only some initial conditions are free. These free initial values are
the so-called modes of the system. The modes of this system have been extensively
studied and identified over the years. There are five growing modes: the so-called
adibatic mode plus four isocurvature solutions.

The programme for the derivation of the initial conditions is:

• We assume that the perturbations are in the tightly coupled regime so we can
use (3.172), (3.173) and (3.174) for the photon-baryon plasma. For simplicity,
we also neglect Fν3 ' 0 and every other higher moment of the neutrino distri-
bution. This introduces a small difference in the initial condition for σν with
respect to other analysis like [BMT00], that is not important for our purposes.

• We are in an approximately radiation-dominated era so we can use (3.16)
and (3.17) for the Hubble parameter and the scale factor and expand them in
powers of τ/τm.

• We are looking for regular solutions while the perturbations are super-Hubble,
so we expand every variable as a power series in τ. Namely, for the photon
density,

δγ = C(0)
δγ

+C(1)
δγ
τ+C(2)

δγ
τ2 + . . . (3.178)

• We plug these expansions into the Einstein and fluid equations, solving order
by order in τ the system of algebraic equations for the constants C(n).

• For the purposes of this work, we substitute the equations for the evolution of
CDM, (3.112) and (3.113), with those of the total fluid, (3.115) and (3.116).

• We work in the synchronous gauge.

3.7.1 Super-Hubble expansion
To start with, we introduce some short-hand definitions

Sγν ≡Ωγ+Ων , (3.179)

Rs ≡Ωs/Sγν , s = γ,ν,b, c , (3.180)

Rbc ≡Rb +Rc . (3.181)

The Hubble parameter (3.16) can be expanded during radiation domination

H= 1
τ
+ H0Rbc

√
Sγν

4
−

H2
0R2

bcSγντ

16
+O(

H2
0R2

bcSγντ
2) , (3.182)

H2 = 1
τ2 + H0Rbc

√
Sγν

2τ
−

H2
0R2

bcSγν

16
+O(

H2
0R2

bcSγντ
2) , (3.183)

.
H=− 1

τ2 −
H2

0R2
bcSγν

16
+

H3
0R3

bcS
3
2
γντ

32
+O(

H2
0R2

bcSγντ
2) . (3.184)
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For the sake of clarity, we present here the full system of equations describing the
perturbations during TC in the synchronous gauge. The densities evolve according
to

.
δγ+

4
3
θγ+

2
3

.
h = 0 , (3.185)

.
δν+

4
3
θν+

2
3

.
h = 0 , (3.186)

.
δb +θγ+

1
2

.
h = 0 , (3.187)

.
δ+3H(c2

s −w)δ+ (1+w)θ+ 1
2

(1+w)
.
h = 0 . (3.188)

The baryon velocity follows the photon velocity, to zero order in TCA, so there are
only three equations for the velocities

.
θγ+

k2

4
(A−1)δγ+AHθγ = 0 , (3.189)

.
θν−

k2

4
(δν−4σν)= 0 , (3.190)

.
θ+ (1−3w)Hθ+

.w
1+w

θ− k2

1+w
c2

sδ+
4k2

3(1+w)
σ= 0 . (3.191)

The neutrinos are the only significant source of anisotropic stress

.
σν−

4
15
θν−

2
15

(
.
h+6 .

η)= 0 . (3.192)

The metric variables are described by the Einstein equations (3.163a–3.163d) whose
sources are the variables of the total fluid: (3.188), (3.191) and

c2
sδ=

Rγδγ+Rνδν

3(1+aRbc)
, (3.193)

σ= Rνσν

1+aRbc
. (3.194)

Finally, plugging the expansions (3.178) into the previous equations and the Ein-
stein equations we find the constants C(n) order by order.

C(0)
δγ

= C(0)
δγ

, C(1)
δγ

=−
2C(1)

h

3
−

4C(0)
θγ

3
, (3.195)

C(0)
δν

=
C(0)
δγ

(Rν−1)

Rν
, C(1)

δν
=−

2C(1)
h

3
−

4C(0)
θγ (Rν−1)

3Rν
, (3.196)

C(0)
δb = C(0)

δb , C(1)
δb =−

C(1)
h

2
−C(0)

θγ
, (3.197)

C(0)
δ

= 0 , C(1)
δ

=
C(1)

h

3
. (3.198)
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C(2)
δγ

=
C(1)

h H0
√

SγνRbc

4
+

C(0)
θγ

H0
√

SγνRb (Rν−3)

4(Rν−1)
−

k2
(
C(0)
δγ

+2C(0)
η

)

6
, (3.199)

C(2)
δν

=−
C(0)
δγ

k2 (Rν−1)

6Rν
−

C(0)
η k2

3
+

C(1)
h H0

√
SγνRbc

4
+

C(0)
θγ

H0
√

SγνRb

4
, (3.200)

C(2)
δb =

3C(1)
h H0

√
SγνRbc

16
+

3C(0)
θγ

H0
√

SγνRb (Rν−3)

16(Rν−1)
−

k2
(
C(0)
δγ

+2C(0)
η

)

8
, (3.201)

C(2)
δ

=−
C(0)
η k2

3
−

H0
√

Sγν

(
4C(1)

h Rbc +3C(0)
θγ
Rb

)

12
. (3.202)

C(0)
θγ

= C(0)
θγ

, C(1)
θγ

=
C(0)
δγ

k2

4
+

3C(0)
θγ

H0
√

SγνRb

4(Rν−1)
, (3.203)

C(0)
θν

=
C(0)
θγ (Rν−1)

Rν
, C(1)

θν
=

C(0)
δγ

k2 (Rν−1)

4Rν
, (3.204)

C(0)
θ

= 0 , C(1)
θ

= 0 . (3.205)

C(2)
θγ

=
C(0)
θγ

(
9H2

0SγνRb (3Rb +Rbc (Rν−1))−8k2 (Rν−1)2)

48(Rν−1)2

+
k2

(
9C(0)

δγ
H0

√
SγνRb −4C(1)

h (Rν−1)
)

48(Rν−1)
, (3.206)

C(2)
θν

=−
k2

(
C(1)

h Rν (4Rν+5)+2C(0)
θγ (Rν−1)(4Rν+9)

)

12Rν (4Rν+5)
, (3.207)

C(2)
θ

=−
k2

(
C(1)

h (4Rν+5)+8C(0)
θγ (Rν−1)

)

12(4Rν+5)
. (3.208)

C(0)
σν = 0 , (3.209)

C(1)
σν =

4C(0)
θγ (Rν−1)

3Rν (4Rν+5)
, (3.210)

C(2)
σν =

4C(0)
θγ

H0
√

Sγν (Rν−1)(Rb +Rc)

(4Rν+5)(4Rν+15)
+

k2
(
3C(0)

δγ
(Rν−1)+4C(0)

η Rν

)

6Rν (4Rν+15)
. (3.211)

C(0)
η = C(0)

η , C(1)
η =−

C(1)
h

6
−

4C(0)
θγ (Rν−1)

3(4Rν+5)
, (3.212)

C(0)
h = C(0)

h , C(1)
h = C(1)

h . (3.213)

C(2)
η =−

C(0)
δγ

k2 (Rν−1)

6(4Rν+15)
−

C(0)
η k2 (4Rν+5)
12(4Rν+15)

+
C(1)

h H0
√

SγνRbc

16

+
C(0)
θγ

H0
√

Sγν (Rb (4Rν+5)(4Rν+15)+80Rbc (Rν−1))

16(4Rν+5)(4Rν+15)
, (3.214)

C(2)
h =

C(0)
η k2

2
−

3H0
√

Sγν

(
C(1)

h Rbc +C(0)
θγ
Rb

)

8
. (3.215)
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There are five free constants that represent the five independent modes: adiabatic
(C(0)

η ), baryon isocurvature (C(0)
δb

), CDM isocurvature (a combination of C(1)
h and C(0)

δb
),

neutrino density isocurvature (C(0)
δγ

) and neutrino velocity isocurvature (C(0)
θγ

). The

fact that we have used (C(1)
h ,C(0)

δγ
,C(0)

θγ
) instead of the traditional (C(0)

δc
,C(0)

δν
,C(0)

θν
) is a

matter of convention.

3.7.2 Adiabatic mode

ΛCDM only takes into account the adiabatic mode. It is conventional to write it in
terms of a primordial curvature perturbation17 Rk,

C(0)
η = 4Rν+15

4Rν+10
Rk . (3.216)

The description of the Universe we are aiming at does not include the prediction of
the positions of every single galaxy. Our final objective is to predict average quan-
tities, e.g. the statistical distribution of galaxies. It is assumed that the initial
conditions Rk are stochastic in nature and that the Universe we live in is just one
realization of many possible, corresponding to particular choices of Rk. The ensem-
ble average18 over such possible realizations is denoted as 〈. . .〉. These variables
are taken to be Gaussian19 so different k modes are uncorrelated. The primordial
curvature spectrum is defined as

〈RkR∗
k′

〉≡ (2π)3δ(k−k′)PR(k) (3.217)

≡ (2π)3δ(k−k′)
2π2

k3 PR(k) , (3.218)

where PR is the nearly scale-invariant primordial spectrum parameterized as

PR(k)= As

(
k
k∗

)ns−1
. (3.219)

The amplitude As and tilt ns of this spectrum are two of the six fundamental pa-
rameters of ΛCDM and encode all the information about the initial conditions in
this model. The latest Planck values are collected in Table 1.1, with the pivot scale
k∗ = 0.05 Mpc−1.

The system of cosmological perturbations is a system of linear differential equa-
tions. A generic cosmological perturbation g(τ,k) can be written as a product of

17The curvature perturbation is usually defined as the gauge-invariant combination R = Φ+
H/k2θ. Another common definition is ζ=Φ−δ/3(1+w). Both agree on super-Hubble scales.

18This discussion begs the question: how can we possibly measure an ensemble average with one
realization? A complete answer to this question is beyond the scope of the present work. We refer the
reader to [LL00] and to the thorough discussion in [Wei08] for more details. Essentially one can rely
in the ergodic theorem to substitute ensemble averages by spatial averages, over different regions
in the sky. Another interesting point, briefly touched upon in [Wei08], is how the expectation values
of primordial vacuum fluctuations are finally related with ensemble averages of classical variables
Rk. See also [PS96].

19This is not only one of the simplest choices, but supported by the preferred mechanism of gener-
ation of primordial perturbations: as vacuum expectation values of nearly free fields.
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a primordial perturbation, encoding the initial condition, and a transfer function,
encoding the subsequent evolution,

g(τ,k)= Tg(τ,k)Rk . (3.220)

Since the system is linear, it can be recast into a system for the evolution of the
transfer functions with the substitution g → Tg. It is common practice to abuse
slightly of the notation, denoting Tg as g, the perturbation itself, and solving the
system as if it had initial conditions Rk = 1. The information about the initial con-
ditions is recovered later, in the computation of the physical spectra, by convolving
the transfer function with the primordial spectrum (3.219).

3.8 Line-of-sight integration

At this stage, we have developed a formalism that allows us to follow the evolu-
tion of the perturbations from the moment they were generated to the present day.
Formally, we have all the ingredients needed for the computation of observables.
However, in this section we will linger a bit more on the theoretical side, intro-
ducing a technique that was a milestone in the history of CMB computations: the
line-of-sight integration.

The main drawback of the formalism presented so far is that it demands the
solution of a large number of coupled differential equations. This number can be
reduced introducing approximations, motivated by the kind of information we are
after and the targeted accuracy. Regardless of the approximation techniques used,
for an accurate computation of the CMB it is critical to capture the details of the
photon-baryon decoupling. During this period, when photons and baryons are be-
coming loosely coupled, it is unavoidable to follow the high ` moments of the photon
distribution.

Theoretical descriptions that could reach the 1% accuracy were a pressing ne-
cessity in the 90s, given the projected increase in the amount and precision of CMB
data. Early CMB computations, e.g. [MB95], solved the Boltzmann hierarchy in
the way we have presented it: truncating at a very large `max to minimize the er-
rors and compute accurately the high-` moments. This involves solving thousands
of coupled differential equations, which made this computations slow. A revolu-
tion set in with the development of the line-of-sight approach in [SZ96]. The key
insight was the realization that the high-` multipoles can be computed as convolu-
tions of spherical Bessel functions with a source function, instead of solving their
differential equations. The source functions only involve the first moments of the
distribution. Then, to compute accurately these source functions, it is enough to
truncate the Boltzmann hierarchy at low `, e.g. `max =O(10). Every modern Boltz-
mann code, starting with CMBFAST in [SZ96], implements this approach. Nowadays
it is possible to compute the CMB spectrum in a laptop in O(

10−1,1
)

seconds20.

20When we want to find the best-fit parameters for a given model it is usually necessary to compute
O(

105)
CMB spectra (to construct Monte-Carlo Markov chains). Efficiency in the individual steps is

of the utmost importance for parameter estimation.
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In this section we will develop the traditional line-of-sight integration both for
neutrinos and photons. In addition to its numerical advantages, it is very well
suited to find (approximate) analytical solutions.

3.8.1 Neutrinos
Massless neutrinos are described by the Boltzmann equation (3.111), which can be
written as .

Fν+ ikµFν = Sν(τ,k,µ) , (3.221)

where µ≡ (n̂·k̂) and Sν is the source function. It can be expressed in two alternative
ways

Sν(τ,k,µ)≡ 4
.
Φ−4ikµΨ−4k2µ2(B−

.
E)

≡ S0(τ,k)+ ikµS1(τ,k)−k2µ2 S2(τ,k) . (3.222)

To obtain the solution of (3.221) we rewrite it as

e−ikµτ d
dτ

(
Fν eikµτ

)
= Sν , (3.223)

and then, upon integration,

Fν(τ,k,µ)eikµτ =Fν(τini,k,µ)eikµτini +
∫ τ

τini

dτ′ Sν(τ′,k,ν)eikµτ′ . (3.224)

Formally, the integration always starts at a finite time τini. In practice, the integra-
tion starts when the perturbation is still super-Hubble, kτini ¿ 1, so we can safely
set τini = 0. Following the discussion of the previous Section 3.7, only the first two
moments of the neutrino distribution may have non-zero values. Then, the first
term on the right-hand side of (3.224) is

Fν(0,k,µ)=Fν0(0,k)P0(µ)−3iFν1(0,k)P1(µ)

= δν(0,k)− 4
k2 ikµθν(0,k) . (3.225)

The second term in (3.224) can be written in different ways, depending whether we
integrate by parts or not,

∫ τ

0
dτ′ Sν(τ′,k,µ)eikµτ′ =

∫ τ

0
dτ′ S0 eikµτ′ +

∫ τ

0
dτ′ S1

d
dτ′

eikµτ′

+
∫ τ

0
dτ′ S2

d2

dτ′2
eikµτ′

=
∫ τ

0
dτ′eikµτ′ (S0 +

.
S1 +

..
S2

)

+eikµτ [
S1(τ,k)−

.
S2(τ,k)+ ikµS2(τ,k)

]

+S1(0,k)+
.

S2(0,k)− ikµS2(0,k) . (3.226)

Finally, the integrated Boltzmann equation (3.224) is transformed into

Fν(τ,k,µ)= δν(0,k)e−ikµτ+ 4
k2θν(0,k)

d
dτ

e−ikµτ+
∫ τ

0
dτ′ S0 eikµ(τ′−τ)

+
∫ τ

0
dτ′ S1

d
dτ′

eikµ(τ′−τ) +
∫ τ

0
dτ′ S2

d2

dτ′2
eikµ(τ′−τ) . (3.227)
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All the angular dependencies have been absorbed in the exponentials. Using the
expansion of the exponential in terms of Legendre polynomials

exp
(
ikµ(τ′−τ)

)
=

∞∑

`=0
(−i)`(2`+1) j`

(
k(τ−τ′)

)
P`(µ) , (3.228)

it is straightforward to express (3.227) in terms of the multipoles, as defined in
(3.135),

Fν`(τ,k)= δν(0,k) j`(kτ)+ 4
k
θν(0,k) j′`(kτ)+4

∫ τ

0
dτ′

.
Φ j`

(
k(τ−τ′)

)

+4k
∫ τ

0
dτ′Ψ j′`

(
k(τ−τ′)

)
+4k2

∫ τ

0
dτ′(B−

.
E) j′′`

(
k(τ−τ′)

)
. (3.229)

where j′
`
(x) ≡ d j(x)/dx. In the absence of metric perturbations, the free streaming

of neutrinos is described by spherical Bessel functions. This justifies the assertion
at the end of Section 3.4, where the truncation scheme (3.139) was based on F` ∼
j`(kτ).

3.8.2 Photons

The presence of a collision term in the Boltzmann equation for photons, see (3.130),
modifies the procedure outlined in the previous section. First we need to introduce
two variables

κ≡
∫ τ0

τ
aneσT dτ′ =

∫ τ0

τ

dτ′

τc
, (3.230)

g ≡− .
κe−κ , (3.231)

where τ0 is the conformal time today. These quantities are usually known as the
optical depth, κ, and the visibility function, g. The optical depth grows very large
in the early Universe, when the scattering of photons is very efficient. The visibility
function is normalized,

∫ τ0
0 g(τ)dτ= 1, so we can regard it as a probability function.

It is the probability that a photon last scattered at τ, see [Dod03]. The visibility
function is strongly peaked at decoupling, around zdec ' 1090 for a standard cos-
mology. The Boltzmann equation for photons (3.130) can be rewritten as

.
Fγ+ ikµFγ− .

κFγ = Sγ(τ,k,µ) , (3.232)

where the source function Sγ is slightly different this time

Sγ(τ,k,µ)≡ 4
.
Φ− .

κδγ−4ikµ
(
Ψ−

.
κ

k2θb

)
−4k2µ2(B−

.
E) . (3.233)

The solution is

eikµτ−κ(τ)Fγ(τ,k,µ)= eikµτini−κ(τini)Fγ(τini,k,µ)

+
∫ τ

τini

dτ′eikµτ′e−κ(τ′)Sγ(τ′,k,µ) . (3.234)
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Since the optical depth is very large at τini, the first term on the right-hand side is
strongly suppressed and can be neglected. Applying this argument and performing
different integrations by parts, the source term is conventionally cast in the form

∫ τ

0
dτ′eikµτ′e−κ(τ′)Sγ =

∫ τ

0
dτ′eikµτ′

{
g

(
δγ+4Ψ+4(

.
B−

..
E)

)

+4e−κ
( .
Φ+

.
Ψ+ (

..
B−

...
E)

)

+ 4
k2

d
dτ′

[
g

(
θb +k2(B−

.
E)

)]}

−4eikµτ
{

e−κ(τ) [Ψ+ (
.

B−
..
E)− ikµ(B−

.
E)

]

+ g
k2

(
θb +k2(B−

.
E)

)}
. (3.235)

This approach for photons is usually applied to compute the CMB, so we evaluate
it today, i.e. at τ0. Disregarding a monopole and dipole terms21, we have

Fγ`(τ0,k)=
∫ τ0

0
dτ j`

(
k(τ0 −τ)

){
g

(
δγ+4Ψ+4(

.
B−

..
E)

)

+4e−κ
( .
Φ+

.
Ψ+ (

..
B−

...
E)

)

+ 4
k2

d
dτ

[
g

(
θb +k2(B−

.
E)

)]}
, (`> 1) . (3.236)

The three terms on the right can be given a physical interpretation22. The first one
is the Sachs-Wolfe effect. It contains the intrinsic temperature perturbation and
the gravitational redshift produced by the metric potentials in the last-scattering
surface. The second term is the integrated Sachs-Wolfe effect. It represents the
gravitational redshift caused by potentials that vary in time as the photons propa-
gate from the last-scattering surface to us. The last one is the Doppler term. It is
the standard Doppler shift produced by motions in the plasma at the last-scattering
surface.

3.9 Observables

After developing the formalism of cosmological perturbation theory, we must learn
how to connect our results with the observations. As discussed in Chapter 1, two
of the main sources of cosmological information are the statistical properties of the
clustering of matter and the distribution of CMB anisotropies. In the next two sec-
tions we will describe how to compute the matter and temperature power spectra.

21The monopole term is absorbed in the definition of the mean CMB temperature. The dipole is
also (directly) unobservable, due to the much larger kinematic dipole produced by the motion of the
Solar System with respect to the CMB rest frame.

22Note that each of the terms appears in gauge-invariant combinations (as it should, since we
know that F` is gauge-invariant for ` > 1). This is a convenient way to check the consistency of
lenghty calculations.
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3.9.1 Power spectra

The correlation spectra are one of the most readily observable quantities that we
can define. Given a cosmological variable g(τ,k), we define its power spectrum as

〈
g(τ,k)g∗(τ,k′)

〉≡ (2π)3δ(k−k′)Pgg(τ,k)

= |g(τ,k)|2 〈RkRk′
〉

= (2π)3δ(k−k′)|g(τ,k)|2 2π2

k3 PR(k) , (3.237)

where PR(k) is the primordial spectrum defined in (3.219). Notice that g(τ,k) in
the second and third lines is the transfer function of the quantity g. Correlation
functions are usually computed in real space, instead of Fourier space. The relation
between both is straightforward

〈
g(τ, x), g(τ, x′)

〉=
∫

d3k
(2π)3 Pgg(τ,k)eik·(x−x′) = Pgg(τ, |x− x′|) . (3.238)

In a similar way, we can define the cross-correlation spectrum of two different vari-
ables g1 and g2. Since the transfer functions are real, we can just write

〈
g1(τ,k)g∗

2(τ,k′)
〉≡ (2π)3δ(k−k′)Pg1 g2(τ,k)

= (2π)3δ(k−k′)g1(τ,k)g2(τ,k)
2π2

k3 PR(k) . (3.239)

Up to this point we have been working with conformal time τ. While the numerical
integration is performed in terms of τ, it is very common to present the final results
in terms of the redshift z. While, the redshift of an object is readily observable, if
we want to associate a conformal time to a given redshift an expansion history, i.e.
a background model, must be chosen. That is why we will usually prefer z over τ
when presenting observables.

Arguably, the most important spectrum of this type is the matter power spec-
trum. We define the matter density perturbation as

δm ≡ Ωbδb +Ωcδc

Ωb +Ωc
, (3.240)

and the matter power spectrum is

〈
δm(z,k)δ∗m(z,k′)

〉≡ (2π)3δ(k−k′)Pm(z,k)

= (2π)3δ(k−k′)|δm(z,k)|2 2π2

k3 PR(k) . (3.241)

3.9.2 CMB temperature anisotropy

We have already discussed in Section 1.1 the leading role that CMB observations
have played in modern cosmology. Here, we will relate our theoretical analysis of
cosmological perturbations with these observations.
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Temperature perturbation

The first objective is to relate the reduced distribution function Fγ with a tempera-
ture perturbation. The spectrum of the CMB is extraordinarily close to a blackbody.
Therefore, the zero order distribution function is

f0 =
1

e p/T −1
. (3.242)

Deviations from this background distribution can be parameterized as temperature
perturbations

f (τ, x, p, n̂)=
{

exp
(

p
T [1+Θ(τ, x, n̂)]

)
−1

}−1
. (3.243)

The temperature perturbation can then be written in terms of the reduced distri-
bution function as

(1+Θ)4 −1=
∫

p3dp ( f − f0)∫
p3dp f0

=Fγ . (3.244)

To first order in perturbations, the final result is

Θ= 1
4
Fγ . (3.245)

This way we can relate perturbations in the photon distribution function, that we
know how to compute, with temperature perturbations, that are observed in the
CMB maps.

Two point function

The temperature function in the previous section was defined in real space. It is
related to its Fourier counterpart as

Θ(τ, x, n̂)= 1
4

∫
d3k

(2π)3Fγ(τ,k, n̂)e−ik·x = 1
4

∫
d3k

(2π)3Fγ(τ,k, n̂ · k̂)e−ik·xRk . (3.246)

On the second equality we are writing separately the transfer function and the pri-
mordial perturbation. For the computation of the CMB spectrum we are interested
in the temperature anisotropy evaluated today (τ= τ0) in the Solar System (x= 0)

Θ(n̂)≡Θ(τ0,0, n̂)= 1
4

∫
d3k

(2π)3Fγ(τ0,k, n̂ · k̂)Rk . (3.247)

The observable that is statistically relevant is the two-point function, i.e. the corre-
lation function of temperatures in two different directions, defined as

C(n̂, n̂′)≡ 〈
Θ(n̂)Θ(n̂′)

〉= 1
16

∫
d3k

(2π)3Fγ(τ0,k, n̂ · k̂)F∗
γ (τ0,k, n̂′ · k̂)PR(k) . (3.248)

Using the multipole expansion of the transfer function (3.135)

C(n̂, n̂′)= 1
16

∫
k2dk
2π2 PR(k)

∑

`,`′
(−i)`i`

′
(2`+1)(2`′+1)Fγ`(τ0,k)F∗

γ`′(τ0,k)

×
∫

d2k̂
4π

P`(n̂ · k̂)P`′(n̂′ · k̂) . (3.249)



76 CHAPTER 3. ΛCDM COSMOLOGY

It can be proven, see (C.35), that

∫
d2k̂
4π

P`(n̂ · k̂)P`′(n̂′ · k̂)= δ``′

2`+1
P`(n̂ · n̂′) . (3.250)

Then, the two-point function can be expressed as a multipole expansion

C(n̂, n̂′)=
∞∑

`=0

2`+1
4π

C̄`P`(n̂ · n̂′) , (3.251)

with coefficients
C̄` ≡

π

4

∫
dk
k
PR(k)|Fγ`(τ0,k)|2 . (3.252)

On the other hand, CMB experiments measure the harmonic decomposition of the
temperature field in real space

a`m =
∫

d2n̂Y m∗
` (n̂)Θ(n̂) . (3.253)

With these coefficients, the temperature power spectrum can also be defined as

C` ≡
1

2`+1

∑̀

m=−`

〈|a`m|2〉 . (3.254)

Using (3.253) and the addition property of the spherical harmonics (C.33), one can
prove

C` =
1

2`+1

∑̀

m=−`

∫
d2n̂d2n̂′Y m

` (n̂)Y m∗
` (n̂′)

〈
Θ(n̂)Θ(n̂′)

〉

=
∫

d2n̂d2n̂′

4π
P`(n̂ · n̂′)C(n̂, n̂′) . (3.255)

Finally, we have
C` = C̄` . (3.256)

In ΛCDM all the CMB temperature information is encoded in the temperature
power spectrum.

The most prominent anisotropy in the CMB is the dipole term (` = 1). As dis-
cussed in Section 1.1, it is two orders of magnitude larger than any other anisotropy
and can be interpreted as the Doppler shift caused by our motion with respect to
the CMB rest frame. This relative motion has subtler effects too. In this section
we took as our starting point the isotropic blackbody spectrum (3.242). However, a
moving observer would measure instead a boosted blackbody spectrum. This will
have important consequences in Chapters 6 and 7.
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4 Hidden Gravitons

The first way to move beyond a Λ+CDM dark sector is to add a new component.
In this chapter we follow this approach, considering the observational impact of a
new massive spin-2 particle: a hidden graviton. To start with, in Section 4.1, after
reviewing different scenarios where massive spin-2 particles appear, we introduce
our model. In Section 4.2 we analyze the phenomenology that arises when the
hidden gravitons are coupled to ordinary matter. Sections 4.3 and 4.4 focus on how
this new particle would be emitted in stars, modifying their evolution. Using the
results of the preceding section, in Section 4.5 we use observational bounds on the
maximum energy loss in stars to constrain the mass and coupling of the hidden
gravitons.

4.1 Massive gravitons
Gravity and electromagnetism are, as far as we know today, the only macroscopic
forces in Nature. Their long-range character can be explained according to the
masslessness of gravitons and photons. This property, in its turn, is usually justi-
fied as a result of the local symmetries of both theories, diffeomorphism and U(1)
gauge invariance. Nonetheless, it is natural to ask whether they are exactly mass-
less or they just have small masses, and, as a matter of fact, there have been a lot
of efforts over the years to test this assumption. On the experimental side, several
bounds have been established for non-zero masses [GN10] while on the theoretical
side great efforts have been invested in constructing consistent models of massive
gravity and massive electrodynamics. The starting point of massive electrodynam-
ics is the Proca Lagrangian. It consists on the usual Maxwell Lagrangian plus a
simple mass term, that explicitly violates the gauge invariance of the theory. This
effective approach can be completed at high energies through the Stuckelberg or
the Higgs mechanisms. On the phenomenological side, one important application
of massive electrodynamics has been the proposal of a new hypothetical field: a
hidden photon. This hidden photon has associated a large amount of potential ex-
perimental signatures. In particular, it constitutes a viable candidate for dark mat-
ter, whose effects have been explored extensively in the literature [NS11; Ari+12;
Goo+09; BCW10; Abe+08; CMN17; Cem+12].

On the other hand, massive gravity is usually introduced by using the Fierz-
Pauli action [FP39]. It consists on the linearized action from General Relativity plus
a suitably chosen mass term. This Lagrangian has been thoroughly studied and its
properties are well known and understood. For example, although the free action is
consistent, a paradoxical behaviour appears when we turn on the interaction with
matter. It was discovered independently [Iwa70; DV70; Zak70] that this theory
is not continuous in the massless limit: the m = 0 and m → 0 theories are not
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physically equivalent. This is the so-called vDVZ discontinuity.

The problem of the mass discontinuity can be traced back to the number of de-
grees of freedom that both theories propagate. While a massless spin-2 particle has
only two degrees of freedom (two tensor modes), a massive spin-2 particle has five
(two tensor modes, two vectors and one scalar). It can be shown [Rha14; Hin12]
that when we take the m → 0 limit, the scalar mode becomes strongly coupled, in-
validating the linear theory. In fact, when non-linear effects are taken into account,
the zero-mass discontinuity is cured through the so-called Vainshtein mechanism
[Vai72]. When the problem of the vDVZ discontinuity seemed solved, Boulware and
Deser [BD72] showed that for a broad range of extensions of the theory, these non-
linear effects also introduce a sixth degree of freedom, that turns out to be a ghost
(BD ghost).

Constructing a fully non-linear, consistent, theory of massive gravity is a big
challenge and only very recently it has been possible to evade the BD ghost. In
2010 de Rham, Gabadadze and Tolley (dRGT) constructed a ghost-free non-linear
completion of the Fierz-Pauli action, known as ghost-free or dRGT massive gravity
[RGT11]. The dRGT action contains parameters fixing the self-interactions and a
reference metric. Shortly after, Hassan and Rosen [HR11] reformulated the theory
and made this reference metric dynamical. This new formulation is a bimetric
theory of gravity, describing at the linear level the evolution of a standard massless
graviton plus a massive one, with a Fierz-Pauli mass term. This massive graviton
has been proved to be a viable CDM candidate in recent works [Bab+16a; Bab+16b;
AM16]. The linearized version of bimetric gravity coincides with the model we will
analyze in this work, i.e. massless gravity plus a single massive graviton. For a
specialized review on bimetric theory see [SS16].

Massive gravitons also appear naturally in extra-dimensional theories of grav-
ity, like the ADD model [ADD98; Ant+98]. In this model, the Standard Model fields
are confined to a 4-brane, while gravitons (described by the usual Einstein-Hilbert
action) can explore a number n of extra large dimensions. When duly compacti-
fied, the existence of these new dimensions leads to a tower of Kaluza-Klein (KK)
excitations of the graviton. The weak interaction of this KK modes can be compen-
sated by their huge multiplicity and lead to significant deviations from standard
gravity. A number of ways to test the model were suggested in the original pro-
posal [ADD99] and the experimental constraints were derived in detail in many
references [Bar+99; CP99; Han+01; HT99; HR01; HR02; HR03].

We shall not assume any particular framework for our study. In our model,
we will add a single massive spin-2 particle to the known particles (that we will
denote hidden graviton), explore its phenomenological consequences and use the
observational evidence to constrain its mass and coupling to other fields. In fact,
we will employ two methods that have become standard to test the impact of new
light, weakly interacting particles: fifth-force tests and astrophysical energy-loss
arguments. They have been applied not only to KK gravitons, but also to hidden
photons [DFK12; APP13], sterile neutrinos [Raf90a; ABK19] and especially to ax-
ions [KMW84; Raf86; PK86; Raf90b].

Our starting point to describe this new particle, in flat space-time, is the Fierz-
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Pauli Lagrangian (2.62)

L=−1
2
∂αhµν(∂αhµν−2∂(µhν)α−∂αhηµν+2∂(µhην)α)− 1

2
m2(h2

µν−h2) , (4.1)

It consists of the kinetic term that could be obtained linearizing GR over a Minkowski
geometry plus a suitably chosen mass term. As discussed in Section 2.2, both terms
can be fixed without previous knowledge of GR, just requiring the absence of ghost
instabilities. The equations of motion for the free field can be expressed as (2.65)

(ä−m2)hµν = 0 , (4.2a)

∂µhµν = 0 , (4.2b)

h ≡ hµµ = 0 . (4.2c)

Their solution can be written as

hµν(x)=
∫

d3 p
(2π)32Ep

∑

λ

[
ap,λε

µν(p,λ)eipx +a†
p,λε

µν∗(p,λ)e−ipx
]

, (4.3)

where λ are the polarization states and the polarization tensor satisfies

pµεµν(p,λ)= 0 , (4.4a)

ηµνε
µν(p,λ)= 0 , (4.4b)

εµν(p,λ)ε∗µν(p,λ′)= δλλ′ , (4.4c)
∑

λ

εµν(p,λ)εαβ∗(p,λ)= 1
2

(PµαPνβ+PµβPνα)− 1
3

PµνPαβ , (4.4d)

with Pµν = ηµν+ pµpν/m2. For a thorough analysis see [Hin12]. Next, to find the
propagator we need to solve

Oαβσλ(p)Dσλµν(p)= iδα(µδ
β

ν) , (4.5)

where the operator Oαβ
µν has been defined in (2.63). The solution, as can be

checked by direct substitution, is

Dαβµν =
−i

p2 +m2

[
Pα(µPν)β−

1
3

PαβPµν

]
. (4.6)

Now, we need to turn on the interaction. To lowest order, the free Lagrangian (4.1)
can be supplemented with a linear interaction with a source Tµν

L= 1
2

hµνOαβ
µνhαβ+κhµνTµν , (4.7)

where κ is a coupling constant, that we will sometimes rewrite as κ = 1/Mh =√
8πGh. The equations of motion for the new Lagrangian are

Oµν

αβ
hαβ =−κTµν . (4.8)

The formalism presented so far is general for a massive spin-2 particle. In order
to describe our hidden gravitons we choose the energy-momentum tensor as the
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source and take the mass m and coupling κ as free parameters. We only keep terms
up to quadratic order in the Lagrangian (4.7) so we neglect the self-couplings that
would arise from the contribution of hµν to the energy-momentum tensor. Seen
in this light, the hidden gravitons can be regarded as the linearized version of bi-
metric gravity, that is the fully non-linear theory comprising GR plus an additional
massive graviton.

Finally, since we will only couple the hidden gravitons to conserved energy-
momentum tensors, ∂µTµν = 0, the scattering amplitudes will have the property1

pµAµ... = 0 on shell. In this case, we can make the identification Pµν→ ηµν in (4.4d)
and work with the sum over polarizations given by

Sµναβ = ηα(µην)β− 1
3
ηµνηαβ . (4.9)

Before moving on to the observational constraints, let us briefly discuss the lim-
itations and relevance of the model. It is important to stress that the constraints
that we will derive will be valid insofar as its assumptions, flat space-time and neg-
ligible self-interactions, remain valid. If we consider more ellaborate theories, it
is important to analyze in what region of the parameter-space is (4.7) a good phe-
nomenological description and hence to what extent the constraints can be applied.

Let us take bigravity as a particular example, which is a ghost-free non-linear
theory that describes a massless and a massive spin-2 particle [SS16]. The free
action, without interactions with matter, is very involved but its linearized version
reproduces the Fierz-Pauli Lagrangian (4.1) plus its massless equivalent describing
linearized gravity. There are at least two caveats when including matter couplings.
In the first place, we have the Vainshtein mechanism. As commented before, it
is well-known that in massive gravity non-linear effects become important when
m → 0. These non-linear effects allow the model to evade most Solar-System and
terrestrial gravity tests for low masses.

In the second place, we must also be cautious when introducing the matter cou-
plings, since a naive choice could reintroduce the BD ghost. It has been shown
[RHR15; RHR14; Hei15] that a healthy procedure is to couple the matter fields
to an effective metric, that arises as a combination of the ‘massless’ and ‘massive’
metrics, gµν and fµν,

geff
µν =α2 gµν+2αβgµρ

(√
g−1 f

)ρ

ν

+β2 fµν , (4.10)

where α and β are arbitrary parameters2. If we restrict ourselves to its linearized
version, with gµν = ηµν+γµν+O(

γ2) and fµν = ηµν+hµν+O(
h2), we have

geff
µν = ηµν+ (1−β)γµν+βhµν+ . . . (4.11)

where we have normalized α+β= 1. This choice reproduces our model (4.7), where
the free parameter β is related to the coupling Gh, that we will later constrain, as

Gh

G
= β

1−β . (4.12)

1We use this property, together with the usual Ward identities from QED, to check our results in
subsequent sections.

2More general effective metrics have been studied in [Hei15].
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To conclude, let us mention that bigravity is not the only theory that motivates a
hidden graviton model as a phenomenological description. The ADD model, that we
already mentioned, produces a continuum of Kaluza-Klein states, each of them de-
scribed by (4.7). Another extra-dimensional theory of gravity, the Randall-Sundrum
model [RS99a; RS99b; DHR00; GT00], is even closer to our model since it produces
a tower of discrete, widely separated, KK excitations. The Randall-Sundrum model
can be effectively described, taking into account only the first resonance, by (4.7).

4.2 Interaction with matter

4.2.1 Fifth-force constraints
The first observational signature we can extract from the model above is the exis-
tence of a new force. In order to see the effect of this new force between two matter
particles, e.g. two electrons, one could first compute the one graviton exchange am-
plitude, then take the non-relativistic limit and identify the interaction potential
via the Born approximation. A textbook example can be found in [PS95]. This is
the standard procedure when particles with non-trivial parity, like pseudoscalars,
are present and mediate spin-dependent forces. See [MW84] for an analysis of the
axion case and [FT99] for a discussion of spin-dependent forces. However, in our
case, to reproduce the results at lowest order it is easier to compute the classical
interaction potential.

In the next section we will discuss how this hidden graviton couples to other
fields. For now, to compute the macroscopic force that it may produce, we will con-
sider the force mediated between two classical, non-relativistic sources with energy-
momentum tensor

Tµν

(i) = Miδ
µ

0δ
ν
0δ(x− xi) , i = 1,2 (4.13)

i.e. two lumps of matter sitting at x1 and x2. The interaction potential is

V =−κ
∫

d3x hµν(x)Tµν

(2)(x)=−iκ2
∫

d3x
∫

d4 y Tαβ

(1) (y)Dαβµν(x− y)Tµν

(2)(x)

=−iκ2M1M2

∫
dy0

∫
d4 p

(2π)4 D0000(p)eip0(x0−y0)e−ip·(x1−x2)

=−iκ2M1M2

∫
d3 p

(2π)3 D0000(p0 = 0, p)e−ip·(x1−x2) . (4.14)

Now, it is worth recalling the form (4.6) of the propagator. For massless gravity one
can also derive the propagator, after properly fixing the gauge, and the result is the
same as in the massive case, save for a factor 1/2 instead of 1/3 [Hin12]. For the
moment, we write the generic form

iD0000(p0 = 0, p)= 1−α
p2 +m2 , (4.15)

where α = 1/2,1/3 for massless/massive gravitons. After performing the integral,
we obtain what is to be expected from a massive, even spin, boson: a universally
attractive Yukawa force

V =−κ2M1M2
e−mr

4πr
(1−α) , r = |x1 − x2| . (4.16)
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The standard Newtonian potential is recovered in the massless case (m = 0, α= 1/2,
κ= 1/MPl =

p
8πG)

VNewt(r)=−GM1M2

r
, (4.17)

while in the massive case we have (α= 1/3, κ= 1/Mh =
√

8πGh)

V (r)=−4
3

GhM1M2
e−mr

r
. (4.18)

The appearance of the factor 4/3 may seem surprising. In fact, it could be reab-
sorbed in the definition of Gh, so that the m = 0 and m → 0 cases would give the
same physical results with the identification G = 4

3Gh. However, this kind of factors
reappear when calculating the deflection of light [Rha14]. In that case, the factors
cannot be reabsorbed, yielding unambiguosly different results. As commented in
the first section, this is the vDVZ discontinuity in the massless limit.

So we will stick to this definition of the coupling constant, without reabsorbing
the factor 4/3. The total potential produced by standard gravity and this hypothet-
ical new mediator is

V (r)=−GM1M2

r

(
1+ 4

3
Gh

G
e−mr

)
. (4.19)

With this result, we are ready to constrain the possible values of Gh and m using
the available data.

As commented in Chapter 1, there is a wealth of observational and experimen-
tal data constraining deviations from the inverse square law (ISL) implied by the
Newtonian potential (4.17). Our interaction potential (4.19) has already been cast
in the traditional form for ISL tests (1.26)

V (r)=−GM1M2

r

(
1+αe−r/λ

)
, (4.20)

so we can easily adapt the existing constraints to our case

α= 4
3

Gh

G
, (4.21a)

λ= m−1 . (4.21b)

The relevant bounds are shown in Figure 4.1, for Solar-System and laboratory con-
straints, respectively. The tightest constraints on the interaction strength come
from experiments testing large distances and put, in its turn, strong constraints
on the existence of very low mass particles. The situation is reversed for higher
masses. In view of the huge experimental challenges, the Casimir experiments,
that probe the shortest distances, set significantly looser bounds than its Cavendish
counterparts.

The shortest range experiments in the laboratory can only put bounds on masses
of about few eVs, and there are no prospects that they can go much further. It is
in this range of masses where we need the information provided by astrophysical
objects.
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Figure 4.1: Constraints on the hidden-graviton mass and coupling Gh, relative
to the standard-graviton coupling. The shadowed region is excluded by fifth-force
tests. The limits are adopted from Figure 1.8.

4.2.2 Coupling to QED

The coupling of the hidden graviton is taken to have the same form as the standard
graviton, but suppressed by a different energy scale, κ = 1/Mh =

√
8πGh. It will

couple to matter through the energy-momentum tensor obtained with the usual
prescription in GR, as the functional derivative with respect to the metric of a min-
imally coupled matter action, see (2.23). The most relevant coupling in this work is
to quantum electrodynamics (QED) [BD84]

LQED =−1
4

FµνFµν+ ψ̄(i /D−m)ψ , Dµ ≡ ∂µ+ iQAµ , (4.22)

TQED
µν = FµαF α

ν + i
2

[
ψ̄γ(µDν)ψ− (D(µψ̄)γν)ψ

]
+ηµνLQED , (4.23)

where for hidden gravitons on-shell the last term is irrelevant, see (4.4a). From this
we can read three kind of vertices. The Feynman rules for these interactions were
calculated in [GRW99; HLZ99]. The relevant vertices are

Aβ(k2)

Aα(k1)

hµν = −2iκV(µν)αβ(k1,k2) , (4.24)

f (k1)

f (k2)

hµν = − iκ
2

W(µν)(k1,k2) , (4.25)
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f

f
hµν

Aα = iκQ
(
γ(µην)α−ηµνγα

)
, (4.26)

and Q =−e for an electron. We have defined the functions

Vµναβ(p, q)=−1
2
ηµν(pβqα−ηαβpq)−ηαβpµqν

−ηµα(ηνβpq− pβqν)+ηµβpνqα , (4.27)

Wµν(p, q)= (p+ q)µγν−ηµν( /p+ /q+2me) . (4.28)

Additionally, we must take into account the usual Feynman rules for QED, e.g. see
[Sre07].

4.3 Boltzmann equation and energy loss
The Feynman rules derived above can be used in particular to analyze the inter-
action of hidden gravitons with stellar plasmas. As discussed in Section 1.4 any
new light particle interacting with stellar plasmas can lead to modifications of the
stellar structure and to deviations from the standard evolutionary track. We will
focus on the regime where the hidden gravitons can be thermally produced in stars
and act as a new source of energy loss.

It is important to note that these interactions take place in a hot plasma, where
the finite temperature and density effects may become important. In this case,
the standard vertices and propagators of quantum field theory are modified, new
degrees of freedom appear (like the plasmon, a longitudinal mode of the photon)
and some collective behaviours may be important (remember the assumptions en-
tering in the Boltzmann equation in Section 2.3.4). These effects, and their im-
portance for some particles like axions, are summarized in [Raf90a; Raf96] and
references therein. As a first approximation, we will neglect most of these plasma
effects, pointing out some cases where they can decisively suppress a process. To
sum up, we will use the Boltzmann equation as derived in Section 2.3.5, computing
thermally-averaged cross sections with zero temperature QFT.

The next sections are devoted to the reformulation of the Boltzmann equation in
a form suitable for computing the energy loss in three different types of processes.

4.3.1 2→ 2 process

The evolution of the distribution function for a particle a is described by the Boltz-
mann equation (2.99)

D fa

dt
= C[ fa] . (4.29)
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Figure 4.2: Collision in CM and arbitrary frame.

The collision term for a binary process a+b ↔ c+d is (2.100)

C[ fa]= S
2Ea

∫
DpbDpcDpd(2π)4δ (pa + pb − pc − pd) |M|2

×
[

fc fd(1± fa)(1± fb)︸ ︷︷ ︸
cd → ab

− fa fb(1± fc)(1± fd)︸ ︷︷ ︸
ab → cd

] { + bosons
− fermions

(4.30)

If the a-particles are readily emitted, we can neglect the backreaction a+b → c+d
and the enhancement/blocking factor, i.e. (1± fa)' 1. We also assume that this pro-
duction do not perturb the local thermal equilibrium, so the distribution functions
for the remaining particles are the equilibrium Bose-Einstein/Fermi-Dirac distribu-
tions. In order to compute the energy emitted in the form of a-particles, we must
integrate over the phase-space of the particle a, weighted with its energy,

Qa ≡ S
∫

EaDpa

∫
DpbDpcDpd(2π)4δ(pa + pb − pc − pd) fc fd(1± fb)

∑

spins
|M|2 .

(4.31)
Many of the following results will prove simpler when written in terms of the Man-
delstam variables, that can be expressed in different ways

s =−(pa + pb)2 = m2
a +m2

b +2(pa pb)

=−(pc + pd)2 = m2
c +m2

d +2(pc pd) , (4.32a)

t =−(pa − pc)2 = m2
a +m2

c −2(pa pc)

=−(pd − pb)2 = m2
d +m2

b −2(pd pb) , (4.32b)

u =−(pa − pd)2 = m2
a +m2

d −2(pa pd)

=−(pc − pb)2 = m2
c +m2

b −2(pc pb) , (4.32c)

s+ t+u = m2
a +m2

b +m2
c +m2

d , (4.32d)

where (pa pb)≡ ηµνpµa pνb is a scalar product of four-vectors. We can perform first the
integrals over a and b

Qa = S
∫

fcDpc

∫
fdDpd I

= S
2(2π)4

∫ ∞

mc

fc(Ec)pcdEc

∫ ∞

md

fd(Ed)pddEd

∫ 1

−1
dzcd I . (4.33)

where now pc and pd stand for the magnitude of the three-momentum and zcd ≡
cos(θc +θd). The easiest way to compute I is to change to the center of mass (CM)
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frame, see Figure 4.2. Boosting to the CM we get3

I ≡
∫

EaDpa

∫
Dpb

(
1± fb(Eb)

)
(2π)4δ(pa + pb − pc − pd)

∑

spins
|M|2

=
∫

Ea

2Ecm
a

d3 pcm
a

(2π)2

∫ d3 pcm
b

2Ecm
b

(
1± fb(Eb)

)
δ(pcm

a + pcm
b )δ(Ecm

a +Ecm
b −p

s)
∑

spins
|M|2

= 1
8π

∫ 1

−1
dzcm

(
1± fb(Eb)

) pcmEap
s

θ(
p

s−ma −mb)
∑

spins
|M|2 , (4.34)

where

pcm ≡ pcm
a = pcm

b = 1
2
p

s

√
s2 −2(m2

a +m2
b)s+ (m2

a −m2
b)2 , (4.35a)

p′
cm ≡ pcm

c = pcm
d = 1

2
p

s

√
s2 −2(m2

c +m2
d)s+ (m2

c −m2
d)2 , (4.35b)

Ecm
b = 1

2
p

s
(s+m2

b −m2
a) , (4.35c)

Ecm
a = 1

2
p

s
(s+m2

a −m2
b) , (4.35d)

and the Mandelstam variables are

s = m2
c +m2

d +2EcEd −2pc pd zcd , (4.36a)

t = m2
c +m2

a −2Ecm
c Ecm

a +2pcm p′
cmzcm , (4.36b)

u = m2
a +m2

b +m2
c +m2

d − s− t . (4.36c)

After the collision we know how to relate the (a,b) quantities with the (c,d) quan-
tities in the CM frame, but we need Ea and Eb so we must boost back to a general
frame

Ea = γ
(
Ecm

a + pcm ·βcm
)

, (4.37a)

Eb = γ
(
Ecm

b − pcm ·βcm
)

, (4.37b)

where the velocity of the CM in an arbitrary frame is given by

βcm = pc + pd

Ec +Ed
,

β≡ |βcm| =
√

1− s
(Ec +Ed)2 ,

γ≡ 1√
1−β2

= Ec +Edp
s

. (4.38)

To sum up, we need to find cosθcm and relate it with our integration variables (Ec,
Ed, zcd = cos(θc +θd), zcm = cos(θ′cm +θcm)). We achieve this in two steps.

3

δ(Ecm
a +Ecm

b −p
s)=

Ecm
a Ecm

b

pcm
p

s
δ(pcm − p0

cm)θ(
p

s−ma −mb)
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I) First we will calculate θ′cm in terms of Ec, Ed and zcd.

II) Then, we will use zcm to find cosθcm.

We can compute cosθ′cm from

Ec = γ(Ecm
c +β · p′

cm)= γ(Ecm
c +βp′

cm cosθ′cm) , (4.39a)

Ed = γ(Ecm
d −β · p′

cm)= γ(Ecm
d −βp′

cm cosθ′cm) , (4.39b)

so we have
cosθ′cm = 1

βp′
cm

(
Ec

γ
−Ecm

c

)
= 1
βp′

cm

(
−Ed

γ
+Ecm

d

)
. (4.40)

Two cases of particular interest are:

• If mc = md,

cosθ′cm = Ec −Ed

2βγp′
cm

. (4.41)

• If mc = 0,

cosθ′cm = 1
β

(
Ec

γEcm
c

−1
)

. (4.42)

4.3.2 External field process

Let us consider a 2 → 3 process where one of the particles in the initial and final
state is much heavier than the others. The heavy particle in this case ensures the
conservation of momentum without contributing significantly to the energy balance.
It can be effectively described as an external field (1+EF → 2). The rate equation
in this case is

Qa = nh S
∫

EaDpa

∫
(1± fb)Dpb

∫
fcDpc(2π)δ(Ea +Eb −Ec)

∑

spins
|M|2 , (4.43)

where nh is the number density of heavy particles and |M| is the matrix element
for the process c+EF→ a+b.

4.3.3 Two-particle annihilation

The general formula for a process c+d → a is

Qa = S
∫

EaDpa

∫
fcDpc

∫
fdDpd(2π)4δ(pa − pc − pd)

∑

spins
|M|2 . (4.44)

In this case, it is easier to integrate over pa in the CM frame

Qa = S
∫

fcDpc

∫
fdDpd

Ea

2ma
(2π)δ(ma −

p
s)

∑

spins
|M|2

= S
4(2π)3

∫ ∞

mc

fc pcdEc

∫ ∞

md

fd pddEd

∫ 1

−1
dzcd

Ec +Ed

ma
δ(ma −

p
s)

∑

spins
|M|2 .

(4.45)
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4.4 Plasma processes

4.4.1 Photon-photon annihilation

There is only one Feynman diagram contributing to the process

Aβ(k2)

Aα(k1)

hµν = −2iκεα(k1)εβ(k2)V(µν)αβ(k1,k2)ε∗µν(k1 +k2) . (4.46)

This scattering amplitude verifies the Ward identity4

kα1 V(µν)αβ = kβ2V(µν)αβ = 0 . (4.47)

If both photons are on-shell it also verifies the equivalent identity for external gravi-
tons

(k1 +k2)µV(µν)αβ = 0 . (4.48)

Summing over initial and final spins, we can easily obtain the matrix element

∑

spins
|M|2 = 4κ2Sµνµ′ν′VµναβV αβ

µ′ν′ =−8κ2(k1k2)2 = 2κ2s2 . (4.49)

Now we can plug it in our Boltzmann equation , with the appropiate Bose-Einstein
distributions and a symmetry factor S = 1/2 for identical particles in the initial
state, to compute the energy loss

Qγ =−κ
2m4T3

2(2π)3

∫ ∞

0

ωdω
eω−1

log
(
1−e−

m2

4T2ω

)
, (4.50)

where s = 2ωcωd(1−zcd) is the center of mass energy and zcd ≡ cos(θcd) is the cosine
of the angle between the incident photons.

4.4.2 Gravi-Compton process

The Gravi-Compton process consists on four diagrams, see Figure 4.3. The matrix
element for the process is

iM≡−iκeAµναε
∗µν(q)εα(k) , (4.51)

4In this case it is really an identity, steming fron the structure of V(µν)αβ and irrespective of
whether the particles are on-shell or not.



4.4. PLASMA PROCESSES 91
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Aα(k) hµν(q)

f (p′)

Figure 4.3: Gravi-Compton process.

where

A(I)
µνα = ū

pµ+kµ− qµ/2

(p+k)2 +m2
e
γν( /p+ /k−me)γαu

+ ū
ηµν

(k+ p)2 +m2
e
( /k+ /p− /q/2+2me)( /k+ /p−me)γαu , (4.52a)

A(II)
µνα = ū

pµ− qµ/2

(p− q)2 +m2
e
γα( /p− /q−me)γνu

+ ū
ηµν

(p− q)2 +m2
e
γα( /p− /q−me)( /p− /q/2+2me)u , (4.52b)

A(III)
µνα = 2

(q−k)2 ūγβVµνβα(q−k,k)u , (4.52c)

A(IV)
µνα = ū(γµηνα−ηµνγα)u , (4.52d)

Aµνα ≡A(I)
(µν)α+A(II)

(µν)α+A(III)
(µν)α+A(IV)

(µν)α . (4.52e)

The scattering amplitude, for particles on-shell, verifies

kαAµναε
∗µν(q)= 0 , (4.53)

qµAµναε
α(k)= 0 , (4.54)

where we have used the fact that the polarization tensor for photons satisfies kαεα(k)=
0. The squared matrix element, summing over spins, is

∑

spins
|M|2 = (κe)2Sµνµ′ν′Tr

[
Aµνα( /p−me)Ā α

µ′ν′ ( /p′−me)
]

= (κe)2F(s, t) , (4.55)

where F(s, t) is a lengthy function of the Mandelstam variables s, t and the masses
of the particles, that we will integrate numerically later on. The final result for the
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process γ(c)+ e(d)→ e(b)+G(a) is

Qgcp =
κ2e2

8(2π)5

∫ ∞

0

Ec dEc

eEc/T −1

∫ ∞

me

pd dEd

e(Ed−µ)/T +1

∫ 1

−1
dzcd

∫ 1

−1
dzcm

(
1− fF(Eb)

)

× pcmEap
s

θ(
p

s−m−me)F(s, t) . (4.56)

The different variables can be related to the integration variables as explained in
Section 4.3.1.

4.4.3 Electron-positron annihilation

The population of positrons is negligible in the Sun and in red giants. Processes
involving positrons will only be important in supernovae, where the electrons are
highly relativistic (me ¿ TSN) so we can safely set me ' 0. However, we will first
check the consistency of the scattering amplitudes for a finite me and then set me =
0 at the cross-section level. Two electron-positron processes are relevant. The first
process e+e− →G is equivalent to the photon-photon annihilation

f (k1)

f̄ (k2)

hµν = − iκ
2

v̄(k2)W(µν)(k1,−k2)u(k1)ε∗µν(k1 +k2) . (4.57)

We can check that if the electrons are on-shell

(k1 +k2)µv̄(k2)W(µν)(k1,−k2)u(k1)= 0 . (4.58)

The matrix element is easily computed

∑

spins
|M|2 = κ2

4
(k1 −k2)µ(k1 −k2)µ′Sµ′ν′µνTr

[
γν( /k1 −me)γν′( /k2 +me)

]

= κ2

2

(
s2 + 4

3
m2

es− 32
3

m4
e

)
' κ2

2
s2 , (4.59)

In the last line we have used the fact that this process will only be relevant in
physical situations where me/T ' 0. The energy-loss rate is

Qee1 =
κ2m4T3

8(2π)3

∫ ∞

0

E dE
eE+µ/T +1

log
(
1+e−

m2

4T2E
+µ/T

)
+ (µ→−µ) , (4.60)

where µ is the chemical potential for electrons. The second kind of electron-positron
annihilation involves a photon and a hidden graviton in the final state, Figure 4.4,
so it is also kinematically allowed in the massless limit. The amplitude and cross
section for this case can be adapted from the Compton process (4.55) using the
crossing symmetry ∑

spins
|M|2 = (κe)2F(t, s) . (4.61)
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f (p) Aα(k)

f̄ (p′) hµν(q)

Figure 4.4: Electron-positron annihilation.

In the limit me → 0, the function F(t, s) takes a simple form

F(t, s)'

(
m4 −2m2t+ s2 +2t(s+ t)

)(
4t(s+ t)−m2(s+4t)

)

st(s+ t−m2)
. (4.62)

The final result for the process ē(c)+ e(d)→ γ(b)+G(a) is

Qee2 =
κ2e2

8(2π)5

∫ ∞

0

Ec dEc

e(Ec+µ)/T +1

∫ ∞

0

Ed dEd

e(Ed−µ)/T +1

∫ 1

−1
dzcd

∫ 1

−1
dzcm

(
1+ fB(Eb)

)

× pcmEap
s

θ(
p

s−m)F(t, s) . (4.63)

4.4.4 Gravi-bremsstrahlung

f (p) f (p′)

hµν(q)

Figure 4.5: Gravi-bremsstrahlung process.

For this process we can adapt the result (4.55). Now the photon is off-shell, see
Figure 4.5. It is a Coulomb field produced by a static heavy nucleus. In the exter-
nal field approximation, we must substitute the polarization vector εα(k) with the
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external Coulomb field Aα =−η0αZe/k2, kµ = (0, q+ p′− p). We are also neglecting
the emission of hidden gravitons from the nucleus, since its contribution is strongly
suppressed by its large mass. The matrix element is

∑

spins
|M|2 = (κZe2)2

k4 Sµνµ′ν′Tr
[
Aµν0( /p+me)Āµ′ν′0( /p′+me)

]

= (κZe2)2M(s, t,u) , (4.64)

where M(s, t,u) is a lengthy, rational function of the Mandelstam variables and the
masses of the particles. In the end, the energy-loss rate for the process e(c)+EF→
e(b)+G(a) is

Qgb =
κ2e4

4(2π)5

∑

j
Z2

j n j

∫ ∞

me

dEbdEc θ(Ec −Eb −m)
∫ 1

−1
dza

∫ 1

−1
dzc pb pc(Ec −Eb)

×
√

(Ec −Eb)2 −m2 fF(Ec)
(
1− fF(Eb)

)
M(s, t,u) , (4.65)

where we have summed over all the different nuclei present in the medium. If we
assume that the star only contains fully ionized hydrogen and helium,

∑

j
Z2

j n j =
∑

j
Z2

j
X jρ

A jmu
= ρ

mu
, (4.66)

where Z j is the atomic number of the element j, X j is the mass fraction, A j is the
atomic weight and mu is the atomic mass unit. This should be a fair approximation,
but it may underestimate the energy production in stars with appreciable metallic-
ity. The heaviest nuclei, even in small amounts, can contribute significantly to this
mechanism, for they also have higher charge Z.

4.4.5 Nucleon bremsstrahlung
As mentioned in the Section 4.1, most of the previous work on astrophysical con-
straints with massive gravitons was motivated by the ADD proposal [ADD98]. Shortly
after, these authors studied the phenomenological implications of the model in
[ADD99] and, using order-of-magnitude estimates, pointed out the relevance of two-
nucleon processes N +N → N +N +G in supernovae.

Since then, considerable efforts have been devoted to detailed calculations of
this energy-loss mechanism. In [CP99] and [Bar+99] the authors adopted a deriva-
tive and a Yukawa coupling for the nucleon-pion interaction, respectively, and com-
puted the energy-loss rate relying on the one-pion-exchange approximation for the
nucleon-nucleon scattering.

An alternative approach was adopted in [Han+01], where the authors dropped
the one-pion-exchange approximation and used low-energy theorems to set bounds
in a nearly model-independent way. The main assumptions in this case were that
the emitted gravitons are soft and that the emission rate is dominated by two-body
collisions. In this soft limit, the energy of the hidden graviton is much smaller than
the other scales and it is possible to separate the details of the nucleon-nucleon scat-
tering from the emission process. This result allows to use the measured nucleon-
nucleon scattering cross-section and dramatically simplifies the calculations.
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Finally, it is worth mentioning the results obtained in [HR03], where the au-
thors derived some semiclassical formulas for the emission and absorption of hidden
gravitons in a nuclear medium, such as a supernova or a neutron star.

For this work, we will just quote the results of [Han+01] for a single hidden
graviton in a neutron gas (neutron-proton and proton-proton processes are sub-
dominant). The energy emitted, in a nuclear bremsstrahlung process in the form of
soft hidden gravitons, is

Qnb =S
215/2GhM9/2T13/2

5π6

∫ ∞

δ
dur

∫ 1

−1
d(cos(θ))

∫ ∞

0
duP

∫ ur−δ

0
du′

r

∫ 1

−1
d(cosθ′)

u1/2
r u1/2

P u′1/2
r ū2ξ[δ/(ur −u′

r)] f1 f2(1− f ′1)(1− f ′2)
∫ 2π

0

dφ
2π

sin2θcm|A(θcm,2Tū)|2 ,

(4.67)

where S = 1/4 is the symmetry factor in this case, M is the neutron mass, T is the
temperature of the neutron gas, µ = yT is the chemical potential and m = 2Tδ is
the hidden graviton mass. Other definitions are

f i =
1

e(ui−yi) +1
, u1,2 = uP +ur ±2

p
uP ur cosθ , (4.68a)

f ′i =
1

e(u′
i−yi) +1

, u′
1,2 = uP +u′

r ±2
√

uP u′
r cosθ′ , (4.68b)

ū = (ur +u′
r)/2 , (4.68c)

ξ[x]=
√

1− x2
(19
18

+ 11
9

x2 + 2
9

x4
)

, (4.68d)

cosθcm = cosθ cosθ′+sinθsinθ′ cosφ . (4.68e)

Moreover, in the region of interest there is a weak dependence of the neutron-
neutron scattering cross-section on the angle and the energy, so we can use the
approximate result

M2|A|2
32π

'σ0 = 25 mb . (4.69)

The formula (4.67) is strictly valid only when the emitted hidden gravitons are
soft (E ¿ p̄2

M → |ur−u′
r |

ur+u′
r
¿ 1). In particular, it is not valid in our whole range of

masses. It works up to m ∼ 100 MeV, but for these high masses the phase-space
effects dominate the energy loss, so the results should not be significantly modified.

4.5 Astrophysical constraints
Stellar objects offer unique opportunities to study the behaviour of Nature under
extreme conditions of temperature and density. They can be used as laboratories
to constrain the properties of known particles, like neutrinos, or hypothetical new
fields, like axions. The methods used to study new light particles with stars have
been reviewed in Section 1.4.

In this section, we will apply the preceeding results and the energy-loss argu-
ment of Section 1.4 to hidden gravitons. The relevant quantity for these constraints
is the emissivity

ε= Q
ρ

, (4.70)
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i.e. the energy emitted per unit of mass. For each process (4.50, 4.56, 4.60, 4.63,
4.65, 4.67) under different medium conditions, relevant for the Sun (1.19), red gi-
ants (1.21) and supernovae (1.23) we can apply the relevant restrictions. The main
results are collected in Figure 4.6.
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Figure 4.6: Constraints coming from the processes considered under different astro-
physical conditions, along with the combined bounds for each object. The shadowed
region is excluded. In the supernova case, as there is uncertainty about its temper-
ature, we plot the results for two different temperatures. For the final limits we will
use the more conservative estimate of T = 40 MeV.

Some authors have derived semiclassical formulas for the emission of soft par-
ticles from stars, and applied them to the case of standard massless gravitons.
These formulas can be used to check the order of magnitude of our computations,
by comparing them with our results for very low masses (where the energy loss
reaches a plateau). The first one was derived in [Wei65] and applies to our gravi-
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bremsstrahlung process

ε' 32
5

G(3T)3/2m−1/2
e n2

e
4
ρ
' 4.525×10−17 erg g−1 s−1 , (Sun) (4.71)

that compares to our result ∼ 9.60×10−17 erg g−1 s−1. The other formula derived in
[HR03] applies to the nuclear bremsstrahlung process

ε' 512log2
5π3/2 Gσ0ρT7/2M−5/2 ' 4.96×102 erg g−1 s−1 , (SN, T = 40 MeV) (4.72)

while our result is ∼ 1.35×102 erg g−1 s−1. Both results show a good agreement.
We can combine these bounds with the ones obtained from fifth-forces, as shown

in Figure 4.7. These astrophysical bounds complement the fifth-force constraints
and are orders of magnitude more competitive than other restrictions in the same
range of masses, like tests on atomic systems [MT15].
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Figure 4.7: Constraints on the hidden-graviton mass and coupling Gh, relative to
the standard-graviton coupling. The shadowed region is excluded by fifth-force tests
and energy-loss restrictions, derived in this work. The two additional axes repre-
sent the distance scale λ= 1/m and the energy scale Mh = 1/

√
8πGh.
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5 Repulsive Fuzzy Dark Matter

A second way to modify the standard dark sector is to go beyond the simplest
dark energy or dark matter models. In this context, we consider a model where
dark matter is ultralight and self-interacting: repulsive fuzzy dark matter. In Sec-
tion 5.1, we start discussing the relevance of fuzzy dark matter (FDM) for astro-
physics and cosmology. We introduce our model, and all the relevant equations to
follow its evolution through different regimes, in Section 5.2. Finally, in Section 5.3
we determine its cosmological evolution and compare it with CMB and LSS data,
constraining the mass and self-interaction strength of this new candidate.

5.1 FDM and coherent cosmological fields

5.1.1 Astrophysical behaviour
The challenges thatΛCDM faces at small scales have prompted the search for alter-
native models of dark matter. One of them, that has grown to be extremely popular
in recent years, is fuzzy dark matter (FDM). It was initially proposed in [HBG00]
that if the mass of the dark matter particles were ultralight (m ∼ 10−22 eV), their
Compton wavelength (m−1) would reach astrophysical scales. In this way the core-
cusp problem, see Section 1.3, is neatly solved: the wave nature of particles on
the smallest scales makes them impossible to localize, preventing the formation of
cusps.

The usual approach to describe FDM is to start with a real scalar field1

äφ= m2φ , (5.1)

that will act as dark matter. In an astrophysical setting it is common to neglect the
expansion of the Universe and work in the Newtonian limit. Expressing the real
scalar field φ in terms of a complex scalar [Hui+17]

φ≡ 1p
2m

(
ψe−imt +ψ∗eimt

)
, (5.2)

and working in the non-relativistic limit, | ..ψ|¿ m| .
ψ|, we arrive at

i
.
ψ=

(
− 1

2m
∇2 +mΦ

)
ψ , (5.3a)

∇2Φ= 4πGρ , (5.3b)

1 There was some debate in the early literature about whether ultralight scalar fields (produced
through a misalignment mechanism) could be regarded as Bose-Einstein condensates and modelled
as classical fields. This debate seems to be settled, see e.g. [SY09; Dav15; GHP15], and the classical-
field picture is widely regarded as an appropiate description.
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that is known as the Schrödinger-Poisson system. The eigenvalues of the time-
independent version of (5.3) can be found for spherically symmetric configurations
[Hui+17]. The ground state gives rise to the so-called solitonic core.

The first N-body simulation, taking (5.3) as the starting point, was performed
in 2014 [SCB14]. The authors showed that the wave-like properties of this DM
candidate lead to the formation of cores, obtaining the best fit to real galaxies for a
mass of about m ∼ 10−22 eV.

It is common to perform a Madelung transformation

ψ≡
√

ρ

m
eiθ , (5.4a)

v≡ 1
m

∇θ , (5.4b)

obtaining two first-order differential equations for ρ and v, equivalent to the con-
tinuity and Euler equations. Performing this change of variables, a new “quantum
pressure” term appears in the Euler equation [Hui+17]. The advantage of this ap-
proach is that standard hydrodynamical N-body codes can be adapted to FDM just
by adding the new source of pressure [Zha+18; NB18; LHB19].

The equivalence between the Schrödinger-Poisson (FDM) and Vlasov-Poisson
(CDM) systems has been thoroughly studied in the literature for different dynam-
ical configurations [KVS17; Moc+18]. Interestingly enough, prior to the FDM pro-
posal, the Schödinger-Poisson system (5.3) was explored as an alternative way to
simulate CDM [WK93].

5.1.2 Cosmological behaviour

The present cosmological observations strongly favour a CDM-like behaviour for
dark matter. As we will show now, FDM behaves as a rapidly oscillating coherent
scalar field, thus recovering a CDM behaviour on cosmological scales.

In his groundbreaking work [Tur83], Turner analyzed a homogeneous oscillat-
ing scalar field in an expanding universe

..
φ+2H .

φ+a2V ′(φ)= 0 . (5.5)

For a simple massive field we have

..
φ+2H .

φ+m2a2φ= 0 . (5.6)

This is just the equation for a damped harmonic oscillator with time-varying coeffi-
cients. In the regime where the time scale of variation of these coefficients, O(H−1),
is larger than the time scale of the system, O(

(ma)−2), i.e. H/m ¿ 1, it is possible
to find a WKB solution

φ= φ0

a3/2 cos
(∫

madτ
)
+O

(
H
m

)
. (5.7)

The energy density and pressure, that can be obtained from (2.30), for this field are
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ρ = 1
2

m2φ2
0a−3 +O

(
H
m

)
, (5.8a)

P =−1
2

m2φ2
0a−3 cos

(
2

∫
madτ

)
+O

(
H
m

)
. (5.8b)

Since the field oscillates with a frequency much larger than the expansion rate,
the Einstein equations can be approximately solved using an averaged energy-
momentum tensor

Gµν = 8πG
〈
Tµν

〉
, (5.9)

where
〈
Tµν

〉
(t)= 1

T

∫ t+T/2

t−T/2
Tµν(t′)dt′ , (5.10)

and ω−1 ¿ T ¿ H−1, where ω is the effective frequency of the field (ω = ma in
the massive case). The averaging error introduced by this procedure is O(HT)
[CMN16]. The effective equation of state is

w = 〈P〉〈
ρ
〉 = 0+O

(
H
m

)
. (5.11)

It behaves as CDM at the background level. In the original reference [Tur83],
Turner further shows that, for a power-law potential V (φ)∝φn,

w = n−2
n+2

+O
(H
ω

)
. (5.12)

This result, and more general ones, can be obtained from a version of the virial
theorem [JK08; CMN16].

After Turner’s pioneering work, ultralight scalar fields have been thoroughly
studied at the perturbation level [JK08; HN09; PHN12; Hlo+15; CMN16], prov-
ing that the same conclusion holds. Perturbations of coherent oscillating scalar
fields admit an effective fluid description with an effective sound speed nearly zero,
like CDM. The main cosmological signature of these models is the supression of
growth at small scales. Below some Jeans scale k−1

J the modes do not grow ap-
preciably, translating into a cut-off in the matter power spectrum [Hlo+15]. Addi-
tionally, there are important effects in the CMB temperature, lensing and polar-
ization spectra. These effects were analyzed in [Hlo+17; HMG18] using the pub-
licly available code AXIONCAMB. Although the work on ultralight fields has been
mainly concerned with scalar fields, there are recent results on higher spin fields. It
has been shown that abelian vectors at the background [Cem+12] and perturbation
level [CMN17], non-abelian vectors [CMN13] and arbitrary-spin fields [CMN14] be-
have in a similar way. Interestingly, the results of [CMN14] show that it is possible
to achieve an isotropic model of higher-spin dark matter as long as it is rapidly
oscillating.

5.1.3 Axion-like particles
These ideas have been applied to the axion, a particularly well-motivated DM candi-
date. The standard QCD axion was initially proposed to solve the strong CP prob-
lem [PQ77; Wil78; Wei78] in particle physics. Likewise, the appereance of many
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light scalar fields seems to be a generic feature of different string-theory scenar-
ios. Some of these fields have a similar origin as the QCD axion, arising from the
breaking of an approximate shift symmetry, and are usually known as axion-like
particles (ALPs) or ultralight axions (ULAs) [Mar16; Hui+17]. ALPs present simi-
lar periodic potentials but with a mass much smaller than the QCD axion that could
lie in the range of ultralight fields m ∼ 10−22 eV. While behaving like FDM, ALPs
have a rich phenomenology based on their presumed interaction with matter. Aside
from the standard searches for axions, there is a wealth of dedicated searches and
projected experiments on the lookout for ultralight axions. These include studies
of the neutral hydrogen distribution in the Universe [Sar+16; Kob+17], laboratory
constraints based on nuclear interactions [Abe+17], variation of fundamental con-
stants [SF15; SF16], astrophysical bounds [Ban+17; HSB18; Con+18], gravitational
wave searches [Bri+17b; Bri+17a] and analysis of CMB spectral distortions [SSD17;
DW17].

5.2 Repulsive FDM

The simplest model of fuzzy dark matter only involves a mass term in the potential.
To extend the model one could add new couplings to matter or introduce a more
complex potential. The axion model that we discussed in Section 5.1.3 explores
both possibilities. Not only does the axion couple directly to photons, but it also
has a non-trivial potential that introduces corrections over the mass term in FDM.
These corrections arise, to first order, as quartic corrections in the potential with the
opposite sign of the mass term, i.e. attractive self-interactions. The consequences
of these self-interactions, as well as the effect of the full axion potential, have been
studied and the impact on the linear power spectrum seems to be negligible [UG16;
CGU17]. Beyond linear theory, it seems that self-interactions could play a role in
the formation of non-linear structures [DKR18].

Another possibility involves introducing a positive quartic correction, i.e. repul-
sive self-interactions. It is more difficult to find particle-physics models in this case
[Fan16], but the model is nonetheless well motivated as the simplest modification
leading to a stable potential. This modification has been previously analyzed in
some works [KMZ85; Goo00; LRS14; SC17; DLO17; LSR17]. The additional source
of pressure from the repulsive self-interactions helps to solve the core-cusp problem
with larger masses [Fan16]. Additionaly, unlike the axion case, it could explain the
formation of vortices in galaxies [RS12].

In this section we will study a FDM model with an additional quartic self-
interaction. We first derive in Section 5.2.1 the equations describing a cosmological
scalar field, both at the background and perturbation level. We will explore a region
of the parameter space where the field will behave as a rapidly oscillating coherent
field. The exact evolution equations can then be substituted by an approximate
scheme where we follow only the behaviour of average quantities. This procedure
is outlined in Section 5.2.2. This way we will gain physical insight while obtaining
a set of equations suitable for a numerical implementation. We conclude in Section
5.2.3 with some analytical estimates that allow us to infer observational constraints
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on our parameters without solving the evolution. These preliminary limits will be
contrasted with the full numerical results in Section 5.3.

5.2.1 Exact description
Let us assume a scalar field with Lagrangian

L= 1
2

gµν∂µφ∂νφ−V (φ) , (5.13)

and potential

V (φ)= 1
2

m2φ2 + 1
4
λφ4 , (5.14)

in a homogeneous and isotropic universe with a flat Robertson-Walker metric in
conformal time (3.1). The equation of motion for a homogeneous scalar field in this
background is ..

φ+2H .
φ+a2V ′(φ)= 0 . (5.15)

The components of the energy-momentum tensor are

T0
0 =−ρ , T0

i = 0 , T i
j = δi

jP , (5.16)

where the density and pressure are

ρ = 1
2a2

.
φ2 +V (φ) , (5.17)

P = 1
2a2

.
φ2 −V (φ) . (5.18)

We choose initial conditions

φ=φ0 , (5.19)
.
φ= 0 . (5.20)

The value φ0 will be chosen to match the desired energy density ρφ today. Sec-
tion 5.3.1 contains more details about how this matching is performed. These are
the usual initial conditions when the axion-like particles are produced through a
misalignment mechanism [DM17] and the field starts its evolution frozen. It is
important to note that the choice of initial conditions has a deep impact in the sub-
sequent evolution. In [LRS14], the authors considered a case similar to ours, but
with an initial velocity

.
φ 6= 0. In this case, there is an initial phase of stiff-matter

(w ' 1) domination, absent in our case, constrained to be short enough not to spoil
BBN.

Next, we study perturbations over this background solution. The metric per-
turbations are parameterized according to the general form (3.33) or to the scalar-
vector-tensor version (3.126). The equation of motion for the scalar field perturba-
tion is

δ
..
φ+2Hδ

.
φ+ (

k2 +a2V ′′(φ)
)
δφ=−1

2

( .
A−2ikiBi +

.
H i

i

) .
φ+a2AV ′(φ)

= ( .
Ψ+3

.
Φ−k2(B−

.
E)

) .
φ−2a2ΨV ′(φ) . (5.21)
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The components of the perturbed energy-momentum tensor are

δT0
0 =− 1

a2

( .
φδ

.
φ−Ψ .

φ2)−V ′δφ=−δρ , (5.22a)

δT0
i =− iki

a2

.
φδφ= δQ i , (5.22b)

δT i
j =

1
a2

( .
φδ

.
φ−Ψ .

φ2)δi
j −V ′δφδi

j = δPδi
j . (5.22c)

Notice that there is no anisotropic stress and that only scalar metric perturbations
appear. It will be convenient to work in the synchronous gauge (3.162), in which
case

δ
..
φ+2Hδ

.
φ+ (

k2 +a2V ′′)δφ= 1
2

.
h

.
φ , (5.23)

and

δρ = 1
a2

.
φδ

.
φ+V ′δφ , (5.24)

δP = 1
a2

.
φδ

.
φ−V ′δφ , (5.25)

(ρ+P)θ = ikiδQ i =
k2

a2

.
φδφ . (5.26)

Instead of solving the field equation (5.23), we will pursue the fluid analogy further
and rewrite the system using the continuity and Euler equations. We introduce an
alternative velocity variable

u ≡ 1+w
k

θ = ikiδQ i

ρ
, (5.27)

that is numerically more stable when w ' −1. In absence of anisotropic stress
(σ= 0), the conservation equations (D.64) and (D.68) for a generic fluid in the syn-
chronous gauge are

.
δ+3H (

c2
s −w

)
δ+ku+ 1

2
(1+w)

.
h = 0 , (5.28a)

.u+H(1−3w)u−kc2
sδ= 0 . (5.28b)

We need to find w and c2
s to close the system. The equation of state is just

w ≡ P
ρ
=

.
φ2 −2a2V (φ)
.
φ2 +2a2V (φ)

. (5.29)

It can be used to compute the adiabatic sound speed

c2
ad ≡

.
P
.
ρ
= w−

.w
3H(1+w)

= 1+ 2
3

a2V ′

H .
φ

, (5.30)

where we have used the background equation of motion (5.15). The sound speed in
the synchronous gauge is2

c2
s = 1+3H(1− c2

ad)
u
kδ

. (5.31)

2This result can be obtained directly using the expressions for δ and u in terms of δφ and δ
.
φ. It

is also possible to compute the sound speed in the comoving gauge, where δφ = 0 and c2
s = 1, and

then transform it back to the synchronous gauge.
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The final equations of motion are
.
δ=−3H(1−w)δ−ku−9H2 (

1− c2
ad

) u
k
− 1

2
(1+w)

.
h , (5.32a)

.u = 2Hu+kδ+3
(
w− c2

ad
)Hu . (5.32b)

Following the analysis of [Hlo+15] we provide intial conditions for the system

δ= 0+O(
(kτ)4) , (5.33)

u = 0+O(
(kτ)4) . (5.34)

The overall evolution can be summarized as follows. The scalar field starts its evolu-
tion frozen in a value φ0 with an equation of state w '−1. As the Universe expands,
the field starts rolling down the potential. When it reaches the minimum, a phase
of fast oscillations sets in. This phase takes place when the effective frequency of
the field, ωeff ∼

√
V ′′(φ), becomes larger than the expansion rate, H.

On the numerical side, this wide separation of scales turns the problem in-
tractable. It becomes prohibitely expensive to compute the exact evolution of the
field, following every oscillation. This problem could be ameliorated choosing a
different set of dynamical variables but, instead of trying to find a clever field re-
definition, we will implement an entirely different strategy in the next section.

5.2.2 Averaged description
The averaged effective description that we described in Section 5.1.2 will be ex-
tended now to encompass our potential (5.14). The massive case (λ = 0) is par-
ticularly simple and the equation of motion (5.15) can be solved through a WKB
expansion. Thanks to this adiabatic expansion in the parameter H/ma, the aver-
ages can be performed explicitly, isolating the rapidly oscillating contributions and
integrating by parts. This procedure for the massive case is discussed in [CMN16].

We are interested in anharmonic corrections to the mass term. Our first goal is
to find the leading order correction in λ to the effective equation of state (5.11). We
can start assuming that the WKB expansion (5.7) still holds to lowest order in λ

φ(τ)' φc

a3/2 cos
(∫

ma(τ′)dτ′
)
+O

( H
ma

)
. (5.35)

With this WKB expression, to lowest order in λ, we have

〈
φ4〉' 3

2
〈
φ2〉〈

φ2〉+O
( H

ma

)
, (5.36)

〈
ρ
〉' m2 〈

φ2〉+O
( H

ma

)
, (5.37)

so the first anharmonic correction to the equation of state is

w ' 3λ
8m4

〈
ρ
〉

. (5.38)

In this effective description, the background evolution of the field is described through
its density and its effective equation of state, using the conservation equation

∂τ
〈
ρ
〉=−3H(1+w)

〈
ρ
〉

. (5.39)
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For the equation of state w, when solving numerically the evolution, we will use the
formula

w =
3λ

8m4

〈
ρ
〉

1+ 9λ
8m4

〈
ρ
〉 , (5.40)

that smoothly interpolates between the radiation-like w ' 1/3 and matter-like w '
0 behaviour whenever the quartic or the quadratic part dominates3. The same
technique can be applied to the perturbed fluid variables, obtaining the same results
as in (5.28)

.
δ= 3H (

w− c2
s
)
δ−ku− 1

2
(1+w)

.
h , (5.41a)

.u =−H(1−w)u+kc2
sδ , (5.41b)

but where now δ ≡ 〈
δρ

〉
/
〈
ρ
〉

and u ≡ iki 〈δQ i〉 /
〈
ρ
〉

are defined with respect to the
averaged energy-momentum tensor. To complete the system, there only remains to
compute the effective sound speed

c2
s =

〈δP〉〈
δρ

〉 . (5.42)

In contrast with the adiabatic sound speed, c2
s is gauge-dependent. However, as

we will show now, the gauge ambiguities remain of order O(H/ωeff) so our effec-
tive sound speed turns out to be gauge-independent. In fact, identical expressions
have previously been obtained working in the comoving gauge [LRS14] and in the
Newtonian gauge [CMN16]. To leading order we have

〈
∂τ(

.
φδφ+φδ .

φ)
〉= 0+O

( H
ωeff

)
. (5.43)

Then, using (5.21) and (5.43) we can obtain the result

〈 .
φ

.
δφ

〉= 1
2

〈
a2V ′δφ+ (k2 +a2V ′′)φδφ

〉+Ψ〈
a2V ′φ

〉+O
( H
ωeff

)
, (5.44)

and finally compute the effective sound speed for a generic gauge

c2
s =

〈
V ′δφ+ ((k/a)2 +V ′′)φδφ−2V ′δφ

〉−2Ψ
〈 .
φ2/a2 −V ′φ

〉
〈
V ′δφ+ ((k/a)2 +V ′′)φδφ+2V ′δφ

〉−2Ψ
〈 .
φ2/a2 −V ′φ

〉 +O
( H
ωeff

)
(5.45)

=
〈
((k/a)2 +V ′′)φδφ−V ′δφ

〉
〈
((k/a)2 +V ′′)φδφ+3V ′δφ

〉 +O
( H
ωeff

)
. (5.46)

As we anticipated, the gauge ambiguities in the metric perturbations remain of or-
der O(H/ωeff), so the final expression holds in any gauge. Moreover, it can be rewrit-
ten in a manifestly gauge-invariant form substituting δφ by its gauge-invariant

3Remember the result (5.12). The scalar field behaves (effectively) as radiation when the quartic
field dominates.
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perturbation4

δφGI = δφ+ .
φ(B−

.
E) , (5.47)

and using the relations

〈
V ′ .
φ

〉= 〈∂τ(V )〉 = 0+O
( H
ωeff

)
, (5.48)

〈
V ′′φ

.
φ

〉= 〈
φ∂τ(V ′)

〉=−〈
V ′ .
φ

〉+O
( H
ωeff

)
= 0+O

( H
ωeff

)
, (5.49)

we obtain

c2
s =

〈
((k/a)2 +V ′′)φδφGI −V ′δφGI

〉
〈
((k/a)2 +V ′′)φδφGI +3V ′δφGI

〉 +O
( H
ωeff

)
. (5.50)

This expression agrees with the result obtained in [CMN16] working in the Newto-
nian gauge, so the same conclusions apply. In particular, a generic feature of this
kind of models is a suppression of growth c2

s ' 1 for small scales k À ωeff. In the
case of a power-law potential V (φ)∝φn, for large scales k ¿ωeff we have

c2
s =

n−2
n+2

+O
( H
ωeff

)
. (5.51)

For a harmonic potential n = 2, the zero-order term drops out and we must calculate
the first-order corrections in k. Our potential of interest is a polynomial V (φ) =
1
2 m2φ2 + λ

4φ
4, i.e. a mass term plus an anharmonic correction, in this case we have

[CMN16]

c2
s =

k2

4m2a2 + 3
4
λ

m4ρ , (5.52)

where ρ is the energy density of the scalar field and the anharmonic correction is
assumed to be small. In our numerical solution we will use an effective sound speed

c2
s =

(
k

2ma

)2
+ 3

4
λ

m4ρ

1+
(

k
2ma

)2
+ 9

4
λ

m4ρ

, (5.53)

suggested by the form of (5.46) and that smoothly interpolates between all the
regimes of interest.

4Using the definition of δQ i (5.22b) and its gauge transformation properties (3.155b) it is easy to
deduce the gauge transformation properties for δφ

∆δφ= T
.
φ .

One could obtain the same result making use of the fact that φ transforms as a scalar. From (3.159),
we know that ∆(B−

.
E)=−T and then

δφGI = δφ+ .
φ(B−

.
E) ,

is gauge invariant, i.e. ∆δφGI = 0.
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5.2.3 Heuristic analysis
In this section we will discuss the simplest limits that constrain the model and the
region of parameter space where we expect observable signatures. With this objec-
tive in mind, let us assume a simple cosmology composed of radiation, cosmological
constant and our scalar field playing the role of dark matter

H2 = a2H2
0
(
Ωφ(a)+Ωrada−4 +ΩΛ

)
. (5.54)

• Limits on λ from background evolution. The position of the peaks in the CMB
temperature spectrum, especially the first one, is very sensitive to the amount
of matter and the redshift of equality zeq. We can assume that to have a
viable model of dark matter this quantities remain essentially the same as in
ΛCDM. In this case, to have a dark matter behaviour that resemble CDM, the
anharmonic corrections at this time should be small

1À w ' 3
8
λ

m4ρφ(aeq) . (5.55)

This imposes an upper limit on λ, namely

λ< 8
3

m4

ρφ(aeq)
, (5.56)

excluding the orange region in Figure 5.1.

• Limits on m from perturbation evolution. If λ is small enough, the background
evolution of the effective fluid is identical to CDM. In this case, we can obtain
limits from the behaviour of the perturbations. From (5.41a) and (5.41b) it
can be seen that if we neglect the expansion rate, c2

s k2 ÀH2, density pertur-
bations evolve according to ..

δ'−c2
s k2δ . (5.57)

producing an oscillatory behaviour instead of the standard growth. To avoid
a clear disagreement with observations, the effect of a non-negligible sound
speed must be small

c2
s k2 <H2 . (5.58)

Translating into a lower bound for the allowed masses

m > k2

2aH . (5.59)

As before, we assume that zeq corresponds to the standard value and we ap-
ply the condition (5.59) at this redshift, that will give us the most conserva-
tive limit. For the wavenumber, we choose k = 0.2 Mpc−1, the highest mode
observed in LSS at the linear level. The constraint is

m >∼ 10−26 eV , (5.60)

excluding the blue region in Figure 5.1.
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• Observable effects of anharmonic corrections. Finally, there is a region in the
parameter space that we cannot yet exclude and where the effects of anhar-
monic corrections to the sound speed may be important. At late times, repul-
sive FDM has a small but finite sound speed

c2
s '

k2

4m2a2 + 3
4
λ

m4ρφ , (5.61)

as compared with c2
s = 0 for standard CDM. This finite sound speed leads

to a characteristic supression in the matter power spectrum. If we want to
observe the effects of λ, we must impose that the second term dominates over
the harmonic contribution, yielding an upper bound

λ> k2m2

3ρφa2 . (5.62)

This corresponds to a region where effects of the anharmonic correction to the
sound speed are to be expected, but that we cannot exclude right away.

An additional result that can be obtained from (5.58) is the Jeans wavenumber

c2
s k2

J =H2 . (5.63)

Sub-Hubble modes below this Jeans wavenumber, k < kJ , grow while modes with
k > kJ are suppressed. In the massive case with λ= 0 we obtain

k2
J = 2aHm . (5.64)

Now, since we have seen that the quartic correction affects the sound speed, it will
also affect the Jeans scale. It is natural to ask what combination of parameters
(m, λ) can have a similar impact on structure formation as the case (m̃, λ̃ = 0).
To this end, we look for the combination that gives the same Jeans scale at the
matter-radiation equality. Since its scaling in time is not significantly modified,
this simple estimate should capture the essential features of structure formation in
both models. Equating both sound speeds and inserting the result (5.64) we have
an estimate for λ

λ= 4.96×10−100
(

m̃
10−24 eV

)3 (
1− r2

r4

)
, r ≡ m̃

m
. (5.65)

This simple result suggests for instance that, at the linear level, structure formation
should be similar in the models (m̃ = 10−26 eV, λ̃= 0) and (m = 10−24 eV, λ' 4.96×
10−98), a result that we will check with the full numerical solution. This estimate
is represented in Figure 5.1 for two different masses m̃.

After discussing some approximate bounds on our model and its physical origin,
we will devote the next section to the full numerical solution.
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Figure 5.1: Different heuristic bounds. Orange region corresponds to the
parameter-space excluded for the effects of λ on the background evolution. In the
blue region, the effect of a non-negligible sound speed results in a strong disagree-
ment with observations, hence it is excluded. The green curves represent (5.65) for
two different masses. According to the argument in the main text, points along each
curve should give similar structure-formation results.

5.3 Cosmological evolution and constraints

5.3.1 Numerical implementation

We modify the publicly available Boltzmann code CLASS [BLT11] and include this
ultralight scalar field as a new species, that will assume the role of dark matter.
Now, we summarize the key changes in the code and the evolution scheme chosen
for the scalar field.

• At the background level, we start solving the equation (5.15) with initial con-
ditions

.
φ= 0 and φ=φ0. The initial value φ0 is chosen internally with a built-

in shooting algorithm such as to match the required energy densityΩφ(today).
As a technical aside, it is critical to start with a sensible initial guess for φ0,
so that the shooting algorithm converges quickly. In [Hlo+15] the authors pro-
vide analytical formulae for the initial guess in the harmonic case, that works
as well if the anharmonic corrections are small. If the quadratic and quartic
terms are comparable it is more difficult to find analytical expressions that
fit our purposes. In our case, we precompute an interpolation table for differ-
ent values of m, λ and φ0 yielding some value Ωφ(m,λ,φ0). We only compute
a coarse table, so that we still use the shooting algorithm to adjust φ0 and
achieve the desired precision in Ωφ.

Another technical point involves the choice of the initial condition for
.
φ. Since

CLASS starts the integration at a finite aini = 10−14, it is not strictly valid to
set

.
φ(aini) = 0. The proper way to account for this finite initial time is to use
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the slow-roll approximation to obtain the analytic evolution at early times

.
φ'−

a3
iniV (φ0)

3H0
. (5.66)

However, we have checked that, in practice, evolution starts early enough to
be equivalent to use

.
φ(aini) = 0. As long as the field starts in the slow-roll

regime, the results are not significantly modified by the initial choice of
.
φ.

With the initial conditions provided, the field starts its evolution frozen, slowly
rolling down the potential until its natural frequency term in (5.15) dominates
and it undergoes rapid oscillations. In this case it is computationally expen-
sive to follow every oscillation so we turn to the averaged equations when√

V ′′(φ)> 3H.

In the averaged regime, we solve (5.39), matching continuously with the solu-
tion in the exact regime, and compute the pressure using the effective equa-
tion of state (5.40).

• At the perturbation level, we first solve (5.28) with adiabatic initial conditions
δ = u = 0. For each mode k we start the integration early enough to ensure
that we start well within the exact regime,

√
V ′′(φ) ¿ 3H. In the averaged

regime,
√

V ′′(φ)> 3H, we solve (5.41) with the sound speed given by (5.53).

Some results for the temperature and matter power spectra are shown in Figures
5.2 and 5.3. They show the impact of different choices of m and λ, while the other
cosmological parameters are fixed to their Planck [Ade+16a] best-fit values. As
anticipated, the main cosmological signature is the appearance of a cut-off in the
matter power spectrum. This cut-off has already been discussed in the harmonic
case [Hlo+15]. In our case, we see that the anharmonic terms produce a similar
effect.
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Figure 5.2: Temperature power spectrum. (Left) Results for a massive scalar field
without self-interaction. (Right) Results for different self-interaction strengths for
a mass that is indistinguishable from CDM with λ= 0.

5.3.2 Physical effects
The main physical effect responsible for the appearance of a cut-off in the matter
power spectrum has already been discussed. In the averaged regime, the scalar field
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Figure 5.3: Matter power spectrum. (Left) Results for a massive scalar field without
self-interaction. (Right) Results for different self-interaction strengths for a mass
that is indistinguishable from CDM with λ= 0.

that supplies the dark matter component behaves like a fluid with a non-negligible
sound speed. On small scales, above a certain Jeans scale kJ , the density perturba-
tions oscillate and the growth is suppressed. This effect is illustrated in the Figure
5.4 for modes above and below kJ .
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Figure 5.4: Evolution in time of the dark matter transfer functions compared to the
standardΛCDM evolution, represented by dotted lines, with Jeans scale at equality
kJ(zeq)= 0.03 Mpc−1 and kJ(zeq)= 0.11 Mpc−1 respectively.

In the case of the CMB temperature power spectrum, it is far more difficult to
disentangle the physical effect responsible for each feature. We split the effects
in two categories, those coming from the modified background evolution and those
coming from the perturbations. Furthermore, we will refer to two extreme cases
(m = 10−27, λ = 0) and (m = 10−24, λ = 10−97) as m-case and λ-case respectively.
To gain some insight into the CMB spectrum structure, we will rely on simplified,
analytical estimates [HS96b; Wei08; Les13], and work in the Newtonian gauge. In
particular, we will analyze the evolution of the background and the perturbations.
The thermodynamic part of the evolution, i.e. redshift of recombination and decou-
pling, is not appreciably modified since it takes place well after equality, when the
scalar field closely resembles CDM.
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Background evolution

The modified equation of state (5.40) changes the background evolution, modifying
in particular the redshift of matter-radiation equality zeq and in general the expan-
sion history a(τ). In the m-case, the field transitions directly from the frozen phase
with w ' −1 to a matter-like phase, while in the λ-case there is an intermediate
radiation-like phase. There are two key effects.

• First peak position. The position `peak of the first peak in the CMB spectrum
can be estimated as

θpeak = π

`peak
' rs|dec

dA|dec
, (5.67)

where the angular diameter dA distance is defined as

dA|dec =
∫ τ0

τdec

dτ , (5.68)

rs|dec is the sound horizon of the photon-baryon plasma evaluated at decou-
pling

rs|dec =
∫ τdec

0
csγdτ , (5.69)

and the sound speed for the baryon-photon plasma is

c2
sγ =

1
3(1+R)

, R ≡ 3ρb

4ργ
. (5.70)

The angular diameter distance is almost unaffected but the sound horizon is
slightly modified. Compared to ΛCDM we obtain relative deviations on `peak
of about +2%, shift to the left, in the m-case and −0.7%, shift to the right, in
the λ-case. Both are compatible with the tiny deviations observed in Figure
5.2.

• Damping envelope. Another physical scale that is modified is the diffusion
length5

λD|dec =
(
−

∫ τdec

0

dτ
.
κ

)1/2
, (5.71)

The diffusion length governs the damping envelope, e−(`/`D)2 , through the re-
lation

θD = π

`D
' λD|dec

dA|dec
. (5.72)

For a reference multipole ` = 820, corresponding to the third acoustic peak,
in the λ-case we obtain a modified damping envelope that produces an en-
hancement of 6% compared to ΛCDM, that can explain the overall increase of
power in Figure 5.2. For the m-case, we obtain the puzzling result of a sup-
pression of 0.7%, in clear disagreement with the observed effect. However, we
will shortly see how a novel effect in the perturbation evolution can account
for this overall amplification.

5This is an approximate expression that fit our purposes. For a more accurate estimation see
[Ade+14a].
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Perturbation evolution

In the tightly coupled regime, the photon density fluctuation (in the Newtonian
gauge) evolves according to

..
δγ+

.
R

1+R
.
δγ+k2c2

sγδγ =−4k2

3
Ψ+ 4

.
R

1+R
.
Φ+4

..
Φ . (5.73)

In the standard scenario, ignoring slow changes in R, Φ and Ψ from the expansion,
we have

..
δγ+k2c2

sγδγ '−k2

3
Ψ . (5.74)

This produces an oscillatory pattern with frequency ω = kcsγ and zero-point dis-
placed by an amount −4(1+R)Ψ. The main part of the temperature Sachs-Wolfe
effect comes from the contribution |δγ/4+Ψ|2|dec, remember (3.236), so the dis-
placement of the zero-point of the oscillations gives the characteristic asymmetry
between odd and even peaks in the CMB temperature spectrum. Our modified
dark matter model produces two interrelated effects: oscillation and suppression of
growth at small scales.

• Effects of suppression of growth at small scales. The suppression of dark mat-
ter density perturbations at small scales also suppresses the gravitational
wells Ψ, shifting the zero-point of the oscillation back to zero. This effect,
alone, reduces the asymmetry among the peaks, decreasing the odd and in-
creasing the even peaks. This explains the characteristic enhancement of the
second peak with respect to the third one in Figure 5.2.

• Effects of oscillatory behaviour. There only remains to explain one effect: the
striking gain in peak amplitude in the m-case. According to the modifica-
tion in the damping envelope, the peaks should be slightly suppressed and
their enhancement is actually related to a resonance effect. In the standard
scenario, the term Ψ behaves like a constant external force, shifting the equi-
librium position of the photon oscillations. In our case, it is not constant any-
more, but oscillates with a frequency kcs given by the sound speed of the dark
matter perturbations (5.53). These two frequencies, kcs and kcsγ, are compa-
rable for a range of k values, as shown in Figure 5.5, producing a resonant
effect that increases the height of the peaks, as shown in Figure 5.6.

Moreover, since according to (5.53) the scale of the crossover in Figure 5.5
evolves ∝ a, as we go from decoupling back in time it moves to smaller k. That
is to say, although the crossover at decoupling is located around k ' 0.1 Mpc−1,
smaller k have also fulfilled the resonance condition at earlier times, so they
have also been amplified.

5.3.3 Observational constraints

To compare this model with CMB and LSS observations and refine the heuristic
constraints obtained in Section 5.2.3, we use the public parameter-estimation code
MontePython [Aud+13]. We will compare our results with two different data sets:
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Figure 5.5: Sound speed at decoupling for photons and dark matter. Around k '
0.1 Mpc−1 the sound speeds for both fluids, hence the oscillation frequencies too,
are close and we have a resonant driving.
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Figure 5.6: Evolution in time of the mode k = 0.1 Mpc−1, corresponding approxi-
mately to the third acoustic peak, until decoupling.

CMB measurements by Planck 2015 [Ade+16a] and LSS information by WiggleZ
[Par+12]. We perform two analysis, Planck only and Planck+WiggleZ. In each case
we vary the six ΛCDM base model parameters, the foreground parameters, plus m
and λ, the mass and self-interaction strength. We choose logarithmic priors in our
model parameters, as shown in Table 5.1.

It is important to note that to perform an accurate comparison with LSS data
we must restrict our analysis to linear scales k <∼ 0.2 h/Mpc. The non-linear module
in CLASS includes HALOFIT [BVH12], but since it has not been calibrated for our
model we restrict our analysis to linear scales without non-linear corrections. It is
to be expected that, in the future, as more N-body simulations with ultralight fields
become available, non-linear information will allow us to tighten the constraints.

We do not observe any significant degeneracy between m, λ and the rest of cos-
mological parameters. Best-fit results are shown in Table 5.2, while the marginal-
ized countour for our model parameters is represented in Figure 5.7.

The presence of self-interactions in the ultralight field potential can lead to the
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Parameter minimum maximum
Ωbh2 − −
Ωφh2 − −
h − −
log(1010As) − −
ns − −
κreio 0.04 −
log10(m/eV) −26 −23.3
log10(λ) −111 −98

Table 5.1: Prior ranges on the baseΛCDM parameters and the model parameters m
and λ. A symbol − means that there is no prior. Additionally, the fixed parameters
include the neutrino properties. In our case, two massless neutrinos plus a massive
one with m = 0.06 eV, such that Neff = 3.046 and mν/Ων = 93.14 eV.

Base parameters Planck Planck+WiggleZ
Ωbh2 0.02223±0.00047 0.02212+0.00042

−0.00041
Ωφh2 0.1189+0.0044

−0.0041 0.1204+0.0032
−0.0034

h 0.677±0.019 0.670+0.016
−0.014

log(1010As) 3.070+0.056
−0.053 3.057+0.046

−0.041
ns 0.965+0.016

−0.021 0.963+0.011
−0.010

κreio 0.070+0.028
−0.029 0.061+0.024

−0.021
log10(m/eV) >−24.5 >−24.4
log10(λ) − <−99.0

Derived parameters
zreio 9.2+2.6

−2.7 8.4+2.2
−2.1

ΩΛ 0.690+0.024
−0.027 0.681±0.021

YHe 0.24778±0.00020 0.24773±0.00018
100θ∗ 1.04193+0.00098

−0.00099 1.04182+0.00084
−0.00083

Table 5.2: Best-fit results with 95% confidence level.
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Figure 5.7: Contour plots with 95% and 99% confidence levels and 1d marginalized
distributions.

appearance of new background-evolution phases, like the radiation-like phase due
to our quartic potential. This modified background evolution, and especially its crit-
ical effect on the sound speed of dark matter perturbations, can lead to significant
differences from observations. The observational signatures of the anharmonic con-
tribution are similar to the mass term, the most prominent being the appearance
of a cut-off in the matter power spectrum. This produces constraints for masses
that would be otherwise indistinguishable from CDM, i.e. m >∼ 10−24 eV. Our con-
straints on λ complement other bounds present in the literature, e.g. [DLO17].
These bounds on λ follow a scaling law with m4 according to (5.56). We can extrap-
olate the results to higher masses using the 2σ region of Figure 5.7, obtaining an
approximate constraint on λ

log10(λ)<−91.86+4log10

( m
10−22 eV

)
, (5.75)

for masses m > 10−24 eV.
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6 Non-comoving Cosmology

The last route to find an alternative to the Λ+CDM dark sector is to change
a fundamental hypothesis. One of such hypotheses is the underlying ΛCDM as-
sumption that large-scale motions, i.e. bulk flows, of the different components are
negligible. In this chapter we will show that cosmological bulk flows can be in-
troduced while still retaining an isotropic background and being compatible with
current observations. This chapter is structured mimicking Chapter 3, highlight-
ing the differences with the ΛCDM cosmology. In Section 6.1 we first motivate the
existence of such large-scale flows in the Universe. Section 6.2 describes the back-
ground evolution of a set of fluids with bulk velocities, addressing the notions of
isotropy and homogeneity in this context. The kinetic description is generalized in
Section 6.3, as well as the Boltzmann equation in Section 6.4. In Section 6.5 we
follow a different approach to the SVT decomposition and develop the Boltzmann
hierarchy for scalar and vector modes. The Einstein equations remain unchanged
and are collected in Section 6.6. Also in this section, we derive the modified gauge
transformations. In order to obtain the first quantitative predictions of the model,
we introduce the fluid approximation in Section 6.7 and study a reduced version
of the system. The initial conditions for scalar and vector modes are collected in
Section 6.8. In Section 6.9 we discuss our numerical implementation and obtain
the first numerical results. Finally, Section 6.10 is devoted to the definition and
computation of different observables.

6.1 Cosmology with large-scale motions
The isotropy and homogeneity of the Universe on large scales are two founda-
tional assumptions of the standard cosmological model. These two assumptions
are usually grouped under the name of Cosmological Principle. All the observa-
tional evidence, ranging from the extremely isotropic cosmic microwave background
[Ade+16b; Saa+16; Akr+18a] to the galaxy number counts and the measured expan-
sion from SNIa [KL01; AP10; BSL15], supports the conclusion that the Universe is
very nearly isotropic on large scales. However, the notions of homogeneity and
isotropy are inextricably linked with the election of a privileged frame. For any ob-
server moving with respect to this frame, the Universe will appear anisotropic and
inhomogeneous. This is precisely our situation on the Solar System.

Starting with the early CMB measurements [Kog+93; Lin+96], a significant
dipole modulation, much larger than any other anisotropy, was found. This was
readily interpreted as a kinematical effect: a Doppler-shifting effect arising from
the relative motion of the Solar System with respect to the CMB rest frame, i.e. a
frame in which the CMB looks isotropic. Recent analysis by the Planck Collabo-
ration [Agh+14; Ade+16b] explored other kinematical effects, like the violation of



120 CHAPTER 6. NON-COMOVING COSMOLOGY

statistical isotropy induced by the observer motion, and reported an independent
measurement of our relative velocity with respect to the CMB frame. This mea-
sured velocity can, given the uncertainties, fully account for the observed dipole,
supporting its kinematical origin. Even if it is mostly kinematical, it may still
contain an intrinsic contribution. Some authors have proposed searches for the
intrinsic dipole, e.g. using spectral distortions [YP17].

A different kind of dipole should appear in the distribution of galaxies, induced
by our motion with respect to the matter frame, i.e. a frame in which the matter
distribution looks isotropic. The origin of the LSS dipole lies in a combination of
Doppler shifting and aberration effects in the galaxy number counts [EB84; GH12].
Unfortunately, current observations can only loosely constrain its amplitude and di-
rection, yielding a value compatible with the CMB dipole [Con+98; IYT10]. Future
surveys like Euclid [Ame+18] and SKA [Maa+15] will measure it with unprece-
dented accuracy.

To complete the picture, we only need to know the relative velocity between the
matter and CMB frames. Concerning this point, ΛCDM contains the underlying
assumption, that usually goes by unnoticed, that both frames coincide. ΛCDM as-
sumes matter and CMB to be comoving. As we will see in this chapter, it is possible
to relax this condition. The homogeneous and isotropic Robertson-Walker metric
can be sourced, at the background level, using non-comoving fluids. Thus, we will
show that it is possible to construct a viable cosmological model for non-comoving
fluids, with interesting phenomenological consequences and without any flagrant
isotropy violation.

Early theoretical work concerning non-comoving fluids was mostly developed
under the framework of tilted universes. The term was coined in the groundbreak-
ing work by King and Ellis [KE73]. The authors considered a class of homogeneous
models sourced by a single moving fluid, i.e. models in which the fluid 4-velocity
is tilted with respect to the homogeneous hypersurfaces. These tilted models pro-
duce homogeneous but anisotropic universes. In a different context, Coley and Tup-
per [CT86] analyzed two-fluid cosmological models with general imperfect and non-
comoving fluids. In order to source homogeneous and isotropic RW metrics, only
very special configurations with radial velocities were considered. Later on, Turner
[Tur91] proposed a theoretical mechanism to produce a mismatch between matter
and CMB velocities. In Turner’s tilted universes, the presence of a near-horizon-
sized perturbation, remnant of inflation, could introduce a spatial gradient, driving
the velocity of matter. More recently, the analysis of tilted models has been extended
to Lemaître-Tolman-Bondi and Szekeres space-times [HDI11; Her+12; HDC18].

The analysis of non-comoving fluids has been extended to dark energy as well.
Given our fundamental ignorance about the behaviour of the dark sector, it is con-
ceivable that it has not ever been coupled to ordinary matter and that it does not
share the same rest frame. Following this idea, a model of moving dark energy
was proposed in [Mar06]. In this case, for a dynamical dark energy fluid, even if
the matter and CMB frames coincide initially, they differ at late times. Different
models of moving homogeneous dark energy were analyzed in [BM07; GMM16], as
well as its possible impact in observables like the CMB quadrupole. The construc-
tion of a fully anisotropic model in which the full dark sector, i.e. dark energy and
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dark matter, is non-comoving with the CMB and ordinary matter was carried out in
[HL13]. The authors analyzed a Bianchi I universe in which dark matter and dark
energy had different relative velocities with respect to the frame of ordinary mat-
ter and then derived some observables, like a modified luminosity-distance relation
and CMB quadrupole.

From the observational point of view, a signal of the relative motion of the matter
and CMB frames would be the detection of a large-scale bulk flow. In recent years,
several works have claimed measurements of matter flows well in excess theΛCDM
predictions on different scales and at different statistical confidence levels [Kas+09;
Ade+14b; Atr+15; Scr+16]. Although there seems to be a broad agreement on the
direction of the flow, the amplitude is still subject to controversy [Ade+14b]. Such
flows would be an indication of the existence of a cosmological preferred spatial
direction. On the other hand, detected anomalies in the low multipoles of the CMB
temperature power spectrum [Ade+16b], such as the low-multipole allignment and
the dipolar or hemispherical anomalies, also suggest the presence of a preferred
cosmological direction [Sch+16]. This fact has triggered the search for mechanisms
which could break isotropy while keeping the predictions of standard cosmology.

The work in this chapter builds upon these previous studies, but we will present
the first complete analysis for the evolution of a set of fluids with cosmological bulk
flows, from the early to the late Universe, both at the background and perturbation
level. As we will see later, it is reasonable to assume that any pair of tightly coupled
fluids share the same velocity. Hence, we can expect that photons, baryons and
neutrinos, being in thermal contact in the early Universe, shared a common rest
frame, i.e. a frame in which the plasma looked isotropic. However, there is no a
priori reason to assume the same about the dark sector. The dark sector, regardless
of its composition, may very well possess its own rest frame, with a given global
velocity with respect to the visible sector. The only reasonable assumption is that
there is one frame that observes a homogeneous and isotropic universe, i.e. a RW
background.

6.2 Perfect fluids with bulk velocity

6.2.1 Physical setting
Let us consider a perfect fluid, with an energy-momentum tensor given by (2.9), in
a flat Robertson-Walker metric

ds2 = a2(τ)
(
−dτ2 +δi jdxidx j

)
. (6.1)

Now we will consider the situation where the fluid possesses a bulk velocity with
respect to the frame in which the metric takes the form (6.1). Parameterizing the
four-velocity as

uµ = aγ(−1, vi) , (6.2)

from the normalization condition, uµuµ =−1, we have

γ= 1√
1−vivi

, (6.3)
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where the spatial indices in vi are lowered and raised using δi j. With this parame-
terization the components of the energy-momentum tensor are

T0
0 =−ρ− (ρ+P)γ2v2 , (6.4a)

T0
i = (ρ+P)γ2vi , (6.4b)

T i
j = Pδi

j + (ρ+P)γ2viv j . (6.4c)

Since the non-diagonal components are not zero, this moving fluid cannot act as a
source for the geometry (6.1). Let us show how to construct a valid source for the
homogeneous and isotropic metric (6.1) using a collection of fluids.

Isotropy. For fluids moving with non-relativistic velocities (vi ¿ 1), the only non-
diagonal component, to first order in v, is

T0
i = (ρ+P)vi . (6.5)

If instead of a single fluid we have several fluids in relative motion, they can act as
a source for (6.1) if they satisfy

T0
i =

∑
s

Ts
0

i =
∑
s

(ρs +Ps)vs i = 0 . (6.6)

The physical content of this condition is that of a kind of center of mass frame
condition. An isotropic source can be constructed, to first order in v, out of two non-
relativistic fluids if the momentum density of one fluid is counterbalanced by that of
the other fluid. We will see later that this constraint is conserved in time, so it can
be implemented with an appropiate choice of the initial conditions. In [BM07] it is
discussed how to transform to this frame, starting from an arbitrary configuration
of the fluids.

Homogeneity. Homogeneity is easily implemented when the fluids are at rest,
but we need to be cautious in our context. Consider two observers locally related by
a boost:

• (τ, x), O frame in which (6.6) is satisfied and the metric takes the form (6.1).

• (τ̃, x̃), Õ frame moving with respect to O with velocity β.

In the Õ frame, the transformed coordinates are obtained applying a local Lorentz
transformation

dx̃µ =Λµ
ν(β)dxν , (6.7)

and the metric looks inhomogeneous

ds2 = a2(τ(τ̃, x̃)
)(−dτ̃2 +δi jdx̃idx̃ j

)
. (6.8)

The same applies to other time-dependent quantities like ρ and P. To provide a
consistent source, we will require that the energy-momentum tensor of each fluid is
homogeneous in the O frame, i.e. the frame that observes an isotropic and homoge-
neous metric, not in the comoving frame with the fluid.
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Finally, notice that on the tangent space at a given space-time point we can
always define an orthonormal basis ea, see (2.102). For the flat RW metric, it is
given by

ea = eµa
∂

∂xµ
, eµa = a−1(τ)δµa , (6.9)

and the corresponding orthonormal basis in the Õ frame reads

ẽa = ẽµa
∂

∂x̃µ
, ẽµa = a−1(τ(x̃))δµa . (6.10)

Thus, as expected, the two basis are just related by a Lorentz transformation on the
tangent space

ẽa =
(
Λ−1(β)

)b
a eb . (6.11)

To sum up, we can source a flat RW metric (6.1) with a collection of non-relativistic
moving fluids as long as

I) We are in the center of mass frame, where
∑
s

(ρs +Ps)vi
s = 0 . (6.12)

II) The energy-momentum tensor is homogeneous in that frame

∂iT
µ
ν = 0 . (6.13)

6.2.2 Evolution
Finally, in this subsection we will analyze the evolution of a perfect fluid with bulk
velocity. Assuming homogeneity

∂iT
µ
ν = 0 , (6.14)

the conservation equation
∇µTµ

ν = 0 , (6.15)

for a flat RW metric in conformal time (6.1) yields the equations of motion

∂τ
(
a3T0

0
)=Ha3T i

i , (6.16)

∂τ
(
a4T0

i
)= 0 . (6.17)

As it was anticipated, (6.17) proves that the center of mass constraint (6.6) is con-
served in time. Writing explicitly the components (6.4), the equations of motion can
be rewritten in terms of vi and ρ. The equation for the velocity can be expressed as

∂τvi −∂τ log
(
(1+w)a4γ2ρ

)
vi = 0 . (6.18)

In the absence of interactions, the velocity does not change its direction, so we only
need to follow the evolution of its magnitude. Combining (6.16) and (6.17), it is
possible to obtain

.
ρ = (v2 −3)(1+w)

1−wv2 Hρ+
.w

1−wv2 v2ρ , (6.19)

.v = (1−v2)(3w−1)
1−wv2 Hv+

.w
1+w

1−v2

1−wv2 v , (6.20)

assuming w 6= −1. It is worth particularizing these results to two kind of fluids.
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• Radiation, w = 1/3.
.
ρ =−4Hρ , (6.21)
.v = 0 . (6.22)

The fluid moves with constant velocity and with the usual scaling ρ∝ a−4.

• Matter, w = 0.
.
ρ = (v2 −3)Hρ , (6.23)
.v =−(1−v2)Hv . (6.24)

The equations can be solved analitically in this case

ρ = ρ0

a2
√

v2
0 +a2(1−v2

0)
, (6.25)

v = v0√
v2

0 +a2(1−v2
0)

, (6.26)

γ2ρ = ρ0

a4(1−v2
0)

√
v2

0 +a2(1−v2
0) , (6.27)

where v0 and ρ0 are the velocity and density today. If the fluid starts with
ultrarelativistic initial conditions, it behaves as radiation, −T0

0 = γ2ρ∝ a−4,
until the velocity drops down and it enters the non-relativistic regime. In the
non-relativistic regime, to first order in v, the velocity slows down with the
expansion v ∝ a−1 and the density scales as usual γ2ρ ' ρ∝ a−3.

Analytic expressions for a generic equation of state w(a) can be obtained in the
regime of small velocities

ρ = ρ0 exp
(
−3

∫
da
a

(1+w)
)
+O(

v2) , (6.28)

v = v0(1+w0)
a4(1+w)

exp
(
3

∫
da
a

(1+w)
)
+O(

v2) , (6.29)

where w0 is the value of the equation of state today. For the particular case w =
const., we have [Mar06; BM07]

ρ = ρ0 a−3(1+w) +O(
v2) , (6.30)

v = v0 a−(1−3w) +O(
v2) . (6.31)

6.3 Kinetic approach
As has been discussed in Section 3.2, in order to describe accurately the evolution of
ultrarelativistic species and the photon-baryon decoupling, we must drop the per-
fect fluid framework. In this section we generalize the kinetic approach to include
cosmological bulk flows. We will split the discussion into two parts. Since our main
modification with respect to standard comoving cosmology concerns the definition
of the unperturbed distribution function, we will focus on the background in the
Section 6.3.1. Section 6.3.2 contains the complete treatment of perturbations.
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6.3.1 Background

The definitions of the momentum variables follow those of Section 3.2. The formal-
ism developed in that section to describe a ΛCDM cosmology must be adapted to
accomodate the motion of the fluids. We introduce again two related frames.

• O, frame in which the metric takes the RW form (6.1).

• Õ, frame moving with respect to O with velocity β.

The local Lorentz transformation (6.7) that connects both frames yields

ε̃≡Λβε= γ(ε−q ·β) , (6.32a)

q̃i ≡Λβqi =P i
j q

j −γεβi , (6.32b)

β · q̃ = γ(q ·β−εβ) . (6.32c)

We have defined

P i
j ≡ δi

j + (γ−1)β̂iβ̂ j , (6.33a)

γ≡ (1−β2)−1/2 , (6.33b)

where β̂i is a unit vector along β and every spatial index has been lowered or raised
with δi j. Next, we consider a homogeneous distribution function in the O frame

f (τ, x, q)= f0(τ, q) . (6.34)

With this distribution function, we can define the usual fluid quantities (3.24)

ρ ≡ a−4 g∗
∫

d3q
(2π)3 ε f0 , P ≡ a−4 g∗

∫
d3q

(2π)3
q2

3ε
f0 ,

Q i ≡ a−4 g∗
∫

d3q
(2π)3 qi f0 , n ≡ a−3 g∗

∫
d3q

(2π)3 f0 ,

Πi j ≡ a−4 g∗
∫

d3q
(2π)3

(
qi q j

ε
− q2

3ε
δi j

)
f0 , V i ≡ a−3 g∗

∫
d3q

(2π)3
qi

ε
f0 . (6.35)

To relate this set of quantities with those computed in the boosted Õ frame, we can
either use their tensorial character under local Lorentz transformations or the fact
that f transforms as a scalar

f̃0(τ̃, x̃, q̃
)= f0

(
τ(τ̃, x̃), q(q̃)

)
, (6.36)

where, from now on, we will denote f̃0(τ̃, x̃, q̃
)

just as f̃0(τ, q̃). With this property
and the Lorentz-invariant volume element we can write, for instance,

Q̃ i = a−4 g∗
∫

d3 q̃
(2π)3 q̃i f̃0(τ, q̃)= a−4 g∗

∫
d3q

(2π)3

(Λβε)(Λβqi)
ε

f0(τ, q) . (6.37)
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Using this procedure, one can obtain

ρ̃ = ρ+γ2
(
βkβlΠ

kl −2βkQk
)
+γ2β2(ρ+P) , (6.38a)

Q̃ i = γP i
j

(
Q j −βkΠ

k j
)
−γ2βi

(
ρ+P −Q jβ j

)
, (6.38b)

Π̃i j =
(
P i

kP
j
l −

1
3
γ2βkβlδ

i j
)
Πkl −γ

(
βiP j

k +β
jP i

k −
2
3
γδi jβk

)
Qk

+γ2
(
βiβ j − 1

3
β2δi j

)
(ρ+P) , (6.38c)

P̃ = P + 1
3
γ2

(
βkβlΠ

kl −2βkQk
)
+ 1

3
γ2β2(ρ+P) , (6.38d)

ñ = γ(n−V jβ j) , (6.38e)

Ṽ i =P i
jV

j −γβin . (6.38f)

It is important to stress that the preceeding relations hold as well if the quantities
are defined with the full distribution function f , instead of using just the back-
ground part f0, and we will make use of them when we study perturbations.

There remains the question of how to describe the moving fluids of Section 6.2
in terms of a distribution function. We will describe the different constituents of
the Universe with an unperturbed distribution function that satisfies

f0(τ, q)= f̃0(τ, q̃) . (6.39)

That is, the distribution function is homogeneous in the O frame, i.e. the frame that
observes a homogeneous and isotropic universe, and isotropic in the Õ frame, i.e.
the frame comoving with the fluid. This parallels the discussion in Section 6.2 and
allows us to describe a fluid moving with velocity β. The condition (6.39) is the main
physical assumption in our work. For instance, applying it to a blackbody spectrum
for massless particles, using (6.32) we obtain the usual boosted distribution function

f̃0(q̃)= 1

e q̃/T̃ −1
= 1

eq/T(q) −1
= f0(q) , T(q)≡ γ−1

(
1− q ·β

q

)−1
T̃ . (6.40)

If the distribution function satisfies (6.39) we have

Π̃i j = 0 , Ṽi = Q̃ i = 0 , (6.41)

so Õ is indeed the comoving frame with the (perfect) fluid. In this case, the relation
between both sets of fluid variables is

ρ = ρ̃+γ2β2(ρ̃+ P̃) , (6.42a)

Q i = γ2βi (ρ̃+ P̃
)

, (6.42b)

Πi j = γ2
(
βiβ j − 1

3
δi jβ2

)
(ρ̃+ P̃) , (6.42c)

P = P̃ + 1
3
γ2β2(ρ̃+ P̃) , (6.42d)

n = γñ , (6.42e)

V i = γβi ñ . (6.42f)
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Using the definition of the energy-momentum tensor (3.25), we can write its com-
ponents as

T0
0 =−ρ =−ρ̃−γ2(ρ̃+ P̃)β2 , (6.43a)

T0
i =Q i = γ2(ρ̃+ P̃)βi , (6.43b)

T i
j = Pδi

j +Πi
j = P̃δi

j +γ2(ρ̃+ P̃)βiβ j . (6.43c)

These expressions agree with the ones obtained for a perfect fluid (6.4). Both ap-
proaches are equivalent at this level. To first order in β we have

T0
0 =−ρ̃ , (6.44a)

T0
i = (ρ̃+ P̃)βi , (6.44b)

T i
j = P̃δi

j . (6.44c)

The total energy-momentum tensor for a collection of fluids is homogeneous, as it
was imposed in (6.39), and it is also isotropic, to first order in β, if the velocities of
the fluids satisfy the constraint

∑
s

(ρ̃s + P̃s)βi
s = 0 , (6.45)

which is the same condition obtained in (6.6). It is clear from (6.43b) that a similar
constraint can always be imposed, to all orders in β, to achieve T0

i = 0 but this is
not enough to source a RW geometry. Already to second order in β, (6.43c) contains
a quadrupolar anisotropy that cannot be compensated by the other fluids. In this
case, we should go one step further and consider a Bianchi universe. However, for
the values of β that we will consider, this quadrupole lies well below the observed
value [BM07]. Therefore, in this work we will restrict ourselves to first order and a
RW background.

In Section 6.7.1 we will analyze in detail the evolution of the different fluids. It
is important to stress here that, in our scenario, we will assume that all the com-
ponents of the visible sector shared a common velocity in the early Universe, since
they were in thermal contact. Then, the constraint (6.45) completely determines
the evolution of the momentum of the dark sector. This leaves us with only one
additional free parameter (β0) over standard ΛCDM, i.e. the initial velocity of the
visible sector in the cosmic center of mass frame.

6.3.2 Perturbations

Our starting point now is a perturbed flat RW metric (3.33). We express the distri-
bution function again in terms of the momentum q defined in (3.23) and introduce
a perturbation

f (τ, x, q)= f0(τ, q)+δ f (τ, x, q) , (6.46)

If we compare this equation with the ΛCDM result (3.40), we can see that the only
difference is that now f0 depends also on the direction n̂. The perturbed fluid vari-
ables are defined in the usual way (3.41) but now the components of the full energy-
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momentum tensor are

δT0
0 =−δρ+BiQ i , (6.47a)

δT0
i = δQ i +

1
2

AQ i +
1
2

H j
i Q j , (6.47b)

δT i
j = δPδi

j +δΠi
j −BiQ j +

1
2

(
Hk

jΠ
i
k −H i

kΠ
k
j

)
, (6.47c)

that can be compared with the ΛCDM result (3.42). Expressing the background
quantities in the Õ frame

δT0
0 =−δρ+γ2(ρ̃+ P̃)Biβ

i , (6.48a)

δT0
i = δQ i +

1
2
γ2(ρ̃+ P̃)

(
Aδ j

i +H j
i

)
β j , (6.48b)

δT i
j = δPδi

j +δΠi
j −γ2(ρ̃+ P̃)Biβ j +

1
2
γ2(ρ̃+ P̃)

(
βiHk

j βk −β jH i
kβ

k
)

. (6.48c)

It is easy to show that, to first order in β, once we apply the center of mass condition
(6.45), every metric variable cancels out and does not appear in the definition of the
total energy-momentum tensor.

Non-relativistic limit

We conclude with a few remarks about the NR expansion that has been already an-
alyzed in the context of a ΛCDM cosmology1. Although this kind of approximation
is standard, we must be careful when taking the NR limit in a moving frame. The
proper way to account for this limit is to take it in the frame comoving with the
fluid, i.e. Õ. To first NR order we have

δΠ̃i j ' 0 , δP̃ ' 0 . (6.49)

However, in the O frame, using (6.38), it can be seen that we do have pressure and
anisotropic stress

δP ' 2
3
γ2βkδQ̃k + 1

3
γ2β2δρ̃ , (6.50a)

δΠi j ' γ
(
βiP j

k +β
jP i

k −
2
3
γδi jβk

)
δQ̃k +γ2

(
βiβ j − 1

3
β2δi j

)
δρ̃ . (6.50b)

To first NR order and to first order in β, we have the following useful results

δP ' 2
3
βkδQk , δV i ' δQ i

m
,

δΠi j '
(
βiδ

j
k +β

jδi
k −

2
3
δi jβk

)
δQk , δṼ i ' 1

m

(
δQ i −βiδρ

)
,

δñ ' δρ̃

m
' 1

m

(
δρ−2βkδQk

)
, δn ' 1

m

(
δρ−βkδQk

)
. (6.51)

1We will only keep the first NR order, neglecting the pressure and the sound speed of baryons.
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Note that the preceeding results hold as well for the corresponding unperturbed
quantities, see (6.35). Finally, the full energy-momentum tensor for a non-relativistic
species to first order in β is

T0
0 +δT0

0 '−ρ̃−δρ+ ρ̃βiBi , (6.52a)

T0
i +δT0

i ' mδVi + ρ̃
(
δ

j
i +

1
2
δ

j
i A+ 1

2
H j

i

)
β j , (6.52b)

T i
j +δT i

j ' m
(
βiδVj −β jδV i

)
+ ρ̃β jBi . (6.52c)

6.4 Boltzmann equation
The evolution of the distribution function is described by the Boltzmann equation

D f
dτ

= a
(
1− 1

2
A

)
C[ f ] . (6.53)

In the presence of bulk velocities, both sides are modified with respect to the re-
sults of Section 3.3. We adress the relevant modifications to the free-streaming and
collision terms in the next two sections.

6.4.1 Liouville operator
The left-hand side of the Boltzmann equation (6.53) is evaluated in the O frame,
where the geodesics are computed,

D f
dτ

≡ ∂ f
∂τ

+ dxi

dτ
∂ f
∂xi +

dqi

dτ
∂ f
∂qi . (6.54)

The expression for the geodesics is not modified, see (3.51) and (3.52), but the back-
ground distribution function is now anisotropic in this frame. We will assume that
the distribution function takes the form

f (τ, x, q)= f0(τ, q)+δ f (τ, x, q)

= f̃0(τ,Λβε)+δ f (τ, x, q) , (6.55)

where f̃0(τ, ε̃) is the standard isotropic distribution in the comoving Õ frame. Since
(3.52) is already first order in perturbations, the left-hand side of the Boltzmann
equation can be recast as

D f
dτ

= ∂ f0

∂τ
+ ∂δ f

∂τ
+ dxi

dτ
∂δ f
∂xi + dqi

dτ
∂ f0

∂qi . (6.56)

Massless particles

For massless particles the Lorentz transformations (6.33) take a simpler form

q̃ = γ(
1− n̂ ·β)

q , (6.57a)

q̃i =
(
P i

j n
j −γβi

)
q , (6.57b)
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Using the Boltzmann equation, it can be directly checked that the unperturbed
distribution function in the Õ frame only depends on q̃, if there is no zero-order
collision term,

f̃0(τ, q̃)= f̃0(q̃) . (6.58)

We work with the reduced phase-space density

F (τ, x, n̂)≡ 1
Ñ

∫
q3dq δ f (τ, x, q) , (6.59)

where the constant Ñ is related to the comoving energy density computed in the Õ
frame

Ñ ≡
∫

q̃3dq̃ f̃0(q̃)= 2π2

g∗
a4ρ̃ . (6.60)

Integrating over the momentum magnitude, we obtain, to all orders in β,
∫

q3dq
D f
dτ

= Ñ
[
∂

∂τ

1
γ4(1− n̂ ·β)4 +

.
F +ni∂iF − 4

γ4(1− n̂ ·β)5

(
1
2

ni∂i A

+nin jCi j −
1
2
βi∂i A−βin jCi j −βin jnkD i jk

)]
. (6.61)

Expanding it to first order in β, we have
∫

q3dq
D f
dτ

= Ñ
[
4n̂ ·

.
β+

.
F +ni∂iF −4

(
1
2

ni∂i A+nin jCi j

)
(1+5n̂ ·β)

+4βi
(
1
2
∂i A+n jCi j +n jnkD i jk

)]
. (6.62)

The first two moments of the distribution can be found integrating over the solid
angle

∫
dΩ
4π

∫
q3dq

D f
dτ

= Ñ
[ .
δ+ 4

3
∂iδvi − 4

3
Ci jδ

i j − 4
3
βi∂i A− 4

3
D i jkδ

i jβk
]

, (6.63)
∫

dΩ
4π

ni
∫

q3dq
D f
dτ

= 4
3
Ñ

[ .
βi +δ .vi + 3

4
∂ jπ

i j + 1
4
∂iδ− 1

2
∂i A

− (δi jβk +δ jkβi)C jk

]
, (6.64)

where we have defined

δ≡
∫

dΩ
4π

F = δρ

ρ̃
, (6.65a)

δv≡ 3
4

∫
dΩ
4π

n̂F = δQ
ρ̃+ P̃

, (6.65b)

πi j ≡
∫

dΩ
4π

(
nin j − 1

3
δi j

)
F = δΠi j

ρ̃
. (6.65c)

Massive particles

The energy density contrast, equation of state and sound speed are defined as

δ≡ δρ

ρ̃
, w ≡ P̃

ρ̃
, c2

s ≡
δP
δρ

. (6.66)
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Note that in these definitions the background quantities are referred to the Õ frame
while the perturbed quantities are defined in the O frame. The election of interme-
diate variables is a matter of choice, provided that we write the energy-momentum
tensor consistently in terms of these variables. We stick to this convention through-
out this work. The final results for the first moments of the distribution are:

• Number density.

a−3 g∗
∫

d3q
(2π)3

D f
dτ

= a−3 ∂

∂τ

(
γa3ñ

)+a−3 ∂

∂τ

(
a3δn

)+∂iδV i

−γñ
[

1
2
βi∂i A+δi jCi j +D i jkδ

i jβk
]

. (6.67)

• Energy.

a−4 g∗
∫

d3q
(2π)3 ε

D f
dτ

= ∂

∂τ

[
γ2(ρ̃+β2P̃)

]+3H(ρ̃+ P̃)
(
1+ 4

3
β2γ2

)

+ ρ̃ ( .
δ+3Hδ(c2

s −w)
)+δ( .

ρ̃+3H(ρ̃+ P̃)
)+∂iδQ i

−γ2(ρ̃+ P̃)
[
βi∂i A+δi jCi j +βiβ jCi j +D i jkδ

i jβk
]

.

(6.68)

• Momentum.

a−4 g∗
∫

d3q
(2π)3 qi D f

dτ
= a−4 ∂

∂τ

[
γ2βi a4(ρ̃+ P̃)

]

+a−4 ∂

∂τ

(
a4δQ i

)
+∂ j

(
δΠi j +δi jδP

)

−γ2(ρ̃+ P̃)
[1

2

(
δil +βiβl

)
∂l A

+
(
δ jkβi +δi jβk

)(
C jk +D jklβ

l
)]

.

(6.69)

These results are exact to all orders in β, for relativistic and non-relativistic parti-
cles alike. They can be shown to reproduce (6.63) and (6.64) for massless particles.
Next we define

δn ≡ δn
ñ

, δvi ≡ δV i

ñ
. (6.70)

Assuming that the zero-order Boltzmann equation (without collisions) is satisfied,
so we keep only cosmological perturbations and terms with β, and expanding to
first NR order and to first order in β we have

• Number density.

a−3 g∗
∫

d3q
(2π)3

D f
dτ

' ñ
{ .
δn +∂iδvi − 1

2
βi∂i A−δi jCi j −D i jkδ

i jβk
}

. (6.71)

• Energy.

a−4 g∗
∫

d3q
(2π)3 ε

D f
dτ

' ρ̃
{ .
δ+2Hβkδvk +∂iδvi −βi∂i A−δi jCi j −D i jkδ

i jβk
}

.

(6.72)
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• Momentum.

a−4 g∗
∫

d3q
(2π)3 qi D f

dτ
' ρ̃

{ .
βi +Hβi +δ .vi +

(
βiδ

j
k +β

jδi
k

)
∂ jδvk +Hδvi

− 1
2
∂i A−

(
δ jkβi +δi jβk

)
C jk

}
. (6.73)

6.4.2 Collision term

In this section we will examine in detail the changes introduced in the collision term
by the inclusion of relative bulk velocities. The starting point is the collision term
of Section 3.3.2, see (3.73), under the same standard assumptions. For the process
e(pe)+γ(p)↔ e(p′

e)+γ(p′) we have

C[ f (p)]= 1
4p

∫
DpeDp′Dp′

e(2π)4δ(pµ+ pµe − p′µ− p′µ
e )

×
[

f (p′) fe(p′
e)− f (p) fe(pe)

] ∑

spins
|M|2 , (6.74)

In our setting, we must implement the fact that the fluids are moving. The collision
term is defined in the cosmic center of mass, O frame, and in this frame both pho-
tons and electrons have their own bulk velocity. We will represent it schematically
as

C[ f ]= 1
4p

∫
DpeDp′Dp′

e(2π)4δ(pµ+ pµe − p′µ− p′µ
e )

×
[

f̄ (Λβγ p′) f̃e(Λβe p′
e)− f̄ (Λβγ p) f̃e(Λβe pe)

] ∑

spins
|M|2 , (6.75)

where f̄ and f̃e are the distribution functions of photons and electrons in their
comoving frame, moving with bulk velocities βγ and βe, respectively, with respect
to the O frame.

Previously, the Õ frame was defined as the frame comoving with the fluid. In
this case, we are facing two moving fluids. We take Õ to be the frame moving with
velocity βe with respect to O, i.e. the frame comoving with the electrons. Performing
the integration in this frame, we have

C[ f ]= 1
4p

∫
D p̃eD p̃′D p̃′

e(2π)4δ(p̃µ+ p̃µe − p̃′µ− p̃′µ
e )

×
[

f̄ (ΛβγΛ
−1
βe

p̃′) f̃e(p̃′
e)− f̄ (ΛβγΛ

−1
βe

p̃) f̃e(p̃e)
] ∑

spins
|M|2 .

(6.76)

The previous two equations may seem devoid of any additional content with re-
spect to (6.74). As they stand, without defining f and fe, they correspond just to
a renaming of functions and reshuffling of variables. The physical content lies in
(6.55), i.e. in the structure and relation of the background distribution function in
O and Õ. The Õ frame is comoving with the electrons and observes a standard
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isotropic equilibrium distribution. It is in this frame that we can perform the usual
NR expansion to get the result analogous to (3.90)

C[ f ]= σT

4πp

∫
p̃′dp̃′dΩ̃′

[
ñfull

e δ(p̃− p̃′)+ ñeũfull
e · (p̃− p̃′)

∂δ(p̃− p̃′)
∂p̃′

]

×
(
f̄ (ΛβγΛ

−1
βe

p̃′)− f̄ (ΛβγΛ
−1
βe

p̃)
)

, (6.77)

where σT is the Thomson cross section and we have defined

ñfull
e ≡ 2

∫
d3 p̃e

(2π)3 f̃e(p̃e) , ñeũfull
e ≡ 2

∫
d3 p̃e

(2π)3
p̃e

Ẽpe

f̃e(p̃e) , (6.78)

where f̄ , f̃e correspond to the full distribution functions. Just as we did for the
Liouville operator in Section 6.4.1, we will split the distribution functions into a
background and a perturbation part and integrate out the magnitude of the photon
momentum. The whole process, to all orders in β, is detailed in the Appendix E.
Here we present only the final results. To first order in β, we get

1
Ñ

∫
q3dq C[ f ]= ñeσT

[
− (1− n̂ ·βe)Fγ+ (1+3n̂ ·βe)δγ−

8
3
βe ·δvγ

−4n̂ ·∆β− 8
3
δve ·∆β+4(n̂ ·δve) (n̂ ·∆β)

+4δve ·
(
n̂−βe +4n̂ (n̂ ·βe)

)−4n̂ ·βγδne

]
, (6.79)

where ñe is the number density of free electrons in the Õ frame, δne and δve are
defined in (6.70) and the velocity difference is

∆β≡βγ−βe . (6.80)

Since, to first order in β, the background quantities like ρ or n concide in the O
and Õ frames, we will drop the distinction. The first two moments of the photon
collision term are

1
Ñ

∫
dΩ
4π

∫
q3dq C[ f (p)]=−4

3
neσT

[
βe · (δvγ−δve)+δve ·∆β

]
, (6.81)

1
Ñ

∫
dΩ
4π

ni
∫

q3dq C[ f (p)]=−4
3

neσT

[
δvi

γ−δvi
e +∆βi +βi

γδne

−βi
eδγ−

3
4
βe jπ

i j
γ

]
. (6.82)

The conclusions about conserved quantities at the end of Section 3.3.2 still hold. We
can obtain the first two moments of the electron collision term from the previous
results using the conservation of energy (3.104) and momentum (3.105).

6.4.3 Boltzmann equation for different components
In this section we gather the Boltzmann equations for all the species. Notice that,
as in ΛCDM, the baryons can be treated as a single tightly-coupled fluid and we
can trade (βe,δve) with (βb,δvb), i.e. the velocities of electrons, protons and the full
baryonic fluid are equal.
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Photons

The reduced Boltzmann equation for photons is obtained combining the Liouville
operator (6.62) and the collision term (6.79). To zero order in cosmological pertur-
bations, it describes the evolution of the bulk velocity βγ

.
βi
γ =−aneσT∆β

i . (6.83)

To first order in cosmological perturbations and β, we get the evolution of the re-
duced phase-space density

.
Fγ+ni∂iFγ−4

(
1
2

ni∂i A+nin jCi j

)
(1+5n̂ ·βγ)+4βi

γ

(
1
2
∂i A+n jCi j +n jnkD i jk

)

= aneσT

[
− (1− n̂ ·βb)Fγ+ (1+3n̂ ·βb)δγ−

8
3
βb ·δvγ−

8
3
δvb ·∆β

+4(n̂ ·δvb) (n̂ ·∆β)+4δvb ·
(
n̂−βb +4n̂ (n̂ ·βb)

)−4n̂ ·βγδne

+2n̂ ·∆βA
]

. (6.84)

The equations for the density, combining (6.63) and (6.81), and the velocity, combin-
ing (6.64) and (6.82), are

.
δγ+

4
3
∂iδvi

γ−
4
3

Ci jδ
i j − 4

3
βi
γ∂i A− 4

3
D i jkδ

i jβk
γ

=−4
3

aneσT

[
βb · (δvγ−δvb)+δvb ·∆β

]
, (6.85)

δ
.vi
γ+

3
4
∂ jπ

i j
γ + 1

4
∂iδγ−

1
2
∂i A− (δi jβk

γ+δ jkβi
γ)C jk

=−aneσT

[
δvi

γ−δvi
b +βi

γδne −βi
bδγ−

3
4
βb jπ

i j
γ − 1

2
∆βi A

]
. (6.86)

Baryons

The evolution of the baryon density can be found using the left-hand side (6.72) and
energy conservation (3.104). For the velocity, we must use the left-hand side (6.73)
and momentum conservation (3.105). To zero order in cosmological perturbations,
we find the evolution of the bulk velocity βb

.
βi

b +Hβi
b =

4ργ
3ρb

aneσT∆β
i . (6.87)

To first order in cosmological perturbations and β, the evolution of the first two
moments of the distribution is

.
δb +2Hβb ·δvb +∂iδvi

b −βi
b∂i A−δi jCi j −D i jkδ

i jβk
b

= 4ργ
3ρb

aneσT

[
βb · (δvγ−δvb)+δvb ·∆β

]
, (6.88)

δ
.vi
b +Hδvi

b +
(
βi

bδ
j
k +β

j
bδ

i
k

)
∂ jδvk

b −
1
2
∂i A−

(
δ jkβi

b +δi jβk
b

)
C jk

= 4ργ
3ρb

aneσT

[
δvi

γ−δvi
b +βi

γδne −βi
bδγ−

3
4
βb jπ

i j
γ − 1

2
∆βi A

]
. (6.89)
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Massless neutrinos

Since we will neglect both the mass and coupling of neutrinos, they only free-stream
with the same left-hand side as photons. The equation for βν is

.
βi
ν = 0 . (6.90)

The equation for the evolution of the reduced phase-space density is

.
Fν+ni∂iFν−4

(
1
2

ni∂i A+nin jCi j

)
(1+5n̂ ·βν)

+4βi
ν

(
1
2
∂i A+n jCi j +n jnkD i jk

)
= 0 . (6.91)

Cold dark matter

The equation for βc is
.
βi

c +Hβi
c = 0 . (6.92)

The relevant equations for the perturbations are

.
δc +2Hβc ·δvc +∂iδvi

c −βi
c∂i A−δi jCi j −D i jkδ

i jβk
c = 0 , (6.93)

δ
.vi
c +Hδvi

c +
(
βi

cδ
j
k +β

j
cδ

i
k

)
∂ jδvk

c −
1
2
∂i A−

(
δ jkβi

c +δi jβk
c

)
C jk = 0 . (6.94)

Total fluid

The total energy-momentum tensor, adding all the components, does not contain
any explicit β contribution after enforcing the cosmic center of mass condition. The
equations of motion take the same form as in ΛCDM, see (3.115) and (3.116).

6.5 Harmonic analysis

The cosmological perturbations can be classified according to their behaviour un-
der the group of spatial rotations. This yields the usual splitting into scalar, vector
and tensor perturbations, that has been discussed in Section 3.4. In the standard
ΛCDM cosmology, the three types of perturbations are decoupled at the linear level.
This result, known as decomposition theorem, ultimately stems from the isotropy of
the background. Under these conditions, each perturbation type can be studied sep-
arately. In particular, the vector modes are decaying and are usually neglected. The
tensor modes are ignored as well, except when polarization is taken into account,
and the focus is set on the scalar perturbations.

In ΛCDM, the only explicit dependence on the line-of-sight vector n̂ in the Boltz-
mann equation comes from factors of the form (n̂ · k̂), see (3.106). It is reasonable
then to write a multipole expansion in terms of Legendre polynomials (3.135). The
Boltzmann equation unfolds into a whole hierarchy of coupled differential equations
for the coefficients F` of this expansion, as in (3.136).
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The key difference in our scenario is the existence of a new direction β̂, that in-
troduces new angular dependencies in the Boltzmann equation (6.84). This means
that we must resort to a full decomposition in terms of spherical harmonics

F (τ,k, n̂)=
p

4π
∞∑

`=0

∑̀

m=−`
(−i)`+mp

2`+1Fm
` (τ,k)Y m

` (n̂) . (6.95)

The coefficients have been defined to match the standard definition (3.135) for the
scalar modes (m = 0). It can be checked, plugging the previous expansion into
the modified Boltzmann equation (6.84), that the decomposition theorem no longer
holds. The term (n̂ · β̂) introduces, in addition to the usual coupling to the `−1 and
`+1 modes, new couplings to the m−1 and m+1 modes.

In the next section we will compute explicitly the equations for the lowest mo-
ments of (6.95) in order to see how these new couplings arise. Following this anal-
ysis, the modified Boltzmann hierarchy is presented in Section 6.5.2, along with
some minor additions to the truncation scheme in Section 6.5.3.

6.5.1 Helicity basis

The usual scalar-vector-tensor decomposition takes k̂ as a reference axis to classify
the perturbations. It is convenient to write the line-of-sight vector n̂ in a basis
adapted to this decomposition. Its components can be explicitly written as

n̂ = sinθ cosφ x̂+sinθsinφ ŷ+cosθ ẑ (6.96a)

= 1p
2

eiφ sinθ ê++
1p
2

e−iφ sinθ ê−+cosθ k̂ (6.96b)

=
√

4π
3

(−Y+1
1 ê++Y−1

1 ê−+Y 0
1 k̂

)
, (6.96c)

where we have chosen the so-called helicity basis2

k̂ ≡ ẑ , (6.97a)

ê± ≡ 1p
2

(x̂∓ i ŷ) . (6.97b)

Our convention for the spherical harmonics and related functions is discussed in
Appendix C. This basis will allow us to deal systematically with more complex
scalar-vector-tensor decompositions. As an example, let us derive a new result using
this language.

The first moments of the Boltzmann equation have already been obtained in the
previous sections, with ` = 0 corresponding to the density (6.85) and ` = 1 to the
velocity (6.86). The next moment `= 2 can be obtained via direct integration of the
Boltzmann equation (6.84) and corresponds to the shear tensor (6.65c). Performing

2Notice that some some authors, e.g. [Dur08], choose the opposite sign convention for ê±.
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the appropiate integral, we find

.
πi j +∂k

∫
dΩ
4π

nknin jFγ−
4
9
δi j∂kδvk

γ−
4
3

(
βγ (i∂ j) −

1
3
δi jβ

k
γ∂k

)
A

− 8
15

(
C(i j) −

1
3
δi jδ

klCkl

)
+ 8

15
βm
γ

(
Dm(i j) −

1
3
δi jDmklδ

kl
)

=−aneσT

[
πi j −βk

b

∫
dΩ
4π

nknin jFγ+
4
9
βb ·δvγδi j

− 32
15

(
δvb (iβb j) −

1
3
δi jδvb ·βb

)

− 8
15

(
δvb (i∆β j) −

1
3
δi jδvb ·∆β

)]
. (6.98)

The different components of this expression can be computed projecting in the he-
licity basis

π33 ≡ k̂i k̂ jπi j , π3+ ≡ k̂i ê j
+πi j , π++ ≡ êi

+ ê j
+πi j . (6.99)

The projection of a vector is computed in a similar way

V3 ≡ k̂ ·V , V± ≡ ê± ·V . (6.100)

Projecting the equations of motion we get

.
π33 + ik

∫
dΩ
4π

(n̂ · k̂)3Fγ−
4
9
θγ−

8i
9
βγ ·k A− 8

15

(
C33 −

1
3

Ck
k

)

+ 8
15

(
βm
γ Dm33 −

1
3
βm
γ Dmklδ

kl
)

=−aneσT

[
π33 −

∫
dΩ
4π

(βb · n̂)(k̂ · n̂)2Fγ+
4
9
βb ·δvγ

− 32
15

(
δv3

bβ
3
b −

1
3
δvb ·βb

)
− 8

15

(
δv3

b∆β3 −
1
3
δvb ·∆β

)]
, (6.101)

.
π3++ ik

∫
dΩ
4π

(n̂ · k̂)2(n̂ · ê+)Fγ−
2
3

iβ+
γ kA− 4

15
(C3++C+3)

+ 4
15
β

j
γ

(
D j3++D j+3

)

=−aneσT

[
π3+−

∫
dΩ
4π

(βb · n̂)(n̂ · k̂)(n̂ · ê+)Fγ

− 16
15

(
δv3

bβ
+
b +δv+bβ

3
b
)− 8

15
(
δv3

b∆β
++δv+b∆β

3)
]

, (6.102)

.
π+++ ik

∫
dΩ
4π

(n̂ · k̂)(n̂ · ê+)2Fγ−
8
15

C+++
8

15
βm
γ Dm++

=−aneσT

[
π++−

∫
dΩ
4π

(βb · n̂)(n̂ · ê+)2Fγ−
32
15
δv+bβ

+
b − 8

15
δv+b∆β+

]
. (6.103)
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It is easy to prove that with the splitting (3.125), the projections correspond to the
scalar part and one of the two vector and tensor helicities

π33 =−4
3
σ , π3+ = ikπV

+ , π++ =πT
++ . (6.104)

The same applies to the velocities, with the splitting (3.122),

δv3 =− i
k
θ , δv+ = χ+ . (6.105)

There remains to perform a couple of angular integrals, writing down the appropi-
ate coefficients of the expansion (6.95), and to substitute the metric variables, de-
fined in (3.53, 3.54, 3.127). After these simplifications and rearranging terms, the
first moments of the Boltzmann equation for photons are the following.

• Scalar. (m = 0, `= 0,1,2)

.
δγ+

4
3
θγ+

4k2

3
(B−

.
E)−4

.
Φ+ 8i

3
(βγ ·k)(Ψ−Φ)+ 2k2

3
βγ ·F

=−4
3

aneσT

[
βb · (χγ−χb)+χb ·∆β− i

k
k̂ ·

(
βb (θγ−θb)+θb∆β

)]
, (6.106)

.
θγ−

k2

4
(δγ−4σγ)−k2Ψ−4i(βγ ·k)

.
Φ

+2ik2(βγ ·k)(B−
.

E)−k2βγ ·
(
S+ 1

2
F

)

=−aneσT

[
θγ−θb − ik ·

(
βb(δγ−σγ)−βγδne

)

− 3ik
4
βγ ·πV

γ + iΨ∆β ·k
]

, (6.107)

.
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15
(βγ ·k) (Φ+5Ψ)− 4

15
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.
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15
k2βγ ·F

=−aneσT
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4i
15k

k̂ · (βbθγ+4βbθb +∆βθb
)

+ 3i
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(βb · k̂)F0

3 − i

√
2
3

(
(βb · ê+)F−1

3 + (βb · ê−)F+1
3

)



− 2
15

(
βb ·χγ+4βb ·χb +∆β ·χb

)]
. (6.108)

• Vector. (m =+1, `= 1,2)

.
χ+γ −

3k2

4
πV
+−4β+

γ

.
Φ+β+

γ k2(B−
.
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2
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.
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]
, (6.109)



6.5. HARMONIC ANALYSIS 139

.
πV
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∆β+θb +4β+

bθb
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+ 4i
15k

k̂ · (∆β+4βb
)
χ+b

]
. (6.110)

• Tensor. (m =+2, `= 2)

.
π+++k

√
2

15
F+2

3 + 4
15

.
h+++

4
15

i(βγ ·k)h++

=−aneσT

[
π++−

8
15

(
β+

bχ
+
γ +4β+

bχ
+
b +∆β+χ+b

)]
. (6.111)

The corresponding results for the opposite helicity can be obtained substituting
−↔+ in every sub and superscript. Several comments are in order now.

• We will work to first order in β and to first order in cosmological perturba-
tions, keeping cross-products. We have been implicitly working under this
assumption, since the RW background is only correct to first order in β, but
we will carry it through.

• The results to zero order in β reproduce ΛCDM. Thus, as we have justified
in Section 3.4.1, we assume that there are no zero-order vector or tensor per-
turbations. Under this assumption, the hierarchy is greatly simplified. Since
they are initially zero, and remain so in ΛCDM, their production can only oc-
cur through their new couplings, i.e. it is proportional to β. The vector modes
are then O(

β
)

and the tensor modes are O(
β2). In general, we can neglect the

backreaction of higher m modes into lower m modes. As we will see in Sec-
tion 6.6, the Einstein equations are not modified, so we can apply the same
reasoning to the metric variables, i.e. S and F are O(

β
)

and hi j is O(
β2).

• The results of this section are everything we need in the fluid approxima-
tion, that is if we truncate at `= 2. The fluid approximation has been widely
used in approximate computations of the CMB and for analytic estimates
[HS96a]. It can introduce up to 10% errors in computations of the CMB spec-
trum [Hu+95]. The accuracy of the approximation also depends on the kind
of truncation. The crudest truncation scheme, where we set to zero all higher
moments, is known to introduce spurious growth at small scales in the ul-
trarelativistic species. Nonetheless, this simple approach may prove accurate
enough to study large-scale structure, where the late time behaviour of ultra-
relativistic species is irrelevant. We will come back to this point in Section
6.7.
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Within the fluid approximation, better results can be obtained introducing the
improved truncation scheme (3.139) or an effective viscosity in the equations
for ultrarelativistic species [Hu98], although for truly accurate results one
ought to solve the Boltzmann hierarchy.

6.5.2 Boltzmann hierarchy

The Boltzmann hierarchy for the modified Boltzmann equation (6.84) can be sys-
tematically written down. However, such general results are needlessly complicated
for our purposes. Once the assumptions of the last section are taken into account,
i.e. keep first order in β and neglect backreaction of higher m harmonics, we get a
modified scalar hierarchy and a vector hierarchy coupled to the scalar one.

Scalar hierarchy. The full scalar hierarchy is

0, 0)

.
δγ+

4
3
θγ+

4
3

k2(B−
.

E)−4
.
Φ− 8i

3
(βγ ·k)(Φ−Ψ)

=−aneσT
4i
3k

{
(βb · k̂)∆θ+ (∆β · k̂)θb

}
, (6.112)

1, 0)

.
θγ−
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4
(δγ−4σγ)−k2Ψ+2i(βγ ·k)k2(B−

.
E)−4i(βγ ·k)

.
Φ

=−aneσT

{
∆θ+ ik ·

(
βγδne −βb(δγ−σγ)+∆βΨ
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, (6.113)

2, 0)

.
σγ−
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15
θγ+
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10
(βb · k̂)F0

3

}
, (6.114)

3, 0)

.
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7
σγ+

4k
7
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4 − 8i
7

(βγ ·k)k(B−
.

E)

=−aneσT

{
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, (6.115)

`> 3, 0)

.
F0
` −

k
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(
`F0

`−1 − (`+1)F0
`+1
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=−aneσT

{
F0
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)
}

. (6.116)



6.5. HARMONIC ANALYSIS 141

It can be supplemented with the classic truncation scheme (3.139)

F0
(`max+1) '

2`max +1
kτ

F0
`max

−F0
(`max−1) , (6.117)

so that the last moment that we integrate verifies the equation

.
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`+1
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F0
` −kF0

`−1

=−aneσT

{
F0
` + i(βb · k̂)

(
`+1
kτ

F0
` −F0

`−1

)}
, `= `max . (6.118)

Vector hierarchy. The new vector hierarchy is coupled to the scalar perturba-
tions

1, +1)

.
χ+γ −

3k2

4
πV
+γ+β+

γ k2(B−
.

E)−4β+
γ

.
Φ

=−aneσT
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2
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, (6.119)
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`> 3, +1)

.
F+1
` − k
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(√
`2 −1F+1

`−1 −
√
`(`+2)F+1

`+1

)

=−aneσT

{
F+1
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β+
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2

p
`(`+1)
2`+1

(F0
`−1 +F0

`+1
)
}

. (6.122)

At first sight, it is not clear how to truncate this hierarchy. We analyze this issue in
the coming section.
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6.5.3 Truncation

Let us first define the functions

F̄` ≡
F+1
`p

`(`+1)
, i`(x)≡ j`(x)

x
. (6.123)

On the one hand, from (6.122) we see that F̄` satisfies the modified equation of
motion

.
F̄`−

k
2`+1

(
(`−1)F̄`−1 − (`+2)F̄`+1

)

=−aneσT

{
F̄`−

β+
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(F0
`−1 +F0

`+1
)
}

. (6.124)

On the other hand, from the properties of the Bessel functions (C.4), we can prove

i′`(x)= 1
2`+1

(
(`−1)i`−1(x)− (`+2)i`+1(x)

)
(6.125)

= `−1
x

i`(x)− i`+1(x) (6.126)

= i`−1(x)− `+2
x

i`(x) , (6.127)

and
i`(x)

x
= 1

2`+1

(
i`−1(x)+ i`+1(x)

)
. (6.128)

Then, comparing (6.124) and (6.125), we can argue3 that the free-streaming solution
satisfies

F̄` ∼ i`(kτ) , (6.129)

and propose a truncation scheme

F̄(`max+1) '
2`max +1

kτ
F̄`max − F̄(`max−1) . (6.130)

In terms of the original variables, the truncation scheme is

F+1
(`max+1) '
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√
`max +2
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F+1
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−
√

(`max +1)(`max +2)
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F+1
(`max−1) . (6.131)

Applying this truncation, the evolution equation for the last multipole is

.
F+1
` + `+2

τ
F+1
` −k

√
`+1
`−1

F+1
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−aneσT

{
F+1
` −

β+
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2

p
`(`+1)
2`+1

(F0
`−1 +F0

`+1
)
}

, `= `max . (6.132)

3This claim will be put in a firmer basis once we develop the line-of-sight approach in Chapter 7.



6.6. EINSTEIN EQUATIONS AND GAUGE TRANSFORMATIONS 143

6.6 Einstein equations and gauge transformations

6.6.1 Einstein equations
The metric sector of the Einstein equations has not been modified. We can still use
the Einstein equations (1), but we must carefully reevaluate the source (the total
energy-momentum tensor). In this section we also include the Einstein equations
for vector and tensor modes. The latter is only included for the sake of completeness.

It is worth remembering that, to first order in β, the background quantities we
are interested in, e.g. ρ and P, are equal in the O and Õ frames. Hence, as in
previous sections, we will drop the distinction. The full energy-momentum tensor
for each component is

T0
0 +δT0

0 =−ρ−δρ− (ρ+P)Biβ
i , (6.133a)

T0
i +δT0

i = δQ i + (ρ+P)
(
δ

j
i +

1
2

Aδ j
i +

1
2

H j
i

)
β j , (6.133b)

T i
j +δT i

j = Pδi
j +δP δi

j +δΠi
j + (ρ+P)β jBi , (6.133c)

where β is different for each component. We must write now the Einstein equations
with this source for the perturbed RW metric (3.126). The background evolution
obeys the standard Friedmann equations plus the cosmic center of mass constraint

H2 = 8πGa2

3

∑
s
ρs , (6.134)

0=
∑
βs(ρs +Ps) , (6.135)

.
H+ 1

2
H2 =−4πGa2 ∑

s
Ps . (6.136)

Applying the condition (6.135), the explicit β contributions to the total energy-
momentum tensor vanish

δT0
0 =

∑
s
δT 0

s 0 =−
∑
s
δρs , (6.137a)

δT0
i =

∑
s
δT 0

s i =
∑
s
δQs i , (6.137b)

δT i
j =

∑
s
δT i

s j =
∑
s

(
δPsδ

i
j +δΠ i

s j

)
. (6.137c)

This time, the non-relativistic species have pressure and anisotropic stress of order
β. Splitting the sources into relativistic and non-relativistic components we have

δρ =
∑

NR
δρ+

∑

R
δρ , (6.138)

δP = 2
3

∑

NR
ρβkδvk + 1

3

∑

R
δρ , (6.139)

δQ i =
∑

NR
ρδvi + 4

3

∑

R
ρδvi , (6.140)

δΠi j =
∑

NR
ρ

(
βiδv j +β jδvi − 2

3
δi jβkδvk

)
+

∑

R
δΠi j . (6.141)

Finally, the Einstein equations projected in the helicity basis read
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(0,0)

2k2Φ+6H(
.
Φ+HΨ)−2k2H

(
B−

.
E

)
=−8πGa2δρ . (6.142)

(0, i)

ik(
.
Φ+HΨ)=−4πGa2δQ3 , (6.143)

k2(S++
.

F+)= 16πGa2δQ+ . (6.144)

(i, j)

k2(Φ−Ψ)−k2(∂τ+2H)
(
B−

.
E

)
=−12πGa2δΠ33 , (6.145)

(∂τ+2H)(
.
Φ+HΨ)+ (

.
H−H2)Ψ= 4πGa2(δP +δΠ33) , (6.146)

ik(∂τ+H)(S++
.

F+)= 16πGa2δΠ+3 , (6.147)
1
2

(
∂2
τ+2H∂τ+k2)h++ = 8πGa2δΠ++ . (6.148)

Again, the results for the − helicity can be obtained substituting −↔+ in every sub
and superscript. The projections can be written in terms of the variables defined
previously

δΠ33 =
4
3
ρσ , δΠ3+ = ikρπV

+ , δΠ++ = ρπT
++ ,

δQ3 = ik(ρ+P)θ , δQ+ = (ρ+P)χ+ . (6.149)

The equations for the scalar modes in the synchronous gauge are the standard ones,
see (3.163). The vector metric perturbations can be grouped into a single variable

W ≡ S+
.
F , (6.150)

whose evolution is described by

W+ = 16πGa2

k2 (ρ+P)χ+ , (6.151)
.

W++HW+ = 16πGa2ρπV
+ . (6.152)

The vector metric perturbation is completely determined by (6.151). The condi-
tion (6.152) is identically satisfied once we impose the conservation of the energy-
momentum tensor.

6.6.2 Gauge transformations
The gauge transformation properties of the metric variables and the energy-momentum
tensor are not modified with respect to those ellaborated in Section 3.5.2. However,
the perturbed fluid variables are defined in a different way

δρ = a2T00 −ρ+ Aρ+2(ρ+P)βiBi , (6.153a)

δQ i =−a2T0i + (ρ+P)βi −
1
2

(ρ+P)
(
H j

i − Aδi
j

)
β j +BiP , (6.153b)

δP = 1
3

a2T i
i −P − 1

3
H i

i P , (6.153c)

δΠi j = a2
(
Ti j −

1
3
δi jTk

k

)
−

(
Hi j −

1
3
δi jHk

k

)
P . (6.153d)
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The transformation rules are modified accordingly

∆δρ = T .
ρ−2(ρ+P)βi∂iT , (6.154a)

∆δQ i =−(ρ+P)∂iT +T∂η
(
βi(ρ+P)

)+ 1
2

(ρ+P)β j (∂iL j −∂ jL i
)

, (6.154b)

∆δP = T
.

P − 2
3
βi∂iT(ρ+P) , (6.154c)

∆δΠi j =−(ρ+P)
(
βi∂ jT +β j∂iT − 2

3
δi jβ

k∂kT
)

. (6.154d)

Using these results, the rules to trade between the Newtonian and the synchronous
gauge are4

δ(Newt)−δ(Syn)= T
.
ρ

ρ
−2i(1+w)(β ·k)T , (6.155a)

θ(Newt)−θ(Syn)= k2T + i(
.
β ·k)T + i(β ·k)

.
ρ+

.
P

ρ+P
T , (6.155b)

χ+(Newt)−χ+(Syn)= T
.
β++Tβ+

.
ρ+

.
P

ρ+P
, (6.155c)

δP(Newt)−δP(Syn)= T
.

P − 2i
3

(β ·k)T(ρ+P) , (6.155d)

σ(Newt)−σ(Syn)= i(β ·k)(1+w)T , (6.155e)

πV
+(Newt)−πV

+(Syn)=−β+(1+w)T , (6.155f)

πT
++(Newt)−πT

++(Syn)= 0 . (6.155g)

We are omitting the results for the − helicity, that can be obtained substituting
−↔+ in every sub and superscript.

6.7 Reduced system: fluid approximation
The main pieces of the non-comoving scenario have been set in place: we have
described the behaviour of moving fluids, at the background and perturbation level,
and closed the system with the Einstein equations. This section will be devoted
to a deeper analysis of the system, after reducing it into a more manageable form.
To this end, we defer the study of the full Boltzmann hierarchy to Chapter 7 and
introduce here instead the fluid approximation.

The fluid approximation, that has been discussed in Section 6.5, consists on
truncating the Boltzmann equation at ` = 2. At this point we will not aim at de-
scribing the late time behaviour of photons or neutrinos in great detail. This will
be the subject of Chapter 7, where we will solve the full Boltzmann hierarchy. We
focus for now on the behaviour of non-relativistic components, which will allow us
to predict new LSS signatures. The fluid approximation is well suited for this pur-
pose, since it fails only when the ultrarelativistic species are almost negligible for

4We have neglected terms like βL+ that, under our assumptions, are second order in β. This
can be seen from (3.159) where it is clear that the transverse part of L is proportional to the vector
perturbations, i.e. O(

β
)
.
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the overall evolution of LSS observables. In this context, it is also justified to use
the simplest truncation scheme, setting to zero all moments with `> 2.

Section 6.7.1 analyzes the behaviour of the bulk velocities (β) of the fluids, an
information that is essential for any further computation. The next two Sections
6.7.2 and 6.7.3 are devoted to the scalar and vector modes, respectively. The reason
why the discussion can be splitted in two sections lies in the fact that the modified
evolution of scalar and vector modes can actually be decoupled. This crucial fact,
that has nothing to do with the fluid approximation, has already been treated in
detail in Section 6.5.

6.7.1 Bulk velocities

The evolution of the different fluids is governed by

.
βγ =− 1

τc
∆β , (6.156a)

.
βν = 0 , (6.156b)
.
βb =−Hβb +

1
Rτc

∆β , (6.156c)
.
βc =−Hβc (6.156d)

where, again, ∆β≡ βγ−βb. The initial conditions are chosen according to the con-
straint ∑

s
(ρs +Ps)βs = 0 , (6.157)

so the cosmic center of mass condition is maintained in the evolution. Moreover, we
will assume that all the bulk velocities (βγ,βν,βb,βc) are aligned along the β̂ axis in
the O frame. As we will shortly see, and can be inferred from (6.156a) and (6.156c),
when two species are tightly coupled their velocities evolve to become equal. Once a
particle species decouples, the magnitude of its velocity evolves independently but,
in the absence of additional interactions or other sources of anisotropy, it does not
change its direction. We assume that the whole visible sector was in thermal equi-
librium in the very early Universe, even if some species, like neutrinos, decoupled
later. In this case, all its components must have velocities pointing in the same
direction β̂. The only remaining contribution is the dark sector, with DM among its
components. The dark sector in the O frame counterbalance the momentum den-
sity of the visible sector to achieve an isotropic universe, so it must point in the −β̂
direction.

CDM and neutrinos are decoupled, but the photon-baryon system must be treated
with some care. In the tight-coupling limit, τc ¿ 1, it is easy to see that the ve-
locities converge in direction and magnitude and we can look for an approximate
solution of this system. Expanding perturbatively in the small parameter τc we
have

.
βγ =−AHβγ+O(τc) , (6.158)

∆β=AHβγτc +O(
τ2

c
)

. (6.159)
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The differential equation can be solved to yield

βγ =
β0

1+R
, (6.160)

where β0 is the initial velocity of the visible sector in the O frame, the only ad-
ditional free parameter in our model. In a similar way, the neutrino and CDM
equations can be solved to give

βν =β0 , (6.161)

βc =βtoday
c a−1 . (6.162)

Using the scaling (6.162) and enforcing the constraint (6.157) during the tightly
coupled regime, the value of βtoday

c is found to be

β
today
c =−4

3
β0
Ωγ+Ων

Ωc
. (6.163)

It is important to notice that according to the evolution of βc (6.162), early enough
in time, the condition βc ¿ 1 could break down. However, this is only the case if
the DM keeps the non-relativistic distribution at early times. If the DM were light
enough it could behave as a radiation-like fluid well before its bulk velocity reaches
βc = 1. In this case, βc would remain constant and small. On the other hand, if the
DM is heavy, its bulk velocity can reach the relativistic regime. In this case, it is
worth mentioning that even if the anisotropies that would arise at the background
level are O(

β0
)

and not O(
β2

0
)
, their effects can only be relevant well before the

matter-dominated era, with no observational consequences.

In order to avoid choosing any particular framework for the dark sector, we will
not follow the dark matter evolution using (6.162). Instead, we follow the evolution
of photons (6.156a), neutrinos (6.156b) and baryons (6.156c), and then the momen-
tum of the dark sector, regardless of its composition, can be obtained imposing the
center of mass condition (6.157). Thus, our only assumptions regarding the dark
sector are that it is subdominant at early times and that it behaves as cold matter
plus cosmological constant at late times.

6.7.2 Scalar modes

Here we provide only the equations for the photon-baryon system. As usual, neutri-
nos and CDM satisfy the same equations without the coupling term. The evolution
of the photon perturbations is described by the equations (6.112, 6.113, 6.114). Un-
der the approximation scheme already discussed, i.e. neglecting backreaction of
vector modes and neglecting moments higher than ` = 2, these equations take the
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form

.
δγ+

4
3
θγ+

4k2

3
(B−

.
E)−4

.
Φ+ 8

3
i(βγ ·k)(Ψ−Φ)

=− 4
3τc

[
− i

k
k̂ ·

(
βb∆θ+θb∆β

)]
, (6.164a)

.
θγ−

k2

4
(δγ−4σγ)−k2Ψ−4i(βγ ·k)

.
Φ+2ik2(βγ ·k)(B−

.
E)

=− 1
τc

[
∆θ− ik ·

(
βb(δγ−σγ)−βγδne −∆βΨ

)]
, (6.164b)

.
σγ−

4
15
θγ−

4
15

k2(B−
.

E)− 4i
15

(βγ ·k) (Φ+5Ψ)

=− 1
τc

[
σγ−

4i
15k

k̂ · (βbθγ+4βbθb +∆βθb
)]

. (6.164c)

Neutrinos are described by the same system, without collision term. For baryons,
we apply our approximation scheme to equations (6.88) and (6.89) obtaining

.
δb +θb −3

.
Φ+k2(B−

.
E)−2iH (βb · k̂)

k
θb +2i(βb ·k)(Ψ−Φ)

= 1
Rτc

[
− i

k
k̂ ·

(
βb∆θ+θb∆β

)]
, (6.165a)

.
θb +Hθb −k2Ψ+2i(βb ·k)θb −4i(βb ·k)

.
Φ+2ik2(βb ·k)(B−

.
E)

= 1
Rτc

[
∆θ− ik ·

(
βb(δγ−σγ)−βγδne −∆βΨ

)]
. (6.165b)

Again, CDM equations take the same form, but without collision term. The evolu-
tion of the total energy-momentum tensor is described by

.
δ+3H(c2

s −w)δ+ (1+w)θ− (1+w)
(
3

.
Φ−k2(B−

.
E)

)= 0 , (6.166a)
.
θ+ (1−3w)Hθ+

.w
1+w

θ− k2

1+w
c2

sδ+
4k2

3(1+w)
σ−k2Ψ= 0 , (6.166b)

where

c2
sδ=

1
ρ

(
1
3
ργδγ+

1
3
ρνδν−

2iρcβcθc

3k
− 2iρbβbθb

3k

)
, (6.167)

σ= 1
ρ

(
ργσγ+ρνσν+

iρcβcθc

k
+ iρbβbθb

k

)
. (6.168)

In Section 3.7, we saw how the linearity of these equations allows us to regard
them indistinctly as a system for the evolution of the transfer functions, factoring
out the initial conditions. There is however a striking difference between these
equations and the ones in ΛCDM: the appearance of imaginary terms, e.g. compare
(6.164) and (3.136).

Usually, even though the Fourier coefficients are generally complex, the evolu-
tion equations are real. In this case, both real and imaginary parts of the transfer
function satisfy the same equation. Owing to linearity, with a judicious choice of
the initial global phase, the transfer function can be rendered purely real. With the
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appearance of complex coefficients, real and imaginary parts constitute a coupled
system with different equations of motion.

We will assume that the global phase has been chosen so that the imaginary
parts are initially zero, or at most O(

β
)
. Even if they are initially zero, the terms

proportional to β couple the imaginary to the real parts, driving them to a finite
value proportional to β. Then we are in the same situation as with the vector modes:
the imaginary parts of the scalar modes are determined by the real parts, but do
not backreact on them. The real parts follow the standard cosmological evolution.
Therefore, the transfer function of a generic perturbation g can be splitted as

g(τ,k)= gR(τ,k)+ i(β̂ · k̂)gI(τ,k) , (6.169)

where now gR and gI are purely real and do not depend on the direction of k̂. The
previous discussion can be summarized as follows.

• The real part of the perturbations, gR , follows the standard ΛCDM evolution.
In particular, it only contains adiabatic perturbations.

• The real parts act as external sources in the system for the imaginary parts,
via contributions O(

β
)
. The imaginary part of the perturbations, gI , is O(

β
)
.

Performing this splitting and working in the synchronous gauge (3.162), the final
set of equations for the photon perturbations is

.
δI
γ+

4
3
θI
γ+

2
3

.
hI − 8βγk

3
ηR

= 4
3kτc

[
βb∆θ

R +θR
b ∆β

]
, (6.170a)

.
θI
γ−

k2

4
(δI
γ−4σI

γ)+βγk
( .
hR +2 .

ηR
)

=− 1
τc

[
∆θI −k

(
βb(δR

γ −σR
γ )−βγδR

ne

)]
, (6.170b)

.
σI
γ−

4
15
θI
γ−

2
15

( .
hI +6 .

ηI
)
− 4βγk

15
ηR

=− 1
τc

[
σI
γ−

4
15k

(
βbθ

R
γ +4βbθ

R
b +∆βθR

b

)]
. (6.170c)

The equations for neutrinos are the same, setting the collision part to zero. For the
baryons we have

.
δI

b +θI
b +

1
2

.
hI − 2Hβb

k
θR

b −2βbkηR

=− 1
kRτc

[
βb∆θ

R +θR
b ∆β

]
, (6.171a)

.
θI

b +HθI
b +2βbkθR

b +βbk
( .
hR +2 .

ηR
)

= 1
Rτc

[
∆θI −k

(
βb(δR

γ −σR
γ )−βγδR

ne

)]
. (6.171b)
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And finally for the total fluid

.
δI +3H(c2

s −w)δI + (1+w)θI + 1
2

(1+w)
.
hI = 0 , (6.172a)

.
θI + (1−3w)HθI +

.w
1+w

θI − k2

1+w
c2

sδ
I + 4k2

3(1+w)
σI = 0 , (6.172b)

where, in the synchronous gauge,

c2
sδ

I = 1
ρ

(
1
3
ργδ

I
γ+

1
3
ρνδ

I
ν−

2ρbβbθ
R
b

3k

)
, (6.173)

σI = 1
ρ

(
ργσ

I
γ+ρνσI

ν+
ρbβbθ

R
b

k

)
. (6.174)

To complete the system, we compute the variables η and a
.
h using a combination of

the Einstein equations

.
ηI = 3H2

2k2 (1+w)θI , (6.175)

∂τ

(
a

.
hI

)
=−3a

(
1+3c2

s
)H2δI . (6.176)

Usually, one would integrate the equations for photons, baryons, neutrinos and
CDM. Then, after adding all the components, one would compute the sources for
the metric perturbations, i.e. the total energy-momentum tensor. As we stressed
before, in our setup we found it more convenient to follow a different route. Instead
of tracking the behaviour of the dark sector, thus choosing a particular DM frame-
work, we follow the evolution of the whole fluid (6.166). Using these equations, the
only underlying assumptions are:

• The dark sector is subdominant with respect to neutrinos and photons at early
times, i.e. before the matter-domination era.

• There is a transition to a Λ+CDM behaviour at late times.

Under these assumptions, the only CDM contribution to the total fluid goes into
the equation of state w, since in the synchronous gauge it does not contribute to
δP or σ at first order in β. The evolution of the dark sector can be obtained af-
terwards subtracting the contributions of photons, baryons and neutrinos from the
total energy-momentum tensor.

These equations still need to be complemented with an appropiate description of
the tight-coupling and radiation-streaming approximations, see Section 3.6 for de-
tails. Before that, we describe the impact of perturbed recombination. It is usually
neglected in ΛCDM but it will be important in our case.

Perturbed recombination

The disturbances in the photon temperature field produce perturbations in the ion-
ization fraction of the electrons. In standard ΛCDM, this inhomogeneous recombi-
nation only produces second order effects in the CMB, but it has proven important
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at late times when computing other observables, like the 21 cm radiation, through
its effects in the gas temperature [NB05; Lew07].

Boltzmann codes like CAMB [LB02] and CLASS [BLT11] have implemented per-
turbed recombination at late times. These implementations follow the formulae of
RECFAST [SSS00], including perturbations into the recombination coefficient that
effectively takes into account multilevel atom computations. These codes also track
the evolution of the gas temperature and its perturbations, that modify significantly
the baryon sound speed.

The study of the dark ages in detail is beyond the scope of this work, but, in
our case, perturbed recombination plays a role in the photon-baryon system to first
order in β, where a perturbation in the number of free electrons δne appears, e.g.
see (6.84). The baryon sound speed has been neglected in our calculations (it is
only important at very small scales) and we will neglect the perturbations in the
gas temperature and the recombination coefficient as well. Defining the ionization
fraction [KT94; SSS00] as

xe ≡
ne

nb
, (6.177)

where ne and nb are the number densities of free electrons and baryons, respec-
tively, we have

δne = δb +δxe , (6.178)

where δxe ≡ δxe/xe is the relative perturbation in the ionization fraction. Since δne
always appears multiplied by β, to study its evolution it suffices to take (6.67) with
β= 0. After a few manipulations we obtain

.
δne −

∂

∂τ

(
1

a3ne

)
a3δne +θb +

1
2

.
h = 0 . (6.179)

Substituting the definition (6.178) we get the final evolution equation

.
δxe +

.xe

xe

(
δb +δxe

)
= 0 . (6.180)

Tight-coupling expansion

During the tightly coupled phase, τc ¿ 1, the system can be perturbatively ex-
panded in the small parameter τc. The only difference with respect to Section 3.6.1
is that now we must plug in the TC results for β and the real parts as well. Solving
simultaneously for ∆θI and σI we get

∆θI =βγk
(
δR
γ −δR

b −δR
xe

)
+τc

{
k2

4
AδI

γ+AHθI
γ

+βγk
[
A(A−1)H

(
δR
γ −δR

b −δR
xe

)
−AHδR

γ +AθR
γ

− 4
15
θR
γ +A .

δR
xe
+A

6
.
hR − 2

15

( .
hR +6 .

ηR
)]}

+O(
τ2

c
)

, (6.181)

σI
γ =

4βγ
3k

θR
γ + τc

15

{
4θI

γ+
( .
hI +6 .

ηI
)

+βγ
[
k(A−5)δR

γ +4kηR + 8AH
k

θR
γ

]}
+O(

τ2
c
)

. (6.182)
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The final equations of motion of the photon-baryon plasma during the tightly cou-
pled phase are

.
δI

b +θI
γ+

1
2

.
hI

=βγ
[

kA
4
δR
γ +k

(
3
4
δR
γ −δR

b −δR
xe

)
+2kηR + 2AH

k
θR
γ

]
, (6.183)

.
δI
γ+

4
3
θI
γ+

2
3

.
hI

=βγ
[

kA
3
δR
γ + 8k

3
ηR + 8AH

3k
θR
γ

]
, (6.184)

.
θI
γ+AHθI

γ+
k2

4
(A−1)δI

γ

=βγk
[
A(1−A)H

(
δR
γ −δR

b −δR
xe

)

−AθR
γ − 4

3
θR
γ −A .

δR
xe
−2 .

ηR −
(
1+A

6

) .
hR

]
. (6.185)

Radiation-streaming approximation

RSA can be handled like in Section 3.6.2, starting with a modified second-order
equation for the neutrino density

..
δI
ν =−k2

3
(δI
ν−4σI

ν)+ 4βνk
3

( .
hR +4 .

ηR
)
− 2

3
..
hI , (6.186)

The non-oscillatory particular solution in the sub-Hubble regime is

δI
ν =− 2

k2

..
hI + 4βν

k

( .
hR +4 .

ηR
)

, (6.187a)

θI
ν =−1

2
.
hI +2βνkηR , (6.187b)

σI
ν = 0 . (6.187c)

6.7.3 Vector modes

We will describe now the evolution of the vector modes, following the same steps
as in the previous section. Since the evolution equations, and the initial conditions,
are the same for both helicities, we can rewrite the vorticity for the species s as

χs = χs
(
(β̂ · ê+) ê−+ (β̂ · ê−) ê+

)
(6.188a)

= χs
(
(β̂ · x̂) x̂+ (β̂ · ŷ) ŷ

)
(6.188b)

= χs
(
β̂− (β̂ · k̂) k̂

)
. (6.188c)

Then, we do not need to distinguish between helicities and we can just write one
equation for χs. The same applies to the vector part of the shear tensor πV

s . Starting
from (6.119) and (6.120), under our approximation scheme, i.e. neglecting tensor



6.7. REDUCED SYSTEM: FLUID APPROXIMATION 153

modes and moments higher than `= 2, the evolution of the photon vector modes is
described by

.
χγ+

1
2
βγ

( .
h−2 .

η
)− 3k2

4
πV
γ =− 1

τc

[
∆χ+

(
βγδne −βb

(
δγ+

1
2
σγ

))]
, (6.189a)

.
πV
γ +

4
15
χγ+

4
15

(
S+

.
F

)+ 4
15
βγη=− 1

τc

[
πV
γ +

4
15k2

(
βbθγ+4βbθb +∆βθb

)]
,

(6.189b)

where we have defined
∆χ≡ χγ−χb . (6.190)

Again, the behaviour of neutrinos can be obtained from these equations, setting to
zero the collision term. From (6.89) and (6.94), baryons and dark matter evolve
according to

.
χb +Hχb +βbθb +

1
2
βb

( .
h−2 .

η
)= 1

τcR

[
∆χ+

(
βγδne −βb

(
δγ+

1
2
σγ

))]
, (6.191)

.
χc +Hχc +

1
2
βc

( .
h−2 .

η
)= 0 . (6.192)

The evolution of the total vorticity is

.
χ+H(1−3w)χ+

.w
1+w

χ− k2

1+w
πV = 0 , (6.193)

where
πV = 1

ρ

(
ρνπ

V
ν +ργπV

γ −
1
k2βbθb

)
. (6.194)

Finally, the relevant Einstein equation is

S+
.

F = 16πGa2

k2 (ρ+P)χ . (6.195)

Tight coupling expansion

As in the previous section, we need to find the approximate equations to follow the
tightly coupled phase. Performing the same manipulations, and inserting the TC
solutions for β and the scalar modes, we get

∆χ=βγ
(
δγ−δb −δxe

)+τc

{
AHχγ+βγ

[
A(A−1)H (

δγ−δb −δxe

)

−AHδγ+
A
3
θγ+

2
15
θγ+A .

δxe +
A
6

.
h+ 1

15
( .
h+6 .

η
)]}+O(

τ2
c
)

, (6.196)

πV
γ =−4βγ

3k2 θγ−
4

15
τc

{
χγ+ (S+

.
F)−βγ

[
5
4
δγ−η−

A
4
δγ−

2AH
k2 θγ

]}
. (6.197)

The equation governing the evolution of the photon vorticity during TC is

.
χγ =−AHχγ−βγθγ−

1
2
βγ

( .
h−2 .

η
)

+βγA
[
(1−A)H(δγ−δb −δxe )−

1
3
θγ−

1
6

.
h−

.
δxe

]
. (6.198)
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Radiation streaming approximation

The equations (6.189a) and (6.189b) for neutrinos, or photons after decoupling, can
be combined into a second order differential equation

..
χν =−k2

5
χν−

k2

5
(S+

.
F)− k2

5
βνη−

1
2
βν

( ..
h−2..

η
)

. (6.199)

During the period of rapid oscillations, we are in the situation in which | ..χν|¿ |k2χν|
and | .

χν| ¿ |k2πV
ν |. From the previous equation and (6.189a), the approximate non-

oscillating particular solution is found to be

χν =−(S+
.

F)−βνη+
5

2k2βν
( ..
h−2..

η
)

, (6.200)

πV
ν = 2

3k2βν
( .
h−2 .

η
)

. (6.201)

Semi-analytic solutions

The equations obtained admit semi-analytic solutions in some regimes. During the
TC regime, from (6.196) and (6.198), we find, to lowest order in τc,

(1+R)χγ =−1
2
β0(h−2η)+β0A

(
δγ−δb −δxe

)− β0

3

∫ (
1+A

4

)
θγdτ+Cγ , (6.202)

(1+R)χb =−1
2
β0(h−2η)− β0

1+R
(
δγ−δb −δxe

)− β0

3

∫ (
1+A

4

)
θγdτ+Cγ , (6.203)

where Cγ is a constant of integration, to be set with the initial condition, and β0

is the initial velocity of the photon-baryon plasma. Another result that can be ob-
tained, integrating (6.192), is the evolution of CDM

aχc =−1
2
β

today
c

(
h−2η

)+Cc . (6.204)

As discussed before, we do not specify the behaviour of the dark sector at early
times. Hence, we do not use this equation. We solve the system instead using the
total vorticity (6.193) and we then obtain the vorticity of the dark sector subtracting
the other components.

6.8 Initial conditions
We need to find the appropiate initial conditions for the system of scalar and vec-
tor modes developed in Sections 6.7.2 and 6.7.3. We will consider the most general
initial condition and then study the physical restrictions that we must impose. For
β = 0 our system reproduces the standard cosmology. This case has been studied
in detail in Section 3.7 and the relevant modes, i.e. one adiabatic and four isocur-
vature, have been identified. In this new setup, the presence of an external source
gives rise to the existence of a new “mode” of the system, in the sense that we have a
non-trivial evolution even if the usual adiabatic and isocurvature modes are absent.
First, we will identify this particular solution, setting to zero the other modes of the
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system. Note that the external sources only contain variables that evolve accord-
ing to standard ΛCDM, so for these variables only adiabatic initial conditions are
considered. After identifying the effect of the sources, the most general perturba-
tion can be constructed adding to the sourced mode the adiabatic and isocurvature
modes. Finally, we must analyze what physical requirements constrain our choice
of initial conditions. In particular, we impose that neutrinos and photons, being
tightly coupled in the very early Universe, share a common initial velocity. Every
other initial condition that is not fixed by this condition is set to zero. This pro-
gramme is carried out in detail in the next sections.

6.8.1 Scalar modes

Adopting the notation of Section 3.7, we will look for regular super-Hubble solutions
and expand every cosmological variable as

δI
γ = D(0)

δγ
+D(0)

δγ
τ+D(1)

δγ
τ2 +D(3)

δγ
τ3 + . . . (6.205)

We assume that the mode is in the tight-coupling regime and in the radiation-
dominated era. The results for the sourced mode can be obtained setting to zero
the initial conditions for ηI ,

.
hI , δI

γ, δI
b and θI

γ. In addition, we must use the series
solution of Section 3.7 for the adiabatic mode of the real parts with

ηR(τ= 0)= 4Rν+15
4Rν+10

, (6.206)

where we have set Rk = 1. Plugging all these expansions in the system and solving
it order by order in τ, we get the coefficients D(n) for the new sourced mode.

D(0)
δγ

= 0 , D(1)
δγ

= 4β0k (4Rν+15)
3(2Rν+5)

, (6.207a)

D(0)
δν

= 0 , D(1)
δν

= 4β0k (Rν−1)(4Rν+15)
3Rν(2Rν+5)

, (6.207b)

D(0)
δb

= 0 , D(1)
δb

= β0k (4Rν+15)
2Rν+5

, (6.207c)

D(0)
δ

= 0 , D(1)
δ

= 0 . (6.207d)

D(2)
δγ

=−H0
√

SγνRbβ0k (Rν−3)(4Rν+15)
4(Rν−1)(2Rν+5)

, (6.208a)

D(2)
δν

=−H0
√

SγνRbβ0k (4Rν+15)
4(2Rν+5)

, (6.208b)

D(2)
δb

=−3H0
√

SγνRbβ0k (Rν−3)(4Rν+15)
16(Rν−1)(2Rν+5)

, (6.208c)

D(2)
δ

= H0
√

SγνRbβ0k (4Rν+15)
4(2Rν+5)

. (6.208d)
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D(3)
δγ

=
H2

0SγνRbβ0k (4Rν+15)(5RνRbc (Rν−1)−3Rb (Rν−6))

60(Rν−1)2 (2Rν+5)

+ 4β0k3 (44Rν+65)
45(4Rν+5)(2Rν+5)

, (6.209a)

D(3)
δν

=−
H2

0SγνRbβ0k (4Rν+15)(3Rb −5Rbc (Rν−1))
60(Rν−1)(2Rν+5)

+ 2β0k3 (32Rν+45)
45Rν(2Rν+5)

, (6.209b)

D(3)
δ

=
3H2

0SγνRbβ0k (4Rν+15)(2Rb −5Rbc (Rν−1))
80(Rν−1)(2Rν+5)

+ β0k3 (
80R2

ν+392Rν+545
)

90(4Rν+5)(2Rν+5)
. (6.209c)

D(0)
θγ

= 0 , D(1)
θγ

= 0 , (6.210a)

D(0)
θν

= β0k (4Rν+15)
Rν(2Rν+5)

, D(1)
θν

= 0 , (6.210b)

D(0)
θ

= 0 , D(1)
θ

= 0 . (6.210c)

D(2)
θγ

=− 5β0k3

6(2Rν+5)
, (6.211a)

D(2)
θν

=−β0k3 (
44R2

ν+151Rν+135
)

6Rν (4Rν+5)(2Rν+5)
, (6.211b)

D(2)
θ

=−β0k3 (Rν+2)(4Rν+15)
3(4Rν+5)(2Rν+5)

. (6.211c)

D(0)
σν

= 0 , (6.212a)

D(1)
σν

= 2β0k (Rν+2)(4Rν+15)
3Rν (4Rν+5)(2Rν+5)

, (6.212b)

D(2)
σν

= 2H0
√

SγνRbcβ0k (Rν+2)
(4Rν+5)(2Rν+5)

, (6.212c)

D(3)
σν

=
H2

0SγνR2
bcβ0k (Rν+2)(4Rν−45)

6(2Rν+15)(4Rν+5)(2Rν+5)

− β0k3 (
32R4

ν+224R3
ν+914R2

ν+2097Rν+1620
)

54Rν (2Rν+15)(4Rν+5)(2Rν+5)
. (6.212d)

D(0)
η = 0 , D(1)

η =−2β0k (Rν+2)(4Rν+15)
3(4Rν+5)(2Rν+5)

, (6.213a)

D(0)
h = D(0)

h , D(1)
h = 0 . (6.213b)
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D(2)
η = H0

√
Sγνβ0k (−Rb (4Rν+5)(4Rν+15)+40Rbc (Rν+2))

16(4Rν+5)(2Rν+5)
, (6.214a)

D(2)
h = 3H0

√
SγνRbβ0k (4Rν+15)

8(2Rν+5)
. (6.214b)

D(3)
η =−

H2
0SγνR2

bβ0k (4Rν+15)
80(Rν−1)(2Rν+5)

+
H2

0SγνRbRbcβ0k (4Rν+15)
48(2Rν+5)

+
5H2

0SγνR2
bcβ0k (Rν+2)(4Rν−45)

24(2Rν+15)(4Rν+5)(2Rν+5)

+ β0k3 (−80R3
ν+568R2

ν+4525Rν+4950
)

270(2Rν+15)(4Rν+5)(2Rν+5)
, (6.215a)

D(3)
h =

H2
0SγνRbβ0k (4Rν+15)(3Rb −5Rbc (Rν−1))

40(Rν−1)(2Rν+5)

− β0k3 (
80R2

ν+528Rν+655
)

90(4Rν+5)(2Rν+5)
. (6.215b)

Once we have the new behaviour of the system, we need to evaluate the assign-
ment of initial conditions. It seems reasonable to give zero initial values to our
modification but there is one further physical requirement that we must impose. As
mentioned above, if neutrinos and photons were in thermal contact in the primeval
Universe, it is physically sensible to impose that they shared the same velocity

θν(τ= 0)= θγ(τ= 0)= θ(0)
γ . (6.216)

In the standard scenario this leads to θ(0)
γ = 0 and to the absence of neutrino velocity

isocurvature modes. However, in our case, if we consider a neutrino isocurvature
velocity mode on top of the sourced mode, upon imposing this restriction we get

θ(0)
γ = 4Rν+15

2Rν+5
β0k . (6.217)

In order to obtain the correct initial conditions, we must consider the combination
of the sourced mode with a neutrino isocurvature velocity mode with the previous
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initial condition. The final results are

δI
γ = δI

ν = δI
b = δI = 0+O(

τ3) , (6.218a)

θI
γ =

β0k (4Rν+15)
2Rν+5

+ 3H0
√

SγνRbβ0k (4Rν+15)
4(Rν−1)(2Rν+5)

τ

+
3H2

0SγνRbβ0k (4Rν+15)((Rν−1)Rbc +3Rb)

16(Rν−1)2 (2Rν+5)
τ2

− 2β0k3 (Rν+5)
3(2Rν+5)

τ2 +O(
τ3) , (6.218b)

θI
ν =

β0k (4Rν+15)
2Rν+5

− β0k3 (
8R2

ν+62Rν+95
)

3(4Rν+5)(2Rν+5)
τ2 +O(

τ3) , (6.218c)

θI =−Rνβ0k3 (4Rν+15)
(4Rν+5)(2Rν+5)

τ2 +O(
τ3) , (6.218d)

σI
ν =

2β0k (4Rν+15)
(4Rν+5)(2Rν+5)

τ+ 6H0
√

SγνRνRbcβ0k
(4Rν+5)(2Rν+5)

τ2 +O(
τ3) , (6.218e)

hI = 0+O(
τ3) , (6.218f)

ηI =−2Rνβ0k (4Rν+15)
(4Rν+5)(2Rν+5)

τ+ 15H0
√

SγνRνRbcβ0k
2(4Rν+5)(2Rν+5)

τ2 +O(
τ3) . (6.218g)

6.8.2 Vector modes

Considering adiabatic perturbations in the scalar contributions, during TC and
deep in the radiation era, the super-Hubble evolution is

D(0)
χγ

= D(0)
χγ

, D(1)
χγ

=
3D(0)

χγ H0
√

SγνRb

4(Rν−1)
, (6.219a)

D(0)
χν

=−β0 (4Rν+15)
2(2Rν+5)

, D(1)
χν

= 0 , (6.219b)

D(0)
χ = 0 , D(1)

χ = 0 , (6.219c)

D(2)
χγ

=
3D(0)

χγ H2
0SγνRb (3Rb +Rbc (Rν−1))

16(Rν−1)2 − β0k2 (8Rν+25)
12(2Rν+5)

, (6.220a)

D(2)
χν

=−β0k2 (8Rν+25)
12(2Rν+5)

, (6.220b)

D(2)
χ = 0 , (6.220c)

D(3)
χ = 0 , (6.221a)

D(4)
χ = 25β0k4

8(8Rν+45)(2Rν+5)
, (6.221b)
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D(0)
πν

= 0 , (6.222a)

D(1)
πν

= 0 , (6.222b)

D(2)
πν

= 0 , (6.222c)

D(3)
πν

= β0k2 (
32R2

ν+268Rν+375
)

54(8Rν+45)(2Rν+5)
, (6.222d)

D(0)
S+

.
F
= 0 , (6.223a)

D(1)
S+

.
F
= 0 , (6.223b)

D(2)
S+

.
F
= 25β0k2

(8Rν+45)(2Rν+5)
. (6.223c)

Again, imposing the physical requirement that photons and neutrinos had the same
velocity in the very early Universe, we are led to

D(0)
χγ

=−β0 (4Rν+15)
2(2Rν+5)

. (6.224)

The initial conditions provided for the numerical integration are

χγ =−β0 (4Rν+15)
2(2Rν+5)

− 3H0
√

SγνRbβ0 (4Rν+15)
8(Rν−1)(2Rν+5)

τ ,

−
3H2

0SγνRbβ0 (4Rν+15)(Rbc (Rν−1)+3Rb)

32(Rν−1)2 (2Rν+5)
τ2

− β0k2 (8Rν+25)
12(2Rν+5)

τ2 +O(
τ3) , (6.225a)

χν =−β0 (4Rν+15)
2(2Rν+5)

− β0k2 (8Rν+25)
12(2Rν+5)

τ2 +O(
τ3) , (6.225b)

χ= 25β0k4

8(8Rν+45)(2Rν+5)
τ4 +O(

τ5) , (6.225c)

πV
ν = β0k2 (4Rν (8Rν+67)+375)

54(8Rν+45)(2Rν+5)
τ3 +O(

τ4) , (6.225d)

S+
.

F = 25β0k2

(8Rν+45)(2Rν+5)
τ2 +O(

τ3) . (6.225e)

6.9 Numerical implementation and first results

6.9.1 Implementation details

The first step is the integration of the background and the determination of the
bulk velocities, that will be common to any subsequent computation. We proceed as
follows.
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I) The background and the thermodynamic variables follow a ΛCDM behaviour.
We compute them using CLASS [BLT11] with the base ΛCDM parameters
[Agh+18], that are summarized in Table 1.1.

II) This information is used to compute the bulk velocities. We integrate (6.156a),
(6.156b), (6.156c), and apply the center of mass constraint (6.157) to infer the
momentum of the dark sector. At very early times, the TC solution (6.160) is
used and then joined smoothly with the exact evolution.

Once we have these results, we can solve our modified evolution for the pertur-
bations. In particular, we evolve the simplified system of Section 6.7. The main
ingredients for the integration of the scalar modes are summarized below.

I) The real parts of the perturbations, labelled with R, follow the standard evo-
lution and act as external sources in our system. We use CLASS to precompute
these sources, with adiabatic initial conditions.

II) Once the sources have been computed, we solve the system for the imaginary
parts, labelled with I. The system consists of (6.170, 6.171, 6.172, 6.175, 6.176)
and a neutrino contribution equal to (6.170) but without collisions.

III) The appropiate initial conditions for the system are discussed in Section 6.8.
We use the expresssions (6.218), starting the integration at the same time as
CLASS.

IV) To take into account perturbed recombination, see Section 6.7.2, we also in-
tegrate (6.180). Each mode starts with initial conditions δxe (τ = τini) = 0. We
use the full ionization history xe(τ) provided by the thermodynamics module
in CLASS, computed using RECFAST [SSS00].

V) We need two approximation schemes to follow the numerical evolution, the so-
called tight-coupling approximation and radiation-streaming approximation.
The relevant equations can be found in Section 6.7.2. Both are switched on
and off using the same criteria as CLASS.

The recipe for the integration of the vector modes is similar.

I) The scalar perturbations evolve according to standardΛCDM and act as exter-
nal sources for the vector modes. We use CLASS to precompute these sources.

II) The system to be integrated consists of (6.189, 6.191, 6.193, 6.195) and a neu-
trino contribution equal to (6.189) but without collisions.

III) The initial conditions are described in Section 6.8.2 and correspond to (6.225).

IV) The relevant TCA and RSA equations are collected in Section 6.7.3.
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Figure 6.1: Time evolution of the bulk velocities for the different components.
The dark matter velocity is obtained enforcing the cosmic center of mass condi-
tion (6.135). Massless neutrinos behave as an uncoupled ultrarelativistic species
throughout the evolution and maintain a constant velocity. The photon-baryon
plasma behaves as a single fluid, either matter- or radiation-like, until decoupling
zdec ' 1090. Around z ' 11 there is a small effect in the photon velocity due to
reionization.

6.9.2 Time evolution and transfer functions

The time evolution of the bulk velocities for the different components is represented
in Figure 6.1. All the components in the visible sector start their evolution with the
same velocity in the center of mass frame, and its momentum is counterbalanced
by the dark sector. The velocity of the neutrinos, since we are neglecting their
masses, is always constant. The velocity of the photon-baryon plasma is constant
deep in the radiation-dominated era. Once the baryonic contribution to the energy
density becomes important, the plasma velocity drops down as a−1, see (6.160), until
decoupling. After decoupling, the velocity of the baryons keeps scaling as a−1, like
CDM, while the photons keep a constant velocity, with a slight late-time effect from
reionization. Today, the cosmic center of mass, i.e. the O frame, almost coincides
with the matter frame but photons and neutrinos possess a sizeable velocity.

Before turning to the evolution of the perturbations, we must clarify a few points
concerning our choice of fluid variables. In particular, it is important to relate the
intermediate variables we have used with the physical velocities. The velocity that
would appear in the energy-momentum tensor of a fluid (2.9) is the velocity of a
frame in which the energy flux (or momentum density), i.e. the component T0i, is
zero [LL59]. Using the boost-transformation properties (6.38b) we can obtain an
equation for the physical velocity U i of the fluid

γ̄P̄ i
j

(
Q j −UkΠ

k j
)
− γ̄2U i

(
ρ+P −Q jU j

)
= 0 , (6.226)
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where

γ̄≡ (1−U2)−1/2 , P̄ i
j ≡ δi

j + (γ̄−1)
U iU j

U2 . (6.227)

Working to first order in β and in cosmological perturbations we have

U i =βi + 1
ρ̃+ P̃

(
δQ i −βkδΠi

k −βi(δρ+δP)
)

. (6.228)

The physical velocity has two parts, a bulk velocity βi plus a peculiar contribution
δui. For ultrarelativistic particles, the peculiar velocity can be expressed in terms
of our previously defined variables (6.65) as

δui = δvi − 3
4
βkπi

k −βiδ . (6.229)

It can be splitted into a scalar and a vector part

δui =− ik̂i

k
ϑ+ζi , (6.230)

so that we have

ϑ= θ− i(β ·k)(δ−σ) , (6.231a)

ζ± = χ±− (β · ê±)
(
δ+ 1

2
σ

)
. (6.231b)

For non-relativistic species, the results are identical setting σ= 0. It is worth noting
that this is not the only physically sensible definition of the velocity of a fluid. It
can alternatively be defined as the velocity of the frame in which the flux of parti-
cles (6.38f) is zero [Wei72]. Both definitions agree for non-relativistic fluids if the
number of particles is conserved.

Finally, we present the transfer functions evaluated today for a range of k and
their time evolution for a fixed value k = 10−2 Mpc−1, as a sample from the full re-
sults for the evolution of the perturbations. All the results concerning cosmological
perturbations are computed in the synchronous gauge and then transformed back
to the Newtonian gauge, that can be more easily interpreted in the Newtonian limit
[Maa98; EEM01]. Figures 6.2, 6.3, and 6.4 contain the density and velocity of CDM,
baryons and the total fluid. Figure 6.5 contains the metric variables, i.e. Newtonian
potentials and vector metric perturbations. The quantities with an R superscript
follow the standard evolution and are computed using CLASS with the Planck 2018
[Agh+18] input values. The modified contributions, with an I superscript, remain
smaller than the standard ones for most values of k, but not as small as could be
expected. The difference at scales of 0.1 Mpc−1 is just one order of magnitude, in-
stead of three as could be naively anticipated from β0 = 10−3, and the modifications
could grow even larger above the non-linearity scale.

6.10 Observables

6.10.1 Power spectra
The distribution and redshift of galaxies give us information about density pertur-
bations and peculiar velocities. This class of observables, related to the clustering
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Figure 6.2: Transfer functions, with initial curvature perturbation normalized to
one, in the Newtonian gauge. Both panels represent the evolution of the density
contrast, both the standard and our modification. The imaginary parts are propor-
tional to β0. We show the results for β0 = 10−3. (Left) The vertical line indicates
the super-Hubble and non-linearity scales, respectively. (Right) The vertical line
marks the horizon crossing. In the red and green shaded regions the RSA and TCA,
respectively, are switched on.

of matter, contains information about the present distribution of CDM and baryons,
as well as their evolution at very late times. The results of Section 6.9 allow us to
predict new features in these observables arising from the non-comoving scenario.

The main LSS observable is the matter power spectrum, but our modification
does not leave a first order imprint on it. On general grounds, if we consider a
cosmological quantity g splitted as in (6.169), we have

|g(τ,k)|2 = |gR(τ,k)|2 +O(
β2) , (6.232)

i.e. the ΛCDM result. However, in the cross-correlation between two cosmological
perturbations g1 and g2 we get a first order dipolar contribution

g1 g∗
2 = gR

1 gR∗
2 + i(β̂ · k̂)

(
gI

1 gR∗
2 − gR

1 gI∗
2

)
+O(

β2) . (6.233)

Every cross-correlation between cosmological quantities contains a dipole modi-
fication with this structure. This effect could be observed in the future in the
cross-correlations between matter density and velocity [Teg+04], as the precision
of the surveys increases. It is conceivable that this effect could appear in cross-
correlations between baryon and CDM densities as well, even though a thorough
analysis using lensing information would be in order. Finally, the generation of
vorticity, purely decaying in ΛCDM, is another distinctive feature of our model.

We stick to the following conventions for the definition of the spectra. In the
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Figure 6.3: Transfer functions, with initial curvature perturbation normalized to
one, in the Newtonian gauge. Both panels represent the evolution of the velocity di-
vergence, where the imaginary parts have been redefined according to (6.231). The
imaginary parts are proportional to β0. We show the results for β0 = 10−3. (Left)
The vertical line indicates the super-Hubble and non-linearity scales, respectively.
(Right) The vertical line marks the horizon crossing. In the red and green shaded
regions the RSA and TCA, respectively, are switched on.

first place, we define the spectrum of a single variable as
〈
δ(z,k)δ∗(z,k′)

〉≡ (2π)3δ(k−k′)Pδδ(z,k) (6.234)

= (2π)3δ(k−k′)|δR(z,k)|2 2π2

k3 PR(k)+O(
β2) , (6.235)

where δR(z,k) is the real part of the transfer function and PR(k) is the usual nearly
scale-invariant curvature spectrum. For the cross-correlations we define

Re
〈
δ(z,k)θ∗(z,k′)

〉≡ (2π)3δ(k−k′)PR
δθ(z,k) (6.236)

= (2π)3δ(k−k′)δR(z,k)θR(z,k)
2π2

k3 PR(k) +O(
β2) , (6.237)

Im
〈
δ(z,k)θ∗(z,k′)

〉≡ (2π)3δ(k−k′)(β̂ · k̂)P I
δθ(z,k) (6.238)

= (2π)3δ(k−k′)(β̂ · k̂)

×
(
δI(z,k)θR(z,k)−δR(z,k)ϑI(z,k)

)

× 2π2

k3 PR(k)+O(
β2) . (6.239)

The vorticity spectrum is defined in a similar way, according to definition (6.231),
〈
ζ(z,k) ·ζ∗(z,k′)

〉≡ (2π)3δ(k−k′)
(
1− (β̂ · k̂)2)Pζζ(z,k) (6.240)

= (2π)3δ(k−k′)
(
1− (β̂ · k̂)2)

×|ζ(z,k)|2 2π2

k3 PR(k)+O(
β3) , (6.241)
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Figure 6.4: Transfer functions, with initial curvature perturbation normalized to
one, in the Newtonian gauge. Both panels represent the evolution of the vortic-
ity, compared with the velocity divergence. Again, the vorticity has been redefined
according to (6.231). The vorticity is proportional to β0. We show the results for
β0 = 10−3. (Left) The vertical line indicates the super-Hubble and non-linearity
scales, respectively. (Right) The vertical line marks the horizon crossing. In the red
and green shaded regions the RSA and TCA, respectively, are switched on.

The results for the velocity spectrum and the density cross-correlation for CDM
are represented in Figure 6.6. In addition to this information, the velocity-density
cross-correlation induced by our modification shows a distinctive dipolar pattern.
In the same way, the vorticity autocorrelation, even though its amplitude is very
small, deviates from statistical isotropy, with a quadrupole term in addition to the
monopole. Figure 6.7 shows the cross-correlation between the matter density and
the lensing potential, defined as ΨW ≡ Φ+Ψ. This combination is observable us-
ing weak-lensing information [Dur08; SUR05]. Again, our additional contribution
becomes important at small scales, being just one order of magnitude below the
standard result at scales k = 0.1 Mpc−1 instead of three as might be inferred from
β0 = 10−3. Both vorticity and deviations from statistical isotropy are absent in stan-
dard ΛCDM. Their presence, with the structure proposed, is a testable effect that
could be used to confirm, or disprove, the non-comoving scenario.

As we have seen, in our modified setting, velocity spectra are the most easily ac-
cessible LSS observables that show significant deviations. Peculiar velocity surveys
provide useful complementary information but currently are not competitive with
other cosmological observables to constrain standard cosmology [Teg+04; Kod+14;
Joh+14].
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Figure 6.5: Transfer functions, with initial curvature perturbation normalized to
one, in the Newtonian gauge. Both panels represent the evolution of the Newto-
nian potentials, their difference and the vector metric perturbation. The imagi-
nary parts and the vector modes are proportional to β0. We show the results for
β0 = 10−3. (Left) The vertical line indicates the super-Hubble and non-linearity
scales, respectively. The sharp drop in the difference between the Newtonian po-
tentials at small scales is a consequence of the RSA. On those scales we are setting
the shear of ultrarelativistic species to zero, since it has a negligible impact in our
observables. (Right) The vertical line marks the horizon crossing. In the red and
green shaded regions the RSA and TCA, respectively, are switched on.

6.10.2 CMB temperature anisotropy

Temperature perturbation

Once we have constructed a consistent system of equations, we must discuss which
of the intermediate variables correspond to physical observables. One of the main
observables in cosmology is the distribution of temperature anisotropies in the
CMB. The CMB is very nearly isotropic and described, at the background level,
by an equilibrium Bose-Einstein distribution

f0 =
1

e p/T −1
. (6.242)

Deviations from this background distribution are usually parameterized as temper-
ature perturbations

f (τ, x, p, n̂)=
[
exp

(
p

T [1+Θ(τ, x, n̂)]

)
−1

]−1
. (6.243)

The temperature perturbation can then be written in terms of the distribution func-
tion as

(1+Θ)4 −1=

∫
p3dp ( f − f0)
∫

p3dp f0

≡∆ . (6.244)
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Figure 6.6: The vertical line indicates the scale of non-linearity. (Left) Cross-
correlation spectra of dark matter densities and velocities, including the standard
as well as the dipolar contribution, both for the divergence and for the vorticity.
P I
δcθc

and PR
δcζc

are given in units of (β0/10−3)(100 km/s)(Mpc/h)3, i.e. the curves are
plotted for β0 = 10−3 but the spectra are proportional to this value. (Right) Autocor-
relation spectra of dark matter velocity, as well as the cross-correlation spectrum
between vorticity and the divergence of the velocity. Pθcζc and Pζcζc are given in
units (β0/10−3)(100 km/s)2(Mpc/h)3 and (β0/10−3)2(100 km/s)2(Mpc/h)3, respectively.

With our definition for the distribution function (6.55), the deviations from (6.242)
are

∆= 1
γ4(1− n̂ ·βγ)4 −1+Fγ . (6.245)

To first order in cosmological perturbations we have

Θ= 1
γ(1− n̂ ·βγ)

−1+ 1
4
γ3(1− n̂ ·βγ)3Fγ ,

= n̂ ·βγ+
1
4

(
1−3(n̂ ·βγ)+O(

β2))Fγ+O(
β2) . (6.246)

This would be the temperature perturbation observed in the O frame. From the
Sun’s reference system, the observed temperature perturbation Θ¯ is

1+Θ¯ = γ¯
(
1− n̂ ·β¯

)
(1+Θ) , (6.247)

where β¯ is the velocity of the Solar System in the O frame. Expanding to leading
order in βγ and β¯ we get

Θ¯ =
(
βγ−β¯

)
· n̂+ 1

4

(
1+ n̂ · (βγ−β¯)−4(n̂ ·βγ)

)
Fγ+O(

β2) . (6.248)

The reduced distribution function can be decomposed schematically as

Fγ(n̂,βγ)=FΛCDM
γ (n̂)+ (n̂ ·βγ)Fβ

γ (n̂)+O(
β2) , (6.249)
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Figure 6.7: Cross-correlation spectra of dark matter density and lensing poten-
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is given in units (β0/10−3)(Mpc/h)3. The vertical line indicates the scale of non-
linearity.

where FΛCDM
γ follows the standard evolution and Fβ

γ contains our modification, i.e.
the imaginary part of the scalar modes and the vector modes. Finally, we need to
take into account the aberration effects. The direction n̂¯ observed from the Solar
System is related to the direction n̂ in the O frame as

ni
¯ =

P i
¯ jn

j −γ¯βi
¯

γ¯(1− n̂ ·β¯)
. (6.250)

Then, to first order in β, we can express the direction as

ni = ni
¯−

(
δi

j −ni
¯n¯ j

)
(β¯ j

CMB −β j
γ)+O(

β2) , (6.251)

where we have defined the relative velocity between the Sun and the CMB rest
frame

β¯
CMB ≡βγ−β¯ . (6.252)

It is customary [Agh+14; Pan+19] to express the deflection instead as

β− (n̂ ·β) n̂ =∇(n̂ ·β) . (6.253)

Taking everything into account, the temperature perturbation that would be mea-
sured from the Solar System in the direction n̂¯ is

Θ¯(n̂¯)= n̂¯ ·β¯
CMB

+ 1
4

(
1+ n̂¯ ·β¯

CMB −4(n̂¯ ·βγ)
)
FΛCDM
γ

(
n̂¯−∇(n̂¯ ·β¯

CMB)+∇(n̂¯ ·βγ)
)

+ 1
4

(n̂¯ ·βγ)Fβ
γ (n̂¯)+O(

β2) . (6.254)
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The first term represents the usual kinematic dipole, i.e. the Doppler-shifting ef-
fect associated with the relative motion of the observer with respect to the CMB.
The second term contains a dipolar modulation and aberration effects. Both effects
produce a kinematic mixing of the multipole coefficients. The third term is a purely
dynamical contribution, i.e. the effect of a relative motion between different species
during the evolution. While recovering standard results [Agh+14] for β= 0, in our
setting we observe two kinds of new effects. First, the directions of the dipole, the
dipolar modulation and the aberration effects do not coincide. This effect comes
from the fact that, in our scenario, the standard ΛCDM evolution is recovered in
the O frame and not in the CMB rest frame. In standard cosmology both frames
coincide and this difference does not arise. The second effect is an additional source
of statistical anisotropy, coming from the modified evolution, with a dipolar pattern.

The CMB dipole is very well measured, with the latest Planck value being
β¯

CMB = (1.23357± 0.00036)× 10−3 [Akr+18a]. It is widely accepted that its origin
is mostly kinematical, so it gives us a very precise measurement of our relative mo-
tion with respect to the CMB. The Planck Collaboration also measured our relative
motion using the kinematic correlations induced between different multipoles and
the resultant anisotropic signal [Agh+14; Ade+16b]. Even though the uncertainties
are large in this case, and there seems to be some tension [Ade+16b], the velocity
inferred using this method is compatible with the dipole, supporting its kinematical
origin. The relative velocity with respect to the CMB frame is usually interpreted
as the result of peculiar motions of the Sun and the Local Group [Tul+08]. However,
in our scenario, the relative velocity would arise as a combination of the local mo-
tion, with respect to the matter frame, and the relative motion between the matter
and CMB frames.

It is very important to notice that our model produces a distinctive signature
in the CMB. In the standard picture, as mentioned before, the motion of the Solar
System produces a violation of statistical isotropy in the CMB. In our case, there
would be an additional, purely dynamical, source of statistical anisotropy, caused
by the relative motion between matter and radiation during the evolution. Both
effects could in principle be disentangled.

The local motion of the Solar System also leaves an imprint in the observed
galaxy distribution [EB84; GH12; Pan+19], even though the analysis is not straight-
forward in this case. Upcoming galaxy surveys like Euclid [Ame+18] or SKA [Maa+15]
will measure the induced dipole with high precision. A significant difference be-
tween this dipole and the CMB result would be difficult to accomodate in standard
ΛCDM, but could be easily interpreted as the result of a relative velocity between
the CMB and matter frames. Even if no such difference is measured, the bulk mo-
tion can still be smaller than the local one, and yet lead to observational signatures.

Two-point function

The two-point function will be analyzed in Chapter 7, after developing a modified
line-of-sight approach. In this section we will only prove that there is not an imprint
in the temperature power spectrum, i.e. in the C`’s. Here we use a simple argument
but it will be proven again in Chapter 7 by other means. Take a two-point function
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that also depends on a (small) parameter β. If we Taylor-expand it, the most general
structure to first order is5

C(n̂, n̂′;β)= CΛCDM(n̂ · n̂′)+ (n̂ ·β)Cβ(n̂ · n̂′)+ (n̂′ ·β)C̃β(n̂ · n̂′)

+β · (n̂∧ n̂′)C̄β(n̂ · n̂′)+O(
β2) . (6.255)

If we compute now the temperature power spectrum, see (3.254),

C` ≡
1

2`+1

∑̀

m=−`

〈|a`m|2〉= 1
4π

∫
dn̂dn̂′P`(n̂ · n̂′)C(n̂, n̂′;β) . (6.256)

It is straightforward to check6

∫
dn̂dn̂′(β · n̂)P`(n̂ · n̂′)P`′(n̂ · n̂′)= 0 , (6.257)

∫
dn̂dn̂′β · (n̂∧ n̂′)P`(n̂ · n̂′)P`′(n̂ · n̂′)= 0 , (6.258)

so that finally

C` =
1

4π

∫
dn̂dn̂′P`(n̂ · n̂′)CΛCDM(n̂ · n̂′)+O(

β2) . (6.259)

The observed temperature power spectrum is not modified to first order in β.

Bulk flows

At the background level, the non-coincidence of the CMB and matter frames pro-
duces a global motion of large-scale structures with respect to the CMB. This ef-
fect could be potentially observed as a bulk flow on the largest scales. Measure-
ments of bulk flows, at different scales, have been carried out in peculiar velocity
surveys and using the kinetic Sunyaev-Zeldovich (kSZ) effect [Kas+09; Ade+14b;
Atr+15]. See, e.g., Table 5 of [Scr+16] and references therein for a collection of re-
cent measurements. Although there is a long history of conflicting measurements
and anomalously large flows on cosmological scales, in this thesis we adopt the re-
ported limit of Planck [Ade+14b] for two reasons. In the first place, it extends to
the largest scales, up to 2 Gpc, where a cleaner determination of our global flow is
expected. In the second place, it sets the more conservative bound in our parameter
β0, in the sense of being the more restrictive to us. From the reported Planck value
v < 254 km/s(95% CL), and according to the time evolution of βγ in Figure 6.1, we
obtain

β0 < 1.6×10−3 (95% CL) . (6.260)

Note that, since we are performing a first-order computation, all our results scale
trivially and we have written them explicitly in units of β0. The previous constraint
is wholly compatible with the local measurements of peculiar motions mentioned

5Of course, the two-point function of the temperature perturbation is symmetric under the ex-
change n̂ ↔ n̂′ by construction, but the argument does not rely on this.

6The first equality follows from the fact that every integration over an odd number of unitary
vectors n̂ or n̂′ is zero. The second equality follows from symmetry.
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above. The peculiar velocity of the Local Group (LG), and other higher order struc-
tures, with respect to the CMB is inferred from the movement of the Sun with
respect to both of them. The constraint (6.260) yields a value βγ < 0.85×10−3 today,
of the same order as the measured velocity β¯

LG = (1.00±0.05)×10−3 [Akr+18a], so
it can be accomodated without fine-tuning the directions of these relative velocities.
Potentially, it could even constitute a component of unaccounted peculiar motions of
the largest structures [Tul+08]. This constraint also justifies our first order compu-
tation. In Section 6.2 it was discussed how to construct a RW background to O(

β
)

and how the O(
β2) terms introduce anisotropies, i.e. a Bianchi background. Using

(6.260) we can see that the terms O(
β2) are in fact smaller than a typical cosmolog-

ical perturbation. Therefore, it is completely justified to take the RW metric (6.1)
as the background geometry.
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7 Non-comoving Cosmology: CMB

The previous chapter set up the stage for a cosmology with large-scale bulk
motions. We proved that there is no leading order effect in the CMB temperature
power spectrum, so we focused on LSS signatures. In this chapter we will find the
leading order effects in the CMB, beyond the power spectrum. Notice that, while
it was possible to reduce the complexity of the system to study LSS, if we want
to compare with CMB observations we need to solve the full Boltzmann hierarchy.
The main CMB observable is the two-point temperature correlation function, that
we cover in Section 7.1. In this section we analyze the generic structure of a two-
point function when we introduce a small vector parameter β. We find that it is
possible to define a set of multipoles (similar to the C`) encoding the modification.
As an example, we apply this procedure to the modification that arises from the
motion of the Solar System with respect to the CMB frame. In Section 7.2, we
extend the line-of-sight approach of Section 3.8 to include cosmological bulk flows.
Using this result, we give the expressions needed to compute the modified set of
multipoles that we developed in the previous section.

7.1 Generic two-point function

7.1.1 Temperature perturbation and transfer function

The temperature perturbation (3.246) depends on time, the spatial position x and
the direction of observation n̂. Evaluating it today at the origin, it can be written as

Θ(n̂)≡Θ(τ= τ0, x= 0, n̂)=
∫

d3k
(2π)3Θ(k, n̂)=

∫
d3k

(2π)3T (k, n̂)Rk , (7.1)

where R is the primordial curvature perturbation and T is the transfer function.
The two-point temperature correlation function is

C(n̂, n̂′)≡ 〈
Θ(n̂)Θ(n̂′)

〉=
∫

d3k
(2π)3

d3k′

(2π)3T (k, n̂)T ∗(k′, n̂′)
〈
RkR∗

k′

〉

=
∫

k2dk
(2π)3 PR(k)

∫
d2k̂ T (k, n̂)T ∗(k, n̂′) . (7.2)

In ΛCDM, the transfer function only depends on the directions n̂ and k̂ through the
combination µ≡ n̂ · k̂. If we include a new direction in the problem, through a small
new parameter β, to leading order the generic structure of the transfer function is

T (k, n̂)= TA(k,µ)+ i(β̂ · k̂)TB(k,µ)+ (n̂ · β̂)TC(k,µ)+ ik̂ · (β̂∧ n̂)TD(k,µ) . (7.3)
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Here TA(k,µ) represents the ΛCDM part. We can write each of the terms as1

TA =
∑

`

(−i)`ā`Y 0
` (n̂) , TC =

∑

`

(−i)` c̄`Y 0
` (n̂) ,

TB =
∑

`

(−i)`b̄`Y 0
` (n̂) , TD =

∑

`

(−i)`d̄`Y 0
` (n̂) , (7.4)

and we have, to leading order,

T (k, n̂)T ∗(k, n̂′)= T (k, n̂)T (−k, n̂′)

=
∑

`,`′
(−i)`+`

′
Y 0
` (n̂)Y 0

`′(−n̂′)
{
ā`ā`′ + i(β̂ · k̂)

(
ā`′ b̄`− ā`b̄`′

)

+ (n̂ · β̂)ā`′ c̄`+ (n̂′ · β̂)ā` c̄`′

+ ik̂ · (β̂∧ n̂)ā`′ d̄`− ik̂ · (β̂∧ n̂′)ā`d̄`′
}

. (7.5)

The two-point function can be reduced to

C(n̂, n̂′)=
∫

k2dk
(2π)3 PR(k)

∑

`,`′
(−i)`+`

′{
ā`ā`′ I

(1)
``′(n̂,−n̂′)

+ (
(n̂ · β̂)ā`′ c̄`+ (n̂′ · β̂)ā` c̄`′

)
I(1)
``′(n̂,−n̂′)

+ i
(
ā`′ b̄`− ā`b̄`′

)
β̂ · I (2)

``′(n̂,−n̂′)

+ iā`′ d̄`(β̂∧ n̂) · I (2)
``′(n̂,−n̂′)

− iā`d̄`′(β̂∧ n̂′) · I (2)
``′(n̂,−n̂′)

}
, (7.6)

where the two angular integrals that appear are

I(1)
``′(n̂, n̂′)=

∫
Y 0
` (n̂)Y 0

`′(n̂
′)d2k̂ , (7.7)

I (2)
``′(n̂, n̂′)=

∫
k̂Y 0

` (n̂)Y 0
`′(n̂

′)d2k̂ . (7.8)

We can compute them explicitly2

I(1)
``′(n̂, n̂′)= δ``′P`(n̂ · n̂′) , (7.9)

I (2)
``′(n̂, n̂′)= H`(n̂′, n̂)δ`+1,`′ +H`′(n̂, n̂′)δ`,`′+1 , (7.10)

where we have defined the function

H`(n̂, n̂′)≡ `+1p
(2`+1)(2`+3)

1
1− (n̂ · n̂′)2

{(
n̂− (n̂ · n̂′)n̂′)P`

+ (
n̂′− (n̂ · n̂′)n̂

)
P`+1

}

= `+1p
(2`+1)(2`+3)

{
n̂P`−

P ′
`

`+1
(
n̂′− (n̂ · n̂′)n̂

)}
, (7.11)

with the properties

H`(n̂,−n̂′)= (−1)`H`(n̂, n̂′) , (7.12a)

H`(−n̂′, n̂)=−(−1)`H`(n̂′, n̂) . (7.12b)

1The coefficients ā`, b̄`, c̄` and d̄` are taken to be real. Notice that Y 0
`

(n̂)=p
(2`+1)/4πP`(n̂ · k̂).

2More details can be found in Appendix C.
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We will also need its symmetric combination

H`(n̂, n̂′)+H`(n̂′, n̂)= (n̂+ n̂′)S`(n̂ · n̂′) , (7.13)

with

S`(x)≡ `+1p
(2`+1)(2`+3)

1
1+ x

(
P`(x)+P`+1(x)

)

= `+1p
(2`+1)(2`+3)

(
P`(x)−

P ′
`
(x)

`+1
(1− x)

)
. (7.14)

Using these results, one can prove that

(β̂∧ n̂) · I (2)
``′(n̂,−n̂′)− (β̂∧ n̂′) · I (2)

``′(−n̂′, n̂)= 0 . (7.15)

This implies that the coefficients d̄` do not contribute to the two-point function

C(n̂, n̂′)=
∫

k2dk
(2π)3 PR(k)

{∑

`

ā2
`P`(n̂ · n̂′)

+ (n̂+ n̂′) · β̂
∑

`

(
ā` c̄`P`(n̂ · n̂′)+ (ā`+1b̄`− ā`b̄`+1)S`(n̂ · n̂′)

)}
. (7.16)

The last portion can be recast as3

∑

`

(ā`+1b̄`− ā`b̄`+1)S`(n̂ · n̂′)=
∑

`

ā`(b̄`−1S`−1 −b`+1S`)

=
∑

`

ā`p
2`+1

(
`p

2`−1
b̄`−1 −

`+1p
2`+3

b̄`+1

)
P`(n̂ · n̂′)

+
∑

`

ā`p
2`+1

(
b̄`−1p
2`−1

+ b̄`+1p
2`+3

)(
1− (n̂ · n̂′)

)
P ′
`(n̂ · n̂′) . (7.17)

After redefining the coefficients

a` ≡
ā`p

4π(2`+1)
, b′

` ≡ `b`−1 − (`+1)b`+1 ,

b` ≡
b̄`p

4π(2`+1)
, b̃` ≡ b`−1 +b`+1 ,

c` ≡
c̄`p

4π(2`+1)
, (7.18)

the two-point function is

C(n̂, n̂′)=
∫

dk
k
PR(k)

{∑

`

(2`+1)a2
`P`

+ (n̂+ n̂′) · β̂
∑

`

(2`+1)a`(b′
`+ c`)P`

+ (n̂+ n̂′) · β̂
∑

`

(2`+1)a`b̃`
(
1− (n̂ · n̂′)

)
P ′
`

}
. (7.19)

3We are defining b̄−1 ≡ 0.
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7.1.2 Alternative power spectrum
The modified two-point function has the structure

C(n̂, n̂′)= CΛCDM(n̂ · n̂′)+ β̂ · (n̂+ n̂′)Cβ(n̂ · n̂′) . (7.20)

For the ΛCDM part, it is usual to define the temperature power spectrum as

CΛCDM(n̂ · n̂′)=
∞∑

`=0

2`+1
4π

C`P`(n̂ · n̂′) . (7.21)

With our previous definitions,

C` =
∫

dk
4πk

PR(k)a2
`(k) . (7.22)

These C` agree with the ones obtained using the definition (3.254), based on the
harmonic decomposition of the temperature perturbation (a`m). As argumented in
Section 6.10.2, our modification Cβ does not contribute, to leading order, to the C`

defined through (3.254). Focusing on the modified part, in general we get

Cβ(n̂ · n̂′)=
∫

dk
k
PR(k)

{
∑

`

(2`+1)a`α`P`+
∑

`

(2`+1)a`β`
(
1− (n̂ · n̂′)

)
P ′
`

}

=
∫

dk
k
PR(k)

{
∑

`

(2`+1)a`α`P`+
∑

`,`′
(2`+1)a`β`Q``′P`′

}

=
∫

dk
k
PR(k)

{
∑

`

(2`+1)

(
a`α`+

∑

`′

2`′+1
2`+1

a`′β`′Q`′`

)
P`

}
, (7.23)

where α`, β` are generic variables. Since Cβ only depends on the product (n̂ · n̂′), we
can define its Legendre expansion and an equivalent set of multipoles that encode
the information about our modification

Cβ

`
=

∫
dk

4πk
PR(k)

(
a`α`+

∑

`′

2`′+1
2`+1

a`′β`′Q`′`

)
. (7.24)

The coefficients Q``′ have been defined in a such a way that
(
1− (n̂ · n̂′)

)
P ′
`(n̂ · n̂′)=

∑

`′
Q``′P`′(n̂ · n̂′) . (7.25)

Equivalently4

Q`′` =
2`+1

2

∫ 1

−1
dµ (1−µ)P ′

`′(µ)P`(µ)=





0 , `′ < ` ,
−` , `′ = ` ,
−(−1)`

′+`(2`+1) , `′ > ` .
(7.26)

The final result is

Cβ

`
=

∫
dk

4πk
PR(k)

(
a`(α`−`β`)− (−1)`

∞∑

`′=`+1
(−1)`

′
(2`′+1)a`′β`′

)
. (7.27)

4The integral is performed in the Appendix C.
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7.1.3 Solar System motion
To conclude this section we will apply the previous results to a case particularly
simple: the kinematic effects produced by the Solar System motion. As discussed in
Section 6.10, the motion of the solar frame with respect to the CMB rest frame is a
source of statistical anisotropy. Within ΛCDM, in the CMB rest frame (3.245)

Θrest(n̂)= 1
4
Fγ(n̂) , (7.28)

and the two-point function in this frame is

Crest(n̂ · n̂′)=
∫

dk
k
PR(k)

∑

`

(2`+1)a2
`P`(n̂ · n̂′) . (7.29)

In a moving frame, we get in general5

Θ(n̂)= n̂ ·dkin +
1
4

(
1+ n̂ ·dm

)F (
n̂−∇(n̂ ·da)

)
, (7.30)

where
∇(n̂ ·da)= da − (n̂ ·da)n̂ . (7.31)

The two-point function in this case is

〈
Θ(n̂)Θ(n̂′)

〉= 1
16

(
1+ (n̂+ n̂′) ·dm

)〈F (
n̂−∇(n̂ ·da)

)F (
n̂′−∇(n̂′ ·da)

)〉

= (
1+ (n̂+ n̂′) ·dm

)
Crest

(
n̂ · n̂′− (n̂+ n̂′) ·da

(
1− (n̂ · n̂′)

))

=
∫

dk
k
PR(k)

{∑

`

(2`+1)a2
`P`+ (n̂+ n̂′) ·dm

∑

`

(2`+1)a2
`P`

− (n̂+ n̂′) ·da
∑

`

(2`+1)a2
`

(
1− (n̂ · n̂′)

)
P ′
`

}
. (7.32)

The modification has the structure (7.23) with

α` = dma` , β` =−daa` . (7.33)

Writing dm = da =β¯
CMB, the power spectrum of the modification, (7.27), is

Cβ

`
=β¯

CMB

(
(`+1)C`+ (−1)`

∞∑

`′=`+1
(−1)`

′
(2`′+1)C`′

)
, (7.34)

where C` stands for the standard multipoles in the CMB rest frame.

7.2 Modified line-of-sight integral

7.2.1 Modified source
Our starting point is the Boltzmann equation for photons (6.84). It can be written
as

.
F + (

i(k · n̂)+ .
κβ(β̂ · n̂)− .

κ
)F +D+ n̂ ·U + (β̂ · n̂)nin jSi j +nin jTi j = 0 , (7.35)

5Of course, in this particular case dkin = dm = da ≡β¯
CMB. See (6.254) with β= 0.
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where
κβ ≡

∫ τ0

τ
βbaneσT dτ , (7.36)

and the different coefficients are

D = 2i(βγ ·k)A+ .
κ

[
δγ−

8
3
βb ·δvγ−

8
3
∆β ·δvb −4βb ·δvb

]
, (7.37a)

U j =−2ik j A+4βi
γCi j + .

κ
[
3βb jδγ+4δvb j −4βγ jδne +2∆β j A

]
, (7.37b)

Si j =−20βγC(i j) , (7.37c)

Ti j =−4C(i j) +4βk
γDk(i j) −10ik(iβγ j)A+4 .

κ
[
δvb (i∆β j) +4δvb (iβb j)

]
. (7.37d)

Repeating the same steps that led us to (3.234), we find the integral solution

F |τ0 =−
∫ τ0

0

(
D+ n̂ ·U + (β̂ · n̂)nin jSi j +nin jTi j

)

×exp
(
i(k · n̂)(τ−τ0)−κ+κβ(β̂ · n̂)

)
dτ . (7.38)

Using the fact that κβ¿ κ we can Taylor-expand the exponential and write6

F |τ0=
∫ τ0

0
S̃ exp

(
i(k · n̂)(τ−τ0)−κ)

dτ , (7.39)

with

S̃ ≡−D− n̂ ·U −nin jTi j − (β̂ · n̂)
{
nin jSi j +κβ

(
D+ n̂ ·U +nin jTi j

)}
. (7.40)

We will use the short-hand definitions

ξ≡ B−
.

E, W ≡ S+
.
F . (7.41)

Since the vector modes are sourced only by β, we have (6.188)

W ≡W
(
β̂− (β̂ · k̂)k̂

)
, χ≡ χ(

β̂− (β̂ · k̂)k̂
)

. (7.42)

Using all the previous definitions, the different contributions to the source are

D =−4i(βγ ·k)Ψ+ .
κ

[
δγ+

8i
3k

(k̂ ·βb)θγ+
8i
3k

(k̂ ·∆β)θb +
4i
k

(k̂ ·βb)θb

]
, (7.43a)

n̂ ·U = 4i(n̂ ·k)Ψ+4(n̂ ·βγ)
.
Φ−4(n̂ ·k)(βγ ·k)ξ

+ .
κ
[
3(n̂ ·βb)δγ−

4i
k

(n̂ · k̂)θb +4χb
(
(n̂ · β̂)− (β̂ · k̂)(n̂ · k̂)

)

−4(n̂ ·βγ)δne −4(n̂ ·∆β)Ψ
]

, (7.43b)

nin jSi j =−20βγ
.
Φ+20βγ (n̂ ·k)2ξ , (7.43c)

nin jTi j =−4
.
Φ+20i(n̂ ·k)(n̂ ·βγ)Ψ+4(n̂ ·k)2ξ+4i

(
(n̂ ·βγ) (n̂ ·k)− (βγ ·k)

)
Φ

+4i(n̂ ·k)W
(
(n̂ · β̂)− (n̂ · k̂)(β̂ · k̂)

)

− 4i
k

.
κ(n̂ · k̂)

[
(n̂ ·∆β)θb +4(n̂ ·βb)θb

]
. (7.43d)

6Notice that even if βb ¿ 1, aneσT can still grow very large making κβÀ 1. However, in this case
the contribution to the integral is strongly suppressed by e−κ.
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Stripping the explicit dependence on β̂, the modified source can be written as

S̃ = S̃A + i(β̂ · k̂)S̃B + (n̂ · β̂)S̃C , (7.44)

where

S̃A =− .
κδγ+4

.
Φ−4i(n̂ ·k)

(
Ψ−

.
κθb

k2

)
−4(n̂ ·k)2ξ , (7.45a)

S̃B =−4βγ
.
κ

k

(
θb +

2
3
θγ

)
+4βγk(Φ+Ψ)+ 4

.
βγ

3k
(θb +2θγ)

−4i(n̂ ·k)
(
βγkξ+

.
κ

k
χb

)
+ 4(n̂ ·k)2

k
W , (7.45b)

S̃C = .
κ
(
βγ(4δne −3δγ)−4χb −κβδγ

)
+

.
βγ(4Ψ+3δγ)+4(κβ+4βγ)

.
Φ

−4i(n̂ ·k)

(
βγ(Φ+5Ψ)+κβΨ+W −

.
κ

k2 (κβ+4βγ)θb +
3

.
βγθb

k2

)

−4(n̂ ·k)2(κβ+5βγ)ξ . (7.45c)

As we did in Section 3.8, after integration by parts and neglecting the boundary
terms, we can substitute

(n̂ ·k) → i
d
dτ

, (n̂ ·k)2 → − d2

dτ2 . (7.46)

Once we add the optical depth to the source term

S ≡ e−κS̃ = SA + i(β̂ · k̂)SB + (n̂ · β̂)SC , (7.47)

the line-of-sight integral can be expressed as

F |τ0=
∫ τ0

0
dτexp

(
i(n̂ ·k)(τ−τ0)

)(
SA + i(β̂ · k̂)SB + (n̂ · β̂)SC

)
. (7.48)

The different terms can be written alternatively as (equal upon integration by
parts)

SA = g
(
δγ+4Ψ+4

.
ξ
)+4e−κ

( .
Φ+

.
Ψ+

..
ξ
)+ 4

k2
d
dτ

(
g(θb +k2ξ)

)
(7.49a)

= g
(
δγ−4Φ

)+ 4
k2

d
dτ

{
g(θb +k2ξ)+k2e−κ

(
Φ+Ψ+

.
ξ
)}

, (7.49b)

SB = 4g
k

(
βγ

(
θb +

2
3
θγ+k2ξ

)
−

.
W

)
−4e−κ

(
βγk

(
Φ+Ψ+

.
ξ
)− 1

k
..
W

)

+ 4
.
βγ

k
e−κ

(
1
3

(θb +2θγ)+k2ξ

)
− 4

k
d
dτ

(
g(χb +W)

)
(7.50a)

= 4
k

gβγ
(
θb +

2
3
θγ+k2ξ

)
+4βγke−κ

(
Φ+Ψ+

.
ξ
)

+ 4
.
βγ

k
e−κ

(
1
3

(θb +2θγ)+k2ξ

)
− 4

k
d
dτ

{
g(χb +W)+e−κ

.
W

}
, (7.50b)
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SC = g
{
βγ

(
3δγ−4δne +4Φ+16Ψ+16

.
ξ
)+κβ

(
δb +4Ψ+4

.
ξ
)+4(χb +W)

}

+
.
βγe−κ

{
3δγ+4(Φ+5Ψ)+16

.
ξ
}+4e−κ

{
(κβ+5βγ)

( .
Φ+

.
Ψ+

..
ξ
)+

.
W

}

+ 4
k2

d
dτ

{
g(κβ+4βγ−3∆β)(θb +k2ξ)−k2 g∆βξ

}
(7.51a)

= g
{

3βγ
(
δγ−

4
3
δne −4Φ

)
+κβ(δb −4Φ)+4(χb +W)

}

+3
.
βγe−κ

{
δγ−4Φ+ 4

3
Ψ

}
+4e−κ

.
W

+ 4
k2

d
dτ

{
g(κβ+4βγ−3∆β)(θb +k2ξ)−k2 g∆βξ

+k2e−κ(κβ+5βγ)
(
Φ+Ψ+

.
ξ
)}

. (7.51b)

The results have been rendered in the traditional form (3.236), where the terms
associated to the SW, ISW and Doppler effects can be clearly identified. There is
an additional ISW-like term proportional to

.
β, that is nearly zero after decoupling

except for a small change at reionization time. We still need to split SA into real
and imaginary part (SA = SR

A + i(β̂ · k̂)SI
A). Once we do this, SI

A can be reabsorbed
into the definition of SB in (7.48) and all the source terms become real, since any
imaginary part would be O(

β2).

7.2.2 Modified two-point function

In order to relate the modification induced by the cosmological bulk flows with the
previous results for a modified two-point function, it is convenient to define the
following coefficients

a` ≡
1
4

∫ τ0

0
dτ j`

(
k(τ0 −τ)

)
SR

A(τ,k) , (7.52a)

b` ≡
1
4

∫ τ0

0
dτ j`

(
k(τ0 −τ)

)(
SB(τ,k)+SI

A(τ,k)
)

, (7.52b)

c` ≡
1
4

∫ τ0

0
dτ j`

(
k(τ0 −τ)

)
SC(τ,k) , (7.52c)

b′
` ≡

1
4

∫ τ0

0
dτ j′`

(
k(τ0 −τ)

)(
SB(τ,k)+SI

A(τ,k)
)

, (7.52d)

b̃` ≡
1
4

∫ τ0

0
dτ

j`
(
k(τ0 −τ)

)

k(τ0 −τ)

(
SB(τ,k)+SI

A(τ,k)
)

. (7.52e)

For simplicity, we will omit the argument of the Bessel functions and the R super-
scripts from now on, unless there is risk of confusion. The first of these coefficients
represents the usual ΛCDM contribution

a` =
1
4

∫ τ0

0
dτ j`

{
g(δγ−4Φ)

}

+
∫ τ0

0
dτ j′`

{
g

(
θb

k
+kξ

)
+ke−κ

(
Φ+Ψ+

.
ξ
)}

. (7.53)
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The next coefficient, that arises from our modification, is

b′
` =

1
4

∫ τ0

0
dτ j′`

{
g(δI

γ−4ΦI)
}

+
∫ τ0

0
dτ j′′`

{
g

(
θI

b

k
+kξI

)
+ke−κ

(
ΦI +ΨI +

.
ξI

)}

+
∫ τ0

0
dτ j′`

{
gβγ

(
θb

k
+ 2

3
θγ

k
+kξ

)
+βγke−κ

(
Φ+Ψ+

.
ξ
)

+
.
βγe−κ

(
1

3k
(θb +2θγ)+kξ

)}

−
∫ τ0

0
dτ j′′`

{
g(χb +W)+e−κ

.
W

}
. (7.54)

The same expression holds for b̃`, after substituting

j′` → j`
k(τ0 −τ)

= 1
`

(
j′`+ j`+1

)
, (7.55a)

j′′` → d
dτ

(
j`

k(τ0 −τ)

)
. (7.55b)

The last coefficient is

c` =
∫ τ0

0
dτ j`

{
1
4

g
[
3βγ

(
δγ−

4
3
δne −4Φ

)
+κβ(δb −4Φ)+4(χb +W)

]

+e−κ
.

W + 3
.
βγ

4
e−κ

[
δγ−4Φ+ 4

3
Ψ

]}

+
∫ τ0

0
dτ j′`

{
g

(
κβ+4βγ−3∆β

)(θb

k
+kξ

)
− g∆βkξ

+ke−κ(κβ+5βγ)
(
Φ+Ψ+

.
ξ
)}

. (7.56)

In our scenario, if we assume that we are working with a CMB map corrected for
the Solar System motion (with the value measured from the kinematic dipole) there
is still a remanent dipolar modulation and aberration

dm =−4βγ , da =−βγ . (7.57)

Using the expression (7.32) to evaluate the effect of a dipolar modulation and aber-
ration, the coefficients that appear in the modified two-point function (7.23) are

α` = b′
`+ c`−4βγa` , (7.58a)

β` = b̃`+βγa` . (7.58b)
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8 Non-comoving Cosmology:
Magnetic fields

This chapter establishes a connection between the existence of large-scale bulk
flows and the production of cosmological magnetic fields. Section 8.1 summarizes
the current observations of magnetic fields at different scales and some proposed
mechanisms to produce them. Until now, we have always treated the baryons as a
single, tightly coupled fluid. In Section 8.2 we will dig deeper into the behaviour of
this plasma. In particular, we will analyze an electron-proton-photon plasma sourc-
ing (and coupled to) macroscopic electromagnetic fields. Section 8.3 outlines the
physical mechanism responsible for the production of magnetic fields and presents
the final results.

8.1 Magnetic fields in the Universe

The origin of the magnetic fields found in galaxies, with strengths in the range of the
µG, and permeating the intergalactic medium in clusters is a long-standing ques-
tion in astrophysics and cosmology [Wid02]. Even more puzzling is the presence of
magnetic fields in voids with strengths 3×10−16 G as those detected in [NV10]. The
evolution of primordially generated magnetic fields from the early Universe to the
onset of structure formation seems to be well understood [BJ04; DN13; Sub16], and
there are compelling astrophysical mechanisms, i.e. dynamos, that can amplify a
preexisting magnetic field several orders of magnitude [DLT99; Wid02]. However,
a definite mechanism that can produce the primordial seed fields is still lacking.

There are different proposed solutions, that can be classified as cosmological or
astrophysical, addressing the origin of the primordial fields. In the cosmological
mechanisms, magnetic fields are generated in the very early Universe, typically
during inflation [TW88; Mar01] or in the electroweak [Vac91] or QCD [QLS89]
phase transitions. On the other hand, in astrophysical mechanisms, magnetic fields
are generated by motions in the plasma during galaxy formation. In general, the
amplitude of the seeds generated by these mechanisms is too small to explain the
observed fields even with dynamo amplification. Depending on the dynamo ampli-
fication rate, a seed field with a strength in the range 10−23 − 10−16 G at galaxy
formation and coherent on comoving scales of 10 kpc is required to reach the ampli-
tude of the detected galactic fields [DLT99].

Among the astrophysical proposals, a particularly appealing one is the so-called
Harrison mechanism. In his pioneering work [Har70], Harrison realized that vor-
ticity in the photon-baryon plasma would lead to the production of electromagnetic
fields. The main obstacle [Ree87] for the Harrison mechanism to work is to achieve
vortical motions in the fluid. Within ΛCDM, to first order in perturbation theory,
vorticity and vector modes decay so, even if they are initially large, only small mag-
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netic fields can be generated [ITS12]. Different routes have been explored to over-
come this difficulty. It is possible to source vector modes, e.g. via topological defects,
but it was shown in [Hol+08] that if vorticity is transferred only by gravitational
interactions, it does not lead to production of magnetic fields. On the other hand,
vorticity and magnetic fields are indeed generated to second order in perturbation
theory in standard ΛCDM [Tak+05; FPM11; Sag+15], but are consequently very
small.

In Chapter 6 we showed that vorticity in the photon-baryon plasma can also be
produced if bulks flows of matter with respect to radiation are present. In such a
case, first order scalar metric perturbations induce non-decaying vortical motions in
the different plasma components. As has been previously discussed, the existence
of large-scale bulk flows in excess of ΛCDM predictions has been a matter of debate
in recent years. While some papers claim to find evidence of unusually large flows
[Kas+09; Atr+15], most of the works find results consistent with ΛCDM [Ade+14b;
Scr+16]. In particular, the largest-scale limits to date on the amplitude of the bulk
flow has been set by the Planck collaboration [Ade+14b] from measurements of the
kinetic Sunyaev-Zeldovich effect in clusters and is given by β< 8.5×10−4 at 95% CL
on 2 Gpc scales1. We will devote this chapter to show that a small background bulk
velocity, compatible with the Planck limit, is able to generate vorticity to source
magnetic fields above the dynamo threshold through the Harrison mechanism.

8.2 Electron-proton-photon plasma

8.2.1 Full system

The full electron-proton-photon plasma, including both Coulomb and Thomson scat-
tering, is described by a set of coupled Boltzmann equations

D fγ
dt

= Cγe[ fγ]+Cγp[ fγ] , (8.1a)

D fe

dt
= Ceγ[ fe]+Cep[ fe] , (8.1b)

D fp

dt
= Cpγ[ fp]+Cpe[ fp] . (8.1c)

The evolution of the momentum for each fluid can be found performing the appropi-
ate integral over the phase-space distributions. Defining

DQ i
s

dτ
≡ 2a−4

∫
d3q

(2π)3 qi D fs

dτ
, s = γ, e, p , (8.2)

1The limit (6.260) applies to the primordial bulk flow β0. In this chapter we use the more conven-
tional bulk flow measured today and denote it as β. Note that both parameterizations are perfectly
equivalent.
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we have

DQ i
γ

dτ
= C i

γe +C i
γp , (8.3a)

DQ i
e

dτ
= C i

eγ+C i
ep , (8.3b)

DQ i
p

dτ
= C i

pγ+C i
pe , (8.3c)

where, as usual, dt = a(1− A/2)dτ. Additionally, from momentum conservation in
Coulomb and Thomson scattering, we have C i

s1s2
= −C i

s2s1
. The collision term for

Thomson scattering in our case is (6.86),

C i
γe =

4
3
ργaneσT

(
∆βi

γe +∆vi
γe +βi

γδne −βi
eδγ−

3
4
βe jπ

i j
γ − 1

2
∆βi

γe A
)

. (8.4)

The collision term for Thomson scattering between photons and protons can be ob-
tained changing the subscripts e → p and σT → (me/mp)2σT . For the Coulomb
coupling we have [FPM11]

C i
ep =−e2anpneηC

(
∆βi

ep +∆vi
ep +∆βi

epδne −βi
e∆nep −

1
2
∆βi

ep A
)

. (8.5)

where ηC is the electrical resistivity, that we will introduce later. We have defined,
for two species a and b,

∆nab ≡ δna −δnb , ∆βi
ab ≡βi

a −βi
b , ∆vi

ab ≡ δvi
a −δvi

b . (8.6)

The left-hand side of the Boltzmann equation is also modified. It can be splitted
into the usual geodesic evolution plus a term taking into account the Lorentz force,
that can be written as (

dqi

dτ

)

EM
=Q

(
e i +εi jk

q j

ε
bk

)
, (8.7)

where e i and bi are the electric and magnetic components, respectively. These
electromagnetic fields are sourced in its turn by the plasma, forming a set of coupled
differential equations. Details on the definition of the electromagnetic fields and the
Maxwell equations, as well as the Liouville operator with electromagnetic fields, can
be consulted in Appendix F.

8.2.2 Electron-proton plasma

We focus now on the electron-proton plasma. We will assume that we have neutral-
ity of charge at the background level, so that np = ne.

• Number density. Since both Thomson and Coulomb scattering conserve the
number of particles, there is no collision term and we have

.
δne +αδne +∂iδvi

e −δi jCi j −Mβe = 0 , (8.8a)
.
δnp +αδnp +∂iδvi

p −δi jCi j −Mβp = 0 , (8.8b)
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where α≡ .xe/xe and Mβ is defined in (F.38). Subtracting both equations and
substituting the metric variables

∆
.nep +α∆nep +∆θep + i(Ψ+2Φ)ki∆β

i
ep = 0 . (8.9)

As we have seen, the imaginary parts of the scalars are O(
β
)
. Then, to leading

order, we get the standard result

∆
.nep +α∆nep +∆θep = 0 . (8.10)

• Momentum. The velocity evolution is governed by

mene

{ .
βi

e + (H+α)βi
e +δ

.vi
e + (H+α)δvi

e +
(
βi

eδ
j
k +β

j
eδ

i
k

)
∂ jδvk

e

− 1
2
∂i A−Mi

βe
+ e

ame
(1+δne )e

i + e
ame

εi
jk(β j

e +δv j
e)b

k
}

= C i
eγ+C i

ep , (8.11)

mpne

{ .
βi

p + (H+α)βi
p +δ

.vi
p + (H+α)δvi

p +
(
βi

pδ
j
k +β

j
pδ

i
k

)
∂ jδvk

p

− 1
2
∂i A−Mi

βp
− e

amp
(1+δnp )ei − e

amp
εi

jk(β j
p +δv j

p)bk
}

= C i
pγ+C i

pe , (8.12)

where Mi
β

is defined in (F.40). Subtracting both equations, making use of
the fact that mp À me, and using the splitting (F.24) for the electromagnetic
fields, we get

∆
.
βi

ep + (H+α)∆βi
ep +∆

.vi
ep + (H+α)∆vi

ep −Mi
∆βep

+
[(
βi

eδ
j
k +β

j
eδ

i
k

)
∂ jδvk

e −
(
βi

pδ
j
k +β

j
pδ

i
k

)
∂ jδvk

p

]

+ e
ame

(
ei

(β) +δei +δne ei
(β)

)

' 1
mene

(
C i

eγ+C i
ep

)
. (8.13)

This equation can be splitted into three different pieces: bulk velocity, diver-
gence and vorticity. The O(

β
)

contribution is

∆
.
βi

ep + (H+α)∆βi
ep +

e
ame

ei
(β) =

4aργσT

3me
∆βi

γe −
ae2neηC

me
∆βi

ep . (8.14)

Taking the divergence and to zeroth order in β

∆
.
θep + (H+α)∆θep +

e
ame

ikiδei = 4aργσT

3me
∆θγe −

ae2neηC

me
∆θep . (8.15)

Keeping only the first order in β, the results for the vorticity are

∆
.
χ+ep + (H+α)∆χ+ep +∆β+

ep
(
k2(B−

.
E)−4

.
Φ+θp

)+β+
e∆θep

+ e
ame

(
δe++δne e+(β)

)

= 4aργσT

3me

(
∆χ+eγ+β+

γδne −β+
e

(
δγ+

1
2
σγ

)
+Ψ∆β+

eγ

)

− ae2neηC

me

(
∆χ+ep +∆β+

epδne −β+
e∆nep +Ψ∆β+

ep
)

. (8.16)
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An equivalent expression can be found for the opposite helicity.

8.2.3 Maxwell equations
We can particularize the Maxwell equations to our case, using the fact that the
vorticity and the imaginary parts for scalars are O(

β
)
. At the background level, the

only non-trivial Maxwell equation is (F.29)

.e(β) = ea3ne∆βep . (8.17)

At the perturbation level, we must write the four Maxwell equations (F.30). The
first one is

k̂ ·δe =− ea3ne

ik
∆nep −S∂e , (8.18)

S∂e ≡ (Ψ+2Φ) e3
(β) . (8.19)

The second one, for both helicities, is2

δ
.e±∓kb± = ea3ne∆χ

±
ep +S±

e , (8.20)

S±
e ≡ ( .

Ψ+2
.
Φ−k2(B−

.
E)

)
e±(β) +2ea3neΨ∆β

±
ep . (8.21)

The third Maxwell equation for both helicities is

δ
.
b±±kδe± = S±

b , (8.22)

S±
b ≡±kΦe±(β) . (8.23)

Finally, the last equation is
k̂ ·δb = 0 . (8.24)

8.2.4 Time scales
It is very important to notice that there are several, widely different, time scales in
the problem. The most relevant for the scattering processes are listed below3.

• Electrical resistivity.

η≡ ηC

a
= πe2pme logΛ

aT3/2 ' 10−9 s
(
1+ z
103

)−1/2 (
logΛ

10

)
. (8.25)

In this work, the Coulomb logarithm [Jac98] is taken to be logΛ= 10.

• Coulomb time scale.

τC ≡ me

ae2neηC
' 2×104 s

xe

(
1+ z
103

)−1/2
. (8.26)

• Thomson time scale.

τT ≡ me

aσTργ
' 5×1011 s

(
1+ z
103

)−3
. (8.27)
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Figure 8.1: Relevant time scales for the problem.

There are other time scales in the problem, like the cosmological ones, H−1 and
k−1 ' 1014 s (Mpc−1/k), or the time scale of recombination α = .xe/xe. The different
time scales, relative to η, are depicted in Figure 8.1. It is clear that there is a strong
hierarchy of scales, with η¿ τC ¿ τT ,H−1,α−1. This circumstance will prove very
convenient to find approximate solutions in the next section.

8.2.5 Evolution of subsystems

The evolution of the proton-electron-photon plasma can be splitted into three sub-
systems. They can be arranged in such a way that each subsystem does not back-
react on the previous one. Moreover, the strong hierarchy of scales will allow us to
find approximate solutions. The strategy can be summarized as follows.

I) Find ∆βep and e(β).

II) Find ∆θep, ∆nep and k̂ ·δe.

III) Find ∆χ±ep and δe±.

IV) Use δe± to compute the magnetic field produced.

At this point it is convenient to redefine the electromagnetic fields as

E i ≡ δei

C , E i
(β) ≡

ei
(β)

C , B i ≡ δbi

C , C ≡ ea5/2neτC , (8.28)

where
.
C = 0 in a matter-dominated universe4. We also have

e
ame

δei = 1
a1/2η

E i . (8.29)

2We have used ε± jk∂ jbk →±k b±.
3Following [FPM11], for the numerical estimates we assume a matter-dominated universe.
4Even if we are in a radiation-dominated universe

.
C =O(H) and we will learn in this section that

this kind of terms can be safely neglected.
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Additionally, we can write

E (β) = E(β)β̂ , (8.30a)

E = E⊥ (
(β̂ · ê+) ê−+ (β̂ · ê−) ê+

)+E ∥k̂

= E⊥ (
β̂− (β̂ · k̂)k̂

)+E ∥k̂ , (8.30b)

B =B (
(β̂ · ê+) ê−− (β̂ · ê−) ê+

)

= iB(β̂∧ k̂) . (8.30c)

as we did for the vorticity in (6.188). Finally, as we will see, the equations that we
obtain are the standard ones for a charged plasma plus two kind of sources. The
first type arises from the additional interaction of electrons with photons (Thomson
dragging)

Tβ ≡
4

3τT
∆βγe , (8.31a)

Tθ ≡
4

3τT
∆θγe , (8.31b)

Tχ ≡
4

3τT

(
∆χγe +βγδne −βe

(
δγ+

1
2
σγ

)
+Ψ∆βγe

)
. (8.31c)

The second type of sources comes from the modifications O(
β
)

in the evolution equa-
tions

S∂E ≡ (Ψ+2Φ)E(β) , (8.32a)

SE ≡ ( .
Ψ+2

.
Φ−k2(B−

.
E)

)E(β) +
2a1/2

τC
Ψ∆βep , (8.32b)

SB ≡ kΦE(β) , (8.32c)

Sχ ≡βe∆θep +∆βep
(
θp −4

.
Φ+k2(B−

.
E)

)+ 1
a1/2η

δneE(β)

+ 1
τC

(
∆βepδne −βe∆nep +Ψ∆βep

)
. (8.32d)

Now, we can proceed to solve the subsystems.

Bulk velocity

The evolution of the bulk velocity difference obeys

∆
.
βep +

(
1
τC

+α+H
)
∆βep +

1
a1/2η

E(β) = Tβ , (8.33a)

.
E(β) −

a1/2

τC
∆βep = 0 . (8.33b)

It can be rewritten in matrix form

d
dτ

(
∆βep
E(β)

)
=−

M︷ ︸︸ ︷(
γ 1

η̃

− 1
τ̃C

0

)(
∆βep
E(β)

)
+

(Tβ
0

)
, (8.34)
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where
γ≡ 1

τC
+α+H , η̃≡ a1/2η , τ̃C ≡ a−1/2τC . (8.35)

The eigenvalues of M are

λ± =± ip
ητC

+ 1
2
γ∓ iγ2pητC

8
+O(

η
)

. (8.36)

The homogeneous solution oscillates with frequency ω = 1/pητC and is exponen-
tially damped with characteristic time γ−1. We can invert M

M−1 =
(
0 −τ̃C
η̃ γη̃τ̃C

)
→ M−2 =

(−η̃τ̃C −γη̃τ̃2
C

γη̃2τ̃C γ2η̃2τ̃2
C − η̃τ̃C

)
, (8.37)

and then look for a particular solution
(
∆βep
E(β)

)
=M−1

(Tβ
0

)
−M−1 d

dτ

(
∆βep
E(β)

)

=M−1
(Tβ

0

)
−M−1 d

dτ
(M−1)

(Tβ
0

)
−M−2 d

dτ

(Tβ
0

)

+M−2 d2

dτ2

(
∆βep
E(β)

)
+M−1 d

dτ
(M−1) d

dτ

(
∆βep
E(β)

)
. (8.38)

Neglecting the time-scale of recombination and the expansion of the Universe we
have γ' 1/τC and d

dτ

(M−1)' 0. Under these conditions

(
∆βep
E(β)

)
'M−1

(Tβ
0

)
−M−2

( .
Tβ
0

)
+O(

η2)

'
(

0
η̃Tβ

)
+

(
η̃τ̃C

.
Tβ

0

)
+O(

η2) . (8.39)

Finally, we have the following particular solution

∆βep ' ητC
.
Tβ+O(

η2) , (8.40a)

Eβ ' a1/2ηTβ+O(
η2) , (8.40b)

and, in particular,

e(β) =
4a2σTργ

3e
∆βγe . (8.41)

Number density

The three equations governing the charge separation are

∆
.
θep +

(
1
τC

+α+H
)
∆θep +

ik
a1/2η

E ∥ = Tθ , (8.42a)

∆
.nep +α∆nep +∆θep = 0 , (8.42b)

E ∥+ a1/2

ikτC
∆nep +S∂E = 0 . (8.42c)
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We can reduce the system reintroducing E ∥ in the first equation. In this case we
see that we can actually neglect S∂E since only the imaginary parts of the scalars
contribute, i.e. its contribution is O(

β2). The new system is

∆
.nep +α∆nep +∆θep = 0 , (8.43a)

∆
.
θep +

(
1
τC

+α+H
)
∆θep −

1
τCη

∆nep = Tθ . (8.43b)

Written in matrix form

d
dτ

(
∆nep
∆θep

)
=−

Mθ︷ ︸︸ ︷(
α 1

− 1
ητC

γ

)(
∆nep
∆θep

)
+

(
0
Tθ

)
. (8.44)

The eigenvalues of Mθ are

λ± =± ip
ητC

+ 1
2
γ+O(p

η
)

. (8.45)

The homogeneous solution has the same behaviour as the velocity difference. Fol-
lowing the same steps as in the previous section, we find the particular solution

∆nep '−ητCTθ+O(
η2) , (8.46a)

∆θep ' ητC
.
Tθ+O(

η2) . (8.46b)

Vorticity

The whole system is

∆
.
χep +

(
1
τC

+α+H
)
∆χep +

1
a1/2η

E⊥ = Tχ−Sχ , (8.47a)

.
E⊥−kB− a1/2

τC
∆χep =SE , (8.47b)

.
B+kE⊥ =SB . (8.47c)

We can actually neglect the backreaction of the magnetic field5 so the system can
be reduced to

d
dτ

(
∆χep
E⊥

)
=−

(
γ 1

η̃

− 1
τ̃C

0

)(
∆χep
E⊥

)
+

(Tχ−Sχ
SE

)
. (8.48)

The homogeneous solution is the same as for the β system. The particular solution
is

∆χep '−a−1/2τCSE +ητC

( .
Tχ−

.
Sχ

)
+a−1/2ητC

.
SE +O(

η2) , (8.49a)

E⊥ ' a1/2η(Tχ−Sχ)+ηSE +ητC
.
SE +O(

η2) . (8.49b)

5This can be justified writing first the equation for
..
E⊥. Under our approximation scheme (η¿

k−1) the effect of the magnetic field is equivalent to the change Tχ−Sχ→ Tχ−Sχ+a−1/2kτCSB . This
new term would be second order in the final results, so we can neglect it altogether.
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Plugging in the previous results, we have

Sχ ' δneTβ+η
( .
Tβδne +βeTθ

)
+ητCβe

.
Tθ

+ητC
.
Tβ

(
k2(B−

.
E)−4

.
Φ+θp

)+O(
η2) , (8.50a)

SE ' a1/2η
( .
Ψ+2

.
Φ−k2(B−

.
E)

)Tβ+2a1/2ηΨ
.
Tβ+O(

η2) , (8.50b)

SB ' a1/2ηkΦTβ+O(
η2) , (8.50c)

and finally

∆χep ' ητC

{ .
Tχ−

.
T βγ

(
δne +2Ψ

)−Tβ
( .
Ψ+2

.
Φ−k2(B−

.
E)+δne

)}+O(
η2) , (8.51a)

E⊥ ' a1/2η
(Tχ−δneTβ

)+O(
η2) . (8.51b)

Now we can use the third equation (8.47c) to compute the magnetic field produced
.
B =−kE⊥+SB
=−a1/2kη

(Tχ−Tβ(δne +Φ)
)

, (8.52)

with

Tβ =
4

3τT
∆βγe , (8.53a)

Tχ =
4

3τT

(
∆χγe +βγδne −βe

(
δγ+

1
2
σγ

)
+∆βγeΨ

)
. (8.53b)

8.3 Magnetic field production
Before moving on to the computation of the magnetic field produced, let us summa-
rize what we have learnt in the previous sections. In the first place, we have seen
that the evolution of electromagnetic fields and the velocity difference between elec-
trons and protons are described by a coupled system of differential equations. This
system contains different time scales, where the electrical resistivity η is by far the
shortest, see (8.25). This allowed us to simplify the discussion, finding only the
leading O(

η
)

behaviour.
The three subsystems that we identified in Section 8.2.5, describing the electron-

proton velocity difference, show a similar behaviour. The homogeneous part of
these subsystems (without the sources T ) corresponds to the usual electron-proton
plasma (without photons). There is an equilibrium configuration for the electron-
proton plasma where the electric field is zero and there is no charge separation. If
the system is placed out of this equilibrium configuration, an electric field is created
in response, acting as a restoring force. These homogeneous solutions oscillate with
characteristic frequency ω ' 1/pητC and are damped with a damping coefficient
Γ' 1/2τC.

The presence of photons modifies this picture. Due to the large mass difference,
mp À me, the Thomson coupling of photons to electrons is much more effective
than to protons, producing a differential dragging and introducing the sources T
in the electron-proton-photon plasma. The particular solutions of this system are
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proportional to the sources, see (8.40, 8.46, 8.51), that in its turn are proportional
to the velocity difference between photons and baryons. This is the essence of the
Harrison mechanism: the Thomson dragging of the photons produces an electric
field proportional to the photon-baryon velocity difference.

Cosmological bulk flows introduce two important differences with respect to
ΛCDM. First of all, a homogeneous electric field is generated, pointing in the bulk
flow direction and with an amplitude

E(β) ≡ a−2e(β) =
4σTργ

3e
∆βγe . (8.54)

Its evolution is represented in Figure 8.2. The detection of this weak field would
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Comoving electric field (β= 8.5×10−4)

Figure 8.2: Comoving electric field at the background level.

be a smoking gun of the model, but its amplitude seems too small to have any
observable effect. However, the most important difference with respect to ΛCDM
is that now we have non-decaying vortical motions in the plasma, so can use the
Harrison mechanism through (8.52) to produce magnetic fields. Rewritten in terms
of the physical magnetic field B ≡ a−2δb, and working in the Newtonian gauge, the
final equation governing the magnetic field production is

d
dτ

(a2B)=−4a2kσTργ

3e

(
∆χγe +βe

(
δne −δγ−

1
2
σγ

)
+∆βγe(Ψ−Φ)

)
. (8.55)

This expression generalizes the Harrison mechanism to the case in which there
are bulk flows in the plasma. It is also analogous to the one obtained in previous
studies of production of magnetic fields in second order cosmological perturbation
theory [FPM11; Sag+15]. As in previous chapters, the scalar perturbations follow
the ΛCDM evolution while the behaviour of the bulk velocities is represented in
Figure 6.1. The vorticity ∆χγe is computed by solving the Boltzmann hierarchy
(6.119-6.122) truncated at `max = 1000.

The magnetic field power spectrum is defined by
〈

Bi(z,k)B∗
j (z,k′)

〉
= (2π)3δ(k−k′)(β̂∧ k̂)i(β̂∧ k̂) jPB(z,k) , (8.56)
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as

PB(z,k)= |TB(z,k)|2 2π2

k3 PR(k) , (8.57)

where PR(k) is the usual nearly scale-invariant primordial curvature power spec-
trum and TB(z,k) is the magnetic field transfer function computed using (8.55). In
Figure 8.3 the comoving magnetic field (1+ z)−2|TB|P1/2

R is plotted as a function of
redshift and scale.

There are two points worth emphasizing. On the one hand, the magnetic power
spectrum on small and large scales has a power-law behaviour

√
k3PB(z < 100,k)∝

{
k1.2 , k À 0.1 Mpc−1,
k2.8 , k ¿ 0.1 Mpc−1,

(8.58)

so that the magnetic field is steeply rising as k1.2 on small scales, until the turbu-
lence scale kicks in. On the other hand, the comoving magnetic field is continuously
produced, with an important boost at recombination and remaining essentially con-
stant for z < 100.

Following [FPM11], we also define the magnetic field smoothed over a comoving
scale L as

B2
L(z)= 1

2π2

∫ ∞

0
dk k2PB(z,k)exp

(
−k2L2

2

)
. (8.59)
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Figure 8.3: (Left) Comoving magnetic field as a function of the scale for different
redshifts. Notice that the z = 0 and z = 10 curves overlap. Even though there is an
important production immediately after decoupling, afterwards the comoving mag-
netic field is constant at all scales and it is not affected by reionization. (Right)
Comoving magnetic field as a function of the redshift for different scales. The mag-
netic field presents some features inherited from the acoustic oscillations before
decoupling. The main production takes place during and immediately after decou-
pling. Once the photon-baryon plasma is decoupled, the comoving magnetic field is
constant.

The magnetic field BL at the time of galaxy formation zgf = 10 is depicted in
Figure 8.4. The numerical computation of the transfer function becomes harder for
smaller scales, and some of the usual approximations in CMB calculations cannot be
trusted for scales k > 10 Mpc−1 [BLT11]. Therefore, we only compute the spectrum



8.3. MAGNETIC FIELD PRODUCTION 195

100 101 102 103

L [Mpc]

10−27

10−26

10−25

10−24

10−23

|B
L
|[

G
]

Physical magnetic field (z = 10, β= 8.5×10−4)

Figure 8.4: Physical magnetic field smoothed over a given scale L. It is evaluated
at a redshift z = 10, where the dynamo mechanism should begin to operate [Wid02].
Since the comoving field is constant at late times, the results can be easily rescaled
to any redshift.

up to scales k = 9 Mpc−1. The field BL can be well approximated as a power law at
small scales, yielding the approximate result

|BL(z < 100)| ' 5.7×10−24 G
(

L
Mpc

)−1.2 (
1+ z
11

)2 (
β

8.5×10−4

)
, (8.60)

for L < 1 Mpc where β is the relative bulk velocity between photons and baryons (to-
day). These results show that, although the field seems too weak to directly account
for the intergalactic magnetic fields or magnetic fields in voids, the mechanism pro-
posed provides a seed field large enough to potentially explain the galactic magnetic
fields, after a suitable dynamo amplification.
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Concluding remarks

This thesis has probed the viability of three different dark-sector models, that
are representative examples of three different approaches to a cosmology beyond
ΛCDM.

I) Hidden gravitons. In this work, we have derived constraints on the mass and
coupling strength of an additional massive graviton. These new spin-2 par-
ticles are a generic feature of different extensions of the gravitational sector.
In our analysis, we have introduced hidden gravitons in the simplest way: as
an additional field described by a linear Fierz-Pauli Lagrangian. In addition
to the standard fifth-force tests, we have worked out in detail the emission
of these hidden gravitons from different astrophysical objects. The computed
emission rates allow us to place limits on the parameters of the theory, to
avoid anomalies in the observed energy-loss rates. The most important chan-
nels in the Sun and red giants are the Compton and the bremsstrahlung pro-
cesses. However, in the supernova case, these processes are suppressed for
two reasons: I) the electron gas is degenerated and the Pauli blocking be-
comes very efficient, II) the electric field created by the nucleus is screened, an
effect that we have neglected for the other stars but that suppress decisevely
the bremsstrahlung emission in supernovae. Also in this case, there is an ap-
preciable number of positrons in the medium, but their overall contribution
to the energy loss turns out to be negligible. The dominant process, at these
nuclear densities, turns out to be nucleon-nucleon bremsstrahlung, mediated
by the strong interaction. In all the stars the photon-photon process, which is
forbidden for massless gravitons, is found to be relevant.

The astrophysical bounds complement the fifth-force constraints and are or-
ders of magnitude more competitive than other restrictions in the same range
of masses, like tests on atomic systems [MT15]. Further work in this direction
would involve a full numerical analysis and a modification of the stellar mod-
els. This kind of study has already been carried out in the case of axions and it
would help to refine the constraints and clarify the impact on the stellar struc-
ture, as a novel form of energy transfer for large coupling strengths. Following
the analogy with the axion case, another effect that might be relevant in our
range of masses is the mixing of the hidden graviton with photons in electro-
magnetic fields [RS88]. This effect was originally studied for axions and mass-
less gravitons, while in [BMR09] the analysis was extended to the massive-
graviton case. The results of light-shining-through-walls experiments, that
have been already used to place limits on the axion and hidden-photon prop-
erties, could be adapted to our case and may strengthen the constraints in a
narrow range of masses.

II) Repulsive fuzzy dark matter. In this work we have studied the cosmological
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effects of a repulsive self-coupling in a model of ultralight dark matter. As
expected, if the coupling is small enough we recover the usual results for fuzzy
dark matter: the scalar field starts its evolution frozen and then transitions to
a phase where it is rapidly oscillating and behaves (on average) as CDM. On
the other hand, if the quartic self-interaction is large, a new background phase
appears. As the scalar field rolls down the potential and starts oscillating, it
behaves first as radiation (on average) until finally settling down on the usual
matter phase.

At the perturbation level, FDM models lead to a suppression of growth at
small scales, as compared with CDM. We found that the self-interaction en-
hances this effect. This result could have been naively anticipated, since the
quartic interaction introduces an additional source of pressure in the dark
matter fluid. Interestingly enough, we also found that the large-scale struc-
ture results for a given FDM model (mass term only) can be mimicked by a
repulsive FDM model (mass and quartic self-interaction) with a higher mass.

So far, we have only analyzed linear observables, but in fact larger effects on
non-linear scales are expected. The available parameter space could be fur-
ther constrained in the future using cosmological information with non-linear
observables, as more simulations with ultralight fields become available. Even
without non-linear information, using the aforementioned equivalence at the
linear level, one could put forward the proposal that similar results on non-
linear structure formation could be obtained for higher masses with a positive
λ. For instance, results for m̃ = 10−22 eV might be reproduced with masses
m ' 10−5 eV adding a self-interaction of the order of λ ' 10−24. Neverthe-
less, a definitive answer to this suggestive proposal requires a fully non-linear
analysis.

III) Cosmological bulk flows. In this work we have developed the theoretical frame-
work needed to analyze the cosmology of non-comoving fluids. We have shown
that it is possible to relax one of the underlying assumptions of ΛCDM, co-
moving CMB and matter frames, while retaining a homogeneous and isotropic
universe. The main ingredients of the model can be succintly summarized as
follows.

• If there exists a primordial bulk flow (β¿ 1) between the dark and the
visible sectors, it is possible to define a cosmic center of mass frame that
observes a RW background (up to corrections O(

β2)). The model is char-
acterized by a single additional free parameter. We take it to be the ve-
locity of the visible sector with respect to the cosmic center of mass frame
deep in the radiation era (β0). Using Planck data, a conservative limit to
be in agreement with all observations is β0 < 1.6×10−3.

• The subsequent evolution gives rise to relative velocities between all the
different components of the visible sector, e.g. between baryons and pho-
tons, even if they were initially comoving.

The background behaviour is the usual FLRW, but the couplings between the
background bulk flows and the perturbations lead to a modified evolution. To
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first order in the bulk flows, i.e. O(
β
)
, we reproduce the usual ΛCDM re-

sults for the main cosmological observables, like the matter power spectrum
and the CMB temperature power spectrum. We find that, while the effects
on the autocorrelation spectra are O(

β2), there are O(
β
)

corrections on every
cross-correlation between scalar perturbations. Additionally, these corrections
present a dipolar pattern, producing deviations from statistical isotropy. We
have observed that the additional contributions to the cross-correlation spec-
tra become important for small scales.

A similar pattern of statistical anisotropy of order β arises in the CMB two-
point function. Even though it is still under study, it may alleviate the tension
that seems to arise when interpreting the anisotropic signal in the CMB as
a pure kinematical effect [Ade+16b]. This tension corresponds to the dipolar
modulation anomaly [Buc+16; Sch+16] that arises when analyzing low multi-
poles. The modulation points in a direction different from the kinematic dipole
and seems to have a larger amplitude [Akr+19].

Another distinctive feature of this model is the production of vorticity, which
is absent in ΛCDM. The relative motion of the fluids induces O(

β
)

couplings
between scalar and vector modes. This in its turn leads to the production of
vorticity and vector metric perturbations, sourced by the scalar modes. This
vector contribution also leaves a characteristic imprint in the velocity spec-
trum, with a statistically anisotropic quadrupolar modulation. The tensor
modes that would be induced by scalar and vector perturbations are O(

β2).
More importantly, the production of vorticity in the photon-baryon plasma
opens an avenue for the creation of magnetic fields. The origin of the galactic
magnetic fields is a long-standing open question. The Harrison mechanism is
a production mechanism that needs vorticity in the photon-baryon plasma to
operate, but unfortunately it is absent in ΛCDM to first order in cosmological
perturbation theory. Several studies have proven that in second-order cosmo-
logical perturbation theory vorticity and magnetic fields are created, but with
an amplitude far too small to act as seed fields for the galactic dynamo ampli-
fication mechanism [Tak+05; FPM11; Sag+15]. Our setup is similar in some
regards to a second order computation, but our relevant scale β0 is larger than
a typical cosmological perturbation and so it is our vorticity production. While
being consistent with all observations, we produce magnetic fields that might
be large enough to account for the origin of the observed galactic fields. The
spectrum also has a distinctive tensor structure, related to the direction of the
bulk flow, that could be further probed.

One direction for future work involves extending our analysis up to very early
times. In this work we have treated the dark sector as a whole and we have
only assumed that, while it behaves as CDM at late times, it is subdominant
with respect to radiation at early times, at least during the period of interest.
However, as pointed out before, at very early times some DM scenarios may
induce O(

β
)

anisotropic corrections on the background. These corrections are
not sourced at later times, where the analysis of the present work holds, so
their observation could be challenging. To extend the study in this direction or
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to go one step further and find O(
β2) contributions would force us to include

corrections over the background geometry. In particular, the lowest order cor-
rections arising from the exact Bianchi geometry describing our configuration
of moving fluids. Our present results can be interpreted as the zeroth order
of a two-parameter expansion, where in addition to the standard cosmologi-
cal perturbations the background contains corrections over RW. To tackle this
kind of problems, a general N-parameter perturbation scheme has been devel-
oped [SBG04] and successfully applied to take into account the leading order
effects of non-linear structures [GCM17]. It is important to keep in mind that
once we go to higher orders in perturbation theory the definition of observables
and its connection with gauge invariance becomes subtle [BS99] and must be
carefully analyzed [YD17].



A Conventions

A.1 Semantic conventions
When referring to the energy-momentum tensor

• full: background + perturbations

• total: adding all components

When referring to the cosmological history

• very late: up to z ∼ 2

• late: after decoupling

• early: radiation dominated

• very early: before neutrino decoupling or nucleosynthesis

In general

• universe: a given cosmological model

• Universe: the observable one

• structure: loosely used to refer to ‘clumpy’ aggregates of matter in the Uni-
verse: galaxies, clusters, filaments...

A.2 Acronyms

ADD Arkani-Hamed-Dimopoulos-Dvali
ALP axion-like particles
BBN Big Bang nucleosynthesis
BD Boulware-Deser
CDM cold dark matter
CMB cosmic microwave background
CM center of mass
DM dark matter
dRGT de Rham-Gabadadze-Tolley
FDM fuzzy dark matter
FLRW Friedmann-Lemaître-Robertson-Walker
GR General Relativity
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HB horizontal branch
ISL inverse-square law
ISW integrated Sachs-Wolfe
KK Kaluza-Klein
kSZ kinetic Sunyaev-Zeldovich
LG Local Group
LSS large-scale structure
NFW Navarro-Frenk-White
NR non-relativistic
QCD quantum chromodynamics
QED quantum electrodynamics
QFT quantum field theory
RG/RGB red giant/red-giant branch
RSA radiation-streaming approximation
RW Robertson-Walker
SM Standard Model
SN supernova
SVT scalar-vector-tensor
SW Sachs-Wolfe
SZ Sunyaev-Zeldovich
TC/TCA tight coupling/tight-coupling approxima-

tion
ULA ultralight axion
vDVZ van Dam-Veltman-Zakharov
WIMP weakly interacting massive particle
WKB Wentzel-Kramers-Brillouin

A.3 Miscellanea
• We use natural units with ħ = c = kB = 1 and Lorentz-Heaviside electromag-

netic units.

• Partial derivatives are denoted with ‘∂’ or ‘,’. Covariant derivatives are de-
noted with ‘∇’ or ‘;’.

• QFT-related conventions follow [Sre07].

• GR-related conventions follow [Wal10] and are summarized in Appendix D.

• εµνσρ is the Levi-Civita symbol, with ε0123 = 1. The Levi-Civita pseudotensor
is defined as εµνρσ ≡p−gεµνρσ.

• The Fourier transform is defined as

F [ f (x)]≡ f̃ (k)≡
∫

d3x e−ik·x f (x) . (A.1)

The inverse transformation is

F−1 [
f̃ (k)

]= f (x)=
∫

d3k
(2π)3 eik·x f̃ (k) . (A.2)
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In general, we will use the same symbol for a variable and its Fourier trans-
form, i.e. f̃ ≡ f .

• Symmetrization and antisymmetrization of indices are defined as in [Wal10],
e.g.

T[µν] ≡
1
2

(
Tµν−Tνµ

)
, T(µν) ≡

1
2

(
Tµν+Tνµ

)
. (A.3)
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B Useful numbers

Most of the following conversion factors have been taken from the exceedingly
useful tables of [KT94].

1 eV= 1.7827×10−33 g 1 g−1 = 5.6095×1032 eV

1 eV= 5.0677×104 cm−1 1 cm−1 = 1.9733×10−5 eV

1 eV= 1.5192×1015 s−1 1 s−1 = 6.5822×10−16 eV

1 eV= 1.6022×10−12 erg 1 erg= 6.2414×1011 eV

1 eV= 1.1605×104 K 1 K= 8.6170×10−5 eV

1 eV= 1.5637×1029 Mpc−1 1 Mpc−1 = 6.3952×10−30 eV

e = 0.30282

σT = 6.6524×10−25 cm2 = 1.7084×10−15 eV−2

= 6.9871×10−74 Mpc2

G = 6.6720×10−8 cm3 g−1 s−2 = 6.7065×10−57 eV−2

= 2.7429×10−115 Mpc2

H0 = 100h km s−1 Mpc−1 = h
2997.9

Mpc−1

= 2.33×10−4
(

h
0.7

)
Mpc−1 = 1.5×10−33

(
h

0.7

)
eV

ρcrit =
3H2

0

8πG
= 1.8791×10−29h2 gcm−3 = 1.0541×104h2 eVcm−3

= 8.0995×10−11h2 eV4

ργ =
π

15
T4 = 2.0018×10−15

(
T

2.7255 K

)4
eV4

ρν = Neff
7
8

(
4

11

)4/3
ργ = 1.3848×10−15

(
Neff

3.046

)
eV4

1 s= 2.9979×1010 cm

1 Mpc= 3.2615×106 year= 3.0856×1024 cm

1 G= 6.9256×10−2 eV2 = 1.6934×1057 Mpc−2

1 ergg−1 s−1 = 7.3237×10−37 eV

1 gcm−3 = 4.3102×1018 eV4
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10−23 eV= 1.5637×106 Mpc−1 ' 15.2 nHz' 1
2 year

10−5 eV= 1.5637×1024 Mpc−1 ' 15.2 GHz
3σT

8πG
= 1.7957×10−17 G

Mpc−2

πGρ

m2 = 1.7064×10−20
(
10−23 eV

m

)2 (
ρ

ρcrit

)
h2

Table B.1 contains the values of the cosmological parameters obtained from the
CMB and combining CMB and BAO measurements, as reported in [Agh+18]. Ta-
ble B.2 contains some useful estimations, obtained with a cosmology given by the
central values in Table B.1. We summarize here some definitions that have not
been included in the introduction (even though some of them have been defined in
Chapter 5). The coordinate time, related to the conformal time as dt = adτ, is

t =
∫ a

0

da
H . (B.1)

The angular diameter distance is defined as

dA =
∫ 1

a

da
aH . (B.2)

The angular diameter distance allows us to compute the angle subtended by a phys-
ical length scale at a given redshift as

θ = λ

dA
(B.3)

This angular scale in its turn can be (approximately) related with a multipole ` '
π/θ. The sound horizon for the photon-baryon plasma is

rs =
∫ a

0

da
aH

1p
3(1+R)

, R ≡ 3ρb

4ργ
. (B.4)

The characteristic wavenumber that sets the damping scale in the CMB is [Ade+14a]

k−2
D =−1

6

∫ τ

0

dτ′
.
κ

R2 +16(1+R)/15
(1+R)2 . (B.5)

Another quantity that is commonly used in the literature to quantify the clustering
is

σ2
R =

∫
k2dk
2π2 Pm(k)

[
3 j1(kR)

kR

]2
, (B.6)

where it is usually evaluated at R = 8h−1 Mpc.
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Parameter Planck only Planck+BAO

Ωbh2 0.02237±0.00015 0.02242±0.00014
Ωch2 0.1200±0.0012 0.11933±0.00091
100θMC 1.04110±0.00031 1.04101±0.00029
τ 0.0544±0.0073 0.0561±0.0071
log(1010As) 3.044±0.014 3.047±0.014
ns 0.9649±0.0042 0.9665±0.0038
h 0.6736±0.0054 0.6766±0.0042
Ωm 0.3153±0.0073 0.3111±0.0056
Ωmh2 0.1430±0.0011 0.14240±0.00087
ΩΛ 0.6847±0.0073 0.6889±0.0056
σ8 0.8111±0.0060 0.8102±0.0060
109As 2.100±0.030 2.105±0.030
Age [Gyr] 13.797±0.023 13.787±0.020
zreio 7.67±0.73 7.82±0.71
z∗ 1089.92±0.25 1089±0.21
r∗ [Mpc] 144.43±0.26 144.57±0.22
100θ∗ 1.04110±0.00031 1.04119±0.00029
zeq 3402±26 3387±21
keq [Mpc−1] 0.010384±0.000081 0.010339±0.000063
kD [Mpc−1] 0.14087±0.00030 0.14078±0.00028

ΩK −0.011+0.013
−0.012 0.0007±0.0037∑

mν [eV] < 0.241 < 0.120
Neff 2.89+0.36

−0.38 2.99+0.34
−0.33

r0.002 < 0.101 < 0.106
w0 −1.57+0.50

−0.40 −1.04+0.10
−0.10

Table B.1: Constraints on the base-ΛCDM model (68% limits) using only CMB
data and combining with BAO measurements, as reported in [Agh+18]. The mid-
dle part of the table presents some quantities that can be derived from the base
parameters. These include: the fluctuation amplitude at 8h−1 Mpc (σ8), the acous-
tic damping scale (kD), the horizon scale and redshift at matter-radiation equality
(keq, zeq), the redshift, sound horizon and angular scale at decoupling (z∗, r∗, θ∗).
On the lower part, some one-parameter extensions are included with 95% lim-
its. The equation of state of dark energy (w0) can be further constrained in-
cluding measurements of the expansion history from supernovae. In this case,
w0(+SNe)=−1.028±0.031 (68% limit).



210 APPENDIX B. USEFUL NUMBERS

z
a

τ
[M

pc]
t[year]

d
A

[M
pc]

k
[M

pc −
1]

k
[h/M

pc]
`

C
M

B

Today
0

1
1.4×

10
4

1.4×
10

10
0

2.2×
10 −

4
3.3×

10 −
4

O
( 1)

M
-Λ

eq.
0.29

0.78
1.3×

10
4

1.0×
10

10
1.2×

10
3

2.0×
10 −

4
3.0×

10 −
4

O
( 1)

R
eio.

7.82
0.11

5.1×
10

3
6.6×

10
8

9.1×
10

3
3.8×

10 −
4

5.6×
10 −

4
O

( 1)
D

ec.
1090

9.2×
10 −

4
280

3.7×
10

5
1.4×

10
4

4.8×
10 −

3
7.1×

10 −
3

33
M

-R
eq.

3387
3.0×

10 −
4

113
5.1×

10
4

–
0.010

0.015
72

1.3×
10

4
7.6×

10 −
5

33
4051

–
0.032

0.048
221

C
M

B
1st

peak
3.4×

10
4

2.9×
10 −

5
13

625
–

0.077
0.12

538
C

M
B

2nd
peak

5.2×
10

4
1.9×

10 −
5

8.7
270

–
0.12

0.17
810

C
M

B
3rd

peak
6.4×

10
4

1.6×
10 −

5
7.2

184
–

0.14
0.21

978
D

am
p.scale

7.5×
10

4
1.3×

10 −
5

6.1
133

–
0.17

0.25
1148

C
M

B
4th

peak
9.1×

10
4

1.1×
10 −

5
5.0

90
–

0.2
0.3

1390
N

onlin.scale
R

.era
10

7
10 −

7
0.46

7.6×
10 −

3
–

22
32

1.5×
10

5

Table
B

.2:
T

he
first

five
row

s
correspond

to
im

portant
periods

in
the

history
of

the
U

niverse:
the

present
tim

e,
m

atter-cosm
ological

constant
equality,reionization,decoupling

and
m

atter-radiation
equality.

For
each

ofthem
w

e
indicate

the
corresponding

redshift,scale
factor,tim

e
and

angular
diam

eter
distance.

W
e

also
include

the
horizon

scale,k=
H

,at
that

tim
e

and
the

C
M

B
m

ultipole
that

roughly
corresponds

to
this

scale.T
he

follow
ing

row
s

are
the

scales
corresponding

to
the

firstC
M

B
peaks,the

acoustic
dam

ping
scale

and
the

non-
linearity

scale.
T

he
finalrow

corresponds
to

a
redshift

deep
in

the
radiation-dom

inated
era.

B
efore

decoupling,d
A

rem
ains

essentially
constant

w
ith

d
A (z>

zdec )'
1.4×

10
4

and
w

e
om

it
it.



C Special functions

Most of the results come from [AW01].

C.1 Spherical Bessel functions
The spherical Bessel functions are related to the ordinary Bessel functions through

j`(x)=
√

π

2x
J`+1/2(x) . (C.1)

Some particular values

j0(x)= sin x
x

, (C.2a)

j1(x)= sin x
x2 − cos x

x
, (C.2b)

j2(x)=
(

3
x3 − 1

x

)
sin x− 3

x2 cos x . (C.2c)

Limiting values

j`(x)' x`

(2`+1)!!
, x ¿ 2

√
(2`+2)(2`+3)

`+1
, (C.3a)

j`(x)∼ 1
x

sin
(
x− `π

2

)
, x À 1 . (C.3b)

Recurrence relations

j`(x)
x

= j`−1 + j`+1

2`+1
, (C.4a)

j′`(x)= ` j`−1 − (`+1) j`+1

2`+1
. (C.4b)

Integrals
∫ ∞

−∞
j`(x) j`′(x)dx = π

2`+1
δ``′ , (C.5a)

∫ ∞

0
j`(ar) j`(br)r2dr = π

2a2δ(a−b) . (C.5b)

From equation (6.574.2) in [GR07] we have (λ> 0, ν+µ+1> 0)

∫ ∞

0
Jν(t)Jµ(t)t−λdt =

Γ (λ)Γ
(
ν+µ−λ+1

2

)

2λΓ
(
µ−ν+λ+1

2

)
Γ

(
ν+µ+λ+1

2

)
Γ

(
ν−µ+λ+1

2

) , (C.6)
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and from this result we get (n < 2)

∫ ∞

0
j`(x) j`′(x)

dx
x1−n = 2nπ

8

Γ(2−n)Γ
(
`+`′+n

2

)

Γ
(
`′−`−n

2 + 3
2

)
Γ

(
`′+`−n

2 +2
)
Γ

(
`−`′−n

2 + 3
2

) , (C.7)

∫ ∞

0
( j`(x))2 dx

x
= π

8
Γ(2)Γ(`)

(Γ(3/2))2Γ(`+2)
= 1

2`(`+1)
. (C.8)

Differential equation

x2 d2

dx2 j`+2x
d
dx

j`+
[
x−`(`+1)

]
j` = 0 . (C.9)

From equation (9.3.1) in [AS72] we have

Jν(x)∼ 1p
2πν

(e x
2ν

)ν
, νÀ 1 , (C.10)

j`(x)∼ 1
2`

(e
2

)` ( x
`

)`+1/2
, `À 1 . (C.11)

C.2 Legendre polynomials
Some particular values are

P0(x)= 1 , P2(x)= 1
2

(3x2 −1) ,

P1(x)= x , P3(x)= 1
2

(5x3 −3x) . (C.12)

Recurrence relation

(2`+1)xP`(x)= (`+1)P`+1(x)+`P`(x) , (C.13a)

P ′
`+1 −P ′

`−1 = (2`+1)P` . (C.13b)

Some additional relations that can be derived include

P ′
`+1 = (`+1)P`+ xP ′

` , (1− x2)P ′
` = `P`−1 −`xP` ,

P ′
`−1 =−`P`+ xP ′

` , (1− x2)P ′
` = (`+1)xP`− (`+1)P`+1 . (C.14)

Special values

P`(1)= 1 , (C.15a)

P2`(0)= (−1)`(2`)!
22`(`!)2 , (C.15b)

P2`+1(0)= 0 . (C.15c)

Differential equation

(1− x2)
d2

dx2 P`−2x
d
dx

P`+`(`+1)P` = 0 . (C.16)
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Parity
P`(−x)= (−1)`P`(x) . (C.17)

Orthogonality ∫ 1

−1
dxP`P`′ =

2δ``′
2`+1

. (C.18)

Expansion of the exponential

e−ik·x =
∞∑

`=0
(−i)`(2`+1) j`(kx)P`(k̂ · x̂) . (C.19)

C.3 Associated Legendre functions
Definition

Pm
n (x)= 1

2nn!
(1− x2)(m/2) dm+n

dxm+n (x2 −1) , −n ≤ m ≤ n (C.20a)

Pm
n (x)= (1− x2)(m/2) dm

dxm Pn(x) , (C.20b)

P−m
n (x)= (−1)m (n−m)!

(n+m)!
Pm

n (x) . (C.20c)

Parity
Pm

n (−x)= (−1)n+mPm
n (x) . (C.21)

Orthogonality

∫ 1

−1
Pm

p (x)Pm
q (x)dx = 2

2q+1
(q+m)!
(q−m)!

δpq , (C.22)
∫ 1

−1
Pm

n (x)Pk
n(x)(1− x2)−1 dx = (n+m)!

m(n−m)!
δmk . (C.23)

Miscellanea

P0
n(x)= Pn(x) , (C.24)

Pm
n (±1)= 0 , for m 6= 0 . (C.25)

Several recurrence relations can be found in [AW01, p.774].

C.4 Spherical harmonics
Definition

Y m
n (θ,φ)= (−1)m

√
2n+1

4π
(n−m)!
(n+m)!

Pm
n (cosθ)eimφ . (C.26)

Relation to Legendre polynomials

P`(cosθ)=
√

4π
2`+1

Y 0
` (θ,φ) . (C.27)
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Conjugation

Y m
n

∗ = (−1)mY−m
n . (C.28)

Orthonormality

∫ 2π

0
dφ

∫ 1

−1
d(cosθ) Y m1

n1
∗(θ,φ)Y m2

n2
(θ,φ)= δn1n2δm1m2 . (C.29)

Specific values with our convention

Y 0
0 = 1p

4π
, Y 0

2 =
√

5
4π

(
3
2

cos2θ− 1
2

)
,

Y 0
1 =

√
3

4π
cosθ , Y+1

2 =−
√

5
24π

3sinθ cosθ eiφ ,

Y+1
1 =−

√
3

8π
sinθ eiφ , Y+2

2 =
√

5
96π

3sin2θ e2iφ . (C.30)

Addition of angular momenta

cosθ Y m
` = Ac

`mY m
`+1 +Bc

`mY m
`−1 , (C.31a)

eiφ sinθ Y m
` =−A+

`mY m+1
`+1 +B+

`mY m+1
`−1 , (C.31b)

e−iφ sinθ Y m
` = A−

`mY m−1
`+1 −B−

`mY m−1
`−1 , (C.31c)

where

Ac
`m =

(
(`−m+1)(`+m+1)

(2`+1)(2`+3)

)1/2

, Bc
`m =

(
(`−m)(`+m)
(2`−1)(2`+1)

)1/2

,

A+
`m =

(
(`+m+1)(`+m+2)

(2`+1)(2`+3)

)1/2

, B+
`m =

(
(`−m)(`−m−1)

(2`−1)(2`+1)

)1/2

,

A−
`m =

(
(`−m+1)(`−m+2)

(2`+1)(2`+3)

)1/2

, B−
`m =

(
(`+m)(`+m−1)

(2`−1)(2`+1)

)1/2

. (C.32)

Addition theorem

P`(n̂ · k̂)= 4π
2`+1

∑̀

m=−`
Y m
` (n̂)Y m∗

` (k̂) . (C.33)

C.5 Proof of some results

Computation of I(1)
``′(n̂, n̂′). The integral to solve is

I(1)
``′(n̂, n̂′)=

∫
Y 0
` (n̂ · k̂)Y 0

`′(n̂
′ · k̂)d2k̂ . (C.34)
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Using the addition property (C.33) of the spherical harmonics we have

I(1)
``′(n̂, n̂′)=

p
(2`+1)(2`′+1)

4π

∫
d2k̂ P`(n̂ · k̂)P`′(n̂′ · k̂)

= 4πp
(2`+1)(2`′+1)

∫
d2k̂

∑̀

m=−`
Y m
` (n̂)Y m∗

` (k̂)

×
`′∑

m′=−`′
Y m′∗
`′ (n̂′)Y m′

`′ (k̂)

= 4πp
(2`+1)(2`′+1)

∑

m,m′
Y m
` (n̂)Y m′∗

`′ (n̂′)δ`′`δm′m

= 4π
2`+1

δ`′`
∑
m

Y m
` (n̂)Y m∗

` (n̂′)

= δ`′`P`(n̂ · n̂′) . (C.35)

Computation of I(2)
``′(n̂, n̂′). The integral to solve is1

I(2)
``′(n̂, n̂′)=

∫
(β̂ · k̂)Y 0

` (n̂ · k̂)Y 0
`′(n̂

′ · k̂)d2k̂ . (C.36)

First we choose a frame

Ẑ = n̂ , (C.37)

Ŷ = ip
2

(
Ê+− Ê−

)

= 1√
1− (n̂ · β̂)2

(n̂∧ β̂) , (C.38)

X̂ = 1p
2

(
Ê++ Ê−

)

= 1√
1− (n̂ · β̂)2

(
β̂− (n̂ · β̂)n̂

)
. (C.39)

Then we get the projection

β̂ · k̂ = 1p
2

√
1− (n̂ · β̂)2 k̂ · (Ê++ Ê−

)+ (n̂ · β̂)(n̂ · k̂) . (C.40)

Our original integral can be splitted in two pieces

I(2)
``′(n̂, n̂′)= (n̂ · β̂)I1 +

1p
2

√
1− (n̂ · β̂)2

(I2 +I∗
2
)

, (C.41)

1It is possible to derive the same results in a different way. One can argue that the integral must
be of the form I(2) = (β̂ · n̂)A+ (β̂ · n̂′)B. Then we have

3
∫

d2β̂

4π
(β̂ · n̂)I(2) = A+ (n̂ · n̂′)B =

∫
d2 k̂ (n̂ · k̂)Y 0

` (n̂ · k̂)Y 0
`′ (n̂

′ · k̂)

3
∫

d2β̂

4π
(β̂ · n̂′)I(2) = (n̂ · n̂′)A+B =

∫
d2 k̂ (n̂′ · k̂)Y 0

` (n̂ · k̂)Y 0
`′ (n̂

′ · k̂)

Using the properties of the Legendre polynomials, we can straightforwardly compute the integrals
on the right-hand side and then obtain A and B.
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where

I1 =
∫

d2k̂ (n̂ · k̂)Y 0
` (n̂ · k̂)Y 0

`′(n̂
′ · k̂)

= Ac
`,0

∫
d2k̂Y 0

`+1(n̂)Y 0
`′(n̂

′)+Bc
`,0

∫
d2k̂Y 0

`−1Y 0
`′(n̂

′)

= Ac
`,0I(1)

`+1,`′(n̂, n̂′)+Bc
`,0I(1)

`−1,`′(n̂, n̂′)

=
(
Ac
`,0δ`+1,`′ +Bc

`,0δ`−1,`′
)
P`′(n̂ · n̂′) , (C.42)

and

I2 =
∫

d2k̂ (k̂ · Ê+)Y 0
` (n̂ · k̂)Y 0

`′(n̂
′ · k̂)

=
√

4π
2`′+1

`′∑

m′=−`′
Y m′
`′ (n̂′)

∫
d2k̂Y 0

` (n̂ · k̂)(k̂ · Ê+)Y m′∗
`′ (k̂)

=
√

4π
2`′+1

`′∑

m′=−`′
Y m′
`′ (n̂′)

∫ 1

−1
dµY 0

` (µ)

×
∫

dϕp
2

(
A−
`′,m′Y m′−1∗

`′+1 (µ,ϕ)−B−
`′,m′Y m′−1∗

`′−1 (µ,ϕ)
)

(C.43)

= (2π)3/2
p

2`′+1
Y+1
`′ (n̂′)

∫ 1

−1
dµY 0

` (µ)
(
A−
`′,+1Y 0

`′+1(µ)−B−
`′,+1Y 0

`′−1(µ)
)

=
√

2π
2`′+1

Y+1
`′ (n̂′)

(
A−
`′,+1δ`,`′+1 −B−

`′,+1δ`,`′−1

)
. (C.44)

In the basis we have chosen

Y+1
`′ = −1√

1− (n̂ · β̂)2

√
2`′+1

4π
1p

`′(`′+1)

P+1
`′ (n̂ · n̂′)

√
1− (n̂ · n̂′)2

×
{
n̂′ · β̂− (n̂ · β̂)(n̂ · n̂′)− i n̂′ · (n̂∧ β̂)

}
. (C.45)

With these results, we have

I(2)
``′(n̂, n̂′)= (n̂ · β̂)P`′(n̂ · n̂′)

(
Ac
`,0δ`+1,`′ +Bc

`′+1,0δ`,`′+1

)

− 1p
`′(`′+1)

P+1
`′ (n̂ · n̂′)

√
1− (n̂ · n̂′)2

{
n̂′ · β̂− (n̂ · β̂)(n̂ · n̂′)

}

×
(
A−
`′,+1δ`,`′+1 −B−

`+1,+1δ`+1,`′
)

. (C.46)

Using the properties of the Legendre polynomials

(2`+1)
√

1− x2 P+1
` = `(`+1)(P`−1 −P`+1) , (C.47)

P+1
` =

√
1− x2 P ′

` , (C.48)

P ′
`+1 = (`+1)P`+ xP ′

` , (C.49)

P ′
`−1 =−`P`+ xP ′

` , (C.50)

we find
I(2)
``′(n̂, n̂′)= H`(n̂′, n̂)δ`+1,`′ +H`′(n̂, n̂′)δ`,`′+1 , (C.51)
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with

H`(n̂, n̂′)= `+1p
(2`+1)(2`+3)

{
(β̂ · n̂)P`−

P ′
`

`+1
(
(β̂ · n̂′)− (n̂ · n̂′)(β̂ · n̂)

)}

= `+1p
(2`+1)(2`+3)

1
1− (n̂ · n̂′)2

{(
(β̂ · n̂)− (n̂ · n̂′)(β̂ · n̂′)

)
P`

+ (
(β̂ · n̂′)− (n̂ · n̂′)(β̂ · n̂)

)
P`+1

}
. (C.52)

Finally, note that β̂ is an arbitrary vector so we can actually write these equations
in vector form, as in the main text.

Computation of Q``′ . We need to compute

Q`′` =
2`+1

2

∫ 1

−1
dx (1− x)P ′

`′(x)P`(x) . (C.53)

Using the properties of the Legendre polynomials

(1− x)P ′
` = P ′

`+ (`+1)P`−P ′
`+1 , (C.54)

= P ′
`−`P`−P ′

`−1 , (C.55)

(1− x)P ′
` = P ′

`+1 − (`+1)P`+1 −P ′
` , (C.56)

we find the recurrence relation

(1− x)P ′
`+1 = (`+1)(P`−P`+1)− (1− x)P ′

` . (C.57)

Then we can prove (by induction) that

(1− x)P ′
` =−`P`− (−1)`

`−1∑
n=0

(−1)n(2n+1)Pn . (C.58)

The coefficients are

Q`′` =
2`+1

2

{
−`′

∫ 1

−1
dxP`P`′ − (−1)`

′ `
′−1∑

n=0
(−1)n(2n+1)

∫ 1

−1
dxP`Pn

}

= (2`+1)

{
−` δ`′`

2`+1
− (−1)`

′ `
′−1∑

n=0
(−1)n 2n+1

2`+1
δn`

}
. (C.59)

We can distinguish three cases

Q`′` = 0 , `′ < ` , (C.60a)

Q`′` =−` , `′ = ` , (C.60b)

Q`′` =−(−1)`
′+`(2`+1) , `′ > ` . (C.60c)
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D Metric Formulae

D.1 Definitions

All the conventions follow [Wal10]. The signature of the metric is mostly plus
(−,+,+,+). The metric tensors are defined as

Γ
ρ
µν ≡

1
2

gρσ
(
∂µgνσ+∂νgµσ−∂σgµν

)
, (D.1a)

Rσ
ρµν ≡ ∂µΓσνρ−∂νΓσµρ+ΓσµαΓανρ−ΓσναΓαµρ , (D.1b)

Rµν ≡ Rα
µαν , (D.1c)

R ≡ gµνRµν , (D.1d)

Gµν ≡ Rµν−
1
2

gµνR , (D.1e)

Cµνσρ ≡ Rµνσρ− gµ[σRρ]ν+ gν[σRρ]µ+
1
3

gµ[σgρ]νR . (D.1f)

Two useful expresions relating Christoffel symbols and the metric are

Γααµ = ∂µ log
p−g , (D.2)

∂µgνσ = gασΓανµ+ gανΓασµ . (D.3)

In terms of the Christoffel symbols, the covariant derivatives are

∇µvν = ∂µvν+Γνµσvσ , (D.4a)

∇µwν = ∂µwν−Γσµνwσ , (D.4b)

The divergence of a vector field can be expressed as

∇µvµ = 1p−g
∂µ

(p−g vµ
)

. (D.5)

For a perturbed metric

gµν ≡ g(0)
µν+δgµν , (D.6)

gµν ≡ gµν(0) +δgµν , (D.7)

two useful expressions are

δgµν '−gµα(0) gνβ(0)δgαβ , (D.8)

det
(
g(0) +δg

)
'

(
1+ gµν(0)δgµν

)
det

(
g(0)

)
. (D.9)
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D.2 Perturbations on a FLRW space-time

D.2.1 Background

The line element for a flat FLRW space-time is

ds2 = a2(τ)
(
−dτ2 +dxidxi

)
, (D.10)

For the background, we only display the non-zero components and we define H =
.a/a.

Christoffel symbols

Γ0
00 =H , (D.11a)

Γ0
i j = δi jH , (D.11b)

Γi
0 j = δi

jH . (D.11c)

Ricci tensor

R00 =−3
.
H , (D.12a)

Ri j = δi j

( .
H+2H2

)
, (D.12b)

a2R0
0 = 3

.
H , (D.12c)

a2R i
j = δi

j

( .
H+2H2

)
, (D.12d)

R = 6a−2
( .
H+H2

)
. (D.12e)

Einstein tensor

G00 = 3H2 , (D.13a)

G i j =−δi j

(
2

.
H+H2

)
, (D.13b)

a2G0
0 =−3H2 , (D.13c)

a2G i
j =−δi

j

(
2

.
H+H2

)
. (D.13d)

Riemann tensor

a−2R0i0 j = δi j
.
H , (D.14a)

a−2R0i jk = 0 , (D.14b)

a−2Ri jkl =H2 (
δikδl j −δilδ jk

)
. (D.14c)
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Weyl tensor

a−2C0i0 j = 0 , (D.15a)

a−2C0i jk = 0 , (D.15b)

a−2Ci jkl = 0 . (D.15c)

D.2.2 General perturbations
We define a generic perturbation over the homogeneous RW metric as

ds2 = a2(τ)
(
− (1− A)dτ2 +2Bidτdxi + (δi j +Hi j)dxidx j

)
, (D.16)

that is,

gµν = a2
(−1+ A Bi

Bi δi j +Hi j

)
, gµν = 1

a2

(−1− A Bi

Bi δi j −H i j

)
. (D.17)

Christoffel symbols

δΓ0
00 =−1

2
.

A , (D.18a)

δΓ0
0i =−1

2
∂i A+HBi , (D.18b)

δΓi
00 = BiH− 1

2
∂i A+

.
Bi , (D.18c)

δΓ0
i j =−1

2
(
∂ jBi +∂iB j

)+ 1
2

.
Hi j +HHi j +δi j AH , (D.18d)

δΓi
0 j =−1

2

(
∂iB j −∂ jBi

)
+ 1

2
.

H i
j , (D.18e)

δΓi
jk =

1
2

(
∂kH i

j +∂ jH i
k −∂iH jk

)
−HBiδ jk . (D.18f)

Ricci tensor

δR00 =−1
2
∂i∂i A+∂i

.
Bi − 1

2
..
H i

i +H
(
∂iBi − 3

2
.

A− 1
2

.
H i

i

)
, (D.19a)

δR0i =−1
2
∂ j∂ jBi +

1
2
∂i∂ jB j + 1

2
∂ j

.
H j

i −
1
2
∂i

.
H j

j +Bi(
.
H+2H2)−H∂i A , (D.19b)

δRi j =
1
2
∂i∂ j A− 1

2
(∂ j

.
Bi +∂i

.
B j)+

1
2

..
Hi j +Hi j(

.
H+2H2)

+ 1
2

(∂i∂kHk
j +∂ j∂kHk

i −∂i∂ jHk
k −∂k∂kHi j)+H(

.
Hi j −∂ jBi −∂iB j)

+δi j
1
2
H

( .
A−2∂kBk +

.
Hk

k

)
+δi j A(

.
H+2H2) , (D.19c)

a2δR0
0 =

1
2
∂i∂i A−∂i

.
Bi + 1

2
..
H i

i +3A
.
H+H

(
3
2

.
A−∂iBi + 1

2
.

H i
i

)
, (D.19d)

a2δR0
i =

1
2
∂ j∂ jBi −

1
2
∂i∂ jBi − 1

2
∂ j

.
H j

i +
1
2
∂i

.
H j

j +H∂i A , (D.19e)
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a2δR i
0 =−1

2
∂ j∂ jBi + 1

2
∂i∂ jB j + 1

2
∂ j .

H i
j −

1
2
∂i .

H j
j −2Bi(

.
H−H2)−H∂i A , (D.19f)

a2δR i
j =

1
2
∂i∂ j A− 1

2
∂i .

B j −
1
2
∂ j

.
Bi + 1

2
..
H i

j

+ 1
2
∂i∂kHk j +

1
2
∂ j∂kH ik − 1

2
∂k∂kH i

j −
1
2
∂i∂ jHk

k

+δi
j A(

.
H+2H2)+H

( .
H i

j −∂iB j −∂ jBi + 1
2
δi

j(
.

A−2∂kBk +
.

Hk
k)

)
, (D.19g)

a2δR = ∂i∂i A−2∂i
.

Bi +
..
H i

i +∂i∂ jH i j −∂i∂iH
j
j

+6A(
.
H+H2)+3H(

.
A−2∂iBi +

.
H i

i ) . (D.19h)

Einstein tensor

δG00 =
1
2
∂i∂ jH i j − 1

2
∂i∂iH

j
j +H(

.
H i

i −2∂iBi) , (D.20a)

δG0i =−1
2
∂ j∂ jBi +

1
2
∂i∂ jB j + 1

2
∂ j

.
H j

i −
1
2
∂i

.
H j

j −H∂i A−2
( .
H+ 1

2
H2

)
Bi , (D.20b)

δG i j =
1
2
∂i∂ j A− 1

2
(
∂i

.
B j +∂ j

.
Bi

)+ 1
2

..
Hi j −

1
2
∂k∂kHi j

+ 1
2

(
∂i∂kHk

j +∂ j∂kHk
i

)
− 1

2
∂i∂ jHk

k

−2
( .
H+ 1

2
H2

)
Hi j +H ( .

Hi j −∂iB j −∂ jBi
)

−δi j

{1
2
∂k∂k A−∂k

.
Bk + 1

2
..
Hk

k +
1
2
∂k∂lHkl − 1

2
∂k∂kH l

l

+H
( .
A−2∂kBk +

.
Hk

k

)
+2

( .
H+ 1

2
H2

)
A

}
, (D.20c)

a2δG0
0 =−1

2
∂i∂ jH i j + 1

2
∂ j∂ jH i

i +H
(
2∂iBi −

.
H i

i

)
−3H2A , (D.20d)

a2δG0
i =

1
2
∂ j∂ jBi −

1
2
∂i∂

jB j −
1
2
∂ j

.
H j

i +
1
2
∂i

.
H j

j +H∂i A , (D.20e)

a2δG i
0 =−1

2
∂ j∂ jBi + 1

2
∂i∂ jB j +

1
2
∂ j

.
H i j − 1

2
∂i .

H j
j −H∂i A−2Bi

( .
H−H2

)
, (D.20f)

a2δG i
j =

1
2
∂i∂ j A− 1

2
(∂ j

.
Bi +∂i .

B j)+
1
2

..
H i

j −
1
2
∂k∂kH i

j

+ 1
2
∂k∂ jH i

k +
1
2
∂i∂kHk

j −
1
2
∂i∂ jHk

k +H
( .
H i

j −∂ jBi −∂iB j

)

−δi
j

{1
2
∂k∂k A−∂k

.
Bk +2A

( .
H+ 1

2
H2

)
+H

( .
A−2∂kBk +

.
Hk

k

)

+ 1
2

..
Hk

k +
1
2
∂k∂lHkl − 1

2
∂k∂kH l

l

}
. (D.20g)

Riemann tensor

a−2δR0i0 j =−1
2
∂i∂ j A+ 1

2
(
∂iB j +∂ jBi

)− 1
2

..
Hi j −

.
HHi j

+ 1
2
H (

∂iB j +∂ jBi −
.

Hi j −δi j
.

A
)

, (D.21a)
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a−2δR0i jk = ∂i∂[ jBk] +∂[k
.

H j]i +Hδi[ j∂k]A+2H2δi[kB j] , (D.21b)

a−2δRi jkl = ∂i∂[lHk] j +∂ j∂[kHl]i −
1
2
Hδi[l

( .
Hk] j +2HHk] j −∂ jBk] −∂k]B j

)

− 1
2
Hδ j[k

( .
Hl]i +2HHl]i −∂iBl] −∂l]Bi

)+H2A
(
δikδ jl −δilδ jk

)
.

(D.21c)

Weyl tensor

a−2δC0i0 j =−1
4
∂i∂ j A+ 1

4
(
∂i

.
B j +∂ j

.
Bi

)

− 1
4

( ..
Hi j +∂ j∂

kHki +∂i∂
kHk j −∂k∂kHi j −∂i∂ jHk

k

)

+ 1
12
δi j

(
∂k∂k A−2∂k .

Bk +
..
Hk

k −2∂k∂lHkl +2∂l∂lHk
k

)
, (D.22a)

a−2δC0i jk = ∂i∂[ jBk] +∂[k
.

H j]i +
1
2
δi[k

(
∂l∂lB j] −∂ j]∂

lBl −∂l .
H j]l +∂ j]

.
H l

l

)
, (D.22b)

a−2δCi jkl = ∂i∂[lHk] j +∂ j∂[kHl]i

+ 1
2
δi[l

(
∂k]∂ j A−∂k]

.
B j −∂ j

.
Bk] +

..
Hk] j +∂k]∂

mHm j +∂ j∂
mHk]m

−∂m∂mHk] j −∂k]∂ jHm
m

)

+ 1
2
δ j[k

(
∂l]∂i A−∂l]

.
Bi −∂i

.
Bl] +

..
Hl]i +∂l]∂

mHmi +∂i∂
mHk]m

−∂m∂mHl]i −∂l]∂iHm
m

)

+ 1
3
δi[kδl] j

(
∂m∂m A−2∂m .

Bm +
..
Hm

m +∂m∂nHmn −∂n∂nHm
m

)
. (D.22c)

D.2.3 Scalar perturbations

For scalar perturbations we have

A =−2Ψ , Bi = ∂iB ,

Hi j =−2Φδi j +2∂i∂ jE . (D.23)

Christoffel symbols

δΓ 0
(S) 00 =

.
Ψ , (D.24a)

δΓ 0
(S) 0i = ∂iΨ+H∂iB , (D.24b)

δΓ i
(S) 00 = ∂iΨ+∂i .

B+H∂iB , (D.24c)

δΓ 0
(S) i j =−∂i∂ j(B−

.
E)+2H

(
∂i∂ jE−δi j(Φ+Ψ)

)
−δi j

.
Φ , (D.24d)

δΓ i
(S) 0 j = ∂i∂ j

.
E−δi

j
.
Φ , (D.24e)

δΓ i
(S) jk = ∂i∂ j∂kE−δ jkH∂iB+δ jk∂

iΦ−δi
k∂ jΦ−δi

j∂kΦ . (D.24f)
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Ricci tensor

δR(S)00 = 3
..
Φ+∂i∂iΨ+∂i∂i(

.
B−

..
E)+H

(
3(

.
Φ+

.
Ψ)+∂i∂i(B−

.
E)

)
, (D.25a)

δR(S)0i = 2∂i
.
Φ+

( .
H+2H

)
∂iB+2H∂iΨ , (D.25b)

δR(S) i j = ∂i∂ j(Φ−Ψ)−∂i∂ j(
.

B−
..
E)+2

( .
H+2H2

)
∂i∂ jE−2H∂i∂ j(B−

.
E)

−δi j

{ ..
Φ−∂k∂kΦ+2(

.
H+2H2)(Φ+Ψ)

+H
( .
Ψ+5

.
Φ+∂k∂k(B−

.
E)

)}
, (D.25c)

a2δR 0
(S) 0 =−3

..
Φ−∂i∂iΨ−∂i∂i(

.
B−

..
E)−6

.
HΨ

−H
(
3(

.
Φ+

.
Ψ)+∂i∂i(B−

.
E)

)
, (D.25d)

a2δR 0
(S) i =−2∂i

.
Φ−2H∂iΨ , (D.25e)

a2δR i
(S) 0 = 2∂i .

Φ+2H∂iΨ−2(
.
H−H2)∂iB , (D.25f)

a2δR i
(S) j = ∂i∂ j(Φ−Ψ)−∂i∂ j(

.
B−

..
E)−2H∂i∂ j(B−

.
E)

−δi
j

{ ..
Φ−∂k∂kΦ+2(

.
H+2H2)Ψ+H

( .
Ψ+5

.
Φ+∂k∂k(B−

.
E)

)}
, (D.25g)

a2δR(S) =−6
..
Φ+4∂i∂

iΦ−2∂i∂
iΨ−2∂i∂

i ( .
B−

..
E

)−12
( .
H+H2

)
Ψ

−6H
(
3

.
Φ+

.
Ψ+∂i∂

i(B−
.

E)
)

. (D.25h)

Einstein tensor

δG (S)00 = 2∂i∂
iΦ−2H

(
3

.
Φ+∂i∂

i(B−
.

E)
)

, (D.26a)

δG (S)0i = 2∂i
.
Φ−2

( .
H+ 1

2
H2

)
∂iB+2H∂iΨ , (D.26b)

δG (S) i j = ∂i∂ j(Φ−Ψ)−∂i∂ j(
.

B−
..
E)−4

( .
H+ 1

2
H2

)
∂i∂ jE−2H∂i∂ j(B−

.
E)

+δi j

{
2H

(
2

.
Φ+

.
Ψ+∂k∂

k(B−
.

E)
)
+2

..
Φ−∂k∂

k(Φ−Ψ)

+∂k∂
k(

.
B−

..
E)+4

( .
H+ 1

2
H2

)
(Φ+Ψ)

}
, (D.26c)

a2δG 0
(S) 0 =−2∂i∂

iΦ+6H2Ψ+2H
(
3

.
Φ+∂i∂

i(B−
.

E)
)

, (D.26d)

a2δG 0
(S) i =−2∂i

( .
Φ+HΨ)

, (D.26e)

a2δG i
(S) 0 = 2∂i ( .

Φ+HΨ)−2
( .
H−H2

)
∂iB , (D.26f)

a2δG i
(S) j = ∂i∂ j(Φ−Ψ)−∂i∂ j(

.
B−

..
E)−2H∂i∂ j(B−

.
E)

+δi
j

{
2H

(
2

.
Φ+

.
Ψ+∂k∂

k(B−
.

E)
)
+2

..
Φ−∂k∂

k(Φ−Ψ)

+∂k∂
k(

.
B−

..
E)+4

( .
H+ 1

2
H2

)
Ψ

}
. (D.26g)
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Riemann tensor

a−2δR(S)0i0 j = ∂i∂ jΨ+∂i∂ j(
.

B−
..
E)+δi j

{ ..
Φ+H(

.
Φ+

.
Ψ)+2

.
HΦ

}

+H∂i∂ j(B−
.

E)−2
.
H∂i∂ jE , (D.27a)

a−2δR(S)0i jk = 2δi[k∂ j]
( .
Φ+HΨ+H2B

)
, (D.27b)

a−2δR(S) i jkl = 2
(
δi[k∂l]∂ j +δ j[l∂k]∂i

){
Φ−H(B−

.
E)+2H2E

}

+4δi[lδk] jH
( .
Φ+H(Ψ+2Φ)

)
. (D.27c)

Weyl tensor

a−2δC(S)0i0 j =
1
2

(
∂i∂ j −

1
3
δi j∂

k∂k

){
Φ+Ψ+ (

.
B−

..
E)

}
, (D.28a)

a−2δC(S)0i jk = 0 , (D.28b)

a−2δC(S) i jkl =
(
δi[k∂l]∂ j +δ j[l∂k]∂i +

2
3
δi[lδk] j∂

m∂m

){
Φ+Ψ+ (

.
B−

..
E)

}
. (D.28c)

D.2.4 Vector perturbations
For vector perturbations we have

A = 0 , Bi =−Si ,

Hi j = ∂iF j +∂ jFi , ∂iS i = ∂iF i = 0 . (D.29)

Christoffel symbols

δΓ 0
(V) 00 = 0 , (D.30a)

δΓ 0
(V) 0i =−HSi , (D.30b)

δΓ i
(V) 00 =−

.
S i −HS i , (D.30c)

δΓ 0
(V) i j =

1
2

(
∂iS j +∂ jSi +∂i

.
F j +∂ j

.
Fi

)+H (
∂iF j +∂ jFi

)
, (D.30d)

δΓ i
(V) 0 j =

1
2

(
∂iS j −∂ jS i

)
+ 1

2

(
∂i .

F j +∂ j
.

F i
)

, (D.30e)

δΓ i
(V) jk = ∂ j∂kF i +δ jkHS i . (D.30f)

Ricci tensor

δR(V)00 = 0 , (D.31a)

δR(V)0i =
1
2
∂ j∂ j

(
Si +

.
Fi

)−Si

( .
H+2H2

)
, (D.31b)

δR(V) i j =
1
2

(
∂i

.
S j +∂ j

.
Si

)+ 1
2

(
∂i

..
F j +∂ j

..
Fi

)+ (
∂iF j +∂ jFi

)( .
H+2H2

)

+H (
∂iS j +∂ jSi +∂i

.
F j +∂ j

.
Fi

)
, (D.31c)

a2δR 0
(V) 0 = 0 , (D.31d)
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a2δR 0
(V) i =−1

2
∂ j∂ j

(
Si +

.
Fi

)
, (D.31e)

a2δR i
(V) 0 =

1
2
∂ j∂ j

(
S i +

.
F i

)
+2S i

( .
H−H2

)
, (D.31f)

a2δR i
(V) j =

1
2

(
∂ j

.
S i +∂i .

S j

)
+ 1

2

(
∂ j

..
F i +∂i ..

F j

)

+H
(
∂ jS i +∂iS j +∂ j

.
F i +∂i .

F j

)
, (D.31g)

δR(V) = 0 . (D.31h)

Einstein tensor

δG (V)00 = 0 , (D.32a)

δG (V)0i =
1
2
∂ j∂ j

(
Si +

.
Fi

)+2Si

( .
H+ 1

2
H2

)
, (D.32b)

δG (V) i j =
1
2

(
∂i

.
S j +∂ j

.
Si

)+ 1
2

(
∂i

..
F j +∂ j

..
Fi

)−2
(
∂iF j +∂ jFi

)( .
H+ 1

2
H2

)

+H (
∂iS j +∂ jSi +∂i

.
F j +∂ j

.
Fi

)
, (D.32c)

a2δG 0
(V) 0 = 0 , (D.32d)

a2δG 0
(V) i =−1

2
∂ j∂ j

(
Si +

.
Fi

)
, (D.32e)

a2δG i
(V) 0 =

1
2
∂ j∂ j

(
S i +

.
F i

)
+2S i

( .
H−H2

)
, (D.32f)

a2δG i
(V) j =

1
2

(
∂ j

.
S i +∂i .

S j

)
+ 1

2

(
∂ j

..
F i +∂i ..

F j

)

+H
(
∂ jS i +∂iS j +∂ j

.
F i +∂i .

F j

)
. (D.32g)

Riemann tensor

a−2δR(V)0i0 j =−∂(i

{ .
S j) +

..
F j) +H(S j) +

.
F j))+2

.
HF j)

}
, (D.33a)

a−2δR(V)0i jk = ∂i∂[k
(
S j] +

.
F j]

)+2H2δi[ jSk] , (D.33b)

a−2δR(V) i jkl =Hδi[k
{
∂l]

(
S j +

.
F j

)+∂ j
(
Sl] +

.
Fl]

)+2H (
∂l]F j +∂ jFl]

)}

+Hδ j[l
{
∂k]

(
Si +

.
Fi

)+∂i
(
Sk] +

.
Fk]

)+2H (
∂k]Fi +∂iFk]

)}
. (D.33c)

Weyl tensor

a−2δC(V)0i0 j =−1
2
∂(i

( .
S j) +

..
F j)

)
, (D.34a)

a−2δC(V)0i jk =
(
∂i∂[k −

1
2
δi[k∂

l∂l

)(
S j] +

.
F j]

)
, (D.34b)

a−2δC(V) i jkl =−1
2
δi[k

{
∂l]

( .
S j +

..
F j

)+∂ j
( .
Sl] +

..
Fl]

)}

− 1
2
δ j[l

{
∂k]

( .
Si +

..
Fi

)+∂i
( .
Sk] +

..
Fk]

)}
. (D.34c)
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D.2.5 Tensor perturbations

For tensor perturbations we have

A = 0 , Bi = 0 , Hi j = hi j ,

∂ihi
j ,= 0 hi

i = 0 . (D.35)

Christoffel symbols

δΓ 0
(T) 00 = 0 , (D.36a)

δΓ 0
(T) 0i = 0 , (D.36b)

δΓ i
(T) 00 = 0 , (D.36c)

δΓ 0
(T) i j =

1
2

.
hi j +Hhi j , (D.36d)

δΓ i
(T) 0 j =

1
2

.
hi

j , (D.36e)

δΓ i
(T) jk =

1
2
∂khi

j −
1
2
∂ih jk +

1
2
∂ jhi

k . (D.36f)

Ricci tensor

δR(T)00 = 0 , (D.37a)

δR(T)0i = 0 , (D.37b)

δR(T) i j =
1
2

..
hi j +H .

hi j +
( .
H+2H2

)
hi j −

1
2
∂k∂khi j , (D.37c)

a2δR 0
(T) 0 = 0 , (D.37d)

a2δR 0
(T) i = 0 , (D.37e)

a2δR i
(T) 0 = 0 , (D.37f)

a2δR i
(T) j =

1
2

..
hi

j +H .
hi

j −
1
2
∂k∂khi

j , (D.37g)

δR(T) = 0 . (D.37h)

Einstein tensor

δG (T)00 = 0 , (D.38a)

δG (T)0i = 0 , (D.38b)

δG (T) i j =
1
2

..
hi j +H .

hi j −2
( .
H+ 1

2
H2

)
hi j −

1
2
∂k∂khi j , (D.38c)

a2δG 0
(T) 0 = 0 , (D.38d)

a2δG 0
(T) i = 0 , (D.38e)

a2δG i
(T) 0 = 0 , (D.38f)

a2δG i
(T) j =

1
2

..
hi

j +H .
hi

j −
1
2
∂k∂khi

j . (D.38g)
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Riemann tensor

a−2δR(T)0i0 j =−1
2

( ..
hi j +H .

hi j +2
.
Hhi j

)
, (D.39a)

a−2δR(T)0i jk =
1
2

(
∂khi j −∂ jhik

)
, (D.39b)

a−2δR(T) i jkl = ∂i∂[lhk] j −δi[l
( .
hk] j +2Hhk] j

)

+∂ j∂[khl]i −δ j[k
( .
hl]i +2Hhl]i

)
. (D.39c)

Weyl tensor

a−2δC(T)0i0 j =−1
4

( ..
hi j +∂k∂khi j

)
, (D.40a)

a−2δC(T)0i jk =
1
2

(
∂k

.
hi j −∂ j

.
hik

)
, (D.40b)

a−2δC(T) i jkl = ∂i∂[lhk] j +
1
2
δi[l

( ..
hk] j −∂m∂mhk] j

)

+∂ j∂[khl]i +
1
2
δ j[k

( ..
hl]i −∂m∂mhl]i

)
. (D.40c)

D.3 Geodesics

In this appendix we will compute in detail the geodesics for a general perturbed
RW metric (D.16). Defining the proper-time parameter as dλ≡

p
−ds2, the standard

definitions for the four-velocity and four-momentum are

Uµ ≡ dxµ

dλ
, (D.41)

Pµ ≡ mUµ , (D.42)

P0 ≡−ε+δP0 . (D.43)

The geodesics are given by

dUµ

dλ
+ΓµνρUνUρ = 0 , (D.44)

that can be conveniently rewritten as

dUµ

dλ
= 1

2
∂gνρ
∂xµ

UνUρ . (D.45)

This last form is especially useful. Since the background metric is homogeneous,
we can keep only the zero order in Uµ to compute the spatial part. Writing the
evolution in terms of the conformal time we have

dPi

dτ
= m

U0
dUi

dλ
= 1

2ε

(
ε2∂i A+2εP j∂iB j +P jPk∂iH jk

)
. (D.46)
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The spatial momentum is redefined as

Pi ≡
(
δ

j
i +

1
2

H j
i

)
q j , (D.47)

a2P i =−εBi +
(
δki − 1

2
Hki

)
qk , (D.48)

where, from now on, every spatial index on a perturbed quantity is assumed to be
raised or lowered using δi j. From the mass-shell condition, PµPµ =−m2, we obtain

ε2 = m2a2 + q2 , (D.49)

P0 =−ε
(
1− 1

2
A

)
+ qiBi , (D.50)

P0 = ε

a2

(
1+ 1

2
A

)
. (D.51)

The geodesic equation can be written with this parameterization as

dqi

dτ
= 1

2
ε∂i A+ q j∂iB j +

1
2ε

q j qk (
∂iH jk −∂kHi j

)− 1
2

q j .
Hi j . (D.52)

Further decomposing qi into direction n̂ and magnitude q

qi ≡ q ni → niδ
i jn j = 1 , q2 = δi j qi q j , (D.53)

we have

dq
dτ

= ni dqi

dτ
, (D.54a)

dni

dτ
= 1

q

(
δ

j
i −n jni

) dq j

dτ
. (D.54b)

Finally, using the following succint redefinition of metric variables

Ci j ≡ ∂iB j −
1
2

.
Hi j , (D.55)

D i jk ≡
1
2

(
∂iH jk −∂kHi j

)
, (D.56)

the final formulae needed to compute the geodesics, with the parameterization
(D.47), are

dxi

dτ
= qi

ε

(
1− 1

2
A

)
−Bi − 1

2ε
H i

kqk , (D.57a)

dqi

dτ
= 1

2
ε∂i A+ q jCi j +

q j qk

ε
D i jk , (D.57b)

dq
dτ

= 1
2
εni∂i A+ q nin jCi j , (D.57c)

dni

dτ
=

(
δ

j
i −n jni

)(
ε

2q
∂ j A+nkC jk +

q
ε

nknlD jkl

)
. (D.57d)
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Some relevant metric quantities, written in terms of the scalar-vector-tensor
decomposition and in Fourier space, are

A =−2Ψ , (D.58a)

Bi = ikiB−Si , (D.58b)

Hi j =−2Φδi j −2kik jE+ i
(
kiF j +k jFi

)+hi j , (D.58c)

Ci j =
.
Φδi j −kik j(B−

.
E)− ikiS j −

i
2

(
ki

.
F j +k j

.
Fi

)− 1
2

.
hi j , (D.58d)

D i jk =−i(kiδ jk −kkδi j)Φ− 1
2

(
kik jFk −k jkkFi

)+ i
2

(
kih jk −kkhi j

)
. (D.58e)

D.4 Energy-momentum tensor conservation
The conservation of the energy-momentum tensor can be expressed as

∇µTµ
ν = ∂µTµ

ν +Tµ
ν∂µ log

p−g−ΓσµνTµ
σ = 0 , (D.59)

and its perturbed part is

δ
(∇µTµ

ν

)= ∂µδTµ
ν + T̄µ

ν∂µ

(
δ
p−gp− ḡ

)
+δTµ

ν∂µ log
√
− ḡ

− Γ̄σµνδTµ
σ −δΓσµνT̄µ

σ . (D.60)

The components of the energy-momentum tensor are defined as

T̄0
0 =−ρ , δT0

0 =−δρ , (D.61a)

T̄0
i = 0 , δT0

i = δQ i , (D.61b)

T̄ i
0 = 0 , δT i

0 =−δQ i + (ρ+P)Bi , (D.61c)

T̄ i
j = δi

jP , δT i
j = δPδi

j +δΠi
j . (D.61d)

Then, the continuity equation is

δ
(∇µTµ

0
)=−

{
(∂τ+3H)δρ+∂i

(
δQ i − (ρ+P)Bi

)
+3HδP + 1

2
(ρ+P)

.
H i

i

}

=−ρ
{ .
δ+3H(c2

s −w)δ+ (1+w)∂i(δvi −Bi)+ 1
2

(1+w)
.

H i
i

}
, (D.62)

and the Euler equation is

δ
(∇µTµ

i

)= (∂τ+4H)δQ i +∂iδP +∂ jδΠ
j
i −

1
2

(ρ+P)∂i A

= (ρ+P)
{
δ

.vi +H(1−3w)δvi +
.w

1+w
δvi +

1
1+w

∂i
(
c2

sδ
)

+ 1
1+w

∂ jπ
j
i −

1
2
∂i A

}
. (D.63)

The usual set of equations is
.
δ+3H(c2

s −w)δ+ (1+w)θ− (1+w)
(
3

.
Φ−k2(B−

.
E)

)= 0 , (D.64)
.
θ+H(1−3w)θ+

.w
1+w

θ− k2

1+w
c2

sδ+
4k2

3(1+w)
σ−k2Ψ= 0, (D.65)

.
χ++H(1−3w)χ++

.w
1+w

χ++
ik

1+w
π3+ = 0 . (D.66)
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Sometimes, it is useful to redefine the velocity variable as

u ≡ 1+w
k

θ . (D.67)

In terms of u, the Euler equation is

.u+H(1−3w)u−kc2
sδ+

4
3

kσ− (1+w)kΨ= 0 . (D.68)
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E Collision term with bulk flows

In this appendix we will compute the collision term in the presence of cosmolog-
ical bulk flows (6.77). We will compute the results to all orders in β and then partic-
ularize to first order. Since the notation is baroque enough as it stands, throughout
this appendix β will stand for βγ, i.e. the bulk velocity of photons. Pi j and γ are
boost factors defined in (6.32) and computed with βγ.

Starting from the collision term (6.77),

C[ f ]= σT

4πp

∫
p̃′dp̃′dΩ̃′

[
ñfull

e δ(p̃− p̃′)+ ñeũfull
e · (p̃− p̃′)

∂δ(p̃− p̃′)
∂p̃′

]

×
(
f̄ (ΛβΛ

−1
βe

p̃′)− f̄ (ΛβΛ
−1
βe

p̃)
)

, (E.1)

we need to solve two integrals

I1 =
∫

p̃′dp̃′dΩ̃′δ(p̃− p̃′)
(
f̄ (ΛβΛ

−1
βe

p̃′)− f̄ (ΛβΛ
−1
βe

p̃)
)

=−4π p̃ f̄ (ΛβΛ
−1
βe

p̃)+ p̃
∫

dΩ̃′ f̄ (ΛβΛ
−1
βe

p̃′)| p̃′=p̃ , (E.2)

I2 =
∫

p̃′dp̃′dΩ̃′(p̃− p̃′)
∂δ(p̃− p̃′)

∂p̃′
(
f̄ (ΛβΛ

−1
βe

p̃′)− f̄ (ΛβΛ
−1
βe

p̃)
)

=−p̃
∫

dΩ̃′( ˆ̃n−2 ˆ̃n′)
(
f̄ (ΛβΛ

−1
βe

p̃′)| p̃′=p̃ − f̄ (ΛβΛ
−1
βe

p̃)
)

+ p̃2
∫

dΩ̃′( ˆ̃n− ˆ̃n′)
∂ f̄ (ΛβΛ

−1
βe

p̃)

∂p̃′

∣∣∣
p̃′=p̃

. (E.3)

Now, we will integrate out the dependence on the momentum p in the O frame, like
we did with the left-hand side of the Boltzmann equation. First, for simplicity, we
will assume that β and βe point in the same direction, so we have

ΛβΛ
−1
βe

=Λ∆β , ∆β≡ β−βe

1−ββe
. (E.4)

This assumption simplifies the derivation for arbitrary values of β, but it is not
needed and in fact the first order results are independent of it. Since the expres-
sions are already quite cumbersome, and this will be the only physical configuration
of interest, we will adopt this assumption throughout this appendix. Some prelimi-
nary results and definitions are

∫
q3dq f̄0(Λβq)= Ñ

γ4(1− n̂ ·β)4 , (E.5a)

∫
d3 q̃
4π

q̃ f̄0(Λ∆β q̃)= Ñ γ2
∆β

(
1+ ∆β

2

3

)
, (E.5b)

∫
d3 q̃
4π

q̃i f̄0(Λ∆β q̃)= 4
3
Ñ γ2

∆β∆β
i , (E.5c)
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where Ñ is defined in (6.60) and P i
e j, γe correspond to (6.32), evaluated with βe.

We can proceed now to compute the integrals term by term. First for I1
∫

dq q2 q̃ f̄ (ΛβΛ
−1
βe

q̃)= Ñ γe(1− n̂ ·βe)
(
Fγ+

1
γ4(1− n̂ ·β)4

)
, (E.6a)

∫
dq q2 q̃

∫
dΩ̃ f̄ (ΛβΛ

−1
βe

q̃)= 4πÑ
γ3

e(1− n̂ ·βe)3

[(
1+ ∆β

2

3

)
γ2
∆β

+γ2
e

∫
dΩ
4π

(
1−2n̂ ·βe + (n̂ ·βe)

2)Fγ

]
. (E.6b)

And for I2

∫
q2dq q̃i f̄0(Λ∆β q̃)= Ñ

P i
e jn

j −γeβ
i
e

γ4(1− n̂ ·β)4 , (E.7)

∫
q2dq q̃i

∫
dΩ̃ f̄0(Λ∆β q̃)= 4πÑ

P i
e jn

j −γeβ
i
e

γ4
e(1− n̂ ·βe)4

γ2
∆β

(
1+ ∆β

2

3

)
, (E.8)

∫
q2dq

∫
dΩ̃ q̃i f̄0(Λ∆β q̃)= 16π

3
Ñ∆βi

γ2
∆β

γ3
e(1− n̂ ·βe)3

, (E.9)

∫
q2dq q̃ q̃i

∫
dΩ̃

∂ f̄0(Λ∆β q̃)
∂q̃

=−16πÑ
P i

e jn
j −γeβ

i
e

γ4
e(1− n̂ ·βe)4

γ2
∆β

(
1+ ∆β

2

3

)
, (E.10)

∫
q2dq q̃

∫
dΩ̃ q̃i ∂ f̄0(Λ∆β q̃)

∂q̃
=−64π

3
Ñ∆βi

γ2
∆β

γ3
e(1− n̂ ·βe)3

. (E.11)

Finally, for the electron quantities,

ñfull
e ≡ 2

∫
d3 p̃e

(2π)3 f̃e(p̃e)= ñe +δñe , (E.12a)

ñeũfull
e = 2

∫
d3 p̃e

(2π)3
p̃e

Ẽpe

f̃e(p̃e)= 2
∫

d3 p̃e

(2π)3
p̃e

Ẽpe

δ f̃e(p̃e)= ñeδṽe , (E.12b)

where ñe is the physical background electron number density, computed in its co-
moving frame as every other background quantity. Using the Lorentz transforma-
tion properties

δñe = γe

(
δne −δv j

eβe j

)
, (E.13a)

δṽi
e =P i

e jδv j
e −γeβ

i
eδne . (E.13b)

The final results, to first order in β, are
∫

q2dq I1 =−4πÑ
(
(1− n̂ ·βe)Fγ+4n̂ ·∆β− (1+3n̂ ·βe)

∫
dΩ
4π

Fγ

+2βe ·
∫

dΩ
4π

n̂Fγ

)
, (E.14a)

∫
q2dq I2 = 4πÑ

(
−8

3
∆β+4n̂ (n̂ ·∆β)+4

(
n̂−βe +4n̂ (n̂ ·βe)

))
, (E.14b)

δñe = δne −βe jδv j
e , (E.14c)

δṽi
e = δvi

e −βi
eδne . (E.14d)



F Electrodynamics in a perturbed
FLRW universe

F.1 Lorentz force in General Relativity
In this section we will study how the geodesics of charged particles are affected
by the presence of an electromagnetic field. The conventions for the momentum
variables are the same as in the main text and we will follow the same steps as in
the Appendix D. The Lorentz force acting on a particle with charge Q is [Wal10]

dUµ

dλ
+ΓµνρUνUρ = Q

m
gµνFνρUρ . (F.1)

We will focus on the electromagnetic part
(dUµ

dλ

)

EM
= Q

m
FνρUρ . (F.2)

Introducing the new definitions

P j
i ≡ δ

j
i −

1
2

H j
i , P̄ j

i ≡ δ
j
i +

1
2

H j
i , (F.3)

and using the redefinition of momentum (3.35, 3.23), the new term that we must
include in the Liouville operator (3.50) is

(
dqi

dτ

)

EM
=QP j

i

{
F j0 +F jk

dxk

dτ

}
. (F.4)

We can split it into an ‘electric’ and ‘magnetic’ component1

(
dqi

dτ

)

EM
=Q

{
e i +εi jk

q j

ε
bk

}
, (F.5)

where

e i ≡P j
i F j0 −εi jkB jbk , (F.6a)

bi ≡ 1
2

(
1− 1

2
A

)
εi jkP l

jPm
k Flm . (F.6b)

These relations can be recast into2

bi = 1
2

(
1− 1

2
A− 1

2
H j

j

)
εlmkP̄ i

kFlm , (F.7a)

Fi0 = P̄ j
i e j +εi jkB jbk , (F.7b)

F jk =
(
1+ 1

2
A+ 1

2
H i

i

)
ε jklP l

mbm . (F.7c)

1In Section F.4 we relate these variables with the physical electric and magnetic fields.
2Using εi jkP j

nP k
l ε

nlm = 2
(
1− 1

2 H i
i
) P̄m

l .
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F.2 Electric current
The flux of particles (2.109) has been previously defined as

Nµ ≡ g∗
(2π)3

∫
d3Pp−g

Pµ

P0 f = a−4 g∗
(2π)3

∫ (
1+ 1

2
A

)
d3q

Pµ

P0 f , (F.8)

with components

N0 = a−1
(
1+ 1

2
A

)
(n+δn) , (F.9a)

N i = a−1P i j (nβ j +δVj
)−a−1nBi . (F.9b)

As usual, the perturbations are defined in the cosmic center of mass frame. The
electric current of a single species s is defined as

Jµ
s ≡QsNµ

s , (F.10)

and the total electric current is

Jµ =
∑
s

QsNµ
s . (F.11)

F.3 Maxwell equations
The free Maxwell equations in curved space-time have been already presented in
(2.38) and (2.41). Here we will source them with an electric current. The Maxwell
equations are3 [Wal10]

∇µFµν =−Jν , (F.12)

∇[µFνσ] = 0 . (F.13)

In order to write them in terms of their components, the following alternative form
is easier to handle

∂µ
(p−gFµν

)=−p−gJν , (F.14)

∂µFνσ+∂σFµν+∂νFσµ = 0 . (F.15)

We will expand them now with the perturbed RW metric (3.33), the field redefinition
(F.6) and the electric current (F.11). Then we will particularize the results to the
simplified version we will be interested in.

F.3.1 Full Maxwell equations

The first Maxwell equation is

∂µ
(p−gFµ0)=−p−gJ0 , (F.16)

3We use different charge conventions from [Wal10], hence the 4π factor difference.
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where

∂µ
(p−gFµ0)=−∂i

{(
1+ 1

2
A+ 1

2
Hk

k

)
P i

j e j
}

, (F.17)

−p−gJ0 =−a3
(
1+ 1

2
Hk

k

)∑
s

Qs (ns +δns) . (F.18)

The second Maxwell equation is

∂µ

(p−gFµi
)
=−p−gJ i , (F.19)

where

∂µ

(p−gFµi
)
= ∂0

{(
1+ 1

2
A+ 1

2
Hk

k

)
P i

j e
j
}
−∂ j

{
eiB j − e jBi +εi jlP̄m

l bm

}
, (F.20)

−p−gJ i =−a3
(
1− 1

2
A+ 1

2
Hk

k

)
P i

j

∑
s

Qsβ
j
sns −a3 ∑

s
QsδV i

s

+a3Bi ∑
s

Qsns . (F.21)

The third Maxwell equation is

∂0

{(
1+ 1

2
A+ 1

2
Hk

k

)
P i

j b
j
}
+∂ j

{
εi jkP̄ l

ke l −biB j +b jBi
}
= 0 . (F.22)

The fourth Maxwell equation is

∂i

{(
1+ 1

2
A+ 1

2
Hk

k

)
P i

j b
j
}
= 0 . (F.23)

F.3.2 Simplified Maxwell equations
The Maxwell equations can be simplified if we assume that there are no background
fields and that we can write

bi = δbi , ei = ei
(β) +δei , (F.24)

where ei
(β) is a homogeneous contribution O(

β
)
, δei is first order in cosmological

perturbations and δbi is first order in cosmological perturbations and β (since we
know that there is no magnetic field production in ΛCDM). Under these conditions,
the first Maxwell equation for the evolution of the perturbations is

∂i

{
δei + 1

2
(A+H j

j )e
i
(β) −

1
2

H i
j e

j
(β)

}
= a3 ∑

s
Qs

{
δns +

1
2

nsH j
j

}
. (F.25)

The second Maxwell equation is

∂0

{
δei + 1

2
(A+H j

j )e
i
(β) −

1
2

H i
j e

j
(β)

}
−∂ j

{
ei

(β)B
j − e j

(β)B
i +εi jkδbk

}

=−a3 ∑
s

Qsns

{
δV i

s

ns
−Bi − 1

2
(A−H j

j )β
i
s +

1
2

H i
jβ

j
s

}
. (F.26)
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The third Maxwell equation is

δ
.
bi +εi jk∂ j

{
δek +

1
2

Hkl el
(β)

}
= 0 . (F.27)

The fourth Maxwell equation is
∂iδbi = 0 . (F.28)

Using the fact that we have neutrality of charge at the background level,
∑

s Qsns =
0, the only relevant equation at this level is

.e(β) =−a3 ∑
s

Qsnsβs . (F.29)

The whole set of Maxwell equations for the perturbations can be rewritten as4

∇·δe = a3 ∑
s

Qsδns +S∂e , (F.30a)

δ
.e−∇∧δb =−a3 ∑

s
Qsnsδvs +Se , (F.30b)

δ
.
b+∇∧δe = Sb , (F.30c)

∇·δb = 0 . (F.30d)

We find the standard Maxwell equations for δe and δb, plus external sources pro-
portional to β

S∂e =−1
2

e j
(β)∂i

{
(A+Hk

k)δi
j −H i

j

}
, (F.31a)

S i
e =−1

2

{
(

.
A+

.
Hk

k)δi
j −

.
H i

j

}
e j

(β) +∂ j

(
ei

(β)B
j − e j

(β)B
i
)
+a3A

∑
s

Qsnsβ
i
s , (F.31b)

S i
b =−1

2
el

(β)ε
i jk∂ jHkl . (F.31c)

F.4 Physical fields and gauge transformations
The physical strength tensor, that would be measured by a locally inertial observer,
is

F (phys)
ab ≡ eµaeνbFµν . (F.32)

The physical electric and magnetic fields that would be observed by a comoving
observer are

E(phys)
i = F (phys)

i0 = a−2e(β) i +a−2δe i +
1
2

a−2A e(β) i , (F.33a)

B(phys) i = 1
2
εi jkF (phys)

jk = a−2δbi . (F.33b)

Finally, we can compute the gauge-transformation properties of the fields. Follow-
ing the analysis of Section 3.5.2, after an infinitesimal gauge transformation we
have

∆Fµν = ερ∂ρFµν+Fρµ∂µε
ρ+Fµρ∂νε

ρ . (F.34)

4Since we will apply them only to NR particles, we use the definition (6.70) of the velocity as
δV = nδv.
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This translates into

∆δei = T .ei
(β) +

.
Tei

(β) −HTei
(β) , (F.35a)

∆E(phys)
i = T∂τ

(
a−2e(β) i

)
, (F.35b)

∆δbi = a2∆B(phys)
i =−εi jk∂

jTek
(β) . (F.35c)

F.5 Liouville operator with electromagnetic fields
The presence of electromagnetic fields modifies the trajectories of charged parti-
cles through (F.5). This new force must be included in the left-hand side of the
Boltzmann equation. Since the only charged particles in our analysis (protons and
electrons) are non-relativistic throughout the period of interest, in what follows we
will take the NR limit. In particular, we have the results

g∗
∫

d3q
(2π)3

(
dqi

dτ

)

EM

∂ f
∂qi = 0 , (F.36a)

g∗
∫

d3q
(2π)3

(
dqi

dτ

)

EM
ε
∂ f
∂qi =−Qa3n e i(βi +δvi) , (F.36b)

g∗
∫

d3q
(2π)3

(
dq j

dτ

)

EM
qi ∂ f
∂q j =−Qa3n(1+δn)ei −Qa3nεi jk(β j +δv j)bk . (F.36c)

Assuming that the zero-order Boltzmann equation is satisfied, expanding to first
NR order and to first order in β we have:

• Number density.

g∗
∫

d3q
(2π)3

D f
dτ

' a3n
( .
δn +αδn +∂iδvi −δi jCi j −Mβ

)
, (F.37)

where α≡ ∂τ(a3n)/(a3n) takes into account possible variations in the comoving
number of particles, e.g. due to recombination. The metric-related variable is

Mβ ≡
1
2
βi∂i A+D i jkδ

i jβk . (F.38)

• Momentum.

g∗
∫

d3q
(2π)3 qi D f

dτ
' a4ρ

{ .
βi + (H+α)βi +δ .vi + (H+α)δvi

+ (βiδ
j
k +β

jδi
k)∂ jδvk − 1

2
∂i A−Mi

β

}

−Qa3n(1+δn)ei −Qa3nεi jk(β j +δv j)bk , (F.39)

where the metric-related variable is

Mi
β ≡ (δ jkβi +δi jβk)C jk . (F.40)

It is worth keeping in mind that for non-relativistic particles we also have

n ' ρ

m
, δn ' δ−βkδvk . (F.41)
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Abstract

The main task of cosmology is to understand both the current state of the Uni-
verse and its past history. It aims to answer fundamental questions like how has
the Universe evolved or what are its constituents. Even though cosmology has de-
veloped over the last century, the last two decades have witnessed a revolution.
During the XX century, there were many competing cosmological models with very
definite observational predictions. However, the observations were not good enough
to test these predictions. During the last twenty years the situation has been re-
versed. The amount and quality of empirical data have increased to the point where
cosmology has become an observationally driven science.

These observations have also revealed unexpected (and puzzling) features of our
Universe. In particular, they point towards the existence of a dark sector. The dark
sector in cosmology gathers all the components that do not belong to the Standard
Model of particle physics and whose only observed effects are gravitational. The
standard model of cosmology, the ΛCDM model, assumes that the dark sector is
composed of a cosmological constant (Λ) and cold dark matter (CDM). This simple
choice allows to explain the current accelerated expansion (due to Λ) and the galaxy
distribution (mainly due to CDM).

The Λ+CDM dark sector provides an excellent fit to many independent observa-
tions over a wide range of scales, but it lacks a solid theoretical motivation. More-
over, there are some observations that seem difficult to accomodate within the stan-
dard framework. Motivated by these facts, in this thesis we have explored models
beyond the simplest Λ+CDM dark sector. In order to modify the dark sector, we
have proceeded in three different ways:

I) Adding new species. Since the standard Λ+CDM dark sector is already a two-
component fluid, it seems natural to generalize it adding more fluids. In this
thesis, we have analyzed the observational impact of an additional massive
spin-2 field: a hidden graviton. In the first place, we used fifth-force tests to
constrain its parameter space. Later on, we studied the production rate of
these hypothetical new particles in stars. Using astrophysical observations,
we were able to set bounds on the mass and coupling of hidden gravitons.

II) Changing the simplest paradigm. Λ and CDM are the simplest examples of
models of dark energy and dark matter, respectively. In this thesis, we have
analyzed a dark-matter model beyond the CDM paradigm: repulsive fuzzy
dark matter. Fuzzy dark matter is usually modelled as an ultralight scalar
field, that can mimic CDM on cosmological scales while showing a distinc-
tive behaviour on sub-galactic scales. We considered the implications of an
additional (repulsive) self-interaction in the fuzzy dark matter model. After
studying its phenomelogy, we constrained the model parameters, mass and
self-coupling, using cosmological information from the CMB and LSS.



III) Modifying a fundamental assumption. An important hypothesis underlying
ΛCDM, that usually goes by unnoticed, is that the background velocities of the
fluids (bulk flows) are negligible. In this thesis, we have studied in detail the
consequences of such cosmological bulk flows on the evolution of the Universe.
At the background level, we first showed that the existence of sizeable bulk
flows is compatible with the usual notion of an isotropic Universe. We then
moved on to study the behaviour of the perturbations, retracing all the steps
of standard cosmological perturbation theory and readressing many of its un-
derlying assumptions. Among the observable effects, we found violations of
statistical isotropy that may be large enough to be measured in the foreseable
future. We also found that associated with the existence of large-scale bulk
flows comes the creation of cosmological magnetic fields. The magnetic fields
produced in this scenario are large enough to explain the origin of the galactic
magnetic fields, a long-standing problem in cosmology and astrophysics.

242



Resumen

El principal objetivo de la cosmología es llegar a conocer la situación actual del
Universo y su historia, tratando de desvelar cómo ha evolucionado y cuál es su
composición. Aunque la cosmología moderna se ha venido desarrollando durante
el último siglo, las últimas dos décadas han presenciado una auténtica revolución.
Durante el siglo XX se propusieron diferentes modelos cosmológicos, con predic-
ciones observacionales concretas, pero la precisión de las observaciones no era lo
bastante alta para discriminar entre ellos. Sin embargo, la situación ha cambiado
radicalmente en los últimos veinte años. La calidad y cantidad de datos empíricos
ha aumentado drásticamente, hasta el punto en el que, hoy por hoy, las nuevas vías
de investigación en cosmología se nutren de los últimos hallazgos observacionales.

Las recientes observaciones también han revelado sorprendentes (y hasta cierto
punto desconcertantes) aspectos de nuestro Universo. En particular, todas apuntan
a la existencia de un sector oscuro. El sector oscuro en cosmología aglutina todos
los componentes que no pertencen al Modelo Estándar de física de partículas y cuya
presencia sólo es detectable por sus efectos gravitatorios. El modelo estándar de
la cosmología, el modelo ΛCDM, asume que el sector oscuro se compone de una
constante cosmológica (Λ) y materia oscura fría (CDM). Esta elección tan sencilla
permite explicar la reciente expansión acelerada del Universo (debida a Λ) y las
propiedades de la distribución de galaxias (principalmente debidas a la materia
oscura).

Este sector oscuro Λ+CDM ajusta exitosamente un gran número de observa-
ciones a diferentes escalas. Adolece no obstante de una falta de motivación teórica
y, además, aunque el acuerdo general es excelente, tiene dificultades para acomodar
algunas observaciones. Estos motivos nos han llevado en esta tesis a estudiar difer-
entes alternativas al sector oscuro estándar Λ+CDM. Para modificar el sector
oscuro, hemos explorado cada uno de los tres caminos posibles:

I) Añadir nuevas especies. Dado que el sector oscuro estándar Λ+CDM ya es
un fluido compuesto, parece natural extender el modelo añadiendo más flui-
dos. En esta tesis hemos analizado las consecuencias observacionales de la
existencia de una nueva partícula de espín 2 con masa: un gravitón oculto.
En primer lugar, hemos utilizado tests de quintas fuerzas para restringir una
parte del espacio de parámetros. Una vez hecho esto, hemos estudiado el ritmo
de producción de estas nuevas partículas en estrellas. Usando observaciones
astrofísicas, ha sido posible restringir aún más la masa y constante de acoplo
de los gravitones ocultos.

II) Cambiar los paradigmas más simples. Λ y la materia oscura fría son los ejem-
plos más sencillos de modelos más generales de energía y materia oscura, re-
spectivamente. En esta tesis, hemos analizado un modelo de materia oscura
alternativo: materia oscura fuzzy repulsiva. La materia oscura fuzzy se de-



scribe mediante un campo escalar ultraligero, que puede reproducir el com-
portamiento de la materia oscura fría a escalas cosmológicas pero que mues-
tra características distintivas en escalas sub-galácticas. En particular, hemos
considerado las implicaciones de una interacción adicional (repulsiva) en un
modelo de materia oscura fuzzy. Tras estudiar su fenomenología, hemos en-
contrado cotas sobre los parámetros principales del modelo (la masa y la in-
tensidad de la interacción repulsiva) comparando con datos observacionales
del fondo de microondas y estructura a gran escala.

III) Modificar suposiciones fundamentales. Una importante hipótesis del modelo
ΛCDM, que normalmente pasa desapercibida, es que las velocidades globales
de los fluidos (flujos cosmológicos) son despreciables. En esta tesis, hemos
estudiado en detalle los efectos de estos flujos cosmológicos sobre la evolu-
ción del Universo. Hemos estudiado primero la evolución de un universo sin
perturbaciones, demostrando que la existencia de flujos cosmológicos con una
amplitud considerable es compatible con las nociones usuales de homogenei-
dad e isotropía del Universo observable. Tras este análisis, hemos incluido
las perturbaciones, reelaborando la teoría de perturbaciones cosmológicas y
examinando críticamente muchas de sus suposiciones implícitas. Entre los
efectos observables, hemos encontrado violaciones de la isotropía estadística
que podrían llegar a ser detectadas en experimentos futuros. Uno de los resul-
tados principales es que la existencia de movimientos a gran escala conduce a
la producción de campos magnéticos cosmológicos. Los campos producidos en
este escenario son lo bastante grandes para explicar la aparición de los campos
magnéticos galácticos observados, cuyo origen ha supuesto un interrogante en
cosmología y astrofísica durante años.
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