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ABSTRACT. In this paper we study the relationship of the Brouwer degree of a vector field
with the dynamics of the induced flow. Analogous relations are studied for the index of
a vector field. We obtain new forms of the Poincaré-Hopf theorem and of the Borsuk and
Hirsch antipodal theorems. As an application, we calculate the Brouwer degree of the vector
field of the Lorenz equations in isolating blocks of the Lorenz strange set.

INTRODUCTION

The aim of this paper is to study the relationship of the Brouwer degree of a vector field
with the dynamics of the induced flow, in particular with the dynamical and topological
properties of the isolated invariants sets and their unstable manifolds. Analogous relations
are studied for the index of a vector field, obtaining in this way new forms of the Poincaré-
Hopf theorem. Some consequences are also obtained with respect to Borsuk’s and Hirsch’s
antipodal theorems for domains that are isolating blocks. We calculate the Brouwer degree
and the index of vector fields in several situations of dynamical and topological significance.
Some applications include the detection of linking orbits in attractor-repeller decompositions
of isolated invariant compacta and the calculation of the Brouwer degree of the vector field of
the Lorenz equations in isolating blocks of the Lorenz strange set. Furthermore, we present
an expression of the shape index, originally defined by Robbin and Salamon [20], in terms of
the Euclidean topology. This new expression is quite intuitive and easy to handle.

We consider flows ¢ : R® x R — R” in the Euclidean space, induced by smooth vector
fields ' : R™ — R™. We will use through the paper some basic notions of dynamical systems
(see [6]) and the Conley index theory (see [8, 21]).

We shall make use of the concepts of w-limit and w*-limit of a compactum X C R" defined
as

w(X) = X[t,+o0), w*(X)=[)X(—00,1.
t>0 t<0

We recall that a compact invariant set K C R" is said to be isolated whenever it is the
maximal invariant subset of some neighborhod IV of itself. A neighborhood NV satisfying this
requirement is known with the name of isolating neighborhood. We shall make extensive use
of a special kind of isolating neighborhoods called isolating blocks. An isolating block N is an
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isolating neighborhood with the property that there exist compact subsets L, L’ C N called
the exit and entrance sets such that:

(1) 9N = LU L.

(2) For every x € L' there exists € > 0 such that z[—,0) C R" \ N and for every z € L
there exists § > 0 such that x[0,9) C R" \ N.

(3) For each z € L there exists ¢ > 0 such that z[—¢,0) C N and for every z € ON \ L
there exists d > 0 such that z(0,] c N.

It is well known that an isolating invariant set possesses a basis of neighborhoods comprised
of isolating blocks. Moreover, since we are dealing with smooth flows, these blocks can be
chosen to be n-dimensional manifolds with boundary, satisfying that L and L' are (n — 1)-
dimensional submanifolds of ON of with 0L = L N L' = dL' (see [9] or [22, Apéndice A.2]).
In this case, the points of L N L' are exactly those where the vector field is tangent to OV.
All the isolating blocks considered in this paper will be assumed to be of this kind without
explicitly mention it.

Among isolated invariant sets attractors play a central role. An attractor K is a compact
invariant set that is stable and possesses a neighborhood U such that the omega-limit w(x)
of each point in U is non-empty and is contained in K. The condition on stability means,
roughly speaking, that the positive semi-trajectories of nearby points remain nearby. More
precisely, if V' is any neighborhood of K, there exists a neighborhood U of K with the property
that U[0, +00) C V. An attractor is said to be global if the neighborhood U can be chosen to
be the total space. Repellers are defined in an analogous way using the negative omega-limit
w* and negative semi-trajectories. Notice that a repeller is just an attractor for the flow
obtained by changing the sign of the time variable.

We are going to use some notions from algebraic topology, including duality theorems.
All the material we are going to need is covered in the books by Hatcher [12], Munkres
[I7] and Spanier [25]. We use the notation H, and H* to denote the singular homology
and cohomology functors and H* for the Cech cohomology functor, all of them with integer
coefficients unless otherwise specified. We recall that Cech and singular cohomology theories
coincide on manifolds and, more generally, polyhedra and pairs of such spaces. We say that
a pair of spaces (X, A) is of finite type whenever H*(X, A) is finitely generated for every k
and non-zero for only a finite number of values of k. Pairs of compact manifolds or, more
generally, polyhedra are examples of pairs of finite type. While attractors and repellers of
flows defined on euclidean spaces are of finite type ([14, Corollary 4.2]), this is not the case
for every isolated invariant set. For instance, [I, Remark 9] shows an example of a flow on R3
which has the hawaaian earring as an isolated invariant set. In order to make our statements
cleaner we shall make the following standing assumption.

Standing assumption. Whenever K is an isolated invariant set, we shall assume, without
further mention, that K is of finite type.

If a pair (X, A) is of finite type, its Euler characteristic is defined as follows

X(X,A) =) (~1)Frk H*(X, A).
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We shall make use of the following property of the Euler characteristic [25, Exercise B.1,
p. 205]: If two of the three (X, A), X, A, are of finite type, then so is the third and

X(X) = x(X, A) + x(A).

Notice that if (X, A) is a pair of manifolds or polyhedra, then the Euler characteristic
defined in an analogous way using singular cohomology coincides with the previous one.

The Conley index of an isolated invariant set K, denoted h(K), is defined as the pointed
homotopy of the quotient space (N/L, [L]) where N is any isolating block for K. Notice that,
while different isolating blocks may represent different homotopy types, the Conley index
only depends on K. The cohomology index CH*(K) is defined to be the Cech cohomology
of the pointed space (N/L,[L]). Using the strong excision property of Cech cohomology we
get that the cohomology index is isomorphic to H*(N, L).

Given an isolating block N for an isolated invariant set K, we shall denote by deg(F, N)
to the degree of F| and, if K" has only a finite number of singularities, by I (Fjy) to the total
index of F],, that is, the sum of the indices of the singularities. When we refer to I(F,),
we say that the index is defined if F], has a finite number of singular points. For a detailed
treatment of mapping degree theory, including the index theory of vector fields, see the book
by Outerelo and Ruiz [1§].

We shall make use of the following result, obtained by Srzednicki [27], McCord [16], Fotouhi
and Razvan [19], in different levels of generality, that relates degree of a vector field near an
isolated invariant set, with its Conley index. We present here a slightly different but equivalent
version of the one presented by Izydorek and Styborski in [13, Theorem 4.2].

Theorem 0.1. Let ¢ : R® x R — R" be a flow induced by a smooth vector field F defined
on R™. Suppose that K 1is an isolated invariant set for ¢ and N an isolating block for K.
Then,

deg(F, N) = (=1)"x(h(K)).

Moreover, if K contains only a finite number of equilibria then
I(Fly) = (=1)"x(h(K)).

Notice that the Euler characteristic of the Conley index is well-defined, taking into account
that the pair (/V, L) used to compute it can be chosen to be a pair of compact manifolds.
The second part of the statement follows from the fact that the Brouwer degree is, by the
additivity property, the sum of the indices of all the singular points of F' in N.

Finally, we will also use some elementary facts from Borsuk’s homotopy theory (named
Shape Theory by him). This theory was introduced by K. Bosuk in 1968 in order to study
homotopy properties of compacta with bad local behaviour for which the classical homotopy
theory is not well suited. We are not going to make an extensive use of Borsuk’s homotopy
theory, in particular we are only interested in the following very simple situation: Consider
a compact metric space K, a closed subspace K and a sequence of maps f : K — K such
that fk\KO : Koy — Ky (ie. fk'KO maps Kj to itself) and the following conditions hold for
almost every k:

(1) For every neighborhood U of Ky in K we have fy ~ fri1in U.
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(3) ‘fk‘Ko ~ 1dK0 in KO.
Then K and K, have the same shape (there is an analogous statement for pointed shape).

We shall use the notation Sh(K) = Sh(Kj) to denote that both K and K, have the same
shape. We shall also make use of the following fact from shape theory

(1) If X and Y have the same homotopy type, then they have the same shape.

(2) If X and Y are polyhedra (or more generally, ANR), X and Y have the same shape
if and only if they have the same homotopy type.

(3) If X and Y have the same shape, then they have isomorphic Cech cohomology groups.

More information about the theory of shape can be found in the books by Borsuk [7], by
Mardesi¢ and Segal [I5] and by Dydak and Segal [10].

1. SHAPE INDEX, INITIAL SECTIONS AND THE DEGREE OF A VECTOR FIELD

In [3], the authors proved that some parts of the unstable manifold of an isolated invariant
set admit sections that carry a considerable amount of information. These sections enable
the construction of parallelizable structures which facilitate the study of the flow.

Definition 1.1. Let K be an isolated invariant compactum and let .S be a compact section of
the truncated unstable manifold W*(K')\ K. Then S is said to be an initial section provided
that w*(S) C K.

If S is an initial section we define
I§(K) = S(—00,0].

Obviously, [¢(K) = {z € W*(K)\ K | 2t € S with t > 0}. In accordance with this
terminology we say that [4(K) U K is an initial part of the unstable manifold of K and we
denote it by W¥(K). In [3] it was proved that, although I%(K) depends on S, all the initial
parts have basically the same structure. More specifically, if S and T are initial sections of
W*(K), the pairs (W¢,S) and (Wi, T) are homeomorphic.

Analogous notions known as final section and final part of the stable manifold can be
defined and have similar properties.

If N is an isolating block for K, we denote by N~ the negative asymptotic set, that is,
the set {x € N | xt € N for every t < 0}. Set n= = N~ N L. It is easy to see that N~ is
an initial part of the unstable manifold with initial section n~. The positive asymptotic set
N7 is defined in an analogous way and is a final part of the stable stable manifold with final
section n™ = NTN L.

In this paper we make some use of the shape index of an invariant isolated set K. The shape
index S(K) was introduced by Robbin and Salamon in [20] as Sh(N/L, *), where % = [L].
The cohomology of the shape index is the classical cohomological (Conley) index. In [23], the
second author showed that the shape index can be represented in terms of compact sections
of the unstable manifold endowed with the intrinsic topology (as defined also by Robbin and
Salamon). The constraint of the intrinsic topology is substantial, since this topology is not
very intuitive and difficult to handle, so we believe that an expression of the shape index in
terms of the Euclidean (or extrinsic) topology is much more useful and we find it in the first
result of the paper. A crucial element of this expression is the use of the initial sections of
truncated manifolds as defined above.
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Theorem 1.2. Let ¢ : R" x R — R™ be a flow (not necessarily differentiable) and K an
isolated invariant set of p. Let W*(K) the unstable manifold of K, S an initial section of
W* and WE(K) the corresponding initial part of the unstable manifold of W*(K) . Then the
shape index S(K) is Sh(W¥(K)/S, *), that is, the pointed shape of the quotient set W /S
where x = [S|. Furthermore, if C'S is the cone over S then S(K) = Sh(W¥ U CS, ), were *
is the vertex of the cone.

Proof. Let N be an isolating block of K and L its exit set. Since all the pairs (W¢, S), where
S is an inital section, are homeomorphic, we can limit ourselves to the pair (N7, n~). Let
a: N\ Nt — R the map defined by

a(x) =max{t € R| z[0,t] C N}.
Then for every &k € NU {0} we define the map f;, : N — N by

f(e) = {kx if [0,k c N

a(r)r  otherwise.

The map fi is continuous and fixes all points in L (this is essentialy Wazewski’s Lemma
[28, Theorem 2]). Suppose that U is an open neighborhood of N~ U L in N. We claim that
there is a ky € N such that Im f, C U and fj, ~ fyi1 in U for every k > kg, and the homotopy
leaves al points in L fixed. In order to prove it we show that there is a positive sy such that
N7[sp,00) C U. Otherwise, there would be sequences z,, € N* and s, — oo such that
TpSy, =y € Nt —U. Then, v (y) C N and, since y € N, the whole trajectory v(y) would
be contained in N \ K in contradiction with the assumption that N is an isolating block of
K. Furthermore, there is a s; > sg with the property that zt € U for every z € N\ N* and
for every t such that s; <t < a(x). Otherwise there would be sequences z,, € N, t,, — oo
with z,t, ¢ U, z,t, — y € N and z,[0,t,] C N. But this would imply that y € N~, in
contradiction with the fact that y ¢ U, as limit of x,t,. We obtain from this that Im f,, C U
for k > s; and select an index ko > sp. It is clear that the homotopy hy : N x [0,1] — N
defined by

hi(z,t) = {fk(:)s)t if fu(x)[0,t]C N

za(x) otherwise

links fr and fr,1 in U leaving all points in L fixed. Furthermore, the map

W) = xtk if z[0,tk] C N
"7l za(z) otherwise,

defines a homotopy h : N x [0,1] — N linking idy with fj. Similarly, it can be seen that
frly-,, s amap N~ UL — N~ U L homotopic to idy-yr, with the homotopy fixing all
points in L.

Notice that the subspace (N~ U L)/L C N/L can be identified with N~ /n~. We use
the notation * to designate both the point [L] € N/L and the point [n"] € N~ /n~. Now
consider the composition f, = po fx : N — N/L, where p : N — N/L is the natural
projection. This map induces a map f, : N/L —s N/L such that f, = po f,. We then
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have a sequence of maps f, : N/L — N/L such that fk‘N*/n* : N~ /n~ — N~ /n~ and the
following conditions are satified for almost every k:
(1) For every neighborhood U of N~ /n~ in N/L we have fj, ~ fry1 in U.
(3) fk‘N*/n* >~ idN—/n—.
(4) All the homotopies leave the point * fixed.
It follows from this that Sh(N/L, %) = Sh(N~/n~,*) and, therefore, Sh(W§/S, x) = S(K)
(where x = [S].)
To finish the proof it remains to observe that by [15, Corollary 3, pg. 247], the natural

projection WEUC'S — W¥ /S is a pointed shape equivalence and, therefore S(K) = Sh(W¢
C'S, x), were x is the vertex of the cone. O

Remark 1.3. The statement in Theorem does not hold if the section S is not initial. An
example of a compact section S is given in [3, Fig 2, pg. 840] which is not initial and such
that Sh(W4(K)/S,*) is not the shape index S(K).

By combining Theorem together with Theorem we obtain the following corollary
that relates the degree of a vector field (or the index when defined) near an isolated invariant
set, its Euler characteristic and the Euler characteristic of an initial section.

Corollary 1.4. Let ¢ : R" x R — R" be a flow induced by the smooth vector field F' :
R™ — R"and K an isolated invariant set of ¢. Let W*(K) the unstable manifold of K, S

an initial section of W* and W¥(K) the corresponding initial part of the unstable manifold.
If N is an isolating block of K then

(1) deg(F, N) = (=1)"(x(K) — x(5)).
Moreover, if the index I(F),) is defined then
(2) I(Fy) = (=1)"(x(K) = x(5))-

Proof. First observe that, if L is the exit set of N we have that y (N, L) is defined and

X(S(K)) = x(N, L) = x(h(K)).
As before, we can assume that W¢(K) = N~ and S = n~. By an argument similar to
that used in the proof of the Theorem [[.2] it is easy to see that Sh(N~) = Sh(K). Then
H"(N-) = H"(K) for every r and, thus, y(N~) = x(K). Moreover, Theorem ensures
that S(K) = Sh(N~/n~, ). Hence, as a consequence of the strong excision property of Cech
cohomology we obtain that

X(N, L) = x(N7,n7) = x(N7) = x(n7) = x(K) = x(5)-
Notice that, since x(N~,n~) and x(/N~) are defined so is x(n~) (hence, x(.5)).
The equalities (Il) and (2) follow from Theorem O

This corollary allows in many cases to establish a direct relation of the Brouwer degree
and the total index with the topology of the invariant set K, as we show in various results of
the paper. In other cases we also need some knowledge of the initial section of the unstable
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manifold, which is often easy to compute. This gives an alternative method to the one
provided by Theorem [0.1] that has some advantages in certain cases.

A direct consequence of Corollary [[.4]is a particular case of a result obtained by Sredznicki
[27, Lemma 6.2].

Corollary 1.5. If K is a continuum in R? then deg(F,N) < x(K). Also I(F],) < x(K)
when I(F),) is defined.

Proof. In [3] it was shown that for n = 2 the section S is a disjoint finite union of circles and
(possibly degenerate) topological intervals and, consequently, x(S) > 0. Then deg(F, N) =
X(K) = x(8) < x(K). -

The following corollary deals with the important particular case of Theorem [[.4] when the
initial part of the unstable manifold is a genuine manifold whose boundary is the initial
section S.

Proposition 1.6. Suppose that W§ is an m-dimensional manifold with boundary OW¢ = S.
Then

deg(F,N) = (=1)"™x(K).

In particular, deg(F, N) agrees with x(K) if the parities of n and m are the same and with
—X(K) otherwise. The same statement is valid for I(F|,) when defined.

Proof. Since by Corollary [I.4]
deg(F, N) = (=1)"(x(K) — x(5)),

we only have to compute x(S). Taking into account that W§(K) is a genuine m-manifold
whose boundary is S, it follows that S is a closed (m — 1)-manifold. If m is even, then m — 1
is odd and Poincaré duality ensures that x(S) = 0. On the other hand, if m is odd, Lefschetz
duality, together with the fact that the Sh(W¥) = Sh(K) ensure that

x(Ws, 5) = —x(Wg) = —x(K).
As a consequence, x(S) = 2x(K) and the result follows. O

The classical Poincaré-Hopf Theorem is the most important particular case of Proposi-
tion [LL.GE

Corollary 1.7. If F points outward in ON and I(Fj,) is defined then I(F|,) = x(N). The
same holds for deg(F, N). In this case there is no requirement for I(Fj,) to be defined.

Proof. Since F points outwards in ON it follows that the maximal invariant set contained
in NV must be a repeller. Moreover, N is a negatively invariant neighorbood of K and, as a
consequence, we can take W = N, S = N, and n = m. Since H*(W¥) = H*(K) the result
follows from Proposition O

The following result refers to flows that have a global repeller.

Corollary 1.8. If ¢ has a global repeller K then deg(F,N) = 1 for every isolating block
containing K and I(F),) = 1 when defined.



8 HECTOR BARGE AND JOSE M.R. SANJURJO

Proof. If K is the global repeller of ¢ then K has the Cech cohomology groups of a point by
[14, Theorem 3.6]. Since the degree does not depend on the choice of the isolating block, we
may assume that N is negatively invariant, i.e, such that N = N~. Hence, x(N) = x(K) =1
and the result follows from Corollary [L.71 O

In dimension 2 we obtain a kind of reciprocal to the Poincaré-Hopf theorem and a nice
characterization of the flows such that I(F),) = x(N).

Proposition 1.9. If K is a continuum in R?* and I(F),) is defined then the vector field F is
tangent to ON in exactly 2(x(N) — I(F),)) points. As a consequence, I(F),) = x(N) if and
only if F' either points outward or inward in every component of ON .

Proof. The first part of the statement follows from the fact that the points of tangency are
exactly the points of L N L' = OL, where L’ is the entrance set. Since L is a compact
1-dimensional manifold, it is a disjoint union of circles and closed intervals. Hence, 0L
consists of the endpoints of each interval component of L. Since each interval has exactly
two endpoints and x(L) is just a count of the number of interval components of L, the result
follows from Theorem The second part of the statement is a direct consequence of this
discussion. 0

Example 1.10. Let ¢ be a flow in R? induced by a vector field F' and suppose that K is
an isolated periodic trajectory. Then, it is not difficult to see that K admits an isolating
block N that is a closed annulus with two different boundary components, each contained in
a different component of R? \ K. Since K does not contain fixed points, then

[(FN):O:X(N)7

and, Proposition ensures that the vector field points either outward or inward in every
component of ON. Hence, we have three mutually exclusive possibilities:

(1) F points inward in both components of N and, hence, K is an attractor.

(2) F points outward in both components of 0N and, hence, K is a repeller.

(3) F points inward in one component of N and outward in the other. In this case K is
neither an attractor nor a repeller.

Although these three possibilities cannot be distinguished only using the index, they can be
distinguished by using the Conley index. Indeed, in the first case, L = () and, hence, the effect
of collapsing is equivalent to make the disjoint union of N with a point {*} not belongin to
N. Since N is an annulus, it has de homotopy type of the circle S* and, hence, the Conley
index of K is the pointed homotopy type of (S* U {x},*) where * is a point that does not
belong to S*.

In the second case L = ON and (N/L,[L]) is a pinched torus that is pointed homotopy
equivalent to the wedge (S? Vv S*, ).

Finally, in the third case, L is just one component of N. Since N is homeomorphic to the
product S* x [0,1], (N/L,[L]) is just the cone (C'S', %) that is contractible. It follows that
the Conley index of K is trivial.

This shows that the Conley index is a finer invariant than the index of a vector field.
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2. BROUWER DEGREE OF VECTOR FIELDS NEAR NON-SADDLE SETS

In this section we study the Brouwer degree of a vector field in a vicinity of a special class
of isolated invariant sets called non-saddle.

We start by recalling that an invariant set K is said to be non-saddle if it satisfies that
for every neighborhood U of K there exists a neighborhood V' of K such that for all z € V'
either z[0, +00) C U or z(—o0,0] C U. Otherwise K is said to be saddle. We shall only
consider non-saddle sets that are also isolated. Attractors, repellers and unstable attractors
with mild forms of instability are some examples of non-saddle sets. Isolated non-saddle sets
are characterized by possesing arbitrarily small isolating blocks of the form N = Nt U N~
(see |5, Proposition 3]). Moreover, if K is connected, every isolating block is, in fact, of this
form. Notice that if N is an isolating block of this form, the vector field points either inward
or outward in each connected component of ON. Using the homotopies provided by the flow,
it easily follows that H*(K) = H*(N) and, therefore, K is of finite type. Another property
that we shall use in the sequel is that the union of the components of the boundary of an
isolating block of the form N = NTUN™ in which the vector field points outward is an initial
section of the unstable manifold of K. In an analogous way, the union of thoose components
of ON in which the flow points inward is a final section of the stable manifold. Hence, for
isolated non-saddle sets of smooth flows on R™ initial and final sections of the unstable and
stable manifolds are closed manifolds of dimension n — 1. For more information on isolated
non-saddle sets the reader can see [2, 14 [5].

In view of this, the following result is a far-reaching generalization of the Poincaré-Hopf
Theorem. Furthermore, it provides a nice characterization of non-saddle sets for flows in the
plane.

Proposition 2.1. Suppose that K is a non-saddle continuum, N is a connected isolating
block of K and S and S* an initial and a final section of the truncated unstable and stable
manifolds of K respectively. Suppose also that I(F|,) is defined. Then,

(1) If the dimension n is even then I(F),) = x(K) = x(N).

(2) If n is odd then I(F,) = 3(x(5*) — x(S)) = —x(N) 4+ x(5*) (note that if K is a

repeller then x(S*) = 0 and, therefore, I(Fj,) = —x(N)).

Moreover, if n = 2 and K is an arbitrary isolated invariant continuum then I(F),) = x(K)
if and only iof K is non-saddle.

An analogous statement is valid for deg(F, N). In this case there is no requirement that
I(F),) be defined.

Proof. We may assume without loss of generality that S = n~ and S* = n*. If n is even,
since S is a closed manifold of odd dimension it follows that x(S) = 0 and, hence, I(F],) =
V(E) = x(IV).

Suppose now that n is odd. Taking into account that ON = S U S*, Lefschetz duality
applied to the pair (V,0N) yields

H*(N,SUS*) = H,_.(N),

where the homology and the cohomology are taken in dual dimensions relative to n.
Since n is odd we deduce from the former expression that
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X(N, SUS*) = —=x(N).
On the other hand,
X(N,5US%) = x(N) = x(5) = x(57).

Summing up, '
X(N) = 5 (x(8) +x(57)).

Since H*(N) = H*(K) we have that y(N) = x(K) and, using this fact in the formula from
Corollary [L.4] we get that

I(F,) = 5(x(5%) ~ X(8)) = —X(N) + x(5").

Now suppose that n = 2 and K is an arbitrary isolated invariant continuum. We only
have to see that the equality I(Fj,) = x(K) ensures the non-saddleness of K since the
converse statement is just case (1). By (|3, Theorem 10]), K is non-saddle if and only if all
the components of S are circles .The equality I(F],) = x(K) implies that x(S) = 0 and,
thus, in this case, no component of S can be a (possibly degenerate) topological interval and,
consequently, must be a circle. Therefore, K is non-saddle. O]

In the following result, we use the Alexandrov (or one-point) compactification of the Eu-
clidean space R" U {oo} to show that under further assumptions more can be said about the
degree of F' and its index. We recall that R™ U {co} is homeomorphic to the n—sphere S™.

Proposition 2.2. Suppose that K is a non-saddle continuum, n is even and every component
of (R"U{oo})\ K is contractible (this always happens forn = 2). Consider a connected isolat-
ing block N of K. Then deg(F,N) <1, and I(F|,) < 1 when defined. Also, if deg(F,N) =1
then K is either an attractor or a repeller.

Proof. Let k be the number of components of (R" U {oo}) \ K (which is finite and coincides
with 1 4 rk H"71(K) by Alexander duality). Since they are contractible, they have Euler
characteristic equal to one. By Alexander duality

X(K) = x(R" U{oo}) = x(R" U oo) \ K)

=2—-k<1.
Then, Proposition 2.1] ensures that deg(F, N) = x(K) < 1. Furthermore, the equality 2—k =
1 holds if and only if K does not disconnect R™ U {oco}. In such a case, the only component

of R*U{oo} \ K is locally attracted or locally repelled by K by [5, Theorem 25]. In the first
case K is an attractor and in the second K is a repeller. O]

Next we analyze the situation when the dimension n is odd and greater than one.

Proposition 2.3. Suppose that K is a non-saddle continuum, n > 1 is odd and every com-
ponent of (R"U{oo})\ K is contractible. Consider a connected isolating block N of K. Then
deg(F,N) <k, and I(F|,) < k when defined. Furthermore, if I(F),) is defined,

(1) I(F,) =k if and only if K is an attractor.
(2) I(F,) = =k if and only if K is a repeller
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(3) I(Fy) = 0 if and only if K decomposes R"™ in an even number of components, half of
them locally attracted by K and half of them locally repelled.

Analogous statements hold for deg(F, N). In this case there is no requirement that 1(Fj,) be
defined.

Proof. By [5, Theorem 25] we have that all the components of (R™ U {oo}) \ K are either
locally attracted or locally repelled by K. We denote by U the union of all the components
of (R"U{o0}) \ K which are locally repelled by K and by V' the union of all the components
which are locally attracted. Then there is an attractor A C U such that U is the basin of
attraction of A and analogously, a repeller R C V such that V is the basin of repulsion of R.
Let k be the number of components of R” \ K and u the number of components of U. Then,
by [14, Theorem 3.6] H*(U) = H*(A) and, by Alexander duality, H*(A) = H,_.(U, U\ A).
So, since n is odd, we have

X(A) = =x(U, U\ A) = —x(U) + x(U\ A) = —u+ x(5).

For the last equality, we use the facts that all the components of U are contractible and that
S is a strong deformation retract of U\ A. Since x(A) = x(U) = u we obtain that x(5) = 2u.

By an analogous argument applied to R and V' we obtain that x(S*) = 2(k — u). So, by
Proposition 2.1] we get

I(F,) = 5((5%) = X(8) = 520k — u)) —2u0) = k — 20,
and, since u > 0, we obtain that I(F),) < k.

Also, I(Fj,) = k if and only if uw = 0, which happens if and only if K is an attractor. On
the other hand, the equality I(F],) = —k holds if and only if u = k, which occurs if and only
if K is a repeller. Finally I(F},) = 0 if and only if £ = 2u, i.e, if and only if the number
of components of R” — K that are locally repelled by K matches the number of components
that are locally attracted by K. 0J

3. BROUWER DEGREE AND CONNECTING ORBITS IN ATTRACTOR REPELLER
DECOMPOSITIONS

In this section we show how to use the Brouwer degree to detect the existence of connecting
orbits in attractor-repeller decompositions. We also give an estimate of the Euler character-
istics of the set of connecting orbits. Finally, we present an application of these results in
order to calculate the Brouwer degree of the Lorenz vector field in an isolating block of the
Lorenz strange set.

We recall that if K is an isolated invariant set and A C K is an attractor for the restriction
flow ¢, then the set

R={rzeK|w@)nA=0}
is non-empty and is a repeller for ¢|,.. The pair {A, R} is called attractor-repeller decomposi-

tion of K. Notice that if K # AU R the orbit of any point © ¢ AU R satisfies that w(z) C A
and w*(z) C R. These kind of orbits are the so-called connecting orbits between A and R.
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Proposition 3.1. Let {A, R} be an attractor-repeller decomposition of the isolated invariant
set K and N an isolating block of K. If deg(F, N) # x(A) + x(R) — x(S) then there exists
an orbit in K connecting A and R. Moreover, if C' is the union of all connecting orbits then

X(C) = x(A) + x(R) — x(K).

Proof. We argue by contradiction. Suppose that there is no orbit in K connecting A and R.
Then K is the disjoiunt union of A and R. As a consequence,

X(K) = x(4) + x(R).
Thus, Corollary [I.4] ensures that
deg(F, N) = x(A) + x(R) — x(5)

contradicting the hypothesis.

Let us compute the Euler characteristic of the set C' of connecting orbits. Since C' is
parallelizable we can find a section Cy of C. Define K; = A U (y[0,00) and Ky = R U
Co(—00,0]. Then K = K; U Ky and K; N Ky = Cy. By using the Mayer-Vietoris sequence

e — Hq(Kl UKQ) — Hq(Kl)@Hq(Kg) — Hq(Kl ﬂKg) —_—

we readily get that
X(K) = x(K1) + x(K2) — x(Co).

However, C is a strong deformation retract of C' and so x(C') = x(Cjy). Moreover, arguing in
the same way as in the proof of Theorem [[.2] we obtain that Sh(K;) = Sh(A) and Sh(K3) =
Sh(R) and therefore x(K7) = x(A) and x(K3) = x(R). Hence, the result follows. O

The Lorenz vector field F : R?® — R? provides a simplified model of fluid convection
dynamics in the atmosphere, and is given by

F(x,y,z) = (U(y - LU),TLU —Y - TZTY — bZ),

where o, 7 and b are three real positive parameters corresponding respectively to the Prandtl
number, the Rayleigh number and an adimensional magnitude. We consider the so-called
classical values o = 10,b = 8/3. In [26] it is shown that for values of r between 13.926. ..
(which corresponds to the homoclinic bifurcation) and 24.06 (where another type of bifurca-
tion occurs involving the two branches of the unstable manifold of the origin) a “strange set”
L originates that exhibits sensitive dependence on initial conditions. For these values of the
parameter r, the global attractor €2 of the Lorenz system has an attractor-repeller decompo-
sition {A, L} where £ is the Lorenz strange set and A consists of two points. It follows from
[11, Corollary 5.3] and [24, Theorem 7] that the Lorenz strange set has the shape of a wedge
of two circles. Therefore, y(£) = —1. We shall also make use of the fact that, since 2 is the
global attractor, x(2) = 1.

Proposition 3.2. Let F' : R® — R? be the Lorenz vector field and let N be an isolating
block of the Lorenz strange set L. Then deg(F, N) = 1. Moreover, if N is an isolating block
of the global attractor ), then deg(F, N) = —1.
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Proof. Let C be the set of connecting orbits between A and £. Then, Proposition B.I] together
with the considerations made before the statement of the proposition ensure that

X(C) = x(A) + x(£) = x(©2) = 0.
Since () is an attractor, the unstable manifold of £ is contained in 2 and, thus, agrees with
C. Now, let N be an isolating block of £. By Corollary [[L4] we get

deg(F, N) = (—=1)°(x(£) — x(5)) = (=1)*(x(£) — x(C)) = 1.

This contrasts with the situation for the global attractor: if N is an isolating block of Q
then deg(F, N) = (—1)3x( Q) = —1. O

Remark 3.3. For values of the parameter r > 24.06 the strange set £ becomes an attractor
(the Lorenz attractor) and its Cech cohomology (even its shape) remains that of a wedge of
two circles. Since £ is now an attractor, S = () and

deg(F, N) = (—=1)*x(£) = 1.

4. A GENERALITATION OF BORSUK’S AND HIRSCH’S ANTIPODAL THEOREMS

We now present a result that is a form of Borsuk’s [I8, Theorem 5.2, pg. 163] and Hirsch’s
[18, Theorem 5.3, pg. 166] antipodal theorems for domains which are isolating blocks, in-
volving the dynamics of the flow induced by F' rather than the Brouwer degree of F'. Using
this result it is possible to conclude from inspection of K and S the existence of a point z in
the boundary ON such that the vector field F' points in the same (or opposite) direction at
r and —zx.

We say that an isolating block N C R" is symmetric if x € N if and only if —z € N, i.e.,
N is invariant for the antipodal action.

Proposition 4.1. Suppose that the isolating block N is symmetric and 0 € N. Then

(1) If x(K) and x(S) have the same parity then there is some x € ON such that F(x)
and F(—x) point in the same direction. In particular, if N is the unit ball B™ (and
thus ON = S™') and F|_,_, maps S*~"' into S"~' then there is some x € S"~" such
that F(x) = F(—x).

(i) If x(K) and x(S) have different parity then there is some x € ON such that F(z) and
F(—z) point in opposite directions. In particular, if N is the unit ball B™ (and thus
ON = 5" 1) and F, maps S"! into S"71 then there is some x € S™™1 such that
F(z) = —F(-x).

Proof. If x(K) and x(5) have the same parity then by Theorem [L.4l the degree of F|_ is even
and (i) is a consequence of the Hirsch theorem. If y(K') and x(S) have a different parity then
by Corollary [[.4] the degree of F, is odd and (i) is a consequence of the Borsuk antipodal
theorem. 0

sn—1
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