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Resumen en Castellano

Este Tesis examina problemas en economía desde la perspectiva de Aprendizaje Mecánico.

Se hace hincapié en la interpretabilidad de los algoritmos de Aprendizaje Mecánico en lugar

de modelos de predicción de �black-box�.

Capítulo 1 Proporciona el resumen de la terminología y los métodos de Aprendizaje

Mecánico utilizados a lo largo de esta tesis. El objetivo de este capítulo es construir la

trayectoria desde un simple árbol de decisión hasta algoritmos impulsados por conjuntos

más avanzados. También se explican otros modelos de Machine Learning. Asimismo, se

proporciona una discusión de los avances en el Aprendizaje Mecánico en economía junto con

algunos de los escollos que enfrenta el aprendizaje automático. Además, un ejemplo sobre

cómo se utilizan los valores de Shapley de coalición de teoría de juegos y muestran cómo se

puede tomar inferencia de los modelos de predicción.

Capítulo 2 Analiza el problema de la predicción de quiebra en la economía española y

cómo Aprendizaje Mecánico, no sólo proporciona una mayor precisión predictiva, sino que

también puede proporcionar una interpretación diferente de los resultados en la que los mod-

elos econométricos tradicionales no pueden. Se construyen una serie de ratios �nancieros

y se pasan a una serie de algoritmos de Aprendizaje Mecánico. Se proporcionan estudios

de casos que pueden ayudar a mejorar la toma de decisiones por parte de las instituciones

�nancieras. También se proporciona una sección que contiene material complementario

basado en un análisis más detallado.

Capítulo 3 analiza una política pública de contaminación en Madrid. Se propone un

nuevo enfoque que utiliza Machine Learning para evaluar críticamente el impacto de la

política. Una serie de características estacionales y de temperatura se pasan al modelo de



Aprendizaje Mecánico para predecir el nivel de contaminación de los próximos días. El capí-

tulo se centra en la interpretación del modelo de Aprendizaje Mecánico, especialmente en

torno al período en que se promulgó la política y, para ello, se aplican los valores de Shapley.

Capítulo 4.1 analice el problema de predicción de mortalidad entre pacientes ingresados

en el hospital con COVID19. Los datos consisten en características de salud a nivel de

pacientes a partir de datos de muestras de sangre. Estas variables son esenciales para

realizar predicciones precisas a partir de modelos de Machine Learning. Este subcapítulo

constituye la base del siguiente subcapítulo. Capítulo 4.2 extiende el capítulo anterior como

analizando el problema de la prueba de estrés en los admitidos hospitales. Utilizando las

predicciones de mortalidad de los capítulos anteriores se aplica un modelo de simulación

de Monte Carlo donde se analizan diferentes escenarios en función del número de ingresos

hospitalarios y camas disponibles.

UNESCO Codes : 1203.04 (Inteligencia arti�cial), 1203.07 (Modelos causales), 5302.02

(Modelos econométricos), 5311.07 (Investigación operativa).
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Abstract in English

This Thesis examines problems in economics from a Machine Learning perspective. Em-

phasis is given on the interpretability of Machine Learning algorithms as opposed to black-

box predictions models.

Chapter 1 provides an overview of the terminology and Machine Learning methods used

throughout this Thesis. This chapter aims to build a roadmap from simple decision tree

models to more advanced ensemble boosted algorithms. Other Machine Learning models

are also explained. A discussion of the advances in Machine Learning in economics is also

provided along with some of the pitfalls that Machine Learning faces. Moreover, an example

of how Shapley values from coalition game theory are used to help infer inference from the

Machine Learning models' predictions.

Chapter 2 analyses the problem of bankruptcy prediction in the Spanish economy and

how Machine Learning, not only provides more predictive accuracy, but can also provide a

di�erent interpretation of the results that traditional econometric models cannot. Several

�nancial ratios are constructed and passed to a series of Machine Learning algorithms. Case

studies are provided which may aid in better decision-making from �nancial institutions. A

section containing supplementary material based on further analysis is also provided.

Chapter 3 analyses a pollution public policy in Madrid. A new approach using Machine

Learning is proposed to critically evaluate the impact of the policy. Several seasonal and

temperature characteristics are passed to the Machine Learning model to predict the next

day's pollution level. The chapter focuses on the interpretation of the Machine Learning

model especially around the period the policy was enacted and for this purpose, Shapley

values are applied.



Chapter 4.1 analyses the problem of predicting mortality among patients admitted to

hospital with COVID19. The data consists of patient-level health characteristics from blood

sample data. These variables are essential to make accurate predictions from Machine

Learning models. This sub-chapter forms the basis of the next sub-chapter. Chapter 4.2

analyses and extends the problem discussed previously in Chapter 4.1 by extending the

analysis to the problem of stress testing hospital admissions. Using the previous chapter's

predictions of mortality a Monte Carlo simulation model is applied where di�erent scenarios

based on the number of hospital admissions and available beds are analysed.

UNESCO Codes : 1203.04 (Arti�cial Intelligence), 1203.07 (Causal modelling), 5302.02

(Econometric models), 5311.07 (Operations research).
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Thesis overview

This thesis applies Machine Learning to three di�erent problems in economics. The

problems are, (i) to predict corporate bankruptcy from �nancial statement data, (ii) as-

sessing the impact of temporary tra�c restrictions on NO2 emissions, and (iii) how days

spent in hospitals marginally reduce COVID19 probability of mortality. These problems are

clearly very di�erent in nature from one another but all of them have some common roots

which make Machine Learning a priori more appropriate than classical econometric models.

Machine Learning contains a broad body of knowledge with many of its applications being

cross-disciplinary, with that said, this Thesis aims to apply Machine Learning to the �eld of

economics. More speci�cally, it makes use of a relatively narrow family of Machine Learning

techniques. The �rst chapter presents a guided tour from very general concepts down to the

speci�c techniques that constitute the central part of the Thesis. The chapters that follow

are devoted to each of the above mentioned problems. This forward aims to summarise

the contents of each chapter. A special focus is put on the economic relevance of the main

�ndings, omitting technical details for later chapters.

Machine Learning in economics, guided tour: Chapter 1

This chapter introduces some of the fundamental concepts and methods in Machine Learn-

ing with a focus on how it can be applied to economics. Moreover, whilst this chapter

covers a wide range of concepts it is not an exhaustive overview of Machine Learning. More

emphasis is placed on the methods and models that are used later in the Thesis. Generally,

Machine Learning consists of a collection of computational methods in which the computer

learns from some dataset. For example, a model is able to learn a mapping of previous

patient characteristics and determine the likelihood of su�ering from a given illness in the
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future. Additionally, a model is able to make more accurate predictions on consumer sales

preferences from past user activity. More generally, the range of potential applications of

Machine Learning is vast, and so is the number of available models, with di�erent �elds all

contributing to the advancement of Machine Learning.

Among the extensive collection of Machine Learning models, the fundamental concept of

a tree is central for this Thesis. As an illustration, consider the example of students passing

an applied macroeconomics course, a binary classi�cation task. Students previous grades in

other courses are used as the predictor variables. A tree may make a �rst decision rule by

splitting students into two groups, those who had grades less than 80% and those who had

grades greater than or equal to 80% in mathematics. Sticking with the side of those students

who obtained greater than 80% a second decision rule might split these students into two

further sub-groups. Those students who obtained less than 70% and those who obtained

greater than or equal to 70% in microeconomics. Finally, sticking with the students who

obtained greater than 70% the tree may make a further split on this group. Those who

speak English and those who do not. Therefore, the students who are most likely to pass

the macroeconomics course are those students who �t into the sub-group - obtained greater

than 80% in mathematics, those who had greater than 70% in microeconomics and those

who speak English. There are other non-linear paths a student could follow and thus we

have partitioned the students into sub-groups by using two type of data, quantitative, the

continuous variables (course grades) and qualitative, a binary variable (language). Natu-

rally, the tree can become more complex with the inclusion of more variables and the central

question becomes: what tree should we use in order to make valuable and accurate predic-

tions?

If we have past data on students grades and language capabilities, along with the ob-

served grade in macroeconomics we can compare the predictions to the actual value and
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thus select a better tree which is called supervised learning. The chapters throughout the

Thesis focus on supervised learning in which the model improves by correcting the residual

error of its predictions. The main algorithm in the Thesis is Extreme Gradient Boosting

(XGBoost) which sequentially selects trees which minimises a loss function by minimising

the prediction errors and penalising the complexity of the trees.

In order to predict a given response variable, Machine Learning automatises the search

for the functional form which best �ts the data. Conversely, econometrics requires the an-

alyst to take a more active role in this search. Moreover, econometrics assumes that there

is a true population that generates the data and depending on the characteristics of the

population, certain sample statistics are reasonable1 estimators for certain parameters that

de�ne the population from which the data has been sampled. In contrast, Machine Learning

does not presume the existence of an underlying -unobserved- population. Roughly speak-

ing, if we know the grades and language capabilities for each and every one of the students

then we observe the population itself. The key question then is how to extract from this

the relevant information for the prediction exercise under consideration. The aim in Ma-

chine Learning is generalisability onto new unseen data. Despite these essential di�erences

between Econometrics and Machine Learning, both �elds share some common problems in

the handling and treatment of the data, such as endogeneity issues and variable selection.

The latter can be somewhat solved in Machine Learning and tree based models since if a

variable does not contribute to the models prediction, the model will simply not use it. The

comparison between econometrics and Machine Learning along with the problems in both

disciplines are discussed in the �rst chapter of the Thesis.

1More formally, several concepts apply, such as unbiased, e�ciency and consistency.
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Bankruptcy prediction: Chapters 2.1 and 2.2

The �rst research problem addressed in this Thesis involves bankruptcy prediction. An-

nual data on company �nancials was downloaded from `'Sistema de Análisis de Balances

Ibéricos" from 1992 to 2016 and from this data a number of �nancial ratios relevant in the

literature was constructed. The data contains 58,000 companies, among which some 6,000

went bankrupt during the sample period. The response variable is the bankruptcy status

of the �rms, a binary variable which indicates if a �rm has gone bankrupt or not. Due to

the relative scarcity of bankruptcy events, Machine Learning is a natural �t for this type

problem.

This chapter deals with prediction exercises and compares the predictions of di�erent

Machine Learning models along with a classical logistic regression model. Moreover, Ma-

chine Learning models do not just outperform traditional models but the focus and emphasis

is put on what Machine Learning can teach us about the data that can not be learned using

traditional econometric models. In this regard, two �ndings are worth mentioning.

Firstly, the impact of a given variable when determining the probability of bankruptcy,

averaging across all �rms, is not linear. For example, the XGBoost algorithm shows that

one of the most in�uential ratios is Total Liability to Total Assets (TL.TA) and generally

the higher the TL.TA, the higher the probability of bankruptcy. Moreover, the in�uence of

this variable is S-shaped rather than linear, that is, an increase in the TL.TA has a lower

impact for the likelihood of bankruptcy when the departure point is a low level of TL.TA

than when it is high, which makes sense economically.

Secondly, XGBoost allows us to explore how any two unique �rms may have roughly the

same probability of bankruptcy but for di�erent reasons. There are a number of scenarios

under which the reasons that lead to bankruptcy predictions are important as -if not more
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than- the probability itself. In this regard, if the variables are pooled additively in a logistic

regression model, the marginal contribution of a given variable is bound to be independent

of the values of all other variables. Admittedly, non-linear terms can be also tested, but

not systematically tested. In contrast, the function space that XGBoost explores is much

larger than any by-hand testing procedure. Consequently, the �nal model delivers virtu-

ally �rm-speci�c impacts of each variable, that is, �rm-speci�c explanations for each of the

given �rms probability of bankruptcy. Case studies to illustrate this fact are presented in

this chapter.

The �nal comment is in regards to the prediction exercises. By standard statistics

presented on prediction errors from a confusion matrix, XGBoost exhibits a clear advantage

over a more simpler logistic regression. In fact, most of the Machine Learning models

outperform the logistic regression model. The underlying reason is presumably quite simple:

for large datasets a one-equation-�ts-all breaks down and the models which work best are

the ones which are able to choose �exible functional forms relating the regressors to the

dependent variable. One of the demands of a referee as part of the submission process was

a deeper and wider discussion of the Machine Learning models. As for this Thesis, I present

in chapter 2.1 the accepted version of the paper published in Computational Economics

Smith and Alvarez (2021c), while chapter 2.2 includes the supplementary material from the

suggestions of the external reviewers.

Assessing the impact of tra�c restrictions: Chapter 3.1

This chapter contains the second research problem studied in the Thesis. Madrid's local

government established in 2017 a protocol in which tra�c restrictions are enforced when

the measurement of NO (Nitrogen Oxide) levels are above a pre-de�ned threshold. These

restrictions are set on a daily basis and take e�ect gradually: in the �rst day the speed limit

in the inner ring (M-30) reduces from 90 to 70 km/h, and from here further restrictions
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are enforced if NO levels continue to be above the pre-de�ned threshold. There are 24

pollution measuring stations located throughout Madrid and depending on how close they

are to congested tra�c routes, they are de�ned as Tra�c, Background or Suburban. The

central question of this research chapter is to assess, at a station level, the impact of the

protocol.

The protocol has been controversial in the media since the beginning and so an as-

sessment of its impact has interest beyond academia. For this task, there are two major

challenges. First, unlike permanent protocols, such as zero-emissions zones, the protocol

switches between active and inactive on a daily basis. Since 2017, it has been active only 59

days, never more than 11 consecutive days. Second, there is an endogeneity issue. When we

plot the daily time series of NO pollution and days in which the protocol was activated, the

peaks of the former coincide with the days of the active protocol and the question remains,

who is in�uencing who?

In order to try and analyse this problem I used XGBoost and Shapley values. The de-

pendent variable is daily NO pollution levels and the protocol is a binary regressor. Other

regressors were used such as weather and seasonal variables. In the category of the former,

wind speed was one of the most signi�cant variables in the model. Other weather vari-

ables such as humidity, temperature and rain were also included in the model. It is worth

mentioning that NO emissions are strongly connected to road tra�c, so the perception, it

seems it is going to rain today, might be more in�uential than the fact, it is raining, as it is

the perception what might determine the choice between public and private transportation.

Among the seasonal variables, time of the year, whether it is a working day or not and

variable of a similar nature were included. All weather and seasonal variables are at the

daily frequency and independent models are constructed for each measuring station.
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Whilst in the previous problem, the dependent variable had relatively few instances of

bankruptcy observations, here the regressor of interest has very few observations - few days

the protocol was activated. Additionally, as previously discussed, there is an endogeneity

issue. To overcome both di�culties I proceeded in the following two steps. Use Shapley

values to determine the impact of each regressor in the models predictions. Secondly, a

closer look at the indirect e�ects is analysed.

The underlying idea behind Shapley values comes from cooperative game theory. Sup-

pose we want to measure the impact of the feature value X = {Wind speed is high}. We

consider all possible coalitions, or groups of feature values, in which X is a member. For

each of those coalitions, we compute the di�erence between the prediction using the whole

coalition and the prediction using the whole coalition without X. The Shapley value of X

is the weighted average di�erence across all coalitions. Once Shapley values are computed,

the endogeneity is overcome by looking at the indirect e�ects. The most clear indirect e�ect

is for the variable wind speed. The Shapley values for the di�erent wind speed values show

that the higher the wind speed, the lower the pollution level, which is in line with previous

literature. The analysis shows the indirect e�ect of the protocol as follows: the e�ect of an

increase in wind speed is higher when the protocol is active than when it is not. In this The-

sis, I present in chapter 3.1 the accepted version of the paper published in the International

Journal of Environmental Science and Technology Alvarez and Smith (2021).

COVID19 mortality characteristics: Chapter 4.1 and 4.2

This chapter is split into two parts, the �rst part uses patient characteristics in order to

predict which patients are at most risk of mortality from COVID19. This part contains data

which is quite far removed from economics but does contain an important feature which is

crucial to the second part. The variable of interest is the number of days a patient remains

in hospital. However, using just this variable to predict patient mortality is not going to
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produce any meaningful predictions and for this reason further patient characteristics on

blood sample data are also used such that the model has su�cient data to make predictions.

Shapley values are again applied but with a focus on the days in hospital and age variables.

The second part of this chapter concerns the variable days in hospital and its link with

reduced mortality rates of COVID19 in patients. The motivation for this paper comes from

a simple re�ection: how should we measure pressure put on hospitals in times of crisis?

Consider a hospital with, say, a hundred beds available, under two di�erent scenarios, A

and B. In scenario A, a hundred new patients come to the hospital every day, each patient

needs exactly one day in hospital for full recovery. In scenario B twenty new patients come

every day, each patient requires ten days for recovery. Under either scenario, the hospital

will be operating at full capacity in just a few days, in just a single day under scenario A.

However, scenario A seems preferable. In short, in addition to the percentage of occupied

beds, from an economic perspective, the productivity in hospitals should be taken into ac-

count, the question remains, how to combine both features.

Overall, this chapter combines two elements. The �rst being the estimation procedure.

Using data on patient characteristics an estimation of the probability of mortality as a

function of these characteristics is made. The second utilises the previous Machine Learning

probabilities and Monte Carlo simulations are run under di�erent stress testing scenarios in

which combinations of the number of available beds and the number of new patients arriving

at the hospital are analysed. In this Thesis, I present in chapter 4.1 the accepted version of

the paper published in Expert Systems with Applications Smith and Alvarez (2021a) along

with the code being veri�ed as reproducible code and published on CodeOcean Smith and

Alvarez (2021b).
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Chapter 1

Representative models of Machine

Learning and applications in economics

Abstract: This paper is a discussion of Machine Learning applied to the subject of eco-

nomics and �nance. The paper �rst introduces the background of Arti�cial Intelligence (in

which Machine Learning is a subset of) and then aims to relate the problems in Machine

Learning to the same problems faced in Econometrics and discusses how Machine Learning

tries to overcome these problems. A comprehensive review of the main models and methods

is also made. Finally, a discussion is made on the transition from decision tree models to

more advanced models such as Gradient Boosting, the fundamental building blocks of the

main models used in this Thesis.

JEL Codes : C01 (Econometrics), C14 (Semiparametric and Nonparametric Methods),

C44 (Operations Research), C58 (Financial Econometrics).

1.1 Introduction

The past few decades has seen substantial growth in the �eld of economics. There has

also been a transition away from more traditional theoretical work and a move more to-

wards applied empirical research Hamermesh (2013). Previously, empirical research was

often di�cult to do in part due to lack of computational resources but also in part due to

inadequate access to data. This has changed over the last few decades and the growth of
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the internet has allowed researchers to obtain better access to data. It is now more easier

than ever to access various data sets for empirical analysis. However, with the increase in

data brings about its own challenges related to data retrieval, management and storage.

Typically, economists often analyse data which can �t into a spreadsheet or data which

is in a rectangular format with N observations and K variables, and K < N . However,

more granular data is increasingly being collected which naturally increases the size of a

dataset. Additionally, there are econometric challenges, conventional econometric models

may now not be the most suitable method to apply to the data collected such as the case

when analysing text or imagery datasets, but also when analysing big data. When dealing

with big data it might be the case that there are more predictors than appropriate for esti-

mation and thus variable selection becomes important. Moreover, the size of the data may

require more powerful data manipulation tools. The term big data not only comes from an

increase in the scale of the data but also in terms of the type of characteristics that the

data has. Machine Learning can help sift through data that contains many predictors and

seek non-linear and highly interactive combinations which reliably predict outcomes. Einav

and Levin (2014) provides an early survey addressing the question of big data's in�uence in

economics and how big data may impact economic policy and economic research and point

at the need for new methods to be employed, but do not elaborate further. (Varian, 2014)

extends the discussion of big data in economics and suggests the �eld of Machine Learning

to address the problems arising from big data. Athey (2017) discusses how big data can be

used for policy problems.

Econometrics is based on sound mathematical statistics and probability theory and the

models are robust with attractive properties. Given a dataset and a speci�ed model, the

parametric regression parameters are obtained through an algebraic formula. Ordinary

Least Squares (OLS) gives the Best Linear Unbiased Estimator (BLUE) of the regression's

coe�cients. Moreover, Machine Learning algorithms are usually complex and cannot be
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mathematically described in a single formula. The solution to a Machine Learning model

is determined algorithmically and the best solution is chosen depending on the structure of

the data and is therefore more of an approximation than an exact solution. Machine Learn-

ing in its most simplest form is allowing a model to learn -or recognise patterns- from the

data in order to make some decision without being explicitly programmed, it is a sub-�eld

of computer science that largely evolved from computational learning theory and pattern

recognition studies.

Machine Learning utilises the use of data-driven model selection and uses the learning

of a function f which maps input variables x = (x1, . . . , xp) to output variables y, y = f(x).

The form of the function is unknown and the form is in part determined as a function of

the data, as opposed to conducting a single estimation. Unlike in traditional econometrics,

the �eld of Machine Learning has an overwhelming number of models or functional forms

that relate x to y and it is di�cult to know when and where a given algorithm �ts a speci�c

problem. Usually, di�erent Machine Learning algorithms are applied in order to see which

algorithm is best at approximating the underlying function. The algorithm learns the map-

ping function from a training dataset and the objective is to achieve goodness of �t in the

independent held-out test dataset, through the minimisation of errors between the predicted

and actual outcome. Moreover, econometrics attempts to understand the estimator µ̂(x)

and evaluate the marginal impact from the change of one covariate when all others are held

constant which, is not the explicit aim of Machine Learning.

Data analysis in statistics and econometrics can be broken down into four categories: 1)

prediction, 2) summarisation, 3) estimation, and 4) hypothesis testing. Machine Learning

is concerned primarily with prediction but it also o�ers a set of tools that can usefully sum-

marise various sorts of non-linear relationships in the data. Much of applied econometrics

is concerned with detecting and summarising relationships in the data Varian (2014). In
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smaller data sets, these traditional econometric models often perform better than complex

Machine Learning models. However, when the data becomes larger, Machine Learning mod-

els tend to outperform traditional models.

Machine Learning has been growing in both academia and in the private sector in recent

years, it not only provides economists a new set of tools but also solves di�erent problems.

Figure 1.1 plots some keyword searches from the academic database Web of Science based

on a given keyword appearing in the title to demonstrate the growth in Machine Learning

related research relative to more traditional topics.
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Figure 1.1: Number of times a given keyword appears in articles published onWeb of Science

This paper aims to be a guided tour from econometrics to a subset of advanced Machine

Learning algorithms that are well suited for a number of applied economic applications. The

following paper is broken-down as follows, �rst an introduction to arti�cial intelligence and
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its impacts on the economy and applications to economic problems. Then, how Machine

Learning �ts in with traditional econometrics. Followed by, an overview of di�erent types of

Machine Learning problems and how to handle them. Finally, an introduction to decision

trees and their evolution to Extreme Gradient Boosting.

1.2 Arti�cial Intelligence

The term Arti�cial Intelligence usually refers to the broad de�nition of a computer system

that is able to perform tasks that normally require human intelligence. Due to the broad-

ness of the de�nition the goalposts of what de�nes Arti�cial Intelligence keeps changing

with its continued advancement and thus Arti�cial Intelligence de�nes what machines can

not currently do. That is, a computer that can beat an expert chess player would have

been considered Arti�cially Intelligent a few decades ago. However, after IBM's Deep Blue

beat Garry Kasparov in the 1990's the de�nition evolved and playing chess was considered

a computer science problem and other challenges became Arti�cial Intelligence problems.

The development of Arti�cial Intelligence can be categorised into periods of growth and low

interest. The periods of low interest are often de�ned as AI winters and is a period of quiet

time in the research and development where funding for Arti�cial Intelligence initiatives dry

up. AI winters historically came about when the promise of Arti�cial Intelligence failed, the

return on investment disappointed or when computational power was not advanced enough

for more complex systems. These periods of quietness were followed by periods of growth

and renewed interest, often when Arti�cial Intelligence systems became more cost e�ective

and computational power improved. Figure 1.2 gives a brief overview of Arti�cial Intelli-

gence and its corresponding sub-�elds.
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Arti�cial Intelligence:

Any method which enables

computers to mimic

human behaviour which

includes Machine Learning.

Machine Learning:

Arti�cial Intelligence

techniques that give

computers the ability

to learn without being

explicitly programmed

which includes Deep Learning.

Deep Learning:

A subset of Machine Learning

which makes the computation

of multi-layer neural networks

feasible.

Figure 1.2: Overview of Arti�cial Intelligence and sub-�elds

1.2.1 Impact of Arti�cial Intelligence in the Economy

The prospect that computer intelligence could be able to complete tasks that a human can

do would be extraordinary and would impact economies in a big way. However, this does

not come without potential societal problems. This section deals with a brief review of how

Arti�cial Intelligence is impacting or could potentially impact economies.

Electricity, internal combustion engines and semiconductors facilitated the automation

in the last century, however, Arti�cial Intelligence looks to automate human tasks which

were previously thought to be too di�cult to automate. Korinek and Stiglitz (2017) discuss

the general conditions under which advances in Arti�cial Intelligence may lead to a Pareto

improvement. Moreover, Arti�cial Intelligence necessitates large adjustments, and whereas

society may be able to adjust to slow changes, it may be more di�cult to adjust when the

pace is more rapid, due to imperfections in capital markets. These outcomes can also be

Pareto inferior and the more willing a society is to support this transition and to provide

support to those who are � left behind �, the faster the pace of innovation a society can ac-

commodate, ensuring outcomes that are Pareto improvements. If Pareto improvements can

no longer be ensured, it may lead to resistance in innovation from those in society who are

losing, leading to uncertain political and economic consequences.
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The displacement e�ect brought about by the introduction of Arti�cial Intelligence tends

to lower the demand for labour and wages. However, this e�ect could be counteracted by a

productivity e�ect, resulting in cost savings generated by automation and therefore increases

the demand for labour in non-automated tasks. Acemoglu and Restrepo (2018) summarise

the implications of automation and Arti�cial Intelligence on the demand for labour, wages

and employment. They discuss the displacement e�ect of machines taking over human

tasks and the expansion e�ect as growth leads to the creation of new tasks where human

labour has a comparative advantage over machines. Furman (2018) discusses how Arti�-

cial Intelligence has both potential bene�ts for productivity but also consequences, such

as higher inequality and a drop in labour force participation. In order to overcome these

consequences, institutions should help workers adapt to labour market changes. This adap-

tation to Arti�cial Intelligence would be more successful than imposing large-scale changes

to social policies, such as universal basic income in the future, thus maximising the bene-

�ts of Arti�cial Intelligence and mitigating the disruptive side e�ects. Moreover, inequality

brought on by the advancement in Arti�cial Intelligence may also a�ect skills-based inequal-

ity and disproportionately increase the wages of highly educated people and may suppress

the wages of the lower educated due to a shock in job automation. Job losses for low-wage

jobs are signi�cantly more likely than job losses from higher educated jobs since the higher

educated jobs will have people with an innate ability to grasp new and more complicated

tools and thus higher educated people are better at learning the necessary new skills that

Arti�cial Intelligence will bring about and therefore will likely bene�t disproportionally to

the uneducated with this advancement. On the contrary, the opposite may occur, high

paid jobs such as a doctor and �nancial analyst may be at greater risk, since prediction is

at the core of what they do and thus if Arti�cial Intelligence is better at prediction, then

these highly skilled jobs are at risk, therefore the di�usion of Arti�cial Intelligence could

lead to a de-skilled labour force and reduced overall inequality. Moreover, it has been more

challenging for lower-skilled workers to learn the skills required as technology automates
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certain aspects of their jobs when compared to higher-skilled workers Agrawal et al. (2019).

Nilsson (1984) studied one of the early implications of Arti�cial Intelligence on employment

and the distribution of income stating that unemployment has historically been thought

of as a problem that needs correcting and that unemployment caused by the introduction

of Arti�cial Intelligence will be more liberating than unemployment caused by historic au-

tomation technologies. That is, people will be able to spend time on activities that will be

more gratifying and humane than time spent on working. Bessen (2018) applies a model of

demand to predict employment levels over the next 10 or 20 years and show how Arti�cial

Intelligence is likely to a�ect jobs. Another important reason why inequality might increase

relates to the capital share in the economy. Labour share of GDP is falling Autor et al.

(2020) and therefore if Arti�cial Intelligence is a more e�cient form of capital, then capital

share will rise at the expense of labour share Acemoglu and Restrepo (2018) and Sachs

(2019).

Aghion et al. (2017) analyse the potential impact that Arti�cial Intelligence might have

on economic growth and the division between labour and capital. They demonstrate that if

Arti�cial Intelligence was an input to the production of ideas, then exponential growth could

be generated, even without an increase in the number of humans generating ideas. More-

over, Bloom et al. (2020) show that across a number of industries, research e�ort is rising

substantially while research productivity is declining sharply, therefore scienti�c research

ideas are becoming more di�cult to �nd. Moreover, if Arti�cial Intelligence is an input to

the production of ideas, then we would have a way out of this potential driver of slowing

productivity growth and instead, productivity growth could accelerate Agrawal et al. (2019).

Varian (2018) discusses how Arti�cial Intelligence and Machine Learning can impact

many industries and how it might a�ect the industrial organisation of �rms which provide

Arti�cial Intelligence services and industries which adopt the technology. Cockburn et al.
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(2018) discuss the impact of deep learning on innovation and how deep learning represents

a new general-purpose invention that can reshape the nature of the innovation process and

organisation of R&D.

Kleinberg et al. (2015) highlight a case in health policy resource allocation considering

the problem of which patients should not be given a hip replacement. They use Machine

Learning to identify high-risk patients by predicting the probability that a person who

undergoes a hip replacement will die within a year from the operation from other causes.

Therefore, surgery should only be given if the patient is predicted to live long enough to

enjoy the bene�ts of the surgery, where giving hip replacements for a patient who dies

soon after surgery is futile, a waste of money and an unnecessary painful imposition on the

last few months of the patient's life. Moreover, these kinds of prediction problems fail to

answer the question of which patients - among those who are most likely to survive past a

year - should be given the highest priority when receiving surgery. Machine Learning can

partially, but not fully address the resource allocation problem since it requires estimates

of heterogeneity in the e�ect of surgery. Therefore, optimally allocating medical resources

to patients for whom the causal e�ect of the surgery on patient welfare is highest is a more

di�cult problem.

1.2.2 Applications of Arti�cial Intelligence in Economics

Athey and Imbens (2019) provides an introduction to a number of the most popular and

useful Machine Learning methods along with core concepts from the perspective of econo-

metricians, highlighting that more sophisticated work can be achieved by incorporating

Machine Learning into empirical economic research. Athey (2018) also provides a compre-

hensive overview of the early contributions of Machine Learning in economics as well as

predictions about its future contributions in economics. This section aims to extend this

overview by providing a further review of the literature of Machine Learning applications in
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economics.

Early research e�orts in economics applying Neural Networks1 to macroeconomic time

series data have mostly analysed the problem of univariate time series, Nakamura (2005)

applied Neural Networks in order to forecast U.S. in�ation levels and found that Neural Net-

works outperformed univariate autoregression models on average for short horizons of one

and two quarters. Additionally, Chen et al. (2001) applied Neural Networks to forecasting

U.S. in�ation rates and found that they outperform a benchmark linear model in terms of

forecast mean squared error and forecast mean absolute deviation error. Stock and Watson

(1998) compared a number of linear and non-linear econometric models including a Neural

Network to forecast a series of univariate U.S. macroeconomic time series. Gonzalez (2000)

applied Neural Networks to forecast Canada's real GDP growth and found that the forecast-

ing accuracy of the Neural Network was superior to linear regression but found that there

was little evidence that the improvement in forecasting accuracy was statistically signi�cant.

Other more recent works evaluating macroeconomic models include; Athey et al. (2019)

analysed ensemble methods - stacked regressions Breiman (1996b), for causal e�ects in a

panel data setting in which the goal is to estimate causal e�ects of an intervention by pre-

dicting the counterfactual values of outcomes for treated units, had they not received the

treatment. Other approaches have been previously proposed for this problem, such as re-

gression, synthetic control and matrix completion methods, moreover, they show that the

ensemble approach performs better than any of the individual methods when predicting

1See section 1.19.2 in the Appendix for a more detailed de�nition of a Neural Network. Brie�y, a Neural
Network takes input variables that are fed as input to neurons in the �rst layer, these are connected to the
next layer through channels and are assigned weights. The inputs are then multiplied by the weights and
passed to the next hidden layer as inputs. A bias is computed and added to the input sum, this is then
passed to an activation function. Activated neurons transmit data to the next hidden layer in the network.
The data is propagated through the network (forward propagation) and probabilities are calculated and
given as an output. The output is compared with the actual output and the error is transmitted back
through the neural network (backward propagation) and the weights are adjusted accordingly. This forward
propagation and backwards propagation is performed iteratively until the network is able to correctly predict
the outcomes.
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GDP, logGDP and the Growth rate of GDP. Smalter Hall and Cook (2017) used Deep Neu-

ral Networks to forecast U.S. unemployment and found that they outperformed benchmark

models, such as Directed Autoregressive Models - (DARM) and analysts' consensus fore-

casts - such as the Survey of Professional Forecasters (SPF) on short time horizons. Diebold

and Shin (2019) applied partially egalitarian LASSO (peLASSO) and compared it with

RIDGE,2 LASSO, eRIDGE and eLASSO to forecast quarterly 1-year ahead Euro-area real

GDP growth (year-on-year percentage change) from Q1 1990 to Q4 2016. Sermpinis et al.

(2014) applied Support Vector Machines3 to forecast U.S. in�ation and unemployment com-

paring it with a benchmarked random walk model, an autoregressive moving average model,

a moving average convergence/divergence model, a multi-layer perceptron, a recurrent Neu-

ral Network and a genetic programming algorithm. They found that the Support Vector

Machine outperformed the benchmark models and identi�ed which macroeconomic variables

can be relevant predictors of U.S. in�ation and unemployment. Ng (2014) and Döpke et al.

(2017) used Random Forests and Boosting models to try and predict recessions. Coulombe

et al. (2020) study some important underlying features which drive Machine Learning models

in the context of macroeconomic forecasts - on Industrial Production, Unemployment rates,

Consumer Price Index, SPREAD4 and housing starts HOUST - discussing non-linearities,

regularisation, cross-validation and alternative loss-functions in data-rich and data-poor en-

vironments. They �nd that non-linearities are important in data-rich environments when

predicting real activity series and long time horizons. Jeong et al. (2016) compared Random

2See section 1.19.3 in the Appendix for the de�nition of RIDGE, LASSO and Elastic Net regression
models. More brie�y, these models attempt to correct for the bias-variance trade-o� from an OLS model.
In RIDGE regression, a penalty term is added to the OLS model which is the square of the coe�cient
multiplied by a penalty λ. In LASSO regression, a penalty term is added to the OLS model which is the
absolute sum of the coe�cients multiplied by a penalty term λ. In both models when λ = 0 we have a
normal OLS model. The di�erence between the two models is that RIDGE never sets the value of the
coe�cient to absolute zero whereas LASSO can. Elastic Net combines the regularisation of both RIDGE
and LASSO.

3See section 1.19.4 in the Appendix for the de�nition of Support Vector Machines. More brie�y, a SVM
attempts to �nd a hyperplane that best divides the dataset into classes. The support vectors correspond to
the data points which are nearest to the hyperplane and the objective is to maximise the margin from the
hyperplane to the data points.

4Di�erence between the 10-year Treasury Constant Maturity Rate and Federal Funds Rate.
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Forest models to multiple linear regressions when predicting crop yields of wheat, maize and

potato using climate and biophysical variables at global and regional scales. They found

that Random Forests outperformed traditional linear regression in all performance metrics.

Chal�n et al. (2016) used stochastic gradient boosting and regression with LASSO regular-

isation in order to improve on teacher tenure decisions and police hiring decisions.

Additionally, some of the problems in which regression problems cannot be applied in-

clude the analysis of text, imagery, sound and video data in which the number of variables

is often larger than the number of observations. For example, when determining when and

which restaurant needs to undergo a hygiene inspection is a di�cult task for public health

policy-makers and hygiene inspectors. Machine Learning can learn a mapping between cus-

tomer reviews about a restaurant and signals in the overall hygiene quality based on the

written text customers are leaving on social media, and it can discriminate between severe

o�enders and good quality restaurants through the comments left by previous customers.

That is, poor-quality restaurants will have comments corresponding to the hygiene stan-

dards and quality of food. The learned underlying functional form from the model can

help inspectors in determining which restaurant requires immediate inspections and which

restaurant does not, freeing up many resources at health departments Kang et al. (2013).

Gentzkow et al. (2019) provide a comprehensive literature review on text analysis applied

to economics and �nance.

Big data and Machine Learning is also being extensively applied to imagery datasets.

The classical approach to machine vision consisted of a rules-based approach which had

limited success. Researchers would identify pixels in the images based on colour brightness

and edges and then use these features in order to predict what an object in an image was.

More modern approaches to the task have had much more success, it removes the rule-based

system and instead uses layered Neural Networks to identify these features from the raw
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pixels. The application to image recognition in economics is huge, it is possible to collect

high-resolution satellite imagery and apply similar techniques to economic problems. Some

applications are identifying shipping containers and analyse shipping tra�c along a number

of di�erent shipping routes in order to understand supply and demand between countries

and how this changes over time. Moreover, satellites can collect images from a number

of superstore car parks in order to gauge whether a company is expected to increase its

revenues in the next quarter based on the identi�cation and detection of an increase in the

number of cars in the parking lot over time. Additionally, satellite imagery has been used

to analyse economic output and GDP estimates based on how much light is emitted from

a number of cities. Henderson et al. (2012) show how nighttime luminosity can correlate

with economic output. Donaldson and Storeygard (2016) discuss an overview of how remote

sensory satellite data can be applied in economics.

1.3 Prediction and Causation

Econometrics bases itself on cause and e�ect and establishing the link between the two is

fundamental in social sciences and assumptions on human behaviour imply restrictions on

the plausible values of causal e�ect. Additionally, restrictions on these causal e�ects may

depend on additional parameters of human behaviours and decision-making. Machine Learn-

ing may be a useful tool in estimating these additional parameters, providing high-quality

estimates of causal e�ects and counter-factual outcomes. Econometrics involves parameter

estimation, that is, producing unbiased and consistent estimates of the parameters β which

underlines the relationship between a dependent variable y and independent variables x.

The estimates produced from Machine Learning algorithms that output regression coe�-

cients are rarely consistent. That is, econometrics assumes that there is an unobserved

population from which we have a sample and the goal is to estimate the unobserved param-

eters which characterise the population. Depending on the properties and sampling of the

population the estimator has desirable properties, Best Linear Unbiased Estimator (BLUE)
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and consistency. Machine Learning does not attempt to be consistent and emphasis is given

on the within-sample evaluation, therefore, concepts such as the marginal contribution of a

given variable are measured in a much less rigid way than linear regression. Therefore, if

we construct a model for ŷ then it is unlikely in Machine Learning that its corresponding

β̂ will have the properties that we would expect from traditional econometrics. Therefore,

Machine Learning is concerned with the component ŷ rather than β̂ and its power comes

in its �exibility in functional form and accuracy in predictive modeling, however, as previ-

ously discussed it does not produce stable estimates in its underlying parameters and its

application is mostly suited for ŷ problems. This gives Machine Learning an advantage over

classical econometrics in that they do not make any pre-speci�ed assumptions about the

functional form of the model equation, the interaction between variables and the statistical

distribution of parameters.

Unlike in OLS regression ensembles Random Forest, XGBoost and LightGBM can handle

irrelevant features. Linear regression requires us to hand select a number of variables and

manually generate interactions between variables and this could produce more predictors

than observations p > n, then there is no unique solution to the standard linear regression

problem. There are unnecessary linear dependencies among the predictors in the matrix and

therefore once we have the coe�cients for n predictors, the coe�cients for (p−n) predictors

can be expressed as arbitrary linear combinations of those �rst n predictors. One case is

when faced with the facial recognition problem and the combinations of pixels to identify

faces are non-linear, the predictors here are the pixels that could contain many predictor

interactions. This would break down in OLS and in order to proceed Machine Learning

searches for the interactions automatically.

One of the most important areas that Econometrics and Machine Learning can collab-

orate involves causal inference. If we understand why something happened, we can change
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our behaviour to improve future outcomes. Econometricians have developed a number of

causal inference methods such as instrumental variables, di�erence-in-di�erences, regression

discontinuity and natural and designed experiments Angrist and Krueger (2001). The pri-

mary interest in economics is in the estimate of a causal e�ect, for example, the e�ect of

an increase in the minimum wage or the e�ect of price reductions. Whereas the primary

interest in Machine Learning is the goal of prediction.

As previously discussed, it is often easy for Machine Learning algorithms to over-�t

the training data as opposed to uncovering the real and causal relationships which should

hold on new data drawn from the same distribution as the one used to train the model.

Deep learning algorithms are very good at �nding patterns in the data but can not ex-

plain how they might be connected. For many use cases, Machine Learning's ability to �nd

correlations is su�cient but these correlations can not help us understand why something

happened. Causality speci�es a one-way direction X → y or X ← y whereas, correlations

are weaker since they characterise a two-way relationship X ↔ y. If the Machine Learning

model can not tell us why something happened, it can only tell us the probability of what

might happen next. Moreover, Machine Learning algorithms which are able to capture the

causal relationships will be more generalisable onto unseen data. Causal inference would al-

low us to analyse what would happen when we change some of the underlying assumptions of

a model. Therefore, understanding the cause and e�ect of Machine Learning models would

allow them to be more e�cient and smarter. An AI robot that is capable of understanding

that when it drops things it causes them to break, would not need to go through the phase

of throwing many things onto the �oor in order to learn that things break when thrown onto

the �oor. Moreover, if an AI robot is given a hose and learns that the hose puts out a �re,

then in the next task it is given a bucket of water it would be unable to know what to do

with the bucket of water without having to explicitly learn from scratch what to do with it

since it has not learned the causal relationship between water and �re. Causal inference can
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help with the problem that in reality much of the real-world data is not generated in the

same way as the data the Machine Learning algorithm trained on. Causal inference can help

overcome this problem by considering what may have happened when the data was slightly

di�erent. Transfer learning focuses on utilising what a model has learned while solving one

problem and reusing it as a starting point for a model on a related second problem, e.g. use

a trained model which recognises cars and apply it when trying to recognise trucks Pan and

Yang (2009).

There are a number of methods used to distinguish actual causality from spurious corre-

lations. The direction of the causal relation is often based on sound economic theory, that

is, economic theory tells us that rainfall a�ects the future price of commodities however, the

future price of commodities does not a�ect rainfall. Moreover, instrumental variables (IV)

are often applied to remove any reverse causation through introducing other instruments

(variables) which are una�ected by the dependent variable. It is also assumed that causes

must be prior in time than their e�ects and econometric tests such as Granger-causality

tests are applicable to time series models and rather than testing whether Y causes X, it

tests whether Y forecasts X. The proposition by Hume (1748) and formalisation by Lewis

(1973) in which Lewis de�nes a notion of causal dependence between events, paraphrased

as: Where C and E are two distinct possible events, E causally depends on C if and only if,

E always follows after C and E does not occur when C has not occurred (unless something

else caused E)5 Prosperi et al. (2020).

Beery et al. (2018) argue that Machine Learning, and more speci�cally image classi�ca-

tion research aims to beat the most popular image classi�cation benchmark datasets6 where

the models are evaluated on data from test distributions which come from the same train
5Originally, Lewis (1973) Where c and e are two distinct possible events, e causally depends on c if and

only if, if c were to occur e would occur; and if c were not to occur e would not occur.
6ImageNet (Deng et al. (2009), Microsoft-COCO Lin et al. (2014), PascalVOC Everingham et al. (2010)

and Open Images Krasin et al. (2017)).
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distributions. Whereas, it is evident that the model should perform well on the data coming

from the same distributions it is also important to characterise the generalisation behaviour

of the models, especially when the test distribution deviates from the train distribution. In

their study, they analysed how drastic landscape and vegetation changes a�ect the capabili-

ties of the Machine Learning models generalisation. They found that state-of-the-art image

classi�cation algorithms show excellent performance when tested at the same location where

they were trained but found that this performance - and generalisation - dropped signi�-

cantly when new locations were used. For example, most camels are photographed on sand

and most cows are photographed on grass, however, the underlying feature characteristics

between camels and cows will not change and the model can only truly learn these feature

characteristics when the animals are photographed in di�erent backgrounds. Therefore the

algorithm has found causality, that is, the true features that make a camel a camel.

1.3.1 Machine Learning and Instrumental Variables

Instrumental Variables (IV) is a well-known and widely used technique for causal inference

in econometrics. However, IV's can provide imprecise or biased estimates of causal e�ects

and the approach becomes less e�ective for policy decisions. A key challenge is in the en-

dogeneity of variables when analysing a causal relationship which comes from one or more

of a number of sources, such as, omitted variables bias, simultaneity bias, sample selection

bias or measurement errors. Rutz and Watson (2019) �nd that mentions of endogeneity and

related procedures to correct for it has risen 5 times in the past 20 years. Therefore, there

are concerns about endogeneity and applying Instrumental Variables is a natural solution

to try to solve these issues.

In order to partition the variance of the endogenous explanatory variable into endoge-

nous and exogenous components, we can use instruments zi which are correlated with the
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endogenous explanatory variable xi but not correlated with the dependent variable yi. That

is, zi a�ects the behaviour of interest xi and zi only a�ects the outcome of interest yi through

its e�ect on xi. Instrumental Variables uses the variation in the exogenous component of the

explanatory variable caused by the variation in the IV to allow us to make causal inference

on the outcome variable.

The �rst stage of two-stage instrumental variables (IV) is in e�ect a prediction task.

First, we regress x on the instrument z, such as, x = γ′z + δ, second we regress y on the

�tted values of x̂, such as, y = β′x̂+ ε. We say that the �rst stage is an estimation, however,

it is e�ectively a prediction task since the predictions x̂ are applied to the second stage and

the coe�cients in the �rst stage are a means to these �tted values. The �nite-sample biases

in IV are a result of over-�tting, that is, the �tted values x̂ pick up the signal γ′z but also

the noise δ and therefore x̂ is biased towards x. The second-stage IV estimate β̂ is also

biased towards the OLS estimate of y on x. Over-�tting is greater when sample sizes are

low or the number of instruments are high, or they are weak instruments Bekker (1994) and

Staiger and Stock (1994). It is di�cult to �nd strong instruments and often instruments

are weakly correlated with the endogenous variables leading to imprecise estimates of causal

e�ects. This problem becomes worse when more weak instruments are added to the IV es-

timation Hausman et al. (2005). Therefore, the classical approach has a few problems, one

when there is a lack of instruments, the other when the instruments are weak and also when

there are many potential instruments. In the latter case, the choice of instruments in an IV

estimation can be passed to a Machine Learning problem which can use variable selection

on the �rst stage of a 2-stage-least-squares (2SLS) estimation. Therefore �nding optimal

instruments can be a variable selection problem Bound et al. (1995). Machine Learning

can o�er a systematic way to try out not only all potential instruments but also non-linear

combinations of them.
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In Machine Learning held-out validation sets are used to evaluate a model's predictive

accuracy and cross-validation is applied to tune hyper-parameters in models. These tech-

niques allow us to be con�dent that the model is unbiased. Moreover, similar methods are

used in �nite sample instrumental variables Angrist and Krueger (1995) and �jackknife" IV

Angrist et al. (1999). Belloni et al. (2012) applied LASSO regression to form �rst-stage

predictions and estimate optimal instruments in linear instrumental variables, even when

the number of instruments is larger than the sample size, they show that their results are

root-n consistent and asymptotically normal when the �rst-stage is approximately sparse.

Carrasco (2012) applied regularisation of three modi�ed IV estimators based on three dif-

ferent methods of inverting the covariance matrix of the instruments, Tikhonov-RIDGE,

Landweber-Fridman and Principal Component Analysis which all involve a regularisation

parameter. They �nd that the three estimators are asymptotically normal and attain the

semi-parametric e�ciency bound. Hansen and Kozbur (2014) proposed a jackknife instru-

mental variables estimator (JIVE) with regularisation (RIDGE) at each jackknife iteration

which helps to alleviate the bias in the �rst-stage associated with many weak instruments.

They proposed a ridge-regularised JIV estimator (RJIVE) and found that it is consistent

and asymptotically normal under the conditions required when there are more instruments

than observations. Hartford et al. (2016) shows that the causal e�ects in the presence of

instrumental variables and that �exible IV speci�cation can be solved using Deep Neural

Networks. A �rst-stage network for treatment prediction and a second-stage network whose

loss function involves integration over the conditional treatment distribution.

1.4 Parametric vs Non-parametric models

Parametric Algorithms

Machine Learning algorithms that simplify a function to a known form are called parametric

algorithms, this simpli�cation can also limit what the algorithm can learn. Regardless of the
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amount of data thrown at a parametric model, it will not change its mind about the number

of parameters it needs. Moreover, in a parametric model, a functional form for the function

is chosen and then the coe�cients for that functional form are learned from the training

data. If we assume that the functional form is a linear combination of input variables we

can estimate the model's coe�cients and obtain a predictive model. However, the actual

underlying functional form may not be a linear function, it may require transformations of

the input data to get the correct functional form. Moreover, the underlying functional form

may be nothing like a linear line and therefore, the model's assumptions are wrong and this

approach would yield poor results. Examples of parametric Machine Learning algorithms

might be, logistic regression, Naïve Bayes, Linear Discriminant Analysis, perception and

Simple Neural Networks.

Parametric tests assume underlying statistical distributions in the data and that the

information about the population is known and is used to make inferences about population

parameters. The p-value associated with a parametric test will be lower than the p-value

associated with a non-parametric equivalent and therefore parametric tests are more able to

lead to a rejection of the H0. The Null hypothesis is made on parameters of the population

distribution.

Non-parametric Algorithms

Machine Learning algorithms that do not make strong assumptions about the underlying

functional form are called non-parametric algorithms. Since non-parametric algorithms do

not make assumptions, they are therefore free to learn any functional form from the train-

ing data, whether that be a linear or non-linear functional form. Moreover, non-parametric

algorithms try to �nd the best mapping function of input x to an output y on the training

data whilst also maintaining the ability to generalise on unseen data. Examples of non-

parametric Machine Learning algorithms are k-Nearest Neighbour, Supper Vector Machines
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and Decision Trees.

Non-parametric tests do not reply on any underlying distribution structure and since

fewer conditions of validity apply to non-parametric tests they are more robust than para-

metric tests and can be used in a broader range of situations. The Null hypothesis is free

from parameters.

Advantages and Disadvantages

Parametric models are simpler and easier to interpret. They are also faster and require

less training data. Non-parametric models use a �exible number of parameters and are

more �exible since they can �t a larger number of functional forms to the data, they are

also more powerful since no assumptions about the underlying function are made, they also

yield higher performance when it comes to prediction over parametric models.

Parametric models are constrained to the speci�ed functional form chosen and allow for

less complexity and thus do not work well on complex problems, they have a �xed number of

parameters and are also unlikely to match the underlying mapping function since they make

stronger assumptions about the data. Non-parametric models require more training data

when learning the mapping function and are thus slower due to having more parameters to

train, they are also more prone to over-�tting the training data and it is more di�cult to take

inference from why speci�c predictions were made. This thesis focuses on non-parametric

models.

1.5 Black-box models, explainability and Interpretabil-

ity

Organisations are deploying Machine Learning algorithms in many mission-critical situations

and therefore in order to trust the model's behaviour, Machine Learning should become in-
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telligible, either through inherently interpretable models or through the development of new

methods for their explanation. This will allow researchers to detect spurious results and help

humans learn from Machine Learning models. The increased need for Machine Learning in-

terpretability is a natural consequence of the increased use of Machine Learning in general.

Ensemble models and Deep Learning models were not present in the last hype of Arti�cial

Intelligence (which primarily consisted of expert systems and rule-based approaches). If

Arti�cial Intelligence models are going to continue to a�ect humans' lives (e.g. in medicine,

economics and day-to-day) then, a critical feature for the successful deployment of Arti�-

cial Intelligence models this time around involves solving the underlying problem of model

explainability. There are notable di�erences between explainability and interpretability in

Machine Learning. Explainability may refer to the procedure taken by a model in order

to detail its internal functions. In contrast, interpretability may refer to the level at which

humans can make sense of a model. Some Machine Learning models are inherently inter-

pretable such as linear models or decision trees, however, many Machine Learning models

are more complex and di�cult to understand and model-agnostic interpretations are needed.

Model agnostic interpretation simply means that the methods of interpretability can be ap-

plied to any Machine Learning model and are applied post-hoc after the model has been

trained. These post-host methods try to explain the predictions of the model by treating the

models as a black-box and generating explanations without inspecting the internal model

parameters. The independence of model agnostic interpretability allows the model to be

complex, powerful and �exible. Some model-agnostic explanations such as LIME (Local

Interpretable Model-agnostic Explanations) and Shapley values explain how individual pre-

dictions are made. That is, model-agnostic models alter the input of the Machine Learning

model and measure the changes in predictions. Whereas, other models describe the average

behaviours of a model such as permutation feature importance. Counter-factual explana-

tions produce data points as explanations.
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Arrieta et al. (2020) discussed di�erent concepts underlying model explainability and in-

terpretability. Weld and Bansal (2019) o�ers a survey of work relating to the intelligibility

of Arti�cial Intelligence models. Belle and Papantonis (2020) surveys the �eld of explainable

Machine Learning focusing on data-driven methods and pattern recognition models. Diet-

terich (2017) suggest necessary steps for robust Arti�cial Intelligence and states that AI is

not yet su�ciently robust to support applications in high-stakes applications - such as driv-

ing cars autonomously, managing power-grids, trading �nancial portfolios and controlling

autonomous weapons systems. Typically, since Machine Learning models attempt to build

a structural form on the underlying data given to them, it has often been di�cult to gain

inference from what the model has found. Explainable Machine Learning often comes from

a second (post-hoc) model which is created in order to explain the �rst black-box model.

This can lead to unreliable and misleading explanations. A more reliable model would be

inherently interpretable providing their own explanations without the need for a second

model to do the explaining, however, as discussed previously the fundamental objective of

Machine Learning is predictive power which comes at a cost of explanation.

1.6 Learning Types

Data can come in two distinct forms, labelled data and unlabelled data with some grey area

in between such as semi-labelled data. The input data into any Machine Learning model is

called the training data. The main di�erence between supervised and unsupervised learning

lies in the training data, where the dependent variable is observed in supervised learning

and unobserved in unsupervised learning.

1.6.1 Supervised Machine Learning

Supervised Machine Learning primarily focuses on the problem of prediction, the data follows

the same structure as typical econometrics data. That is, there is a dependent variable and

23



Supervised Learning Unsupervised Learning Semi-Supervised Learning

Figure 1.3: Supervised, Unsupervised and Semi-supervised Learning

explanatory variables. The data set is split into a training and testing data set and the

objective is to learn a function that maps an input to an output. The model gets to see

the output variable in the training data and therefore use the input observation in order to

learn this mapping where the joint values of the variables are known. The joint distribution

in the training set is the same as the joint distribution in the test set and the observations

are assumed to be independent.

1.6.2 Unsupervised Machine Learning

Unsupervised Machine Learning is concerned with learning patterns from unlabelled data, it

is therefore given a dataset without any explicit information on what the outcome may look

like. Unlike in supervised learning, the objective is to infer the properties of the probability

density without the help of a supervisor providing the correct result for each observation.

Thus, the model attempts to �nd structure through the relationships between covariates.

Unsupervised learning allows researchers to ask the algorithm questions to which they may

not already know the answer to. A popular example of unsupervised learning refers to the

classi�cation of images. If an algorithm is given images of cats and dogs without explicitly

being labelled as a cat and dog it can learn features of each animal in order to distinguish

between the two, the model is not told that a given picture is a cat or a dog, it learns the

structural di�erences and outputs two classi�cations.
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1.6.3 Semi-supervised Machine Learning

Semi-Supervised Machine Learning combines the use of supervised and unsupervised learn-

ing in which the data may contain a small amount of labelled data and a large amount of

unlabelled data.

Semi-supervised learning may involve either transductive or inductive learning. is the

reasoning from observed, speci�c training data to speci�c test data, that is, the goal is to

infer the correct labels for the given unlabelled data. learning observes all of the training

and testing data, it learns from the already observed training data and then predicts the

labels of the test dataset, despite not knowing the labels in the test data, we make use

of the structure and patterns present in the test data during the learning process. This

approach predicts the labels of unlabelled data using the knowledge of the labelled data.

On the other hand, induction is the reasoning from observed training data to general rules,

which are then applied to the test data. The di�erence between the two is that during

training, transduction encounters both the training and testing datasets, whereas induction

encounters only the training data. Moreover, transduction does not build a predictive model

and if a new observation is added to the test data, the model will need to be re-trained in

order to predict the labels. In contrast, induction builds a predictive model and therefore

when new observations are added to the test dataset, we do not need to re-build the model.

Consider the following examples. Suppose we have 100,000 images and we want to classify

whether an image has a car in it or not. We know that 1,000 images contain a car and

1,000 images do not contain a car, which is our labelled data, the remaining 98,000 we

do not know whether they contain a car or not and are therefore unlabelled. Inductive

learning will take the 2,000 labelled data and build a classi�er based on this data and then

try to predict the remaining 98,000 observations. Transductive learning tries to use the in-

formation in the remaining 98,000 observations to tell it something about the problem space.
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Consider the Semi-Supervised Learning example in Figure 1.3, the classi�er has made

a decision classi�er that perfectly separates the two classes. Moreover, it has also used the

unlabelled data points (as given by the squares) when making its decision rule based on

their proximity to the labelled data points (given by their circles and triangles).

1.6.4 Reinforcement Machine Learning

Reinforcement Machine Learning is learning through the interaction with an environment.

The agent learns from the consequences of its actions, as opposed to being explicitly taught

as in previous types of learning. The agent seeks to choose its actions based on its past

experiences which maximise the cumulative reward over time. It is fundamentally di�erent

to supervised learning in not needing labelled input and output data. The focus of rein-

forcement learning is on �nding a balance between exploitation (agents past experiences)

and exploration (agents new choices). Many reinforcement learning models use dynamic

programming techniques since it aims to learn the optimal behaviours through trial and er-

ror interactions with a dynamic environment. In economics and game theory reinforcement

learning can be used to explain how equilibrium may arise under bounded rationality.7 Re-

inforcement learning has been a traditional way in economics to model dynamics of learning

under limited or bounded rationality and topics such as operational research has a vast

amount of literature on the trade-o� between exploration and exploitation. Kaelbling et al.

(1996) provides a survey on reinforcement learning. Reinforcement learning is a type of

sequential experimentation and is fundamentally about causality. That is, moving a piece

on a chessboard to a new position causes the probability to win or lose to change and thus

the state of the environment has changed.8

7Bounded rationality is the idea that rationality is bounded because there are limits to our thinking
capacity, available information and time and that decision-makers seek a satisfactory solution rather than
an optimal one.

8A more formal description: Consider an agent - or decision-maker - which interacts with an environment
over a sequence of observations, it seeks to maximise the reward over the period. Formally, the model has
a �nite set of environment states S, a �nite set of agent actions A and a set of scalar reinforcement signals
(i.e. rewards) R. At each step or iteration i, the agent observes the environment's state si ∈ S. The
agent chooses an action ai ∈ A(si), where A(si) ⊆ A denotes the set of actions available in state si. The
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Figure 1.4: Reinforcement learning �ow diagram

1.7 Bias and Variance

The bias-variance trade-o� concerns model complexity, under-�tting and over-�tting. Under-

�tting occurs when a model was unable to capture the underlying pattern in the data. Such

agent obtains a reward ri+1 ∈ R at each iteration i and observes a new state si+1. A state-action function
is determined Q(si, ai) which de�nes an expected value of each possible action ai in each state si. If the
state-action Q(si, ai) is known, then the optimal policy is π∗(si, ai) given by the action ai which maximises
the state-action Q(si, ai) given the state si. Moreover, the agent wants to maximise the expected reward
through learning the optimal policy function π∗(si, ai) where π is the probability of taking action a if the
state of the environment is s.
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models usually have a high bias and a low variance. Under-�tting can occur when trying to

�t a linear model to a non-linear dataset. Over-�tting occurs when a model captures the

noise along with the underlying pattern in the data. Such models usually have a low bias

and a high variance. Over-�tting can occur when using decision trees since trees can grow

very large and become very complex.

Consider the under�tting panel in Figure 1.5. Simply �tting a linear regression line

through the data is not going to capture the true relationship and no matter how well we

try to �t the line it will never curve. The bias occurs due to the inability of the model to

capture the true relationship. Next, consider the over�tting panel in Figure 1.5 which �ts

the true relationship well and thus it has very little bias. Taking the sum of squares for

each model we will see that the over�tting panel will have a value close to zero. However,

once we introduce new unseen data and recalculate the sum of squares, the linear regression

model will have the lower sum of squares. The di�erence in �ts between the old data and

the new data is the variance. Therefore, the over�tting panel has a low bias since it is

�exible in adapting to the data but it will also have a high variance since it results in vastly

di�erent sums of squares for di�erent datasets and therefore it has over-�t the dataset it

was modelled on. The linear model has a high bias since it cannot capture the curve in the

data but it will have a relatively low variance since the sums of squares are expected to be
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similar for di�erent datasets. The ideal model will have a low bias and a low variance such

that it will continue to produce consistent predictions across di�erent datasets. In order to

�nd the optimal model regularisation, bagging and boosting can be used, which is discussed

in more detail later. The error can be decomposed as:

Err(x) = Bias2 + Variance + Irreducible Error

Where, the irreducible error is the amount of noise in the data and no matter how good

the model is, there will be a certain amount of noise that can not be reduced.

Consider Figure 1.6 where the red bullseye represents a model which perfectly predicts

correct values. The further out from the centre the worse the model's predictions. Models

which under-�t the data have high bias and low variance and usually fail to capture the

underlying structure of the data as in the case when �tting a linear model on non-linear data

as depicted in Figure 1.5. Models which over-�t the data have low bias and high variance

and the model captures noise along with the underlying structure in the data as in the case

when �tting complex decision trees which are prone to over-�tting.

In the context of econometrics, the objective is to obtain unbiased and consistent esti-

mates of coe�cients whereas in the context of Machine Learning the objective is to obtain

precise and unbiased predictions through controlling the trade-o� between bias and variance.

Moreover, a model which is unbiased in its prediction may not necessarily be unbiased in its

coe�cients. If a model has too few parameters and is too simple then it will have high bias

and low variance. Moreover, if the model has a large number of parameters and is too com-

plex then it is likely to have high variance and low bias. Therefore, it is important to �nd the

right balance between bias and variance in order to control the model complexity. Figure

1.7 illustrates the bias-variance trade-o� and their relationship with model complexity on

the error rate.
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Figure 1.6: Graphical illustration of bias and variance

1.8 Ensemble Methods

Typical Machine Learning modes might take a single learner such as a Logistic Regression,

Decision Tree, Support Vector Machine, or Arti�cial Neural Network, provide it with some

data and then train the model. Ensemble models expand on single learner models by com-

bining the learners in order to try and enhance the performance over any single individual

learner. That is, instead of having a single learner the ensemble model consists of many

learners combined together in order to obtain a stronger overall model, Schapire (1990).

The idea behind ensemble models is that each ensemble or learner must be weak and may
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only slightly achieve better than a random guess. If the learners were strong then this

would be a clear indication that the learner has over-�t the data and there will be little or

no residual errors to be passed onto subsequent learners in order to build or learn upon.

Originally Bayesian averaging was the main ensemble method but other meta-learning algo-

rithms such as bagging and boosting have proved to be strong ensemble methods Dietterich

(2000a). Generally, ensemble methods reduce bias and variance which in turn help increase

the stability and performance by eliminating the dependency of a single estimator.

Take 3 individual models - weak learners - given as h1, h2, h3 and a new observation x.

If the three models are identical then they will have the same errors on the new data point

such that when h1(x) is wrong, h2(x) and h3(x) is also wrong. However, the errors of each

of the individual classi�ers may be uncorrelated such that when h1(x) is wrong, h2(x) and

h3(x) may be correct and we may accurately predict x. There are three fundamental reasons

why it is possible to build strong ensemble models.

The �rst being statistical. Consider a learning algorithm that searches over a space H

of hypotheses in order to identify the best hypothesis in the space. If the training data is
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small compared to the hypotheses space then the learning algorithm can �nd many di�er-

ent hypotheses in H which would give the same accuracy on the training data. Consider

the panel Statistical in Figure 1.8, the hypothesis space H is depicted as the outer curve

whereas the inner curve depicts a set of hypotheses which all give good accuracy on the

training data. The point f represents the true hypothesis and selecting any one of the in-

dividual hypotheses hi leads to an incorrect hypothesis, however, averaging the hypotheses

we can come up with a good approximation to f which is better than any individual hi alone.

The second being computational. Learning algorithms often perform a localised search

and therefore the model may become stuck in a local optima. Neural Networks use gradient

descent to minimise an error function whereas decision tree models use greedy splitting rules

to grow the decision trees. An ensemble that is constructed by running the local search from

a number of di�erent random starting points may be able to provide a better approxima-

tion to the unknown function f as opposed to a single algorithm having only 1 starting point.

The third being representational. The true function f can not always be represented

by any of the hypotheses in H. Forming a weighted sum of the hypotheses drawn from

H, it may be possible to expand the space of representable functions Dietterich (2000a).

Ensemble methods help to reduce these three shortcomings of standard statistical learning

algorithms.

1.8.1 Bagging

Bagging (Bootstrap Aggregating) Breiman (1996a) considers a set of homogeneous weak

learners in which each weak learner is learned independently from each other. In the end,

each weak learner is aggregated or a majority vote is taken of all of the ensembles in order

to obtain a �nal prediction. For example, a single decision tree can be unreliable, since

when the data is changed slightly, the new decision tree can be quite di�erent from other
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decision trees. These di�erences introduce high variance between individual trees, however,

averaging across the trees will yield a more stable prediction Dietterich (2000b). Contrast

that to the situation when weak learners are stable (high bias) and have low variation, the

combination of these weak learners will form a weaker predictive model since each of the weak

learners will be similar to each other. The idea is to take at random (and with replacement)

a subset of the training data and build a weak learning model and repeat this n times,

combining all the weak learning models in order to obtain a �nal predictive model. These

models are learned independently and in parallel to each other and each weak learner will

over-�t its sample of the data therefore introducing high variance across sampled datasets.

For regression, the model �ts the same regression tree to the bootstrap sampled versions

of the training data, the result is then averaged to form a prediction. For classi�cation, a
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committee of trees each cast a vote and the majority vote forms the predicted class. An

ensemble of randomised decision trees is also known as a Random Forest model which is

discussed in more detail later.

1.8.2 Boosting

Boosting considers a set of homogeneous weak learners and learns them sequentially in an

adaptive way with each subsequent weak learner added to the ensemble trying to correct

the errors of its predecessor, therefore unlike bagging, the weak learners evolve as the en-

semble grows. A remarkably rich theory has evolved around boosting, with connections to a

wide range of topics including statistics, game theory, convex optimisation and information

geometry Schapire and Freund (2013). Boosting Schapire (1996), Schapire et al. (1998),

Friedman (2001), Friedman (2002) helps to reduce variance through using multiple models

and it also reduces the bias by passing the errors of previous models to subsequent models.

Rather than growing each tree independently, the algorithm attempts to improve or boost

at each step in the model from the previous step. The main di�erence between bagging

and boosting is that the weak learners in bagging are trained in parallel using randomness,

whereas in boosting the weak learners are trained sequentially which allows for sequential

weighting. A boosting model (see AdaBoost, LightGBM, XGBoost etc.) is trained with all

of the observations starting with the same weights which are used to train an individual

weak learner - e.g. a decision tree. Once the weak learner has been built, a prediction error

is calculated, which increases the weights of the observations which have a bigger error and

therefore makes them more important in training the subsequent weak learner. Each indi-

vidual weak learner is also assigned an importance / weighted score and receives a higher

weight if it did a good job at predicting the sample of observations. Thus a model which

provides very good predictions will have a high amount of say in the �nal decision. The

weighted observations are passed to the posterior weak learner and the process is repeated

until n learners are reached or a criterion is met for �tting the data well enough.
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1.8.3 Stacked Models

Stacking considers a set of homogeneous base learners, previously bagging and boosting

considered the set of weak learners and these weak learners formed a model which is referred

to as a base learner. Stacking Wolpert (1992) and Breiman (1996b) involves combining the

predictions of the base learners in order to build a super learner. An example of a base

learner might be a single Support Vector Machine, Random Forest or Gradient Boosted

model. Therefore stacking combines Machine Learning models in order to obtain a �nal

generalised model. Stacking can outperform the individual base learners and the super

learners can learn an optimal combination of the base learners predictions Van der Laan

et al. (2007). Stacking machine learning models usually performs best when stacking base

learners that have high variability, and uncorrelated predicted values, similar to that in

bagging. Unlike bagging, the models are typically di�erent (e.g. not all decision trees) and

are �t on the same dataset (e.g. instead of samples of the training dataset). Unlike boosting,

the model combines the predictions from each of the models (e.g. as opposed to a sequence

of models which correct the predictions of prior models).

1.9 Econometrics, Machine Learning and Regularisation

Much of econometrics is not optimised for prediction tasks since the focus is on unbiased

and consistent estimates, OLS is only the best linear unbiased estimator and minimises the

in-sample error which can lead to poor predictions out-of-sample. Suppose we want to select

a function f̂ ∈ F to predict y of a set of new observations. The objective is to minimise the

loss function (y− f̂(x))2 and OLS will select the line which minimises this function on the in-

sample data. Moreover, prediction tasks are more concerned with doing well out-of-sample

and since f varies between each sample of the data, it produces variance. Machine Learning

tries to handle the bias-variance trade-o� such that predictions are maximised and are then
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generalisable to out-of-sample data. Therefore it not only tries to minimise in-sample error

but also adds a regularisation parameter that penalises functions that creates variance and

in doing so aims to build a model which can be generalised onto unseen data.

More speci�cally, Machine Learning aims to minimise;

f̂ML = arg minf∈F

n∑
i=1

(yi − f(xi))2 + λR(f) (1.1)

where the OLS properties are just concerned with the �rst term. The addition is the

regularisation term R(f). The λ parameter allows us to control the trade-o� between bias

and variance. The value of λ is determined on the in-sample training data.

The addition of regularisation and the choice of the regularisation method permits a

model to take in more variables than observations. LASSO and RIDGE9 regression auto-

matically penalise variables that contribute very little to the regression model, setting the

coe�cients of these variables downwards towards zero. The regularisation terms for LASSO

and RIDGE are R(fβ) = |β| and R(fβ) = β2, respectively. Moreover, the addition of regu-

larisation allows a model to take on more �exible functional forms, including higher-order

interaction terms, i.e. by construction, decision trees allow for a high degree of interactivity.

However, optimising for ŷ does not produce very useful β's.

1.10 Cross-validation

Re-sampling is the process of sampling more than once from a dataset and then re-�tting

a model using this newly sampled data. The most widely used are bootstrap and cross-

validation. Since Machine Learning models require that the trade-o� between bias and

variance be satis�ed such that the model does not over-�t the data, a common practice

9See section 1.19.3 in the Appendix for the de�nition of RIDGE and LASSO.
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in supervised learning problems is to hold out part of the data as a testing dataset. The

moment we apply our model evaluation on the test data is the moment we introduce look-

ahead bias into our model since we might be tempted to adjust the parameters of the model

to give more satisfactory test results.

Ideally, the approach would be to split the data into three randomly divided parts train-

ing, validation and test sets. The training set is used when �tting the model, the validation

set is used when estimating the prediction error from the model selection. From these two

splits of the data, we estimate the performance for a number of di�erent models in order to

see which model performs the best. Finally, the test set is then used at the end to assess the

generalisation error of the chosen model - which was selected at the training and validation

stage.

1.10.1 k-fold Cross-Validation

In practice there is usually not enough data in order to simply split between training, val-

idation and testing datasets. In order to select the best model and search for the most

optimal parameters we can randomly shu�e the data and then split the training data up

into K equal sized validation parts or k-folds. Suppose we split the training and validation

data into 10-folds as depicted in Figure 1.9. The model is trained on the section indicated

by the white space and validated on the grey space in each partition.

More formally, the kth part is the shaded region and the model is �t to K − 1 segments

of the data, the prediction error of the �tted model is calculated on the kth segment. This

is done for k = 1, 2, . . . , K segments and the prediction error is calculated for each segment.

An indexing function k : {1, . . . , N} 7→ {1, . . . , K} indicates a partition in which observation

i is allocated through randomisation. The cross-validation estimate is given as;
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TRAINING SET VALIDATION SET

divide into 10 folds of equal size

run experiments
using 10 di�erent
partitionings

Figure 1.9: K-fold cross-validation where K = 10

CV (f̂) =
1

N

N∑
i=1

L(yi, f̂
−k(i)(xi)) (1.2)

where f̂−k(x) is the �tted function. When K = N the cross-validation methodology

becomes leave-one-out cross-validation and is useful when the dataset is small. That is,

using the observation k(i) = i, the �t is computed using all observations except the ith.

Leave-one-out cross-validation has a low bias but it can also have a high variance. It is

usual to use 5-fold or 10-fold cross-validation as recommended Breiman and Spector (1992)

and Kohavi et al. (1995).

1.10.2 Strati�ed cross-validation

Bootstrapping simulates the e�ect of drawing a new sample from a population, however, it

does not ensure distinct test samples. K-Fold cross-validation ensures that there are K dis-

tinct test folds, however, it is repeated R times for di�erent random partitioning this allows

independence assumptions to hold forK-fold cross-validation, but this is lost with repetition.

Strati�ed cross-validation splits the data into K folds ensuring that each fold is an

appropriate representation of the original data through class distribution, mean, variance
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etc. Strati�cation address the defects in the classi�cation algorithms since they can be

easily biased by over -or- under-representation of classes. Suppose we have a sample of 100

observations, 90 in class A and 10 in class B. The dataset is said to be unbalanced and sub-

sampling using randomised groups may lead to constructing models on very few - or even

zero - observations from the B class. Therefore the model would be unable to learn or predict

the B class. Strati�ed cross-validation allows the randomisation whilst taking into account

these unbalanced classes ensuring that each fold contains a representative distribution of

the classes.

1.10.3 Bootstrap

The bootstrap Efron (1992) method is a general tool for assessing statistical accuracy and it

is a re-sampling technique that involves iteratively re-sampling a dataset with replacement.

Samples are taken from a larger data sample and some statistics are applied on each sample,

the data is then returned to the larger sample after it has been used. This allows observa-

tions to be included in the smaller samples more than once and is therefore sampling with

replacement. Bootstrapping can be used to quantify the uncertainty associated with a given

estimator or statistical learning method. In Machine Learning, this is done through training

a model on the sampled data and then evaluating the model's performance on those samples

not included in the sample the model trained on. From here, additional statistics can be

summarised, measures of variance can be taken, such as standard deviation and standard

error. Moreover, a con�dence interval can be calculated to show the bounded estimates.

These statistics are useful when determining the model's performance across di�erent sam-

ples of the data which should be generalised onto a held-out test set. Since bootstrapped

data are drawn with replacement, a bootstrapped dataset may contain multiple instances

of the same original data and may omit completely other data points. cross-validation re-

samples without replacement and therefore ensures all of the data points are used across

the splits.
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1.11 Decision tree models

A decision tree is a supervised learning model used for both classi�cation and regression

problems and was popularised by Breiman et al. (1984). Tree-based models partition the

feature space into a set of homogeneous rectangles and then �t a simple model in each

one. Decision trees are non-linear models made up of piecewise linear components in each

neighbourhood. It is useful in classifying non-linearly separable data. That is, they are

non-parametric and therefore are not subject to normality assumptions of the data, they

are also able to handle di�erent data types such as categorical and continuous variables.

Transformations of the variables are also not a requirement and it can therefore be useful

in identifying outliers, variable interactions and important variables. Morgan and Sonquist

(1963) came up with one of the earliest concepts of a regression tree, the Automatic In-

teraction Detection (AID) which recursively splits data depending on impurity and stops

splitting when a certain level of impurity is reached. Messenger and Mandell (1972) extended

this idea to classi�cation problems and developed THeta Automatic Interaction Detection

(THAID) which recursively splits the data in order to maximise the number of observations

in each modal category. Kass (1980) developed the Chi-square Automatic Interaction De-

tection (CHAID) originally developed for classi�cation and then extended to incorporate

regression problems. Breiman et al. (1984) improved on AID and THAID and developed

the Classi�cation and Regression Tree (CART) which improved accuracy through instead

of using stopping rules, it grows the tree and then prunes it to a size that has the lowest

cross-validation estimate of error. The Iterative Dichotomiser 3 (ID3) Quinlan (1986) was

developed which uses information entropy in order to quantify impurity and is used to com-

pute the gain ratio for binomial decision classi�ers. Quinlan (2014) developed the successor

to the ID3 algorithm which can handle multi-class problems and laid the groundwork for

further developments. Loh (2014) provides a comprehensive literature review of the main

developments in decision tree models over the past 50 years.
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Decision trees are simple and interpretable which involves the linear partitioning of the

predictor space into subsets. Decision trees consists of nodes which can be de�ned as a

root nodes, inner nodes and end nodes/leaves. Edges represent the decision taken from the

previous node. The decision tree begins at the root node and therefore has no incoming

edges. The tree continues down and the inner nodes contain exactly one incoming edge

and has at least two outgoing edges. Leaf nodes contain the solution to the decision tree

problem and contain exactly one incoming edge and no outgoing edges. Each node of a

decision tree represents an attribute, each branch represents a decision rule and each leaf

represents an outcome that can either be categorical or continuous. The objective is to

minimise the error in each leaf and the model needs to learn the mapping between the input

vector variables and the predictor variables. Moreover, the decision tree requires a split

criterion which computes a value for all variables, this value corresponds to the amount of

information that is gained from the split using this variable. The optimal value from all of

the variables is selected and then the node is split into new outcomes from this respective

variable. This process is carried out recursively at each generated sub-tree until a stop cri-

terion is reached. The stop criteria could be setting the maximum number of branches for

the tree and when the tree reaches this limit, it terminates. Additionally, it could be when

the maximum number of observations in a given node is less than some threshold value or

if the optimal split information gain does not surpass a given threshold value. Algorithm 1

shows the pseudo-code for training a decision tree model.
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Algorithm 1: Decision Tree
Training Algorithm
Initialization;
Training set = S;
Attribute set = A;
Target Attribute = C;
Split Criterion = sC;
Stop Criterion = Stop;
Objective = Grow(S,A,C, sC, Stop);
if Stop(S) = false then

forall ai ∈ A do

�nd ai with the best sC(S);
end

label current Node with a;
forall values vi ∈ a do

label outgoing edge with vi
Ssub = S where a = vi;
create subNode =
Grow(Ssub,A,C, sC, stop);

end

else

currentNode = leaf;
label currentNode with ci where ci is the
most common value of C ∈ S;

end

1.11.1 Regression Trees

Regression trees can �t almost any type of statistical model, such as least-squares, logistic,

quantile, Poisson along with models for longitudinal and multi-response data. Given a sam-

ple of (xi, yi) of size I, for i = 1, 2, . . . , N . The algorithm needs to automatically decide on

the splitting variables and split points which minimise the total variation of yi inside the

two child clusters which need not have the same size. That is, in the �rst step, it searches,

for each variable xi the optimal splitting point, which corresponds to the �rst forall in

the pseudo-code for algorithm 1. In the second step, it selects the variable which achieves

the highest level of homogeneity in yi which corresponds to the second forall in algorithm 1.

Firstly, the model �nds the best split for each variable by solving argmin
c(k)

V
(k)
I (c(k)) with

V
(k)
I (c(k)) =

∑
x
(k)
i <c(k)

(
yi −mk,−

I (c(k))
)2

︸ ︷︷ ︸
Total dispersion of �rst cluster

+
∑

x
(k)
i >c(k)

(
yi −mk,+

I (c(k))
)2

︸ ︷︷ ︸
Total dispersion of second cluster

, (1.3)

where
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mk,−
I (c(k)) =

∑
{x(k)i <c(k)}

yi
1

#{i, x(k)i < c(k)}
and

mk,+
I (c(k)) =

∑
{x(k)i >c(k)}

yi
1

#{i, x(k)i > c(k)}

are the average values of Y , which is conditional on Xk being smaller or larger than c.

For variable k, the optimal split satis�es ck,∗ = argmin
c(k)

V
(k)
I (c(k)) and thus ck,∗ is therefore

the split with the smallest total dispersion not only over all splits, but also over all variables

k∗ = argmin
k

V
(k)
I (ck,∗). The cardinal function #{·} simply counts the instances of its argu-

ment, therefore the best c is just the average yi in the partition space. Having found the

best split, we partition the data into two resulting regions and repeat the splitting process

on each of the two regions.

The question remains, how large should we grow the tree? A large tree will over-�t

the data whereas a small tree might miss important structure. One solution might be to

split the tree only if the model's decrease in sum-of-squares due to the split exceeds a given

threshold. However, a seemingly worthless split may have a very good split below it.

1.11.2 Classi�cation Trees

When the target Y variable is a classi�cation outcome, the only di�erence is the measure of

dispersion or heterogeneity which pertain to the criteria for splitting nodes and pruning the

tree. In regression trees the loss function was the squared-error impurity measure, where

the same cannot be used for classi�cation. The target ŷi contains as many elements as cate-

gories in the label where the elements correspond to the probability that a given observation

belongs in that category. The classi�cation algorithm seeks purity through searching for a

split criterion which will result in clusters that are as pure as possible, that is, �nd clusters

with a single - or as few as possible - dominant classes. The loss penalises the outputs

which do not concentrate on a single class, i.e. a classi�cation of the following (0.20, 0.30,
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0.30, 0.20) is more di�cult than a classi�cation of (0.80, 0.05, 0.05, 0.10) since many of the

classi�cations will fall into the 0.80 category.

For J classes, if pj is the proportion assigned to class j then for each leaf the loss functions

are;

Misclassi�cation error = 1−max
j
pj (1.4)

Gini impurity index = 1−
J∑
j=1

p2j (1.5)

Cross-Entropy or deviance = H(T ) = −
J∑
j=1

log(pj)pj (1.6)

where p1, p2, . . . , pJ sum up to 1 and represent the percentage of each class present in

the child node, whereas J represents the number of classes for this feature.

All three are similar, however cross-entropy and the gini index are di�erentiable and are

used more in numerical optimisation. Information gain is de�ned as;

Information Gain︷ ︸︸ ︷
IG(T, a) =

Entropy / Gini (parent)︷ ︸︸ ︷
H(T ) −

Weighted Sum of Entropy / Gini (Children)︷ ︸︸ ︷
H(T |a) (1.7)

IG(T, a) = Entropy(T )−
∑
a

p(a)Entropy(T |a) (1.8)

1.11.3 Tree Pruning

It is possible to grow trees to form very deep trees where all observations belong to separate

leaves which perfectly �ts the training data. Moreover, when it comes to unseen testing

data the performance will be signi�cantly di�erent and therefore the tree has over-�t the

data. The most reliable sections of trees are those branches closest to the root node since

they used a large number of observations to make the splits, as the branches get deeper
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and deeper the newer branches are using fewer and fewer observations to make their split.

Therefore the �rst few splits are the splits that matter the most since they determine the

most general patterns and structure in the data.

In order to correct for over-�tting, a method of pruning is applied with the objective of

removing non-productive branches of the tree. It is possible to impose a minimum number

of observations that each leaf contains ensuring that each terminal node contains a su�cient

number of observations. Additionally, a threshold can be set such that if a split does not

reduce the loss by a set threshold, no further splits will be made. Alternatively, the depth

of the tree can have a hard limit in which the maximum number of splits from the root to

leaf are pre-determined. Through pruning the tree, we remove unnecessary structure which

helps to reduce the tree complexity and makes the tree easier to interpret.

Figure 1.10 shows two variables X1 and X2. The decision tree is plotted on the left

and the corresponding partition splits are shown on the right. Beginning at the top of the

decision tree on the left, if X2 < 60 or Yes then a simple straight line is drawn on the

corresponding scatter plot at the point X2, denoted as Split 1. Moving down the decision

tree, if X1 < 70 we reach a terminal node denoted as red. This is denoted as Split 3 on the

partition plot and thus all points which lie between X2 < 60 and X1 < 70 are shaded in red.

Alternatively, if the path to the terminal node was the following X2 < 60 and X1 ≮ 70 then

there is an additional decision split at X2 < 20. If X2 < 20 is true then the points would lie

in the region of X1 > 70 and X2 < 20 on the corresponding partition plot, coloured in red.

The green points would lie in the region between Split 3, Split 1 and Split 4 which follows

the path X2 < 60, X1 ≮ 70, X2 ≮ 20. The path on the right side of the decision tree follows

the same splitting structure.
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Figure 1.10: Decision tree and corresponding scatter plot partition space

1.12 Random Forest models

As discussed previously, decision trees often over-�t the training data and therefore it �ts

to the particular details of the data as opposed to the overall properties of the distributions

they are drawn from. If we trained two completely di�erent trees on two random samples

of the data set we are going to obtain di�erent decision boundaries in the region where the

decision trees are least certain but combining the information from both of the trees might

yield a more robust result and subsequent decision boundaries. Extending this to multiple

trees is what the Random Forest model does.

A Random Forest model, Breiman (2001), is a collection of ensemble of many decision

trees and is a modi�cation of bagging which builds a collection of de-correlated trees and

then averages them, it uses the same fundamental principals as decision trees and bagging.

Recall that, the essential idea in bagging was to average many noisy and unbiased models

with the aim of reducing variance and since trees are notoriously noisy, averaging them

helps to mitigate much of this noise. That is, bagging introduces a random component
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into the tree-building process by randomly sampling with replacement samples of the data,

bagging then averages the predictions across all of the bootstrapped trees which reduces

the variance of the �nal prediction. Random Forest models try to reduce the variance of

bagging by reducing the correlation between trees and does so through randomly selecting

the input variables to each of the trees. If the Random Forest model uses very similar trees

or correlated sub-samples then the result will not be much di�erent to using a single decision

tree and thus the success of Random Forest models comes from having uncorrelated decision

trees, this is achieved via bootstrapping and variable randomness.10 That is, given p input

variables, before each split, the model selects m ≤ p variables at random where, default

input variables are usually, m =
p

3
for regression and m =

√
p for classi�cation. Reducing

m will reduce the correlation between tree pairs in the ensemble model and will reduce the

variance of the average. Moreover when m = p the model is equivalent to bagging trees.

In regression problems, the Random Forest predictions from each bootstrapped tree are

averaged, whereas in classi�cation, a class vote from each tree is taken and the majority vote

forms the prediction. For example, in the case of regression, suppose house characteristics

are the input variables and house prices are the output variable we wish to predict. A Ran-

dom Forest model will randomly select m variables and n observations and construct many

parallel decision trees. Each terminal node in each tree produces a prediction and these

predictions are averaged across the model and a �nal house price prediction is given based

on the characteristics of the house. Moreover, in a classi�cation task, each decision tree

holds one equally weighted vote and suppose our model contained 100 independent trees,

60 trees say "it will rain" and the remaining 40 trees say "it will be sunny" then the score

for "it will rain" is (60/40) or
2

3
and the score for "it will be sunny" is

1

3
therefore the

model predicts that it will rain with a democratic majority vote in which all decision trees

10Bootstrapping is the selection of random samples from the training data (with replacement). Variable
randomness selects a random number of variables for each decision tree in the Random Forest model. A
combination of these two methods allows the Random Forest model to have uncorrelated trees.
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in the Random Forest model decide independently. This independence allows each tree in

the model to be run in parallel to one another and can therefore speed up computational

time signi�cantly. Just as in decision tree models, Random Forest models have a number

of parameters. The number of trees in the model should be de�ned, along with the number

of variables to consider at each split, the complexity of each tree, the splitting rule used

in the tree construction and the sampling method. Figure 1.11 depicts the structure of a

Random Forest model. It �rst takes the training data, then takes a random sample n < N

with replacement from this training data, select m < M input variables with replacement

(m held constant across all trees in the forest). Once each tree has been constructed take

a majority vote (classi�cation) or average (regression) across the trees to obtain the �nal

prediction. Algorithm 2 shows the pseudo-code for training a Random Forest model.

Algorithm 2: Random Forest
Training Algorithm
Initialization;
Training set = S;
Attribute set = A;
Number of trees to build = N ;
Stop Criterion = Stop;
;
if Stop(S) = false then

forall i = 1 to c do

K =
Bootstrap sample from S with replacementSi;

Grow a regression/classi�cation tree
to the bootstrapped data;

foreach split do

Select m variables at random
from al variables;

Choose best variable/split among
m;

Split the node into two child
nodes;

end

Use stopping criteria Stop to
determine when a tree is complete

end

else

Aggregate or class vote across all trees
end

return Learned ensemble model

48



Training Data

sample and feature bagging

Tree 1 Tree 2 Tree n

mean in regression or majority vote in classi�cation

prediction

. . .

Figure 1.11: Random Forest model

1.13 AdaBoost

Boosting is a powerful Machine Learning idea and combines the outputs of many weak

learners to produce a powerful model. It appears similar to bagging as previously discussed,

however, it is fundamentally di�erent. The purpose of boosting is to sequentially apply

weak learners to repeatedly modi�ed versions of the data and thus producing a sequence

of weak learners. The objective is to give higher in�uence to the more accurate learners

in the sequence. At each boosted step modi�cations are made to the data by applying

weights w1, w2, . . . , wN to each of the training observations. At the start, all weights are
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set to wi = 1/N and for each successive iteration m = 2, 3, . . . ,M observation weights are

modi�ed and the model is re-applied to the weighted observations. At each step m the

observations which were miss-classi�ed or had a higher error have their weights increased,

therefore, at each successive iteration, the observations which are di�cult to classify or pre-

dict are given ever-increasing in�uence in the model.

AdaBoost (Adaptive Boosting), Freund and Schapire (1997), uses the concept of boost-

ing which relies on weak learners in which each weak learner's error rates are only slightly

better than random guessing. The most common way AdaBoost is used is with a form of

decision-tree, where each weak classi�er is just a stump, a two terminal node classi�cation

tree, i.e. a decision tree with just a root node and two leaf nodes, where only one variable of

the data is evaluated. Once AdaBoost has created its �rst decision stump, all observations

are weighted equally. In order to correct the previous weak learner's error, the miss-classi�ed

observations now carry more weight than observations that were correctly classi�ed, such

that the next classi�er in the sequence will give extra attention to incorrect classi�cations

in order to try and classify them correctly. The order of the stumps is important and the

errors that the �rst stump has made in�uence how the second stump is made and so on.

Consider the following example in 1.1. A simple classi�er has been �tted on the data,

also called a decision stump. In panel (A) all of the weights are the same (indicated by the

size of the + and −) and the model makes a �rst decision rule, given by the vertical line

at D1. Whatever the model correctly classi�es is given less weighting in the next iteration.

The model incorrectly partitioned 3 of the + observations and correctly classi�ed all other

points. Since the model incorrectly classi�ed these 3 observations the weights are increased

and more emphasis is given to these observations, given by an increase in the size of the

points in panel (B). The correctly classi�ed points obtain less weight, given by a reduction

in the size of these points, in panel (B). The model makes a new classi�cation depicted at
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D1
D2

D3

(A) (B) (C)

(D)

Table 1.1: AdaBoost classi�cation weights illustration

decision rule D2. The model correctly classi�ed the previous incorrectly classi�ed + ob-

servations and their weights are subsequently decreased (depicted in panel (C)). The two

left-most +'s and right-most −'s are again correctly classi�ed and therefore their weights

are further reduced in panel (C), given by a smaller + and − signs. Finally, in panel (C)

the �nal classi�cation is given by the horizontal line D3 and the weights are recalibrated

and updated. The �nal classi�cation model is given in panel (D) in which all points have

been partitioned correctly and this model is a stronger classi�er than any individual model

previous to it. That is, the model used a combination of linear classi�ers in order to build

a stronger non-linear classi�er based on weighted voting.

1.14 Gradient Boosting Machines (GBM)

Gradient Boosted Machines Friedman (2001) is built of the hypothesis of weak learners. Sim-

ilar to AdaBoost, Gradient Boosted Machines sequentially add predictors to an ensemble

with each predictor correcting its predecessor. However, instead of adjusting the weights for

each incorrect classi�ed observation at each subsequent iteration as in AdaBoost, Gradient

51



Boosted Machines tries to �t the new predictor to the residual error made by the previous

predictor and in doing so uses Gradient Descent. Due to this we no longer have sample

weights as in typical boosting ensembles and now all of the weak models have the same

amount of say or importance. Unlike AdaBoost, the decision trees are no longer decision

stumps, they are larger, �xed-size decision trees. Gradient Boosting uses a learning rate and

takes small incremental steps towards better results, conceptually to what is done in Gradi-

ent Descent. That is, Gradient Boosting �ts a model to the data F1(x) = y, generates a new

model F2(x) = F1(x)+h1(x) and so on, more generally we have, Fn(x) = Fn−1(x)+hn−1(x).

Therefore after combining weak learners with error-corrected predictions, the �nal model is

able to account for much of the error from the �rst weak learner. The additivity of Gradient

Boosted models ensures that trees are added sequentially and previous existing trees are

not modi�ed when new trees are added to the model. Moreover, new trees are added which

minimise the loss function - or follows the gradient and reduce the residual loss. The loss

function is minimised through iteratively modifying parameters and the quickest way to do

so is to take the path with the steepest slope. Gradient descent measures the local gradient

of the loss function for a given set of parameters Θ, it then follows the direction of the

descending gradient, as depicted in Figure 1.12.

Consider the loss function;

L(f) =
N∑
i=1

L(yi, f(xi)). (1.9)

The objective is to minimise L(f) with respect to f . The steepest descent is one which

chooses hm = −ρmgm where ρm is a scalar and gm ∈ RN is the gradient of L(f) evaluated

at fm−1(xi). Moreover, the components of the gradient gm are

gim =

[
∂L(yi, f(xi))

∂f(xi)

]
f(xi)=fm−1(xi)

(1.10)

and the step length ρm is the solution to
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Figure 1.12: Gradient decent for gradient boosted models

ρm = arg min
ρ

L(fm−1 − ρgm) (1.11)

The current solution then updates

fm = fm−1 − ρmgm (1.12)

and the process is repeated at the next iteration. The steepest descent is said to be

a greedy strategy, since −gm is the local direction in RN for which L(f) is most rapidly

decreasing at f = fm−1 Hastie et al. (2009).

One of the signi�cant parameters in gradient descent is the learning rate or shrinkage,

or the magnitude in step when following the descending gradient. For small learning rates

the model will converge to a minimum in too many iterations and thus take longer to train

the model. Conversely, since not all loss functions are convex, for learning rates which are

higher, the model may "jump" over the global minimum and end up in a local minimum

which is not optimal. The number of trees and depth of trees are also hyperparameters

in Gradient Boosted Machines. Finally sub-sampling controls the fraction of observations

used in training. Sampling (without replacement) fewer than 100% of the observations uses
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stochastic gradient descent which can help the model from being stuck in a local minima

and get close to the global minimum. Algorithm 3 and 4 shows the pseudo-code for training

a gradient boosted model for regression and classi�cation respectively.

Algorithm 3: Gradient Boosting
(Regression) Training Algorithm
Initialization;

f0(x) = argminγ
∑N
i=1 L(yi, γ);

forall m = 1 to M do

forall i = 1, 2, . . . , N do

(a) rim = −
[
∂L(yi, f(xi))

∂f(xi)

]
f=fm−1

;

(b) Fit a regression tree to the targets
rim giving terminal regions Rjm,
j = 1, 2, . . . , Jm;

(c) forall j = 1, 2, . . . , Jm do
γjm =
argminγ

∑
xi∈Rjm

L(yi, fm−1(xi)+

γ)
end

(d) Update fm(x) =

fm−1(x) +
∑Jm
j=1 γjmI(x ∈ Rjm)

end

end

return f̂(x) = fM (x)

Algorithm 4: Gradient Boost-
ing (Classi�cation) Training Al-
gorithm
Initialization;
fk0(x) = 0, k = 1, 2, . . . ,K;
forall m = 1 to M do

(a) Set pk(x) =
efk(x)∑K
`=1 e

f`(x)
,

k = 1, 2, . . . ,K;
(b) forall k = 1 to K do

i. Compute rikm = yik − pk(xi),
i = 1, 2, . . . , N ;

ii. Fit a regression tree to the targets
rikm, i = 1, 2, . . . , N , giving terminal
regions Rjkm, j = 1, 2, . . . , Jm;

iii. Compute;
γjkm =

K − 1

K

∑
xi∈Rjkm

rikm∑
xi∈Rjkm

|rikm| (1−|rikm|)
,

j = 1, 2, . . . , Jm;
iv. Update fkm(x) =

fk,m−1(x)+
∑Jm
j=1 γjkmI(x ∈ Rjkm);

end

end

return f̂k(x) = fkM (x), k = 1, 2, . . . ,K

1.15 Extreme Gradient Boosting (XGBoost)

Gradient Boosting Machines and Extreme Gradient Boosting Extreme Gradient Boosting

(XGBoost) both follow the same principle of Gradient Boosting. However, XGBoost adds

regularisation (L1 and L2 regularisation) to the objective function in order to control the

problem of over-�tting, this means that XGBoost has a greater set of hyper-parameters that

are tunable, this in turn allows it to achieve a signi�cant increase in performance. Regu-

larisation has an impact on variable weights in the cost function and is a form of variable

selection, therefore regularisation reduces noise in the explanatory variables by taking the

sum of the variable weights multiplied by some regularisation term and added to the cost

function. Additionally, XGBoost is able to handle missing values automatically and is able
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to scale well onto su�ciently large datasets. It also allows the user to plug in their own

optimisation objective function. Moreover, the extreme part of the name is related to the

engineering goal to push the computational resource limit for boosted tree models. For

example, each tree in a Random Forest model is created independently and therefore it is

possible to parallelise the ensembles across di�erent processors in a computer which makes

Random Forest models very fast. Moreover, for Gradient Boosted models each of the trees

are dependent on the errors of the previous trees and thus it is simply not possible to par-

allelise the ensembles across di�erent processors as with Random Forest models, however,

XGBoost can parallelise the nodes within each depth of each tree. That is, the algorithm is

not growing the decision trees in parallel but it is using pre-sorting and block storage meth-

ods in parallel processing to determine what the optimal split point will be. A linear scan

can then be used across the blocks to determine where the optimal split point is for each

variable being modelled. Additionally, XGBoost uses sparse matrices, better data structures

and cache utilisation allowing for a better balance between in-memory and out-of-memory

processes. This type of attention to the engineering of XGBoost allows it to be so fast,

�exible and accurate.

More formally, the objective function in XGBoost consists of two parts, a training loss

and a regularisation term:

obj(θ) = L(θ) + Ω(θ) (1.13)

Where L is the training loss11 which measures how predictive the model is and Ω is the

regularisation term. The regularisation term Ω(θ) helps to control for the complexity of the

model and therefore avoids over-�tting.

11For regression problems one common choice for L(θ) is the mean square error L(θ) =
∑

i(yi− ŷi)2 and
for logistic another choice is the logistic loss function L(θ) =

∑
i[yi ln(1 + e−ŷi) + (1− yi) ln(1 + eŷi)]
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Mathematically, the model is as follows;

ŷi =
K∑
k=1

fk(xi), fk ∈ F (1.14)

Where K is the number of trees, f is a function selected from some functional space

F where F is the set of all possible Classi�cation and Regression Trees (CARTs). The

generalised objective function which is to be optimised is:

obj(θ) =
n∑
i

l(yi, ŷi) +
K∑
k=1

Ω(fk) (1.15)

A more formal description of XGBoost has been left to the appendix.

Consider Figure 1.13 and how changes in the regularisation term control the complexity

of the model and its response to over-�tting. The objective is to �t a step function given in

the upper left quadrant. We want a simple and predictive model. The �gure in the upper

right quadrant is too complex and over-�ts the data, the �gure in the lower left quadrant

is simple but not very predictive. Therefore, the most simple and most predictive model is

in the lower right quadrant. The trade-o� between a simple and predictive model is also

referred to as the bias-variance trade-o� previously discussed.

1.16 Confusion Matrix

Suppose we have a dataset that consists of an independent variable and a dependent vari-

able where the dependent variable contains either a 0 or a 1. After splitting the data

between a training and testing dataset and training the model we want to summarise how

the model performed on the testing data. For classi�cation tasks, a confusion matrix can

be constructed in which the rows correspond to what the model predicted and the columns

correspond to the actual known true observed value.
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Observed Data Too many splits: Ω(f) is high

Wrong split point: L(f) is high Good balance of Ω(f) and L(f)

Figure 1.13: XGBoost Regularisation

Using 0 and 1 as our outcome variables where 1 corresponds to the class of interest and

0 is included such that the model can learn the distinct di�erences between the two classes.

The true positives refer to observations that had a 1 that were correctly identi�ed by the

model. The true negatives refer to observation that had a 0 that were correctly identi�ed by

the model. The false negatives refer to the observations which had a 1 but where the model

incorrectly identi�ed them as 0. Finally, the false positives refer to the observations which

had a 0 but the model incorrectly identi�ed them as 1. A series of summary statistics can

be derived from the confusion matrix. The confusion matrix can be expanded to multi-class

classi�cation problems which naturally increases the dimensions of the matrix nxn where n

is the number of classes to predict.

The sensitivity tells us what percentage of observations of the 1 class were correctly

identi�ed and is given as True Positives/(True Positives + False Negatives). The speci�city

tells us what percentage of observations of the 0 class were correctly identi�ed and is given
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as True Negatives/(True Negatives + False Positives).

Predicted class

Positive Negative

Actual
class

Positive
True positive

Tp
(Correct)

False positive
Fp

(Incorrect)

Precision
Tp

Tp+Fp

Negative
False negative

Fn
(Incorrect)

True negative
Tn

(Correct)

Negative
Tn

Tn+Fn

Sensitivity/Recall
Tp

Tp+Fn

Speci�city Rate
Tn

Tn+Fp

Accuracy
Tp+Tn

(Tp+Tn+Fp+Fn)

Table 1.2: Confusion Matrix

1.17 Shapley Values

Shapley values Shapley (1953) adapted from coalition game theory allows us to interpret

the predictions of Machine Learning models by treating each variable as a player in a game

with the prediction being the payout. A cooperative game can be considered as the following.

A characteristic function game G is given by a pair (N, v) where N is the number of players

and v : vN → R is a characteristic function which maps every coalition of players to a payo�.

Consider the following example which has three variables and the output is a prediction

from a Machine Learning model. Each variable contributes di�erently to the prediction

(some variables contribute more others less). The characteristics function v(c) tells us that

if the variable X1 was the only variable in the model then it would make a contribution of

80, the variables X2 and X3 on their own make a contribution of 56 and 70 respectively.

The value of the grand coalition is 90 with all three variables X1, X2 and X3 contributing
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to the prediction, there are also di�erent contribution scores for each possible coalition of

variables. The Shapley value is de�ned as φi(G) =
1

n!

∑
π∈

∏
n

∆G
π (i). The table on the right

considers every permutation of players, that is the �rst line considers the permutation of

X1, X2 and X3 with a score of (80, 0, 10). Looking v(c) on the left we can see that X1 on

its own contributes the value of 80, additionally, we can see that when X1 and X2 are in a

coalition the payout is also 80, therefore X1 contributes to the prediction and X2 contributes

nothing, �nally, when X1, X2 and X3 are in a coalition, the score is 90, therefore X3 must

contribute 10. Consider now when we swap the order of the variables, X1 still contributes

80 but the coalition of X1 and X3 is 85, therefore X3 contributes 5. Still, the coalition of

X1, X2 and X3 is 90, therefore X2 must contribute 5 also. Finally, if the order is as in line

three, then X2 contributes 56 on its own with the coalition of X1 and X2 being 80, X1 must

contribute 24 and the coalition of all variables is 90, therefore X3 must contribute 10. This

is done for all permutations of the variables and then the average of these values are taken,

given as φ which gives us the average marginal contribution for each variable over all of the

possible subsets.

v(c) =



80, if c = {X1}
56, if c = {X2}
70, if c = {X3}
80, if c = {X1, X2}
85, if c = {X1, X3}
72, if c = {X2, X3}
90, if c = {X1, X2, X3}

π δGπ
(X1, X2, X3) (80, 0, 10)
(X1, X3, X2) (80, 5, 5)
(X2, X1, X3) (24, 56, 10)
(X2, X3, X1) (18, 56, 16)
(X3, X1, X2) (15, 5, 70)
(X3, X2, X1) (18, 2, 70)

φ (39.2, 20.7, 30.2)

1.18 Conclusion

This chapter gives an overview of Machine Learning and has aimed to cover the fundamen-

tal concepts of Machine Learning from an econometric standpoint. The focus and emphasis

have been placed on the models used throughout the Thesis. Many of the problems which

persist in econometrics also persist in Machine Learning, the di�erence being in the way
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both statistical �elds handle the problem, the focus of econometric models is causal infer-

ence whereas the core focus of Machine Learning lies in predictive accuracy.

A discussion on the di�erent use cases of where and how Machine Learning is being

applied in economics has also been covered. The future of Machine Learning applications

in economics will continue to expand allowing economists to analyse problems in new ways

and with new tools. This will bring about changes in how empirical work is conducted,

moreover, econometricians can contribute to the �eld of Machine Learning by solving causal

inference problems in which current Machine Learning models are not adequately designed

to capture. Athey (2018) states that there will be a development of new econometric meth-

ods based on machine learning designed to solve traditional social science estimation tasks

and that there will be no fundamental changes to theory of identi�cation of causal e�ects.

The combination of econometrics and Machine Learning will allow synergy of both disci-

plines, taking advantage of one another and further advance the understanding of complex

economic problems.

The structure of this chapter was to try and ease the reader into what Machine Learning

is, more speci�cally, the focus has been on easing the reading into the XGBoost model

by starting with a description of a simple decision tree, then moving onto the notion of

ensemble modelling by introducing Random Forest models which use bagging. Then moving

into the concept of boosting through the introduction of the AdaBoost model and ultimately

introducing gradient boosting models Gradient Boosted Machines and �nally XGBoost and

regularisation.12

12Other models have been brie�y discussed such as Neural Networks, RIDGE, LASSO, Elastic Net and
Support Vector Machines (SVM).
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1.19 Appendix

1.19.1 XGBoost details

Amore formal description of XGBoost is the following, moreover, when considering XGBoost

for regression and classi�cation, the only di�erence between the two models is in the loss

function as given in equations 1.16 and 1.17 for regression and classi�cation respectively.

Throughout this section, equations given on the left-hand side are related to regression trees

whereas equations on the right-hand side are related to classi�cation trees, when there is a

single equation, the math is the same for both regression and classi�cation trees.

L(θ) =
∑
i

(yi−ŷi)2 (1.16) L(θ) =
∑
i

[yi ln(1 + e−ŷi) + (1− yi) ln(1 + eŷi)] (1.17)

XGBoost makes an initial prediction of p0i = 0.5 regardless of whether it is solving a

regression or classi�cation problem. The residuals tell us how good the initial prediction

is. This is quanti�ed using a loss function L(yi, ŷi), in which the loss function for regression

is the squared residual and the loss function for classi�cation is the negative log likelihood

shown previously in equations 1.16 and 1.17. The objective function is given as;

[
n∑
i=1

L(yi, ŷi)] + γT +
1

2
λO2

value (1.18)

Where
∑n

i=1 L(yi, ŷi) is the loss function we wish to minimise, the γT part of the equa-

tions contains T which is the number of terminal nodes (or leaves) in a given tree and γ

is a penalty parameter we assign in order to encourage pruning the trees. The
1

2
λO2

value

contains a regularisation λ term which scales the output value. When constructing the tree

the objective is to �nd an output value Ovalue for each leaf which minimises the objective

function given in Equation 1.19. As we increase the value of λ > 0 then the Ovalue shrinks

towards zero since more regularisation weight has been emphasised on it and when λ = 0

the regularisation term is removed.

We want to �nd the output value Ovalue which minimises the following:
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[
n∑
i=1

L(yi, yi +Ovalue)] + γT +
1

2
λO2

value (1.19)

XGBoost uses the second order Tayler approximation in order to simplify the problem

when solving for the optimal output value Ovalue for both regression and classi�cation.

L(y, ŷi +Ovalue) ≈ L(y, ŷi) + [
d

dŷi
L(y, ŷi)]Ovalue +

1

2
[
d2

dŷ2i
L(y, ŷi)]O

2
value (1.20)

Where L(y, pi) is the loss function from the previous prediction, g = [
d

dpi
L(y, pi)] and

h = [
d2

dp2i
L(y, pi)] are the �rst and second order derivatives of that loss function which cor-

respond to the gradient and the Hessian, now denoted as g and h respectively. Equation

1.20 can be reduced to the following:

L(y, ŷi +Ovalue) ≈ L(y, ŷi) + gOvalue +
1

2
hO2

value (1.21)

L(y, ŷi +Ovalue) ≈ L(y1, ŷ
0
1) + g1Ovalue +

1

2
h1O

2
value)

+L(y2, ŷ
0
2) + g2Ovalue +

1

2
h2O

2
value

+...+

L(yn, ŷ
0
n) + gnOvalue +

1

2
hnO

2
value

+
1

2
λO2

value

Since L(y, ŷi) does not depend on the output value Ovalue, we can omit it since it has no

e�ect on the optimal output value. Therefore, it reduces to;

d

dOvalue

[
(g1 + g2 + ...+ gn)Ovalue +

1

2
(h1 + h2 + ...+ hn + λ)O2

value

]
= 0 (1.22)
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Taking the derivative and solving for Ovalue gives us the optimal output value for the

leaf;

Ovalue =
−(g1 + g2 + ...+ gn)

(h1 + h2 + ...+ hn + λ)
(1.23)

Since the loss function is di�erent for regression and classi�cation then the values for the

gradients are given as;

gi =
∂

∂ŷi

1

2
(yi − ŷi)2

= −(yi − ŷi)
(1.24) gi =

∂

∂log(odds)
L(yi, log(odds)i)

= −(yi − ŷi)
(1.25)

For regression and classi�cation respectively which are simply the negative residual.

The Hessians are;

hi =
∂2

∂ŷ2i

1

2
(yi − ŷi)2

=
d

dŷi
− (yi − ŷi)

= 1

(1.26) hi =
∂2

∂log(odds)2
L(yi, log(odds)i)

= ŷi × (1− ŷi)
(1.27)

Plugging in the gi and hi we obtain:

Ovalue =
−(−(yi − ŷi) +−(yi − ŷi) + · · ·+−(yn − ŷn))

1 + 1 + · · ·+ hn + λ
(1.28)

Ovalue =
−(−(yi − ŷi) +−(yi − ŷi) + · · ·+−(yn − ŷn))

ŷi × (1− ŷi) + ŷi × (1− ŷi) + · · ·+ hn + λ
(1.29)

Or, more generally we have an optimal leaf (where ω is the same as Ovalue);

ω∗ = −
∑
gi∑

hi + λ
(1.30)

Therefore, we have the following for regression and classi�cation;

Ovalue =

∑
Residualsi

Number of Residuals + λ
(1.31)

Ovalue =

∑
Residualsi∑[

Previous Probabilityi × (1− Previous Probabilityi)
]

+ λ
(1.32)

In order to grow the tree, the similarity scores are calculated from;

(g1 + g2 + ...+ gn)Ovalue +
1

2
(h1 + h2 + ...+ hn + λ)O2

value (1.33)

Multiplying Equation 1.33 by −1 and plugging in the optimal values from Equation 1.23

we obtain;
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−(g1+g2+...+gn)

[
−(g1 + g2 + ...+ gn)

(h1 + h2 + ...+ hn + λ)

]
−1

2
(h1+h2+...+hn+λ)

[
−(g1 + g2 + ...+ gn)

(h1 + h2 + ...+ hn + λ)

]2
(1.34)

Which simpli�es to give the following similarity score;13

[
(g1 + g2 + ...+ gn)2

(h1 + h2 + ...+ hn + λ)

]
− 1

2

[
(g1 + g2 + ...+ gn)2

(h1 + h2 + ...+ hn + λ)

]
=

1

2

(g1 + g2 + ...+ gn)2

(h1 + h2 + ...+ hn + λ)
(1.35)

Or, more generally;

Similarity =
(
∑

i gi)
2∑

i hi + λ
(1.36)

Since gi is the negative residual gi = −(yi − ŷi) for both regression and classi�cation

(from Equations 1.24 and 1.25, respectively) then the numerator is just the sum of the

residuals squared. For regression, the denominator contains, hi =
d

dŷi
− (yi − ŷi) = 1, from

Equation 1.26. For classi�cation, the denominator contains hi = ŷi× (1− ŷi) from Equation

1.27. Therefore, for both regression and classi�cation the similarity scores are;

Similarity =

∑
Residuals2i

Number of Residuals + λ
(1.37)

Similarity =

∑
Residuals2i∑[

Previous Probabilityi × (1− Previous Probabilityi)
]

+ λ
(1.38)

The similarity scores - or tree structure Q is not given in advance and the model learns

the tree structure, the tree is built from the root node and then the most important variables

are subsequently sought and the best split is chosen. That is, in each round the algorithm

greedily separates one after another (sequentially) the features and decides to split on the

feature which gives the maximum reduction calculated by (L̃(q)).

Moreover, de�ne G =
∑
gi and H =

∑
hi then L̃(q)∗ becomes (where the previous

analysis omitted γT for simplicity);

13Note: XGBoost's implementation omits the
1

2
constant which is one example of how XGBoost tries to

reduce the amount of computations it makes.
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(L̃(Q))∗ = −1

2

∑ G2

H + λ
+ γT (1.39)

The Gain G is de�ned as follows;

G =
G2
L

HL + λ
+

G2
R

HR + λ
− (GL +GR)2

HL +HR + λ
− γ (1.40)

With
G2
L

HL + λ
being the score for the left child of the split and

G2
R

HR + λ
the score for the

right child of the split. Let
(GL +GR)2

HL +HR + λ
be the score when the split does not occur and γ

penalises the addition of leaves in the tree structure.

Cover

The cover relates to the minimum number of residuals in a leaf and is simply the denominator

of Equation 1.37 and 1.38 minus λ for regression and classi�cation, respectively, i.e. it is

the sum of the Hessians.

Cover = h1 + h2 + · · ·+ hn (1.41)

For regression, the Hessian = 1 and since there is one Hessian per residual in each leaf,

then the Cover = h1+h2+· · ·+hn = Number of Residuals. For classi�cation, the Hessian =

ŷi×(1−ŷi) so the Cover is equal to the sum of the previously predicted probability multiplied

by one minus the previous predicted probability, Cover = h1+h2+· · ·+hn =
∑

[ŷi×(1−ŷi)].

1.19.2 Neural Networks

A Neuron is a single node in a Neural Network which consist of a set of inputs, weights

and an activation function. The neuron translates these into an output which is passed to

the next layer in a Neural Network. Consider the neuron in Figure 1.14, it consists of two

parts, it takes xi as its input and assigns a weight wji, the �rst part computes sj using these

inputs and weights, the second part performs the activation on sj giving the �nal output
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dj, then we compute an error dj − xj.

x0

x1

x2

xi

wj0

wj1

wj2

wji

sj =
∑
wjixi xj = ϕ(sj)

dj

ej = dj − xj

Figure 1.14: Neural Network Neuron example

Shallow Neural Networks consist of a single or few hidden layers. Consider the left

network in the Figure 1.15, which contains an input layer, a hidden layer and an output layer.

The input layer contains the input variables and in the hidden layer each hi corresponds

to a neuron de�ned previously, which takes in inputs, assigns weights and an activation

function.14

Deep Neural Networks consists of adding more hidden layers to a Neural Network

structure. It allows for very complex relationships between the inputs and weights and of-

ten performs very well on large complex datasets. An example is given in the right-side of

Figure 1.15.

1.19.3 RIDGE, LASSO and Elastic Net Regression

Just as in linear regression RIDGE minimises the sum of the squared residuals but with

the addition of a penalty added to the least squared regression with a parameter λ de-

termining how severe this penalty is (L2 regularisation). RIDGE is de�ned as, β̂ridge =

14Activation functions decide whether a neuron should be activated or not and this introduces non-
linearity into the output of a neuron. Popular activation functions are the sigmoid, hyperbolic tangent,
softmax, recti�ed Linear Unit (ReLU) and Exponential Linear Units (ELUs) functions
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Figure 1.15: Shallow (left) and Deep (right) Neural Network example

∑n
i=1(yi − xiβ)2 + λ

∑p
j=1 β

2
j , therefore it is trying to minimise the sum squared residuals

plus λ times the slope squared, where λ can be any value from 0 to +in�nity. When λ = 0

then RIDGE only minimises the sum of squared residuals and the RIDGE regression line is

the same as the least-squares line. As the value of λ increases, the slope of the regression line

gets smaller and the larger the value of λ the slope moves asymptotically close to zero and

the prediction for Y gets less and less sensitive to the value of Xi. Through cross-validation,

the value of λ is determined by choosing the value which gives the lowest variance. There-

fore RIDGE regression helps to reduce variance by shrinking parameters and making the

predictions less sensitive to them.

LASSO is similar to RIDGE but instead of taking the squared value of the slope we

take the absolute value of the slope with λ determining how severe this penalty is (L1 reg-

ularisation). LASSO is de�ned as, β̂lasso =
∑n

i=1(yi − xiβ)2 + λ
∑p

j=1

∣∣βj∣∣ and it is trying

to minimise the sum squared residuals plus λ times the absolute value of the slope, where

λ can be any value from 0 to +in�nity. As with RIDGE the LASSSO regression line has

less variance than the least-squares regression line. When RIDGE and LASSO shrink pa-

rameters, it does not necessarily shrink all parameters equally. As λ increases in value, the

slope gets smaller until the slope equals zero whereas RIDGE regression can only shrink
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the slop asymptotically close to zero. Therefore, LASSO can shrink irrelevant variables to

zero whereas RIDGE can only shrink them asymptotically close to zero, this allows LASSO

regression to be a little better than RIDGE at reducing variance in models which contain

irrelevant variables, it also allows LASSO equations to be simpler and easier to interpret.

RIDGE regression may do better when all of the variables are relevant to the model.

Elastic Net combines the LASSO and RIDGE regression penalty. Elastic Net is de�ned

as, β̂elasticnet =
∑n

i=1(yi − xiβ)2 + λ1
∑p

j=1

∣∣βj∣∣ + λ2
∑p

j=1 β
2
j and thus it is minimising the

sum squared residuals plus the LASSO and RIDGE penalties. Cross-validation is used to

determine the optimal values for each of the λ's and when λ1 and λ2 are equal to zero we

get the original least square estimates, when λ1 > 0 and λ2 = 0 we get LASSO regression

and when λ1 = 0 and λ2 > 0 we get RIDGE regression, �nally when λ1 > 0 and λ2 > 0

we have Elastic Net. Through the combination of LASSO and RIDGE regression, Elastic

Net shrinks the parameters associated with the correlated variables, leaving them in the

equation or removing them all at once. Figure 1.16 shows di�erent regularisation function

isosurfaces for di�erent values of p where the Lp regulariser is de�ned as (
∑
|θi|p)1/p. For the

Euclidean distance p = 2 we have the circle with radius 1, when p = 1 we obtain the sum of

the absolute values and the isosurface corresponds to the star shape. Increases in one value

of β is exactly o�set by decreases in another value of β. As p gets larger the isosurface shape

approaches a square shape and p small we are able to have large values of one parameter β

only if the other parameter β is close to zero.

β1

β2
p = 0.5

β1

LASSO

β2
p = 1

β1

RIDGE
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p = 2

β1
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Figure 1.16: Isosurfaces of di�erent Lp regularisers
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The most common choices of regularisation are the L1 and L2 norm. This can be visu-

alised in Figure 1.17 as the balance of two di�erent losses, the �rst loss wants to minimise

the β̂ point (as we move away from this point it increases quadratically) and the second is

a regularisation term which is minimised at the origin (all parameters equal to zero) and in

the case of the L2 norm it increases quadratically. The combination of the data plus the reg-

ularisation is minimised at the point in which both surfaces are touching. That is, in order

to reduce the regularisation we would have to leave the data isosurface which will increase

the data loss. Therefore, we can not reduce either loss without increasing the other. L1

penalties can incorporate sparse parameter vectors (a vector which lies exactly on an axis as

in the Opt point in the left plot in Figure 1.17 - i.e. β1 = 0). L2 penalties will only be sparse

if the minimum mean square error point (β̂) is also exactly on the axis. Therefore the L1

optimum can be on the axis even if the β̂ is not and L1 regularised solutions encourages some

level of sparsity, making the model more e�cient which helps determine which variables are

most important in prediction. Lp norms form a balance between sparsity and convexity,

when p ≥ 1 the norm is convex and for p ≤ 1 it induces some sparsity. Therefore, the L1

norm is the only norm that both induces sparsity and remains convex for easier optimisation.

1.19.4 Support Vector Machine (SVM)

Support Vector Machines can be used for both regression and classi�cation problems. Sup-

pose that we have two classes of data as depicted in Figure 1.18 that we want to separate, in

order to do so there are many possible hyperplanes that can be chosen. The objective is to

�nd the hyperplane which has the maximum margin (maximum distance between the near-

est data points of the two classes). The linear classi�er it de�nes is known as the maximum

margin classi�er. The support vectors are the data points that are closest to the hyperplane

and therefore in�uence the orientation of the hyperplane (given by the red points), these

points help to maximise the margin of the classi�er. The SVM classi�er takes on values of
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Figure 1.17: Lasso Ridge caption here

[-1, 1], a value of -1 for one class and a value of 1 for the other class for which xi belongs

to. Each xi is a p-dimensional real vector and the objective is to �nd the maximum-margin

hyperplane which divides the group of points xi where yi = 1 and yi = −1. The hyperplane

is represented as wTx− b = 0, where w is a normal vector to the hyperplane. The parame-

ter b
‖w‖ determines the o�set of the hyperplane from the origin along the normal vector w.

Given a linearly separable dataset, two parallel hyperplanes separate the two classes such

that the distance between the two hyperplanes is as large as possible. The bounded region

by the two hyperplanes is de�ned as the margin with the maximum-margin hyperplane cor-

responding to the line which sits halfway between the two hyperplanes. Geometrically, the

distance between the two hyperplanes is given as, 2
‖w‖ , therefore maximising the distance

between the two planes, requires the minimisation of ‖w‖. Therefore, the optimisation

problem becomes, minimise ‖w‖ subject to yi(wTxi − b) ≥ 1 for i = 1, . . . , n. Such that w
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and b solve the problem. Figure 1.18 shows an illustration of Support Vector Machines on

a sample linearly separable dataset.

y

x

w
· x
+
b =

0

w
· x
+
b =

1

w
· x
+
b =
−1

2‖w‖

b‖w‖

w

Figure 1.18: Support Vector Machine example
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Chapter 2.1

Corporate bankruptcy prediction in

Spain from 1992 to 2016

Abstract: We apply a Machine Learning (ML) algorithm in order to predict bankruptcy

rates among companies within the Spanish economy from 1992 - 2016. The model identi�es

some relevant variables when predicting bankruptcy: such as the ratio Total Liabilities to

Total Assets or Current Liability to Financial Expenses along with size factors such as the

log of sales. Additionally, the model allows us to analyse �rms individually: the marginal

contribution of a given variable to the �rm's prediction depends on all its other observed

characteristics. This can be particularly useful in analysing case by case lending decisions

within �nancial institutions. An exercise on the cost of extending the forecasting horizon up

to four years ahead is also provided, as �nancial institutions are naturally interested in the

early detection of bankruptcy. We also compare XGBoost to a number of Machine Learning

models, such as a Logistic model, Support Vector Machine, Neural Network, Random Forest

and LightGBM.

JEL Codes : G17 (Financial forecasting and simulation), G33 (Bankruptcy), C53(Forecasting

and prediction methods).
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2.1.1 Introduction

Recent developments in regulatory requirements from central banks and governments have

caused credit risk management to take a leading role amongst practitioners. The Basel

agreement requires �nancial institutions to limit the amount of risk-weighted assets that a

bank can hold, this a�ects the type and number of loans that a bank can issue in relation

to its capital. Therefore, it has become more apparent to the banking industry that new

and improved, more innovative ways should be adopted in order to identify counter-party

default risk amongst its corporate clients early on. On a more economic scale the ability

to adequately shift �nancial resources from an ailing �rm to more positive recipients will

help clear up ine�ciencies within the �nancial lending sectors. Forecasting the failure of an

organisation is an important economic and �nancial challenge, failure to adequately man-

age �nancially distressed �rms within a timely manner in an economy can have profound

negative economic consequences. Additionally the insolvency procedure can stretch across

many years. Hernandez-Tinoco and Wilson (2013) found that UK �rms have an average

time gap of 1.17 years from the events which caused the �rm to go bankrupt and the date in

which bankruptcy was �led. Theodossiou (1993) found that �rms in the US fail to provide

�nancial accounts two years prior to bankruptcy. This suggests that �rms feel the struggle

of �nancial distress before �ling for bankruptcy and it is therefore critical for �nancial in-

stitutions to identify these �rms early on.

This paper addresses the issue of new and innovative bankruptcy prediction models by

applying a Machine Learning algorithm in order to better classify and distinguish bankrupt

�rms from non-bankrupt �rms. We apply our model over 4 years of �nancial accounts,

aiming to identify �nancially distressed �rms early on. We aim to capture the rarity of

�nancially troubled �rms in an economy by using an imbalanced dataset and �nally, we

aim to capture the imperfectness of �nancial data through the inclusion of extreme and

missing values as information. Moreover we show that Machine Learning models need not
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give just a simple black-box prediction but can be interpretable through a number of ways

as in traditional regression models. We �nally compare our results with a series of other

Machine Learning models, notably a Support Vector Machine (SVM), Neural Network, Lo-

gistic Regression, Random Forest and Light Gradient Boosted Machine (LightGBM). The

higher predictive accuracy and interpretability are just two ways why the model proposed

in this paper is considered one of the most prominent Machine Learning models currently

in use and therefore would be well posed for the problem of bankruptcy prediction.

The problem of bankruptcy prediction is well suited for classical binary Machine Learn-

ing classi�cation problems. A company can either be in a state of bankruptcy or not. The

companies with the status of bankruptcy are described as the positive class since we wish

to positively identify these �rms. The negative class are the non-bankrupt �rms, which are

included such that the model can learn the di�erences between the two classes. When a

model correctly predicts that a company is in a state of bankruptcy, then it is called a True

Positive (TP). Conversely when a model correctly predicts that a company is in a state of

non-bankruptcy, then it is called a True Negative (TN). The case when a model predicts

that a company is bankrupt but the actual status is non-bankrupt is called a False Positive

(FP or Type I error). Finally, the case when the model predicts that a company is non-

bankrupt but the actual status is bankrupt is called a False Negative (FN or Type II error).

The values TP, FP, FN, TN conform, by rows, a 2×2 matrix denoted as the confusion matrix.

The �rst challenge corresponds to analysing the cost of extending the forecasting horizon.

Predicting bankruptcy early is an important factor in any lending policy. We make predic-

tions for �rms that went bankrupt using data 1, 2, 3 and 4 years prior to bankruptcy, in all

cases using the whole dataset (including �rms that remained active for the whole period).

A number of statistics based on a confusion matrix have been computed, all of them with

a common -and expected- message: extending the forecasting horizon impairs future pre-
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dictions. The relevant question, of course, is to quantify this impairment through relevant

statistics. A representative statistic of the performance of any classi�cation algorithm is

the Area Under the Curve (AUC) or the Area Under the Precision-Recall Curve (AUPRC).

The AUC takes a value of 1 for perfect classi�cation, that is, 0 Type I and II errors, while

it takes a value of 0.5 for pure random guessing.1 The AUPRC takes a value of 1 for a

perfect model and 0 for a poor model and is more informative than the AUC for imbalanced

data sets. Our model achieves AUC values ranging from 0.84 to 0.74 and AUPRC values

ranging from 0.66 to 0.42 for one year to four year prior prediction respectively. It is worth

noting that these values can be understood as optimal in some sense. Roughly, the goal of

Extreme Gradient Boosting (XGBoost) is to push the limit of computational resources for

boosted tree algorithms. XGBoost minimizes numerically a loss function which contains a

number of parameters which need to be optimised. For this we carried out a grid search

on a parameter space in order to minimise prediction errors on an in-sample test set using

10 fold cross validation, which is brie�y discussed in more detail later. This implies that

we located the parameter values which maximised the in-sample test AUC, AUPRC and

minimise some other loss functions. We report our �nal analysis and statistics on a held-out

test set.

Next, we analyse which variables have a higher impact on the likelihood of bankruptcy.

As mentioned, the XGBoost model minimizes a loss function. More precisely, the algorithm

selects a loss minimizing collection of trees, denoted by φ. Each tree in φ is a step function

that assigns a score to each �rm depending on the �rm's characteristics. The overall score of

the �rm is just the sum of these scores across all trees in φ. There is a standard monotonic

function that maps overall scores into a probability of bankruptcy and, �nally, the �rm is

predicted to be bankrupt whenever that probability overtakes a certain threshold, which we

de�ne. This scheme provides a natural environment to identify the most important variables

1It takes value 0 for a perfect misclassi�cation, which can trivially be turned into a perfect classi�cation.
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in predicting bankruptcy. On average, across �rms, the variables with the highest marginal

contribution to the overall score are the ratio Total Liabilities to Total Assets (TL.TA), the

logarithm of Total Assets (logTA), the logarithm of Sales (logSALES), Current Liabilities

to Financial Expense (CL.FinExp) and Earnings Before Interest and Tax (EBIT.FinExp).

Our analysis indicates that there are slight variations depending on the forecasting hori-

zon: when we take one year prior predictions the most relevant characteristic is TL.TA,

while for longer horizons it turns out to be logTA or logSALES. Perhaps more importantly,

the across-�rm variability is essential for any lending policy. The algorithm allows us to

compute marginal impacts of each variable within each �rm. A case study is provided for

each quadrant of the confusion matrix. Generally, we illustrate the contribution of each

variables changes from one �rm to another in a way that is highly non-linear but roughly

well captured by φ.

Our �nal step is to compare XGBoost to other Machine Learning models. The key

di�erence between the models is not non-linear vs linear - although this is an important

characteristic of the models - but on how to deal with complexity. The loss function to

be minimized under the XGBoost algorithm has two terms: the prediction errors and the

overall complexity of φ, respectively.2 The parameters which help control the complexity are

decided by the practitioner, through domain knowledge and cross validation, otherwise de-

fault parameter values are given. Once the parameters are chosen, the algorithm starts from

a very simple tree structure and recursively adds trees as to minimise an objective function

up to a maximum number of trees, again usually determined at the cross validation stage.3

To summarize, for a parametrized loss function, the XGBoost model automatically evaluates

whether each increment of complexity pays o� in terms of error prediction improvement.

2The measure of complexity is detailed later in the paper.
3In our case we ran our model on a maximum number of 1500 tress and told the algorithm to stop

learning once it had failed to learn after 500 trees. That is, the AUC failed to improve for 500 consecutive
rounds or trees. The model stopped learning after 88 tress and therefore our model recursively adds trees
up to tree number 88.
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This automatism is absent in logistic models and other Machine Learning models.

The rest of the paper is organized as follows. Section 2.1.2 positions this paper within

the existing literature, in section 2.1.3 we present the data, section 2.1.4 discusses the

methodology, section 2.1.5 presents the main results, interpretation and case studies, section

2.1.6 compares the performance to other Machine Learning models. Finally, section 2.1.7

concludes the paper.

2.1.2 Previous literature

The discussion of �nancial ratios as indicators of bankruptcy stretches as far back as the

1930s, see Fitzpatrick (1932) and Winakor and Smith (1935). Statistical modelling was �rst

introduced through Beaver (1966), who analysed 30 univariate �nancial ratios one by one in

order to classify �rms as bankrupt or not. Altman (1968) expanded upon this approach by

using multivariate discriminate analysis, constructing a Z-score, a measure of the likelihood

of bankruptcy in the US manufacturing sector (Z > 2.675: healthy �rm, Z < 2.675: un-

healthy �rm). Multivariate conditional probability models were then applied. West (1985)

used factor scores and applied a multivariate logistic model as an early warning bankruptcy

prediction system. The factors they used closely resemble the components of the CAMEL

(Capital Adequacy, Asset Quality, Earnings & Liquidity) rating system used by bank exam-

iners at the time. Martin (1977), Ohlson (1980), applied �nancial ratios to a multivariate

logistic model, Zmijewski (1984) to a Probit model. Logistic models are still amongst the

most popularly used models since no assumptions are made about the distribution of pre-

dictor variables however, Begley et al. (1996) show that traditional models used in Altman

(1968) and Ohlson (1980) - which were estimated using data from the 1940s through the

1970s - obtain higher measurement errors when estimated on data from the 1980s, thus

traditional models do not generalise well on new, unseen data. Frydman et al. (1985) found

that recursive partitioning outperformed discriminant analysis and that additional informa-
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tion can be derived from the assessment of both models.

The next step in the advancement of predicting �nancial default comes in the form of

a subset of arti�cial intelligence. Throughout the early 1990s arti�cial neural networks be-

came a popular method, Odom and Sharda (1990), Bell et al. (1990), Hansen and Messier Jr

(1991), Tam and Kiang (1992) and through to the mid 1990s, Altman et al. (1994), Wil-

son and Sharda (1994), Etheridge and Sriram (1996), Pompe and Feelders (1997). The

objective in all studies was to capture �rm-level counter-party insolvency using balance

sheet and income statement data. Recursive partitioning models such as decision trees,

Random Forests and gradient boosting are becoming increasingly common in classi�cation

and regression problems. Decision trees are simple and interpretable, Random Forests, see

Breiman (2001) are similar but with the added advantage of using multiple decision trees

in order to make a classi�cation. Creamer and Freund (2004) were one of the �rst to apply

Random Forests to the problem of bankruptcy prediction. Barboza et al. (2017) show a

series of bagging, boosting and Random Forest classi�ers outperform traditional statistical

models. Zhao et al. (2017) uses a Kernel Extreme Learning Machine (KELM) to discrim-

inate bankrupt companies with non-bankrupt companies. They �nd that KELM performs

better than Support Vector Machines, Extreme Learning Machines, Random Forest, Par-

ticle Swarm Optimisation Enhanced Fuzzy K-Nearest Neighbour and a Logistic model in

terms of overall accuracy, Type I error, Type II error and AUC.

Zhou and Lai (2017) applied AdaBoost to corporate bankruptcy prediction with missing

values and found that it performs better than other benchmark models. Adaptive Boosting

(AdaBoost) Freund et al. (1996) is similar to XGBoost in that both models build weak

learners, However, XGBoost uses a regularised model formalisation to control over-�tting

and improves on the recursive tree-based partitioning method of gradient boosting Friedman

(2001), Friedman (2002). The model builds sequentially a series of shallow trees, in which
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each additional tree corrects the residual error from all previous trees. XGBoost is more

e�cient since it applies a sparsity-aware split �nding method when training on sparse data.

Zi�eba et al. (2016) applied an Extreme Gradient Boosting approach to predict bankruptcy

within the Polish market. They used 700 bankrupt companies and 10,000 non-bankrupt com-

panies to train and test their model. However, they only report on the mean and standard

deviation of an AUC evaluation metric. Carmona et al. (2018) applied the same method to

predict bankruptcy amongst U.S. national commercial banks. They used a balanced model

of 78 failed banks and 78 non-failed banks, reporting on the Sensitivity, Speci�city, Accu-

racy and AUC of their model. This study di�erentiates itself from the previous two studies

by using a larger sample of �rms with extreme and missing values, we document a number

of new evaluation metrics better suited for imbalanced data classes such as AUPRC and

MCC. We go deeper into the interpretability of the model and analyse four case studies.

Finally, we compare the model to a series of other Machine Learning models. The model

proposed in this paper has been more widely applied to credit scoring models as opposed to

bankruptcy default, therefore, we contribute through using new models applied to a di�er-

ent kind of dataset. Xia et al. (2017) applied XGBoost to credit risk default and found that

it performs as well if not better than the many other Machine Learning models they applied.

While there is extensive literature surrounding the prediction of bankruptcy, much of

it has focused on an equally balanced sample of bankrupt and non-bankrupt �rms, unrep-

resentative of bankruptcy �lings in the real economy. There are far more non-failed �rms

operating within an economy than there are failed, therefore, we feel it is important to

capture this class imbalance within our study. Other scienti�c �elds are utilising Machine

Learning models on such imbalanced data, it is frequently used in medicine when classifying

patients with a rare disease from a large population. Computer sciences use imbalanced

data when classifying images of a speci�c type from a population of many images, i.e. clas-

sifying correctly stop signs from all other images taken in automated driving. The model
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proposed in this paper has been recognised by CERN as the leading method in identifying

the extremely rare Higgs Boson particle from the Large Hadron Collider.4

Olmeda and Fernández (1997) analysed Spanish banking data from 1977 to 1985 the

Spanish banking sector su�ered its worst - at the time - crisis in its history, a�ecting 52%

of the 110 banks operating at the beginning of the period. They used a data set consisting

of 9 balance sheet ratios, split into a training set of 15 failed and 19 non-failed banks

and a testing set of 14 failed and 18 non-failed banks. They found that Neural Networks

provided the best results. De Andrés et al. (2005) applied two parametric models, Linear

Discriminant Analysis (LDA) and a Logistic model along with two non-parametric models,

Neural Network and Additive Fuzzy Rule-based Systems to the case of classifying Spanish

commercial and industrial company pro�tability groups, based on a set of �nancial ratios.

They show that non-parametric models performed better than parametric models when

classifying companies into two distinct pro�tability groups. Callejón et al. (2013) used a

Neural Network to predict the failure of European industrial companies using information

for two years prior to bankruptcy. Moreover, Spain accounted for approximately 20% of

their data set. Fernández-Gámez et al. (2016) applied a Neural Network using �nancial and

non-�nancial variables on a sample of a 108 Spanish hotels which went bankrupt between

2005 and 2012, they studied the periods one, two and three year prior to insolvency.

2.1.3 Data

Firm level data was collected from �Sistema de Análisis de Balances Ibéricos" (SABI), which

contains balance sheet, income statement and cash �ow information that �rms are due to re-

port annually. The sample period stretches from 1992 to 2016, �rms with total assets of less

than 25,000 EUR were removed along with some additional criteria to de�ne a relatively

4See Chen and He (2015).
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homogeneous population of �rms.5 The data consists of 6057 bankrupt �rms along with

58,000 non-bankrupt �rms,6 for each �rm the last four years of available �nancial accounts

were collected. Bankruptcy responds to a situation of de�nitive insolvency as the asset is

less than the liability although it could also be the case of being a provisional insolvency.

The status of bankruptcy is assigned when the process is declared o�cially. We de�ne the

bankruptcy state as 1 and the non-bankruptcy state as 0 throughout the paper.

A number of ratios which are standard in the literature on �nancial default were con-

structed. The analysis will reveal that the most relevant variables in predicting bankruptcy

are the ratios Total Liabilities to Total Assets, Current Liabilities to Financial Expense,

Earnings Before Interest and Tax to Financial Expense, denoted as TL.TA, CL.FinExp and

EBIT.FinExp respectively, along with the variables the logarithm of Total Assets and the

logarithm of Sales, denoted logTA and logSALES, respectively. A description of the ratios

and variables under consideration is presented in 2.1.8.1.

Before we describe the data, a few remarks on the Spanish economy throughout the

sample period are in order. Clearly, the most salient feature of that period was the crisis

that a�ected most of western economies by 2008, which also hit the Spanish economy. The

impact in Spain was probably more severe than in other European countries in terms of

GDP, unemployment and government debt. Yearly GDP growth was steadily around 5%

during 1992 to 2007, whereas it fell to 1.6% between 2008 and 2016, with some recovery

starting in 2015. The unemployment rate, which had been around 11% during the pre-crisis

period, went above 20% in 2011, the highest in the Euro zone, up until 2016 it remained

5The data was �ltered by �rms with Spanish national legal form in order to eliminate multinational �rms
with subsidiaries in Spain. Only �rms with the entity type as Corporate was selected, eliminating �nancial
companies and banks which have di�erent balance sheets and initial capital requirements than ordinary �rms.
Data was removed for consolidated accounts where unconsolidated accounts exist, in order to remove the
issue of double accounting. Firms were removed with no recent �nancial data along with Non-pro�t/Public
authorities/State and Government-owned companies, since the decision for �ling for bankruptcy is di�erent
to that of private �rms.

6A ratio of 0.104 of bankrupt �rms to non-bankrupt.
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Figure 2.1.1: Sample by sectors and regions.

roughly at that level. Moreover, government debt, as percentage of GDP, increased dramat-

ically, from a yearly average of 60% in the pre-crisis period to 90% in 2012 and it further

increased in the following years.7

Figure 2.1.1 plots the breakdown of bankrupt and non-bankrupt companies by industry

and by regions, in the left and right plot, respectively. By industry, the highest percentage

of bankruptcy rates occurs in the construction sector, which in turn, was the third most

important sector by number of �rms. The construction sector in Spain was one of the

more severely a�ected sectors during the �nancial crisis. By regions, the top four, most

populous regions, Madrid, Catalonia, Valencia and Andalusia all report a large number of

bankruptcies over the study period, however Castilla y Leon, the Canary Islands, Murcia

and the Balearic Islands all report relatively high numbers of bankruptcy rates relative to

their size, which are signi�cantly smaller compared to the top four regions in Spain. Table

2.1.6, in the Appendix, presents some basic statistics for the variables under consideration,

separately for bankruptcy and non-bankruptcy �rms.

7Source: OECD data.
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2.1.4 Methodology

We propose a recently developed Machine Learning algorithm, Extreme Gradient Boosting,

or XGBoost, developed by Chen and Guestrin (2016). Extreme Gradient Boosting can be

thought of as a regularised gradient boosting model. Gradient boosting uses an ensemble

learning method, which essentially combines the predictive power of several weaker models

-also called trees or classi�ers- in order to obtain a superior predictive model. These in-

dividual models are called base learners or weak learners and may only be slightly better

than random guessing. The combination of these weak learners will yield better predictive

performance than any individual base learner on its own. The e�ect is that the combination

of weak learners can quickly �t and then potentially over-�t the training data, to correct

for this, regularisation is added to the learning objective.

In order to describe XGBoost more precisely, some notation is required. We consider

a set of �rms, I := {1, . . . , I}, with i ∈ I being a generic �rm. Each �rm i has some

characteristics xi which imperfectly determine its bankruptcy state, yi ∈ {0, 1}. We denote

yi = 1 if �rm i is bankrupt and yi = 0 otherwise. The aim is to predict yi from xi for every

i ∈ I. A tree8 is as depicted in Figure 2.1.2. It is nothing but a step function that maps a

vector of characteristics into an score. Let fk denote a speci�c tree, such that fk(xi) is the

score, or weight, that the tree fk assigns to any �rm with characteristics xi. If we have a

set of K trees, φ = {f1, . . . , fK}, the overall score for any such �rm is ŷi :=
∑K

k=1 fk(xi),

which constitutes the prediction for yi based on xi using φ.9

The question, of course, is how to select each element in φ from some function space

F of step functions. The XGBoost algorithm selects trees from F as to minimize a loss

8Mathematically, it is a directed tree in graph theory.
9There is a slight abuse of notation here. The scores are scalars. For our problem, it is necessary that

some transformation is needed to turn the overall score into a probability of bankruptcy. Speci�cally, we
compute that probability as ŷi = (1 + exp(−

∑
k fk(xi)))

−1.
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function. The optimisation procedure is done recursively, such that at every iteration a new

tree enters φ. The loss function is de�ned as:

L(φ) =
∑
i∈I

l(yi, ŷi) +
K∑
k=1

Ω(fk), (2.1.1)

where; l is a logistic loss function, and Ω is a regularisation term which penalizes the

complexity of each tree in φ. XGBoost measures the complexity of each fk ∈ φ as follows:

Ω(fk) = γTk +
1

2
λ||ωk||2, (2.1.2)

where γ ∈ (0,∞) and λ ∈ (0, 1] are parameters, Tk is the number of terminal nodes, or

leaves, while ωk is a vector of scores, one at each leaf, in fk. For instance, if fk is the

tree in Figure 2.1.2, we have Tk = 3 and ωk = (4, 2,−1), thus ||ωk||2 = 21. Both γ and

λ are regularisation parameters, while the �rst and second terms in (2.1.2) are L1 and L2

regularisation terms, respectively. Two additional comments on including complexity in the

loss function are in order. First, a tree with enough number of leaves can reduce to zero

the prediction errors, i.e: yi = ŷi for all i ∈ I. Trivially, it su�ces to use one leaf for each

�rm. However, by doing so we lose the capacity to identify the essential features within

the characteristic space that determine bankruptcy. Thus, we do not want too many leaves,

and the �rst term in (2.1.2) accounts for that. Second, the L2 normalisation, which is the

second term in (2.1.2), prevents the tree from having too high a score on any particular leaf.

Equivalently, it prevents any leaf in any tree to be too important within φ. Moreover, if

such a large score is allowed, it will be ingrained over multiple trees and the signi�cance of

this score will be incorporated across the whole set of trees. Finally, a common feature to

all boosted methods is that trees are recursively added to φ analogously to gradient descent

algorithms in classical optimization. The novelty of XGBoost is that it includes the second

term in (2.1.2). In what follows, the set of trees φ is called a model.

We �rstly split the data into a training set and a hold-out test set, 75% and 25% respec-

tively, then we apply 10-fold cross-validation on the training set in order to �nd optimal
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x1

x2

4

2

-1

≥ 0

< 0

≥ 0

< 0

Figure 2.1.2: Example of a tree. This tree assigns scores depending on characteristics x1
and x2. The scores are located in the leaves, or terminal nodes, in yellow. For instance, a
�rm with x1 ≥ 0 and x2 ≥ 0 is classi�ed into the upper leaf, and thus it is given a score of
4. Using the notation in the text and taking x = (x1, x2), we have, for instance, f(2, 1) = 4.

parameters. In k-fold cross-validation, the sample is partitioned into k equally sized sub-

samples, each of which is called a fold. The model (φ) is trained on k − 1 folds. Then

the resulting φ is tested using data in the remaining fold. There are k rounds, such that

each fold becomes part of the training sample k− 1 times and the testing sample just once.

The purpose of k-fold cross validation is to analyse the performance of di�erent models on

multiple in-sample test data sets, this helps avoid over-�tting. The model which performs

well within k-fold cross validation should be able to be generalised onto the held-out test

data in which the model is �nally evaluated.

We have used the implementation of XGBoost in R10. The algorithm that minimizes the

loss function uses some hyper-parameters which we document below. We carried out a grid

search during the cross validation phase in order to locate parameter values which produce

the best average performances on the in-sample test data, in terms of the AUC, AUPRC and

10See R Core Team (2013) for the programming language and Chen et al. (2018) for the package.
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some loss functions. The optimal parameter values are presented in Table 2.1.1, in which the

notation is as in the documentation of the XGBoost package. In the table there are a number

of hyper-parameters, other hyper-parameters can be optimised but were omitted. Max Tree

Depth is the maximum depth a tree is allowed before it is forced to make a decision, which

can be understood as the maximum number of nodes from the initial node to any leaf node.

In theory, an uncontrolled tree can grow to the size of the number of instances in the data

such that each terminal node represents a given �rm, however this would most likely not

generalise well onto new unseen data. To control for this we can set the maximum tree

depth or terminate a tree once a node has a minimum number of observations. Eta controls

the marginal contribution of each tree within φ, higher values of Eta would very quickly

reduce the loss but also very quickly plateau after relatively few trees, smaller values allow

us to obtain a lower loss, but at the cost of doing so over many more trees. Gamma appears

in (2.1.2) and basically speci�es the minimum loss reduction required to make an additional

split. Lambda also appears in (2.1.2) and is an L2 regularisation parameter on the scores. Sub

Sample and Col Sample are the percentage of randomly selected observations and columns

when growing each tree.

Hyper-parameter Optimal Value Other Values
Max Tree Depth 5 (3, 5, 8)

Eta 0.1 (0.05, 0.1, 1)
Gamma 0.5 (0, 0.5, 1, 1.5)
Lambda 1 (1)

Sub Sample 1 (0.75, 1)
Col Sample 0.75 (0.75, 1)

Table 2.1.1: Main Hyper-parameters Space.

2.1.5 Results

This section contains the results. They are organized around three questions, analysed in

separate subsections: what is the cost of enlarging the bankruptcy forecasting horizon?
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How do di�erent variables contribute to the prediction of bankruptcy? How can XGBoost

be used to analyse individual case studies?

2.1.5.1 Forecasting horizon

Let us consider a �rm that switches from an active state to a bankrupt state in, say, year

2013. We can try to predict that switch with 2012 data or, being more ambitious, we can

try to predict it with 2011, 2010 or even 2009 data. We label these forecasting horizons as

one to four year prior predictions, respectively. For �rms that remain active for the whole

sample period, we predict the �rm's state at the last year available in the dataset using the

same forecasting horizons. Of course, increasing the horizon should have a cost in terms of

the quality of the prediction, measured by the number of prediction errors. The aim of this

subsection is to report these costs.

A brief description on how prediction errors are usually reported in Machine Learning

models is in order. A model is a classi�er that assigns -or predicts- bankruptcy probabilities

to each �rm depending on the �rm's characteristics. We have denoted ŷi to be the predicted

probability of bankruptcy for �rm i, whereas the �rm's actual state is either bankrupt or

active, denoted as yi = 1 and yi = 0, respectively.11 In order to assign these predictions

to actual states, we de�ne a probability threshold y∗, such that we say the model predicts

bankruptcy for �rm i or, equivalently, the model classi�es �rm i as bankrupt, whenever

ŷi ≥ y∗ holds. For a given y∗, the possible outcomes are usually structured in a confusion

matrix, which as we de�ne has predicted states by rows and actual states by columns.

In Figure 2.1.3 we present the confusion matrix for all four years of data. We set

y∗ = 0.5 as the cut-o� probability threshold.12 The model made a signi�cant number of

11The standard notation is to denote 1 to the state that we positively want to identify.
12We set y∗ = 0.5 since we apply a positive weighting scale to control the balance of posi-

tive and negative weights which is useful for imbalanced class distributions. Positive weight scale =
sum(negative instances)/sum(positive instances)

87



correct classi�cations across all four years, correctly classifying �rms as bankrupt and non-

bankrupt, however it did make a number of misclassi�cations. The model made a relatively

large number of Type I errors (1917 for one year prior) and Type II errors (309 for one year

prior) over the sample period. Table 2.1.2 reports a number of standard summary statistics

for classi�cation problems for imbalanced data Bekkar et al. (2013). Roughly, Accuracy

tells us overall how often the model is correct, but it is biased when -as in our case- a state

is much more frequent than the other.13 This motivates the use of state speci�c statistics:

Sensitivity (also called Recall), Speci�city and Precision. Sensitivity tells us when a �rm is

bankrupt, how often did the model correctly predict bankrupt. Speci�city is similar, but for

the active state. Precision tells us the proportion of correctly predicted bankrupt �rms over

the total number of bankrupt predictions or how many of the predicted bankrupt �rms are

actually bankrupt. F1 combines Precision and Recall using the Harmonic mean, thus its

highest occurs whenever Precision is equal to Recall. The Matthew's Correlation Coe�cient

(MCC), is usually presented with a more complex formula.14 To ease its interpretation, Table

2.1.3 shows its connection with the usual chi-squared statistic in a 2× 2 contingency table.

Its range is [−1, 1], with −1 indicating a perfectly opposite classi�cation and +1 indicating

a perfectly correct classi�cation while the center, 0, indicates perfect randomness. The

statistics presented thus far are constructed under the threshold y∗ = 0.5. The choice

of this threshold depends on the relative weights between Type I and Type II errors: by

increasing the threshold we become more strict when predicting bankruptcy, thus we reduce

Type I errors, but at the cost of increasing Type II errors. The last two rows in Table 2.1.2

are linked to Figures 2.1.4 and 2.1.5 presented next.

13Consider a sample with 99 active �rms and just one bankrupt �rm. If we predict 100 active �rms, we
have a high accuracy, though we completely fail to predict our target state.

14That formula being:

MCC =
(TP × TN)− (FP × FN)√

(TP + FP )(TP + FN)(TN + FP )(TN + FN)

Where; True Positive, True Negative, False Positive (Type I error) and False Negative (Type II error) are
denoted as TP, TN, FP, FN.
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Figure 2.1.3: XGBoost: Confusion Matrix Graphic

Table 2.1.2: XGBoost: Confusion Matrix Analy-
sis

Statistics: XGBoost
Metric 1 Year 2 Year 3 Year 4 Year

Accuracy 0.86 0.84 0.83 0.70
Sensitivity 0.81 0.76 0.69 0.78
Speci�city 0.87 0.85 0.84 0.69
Precision 0.40 0.34 0.31 0.21

F1 0.54 0.47 0.43 0.33
MCC 0.51 0.43 0.38 0.29
AUC 0.84 0.80 0.77 0.74

AUPRC 0.66 0.55 0.50 0.42

Accuracy TN+TP
Total

Sensitivity, Recall TP
TP+FN

Speci�city TN
TN+FP

Precision TP
TP+FP

F1 HPrecision,Recall MCC
(

χ2

Total

)1/2

Table 2.1.3: Notation: Total is a summation of all four quadrants, Hx,y is the Harmonic
mean of x, y, χ2 is the chi-square statistic in a 2× 2 contingency table.

The ROC curves (Receiver Operating Characteristic), in Figure 2.1.4, emphasizes the

trade o� between Type I and Type II errors by plotting Sensitivity (vertical) vs. the

complementary Speci�city (horizontal), also called false positive rate, de�ned FPR =

1−Specificity. Each curve represents a di�erent forecasting horizon.15 In order to evaluate

15Each point within a curve corresponds to a value of a threshold y∗ ∈ [0, 1], the extreme points (0,0)
and (1,1) are for y∗ = 1 and y∗ = 0, respectively. The performance of the model is better the closer the
ROC curve is to the left and upper contour of the �gure, while a purely random classi�er would sit on the
diagonal line.
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the overall performance of the model in a single number, taking into account each threshold

decision, the Area Under the Curve or AUC is calculated which is reported in the last but

one row in Table 2.1.2, with values of 1 indicating perfect classi�cation.
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Figure 2.1.4: Receiver Operating Characteristic Curves

The ROC curve is a popular measure when evaluating binary classi�cation models, how-

ever caution must be made when the data structure is of an imbalanced nature. CROC

(Concentrated ROC) and CC (Cost Curves) have been suggested as alternatives to ROC

curves, however ROC curves are much more widely used. An alternative is the Precision-

Recall Curve (PRC) in Figure 2.1.5 and is considered a more informative measure than

the ROC, CROC and CC plots for binary classi�cation with an uneven class distribution
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since the PRC is the only plot which changes in relation with the ratio of positives and

negatives, see Saito and Rehmsmeier (2015). The Precision-Recall curves plots for every

threshold y∗ ∈ [0, 1] the ratio between the Precision and Recall and in order to evaluate the

model across all thresholds in one number the AUPRC (Area Under the Precision Recall

Curve) is calculated which corresponds to the last row in Table 2.1.2. The AUPRC takes

on values between 0 and 1 with values closer to 1 indicating perfect accuracy, which would

be indicated by a line running horizontally along the top of Figure 2.1.5.
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Figure 2.1.5: Precision-Recall Curves

Figure 2.1.6 plots the distribution of predicted probabilities for each of the years. The

threshold was set to y∗ = 0.5 so all �rms above this threshold were assigned a 1 for bankrupt
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and all �rms below were assigned a 0 for non-bankrupt. The colours indicate the true status

of the �rm in the test data, blue being non-bankrupt �rms and red being bankrupt �rms.

The blue shading, above the y∗ = 0.5 threshold corresponds to misclassi�ed non-bankrupt

�rms (false positives - Type I error) and the red shading, below the y∗ = 0.5 threshold

corresponds to the misclassi�ed bankrupt �rms (false negatives - Type II error). It is

evident that the density of the XGBoost model predicted probabilities is more compact at

the upper and lower tails of the distribution the closer we are to the bankruptcy event, the

models then become wider with spikes appearing around the y∗ = 0.5.
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Figure 2.1.6: Probability Density plots

92



2.1.5.2 Variable importance

After decision tree based models are constructed it is possible to obtain variable importance

scores. These scores indicate how useful each variable was when constructing each of the

boosted decision trees in the model. It takes the contribution each variable made at each

tree in the model and measures the relative contribution over all trees. Higher values in-

dicate that the variable contributed more to the overall Gain over all trees. The variable

importance plot takes an average of all the Gains each variable contributed at each tree.

Figure 2.1.7 plots the variable importance plot for each of the models.

The most important variables found in the model for all four years of data were TL.TA,

logTA, logSALES, CL.FinExp and EBIT.FinExp. That is, these variables contributed the

most to the overall model prediction relative to other variables. The model found that a

leverage ratio (TL.TA), size factors (logTA) and (logSALES), a debt to interest expense ra-

tio (CL.FinExp) and an interest coverage ratio (EBIT.FinExp) were among the determining

factors when making a decision on bankruptcy.
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Figure 2.1.7: Variable importance plots

It is important to remark that Figure 2.1.7 reports the aggregated and unconditional

impact of each variable on the prediction of bankruptcy. There are two basic di�erences in

measuring this impact with Machine Learning models with respect to measures provided by

estimates in linear models. First, in our model, the e�ect of each variable might be non-
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monotonic. Second, in our model the marginal contribution to the score of a given variable

will generally di�er across �rms, as this marginal contribution depends on other charac-

teristics of the �rms under consideration. Figure 2.1.8 illustrates how the log odds scores

changes with respect to Total Liability to Total Assets (TL.TA). The non-monotonicity of

the ratio Total Liability to Total Assets (TL.TA) shows that as the ratio approaches 0.75

and above, the log-odds score goes from being negative to positive. That is, low values of

TL.TA had a negative impact on the prediction of bankruptcy, i.e. most of these companies

assets are �nanced through equity. Higher values of the same ratio suggest most of the

companies assets are �nanced through debt and are therefore given positive log-odds scores,

thus positively contributing to the prediction of bankruptcy. The blue points indicate a

bankrupt �rm and yellow points a non-bankrupt �rm. Many of the blue dots appear at the

upper end of the TL.TA ratio.16

Figure 2.1.12, in the Appendix, shows the analogous plots for all variables and ratios

under consideration. Some additional comments on other ratios are in order. The cur-

rent ratio (CA.CL) shows a lot of dispersion when companies have a CA.CL ratio around

0 with the variable contributing negative log-odds scores (∼ −0.8) and positive log-odds

scores (∼ +0.5). Moreover, when the ratio begins to grow greater than 1.0 the log-odds

scores begin to fall and thus �rms with these ratios have a negative contribution to the

prediction of bankruptcy. This is intuitive since ratios greater than 1.0 is a desirable situ-

ation to be in since it means the Current Assets > Current Liabilities and therefore �rms

can more readably pay o� its short-term debt obligations with its short-term assets. The

EBITDA.SALES is an operating pro�tability and cash �ow ratio indicating the percentage

of earnings remaining once operating expenses have been accounted for. Values equal to

1 highlight that a company has no interest, no taxes, no depreciation and no amortisa-

16Note: The �gure is dominated by yellow dots due to the greater number of non-bankrupt �rms in the
data. The data for this plot were �ltered in order to remove the top and bottom 10% of extreme outliers
which distorts the graphics axes and renders the plots unreadable, thus the reader should be mindful that
there are points which lie outside of the plot region.
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Figure 2.1.8: How log-odds scores are a�ected by changing variable values.

tion. Thus, the ratio shows the percentage of revenue left once the company has paid its

operating expenses and therefore values closer to 1 suggest a healthier �rm. The model

assigns negative log-odds scores as the ratio tends to 1 and positive log-odds scores when

the ratio tends to 0. Moreover the model �nds that ratios >∼ +0.25 have a negative impact

when predicting bankruptcy and ratios <∼ +0.20 have a positive impact when predicting

bankruptcy. The model is able to learn a number of interesting characteristics which are

used by analysts and have been known in the literature for a number of decades.
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2.1.5.3 Case Studies

A decision tree is interpretable but not very good at prediction, Extreme Gradient Boosting

(an ensemble of decision trees) is very good at prediction, however trying to interpret all

of the individual decision trees in a model is simply not feasible. The following subsection

allows us to interpret the XGBoost model. What sets this model (along with other tree

models) apart, from other traditional black-box Machine Learning models is that it is pos-

sible to see how each variable contributes to the overall prediction for each observation or

�rm in the model. There are four possible cases, each representing a di�erent position in

the confusion matrix. In the main text we present a True Positive (TP) and a False Positive

(FP) case, while the TN and FN cases are left to Figure 2.1.13 in the Appendix.

True positive (TP). Figure 2.1.9 shows the breakdown of how a positive case (bankruptcy)

was correctly predicted. Given a particular variable, shown in the x-axis, a log-odds score is

calculated (displayed inside each box), the sum of the log-odds scores are added up in order

to obtain a �nal log-odds result (displayed in the �nal black box) and then a logistic func-

tion is applied to the result in order to obtain a predicted probability (shown on the y-axis).

The horizontal line demonstrates a y∗ = 0.5 probability cut-o� threshold previously de�ned.

Firms above this line are classi�ed as bankrupt and �rms below this line are classi�ed as

non-bankrupt. Notice, that the �nal log-odds prediction score is 4.58, which is assigned a

predicted probability of bankruptcy (1 + exp(−4.58))−1 = 0.990.

False positive (FP). Figure 2.1.10 shows a �rm that was incorrectly predicted as

bankrupt. The model incorrectly predicted that the �rm would be bankrupt with a �nal log-

odds score of 0.02 and a subsequent bankruptcy probability of (1 + exp(−0.02))−1 = 0.505,

sitting just above the cut-o� threshold y∗ = 0.5. It is possible that a more informed decision

can be made by �nancial institutions through the use of these plots as opposed to other

black-box Machine Learning models which would essentially make a decision simply based
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Figure 2.1.9: True Positive: Firm correctly predicted to be bankrupt case

on this �rm lying on the wrong side of a cut-o� threshold.

Table 2.1.7 in the Appendix, contains the contributions of the �ve main variables to

the score of the �rms for the four case studies. The table summarises some points that

have been raised in the previous discussion. First, the relative weight of di�erent variables

changes across �rms. For instance, the TL.TA makes the 5th highest contribution to the

TP case but it makes the highest in the FP case. Second, the TP and TN cases are very

clear. Recall that a contribution to the score increases the bankruptcy probability whenever

it is positive. In the TP case, the table shows that all the contributions are positive. Analo-

gously, the TN case is very clear with its main contributions being negative. In contrast, the

FP and FN case have both positive and negative signs in their main contributions, and in
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Figure 2.1.10: False Positive: Firm incorrectly predicted to be bankrupt case

both cases, the overall probability sits very close to the cut-o� threshold. Moreover, unlike

in linear models, the marginal contribution of each variable is not independent of the other

variables. In other words, within a row, there is no linear relation between the values of the

variable and its contribution to the score. The relation is not monotonic, as for instance the

EBIT.FinExp row shows.

Overall these plots allow for a deeper understanding of how and why the model made a

given prediction. The four cases can be linked to the log odds performance �gures. Consider

the TN case (in Table 2.1.7 in the Appendix) and the TL.TA variable, with a value of 0.02.

It gives the second-highest marginal contribution to the prediction of bankruptcy for this

�rm (negatively contributing to the prediction of bankruptcy by assigning a log-odds score
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of -1.08). This variable would sit as a yellow point in the lower left corner of the TL.TA

log-odds plot in Figure 2.1.8 where points in this space negatively contribute to bankruptcy

prediction. Contrast that with the TP case with a TL.TA ratio of 1.23 in which the model

assigns a log-odds score of 0.35. This would sit as a blue point in the upper right segment of

the TL.TA plot in Figure 2.1.8. Moreover, the other ratios can be interpreted and analysed

in a similar manner where we are able to analyse the relationship between the log-odds scores

that the model assigns and the values for each variable, Figure 2.1.12 in the Appendix shows

the log-odds performance for all variables in the model.

2.1.6 Comparison to other Machine Learning models

This section compares XGBoost to other Machine Learning models. We removed all missing

values, extreme values and centred and scaled the data.17

We compare XGBoost with: two di�erent Neural Networks using the Keras API with

TensorFlow back-end, see Chollet et al. (2015) and Abadi et al. (2015), a Support Vector

Machine with a linear kernel and a radial kernel, see Cortes and Vapnik (1995) and Boser

et al. (1992), a Logistic Regression, a Random Forest, see Breiman (2001), and a Light

Gradient Boosting Model (LightGBM), see Ke et al. (2017).

Table 2.1.4 presents the metrics based on the confusion matrix for each of the models for

one year prior predictions. The overall accuracy for the linear models Logistic Regression

and Support Vector Machine are markedly higher than the non-linear models XGBoost,

LightGBM, Random Forest and Neural Networks since the linear models make signi�cantly

less bankrupt predictions than the non-linear model's and thus predicting that all compa-

17Scaling by
x−mean(x)

sd(x)
since Neural Networks perform better when the data is centred and scaled,

K-Means forms better clusters when the data is centred and scaled. Logistic models perform better with the
exclusion of extreme values and all models with the exception of LightGBM and XGBoost cannot handle
missing data points, thus we remove the observations with missing values.
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nies are non-bankrupt will yield higher accuracy results when the data class is imbalanced,

this can be seen in comparing the linear model's Speci�city scores to that of the non-linear

models Speci�city. The linear models score signi�cantly lower for the Sensitivity results

than the non-linear models.

The XGBoost model makes signi�cantly more bankrupt predictions than any of the other

models, the LightGBM model also makes a signi�cant amount of bankrupt predictions. A

cost to this is that both models make more Type 1 errors or commit more False Positives.

However, all of the other models - excluding XGBoost and LightGBM - make signi�cantly

more Type 2 errors or commit more False Negatives, that is, these models predict that a

company is non-bankrupt when the companies actual status was bankrupt. These models

can be seen as far more costly to lending institutions than boosted models.18

After removing missing values and correcting for outliers in order to compare the di�er-

ent Machine Learning models, the XGBoost model here compares relatively similar or only

marginally better to the original model which included extreme values, missing values and

outliers.

Metric XGBoost Logistic Light GBM Shallow NNa Deep NN R. Forest SVM (R)b SVM (L)
Accuracy 0.87 0.91 0.89 0.91 0.91 0.92 0.90 0.91
Sensitivity 0.73 0.25 0.61 0.32 0.30 0.37 0.16 0.18
Speci�city 0.88 0.99 0.92 0.98 0.98 0.99 0.99 0.99
Precision 0.42 0.66 0.47 0.60 0.62 0.79 0.66 0.71
F1 0.54 0.36 0.53 0.42 0.41 0.51 0.26 0.29
MCC 0.49 0.37 0.47 0.39 0.39 0.51 0.30 0.33
AUC 0.81 0.81 0.76 0.65 0.64 0.68 0.58 0.59

a NN: Neural Network. b SVM: Support Vector Machine with (R) Radial, (L) Linear kernel.

Table 2.1.4: Comparison to other Machine Learning models for one year prior predictions.

18We also note that a well trained Neural Network model on su�cient enough data would also be able to
make more bankruptcy predictions at least on par with the two gradient boosted models presented in this
paper.
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We take our analysis a step further in order to understand why XGBoost and LightGBM

models made signi�cantly more bankrupt predictions than all other models. We �ltered the

data down to a random sample of 100 observations and plot the decisions boundary for

each model. Figure 2.1.11 plots the boundaries for di�erent models regarding two variables

TL.TA (vertical axis) and logSALES (horizontal axis). The hollow circles, common to all

plots, represent the 100 observations the di�erent models are trained on. The blue and

red area (in fact it is a densely populated set of dots) represent synthetically created non-

bankruptcy and bankruptcy states, respectively.19

Figure 2.1.11 complements the previous analysis by showing how di�erent models ac-

commodate the relationship among variables. The linear models make a crude linear classi�-

cation decision boundary, ultimately misclassifying many observations. The Shallow Neural

Network model is able to adapt slightly more.20 The Random Forest (a bagging) model over-

�ts the data and makes erratic decision boundaries. The LightGBM and XGBoost models

use boosting and add a regularisation parameter when �tting each tree. These two models

are able to make more robust and generalisable decision boundaries over linear models.

Finally, table 2.1.8 in the Appendix, shows the estimates of the logistic regression model.

This table illustrates how Machine Learning methods can build upon classical econometrics.

Consider, for instance, the estimated coe�cient of the TL.TA ratio in the table, which is

0.976. According to Figure 2.1.7, that is unconditionally the most relevant variable for one

year prior predictions. Its marginal e�ect, that is, summing along all other variables, is

in fact non-monotonic, as Figure 2.1.8 shows. Furthermore, augmenting the zoom down to

a �rm-level view, the case studies presented in the previous section show that its impact

19We synthetically created new data points by creating a sequence - with increments of 0.01 - from
the min(TL.TA) to the max(TL.TA) and also from the min(logSALES) to the max(logSALES) of the 100
randomly sampled observations. The model was trained on the 100 observations and tested on 40,000
synthetically created observations constrained by the bounds of the min/max of the TL.TA and logSALES
variables. The decision boundary line was drawn at the frontier of the predictions.

20Trained with a Recti�ed Linear Unit (ReLU) and a Sigmoid activation function.
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Figure 2.1.11: Decision Boundary

changes depending on other �rms characteristics, in our examples it goes from 1.23 (TP

case) to 0.48 (FP), see Figures 2.1.9 and 2.1.10, respectively. Finally, its relationship with

other variables, as logSALES, shown in Figure 2.1.11, follows highly non-linear boundaries.

Two additional comments on the comparison of XGBoost to other ML models are worth

mentioning. First, XGBoost allows for individual �rm-level interpretations. The United

States Equal Credit Opportunity Act (ECOA)21 prohibits creditors from discriminating

against any credit applicants and mandates that credit lenders give reasoning for any credit

rejection. Moreover, models such as the one proposed in this paper are useful for identifying

such reasons for loan application rejections, whether that be for personal credit or corporate

21https://www.justice.gov/crt/equal-credit-opportunity-act-3
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credit denial, banks are able to identify reasons why an application should or should not

be given credit in a way other models are unable to do so. Second, XGBoost allows for a

systematic or optimized treatment of complexity. It allows the practitioner to set the price

of complexity in terms of accuracy within a loss function, then the algorithm chooses se-

quentially the loss-minimizing elements in a function space given these prices. Thus, putting

things together, it is about how rather than what to predict.

We have performed some additional robustness analysis on the comparison across meth-

ods. We have computed the McNemar's and Cochran's Q tests. In addition, since some

models might be sensitive to variable selection, we have applied di�erent regression models

for variable selection (Stepwise Logistic, LASSO and RIDGE), then we have run our analysis

again after removing the variables that the regression models had �agged as irrelevant. Fi-

nally, we have also done some optimization on hyper-parameter values for each model. Our

results show quantitatively similar conclusions to the presented results here. In a nutshell,

in terms of predictive capacity, XGBoost does at least as good as any other method, while

it also delivers very interpretable outputs for economic applications. Additionally, it also

requires less treatment of the data.22

2.1.7 Conclusion

This paper applies a state of the art Machine Learning algorithm, speci�cally XGBoost,

in order to classify �rms as either being bankrupt or non-bankrupt. We use annual �nan-

cial statements of 58,000 Spanish companies from 1992 to 2016 collected from �Sistema de

Análisis de Balances Ibéricos", around 6000 of which went bankrupt at some point during

the study period.

22We especially thank an anonymous referee for speci�c and very helpful suggestions on making the
comparison across Machine Learning methods more robust. Some supplementary material with details on
this analysis will be made available by the corresponding author upon request.
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We �nd that the ratio Total Liabilities to Total Assets (TL.TA), Current Liabilities

to Financial Expense (CL.FinExp), Earnings Before Interest and Tax to Financial Ex-

pense (EBIT.FinExp), the logarithm of Total Assets (logTA) and the logarithm of Sales

(logSALES) were consistently ranked amongst the most important variables for all four

years of �nancial accounts when determining the state of bankruptcy. That is, a leverage

ratio, a debt to interest expense ratio and an interest coverage ratio along with two size fac-

tors were seen to contribute more than other variables when classifying �rms as bankrupt

or not. An interesting component of tree-based models is that we can track the marginal

contribution of each variable for each individual �rm. We note that these marginal contri-

butions can be di�erent across �rms and thus we present case studies for illustration.

We also quantify the cost of extending the forecasting horizon, that is, we aim to predict

bankruptcy up to four years before the event itself. Our analysis yields a slight drop in per-

formance the further out from the event we go, which is to be expected, however, the model

was still able to correctly classify bankrupt and non-bankrupt �rms and remain consistent

throughout the time horizon. In this regard, it should be noted that the sample period under

consideration includes some years of a deep economic recession within the Spanish economy,

XGBoost may be able to capture these non-linearities better than traditional models.

Finally, we remove all missing values and compare XGBoost to other Machine Learning

models, such as Support Vector Machines, a Logistic model, Neural Networks, Random

Forest and LightGBM. Generally, XGBoost signi�cantly outperforms the Logistic model

over a wide range of performance criteria. XGBoost and other Machine Learning models

deliver roughly a similar capacity to systematically capture dependencies that vary across

�rms, particularly in populations -as in our dataset- with an imbalanced response variable.
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2.1.8 Appendix

2.1.8.1 Variable description and Summary Statistics

Variable De�nition and Ratio

CA.CL The current ratio to determine a companies ability to pay its short-
term debt obligations (i.e. how a company's cash or soon to be cash
items can be used to pay its short-term obligations within a year).

CA.CL =
Current Assets

Current Liabilities

CF.CL An operating cash �ow liquidity ratio measuring how current liabil-
ities are being covered by the cash �ows generated from operations.
Ratios above 1 show that a company has generated more cash than
what is required to pay it's current liabilities in the same period.
Low ratios might indicate that a company needs more capital.

CF.CL =
Cash Flow

Current Liabilities

CF.NCL A cash �ow liquidity ratio with a longer term horizon, measuring the
companies ability to pay long-term debts with the cash generated
from operations in the current period.

CF.NCL =
Cash Flow

Non-Current Liabilities

CF.SALES A operating ratio showing a company's ability to turn its sales into
cash. Low ratios may suggest a change in the terms of sales or
ine�cient management of accounts receivables.

CF.SALES =
Cash Flow

Sales

CL.FinExp A debt to interest payments ratio measuring the rate of interest a
company is paying on its short term debt obligations.

CL.FinExp =
Current Liabilities
Financial Expenses
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Variable De�nition and Ratio

DEBTORS.SALES A liquidity ratio measuring how much a company's sales occur on
credit. A high ratio can be a negative indicator to debt providers,
since it suggests that the company operates with high credit sales
and therefore compromise the company's ability to pay back its
interest payment obligations, since the money is tied up in credit
and not cash.

DEBTORS.SALES =
Debtors
Sales

EBIT.Capital Return on Capital Employed (ROCE) states the amount of capital
& equity the company has used to generate its pro�ts.

EBIT.Capital =
EBIT

Capital Employed

EBIT.FinExp An interest coverage ratio which measures a company's ability to
pay back interest on its outstanding debt. High ratios indicate a
company can more easily pay back its interest.

EBIT.FinExp =
EBIT

Financial Expenses

EBITDA.SALES EBITDA margin ratio. A pro�tability ratio showing the amount
in which a company expects to receive after operating costs have
been paid. Higher values indicate that e�cient processes have kept
expenses low which in turn keeps earnings high.

EBITDA.SALES =
EBITDA
Sales

EQ.Turnover A ratio to determine whether a company is creating enough turnover
to justify continued operations for its shareholders.

EQ.Turnover =
Shareholders Equity

Turnover
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Variable De�nition and Ratio

logSALES A proxy variable to measure �rm size. Adjusted for 2016 in�ation
levels using the Spanish CPI index

logSALES = log(Sales)

logTA A proxy variable to measure �rm size. Adjusted for 2016 in�ation
levels using the Spanish CPI index

logTA = log(Total Assets)

SALES.EBIT A pro�tability ratio indicating the percentage of a company's earn-
ings remaining after operating expenses and before interest and tax
expenses have been considered.

SALES.EBIT =
Sales
EBIT

SALES.FA Fixed Asset Turnover ratio which measures a �rms operating per-
formance and e�ciency. It is a measure of a company's ability to
generate sales from its �xed asset investments such as, property,
plant and equipment. Higher ratios indicate that a company has
used its �xed asset investments to generate sales more e�ectively.

SALES.FA =
Sales

Fixed Assets

TL.EQ A gearing ratio measuring how a company �nances its operations
through debt or through the shareholders own funds and re�ects the
ability of a businesses needing to cover outstanding debt obligations
through its shareholders.

TL.EQ =
Total Liabilities

Shareholder's Equity
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Variable De�nition and Ratio

TL.TA A leverage ratio measuring a companies ability to use its assets to
pay o� its liabilities. The higher the ratio the higher the degree of
leverage.

TL.TA =
Total Liabilities
Total Assets

WC.EBIT Working Capital (Current Assets - Current Liabilities) A short-term
liquidity to earnings ratio.

WC.EBIT =
Working Capital

EBIT

Table 2.1.5: De�nitions of �nancial ratios

Table 2.1.6: One year Summary Statisticsa

Mean SD Median Kurtosis Skewness Missing
Variable 0 1 0 1 0 1 0 1 0 1 0 1

CA.CL 92 27 4, 141 1, 395 1.40 0.97 21, 388 5, 813 133 76 1, 034 53
CF.CL 11 3 564 78 0.17 0.12 12, 553 3, 886 103 59 1, 981 170
CF.NCL 34 22 3, 089 1, 079 0.30 0.26 34, 066 4, 791 183 69 22, 380 1, 170
CF.SALES 1, 402 22 318, 015 1, 017 0.07 0.09 51, 606 3, 841 228 61 6, 392 736
CL.FinExp 3, 464 3, 050 200, 765 82, 437 52 23 33, 931 3, 103 179 53 14, 937 522

DEBTORS.SALES 1.90 5 66 100 0.17 0.27 7, 917 2, 232 83 46 9, 347 787
EBIT.Capital 9 18 92 138 1.10 1.80 11, 109 2, 177 91 44 1, 393 96
EBIT.FinExp 612 253 13, 370 4, 469 8 3 4, 645 2, 367 62 44 14, 681 511

EBITDA.SALES 3 20 239 917 0.08 0.11 48, 307 3, 902 217 61 6, 382 730
EQ.Turnover 559 269 110, 990 15, 484 0.36 0.23 53, 100 5, 058 231 71 4, 601 524
logSALES 13 14 1.80 1.80 13 14 5 5 -0.03 -0.68 6, 364 683
logTA 13 15 1.60 1.70 13 15 4 5 0.72 -0.28 12 0

SALES.EBIT 155 76 8, 179 1, 068 16 10 31, 708 3, 429 166 55 6, 389 686
SALES.FA 79 96 2, 710 2, 089 4 4 19, 967 2, 313 132 47 8, 450 798
TL.EQ 25 48 1, 074 799 1.80 5 36, 892 2, 762 178 50 18 0
TL.TA 0.77 8 1.20 250 0.67 0.96 2, 575 2, 413 38 48 18 0

WC.EBIT 92 127 4, 612 1, 963 4 5 38, 495 1, 603 185 36 2, 292 112

a One Year means the last year of available data for a �rm, either before it turned into bankruptcy state,

1, or it did not, 0.
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2.1.8.2 Variable importance

Figure 2.1.12: How log-odds scores are a�ected by changing variable values.
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Figure 2.1.13: Two case studies: a True Negative (left) and a False Negative (right).

The left plot of Figure 2.1.13 shows a True Negative. The model assigns negative log-odds

scores to each of its variables, indicating that these ratios negatively contribute to the predic-

tion of bankruptcy. The probability of bankruptcy for this case is; (1 +exp(−(−5.70)))−1 =

0.003. Perhaps a more costly scenario would be the False Negative case, which corresponds

to the right plot in Figure 2.1.13 where the model predicts that a �rm is a non-bankrupt

�rm and it turns out to be a bankrupt �rm. This �rm had a negative log-odds score of

−0.09 and a subsequent probability of bankruptcy of (1+exp(−(−0.09)))−1 = 0.480. Given

the fact that it sits a little below the threshold of y∗ this �rm was incorrectly classi�ed as

non-bankrupt.
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Figure 2.1.9 2.1.13 (left) 2.1.10 2.1.13 (right)

TP TN FP (Err Type I) FN (Err Type II)
Predicted Bankrupt Active Bankrupt Active
Actual Bankrupt Active Active Bankrupt

TL.TA 5th (0.35) 2nd (-1.08) 1st (-0.88) 1st (-1.25)
1.23 0.02 0.48 0.23

logTA 6th (0.35) 4th (-0.51) 13th (0.07) 11th (-0.15)
14.24 10.55 13.97 12.79

logSALES 1st (0.77) 3rd (-0.59) 3rd (0.45) 8th (0.25)
14.52 9.37 13.47 12.81

CL.FinExp 3rd (0.47) 13th (-0.08) 4th (0.29) 6th (-0.31)
20.79 31.04 18.76 79.91

EBIT.FinExp 2nd (0.71) 1st (-1.24) 2nd (0.69) 2nd (0.75)
-32.09 144.65 -0.08 -81.17

Prob 0.990 0.003 0.505 0.480

Table 2.1.7: Summary of contributions of TL.TA, logTA, logSALES, CL.FinExp,
EBIT.FinExp for the di�erent case studies. Cases are in columns while variables are in
rows. For instance, the cell corresponding to logSALES and the TP case shows, for that
�rm, that variable makes the 1st (highest in absolute value) contribution to the score with
0.77, and the actual value of that variable for that �rm is 14.52. A contribution to the score
increases the bankruptcy probability whenever it is positive. Predicted probabilities are in
the bottom line. The cut-o� threshold value is 0.5.
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2.1.8.3 Additional information on other ML methods

Dependent variable:

Dependent Variable: Binary Status of Bankruptcy
1 Year 2 Year 3 Year 4 Year

TL.TA 0.976∗∗∗ 0.606∗∗∗ 0.463∗∗∗ 0.428∗∗∗

(0.059) (0.060) (0.060) (0.064)
CA.CL −0.253∗∗∗ −0.053 −0.073 −0.016

(0.087) (0.070) (0.065) (0.065)
TL.EQ 0.257∗∗∗ 0.208∗∗∗ 0.209∗∗∗ 0.188∗∗∗

(0.037) (0.035) (0.035) (0.037)
EBIT.Capital −0.096∗∗∗ −0.046 −0.053∗ −0.014

(0.035) (0.032) (0.032) (0.032)
WC.EBIT 0.385∗∗∗ 0.331∗∗∗ 0.401∗∗∗ 0.387∗∗∗

(0.055) (0.049) (0.046) (0.049)
EBIT.FinExp 0.512∗∗∗ 0.445∗∗∗ 0.285∗∗ −0.304∗∗

(0.123) (0.117) (0.121) (0.145)
SALES.EBIT −0.631∗∗∗ −0.434∗∗∗ −0.435∗∗∗ −0.512∗∗∗

(0.072) (0.059) (0.057) (0.059)
CL.FinExp −1.870∗∗∗ −1.791∗∗∗ −1.237∗∗∗ −0.413∗∗∗

(0.201) (0.191) (0.158) (0.123)
EQ.Turnover −0.250∗∗ −0.244∗∗∗ −0.140∗ −0.198∗∗

(0.098) (0.084) (0.080) (0.090)
CF.NCL 0.106∗∗ −0.094∗ −0.059 0.014

(0.047) (0.051) (0.043) (0.042)
logTA 0.269∗ 0.111 −0.101 −0.460∗∗∗

(0.143) (0.137) (0.140) (0.153)
logSALES 0.992∗∗∗ 1.079∗∗∗ 1.287∗∗∗ 1.680∗∗∗

(0.157) (0.146) (0.148) (0.158)
CF.CL −0.668∗∗∗ −0.915∗∗∗ −0.649∗∗∗ −0.473∗∗∗

(0.097) (0.102) (0.091) (0.087)
SALES.FA −0.016 −0.029 0.051 −0.012

(0.056) (0.047) (0.043) (0.045)
CF.SALES 0.817∗∗∗ 0.595∗∗∗ 0.537∗∗∗ −0.175

(0.101) (0.097) (0.099) (0.114)
EBITDA.SALES −0.386∗∗∗ −0.219∗∗ −0.188∗ 0.459∗∗∗

(0.103) (0.094) (0.098) (0.106)
DEBTORS.SALES 0.248∗∗∗ 0.346∗∗∗ 0.312∗∗∗ 0.233∗∗∗

(0.040) (0.037) (0.036) (0.038)
Constant −4.044∗∗∗ −3.610∗∗∗ −3.235∗∗∗ −3.148∗∗∗

(0.092) (0.083) (0.071) (0.066)

Observations 11,794 11,355 10,920 10,483
Log Likelihood -2,743.099 -3,250.657 -3,353.721 -3,300.723
Akaike Inf. Crit. 5,522.198 6,537.314 6,743.442 6,637.446

Note: ∗p<0.1; ∗∗p<0.05; ∗∗∗p<0.01

Table 2.1.8: Logistic Regression Results for all years prior.
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Chapter 2.2

Corporate bankruptcy prediction in

Spain from 1992 to 2016:

Supplementary material

Abstract: This sub-chapter provides supplementary material on the methodological com-

parison across Machine Learning models and a rolling windows extension. The purpose

of this section was to answer external reviewers comments and questions as part of the

submission process to the journal, Computational Economics.

JEL Codes : G17 (Financial forecasting and simulation), G33 (Bankruptcy), C53(Forecasting

and prediction methods).

2.2.1 Introduction

This sub-chapter is an extension to the previous in that additional statistical and analytical

comparisons are made to the bankruptcy dataset. These suggestions mainly came from

trying to adequately answer external reviewers comments on the paper and consists of two

rounds of external reviewer comments.

We �rstly apply McNemar's and Cochran's Q tests to the confusion matrix results in

order to see if there is any statistically signi�cant di�erence between the Machine Learning

models analysed. Additionally, we report the confusion matrix summary statistics presented
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in the previous chapter. We do this for each of the 5 cross-validation folds and also the held-

out test dataset. The results are consistent across the folds and on the held-out test set. As

previously discussed, Machine Learning requires the optimisation of parameters, therefore,

we next report the hyper-parameter values for each of the Machine Learning models used

in the previous chapter along with their corresponding optimal values. We next present

a discussion on the variable selection procedure, using Stepwise Logistic, LASSO, RIDGE

and Elastic Net regression models to remove variables which contribute little to the overall

prediction. We do this for each year prior to bankruptcy (1 year), (2 years) etc. and see if

the results are consistent the further we go from the event of bankruptcy. We analyse the

regression coe�cients from the models along with the confusion matrix statistics and �nally

compare the results (after removing variables) to the original confusion matrix table in the

previous chapter. We �nd that after removing the variables which obtain zero or close to

zero coe�cients from the regressions that the marginal impact on the models improvement

in performance is minimal when compared with the original confusion matrix. We then

further scrutinise the variable selection procedure by analysing which variables were previ-

ously used in the literature that we cited in the original paper, making sure that we used

consistent, relevant and correct variables from the literature.

We analyse the data further by applying the XGBoost model to a rolling time series

window using two methods (1) a �xed size training period and (2) a cumulative training

period in order to see if there is a change in the predictions over time. That is, in the

former case the training data has a constant size when moving through the years and in

the latter case the training data increases in size as the model shifts through the years. We

also graphically represent the rolling bankrupt and non-bankrupt companies to show the

distribution over this time period, additionally, we plot the time series of bankrupt �rms in

the dataset. Finally, we present with an interpretation an XGBoost decision tree which is

one of the trees which come from the XGBoost model output using the bankruptcy data.
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2.2.2 Methodological comparison across models

This section presents some additional analysis on the comparison between the di�erent

models used in the paper. Two di�erent tests are performed (McNemar's and Cochran's

Q test) in order to see if there is a statistically signi�cant di�erence between the Machine

Learning models performances. We then report the hyper-parameter selection process along

with each models optimal hyper-parameters. Variable selection models are then also applied

and the performance metrics of each model is compared. Finally, an overview of the �nancial

variables used in previous literature is conducted.

2.2.2.1 McNemar and Cochran tests

McNemar test. The McNemar's test checks the null hypothesis of equal proportion of

correct classi�cation against the alternative of di�erent proportions. The McNemar's test

analyses the homogeneity or - marginal homogeneity - of the contingency table by looking

at the disagreements between two models. The test is widely used in medicine in order

to compare the e�ect of treatment and control groups. When used in binary classi�cation

tasks, the test compares whether two models disagree in the same way (or not). It is not

commenting on whether one model is more or less accurate or error prone than another, see

Westfall et al. (2010). Consider Table 2.2.1 the cells B and C (the o�-diagonal) tells us how

the two models di�er from each other, the McNemar's test statistic with ("chi-squared")

continuity correction is then given as χ2 = (|B−C|−1)2
B+C . The Null Hypothesis is that the clas-

si�cations of p(B) and p(C) are the same whereas the Alternative Hypothesis is that they

are not.

Tables 2.2.2 to 2.2.7 report the p-values from the paired comparison of each Machine

Learning model for each of the folds and �nally for the held-out test set. We can see that

across each of the folds the XGBoost, Random Forest and LightGBM models are all statis-

tically di�erent from one another. Comparing the Logistic, SVM Radial and SVM Linear
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Model 2 Model 2

Correct Incorrect

Model 1 Correct A B
Model 1 Incorrect C D

Table 2.2.1: Comparing two Machine Learning classi�ers

models, for the most part they are not statistically di�erent at the 5% level across each of

the folds. Therefore these three models have a similar distribution in their errors and there is

not enough evidence to suggest that each of these models are di�erent to each other in their

prediction errors - i.e. each of the models tends to agree with each other on their predictions.

It is natural to think that the SVM Radial and SVM Linear make similar predictions to each

other since they come from the same model. Additionally, these three models are the most

simple and they are predicting very few instances of Bankruptcy and are predicting that

most of the �rms are Non-Bankrupt, which misses the point of predicting the rare-event of

bankruptcy. Looking at these models confusion matrix statistics later on for Speci�city they

are somewhat low and are roughly the same as each other. Comparing the Neural Network

to the Random Forest model, across each fold the models are not statistically di�erent from

one another.

XGBoost Logistic NN RandomForest SVMRadial SVMLinear LightGBM

XGBoost
Logistic 0.82197
NN 0.01675 0.02833

RandomForest 0.00003 0.00013 0.22780
SVMRadial 0.66804 0.92726 0.04530 0.00050
SVMLinear 0.21152 0.13442 0.00163 0.000002 0.19360
LightGBM 0.00871 0.13781 0.35523 0.00598 0.22780 0.00149

Table 2.2.2: McNemar P-values for model combinations (fold 1), 2359 Obs.

Cochran's test. McNemar tests might be misleading when comparing an imbalanced
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XGBoost Logistic NN RandomForest SVMRadial SVMLinear LightGBM

XGBoost
Logistic 0.64850
NN 0.00008 0.00052

RandomForest 0.00009 0.00075 0.81736
SVMRadial 0.10130 0.06751 0.000000 0.000001
SVMLinear 0.31049 0.16913 0.000004 0.00001 0.43951
LightGBM 0.00035 0.03365 0.17698 0.15473 0.00003 0.00006

Table 2.2.3: McNemar P-values for model combinations (fold 2), 2359 Obs.

XGBoost Logistic NN RandomForest SVMRadial SVMLinear LightGBM

XGBoost
Logistic 0.00924
NN 0.000000 0.00109

RandomForest 0.000001 0.01187 0.32839
SVMRadial 0.05281 0.44352 0.00007 0.00086
SVMLinear 0.00013 0.00001 0 0 0.000001
LightGBM 0.00016 1 0.00239 0.00921 0.28884 0

Table 2.2.4: McNemar P-values for model combinations (fold 3), 2358 Obs.

XGBoost Logistic NN RandomForest SVMRadial SVMLinear LightGBM

XGBoost
Logistic 0.12551
NN 0.00200 0.03401

RandomForest 0.00010 0.00638 0.60254
SVMRadial 0.42801 0.63043 0.01623 0.00174
SVMLinear 0.49964 0.43472 0.00360 0.00162 1
LightGBM 0.03983 1 0.04876 0.00413 0.56628 0.52005

Table 2.2.5: McNemar P-values for model combinations (fold 4), 2359 Obs.

dataset such as our bankruptcy prediction data. We can only state that the models have a

statistically signi�cant di�erence in their error distributions and not that a given model is

better than another at detecting positives. Table 2.2.8 shows the Cochran's test for each of

the folds and held-out test set. Notice that Cochran test does not perform pairwise com-

parison but all models in one summary statistic. The table shows the corresponding p-value

for each fold.
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XGBoost Logistic NN RandomForest SVMRadial SVMLinear LightGBM

XGBoost
Logistic 1
NN 0.00937 0.00300

RandomForest 0.00260 0.00179 0.70766
SVMRadial 0.75946 0.85205 0.00400 0.00167
SVMLinear 1 0.90052 0.01359 0.00515 0.69627
LightGBM 0.00041 0.00764 0.92034 0.54429 0.00446 0.00337

Table 2.2.6: McNemar P-values for model combinations (fold 5), 2359 Obs.

XGBoost Logistic NN RandomForest SVMRadial SVMLinear LightGBM

XGBoost
Logistic 0.23533
NN 0.00001 0.00041

RandomForest 0 0.000000 0.05092
SVMRadial 0.92262 0.25273 0.000005 0
SVMLinear 0.40679 0.67499 0.00006 0.000000 0.38228
LightGBM 0.00212 0.37489 0.00588 0.000001 0.01906 0.17090

Table 2.2.7: McNemar P-values for model combinations (Held-Out Test)

Q DegFreedom P-Value

Fold 1 40.45 6 0.00000037
Fold 2 69.63 6 0.00000000000048
Fold 3 105.29 6 0
Fold 4 30.94 6 0.000025
Fold 5 33.93 6 0.0000069
Test 89.06 6 0

Table 2.2.8: Cochran's Q tests across folds

Finally in this subsection, in order to show the performances between models, the table

2.2.9 shows summary statistics from the confusion matrix across each of the folds along with

the held-out test set. The results for each of the Machine Learning models are consistent

over each of the cross validation folds. Additionally, the held-out test set is also consistent

with the results found from the 5-folds.
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XGBoost Logistic NN RandomForest SVMRadial SVMLinear LightGBM

Fold1 Total Obs 2359

Accuracy 0.90 0.90 0.91 0.92 0.90 0.89 0.91
Sensitivity 0.90 0.91 0.93 0.92 0.91 0.90 0.91
Speci�city 0.93 0.64 0.66 0.76 0.68 0.66 0.82
Precision 1.00 0.98 0.97 0.99 0.99 0.99 0.99
Recall 0.90 0.91 0.93 0.92 0.91 0.90 0.91
F1 0.95 0.95 0.95 0.95 0.95 0.94 0.95

Fold2 Total Obs 2359

Accuracy 0.91 0.91 0.93 0.93 0.90 0.91 0.92
Sensitivity 0.91 0.92 0.93 0.93 0.92 0.91 0.92
Speci�city 0.93 0.65 0.77 0.78 0.55 0.75 0.86
Precision 1.00 0.98 0.99 0.99 0.98 1.00 1.00
Recall 0.91 0.92 0.93 0.93 0.92 0.91 0.92
F1 0.95 0.95 0.96 0.96 0.95 0.95 0.96

Fold3 Total Obs 2358

Accuracy 0.91 0.92 0.93 0.93 0.91 0.90 0.92
Sensitivity 0.91 0.93 0.94 0.94 0.91 0.90 0.92
Speci�city 0.91 0.73 0.78 0.79 0.89 0.75 0.90
Precision 1.00 0.99 0.98 0.99 1.00 1.00 1.00
Recall 0.91 0.93 0.94 0.94 0.91 0.90 0.92
F1 0.95 0.96 0.96 0.96 0.95 0.95 0.96

Fold4 Total Obs 2359

Accuracy 0.91 0.91 0.92 0.92 0.91 0.91 0.91
Sensitivity 0.91 0.92 0.94 0.93 0.92 0.92 0.92
Speci�city 1.00 0.73 0.71 0.76 0.71 0.68 0.82
Precision 1.00 0.99 0.98 0.99 0.99 0.99 0.99
Recall 0.91 0.92 0.94 0.93 0.92 0.92 0.92
F1 0.95 0.95 0.96 0.96 0.95 0.95 0.95

Fold5 Total Obs 2359

Accuracy 0.91 0.91 0.93 0.93 0.91 0.92 0.93
Sensitivity 0.92 0.93 0.94 0.94 0.92 0.92 0.93
Speci�city 0.80 0.60 0.67 0.69 0.60 0.78 0.81
Precision 1.00 0.98 0.98 0.98 0.98 1.00 0.99
Recall 0.92 0.93 0.94 0.94 0.92 0.92 0.93
F1 0.95 0.95 0.96 0.96 0.95 0.96 0.96

HeldOutTest Total Obs 3955

Accuracy 0.90 0.91 0.92 0.93 0.90 0.91 0.91
Sensitivity 0.90 0.92 0.93 0.93 0.91 0.91 0.91
Speci�city 0.91 0.66 0.74 0.78 0.66 0.71 0.82
Precision 1.00 0.99 0.99 0.99 0.99 0.99 1.00
Recall 0.90 0.92 0.93 0.93 0.91 0.91 0.91
F1 0.95 0.95 0.96 0.96 0.95 0.95 0.95

Table 2.2.9: Confusion Matrix Performance Metrics based on 5-Fold Cross Validation.
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2.2.2.2 Hyper-parameter selection

This subsection discuses how hyper-parameters were selected for the di�erent models ana-

lyzed in the paper. For all of the models, we have used a grid search approach in which we

searched over all combinations of the following parameters, whilst leaving other parameters

to the default values. Next, we provide speci�c information for the di�erent models.

XGBoost. In other studies using XGBoost, the hyper-parameters Eta, Max Tree Depth

and Sub Sample parameters are the more important hyper-parameters and thus we opti-

mized on these parameters leaving some other parameters to default values. The grid of

hyperparameter values explored is shown in table 2.2.10. Optimal values are in bold. This

table extends the information shown in the Table 2.1.1 in the main paper.

Eta Gamma Max Depth Col Sample by Tree Sub Sample Min Child

0.05, 0.1, 0.5 0, 0.5, 1, 1.5 3, 4, 5, 8, 10 0.75, 1 0.75, 1 1, 5, 10

Non-optimized parameters: Lambda = 1, Alpha = 0, Min Child Weight = 5, Max Delta Step = 0, Col
Sample by Level = 1, Scale pos Weight = number of active companies / number of bankrupt

companies.

Table 2.2.10: XGBoost Hyper-parameters grid search. Optimal values in bold type.

LightGBM. Since LightGBM is somewhat similar to XGBoost, a similar grid search

was applied. Since it uses a leaf-wise tree growth approach a grid search was applied using a

series of di�erent values for the Number of Leaves where values were kept below 2Max Depth as

suggested by the LightGBM documentation.1 Additionally, the Minimum Amount of Data

in a Leaf, Feature Fraction, Max Depth of the tree and the Learning Rate were opti-

mised. The grid is shown in table 2.2.11.

Random Forest. We optimised the Number of Trees, Max Depth and the Number of

Variables in the model. The grid is shown in table 2.2.12.

1https://lightgbm.readthedocs.io/en/latest/Parameters-Tuning.html
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Eta Max Depth Number of Leaves Feature Fraction

0.01, 0.3, 0.5 2, 3, . . . , 7, 8 4, 6, 8, 18 0.75, 1

Table 2.2.11: LightGBM Hyper-parameters grid search. Optimal values in bold type.

Number of Trees Max Depth Number of Variables

50, 100, 200, 500, 1000 4, 6, 8,10, 12 2, 5, 10, 15

Table 2.2.12: Random Forest Hyper-parameters grid search. Optimal values in bold type.

Support Vector Machine. The hyper-parameters of the SVM model (both for the

Radial and Linear Kernels) were tuned using the tune function in the e1071 package. The

parameter Gamma took on values 2(−1:1) and the Cost parameter took on values 2(2:4), there-

fore, the optimal model was found by searching over the following grid for each of the years

prior to bankruptcy. The grid is presented in table 2.2.13.

Gamma Cost

0.5, 1, 2 4, 8, 16

Table 2.2.13: SVM Grid Search. Optimal values in bold type.

Neural Network. An implementation of keras and tensorflow was used to build the

Neural Network. The search for optimal parameters for the Neural Network was slightly

di�erent to the other methods. During training time a number of di�erent combinations of

parameters such as the Learning Rate and Momentum were manually looked at. We found

that lower values of the Learning Rate and no Momentum parameters were optimal from the

various parameters observed. Di�erent Batch Sizes and Dropout Rates were also applied

along with increasing / decreasing the Depth of the network. Moreover, we used the R

package tfruns to tune di�erent parameters in the Neural Network, such as a Dropout =
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c(0.2, 0.3, 0.4, 0.5). We have also used a Deep Neural Network, for which we used two

dense layers, two dropouts with a rate 0.3 and 0.2, respectively, all parameters are presented

in table 2.2.14

Learning Rate Momentum Decay Epochs Batch Size

0.01 0.9 0.01 50 20

Table 2.2.14: Neural Network. Optimal values.

2.2.2.3 Variable selection

This subsection discusses the variable selection procedure. The results are presented in ta-

bles 2.2.15 to 2.2.18 for 1 year to 4 years prior models. By columns, the tables show the

di�erent regression models used: the original Logistic regression model for comparison, a

Stepwise logistic, a LASSO, a RIDGE and an Elastic Net regression. Both LASSSO and

RIGDE models have a hyper-parameter Lambda. The min column corresponds to the value

of Lambda that minimizes the mean cross-validated error, while 1se stands for a regularised

model with Lambda such that the error is within one standard error of the minimum. For

all columns, the blank cells are for coe�cients with zero point estimates.

Basically, the tables suggest to remove the variables EBIT.Capital, EBIT.FinExp, SALES.FA

and EBITDA.SALES since their corresponding point estimates are either zero or close to

zero across the number of variable selection models Stepwise, LASSO, RIDGE and Elastic

Net. The coe�cients are zero or close to zero across the number of years prior to bankruptcy

also. Additionally, according to the feature importance plots from the XGBoost model in

the original paper, these variables (with the exception of EBIT.FinExp) also featured con-

sistently low down in the plot for each of the years analysed. After the removal of the

variables, we then compare the performance of each of the models to the original paper.
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Variable Logistic Stepwise LASSOmin LASSO1se RIDGEmin RIDGE1se ELASTICNET1se

(Intercept) -4.044 -4.041 -4.012 -3.587 -3.559 -3.352 -3.507
TL.TA 0.976 0.976 0.976 0.942 0.881 0.775 0.897
CA.CL -0.253 -0.258 -0.245 -0.114 -0.22 -0.205 -0.158
TL.EQ 0.257 0.255 0.255 0.24 0.229 0.222 0.224

EBIT.Capital -0.096 -0.096 -0.093 -0.035 -0.065 -0.047 -0.04
WC.EBIT 0.385 0.383 0.374 0.215 0.236 0.174 0.199

EBIT.FinExp 0.512 0.514 0.468 0.008 -0.077
SALES.EBIT -0.631 -0.63 -0.621 -0.447 -0.45 -0.361 -0.402
CL.FinExp -1.87 -1.872 -1.793 -0.865 -0.833 -0.597 -0.769
EQ.Turnover -0.25 -0.252 -0.246 -0.098 -0.254 -0.215 -0.197
CF.NCL 0.106 0.104 0.103 0.027 0.09 0.071 0.057
logTA 0.269 0.283 0.28 0.284 0.482 0.474 0.446

logSALES 0.992 0.977 0.976 0.895 0.643 0.559 0.679
CF.CL -0.668 -0.664 -0.641 -0.311 -0.315 -0.234 -0.279

SALES.FA -0.016 -0.01 0.02 0.02
CF.SALES 0.817 0.817 0.783 0.324 0.428 0.32 0.301

EBITDA.SALES -0.386 -0.387 -0.358 -0.128 -0.054 -0.003
DEBTORS.SALES 0.248 0.248 0.247 0.237 0.239 0.23 0.23

Table 2.2.15: Regression Coe�cients for each model 1 year prior to bankruptcy

Variable Logistic Stepwise LASSOmin LASSO1se RIDGEmin RIDGE1se ELASTICNET1se

(Intercept) -3.61 -3.599 -3.582 -3.055 -3.178 -2.908 -3.17
TL.TA 0.606 0.602 0.607 0.582 0.535 0.413 0.579
CA.CL -0.053 -0.049 -0.098 -0.111 -0.022
TL.EQ 0.208 0.217 0.206 0.189 0.189 0.185 0.189

EBIT.Capital -0.046 -0.053 -0.043 -0.022 -0.009
WC.EBIT 0.331 0.33 0.322 0.09 0.219 0.154 0.174

EBIT.FinExp 0.445 0.419 0.4 -0.037 -0.131
SALES.EBIT -0.434 -0.458 -0.425 -0.166 -0.316 -0.224 -0.261
CL.FinExp -1.791 -1.756 -1.717 -0.724 -0.793 -0.469 -0.846
EQ.Turnover -0.244 -0.213 -0.24 -0.065 -0.251 -0.187 -0.169
CF.NCL -0.094 -0.112 -0.089 -0.087 -0.086 -0.028
logTA 0.111 0.13 0.473 0.45 0.449 0.431

logSALES 1.079 1.195 1.054 0.557 0.619 0.487 0.638
CF.CL -0.915 -0.954 -0.885 -0.348 -0.454 -0.291 -0.456

SALES.FA -0.029 -0.024 0.022 0.021
CF.SALES 0.595 0.624 0.558 0.229 0.1 0.105

EBITDA.SALES -0.219 -0.201 -0.194 -0.078 -0.029
DEBTORS.SALES 0.346 0.349 0.343 0.312 0.317 0.287 0.315

Table 2.2.16: Regression Coe�cients for each model 2 year prior to bankruptcy
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Variable Logistic Stepwise LASSOmin LASSO1se RIDGEmin RIDGE1se ELASTICNET1se

(Intercept) -3.235 -3.253 -3.208 -2.777 -2.971 -2.667 -2.928
TL.TA 0.463 0.5 0.473 0.434 0.426 0.288 0.455
CA.CL -0.073 -0.063 -0.091 -0.086 -0.027
TL.EQ 0.209 0.202 0.199 0.166 0.168 0.154 0.166

EBIT.Capital -0.053 -0.051 -0.045 -0.026 -0.006
WC.EBIT 0.401 0.377 0.378 0.135 0.268 0.169 0.229

EBIT.FinExp 0.285 0.285 0.227 -0.014 -0.121
SALES.EBIT -0.435 -0.401 -0.406 -0.104 -0.281 -0.161 -0.222
CL.FinExp -1.237 -1.259 -1.161 -0.444 -0.685 -0.351 -0.636
EQ.Turnover -0.14 -0.186 -0.158 -0.232 -0.169 -0.146
CF.NCL -0.059 -0.045 -0.034 -0.039
logTA -0.101 0 0.249 0.403 0.415 0.345

logSALES 1.287 1.185 1.178 0.76 0.672 0.469 0.715
CF.CL -0.649 -0.675 -0.6 -0.189 -0.332 -0.193 -0.294

SALES.FA 0.051 0.055 0.1 0.081 0.043
CF.SALES 0.537 0.527 0.468 0.217 0.064 0.061

EBITDA.SALES -0.188 -0.2 -0.157 -0.099 -0.034
DEBTORS.SALES 0.312 0.306 0.306 0.28 0.284 0.242 0.283

Table 2.2.17: Regression Coe�cients for each model 3 year prior to bankruptcy

Variable Logistic Stepwise LASSOmin LASSO1se RIDGEmin RIDGE1se ELASTICNET1se

(Intercept) -3.148 -3.142 -3.125 -2.734 -2.925 -2.604 -2.849
TL.TA 0.428 0.426 0.43 0.356 0.378 0.236 0.391
CA.CL -0.016 -0.014 -0.064 -0.076
TL.EQ 0.188 0.186 0.18 0.171 0.148 0.14 0.166

EBIT.Capital -0.014 -0.008 0.012 0.022
WC.EBIT 0.387 0.383 0.365 0.133 0.221 0.126 0.193

EBIT.FinExp -0.304 -0.308 -0.271 -0.028 -0.194 -0.155 -0.078
SALES.EBIT -0.512 -0.51 -0.482 -0.174 -0.284 -0.146 -0.262
CL.FinExp -0.413 -0.404 -0.423 -0.265 -0.393 -0.241 -0.336
EQ.Turnover -0.198 -0.202 -0.226 -0.031 -0.334 -0.215 -0.149
CF.NCL 0.014 0.016 0.039 0.008
logTA -0.46 -0.452 -0.332 0.361 0.398 0.065

logSALES 1.68 1.673 1.547 1.058 0.742 0.485 1.04
CF.CL -0.473 -0.478 -0.455 -0.223 -0.273 -0.172 -0.271

SALES.FA -0.012 0 0.08 0.078
CF.SALES -0.175 -0.161 -0.146 -0.125 -0.078

EBITDA.SALES 0.459 0.453 0.398 0.138 0.022
DEBTORS.SALES 0.233 0.232 0.226 0.19 0.2 0.169 0.199

Table 2.2.18: Regression Coe�cients for each model 4 year prior to bankruptcy
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In order to check the validity of each of the models we compute some relevant statistics

from the confusion Matrix. The results are shown in tables 2.2.19 to 2.2.22. The models

do not appear to di�er signi�cantly when compared with the original logistic regression

confusion matrix results - under the column Logistic.

Metric Logistic Stepwise LASSOmin LASSO1se RIDGEmin RIDGE1se ElasticNet

Accuracy 0.908 0.908 0.909 0.906 0.906 0.904 0.904
Sensitivity 0.985 0.985 0.986 0.988 0.988 0.991 0.988
Speci�city 0.249 0.247 0.249 0.201 0.203 0.165 0.182
Precision 0.918 0.918 0.918 0.914 0.914 0.910 0.912

F1 0.951 0.950 0.951 0.949 0.950 0.949 0.949

Table 2.2.19: Variable Selection Confusion Matrix Results (1 year prior)

Metric Logistic Stepwise LASSOmin LASSO1se RIDGEmin RIDGE1se ElasticNet

Accuracy 0.888 0.888 0.888 0.882 0.886 0.881 0.886
Sensitivity 0.981 0.981 0.981 0.987 0.984 0.988 0.985
Speci�city 0.231 0.229 0.226 0.132 0.191 0.115 0.178
Precision 0.901 0.901 0.900 0.890 0.897 0.889 0.895

F1 0.939 0.939 0.939 0.936 0.938 0.936 0.938

Table 2.2.20: Variable Selection Confusion Matrix Results (2 year prior)

Metric Logistic Stepwise LASSOmin LASSO1se RIDGEmin RIDGE1se ElasticNet

Accuracy 0.882 0.882 0.882 0.875 0.879 0.873 0.877
Sensitivity 0.983 0.983 0.984 0.991 0.987 0.994 0.988
Speci�city 0.235 0.233 0.229 0.127 0.180 0.096 0.163
Precision 0.892 0.892 0.892 0.880 0.886 0.876 0.884

F1 0.935 0.935 0.935 0.932 0.934 0.931 0.933

Table 2.2.21: Variable Selection Confusion Matrix Results (3 year prior)

Metric Logistic Stepwise LASSOmin LASSO1se RIDGEmin RIDGE1se ElasticNet

Accuracy 0.869 0.869 0.867 0.865 0.868 0.867 0.867
Sensitivity 0.979 0.979 0.979 0.987 0.984 0.993 0.985
Speci�city 0.163 0.163 0.148 0.077 0.119 0.058 0.102
Precision 0.883 0.883 0.881 0.873 0.878 0.872 0.876

F1 0.928 0.928 0.927 0.927 0.928 0.928 0.928

Table 2.2.22: Variable Selection Confusion Matrix Results (4 year prior)
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Finally in this subsection, we compare models using the original data (without the re-

moval of variables) and the same comparison after removing variables. Both comparisons

are done in tables 2.2.23 and 2.2.24, respectively. Table 2.2.23 is identical the the table

reported in the main paper, Table 2.1.4 and included here for ease of comparison.

Metric XGBoost Logistic Light GBM Shallow NNa Deep NN R. Forest SVM (R)b SVM (L)
Accuracy 0.87 0.91 0.89 0.91 0.91 0.92 0.90 0.91
Sensitivity 0.73 0.25 0.61 0.32 0.30 0.37 0.16 0.18
Speci�city 0.88 0.99 0.92 0.98 0.98 0.99 0.99 0.99
Precision 0.42 0.66 0.47 0.60 0.62 0.79 0.66 0.71
F1 0.54 0.36 0.53 0.42 0.41 0.51 0.26 0.29
MCC 0.49 0.37 0.47 0.39 0.39 0.51 0.30 0.33
AUC 0.81 0.81 0.76 0.65 0.64 0.68 0.58 0.59

a NN: Neural Network. b SVM: Support Vector Machine with (R) Radial, (L) Linear kernel.

Table 2.2.23: Comparison to other Machine Learning methods for one year prior predictions
without the removal of variables.

Metric XGBoost Logistic Light GBM Shallow NNa Deep NN R. Forest SVM (R)b SVM (L)
Accuracy 0.85 0.90 0.88 0.90 0.91 0.92 0.90 0.90
Sensitivity 0.74 0.25 0.62 0.36 0.28 0.36 0.23 0.15
Speci�city 0.87 0.98 0.91 0.97 0.98 0.99 0.99 0.99
Precision 0.42 0.65 0.46 0.64 0.70 0.77 0.71 0.78
F1 0.53 0.37 0.53 0.46 0.40 0.49 0.35 0.26
MCC 0.48 0.37 0.46 0.43 0.40 0.49 0.37 0.32
AUC 0.80 0.80 0.76 0.67 0.63 0.67 0.61 0.57

a NN: Neural Network. b SVM: Support Vector Machine with (R) Radial, (L) Linear kernel.

Table 2.2.24: Comparison to other Machine Learning methods for one year prior predictions
after the removal of variables.
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The tables show that, as for the performance metrics, to remove variables has a rather

marginal impact. After removing the variables that obtained zero or close to zero coe�cients

from the Stepwise, LASSO, RIDGE and Elastic Net we �nd little change in the performance

metrics when comparing between the original models and the more simpler models. A sim-

pler model with few variables is preferential over more complex models with more variables

if the performance between the two models are somewhat similar. In the paper we take a

step further to analyse the XGBoost models interpretation as opposed to focusing on just

accuracy and performance metrics. The variable EBIT.FinExp was found to be a signi�cant

and important variable in the original paper whereas in the variable selection models pro-

posed here it was suggested to be removed. Moreover, a balance should be made between

removing variables which may (or may not) marginally improve accuracy and at the cost of

the interpretation of relevant variables.

2.2.2.4 Financial variables in previous literature

Table 2.2.25 summarizes the use of the di�erent variables used in our analysis which are

found in the previous literature.

2.2.3 Rolling Extension

In this section we construct rolling window models in order to test the models performance

over time. We provide two methods of rolling windows, method 1 uses a �xed size rolling

training and test window whereas method 2 uses a cumulative rolling training window with

a �xed rolling test window.

We split our data into a rolling window as per Figure 2.2.1. The black dots indicate

past data not used in the current model. The blue dots indicate the training data set and

the red dots indicate the testing data set, whereas the grey dots indicate future data not
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Variable No. Citations Citations

TL.TA iiiiiiiiiii

Beaver (1966)
Begley et al. (1996)
Callejón et al. (2013)

Creamer and Freund (2004)
Fernández-Gámez et al. (2016)

Frydman et al. (1985)
Hansen and Messier Jr (1991)

Hernandez-Tinoco and Wilson (2013)
Zhao et al. (2017)

Zhou and Lai (2017)
Zi�eba et al. (2016)
Zmijewski (1984)

CA.CL iiiiiiiiiii

Beaver (1966)
Begley et al. (1996)
Callejón et al. (2013)
De Andrés et al. (2005)

Fernández-Gámez et al. (2016)
Frydman et al. (1985)

Hansen and Messier Jr (1991)
Zhao et al. (2017)

Zhou and Lai (2017)
Zi�eba et al. (2016)
Zmijewski (1984)

TL.EQ iiii

De Andrés et al. (2005)
Hansen and Messier Jr (1991)

Zhao et al. (2017)
Zi�eba et al. (2016)

EBIT.Capital i West (1985)

WC.EBIT

EBIT.FinExp iii
Fernández-Gámez et al. (2016)

Hernandez-Tinoco and Wilson (2013)
Tam and Kiang (1992)

SALES.EBIT iiiii

Barboza et al. (2017)
Creamer and Freund (2004)
Hansen and Messier Jr (1991)

Zhao et al. (2017)
Zhou and Lai (2017)

CL.FinExp

EQ.Turnover

CF.NCL i Fernández-Gámez et al. (2016)

logTA iiiii

Bell et al. (1990)
Callejón et al. (2013)
Frydman et al. (1985)
Zhou and Lai (2017)
Zi�eba et al. (2016)

logSALES i Hansen and Messier Jr (1991)

CF.CL iii
Beaver (1966)

Frydman et al. (1985)
Zhou and Lai (2017)

SALES.FA ii
Fernández-Gámez et al. (2016)

Zi�eba et al. (2016)

CF.SALES ii
Beaver (1966)

Frydman et al. (1985)

EBITDA.SALES i Zi�eba et al. (2016)

DEBTORS.SALES iii
Fernández-Gámez et al. (2016)

Zhao et al. (2017) Zi�eba et al. (2016)

Table 2.2.25: Frequency of variables used



used in the current model. We apply two di�erent approaches, �rst a rolling training and

testing data set in which the sizes are held constant but shift forward each year, secondly a

cumulative training data set with a constant testing data set, as set out in Figure 2.2.1.

The data starts in 2010 - which is our �rst year of training data, which aims to predict

the 2011 observations. The �rst model has a constant number of non-bankrupt �rms in both

the training and testing data set with small changes in the number of reported bankrupt

�rms, whereas the second model cumulatively adds the previous years non-bankrupt and

bankrupt observations into the next periods training data.
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Figure 2.2.1: Rolling Testing Data with di�erent Training Periods

Figure 2.2.2 reports the constant and cumulative rolling training and test results corre-

sponding to Figure 2.2.1. The �rst confusion matrices (2011) were trained on the 2010 data

and were then tested using the 2011 data (for both models). The second confusion matrix

trained on the 2011 data and tested on the 2012 data for the constant rolling window model.

Whereas the rolling window model trained on the 2010 and 2011 data in order to test on

the 2012 data.

The both models report noticeably higher correct bankruptcy predictions from 2011 to

2013 which could be a spill over e�ect from the �nancial crisis, since Spain during this period
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Figure 2.2.2: Left: Constant training set | Right: Cumulative training set

was still undergoing economic strain where companies balance sheets may re�ect this. In

comparison the both models makes signi�cantly less correct bankrupt predictions in 2014

and 2015.2 We comment in the main paper that the Spanish economy started recovering in

2015 with GDP growth at 1.6% throughout 2008 to 2016. That is, in 2011 the model made

579 correct bankrupt predictions yet in 2014 it made less than half this number of correct

bankrupt predictions (234).

Tables 2.2.26 and 2.2.27 report the corresponding confusion matrix statistics. As ex-

pected the �rst year of results for both models report relatively the same results. The

sensitivity, AUC and AUPRC results for the 2015 cumulative model is somewhat higher

than the constant rolling window model - which we attribute to the fact that the cumula-

tive model is able to see or train on more bankrupt data and is thus better at detecting

bankrupt �rms.

2We refrain from commenting on results for 2016 since Figure 2.2.3 shows that there were signi�cantly
less bankrupt observations in our data set for this year.
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Statistics: XGBoost (Rolling)
Metric 2011 2012 2013 2014 2015 2016

Accuracy 0.87 0.84 0.87 0.87 0.89 0.92
Sensitivity 0.74 0.77 0.71 0.62 0.58 0.63
Speci�city 0.90 0.85 0.89 0.89 0.93 0.92
Precision 0.55 0.42 0.49 0.32 0.44 0.16

F1 0.63 0.55 0.58 0.42 0.50 0.25
MCC 0.57 0.49 0.51 0.38 0.45 0.29
AUC 0.82 0.81 0.80 0.76 0.75 0.78

AUPRC 0.69 0.56 0.65 0.45 0.51 0.37
Bankrupt (trn) 584 785 640 667 377 460

Non-Bankrupt (trn) 4593 4593 4593 4593 4593 4593
Bankrupt (tst) 785 640 667 377 460 104

Non-Bankrupt (tst) 4593 4593 4593 4593 4593 4593

Table 2.2.26: XGBoost rolling analysis confusion matrix statistics

Statistics: XGBoost (Cumulative)
Metric 2011 2012 2013 2014 2015 2016

Accuracy 0.88 0.83 0.85 0.84 0.86 0.87
Sensitivity 0.75 0.79 0.77 0.69 0.75 0.70
Speci�city 0.90 0.83 0.87 0.85 0.87 0.88
Precision 0.56 0.39 0.46 0.28 0.36 0.12

F1 0.64 0.53 0.57 0.39 0.49 0.20
MCC 0.58 0.47 0.52 0.37 0.45 0.25
AUC 0.82 0.81 0.82 0.77 0.81 0.79

AUPRC 0.69 0.59 0.63 0.42 0.56 0.35
Bankrupt (trn) 584 1369 2009 2676 3053 3513

Non-Bankrupt (trn) 4593 9186 13779 18372 22965 27558
Bankrupt (tst) 785 640 667 377 460 104

Non-Bankrupt (tst) 4593 4593 4593 4593 4593 4593

Table 2.2.27: XGBoost cumulative analysis confusion matrix statistics
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2.2.3.1 Banckruptcy �rms

Figure 2.2.3 plots the number of bankrupt and non-bankrupt observations for each year

since 2010, which clearly shows we have an unbalanced sample. We also plot the number

of bankrupt �rms from 1995. The �gure shows the number of bankrupt �rms increased

signi�cantly for the years after the �nancial crash of 2008.
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Figure 2.2.3: Bankrupt and non-bankrupt �rms in the sample period

2.2.3.2 XGBoost Decision Tree

A typical tree in the model can be presented as Figure 2.2.4. A typical path can be as

follows. We �rst start out at the root node 87-0, that is tree 87, root node 0. The model

made a split on the variable CL.FinExp, that is all companies with a CL.FinExp ratio less

than 8.13267899 went to the right side of the decision tree and all �rms greater or equal went

to the left side. Assuming that our observation fell on the left side of the tree we would then

move down to the decision node 87-2 where the model makes a split on TL.TA. The same

reasoning applies and we would fall to the left side of the decision tree again if our ratio is

greater than 4.09176731, moving to decision node 87-6, again splitting on TL.TA, this time
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with a ratio 4.19334126, only marginally higher than the previous split ratio. We continue

left to decision node 87-14 splitting on CA.TA and �nally to decision node 87-28. The tree

is forced to terminate here since one of the parameters we set was the maximum tree depth

of 5, in theory the tree can grow as large as it wants until it classi�es every observation into

a decision node or until it runs out of variables to split upon.

Each terminal leaf is associated with a weight or score, w, such that terminal leaf 87-52

assigns a weight of 0.056077268 to all �rms who fell into this category in this tree. Notice

that this weight is positive whereas other terminal nodes have negative weights, that is �rms

who followed this path have been given a positive score to determine bankruptcy. There

are a total of 88 trees similar to this one in our model with each tree having a di�erent

structure, therefore each �rm will end up in di�erent terminal nodes in each tree and be

assigned di�erent weights or scores. Finally each of the �rms weights are summed up to

give an overall weight which corresponds to the log-odds score and can be converted to a

probability of bankruptcy by taking the inverse-logit transformation of the sum.3 Addition-

ally Figure 2.2.4 reports two other values Cover and Gain. The Cover value is the number

of instances that the variable was used to split the data across all trees, weighted by the

number of training observations which passed through those splits. The Gain is the average

training loss reduction gained when using that variable for making a split.

3Prob(y = 1 | X) = 1
1+exp(−z) where, z = Xw
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Tree 87
87-0: CL.FinExp

Cover: 7842.20361
Gain: 12.0896368

87-1: CA.CL
Cover: 898.571533
Gain: 30.2409496

< 8.13267899

87-2: TL.TA
Cover: 6943.63232
Gain: 17.9827232

87-3: CA.TA
Cover: 812.719666
Gain: 31.841341

< 25.6645737

87-4: EBIT.FinExp
Cover: 85.8518982
Gain: 12.8824978

87-5: CA.CL
Cover: 6795.6416
Gain: 16.3762531

< 4.09176731

87-6: TL.TA
Cover: 147.990784
Gain: 7.94698286

87-7: EBIT.FinExp
Cover: 696.220703
Gain: 21.9506817

< 0.937640607

87-8: SALES.WC
Cover: 116.498962
Gain: 20.6770878

87-9: SALES.WC
Cover: 72.4917679

Gain: 11.31635< 1.05613971

87-10: Leaf
Cover: 13.3601322

Value: -0.131998211

87-11: CL.FinExp
Cover: 6008.83447
Gain: 19.7035389

< 2.50713325

87-12: CA.CL
Cover: 786.806885
Gain: 28.9016056

87-13: SALES.WC
Cover: 10.282629
Gain: 3.68003368

< 4.19334126

87-14: CA.TA
Cover: 137.70816
Gain: 8.60518646

87-15: EBIT.FinExp
Cover: 671.731262
Gain: 16.6511879

< 6.43336201

87-16: SALES.WC
Cover: 24.4894295
Gain: 7.13069201

87-17: TL.TA
Cover: 74.0355682
Gain: 5.66125584< 4.25189209

87-18: CL.FinExp
Cover: 42.4633942
Gain: 16.6980667

87-19: CA.TA
Cover: 55.6309242
Gain: 13.8762627< 0.285465479

87-20: TL.TA
Cover: 16.8608418
Gain: 17.1183472

87-21: EBIT.FinExp
Cover: 5618.52783
Gain: 28.5979786

< 1272.35571

87-22: CF.NCL
Cover: 390.306702
Gain: 21.4925194

87-23: CF.NCL
Cover: 20.3415318
Gain: 4.65654278

< 2.56293988

87-24: CA.CL
Cover: 766.465332
Gain: 44.9859962

87-25: Leaf
Cover: 5.16567469

Value: 0.0419649258
< -1.3302933

87-26: Leaf
Cover: 5.11695433
Value: 0.167947456

87-27: TL.TA
Cover: 54.1058273
Gain: 15.405057

< 0.569468617

87-28: SALES.WC
Cover: 83.6023331
Gain: 6.87763929

87-29: Leaf
Cover: 14.8889952

Value: -0.0890375301
< -13.8305664

87-30: Leaf
Cover: 656.842224

Value: 0.0146078588

87-31: Leaf
Cover: 5.06641197

Value: 0.0201942902< -3.34956789

87-32: Leaf
Cover: 19.4230175

Value: -0.108809374

87-33: Leaf
Cover: 25.5923958
Value: 0.135452524

< 0.563275456

87-34: Leaf
Cover: 48.4431725

Value: 0.0737557337

87-35: Leaf
Cover: 11.8040094

Value: -0.0875380561

< 4.13337421

87-36: Leaf
Cover: 30.6593857

Value: 0.0478294119

87-37: Leaf
Cover: 12.6079311

Value: -0.137380987
< 0.579461694

87-38: Leaf
Cover: 43.022995

Value: -0.0208550841

87-39: Leaf
Cover: 10.0162621
Value: 0.120915845

< 0.368629098

87-40: Leaf
Cover: 6.8445797

Value: -0.073331669

87-41: Leaf
Cover: 144.208954

Value: 0.0449219532
< -96.7514191

87-42: Leaf
Cover: 5474.31885

Value: -4.10962202e-05

87-43: Leaf
Cover: 267.360901

Value: -0.0379555561< -0.102627754

87-44: Leaf
Cover: 122.945816

Value: 0.0124492599

87-45: Leaf
Cover: 6.15037727

Value: -0.202001438< 0.0802719817

87-46: Leaf
Cover: 14.1911535

Value: -0.0883103684

87-47: Leaf
Cover: 8.52240944
Value: 0.203545019

< 2.57540703

87-48: Leaf
Cover: 757.942932

Value: -0.0152050881

87-49: Leaf
Cover: 14.6204996

Value: -0.0892122313
< 5.48840809

87-50: Leaf
Cover: 39.4853249

Value: 0.0277035292

87-51: Leaf
Cover: 9.17781925

Value: -0.0328215323

< -1.32287753

87-52: Leaf
Cover: 74.4245148
Value: 0.056077268

Figure 2.2.4: Decision Tree 87
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Chapter 2.3

Are Predictions Time Consistent

The analysis carried out in this chapter makes a limited use of the underlying dynamics.

It uses the dynamics in the sense that past variables (�nancial ratios) determine the future

bankruptcy state. However, there is more to it. There should be some dynamic consistency

when we make simultaneous predictions using a given dataset for di�erent time horizons. For

instance, say with information up to time t we make both a prediction for the bankruptcy

state at t+1, t+2 and so on. These predictions should be, in some sense, mutually consistent

with one another.

The way that consistency is imposed -at least in economics- is not at the point of pre-

dictions, but in the probabilistic structure that is generated from the observed data. In a

more general form, each observed value, either for the response or explanatory variables,

is assumed to be a realisation of a random variable. The referred consistency condition

among predictions for di�erent time horizons is usually stated in terms of the underlying

probability distributions that generate the observations.

Stating this consistency condition within a minimal setting we can emphasise the ele-

ments that cannot be easily exported to a (supervised) Machine Learning approach. Addi-

tionally, it allows for Monte Carlo Simulations. Essentially, we build upon an index function
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model1 with very simple probability distributions that allow for closed-form expressions. Let

us consider a discrete time model, indexed by t, with t ∈ {0, 1, . . . }. There is a binary re-

sponse variable, denoted by Y , such that Yt = 1 represents the event �the �rm (assuming

a single �rm in isolation) is in a state of bankruptcy at time t, while Yt = 0 stands for the

complementary event �the �rm is healthy at time t�. To make things as simple as possible,

assume there is a single explanatory variable, X, that fully determines the response vari-

able. More speci�cally, there is some threshold value, say k, such that the �rm turns to

bankruptcy the �rst time X is greater than k. Mathematically, for any time t, we assume:

Yt = 1 ⇐⇒ ∃ s ∈ {0, 1, . . . , t} such that Xs > k

Clearly, the above statement implies the bankruptcy state is irreversible, as in our sample.

We �nally assume the sequence {X}t evolves over time according to a random walk.2 We

can write the dynamics for X as:

Xt+1 = Xt + εt

where the sequence {εt} is a white noise process that conforms the shock. Now, let

E{Yt+k | Yt = 0, Xt = x} denote the prediction of Yt+k conditional on the �rm being

healthy at time t and the observed value of X at t being x. We restrict ourselves to one

and two period ahead predictions, that is, k = 1 and k = 2, respectively. Straightforward

computations lead to:

E{Yt+1 | Yt = 0, Xt = x} = Pr
(
Xt+1 > K | Xt = x

)
(2.3.1)

where implicitly we have assumed the Markovian property of a random walk, namely,

Xt = x contains all relevant information up to time t to predict Xt+1. In addition, K−x > 0

1See Greene (1993) page 642 for the reference list.
2The choice of the stochastic process for the regressor is irrelevant for our illustrative purposes. While

the random walk is non-stationary, all we need is its conditional probability distribution, which is well
de�ned. This allows us to introduce some dynamics without need for presumably unknown parameters in
the �rst order moments.
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must hold by construction.

In order to make the prediction two periods ahead, we must notice that Yt+2 = 1 holds

conditional on Yt = 0 if and only if any of the two following disjoint events holds: (i)

Xt+1 > k, (ii) both Xt+1 ≤ k and Xt+2 > k. If we additionally condition on Xt = x, the

probability of the �rst event is precisely in equation (2.3.1), whereas the probability of the

second event is:

Pr
(
Xt+2 > k ∧Xt+1 < k | Xt = x

)
Thus,

E{Yt+2 | Yt = 0, Xt = x} = E{Yt+1 | Yt = 0, Xt = x}+ Pr
(
Xt+2 > k ∧Xt+1 < k | Xt = x

)
(2.3.2)

Equation (2.3.2) is the consistency condition among the one and two period ahead pre-

dictions. It simply indicates that the di�erence in the prediction from one to two period

ahead is precisely the probability that there is a change -the only possible one- in the state

from t+1 to t+2. Furthermore, that probability is written in terms of the stochastic process

of X's.

Now we can address the basic question of this subsection. The Machine Learning model,

such as, XGBoost, generates one and two period ahead predictions. Could we expect that

those predictions satisfy (2.3.2)? Two di�erent arguments come into to play. First, (2.3.2)

does depend on the probabilistic structure, so the predictions from the Machine Learning

model might not satisfy that consistency requirement because the underlying probabilistic

model -if it actually exists- is not as speci�ed above. Second, perhaps more fundamentally,

the Machine Learning model in this chapter is essentially a classi�er. It classi�es the ob-

served �rms into two mutually exclusive groups: bankrupt and healthy. This is done through

a series of classi�cation trees that balances complexity and prediction errors. Both of these

two concepts are exclusively measured in terms of the observed data: they are algebraic
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rather than statistical. In other words, Machine Learning assumes we do not observe a sam-

ple drawn from a population, but we observe the whole population itself, whose description

is merely exhaustive, and the task is to summarise it conveniently.

The above discussion drives us to the following question: does Machine Learning pro-

duce consistent predictions when, as a matter of fact, there is an underlying population?

Let us assume we have arti�cially generated a sample from a population as described above.

Speci�cally, let us assume our sample consists of information for a set of N �rms, for each

�rm containing {(Xt, Yt)} for t ∈ {0, 1, 2}. Thus, we only have information on three periods,

the minimum length that allows for a two-period ahead prediction, while the cross sectional

dimension is reasonably large as to apply a Machine Learning algorithm. We can use such

an algorithm to generate one and two period ahead predictions, then compute the di�erence

between both predictions and see if that di�erence qualitatively agrees with the last term

in equation (2.3.2), which can be computed on the basis of the underlying population.

Let us specify a very simple arti�cial setting which allows for the analytical computation

of that last term. Let us assume that X0 is uniformly distributed in the [0, 1] interval, which

we succinctly write as X0 ∼ U [0, 1]. Using an analogous notation, we set εt ∼ U [−1, 1],

with the usual i.i.d. quali�er applying over time. This structure meets the basic features of

a white noise process.3 Denoting by Fε as the cumulative probability distribution of ε and

fε as its corresponding density. Furthermore, let k ∈ [1, 2], so that none of the �rms in our

sample will be in a state of bankruptcy at time 0, since X0 ≤ k holds with probability one

by construction, while there is a positive probability for �rms to be bankrupt for the �rst

time at period 1 or 2 (or none).

3Using Normal distribution for the shocks involves numerical integration for the term to be computed,
and we try to remain analytical as much as possible in order to avoid additional sources of discrepancies
between model and Machine Learning based computations of the probability in (2.3.2).
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Now, we focus on the computation of the probability in the last term in (2.3.2). Let

X0 = x, that is, the realisation of X0 is x. We want to compute the probability that a given

�rm enters a state of bankruptcy at t = 2, that is, X2 > k and X1 < k. Necessarily, it has

to be X1 ∈ (k − 1, k). Clearly, a value for X1 lower than k − 1 would make it impossible

to enter bankruptcy at t = 2 while a value larger than k would make it impossible to enter

bankruptcy at t = 1. Substituting, X1 ∈ (k − 1, k) is equivalent to:

k − 1− x < ε0 < k − x (2.3.3)

Using Bayes rule, we can write:

Pr
(
X2 > k ∧X1 < k | X0 = x

)
=

∫ k−x

k−1−x
Pr
(
X2 > k | X1 = x+ ε0

)
fε(ε0)dε0 (2.3.4)

where the limits of integration follow from (2.3.3). Now, for a given value of ε0 within

the considered range, we have X2 > k if and only if ε1 > k − x − ε0, whose probability is

1− Fε (k − x− ε0). Substituting in (2.3.4), we have:

Pr
(
X2 > k ∧X1 < k | X0 = x

)
=

∫ k−x

k−1−x

(
1− Fε (k − x− ε0)

)
fε(ε0)dε0 (2.3.5)

The computation of the right hand side in (2.3.5) is straightforward just using the cu-

mulative distribution and density functions for the shock. In doing so, we must notice that

since k−x > 0, the integration lower limit lies in (−1, 1), whereas the upper limit might be

greater than 1.

Since the shock is distributed U [−1, 1], it is Fε(z) = 1
2
(1 + z) and fε(z) = 1

2
for any

z ∈ [−1, 1]. Thus,
(
1− Fε(z)

)
fε(z

′) = 1
4
(1− z). Substituting in the integral in (2.3.5), for

k − x ≤ 1 we have:∫ k−x

k−1−x

(
1− Fε (k − x− ε0)

)
fε(ε0)dε0 =

1

4

∫ k−x

k−1−x
(1− (k − x) + ε0)dε0 =

1

8

For k − x > 1, it is
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∫ k−x

k−1−x

(
1− Fε (k − x− ε0)

)
fε(ε0)dε0 =

1

4

∫ 1

k−1−x
(1−(k−x)+ε0)dε0 =

1

4

(
2− 2(k − x) +

1

2
(k − x)2

)
To summarise, denoting by g(k − x) to the right hand side of (2.3.5), it is:

g(k − x) =

{
1
8

if k − x ≤ 1
1
4

(
2− 2(k − x) + 1

2
(k − x)2

)
if k − x > 1

By construction, k−x lies in (0, 2), which constitutes the support of g. It is straightforward

to prove that g is continuous and positive in its support and it is strictly decreasing in (1, 2).

As a merely illustrative example, we have done some numerical exploration. We take

k = 1.5 and N = 1000 �rms, among which 750 are used to train the model and the rest is

used for testing. Figure 2.3.1 shows the scatter-plot that compares the last term in (2.3.2)

computed numerically by subtracting the corresponding predictions from XGBoost, in the

vertical axis, with the closed-form computation above presented. The blue line in the �gure

is not a regression line but a 45◦ degree line. Thus, the distance between that lines and the

point represent deviations from consistence of the Machine Learning based predictions.
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Figure 2.3.1: Machine Learning predictions and closed form: The distance between the blue
line and the points represent deviations from the Machine Learning predictions.
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Chapter 3.1

Impact of temporary tra�c restrictions

on NO pollution levels in Madrid

Abstract: This paper illustrates how Machine Learning techniques can be used to assess

the impact of environmental protocols that are sparsely activated over time. A case study

is analysed: the impact of a protocol that sets tra�c restrictions on NO2 levels in Madrid's

urban area. The protocol speci�es that these restrictions are active only when NO2 level

reaches above a certain threshold. Since the protocol was �rst enacted, in 2017, restrictions

have only been active for 59 days, never longer than ten consecutive days. Cross e�ects

are identi�ed: the protocol magni�es the e�ect of other relevant features, especially wind

speed. Pollution decreases with wind speed. Consequently, episodes of high pollution levels

generally occur when wind speed is low. The analysis shows that precisely at these low

values of wind speed, an increase in the wind speed has a higher e�ect on pollution when

the protocol is activated than when it is not. The analysis is carried out at a measuring

station level, considering eight representative stations. The referred cross e�ect is clearer at

centrally located stations across Madrid. Cross e�ects of the protocol with other weather

features are weaker than that with wind speed. The assessment is based on the computation

of Shapley values for regression trees that are built using XGBoost and rolling time series

windows.

JEL Codes : C01 (Econometrics), C14 (Semiparametric and Nonparametric Methods),
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R40 (Transportation Economics), P25 (Urban, Rural, and Regional Economics).

3.1.1 Introduction

The air quality in big cities has become a central and key topic within environmental themes

in modern societies. Citizens increasingly demand from policy-makers improved local envi-

ronmental policies and these policy-makers, accordingly, have given an increasing weight to

these issues in their agendas over recent years. After a reasonable time-span that any given

policy has been enforced, an assessment of its performance comes in order. This paper ad-

dresses the question of the impact of such a policy and how much it has actually contributed

to cleaner air in Madrid.

Speci�cally, Madrid's local government started to run in 2017 a protocol in which dif-

ferent tra�c restrictions are triggered as a result of observed NO2 levels. Roughly, those

restrictions are gradually enforced on a daily basis, starting with a reduction in the speed

limit from 90 to 70 km/h in Madrid's inner ring road (M-30). The protocol on tra�c re-

strictions is only active as long as the NO2 levels continue to lie above a certain threshold

and usually last for a few days at a time. The protocol was �rst enforced in November 2017

and it has been active for only 59 total days since, never longer than ten consecutive days.

This contrasts with other policies, such as low emission zones, which constitute a permanent

shift, and thus its e�ects are more easily observable. Some further details on the protocol

are given later in the paper.

The interest in assessing the contribution of this protocol is twofold. On the one hand,

since the protocol only lasts for a few days at a time, it technically demands more than tra-

ditional linear regression analysis. On the other hand, the protocol has been long criticised

by di�erent social actors with the critiques persisting over time. Precisely because of this

controversy, a politically neutral analysis of the available information is needed.
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This paper proposes the use of a Machine Learning model in order to provide an as-

sessment of the protocol's impact. This method has been proven useful for many other

statistical problems across a wide variety of disciplines and �elds. The model is able to

identify highly non-linear dependencies from explanatory variables to a response variable

from large amounts of data. Speci�cally, it is able to predict relatively few positives of the

response, i.e: identify relatively few infectious diseased members within a given population

sample. In line with that, the sample under consideration in this paper has relatively few

positives of an explanatory variable, i.e: relatively few days in which the protocol in active.

The response variable is the daily measure of NO2 levels from a number of measuring

stations spread across Madrid's urban area. Speci�cally, eight measuring stations are in-

cluded in the analysis, considered as representative due to their locations throughout Madrid

and their distance to congested roads. Thus, there are eight response variables, one for each

measuring station. The explanatory variables, aside from whether the protocol was active

or not, consist of calendar and time-speci�c variables such as the month of the year and

whether a given day was a working day or not, which are all binary variables. Additionally,

a number of continuous weather variables such as wind speed and temperature are also

included as explanatory variables. All of the explanatory variables are common to all mea-

suring stations, although the response variable NO2 levels, naturally vary across stations.

A brief description of the method is in order, with further details being left to a later

section. Essentially, two elements are combined. The �rst is an Extreme Gradient Boosting

(XGBoost) model, which represents the dependence from a set of explanatory variables to

a response variable with a decision tree structure. Within the tree, there are several levels

of branching, each branch being de�ned by an endogenously chosen value of an explanatory

variable. The �nal node of the tree contains predictions of the response variable. A tree, or
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a collection of trees, is called a model. The algorithm used (XGBoost), selects the model

that minimises some loss function which penalises both prediction errors and the complexity

of the model. Once a model is built, the second element is to use Shapley values to measure

the importance of any given feature value, such as the protocol being active. Shapley values

were �rst introduced in cooperative game theory and have been recently used in the Ma-

chine Learning literature. Essentially, the Shapley value measures the contribution of any

given feature value by computing the di�erence in predictions between including and not

including the feature value in a coalition of explanatory variables, averaging that di�erence

across all possible coalitions.

In order to introduce the basic �ndings, we must start pointing out an endogeneity is-

sue. The aim is to identify how much the protocol reduces pollution, but the protocol is

activated only when pollution peaks. On the basis of observed data, it is hard to distinguish

this statement from: pollution peaks because the protocol is activated. However, this issue

is overcome by measuring the real impact of the protocol through cross e�ects. As it is well

known, and it is also reported in this paper, wind speed reduces pollution. Accordingly,

days with a high pollution level are also days with relatively low wind speed. The analysis

presented in this paper shows that in those days, a small increase in the wind speed has

a higher impact on pollution when the protocol is active than when it is not. This overall

result exhibits some heterogeneity across measuring stations, such that, the e�ect is clearer

in centrally located stations. Cross e�ects of the protocol with other weather features are

also explored, particularly temperature, humidity and barometer. Roughly, it is possible to

identify a cross e�ect with wind speed because in the sample there is enough variation in

the wind speed values when the protocol is activated, which does not occur for the other

variables. For instance, temperature varies greatly over the year in Madrid, but mostly

between summer and winter, and the protocol has been never activated in the summer.

Essentially, the analysis of these other features helps to understand necessary conditions to
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identify cross e�ects.

The rest of the paper is organised as follows. Section 3.1.2 presents the background

on air quality policies and previous literature. Section 3.1.3 describes the data. Section

3.1.4 discusses the methodology. Sections 3.1.5 contains the results, focusing on wind speed.

Finally, section 3.1.6 concludes.

3.1.2 Background and Literature Review

This section is divided into two subsections. The �rst subsection summarises some basic

facts on the overall performance of Spain's air quality and how road tra�c a�ects pollution,

particularly in urban areas. The second subsection focuses on the empirical literature that

accounts for the impact on air quality policies, with a special emphasis on works that study

urban air pollution.

3.1.2.1 Assessing air quality

In July 2019 the European Commission referred Spain to the European Court of Justice for

its failure to protect its citizens from air pollution. Spain has infringed the Ambient Air

Quality (AAQ) directive, see European Parliament (2008) by breaching 2 out of the 3 limits,

PM10 and NO2, with only Bulgaria breaching all 3 limits with the addition of breaching

the SO2.1 In total there are 14 infringement cases pending against Member States for ex-

ceeding NO2 limits (Austria, Belgium, the Czech Republic, Germany, Greece, Denmark,

France, Spain, Hungary, Italy, Luxembourg, Poland, Portugal, and the United Kingdom).2

According to the WHO global guidelines for NO2 levels, the 1-hour mean should not exceed

200 ug/m3 and the annual mean should not exceed 40 ug/m3 (Directive 2008/50/EC).3

EU countries are required to put in place procedures when levels exceed the Ambient Air

1https://op.europa.eu/webpub/eca/special-reports/air-quality-23-2018/en/
2https://ec.europa.eu/commission/presscorner/detail/en/IP_19_1475
3https://www.who.int/en/news-room/fact-sheets/detail/ambient-(outdoor)

-air-quality-and-health
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Quality Directives annual limits with the aim of limiting the exceeded levels to as short a

time frame as possible.

Within the overall scenario describing the air quality, road tra�c is often the driving

causal e�ect of polluted air within urban areas despite di�erent transport methods being

identi�ed as key sources of poor air quality, see Colvile et al. (2001). Borge et al. (2016)

show that road tra�c accounts for up to 90% of NO2 emissions. Borge et al. (2012) also

�nd that road tra�c signi�cantly contributed to NOx emissions and that passenger cars,

heavy-duty vehicles and buses are the main emitting sources of NO2 in Madrid, with pas-

senger cars emitting more emissions in the city centre and heavy-duty vehicles and buses

emitting more on the outer areas of the city.

On-road transport is the main anthropogenic emitter of O3 in Madrid and Barcelona

metropolitan areas, accounting for 65% & 59% of NOx and 67% & 85% of COx, see Valverde

et al. (2016). Pérez et al. (2019) report that passenger cars are responsible for 80.7% of the

total mileage made in Madrid. In fact, they are the main contributors of emissions with

65%, 73% and 72% for NOx, CO2 and PM2.5, respectively. Salvador et al. (2004) identify

sources of PM10, they found that road tra�c has explained almost (48%) of PM10 along

with crustal (26%) and secondary particles (18%). O3 records higher levels on the outer

perimeter of the city in part due to reduced levels of NO.

The discussion of the quality of air and its e�ects on the health of inhabitants in a given

region is not new. Odriozola et al. (1998) quantify the impact of air pollution on mortality

and morbidity by measuring daily hospital admissions in Madrid. Sunyer et al. (1996) study

the e�ects in Barcelona. Núñez-Alonso et al. (2019) show that there is a correlation between

the pollutants NO, NO2, PM10 and O3 in the city of Madrid. They use Principal Com-

ponent Analysis (PCA) and hierarchical clustering to classify stations based on pollution
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levels. They show that the maximum annual average pollution levels are registered in the

very centre of Madrid, and exceed the annual average threshold set by regulators.

There are multiple factors that may be the driving force behind certain pollutants being

at high or low levels. Demuzere et al. (2009) investigate the relationship between climatology,

O3 and PM10 levels in the Netherlands. They �nd that rain and low humidity levels are

signi�cantly negatively correlated with PM10 in winter, which they state could point out

atmospheric removal due to wet deposition. They �nd that wind speed is strongly negatively

correlated with PM10 throughout the whole year, it is negatively correlated with O3 in the

wintertime and positively correlated with O3 in the summer.

3.1.2.2 Empirical literature policies on air quality

The paper, Vedrenne et al. (2015) studies the e�ects of air pollution abatement and policy-

making in Spain between 2000 and 2020. They �nd that the number of zones in infringement

of the European air quality Directive 2008/50/EC for NO2 and PM10 sustained reductions

in their levels over the study period. They state that air quality policy-making has de-

livered improvements in air quality levels throughout Spain, mitigating the severity of the

impacts on ecosystems and health. The decreases in NO2 is found to be primarily down to

measures concentrating on road-tra�c along with industrial and domestic combustion pro-

cesses. Whereas, the reduction in PM10 concentrations is associated with power generation

and o�-road sources. They state that in 2020 a number of air quality management zones

will still infringe limits for both types of pollutants.

Considering speci�c policies at the city level, cities throughout Europe have adopted dif-

ferent methods to reduce pollution levels with varying degrees of access restrictions and rules

for protected areas. Swedish cities, Stockholm, Malmo and Goteborg in 1996 were the �rst

to apply such restrictions for heavy-duty vehicles, followed by Germany, the Netherlands,
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Italy and London in 2007 - 2008. The remainder of this subsection lists some illustrative

works grouped by the policy instrument under consideration.

Congestions charges. Green et al. (2018) analyse the case of London congestion

charges which were introduced in 2003. They �nd signi�cant reductions for a number of

pollutants when compared to other cities for the same period. They focus on NO2 levels,

which is closely linked to diesel-powered vehicles. They state that, as a result of the conges-

tion charge, commuters switched from personal cars to public transport, a mode of transport

which more heavily relies on diesel fuel, thus they �nd that the reduction in other pollutants

needs to be weighed against the adverse health e�ects associated with increases in NO2 emis-

sions which came from an increased use of other modes of transport, such as buses and taxis.

Low emission zones. The number of low emission zones has been on the increase with

over 250 zones in place in Europe.4 There is some literature for the e�ectiveness in EU cities,

see Lutz (2009) for Berlin, Panteliadis et al. (2014) for Amsterdam, Carslaw et al. (2016)

for London and Jiang et al. (2017) for German cities. For instance, Amsterdam introduced

in 2006 restriction zones for heavy-duty vehicles. Regarding that policy, Panteliadis et al.

(2014) �nd that NO2 levels were reduced by 2.65 ugm−3 translating to a 4.9% reduction

for areas under low emissions zones. They also found that NOx and PM10 levels reduced

by 5.6% and 12.9% respectively. In general, the empirical literature on low emission zones

generally �nds that the introduction of such policies has a net positive e�ect on reducing

pollutants PM10, see Holman et al. (2015) and Jiang et al. (2017). However, some empirical

research fails to �nd signi�cant results when analysing the e�ect on NO2 levels. This could

be down to shifts in the mode of transport of commuters when they commute to work within

these low emission zones, shifting from petrol cars to diesel-operated public transport. Salas

et al. (2019) use a Di�-in-Di� approach to evaluate the e�ectiveness of the Madrid Central

4https://www.transportenvironment.org/sites/te/files/publications/2019_09_Briefing_

LEZ-ZEZ_final.pdf
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low emission zones. They �nd a signi�cant and robust reduction in NO2 measurements

once time e�ects and meteorological conditions are controlled for. They �nd that most of

the monitoring stations outside the restriction zone exhibit statistically signi�cant reduc-

tions in NO2 levels, albeit by a lower amount. They state that these stations experienced

a spillover e�ect and that pollution simply did not just transfer to other areas of the city

and transportation habits changed within Madrid.

Transport models. Romero et al. (2019) study whether the use of more environmen-

tally friendly transport models should be enforced when Madrid's NO2 protocol is active.

They analyse whether a shift from private transport towards transit occurs for the main

transport link connecting Madrid to other municipalities in the Metropolitan Area. They

�nd that travellers' behaviour in their modal choice of suburban trips is in�uenced by the

mobility restrictions in the event of high pollution levels. They suggest that more severe

measures should be implemented since lowering highway speed limits and parking restric-

tions did not evidence to be particularly e�ective for modal shifts towards public transport.

Technological improvements. Lumbreras et al. (2008) �nd that technological im-

provements linked to tra�c-related European Legislation (EURO III-V) decreased emissions

for most of the pollutants analysed, with CO2 emissions expected to increase over their sam-

ple period, stating that the technological improvements would not be able to counteract the

e�ect of a large mobility increase.

Speed limit. Perez-Prada and Monzon (2017) analyse the impact of speed limit re-

duction on tra�c volumes, times and average speeds as well as NOx and CO2 emissions.

They show that lowering speed limits from 90 km/h to 70 km/h on a section of Madrid's

inner ring-road (M-30) has signi�cant bene�ts in reducing these emissions and consequently

bene�ting the environment without substantially impacting tra�c performance and adding
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to travel times. However, they do not take into account weather features.

3.1.3 Data

This section presents a description of the data set used for the models. Essentially, the

pollution level is the dependent -or response- variable and weather and seasonal features,

together with the protocol being active or not, are the explanatory variables. The pollution

level is measured at a station level for NO2 on a daily basis for eight stations in the city of

Madrid. This section is split into two subsections. The �rst subsection presents a description

of the variables in the dataset. The second subsection introduces some stylised facts on NO2

time series in Madrid.

3.1.3.1 Description

Daily pollution data was downloaded from the Open Data Madrid website, which is provided

by the local government and contains data from 24 pollution stations located throughout

the city of Madrid. The sample size goes from January, 1st, 2010 to October, 1st, 2019,

both included, which consists of 3560 days. The pollution stations measure a number of dif-

ferent pollutants. The location of the stations are shown in Figure 3.1.8 in Appendix 3.1.7.

The local government classi�es stations by geography and by their proximity to pollution

sources. There are stations located to the north, centre and south of Madrid. Regarding

their proximity to the pollution source, there are three kinds of stations, labelled as Tra�c,

Background and Suburban. The Tra�c stations are close to streets or roads with heavy

tra�c. Background stations measure the background exposition of the whole population.

Suburban stations are located far from the city centre, which better captures the ozone

levels. Eight stations have been selected for the analysis, whose typology is presented in

Table 3.1.1. The shadowed cells in the table correspond to typologies for which Madrid

has no stations. In the cells for the centre stations, two stations were selected, if available,

in order to study intra-type variability. For the sake of space, most of the exposition and
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graphical material in the main text focuses just on Escuelas Aguirre and Plaza Elíptica,

though analysis was carried out on all eight stations.

Tra�c Background Suburban
North Arturo Soria Juan Carlos I

Centre
Escuelas Aguirre Plaza del Carmen
Plaza de España Mendez Alvaro

South Plaza Elíptica Vallecas

Table 3.1.1: Typology of selected stations

The protocol under analysis is regulated by Madrid's local government.5 It establishes

di�erent pollution level thresholds and restrictions -or scenarios- that come into force as

those thresholds are successively reached. The reference pollutant for the thresholds has

been NO2 for most of the sample period.6 Under the least restrictive scenario, labelled as

scenario 1, the speed limit is reduced in the city centre (de�ned by the inner-ring road,

M-30), from 90 km/h to 70 km/h, together with other measures that imply no e�ective

restriction, such as the recommendation to use public transportation. From this initial sce-

nario, restrictions are successively added to de�ne subsequent scenarios. Those additional

restrictions include, from scenario 2 onward, restrictions to private vehicles that have no

green label from circulating within the city centre.7 During the sample period the protocol

has been active a total of 59 days as shown in Table 3.1.3, in Appendix 3.1.7.

5See:

1. https://www.madrid.es/UnidadesDescentralizadas/Sostenibilidad/CalidadAire/Ficheros/

ProtocoloNO2AprobFinal_201809.pdf

2. http://www.mambiente.munimadrid.es/opencms/opencms/calaire/Episodios/listados_

informes_episodios/index.html

1 shows the current legal text, 2 contains the days in which the protocol has been active. Both links are in
Spanish.

6In addition, ozone levels have started to be considered since 2019.
7There are di�erent categories of green labels, depending on the vehicle registration date and fuel type.
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The dataset also contains data on seasonal features, including public holidays, and data

on weather conditions in Madrid.8 The source of data provides both, real-valued and cat-

egorical features on the weather. The real-valued features are wind speed, temperature,

humidity and barometer, which are provided on an hourly basis and aggregated to a daily

frequency. Furthermore, agents' decision on taking the car vs using public transportation

might depend as well on features that have a more categorical nature, like a Sunny vs Rainy

day. For this reason, some categorical features were also accounted for. Obviously, these

features raise some complexity: it could be Sunny in the morning, then turn to Passing

Clouds in the mid-afternoon and turn to Scattered Clouds later in the day, this day will

have multiple dummy variables describing its weather conditions. Table 3.1.4, in Appendix

3.1.7, shows the description of the seasonal and weather features.

A �nal comment on missing values is in order. The Machine Learning algorithm con-

sidered in this paper - introduced in the next section - allows for missing values in the

explanatory but not in the response variables, since the model cannot learn to predict noth-

ing. For this reason, a Kalman �lter with a structural model �tted by maximum likelihood

was applied in order to impute the missing values in the pollution levels. This imputation

method has been proved useful for imputing missing univariate time-series data in other

studies, see Moritz et al. (2015). The number of missing values in the response variable

di�ers across the stations, with 31.5 missing observations on average, the maximum is 60

for one station. Since there are so few missing values in the response variable, the choice of

the imputation method is expected to have a negligible impact on the analysis.

3.1.3.2 Stylised facts on NO2

The NO2 pollution level time series has a strong seasonal component, without a clear trend

over the sample period under consideration and with di�erences among stations that are

8Public holidays in Madrid and Spain: https://www.timeanddate.com/holidays/spain/. Weather
data for Madrid: https://www.timeanddate.com/weather/spain/madrid/historic.

153

https://www.timeanddate.com/holidays/spain/
https://www.timeanddate.com/weather/spain/madrid/historic


0

50

100

150

2010 2015 2020

N
O

2

0

50

100

150

2010 2015 2020

N
O

2

Figure 3.1.1: Pollution levels. Daily data for two tra�c stations. Escuelas Aguirre (left panel) and
Plaza Elíptica (right) are located to the Centre and South of Madrid, respectively. Grey vertical lines
correspond to days in which the protocol was active.

persistent over time. Figure 3.1.1 shows daily levels for two representative tra�c stations

over the sample period. Throughout the paper, all �gures plotting daily time series show

grey vertical lines for days in which protocol was active.

Figure 3.1.2 emphasizes the seasonal component of the daily series plotted in Figure

3.1.1 for Escuelas Aguirre. The upper-left panel shows the month on month average NO2

level for each of the years in the data. Nitrogen dioxide emissions are originated from fuel

burning, thus it is closely related to road tra�c, which in Madrid is higher in winter than in

the summer. The seasonal patterns are common to all measuring stations. The upper right

panel shows a polar plot and the lower panel shows the monthly average over the whole

period.

Figure 3.1.3 removes the seasonal component by showing a 365 day rolling average for

the eight stations under consideration. The �gure illustrates that di�erences across stations

are apparent when the seasonal component is removed. Escuelas Aguirre lies among the

two highest levels along the whole sample period. In addition, while there is not a clear

trend over time, there are yearly variations. Recall that the vertical grey lines represent

dates at which the protocol was active. In this regard, Figures 3.1.1 and 3.1.3 illustrate the

complexity of identifying the e�ect of the protocol due to the relative scarcity of such days.
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According to the WHO global guidelines for NO2 levels, the 1-hour mean should not ex-

ceed 200 µg/m3 and the annual mean should not exceed 40 µg/m3 (Directive 2008/50/EC).9

In this regard, Figure 3.1.3 shows that many locations throughout Madrid are consistently

exceeding the threshold guideline set by the WHO over an annual period and failing to fall

below safe levels at all. According to Borge et al. (2016), 80% of the monitoring stations in

Madrid exceeded the ambient air quality standards in 2007. Madrid set a target of reducing

NO2 levels in its local air quality plan for the period 2011 to 2015, see de Madrid (2012).

Borge et al. (2016) �nd that over that time-span there was a positive trend and that 2015

presented a generalised non-compliance situation with 13 (out of 24) monitoring stations

recording NO2 annual average concentration levels above the annual limit value (40 ug/m3)

imposed by the European air quality Directive.10 Figure 3.1.3 shows a downward sloping

trend of the 365 day rolling average prior to 2015 for all stations, though it does not con-

tinue thereafter. Figure 3.1.3 also shows an interesting response of the rolling average when

the protocol is active, indicated by the horizontal grey lines. All stations record a drop in

their averages when the protocol is active, with stations located in the city centre showing

signi�cantly more reaction than stations located on the outer perimeter of Madrid.

3.1.4 Methodology

The data is split into a rolling window time-series dataset. Let t index time, with t ∈

{1, 2, . . . , T}. The dataset has data for T = 3560 days. Windows have a �xed length, de-

noted by τ . The �rst window consists of data for days {1, 2, ..., τ}. The model is trained

with this data in order to predict the response variable, NO2 pollution level, at day τ + 1.

Next, the second window follows: the model is trained with data for days {2, 3, ..., τ + 1} in

order to predict the response variable at day τ + 2, and so forth until a prediction for day

9https://www.who.int/en/news-room/fact-sheets/detail/ambient-(outdoor)-air-quality-and-health
10Borge et al. (2016) also report that 8 (out of 24) stations exceed the hourly limit (more than 18 hours

with concentrations over 200 ug/m3).

156



T is reached. Moreover, τ = 2190, which, for daily frequencies, corresponds to six years of

data. For instance, the �rst training window goes from January, 1st, 2010, which is the �rst

day in our sample, to December, 31st, 2015. That window is used to train a model in order

to make the �rst prediction, for January, 1st, 2016. The last day for which a prediction is

made is October, 1st, 2019, which is the last day in the sample. This procedure is carried-

out separately for each measuring station. While the response variable, the pollution level,

is station-speci�c, the features are common to all stations: weather conditions, seasonality

variables (day of week, month,...) and whether the protocol was active or not. One of the

contributions of this paper is precisely to show that the impact of the protocol changes

across stations.

Each window is used to generate a model, which combines features, or explanatory vari-

ables, measured on a daily basis, such as weather conditions or whether the protocol was

active or not, to predict the response variable - the NO2 level at a given measuring station.

There are 1369 days between January 1st 2016 and October 1st 2019 and for each of those

days a prediction based on a model is made, a total of 1369 models from the rolling time

series data are generated.

Each model is built using Extreme Gradient Boosting, or XGBoost, developed by Chen

and Guestrin (2016). Essentially, each model is the combination of a set of weak learners,

each learner being a directed tree, using the terminology of graph theory. A tree is a step

function that maps a vector of characteristics, or features, into a score that correlates posi-

tively with the response variable. An example of a tree is depicted in Figure 3.1.4. From a

function space of step functions, or trees, the algorithm selects sequentially trees in order to

minimise a loss function which penalises both prediction errors and the complexity of the

tree.11

11More speci�cally, each dataset conforming to a window is partitioned in training and testing sets, which
are used �rst to train and then to test the algorithm, respectively.
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Figure 3.1.4: Example of a tree. There are three features, X1, X2 and X3, in white nodes. The set of
arrows from each white node constitutes a partition of the possible values of the corresponding feature at
that node. The yellow nodes are terminal nodes, which contain the score, or predicted value for the response
variable. The score for an instance with feature values {X1 = Good,X2 = Left,X3 = A} is 2, shown in
the leftmost path. For simplicity, this tree assumes binary features and that any given feature has the same
branching from all of its nodes, which is not essential.

The main target of this paper is not on predicting pollution levels but on measuring

the impact of the di�erent feature values, with a particular focus on the protocol being

active. For that, Shapley values are used, which is a classical concept in cooperative game

theory, see Shapley (1953), and has been recently applied to understand Machine Learning

model predictions, see Lundberg and Lee (2017). In order to introduce the problem, con-

sider again the tree in Figure 3.1.4. Assume that the response variable is the pollution level,

whose scores (predictions) are in the terminal -yellow- nodes. A simple inspection of the tree

shows that the feature value {X1 = Good} reduces pollution with respect to {X1 = Bad},

analogously for {X2 = Left} and {X3 = A} with respect to their corresponding alternative

values, but it is not obvious how to assign a quantitative measure to the marginal impact

of each feature value.

In order to illustrate the basic idea on how Shapley values delivers such assessment, a

simpli�ed example for the feature value {X3 = A} follows. Consider �rst a coalition, denoted

by S, formed by a single feature value, say S = {X1 = Bad}. The contribution of {X3 = A}
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to the coalition S is measured by the di�erence in predictions between conditioning by S

and S∪{X3 = A}. In order to simplify non-essential details, assume that all of the branches

from any given node are equally populated in the sample, thus half of the instances -a �xed

day and station- have {X1 = Good} and the other half have {X1 = Bad}, and so forth

down to the terminal nodes. Thus, conditional expectations can be easily computed to

make predictions. Let Y denote the score, then:

E{Y | X1 = Bad,X3 = A} =
1

2
(7 + 21) = 14,

E{Y | X1 = Bad} =
1

4
(7 + 9 + 21 + 32) = 17.25.

The contribution of {X3 = A} to the coalition S is 14 − 17.25 = −3.25, where the

negative sign indicates that {X3 = A} reduces pollution with respect to S. Next, consider

all other coalitions in which {X3 = A} might contribute, which are all combinations of

feature values of X1, X2 and both, like S ′ = {X1 = Good,X2 = Right}, and compute the

contribution of {X3 = A} to each of those coalitions. The Shapley value for {X3 = A} is

its weighted average contribution across all coalitions.12

The Shapley values satisfy the conditions E�ciency, Symmetry, Dummy and Additivity

which de�ne a fair payout, see Lundberg and Lee (2017). It might be considered as an

alternative to permutation feature importance. The latter uses the decrease in the model's

performance, whereas Shapley values use the magnitude of feature attributions. An alter-

native and traditional concept for variable selection is the Gain, see Breiman et al. (1984).

However, the output from tree-based models relies on the order in which a model sees a

given variable and, in turn, a�ects the model's predictions and importance scores, which

12The contribution to a coalition that occurs frequently has a higher weight. In general, the algorithm
relies on Monte Carlo sample-based simulations to numerically compute the expectations above.
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makes it inconsistent, see Lundberg et al. (2018) and Lundberg et al. (2019).13 In contrast,

Shapley values are model-agnostic, meaning that they do not depend on the structure of the

model. In the remainder of the paper, we use the term Shap values or scores, indistinctly,

instead of Shapley.

The application of XGBoost to the sample requires two additional details. First, in or-

der to compare the Machine Learning model's results across stations over time, each of the

model's response variable (NO2) was standardised using the mean and standard deviation

from each of the in-sample-training sets across all stations. Alternatively, scaling using the

whole dataset from 2010 to 2019 for each station would introduce look-ahead bias into the

model. Only NO2 data were scaled, while all explanatory variable observations remained

unscaled since those variables are non-station speci�c. Second, the default XGBoost param-

eters of the algorithm implemented in R were used, see Chen et al. (2020b), since searching

for the optimal parameters on each window, as mentioned, there are 1369 models for each

measuring station, would be computationally too expensive for such a time series task.

The default parameters have been found to perform reasonably well in a number of other

prediction-based models in the Machine Learning literature. Yet, a small experimentation

was carried out using di�erent parameter values for some randomly selected periods over the

time series and for a few stations. The results were similar to the ones presented in the paper.

3.1.5 Results

The main objective is to capture the marginal contribution of the protocol to reduce NO2

pollution levels. The focus is on the relationships among the features that have the largest

variation in Shap scores. This section shows the impact of the protocol by itself is negligible,

13The Gain is the total reduction of loss or impurity contributed by all splits for a given feature. As for
the Gain, the relative contribution of the corresponding variable to the model is calculated by taking each
variable contribution for each tree in the model. Higher values when compared with other variables implies
that this variable is more important for generating a prediction.
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which is in part down to the fact that there are too few observations of the protocol being

activated. However, there is evidence that it might strengthen the e�ect of other factors,

particularly wind speed. In short, departing from a low wind speed, an increment in the

wind speed reduces pollution, and for some stations that reduction is larger when the pro-

tocol is active. This is termed cross e�ect.

While an analysis for all-weather features in the dataset is carried out, this section fo-

cuses on wind speed, for which the cross e�ect is more clear. Figure 3.1.5 plots the average

Shap values for each of the trained models. That is, the �rst average Shap value occurs on

January, 1st, 2016 for which it shows the average Shap value for the period January, 1st,

2010 until December 31st, 2015. The �gure illustrates some di�erences across the two sta-

tions under consideration. Moreover, the most important message is that the daily average

Shap value is positive, which -following the discussion in the previous section- might lead to

the surprising conclusion that wind increases pollution. This example helps to understand

the basic ideas in computing Shap values. In order to simplify the reasoning, consider only

two possible values for wind speed, say low and high wind speed. As it is well known, a

higher wind speed reduces pollution. In line with that fact, the model learns that low wind

speed goes with high pollution and high wind speed goes with low pollution. If, as is the

case for Madrid, low wind speed is relatively much more frequent than high wind speed,

the average across feature values returns a single Shap value for just wind, as the �gure

does, and that value might lead to the conclusion that wind increases pollution. Thus, the

essential message of the �gure is that low wind speed days are much more frequent than

high wind speed ones, which will be important for the analysis.

Figures 3.1.6 shows daily Shap scores of feature values for four continuous magnitudes

related to weather conditions for stations Escuelas Aguirre where each point is a day. In

contrast to the previous �gure, this �gure shows Shap values for di�erent feature values.
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Figure 3.1.5: Shap values for wind speed. Daily average of Shap scores for wind speed for Escuelas
Aguirre (left panel) and Plaza Elíptica (right).

For instance, there is a positive Shap value when wind speed is low (yellow) and a negative

Shap value when the wind speed is high (blue). As mentioned, a negative Shap value means

that the corresponding feature value reduces pollution. Blue points are scarce compared to

yellow since low wind speed is relatively more frequent in Madrid. There are three panels,

each one considering a di�erent training time-period, with the more recent at the bottom,

which essentially shows stability over time of the Shap values. The �gure also shows Shap

values for other features: temperature, humidity and air pressure. In general, extreme val-

ues of the wind speed have a higher Shap score, either positive or negative, than extreme

values of any other feature. Temperature has a seasonal component: higher temperature

occurs in the summertime, with lower road tra�c. The �gure has similar patterns for all

stations under analysis.

In order to simplify the overall exposition, the weather features of a categorical nature,

such as the month of the year or weekday, are omitted from Figure 3.1.6. Regarding months

of the year, the summer months have lesser road tra�c in Madrid, and consequently have

negative Shap scores or, equivalently, reduce pollution. In other words, the seasonal com-

ponent in the pollution time series presented in the previous section is translated into the

Shap scores assigned to each month.
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Figure 3.1.6: Shap scores for a range of feature values: Escuelas Aguirre. Each point represents
Shap scores of a given feature on a given day. The colour denotes the corresponding feature value. Features
are wind speed (Wind), temperature (Temp), Humidity and air pressure (Barometer). The di�erences
between the three panels are the training time window under consideration. From top to bottom panel,
periods are 2010-01-01 to 2015-12-31, 2011-10-12 to 2017-10-10 and 2013-7-24 to 2019-7-22, respectively.

Figure 3.1.9, presented in Appendix 3.1.7, is analogous to Figure 3.1.5 but for the pro-

tocol variable. As mentioned previously, vertical grey lines correspond to days in which the

protocol was active. The �gure shows a logical behaviour of the model: it assigns zero Shap

scores to the protocol until it is activated for the �rst time. Thus, the �gure shows a zero

until the �rst grey line, which of course, is common to all stations. Furthermore, after the

�rst date on which the protocol was activated, the Shap scores are positive, which might

lead us to think that protocol increases pollution. In addition, there is a large variance

across stations, both in the variability and in the level of the series.

Figure 3.1.7 is central to the analysis. It shows dependencies that explain why the mod-

els assign a positive Shap score to the protocol. Essentially, when it tries to assign a Shap
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Figure 3.1.7: Shap dependence for wind speed values and the Protocol. Each point is a day. Red
(Orange) points are for days in which the protocol was (not) active. Left and right panels are for Escuelas
Aguirre and Plaza Elíptica, respectively.

value to the protocol, it faces an endogeneity problem. The aim is to observe how much

the protocol helps to reduce pollution, but in fact, the protocol is only activated when pol-

lution levels are at their highest over the whole time series, so what the model learns is

the opposite direction of causality: the highest pollution levels are caused by the protocol.

Wind speed has the highest impact on pollution among all of our set of weather features:

high wind speed reduces pollution (negative Shap values) while low wind speed increases

pollution (positive Shap values). This is illustrated both in Figures 3.1.6 and 3.1.7. But,

in addition, this latter �gure shows that the protocol is only activated precisely when wind

speed is low.

Figure 3.1.7 suggests an alternative measure to overcome the endogeneity issue. Instead

of looking at the direct e�ect of the protocol on the pollution level, the key is an indirect

or cross e�ect: does a change in the wind speed have a higher impact when the protocol

is active? The basic idea is the following. Consider variations in the Shap scores between

the minimum and maximum wind speed within the range of wind speed values for which

the protocol is activated, that is, consider the red and orange points in Figure 3.1.7 for

approximately the lowest 10% range of the wind speed values - or for wind speed values

between 0 and 5, thus capturing all of the observations the protocol was activated. Some

of these variations in the Shap scores of the wind speed have occurred when the protocol
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was active and some others, a majority in fact, while it was not. If the protocol is help-

ing to reduce emissions, then the variations in Shap scores (in absolute values) would be

larger when the protocol is active as opposed to when it is not active as the wind speed

increases. Operationally, for each station two regressions were run, in both of them, Shap

scores were regressed against wind speed, restricting the sample to approximately the lowest

10% of the wind speed values. One regression considers only points in which the protocol

was active while the other was run with points in which the protocol was not active. If

the protocol helps within the low wind speed range, an increase in the wind speed has a

higher impact, and thus, a further reduction in the Shap score, for the active protocol data,

that is, for the red points in Figure 3.1.7, thus the corresponding regression slope is steeper.14

The regression results are shown in Table 3.1.2 for the models in Figure 3.1.7 and the

corresponding Figures in 3.1.7.2 in Appendix 3.1.7, which shows the slope of the regression

lines for active and non-active protocol samples, respectively, for each of the eight stations

under consideration. When the regression line for the active case is stepper (larger in abso-

lute value) than the non-active case, the protocol is helping and then a check-mark is shown

in the last column of the table. This indirect measure of the impact of the protocol brings

positive news: for six out of eight stations, the protocol is helping. Furthermore, looking at

the typology of the stations for which protocol does not help, they are located in the north

of the city. Probably more importantly than its geographical location, using Figure 3.1.3,

the two stations for which the protocol fails to help are those with lower emission levels once

seasonality is discounted.

14Analogous �gure to Figure 3.1.7 for all eight stations are included in Appendix 3.1.7
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Station Type Active Non-active Protocol helps?
Arturo Soria North, Background -0.015 -0.015
Juan Carlos I North, Suburban 0.001 -0.002
Escuelas Aguirre Centre, Tra�c -0.060 -0.058
Plaza España Centre, Tra�c -0.044 -0.034
Plaza del Carmen Centre, Background -0.032 -0.032
Méndez Alvaro Centre, Background -0.032 -0.027
Plaza Elíptica South, Tra�c -0.013 -0.012
Vallecas South, Background -0.073 -0.065

Table 3.1.2: Slope of regression lines for Shap dependence plots

Table 3.1.2 shows a snapshot of one of the time series models for the most important

variable in the model: wind. The steadiness over-time of the results of the table as well as

a similar analysis for other weather features were also explored. The cross e�ect of the pro-

tocol with these other features is not so clear. The underlying reason is simple. In order to

identify cross e�ects, it is necessary to have enough variability of the corresponding feature

both when the protocol is activated and when it is not, and the sample under analysis does

not exhibit such variability for other weather features.

In order to see if the protocol variable had any meaningful contribution to the model's

prediction, some additional noise was introduced into the protocol variable. Additional fake

days were added with the protocol suggesting that on these days the protocol was active -

when it was in fact not active in reality. Figure 3.1.13, in Appendix 3.1.7, shows a similar

plot to Figure 3.1.9 in Appendix 3.1.7 but with the addition of some light grey lines which

represent the dates selected as the fake dates. Only dates similar to the dates in which the

protocol was actually activated were selected - i.e. no fake dates in the summer months.

The �gure shows that the model reacts minimally to the introduction of these fake dates

across all stations and only reacts substantially after the �rst introduction of the actual

protocol being activated, and reacts even more when it sees more protocol active dates. It

seems plausible that when the model observed the fake dates there was no shock to the
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NO2 levels during this time, however, when the model �rst encountered the date in which

the protocol was �rst introduced, there would have seen a shock to the NO2 levels on that

date - i.e. reduced speed limits would have reduced the NO2 levels on that day, the model

sees this and attributes this shock to reductions in NO2 levels. Appendix 3.1.7 delivers also

some measure of the goodness of �t of the models.

3.1.6 Conclusions

The evaluation of environmental protocols which are active just a few days per year demand

statistical techniques that go beyond standard linear models. At the same time, some of

those protocols are controversial. This paper considers a case study of one such protocol:

gradually increasing tra�c restrictions when the NO2 levels go beyond some threshold value.

The protocol has been active for just 59 days since it started to operate in 2017. The cost of

such a protocol for citizens, when commuting in a big city like Madrid, are far more obvious

than its positive impact on pollution reduction.

This paper shows that Machine Learning methods can shed light on the evaluation of

policy decisions which may be di�cult to quantitatively measure using traditional regression

models. The dataset contains public daily data on pollution and a number of weather and

seasonal features. The basic �nding is that the protocol magni�es the e�ect on pollution

reduction of an increase in wind speed. Other weather features have also been analysed, but

their impact is not as clear, probably because there is not enough variation in these variables.

Interestingly, the cross e�ect between protocol active and wind speed is heterogeneous across

measuring stations in Madrid. It is particularly stronger in more centrally located stations.

This paper suggests that a rigorous treatment of publicly available information might help

citizens in big cities to know the reward of some pollution reduction protocols.
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3.1.7 Appendix
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Figure 3.1.8: Map of Station Locations in Madrid
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3.1.7.1 Shap scores
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Figure 3.1.9: Shap values for the Protocol. Daily average of Shap scores for the Protocol. Left and
right panels are for Escuelas Aguirre and Plaza Elíptica, respectively.
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3.1.7.2 Shap dependence
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Figure 3.1.10: Shap dependence for wind speed values and the Protocol. Plaza de España (left
panel) and Juan Carlos I (right) are tra�c and suburban station, respectively.
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Figure 3.1.11: Shap dependence for wind speed values and the Protocol. Arturo Soria (left
panel) and Vallecas (right) are both background stations.
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Figure 3.1.12: Shap dependence for wind speed values and the Protocol. Plaza del Carmen (left
panel) and Méndez Alvaro (right) are both background stations.
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3.1.7.3 Data characteristics

Start End Days Active

2017-03-09 2017-03-11 3
2017-09-28 2017-10-01 5
2017-10-10 2017-10-15 6
2017-10-23 2017-10-28 6
2017-11-15 2017-11-24 10
2017-12-05 2017-12-08 4

2018-01-23 2018-01-24 2
2018-12-05 2018-12-07 3
2018-12-11 2018-12-12 2
2018-12-25 2018-12-28 4

2019-01-01 2019-01-06 6
2019-01-15 2019-01-18 4
2019-02-26 2019-03-01 4

Total 59 days

Table 3.1.3: NO2 Protocol Dates

Feature Values

Temperature Fahrenheit
Wind speed MPH
Humidity Percentage
Barometer HG

Weather categorical
Mostly Cloudy, Passing Clouds, Scattered Clouds,

Fog, Sunny, Light Rain and Rain
Holiday Binary
Month Integer (1 to 12)
Weekday Binary
Weekend Binary

Weekend on Holiday Binary

Table 3.1.4: Seasonal and Weather features
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3.1.7.4 Robustness and prediction
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Figure 3.1.13: Robustness for protocol with fake dates. The light grey lines from 2016 to 2017
indicate fake protocol active dates. The darker grey lines are the actual dates the protocol became active.
Left and right panel are for Escuelas Aguirre and Plaza Elíptica, respectively.

Machine Learning is largely focused on prediction. In each of the 1369 models it was
held out a sample of 1 observation for each model, thus there are 1369 out-of-sample testing
points. These out-of-sample predictions were compared to the actual observed NO2 levels
for each station. Table 3.1.5 shows a series of performance metrics.

The analysis here is restricted to the Symmetric Mean Absolute Percentage Error (SMAPE),
see Makridakis (1993). The lowest prediction errors are for Plaza Elíptica, located in the
South West, with errors of around 26%, followed by three stations located closest to each
other in the centre, Plaza España, Plaza del Carmen and Escuelas Aguirre, with errors
ranging between 29.0% and 31%. The prediction errors for stations Arturo Soria, Mendez
Alvaro and Vallecas, located in the East, South and South East, respectively, range between
38% and 43%. Finally, the highest error is for Juan Carlos I, located in the North East,
with an error of 57%.

It appears that the station with the lowest SMAPE score, Plaza Elíptica, has the highest
(365 day) rolling average pollution levels, whereas the highest SMAPE station, Juan Carlos
I, has the lowest pollution levels, according to Figure 3.1.3 - recall that all stations NO2

levels were scaled between the minimum and maximum values across all stations. Plaza
España and Plaza del Carmen follow a similar 365 day rolling average time series and they
have a comparably similar SMAPE score also.
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Station Performance Metrics

MSE RMSE MAE MAPE SMAPE
1
N

N∑
i=1

(yi−ŷi)2
√
MSE 1

N

N∑
i=1
|yi−ŷi| 1

N

N∑
i=1
| yi−ŷi

yi
|

√
1
N

N∑
i=1

2·|yi−ŷi|
|yi|+|ŷi|

Arturo Soria 0.0149 0.1221 0.1002 0.3613 0.4369
Escuelas Aguirre 0.0161 0.1269 0.1022 0.3459 0.3184
Mendez Alvaro 0.0151 0.1227 0.0991 0.3640 0.4349
Juan Carlos I 0.0126 0.1122 0.0922 0.4615 0.5730
Plaza Elíptica 0.0126 0.1123 0.0866 0.2611 0.2666
Plaza España 0.0095 0.09767 0.0763 0.2992 0.2932

Pza del Carmen 0.0089 0.0943 0.0773 0.2694 0.2962
Vallecas 0.0120 0.1092 0.0887 0.3506 0.3883

Table 3.1.5: Performance errors: For all 8 stations: The data was previously scaled based on the
minimum and maximum values across all stations for each time-series rolling model.
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Chapter 3.2

Lag and Lead Protocol: Search for

Instrumental Variables

This section aims to address the problem of endogeneity of the explanatory variables. The
reverse causation occurs with the activation of the protocol. The protocol is activated when
the pollution levels in Madrid pass a given threshold and the protocol is deactivated when
the levels fall back down.

In order to try and address this problem, the focus has been placed on a single measuring
station, Escuelas Aguirre which was one of the stations presented in the main text. The idea
is to adjust the protocol variable, leaving all other variables �xed. That is, the �rst analysis
does not alter the protocol variable, the XGBoost model sees the true protocol activation
date. The second type of analysis adds a lead of seven days to the protocol variable, keep-
ing all other variables �xed. The third type of analysis adds a lag to the protocol variable,
keeping all other variables �xed. For example, by adding a seven day lag to the protocol
variable we have removed the endogeneity problem since today's pollution is not causing
the protocol's state seven days in the past, the same goes for adding a lead.

Essentially, we have a problem of simultaneous mutual dependence between a regressor
and the dependent variable. The classical solution in Econometrics for that is the use of
an instrumental variable, which must be correlated with past values of the regressor and in
addition it must be simultaneously uncorrelated with the response variable. Very frequently,
the lagged regressor itself meets trivially those two requirements. Regardless the choice of
instrument, as with any other regressor, we need enough variability of the instrumental
variable within our sample in order to identify its e�ect on the dependent variable. We
have tried with di�erent lags, within a reasonable range, of the protocol, and the lack of
variability seems crucial. As mentioned in the paper, the protocol has been activated a very
small number of days along the sample period (59 days in total). Accordingly, the switch
between active and inactive occurs very few times in our sample, which means that taking
a few days lag (or lead) is roughly taking the same observations. This is basically what
the analysis that follows illustrates. Below each of the �gures we present the analysis of
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the di�erent plots. All plots which report a lead / lag follow the same structure, such as,
panel (a) will show the results when the analysis has no lead or lag. Panel (b) will show the
results when the analysis has a lead of seven days and �nally panel (c) will show the results
when the analysis has a lag of seven days. All other variables remaining constant in time.
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(a) No lag or lead
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(b) Lead of seven days
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(c) Lag of seven days

Figure 3.2.1: Wind Shap scores. The results do not change all that signi�cantly upon
visual inspection since the Shap scores for the wind variable do not shift seven days into the
future or past. That is, we held the wind variable �xed (only adjusting the protocol variable)
so, it is to be expected that the results will not change signi�cantly for this variable.
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(b) Lead of seven days

0.000

0.002

0.004

0.006

2016 2017 2018 2019
Year

A
ve

ra
ge

 S
ha

p 
S

co
re

(c) Lag of seven days

Figure 3.2.2: Protocol Shap scores. When there is no modi�cation to the protocol
variable (no lead or lag) the Shap scores are higher at the point of activation of the protocol,
as opposed to when the protocol variable is shifted. Panel (b) and (c) show the Shap scores
when the protocol is activated seven days before or seven days after the true event and the
magnitude of the Shap impact is halved.
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(a) No lag or lead
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(b) Lead of seven days
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(c) Lag of seven days

Figure 3.2.3: Shap scores and wind speed. Each point is a day in the data. Red points
correspond to days that the protocol was activated. Panel (a) - no lead or lag shows us that
the protocol is activated only on days in which wind speed is low. The second plot shows
the protocol pushed forward seven days. There are now some days in which the model and
corresponding Shapley computations are seeing the protocol being activated when the wind
speed is high. When the wind speed is high enough, the pollution gets pushed out of the
city and there is less pollution inside Madrid. However, the model should associate the
protocol with higher levels of pollution when �rst activated. Panel (c) shows similar results,
the model now sees the protocol being activated on days when the wind speed is su�ciently
high also. These days/points are given negative Shap scores.
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(c) Lag of seven days

Figure 3.2.4: Regression results from Figures 3.2.3a to 3.2.3c. In order to compute
the regressions, the data is �ltered to just the points below the actual wind value of 5 in
the previous �gures, in order to be consistent with the original paper. Two regressions are
computed for the active and inactive data points and the slopes are compared. Panel (a)
shows the regression when there is no shift in the protocol variable. The slope is steeper
when the protocol is activated (blue line) than when it is not (red line). Panel (b) doesn't
show the same relationship and shows that the slopes are almost the same. Panel(c) shows
the opposite relationship. The lower panel of each of the �gures shows the rolling p-values
for the active and inactive regressions. The p-values are statistically signi�cant except in
the �rst few days in which the protocol was �rst activated (the black line corresponds to
the 5% signi�cance level).
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Figure 3.2.5: Monthly Shap values. For each month the Shap values are computed and
the data is represented by the active protocol (blue) and the inactive protocol (orange). The
warmer months take on negative Shap values with the exception of August (less people in
Madrid to cause pollution) whereas the colder months take on positive Shap values. The
plot also shows that the protocol is only ever activated in the colder months.
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Figure 3.2.6: Shap scores for the protocol variable with fake dates. The introduction
of fake protocol dates is fed into the model, lighter grey horizontal lines denotes the false
dates and darker grey horizontal lines denotes the real dates. If the protocol was not
contributing anything to the model then we would not expect to see any distinction between
the fake protocol active dates and the real protocol active dates. The �gure shows that Shap
values reacts more strongly on the �rst day the protocol is introduced (date the protocol
was �rst introduced: 2017-03-09 - 2017-03-11). It was introduced for just 3 days and at
this point the model began to assign Shapley scores, assigning more as it sees more protocol
active dates.
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Chapter 4.1

Identifying mortality characteristics in

COVID19 patients

Abstract: In this paper, we apply a series of Machine Learning models to a recently
published unique dataset on the mortality of COVID19 patients. We use a dataset consisting
of blood samples of 375 patients admitted to a hospital in the region of Wuhan, China. There
are 201 patients who survived hospitalisation and 174 patients who died whilst in hospital.
The focus of the paper is not only on seeing which Machine Learning model is able to
obtain the absolute highest accuracy but more on the interpretation of what the Machine
Learning models provide. We �nd that age, days in hospital, Lymphocyte and Neutrophils
are important and robust predictors when predicting a patients mortality. Furthermore,
the algorithms we use allow us to observe the marginal impact of each variable on a case-
by-case patient level, which might help practitioners to easily detect anomalous patterns.
This paper analyses the global and local interpretation of the Machine Learning models on
patients with COVID19.

JEL Codes : H51 (Government Expenditures and Health), I18 (Public Health), C01
(Econometrics).

4.1.1 Introduction

The interest in COVID19 in the academic and data science community has been growing at
an unprecedented rate since its outbreak, with new datasets being released on a continuous
basis.1 In this paper we use a unique dataset recently published in the supplementary ma-
terial of Yan et al. (2020a). They applied a Machine Learning algorithm, Extreme Gradient
Boosting (XGBoost) on blood samples from 485 infected COVID19 patients. From their
sample, we downloaded patient blood sample features for 375 patients, 201 patients who
survived and 174 who perished from COVID19 between January and February 2020. As
far as we are aware this dataset is the only dataset publicly available that contains patient
characteristics on who survived and who died from COVID19 and due to the sensitivity of

1https://www.kaggle.com/allen-institute-for-ai/CORD-19-research-challenge/
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such patient-level information, such datasets are hard to come by.

In contrast to Yan et al. (2020a), we take a more data science approach. We compare
other Machine Learning models to XGBoost. We also present a way to analyse individual
patient-by-patient predictions quickly, which may be useful in high-stress environments in
the case another pandemic outbreak occurs in the future. Additionally, this patient-by-
patient analysis is potentially very relevant, as the marginal e�ect of a given feature might
change from one patient to another depending on other feature values. Additionally, we
aggregate the patient-by-patient analysis to deliver feature importance scores for the whole
sample. For that, we use Shapley values, which is a concept recently taken from cooperative
game theory and applied to Machine Learning. It measures the contribution of each feature
value, abstracting away from the model speci�cation. Finally, we apply what-if analysis from
the Machine Learning model, which answers the question, how does the predicted probability
of mortality change with a marginal increase (decrease) in the patient's characteristics, such
as, age or number of days spent in the hospital when all other variables are held constant.

4.1.2 Literature review

There is an ever-increasing literature in relation to COVID19 not just from medical sciences
but from all angles of the scienti�c community. We keep this literature review speci�c to
Machine Learning applications to the COVID19 pandemic however some other sciences have
also analysed the COVID19 situation. Fernandes (2020), Atkeson (2020) and Makridis and
Hartley (2020) analysed the economic impact of COVID19, whereas Wang et al. (2020)
analysed the psychological impact on children during the COVID19 lock-down.

To date clinical studies have found that the majority of COVID19 patients have su�ered
from lung infection and therefore many academics have sought X-ray imagery for early auto-
matic detection systems. Apostolopoulos and Mpesiana (2020), Narin et al. (2020), Zhang
et al. (2020), apply di�erent Neural Networks on lung X-ray images in order to classify
patients with and without COVID19. Wang and Wong (2020) apply deep convolutional
networks on chest X-Ray images to detect patients with COVID19. They released their
dataset as an open-source benchmark dataset which contains 13,975 chest X-Ray images.
Majeed et al. (2020) apply 12 convolutional neural networks on X-Ray images. They use two
COVID19 X-Ray image datasets along with a large image dataset of non-COVID19 viral
infections, bacterial infections and normal X-Rays. Shi et al. (2020) o�ers a comprehensive
literature review of Arti�cial Intelligence methods applied to imagery data in relation to
COVID19.

Randhawa et al. (2020) applied a decision tree approach to analyse over 5000 unique vi-
ral genomic sequences including 29 COVID19 virus sequences. Arentz et al. (2020) discuss
a number of patient characteristics of 21 critically ill patients with COVID19 in Washington
State. The patients they analysed has a mean age of 70 years (min 43, max 92) with 52%
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being male. The characteristics of these critically ill patients related to this study were a
mean absolute lymphocyte count of 889/µL, mean platelet count 103/µL of 215 and a mean
white blood cell count of 515/µL.

Wynants et al. (2020) apply a review and critical appraisal of 27 studies and 31 predic-
tion models from the academic community. They found that the most important reported
predictors for patients with COVID19 were age, sex, tomography scan features, C reactive
proteins, lactic dehydrogenase and lymphocyte count. They state that all studies were at risk
of high bias due to non-representative selection of control patients and high risk of model
over-�tting. Salman et al. (2020) achieved a 100% sensitivity, 100% speci�city, 100% accu-
racy, 100% Positive Prediction and 100% Negative Prediction when applying deep learning
models on the detection of COVID19 from 260 X-Rays images.

Yan et al. (2020b) analysed patients with COVID19 and found that fever was the most
common initial symptom, followed by a cough, fatigue and shortness of breath. They used
over 300 variables and found that lactic dehydrogenase, lymphocyte and high-sensitivity
C-reactive protein were key clinical features. Chen et al. (2020a) analysed the clinical char-
acteristics of COVID19 in pregnancy, they found that out of 9 patients, 7 presented a fever,
4 a cough, 3 muscle pain and 2 a sore throat.

There is a fast-growing literature proposing Machine Learning models to predict COVID19
mortality. An illustrative -though ever-expanding- list of works are the following: An et al.
(2020), Assaf et al. (2020), Bertsimas et al. (2020), Chowdhury et al. (2020), Di Casteln-
uovo et al. (2020), Ikemura et al. (2020), Laguna-Goya et al. (2020), Lalmuanawma et al.
(2020), Malki et al. (2020), Metsky et al. (2020), Osi et al. (2020), Peng and Nagata (2020),
Randhawa et al. (2020) and Singh et al. (2020). In our analysis and like many of the pa-
pers listed previously, we will compare di�erent Machine Learning models in terms of their
predictive capacity. In contrast to most of these papers, we go a step further in trying to
understand the models predictions by observing �gures for patient-level case studies. The
use of Shapley values, which is absent in all of the previous papers, will be essential for that.
Our motivation is purely practical: a practitioner, a non-expert in Machine Learning, who
aims to understand the prediction that the application (Machine Learning) is generating for
a given incoming patient at the triage room in a hospital.

185



0

5000

10000

15000

Feb Mar Apr May
2020

# 
C

as
es

Confirmed cases: Hubei, China

Figure 4.1.1: Con�rmed cases for the region Hubei, China which contains the hospital in
which the data was collected from. The darker region contains the region under analysis.

4.1.3 Data

The data used in this study can be found in the supplementary material from Yan et al.
(2020a).2 The original dataset was collected between the 10th January to the 18th February
2020, pregnant, breastfeeding women and patients under 18 years of age, along with patients
with more than 80% incomplete data were omitted from their dataset. In total there were
375 patients in the dataset, 201 patients who survived and 174 patients who died from
COVID19. Figure 4.1.1 reports the number of con�rmed cases for the region Hubei, China.
The shaded region indicates the time period for which we have the data which contains the
most con�rmed cases.

4.1.3.1 Summary statistics

The summary statistics, reported in Table 4.1.1, show that there are distinct di�erences
between patients who survived and passed away from COVID19. On average older patients
were most likely to pass away as a result of COVID19, additionally the longer you stayed in
the hospital the higher the chances of survival. The blood sample data also show signi�cant
di�erences between the two classes. Whereas there seems to be a heavy skew of males who
passed away from COVID19 in the dataset.

The original dataset contained a signi�cant number of missing values. Panel (A) in
Figure 4.1.11 in the Appendix reports the percentage of missing values for each patient, by
patient outcome, whereas Panel (B) in Figure 4.1.11 reports the number of missing values
for each variable, by patient outcome. For a number of patient cases, the number of missing
values are high - above 60% whereas the number of cases by variable is also high ≈ 100%
for many variables. We therefore �lter out these variables and use a cut-down version of the
data. We set a cut-o� percentage threshold of 50% - that is, all variables with more than

2https://www.nature.com/articles/s42256-020-0180-7
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Survived Perished

0 1
Age
Mean 50.23 68.75
SD 15.02 11.83

Days in Hospital
Mean 13.42 7.91
SD 6.72 7.36

Lymphocyte Count
Mean 1.46 0.62
SD 3.99 0.35

Lymphocyte
Mean 24.47 7.25
SD 11.15 5.43

Neutrophils Count
Mean 3.61 10.10
SD 2.21 5.92

Neutrophils
Mean 66.03 87.64
SD 13.64 8.05

Gender (Percent)
Females 51.00 28.00
Males 49.00 72.00

Table 4.1.1: Summary statistics of patient characteristics

50% of NA values were removed, given by the vertical line in Figure 4.1.11.

Figure 4.1.12 plots an alluvial plot showing the distribution of patients by gender,
mapped into the number of weeks that patient spent in hospital, then mapped into an
age category, �nally, mapped into that patients outcome. It is clear that a larger proportion
of the gender 0 category who spent less than a week in the hospital and was over 60 years
of age died of COVID19 related illnesses. The gender category 1 fared signi�cantly better
when following a similar path.

Figure 4.1.13 in the Appendix plots the characteristics of age and age bins on the out-
come variable. Panel B shows the outcome by age bins. The triangles on the left side show
the outcome of mortality whereas the right side shows the outcome of survival. The size
of the triangle dictates the number of patients in that outcome. For instance, we can see
that for age bins (30, 40] there is a larger triangle on the right side than its corresponding
colour on the left side (which is 180 degrees opposite). Therefore the patients in the age bin
(30, 40] had a high success rate of survival. Moreover, contrast that with the (80, 90] age
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bin and we see an opposite trend - a higher triangle on the left side of the plot than the
right side of the plot, indicating more people in this age bin perished. Panel (A) shows the
violin plots for the age variable by gender and outcome. We can see that there is a distinct
bump in the kernel density plot for males around the ages of 30 for the patients who died
which is not seen in the sample of the patients who survived.

4.1.4 Results

We next report the comparisons between di�erent Machine Learning models and show the
interpretability from the classi�cation tree model. Moreover, we show four patient-level
case studies along with variable importance plots demonstrating which variables the mod-
els found most important. Additionally, we report model interpretation from a subset of
co-operative game theory, SHapley Additive exPlanations (SHAP) scores from one of the
models. Finally we report ceteris paribus & what-if analysis of a patients survival prob-
ability. We discuss each of the above in more detail in each of the corresponding subsections.

4.1.4.1 Machine Learning Comparisons

Metric Naive.Bayes Logistic.Regression Random.Forest adaBoost Classi�cation.Tree Light.GBM XGBoost
Accuracy 0.84 0.91 0.90 0.83 0.81 0.88 0.93
Sensitivity 0.86 0.97 0.94 0.88 0.86 0.93 0.95
Speci�city 0.83 0.84 0.84 0.79 0.77 0.85 0.90
Precision 0.80 0.88 0.87 0.77 0.75 0.83 0.89
F1 0.83 0.92 0.91 0.82 0.80 0.88 0.92

MCC 0.68 0.82 0.79 0.67 0.62 0.77 0.85
AUC 0.84 0.91 0.89 0.83 0.81 0.89 0.93
AUPRC 0.84 0.91 0.88 0.85 0.82 0.90 0.94
TP 36.00 35.00 34.00 37.00 36.00 39.00 40.00
FP 6.00 1.00 2.00 5.00 6.00 3.00 2.00

FN 9.00 5.00 5.00 11.00 12.00 8.00 5.00
TN 43.00 26.00 26.00 41.00 40.00 44.00 47.00

* Note: The Logistic Regression and Random Forest model removes missing values from its �nal results and cannot be adequately
compared with the other results.

†

MCC: Matthew's Correlation Coe�cient
AUC: Area Under the Curve
AUPRC: Area Under the Precision Recall Curve
TP: True Positive | FP: False Positive | FN: False Negative | TN: True Negative

Table 4.1.2: Comparison of di�erence Machine Learning models

We split the sample of 375 observations up into a training and testing dataset, in which
75% corresponds to the training data and 25% corresponds to the testing data. The above
table reports the confusion matrix statistics for a number of Machine Learning models such
as Naive Bayes, Logistic Regression, Random Forest, adaBoost, Classi�cation Tree, Light-
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GBM and XGBoost.3 Each of the models show very similar performance metrics, with the
ensemble learning models performing slightly better over the more simpler models.

4.1.4.2 Classi�cation Tree

Figure 4.1.3 plots an example of a decision tree from the Classi�cation Tree model. Roughly,
a decision tree, or simply a tree, represents a piece-wise mapping from a set of features, such
as Neutrophils or age, into a response variable, which in our application is probability of
mortality. Machine Learning algorithms, such as XGBoost, select the tree (or collection of
trees) that minimizes some loss function.4 Naturally, to select a tree conveys to select both
the order of the features as we move down the tree and the threshold values at each split.

In the �gure 4.1.3, as we go downward, the �rst split at the �rst node, is made on
Neutrophils which shows the predicted probabilities of being in each class along with the
percentage of the observations in this split. We can see that patients who have Neutrophils
levels x < 79 and age x < 63 fall into node4 which contains 44% of the total observations
and has predicted probabilities of 0.93 of survival and 0.07 of mortality. Therefore, patients

3Note: We omit Neural Network, SVM and K-nn models since there is a substantial amount of missing
values in the data and an insu�cient number of data points to adequately impute the missing values.

4For instance, XGBoost uses a loss function that weights prediction errors and complexity of the tree.
For more details, see Chen and Guestrin (2016).
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who fall into this terminal node are predicted to survive. Contrast that with a more complex
non-linear node at node21 where patients have the following characteristics Neutrophils of
x < 79, age of ≥ 63, Eosinophils of x < 0.1 and Days in hospital of x < 7 fall into node21
which has a predicted probability of 0.17 of survival and 0.83 of mortality, 9% of the sample
fell into this node. To �nalise, people who followed a similar path down the decision tree
but stayed in the hospital for more than 7 days fell into node20 where they had a predicted
probability of survival of 0.67 and 0.33 probability of mortality, 10% of the sample fell into
this terminal node and thus the model found that the length of time spent in hospital has
a signi�cant impact on the probability of survival.
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Figure 4.1.3: Decision Tree from the Classi�cation Tree Model
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4.1.4.3 Case Studies (Local Level)

A single decision tree as depicted in Figure 4.1.3 is highly interpretable but not very good at
prediction as is evidenced by the worst performing model in the column Classi�cation Tree.
In order to overcome this issue of performance, an ensemble of decision trees can be used
to make a prediction. The combination of decision trees improves greatly the prediction,
though interpretability becomes a priori more complex. In this section, we show how more
advanced decision tree models can be interpreted through case studies.

What sets the XGBoost model (along with other tree models) apart, from traditional
black-box Machine Learning models is that it is possible to see how each variable contributes
to the overall prediction for each observation or patient in the model. There are four possible
cases, each representing a di�erent position in the confusion matrix - or each representing
one of the statistics of a True Positive (TP), False Positive (FP), True Negative
(TN) and False Negative (FP). We brie�y discuss the results for two of the cases, leav-
ing the other two in Figure 4.1.14 in the Appendix.

True Positive (TP). Panel (A) in Figure 4.1.4 shows the breakdown of how a pos-
itive case (deceased) was correctly predicted. Given a particular variable, shown in the
x-axis, a log-odds score is calculated (displayed inside each box), the sum of the log-odds
scores are summed up in a cumulative manner and a �nal log-odds score is given (dis-
played in the �nal black box) and then a logistic function is applied to the �nal log-odds
result in order to obtain a predicted probability (shown on the y-axis). The horizontal line
demonstrates a y∗ = 0.5 probability cut-o� threshold. Patients above this line are clas-
si�ed as deceased and patients below this line are classi�ed as survived. Notice, that the
�nal log-odds prediction score is 1.19, which is assigned a predicted probability of mortality
(1 + exp(−1.19))−1 = 0.77. False Negative (FN). Panel (B) in Figure 4.1.4 shows a pa-
tient who was incorrectly predicted to have survived. The model incorrectly predicted that
the patient would have survived with a �nal log-odds score of -1.26 and a subsequent sur-
vival probability of (1+exp(−−1.26))−1 = 0.22, sitting below the cut-o� threshold y∗ = 0.5.

4.1.4.4 Feature Importance (Global Level)

From the case studies presented previously in Figure 4.1.4 we can see that certain patient
characteristics are often given the largest (in absolute) values log-odds scores regardless of
whether the patient survived or died. Such features include, age, daysInHospital, Lym-
phocyte and Neutrophils. That is, the variables presented in the summary statistics table
previously.

Panel (A) and Panel (B) in Figure 4.1.5 reports the variable importance scores from
both the XGBoost and LightGBM model. We can see that the most important variables
are consistent across both models, with age, daysInHospital, Lymphocyte and Neutrophils
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Figure 4.1.4: Two Case Studies, a True Positive (TP) and False Negative (FN). Figures
inside each bar represent log-odds scores with the �nal black bar being a summation of
all preceding bars scores. A logistic function is applied to the �nal log-odds result and a
prediction probability is obtained (shown on the y-axis). The horizontal line at point 0.5
represents the y* cut-o� threshold. The �gures on the x-axis correspond to the values of
the variables.

being ranked in the top four in both.

From Figure 4.1.4 we can see that di�erent individual patient characteristics are associ-
ated with di�erent (positive & negative) prediction scores. From Figure 4.1.5 we can also see
that certain variables contribute more to the model than other variables. Moreover, Figure
4.1.5 does not tell us whether, for example, di�erent ages contribute more or less to the
probability of mortality, just that age is important at a global level. In order to overcome
this issue we turn to a subset of coalition game theory and analyse Shapley values.

4.1.4.5 Cooperative Game Theory (SHapley Additive exPlanations)

Shapley values, which is a classical concept in cooperative game theory, see Shapley (1953)
has been recently applied to understanding a Machine Learning models predictions, see
Lundberg and Lee (2017) and Lundberg et al. (2018). Shapley values o�er a global interpre-
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Figure 4.1.5: Feature Importance Scores for XGBoost and Light GBM

tation where we can measure how patient characteristics contribute - positively or negatively
to the prediction of mortality. A similar measure is shown previously in Figure 4.1.5, how-
ever, unlike the feature importance plot shown there we are now able to see the positive or
negative relationship between each variable and patient mortality prediction.

That is, given Figure 4.1.6 we can see that age has the greatest variability in Shapley val-
ues. Low values of age correspond to younger patients and more importantly, are assigned
negative Shapley values and thus it tends to reduce the prediction of mortality. Contrast
that with high values of age which corresponds to older patients and more importantly are
assigned positive Shapley values and thus it has a higher marginal impact on the prediction
probability of mortality. Conversely, the variable daysInHospital has the opposite impact.
The higher the number of days the patient remains in hospital is associated with a negative
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marginal impact on the prediction of mortality whereas, the lower the number of days the
patient remained in hospital is associated with a positive marginal impact on the prediction
of mortality. Other variables follow similar and very distinct patterns. Figure 4.1.17 in
the Appendix plots the mean Shapley values for each variable for the highest average Shap
scores, which is somewhat similar to Figure 4.1.5. We note that the top four variables are
consistent across models and across evaluation criteria.

Shapley Values also give a local interpretation and each patient obtains a total Shapley
value (a summation of each of the variables Shapley value). This allows us to explain why
a patient receives its prediction and the corresponding contribution of each feature. Figure
4.1.15 in the Appendix shows the breakdown of the four most important variables for all pa-
tients in the dataset, ranked by each patient's total Shapley value (lowest to highest by each
outcome). Figure 4.1.7 shows four randomly sampled case studies, two from the deceased
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side and two from the survived side of Figure 4.1.15 (where the background is coloured
by red = deceased & blue = survived) along with that patients feature characteristic for
the four most important variables in the model age, daysInHospital, Lymphocyte and Neu-
trophils.5 That is, we get to see the patients characteristics along with the corresponding
Shapley value assigned to that feature. Note, that these plots di�er signi�cantly from those
presented in Figure 4.1.4 since the Shapley value plots are derived from the training data
whereas the XGBoost case studies are obtained from the test data. Moreover, the Shapley
value case studies can be thought of as why the model learned a mapping of features to a
prediction whereas the XGBoost case studies can be thought of as why the model made
a mapping of features to a prediction. Figure 4.1.15 is essentially the patient observations
presented in Figure 4.1.7 but stacked more compactly side-by-side (and without the patients
feature attribution characteristic.
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Figure 4.1.7: Shapley values for a sample of four observations of patient characteristics for
the top four variables in the model. The background colour indicates the mortality rate -
red = deceased and blue = survived. The numbers in the title of the plot correspond to
the patient ID in the dataset. The text on the left-hand-side of the bars contain the Shaply
value whereas the text on the right-hand-side of the bars contains the feature characteristic
for that patient. The y-axis contains the summation of the features Shapley values for that
patient.

We next study the non-linear interaction e�ects of di�erent variables on the positive and

5Note that Figure 4.1.15 in the Appendix is a compressed and stacked version of Figure 4.1.7 and
therefore we are able to obtain similar �gures to that of Figure 4.1.7 for all patients along with their
corresponding patient characteristics and Shapley values.
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negative Shapley values. Panel (A) in Figure 4.1.8 shows the interaction e�ects of patient
age and its corresponding feature Shapley value. Each point represents a patient, colour-
coded by that patients Lymphocyte value, older patients have lower Lymphocyte values and
are mostly placed in the upper right-hand-side of the plot in which they were given positive
Shapley values. Recall, positive values to the prediction of mortality. Younger patients
tended to have higher Lymphocyte values and subsequently obtain negative Shapley values.
Panel (B) in Figure 4.1.8 shows the interaction between the number of days a patient spent
in hospital and that patient's corresponding Shapley value, colour-coded by each patient's
outcome. A far higher proportion of deceased patients occur on the left-hand-side of the
horizontal line (< 10.5 days in hospital) when compared with the survived patients. These
patients are given positive Shapley values.
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4.1.4.6 Ceteris paribus

Finally, Figure 4.1.9 plots the models what-if analysis for a single patient. We can see that
when holding all other variables �xed how the model's prediction probability changes with
changes in the x-axis or changes in the patient feature characteristic. That is, given that
this patient had an age of 66, when holding all other variables �xed an increase in that per-
son's age increases the predicted probability of mortality. Moreover, the patient also spent
7 days in the hospital and thus if the patient spent more than 10 days in hospital the what-if
analysis suggests that the patient would have a marginally lower predicted probability of
mortality - holding all other variables constant. Similar analysis can be carried out for all
patients and for all variables.
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Figure 4.1.9: What-if analysis for the four most important variables in the model. The
vertical dotted black line corresponds to the patients true characteristic (shown on the
x-axis) and the horizontal dotted line corresponds to the models predicted probability of
mortality. The intersection of the two lines shows where the patients true value / predicted
probability lies. The points show how the predicted probability changes with changes in the
x-axis (patient characteristic) holding all other variables �xed.
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4.1.5 The Issue of Endogeneity

The dataset under analysis in this chapter contains cross-sectional information. For each
patient, we have a snapshot of their health condition at the time of admittance to the hospi-
tal, along with how many days the patient spent in hospital and the outcome of the patients
condition, survived or not. It is quite natural to think that the patients initial condition
determines both, the number of days they stayed in hospital and their survival status. Thus,
among these two later features, to establish which one is the dependent and which one is
the explanatory variable is rather arbitrary. In other words, it is arbitrary to say which one
is endogenous and which is exogenous.

In this section, we take a di�erent approach, by restricting ourselves to the relationship
in which the causality direction is obvious. Clearly, the initial health condition determines
how many days the patient is in hospital, but not reversely. Thus we use a Machine Learn-
ing algorithm to estimate that relationship, without using the survival status at all. The
outcome is a model that predicts the number of days in hospital from the conditions at the
patients arrival time. We proceed analogously to study the causal relationship from initial
health conditions to the survival status, disregarding information on how many days the
patient spent in hospital. The outcome from this second model predicts a probability of
mortality from the conditions at the point of arrival. To summarise, two di�erent models
predict respectively two di�erent response variables for any given patient from a set of com-
mon explanatory variables.

This analysis allows us to emphasize the relationship between both responses. Figure
4.1.10 shows a scatter-plot, each point is a patient with their corresponding prediction for
mortality in the horizontal axis and for days of hospital in the vertical axis. The analysis was
restricted only to survivors, so we can interpret the predictions as conditional on surviving.
The reason to take only survivors is that most of the deceased people were in hospital for a
very short period. In a sense, we interpret them as people who left going to hospital too late
and when they eventually arrived at hospital they only had a few days at most left of their
life. Recall, that this dataset was collected during the �rst wave in China where hospitals
were less equipped for an in�ux of patients.

Essentially, the �gure shows a slightly negative slope of the linear �t to the points: those
who are predicted to stay longer in hospital are also predicted to have a lower probability
of mortality.
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Figure 4.1.10

4.1.6 Conclusion

This paper analyses a number of patient characteristics by applying a series of Machine
Learning models in order to predict the mortality of patients admitted to the hospital with
COVID19. There were 375 patients in the dataset with 201 patients who survived and
174 patients who died from COVID19. Ensemble tree-based models obtained the highest
prediction scores over more simplistic - yet easier to understand - classical models.

We focus our analysis on the interpretability of Machine Learning models. Firstly, by
introducing patient case studies for each quadrant in the confusion matrix which helps
understand why a model made a correct prediction or not. We also show that there is
consistency in both across models and across evaluation criteria on what the four most
important variables are. Moreover, we �nd that the variables age, daysInHospital, Lym-
phocyte and Neutrophils are the most important variables when making a prediction. We
discuss how variations in patient characteristics have a positive and negative e�ect on the
model's prediction through the use of SHapley Additive exPlanations (Shapley values) from
cooperative game theory. Moreover, we use patient-level Shapley values to understand how
the model assigns Shapley scores to each patient based on each patient's characteristics for
four case studies. We also study the interaction between patient characteristics and their
corresponding Shapley values. Finally, we brie�y discuss ceteris paribus analysis in order to
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understand how the models predictions change with what-if scenarios.

Tree-based models could be useful in analysing patients during peak epidemic outbreaks
when hospitals may be overloaded and quick analysis is in order, especially given the non-
linear nature of patient characteristics when admitted to hospitals.

The robustness of our �ndings are bound by the diversity of our dataset. We take data
from Yan et al. (2020a), which leverage's a database of blood samples. It would be inter-
esting to apply the Machine Learning algorithms used in this paper to a wider population
of patients. Another relevant dimension worth exploring is to enlarge the range of poten-
tially relevant features, this study primarily focused on blood cell data but, including other
features such as aspartate aminotransferase (AST) and alanine aminotransferase (ALT)
could potentially raise more interesting analysis of patient characterises and morbidity from
COVID19. To summarize, our paper shows a promising direction on how relatively stan-
dard classi�cation trees in Machine Learning combined with Shapley values help to identify
mortality factors for COVID19, however, more robust conclusions require richer datasets.

From a more operational angle, a growing branch of the literature proposes the use of a
number of Machine Learning models, say, at a triage phase in hospitals. In this regard, our
di�erential factor, as mentioned, is to propose patient case studies and patient-level Shapley
values, that can be easily interpreted -learnt- by practitioners in the �eld, even those who
are not so familiar with the terminology used in Machine Learning, which facilitates the real
implementation.

4.1.7 Appendix

4.1.7.1 Data Characteristics
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Figure 4.1.11: Panel (A) reports the number of missing values for each patient, by patient
outcome. Ordered by highest number of missing values. The number of missing values by
case seems to be slightly higher for the patients who perished as opposed to the patients
who survived. Panel (B) reports the number of missing values for each variable, by patient
outcome. Variable names have been removed to save on space. We remove all variables in
the model whose percentage of missing values exceed 50% (as shown by the vertical line).
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7] (less than a week in hospital) and also be in the age category (60, 70]. These patients
would be at high risk of mortality indicated by the red colour �owing through the plot.
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patients. The size of the bars indicate the number of observations in each section, i.e. there
appears to be slightly more males than females in the dataset.
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4.1.7.2 XGBoost Case Studies
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Figure 4.1.14: False Positive (FP). Panel (A) shows a patient that was incorrectly
predicted to be deceased. The model incorrectly predicted that the patient would be
deceased with a �nal log-odds score of 0.53 and a subsequent deceased probability of
(1 + exp(−0.53))−1 = 0.63, sitting just above the cut-o� threshold y∗ = 0.5. True Nega-
tive (TN). Panel (B) shows a patient who was correctly predicted to have survived with a
�nal log-odds score of -1.37 and a subsequent probability of(1 + exp(−− 1.37))−1 = 0.2.
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4.1.7.3 Shapley Values
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Figure 4.1.15: Patient level Shapley values: Each stacked bar represents a patient and that
patients total Shapley score. The accompanying colours represent the individual variable
Shapley scores for the four most important variables in the model (with the result of the
other variables being summed up into the category rest variables). The patients are split
according to whether the patient was deceased or survived and each group is ordered by
that patients total Shapley value.
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reported previously.
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Chapter 4.2

Optimal Attendance Policy in a

Replacement Problem

4.2.1 Introduction

The ability of hospitals, or ICU's, to attend to new patients, has played a central role in
the �ght against COVID19, a �ght whose magnitude and duration has largely surpassed
the prior belief of most of us. Sadly, around the peak days of contagion, hospital sta� have
repeatedly gone through dealing with an insu�cient number of mechanic ventilators. At
these peak days, the big question is: are we using our resources optimally?

Let us pose that question within a more speci�c -oversimpli�ed- scenario. Two patients
need simultaneously medical attention, while there are resources to attend just one patient
at a time. Which one should be attended �rst? Continuing with the example, let us suppose
that the di�erent features to be taken into account from each patient can be summarised
into a single real value, say the probability of mortality. In other words, each patient is
fully characterised by his or her probability of mortality, perhaps by applying a Machine
Learning model on the patient's characteristics, as in the �rst part of this chapter. Still, the
question remains: how to prioritise between them based on the probability of mortality?

A number of conditioning factors must be stated. First, let us suppose the aim is to
minimise the expected death toll, which implicitly assumes each patient's life is equally im-
portant. Second, we must specify how the treatment impacts the probability of mortality,
that is, what is, in terms of that probability, the di�erence between receiving treatment or
not. Third, we claim uncertainty and dynamics matter. The probabilistic nature of the
problem is clear. In addition, it is also clear that not all patients come at the same time,
which does not mean there is no congestion, but that congestion is between current and
future ill people.

We claim that a dynamic optimisation problem, more speci�cally the so-called replace-
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ment problem constitutes a natural mathematical construction that allows us to combine all
of these factors and to study the optimal policy. This is, essentially our contribution with
this paper. We provide a complete characterization of the optimal policy in a two period
problem, while a general treatment of a T -period problem is left for ongoing research. Our
two-period analysis illustrates that prioritising the patient with the higher probability of
survival is rationalised when the probability of mortality is relatively low and, in addition,
the marginal impact of being attended is small, which might have been the modal case for
the COVID19 outbreak in western societies.

The presentation of the rest of the paper is as follows. Section 4.2.2 reviews some
previous literature. Sections 4.2.3 and 4.2.4 present the theoretical analysis, containing the
model and the main results using dynamic programming, respectively. Finally, Section 4.2.5
analyses the two period model.

4.2.2 Literature Review

Weissman et al. (2020) used Monte Carlo simulations of susceptible, infected and removed
(SIR) models to estimate the timing of surges in clinical capacity demand across three hospi-
tals, analysing the best-case and worst-case scenarios of COVID19 hospital capacity. Their
worst-case scenario, across all three hospitals, was 12,650 occupied hospital beds, 1,608 ICU
beds and 599 ventilators which has a 100% probability of exceeding the hospital's current
capacity for beds, ICU and ventilators just from COVID19 patients. Their best-case sce-
nario, across all three hospitals, was 3,131 occupied hospital beds, 338 ICU beds and 118
ventilators which has a 99.6%, 40% and 10% probability of exceeding the hospitals current
capacity for beds, ICU and ventilators respectively just from COVID19 patients.

Previous studies have sought to analyse hospital admission outside of a pandemic envi-
ronment. Hulshof et al. (2016) applies Approximate Dynamic Programming to the problem
of tactical resource allocation and patient admission in hospitals with uncertain treatment
paths and an uncertain number of arrivals in each time period. Hulshof et al. (2013) applies
a tactical resource allocation and elective patient admission planning to allocate available
resources to a number of care processes and determine the selection of patients to be served
which are at a given stage of their care process. They use a Mixed Integer Linear Pro-
gramming (MILP) framework with multi-resource, time and patient groups with uncertain
treatment paths through the hospital. Ayvaz and Huh (2010) applies a dynamic program-
ming approach to solve the problem of resource allocation in hospitals by considering two
types of patients (one who waits in the hospital system until they receive a service and the
other patients leave the system, or are lost if they cannot be accommodated immediately
upon arrival). Asplin et al. (2003) developed a model of emergency department crowding
which partitions the patients into three interdependent components, input, throughput and
output. Their goal was to provide a practical framework on which research and policy de-
cisions can be based in order to alleviate emergency department crowding. Zhao and Lie
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(2010) applies Queuing Theory with Markov Chains (QTMC) and Discrete Event Simula-
tion (DES) to analyse patient �ow through a hospital system.

Monte Carlo simulations have also been applied in order to better understand hospital
admissions under di�erent scenarios. Kahn et al. (2007) studied the e�ect of transferring
critically ill patients to other acute care hospitals. They apply a Monte Carlo simulation from
85 ICUs from 2002 to 2003 and compute a standardised mortality ratio (SMR) computed as
the observed divided by the expected mortality for each ICU. A set number of patients were
randomly assigned to be transferred out alive rather than experience their original outcome.
They �nd that the baseline SMR was 1.06 and in the simulations, when increasing the
number of transfers by 2% and 6% over the baseline, it decreased the SMR by 0.1 and
0.14, respectively. They �nd that increasing the number of critically ill patients out of the
hospital can signi�cantly improve the SMR of an ICU. Antognini et al. (2015) used Monte
Carlo simulations to determine the number of operating rooms needed to minimise patient
waiting times while optimising resources. They used patient arrival data along with the
length of surgical procedures. The number of operating rooms needed to achieve acceptable
waiting times depends on the arrival rate of patients and the length of surgical procedures.
They found that as the number of operating rooms increased the waiting times decreased.
Wu et al. (2019) analysed hospital bed resource planning using Monte Carlo simulations
and queuing theory for hospital bed allocations. They consider di�erent rates of patient
arrival and length of hospital stay. They �nd that the average waiting time for patients in
the system increases with the number of patients, indicating that the system cannot reach
a steady-state and additional beds are required.

4.2.3 The Model

We consider a discrete time �nite horizon model. While the natural unit of time for the
problem under analysis is a day, in this section we refer to it as period, indexed by t, with
t ∈ {0, 1, . . . , T−1}, giving a total of T periods, the terminal period is T−1. To simplify the
analysis, we assume T is known. Two fundamental features of the problem under analysis
are, �rst, there are more patients than resources, and second, patients come sequentially,
thus the whole set of patients cannot be evaluated at once nor at the start. This leads us
essentially to a replacement problem. For the sake of tractability, we assume the resource is
indivisible and unique, say one bed. At every period, a new ill person comes to the hospital,
referred to as a newcomer in the period. The hospital has to make a decision of whether to
release the patient who is currently occupying the bed, denoted as the current patient, in
order to make room for the newcomer or, contrarily, the current patient stays for at least
one more period, while the newcomer is left out.

Within any period t, events unfold as follows. First, the newcomer comes to the hospital.
The severity of his illness is evaluated by a probability of mortality, denoted by ωt. If there is
a current patient, let xt denote his probability of mortality. We assume that, in both cases,
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that probability is a su�cient statistic of the condition of the patient. In addition, θt denotes
the death toll at the start of the period. The pair (xt, θt) conforms the state on the system.
Second, based on ωt and the state, a replacement decision is taken. We denote by ut = 1
when there is a replacement: which means the current patient is released from hospital and
the newcomer takes his place. Contrarily, we denote ut = 0 if there is no replacement, so
that the current patient stays in hospital for at least one more period, while the newcomer
is left out of the hospital. Third, a shock, denoted by εt, is realised, by which the patient in
hospital, either the newcomer or the current patient depending on the period's replacement
decision, dies or not in that period, which is denoted as εt = 1 or εt = 0, respectively. Once
the shock is realised, a new period starts. If there is no survivor at the end of period t, then
period t+ 1 has no current patient, so that the policy at t+ 1 will be trivially ut+1 = 1. The
probability distribution of εt depends naturally on the replacement decision and implicitly
assumes that the probabilities of mortality are correctly computed, that is:

Pr(εt = 1 | ut) = ωtut + xt(1− ut). (4.2.1)

Equation (4.2.1) gives a precise meaning to the probabilities ωt and xt. Both are
overnight, or per-period, probabilities. We assume that, if the patient survives, the probabil-
ity of mortality decreases monotonically over time. Mathematically, there is some function
h with support in [0, 1) satisfying h(0) = 0, h(z) < z for all z ∈ [0, 1) and strictly increasing
such that, if there is no replacement at period t and additionally the patient does not die at
that period, xt+1 = h(xt). In addition, if there is replacement and the patient does not die
at that period, xt+1 = λh(ωt), where λ ∈ (0, 1) is a parameter that measures the overnight
improvement for being in hospital. Since it only applies when there is a replacement, we
implicitly assume that the direct added value of staying in hospital takes place at the very
�rst period of the stay. There is an indirect added value, which we explain below. The
dynamics for the x summarises the above ideas:

xt+1 =
(
h(xt)(1− ut) + λh(ωt)ut

)
(1− εt) (4.2.2)

Suppose a patient is released from hospital when his overnight probability of mortality
is z. Rather than just looking at this overnight probability, when released we should look
at his overall, that is, along some number of periods, counterpart. In the sequel, the words
overnight or overall refer to the corresponding probability of mortality unless otherwise
speci�ed. Let Φ denote a function that maps overnight into overall, so that Φ(z) is the
overall when z is the overnight. The construction of such a mapping involves the iterative
application of h which we demonstrate below. Now, the indirect e�ect of being in hospital
is that because the overnight decreases in the �rst period, the overall also decreases, with
respect to not having been in hospital. Now, at each period t the death toll increases by
one if the patient in hospital dies, and it additionally increases by the overall of the patient
who is left out of hospital. Formally:

θt+1 = θt + Φ(ωt)(1− ut) + Φ(xt)ut + εt. (4.2.3)
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The objective is to minimise the death toll at the end of the time horizon. More specif-
ically, at the start of period T the state vector is (xT , θT ). We aim to select the control
sequence {u0, . . . , uT−1} such as to minimise θT + xT . The control is contingent on the
current state.

4.2.3.1 Exponential decay

We will assume the discrete version exponential decay to model the time evolution of the
overnight, say:

xt+1 − xt = −δxt (4.2.4)

where δ is the decay ratio, which we assume to lie in (0, 1). Obviously, (4.2.4) is equivalent
to take h(x) = (1 − δ)x, so h satis�es the above mentioned properties. To compute the
corresponding overall, we de�ne exogenously a number of periods, say τ , and then we
compute the probability of dying at any period in {0, 1, . . . , τ}, when the initial overnight
is x0. Clearly, there is survival along that whole time horizon if there is no death at any
of those periods. Since the shocks are i.i.d. over time, the overall probability of survival is
the product of all of the overnight probabilities of survival, that is, Πτ−1

t=0 (1− xt). Thus, the
overall probability of mortality is:

Φ = 1− Πτ−1
t=0 (1− xt)

From (4.2.4), we have xt = (1− δ)tx0 for any t. Substituting in the previous expression
we obtain:

Φ(x0) = 1− Πτ−1
t=0 (1− (1− δ)tx0) (4.2.5)

Some properties of Φ are straightforward. Increasing x0 decreases 1− (1− δ)tx0 for all
t, so Φ is strictly increasing. In addition, Φ(x0) > x0 holds if and only if

1− x0 > (1− x0)Πτ−1
t=1 (1− (1− δ)tx0).

This latter inequality holds true since each factor 1− (1− δ)tx0 lies in (0, 1) as x0 does.
Finally, direct substitution shows that Φ(0) = 0 holds.

4.2.4 The basic Dynamic Programming algorithm

The essential concept in dynamic programming is the value function. At period t the value
function is denoted by Jt and it maps any feasible state at the start of that period into R+

such that: Jt(x, θ) is the expected death toll if at the start of the period the state is (x, θ)
and we undertake the optimal replacement policy thereafter. Since there is a newcomer at
every period and there is just one bed, by construction it has to be J0(0, 0) ≤ T . The Bell-
man's principle of optimality establishes an equation that characterises the value function
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by recursive backward induction.

We start that recursion at period T . At the start of that period (xT , θT ) is given, there
is no replacement decision to take, so that, clearly, the value function is:

VT (xT , θT ) = θT + Φ(xT ) (4.2.6)

The second term in (4.2.6) simply re�ects the idea that, since there is no more replace-
ment to do, the residual is the overall probability of mortality of the patient currently in
hospital, no matter if he is released from hospital or not.

Now let us consider a given period t, with the state being (xt, θt) = (x, θ). Let us further
denote the observed overnight of the newcomer by ωt = ω. In addition, let us assume, as
induction hypothesis, that next period's value function is Vt+1(a, b) = b + kt+1(a) on all of
the admissible range, where kt+1 is some real-valued function. Notice that the induction
hypothesis holds true for t = T − 1 just de�ning kT (a) := Φ(a).

For the period t we de�ne two auxiliary functions, V0 and V1, such that, for i ∈ {0, 1},
Vi is the expected death toll if at the current period we undertake ut = i and we behave
optimally thereafter. Mathematically,

Vi(x, θ, ω) := E{Jt+1(xt+1, θt+1) | θ, x, ω, ut = i} i ∈ {0, 1}

where the arguments of the function indicate what is known at the time of making the
replacement decision. Clearly, the optimal replacement decision is:

ut = 1 ⇐⇒ V1(x, θ, ω) ≤ V0(x, θ, ω) (4.2.7)

We obtain:

V0(x, θ, ω) = θ + Φ(ω) + x+ kt+1(h(x))(1− x) + kt+1(0)x

where the �rst three terms in the right hand side correspond to E{θt+1 | x, θ, ω, ut = 1},
whereas the latter two terms are the analogous expectation on kt+1(xt+1). Similarly,

V1(x, θ, ω) = θ + Φ(x) + ω + kt+1(λh(ω))(1− ω) + kt+1(0)ω

Substituting in (4.2.7) and, re-arranging terms, we have:

ut = 1 ⇐⇒ kt+1(λh(ω))(1−ω)+kt+1(0)ω−
(
Φ(ω)− ω

)
≤ kt+1(h(x))(1−x)+kt+1(0)x−

(
Φ(x)− x

)
(4.2.8)

In addition, it is clear that Jt(x, θ) = Eω{min{V0(x, θ, ω), V1(x, θ, ω)}}. Clearly, Jt has
the form Jt(x, θ) = θ + kt(x), just de�ning:
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kt(x) := Eω{min{Φ(ω)+x+kt+1(h(x))(1−x)+kt+1(0)x,Φ(x)+ω+kt+1(λh(ω))(1−ω)+kt+1(0)ω}}
(4.2.9)

Notice that the right hand side of (4.2.9) only depends on x. To summarise, (4.2.8)
de�nes the optimal policy for any given next period's function kt+1, whereas (4.2.9) de�nes
the recursion to obtain kt from kt+1 starting with the terminal function kT = Φ. This
completes the dynamic programming algorithm to solve the replacement problem.

4.2.5 Two period problem

The above characterisation of the optimal policy is analytically complex. For this reason,
this subsection deals with its simplest version, the two-period version, in which there is just
one replacement decision to be made. Accordingly, we take τ = 2 in (4.2.5) to de�ne the
overall, which implies Φ(z) = (2− δ)z − (1− δ)z2.

In the two period problem the last period is t = 1. At the start of that period (x1, θ1) is
given and there is no decision to make. The value function is J1 (x, θ) = θ + k1(x) for any
feasible state (x, θ), where k1 = Φ. Now consider period 0, with some (x0, θ0) = (x, θ). While
it is natural to assume (x0, θ0) = (0, 0), we prefer to consider general values, particularly for
x0, which determines the replacement decision. Let the observed overnight of the newcomer
be ω0 = ω. By using (4.2.8) with t = 0 and k1 = Φ, we have:

u0 = 1 ⇐⇒ Φ(λh(ω))(1− ω)−
(
Φ(ω)− ω

)
≤ Φ(h(x))(1− x)− (Φ(x)− x)

where we have used that k1(0) = Φ(0) = 0. Noticing that Φ(z) − z = (1 − δ)z (1− z)
and using that h(z) = (1− δ)z, we can rewrite:

Φ(h(x))(1− x)− (Φ(x)− x) =
(
(2− δ)(1− δ)x− (1− δ)(1− δ)2x2

)
(1− x)− (1− δ)x(1− x)

=(1− δ)2(1− (1− δ)x)(1− x)x

Similarly,

Φ(λh(ω))(1− ω)−
(
Φ(ω)− ω

)
=
(
(2− δ)λ− 1− (1− δ)λ2ω

)
(1− δ)(1− ω)ω

Substituting back in the previous implication and after simplifying the common factor
1− δ, we have:

u0 = 1 ⇐⇒
(
(2− δ)λ− 1− (1− δ)λ2ω

)
(1− ω)ω ≤ (1− δ)(1− (1− δ)x)(1− x)x
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Notice that the right hand side of the latter inequality is positive, so there is replace-
ment for any pair (x, ω) if the left hand side is negative. In turn, the left hand side is
negative if (2 − δ)λ − 1 < 0 holds, that is, if the improvement for being in hospital, which
we can measure as λ−1, is large enough in terms of the natural decay rate of the overnight, δ.

Now let us consider the case when the comparison is non-trivial, that is, when (2−δ)λ−
1 > 0 holds. It is straightforward to prove that (2 − δ)λ − 1 < 1 − δ holds, so that there
exists a single µ ∈ (0, 1) de�ned by (2 − δ)λ − 1 = (1 − δ)µ. Using this latter equality, we
can write:

u0 = 1 ⇐⇒
(
µ− λ2ω

)
(1− ω)ω ≤ (1− (1− δ)x)(1− x)x

Recall that this case is when (2− δ)λ− 1 > 0, so we are considering a situation in which
the improvement for being in hospital is small, or equivalently, λ→ 1. For the limiting case,
λ = 1, we have:

u0 = 1 ⇐⇒ (1− ω)2 ω ≤ (1− (1− δ)x)(1− x)x (4.2.10)

Let us denote by gω and gx to the left and right hand side, respectively, of the inequality
in (4.2.10). Straightforward analysis shows that gω(z) < gx(z) for any z ∈ (0, 1), both func-
tions are strictly positive on that interval and gω(z) = gx(z) = 0 for z ∈ {0, 1}. In addition,
both functions are strictly quasi-concave in (0, 1).1

Figure 4.2.1 illustrates the geometry of the inequality in (4.2.10). First, there is an in-
terval (xa, xb), strictly included in (0, 1), such that if x lies in that interval, there will be
replacement for any possible ω. If x lies outside that interval, there is replacement even if
ω is very extreme, either low or high enough.

For deceased patients with low probability of mortality, it is frequently argued that the
doctors should take the �rst the patient with the highest probability of survival. Interest-
ingly enough, if we interpret that high probability, equivlently, low probability of mortality
as both x and ω smaller than xa, our two-period model rationalises that statement. We
must bear in mind that Figure 4.2.1 assumes a large λ, that is, the treatment in hospital
does not make a big di�erence, this is neccessary for the rationalisation. Still within a
large value of λ, as the probability of mortality gets higher, a new element comes to scene,
a newcomer that is very likely to die is also very likely not to use the resource for a long time.

We conclude with a �nal comment on the solution of the T -period problem. To the
best of our knowledge, numerical methods are necessary in order to get further than what

1It su�ces to prove the statement holds for gx for any δ ∈ [0, 1). Straightforward algebra shows that
g′x(z) = 0 ⇐⇒ z = 2 − δ ±

√
1− δ + δ2. Since δ ∈ (0, 1), the only root of gx in (0, 1) can possibly be

z∗ := 2 − δ −
√
1− δ + δ2. For δ = 0, it is z∗ = 1. For δ ∈ (0, 1), z∗ lies in (0,1). In e�ect, δ < 1 implies√

1− δ + δ2 < 1, thus z∗ > 2− δ − 1 > 0. On the other hand, z∗ < 2− δ −
√
1− 2δ + δ2 = 1. In addition,

g′x(0) > 0 holds. Thus, strict quasi-concavity follows.
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Figure 4.2.1: For shake of clarity, gω and gx are represented in blue and orange, respectively.
If x ∈ (xa, xb), the inequality in (4.2.10) holds for any ω ∈ [0, 1]. If both x and ω are smaller
than xa, to give priority to the patient with lowest probability of mortality is roughly
optimal.

we present in this Thesis. The recursion de�ned by (4.2.9) allows for an exact numerical
solution. In that recursion, we must notice that the support of the relevant state concerning
the replacement policy, which is x, is the interval (0, 1) at any period, which greatly reduces
the curse of dimensionality, which usually limits the applicability of dynamic programming
techniques.

Independently of the computational feasibility, the choice of parameter values as a pre-
vious step to apply numerical methods remains an issue. Essentially, we need a database
that allows to distinguish overall from overnight probabilities of mortality, and we need to
know how the latter evolve over time and how they are a�ected by being in hospital. The
theoretical model has no other requirements. Thus, the question is, what data do we need
to calibrate those probabilities? Unfortunately, the database we have used in the �rst part
of this chapter only contains health conditions of patients when they �rst came to hospital,
but we do not observe how those conditions evolved while they were in hospital. Alter-
natively, we might start with some population-wide statistics. With some exceptions, the
mortality rate from Covid in western countries seems to be stabilised around 1.86%.2 We
can understand this rate as the overall probability of mortality. In addition, �xing an av-
erage duration of the illness,3 we can �t an exponential decay law to obtain the overnights.
Finally, the marginal decrease in the overnight of being in hospital, λ in our model, requires
some further elaboration. Essentially, we need to compare, say overalls, for infected people
who were in hospital to others who were not in hospital. This calibration exercise and the
subsequent computation of the optimal policy is left as further research in this Thesis.

2Computed as the average for sixteen EU countries reported by Ministerio de Sanidad. Reports are
done on a daily basis, the rates show great stability over time.

3It is not about how long the symptoms last, but for how long the probability of mortality remains
relatively high as compared to its initial value.
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Chapter 5

Conclusions and overall perspective

This section discusses the �nal remarks on the Thesis. Section 5.1 highlights the common
link between the di�erent chapters in the Thesis. Section 5.2 discusses why the XGBoost
algorithm was chosen for this Thesis. Section 5.3 provides an overview of the future of
Machine Learning and where I see the �eld heading as its own �eld but also in conjunction
with economics. Finally, section 5.4 discusses some closing remarks.

5.1 Relation between the chapters

This Thesis has aimed to use, at the time of writing, the most up-to-date algorithms in Ma-
chine Learning to di�erent problems in economics. The chapter topics are all very di�erent
from one another, however, the underlying and fundamental connection between the chap-
ters is in the use of the algorithm Extreme Gradient Boosting (XGBoost) and in general,
Machine Learning. This Thesis has shown how decision tree based models can be applied
in economics and how their non-linear nature can be suitable for complex problems that
economists face. Moreover, Shapley values from coalition game theory has also been shown
to be a natural method to understand the complex predictions that Machine Learning mod-
els make.

Overall, this Thesis has tried to show that applications of Machine Learning tends to
be more successful when applied to micro-level data, since, at su�ciently large scales of
aggregation, the relational patterns among economic variables become more simple. Chapter
2.1, the case of bankruptcy prediction is an example of this. What followed after the �nancial
crisis of 2008 was severe credit restrictions in which economists correctly anticipated moves
in the aggregate GDP fall and increased unemployment, however, predicting how the big
picture a�ects entities at a �rm level is a more complex problem. Chapter 2.1 aimed to
demonstrate how economists might analyse, not just at the aggregated level but also at the
micro-level, in which, Machine Learning is instrumental. Moreover, chapter 3.1 and chapter
4.1 show that aggregation either does not make sense (chapter 3.1) or does not help (chapter
4.1).
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Figure 5.1: Deep Learning performance compared with other algorithms

5.2 Why XGBoost for this Thesis

This paper has used the algorithm XGBoost which is currently among the most popular
Machine Learning algorithms being applied to data science tasks. Its popularity comes from
its ease of use and its ability to produce powerful out-of-the-box predictions without much
need for �ne-tuning hyperparameters from the user. Being an ensemble learning algorithm,
it combines the predictions of multiple base learners, it does so in a sequential fashion, pass-
ing to the next tree in the sequence information on how right or wrong the previous trees
have been. This is turn, allows it to quickly build very powerful models, a downside to this
is that it is relatively easy to over�t the training data when a tree building stopping criteria
is not implemented. However, with correct procedures in place these type of problems can
be accounted for.

Understandably, Deep Learning gets all of the attention these days given its advance-
ments in Natural Language Processing, computer vision and transfer learning. However,
Deep Learning models require signi�cantly more e�ort in terms of training and deployment
which is why it is often not used when we are required to build a quick, high-performance
classi�er/regressor on a structured dataset. Having said that, when the amount of data be-
comes su�ciently large, Deep Learning is often the best approach for the problem. Consider
Figure 5.1 which illustrates the point that as the amount of data increases, Deep Learning
will continue to perform whereas other algorithms plateau. So, when we do not have large
amounts of training data, as is the case in many economics problems and in this Thesis,
alternatives to Deep Learning are often superior, especially on supervised learning problems
where the data is structured.
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5.3 Future of Machine Learning and economics: My per-

spective

The growth in Machine Learning over recent years has been increasing at an unprecedented
rate. The size of the Machine Learning market in 2019 stood at $8.43 billion and is esti-
mated to grow to $117.19 billion by 2027 with a compound annual growth rate (CAGR) of
39.2%. Private companies and governments are investing heavily into the technology. This
section discusses from my perspective what I believe the future of Machine Learning will
look like and how it will impact the �eld of economics.

In general the future of Machine Learning lies in its ability to improve on transfer learn-
ing, which is an area in which economists can o�er value. Currently, much of Machine
Learning takes a task and then trains a model to perform well on that particular task. A
new Machine Learning model is then trained to perform well on a di�erent task and in doing
so begins from zero. To illustrate this, suppose a human becomes very specialised at a given
task over his/her life, if we want to learn a new task, then we would have to forget all pre-
vious knowledge and education and begin from being an infant again, from here we would
learn everything about this new speci�c task. This analogy is the same as imagining that we
take a brain out and replace it with a new one every time we want to learn a new task. Not
only is this time consuming and ine�cient from a human example, from a computational
standpoint it is extremely ine�cient to begin from zero each time a new task is to be learned.

One of the advances in Machine Learning would be to connect previously trained models
together in order to harness what other models have already learned, that is, construct a
larger network of models which can leverage previously trained models expertise. Consider
a Machine Learning model which can correctly classify di�erent species of dogs, correctly
recognise your face and be used in self-driving cars. Each task is su�ciently di�erent from
each other such that, separate Machine Learning models are required at training time, how-
ever, the combination of the models will be very powerful. Moreover, if a super model
contains thousands of trained models, each specialised in a given task, not all of the models
will be required for each task, it would not be optimal to activate all of the models at the
same time therefore, the super model will operate sparsely, activating di�erent pieces of the
super model when that pieces expertise is required, i.e. it will most likely be 99% idle for
much of the time. The big question remains, how to route the di�erent pieces of the model
at the right time.

Transfer learning, the method of reusing previous models for di�erent tasks is expanding,
it is especially powerful when the dataset for a new task is very small and we do not have
su�cient training data. Consider a model that Google trained, BERT1, which was trained
on text data from Wikipedia and BookCorpus, it took 4 days to train on Google's Tensor

1Bidirectional Encoder Representations from Transformers (BERT) for transformer based Machine
Learning in Natural Language Processing.
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Processing Units (TPU), which is quite expensive for training a Machine Learning model.
However, this is a one-time procedure and now researchers can use the pre-trained model on
their own Natural Language Processing (NLP) problems, even if the dataset is su�ciently
small. The same model can be used on documents focusing on �nancial jargon, then ad-
ditionally, be used on a completely new set of documents in current world news reports or
sports articles. Utilising the output from the pre-trained model speeds up research time and
additionally provides powerful and computationally expensive models to people who do not
have the processing capabilities that Google has.

The improvement in the accuracy of Machine Learning models over the past years has
been unprecedented. For example, in 2011 the most accurate model for classifying images
on the ImageNet dataset2 was 26%, humans typically have a 5% error rate on the same
dataset. In 2012 the highest accuracy was 15.3% a signi�cant drop from the previous year,
this was in part due to the model being trained on a Graphical Processing Unit (GPU)
which speeds up training and allowed it to process more data. In 2016, the most accurate
model achieved a 3% error rate. Thus, in just a few years the error of the models fell
substantially, due to improved computing power and advancements in Machine Learning
research. The trend in both technological improvement and research will continue to ac-
celerate and more accurate models will become available. This achievement has real world
applications which can improve the lives of people throughout the world. It can be used in
third world countries and rural villages to make diagnostics on a patients medical images
where doctors are scarce, it can also be used to provide a second opinion for doctors. In
relation to economics, using the advancements from the Machine Learning and computer
science literature will allow economists to analyse data in di�erent ways from traditional
research, allowing them to ask and answer new research questions not previously thought of.

The improvements in technology since the 1960's has improved exponentially which has
allowed the size of computers to get smaller and smaller and more powerful at the same
time, however, now they are reaching their physical limits, computer parts are approaching
the size of an atom and Moore's law3 is beginning to slow. Therefore, using current tech-
nology, the exponential growth in Machine Learning capabilities will at some point begin
to slow also. In order to overcome this obstacle advances in other areas will be required.
One such area is in quantum computing, advances in this area will allow advances in Ma-
chine Learning to grow at an even faster rate than what we see today. These advances will
see rise to a new subset of technology called Quantum-Enhanced Machine Learning which
deals with how quantum computers can learn patterns in data which cannot be learned by
classical Machine Learning algorithms. Quantum computers will allow us to move from a
deterministic world to a probabilistic world which in turn increases the number of compu-
tations a computer can make. If a quantum computer had 4 Qubits (the quantum version

2ImageNet is a large computer vision competition in which researchers apply Machine Learning models
to classify images to more than 20,000 categories. Categories such as balloon, leopard, car etc.

3Moore's law: The number of transistors on microchips doubles every two years.
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of the classical bit (0 or 1) in traditional computers) it will have 16 states at the same time,
as opposed to a traditional bit which can only be in one state at any given time. With
8 QuBits, we can have 256 calculations simultaneously, increasing in 2N , where N is the
number of Qubits. With a very small number of quantum bits, we can have states that rep-
resent vectors in a very high-dimensional vector space. Thus, the advancement of quantum
computing will directly bene�t the advancement in Machine Learning capabilities through
exponential increases in computational power.

In econometrics it is up to the researcher to choose the correct model based on sound
statistical theory, however in Machine Learning the model is chosen by the structure of the
data. The search process for the correct model in econometrics is more di�cult to auto-
mate since it requires assumptions being made about the data. In Machine Learning it is
possible to systematically and programmatically search for the best model and each models
corresponding optimal parameters. This automisation will allow Machine Learning to be
more accessible to researchers who are not yet familiar with the programming languages
utilising Machine Learning models. It will be possible to upload the data to a dashboard
application, select a Machine Learning model and the output will provide relevant graphics
and performance statistics for the model, without requiring knowledge of the underlying
programming language used to generate the results. Therefore the accessibility of these
models will be more widely available increasing its usage in disciplines which are not reliant
on programming. Moreover, Machine Learning can help econometricians when the datasets
have a large number of covariates and variable selection becomes an issue, Machine Learn-
ing models can help select the most relevant variables from the data and discard irrelevant
ones. This in turn, would allow economists to apply a subset of precise variables chosen by
Machine Learning to standard econometrics models, thus, intertwining the contribution of
both �elds in which one helps the other and better economic decisions can be made.

Conversely to the bene�ts of Machine Learning and the technological advancement, there
are some caveats, not everybody uses the technology for good. For instance, advertising is
about discrimination, targeting a speci�c group of the population in order to send pro-
motional o�ers to them. This is largely accepted as good practice in the business world
however, it may start to become unethical in some instances such as, a company trying
to make predictions on whether somebody is pregnant or not based on surveillance data.
In doing so, the company would have ascertained medically sensitive, un-volunteered data
about an individual. When Machine Learning models predict incorrectly, we know the costs
of such predictions, however, the aforementioned example provides a situation in which the
Machine Learning model predicts correctly, but it is unethical. These same ethics apply
when trying to predict sexual orientation, race, intentions to leave ones job, health status
etc. Facial recognition can also be used to detect and track a persons location, security
cameras can identify people and track their movements at speci�c times and on given days,
limiting a persons freedom to move without disclosure. If a technology exists which can
discriminate a subgroup of the population, somebody will use it to repress that subgroup.
Machine Learning algorithms may adversely a�ect minorities within a society since once
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identi�ed, they may be treated di�erently based on which subgroup of society the model
classi�ed them into. Moreover, there has been a signi�cant increase in the use of Deep
Fakes, which changes the content of a video. This technology is very accessible and publicly
available as mobile phone applications and no knowledge of Machine Learning is required.
That is, a Neural Network model is given a video of, for example, Barak Obama, the voice
of the president is changed to say something perhaps controversial, however the video looks
very realistic and viewers are lead to believe that such a person would say such controversial
things. In the future, the validity of what people say and do may come under question
especially when the technology becomes so powerful and distinguishing between what a real
and a fake video looks like becomes more di�cult.

5.4 Closing remarks

To conclude, the future of Machine Learning is bright, the bene�ts far outweigh the draw-
backs. However, the drawbacks still need to be taken into consideration when designing and
deploying Machine Learning models in the real world. In the future, as part of Machine
Learning courses, a section of the course should be devoted to ethical behaviour surrounding
the use of Machine Learning and researchers and practitioners should conform to an industry
standard in which they adhere to. Moreover, researchers and practitioners developing and
implementing Machine Learning algorithms may not realise the full e�ect their models have
on the lives of everyday citizens. Using chapter 2.1 as an example, if banks implemented the
models proposed into their lending decision pipeline it would have a direct impact not only
on the ability for the company to gain access to credit but, failure to acquire credit due to
the models decision will also a�ect the employees of the company and/or other stakeholders,
such as suppliers, customers, government and the wider-society in general. Therefore, un-
derstanding the consequences of how the end product will a�ect the users on the receiving
end of the models prediction is an important consideration to keep in mind. Moreover, Ma-
chine Learning can and does go further than just a black-box prediction, they can provide
a richer set of analytical tools for the analyst to make more informed decisions. If a bank
de�nes a lending policy, no policy will be error free, thus the Machine Learning predictions
can be combined with the case study examples such that better lending decisions can be
made.
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