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LOGARITHMICALLY IMPROVED REGULARITY CRITERIA
FOR THE NAVIER-STOKES EQUATIONS IN HOMOGENEOUS
BESOV SPACES

NGUYEN ANH DAO, JESUS ILDEFONSO DIAZ

ABSTRACT. We investigate a logarithmically improved regularity criteria in
terms of the velocity, or the vorticity, for the Navier-Stokes equations in ho-
mogeneous Besov spaces. More precisely, we prove that if the weak solution w
satisfies either

()l ;=5 lw(®)] 2%

T B-o T Boo
/ — = di<co, or / TR
o 1+log™ [Ju(®)|l gso o 1+1log™ [Jw(t)|| gso

where w = rotu, then u is regular on (0,7]. Our conclusions improve some
results by Fan et al. [5].

dt < oo,

1. INTRODUCTION

Our main purpose is to investigate a logarithmically improved regularity criteria
of solutions to the Navier-Stokes equations in R™, n > 3:

Ou—Au+u-Vu+Vp=0, zeR" te(0,7T),
divu =0, (1.1)
u(z,0) = up(x),

where u(z,t) = (u1(z,t),...,un(z,t)), and p denote the velocity vector and pres-
sure, respectively, of the fluid at the point (x,t) € R™ x (0,T) and ug is a given
initial velocity.

Since the pioneering works by Leray [17] and Hopf [§], the existence of global
weak solutions for an arbitrary initial data ug € L*(R"™) was well-known. However,
the uniqueness and regularity of weak solutions are still open. Notice that the
studying of blow-up of solutions to plays a crucial role not only in nonlinear
analysis, but also in the study of the regularity of weak solutions. Also, it is known
that for each regular ug, there exists ¢y > 0 such that w is regular for 0 < ¢t < ¢y (see
e.g. [16]). Different regularity criteria for the weak solutions have been proposed.
For example, the Prodi-Serrin conditions [22], 23] states that if the weak solution «
satisfies

‘ 2
we LT(0,T; LP(R")) with =+ <1, n<p<oo, 2<r < oo,
rop
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then w is smooth on R™ x (0,7). The limiting case, p = n and r = oo, was
obtained in Escauriaza et al. [4]. A logarithmically improved regularity criterion
was introduced by Montgomery-Smith [I8]. That is, if

T

t Tp 2 3

/ HUS)HL dt <00, 2+2=13<p<oo,
o 1+log™ [[u(t)|zr L

then u is smooth (in the sense that u is at least in the Sobolev spaces W™9 for
some ¢ € [2,400) and all positive integers n).

On the other hand, in 1995, Beirdo da Veiga [2] established a Serrin’s type
regularity criterion on the gradient of velocity field: Vu € L"(0,T; LP(R")) with
24 7 < 2. Beale-Kato-Majda [I] and Kato-Ponce [I1] showed that the L>*-norm
of the vorticity, denoted by w = rot u, controls the breakdown of smooth solutions
to the Euler and Navier-Stokes equations. To be more precise, if

T
/ eo(r) e dr < oo,
0

then the smooth solution w, in C([0,T); WSP(R™)), with s > n/p + 1, can be
continued beyond ¢ = T. That was improved by Kozono—Taniuchi [14] [15] in
BMO(R"™).

Theorem 1.1. Let s > 5 — 1 and let ugp € H*(R™) with divug = 0. Suppose that
u 1s a strong solution of (1.1)) in the class

St :=C((0,T); H*(R™)) N C' ((0,T); H*(R™)) N C ((0,T); H**(R™)) .
If
T
[ 1) oo dr < . (1.2)
do
for some §g € (0,T'), then u can be continued as solution in the class Sp: for some
T >T.

In addition, Kozono et al. [I2] improved Theorem in the homogeneneous
Besov space (for the definition of this and other spaces we will mention in this
Introduction we send, for instance, to the exposition made in the monographs [24]
and [16]):

T
/0 ()l g__ dr < oo (1.3)

A version of this, as a logarithmically improved regularity criterion of (1.3, was
given in Fan et al. [6]:

lw(T ||BO

/ |
1+ log" u(r >\|Bgm

Recently, Nakao-Taniuchi [I9] proved a different logarithmically improved regularity

criterion as follows: .
/ ”w_(:)”BMO dr < oo (1.5)
o 1+log™ [lu(7)[[cr+e
for some a € (0,1). We point out that these authors obtained by using the
Brézis—Gallouét-Wainger type inequality.
Concerning the logarithmically improved regularity criterion on the homoge-
neous Besov space B Fan et al. [5] proved the following results.

dr < 0. (1.4)

OOOO?
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Theorem 1.2 ([5]). Let up € L**(R™) withdivug = 0. Letu € L* (0,7 L*(R™))N
L% (0,T; H'(R™)) be a weak solution of (L.1). Assume that one of the following
conditions is satisfied:

I O b |
/ T NTE dt <oo, with0<a<l, (1.6)
o T+ log® u(t) e

O] e |
/ ETRARNTE dt <oo, withn=3, and0<a<1. (1.7)
o T+log" [w(®)l 5o

Then u is smooth on (0,T].

The main goal of this paper is to improve (1.6)) and (|1.7). Our main results read
as follows.

Theorem 1.3. Let ug € L*"(R™) with divug = 0. Let u € L™ (0,T;L*(R")) N
L? (0, T; H'(R™)) be a weak solution of (1.1)). Suppose that

2
/T lu()l ;=5 » s
- < o0 .
o 1+1log™ [[u(®)] e

holds for some o € (0,1), with so = & — a. Then u is smooth on (0,T].

As a consequence of the above theorem and the Sobolev embedding, we have the
following corollary.

Corollary 1.4. Let ug € L**(R™) with divug = 0. Let u € L™ (0,T; L*(R")) N
L% (0,T; H'(R™)) be a weak solution of (L1)). If in addition

/T lWOlss, "
- < oo, .
o 1+log™ [[u(®)]pn/a

for some a € (0,1), then u is smooth on (0,T].
Remark 1.5. It is clear that (1.6) is weaker than (1.9) (see Proposition 2.4 below).
Our last result in this paper improves condition (|1.7)).

Theorem 1.6. Let ug € LS5(R®) with divug = 0. Let u € L™ (0,T; L*(R?)) N
L% (0,T; H'(R?)) be a weak solution of (L1)). If

2

/T lreto) 12:3:5*00 dt (1.10)

- < 0 .
o 1+1log™ [[w(t)]l e

forO<a<l1, sg= % — «, then u is smooth on (0,T].

Notation. Through this paper, we use the following general abbreviation X =
X(R™). So, for instance, LP = LP(R™), and H®* = H*(R"™). Moreover, we denote
by C a positive constant which can change from line to line.



4 N. A. DAO, J. L. DIAZ EJDE-2021/89

2. DEFINITIONS AND PRELIMINARY RESULTS
Let us first define a weak solution, introduced by Leray [17].

Definition 2.1. Let ug € L? with divug = 0 in R”. Then u is called a weak
solution of (1.1)) if u € L™ (O7 T; L? (R")) NIL? (O, T, Hl(R")) satisfies the equation
in distributional sense and the following inequality

¢
lu(t)ll72 + 2/0 IVu(r)|[Z2 dr < [luo||Za (2.1)
for all t € (0,T).
The following results (see e.g. [I0, Theorem 4], [7]) will be repeatedly used.

Proposition 2.2. (i) Suppose that ug € LY, for some v > n with divug = 0 in
R™. Then, there exists a time Ty > 0 and a unique solution of (L.1) on [0,Tp) such
that

ue BC([0,Ty); L) N L (0, Ty; L7, tY/%u e BC ([0,Tp); L") , (2.2)
with % + %= %, s, > n, and BC denotes the space of bounded and continuous
functions.

(ii) Let (0,T*) be the maximal interval such that u solves (L.1]) in C ((0,T*), L"),

with v > n. Then
lu()l|z- = C(T* = 1), (2.3)

where constant C > 0 is independent of T* and t.

(iil) Let u be a solution of (1.1)) on (0,Tp) in the functions class (2.2)). Suppose
that ug € L?. Then u is also a weak solution in Definition [2.1]

(iv) Let u be a weak solution of (1.1) satisfying u € L® (0,T; L™ (R™)), for some
r>n, with2+2 <1. Then u € C* (R" x (0,7)).

To define the homogeneous Besov spaces, we recall the Littlewood-Paley decom-
position (see, e.g., [24]). Let ¢;(x) be the inverse Fourier transform of the j-th
component of the dyadic decomposition i.e.,

Zé(z—ﬂf) =1

except & = 0, where supp(¢) C {£:1/2 < [¢] < 2}. Let
Z(R") = {f € S(R"), D*f(0) = 0, Ya € N, multi-index} .

Definition 2.3. For every s € R, and for every 1 < ¢, r < oo, the homogeneous
Besov space is denoted by

By, ={f € Z/®"): |fll5,, <oo},
with
T {(Zjez 29 gy + fl) ", 1< < oo,
Pir o \supjen{2®ley ¢ flle}, i r=oo,
where ¢;(z) = 27" ¢(27z).
Proposition 2.4. For any 0 < o < n, we have

L7 (R") < B (R").

oo
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Proof. From Young’s inequality, for any j € Z, we have
2777 d; * fllze < C277Ig5ll 2 I fll 2 < ClSll 2 -
This completes the proof. O

3. PROOF OF MAIN RESULTS

Proof of Theorem[1.3, Since u € L*", by applying Proposition we obtain a
weak solution u Wthh is smooth in (0 To). Therefore, for any T > 0, we can
assume that w is smooth on (0,T).

For s € (sg, 2), applying (—A)*/2 to (L), and using (—A)*/?u as a test function
to the resulting equation we obtain

pii [ AR do s [1V(-8)7uf da
/( A2 (- Vu) - (—A)* 2udz

_— /(—A)s/2 div(u @ u) - (~A)*2u de
=— /(—A)% div(u @ u) - (—A)%udﬂc

N
e @ ull pravo-al|(=2) = ul 2

541 s a 541
<lull g I(=4)72 UHLZII(*A) Pl N(=4)

|7

IN

< 6ll(=2) F ullfa + Cslfull; L I(=2)*2u] 7

where § > 0 is small enough.
Notice that we have used the inequality ([I3])

s41
u®@ullgi+s-a < Cllullgze _[(=A) > ullL2,

the GagliardofNirenberg inequality [3] and the Young inequality. Therefore,

||( A)*Pu(t)|[72 < Cllu(t )Ill (=) ()7
2 dt

2
Hu(t)l 5—a 3.1
Be _cayum. Y

L+log™ [[(=A) = u(t)| 2
x (1+1log™ [[(=A) u(t)|2) -
Thanks to the Gagliardo—Nirenberg inequality, we obtain
s 1= /2 2 1-=2 s/2 2
[(=A)=u@)llrz < [[u(@)llz: = I(=A)" w2 < lull oo 1, p2) I (=A) “u(t)]]
(0,75L2)

for t € (0,T). Since u € L> (0,T;L?*(R™)), it follows from the above inequality
that

1+ log [(-8) Fult) 2 < Clog (e + [(-A)2u®)Z) . (32
Combining (3.1]) and (3.2)) we obtain

d S
ZI(=2)2u®)1Z2
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2

Il

22 —A)* %y 2 log (e —A)2u)%.),
T I o (e A0 )

which implies

lull oo 0,759y < C'
Hence, from the Sobolev embedding, we deduce that

we L0, T; L7 (R™)).

This and Proposition imply that u is smooth on [0,7]. The proof of Theorem
is complete. [l

Proof of Theorem[I.6. Tt is not difficult to verify that w satisfies the equation
w+u-Vw—Aw=w-Vu. (3.3)
Testing with —Aw, and using that divu = 0 we obtain

2 2
: dtnw s+ NAw(®)]s

:/(u-V)w-Awdx—/(w~V)u-Awdx

1+a

fZ/ulaw 82wd$+/( 2)'7 (w- V) - (—A) T wde

= —Z/ajuiaiw~8jwd:c+/(—A)15a (w-Vu) - (—A) =" wda (3.4
i, '
:—Z/a B uw 8wdw+/( A= (w- V) - (=A) = wda
:_Z/ 9 (Buiw) - (—A) 2 0w da
+/(—A>“T“(w-vu) (=A) P wdz
By Holder’s inequality and the Plancherel theorem, we obtain
(/ 0;(05uw) - (— A)%ajwdx+/(—A)“Ta(w.vu)-(—A)”T“wdx)
- 1ta
< Ol[(=2)F" (w- Va2 | (=) 5 (w)]| 2
(3.5)

On the other hand, we recall the following two inequalities obtained in [I3] and [9):

19l < O sms_ 19l zreve + gl g1l o)
IVl o < Cllwll oo

Then
I(=A)=% (w - Vu)| g2 < Cllw - Vul| g
< C([[wll pzs_ IVl g + [Vl gz w51
< C(lwllpen_l1Aul g2 + ] oo _[[Vel|2)
< Cllwllgze IVwliz2 -
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Then we deduce, from (3.4) and the interpolation inequality, that

1d ita
5 7 1VeOlz: + [Aw®]7: < Clo@®)l e, VoIl l(=2) = (w)] 22

< Cllw(t)\lg;gxm\IVw(t)||L2||Vw( )=l Aw(t)]|72
< Clu@I55_IVwOls + 5 1Aw(]3s
Thus,

d 2
ZIVe®li: < Cle@l 5=, [Vl

c Hw(mg& (1+1og™ lw(®)ll grs) V()7
= . + lo w s w .
Tt logt [w@lle fivo o
By Gronwall’s inequality, we obtain

IVw(ta) |3 < [Vt exp (Clog (e 4+ sup (@)l 00 )

tE[t1,ta]

(3.6)

2
t2 Jw ()]l 5
X / T T dT)
o L+log™ [[w(T)ll g0
for all 0 < t; < to < T. Moreover, it follows from (|1.10)) that for every ¢ > 0, there
exists 0 < T < T such that

2
T flw@®l gz
/ - Boo oo dt <e.
7= 1+1og™ [[w(t)]| g
This and (3.6) imply that there exists a constant Cy > 0 (independent of w(t))
such that

C()E
V0@l < Vo) (e+ sup )l
te[T*,t]

CQE
<Cle+ swp [u®llg)
te[T*,t]

(3.7)

forall T* <t < T.
To obtain the conclusion, it suffices to prove that ||w(t)|| z, is bounded on [T, T7.
We can proceed as the proof of Theorem 1.1 of [5] and obtain

S IAw@)E. < O+ IV D)lze)’ (33)
We now divide the rest of our proof into the two following cases:
(i) If o € (0, ), then 59 € (1, 2), and it follows from the inequality of Gagliardo-
Nirenberg type that
lw®l o0 S lw®OI 5 lw®)5 " S Vw72 |Aw@)]55 (3.9)

Combining (3.7), (3.8), and (3.9) yields that there exists a constant C; > 0 (inde-
pendent of w(t)) such that

IVw(®)i: <C+C sup IVw(r)lIF3, (3.10)

Te[T*,t]
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for all t € [T*,T). This implies that |[Vw(t)||7. is uniformly bounded in (7*,T) if
€ > 0 is chosen such that Cie < 2.
Therefore,
w € L®(1,T; L°(R?)), (3.11)

for any 7 € (0,7).
Then, by the result by Beirao da Veiga [2], u is regular in (0, T7.

(ii) If o € (%,1] then so € (3,1]. Applying the inequality of Gagliardo-Nirenberg
type we obtain

1—20 50
lw @l grso < Nw@lz2 = [Aw@)]l L

50~

-5 3
S IVu®ll ¥ 1aw@)l
1/2 12\ "7 %
< (@I 1au@ns) 1aw) b (3.12)

1/2 1/2 1-3 0
< (ol Au®IS)  Iaw@l

1/2 12\ 20
S (ol 21V @I ) I1aw@l 2
Note that the last inequality was obtained by using the Biot-Savart law

R3
where K (x) is homogeneous of degree —2. As a result, VK (z) is a singular kernel
of Calderén-Zygmund type.
Note that

Au(z,t) = C/ VEK(z—y) Vw(y,t)dy.
R3
It follows from the standard Calderén-Zygmund theory that
[Au(t)]| L2 S [[Vw(t)| e -

A combination of (3.7)), (3.8)), and (3.12) implies that there exists a constant Cy > 0
such that

[Vwt)|2: <C+C sup |[Vw(r)|S3°, for t € (T*,T).

TE[T*,t]
Therefore, we also obtain the conclusion as in (3.11)).
This completes the proof of Theorem [1.6 O
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