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Abstract

The main objective of this dissertation consists in analyzing the diffusive Lotka—Volterra
competition model by studying the uniqueness, multiplicity and stability of its component-
wise positive steady states, preferably, when the diffusion rates of the species in the in-
habiting territory are sufficiently small, though some of our results do not require that.
To accomplish this task, it is imperative to go down one step and analyze first the logistic
equations obtained by uncoupling the system. As a consequence, this PhD Thesis has been
distributed into two parts, the first one dealing with the equation and the second one with
the diffusive competition system, which have been built as a selection of the most signif-
icant results found in the research papers [42, 39, 38, 41, 40|, authored by the candidate
together with his adviser.

Part I consists of Chapters 2 and 3 and covers both the analysis of the sublinear logistic
equation and the associated superlinear indefinite problem. More precisely, Chapter 2,
which polishes the theory developed in [41], begins providing us with a characterization of
the regularity of 9, for an open bounded set @ € RY, N > 1, through the regularity of the
distance function along an outward vector field, or by means of the fact 9Q = ¥=1(0) for
some smooth non-degenerate function, ¥, defined on a neighborhood of 0€2. This result is
crucial to deal with non-classical mixed boundary conditions, as well as to adapt a technical
device of Lopez-Gomez [87], for constructing certain supersolutions, to our general setting
here. Then, Chapter 2 establishes the existence, uniqueness and monotonicity properties
of the sublinear diffusive logistic equation

dCu=uh(u,z) in Q, (1)
Bu=0 on 01,

where Q@ ¢ RN, N > 1, is a domain of class C2, d > 0 is the diffusion rate, £ is a uniformly
elliptic differential operator in divergence form, i.e.,

£ = —div(AV:) + BV + C,

for some A € MY"(CY(Q)), B € M1xn(C(Q)) and C € C(Q2), and B is a boundary
operator of non-classical mixed type. It is mixed in the sense that B can be either of
Dirichlet or Robin type at any component of 9f), and non-classical since the function
B € C(0R) taking part in the Robin boundary operator,

Ru = dyu + fu

can change sign. In the problem (1), h(u,z) is a non-linear continuous function in x € €,
of class C! in u € R, strictly decreasing in u > 0, among some other technical assumptions.
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X ABSTRACT

The main aim of this chapter is to ascertain the limiting profile of the positive solu-
tions of (1) as d > 0 decays to zero, generalizing the already classical results of Cantrell
and Cosner [18], Furter and Lopez-Gomez [48], and Hutson, Lopez-Gomez, Mischaikow
and Vickers [63]. The singular perturbation result for the equation, established through
Theorem 2.21, is necessary to obtain its counterpart for the diffusion-competition system,
which is a central result of this dissertation.

Regarding Chapter 3, it consists of Sections 1-4 of [40]. Throughout this chapter, a
new generalized Picone identity is used systematically to study the superlinear indefinite
problem

Lu = u—a(z)f(u) in Q,
{ Bu=0 on 05},

where the function f € C"(R), r > 2, satisfies f(0) = 0 and f # 0, and a € C(Q2) may
change sign. As usual in this dissertation, A € R is regarded as a bifurcation parameter.
In particular, Chapter 3 not only adapts the results of Gémez-Renasco and Lépez-Gomez
[51, 52|, and Lopez-Gomez [89], obtained for the choice f(u) = u? for some ¢ > 2, to
cover the case of non-classical mixed boundary conditions, but it also provides us with
their optimality, as we were able to complement the previous results by establishing that
they cannot hold even when f is the sum of two monomials which is an arbitrarily small
perturbation of u?, g > 2.

Part IT is made up of the remaining chapters, and deals with the diffusive Lotka—Volterra
competition two species model

% +diLiu = MNz)u — a(x)u? — b(x)uv in Q x (0,+00),
% + doLov = p(x)v — d(x)v? — c(z)uv  in Q x (0, +00),
Biu=Byv =0 on 0f) x (0, +OO),
u(z,0) = uo(z), v(z,0) = vo(x) in €,

(2)

with general uniformly elliptic operators and boundary operators of mixed non-classical
type, much like in the equation. The associated non-diffusive model, obtained by switching
off to zero the diffusion coefficients dy and da, goes back to the seminal works of Lotka [78]

and Volterra [114, 115], and hence, the coefficient functions, A\, u € C(2) and a,b,c,d €
C(9; (0, +00)), acquire a special meaning from the point of view of population dynamics: A
and p are growth rates of the species (in the absence of competition), a and d measure the
intraspecific competition among the individuals of the same species, and b and ¢ measure
the interspecific competition among the individuals of v and v.

Chapter 4 consists of Section 4 of [38], which generalizes the main result of [42] and those
of Sections 3 and 5 of [39]. It studies the singular perturbation problem for the diffusive
competition model, providing us with the limiting profile of the coexistence steady states
in those regions of 2 where the non-diffusive counterpart of the model (2) exhibits global
attractivity, i.e., the region where both species become extinct, ey, or both species are
permanent, (e, or one species dominates the other, 3 and Qf . According to this
result, the limiting profile of the singular perturbation problem for the system may not
be determined in the region €)y;, where the non-diffusive model exhibits founder control
competition (two linearly stable semitrivial steady states). Thus, the singular perturbation
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result established in this dissertation improves substantially Theorem 4.1 of Hutson, Lopez-
Gomez, Mischaikow and Vickers [63]|, Theorem 5.2(iii) of He and Ni [53], and Lemma 3.3
and Theorem 1.2 of Hutson, Lou and Mischaikow [65], where £; = Lo = —A, By = By
are non-flux boundary operators, and either the competition coefficients are assumed to be
constant or the behavior of the species is considered to be homogeneous in 2. Although
the main technical device to get these singular perturbation results is a monotone scheme
introduced by Lopez-Gomez and Sabina in Section 3.3 of [77] to estimate the region of
extinction of the species, adapting it to a spatially heterogeneous setting is much more
intricate and technically sophisticated.

Chapter 5 consists of Sections 5, 6 and 7 of [38] and provides us with the Induced
Instability Principle, which establishes that the local instability of a steady state of the non-
diffusive model in a region arbitrarily small of €2 is induced, globally, to any family of steady
states of the diffusive model perturbing from it therein. This result is completely new and,
among its main consequences, it provides us with a generalized version of Theorem 2.1(i)
of Furter and Lopez-Gomez [48|. Furthermore, the Induced Instability Principle allows
us to obtain the first general multiplicity result for (2) based, exclusively, on the spatial
heterogeneities of the domain, whatever its geometry is. Indeed, in the symmetric case, if
there are regions of 2 where the underlying non-diffusive model exhibits permanence, i.e.,
Qper # 0, and other regions where it exhibits founder control competition, i.e., Qu; # 0,
then the diffusive model admits at least three coexistence steady states, two of them stable
and the other unstable, for sufficiently small diffusion rates, regardless the sizes of (e,
and Qy;. As a by-product, this explains why the limiting profile of a family of coexistence
steady states of the diffusive model is not determined by our singular perturbation result
in Qbi-

To conclude, Chapter 6 tidies up, polishes and rearranges Sections 8 and 9 of [38] and
Sections 5 and 6 of [40], providing us with two situations under which, for sufficiently small
diffusion rates, the model (2) exhibits a unique coexistence steady state, which is actually
globally asymptotically stable. First, this dissertation establishes that this phenomenology
occurs if Q = Qper- The result found here is a substantial generalization of Theorem 1.1 of
Hutson, Lou and Mischaikow [65] that uses a completely different, much simpler and more
versatile proof, which allows us to deal with uniformly elliptic differential operators other
than —A, and boundary conditions other than non-flux (Robin ones of non-classical type).
Finally, uniqueness is also achieved in the heterogeneous diffusion-competition model when
low competition occurs, i.e., be < ad (and so Qp; = (), which provides us with a substantial
extension of Theorem 3.4 of He and Ni [55], obtained for constant competition coefficients,
with £1 = L5 = —A under non-flux boundary conditions.






Resumen

El objetivo principal de esta tesis es analizar el modelo difusivo de tipo Lotka—Volterra
competitivo mediante el estudio de la unicidad, multiplicidad y estabilidad de sus soluciones
estacionarias no negativas, preferiblemente cuando la difusién de las especies en el medio es
suficientemente pequena, aunque algunos de los resultados presentados aqui no requieren
esta hipotesis. Para llevar a cabo esta tarea, es imperativo descender un escalén y analizar
primero las ecuaciones logisticas obtenidas al desacoplar el sistema. Como consecuencia,
la tesis se ha dividido en dos partes, la primera dedicada a la ecuacién y la segunda al
sistema, difusivo-competitivo, construidas a partir de una seleccién de los resultados més
significativos de los articulos de investigacion [42, 39, 38, 41, 40], que han sido realizados
por el candidato a doctor junto con su tutor.

La Parte I consta de los Capitulos 2 y 3, y cubre tanto el andlisis de la ecuacién logistica
sublinear, como el problema superlinear indefinido asociado. De forma més precisa, el
Capitulo 2, que refina la teoria desarrollada en [41], comienza caracterizando la regularidad
de 02, para un conjunto abierto y acotado @ C RN, N > 1, a través de la regularidad de
la funcién distancia en la direcciéon de un campo vectorial exterior a €2, asi como por medio
del hecho de que 9Q = ¥~1(0) para alguna funciéon suave no degenerada, ¥, definida
en un entorno de 9€2. Este resultado es crucial para poder lidiar con condiciones de
frontera mixtas no clasicas, asi como para adaptar a este marco un recurso de caréacter
técnico introducido por Lopez-Gomez [87], que permite construir ciertas supersoluciones.
A raiz de este resultado, el Capitulo 2 establece la existencia, unicidad, y propiedades de
monotonia, de soluciones positivas para la ecuacién difusiva de tipo logistico sublineal

dCu=wuh(u,z) in Q, (3)
Bu=0 on 0f),

donde Q ¢ RN, N > 1, es un dominio de clase C2, d > 0 es la tasa de difusion, £ es un
operador diferencial uniformemente eliptico en forma de divergencia, esto es,

£ = —div(AV:) + BV + C,

con A € MFY"(CH(Q)), B € Mixn(C(Q)) y C € C(Q), mientras que B es un operador de
frontera de tipo mixto no clasico. B es mixto en tanto que, en cada componente de 02,
puede ser o bien de tipo Dirichlet o de tipo Robin, y es no clasico en el sentido de que la
funcion S € C(092) que aparece en el operador de frontera de tipo Robin,

Ru = dpu + Pu

xiii
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puede cambiar de signo. Por otra parte, en el problema (3), h(u,z) es una funcién no
lineal continua en x € Q, de clase C! en u € R, y estrictamente decreciente en u > 0, entre
otras hipoétesis de caracter técnico.

El objetivo principal de este capitulo es proporcionar el perfil limite de las soluciones
positivas de (3) cuando d > 0 converge a cero, lo cual generaliza los resultados mas recientes
desarrollados para este tipo de ecuaciones, esto es, los de Cantrell y Cosner 18], Furter
y Lopez-Gomez [48] y Hutson, Lopez-Gomez, Mischaikow y Vickers [63]. El resultado
de perturbacién singular para la ecuacién, establecido en el Teorema 2.21, es crucial para
poder obtener su analogo para el sistema difusivo de tipo competitivo, uno de los resultados
centrales de esta tesis.

En cuanto al Capitulo 3, este consiste en las Secciones 1-4 de [40]. A lo largo de
este capitulo, se usa sistematicamente una nueva identidad de Picone generalizada para
estudiar el problema superlineal indefinido

Lu=Au—a(z)f(u) in Q,
Bu =0 on 0f),

donde la funcion f € C"(R), r > 2, satisface f(0) =0y f Z 0,y a € C(2) puede cambiar de
signo. Por otra parte, A € R es considerado como pardmetro de bifurcaciéon. En particular,
el Capitulo 3 no solo adapta los resultados de Gomez-Renasco y Lopez-Gomerz [51, 52|, y
Lopez-Gomez [89], obtenidos para la eleccion f(u) = u? para algiun g > 2, para que sigan
siendo validos en el caso de condiciones de frontera mixtas no clasicas, sino que también
los complementa estableciendo su optimalidad, probando que dejan de ser ciertos incluso
cuando la funcién f es una perturbaciéon arbitrariamente pequena de u?, ¢ > 2, definida
como la suma de dos monomios.

La Parte II engloba los restantes capitulos, y centra su andlisis en el modelo difusivo
de tipo Lotka—Volterra competitivo para dos especies

%7; +diLiu = ANz)u — a(z)u® — b(x)uv in Q x (0, +o0),
% + doLov = p(x)v — d(x)v? — c(z)uv  in Q x (0, +o0),
Biu = Bav =0 on 0 x (0,4+00),
u(:r,()) = UQ(JJ), U(l‘,O) = ’UO(x) in €,

(4)

con L1y Lo operadores uniformemente elipticos, y By y Be operadores de frontera mixtos
no clasicos, como los de la ecuaciéon. El modelo no difusivo asociado, esto es, el obtenido
al hacer cero los coeficientes de difusion d; y da, se remonta a los trabajos de Lotka [78]
y Volterra [114, 115], y por tanto las funciones A\, u € C(Q) y a,b,c,d € C(£2;(0, +00)),
adquieren su propio significado desde el punto de vista de la dindmica de poblaciones: A
y p son tasas de crecimiento de las especies (en ausencia de competicion), a y d miden
la competicién intraespecifica entre los individuos de la misma especie, y b y ¢ miden la
competicién interespecifica entre los individuos de u y v.

El Capitulo 4 recopila la teoria desarrollada en la Seccion 4 de [38], que generaliza el
resultado principal de [42] y los de las Secciones 3 y 5 de [39]. Este capitulo estudia el
problema de perturbacién singular en el modelo difusivo de competicién, proporcionando
el perfil limite de los estados estacionarios de coexistencia, esto es, aquellos con ambas
componentes positivas, en las regiones de 2 donde el modelo no difusivo asociado a (4)
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exhibe un atractor global, esto es, la regiéon donde ambas especies se extinguen, (e,
la regiéon donde ambas especies son permanentes, {lper, 0 las regiones donde una especie
domina a la otra, Qj y Qf,. De acuerdo con este resultado, el perfil limite para el
problema de perturbacién para el sistema puede no quedar determinado en la regién
donde el modelo no difusivo exhibe ‘founder control competition’ (dos estados estacionarios
semitriviales linealmente estables). Por lo tanto, el resultado de perturbacion singular
obtenido en esta tesis mejora sustancialmente el Teorema 4.1 de Hutson, Lopez-Goémez,
Mischaikow y Vickers [63], el Teorema 5.2 (iii) de He y Ni [53], y el Lema 3.3 y el Teorema
1.2 de Hutson, Lou y Mischaikow [65], en los que £1 = L3 = —A, By = By son operadores
de frontera de tipo Neumann, y o bien los coeficientes de competicién, a, b, ¢, y d, se
suponen constantes, o el comportamiento de las especies se considera homogéneo en ().
Aunque el principal recurso técnico usado para obtener estos resultados de perturbacion
singular es un esquema monétono introducido por Lépez-Goémez y Sabina en la Secciéon
3.3 de [77] para estimar la region de extincion de las especies, adaptarlo para lidiar con un
contexto espacialmente heterogéneo es mucho mas intrincado y sofisticado técnicamente.

El Capitulo 5, por su parte, consiste en las Secciones 5, 6 y 7 of [38]. En él se establece
el Principio de Inestabilidad Inducida, segiin el cual la inestabilidad local de un estado
estacionario (us,v«) del modelo no difusivo en una region arbitrariamente pequenia de 2
es inducida, globalmente, a una familia de estados estacionarios del modelo difusivo (4)
que perturben desde (u,v.) en dicha region. Este resultado es completamente nuevo v,
entre sus principales consecuencias, esta el hecho de que proporciona el Teorema 2.1(i) de
Furter y Lopez-Gomez [48]. Ademas, el Principio de Inestabilidad Inducida nos permite
obtener el primer resultado general de multiplicidad para (4) basado exclusivamente en
las heterogeneidades espaciales del dominio, sea cual sea su geometria. En efecto, en el
caso simétrico, si hay regiones de 2 donde el modelo no difusivo asociado a (4) exhibe
permanencia, es decir, Qper # 0, y regiones donde exhibe ‘founder control competition’,
esto es, Qi # ), entonces el modelo difusivo admite al menos tres estados estacionarios de
coexistencia, dos de ellos estables y el otro inestable, para coeficientes de difusién suficien-
temente pequenos, independientemente de los tamanos de Qper y {dpi. Como consecuencia,
esto explica por qué el perfil limite de una familia arbitraria de estados estacionarios de co-
existencia del modelo difusivo no queda determinado por nuestro resultado de perturbacion
singular en ;.

Para concluir, el Capitulo 6 limpia, pule y reorganiza las Secciones 8 y 9 de [38] vy las
Secciones 5 y 6 de [40], proporcionando dos situaciones en las que, si los coeficientes de
difusion son suficientemente pequenos, el modelo (4) exhibe un unico estado estacionario
de coexistencia, que es, de hecho, un atractor global para las soluciones de (4) con ambas
componentes positivas. En primer lugar, se prueba la unicidad en el caso = Qper. El
resultado obtenido aqui supone una generalizaciéon sustancial del Teorema 1.1 de Hutson,
Lou y Mischaikow [65]|, y usa una prueba completamente diferente, mucho mas simple
v mas versatil, lo que nos permite tratar con operadores elipticos uniformes distintos de
—A, y condiciones de contorno distintas a las de tipo Neumann (Robin de tipo no clésico).
Finalmente, la unicidad también se consigue en el modelo difusivo-competitivo heterogéneo
cuando hay baja competicion, esto es, be < ad (luego Qp; = (), lo que supone una extension
sustancial del Teorema 3.4 de He y Ni [55], obtenido para coeficientes de competicion
constantes, £1 = Lo = —A y condiciones de frontera de tipo Neumann.
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Chapter 1

Introduction

The main objective of this dissertation consists in analyzing the diffusive Lotka—Volterra
competition model by studying the uniqueness, multiplicity and stability of its component-
wise positive solutions, as well as their limiting profiles, when the diffusions of the species
in the inhabiting territory are sufficiently small, which is a situation rather realistic from
the point of view of the applications in Population Dynamics. To accomplish this task it
is necessary to go down one step and analyze first the logistic equation, because a sharp
analysis of this equation is imperative to treat the system.

The mathematical theory of diffusive competing species, as we know it today, grew from
the pioneering papers of Casten and Holland [21], Matano and Mimura [99], Kishimoto
and Weinberger [69], Dancer [27, 28, 29|, Blat and Brown [12, 13|, Cosner and Lazer [23],
Ahmad and Lazer [1|, Hess and Lazer [57], Lopez-Gomez and Pardo [93, 95|, Eilbeck,
Furter and Lopez-Gomez [33], Furter and Lopez-Gomerz [47, 48], Lopez-Gomez and Sabina
[77], Hutson, Lopez-Gomez, Mischaikow and Vickers [63], and Hsu, Smith and Waltman
[62], where the foundations of the theory of competing species developed in this dissertation
were settled. The pioneering work of Hsu, Hubbell and Waltman [61] had been formulated
through a system of Ordinary Differential Equations.

Among the most astonishing effects of the spatial dispersion through random diffusion,
Eilbeck, Furter and Lopez-Gomez [33] were able to show, answering to a clever question of
C. Cosner, that, under homogeneous Dirichlet boundary conditions, the species can be per-
manent even when the non-spatial associated model exhibits founder control competition.
The related question of C. Cosner raised in a personal letter to J. C. Eilbeck short time after
the Conference on Reaction-Diffusion Equations organized by K. J. Brown and A. Lacey in
Heriot-Watt University (Edinburgh) was held on May 1988. Since then, it became apparent
the crucial role played by the spatial dispersion in the biological problem of the perma-
nence of competing species. The result of Eilbeck, Furter and Lopez-Gomez [33] contrasts,
very strongly, with a previous finding of Kishimoto and Weinberger [69], who established
that, under non-flux boundary conditions, permanence cannot occur in the homogeneous
competition model if its non-spatial counterpart exhibits founder control competition and
the territory is convex. Some time later, Cano-Casanova and Lopez-Gomez [17] established
that permanence is possible, regardless of the level of the aggression between the competi-
tors, as soon as each of them can refuge on some spatial protection zone, sufficiently large,
where it can stay free from the aggression of the others.
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This thesis studies, with much more generality, the role played by the spatial het-
erogeneities of the model on its dynamics. It has been built as a selection of the most
significant results found in the next research papers:

[38] S. Fernandez-Rincén and J. Lopez-Gomez. Spatially heterogeneous Lotka—
Volterra competition. Nonlinear Analysis, 165:33-79, 2017.

[39] S. Fernandez-Rincon and J. Lopez-Gomez. Spatial versus non-spatial dy-
namics for diffusive Lotka—Volterra competing species models. Calculus of
Variations and Partial Differential Equations, 56(71):1-37, 2017.

[40] S. Fernandez-Rincon and J. Lopez-Gémez. The Picone identity: A de-
vice to get optimal uniqueness results and global dynamics in Population
Dynamics. arXiv:1911.05066, pages 1-48, 2019.

[41] S. Fernandez-Rincon and J. Lopez-Gomez. The singular perturbation prob-
lem for a class of generalized logistic equations under non-classical mixed
boundary conditions. Advanced Nonlinear Studies, 19:1-27, 2019.

[42] S. Fernandez-Rincén and J. Lopez-Gomez. A singular perturbation result
in competition theory. Journal of Mathematical Analysis and Applications,
445:280-296, 2017.

This dissertation has been distributed in two parts: the first one dealing with the single
equation, the second one with the competition model itself. Part I consists of Chapter 2,
which polishes the theory developed in [41] for the logistic equation, and Chapter 3, which
consists of Sections 1-4 of [40] and is focussed on the study of the superlinear indefinite
problem. Part IT consists of the remaining chapters and deals with the diffusive Lotka—
Volterra competition system. In particular, Chapter 4 consists of Section 4 of [38], which
generalizes the main result of [42] and those of Sections 3 and 5 of [39]. Precisely, it
studies the singular perturbation problem in the competition model. Chapter 5 consists of
Sections 5, 6 and 7 of [38] and establishes the Induced Instability Principle and some of its
consequences. To conclude, Chapter 6 rearranges and adapts Sections 8 and 9 of [38] and
Sections 5 and 6 of [40], providing two new situations where the diffusive Lotka—Volterra
competition model exhibits a unique coexistence steady state. It should be emphasized
that [40] also provides one of the first uniqueness results for diffusive Lotka—Volterra models
of symbiotic type, though it has been left outside the scope of this dissertation, focused on
the competition model.

Next, we provide an overview on the main results established in the thesis, highlight-
ing their strengths while comparing them with those existing in the literature associated
with problems of similar nature. As it will become apparent soon, they answer to many
challenges of the research teams of W. M. Ni, one of the leading experts in PDE’s.

1.1 Characterizing the regularity of the boundary

As soon as the diffusive competition problem studied in this thesis requires a place to be set,
an habitat for the species to perform such a competition, the first result in this dissertation
is focused on providing different ways to describe its regularity. More precisely, it provides
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us with a number of equivalent characterizations of the regularity of a subdomain, Q c RY,
N > 1, whose boundary, the edges of the inhabiting area, is assumed to be a topological
(N — 1)-manifold. For the adequate statement of this result, it is appropriate to introduce
notation related to what it is understood by projection onto the boundary of €2, 02, and
distance with respect to 0€2. Although these definitions are easily understood when the
projection and the distance are taken along the normal vector field, and coincide with the
usual ones in RV, we need to generalize these concepts to cover arbitrary vector fields as
those considered in this dissertation.

According to Definition 2.2, given v : 9Q — RY a vector field on 99, and U C RY,
with 92 C U, a neighborhood of 012, it is said that a function I, : U — 02 is a projection
onto OS2 along v if it satisfies the next assumptions:

(i) (Identity on 0Q) 11, (x) = x for all z € 9S2. This implies that 112 = II,,.

(ii) (Constant along the vector field) 11, is constant along the ray = + \v(z) for every
x € 09 and A € R such that = + Av(x) € Y. Analogously,
oIl
Ov (1L, (x))

It should be noted that every projection function onto 02 admits an associated distance
function. Indeed, the distance to 02 along v can be defined through

(x) =0 forall z €U.

: |z — Tl (2)|
disty (z,00) := —————+ for every x € U,
Y v (Il (2))]
where | - | stands for the euclidean norm in RY. However, this distance function is not

smooth on 92, as it behaves much like the absolute value function, and hence, in practice,
one needs to consider the reqularized distance function 0, : U — R defined by

2 (z) = disty (x, 09) it xeldnQ,
v —disty (2,00)  if e U\ Q.

As shown by Theorem 2.3 stated below, the regularity of the boundary can be char-
acterized in terms of the regularity of the projection and regularized distance function (in

(b)), or in terms of the existence and regularity of a function whose zeros describe 99 (in
(d) and (f)).

( Excerpt from Theorem 2.3 (Characterization of the regularity of 0(2). )

Assume that 2 is an open subdomain of RY such that 0Q is a topological (N —1)-
manifold. Then, for every integer r > 2, the next assertions are equivalent:

(a) 09 is of class C".

(b) 00 admits an outward vector field vy € C"1(0Q;RY) and, for every out-
ward vector field v € C"~1(0Q; RY), there exist an open subset U of RY,
with 0 C U, and a projection onto OS2 along v, 11, : U — 09, of class
C™~L'. Moreover, the associated reqularized distance function 0, : U — R is
of class C".
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(d) 09 admits an outward vector field vo € C"1(0Q;RY) and, for every out-
ward vector field v € C"1(OQ;RY), there exist an open subset U of RN
with 0 C U, and a function » € C"(U;R) such that (z) < 0 for all
T €QNU, Y(x) >0 forallx €U\ Q, and

in — 0.
T )2

In particular, ¥(x) = 0 for all x € 08, by the continuity of ¥ on U.

(f) There erist an open subset U of RN with 0Q C U and a function ¥ €
C"(U;R) such that Q= {z €U : ¥(z) <0}, 9N =V=1(0), and |V (x)| =
1 for all x € 09Q2.

Theorem 2.3 seems to be the first result in the literature establishing the equivalence
between the regularity of 0€2 by means of the definition using charts, and the regularity of
the distance function, or the fact 9Q = ¥~1(0) for some smooth function, ¥, defined on a
neighborhood of 0f2, such that U(z) = 0 if and only if x € 9Q2. However, the problem of
determining the regularity of the standard distance function

dist(z, Q) := min |z —y|, =€ RY,
yeod

from the regularity of ©, is not new, as it received a great attention during the 20" century.

Indeed, Serrin [110, Le. 1 in Sec. 3| showed that if S is an N — 1 dimensional surface of
class C3, then the distance function is of class C? in a neighborhood of S controled by the
normal curvature of S. So, a degree of regularity is lost. This result was later improved by
Gilbarg and Trudinger [50], who proved that the regularity is preserved for classes greater
or equal than C2. Precisely, their result reads as follows

Lemma 14.16 of [50]. Let Q be bounded and 92 € C* for k > 2. Then, there
exists a positive constant p depending on Q0 such that dist(-,00) € C¥(T,,), where

T, = {z € Q|dist(z, Q) < p}.

Some time later, Krantz and Parks [71, Ex. 4| showed that C? is actually the minimal
regularity condition on 99 so that dist(x, Q) is guaranteed to be well defined. Moreover,
they proved in the same paper that the regularity result can be extended to the case C! if
there exits a neighborhood of €2 where every point admits a unique nearest point in 0S).

Theorem 1 of [71]. If M C RY, is a compact manifold of class C* with dimen-
ston N — 1, and there exists p > 0 such that every

z €U, :={z € RN |dist(x,00) < pu}

admits a unique ‘nearest point’ in M, then there exists an open neighborhood U
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of M such that the function

5(z) = dist(z,09)  if z € Q,
YT —dist(z,09) if 2 € RV )\ Q,

restricted to U is of class C'.

To conclude this discussion on the different approaches available to the problem of
determining the regularity of the distance function, we should highlight the work of Foote
[45], who provided free-coordinate proofs of Theorems 1 and 2 of Krantz and Parks [71],
as well as the contributions of Li and Nirenberg |76], who established that if © is a domain
in a smooth complete Finsler manifold with 9Q € C¥¢, for some 0 < a < 1 and k > 2, and
G is the largest open subset of {2 such that, for every x € G, there exists a unique ‘closest
point’ from 9N to z (measured in the Finsler metric), then the distance function from 92
is in 24 (G U 0Q).

Besides providing us with the first characterization of the regularity of 9€) through the
regularity of the distance functions, Theorem 2.3 also seems to incorporate the conormal
vector field into the regularity problem for the first time. But first, let us introduce the
concept of conormal vector field associated to an operator in €. Agsume that € is of
class C? and denote by n its normal vector field. Then, any uniformly elliptic operator in
divergence form, namely

L:=—div(AV:) + bV + ¢

with A € MY™(CH(Q)), b € M1xn(C(Q)) and ¢ € C(£2), admits an associated conormal
vector field
v := An,

which is the most appropriate one to use when introducing the Robin boundary conditions.
According to Theorem 2.3, since 9 is of class C2, there exists an associated conormal
projection, of class C', and a conormal distance, of class C?, along the outward vector
field v. Despide the intuitiveness of these notations, a search in the Web of Science Core
Collection shows no results for the terms ‘conormal distance’ and ‘conormal projection’,
except for [41], though it shows 149 entries when combining ‘conormal’ and ‘boundary’.
Hence, there is no doubt that the concepts of conormal projection and conormal distance,
as well as the problem of their regularities, are introduced and analyzed for the first time
in Theorem 2.3, which was established in [41].

Before enunciating some of the most important implications of Theorem 2.3, we should
remark that, as far as concerns the use of the different characterizations of the regularity of
0% in the literature, although (a) is the most extended condition in differential geometry to
discuss the regularity of a manifold, (f) is the condition used in some classical PDE papers,
like in the works of Howes [58, 59, 60|, De Santi [30], or Cantrell and Cosner [18]. Actually,
condition (f), or equivalently (e), are crucial in the PDE framework when dealing with
non-classical boundary conditions, as well as in constructing some special supersolutions,
as it will become apparent below. However, it is quite surprising that its systematic use
has not been yet popularized in the existing literature.
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Besides the interest that Theorem 2.3 may deserve in differential geometry, as pointed
out in the previous comments, it plays a crucial role when dealing with problems in partial
differential equations. In particular, with those subject to non-classical Robin boundary
conditions, i.e., those whose boundary operator has the form

R::5%+ﬁ:<AV-,n>+5:<V-,An)+6 on 09,

where the function 8 € C(Q) can change sign (non-classical), and v := An is the conormal
vector field associated to the operator £. One may think of problems of the form

(L+w)u=f in Q, or Lu=uh(u,z) in Q,
Ru=20 on 0f), Ru=20 on 01,

with appropriate functions f € L?(2) and h € C(R x ) such that h decreases in u uni-
formly in €. In these settings, the constant functions do not provide us with supersolutions
anymore, as they used to do in the classical case when g > 0. This is a serious shortage, as
they are very common to prove the existence of solutions through the method of sub and
supersolutions. However, Lemma 2.7, by means of the characterization provided by Theo-
rem 2.3, allows us to solve this problem by constructing the supersolutions as multiples of
a function of the form

Eyu(+) = exp(—=p0,(1)),

for some p > 0 depending on the norm of the outward vector field v and the minimum of
B. The function E,, is of class C? in a neighborhood of 99 as soon as 9 is of class C?,
and it can be easily extended to the interior of 2 with the required regularity by means of
cut-off functions.

Another application of Theorem 2.3 consists on transforming a non-classical problem,
where 8 changes of sign, into a classical one, with the associated g non-negative, in such
a way that the equation preserves its structure and main properties. As suggested by the
previous example with the supersolution, and has already been established by Theorem
2.6, this can be achieved in a logistic type equation through a change of variables of the
type

u=FE,w.

In the setting of this dissertation, such a change transforms the problem

dLu =uh(u,x) in into dCp,w=whg,(w,r) in Q,
Bu=0 on 012, Bg,w =10 on 01,

with both £ and Lg, being uniformly elliptic differential operators in divergence form, h
and hp, satisfying nearly the same substantial hypothesis, and B and Bg, being boundary
operators of non-classical and classical type, respectively.

The previous trick of considering a function like £, to prove the existence and unique-
ness of weak solutions for linear BVP’s goes back to Theorem 3.3 of Lopez-Gomez [87],
which reads as follows.
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Adapted from Theorem 3.3 of [87]. Suppose that ) is a subdomain of RY,
N > 1, of class C', L is a uniformly elliptic operator in divergence form, and
let B stand for a mon-classical boundary operator of mized type. Assume that a

function ¢ € C%(Q) exists such that
oY

min %(a:) > 0. (1.1)

Then, then there exists wy € R such that, for every w > wg and f € L*(2) the
bl
provem (L+wu=f in Q,
Bu =0 on 09,
possesses a unique weak solution
wi=(L+w)'f € WE(Q).

(1.2)

Here I'p stands for those components of 0S) where the boundary operator B is of
Dirichlet type.

As a first step towards the proof of this result, Lemma 3.1 of [87] establishes the existence of
the function 1 satisfying (1.1) if  is of class C2, which corresponds to the step (a) implies
(d) of Theorem 2.3 for the C2-case. Immediately after Lemma 3.1 of [87], the change of
variable

u = E,v:=exp(uy)v,

is performed, for certain p > 0, so that problem (1.2), which was of non-classical type, can
be transformed into the equivalent classical problem

{ (EEu+w)v:Ei# in Q,

(1.3)
BEuU =0 on 01,

where Bg, has the (classical) coefficient S5, > 0. As a consequence, the celebrated theorem
of Lax and Milgram |[75], which lies on Theorem 2.1 of Garding [49], can be applied to
(1.3), hence providing us with the existence result for (1.2).

Although the original idea of considering a supersolution of exponential type, F, of the
linear problem goes back to Lopez-Gomez [87], using the change of variable v = u/H for
some positive function H such that LH > 0 in €, for transforming an elliptic operator £
with a coefficient ¢ changing of sign into another one,

Ly =—div(AV:) +bygV +cy

with ¢y = LH/H > 0, had been already used by Protter and Weinberger [107] to prove
their generalized maximum principle from the Hopf’s maximum principle; Lépez-Gomez
adapted that idea to transform, simultaneously, the boundary operator, and, at the end
of the day, to characterize, whether or not the function H exists, which remained an open
enigma in the celebrated book of Protter and Weinberger [107] (see Lopez-Gomez [86]).

The last, but not less important, application of Theorem 2.3 consists in providing ap-
propriate approximations of continuous functions through functions satisfying a certain
boundary estimate related to the Robin boundary operator R. Indeed, Lemma 2.9 estab-
lishes that, given a function f € C(Q), for every ¢ > 0 there are functions ¥y, Uy € C?(1Q)
such that
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f(x) —e < Wy(x),Vo(z) < f(z) + e for every x € Q,
with
RUi(z) >0 and RVYs(x) <0 forall z € .

This technical tool plays a pivotal role in the proof of the singular perturbation problem
for the logistic equation which is introduced below.

1.2 Singular perturbations for sublinear logistic equations

Another main result of this thesis ascertains the limiting profile, as d > 0 decreases to zero,
of the maximal non-negative solution of the diffusive logistic problem

{ dLu = wh(u,z) in Q, (1.4)

Bu=0 on 0f),

where h(u,x) is a non-linear continuous function in x € Q, of class C! in u € R, strictly
decreasing in w > 0, among some other technical assumptions detailed at the beginning
of Chapter 2. In (1.4), £ is an uniformly elliptic differential operator in € in divergence
form, i.e.,

L:=—div(AV:) + bV + ¢ (1.5)

with A € MY (CH)), b € M1xn(C(Q)) and ¢ € C(Q).

Throughout this dissertation, Q@ ¢ RV, N > 1, is assumed to be of class C2, and the
boundary operator, B, is allowed to be of non-classical mixed type, i.e., the components of
0f) are assumed to be distributed in two disjoint sets, I'p and I'g, so that B is the Dirichlet
boundary operator on I'p, i.e.,

Bu:=Du=u=0 on I'p for every uec W?P(Q), p> N, (1.6)
whereas B as a non-classical Robin-type boundary operator on I'g, i.e.,
Bu:=Ru = (Vu,An) + fu=0 on I'g, (1.7)

where § € C(I'r) and n stands for the outward unit normal vector field along 9. The
boundary operator B is non-classical in the sense that § can change sign.

Figure 1.1: Plot of of the inhabiting territory distinguishing between the several compo-
nents of 992 where B acts as a Dirichlet or Robin boundary operator, i.e., I'l, and I'%, and
'}, and I'%, respectively. Here I'p =T', UT% and I'g =T'; UT'%.

The main perturbation result for the diffusive logistic equation, stated in Theorem 2.21,
establishes that the maximal non-negative solution of (1.4) converges, as d decays to zero,
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to the maximal non-negative solution of the equation obtained by switching off to zero the
diffusion rate, d, i.e.,
uh(u,z) =0, x €.

It is worth-mentioning that, for every = € 2, the maximal non-negative solution of this
algebraic equation is the unique linearly stable, or linearly neutrally stable, non-negative
steady state of the kinetic counterpart of (1.4), i.e

o' (t) = u(t)h(u(t),z), te (0,+00),

which actually is a global attractor with respect to its component-wise positive solutions.

For the sake of simplicity in stating our theorem, in order to clarify as much as possible
the challenges that we had to overcome to get it, as well as its main advantages and
improvements with respect to the previous existing results, we will focus our attention into
the simplest paradigmatic prototype equation

{ dlu = Az)u — a(z)u! in Q,

Bu=0 on 0f), (1.8)

where ¢ > 2,d >0, A € C(Q), and a € C(€, (0, 4+00)), which holds for the special choice
h(u,z) = AMz) — a(z)ud™L.

Under certain circumstances, in particular when maxg A > 0, the model admits a unique
positive solution for sufficiently small d > 0. Subsequently, we denote by 04 q) the
maximal non-negative solution of (1.8). When switched off to zero the diffusion rate, d, in
(1.8), we are lead to a family of ordinary differential equations parameterized by x € ).
These are the kinetic/non-diffusive problems associated to (1.8), which are explicitly given

by
u'(t) = ( Ju(t) —a(z)ul(t) t € (0,+00),
{ u(0) = g > 0, (1.9)

whose steady states are u = 0, and

as soon as A(z) > 0.

Thus, the maximal non-negative steady state of (1.9), which is actually the unique linearly
stable one if A(z) # 0, is provided by

where Ay denotes the positive part of A, i.e.,
Ay = max{\,0}.

Note that u = 0 is linearly neutrally stable if A(z) = 0. In this setting, the next result
follows as a very special case of Theorem 2.21, which is not only of interest in its own,
but it plays a crucial role to prove the main singular perturbation result for the diffusive
competition model.
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Corollary of Theorem 2.21 (Singular perturbation for the equation).

Given a compact subset, K, of QUL U )\11(0), we have that

. PRy P . )
Bﬂ)l O¢dnay = o uniformly in K.

Here, F;’g denotes the union of the components of I'r where \ is everywhere
positive.

. 7

Next, let us provide an overview on the perturbation problem for the diffusive logistic
equation. To the best of our knowledge, the first singular perturbation result dealing with
this kind of equations goes back to Result (A) of Berger and Fraenkel [10], which analyzes
the problem

u=20 on 0f2, (1.10)

where @ C RN, N < 3, is of class C®, and g € C™ is strictly positive in Q. The
precise result, which is proved in Sections 3 and 4 in [10] through the method of matched
asymptotic expansions, reads as follows.

{ EAu+u—g*(x)ud =0 in Q,

Result (A) of [10]. For sufficiently small values of €, the problem (1.10) has a
unique smooth positive solution u(x,€) which tends to 1/g(z) as e — 0, outside a
narrow boundary layer of width O(e¢) concentrated near Q.

It should be noted that this result deals for the first time with the boundary layer that arises
when considering the singular perturbation result under Dirichlet boundary conditions in
the logistic equation, estimating the width of that layer in terms of the diffusion coefficient.
However, it does not allows the kinetic counterpart of (1.10) to exhibit different linearly
stable steady states in different regions of €2, which would imply that there is a region
in ©Q where the kinetic model exhibits a linearly neutraly stable steady state. Actually,
even though shortly later De Villiers [31], Fife [43], and Fife and Greenlee [44] sharpened
the result of Berger and Fraenkel [10] by allowing more general non-linearities, the kinetic
counterpart of the diffusion problem was still assumed to posses a unique steady state
being linearly stable in the whole 2. For instance, De Villiers [31] obtained the singular
perturbation result for
EAu+ g(z,u) =0 in €,
{ u =20 on 0f),

with N > 1 and g € C*®(2 x R) admitting a strictly positive function T € C(Q) (the steady
state) such that

g(z,T(x)) =0 and 0,g9(z,T(x)) <0 forall z€Q,
and, for every s € 9Q and & € [0,T(s)),

T(s)
/5 g(s,y)dy > 0.
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On the other hand, Fife [43] established the singular perturbation result for

{ e2div(A(z, e)Vu)u — g(x,u,e) =0 in Q,

U= on 09, (1.11)

where Q, A(z,¢€), ¢ and g(x,u,€) are of class C* and such that, for every x € Q, there
exists ug(z) for which

g(x,uo(z),0) =0 and dyg(z,up(x),0) >0 forall z €,

and, for every x € 90 and k # ) in between ug(z) and p(z),

k
/ g(x,u,0)du > 0. (1.12)
ug ()

Finally, Fife and Greenlee [44] established that an interior transition occurs for (1.11) if
there are two functions, ug; and wg2, of class C* with wug 1 (z) # up2(x), such that

g(x,u04(2),0) =0 and dug(x,up;(z),0) <0 forall z€Q, i=1,2,

and an integral condition of the type of (1.12) holds. In particular the transition between
these solutions occurs in the curve originated by the zeros of the function

ug,2 ()

J(x) = / g(z,u,0) du.
ug,1(x)

It should be remarked that the singular perturbation problem studied by Fife and Greenlee
[44] is rather different from the one analyzed in this dissertation since the non-linearity is
assumed to exhibit two separate linearly stable curves of solutions instead of two curves of
steady states crossing each other and inter-exchanging their stability character. It deserves
a special attention the fact that the non-linearity in the works of Fife [43] and Fife and
Greenlee [44] depends smoothly on the diffusion parameter €2. Although Theorem 2.21
does not take into consideration this type of behavior, the main singular perturbation
result for the diffusive competition Lotka—Volterra model established in this dissertation
through Theorem 4.4 requires from that kind of results. Some additional light will be shed
on this issue later in this introduction.

Continuing this review on the previous approaches to the singular perturbation problem
for the diffusive logistic equation, we should mention the work of Howes [59, 58, 60] who
studied the problem under Robin boundary conditions by using, among other techniques,
the method of sub and supersolutions. Precisely, Howes considers, in the first part of [58],
the problem

{ eAu = g(z,u) in €, (1.13)

VF(x)Vu(z) + p(x)u(r) = ¢(x) on 0L,

where
={zecRY : F(z) <0}, N>2

and 99 := F~1(0) for some function F' € C>*(R"), with 0 < a < 1, such that

IVF(z)|| =1 for all z €99, and max|VF(z)|?>=K €R.
Q
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Moreover, the author also assumes that i, € C>¥(952), with p > 0. Note that thanks
to our characterization of the regularity of the boundary established in Theorem 2.3, the
hypothesis on F' can be equivalently stated by saying, simply, that 0% is of C%; VF being
the normal vector field on 0.

In particular, Howes proves, through Theorem 2.1 of [58], that if ¢ is smooth enough,
say of class C%® in z and of class C! in u, and there exists ug € C>*(f2) such that

g(z,up(x)) =0 forall z€Q and Oug(x,up(x)) >0 forall z€Q,

i.e., ug is (Ip)-stable using the notation of the author, then (1.13) admits a solution u(z, €)
converging to ug(z) as € — 0 for every x € . Hence, the perturbation result holds for the
choice

g(z,u) == —\z)u+ a(x)u?, with ¢>2, \aeC>¥Q,(0,+00)),

providing uniform convergence to q’\l/g in Q, but also for the choice

S—U,

g(z,u) :=u
providing, in this case, the existence of two solutions converging to 1 and —1 uniformly
in Q, respectively, as ¢ — 0. This last result, stated in Example 2.2 of [58], lies closer to
the type of results of Fife and Greenlee [44], and remains outside the general scope of this
dissertation.

It should be noted that Howes [59, 58] also analyzes the singular perturbation problem
when the perturbation parameter only affects the highest order derivatives of the differen-
tial operator, so that a partial differential equation is still obtained at ¢ = 0. Such study
is carried over both for Dirichlet [59, 60] and Robin [58] boundary conditions. However,
this kind of results remain outside the general scope of this dissertation.

On the subsequent few years all these findings were improved by Angenent [6], De
Santi [30], Clément and Sweers [22], and Kelley and Ko [68], among others, but either
these authors still considered the situation of a smooth curve wu,(z) that is a linearly stable
solution of

' (t) = gla,u(t)), t e (0,+00),

for every = € Q, or they studied interior layers (much like in the work of Fife and Greenlee
[44]), or they assumed that the perturbation parameter was only affecting the highest order
derivatives like in the work of Howes [59, 58]. In the later case, one might think about the
concept of viscosity solution.

It was not until the work of Cantrell and Cosner [18] (see Theorems 4.7 and 4.8 therein,
as well as the comments in between them), that a change of stability between intersecting
solutions of g(z,u) = 0 happening inside 2 was taken in consideration. Shortly later, these
results were improved substantially by Furter and Lopez-Gomez [48]. Their main singular
perturbation result, established for the equation

{ —dAu = \z)u — a(x)u® in Q, (1.14)

u=0 on 0f),

can be stated as follows:
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Theorem 3.6 of [48]. Assume that A\, a € L>°(Q) with supg A >0 and a > k >
0. Let Q. C Q be an open set such that X\ and a are continuous in .. Then

uniformly on compact subsets of €.

Finally, the singular perturbation result was proved, almost simultaneously, for (1.14)
under non-flux boundary conditions, through Lemma 2.4 of Hutson, Lépez-Gomez, Mis-
chaikow and Vickers [63]. As under Neumann boundary conditions there is no boundary
layer, the uniform convergence in (2 is guaranteed.

As noticed from the previous general overview on the singular perturbation problem
for the diffusive logistic equation, one of the main differences observed between the re-
sult provided herein and those established previously in the literature has to do with the
generality of the differential operator and the non-classical mixed boundary conditions im-
posed through this dissertation. Considering a uniformly elliptic operator, £, instead of
—A, makes more difficult to control the exact point where the maximum of the associated
principal eigenfunctions is attained. This difficulty influences, strongly, the construction
of appropriate subsolutions, and is solved herein by means of a technical device introduced
in the proof of Theorem 4.1 of Lopez-Gomez [83].

Moreover, this dissertation deals with non-classical mixed boundary conditions, where
the coeflicient 5 can take negative values. As already pointed out when presenting Theorem
2.3, this technical trouble can be overcome through a technical device introduced in Lemma
3.1 of Lopez-Gomez [87]. In particular, the regularity of 0Q allows us to transform the
problem (1.4), or (1.8), into another (classical) problem of identical nature with g > 0.

It should be emphasized that dealing with mixed non-classical boundary conditions
introduces the combined difficulties inherent to both problems, Robin and Dirichlet, into
our setting. So, the underlying problem becomes substantially more intricate. Not to
mention the extremely delicate issue related to the greatest generality of the non-linearity,
uh(z,u). The fact that both curves of steady states of the associated kinetic problem
v = uh(z,u) intersect each other, inter-exchanging their stabilities characters, increases
substantially the difficulty of constructing a global supersolution satisfying the appropriate
boundary conditions.

To conclude the analysis of the singular perturbation problem, like in the works of
Fife [43], and Fife and Greenlee [44], this dissertation also deals with the problem of
ascertaining the limiting profile of the diffusive logistic equation when the non-linearity
depends appropriately on the diffusion parameter. In particular, the following results are
obtained for the problem

§Lu = (5. (T)u — M5 (x)u? in Q,
Bu=0 on 0f),

and play a crucial role in the proof of the singular perturbation problem for the diffusive
Lotka—Volterra model. The first of them reads as follows.
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~

Theorem 4.2 (Singular perturbation for the diffusive logistic equation
with diffusion dependent coefficients I).

Consider v,m € C(Q), and families (s ), m(s,y) € C() such that

Yo =7 and m(s,) =m  uniformly in Q.

lim lim
(8,m)—(0,0) (8,m)—(0,0)

Then,
T+

m

(¢ n%lg%o 0) 06 v6mmesmt =

uniformly on compact subsets of QUT'% U () 1(0).

This result assumes the most natural, and actually most demanding, condition for
the family of function coefficients. Namely, uniform convergence in 2. However, such
convergence cannot be returned in those components of I'p where B is a Dirichlet boundary
operator, because of the formation of boundary layers in all those components of the
boundary. Thus, one may want to get rid of this assumption.

The next result, whose proof is much more subtle, changes the uniform convergence in
the closure of the whole domain, , by the uniform convergence on compact subsets of an
appropriate (not too restrictive) set

OCQUILU(v) H(0)

obtaining identical convergence in return. However, it does require to impose uniform
bounds for the coefficients in 2.

Theorem 4.3 (Singular perturbation for the diffusive logistic equation
with diffusion dependent coefficients II).

Considery,m € C(Q), two families Y(5,m)> M (6,m) € C(Q), and O C QUF}%U%:l(O),
an open subset, with respect to the induced topology, such that either O ﬂFTz =0,

or @ﬂF% consists of components ofI‘;E, each one contained in either O or RN\ O.
Assume that

lim = and lim m =m
mol00) ' CM =7 Gm—(0,0) O™

uniformly on compact subsets of O, and there exist k > 0 and M > 0 such that,
for every x € Q,

m(s,n) (1') >k and M <M fOT' su ciently emall 57?7 o,
m(&n)(x 1
Then,
i T+
1 ¢ m -+
(5,77)1—%%0,0) {ovmymem} m

uniformly on compact subsets of O.
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1.3 The superlinear indefinite problem

As it has just been pointed out before the statement of the previous two singular per-
turbation results, the analysis on the perturbation problem for the sublinear equation,
besides its evident interest on its own, it is imperative to deal with the diffusive spatially
heterogeneous competing species model.

The analysis performed in Chapter 3 follows a quite different direction. Instead of
providing us with the necessary intermediate results to be used in the context of the
system, it focuses attention in establishing a series of non-trivial consequences from the
Picone identity, a variational identity going back to Picone [106] which has shown to be a
astonishingly powerful tool in analyzing the existence and stability of the positive solutions,
not only for the equation, but, rather crucially, for competitive and cooperative systems.

The Picone identity has been extended to different settings by Kreith [72], Berestycki,
Capuzzo-Dolcetta and Nirenberg [9], and Lépez-Gomez [84], among other authors. In
particular, a generalized version of the Picone identity is stated in this dissertation through
Theorem 3.1, which establishes that if u,v € W2?(Q), p > N, with £ € C(Q), L is self-
adjoint, and g € C'(R), then

Lég(i)mﬁv—vﬁm::Akﬂd<z>ﬁi}AVZ>—[;g(Z>HMRm—IMRM.(Lw)

In particular, (1.15) is used in Chapter 3 to study the existence and uniqueness of stable
positive solutions for the superlinear indefinite problem

{mzm(mmmmﬂv (1.16)

Bu =0 on 0f),

where f € C"(R), r > 2, with f(0) =0 and f # 0, a € C(Q2) may change sign, and A € R
is regarded as a bifurcation parameter. As our results invoke the Picone identity, £ is
required to be a uniformly elliptic self-adjoint operator in divergence form

L= —div(AV:) + ¢,

ie., L is defined as in (1.5) with b = 0. On the positive side, B is assumed to be a
general non-classical boundary operator of mixed type, i.e., the boundary operator B and
the associated components of 92, I'p and I'g, are defined much like in (1.6) and (1.7).

Theorem 3.6 is the first result of this dissertation using Picone identity to provide some
necessary conditions for the existence of positive solutions for the superlinear indefinite
problem (1.16). It extends Proposition 2.2 of Gémez-Renasco and Lopez-Gomez |51, 52|,
and Proposition 9.2 of Lopez-Gomez [89] to cover the case of non-classical mixed boundary
conditions. To formulate this result we need to introduce the notation

oo = 01[L; B, Q]

for the principal eigenvalue of the triple [£;B, €], i.e., the lowest one associated to the
linear eigenvalue problem

Lw=ocw in (),
Bw =20 on 0.
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By Theorem 7.7 of Lopez-Gomez [88], o is algebraically simple, strictly dominant, and it
is the unique eigenvalue associated with it there is a positive eigenfunction, ¢, often called
principal. Actually, ¢ > 0 in the sense that

0
e(x) >0 forall z€ QUI'x and 8—¢(m) <0 for all z € I'p.
n
Throughout this dissertation, we denote by ¢g > 0 the unique principal eigenfunction
associated to op normalized so that ||pg|l2 = 1. Using these notations, Theorem 3.6 can
be stated as follows.

' Theorem 3.6 (Non-existence for A > 0 under subcritical bifurcation).

Assume that ¢ > 1 exists such that f(u) := u? for every u > 0 and
Sy = / a(z)plt (z) de < 0.
Q

Then, A\ < oq if (1.16) admits a positive solution, (\, u).

By Theorem 3.2 and Proposition 3.3, the hypothesis on the sign of S, determines the
nature of the local bifurcation of the curve of positive solutions from the trivial branch,
u = 0, at A = 09, as a straightforward application of the main theorem of Crandall and
Rabinowitz [24]. According to them, if f € C"(R), r > 2, satisfies f(0) = f/(0) = 0, and
there exists ¢ > 1 such that

S, := lim f(s)/ﬂa(a:)gpgﬂ(:c) dz

s—0t+ 89

is finite, then a C"~! curve of positive solutions of (1.16) bifurcates from the trivial branch
u = 0 at A\ = 0g9. Moreover, the bifurcation is supercritical if S; > 0, and subcritical if
Sy < 0. Thus, Theorem 3.6 establishes that if the function f is of monomial type and
the bifurcation at A = oq is subcritical, then (1.16) does not admits positive solutions for
A > 0y, as illustrated by Figure 1.2(a) below.

[l
l[ull

g0 )\ (o)) /\
(a) f(u) = u? for some g > 2 and S, < 0. (b) f arbitrary and S; > 0 for some g > 1.

Figure 1.2: Plot of the bifurcation diagram for (1.16), showing that if f(u) = u? for some
q > 2, and the bifurcation is subcritical, then (1.16) does not admits positive solutions for
A > 09 as a consequence of Theorem 3.6.
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The second important application of our generalized Picone identity is closely related
to the problem of analyzing the shape of the curve of positive solutions and its relation
with the linear stability character of the positive solutions filling it. The linear stability
character of a solution (Ao, ug) of (1.16) is determined by the sign of the principal eigenvalue
of the linearization of (1.16) at (Ao, up), which is given through

a1[L = Ao — a(@) f' (uo)uo; B, 9, (1.17)

with associated principal eigenfunction o € W?2P(€), for p > N, normalized so that
[4oll2 = 1. Indeed,

(i) (Ao, up) is linearly neutrally stable if o1[£ — Ao — a(z) f'(ug)ug; B, 2] = 0,
(i1) (Mo, uo) is linearly stable if o1[L — Ng — a(z) f'(uo)uo; B, Q] > 0,
(iii) (Ao, up) is linearly unstable if o1[£ — Ao — a(x) f/(uo)uo; B, 2] < 0.

Actually, by the principle of linearized stability of Lyapunov, (Ao, ug) is exponentially
asymptotically stable if it is linearly stable, while it is unstable if it is linearly unstable.
The local character of (Ao, up) when it is linearly neutrally stable depends on the particular
nature of the nonlinearities in the setting of the differential equation.

For an arbitrary function f, if a positive solution, (Ao, ug), is linearly stable, by the
implicit function theorem, the curve of positive solutions through (Ao, ug) is always strictly
increasing in u as A increases (see Figure 1.3(a)). However, the behavior of the component
on linearly unstable and linearly neutrally stable solutions is more subtle. In particular,
Theorem 3.7, provides us with the local structure and the shape of the component of
positive solutions through any linearly neutrally stable positive solution of (1.16), (Ao, ug),
when f is of monomial type, establishing that (Mg, up) is a quadratic subcritical turning
point as illustrated in Figure 1.3(b).

: ¢ ~
El El (Ao, uo)
(>\07 'LL())
A A
(a) f arbitrary and (Ao, uo) linearly stable. (b) f(u) = u? for some ¢ > 2 and (Mo, uo)

linearly neutrally stable.

Figure 1.3: Plot of the curve of positive solutions of (1.16) near a point (Ao, up) depending
on its linear stability character.

Theorem 3.7 extends Proposition 3.2 of Goémez-Renasco and Lopez-Gomez [51, 52|,
and Proposition 9.7 of Lopez-Gomez [89], to cover the general case of non-classical mixed
boundary conditions, and it can be stated as follows.
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Excerpt from Theorem 3.7 (Subcritical turning point character).

Assume that ¢ > 2 exists such that f(u) = u? for every u > 0. Let (Ao, uo) be a
linearly neutrally stable positive solution of (1.16). Then, there exist € > 0 and
two functions of class C?,

A:(—g,6) >R, and u:(—ece) = WiP(Q)
such that
(A0),u(0)) = (Mo, uo),  (X(0),u'(0)) = (0,¢0), A"(0) <0,

for which the curve (A(s),u(s)) provides us with the set of solutions of (1.16) in
a neighborhood of (Ao, ug). Moreover, shortening e, if necessary, u(s) is linearly
stable if s € (—¢,0) and linearly unstable if s € (0,¢).

For applying the Picone identity in the proof of Theorems 3.6 and 3.7 above, the
hypothesis that the function f is a monomial is crucial. However, a priori, this should
not entail that these results should not possess some variants for more general functions
f. Surprisingly, one of the main novelties of this dissertation establishes that Theorems
3.6 and 3.7 are optimal as they are stated, in the sense that even in the very special case
when f is a small perturbation of a monomial function by another monomial function, the
indefinite problem (1.16) can admit, simultaneously, the following types of solutions:

(i) Positive solutions for A > og, even if the bifurcation from w = 0 is subcritical.
(ii) Neutrally stable solutions that are supercritical turning points.

The precise optimality result reads as follows.

( Corollary of Theorem 3.8 (Optimality of Theorems 3.6 and 3.7).

Assume that, for some 0 < q1 < q2, the next estimate holds
/a(x)goglﬂ(m) dz <0< / a(z)p® ™ (z) da.
Q Q

Then, there exists vy > 0 such that, for every v € (0,vy), the problem

Lu = I — a(z)(vu? +ul?) in Q,
Bu =20 on 09,

admits positive solutions for values of the parameter \ at both sides of 0.

Figure 1.4 shows an sketch of the proof of Theorem 3.8. If equation (1.16) is considered
only with fi(u) = vu?, then the bifurcation is subcritical, because

/ a(z)pd M (z) dz < 0,
Q

and Theorem 3.6 applies, regardless of the value of v > 0!
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llelo

a0
(a) Case f(z) = vu?* with sub-
critical bifurcation and nonex-
istence of positive solutions for
A Z go.

[l

a0
(b) Case f(z) = u® with su-
percritical bifurcation, where lin-
early neutrally stable positive so-
lutions are quadratic subcritical
folds.

llell o

) A
(¢) Case f(z) = vu?* + u?®
with subcritical bifurcation, pos-
itive solutions for values A >
00, and linearly neutrally stable
solutions that are supercritical

folds.

Figure 1.4: Plot of bifurcation diagrams sketching the construction of the example of
Theorem 3.8, which reveals the optimality of Theorems 3.6 and 3.7.

The bifurcation is still subcritical if we add a polinomial term of higher degree to f,
i.e.,
Frau) = vu® +u

with go > ¢1, for any value of ¥ > 0. On the other hand, if (1.16) is considered only with
fa(u) = u?2, then the bifurcation is supercritical to a linearly stable curve, because

/ a(:v)<pg2+1(m) dz > 0.
Q

As a consequence the bifurcation curve associated to fi o bifurcates subcritically and, for
sufficiently small values of v > 0, it perturbs from the curve associated to fo at the right
side of 09, as illustrated by Figure 1.4(c).

As for as concerns the feasibility of the hypothesis of Theorem 3.8, it is easily seen that
they are fulfilled even for the simplest choice q; = 2 and ¢o = 3, as shown by the next
example. Let us consider the one-dimensional problem with
T 71') d?

Q:(—§,§ L=——s ad B=D in 99 (e, I'r=0),

and
a(z) == cosz — 0.9 for every x € Q.

Under these assumptions we have that

opo=1 and ¢o(z) = \/%cosa;.

Thus,
/ a(z)pd(z) de = 33—\?7r5/2 - O.9§7r3/2 ~ —0.04312 < 0
Q

and
/ a(z)p(z) dz = 7 — 0.9 ~ 0.0157399 > 0.
Q
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Hence, for every v > 0,

2 1 o3
Sy = lim VS—;S/ a(x)pd(z) de = 1// a(x)pd(x) dx < 0.
s—07t S Q Q

Therefore, the curve of positive solutions bifurcates subcritically from the trivial branch
at A = 1 and, according to Theorem 3.8, it possesses some points (A, u) with A > o¢ = 1.
As a consequence, such a curve must exhibit a supercritical turning point on a linearly
neutrally stable solution.

To conclude this study of the superlinear indefinite logistic equation (1.16) with f(u) =
u?, u > 2, we should remark that, as a consequence of Theorems 3.6 and 3.7, Theorem
3.11 establishes the existence and uniqueness of the linearly stable solution of (1.16). This
result adapts for non-classical boundary conditions of mixed type Theorem 3.4, Corollary
3.5 and Theorem 3.6 of Gémez-Renasco and Lopez-Gomez [51], Corollary 3.2, Theorem 3.3
and Theorem 4.1 of [52], and Theorem 9.9, Corollary 9.10, Theorem 9.11, Theorem 9.12
and Proposition 9.14 of [89], which were originally established for homogeneous Dirich-
let boundary conditions. In particular, our Theorem 3.11 establishes that the following
assertions hold:

(i) Any positive solution, (Mg, up), of (1.16) with A\g < o9 must be linearly unstable.

(ii) The problem (1.16) admits some linearly stable positive solution, (Ao, uo), if, and
only if, §; > 0. Moreover, in such a case, Ao > 0p.

(iii) If S > 0 and A > oy, then the unique positive linearly stable, or linearly neutrally
stable solution, of (1.16) is the minimal one.

(iv) If (1.16) admits a positive solution (Mg, ug) for some A9 > o9, then it admits a
minimal solution (A, Umin)-

Theorem 3.11 ultimately provides us with the global structure of the stable positive
solutions of (1.16) if f(u) = w4, for some ¢ > 2, through Theorem 3.12, which goes back to
Theorem 3.7 of Gomez-Renasco and Lopez-Gomez [51], Theorem 5.1 of [52] and Theorem
9.16 of [89]. It can be stated as follows.

' ™)

Theorem 3.12 (Global structure of stable positive solutions).

Suppose that a(x) changes sign in Q, q¢ > 2 exists such that f(u) = u? for all
u >0, and S, > 0. Then, the supremum of the set of u > oo for which (1.16)
possesses a positive solution for each N € (oo, ), A, satisfies A\ € (0p,+00).
Moreover, the set of linearly stable positive solutions of (1.16) consists of a C!
strictly increasing curve

C={(\uN\) : X€E (00, M)}

Furthermore, some of the next excluding options occurs:
(i) {u(A)}re(oo,n.) s bounded in C(S2), and then

Wy = }1&1 u(A)
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is a linearly neutrally stable positive solution of (1.16) at A = ..

(ii) limypa, lu(N)lle@) = +oo.
In both cases, (1.16) cannot admit any further positive solution for A > \..

Figure 1.5 shows an admissible plot of the two alternatives for the global structure of
the stable positive solutions of (1.16) when f is of monomial type and the bifurcation from
the trivial branch is supercritical, as a consequence of the previous result.

- -
S
_8 _8
= e
00 A A 00 A A
(a) Case (i): the problem (1.16) admits a (b) Case (ii): the problem (1.16) does not
positive solution at A = A, which is linearly admit any positive solution at A = ..

neutrally stable.

Figure 1.5: Plot of the global structure of the curve of positive solutions of (1.16) if
f(u) = u? for some q > 2.

It should be noted that the example provided by Theorem 3.8 also shows the optimality
of Theorem 3.12, strengthening the value of the Picone identity as well as the accuracy of
the estimates that it provides. Actually, not surprisingly by the quasi-cooperative internal
structure of the model, in Chapter 6 the Picone identity also proves to be a useful tech-
nical tool to study the uniqueness of the coexistence state in the diffusive Lotka—Volterra
competition model.

1.4 The singular perturbation problem for the competition
system

Once the main singular perturbation result has been established for the single equation in
Chapter 2, this dissertation focuses attention in ascertaining the behavior of the solutions
of the Reaction-Diffusion model

%7; +d1Liu = Nz)u — a(z)u? — b(z)uv in Q x (0, +00),
% + doLov = p(x)v — d(x)v? — c(z)uv  in Q x (0,+00),
Biu = Bav =0 on 08 x (0,400),
u(z,0) = up(z), v(z,0)=wv(x) in Q,

(1.18)

for sufficiently small diffusion rates, di,ds > 0. Note that, as soon as the model (1.18)
deals with biological or chemical species, we are only interested in those solutions with
u >0 and v > 0.
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The uniformly elliptic operators £; and Lo taking part in the setting of the model
(1.18) are assumed to be in divergence form, i.e., for i = 1,2,

where 4; € MY (C1(Q)), B; € Mixn(C(Q)) and C; € C(Q). Moreover, By and B are
allowed to be boundary operators of non-classical mixed type, i.e., for i = 1,2,

Bi._{Dl-u::uzo on F%,

I 2p
Riu:= (Vu, Ain) + fiu=0 on T'%, for every u € W=P(Q), p > N,

with 8; € C(I'g). As illustrated by Figure 1.6, according to the type of the boundary
operator acting on each component of 92, one can split out Jf2 into two ways:

N =THLUurL and 0Q=T%UTl%,

where, for every i = 1,2, I'}; consists of the components of 9Q where the species i is subject
to homogeneous Dirichlet boundary conditions,

np

i ,] 7

D — U FD’ np > 17
j=1

while F% is made of the components of 02 where the species ¢ is subject to non-flux
boundary conditions,

ng
R=UTrY, nk>=L
j=1
Note that, for every i = 1,2, I'; and T'% are two disjoint subsets of 952, simultaneously

open and closed in the induced topology. Moreover, any of them could be empty. In such
a case, we take niD =0, or n%z = 0, respectively.

(a) The several components of 9Q for the (b) The several components of 9Q for the
species u according to the behavior of the species v according to the behavior of the
boundary operator B boundary operator B2

Figure 1.6: An admissible 02 where each of its components has been classified according
to the behavior of the boundary operators associated to the species v and v.

When the diffusion coefficients, di and ds, are switched off to zero, we come up with a
family (parameterized by x € Q) of classical competition models for two species
% = \Mz)u — a(z)u? — b(z)uv in (0,+00),
% = p(z)v — d(z)v? — c(x)uv  in (0,+00), (1.19)
u(0) = ug, v(0) = v,
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which where introduced by Lotka [78] and Volterra [114, 115] in their seminal works. Here,
the parameters A\, € C(Q) play the role of the growth rates of the species u and wv,
respectively, if they are positive, whereas they stand for their death rates if A(z) < 0
or p(x) < 0. Moreover, the function coefficients a,d € C(€, (0, +00)) measure the intra-
specific competition of each of the species, i.e., the competition among the individuals
of the same species. Finally, the coupling functions, b,¢ € C(€2, (0,4+00)), stand for the
inter-specific competition rates, as they measure the competition among the individuals of
the species u and v.

At every location point in the inhabiting territory, = € €, the non-spatial, or non-

diffusive, or kinetic, model (1.19) may admit three different types of steady states:
(i) Ome trivial steady state with both components vanishing, (u,v) = (0,0),

(ii) Up to two semitrivial steady states, with only one positive component, which are
given by
()

(u,v) = <280> if A(z) >0, and (u,v)= <0, d(@) if p(z) > 0.

(iii) Coezistence steady states, which are those steady-state solutions, (u,v), with u > 0
and v > 0. The model (1.19) admits only one coexistence steady state, given by

@“ﬁ:<Mﬂﬂ@—u@%@)M@M@—A@k@»
’ a(z)d(z) = b(z)c(z) " a(z)d(z) — b(x)c(x)

if the numerators and the denominator have the same sign, whereas (1.19) admits a
continuum of coexistence steady states
(o) = (12 (1 =22 por e (0, 1),
a(z) d(x)
if the numerators and the denominator vanish. In any other case the model (1.19)
cannot admit coexistence steady states.

The precise dynamics of the kinetic model (1.19) depends on the existence and linear
stability character of the semitrivial steady states, and, thus, on the values of the coef-
ficients A\(x), p(z), a(z), b(x), c¢(x) and d(x). For example, if the model (1.19) does not
admits neither semitrivial nor coexistence steady states, i.e., if

AMz) <0 and p(x) <0.

then (0,0) is a global attractor with respect to the component-wise non-negative solutions,
and hence, both species become eztinct as time goes to infinity. Figure 1.7(a) plots an
admissible phase portrait for this case.

On the contrary, none of the species become extinct, and thus the model is said to
exhibit permanence of both species, if both semitrivial steady states exist and they are
linearly unstable. In such a case there exists a unique coexistence steady state which is a
global attractor for the component-wise positive solutions of (1.19). This occurs when

AMz) >0, plr)>0, Azx)d(z)>up(x)b(x) and p(x)a(z) > A(x)c(x).
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A paradigmatic plot of the phase portrait when permanence occurs is shown in Figure
1.7(b). Note that if the previous estimates hold, then

b(x)e(x) < a(x)d(x).

When this condition occurs, it is said that u and v compite with a low competition regime.

08
06

04

0o o - - - -
(a) Extinction of both species. (b) Permanence of both species.
Choice: A\=p=—-1l,a=b=1,c=5,d=7 Choice: A=p=1,a=d=2,c=d=1

Figure 1.7: Plot of the phase portraits for the Lotka—Volterra non-spatial model (1.19) for
(a) z € Qex and (b) x € Qper.

When both semitrivial steady states are linearly stable, then the model exhibits a
unique coexistence steady state, which is a saddle point. In such a case, it is said that the
model exhibits founder control competition, because the result of the competition depends
on the precise location of the initial values, (ug,vg). Indeed, the species u becomes extinct
if (up, vo) is placed within the basin of attraction of (0, u(x)/d(x)) (the upper half-quadrant
with respect to the stable manifold, W¥, of the coexistence state), whereas the species v
is driven to extinction by u if (ug,v) lies within the basin of attraction of (A(x)/a(z),0)
(the lower half-quadrant with respect to W*). In such a case, the coefficients satisfy

AMz) >0, p(r)>0, Az)d(z)<up(x)bx) and p(x)a(z) < A(z)e(x).
Note that these estimates imply that
b(z)c(z) > a(x)d(z).

In this case, it is said that u and v compite with a high competition regime. Figure 1.8(a)
shows a prototypical plot of the phase space under founder control competition.

Finally, if one semitrivial steady state is linearly stable and either the other one does not
exist, or it is linearly unstable, then the model does not admit any coexistence steady state,
and the stable semitrivial steady state actually is a global attractor for the component-wise
positive solutions. Thus, in this case one of the competitors is driven to extinction by the
other. The one that prevails is said that dominates the dynamics. In particular, the species
u prevails if

Az) >0, Mx)d(x) > p(x)b(x) and p(x)a(x) < AMx)e(x),
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whereas v prevails and u becomes extinct if

p(x) >0, Maz)d(z) < p(z)b(z) and p(z)a(z) > Az)c(z).

A genuine example where the later occurs has been plotted in Figure 1.8(b).
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(a) Founder control competition. (b) Dominance of the species v.
Choice: A\=p=1,a=d=1,b=c=2 Choice: A\=pu=1,a=b=2,c=d=1

Figure 1.8: Plot of the phase spaces for the Lotka—Volterra non-spatial model (1.19) for
(a) z € Qp; and (b) x € QY

Adopting the methodology of Furter and Lopez-Gomez [48], one can divide the inhab-
iting territory €2 into the following regions according to the dynamics of the associated
non-spatial model (1.19):

Qoxt := {2 €Q : Ax), p(z) <0},

Qper = {2 € Q : A@), plx) >0, A(@)d(2) > p(a)b(x), p()a(z) > Ax)e(x)},

Qi i={z€Q : AMNz), ulx) >0, Mz)d(z) < p(x)b(z),
fi={r e Qs A@) >0, A@)d(x) > u(@)b(e), plx)al
b= {r e Q i p(@) >0, A@)d(z) < p(a)b(a), p(x)al

Qjunk = O\ (Qext U Qper U Qi U Qi UQY,)-

(
, wl(x)alz

Note that the degenerate situation of having a continuum of coexistence steady states may
occur in Qjyuk, which can be considered as a limiting area between the other regions. This
dissertation does not focus any attention into this sort of marginal region of the inhabiting
territory.

Going back to the diffusive model (1.18), it turns out that, similarly, its dynamics (in
the first quadrant) are determined by the existence and linear stability character of its
steady states, i.e, the component-wise non-negative solutions of the semilinear boundary

value problem
di1Liu = \Nz)u — a(x)u? — b(z)uv in Q,

doLov = p(x)v — d(x)v? — c(x)uv  in Q, (1.20)
Biu = Bav =0 on Of.
Precisely, (1.18) admits three types of steady states:
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(i) The trivial steady state,
(u,v) = (0,0).

(ii) Up to two semitrivial steady states with only one positive component, given by

(u,v) = (G{dh)\’a},O) and (u,v) = (0, 9{d27“’d}),

where (g, ) o1 and 04, , gy are the respective positive solutions of the diffusive lo-
gistic elliptic problems

diLiu = Ax)u — a(x)u® in Q, q doLov = p(x)v — d(x)v? in Q,
n
Biu=0 on 02, Bov =0 on 0f2.

(iii) Coezistence steady states, which are those with both components positive.

Although the existence of coezistence steady states is guaranteed under certain circum-
stances, determining their uniqueness and providing exact multiplicity results is a far more
intricate mathematical problem. In particular, if (1.18) admits both semitrivial steady
states and they are linearly unstable, i.e.,

Ul[dlﬁl — A+ be{d%“’d};lgl,Q] <0 and Ul[dgﬁz —u+ Ce{dl)\’a};lgz,ﬂ] <0,

then (1.18) exhibits a stable coexistence steady state. Moreover, if it is unique, then it is
a global attractor with respect to the component-wise positive solutions of (1.18). This
result follows in our setting by adapting the proofs of Theorem 4.1 of Cosner and Lazer
[23], Theorem 1 of Dancer [27], Remark 33.2 and Theorem 33.3 of Hess [56], Theorem 2.1
of Cantrell and Cosner [19], and Theorem 4.1 of Lopez-Gomez and Sabina [77].

On the other hand, if (1.18) admits both semitrivial steady states and they are linearly
stable, i.e.,

o1 [d1£1 - A+ be{dg,,u,d}§ B, Q] >0 and o3 [d2£2 —u+ C@{dl’)\’a}; Bo, Q] > 0,

then (1.18) exhibits an unstable coexistence steady state. The proof of this result follows
from Theorem 35.1 of Hess [56], Theorem 4.1 of Lopez-Gomez |79], Theorem 5.3 of Lopez-
Gomez and Sabina [77] and Theorem 2.4 of Furter and Lopez-Gémez [47].

The next result is the first one developed in this dissertation providing a relation
between the dynamics of the diffusive and non-diffusive competition models. It establishes
that the limiting profile of the coexistence steady states of the diffusive model (1.18) is
provided by the global attractor of the non-diffusive model (1.19) in those regions of
where it exists. More precisely, it can be stated as follows.
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Excerpt from Theorem 4.4 (Singular perturbation for the system).

Let {(u(d,,dy)s V(dy,dz))} e a family of coewistence states of (1.20). Then,

0,0 if © € Qext,
(
Ad—pub pa—Ac .
lim (u(d1 d2)7v(d1,d2)) = ad=be (x)’ ad=be <x)> Zf e Qper,
(d1,d2)—(0,0)" (2(z),0) if x € Q4%
(0, &(z)) if © ey,

uniformly on compact subsets of
(Qext ) Qper U QZ;J{O* U ng*) N (Q U F%er)’

where I stand for the union of components of Ty NT% contained in Qper.

The regions Qf * and Q4 * in the statement of the previous result are extensions of
4, and €Y to cover the limiting regions in between €3 and e, and in between €Y
and Qper. Thus,

uri={z e : MNz) >0, Mz)d(z) > pu(x)b(z), p(r)a(r) <
Y= (o e : @) >0, A@)d@) < pl)b(e), pr)alz) >

Incorporating into the discussion these limiting regions, the global attractor of (1.19) is
allowed to vary continuously between the semitrivial steady state and the coexistence
steady state.

Regarding previous approaches to the singular perturbation problem in the context of
competing species, to the best of our knowledge, the first perturbation result for a diffusive
Lotka—Volterra competition model goes back to the 90’s and, in particular, to Theorem 4.1
of Hutson, Lopez-Gomez, Mischaikow and Vickers [63], where the next degenerate model
was introduced for analyzing competition between mutant species

u — i Au+ u(a(z) —u —v) in Qx (0,400),

ot
% = pAv+v(B(z) —u—v) in Q x (0,400), (1.21)
%:g—g:o on 09 x (0,400), '
u(x,0) = up(z), v(x,0)=1vo(x) in Q.

In this model the diffusion rates are assumed to be equal to each other, u := di = do,

whereas the growth rates, denoted by a := A and  := p are assumed to be ‘sufficiently
smooth’. Finally, the competition coefficients are assumed to be constant and equal to
1. The model is highly degenerate in the sense that we do not have neither high nor low
competition. Precisely, the main singular perturbation result of [63]| reads as follows.
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Theorem 4.1 of [63]. Let (u,,v,) be a family of coexistence states of the system

(1.21). Set
u m:{ 0 if a(@) <0 or Ba) > alx) >0,
0 alz) if a(z) > B(z) and a(z) > 0,
and
vo () ={ 0 if B(x) <0 or a(x) > B(z) >0,
’ Bx) if B(z) > a(z) and B(z) > 0.
Then,

}Lig})(u‘“%) = (uo,vo)

uniformly on compact subsets of

Q\{z€Q : a(z) =B(z)}.

The proof of [63, Th. 4.1] follows by computing the limiting profile of a monotone
scheme made of sub and supersolutions associated to (1.21). Such a monotone scheme
had been introduced by Lopez-Gomez and Sabina [77], as earlier as in 1992, to try to
characterize the existence of coexistence states in competition systems, and, later, it has
been intensively used when dealing with singular parturbation problems (see, e.g, Theorem
1.2 of [39], Theorem 1 of [42], Theorem 4.1 of [38], which is Theorem 4.4 in this dissertation,
Theorem 1.2 and Lemma 3.3 of Hutson, Lou and Mischaikow [65], and Theorem 5.4(iii) of
He and Ni [53|, where the authors remarked that Theorem 4.1 of Hutson, Lopez-Gomez,
Mischaikow and Vickers [63] also holds for different diffusion rates).

Besides the fact that the model (1.21) only considers constant competition coefficients,
one of the main differences between the models (1.18), the one considered in this disserta-
tion, and (1.21) lies in the admissible spatial configurations of Q according to the associated
non-spatial dynamics as pointed out in Figure 1.9. Indeed, the semitrivial steady states of
the kinetic counterpart of (1.21),

%1; = Mz)u —u? —uv in (0,+oc0),
%1; = p(x)v —v? —uv in (0,400),
u(0) = ug, v(0) = v,

are given by
(a(z),0) if a(z)>0 and (0,8(x)) if B(x) > 0.

Thus,
Qper =0 and Qbi = @,

and the only admissible regions of ) in the setting of Theorem 4.1 of [63] are
Qext :={z € Q : alx),B(z) <0},
ur={zeQ : a(r)>0 and alz) > B(x)}

and
Lri={reQ : B(x) >0 and B(z) > a(z)}
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Note that, if a(z) = S(z) > 0, then the kinetic model associated to (1.21) exhibits a
continuum of coexistence steady states. Thus, x € Qjunxk.

S | N

!
£ v Y

!
£ Qper/«\ do
{ ’ ‘\
[} /
\

1 Qext ——

(a) An admissible configura-
tion of Q in the context of
Theorem 4.4

(b) An admissible configura-
tion of Q in the context of
Theorem 4.1 of [63] and The-

(c) Three admissible configu-
rations of €2 in the context of
Lemma 3.3 and Theorem 1.2

orem 5.2(iii) of [53] of [65]

Figure 1.9: Plot of the most general admissible configuration of 2 in (a) this dissertation,
(b) the works of Hutson, Lopez-Goémez, Mischaikow and Vickers [63], and He and Ni [53],
and (c) the work of Hutson, Lou and Mischaikow [65].

Therefore, the main singular perturbation theorem of this dissertation, Theorem 4.4,
is the first existing result dealing with general spatially heterogeneous competing species
systems.

The second difference between models (1.18) and (1.21) is related to the differential
and boundary operators. Whereas our Theorem 4.4 allows £ and L5 to be differential
elliptic operators in divergence form, and By and Bs to be non-classical mixed boundary
operators, [63, Th. 4.1] assumes that £, = Lo = —A and that B; = By are non-flux
boundary conditions. Allowing By and Bs to be of Dirichlet type in some component of 0f2
makes the family (u(g, ), V(d,,45)) generate a boundary layer in that component. Thus,
the uniform convergence around that component is lost. As a consequence, it is difficult
to control the singular limit. So, this dissertation deals with a truly singular perturbation
problem.

The next significant contribution to the theory of singular perturbations in the context
of competing species systems goes back to the beginning of the 215 century, with the work
of Hutson, Lou and Mischaikow [65], who considered the singular perturbation problem
for the following generalized competition model of Lotka—Volterra type

up = pAu+ uf(u,v,x) in Qx (0,400),

vy = vAv 4+ vg(u, v, ) in Q x (0,400),

Qu _ v _ ) on 99 x (0,400) (122)
On on ’ ’

u(x,0) = up(z), v(x,0)=1vo(x) in Q,

under the following assumptions:

(H1) (Smoothness) f,g:C! x C! x C! — R.

(H2) (Species limitation) There exists a positive constant M such that, for every
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xeQ, f(M,0,2) <0, f(0,M,x) <0, g(M,0,2) <0 and g(0, M,z) < 0.

(H3) (Inter and intra-specific competition) For every 2 € Q, u > 0, v > 0,
Sfulu,v,2) <0, fy(u,v,z) <0, g,(M,0,2) <0 and g,(u,v,z) <O0.

Note that these initial hypothesis provide us with a more general reaction diffusion
competition model than (1.18) from the point of view of the nonlinearities. Indeed, the
genuine classical choice

flu,v,2) == XNz) —a(z)u — b(x)v and g(u,v,z) = p(x) — c(z)u — d(z)v,

going back to Lotka—Volterra, satisfies (H1)-(H3). Incidentally, these general competitive
kinetics had been previously introduced, at least, by Lopez-Gomez in [80] and in Chapter
7 of [85].

Despite their initial generality, the authors of [65] carry out the singular perturbation
analysis in two specific situations where the associated kinetic model

% =u f(u,v,x) in (0,+00),
5 = vg(u,v,) in (0, +o0), (1.23)

u(0) = ug, v(0) = vo,

is assumed to exhibit a global attractor, of the same type, for every x € Q. Depending
on whether this attractor is a coexistence state, or a semitrivial steady state of (1.23), the
authors differentiate between the interior case and the boundary case. Figure 1.10 shows
an admissible plot of the isoclines f, = 0 and g, = 0, i.e., the curves,

{(u,v) €R?* : f(u,v,z) =0} and {(u,v) € R* : g(u,v,z) =0}

for any = € Q in each of these situations.

il

z —~ ® —
(a) Plot of the isoclines f; = 0 and g, = 0 (b) Plot of the isoclines f, = 0 and g, = 0
in the interior case, i.e., under (H1)-(H5) in the boundary case, i.e., under (H1)-(H3)
and (H6)-(H7)

Figure 1.10: Prototypical plot of the isoclines f, = 0 and g, = 0 for the generalized
non-spatial model (1.23), i.e., for the choices f, := f(u,v,z) and g, := g(u,v,x), under
different assumptions.

More precisely, the ‘interior case’ consists in assuming the following hypothesis, in
addition to (H1)-(H3):
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(H4) (Unique solution in non-negative cone) For every z € Q, f(u,v,z) =
g(u,v,z) = 0 has a unique solution, denoted by (u*(x),v*(z)) in {(u,v) €
R? : >0, v>0}. Moreover u*(z) > 0 and v*(z) > 0 for every = € Q.

(H5) (Hyperbolicity and local attractivity) For every o € €, the following holds:

(fugv - fvgu)‘( > 0.

wv,z)=(u*(z),v*(x),z)

It easily follow from (H1)-(H5) that, for every = € €2, the associated kinetic model
(1.23) exhibits both semitrivial steady states, which are linearly stable, and a unique
coexistence steady state, which is linearly stable and actually it is a global attractor for
the component-wise positive solutions of (1.23). Therefore,

Q= Q.

So, essentially, the dynamic of the non-spatial model (1.23) is uniform in the entire inhabit-
ing territory. Consequently, this model cannot be considered to be spatially heterogeneous
in a wide sense.

For the sake of simplicity, Figure 1.11 shows a plot of the isoclines in the Lotka—Volterra
model according to the kinetic dynamics at each location x € €, helping us to compare
the generalized competition model, whose isoclines have been plotted in Figure 1.10, and
the Lotka—Volterra one.

v (%
Iz = 0
= So [ N
\\\ A 9z = 0
S~ g2 =0 gz =0
AR T ~. U < u Iy o U
(a) Qext (b) Qper (c) Q4 (d) Qi

Figure 1.11: Prototypical plot of the isoclines f, = 0 and g, = 0 for the Lotka—Volterra
non-spatial model (1.19), i.e., for the choices fy := () — a(z)u — b(z)v and g, := p(z) —
c(z)u — d(x)v, depending on the region of (.

The precise singular perturbation result delivered by Hutson, Lou and Mischaikow [65]
in the interior case is stated as follows.

Lemma 3.3 of [65]. Assume that (H1)—(H5) hold. Let (u,v) denote any coewis-
tence state of (1.22). Then, lim(, .y, (0,0)(u,v) = (u*,v*) uniformly in Q.

As expected, like in Theorem 4.4, in such a context the coexistence steady states of
the diffusive model (1.22) converge as (u,v) — (0,0) to the unique coexistence steady
state of the kinetic model (1.23). Under non-flux boundary conditions, this convergence is
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uniform even on the boundary of €. Under Dirichlet boundary conditions, the solutions
must exhibit boundary layers. In such a case, one can only expect convergence on compact
subsets of €, as stated in Theorem 4.4.

As far as concerns the boundary case, it holds by assuming the next two hypothesis, in
addition to (H1)—(H3):

(H6) For every = € Q, f(u,v,z) = g(u,v,x) = 0 has no solution in {(u,v) €
R?2 : u >0, v>0}.

(H7) For every x € Q, f(0,0,z) > 0 and ¢(0,0,z) > 0.

As a consequence of imposing (H1)-(H3) and (H6)-(HT7), the kinetic model (1.23)
admits both semitrivial steady states, and one of them is linearly stable whereas the other
is linearly unstable. Moreover, (1.23) cannot admit coexistence steady states. Thus, the
linearly stable semitrivial steady state is a global attractor for the component-wise positive
solutions of (1.23). As a by-product, either

Q =04, or Q=Y.

Again, much like in the interior case, the dynamics of the non-spatial model (1.23) are
assumed to be uniform in Q. Therefore, no spatial heterogeneities are really taken into
account by Hutson, Lou and Mischaikow in [65] as all the situations dealt with are uniform
all over Q.

To conclude, in the boundary case the singular perturbation result lies hidden in the
proof of Theorem 1.2 of Hutson, Lou and Mischaikow [65]. Indeed, the authors prove
that under (H1)-(H3) and (H6)-(H7), if (0,0*) is the global attracting equilibrium of the
non-spatial system (1.23) for every x € €2, then

(u,ul)T(w(u’ v)=0.7)
uniformly in €. Moreover, they show that, in such a situation, with £; = £5 = —A, under
non-flux boundary conditions, the diffusive model (1.22) does not admit coexistence steady
states through a contradiction argument involving the divergence theorem.

Summing up, at the light of the previous discussion on the findings of Hutson, Lou
and Mischaikow [65], despite the fact that the admissible nonlinearities in the statement of
Theorems 1.2 and Lemma 3.3 of [65] look more complex than the classical Lotka-Volterra
kinetics of model (1.18), at the end of the day, the admissible configurations of the inhab-
iting territory, 2, in the setting of Theorem 4.4 are far more rich (see Figure 1.9) than
those treated by Hutson, Lou and Mischaikow [65].

Furthermore, our Theorem 4.4 not only provides us with the limiting profiles of the
coexistence steady states of (1.18) in the regions Qext, Qper, 24, 2Y,, as well as in the
regions between them, through the use of the monotone scheme introduced by Hutson,
Lopez-Gomez, Mischaikow and Vickers [63], but it also reveals that the limit may not be
determined in the region Q;. One may conjecture that this occurs because Qy,; # () implies
the existence of multiple coexistence steady states which might converge to different steady
states of (1.19) in that region. In order to prove this conjecture, we need to establish the
Induced Instability Principle, which is the next goal of this dissertation.
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1.5 The Induced Instability Principle

The Induced Instability Principle is one of the main novelties, and most fruitful tools,
developed in this dissertation, since it provides us with a connection between the linear
stability character of the steady states of the spatial model (1.18) and that of the steady
states of the non-spatial model (1.19).

Precisely, it establishes that if the non-spatial model (1.19) exhibits a linearly unstable
steady state,

(us(x),ve(z)) for every = € Quy,

for some open subset y, C 2, which might be arbitrarily small, and the spatial model
(1.18) exhibits a family of steady states, (u(d17d2),v(d17d2)) perturbing from (u.,v,) uni-
formly in Quy as di,dz | 0, then (u(q, 4,), V(d;,d0)) 18 linearly unstable for sufficiently small
dy,ds > 0. Therefore, the local instability of (us,vs) in Qyu, turns into global instability of
(U(dy do)s V(dy,do)) in §2 for sufficiently small d; and dp. The Induced Instability Principle
follows from Theorem 5.9 and Proposition 5.11 and can be stated as follows.

Induced Instability Principle (IIP).

Suppose that L := L1 = Lo and B := By = Ba. Let {(uq, a,),V(dy,d))} be a
family of steady states of (1.18) such that, for some open subset 2, C €2,

1' = *y Ux ) l 3 Qun
(dl,dzl)ﬂ(o,o) (U(dy d2)s V(dr,dz)) = (Us,vs)  uniformly in
with (u.(x),v.(z)) linearly unstable for all x € Oy, as a steady-state solution of

(1.19). Then, § > 0 exists such that (u(a, 4y, V(d,,d,)) 5 linearly unstable for all
dy,dy < 6.

The proof of this principle when the family {(w(a, ), v(4,,d,))} consists of coexistence
steady states (Theorem 5.9) is mainly based on the monotonicity, with respect to the
domain, of the principal eigenvalue of the linearized system, which is of quasi-cooperative

type,

diL 0 . = ..
S(dth) = < 01 d2[, ) + H with H ¢ MQ(C(Q)), 1,] = 1,2,

and the fact that, when H is made up of constant coefficients, the principal eigenvalue of
£(dy,dp) converges to the lowest eigenvalue of H, as a 2 x 2 real valued matrix.

Proposition 5.11 establishes the previous principle when {(u(g, 4,), V(d,,d,))} consists of
semitrivial steady states. In such a case, the proof follows different patterns where the
assumptions £1 = Lo and By = Bs are unnecessary.

The first consequence of the Induced Instability Principle is Theorem 2.1(i) of Furter
and Lopez-Gomez [48]. Since it depends on Proposition 5.11, it allows £ and Lo, as well
as By and Bs, to be different. Such a result can be stated as follows.
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Corollary 5.12 (Permanence when Q. # 0, or Q4 * # () and QY. " # 0).

Suppose that either Qper # 0, or QY." # 0 and Q4" # 0. Then, 6 > 0 ezists
such that the parabolic problem (1.18) is permanent for all dy,dy < § (the trivial
and semitrivial steady states are linearly unstable). Therefore, it admits a stable
coexistence steady state for these diffusion rates.

\ J

This result is an extension of Theorem 2.1(i) of [48] for arbitrary differential and bound-
ary operators. As established by this result, and illustrated by Figure 1.12, the introduction
of the diffusion through the elliptic operators in the Lotka—Volterra competition model fa-
cilitates the permanence of the species. For example, in each of the configurations of €2
considered in Figure 1.12 the species v and v are originally supported in hostile regions
from the point of view of the kinetic model. Indeed, in cases (a) and (b) we have that

supp ug C Qext and  supp vg C Qext,

whereas in (c),

supp up C Qg, and supp vy C Q.
Thus, according to the non-diffusive model (1.19), both species should become extinct.
However, in the diffusive model (1.18), with small diffusion rates none of the species be-
comes extinct because the diffusion term allows the individuals of both species to reach a
favorable area to maintain its population.

(" Oswpuy T .0 (Omwpug T Q) COmwpu
R N . ST o N R Qv S

A Q Y \1 N Q do SZ do \'. N do

1 lper Y P | ——— |

Y . J A ] o) L/ u J
. NiaE - . S et b - LT Qdo
(. O supp vy I—- (O suppwo U ( Oswpvy -

(a) Qper # 0 (b) QY, # 0 and Q, # 0 (c) Q made of Q%, and QY,

Figure 1.12: Different configurations of €2 for which the reaction-diffusion model (1.18)
exhibits permanence for sufficiently small diffusion rates. Qper, 24, and Qf may be sur-
rounded by Qext.

The second consequence of the Induced Instability Principle, and one of the main
novelties of this dissertation, provides us with an astonishing example of multiplicity of
coexistence steady states in the heterogeneous Lotka—Volterra reaction—diffusion model. It
turns out that the non-emptiness of the region €y; gives rise to multiple coexistence steady
states, at least, for the symmetric competition model.

% +diLu = Nz)u — a(x)u? — b(z)uv in Q x (0,400),
% +di1Lv = A2)v — a(x)v? — b(x)uv  in Q x (0,+00),
Bu=Bv=0 on 99 x (0,400),
u(z,0) = ugp(z), v(z,0)=wv(x) in Q.

(1.24)

Note that the special choice A = u, a = d and b = ¢, made in (1.24), produces

Ur— @ and QU =0.
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Thus, the inhabiting territory, €2, is made, essentially, of Qext, Qper and (i, providing us
with the perfect setting to study the effect of inserting a region 2,; in an habitat consisting
of regions where the limit of the coexistence steady states is determined by Theorem 4.4.
The multiplicity result delivered in this dissertation reads as follows.

" Theorem 5.16 (Multiplicity when Q; # ().

Assume that Qpey # 0 and Qu; # 0. Then 6., > 0 exzists such that, for every
0 € (0,0m), (1.24) admits at least three coezistence steady states; two of them
linearly stable and another one linearly unstable. Moreover, such a linearly un-
stable coezistence steady state perturbs from the coexistence steady state of the
associated non-spatial problem in the region p; U Qper.

\. J

The fact that Theorem 5.16 only requires  to be of class C?, contrasts with the semi-
nal work of Matano and Mimura [99], where the multiplicity result was a consequence of
breaking down the convexity of the territory. Indeed, Theorem A of Matano and Mimura
[99, Sec. 3] establishes that whenever Q = (), the spatially homogeneous diffusive
competition model of Lotka-Volterra, with £ = L5 = —A and non-flux boundary con-
ditions, exhibits multiple coexistence steady states if 2 is made of two convex domains
connected by a sufficiently narrow corridor (dumbbell shape). Actually, this is a rather
genuine phenomenology inherent to the superlinear internal character of the competition
model. Astonishingly, our multiplicity result does not depend on the geometry of the in-
habiting territory, but rather on the spatial heterogeneities themselves, regardless the size
of the permanence and bistability zones.

In order to extract all the information provided by Theorem 5.16, and for being able to
analyze the effect of inserting Qy; in Q, we should first go back to Theorem 1.1 of Hutson,
Lou and Mischaikow [65]. According to it, in the interior case (see Figure 1.10(a)), i.e., un-
der (H1)-(H5), the diffusive competition system (1.22) admits a unique coexistence steady
state, which is a global attractor with respect to its component-wise positive solutions. In
this dissertation, we provide a completely different, much simpler and more versatile proof
of the result of Hutson, Lou and Mischaikow in the setting of (1.18), under non-classical
Robin boundary conditions, which is valid for general second order elliptic operators, £;
and Lo, not necessarily of Neumann type. The precise statement of our generalized version
of Theorem 1.1 of [65] can be stated as follows.

Theorem 6.9 (Uniqueness when Q = Q).

Assume that Q = Qpe, and UL, =12 = (). Then, § > 0 ezists such that, for every
dy,dy € (0,9), the reaction-diffusion model (1.18) ezhibits a unique coexistence
steady state which is a global attractor with respect to the component-wise positive
solutions.

J

Let us assume that we are in the diffusive symmetric context of the model (1.24) under
Robin boundary conditions with ) = Q¢ i.e.,

AMz) >0 and b(z) <a(z) forall z€Q.

Then, thanks to Theorem 6.9, (1.24) admits a unique coexistence steady state, which is
linearly stable and a global attractor with respect to the component-wise positive solutions,
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at least for sufficienly small diffusion rates. Moreover, it approximates the coexistence
steady state of the associated kinetic model (1.19),

oy (A A
O \a+b a+b)

Therefore, the diffusive model mimics the dynamics of the its non-diffusive counterpart for
sufficiently small diffusion rates.

Now, we can perturb the function b(x) until there exists a unique zy € Q such that
b(xzg) = a(zg). During such homotopy the diffusive model still exhibits uniqueness for
sufficiently small diffusion rates. If we further increase b at xg, so creating a bi-stability
region, y;, surrounding xg, then, by Theorem 5.16, the number of coexistence steady
states of the diffusive model will increase, at least, to three. Therefore, the emergence of
Qi generates multiplicity in the diffusive competition model, regardless of its geometry
and size.

It is remarkable that the Induced Instability Principle also explains the reasons for
which one may not be able to determine the limiting profile of the coexistence steady
states in the region (; in the context of the main singular perturbation result for the
diffusive system. Indeed, in the previous example, one of the three coexistence steady
states of (1.24), the unstable one, converges to the coexistence steady state of the asso-
ciated kinetic model in €, (a%rb, a%rb), which is linearly unstable therein. On the other
hand, Theorem 5.16 ensures us the existence of two more coexistence steady states for the
diffusive model (1.24), which are linearly stable. If the limits as dj,da | 0 of all these
coexistence steady states of (1.24) were uniformly determined in any zone of Qy;, then
they should equal (a%rb, %H)), which is linearly unstable therein. Therefore, according to
the Induced Instability Principle, these coexistence steady states should also be linearly
unstable, leading to a contradiction.

species u

species v

(a) d1 = d2 =0.5 (b) d1 = d2 = 0.12662 (C) d1 = d2 = 0.027291 (d) d1 = d2 = 0.0013329

Figure 1.13: Plot of the components wu(g, 4,y (up) and v(g, 4,y (down) of a coexistence
steady state of the diffusive competition system (1.18), for different diffusion rates, in the
symmetric case with Q = (0,2), L1 = Lo = —-A,a=d=2— %x, b=c=1+ %LL‘, under
Dirichlet boundary conditions. Note that Qe = [0,1) and Qp; = (1,2].
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As a consequence of the previous analysis, one may conjecture that the two stable coex-
istence steady states exhibited by the symmetric reaction-diffusion model (1.24) converge
to the stable semitrivial steady states of the non-diffusive/kinetic counterpart in Qy;. This
conjecture is supported by Figure 1.13, which shows the behavior of one of those stable
steady states when the diffusion rates go to zero.

1.6 Uniqueness under low competition

Once proven that perturbing an habitat made of )¢, by inserting on it a region €; can
provoke multiple coexistence steady states as di, da | 0, so destroying the former uniqueness
of the coexistence state, one may wonder if the same happens when, instead of ;, the
regions (exe, 23, and € are non-empty. It should be remembered that, unlike €, in
these regions the limiting profile of the coexistence steady states of (1.18) is uniquely
determined by Theorem 4.4, so one may expect that uniqueness still holds.

The uniqueness result established in this dissertation provides us with the first one
in the literature for a Lotka—Volterra competition model with completely heterogeneous
competition coefficients. It lies over three assumptions. First, it assumes that the model
exhibits low competition in the habitat, i.e.,

be < ad in Q (1.25)

Although the regions ey, €0y, and Qf  can admit areas where high competition occurs,
the condition (1.25) is imperative because the previous multiplicity result established that
combining a high competition region, €),;, with a low competition one, e, can provoke
multiple coexistence steady states. Moreover, in the presence of low competition, the
assumption ) = Qper produces uniqueness.

The remaining two assumptions come from the fact that our proof of the uniqueness
result makes an intensive use of the Picone identity, which is needed to show that any
coexistence steady state of (1.18) is linearly stable. By an additional argument involving
the fixed point index in cones, this feature guarantees the uniqueness. Since the Picone
identity needs the operator to be self-adjoint, £; and L2 must be of the type

L; = —diV(AZ'V‘) + C;,

with A; € MY™(CH()) and C; € C(€2). On the other hand, once Picone identity is applied,
one needs to determine whether, or not, an integral is positive. The least constraining
assumption to obtain such positivity consists on supposing that the next estimate holds:

ad? be ad? be
- - < min [ == - )
m§X< 3 F(ad)) - mﬁn( 3 F+<ad)> ’ (1.26)
with Fyy : [0,1] — R defined as
1
Fu(k) =< (27 18k — K24 (9 — k)¥2(1— k)1/2) . kelo,1].

Figure 1.14 plots F., as well as the functions k — 1, k — k, k — k? and k — k3, to
show that
F (E)<E <K <E<1<F.(k) forall kel0,1].
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04 3 0 01 02 03

(a) Plot for k € [0, 1] (b) Zoom in [0,1] x [0, 1.2]

Figure 1.14: Plot of the functions F_ and F'; in [0, 1], and comparison with the functions
ks 1,k k2 k3.

be

Thus, particularizing at £ = /7 and multiplying by we have that

ad?
3
LdZ (E) b3 b2 bd ad2<ad2 (E) 0

“@d ~ac— = 3 — 3 "\ud '

Hence, the assumption (1.26) holds if

b3 b2 bd ad?
3 OF o, Or 5, or g, is constant all over {2, (1.27)
providing us with a far more friendly condition than (1.26).

The main uniqueness result established in this dissertation in the low competition

regime reads as follows.

" Theorem 6.13 (Uniqueness under low competition. Global dynamics). ]

Assume that L1 and Lo are self-adjoint, be < ad in 2, and the estimate (1.26)
holds. Then:
(a) If both semitrivial solutions exist and are linearly unstable, (1.20) admits a
unique coexistence state. Moreover, it is a global attractor with respect to
the component-wise positive solutions of (1.18).

(b) In any other case, (1.20) cannot admit any coexistence state.
(c) Both semitrivial solutions of (1.20) cannot be linearly stable simultaneously.

(d) If a semitrivial solution of (1.20) is linearly stable, then it is a global at-
tractor with respect to the component-wise positive solutions of (1.18).

(e) If the trivial solution of (1.20) is linearly stable, then it is a global attractor
with respect to the component-wise positive solutions of (1.18).

In particular, if either Qper # 0, or Q4 # 0 and QY # 0, then (a) holds for
sufficiently small dy,dy > 0.

Let us discuss this result. First, note that there are no constrains neither on the size
of the diffusion rates, nor on the growth rates of the species. Thus, as soon as a, b, ¢
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and d satisfy (1.25) and (1.26) (or (1.27)), then the statements of Theorem 6.13 hold,
regardless of the sizes of A and p. As a consequence, for any given smooth configuration
of € consisting of patches of type Qext, Qper, 2§, and €2, we can choose a, b, ¢, and d, to
be under the assumptions of Theorem 6.13, and then choose A and p so that the spatial
model induces that particular given configuration.

As far as concerns the condition (1.27), note that it allows us to choose, freely, three
coefficients, among a, b, ¢ and d, while the remaining one depends on them. For example,
if we pick the condition of

b3

a?d
then we are free to fix, arbitrarily, the values of the functions a,b,c € C(£;(0,+o0)),
whereas the function d needs to be of the form

being constant in €,

3
d:= g%, with € €R, &> max .
a Q b2
The latter estimate follows by imposing be < ad in 2, so that (1.25) holds. Hence, as-
sumption (1.27) provides us with a wide range of competition models for which Theorem
6.13 holds. It is unnecessary in the presence of constant coefficients, of course!

Furthermore, Theorem 6.13 is a result structurally stable in the sense that if the model
(1.18) satisfies the conditions (1.25) and (1.26) with strict inequalities, so that it exhibits
uniqueness for small diffusion rates by Theorem 6.13, then such uniqueness is still preserved
under small perturbations of the coefficients A, u, a, b, ¢, and d.

Finally, Theorem 6.13 establishes that the curves of change of stability of the semi-
trivial positive solutions divide the (\, ) plane into several regions according to the global
dynamics that (1.18) can exhibit. Indeed, in the special case when A and p are assumed to
be constant, then, as illustrated by Figure 1.15, the (A, u)-plane consists of the following
complementary regions:

e The region Aext, consisting of the pairs (A, ) such that
A< Ul[dlﬁl;Bl,Q] and < Ul[dgﬁg;BQ,Q].

These estimates corresponds to Theorem 6.13(e), i.e., (0,0) is a global attractor with
respect to the component-wise positive solution of (1.18). Thus, both species become
extinct in the diffusive model.

v

e The region AY , integrated by the pairs (A, i) such that
w > Ol[dgﬁg; Bo, Q] and A <oy [dl,Cl + be{d27#7d};81, Q]

As these estimates fit the case (d) of Theorem 6.13, it becomes apparent that
(07‘9{d2,u,d}) is a global attractor with respect to the component-wise positive so-
lution of (1.18). Therefore, the species v dominates the dynamics.

e The region AY , consisting of the pairs (A, 1) such that

A>o01]diL1;B1,Q] and  p < o1[deLa + cOgq, xay; B, Q.
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Here, (044, xq},0) is a global attractor with respect to the component-wise positive
solutions of (1.18). Thus, the species v dominates the dynamics, and hence, the
species v is driven to extinction.

e The region Aper, made of the pairs (A, 1) such that
A>01[d1£1;Bl,Q], M>01[d2£2;3279],

A >0 [dlﬁl + be{dg,u,d}5 B, Q] and p > o1 [dzﬁz + Ca{dl)\,a}; B, Q]

As a consequence of Theorem 6.13(a), in this region (1.20) admits a unique coexis-
tence steady state, which is a global attractor with respect to the component-wise
positive solution of (1.18). Therefore, the species are permanent.

It should be noted that, as illustrated by Figure 1.15, the curves of change of stability
of the semitrivial positive solutions cannot cross each other by Theorem 6.13(c), because in
such a case they would enclose a region where both semitrivial steady states of (1.18) are
linearly stable. Moreover, as pointed out at the end of Theorem 6.13, if either Qper # 0,
or QU 0 and QY. # 0, then (X, p) € Aper for sufficiently small dy,ds > 0.

N? A = o1[d1L1 + b0yq, 033 B, Q]

v
do

= o1[daLa 4 cBia, 3 a3 Ba, Q]

(o1[d1Ly; B1, Q], 01[d2Lo; Ba, ©2])

Aext

Figure 1.15: Plot of an admissible (A, u)-plane for (1.18), with A and p regarded as constant
parameters varying in R.

To conclude this general introduction, it should be remarked that Theorem 6.13 gener-
alizes substantially Theorem 3.4(iii) of He and Ni [55], which dealt with (1.18) in the very
special case when £1 = Lo = —A, a = d = 1, and b, ¢ are positive constants satisfying
be < 1, under non-flux boundary conditions, i.e.,

u — ) Au+u(mi(z) —u—bv) in Qx (0, +00),

ot
5 = dolv +v(ma(z) —cu—v) in Qx (0, +00), (1.28)
Ontt = Oqv = 0 on 94 x (0, +00), |

u(z,0) = up(z), v(z,0) =uvo(z) in £,

with dy,d2 > 0, b,c > 0, and
m; € CQ) (a € (0,1)), / m; >0 and m; Z0 (i=1,2).
Q

Note that the integral condition above implies that

o1[—d1A —m1;0n,92] <0, and o1[—d2A —mg;0n, ] <0,
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(see He and Ni [55, Pr. 2.2(i)], and compare with the discussion of Loépez-Goémez in Section
9.5 of [88]) and thus, (1.28) admits both semitrivial steady states,

(9{d17m1,1}> O) and (07 Q{dg,mg,l})‘

According to He and Ni [55], who clearly adopted the methodology of Furter and Lopez-
Gomez [48], we may distinguish between the following regions in the first quadrant of the
(d1, d2)-plane, depending on the linear stability character of the semitrivial steady states
of (1.28):

B o= { () € 0400 ¢ (im0 e O P1asma)
Tus = {(dladz) € (0,+00)* : (()i{ﬁ;{;n;;ﬁ;’r?glj‘frglrlfzaistlzable }
By i= { (1, de) € (0400 3 (iPttamas) 8 Mooty sable |

M= { (o) € @,on)? + (ligmapsO) ol b tdemant) 1

Moreover, He and Ni focused their study on those b and ¢ in the following region
E={(,c¢):b,c>0,bc <1} U{(b,c):0<ec<1/Sy} U{(be):0<b<1/Sy}

with
my

mo
Sy = supsup—— and Sy := sup sup ———.
di>0 0 Ofdymi 1) >0 & Ofdams.1)

Under all these assumptions, the main result of He and Ni [55], concerning uniqueness in
the low competition regime, reads as follows.

Theorem 3.4 of [55]. Assume that (b,c) € E. Then, the following mutually
disjoint decomposition of (0,+00)? holds:

(0,+00)% = (Sp \IM) U (Sy. \II) US_ UTL
Moreover, the following assertions are true for (1.28):
(i) For every (di,dz) € Xy« \IL, (014, m,,1},0) is globally asymptotically stable.
(ii) For every (di,dz) € Xy« \IL, (0,014, m,,11) is globally asymptotically stable.

(iii) For every (di,d2) € ¥_, (1.28) has a unique coexistence steady state which
is globally asymptotically stable.

(iv) For every (di,dz) € II, 014, m, .1} = Ofdy,ms,1y and (1.28) has a compact
global attractor consisting of a continuum of steady states

{(Ee{dhrm,l}’ (1 - g)a{dhmhl}/c) : f € [O’ 1]}

connecting the two semitrivial steady states.
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Let us compare Theorem 3.4 of He and Ni [55] with our Theorem 6.13. Although the
structure of both results looks quite similar, one remarkable difference between them relies
on the fact that He and Ni allow the model to exhibit high competition globally in Q, by
letting the pair (b, c) to be included in the sets

=y :={(b,c):0<c<1/Syand b> Sy}

and
Ev :={(b,c):0<b<1/Sy and ¢> Sy}.

However, as shown by Theorem 3.1 of He and Ni [55], these sets are not problematic since

Y = (0,400)? forall (b,¢) € Zyy
and
Yv. = (0,400)? forall (b,c) € Zy.

Thus, the model (1.28) cannot exhibit uniqueness if
(b, C) € Zy UZy.

Actually, the regions = and Zy receive a special treatment in the proof of Theorem 3.4
of [55] to show that this actually occurs.

Furthermore, one cannot expect a result of the type of part (iv) of Theorem 3.4 of [55]
in the general setting covered by Theorem 6.13 of this dissertation. Firstly, because the
boundary conditions for the species might be different. Secondly, because having a closer
look at the proof of He and Ni reveals that b and ¢ must be positive constants satisfying
be = 1 for the existence of a continuum of coexistence steady states (the coexistence steady
states are degenerate).

Summarizing, this dissertation has succeeded in solving positively the singular pertur-
bation problem and in deriving some very sharp uniqueness and multiplicity results for
the diffusive competition model, as well as in incorporating to the usual scenario of the
theory arbitrary second order elliptic operators, instead of —A, general non-classical mixed
boundary conditions, instead of homogeneous Neumann or Dirichlet boundary conditions,
and truly spatially heterogeneous models, instead of models where Q equals, simply, Qper
or Qbi~

The techniques developed here can be adapted, almost mutatis mutandis, to cover a
huge variety of competitive kinetics, like those introduced by Lopez-Gomez in [80] and [85,
Ch. 7|, though we have refrained ourselves of delivering these novelties with the greatest
generality possible by the sake of highlighting and emphasizing the true novelties of this
dissertation, reducing the more sophisticated technicalities as much as possible. Even
dealing with the most classical Lotka—Volterra kinetics, our findings enjoy a great interest
in the field and have sharpened, very substantially, some very recent findings by some of
the top leading experts in PDE’s.
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The Generalized Logistic Equation






Chapter 2

The singular perturbation problem
for the generalized logistic equation

Introduction

This chapter analyzes the limiting behavior as d | 0 of the positive solutions of

{Mm:uMw@ in 2, (2.1)

Bu =0 on 0f),

where Q is a bounded domain of RY, N > 1, d > 0 is a positive constant, and the
differential operator £ is uniformly elliptic in 2 and has the form

L= —div(AV:) + bV + ¢, (2.2)

with A € MY™(CH(Q)), b € M1xn(C(2)) and ¢ € C(Q). Given any Banach space, X, and
two integers, n,m > 1, My, xm(X) stands for the vector space of the matrices with n rows
and m columns with entries in X. Naturally, we set M,,(X) := My, xn(X), and M»™(X)
denotes the subset of the symmetric matrices.

Except in Section 2.1, 0f2 is assumed to be an (N — 1)-dimensional manifold of class
C? consisting of finitely many (connected) components

7, 1<j<np, TI& 1<k<ng,

for some integers np,ng > 1, and we denote by

np ) nR )
Ip:=|JI%  Tr=JT%,
=1 =1

the Dirichlet and Robin portions of 92 = I'p UI'g. It should be noted that either I'p, or
'z, might be empty. Associated with this decomposition of 0f), arises in a rather natural
way the boundary operator B defined by

Bu:{ Du:=u on I'p,

fi W2P(Q), p > N, 2.3
Ru::g—g—kﬁu on I'g, or every u € (). p (2:3)

45
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where 5 € C(02), n stands for the outward normal vector field along 092, v := An is
the conormal vector field associated to £, and a% (which equals (V-,v) under sufficient
regularity) represents the derivative in the direction of the vector field v.

As far as the function h(u,z) concerns, it is assumed to satisfy some of the next
hypothesis.

e a

Hypothesis on the nonlinearity h(u,z)

(H1) h:R x Q — R is of class C' in u > 0 and continuous in = € €.

(H2) 9,h(u,z) <0 for all uw >0 and = € Q.

In addition, through this chapter, it is imposed that, for some d > 0, the following
hypothesis holds for a pair (£, h):

(H3) There exists a constant M > 0 such that h(M,z) < dc(x) for all z € Q.
In particular, we eventually can assume (H3) with d = 0, i.e., that

(H4) There exists a constant M > 0 such that h(M,x) < 0 for all z € Q.

Note that (H4) implies (H3) for sufficiently small d > 0, regardless the sign of ¢(z).
A prototypical example of admissible h, for which (2.1) becomes closer to the classical
diffusive logistic equation, is given by

hu,z) = {(x) — a(x) f(u), u€eR, z€Q,

where ¢ € C(f2) can change of sign, a € C(Q) and f € C1(R) satisfy ming a > 0, f(0) = 0,
J'(u) > 0 for all w > 0, and lim,4o f(u) = +o00. For this choice, it is easily seen that (H1)
and (H2) hold. As far as concerns (H3), note that, for every d > 0,

h(M,z) = L(z) —a(z)f(M) < mgxé— f(M) ména < dm{%nc, r € Q,

provided M = M (d) > 0 is sufficiently large, because f(M) 1 oo as M 1 oo. Thus, (H3)
holds for all d > 0. Moreover, by taking a sufficiently large M > 0 so that
maxg ¢
FM) > ——,
ming a
it is clear that (H4) also holds.
Under the general conditions (H1), (H2) and (H4), it is easily seen that the maximal
non-negative solution of the non-spatial equation uh(u,z) = 0,

On(z) = 0 if A(¢,z) <0 forall £ >0,
P € i € >0 exists such that (€, z) = 0,

is continuous in €. Actually, for every z € Q, O (z) is the unique non-negative linearly
stable, or linearly neutrally stable, steady state of the kinetic model (2.23), associated to
(2.1), i.e., the ordinary differential equation

u'(t) = u(t)h(u(t),z), t>0.



47

According to Theorem 2.15 stated in Section 2.4, which is the main existence result
of this chapter, for sufficiently small d > 0, (2.1) admits, at most, one positive solution.
Let us denote by 60, 5; the maximal non-negative solution of (2.1), and by F;; the union
of the components of I'g where O, is everywhere positive. The main goal of this chapter
is to provide with a singular perturbation result for (2.1), as stated in Theorem 2.21.
Specifically, it establishes that the maximal non-negative solution of (2.1) approximates
Oy, as d | 0 uniformly on compact subsets of QU TS U©;1(0).

To the best of our knowledge, the most pioneering version of our convergence result,
Theorem 2.21, goes back to [10], where the singular perturbation problem

{ —dAu = u(l —a(z)u?) in Q, (2.4)
u =0, on 05},
with  and a(z) of class C*° and ming a > 0, was analyzed in dimension N < 3. Precisely,
in [10], Berger and Fraenkel established that, for sufficiently small d > 0, problem (2.4)
possesses a unique smooth positive solution, ug(z), which converges to 1/4/a(zx) as d | 0,
outside a boundary layer of width O(/d). Moreover, a global continuation of ug in d was
performed up to the critical value of the diffusion where ug bifurcates from u = 0. The
main technical tool of [10] relies on the method of matched asymptotic expansions applied
to approximate the positive solution. The global existence of the positive solution was
derived from some classical results in critical point theory. An abstract version of this
singular perturbation result for autonomous equations was given by the same authors in
[11]. Two years later, De Villiers [31] sharpened these findings up to cover a general class
of C* functions, g(u, ), instead of u — a(x)u3. Almost simultaneously, Fife [43] and Fife
and Greenlee [44] extended these results to a general class of nonhomogeneous Dirichlet
boundary value problems including

{ —ddiv (A(z,d)Vu) = g(u,z,d) in Q,

u =0, on 09, (2.5)

with Q, A(x,d) and g(u,z,d) of class C* and such that, for every € Q, the equation
g(u,z,0) = 0 has a solution, ug(x), for which 9,g(ug(x),x,0) < 0. This negativity entails
the linearized stability of the equilibrium solution wug(z) of the associated kinetic model

u'(t) = g(u(t),=,0),  t>0, (2.6)

for all z € Q. Much like in [10], the singular perturbations results of [43, 44] are based
on a bound for the inverse of the linearization about the formal solution constructed with
the matched asymptotic expansion. Fife and Greenlee [44] also analyzed the more general
case when g(u, x,0) = 0 possesses two C>-curves of solutions, ug 1(z) and ug2(x), = € €,
which are linearly stable as steady-state solutions of (2.6) and separated away from each
other.

Essentially, all these monographs adapted the former asymptotic expansion methods
developed in the context of ODE’s by the Russian School (e.g., see [15, 113]) to a PDE’s
framework. Naturally, working with ODE’s many of the underlying technicalities can be
easily overcome.

The first papers where some intrinsic techniques of the theory of PDE’s, like the method
of sub and supersolutions, were used to obtain singular perturbation results were those of
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Howes [59, 58, 60]. As a result, the previous restrictive regularity assumptions were relaxed.
Precisely, Howes [59] considered a general class of problems including (2.5) with A = I
and g(u,xz,d) = g(u, x) of class C™ for sufficiently large m > 1. Essentially, assuming that
Q is sufficiently smooth and that, for every x € Q, g(ug(z),z) = 0 for some smooth wug(x)
which is linearly stable as an equilibrium of (2.6), Howes found some sufficient conditions
for the existence of a classical solution ug of (2.5) such that

1(%&)1 uqg = ug uniformly on compact subsets of .
Almost simultaneously, Howes [58] extended these results to cover the following special
class of Robin problems

{ —dAu = g(u, z) in &, (2.7)

%(x) + B(z)u(x) =0 on 09,

where 8 > 0 on 9Q and 8 € C?#(9N) for some u € (0,1). As a consequence, e.g., of [58,
Th 2.1], Howes could infer in [58, Ex. 2.2] that in the special case when g(u) = u — u?,
up+ = 1 are Ip-stable zeroes of g(u,z) = 0, because ¢'(+1) = —2 < 0, and therefore,
(2.7) has two solutions, ug+(x), such that

gﬁ]l ug+(x) = £1 uniformly in Q.

In these papers, the regularity of the support domain 2 is imposed through the existence
of a function F' € C**(RY;R) such that |[VF(z)| =1 for all z € 9 and

Q={zecRY : F(z) <0}, 99=F10). (2.8)

Incidentally, in the papers of Howes the problem of ascertaining whether, or not, a function
F satisfying (2.8) exists, with the required regularity, remained open. Except for some
pioneering results of Oleinik [103, 104, 105], for linear problems with transport terms,
[58] seems to be the first paper dealing with the singular perturbation problem for a
semilinear equation under Neumann or (classical) Robin boundary conditions with 8 > 0.
The singular perturbation results of Howes for essential nonlinearities involving transport
terms, like those of [58, Sec. 3 & 4] and [60], remain outside the general scope of this
dissertation.

Some time later, these pioneering findings were slightly, and occasionally substantially,
improved by Angenent [6], De Santi [30], Clément and Sweers [22] and Kelley and Ko [68],
among many others, who dealt with the singular perturbation problem under Dirichlet
boundary conditions through some comparison techniques based on the synthesis of Amann
|2, 3], Sattinger [108] and Matano [98].

As shown by the simplest examples of truly spatially heterogeneous semilinear elliptic
equations in the context of Population Dynamics, the most serious shortcoming of the
classical singular perturbation theory is caused by the fact that the curves, ug(z), 1 <
Jj <4, q=1,2, solving the equation g(u,z) = 0 must preserve their stability character for
all x € Q, regarded as steady-state solutions of (2.6). For example, even in the simplest
case situation when g(u,x) inherits a logistic structure,

g(u,z) = L(x)u — a(a:)u2
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for some functions ¢, a € C(2) such that £(x) changes sign in Q and ming a > 0, most of the
assumptions imposed in the previous references fail to be true. Indeed, although ug 1 (z) =0
and ug2(z) = £(x)/a(x), x € Q, might provide us with two smooth curves of g(u,z) = 0
for sufficiently smooth ¢(x) and a(z), it becomes apparent from 0,g(u, x) = ¢(z) — 2a(x)u
that

e up1(z) = 0 is linearly stable, as an steady-state solution of (2.6), if, and only if,
e ugo(x) = L(x)/a(x) is linearly stable if, and only if, £(z) > 0.

g+, 1) A B g(-, x3) C

Uo,1 (-Tz) = 710.-2(<T2) /
u

1 (21) ug2(m1) u u ug2(3) g 1(z3) N
g(-, x3)

Figure 2.1: Plots of u + g(u, ;) := £(z;)u — a(x;)u?, i € {1,2,3}, for a function ¢ € C(f)
that changes sign in Q with ¢(z1) > 0, ¢(x2) = 0 and ¢(z3) < 0. In the central case, (B),
u = 0 must be a double zero of g(-,x2). In each of these plots we have superimposed the
1-dimensional dynamics of (2.6) on the horizontal axis.

Therefore, the curves ug;(z), i = 1,2, cannot satisfy the requirements of the previous
references, because they have a different stability character if £(z) # 0. Even considering
the ‘mixed interlaced branches’ constructed from wug ;(x) and wug2(z) through

17,071(.%) = max {uo,l(m’), u072(x)}, 17,072(.%) = min {UOJ(l’),UOQ(:L’)}, x €,

it is apparent that g 1(x) is linearly stable if and only if ¢(z) # 0, and hence, the classical
theory cannot be applied neither, because the linearized stability fails at £71(0) and, in
general, these curves are far from smooth. In these degenerate situations, not previously
considered in the specialized literature, Furter and Lopez-Gomez [48] established that the
unique positive solution, ug, of

—dAu =u(l(x) — a(x)u) in £,
u=0 on 0f),

satisfies

lc}fgl ug = {4 /a =max{0,¢/a} = 1p; uniformly on compact subsets of

(see [48, Th. 3.5]), which suggests the validity of the next general principle in the context
of (2.1):

SINGULAR PERTURBATION PRINCIPLE (SPP). If for every = € Q the as-
sociated kinetic problem possesses a unique linearly stable, or linearly neutrally
stable, non-negative steady-state solution, ©(x), which is somewhere positive in
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Q, then, for sufficiently small d > 0, the associated parabolic problem possesses
a unique positive steady-state solution, 63. Moreover, limg o6y = © uniformly
on any compact subset of 0 where O(x) is continuous.

This is widely confirmed by Theorems 2.15 and 2.21. Later, the same principle was shown
to hold under homogeneous Neumann boundary conditions by Hutson, Lépez-Goémez, Mis-
chaikow and Vickers [63, Le. 2.4], as well as in the context of competitive systems (see [63,
Th. 4.1] and [42, Th. 1|, |39, Th. 1.2|, |38, Th. 4.1] for some special cases when £ = —A,
or b=0).

A problem of a different nature was studied by Nakashima, Ni and Su [102] in the special
case when £ = —A and g(u, x) = a(z) f(u), for the appropriate choices of the functions a(x)
and f(u), under Neumann boundary conditions. In such case, the steady-state solutions
of (2.6) are spatially homogeneous, though their linearized stabilities, viewed as equilibria
of (2.6), vary with the location of z in € according to the sign of a(x). In spite of these
differences, it turns out that this model also satisfies the Singular Perturbation Principle
formulated above (see [102, Th. 1.3]).

Theorem 2.21 provides us with an extremely general version of all previous existing
singular perturbation results for Kolmogorov nonlinearities of the form g(u, z) = uh(u, ),
where h(u, x) satisfies (H1), (H2) and (H4). Actually, it is the first general result available
for second order uniformly elliptic operators, £, under general mixed boundary conditions
of non-classical type. As the general linear existence theory developed in [88, Sect. 4.6] is
only available for operators of the form (2.2), in this dissertation the principal part of £ is
required to be in divergence form. Nevertheless, even imposing this restriction, Theorem
2.21 is substantially sharper than most of the previous singular perturbation results for
the generalized logistic equation.

The proof of Theorem 2.21 is based on the method of sub and supersolutions, which
relies on the theorem of characterization of the Strong Maximum Principle of Lépez-Goémez
and Molina-Meyer [90, 82|, and Amann and Lopez-Gomez [5]. A comparison argument
provides us with a global uniform supersolution of (2.1) on €2, while the construction of
the appropriate local subsolutions combined with a compactness argument, provides us
with the necessary lower estimates to get Theorem 2.21. The main technical difficulties
that must be overcome in the proof of Theorem 2.21 come from the following facts:

(I) The principal eigenfunctions associated to £ in interior balls do not enjoy the nice
symmetry properties of the principal eigenfunctions of —A, which take the maxi-
mum on the center of these balls. This difficulty is overcome through a technical
device introduced by Lopez-Gomez in |83], which facilitates the construction of local
subsolutions in the general non-autonomous case.

(IT) A more subtle difficulty relies on the construction of a global supersolution of (2.1)
sufficiently close to O, which is far from obvious when dealing with general mixed
boundary conditions. As no previous singular perturbation result is available under
mixed boundary conditions, these difficulties have been overcome for the first time
in this dissertation.

(III) In our general setting, the coefficient function S(z) can change sign. Thus, we must
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perform a preliminary change of variables for transforming (2.1) into an equivalent
problem of the same nature with g > 0.

The resolution of the technical difficulties sketched in (II) and (III) relies on Theorem
2.3, which might be of independent interest in differential geometry. In particular, The-
orem 2.3 establishes the equivalence between the following assertions, extracted from the
statement of that result:

(a) 0N is of class C".

(b) 09 admits an outward vector field vg € C"~1(9; RY) and, for every outward vector
field v € C"1(0Q;RY), there exist an open subset U of RY, with 9Q C U, and
a projection onto 9 along v, II,, : U — 99, of class C"~! (conormal projection).
Moreover, the function 9, : Y — R defined by 9, (x) := dist, (z,0) if z € U N Q,
and by 0, (x) := —dist, (z,09Q) if x € U\ Q, is of class C" (conormal distance). Here,
dist, (-, 0€2) stands for the distance to 92 along v.

(f) There exist an open subset U of R with 9Q C U and a function ¥ € C"(U;R) such
that
Q={zecld : ¥(z)<0}, I0="T"10),

and |V¥(z)| =1 for all x € 99Q.

It should be noted that (f) is the condition used in some of the classical papers discussed
above, with F' := W. It is astonishing that, in spite of the equivalence between (a) and
(f), yet the existence of W of class C" satisfying (f) is far from adopted in the specialized
literature as the most natural, and simple, definition for a bounded domain of class C".
Indeed, the usual definition in the most paradigmatic textbooks, like those of Gilbarg and
Trudinger [50] and Evans [34], involves local charts at any point of the boundary, instead
of the minimal requirements of (f).

On the other hand, to the best of our knowledge, the existence of the conormal pro-
jection and the conormal distance constructed in Theorem 2.3, as well as the proof of the
fact that they inherit the regularity of 0€2, seem completely new findings. Astonishingly,
the Math. Sci. Net. of the Amer. Math. Soc. was unable to capture any entry with
the words conormal distance, or conormal projection, though a huge list was given with
conormal. Thus, Theorem 2.3 might be introducing these concepts into the debate of the
characterization of the regularity of 02 in terms of the regularity of the associated distance
function, as pointed out by (b). Note that C? is the minimal regularity of 9 required to
guarantee that the distance function through the ‘nearest point’ is well defined (see the
paper of Krantz and Parks |71, Ex. 4]).

Actually, although Gilbarg and Trudinger [50, Le. 14.16] show that the distance func-
tion to the boundary, dist (z, 9%2), is of class C", r > 2, if 0Q is of class C", and this result
was later sharpened up to cover the case r = 1 by Krantz and Parks [71], even the prob-
lem of establishing the regularity of 9 from the regularity of dist (x,9€2) remains open.
These results actually sharpened a pioneering finding of Serrin [110] which established the
C"Lregularity of dist (z,02) from the C"-regularity of 9€). Some time later, Foote [45]
generalized some of the results of [71] by establishing that, for every compact submanifold
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M of class C*, k > 2, there exists a neighborhood, U, such that the distance function,
d(xz, M), is C¥ in U \ M. Under these assumptions, the fact that M has a neighborhood,
U, with the unique nearest point property, as well as the fact that the projection map
II:U — M is C*~1, relies on the tubular neighborhood theorem with the added observation
that II factors through the map that creates the neighborhood. More recently, almost
twenty years later, Li and Nirenberg [76] established that if € is a domain in a smooth
complete Fingler manifold, and G stands for the largest open subset of €2 with the nearest
point property in the Finsler metric, then the distance function from 0f2 is in Cllz’g(G uon),
k>2and 0 <a<1,if 99 is of class Cke_ But no converse result, within the vain of the
characterization provided by Theorem 2.3, seems to be available in the literature.

This chapter is distributed as follows. Section 2.1 states and proves Theorem 2.3, which,
in particular, provides us with a characterization of the regularity of 9 in terms of the
regularity of distance functions. Section 2.2 uses Theorem 2.3 to reduce the general case
(B changes sign) to the classical case (5 > 0). This simplifies substantially the underlying
analysis and the construction of the supersolutions. As a final consequence of Theorem 2.3,
Subsection 2.2.3 provides with the approximation of continuous functions in Q by C%(Q)-
functions with constant sign in I'g, which is crutial in the proof the the perturbation result.
Section 2.3 establishes some important monotonicity properties of the associated principal
eigenvalues with respect to the domain and the potential. Section 2.4 proves Theorem
2.15, i.e., the main existence and uniqueness result, and derives from it some important
monotonicity properties. Section 2.5 states the main perturbation result (see Theorem
2.21) and delivers its proof through a series of lemmas.

2.1 Regularity of the distance to the boundary function

Throughout this section we assume that  is an open subdomain of RV, N > 1, such that
its boundary, 0f2, is a topological (N — 1)-manifold. Let us introduce some notation for
the appropriate statement of Theorem 2.3.

Definition 2.1. Let v : 9Q — RY be a vector field on 99Q. We will say that v is an
outward vector field when the following conditions are satisfied:

(1) There exists g > 0 such that
r+ev(z) eRV\Q and z—ev(z) €Q
for all x € 90 and 0 < € < &y.
(ii) For every x € 0 there exist €, > 0 and « € (0, 1) such that
z+eveRV\Q forall €€ (0,e,) and v € SV! with (v,v) € (0,a|v|).
Here, SV¥~! stands for the (N — 1)-dimensional sphere.

It should be noted that assumption (ii) imposes that for each z € 9 there is a small
cone with vertex in x and axis in the direction of the vector v that lies outside 2. It is easy
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to check that, under condition (i), when 9Q is of class C!, assumption (ii) is equivalent to
the fact that, for every x € 09, v(x) is not tangent to 9. Moreover, under such regularity,
0f) admits an outward normal vector field, n, and every outward vector field, v, satisfies
(v,n) > 0.

Definition 2.2. Let v : 9Q — RY be a vector field on 99 and let & C RY be an open
set such that 0 C U. We will say that a function I, : U — 9N is the projection onto OS2
along v if

(i) Iy (z) = x for all z € 09,

(ii) Hy(x—Av(Il,(z))) = 1L, (x) for every z € U and A € R such that x — v (Il (z)) € U.
In particular,
o1,

—— () =0 forall z €l

(11, ()"
Naturally, given a projection onto 02 along v, the function distance to the boundary along
v is defined through

: |z — TL ()]
disty (z,09) == ————+, x €U,

. v (1L, (2))]
where | - | stands for the euclidean norm in RY. In particular, when v = An, i.e., when
v is the conormal vector field, it is simply said that II,, is a conormal projection and that
disty (-, 09) is the conormal distance.

The next result provides us with the characterization of the regularity of 0f2 in terms
of the regularity of the distance to the boundary function. Specifically, 02 is of class C”
if, and only if, for some outward vector field v € C"~! the function dist,, is of class C" in
U\ Q.

Theorem 2.3. Assume that Q is an open subdomain of RY such that 0 is a topological
(N — 1)-manifold. Then, for every integer r > 2, the next assertions are equivalent:

(a) O s of class C".

(b) 02 admits an outward vector field vy € C"~1(OURN) and, for every outward vector
field v € C"=H (O RN), there exist an open subset U of RY, with 0Q C U, and a
projection onto O along v, 11, : U — 09, of class C"~1. Moreover, the function
0, U — R defined by

0, (x) :=

{ disty, (z, 092) if celUdnNQ, (2.9)

—dist, (z, 002) if veld\Q,
15 of class C".

(c) 0 admits an outward vector field vo € C"~ (9L RYN) for which the property stated
in (b) holds.
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(d) 09 admits an outward vector field vy € C"~1(OQ;RY) and, for every outward vector
field v € C"1(0Q;RY), there exist an open subset U of RN with 00 C U and a
function ¢ € C"(U;R) such that ¥(x) < 0 for all x € QNU, Y(z) > 0 for all
reU\Q and

i 5, (@) > 0.

In particular, ¥(x) = 0 for all x € OQ by the continuity of ¥ on U.

(e) 0 admits an outward vector field vy € C"~H (O RY) for which the property stated
in (d) holds.

(f) There exist an open subset U of RN with 0Q C U and a function ¥ € C"(U;R) such
that
Q={zecl : ¥(x) <0}, 0Q=V"10),

and |V¥(z)| =1 for all x € 0.

Proof. Tt suffices to prove the following implications: (a) implies (b), (b) implies (c), (d)
and (f), (c), or (d), or (f), implies (e), and (e) implies (a). First, we will prove that (a)
implies (b). Note that the normal vector field is of class C"~! as soon as 9 is of class
C". Now, consider a field v satisfying the requirements of Part (b). For each € > 0, let us
denote by Q, € C""((—¢,¢) x 9;RY) the function defined by

Qu: (—6,6) x 00 = U. :=TmQ, C RY
(s,z) — x — sv(x)

which establishes a bijection over its image for sufficiently small ¢ > 0. Moreover, short-
ening ¢ > 0, if necessary, @, ! also is of class C"~!-regularity. Indeed, the proof of the
injectivity proceeds by contradiction.

{0} x 0Q 20

T, Qu((—€) x 00)

. (67
. 1
%, (0,0, 1L,()

(—¢,€) x 00

Figure 2.2: Scheme for the realization of Q, and Q' and their relationships with the
projection II,, and the distance function 0,.

Suppose that @, is not injective for sufficiently small ¢ > 0. Then, there exist
{st}i>1,{82}n>1 C R, with st — 0 and s2 — 0, as n 1 oo, and {x}L},>1,{22}n>1 C 0N
such that

(sprxp) # (sp.20) and - Qu(sy,a,) = Qulsy,a) forall n> 1.

n»n n»rn
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In other words,

zt —sly(zl) =22 — s2v(2?) forall n> 1. (2.10)

Moreover, without lost of generality, we can assume that s.s? > 0 for all n > 1. Otherwise,
since v is an outward vector field, for sufficiently large n > 1, we have that

Ty = spv(2y) = @5 — spv(a;)

should lie, simultaneously, in  and in RV \ Q, which is impossible.
Suppose z. = z2 for some n > 1. Then, since v(xl) # 0, (2.10) implies that s} = s2,
which cannot hold. Hence, xl # z2 for all n > 1. Since 9Q is compact, along some

subsequences of {z1} and {xn}, relabeled by n, we have that

lim 2/ = a7, j=1,2,
n—0o0

for some zl, 2% € 9. Subsequently, we are renaming by {s}}n>1, {82}n>1, {21 }n>1 and

{22},>1 the new subsequences. Letting n 1 oo in (2.10) yields

1 2

Too = T = Too-

Now, for each j = 1,2, we consider the sequence {§%}n21 defined through
G = splv(al)l,  n>1
Then, by the continuity of v, the new sequences still satisfy

A 6 =l 60 =0 @1
and, setting £ := v/|v| for the unitary outward vector field, (2.10) can be equivalently
expressed as

T — 25 = Gu&(@n) — G€(n) = (= )é(zn) + 6 (E(zp) — €(27)) (2.12)

L 2‘ e SV L RY forall n>1,
—x

where S¥~! stands for the (N — 1)-dimensional sphere. As the sphere is compact, we can
extract subsequences of {s!},>1, {2}n>1, {7l }n>1 and {22},>1, again labeled by n, such

that
1 2

. X, —
Too := lim 71"” 5 € T, 09,
n—oo |} — 22|

where T, _0f) stands for the tangent hyperplane of 9Q at xo. Note that |7o| =
Moreover, by construction, we have that

|§¥L’ = |xZL - QV(SQL"T%)L QV(S}N‘/L‘%L) = QV(Sgwxi)a Jj=12, n>1
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Thus, since sLs2 > 0 for all n > 1, the triangular inequality yields

[n = sul = [lsal = Ial] = [lom = Qusp 20)| = |27 = Quls, ap)l| < |y — a7

for all n > 1. Consequently, by the Bolzano—Weierstrass theorem, there exist n € [—1,1]
and subsequences of {¢}}n>1, {2}n>1, {21 }n>1 and {22},,>1, relabeled by n, such that

lim S 0. (2.13)
n—oo [z, — 22|

Now we will show that, as a consequence of the regularity of &, the limit

Lo Elh) — €(a2)

nooo |z — 27

is well defined in RY. Indeed, since 99 is a C"-manifold, there exist § > 0 and a local
chart of 99 on a neighborhood of x4, ® € C"(Bs(0); RYV) with ®(0) = zs. Subsequently,
we set ‘ '

v, o= @7 ()
for j = 1,2 and sufficiently large n > 1. By the continuity of ®~1,

lim 3 =0, j=1,2.

n—oo

Since x} # 22 and @ is a local diffeomorphism, y} # y2 and hence,

yrlz - y,% gNV-2
1 21 € )
v — val
Thus, by compactness, we can extract subsequences, relabeled by n, such that

1.2
Fro = lim o Yn o gN-2 (2.14)

n—oo |yl — 12|

Then, for every ¢ € C'(Bs(0); RY), we have that

n > ng.

lim PW0) = 0Wa) _ o= _ 0% )

Too = ==
noo |y =yl ¥ 07

Indeed,

1y _ 2 2 1,2\ 2
'sO(ynl) soz(yn) B Dso(O)%oo‘ _ ’@(yn + (yn1 ynQ)) e(yn)
Y — il Yn = yal

1 1 1 .
= ‘1 > / Do(yz + t(yy — y2)) (yn — yo)dt — / D@(O)Toodt'
|yn - yn’ 0 0

1 yl — g2
/ <Ds0(y3 oyl —y2)) Y Dso<o>%oo> dt\
0

1
S /

1
+ [ 1Dl +tluk = 12)) - Do(0) 7
0

2 1 2 ?Jl - 1/2
D(p(yn + t(yn - yn)) < le _ ;L - 7—c>o> ‘ dt
|y — Y2



2.1. Regularity of the distance to the boundary function o7

which, thanks to (2.14) and the uniform continuity of Dy in Bs/5(0), converges to 0 as
n 1 co. Hence, by the regularity of v, and so of &, we have that

feh) —€63) (€0 ®)()) — (€0 D)(2)

AT el a2 etk [@(yl) — B(2)]
. lyp —val (£ ®)(ys) — (E0®)(y2)
_ 2.15
nroo [B(yL) — @ (y2)] [yt — 2| 1)
1
— WD@ 0 ®)(0)7 € RY.

Therefore, thanks to (2.11), (2.13) and (2.15), dividing by |z — 22| in (2.12) and letting
n T +oo yields

V(7o)
oo
Since 7o, € SV~1, taking norms in both sides provides us with |n| = 1. However, since

Too € Ty 002 and & is an outward unit vector field along 0€2, we have that

<TOO7n(‘TOO)> =0 and <€(xoo)7n(xoo)> > 0,

respectively, which implies n = 0, driving to a contradiction. Thus, there exists € > 0 such
that Q, : (—e,e) — U is bijective. Note that @, inherits the regularity of v. So, it is of
class C"1((—¢,e) x 0% U:), and Q,(0,x) = z for all 2 € 9.

It remains to show the regularity of
QU — (—,6) x IN

for sufficiently small € > 0. This is a consequence of the inverse function theorem. By
continuity and compactness, it suffices to establish that D@, is non-degenerate on {0} x
09Q). Indeed, since 012 is a class C" manifold, for each x € 0¢) there exist J, > 0 and
a homeomorphism onto its image, ®, € C"(Bs,(0) ¢ RVN"LRY) with ®,(0) = z and
®,(Bs,(0)) C 09. Actually, ®, parameterizes J€2 in a neighborhood of z. Consider the

function @y : (—¢,¢) x Bs,(0) — U defined by

Qu(s,y) = Qu(s, 2(y)) = Puly) — sv(Pa(y))-

Then, for every s € (—¢,¢e) and y € B, (0), DQu (s, ®x(y)) is represented by

DQu(s,y) = [-¥(®x(y)), DP4(y) — sD(¥ o B;)(y)]:
In particular, .
DQV(()?y) = [_V((I)x(y))v D(I)x(y)]'

Since @, is a local chart of a C" (N — 1)-dimensional manifold, rank D®,(y) = N — 1 for
all y € Bs,(0) and hence, it generates the tangent space at ®,(y). Thus, since v(®,(y)) is
a non-tangential vector field, it becomes apparent that

rank DQ,,(0,y) = N.
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Consequently, DQ,,(O,y) is an isomorphism. Therefore, (), establishes a diffeomorphism
of class C"~! onto its image for sufficiently small € > 0. In order to complete the proof of
(a) implies (b) it remains to construct the projection II,, and show that the function 9,
defined in (2.9) is of class C". Let P; : R x 0Q — R and P : R x 99 — 92 denote the
projections on the first and the second component, respectively, i.e.,

PLRxI0 — R, Py :Rx 90 — 09,
(s,z) — s (s,z) — =

respectively. Obviously, P; and P» are of class C* and, by construction, it is easily seen
that the map

I, :=PoQ,' U — 00 cRY

satisfies all the requirements of Part (b). Indeed, II,, also is of class C" !, as Q' and P».
Moreover, for every x € 0€2, we have that

I, (z) = Pyo Q. (z) = P(0,z) = .
Since @, is a diffeomorphism, for every x € U, there exists s € (—¢,¢) such that
x=Qu(s, 1, (x)) =1, (x) — sv(ll,(x)).
Hence, if X € R satisfies  — Av(Il, (x)) € U, we find that

I, (x — (Il (2))) = 1L, (H,,(:r) — su((2)) — AV(H,,(x)))
= Py o QN (Qu(s+ A\ L (2))) = L, ().

In particular, this entails that

oIl,

m(x) =0 forall z€lU..

By the definition of Q,, 0, = Py 0 Q,', and so it is of class C"~(U.). Moreover, for every
x € U,

z =1, (z) — 0, (x)v(II,(x)).
Thus,

0 (1) = 3 [@) — 2.0 (@)

v (L (2))

and hence, combining the Leibniz rule with the properties of the projection II,, we find
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that, for every x € U,,

DY, (1) = — 2<V(H”(‘i>()r’[]3((;’>;}’>(“"))) (I (2) — 2, (1L, (x)))
1

+ W(<Dﬂu(x> —Id,v(Ily(2))) + (Il (z) — 2, D(v o H,,)(x))>>
1

= L G (DT (), #([(@))) = 0 () (T (2)), D(v 0 T 1))

— {1, v, (2)))

- : Al T)— z M T)—v T
= S T @y g, gy @ ~ )
__ vdL(@)

V(I ()P

because I1,, and voll,, are constant along each direction v(II,(x)). Therefore, D2, € C"1,
which entails 9, € C" and ends the proof of (a) implies (b).

The fact that Part (b) implies Part (c) is immediate. Next, we will prove that (b)
implies (d) and (f). Suppose (b) and consider any outward vector field, v € C"~!. Then,

v=v/lv|ec

Let U, II; and 05 denote, respectively, the open set, the projection and the ‘regularized
distance’ (2.9) provided by Part (b). Then, the function ¢, : Y — R defined by ¢, :== —0;
satisfies

Vi (z) = DYy () = —Doy = v(llp(x))
for all x € U. In particular, Vi, () = p(z) for every x € 02, and hence,

awy
ov

which ends the proof of (b) implies (d). Actually, since
Vi (2)] = ()] = 1

for all z € 00, ¥ := ¢, satisfies the requirements of Part (f).

The fact that (d) implies (e) is trivial, and the proof of (¢) implies (e) follows the same
patterns as the proof of (b) implies (d). The fact that (f) implies (e) follows from the fact
that v(z) := V¥(z) is an outward vector field of class C"~! satisfying

ov
£
for all x € 0. Thus, Part (e) holds by choosing ¢ := .

It remains to prove that (e) implies (a). By the properties of the function 1 guaranteed
by Part (e), it is apparent that 9§ := ¢~1(0). Let us consider zo € 9§ and v(z¢), and let
{ej}jyzjl be an orthonormal basis of span [v(xg)]* in RY. Subsequently, for every ¢ > 0,
we denote by

() = (Vu(2),v(2)) = (p(z),v(2)) = [v(z)] > 0,

(z) = |VU(@)2=1>0

Fs:(=0,6) x (=8,0)N "1 5 RV
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the C* map defined through

N-1
Fs(z,y) =m0+ 2v(z0) + > yjej ¥ = (Y1, Yn-1)-
j=1

This map establishes a diffeomorphism onto its image, which is an open neighborhood of
xo denoted by Ws. Note that F5(0,0) = xg. Choose § > 0 such that Ws C U, where U is
the open neighborhood of 02 guaranteed by Part (c¢). Lastly, consider the function

Gs =1 o F5s € C"((=6,0)";R).
Obviously, G5(0,0) = 0. Moreover,

%2(0.0) = D)) (520.0)) = Do) (vla0) = (o) > 0

Thus, according to the implicit function theorem, there exists §o > 0 and a function
¢ € C"((=60,00)N71;R) such that

G5.10) = {(C(y),y) e RN : y € (=00, 00)" 1.

In particular, the function

(_507 50)N_1 >y — F50 (<<Y)7Y)

provides us with a class C" parametrization of 92N Wj,. Since xo was arbitrary, €2 is an
(N — 1)—manifold of class C". This ends the proof of Theorem 2.3 O

Remark 2.4. According to Lopez-Gomez [88, Lem. 2.1|, using a partition of the unity of
class C", or a cut-off function, the function ¢(x) in Part (d), as well as ¥ in Part (f), can
be assumed to be globally defined in a neighborhood of €, or even in RY, and in such case
Y(x) < 0 (resp. ¥(x) < 0) for all z € Q and ¥(z) > 0 (resp. ¥(z) > 0) for all z € RV \ Q.

A further (deeper) analysis of the role played by the regularity of the outward vector
field reveals the validity of the next result.

Corollary 2.5. If 9Q is an (N — 1)-dimensional manifold of class C", r > 1, and v €
CFOURN), k > 1, is an outward vector field, then there exist an open subset U of RV,
with OQ C U, and a function I, € C™™F}(1Y: 9Q) which is a projection onto dQ along
v. In particular, the function 9, : U — R defined in (2.9) is of class C™n{mk+1},

2.2 Consequences of the theorem of characterization of the
regularity of the boundary

This section collects a series of consequences of Theorem 2.3 if 0f) is assumed to be of
class C?, when applying such regularity characterization in the context of problem (2.1). Tt
should be remembered that this assumption will be maintained in the forthcoming sections.
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2.2.1 A canonical transformation

The next result allows to transform the original problem into a problem with 8 > 0
preserving the properties (H1), (H2), and (H4) of the nonlinearity. Hence, in general, one
can assume that g > 0.

Theorem 2.6. Assume that OS2 is of class C2. Then, there exits E € C*(Q), with E(x) > 0
for all x € Q, such that (2.1) can be equivalently expressed as

{ dLpw = whg(w,z) in Q, (2.16)

Brgw =0 in 0S),
where
(i) he(w,z) = ME(z)w,z) for all w >0 and x € Q.
(ii) Lg = —div(AV:) + bV + cg, with

VE —~ LE -

(iii) Bg =D on T'p and Bg = a% + Br on I'r, with fg(x) == %E(ac) >0 forallz € T'w.
Moreover, hg satisfies (H1), (H2) and (H4) if h does too.

Proof. First, let us consider an arbitrary E € C?(2) such that E(x) > 0 for all z € Q.
Suppose that u is a non-negative solution of (2.1). Then, w := u/E satisfies

Lu = L(Ew) = —div (AV(Ew)) + bV (Ew) + cEw
= —div (FAVw) — div (wWAVE) + EbVw + wbVE + wcE
= —VEAVw — Ediv(AVw) — VwAVE — wdiv (AVE)
+ EbVw + wbVE + wck
= —Ediv (AVw) + EbVw — VEAVw — VwAVE
+w(—div (AVE) + bVE + cE).

By the symmetry of A, we have that
VwAVE = VEAVw,

and thus

E E
Lu=F <—div (AVw) + (b — 2AvE> Vw + £Ew> =FELgpw, in (.

Hence,

1 1 1 .
dLpw = Edﬁu = Euh(u, )= EEwh(Ew, ) = whg(w,-) in Q.

As for the boundary, we find that

Brw(x) = w(x) =u(z)/E(x) =0
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for all z € I'p, whereas

0(FEw)
ov

(2) + ,B(w)E(x)> w(z) = E(x)Bpu(z)

0 = Bu(z) = B(Ew)(z) =

() + B(x) E(r)w(x)

for all x € I'g. In order to choose E such that B_E > 0, note that, according to Theorem
2.3 and Remark 2.1, there exist an open set U, Q C U C RY, and a function v € C*(U)
such that ¢(x) < 0 for all z € Q, ¢¥(z) =0 for all x € 02 and minr, g—:ﬁ > 0. Consider

E = exp(u))

with g > 0 to be determined. Then, for each x € I'g, F(z) = 1 and, hence,

_ BE(x) 1 OF OF

Bp(e) = s = B) + g 3y, () = Ba) + g, (@),

Thus, since ming, g% > 0, it becomes apparent that Sg(x) > 0 for all x € T'g for

sufficiently large p > 0.

Now, let us analyze the properties of hp. The regularity required for (H1) is a byproduct
of the regularity of both 2 and E. On the other hand, for every u > 0 and x € Q we have
that

Ohg 0 oh
o = 9 (W(E(x)w,x)) = E(x)a—u(E(x)w,a:) < 0.

Hence hp satisfies (H2). To conclude, since h satisfies (H4) there exists M > 0 such that
maxg h(M,-) < 0. Therefore, setting

M
Mg = 0
E ming ~

and taking into account that h is decreasing in w by (H2), we conclude that, for every
xz €,
hg(Mg,z) = h(MpE(z),z) = h(E(z) =2+, z) < h(M,z) <0,

ming £’

which ends the proof. O

2.2.2 Existence of sufficiently large supersolutions
The next results will allow us to prove the existence of solutions of (2.1) in Section 2.4.

Lemma 2.7. Assume that problem (2.16) derived in Theorem 2.6 satisfies (H2) and (H3)
for some d > 0. Then, for such d > 0 and for every M > 0, the problem (2.1) possesses a
supersolution greater than M in .

Proof. Consider the function E € C?(Q) as derived in Theorem 2.6, and denote @ := kE
for some constant k > 0 to be determined. Applying the boundary operator to & we obtain

Bu=k>0 in I'p
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and, by the analysis carried out in Theorem 2.6,

Bu = Qli—l-/BEIQ >0, in I'.
ov

Moreover,
uh(u,-) = kEh(KE, ) = kEhg(k,-)

and
dlu =dELgk = dEcgk.

Hence, @ is a strict supersolution of (2.1) if
deg(x) > hg(k,z) for all z € Q.

Therefore, because problem (2.16) is assumed to satisfy (H2) and (H3), it suffices to choose
k> M oreater than the value provided by hypothesis (H3). O

ming

As an immediate consequence of Lemma 2.7 and the fact that properties (H2) and (H4)
are preserved by the transformation carried out in Theorem 2.6, the next result holds.

Lemma 2.8. Assume that (2.1) satisfies (H2) and (H4). Then, dy > 0 exists such that
for every M > 0 and d € (0,dp), the problem (2.1) possesses a supersolution greater than
M in Q.

2.2.3 Approximation by functions of class C*> with a fixed sign on '

The next result will play a crucial role in the proof of Theorem 2.21.

Lemma 2.9. Let &,& € C(Q) be such that &1(x) < &(x) for all z € . Then the following
hold:

(a) There exists ® € C2(2) such that & < ® < & in Q and R®(x) > 0 for all z € T'R.
(b) There exists ® € C%(Q) such that & < ® < & in Q and R®(x) < 0 for all v € T'g.

Proof. By Theorem 2.3 applied to the conormal vector field, there exist an open neighbor-
hood U C RY of 99, a function ¢ € C?(U;R) and a constant 7 > 0 such that 1 (x) < 0 for
all z e U NQ, Y(x) =0 for each x € I and

g—qj(m) > 7 forall z € 90. (2.17)

Let € > 0 be such that
e< ms%n (52 - 51)

Then,
&1(z) + % < &(x) — % for all x € Q,

and, hence, there exists ¢ € C°°(£2) such that

&i(x) + g < P(x) < &(x) — % for all x € Q.
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Consider, for each M € R, the map ¢y € C?(U N Q) defined by
() i= d(z) — 1 4 MY, reUNQ.

By the continuity of ¢ys, and the fact that ¢pr(x) = ¢(x) for all x € 99, we can reduce U
to some open set Uy, with 9Q C Uy C U, so that

&i(x) + g < op(x) < &(x) — % for all = € Uy NQ.

On the other hand, since ¥(z) = 0 for all z € 99, it becomes apparent that, for every
x €'y,

Ron(z) = Rop(x) + R(eM¥@ — 1)

= Ro(x) + M@ 2 () 1 fa) MV _ 1)

ov
_ A

According to (2.17), for sufficiently large M > 0, one can get Roas(x) > 0 for all x € T'g.
So, in order to get Part (a), it suffices to choose ® equal to ¢js in a neighborhood of 0f.
Similarly, by choosing M < 0 sufficiently large, Part (b) can be easily accomplished.

In each of these cases, once we have fixed the appropriate M, it remains to take ® as
any smooth extension of ¢5; from a neighborhood V of 99, with V C Uy, to  in such a
way that

&(7) < ®(x) < &(x) for all o € Q.

This can be accomplished through an appropriate cutoff function of class C*°. 0l

Remark 2.10. Note that if & > 0 in €, then the function ® provided by Lemma 2.9(a)
satisfies B® > 0 on 02, whereas if & < 0 in € then the function ® provided by Lemma
2.9(b) verifies B® < 0 on 0f.

As an immediate consequence of Lemma 2.9, continuous function in Q can be approx-
imated by class C2(Q)-functions, ¥, with either R¥ > 0, or R¥ < 0, in I'g.

Corollary 2.11. Consider £ € C(Q2). Then, for every € > 0 there exist U1, Uy € C3(Q)
such that

(a) U(x) € (£(x) —e,&(x) +¢) forallz € Q and i = 1,2.
(b) R¥y(z) > 0> R¥s(x) for all x € T'g.

2.3 Monotonicity properties of the principal eigenvalue
Throughout the remaining of this dissertation, for any given V € C(f2), we will denote
by o1[dL + V; B, Q] the principal eigenvalue, i.e., the lowest real eigenvalue, of the linear
eigenvalue problem
dLp +V(x)p =0op in Q,
{ By =0 on Of.
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According to Lopez-Gomez [88, Th. 7.7], the principal eigenvalue is algebraically simple
and strictly dominant and it provides us with the unique eigenvalue that is associated with
a positive (principal) eigenfunction, say g. In such a case, ¢g > 0 in the sense that

wo(z) >0 forall x € QUI'g and ?(m) <0 for all z € T'p. (2.18)
n

Moreover, according to [88, Ch. 5|, ¢y € Wé’oo(Q), where

WE™(Q) = () WP(Q), Wg"(Q) ={ueW>P(Q) : Bu=0 on 9Q}.  (2.19)
p>N

Thus, ¢o € C5(2) NCH(Q) for all v < 1 and it is almost everywhere twice differentiable
in Q, much like the weak positive solutions of (2.1).
The next result, which slightly extends [41, Th. 4.1], collects the main properties of

the function ¥ : (0, +00) x C(2) — R defined by
X(d,V) :=o1[dL + V; B, Q.

It extends [38, Th. 2.1] to deal with general differential operators, £, not necessarily self-
adjoint. In particular, Parts (a) and (b) provide us with the monotonicity and continuity
of the principal eigenvalue with respect to the potential, respectively.

Theorem 2.12. 3(d,V) has the following properties:

(a) For every d > 0, the map X(d,-) : C(Q2) — R is strictly increasing, i.e., X(d,V;) <

(d, Vo) if Vi, Va € C(Q) with Vi < Va.
(b) For every d > 0, the map %(d,-) : C(Q) — R is Lipschitz continuous.
(c) For every V € C(Q)
¥(0,V) :=lim ¥(d,V) = min V.
d—0 Q

Proof. Let ¢1 > 0 denote the (unique) principal eigenfunction associated to o1[dL +
V1; B, Q] such that ||¢1]lcc = 1. Then,

(dL+Va—o1[dL+V1; B, Q))p1 > (dL+Vi—o1[dL+Vi;B,9Q])p1 =0 in Q,
Bpr =0 on 0f2.

Therefore, the function ¢ provides us with a positive strict supersolution of the differential
operator
dL + Vo — o1[dL + V1; B, Q]

subject to the boundary operator B on 92 and hence, thanks to the theorem of character-
ization of Lopez-Gomez [88, Th. 7.10], its principal eigenvalue must be positive. Thus,

o1[dL + Va; B, Q) — ov[dL + Vi; B, Q] = o1[dL + Va — o1[dL + Vi; B, Q]; B, > 0,

which ends the proof of Part (a).



66 CHAPTER 2. The singular perturbation problem for the generalized logistic equation

The Lipschitz continuity stated in Part (b) is an immediate consequence of the mono-

tonicity. Indeed, by Part (a), for any given Vi, V5 € C(£2), we have that
X(d, V1) = E(d, Vi = Vo + Vo) < 3(d, Vi — Valloo + V2) = [[VI — Valleo + 2(d, V2),

and, thus,
Y(d,Vq) —3(d, Vo) < ||V1 — Val|so-

Changing V; by V4 provides us with
2(d, V1) = %(d, Vo) < [[V1 = Vaeo-
For the convergence in Part (c), we first note that, thanks to Part (a),
o1[dL+V;B,Q] > doy[L£;B,Q] + min V.
Q

Thus,

liminf o [dC + V;B,Q] > min V.

d—0 Q

Now, arguing by contradiction, suppose that

limsupoi[dL + V;B,Q] > min V.
d—0 Q

Then, there exist ¢ > 0 and a sequence {d, },>1 C (0, +00) with

lim d,, = 0,

n—o0

such that, for every n > 1,

o1[dn L+ V;B,Q] > minV +¢.
Q

Equivalently,

o1[dp, L4+V —minV —¢;B,Q] > 0,
Q

and hence, by Lopez-Gomez [88, Th. 7.10], for every n > 1 the problem

(dpnL+V —mingV —e)u=0 in Q,
Bu=0 on 0,
admits a strict supersolution, ¢, > 0. So, ¢, satisfies

(dpL+V —mingV —€)p, >0 in Q,
By, >0 on 012,

with some of these inequalities strict. Let o €  be such that

V(o) = minV.
0
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By continuity, there exists p > 0 such that
€
V(z) <minV + -
Q 2

for all € B,(x) N . In particular, this estimate holds in an open ball B C B,(z¢) N €.
Thus, for every n > 1 we have that

(dnL —5)pn 20 in B,
wn >0 on 0B.

Consequently, thanks again to [88, Th. 7.10], we find that
o1[d, L —§;D,B] >0,

which contradicts the fact that

lim o1[dnL — §;D, B] = lim dyoy[£;D, Q) - § = —5.
This contradiction ends the proof. O

For establishing the monotonicity of the principal eigenvalue with respect to the un-
derlying domain, we need to introduce some notations.

Definition 2.13. Let Qg be a subdomain of class C? of Q and By a boundary operator on
0. We will say that (By, Qo) is comparable with (B,2), and write

(Bo, ) = (B,Q),
when the following conditions are satisfied:
(i) Each component, I', of 9 is either a component of 99, or I' C €.
(ii) The boundary operator By satisfies

B D on 095N,
71 B on 999N 00,

where, for every component, I', of Qg N 9L, either B =D on T, or I' C 'z and
there is By € C(0Q) with By > [ such that

[S’:i—f—ﬂo on I
ov

We will write
(Bo, Qo) =< (B, Q)

if, in addition, (Bo, Q) # (B, Q).

It should be noted that, according to [16, Th. 9.1], the Dirichlet boundary operator on
each component of 92 can be approximated by letting minp 5 1 co. Thus, the larger (o,
the closer are By and D.
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Lemma 2.14. Let Qg be a subdomain of class C* of Q and By a boundary operator on
0Q0. If (Bo, Q) < (B,Q), then

o1[dL+ Vi B,Q) < o1[dL + V; By, Q), for every d >0 and V € C(Q).

Proof. Let ¢ > 0 be the principal eigenfunction associated to o1[dL + V; B, 2] normalized
so that ||¢]lec = 1. Then, according to Definition 2.13, as long as (Bp, Qo) < (B, ), there
exist a component, I' # (), of 99 for which some of the following alternatives hold

e ' C Qand Byy = ¢ > 0 on I'. Actually, this occurs if €y is a proper subdomain of
Q.

o ' C I'g and Byy = ¢ on I'. Then, since ¢(z) > 0 for all x € I'g, we have that
Bop >0onT.

eI'CTI'g and By = % + Bo with By > 8 on I'. Then, since ¢(x) > 0 for all z € 'y,
we find that

0 0
Bop = 50+ fop 2 o= +Bp=Bp=0 on I.
ov ov
Hence, ¢ satisfies

(dL+V —o[dC+V;B,9])p =0 in Q,
Bop >0 on 0€).

In particular, ¢ is a positive strict supersolution of

dL+V —o[dC+V;B,Q2)u=0 in Qp,
Bou =0 on 0.

Therefore, we can conclude from [88, Th 7.10] that
Ul[dﬁ + V;BO,QO] — 0’1[d£ + VB, Q] = Ul[dﬁ +V - Ul[dﬁ + VB, Q];BO,Q()] > 0,

which ends the proof. O

2.4 Existence and uniqueness of positive solutions

The main result of this section, Theorem 2.15, characterizes the existence and establishes
the uniqueness of the positive solution of (2.1) in terms of the linearized instability of u = 0
as a steady-state solution of its parabolic counterpart. Note that this result complements
Lemma 3.4 of Fraile, Koch, Lopez-Gomez and Merino [46].

Theorem 2.15. Assume that problem (2.16) derived in Theorem 2.6 satisfies (H1), (H2)
and (H3) for some d > 0. Then, for such d > 0, problem (2.1) has a positive solution
u€Npsn W?2P(Q) if and only if

o1[dL — h(0,-); B,Q] < 0.

Moreover, it is unique if it exists.
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Proof. As a consequence of Lemma 2.7, & := kE > 0 is a supersolution of (2.1) for any
sufficiently large x > 0, with E € C%(Q) being the function constructed in the proof of
Theorem 2.6. Now, suppose that

o1[dL — 1(0,-); B,Q) < 0

and let ¢ > 0 be any associated eigenfunction. We claim that u := e¢ is a subsolution of
(2.1) for sufficiently small € > 0. Since

B(e¢p) =eBp =0 on 09,

it suffices to show that
dL(ep) < eph(eg,-) in Q.

By the choice of ¢, we have that
dL(ep) = 5(01 [dL — h(0,-); B, Q)¢ + h(0, -)¢) in Q.
Hence, dividing by €¢ we should make sure that
o1[dL — h(0,-); B,Q] < h(eg,-) —h(0,-) in . (2.20)

Since h is uniformly continuous on [0, 1] x € and £¢ converges to 0 uniformly in  as € | 0,
we find that

Thus, condition (2.20) holds for sufficiently small ¢ and, hence, u := €¢ is a subsolution
of (2.1). Since e can be shortened up to get ep < k, (2.1) possesses a (strong) positive
solution, u, such that e¢p < u < k.
Next, we will show that
o1[dL — h(0,-); B,Q2] <0

is necessary for the existence of a positive solutions. Indeed, if (2.1) admits a positive
solution, u, then
o1[dL — h(u,-); B, =0,

by the uniqueness of the principal eigenvalue. Thus, by (H2), it follows from Theorem
2.12(a) that
o1[dL — h(0,-); B,Q] < o1[dL — h(u,-); B,] = 0.

As for establishing the uniqueness, assume that

Uy, Ug € m W2’p(Q)
p>N

are two positive solutions of (2.1). In particular, uq,us > 0. Thanks to the first part of
the proof, we already know that (2.1) admits a subsolution, u = £¢, and a supersolution,
4 =k > M, such that

u < up,uz < U.
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This can be easily obtained by shortening ¢ > 0 and enlarging x as much as necessary.
For these choices, thanks to Theorem 3 of Amann [2]|, problem (2.1) admits two strong
solutions,
Us, U™ € ﬂ W?2P(Q),
p>N
which are the minimal and maximal solutions of (2.1), respectively, in the order interval
[u,@]. In particular, we have that

u<uy <upup <ut <A

and, since uj # ug, necessarily u, < u*. Since they are solutions of (2.1), we already know
that
o1[dL — h(uy,-); B,Q] = o1[dL — h(u*,-); B,Q] = 0. (2.21)

and, thanks to (H2),
h(uy, ) > h(u*,-) in Q.
Thus, by Theorem 2.12(a),
o1[dL — h(uy,-); B,Q] < o1[dL — h(u*,-); B, ],
which contradicts (2.21). Therefore, u; = ua. This ends the proof. O

As a byproduct of Lemma 2.8 and Theorem 2.15 the next result holds.

Corollary 2.16. Assume that h(u,v) satisfies (H1), (H2) and (H4). Then, for every
sufficiently small d > 0, problem (2.1) has a positive solution

we [ W(Q)
p>N

iof and only if
o1ldL — h(0,-); B,Q] < 0.

Moreover, it is unique if it exists.

By linearizing (2.1) at u = 0 it is easily seen that u = 0 is linearly unstable if, and only
if,
o1[dL — h(0,-); B, < 0,
while it is linearly stable, or linearly neutrally stable, in any other case.

£,B,Q

(b} the maximal non-

Throughout the rest of this dissertation, we will denote by 6
negative solution of (2.1). By Theorem 2.15,

OEEL =0 i oy[dL — h(0,-): 5.9 > 0,

while

00y >0 i o1ldl - R(0,-); B,9] < 0.

Should not exist any ambiguity, we will simply set

LB,
Otany = H{d,h} ;
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or, alternatively, omit some of these indexes. As a byproduct of Theorems 2.12(c) and
2.15, the positiveness of 6,51 can be characterized for small d > 0 in terms of the sign of
maxgq 1 (0, ) as established by the next result.

Corollary 2.17. Assume that problem (2.16) derived in Theorem 2.6 satisfies (H1), (H2)
and (H3) for sufficiently small d > 0. Then, the following properties hold:

(a) If maxq h(0,-) < 0, then a mazimal dy € (0,+o00] emists such that Oypy = 0 for
de (O, do).

(b) If maxq h(0,-) > 0, then a mazimal dy € (0,+o0] exists such that 0qp) > 0 for
de (O, do)

In the intermediate case when

1(0,-) = 0,
mgx( )

Theorem 2.12(c) implies that

li dL — h(0,-); B, Q] = min(—h(0,-)) = —maxh(0,-) = 0.
im o1 [dC = h(0,-); B. 9] = min(=h(0,")) = —max (0, )

Thus, the sign of the principal eigenvalue o;[dL — h(0, -); B, Q] for sufficiently small d > 0
might depend on the nature of the coefficients of £ as well as on the boundary operator
B, or even the geometry and the size of €. Indeed, if £ = —A is the Laplace operator and
we assume that T'g = 0, i.e., B is the Dirichlet operator, D, and h(0,-) = 0, then

o1[—dA; D, Q] = doi [-A;D,Q] >0

for all d > 0 and hence, by Theorem 2.15, 045y = 0 for all d > 0. But if we assume that
L=-A—-1,h(0,)=0,Tp=0and 8=0o0n g =099, ie., Bis the Neumann operator,
Ro, then

Ul[d(—A — 1);R0,Q] = dUl[—A;RO,Q] —d=-d<0

for all d > 0. Therefore, due to Theorem 2.15, 6¢;4 5y > 0 for all d > 0. Finally, note that,
according to a celebrated variational inequality of Faber [35] and Krahn [70] (see, e.g., [88,
Prop. 8.6]), the sign of

o1[d(—A —=1);D,Q] =d(o1[-A;D,Q] — 1)
depends on the Lebesgue measure of Q. Indeed, for sufficiently small |2,
o1[-A;D, Q] > 1,
and hence, 0145y = 0 for all d > 0, while, for sufficiently large [,
o1[-A;D,Q] < 1

and therefore, 0, > 0 for all d > 0.
The following result provides us with the monotonicity of the maximal non-negative
solution of (2.1) with respect to the non-linearity, domain and boundary operator.
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Lemma 2.18. Assume that problem (2.16) derived in Theorem 2.6 satisfies (H1), (H2) and
(H3) for some d > 0. Let Qg be a subdomain of class C* of Q, By a boundary operator on
0Q0 such that, according to Definition 2.13, (By, ) = (B, Q), and suppose ho € C(R x Q)
satisfies (H1), (H2) and ho < h in [0, +00) x Qo. Then,

PEEND < gEBD o)

{d,ho}
If, in addition, (Bo, ) < (B,2), or ho(u,-) # h(u,-) in Qo for all u > 0, then
£.B0,Q LB
e{d,hoo} '« 9{d7h} in Qo

provided H{Léi’}g > 0.
Proof. For the sake of simplicity, throughout this proof we will denote

L,B,Q . nL,Bo,2
0:=0050, o= 0p.

By Theorem 2.12(a) and Lemma 2.14 we have that
o1ldL — h(0,-); B,Q] < o1[dL — ho(0,-); Bo, Qo).
Thus, due to Theorem 2.15,

0=6=0 if o1[dL — h(0,-);B,Q] >0,
0>0)=0 if o1[dL — h(0,-); B,Q] <0 < o1[dL — hy(0,-); By, Qo).

Hence, it remains to study the case when
o1[dL — ho(0,-); Bo, Q] < o1[dL — h(0,-); B,Q] < 0.

Then, by Theorem 2.15, 6,6 > 0. Subsequently, we will consider the function f € C (Q0)
defined, for each x € Qq, by

9(z)ho(9(z),2) =00 (z) ho (o (z),2) .
f(z) = 0(x)—00(x) 5 %f 0(x) # Oo(x),
hO(QO(iL‘), l’) + Qo(x)%ho(%(a@),x) if 0(,7;) = 90(.7})

By definition, 6 — 6y satisfies
dL(O — 0y) = Oh(0,-) — Ooho(bo,-) > Oho(0,-) — OBoho(bo,-) = (0 —0y)f in Qp,

with strict inequality if h(u, ) > ho(u, -) in Qg for every u > 0. Moreover, since (B, () <
(B,£), we have that
80(9 - 60) = 809 Z 0 on 890,

with strict inequality if (Bg, Qo) < (B,€2). Thus, 6 — 6y is a supersolution of

(dL— flu=0 in Q,
Bou =0 on 0,

and, actually, it is a strict supersolution if (By, Qo) < (B,2), or ho(u, ) # h(u,-) in Qg for
all u > 0. We claim that o1[dL — f; Bo, Q0] > 0. Thanks to Theorem 7.10 of Lopez-Gomez
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[88], this entails that 6§ — 6y > 0 in Qg and that, actually, § > 6 if it is strict, and so
concluding the proof.

To prove
Gl[dﬁ - f7 BO) QO} > 07

we can argue as follows. Let z € €y be such that 8(x) = (). Then, by definition, and
thanks to (H2),

f(x) = ho(Oo(x),x) + 90(36)%(00(:10),30) < ho(bo(z), x),

with strict inequality if fg(x) > 0, while if 2 € Qq with 6(z) # 0y(z), then
0(x)ho(6(x), x) — Oo(x)ho(o(x), z)
0(x) — Oo(x)

= ho(bo(x), z) + 6(x) ho(e(ﬂfg’( g = Zgézg)(x) )

with strict inequality if #(x) > 0. Note that #(x) > 0 and Oy(x) > 0 for all x € Qy and
hence, both inequalities are strict for all x € €y. Therefore,

fz) =

< ho(bo(7), z)

f § h()(e(), ) in QO
and, hence, owing to Theorem 2.12(a),
o1[dL — f; Bo, Q0] > o1[dL — ho(o, -); Bo, 2] = 0,

which ends the proof. O

2.5 The singular perturbation problem

Throughout this section, we assume that h satisfies (H1), (H2), and (H4). Thus, by
Theorem 2.6, the same hypothesis hold for problem (2.16). In particular, (2.16) satisfies
(H3) for sufficiently small d > 0 and hence, the results of Section 2.4 can be applied. The
precise range of d where this occurs is unimportant for the proof of the perturbation results
and, so, it is not specified. It should be remembered that under the previous hypothesis
the function

0 if A(,z) <0 forall £€>0,

On() := { ¢ if there exists & > 0 such that h(£,z) =0, (2.22)

is well defined for all z € Q and is continuous in Q. Let FE denote the union of the
components of 'z where Oy, is everywhere positive.

Remark 2.19. For every x € Q, O (z) provides us with the unique non-negative linearly

stable, or linearly neutrally stable, steady-state solution of the associated kinetic model

{ W' (t) = u(t)h(u(t),z) t e [0,+00), (2.23)
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Note that O (x) = 0 if h=1(-,2)(0) = 0 and that
On(w) = max{0, A~ (,2)(0)} it A71(-,2)(0) # 0

Moreover, Oy is monotonically increasing with respect to h, i.e., if h; and ho are two
functions satisfying (H1), (H2), and (H4), with hy(u,z) < ho(u, ) for all u > 0 and z € (,
then O, < Oy, in Q. Indeed, if, for some x € Q, O, (z) = 0 then the result is trivial. If
Op, (x) > 0 then

h2(®h1 (SL‘),(E) > hl(ehl (x),:z:) =0.

By (H4),
ha2(Op, (), z) = 0.

Moreover, thanks to (H2), he is strictly decreasing in the first variable. Therefore, O, <
Op,. In particular, if b1 < hg in Q, then O}, < Oy, in Q.

=

Remark 2.20. The condition (H4) is necessary for the continuity of ©, on €, as the following
simple example shows

d(—Au+u) =u(—2? +e) inQ=(-1,1),
Bu =0 on 002 = {—1,1},

where h(u,r) = —2% + ¢ % for all z € (—1,1) and u € R. According to (2.22), it becomes
apparent that

On(z) = —log 22, x € [-1,1]\ {0},

which is discontinuous, and unbounded, at x = 0. Tt turns out that in this example the
function h(u,z) satisfies (H1), (H2) and (H3) for sufficiently small d > 0, however it does
not satisfies (H4). Therefore, condition (H4) is the minimal necessary condition required
to guarantee the continuity of ©(x).

Next theorem is the main perturbation result in Chapter 2. It provides us with the
limiting profile of the maximal non negative solution of (2.1) when the diffusion rate goes
to zero.

Theorem 2.21. Assume that h satisfies (H1), (H2) and (H4), and let '}, denote the union
of the components of I'r where Oy, is everywhere positive. Then, for any compact subset,
K, of QUT} U6,(0),

lim ¢ =0 ] ly in K.
éﬁ)l (4} n uniformly in

The proot of Theorem 2.21 follows after a series of technical results. The next one
provides us with a global uniform estimate in €2, when d ~ 0, for the non-negative solutions
of (2.1).

Lemma 2.22. For every € > 0, there exists dyg = do(e) > 0 such that
G{d,h} < @h +e in Q

for all d € (0,dyp).
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Proof. Subsequently, we suppose that d has been chosen sufficiently small so that (H3)
holds for (2.16). For a given ¢ > 0, set

£
51:=®h+§>0, fg:zeh—i-é.
By Lemma 2.9(a) and Remark 2.10, there exists ® € C?(2) such that
0<©,+5<@<O,+c in @ and BO=0 on 90

In particular, ®(z) > Oy,(z) for all z € Q. Thus, since h(O(z),z) < 0 for all z € Q and,
owing to (H2), it is strictly decreasing in the first variable, we find that

h(®(x),z) <0 forall z € Q.

Hence, setting
_ max,cq(2(2)h(2(x), )
do = min{0, min, 5 LP(x)} € (0, Foo),

it becomes apparent that, for every d < dp,

O(x)h(P(z), x) < I;lélg_}){(@(x)h(@(x),x)) < dirleifl_zlﬁ@(:r) <dLP(z) in Q.

Note that this estimate holds true for all d > 0 if

min L& (z) > 0,
x€)

because, by construction,

Ph(®,-) <0  in Q.
This explains why we are setting dyp = 400 when min,cq £L®(x) > 0. On the other hand,
when
min L& (z) < 0,
e

then the value of dy becomes

| ma,cn(@@h(@(), 1) | - max,eq(®()h(®(),2))
do = min, g LP(z) B —mingcq LP(x) > 0.

Thus,

—d Ixnelg LO(x) < — I;lgg(‘l)(x)h(@(x), x))

for all d < dy, or, equivalently,

glélé((@(x)h(q)(x), x)) <d Ixnelg LO(z),

which also shows the previous estimate in this case.
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Consequ_ently, ® provides us with a positive supersolution of (2.1). Consider the func-
tion f € C(Q2) defined, for each = € Q, by

O(z)h(®(x),x) — Q{d,h}(l“)h(@{d,h} (z),7) : " .
Fla) = B(@) — a2 [P 7 branm @)
h®(z), ) + () L (®(z), 7) if ®(z) = O py ().

Therefore, the function ® — 04 is a supersolution of

(dL—flu=0 in 0,
Bu =0 on 0f).

Now, either 6,5y = 0, which ends the proof, or

01a,ny > 0, o1[dL — h(Oga,ny,-); B, = 0.
In the latter case, it is easily seen that (H2) implies

f < h(Oapy,-) in Q.
Thus, for every d € (0,dp), it follows from Theorem 2.12(a) that
o1[dL — f;B,Q] > o1[dL — h(O(qpny,-); B, = 0.

By Theorem 7.10 of Lopez-Gomez [88], we may infer that, for every 0 < d < dy,

Oany(x) < ®(x) < Op(x) +e forall ze€Q.
The proof is complete. O

The following result provides us with Theorem 2.21 in the special case when I'g = ().

Proposition 2.23. For any compact subset, K, of QU @;1(0), we have that

lim 6%, ,\ = formly in K.
dlilol {d,h} O  uniformly in

Proof. Fix ¢ > 0. By Lemma 2.22, there exists dy = dp() > 0 such that
Opany <On+e foral ze K CQ, de(0,do).
In order to get a lower estimate, we will first assume h(u,z) to be autonomous, i.e.,
h(u,z) = h(u) for all (u,r) € R x (.

In such a case, ©j is a non-negative constant. Since 6451 is non negative, it is obvious
that
e{d,h} >0 —¢ in

for all d > 0 if ©p = 0. Thus, the following estimate holds:

@h—é‘ge{d’h} <Op+e forall .TGKCQ, dE(O,Clo).
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In order to get the lower estimate when ©y, is a positive constant (necessarily, h(0) > 0,
h(©;) = 0 and K C ©, because ©;'(0) = 0)), we consider £ € (0, min{20y,¢}), 7o € K,
and p > 0 be such that p < dist(/K, ). For these choices, B,(zg) C . Let ¢ > 0 be
the principal eigenfunction associated to o1[L; D, B,(xo)] normalized so that |||/ = 1/2,
and define the function ¢ € N> NW?P(B,(x0)) through

¢::{ ¥ ?H Ep(JUO)\Bp/Q(l’O),
¢ in B,s(wo),

where ¢ is any sufficiently smooth function chosen so that ¢(x) > 0 for all z € B,(xo),
d(z9) =1 and ||¢||cc = 1. Set

Then, by construction, D® = 0 on 0B,(xp) and

0<®(z) <Op— < forall € By(xg),

N | Oy

since Oy, is a constant greater than £/2 and ||¢|lcc = 1. Thus, taking into account that,
owing to (H2), h(u) is strictly decreasing in u > 0, it is apparent that

h(®(x)) > h(Oh — £) > h(©y) =0 for all € B,(zo),
and hence,

min  h(®(z)) > h(0, — £) > 0.
z€B)(0)

On the other hand, the function £&/® is continuous in B,(xg) because ®(x) > 0 for all
x € By(zo) and

LP(x)/P(x) = 01][L; D, By(x)] € R for all « € 0B,(xo).
Although unnecessary, p(xg) can be shortened so that
o1(L; D, By(xo)] > 0,
because, due to the Faber—Krahn inequality [35, 70],
;ig% 01[L; D, By(xo)] = +00
(see, e.g., Proposition 8.6 of Lopez-Gomez [88]). Thus, setting

miHBP(ZO) h((I))

0 <dy, < )
© T maxp (5 [LP/P

we have that, for every d € (0, dy,),

d max [L®/®| < h(P) in B,(zo)

By (o)
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and so
dLD = dPLD /D < dP max |LD/®| < ®h(®) in B,(wo).
B

10

Therefore, ® provides us with a strict subsolution of

dCu = uh(u) in B,(xg),
u=0 on 0B,(xo).

Equivalently, H{Dd’jz’}’(xo) — & is a strict supersolution of

(dL— flu=0 in By(zo),
{ u=0 on 0B,(zo),

where f € C(B,(x)) stands for the function defined, for every z € B,(z(), by

O " @ h (07,75 (1)) — @ (2)h(@(x))

if @(x) # 005" (@),

f(x):= 93%(10)( ) — ®(x) td:h}
W@ (x)) + B(x) () if (z) = 0,8 ().

Moreover, thanks to (H2),

75 h(Eg5") i By(ao)

and thus, by the monotonicity of the principal eigenvalue with respect to the potential
established by Theorem 2.12(a), it becomes apparent that

o1[dL — £3D, By(w0)] > o1 [dL — h(07,5"); D, By(w0)] = 0,

Note that h(0) > 0 and hence, owing to Corollary 2.17(b), 9@’%(%) > 0 for sufficiently

small d > 0. Consequently, by [88, Th. 7.10], we find that, for every d € (0, dy,),

O(z) < O (@) for all @ € By(wo). (2.24)

Moreover, by Lemma 2.18,

D,By(x .
O <05, in Bp(xo). (2.25)

On the other hand, since ® € C(B,(x)) and

®(xz) = O — ;
there exist py, € (0, p) such that

®(z) >0 —E>0) —¢ forall z€ By, (v0). (2.26)
According to (2.24), (2.25), and (2.26), we find that

Otiny > ©n —< i By, (z0) forall d € (0,da).
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As K is compact, we can extract z1,...,x, € K such that
n
K | B, (@)
i=1
and, hence, for every d < min; d,,;, d > 0, the estimate

BQ
e{d,h} >0, —c¢

holds in K. This ends the proof when h is independent of .
Subsequently, we will assume that h(u,z) is a general function satisfying (H1), (H2)
and (H4). Then, for sufficiently small d > 0, it is obvious that

055, (1) > 0> Oy(x) ¢ forall = € 0;([0,¢]).

As this provides us with a satisfactory lower estimate in K’ N©;*([0,¢]), in order to extend
it to K, it remains to show that there exists d; > 0 such that, for every d € (0,d,),

G{Bf;}(:p) > Op(z) —e forall x€ Ko:= KO, (e, maxqO]) C Q.

Should Ky be empty, the proof is complete. So, suppose that Ky is nonempty and pick
xo € Ky and p > 0 such that

By(z0) C 2N 6, (5, +0).

By construction,
E —
On(z) > 5> 0 for all z € B,(xzo)

and hence, owing to (H2),

min h(0,) >0 and min O > o,
B, (o) B (o) 2

Actually, by continuity, p > 0 can be shortened, if necessary, so that

min O, > O,(z) — = for all z € B,(x0). (2.27)
By(wo) 2

The rest of the proof consists in reducing the problem to the previous case, by establishing
the existence of an autonomous function, H(u), satisfying (H1), (H2), (H4), and such that

H(u) < h(u,z) forall u>0, € By(z), (2.28)
and .
min Op(z) — - <Oy < min Oy(x). (2.29)
2€B,(x0) 4 2€B,(x0)

The most natural candidate function for a (globally defined in R) H(u) is

Bin(u) := { minmegp(xo) h(u,z) if u>0,

mingep (7o) M(0,2) —u i u <O0.
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Obviously, hmin € C(R) and it is strictly decreasing, though, in general, it is not of class
C!(R). Thus, in order to construct H(u) satisfying (2.28), (2.29), (H1), (H2) and (H4) we
begin by considering the function

4
G(u) := min {—(5, ghmin (u + Z)} <0, u € R,
with sufficiently small § > 0, to be chosen later, and then we take, for every u € R,

H(u) ::/ G(s)ds, where Op; = min O (x).

eminfi ‘TGBP(IO)

Since G is a continuous function, H is a function of class C!(R) and hence, (H1) holds.
Moreover, by definition,

H'(u) =G(u) <0 forall ueR.

Thus, (H2) holds. Furthermore, since

H(@min _ Z) — 0,

(H4) also holds, because H(u) < 0 for all u > Opin — 5. Actually, (2.29) holds too, since
On = Ouin— §, by definition (see (2.22) if necessary). It remains to shorten 0, if necessary,
to get (2.28). Suppose u < Opin — §. Then, u + § < Oy and hence, hnyin (u + %) >0
and G(u) = —4, which implies

H(u)z—&(u—@min—l-i).

Thus, for sufficiently small 4,
H(0) =8 (Omin = =) < Jomin (Oin — =)

and therefore,
i) < hmin(u)

for all u € [0, Omin — §]. So, (2.28) holds in this interval. When

H(u) < H(O) < hmin (Gmin -

9

u € <@min -7 @min)a

by construction,

H(u) = /@ ) G(s)ds <0 < hpyin(u)
min — 7

and hence, (2.28) holds in [0, Oy ). Finally, when u > Oni,, we find that

G(u) = min {—(5, ghmin (u + Z)} < ghmin (u + Z) <0
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and, consequently,

H(u) :/u G(s)ds < 4/u hmin<s+2) ds:4/u+ihmin(t)dt

®min - i € @min

which shows (2.28).
By Lemma 2.18, for sufficiently small d > 0, the following estimate holds:

D,By(

01y

T B, :
0) < Oin B,(xo). (2.30)
By the first part of the proof, since H(u) does not depend on z € Q, there exists dy, . > 0
such that . B

<™ in Bya(wo) for all d € (0,dsy), (2.31)
Combining (2.27), (2.29), (2.30) and (2.31) yields

S 9D7BP(IO) S 96,9

. € .
O, —c< min O, — - <Oy — () (ny 0 B, a(0)

€
Bp(l’o) 2 4

for all d € (0, dy, ). Lastly, since Ky is compact, there exist z1, ...,z € Ko such that

n
Ky C U sz/g(x,>
i=1
Therefore,
BQ . .
(dp} D Ky forall d<dy:= 121;171 Ay, e,

which ends the proof. O

O, —c<40

We already have all the necessary tools to complete the proof of Theorem 2.21.
Proof of Theorem 2.21. Since h satisfies (H2),

O =0 if maxh(0,-) <0.
Q

Should it be the case, the result is a direct consequence from Proposition 2.23. So, subse-
quently, we assume that
max h(0,-) > 0.
Q

Then, by Corollary 2.17(b), ;45 > 0 for sufficiently small d > 0.

Thanks to Proposition 2.23, Theorem 2.21 holds on any compact subset of QU @;1(0).
Hence, it remains to prove the theorem on a neighborhood of F;%. Let v be a component
of F;g. By the definition of F;i, we have that

Op(z) >0 for all x € ~.
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By the continuity of ©y,, there exists p > 0 such that

€0 :=min®, >0, where Q,,={z € Q : dist (z,v) < p}.
Qy.p

Pick € € (0,&¢). By the proof of Theorem 2.3, we can shorten p, if necessary, so that
{x € Q ¢ dist (z,v) = p} = 9Q,,, NN

is diffeomorphic to «, and so of class C2. Hence, 1, , is an open subdomain of ) with
boundary of class C2, consisting of two components, 92, , N and v, for sufficiently small
p>0.

Subsequently, we consider the compact subset of €2,

K, ={zeQ : p/2 <dist(z,v) < p}.
By Proposition 2.23, there exists d, > 0 such that

O, — % <On in K, forall d<d,. (2.32)
By applying Lemma 2.9(a) and Remark 2.10 with the choices

&1(z) == 0Op(z) —e (> eg—e>0)

and 3
€ _
&(x) := Op(z) — T < On(x), wE€Q,,m,
there exists ® € C*(€2, ,/2) such that
3
Oh—c <P <Oy~ in Oy and RE<O0 on 7. (2.33)

In particular, since 0€2,, ,/o N Q C K, ,, we may infer from (2.32) and (2.33) that

3
Oam 2On—5=On— T +=20+= on 00,500 forall d<d,.  (234)

Moreover, by (H2), since

®(x) < Op(x) forall z e, 0,

we have that
min  A(®(x),x) > min h(O(x),x) =0.

TE€Qy /2 SNV
Thus, shortening d,,, if necessary, so that
min,eq . (x)h(B(), )
LD}

d, <
P
max{0, maxg
{ ’ Q“/,p/Q
we are driven to

dL® < Dh(®,-) in Q) for all d < d,.
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Let denote by f € C(Q%p/g) the function defined, for every z € Q
O1any (@)W (Ogany(x), 2) — @(2)h(P(), 7)

f(z) = O(any () — @(x)
h(® (@), x) + @ (x) G (®(x), z) if 014} (x) # (2).

0/ 25 through

if O(an(2) # @(z),

Then, for every d < d,, taking into account (2.34), the function
w = 0{d7h} - &

satisfies _
(dL—flw >0 in Q, »,

Bw=Rw >0 on v,
w>5>0 on 98, ;5 NEQ.

Therefore, w provides us with a strict supersolution of

{ (dL—flu=0 in Q, 9,

Bou =0 on 8Q%p/2,

where

B '_{ B on 7,
0 D on 98y 0\ 7-

Since, owing to (H2), h is strictly decreasing in the first variable,

f<h(Ogny,-) in Q0.

Moreover, we already know that 6451 > 0 for sufficiently small d > 0. Thus, it follows
from Theorem 2.12(a) and Lemma 2.14 that

o1[dL — f;Bo,Qy p2] > o1[dL — h(Ogqpy, ) Bo, 2y /2]
> o1[dL — h(Oapny,); B, =0

for sufficiently small d > 0. Therefore, due to [88, Th. 7.10], and taking into account
(2.33), we conclude that

Orany > P® >0, —¢ in (, ,» for sufficiently small d > 0.

The proof is complete. O






Chapter 3

A general class of superlinear
indefinite problems

Introduction

In this chapter, the generalized version of Picone’s identity, as stated in Theorem 3.1, is

used to study the existence and global dynamics of the positive solutions of the superlinear
indefinite problem

{ Lu=Mu—a(z)f(u) in Q, (3.1)

Bu =0 on 01, )

where Q is an open bounded subset of RY, N > 1, with boundary, 99, of class C2, a € C(f2)
is allowed to change sign, A € R is a parameter, f € C(R)\ {0} with f(0) =0, and L is the
operator defined in (2.2) with b = 0, i.e., £ is the uniformly elliptic self-adjoint operator
in divergence form

L:=—div(AV:) + ¢ (3.2)

with A € MY™(CH(Q)) and ¢ € C(Q). As far as concerns the boundary of 2, much like in
Chapter 2, it is assumed that
0 =Tpuly,

where I'p and I'g are two disjoint closed and open subsets of 9€) associated with the mixed
boundary operator defined in (2.3), which can equivalently written as

5. D=1d on Tp,
" | R=(V,An)+ 3 on I'g,

for some § € C(I'r). Here, n stands for the outward unit normal vector field along 0f.
It should be noted that, as § might change of sign, this boundary operator is of general
mixed non-classical type.

The problem (3.1) is a generalized version of the simple prototype analyzed by Goémez-
Renasco and Lopez-Gomez [51, 52|, where £ = —A, B = D is the Dirichlet operator on
01), and

f(u) =u? for some ¢ > 2.

85
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As a by-product of our generalized Picone identity, in the special case when f(u) = w9,
we can extend the results of [51, 52| characterizing whether, or not, (3.1) admits a linearly
stable positive solution, as well as establishing its uniqueness if it exists. This is a rather
intriguing uniqueness result as it is folklore that some simple prototypes of (3.1) possess
an arbitrarily large number of positive solutions for the appropriate parameter ranges
(see Gomez-Renasco and Lopez-Gomez [51], Lopez-Gomez, Molina-Meyer and Tellini [92],
Lopez-Gomez, Tellini and Zanolin [97], Lopez-Gomez and Tellini [96], Sovrano and Zanolin
[112], Boscaggin, Feltrin and Zanolin [14], Sovrano [111], Feltrin and Sovrano [37], as well
as the recent monograph of Feltrin [36]). This striking uniqueness theorem relies on the fact
that, for the special choice f(u) = u9, ¢ > 2, any linearly neutrally stable positive solution
of (3.1) must be a quadratic subcritical turning point in the entire set of positive solutions,
(A, u), of the problem (3.1). Two of the main novelties of this chapter, Theorems 3.8 and
3.11, establish that there are arbitrarily small perturbations of the function f(u) = wu?
for which the previous uniqueness result fails to be true. Therefore, our extension of the
pioneering findings of [51, 52| seems optimal.

Chapter 3 is distributed as follows. Section 3.1 delivers, through Theorem 3.1, a gen-
eralized identity of Picone type valid for arbitrary boundary conditions of mixed type,
classical and non-classical, which generalizes, substantially, the previous ones of Picone
[106], Kreith [72], Berestycki, Capuzzo-Dolcetta and Nirenberg [9], Lopez-Gomez [84], and
[38], as it works out under general boundary conditions of non-classical mixed type. In
Section 3.2 several bifurcation results are collected. The main goal of this chapter is to
infer, from this generalized Picone identity, the nonexistence of solutions at the right side
of the principal eigenvalue of £ in € under B in Section 3.3, and the fact that neutrally
stable solutions are quadratic subcritical turning points in Section 3.4. These results hold,
exclusively, in the case f(u) = u?, ¢ > 2, as shown in Section 3.5. In particular, Theorem
3.8 states that polynomial perturbations on f makes the previous properties disappear.
In Section 3.6 the existence and uniqueness of the stable positive solution of (3.1) when
f(u) =wul, g > 2,is proved. Section 3.7 and, in particular, Theorem 3.12, provides us the
global structure of the set of stable positive solutions of (3.1) if f(u) = u9, ¢ > 2, and if
an appropriate inequality holds.

3.1 A generalized Picone identity

The next result provides us with a generalized version of a celebrated identity of Picone
[106]. In this result, the symmetric matrix A(x) is not required to be positive definite, i.e.,
the second order differential operator £ defined in (3.2) might not be of elliptic type.

This identity will play a crucial role in the forthcoming sections of this chapter, but
also in Chapter 6, where the dynamics of the competition Lotka—Volterra diffusive model
are analyzed.

Theorem 3.1. Suppose that Q is a bounded open subdomain of R, N > 1, of class C*, n
stands for the outward unit normal vector field along 09, and let u,v € W?P(Q), p > N,
be such that 7 € CY(Q) and Lu, Lv € C(Q), with L the self-adjoint operator in divergence
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form (3.2). Consider 5 € C(02) and let D, R be boundary operators on 92 defined by

Dw = w, )
w € W=P(Q).
Rw = (Vw, An) + fw,

Then, for every g € C1(R) the next identity holds

v 2d! v
— — = A — ) D -D . .
/Qg<u> [wlv — vl /Q <u> <v vy > /an(u)[ wRv — DvRu].  (3.3)
Proof. Expanding the integrand on the left hand side and using the symmetry of A yields
g (%) [ulv —vLu] =g (%) [vdiv(AVu) — udiv(AVv)]
=g (E) div(vAVu — uAVv)
) (vAVu — uAVv)} —(Vyg (%) ,VAVYU — uAVv)
_ I G vad _
) (vAVu uAVv)} g (u) (Vu, A(wVu — uVv))
(vAVU — uA 20 (2) (v=, AV2),
) vAVu —u Vv)} +ug (u) <Vu, Vu)

Thus, integrating in €2, we find that

/Qg (%) [ulv —vLu] = /Qdiv {g <%> (vAVu—uAVv)} +/Qu g < )(V , AV — >

As integrating by parts shows that

/Qdiv {g (%) (vVAVu — UAVU):| = /m g (%) (VAVu — uAVu,n)
_ /dQ p (%) [0 ((AVu,n) + Bu) — u ((AVo, 1) + Bo)]

= /an (%) [DuRv — DvRul,

the identity (3.3) holds. O

3.2 Positive solutions bifurcating from the trivial branch

Throughout this chapter, and according to Theorem 7.7 of Lopez-Gomez [88, Th. 7.7], we
will denote by ¢ the (unique) principal eigenvalue associated to the eigenvalue problem

{ Lo=0p in Q,

By =10 on 0f), (3-4)

which is algebraically simple and strictly dominant. Moreover, we will keep the notations
stated in Chapter 2, Section 2.3, for the principal eigevalues. Hence, we set

oo = 01[L; B, Q.
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It should be remembered that the principal eigenvalue is algebraically simple and it is the
unique eigenvalue associated with a positive eigenfunction, ¢g. Actually, @9 > 0 in the
sense of (2.18) and g € Wé’oo(Q), as defined in (2.19). Hence,

©o €CE(Q)NCH(Q) forall v<1

and it is almost everywhere twice differentiable in €2, like the weak positive solutions of
(3.1).

The following result establishes the existence of a curve of positive solutions, (A, u), of
(3.1) emanating from u = 0 as \ crosses og. It is a straightforward application of the main
theorem of Crandall and Rabinowitz [24] based on the fact that o is algebraically simple.

Theorem 3.2. Assume that f is of class C", r > 2, in a neighborhood of zero and f(0) =
f(0) = 0. Let vy € Wé’p(Q), p > N, be the principal eigenfunction associated with og
normalized so that

/ oe(x)dr = 1.
Q
Then, there exist € > 0 and two maps of class C"1,
42 (_675) — R? y: (_57€> — Wé,p(Q)7
such that 11(0) =0, y(0) =0, [y(s)po =0 for all s € (—¢,¢), and
(A(s), u(s)) := (o0 + p(s), s(wo + y(s))) (3.5)

solves (3.1) for every s € (—e,e). Moreover, there exists a neighborhood of (09,0) in
R x Wg’p(Q), U, such that, for any solution (\,u) € U of (3.1), either u = 0, or there
ezists s € (—e,€) such that (A, u) = (A(s), u(s)).

Proof. Let w > 0 be such that w > —ogg. Then,
o1[L+w; B, Q] =09+ w > 0.
Hence, the solutions of (3.1) are given by the zeroes of the operator
FAu) =u— (L+w) A +wu—al@)f(w],  (\u)€RxL(Q),

which is a compact perturbation of the identity map of class C”; in particular, it is Fredholm
of index zero. We have that §(\,0) = 0 for all A € R. Moreover, the Fréchet differential
L£(A) := DyF(\,0) is given by

DyF(X, 0)u = u — (L +w) (A + w)ul.

Thus, it is apparent that £()) is an isomorphism if A is not an eigenvalue of (3.4). Fur-
thermore,
Ker D, §(00,0) = span [po]

and the next transversality condition holds

£(o0)po = — (L + w) L ¢ Im £(00).
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On the contrary, assume that, for some u € Wé’p(Q),
u— (L4 w) (oo +w)u] = —(£ 4 w) L.

Then,
(L—op)u=—py in €,
Bu=0 on 01,

which contradicts the simplicity established by Theorem 7.8 of Lopez-Gomez [88]. There-
fore, the desired result follows by applying the main theorem of Crandall and Rabinowitz
[24], with

Y = {y € Wé’p(Q) : /Slwg(x)y(x) dr = 0} .
The proof is complete. O

As a consequence of the definition of u(s), we have that v/(0) = o > 0. Hence, € can
be shortened, if necessary, so that

d
u'(s) = d—Z(s) >0 forall sé€(—¢,¢).

Moreover, u(s) > 0 if s € (0,¢), while u(s) < 0 if s € (—¢,0), and the next result holds.

Proposition 3.3. Under the same assumptions of Theorem 3.2, the following assertions
are true:

(i) For every q > 1,

lim 28 =90 _ S / a(x) ol (z) da (3.6)
Q

s—0t  |sla7l s—0% s|s|971
if the limit on the right hand side exists.

(ii) If N(s)u(s) > 0 for some s € (—¢,¢€), then u(s) is linearly stable as a steady-state
solution of the parabolic problem

%—?—f—ﬁu:)\u—a(a:)f(u) z,t) € Q x (0,400),
Bu =0 z,t) € 09 x (0, +00), (3.7)
u(z,0) = up(z) >0 x €.
In other words,
a1[L + a(z) f'(u(s)) — X(s); B, Q] > 0. (3.8)

Proof. Substituting (3.5) in (3.1) we are driven to

sL(po +y(s)) = s(a0 + u(s))(po +y(s)) — af(s(eo+y(s)))-

Thus,
(L —00)y(s) = sp(s)(eo + y(s)) — af(s(po + y(s))).
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Hence, for any given ¢ > 1, multiplying both sides of this identity by ﬁ%, s # 0, it is

apparent that

|s|(111800(ﬁ —00)y(s) = ‘g(f)l wol(po +y(s)) — apo

f(s(po +y(5)))

s|s|7!

Therefore, since

/ o(L — ou)y(s) = / y(5)(L — o0)g0 = 0,
Q

Q
we find that

~ uls) N [ a ) f(s(po +y(s)))
0= g /{2900(<p0+y( ) /Q Polpo +y ) T o T (3T

The identity (3.6) follows from Lebesgue’s dominated convergence theorem by letting s — 0
in (3.9) provided g > 1 satisfy
f(s)

lim —— e R.
s—0% s]s|91

(3.9)

Finally, differentiating with respect to s the identity
F(A(s),u(s)) =0, s € (—e,e),
inverting (£ 4+ w)~! and rearranging terms, it becomes apparent that
(L —X(s) +af (u(s))u'(s) = N(s)u(s), s€ (—¢,z).

Since shortening e, we can assume that u/(s) > 0 for all s € (—e¢,¢), it follows from
Theorem 7.10 of Lopez-Gomez [88] that N (s)u(s) > 0 implies (3.8), ending the proof. O

It should be noted that (3.6) provides us with the sign of u(s) = \(s) — o¢ and hence,
the bifurcation direction of the curve of positive solutions, (A(s),u(s)), s > 0, in terms of
the behavior of f(u) at u = 0 and the sign of the integral

[ at)et @) da.
Q

However, as we are applying Theorem 3.2, f is required to be of class C? regularity. In
particular, the next result holds.

Corollary 3.4. Under the same assumptions of Theorem 3.2, suppose that in addition
f(u) = ulu|?"! for some q¢ > 2. Then,
. )\(S) — 00 . )\(S) — 0 q+1
51_1:%1i T =0 forall re[l,q) and sl—lgli N = /Qa(x)apo (2) da.

Thus, the bifurcation to positive solutions is supercritical if

S = / a(l‘)908+1(1‘) dx > 0,
Q
while 1t s subcritical, if S < 0.

In the general case when f is merely continuous, one can still use the unilateral global
bifurcation theorem of Lopez-Gomez [88, Th. 6.2.4] to infer that the set of solutions of
(3.1) possesses a (connected) component, €, of positive solutions which is unbounded
in R x C(2) and satisfies (09,0) € ¢". But, in this general case, the sharp information
provided by Theorem 3.2 in a neighborhood of (09, 0) is lost.
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3.3 Nonexistence of small positive solutions for A > oy.

In this section we provide the first consequences of Picone’s identity delivered in Theorem
3.1: the nonexistence of positive solutions at the right side of o¢. In particular, the next
result provides us with a sufficient condition so that (3.1) cannot admit positive small
solutions for A > gg even in the general case when f is continuous.

Remember that o9 = o1[L; B, ] is associated with the L2-normalized positive principal
eigenfunction .

Theorem 3.5. Assume that, for some q > 1,

_f(s) +1
181\1[51 )y a(z)el™ (z)dx < 0. (3.10)
Then, there exists € > 0 such that X\ < oq if (3.1) admits a solution, (\,u), with u > 0
and ||ul|eo < €. In other words, (3.1) cannot admit small positive solutions if X > og.

Proof. Let (A, u) be a positive solution of (3.1). Then, since ¢ > 1, it is easily seen that
u > 0 in Q, in the sense of (2.18). Thus, since ¢y > 0, the quotient % preserves its
regularity even on the Dirichlet components of 9. Thus, applying Theorem 3.1 with
g(t) = t|t|77 t € R, to the functions u and ¢g and taking into account that A(x) is
positive definite yields the estimate

q q—1
| (22 e —gotn) =p | £g(v 20 49%0) 20,

u Qui=3' wu u

since Bu = Byg = 0 on 90 and, so, either Du = Dypg = 0, or Ru = Ry = 0, on each
component of 9Q. On the other hand, using the fact that u solves (3.1) it follows from the
definition of ¢q that

ulpo — poLlu = (o9 — MNuwo + a(x) f(u)po.

Hence, multiplying this identity by i—é and integrating in {2 we obtain that
q+1
B ©0 grif(u) (@)q B
(00 )\)/Q e —|—/Qagoo TRl (ulpy — poLlu) > 0. (3.11)

Therefore, by the Lebesgue’s dominated convergence theorem, it follows from (3.10) that

q+1
o3 [ 2o /wg+1f<u> 0, w20 f(5) [ actt >0
Q@ Q

o ui™ ud s—0t+ s

g+1
/ Yo - > 07
Q ul”

it is apparent that og > A. This ends the proof. O

Consequently, since
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Note that, in Theorem 3.5, the size of € > 0 only depends on how

/agpgﬂf(u) approximates limf(s)/ a<,08+1 as [|ulloc — 0. (3.12)
Q ud sl0 s [e)

In particular, the next result shows that when the approximation (3.12) occurs suddenly,
i.e., when f(u) = ulu|9™!, u € R, for some ¢ > 1, then ¢ = 400, i.e., (3.1) cannot admit
a positive solution if A > o0¢. It is a substantial extension of Theorem 2 of Berestycki,
Capuzzo-Dolcetta and Nirenberg [9] and Theorem 4.2 of Lopez-Gomez [84]. Later, in
Theorem 3.8, the optimality of this result will be established.

Theorem 3.6. Assume that q > 1 exists such that f(s) := s? for every s > 0 and

/ a(:z:)gogﬂ(x) dz <0. (3.13)
Q
Then, X < o9 if (3.1) admits a positive solution, (X, u).

Proof. The proof can be easily adapted from the proof of Theorem 3.5. First, assume that
£0 is not constant. Then, by (3.11) and Theorem 3.1,

Hence,

(o0 — A) ¢8+1 >— [ ap?™ >0
° o ui! Q 0 T
and so A < 0g. On the other hand, if £ is a (positive) constant, then u satisfies
A — a(x)u! = Lu = ogu
and hence,
a(@)ui Y z) =X —0p forall zeQ.

Thus, a cannot change sign, which contradicts (3.13). Therefore, A < og. This ends the
proof. O

3.4 Quadratic subcritical turning point character of neutrally
stable solutions

The main result of this section, which is based on Theorem 3.1, provides us with the
local structure of the set of solutions of (3.1) around any neutrally stable positive solution,
(Ao, up), i.e., any positive solution of (3.1), such that

a1[L = Xo + a(z) f'(uo); B, Q] = 0. (3.14)

Theorem 3.7 is a significative generalization of Proposition 3.2 of Gémez-Rehasco and
Lopez-Gomez [51]. Based on this result, we will establish in Section 3.6 the uniqueness of
the linearly stable positive solution of (3.1) if it exists. This uniqueness result generalize,
very substantially, the corresponding uniqueness theorems of Gomez-Renasco and Lopez-
Gomez [51, 52|, slightly polished by Lopez-Gomez [89, Ch. 9].
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Theorem 3.7. Assume that one of the following three condition holds:
(i) Tp =0 and f(u) = ulogu for every u > 0,

(ii) Tp =0 and f(u) = u? for every u > 0 with ¢ € (0,1) U (1,2),
)

(iii) f(u) =u? for every u > 0 with ¢ > 2.

Let (Mo, ug) be a neutrally stable positive solution of (3.1) such that ug > 1 in case (i) and
ug > 7 > 0 in case (ii). Let vg € W?P(Q2), p > N, denote the principal eigenfunction
associated with (3.14) normalized so that |, Y2 = 1. Then, there exist € > 0 and two
functions of class C?,

Ai(—e,e) >R, and u:(—ege)— Wé’p(Q)

such that
(A(0),u(0)) = (Ao, u0),  (N(0),4'(0)) = (0,%0), A"(0) <0,

Jor which the curve (A(s),u(s)) provides us with the set of solutions of (3.1) in a neighbor-
hood of (Mo, up). Moreover, shortening €, if necessary, u(s) is linearly stable if s € (—¢,0)
and linearly unstable if s € (0,¢).

Proof. The existence of a real analytic curve of solutions is an immediate consequence of
Proposition 20.7 of Amann [3]. A more recent approach, where the underlying analysis
has been considerably tidied up, can be found in Proposition 9.7 of Lopez-Gomez [89]. In
these references the existence of the curve follows from the implicit function theorem after
a Lyapunov—Schmidt decomposition. The fact that

(A0),u(0)) = (Ao, ug), u'(0) = v,

follows easily from these previous constructions. Differentiating with respect to s in

Lu(s) = A(s)u(s) — a(z) f(u(s))

yields
L' (5) = N (s)u(s) + M(s)u/(s) — a(z) f'(u(s))u/(s). (3.15)
Thus, particularizing at s = 0, multiplying the resulting identity by ¢y and integrating by

parts in  yields
Jo ¥ol€ = Ao + a(z) ' (uo)]tbo

Jo wotho
Similarly, by differentiating (3.15) with respect to s, it follows that

N(0) = — 0.

Lu"(s) = N'(s)u(s) + 2N (s)u'(s) + A(s)u" ()
= a(x) f" (u(s)) (W (5))* — al) f'(u(s))u"(s).

Thus, since X' (0) = 0, particularizing at s = 0 shows that

Lu"(0) = X" (0)ug + Aou” (0) — a(x) " (uo)vh — a(x) f' (uo)u”(0).
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Hence, multiplying by g and integrating by parts in €2 yields

Jou"(0)[L = Xo + af'(uo)]tho + Jo atig " (uo) _ [ avif" (uo)
fQ uo¥o fQ uppo

A//(o) —

To prove that A”(0) < 0 one can argue as follows. By the definition of ug and )y, we have
that

2
<¢0> (uoLrpo — PoLug) = %ﬁlﬂ - %L’uo
uo 0
3
% ()\owo —af'(uo)tho) — % Aoup — af(uo)) (3.16)
Up
_ waf(uo)uo; fluo) o (f( ))l o
UO U=ug
Thus, integrating in €2, we find that
/ <¢0> (uo Lo — oLug) = ay (f(u > :
Q \Uo Q U u=ug

As it turns out that the functions f(u) = u?, ¢ € (0,+00) \ {1}, and f(u) = ulogu, are
the unique ones satisfying

<f(u)>/:1f”(u) and (fsb))/:f”(u),

u q

respectively, it becomes apparent that, for these functions,

2
sgn \’(0) = sgn /Qa¢8f”(u0) = —sgn /Q (ZE) (uo Ly — o Lug).

Consequently, the fact that \”(0) < 0 follows easily from Theorem 3.1, which provides us
with the identity

/(%) (uoLapo — hoLug) —2/%“0 V* V¢O> 0,
0 \Uo

because ug cannot be a multiple of ¢g. Indeed, on the contrary case, g = kug for some
x> 0 and hence, it follows from (3.16) that

a (f(uwo) —uof' (uo)) =0 in Q.

Thus, since we are assuming that a € C(£2) satisfies a # 0, there exists zg € 2 such that

fuo(w0)) = uo(xo) f' (uo(x0))-

However, for the special choices f(u) = ulogu, and f(u) = w9, ¢ € (0,+00) \ {1}, this
identity entails uo(xzo) = 0. Therefore, we are in case (iii) and necessarily xog € 92, which
contradicts xzg € Q.
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For the stability of the positive solution (A(s),u(s)) for sufficiently small s ~ 0, we
have to ascertain the sign of the principal eigenvalue

$(s) = o1[L — A(s) + a(z) f'(u(s)); B, Q).

In particular, since ¥(0) = 0, it suffices to show that X/(0) < 0. As X(s) is a simple
eigenvalue of class C! in s, it follows from the abstract theory of Kato [67] that 1y admits
a C! perturbation, 1(s), s ~ 0, such that 1(0) = 1y and Jo 12 (s) = 1 for sufficiently small
s (see also Lemma 2.2.1 of Lopez-Gomez [85]). Thus, differentiating with respect to s the
identity

Lp(s) = Ms)p(s) + af'(u(s))v(s) = T(s)y(s),

we are driven to the identity

[£ = A(s) + af'(u(s)]¢'(s) = N(s)¥(s) + af”(u(s)u'(s)1h(s) = ()¢’ (s) + X'(s)(s).

So, particularizing at s = 0, we have that

[£ = X0+ af (uo)]e'(0) + af” (uo)g = X' (0).

Therefore, multiplying by 1 this identity and integrating by parts in ) the next identity
holds

$(0) = /Q of" (o) = N'(0) /Q woo < 0,

which ends the proof. O

Figure 3.1 represents a genuine quadratic subcritical turning point. Theorem 3.7 es-
tablishes that this is the bifurcation diagram of (3.1) in a neighborhood of any linearly
neutrally stable positive solution, (Mg, ug). The half low branch, plotted with a continuous
line, is filled in by linearly stable positive solutions, while the upper one, plotted with
a discontinuous line, consists of linearly unstable positive solutions with one-dimensional
unstable manifold.

L

= oL Ataf(u);B,Q] <0
~

o[£ — Mo+ af'(ug); B,Q2] =0

alL—A+af(u);B,Q] >0

Figure 3.1: Local bifurcation diagram at a linearly neutrally stable positive solution,
(Aos uo)-
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3.5 Optimality of Theorems 3.6 and 3.7

This section is devoted to show the optimality of the results stated in Sections 3.3 and
3.4. In particular, the next result shows the optimality of Theorem 3.6, in the sense that
it fails to be true when f(u) does not have the required form. Again, remember that
o > 0 stands for the principal eigenfunction associated with og := o1[L; B, 2] normalized
in L?(Q).

Theorem 3.8. Assume that there exist 0 < ¢1 < g2 and F, G € C"([0,+o0); R), r > 2,
such that
F(0)=G(0)=0, F'(0)=G(0)=0

F
lim (s) / apl ™ < 0 < lim Gls) / apl
Q Q

s—0 s|s|a1—1 s—0 §|s[92—1

and

Then, there exists vy > 0 such that, for every v € (0,1y), the problem

{ Lu =M —a(z)(vF(u) + G(u)) in Q, (3.17)

Bu =0 on 09,
admits positive solutions for values of the parameter X at both sides of og.

Proof. Suppose v > 0 and p > N. Then, owing to Theorem 3.2, there exist sy = sg(v) > 0
and two maps of class C"~!

A(s): [0,50) = R, w(s): [0,50) = WaP(Q),

such that
(A(0),u(0)) = (00,0), u'(0) = o,

and (A(s),u(s)) solves (3.1) for all s € (—so,so). Moreover, by Proposition 3.3, for every
v >0,

m
slo sl 510 s 0

F G
=vlim (;) / aspglJrl + lim <5q2—q1 (S)> / (Mpg1+1
sl0 S Q sl0 §492 Q

F
= vlim () / agoglﬂ <0,
Q

Ms) =00 . vF(s)+G(s) / e
——— =llm——= [ ap
Q

whereas, for v = 0,

11m =
sJ0 sa2—1 sJ0 Sg Y0

A(s) — oo — lim G(s) / apl2t! < 0.
Q

Thus, when v = 0, the bifurcation of the curve of positive solutions (A(s),u(s)) from the
trivial branch is supercritical. In such case, by Proposition 3.3, we also have that u(s),
as an steady-state solution of (3.7), is linearly stable for sufficiently small s € (0, sp).
Subsequently, we shorten s, if necessary, so that u(s) is linearly stable for all s € (0, sp).
Then, X (s) > 0 for each s € (0, sp). Thus, there exists ¢ > 0 such that the curve of positive



3.5. Optimality of Theorems 3.6 and 3.7 97

solutions (A(s),u(s)), s ~ 0, can be parameterized by A, (A, u())), with X\ € (09,00 + €),
in a neighborhood of the bifurcation point (0¢,0). In particular,

o1[L = X+ aG'(u(N)); B,Q] >0, A € (00,00 +€). (3.18)
Pick w > —og arbitrary and two values A1, Ao € (00,00 + €), with A1 < A2. Then, setting
S, \u) i=u— (L +w) O+ wu — a(vF(u) + G(u))),
we have that, for every A € [A1, \2],
DyF0, N uN)u=u— (L+w)" [(A+w)u+ aG (u(X))u] .

Since it is a compact perturbation of the identity map, D,F(0, A\, u(\)) is Fredholm of index
zero in LP(Q) for all p > N. Moreover, owing to (3.18), it is a topological isomorphism.
Therefore, by the implicit function theorem and the compactness of [A1, A2], u(A) can be
regarded as a function of class C"-regularity of A and v, u(A,v), in [A1, A2] x [0, 1] for
sufficiently small vy > 0. Furthermore, by (3.18), it becomes apparent that (A, u(\,v)) is
linearly asymptotically stable for all A € [A1, A2] and v € [0, vp].

On the other hand, as soon as v > 0, we have that

As) — F G F
i 2 20—y PEOVEC) [ty D) [t
slo sN1— 510 s O 0

Thus, the bifurcation of (A(s),u(s)) from (A,0) is subcritical. Consequently, for every
v e (0,1p), (3.1) admits positive solutions at both sides of oy, which ends the proof of the
theorem. O

Remark 3.9. Tt should be noted that the hypothesis of Theorem 3.8 can be fulfilled even
with polynomials. For example, the choices

and
a(x) = cosz — 0.9, F(u) = u?, G(u) = u?,

satisfy all its assumptions with ¢; = 2 and g2 = 3. Indeed, in this case

oo = ]-7 300(93) = \/gcosxv

and
F(s
s—0 S|S|

lim &)

s—0 S|S|2

) /(cosaz —0.9) cos® zdx = —0.0219028 < 0,
Q

/(Cos:c —0.9) cos® z dz = 0.00637915 > 0.
Q

Therefore, all the requirements of Theorem 3.8 hold.
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Remark 3.10. With a little bit more of effort, much like in the proof of Theorem 1.7 of
Crandall and Rabinowitz [24], one can also define the auxiliary operator

5_13(V7/\>S(300+y))7 if 8#07

B(s, v, \y) =
( v) { Dy§ (v, A 0)(po +y),  if s=0,

and apply the implicit function theorem to it at (0,0,00,0) to infer that, actually, the
local bifurcation diagram of positive solutions of (3.17) for sufficiently small v > 0 looks
like shows Figure 3.2. This is a direct consequence from the uniqueness, uniform in v, of
the smooth curve of positive solutions of (3.17) bifurcating from (0, 0). Therefore, the
example after the statement of Theorem 3.8 also shows the optimality of Theorem 3.7 in the
sense that if condition (iii) of Theorem 3.7 fails, then the problem can admit supercritical
turning points at linearly neutrally stable positive solutions, like the one shown on the
right plot of Figure 3.2.

V=0 /—

O

(o) A

Figure 3.2: Bifurcation diagrams of (3.17) when v =0 and v > 0.

3.6 Uniqueness of the stable positive solution when f(u) = u?,
q=>2

The next result relies on Theorem 3.7. It is a substantial extension of the previous results
of Gomez-Renasco and Lopez-Gomez [51, 52|, for as here we are dealing with general
boundary operators of mixed type.

Theorem 3.11. Suppose that f(u) = u? for all u > 0 with ¢ > 2. Then:

(i) Any positive solution, (Ao, ug) of (3.1) with \g < og must be linearly unstable, as an
steady state of (3.7), i.e.,

a1[L — o + af'(uo); B, Q] = 01 [L — Ao + qaul ' B,Q] < 0.
(ii) The problem (3.1) admits some linearly stable positive solution, (Ao, ug), if, and only
if,
S = / a(x)go%“(x) dx > 0. (3.19)
Q
Moreover, in such case, Ay > 0g.

(iii) Suppose (3.19) and A\ > og. Then, the unique positive linearly stable or linearly
neutrally stable solution of (3.1) is the minimal one.
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(iv) Suppose that (3.1) admits a positive solution (\o,up) for some Ng > o¢. Then, it
admits a minimal solution (Ao, Umin)-

Proof. First we will prove Part (i). Let (Mg, up) be a positive solution of (3.1) with Ay < oy.
Then, by the uniqueness of the principal eigenvalue, it follows from (3.1) that

X =o1[L+ augfl; B, Q)]. (3.20)

Thus, when a < 0, it follows from the monotonicity of the principal eigenvalue with respect
to the potential that

o[£+ qaug_l —Ao; B,Q] <o [L+ aug_l —Xo; B,Q] =0.

This monotonicity, in the general setting covered in this chapter, was established by Cano-
Casanova and Lopez-Gomez |16, Pr. 3.3]. Moreover, in this case, it also follows from (3.20)
that

Xo = o[£+ aul ' B, Q) < 01[L; B, Q] = oo.

Thus, (3.1) cannot admit a positive solution if A > oy.

The proof of Part (i) in the general case when a(x) changes of sign is far more subtle than
in the special case when a < 0. Our proof here is an adaptation of the proof of Theorem
9.9 of Lopez-Gomez [89]. It proceeds by contradiction. Suppose that (3.1) possesses a
positive solution, (A, ug), such that

Ao < o9, o1l — Ao+ qauq_l; B,Q) > 0.

According to Theorem 3.7, this entails the existence of some positive solution, (A1, u1), of
(3.1) such that
M <o <oo, o1l =\ +qautB,Q] > 0.

By the implicit function theorem applied to the operator §(\, u) defined in the proof of
Theorem 3.2, it becomes apparent that (A, u1) lies on a smooth curve of positive solutions,
(A u(A)), A~ A, such that

o1[L — X+ qaut™'(\); B,Q] >0 for A~ A;.

By global continuation of the curve (A, u(\)) for A < Ay, one of the following options
occurs:

(a) u(A) > 0 and

o1[L — A+ qau?™ (N\); B,Q] > 0 for all A< Ay
(b) There exists A2 < A such that u(A) > 0 and

o1[L — A4 qau? ' (N\); B,Q] > 0 for all A < Ay,

though u(A2) = 0.
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(c) There exists Az < A; such that u(\) > 0 and
o1[L — A4 qau?™ ' (\);B,Q] > 0 for all A < A3,
though u(A3) > 0 and

o1[L— A3+ qau(fl()\g);B, Q] =0.

The option (b) cannot occur, because Ay < Ag and (Ag,0) is the unique bifurcation point
from (A,0) to positive solutions of (3.1). By Theorem 3.7, the option (c) cannot occur
neither. Therefore, (a) occurs. By differentiating

(A u(A) =0
with respect to A it becomes apparent that
(L =X+ gau?*(N) v’ (A) = u(N)
for all A < A1 and hence,
W' (A) = (£ = A+ qaud™ (V) " u(A) > 0.

Therefore, the map A — u()\) is point-wise increasing. In particular, there exists a constant
7 > 0 such that
||u()\)||C(Q) <7 forall A <)\ (3.21)

Now, consider the change of variables given by
w(A) = N7 Tu()), forall A < Ag:=min{0, A;}.
Then, owing to (3.21), we have that

q—1
R

Moreover, for every A\ < Ag, v(\) is a positive solution of

(v(\)T ! < U for all A < Ag. (3.22)

1

mﬁv = —v—a(z)v|T! in Q. (3.23)

Let us denote by o > 0 the principal eigenfunction associated with oy = o01[L; B, ]
normalized so that fQ gpg = 1. Then, multiplying (3.23) by g and integrating in €2 yields

o
[ oo == [ oo~ [ aw@o)
Al Ja Q Q

Thus, thanks to (3.22), we find that

(1) [ < llallar™ [ oy,
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Hence, for every A < Ao,

(o1)] 1
STl —
Al Al

which is impossible. This contradiction ends the proof of Part (i).

la(@) oo™,

Part (ii) is an immediate consequence of Proposition 3.3, Theorem 3.6 and Part (i).
Indeed, if § > 0 then Proposition 3.3 provides us with a supercritical bifurcation, from
the trivial branch, of a curve of linearly stable positive solutions, whereas, if S < 0, then
Theorem 3.6 restricts to A € (—o0, 0g) the values of the parameter for which the problem
(3.1) admits positive solutions. By Part (i), these solutions are linearly unstable. Therefore,
(3.1) cannot admit a linearly stable positive solution if S < 0.

To prove the uniqueness in Part (iii), let Ao > ¢ be the value of A for which (3.1) has
two linearly stable positive solutions of (3.1), up and vy, ug # vo. As a consequence of
the implicit function theorem, much like in the proof of Part (i), we can get two different
curves of solutions; ug(A) and vg(\), for every X in a neighborhood of \g. By a rather
standard global continuation argument, each of these curves should satisfy some of the
alternatives, (a), (b) or (c), as in the proof of Part (i). Moreover, as all these solutions
are non-degenerate, up(A) # vg(\), as soon as some of these solutions is linearly stable.
As a consequence of Part (i), option (a) cannot occur. Similarly, by Theorem 3.7, these
curves cannot satisfy the option (c) neither. Therefore, ug(A) and vg(A) should bifurcate
supercritically from the trivial branch at (A\,u) = (00,0), which contradicts the local
uniqueness at (0p,0) obtained as an application of Theorem 3.2.

The fact that the minimal positive solution of (3.1) is linearly stable, or linearly neu-
trally stable, for any A > o¢ where it admits a positive solution can be easily inferred by
adapting the argument given in the proof of Theorem 9.12 of Lopez-Gomez [89], which was
adapted from Lopez-Gomez, Molina-Meyer and Tellini [92] and Amann [3].

The proof of Part (iv) follows similar patterns as the proof of [89, Th. 9.13]. Fix
A = Ao > 0¢. Under this assumption, u, := €¢g, where g > 0 stands for the normalized
principal eigenfunction associated to o, is a subsolution of (3.1) for sufficiently small & > 0.
Let w. denote the unique solution of

Gt + Lw = Aow — a(z)w! in Q x (0,+00),
Bw =0 on 902 x (04 c0),
w(-,0) = u, in Q.

Since this equation preserves the ordering, we find that
we(t) <wg in Q forall ¢ > 0.

Moreover, thanks to the abstract theory of Sattinger [109], w.(t) is increasing and globally
defined in time. Actually, owing to the main theorem of Langlais and Phillips [74], the
limit
w; = tl}gloo we(t)
is well defined and provides us with a positive solution of (3.1) for A = A\g. Moreover, by
construction,
wr, <w;, <wy if 0<e <en.
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Thus, since € can be chosen sufficiently small so that u, lies below any given positive
solution of (3.1), the limit

*

Pp— 1 *
Wopin = MInw;

e>0
is the minimal positive solution of (3.1), because we are assuming that A\g > o¢ and oy is
the unique bifurcation point to positive solutions from u = 0. Note that w} . stays below
any positive solution of (3.1), by construction.
*

It remains to prove that the minimal positive solution, w? , is either linearly stable
or neutrally stable. To show it we will argue by contradiction assuming that

Omin := 01[L — Ao + a(m)q(w;m)q_l; B,Q] <0.
Let omin > 0 be a positive eigenfunction associated with opin. Then, for sufficiently small

e >0,

— )
Ueg = Wpin — €Pmin

provides us with a supersolution of (3.1) such that
Ue K w:;nn-

Indeed, as € | 0, we find that

LU = MNWiin — a(2) (Wipin)? — €LPmin
= AoWhin — a(2)(Wpin)? — € (UmiHSDmin + A0$Pmin — a(x)Q(wfnin)q_lsomin)
= Aotz — a(z) ( 74 Eq(w:‘nin)qflgomm) — E0minPmin

) ((Wiin)? + 6(](w]f*nin)q_180min — (Wi — 590min)q) — €0min¥Pmin

J})O(E) — €0min¥min-
Therefore, since opin < 0, for sufficiently small € > 0,
Lue > Mtz —a(x)ud in .

Since (3.1) admits arbitrarily small positive subsolutions, it becomes apparent that (3.1)
possesses a positive solution below . and, hence, below w . ., which is impossible. This

ends the proof. O

3.7 Global structure of the set of stable positive solutions
when f(u) =u?, ¢ > 2

The next result provides us with the global structure of the set of linearly stable and
linearly neutrally stable positive solutions of (3.1) in the special case when f(u) = u? for
some q > 2.

Theorem 3.12. Suppose that a(z) changes sign in Q, f(u) = u?, u >0, with ¢ > 2, and
that (3.19) holds. Then, the supremum of the set of u > oo for which (3.1) possesses a
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positive solution for each A € (o9, 1), A, satisfies A« € (0¢,+00). Moreover, the set of
linearly stable positive solutions of (3.1) consists of a C' strictly increasing curve

Cr={(\u(N) : A€ (00, M)}

Furthermore, some of the next excluding options occurs:

(1) {w(N)}re(oo,n,) @8 bounded in C(Q2), and then

« = 1i A
v

is a linearly neutrally stable positive solution of (3.1) at A = .
(i) limapa, [lu(A)lleq) = +oo-
In both cases, (3.1) cannot admit any further positive solution for A > ..
Proof. The existence of \,, as well as the fact that A\, € (09, +00], is a direct consequence of

Theorem 3.2 and Proposition 3.3. The fact that A is finite follows with the next argument.
Let (A, u) be a positive solution of (3.1). Then,

A =o1[L+ a(z)u? 1B, Q.

Moreover, since a(z) changes sign, there exists a ball, B C €, such that a(z) < 0 for all
x € B. Thus, thanks to Corollary 3.6 of Cano-Casanova and Lopez-Gomez [16],

A=o1[L +a(x)ui™B,Q) < o1[L + a(z)u? 1D, B] < 01[L; D, B.

Therefore, A\, < o1[L; D, B]. In particular, A, € (09, 00).

Thanks to Proposition 3.3, the solutions bifurcating from u = 0 at o are linearly stable.
Therefore, thanks to implicit function theorem applied to the integral equation associated
to (3.1), they consist of a C!' curve parameterized by A which is strictly increasing. By a
global continuation argument involving the implicit function theorem, this curve can be
globally parameterized by A in the form (A, u())), with A € (00, Amax), for some maximal
Amax € (00, +00). Necessarily, Apax < Ax. Moreover, thanks to their linearized stability,
uw'(X) > 0 for all A € (00, Amax)- By construction, the curve

= {(\u) A€ (00, Amax) }s

provides us with the maximal set of linearly stable positive solutions of (3.1) that bifurcates
from v = 0. By the monotonicity of the solution on this curve, either

Jim () e = +oo.

much like illustrated in the right picture of Figure 3.3, or {#(\)} ae (00, Amax) Stays bounded.
In the latest case, by a rather standard compactness argument, it is easily seen that
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is a solution of (3.1) for A = Apax. By the continuity of the principal eigenvalue with
respect to the potential, uyax is either linearly stable or neutrally stable. In the former
case, the implicit function theorem would allow us to continue the curve €, beyond Apax,
which contradicts the maximality of Apax. Thus, umax is neutrally stable and, due to
Theorem 3.7, the set of solutions surrounding it consists of a subcritical quadratic turning
point, as illustrated by the left picture of Figure 3.3.

Lastly, the proof that Apax = A« proceeds by contradiction. Suppose Amax < Ax-
Then, (3.1) admits a positive solution for some A\; > Amax. By Theorem 3.11(iv), (3.1)
also admits a minimal positive solution, which is either linearly stable, and hence part
of an increasing curve of solutions, or neutrally stable, and hence a subcritical quadratic
turning point. By a backwards global continuation argument in A starting at A1, one can
construct an analytic curve of linearly stable positive solutions up to reach (A, u) = (09, 0),
which contradicts the definition of Ay« and ends the proof. O

Figure 3.3 shows two admissible global bifurcation diagrams for each of the cases (i)
and (ii) discussed by Theorem 3.12. Some general conditions ensuring that the option (i)
of Theorem 3.12 occurs can be formulated from the a priori bounds of Amann and Lopez-
Gomez [5]. The problem of ascertaining whether or not each of these options can occur
has not been solved yet.

o)) As A OYQ /\>k A

Figure 3.3: Two admissible global bifurcation diagrams of linearly stable positive solutions.
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Chapter 4

The singular perturbation problem

Introduction

In the second part of this dissertation we consider the Lotka—Volterra competition reaction-
diffusion heterogeneous system

B4+ di Lyu = A(w)u — alw)u? — b(a)uw

in © x (0,400),
% + doLov = p(x)v — d(x)v? — c(z)uv ( ) (4.1)
Biu=Boyv =0 on 09 x (0,+400),
u(-,0) =up >0, v(-,0) =v9>0 in Q,
as well as its associated elliptic counterpart
diLiu = \Nz)u — a(x)u?® — b(z)uv | 0
doLov = p(z)v — d(z)v? — c(z)uw s (4.2)
Biu=Byv =0 on 0f),

whose solutions are the steady states of the evolutionary model (4.1). In this model, Q is a
bounded domain of R with boundary, 09, of class C?, and £;, i = 1,2, are two uniformly
elliptic operators in €2 of the type

L; = —diV(A1V') +BV+(C, i=1,2, (4.3)

with A, € MY™(C%(Q)), B; € Mixn(C(Q2)) and C; € C(£2). As far as concerns 012, it is
throughout assumed to be a (N — 1)-dimensional manifold of class C? consisting, for each
i € {1,2}, of finitely many connected components of class C?

Iy, Tx, 1<j<np, 1<k<ng,

for some integers niD, ”%z > (. By the definition of component, they must be disjoint (see,
e.g., Munkres [101]) and each of them must be, simultaneously, a relatively open and closed
subset of 0L, because I is a compact manifold without boundary. Some, or several, of
these components might be empty, of course. We denote by

TLD nR
D_UFD, R_UFR, i=1,2,
Jj=1 Jj=1

107
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the Dirichlet and Robin portions of
N =THUT,, i=1,2.

Associated with these decompositions of 9€2, there are two boundary operators B;, i = 1,2,
defined by

Dih:=h in T
Bih=9 ' D h e W2P(Q N, (44
{ Rih:= (n, A;Vh) + B;h in I'%, or every N € ), p>N, (44

where f3; € C(02) and n stands for the outward normal vector field along 0. Thus, for
each 1 = 1,2, F% and F% are the portions of the edges of the inhabiting territory, 02,
where the corresponding species, u, or v, obeys a boundary condition of Dirichlet (D) or
Robin (R) type, respectively. In particular, we may denote B; = D when T'}, = 9.

For the coefficients in the setting of (4.1), di, do > 0 measure the strength of the dif-

fusivities of the species u and v, A, p € C(Q2) stand for the growth, or decay, rates of the

species, a,d € C(€;(0,+00)) are the intra-specific competition rates of v and v, respec-

tively, and b, ¢ € C(£2; (0, +00)) represent the competition effects between both populations.

Subsequently, we are assuming that \, u,a,b,c,d € C(2) satisfy

b(x) >0 and c¢(x) >0 forall z €€, mina >0, mind >0,
Q Q

though in this chapter the hypothesis on b and ¢ can be relaxed to b,c > 0 in €.
Throughout this chapter, for any given function h € C(Q2), we denote

hy = max{h,0}.

It is said that h is positive, h > 0 or A > 0 (in ), if o > 0 with h # 0. Also, for any given
h € CH(Q), it is said that h is strongly positive (in ), h >> 0, if it satisfies

h(z) >0 forall x €Q and g—h(x) .= (n(x), Vh(z)) <0 forall z € h~1(0) NN
n

Except for the general existence results of Chapter 7 of Lopez-Gomez [85], most of
the available literature on Lotka—Volterra competing species models dealt with the very
special cases when either I'l, = F% = (), or the species are subject to non-flux boundary
conditions, where ', = I'% = () and 3; = 82 = 0; in particular, those of Blat and Brown
[12, 13], Dancer [29], Eilbeck, Furter and Lopez-Gomez [33], Lopez-Gomez [80, 81], Lopez-
Gomez and Sabina [77], Hutson, Lopez-Gomez, Mischaikow and Vickers [63], Furter and
Lopez-Gomez [48], Dockery, Hutson, Mischaikow and Pernarowski [32]|, Hutson, Lou and
Mischaikow [65], Cantrell and Cosner [20], He and Ni [55, 54], as well as [42, 39] and most
of the references therein. Consequently, as the results of this thesis are valid for general
boundary conditions of mixed type, our findings are substantially more general than all
previous existing results.

Asin most of the applications to Ecology, Environmental Sciences, Biology and Medical
Sciences, the diffusion rates of the species, measured by d; and do, are very small in
comparison with the relative size of the remaining coefficients involved in the setting of the
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model, our attention in the second part of the thesis is mainly focused into the problem of
characterizing the dynamics of (4.1) for sufficiently small d; and dy, which is an important
mathematical challenge, as we are dealing with a singular perturbation problem for a
parabolic system in the presence of spatial heterogeneities. The reader should be aware
that no previous singular perturbation result under mixed boundary conditions is available,
even for the single diffusive logistic equation!

Much like in [48, 42, 39|, also under general mixed boundary conditions the dynamics
of (4.1) for small diffusion rates is based on the nature of the dynamics of the associated
non-spatial model

{ u(t) = M@)u(t) - a(e)u(t) = ba)u(t)o®) (4.5)

where x € (Q is regarded as a parameter, though our new results here provide with some
new findings that are extremely important from the point of view of the applications, as
it will become apparent soon. Adopting the methodology of Furter and Lopez-Gomez [48]
and, according to the nature of the dynamics of (4.5), the inhabiting territory, Q, consists
of the following regions:

Qext ={2€Q = A
Qper :={z€Q : A )
Qi = {z €Q : A\Nx), u(z) >0, )\( )d (x) < p(x)b(x)
E o= e e M) >0, A@)d(@) >
G {r e (@) >0, M) <
it = O\ (Dot U per U Qs U QL quO).

As already suggested by the names given to each of these zones, Qex consists of the set of
z € Q2 where (0,0) is a global attractor with respect to the positive solutions of (4.5); Qper

stands for the set of x € Q where the semi-trivial positive steady-state solutions, (Z‘Eg ,0)

and (0, %), are linearly unstable — and so, the model (4.5) is permanent —, {)y,; consists

of the set of z € Q where (%, 0) and (0, d((xg) are linearly stable, where (4.5) exhibits
a genuine founder control competition, and the portions Qf  and €2  stand for the zones
of Q where one of the semi-trivial steady states is positive and linearly stable, while the
other one is non-positive, or it is positive but linearly unstable. Should it be the case, the
linearly stable positive semi-trivial solution is a global attractor for the component-wise
positive solutions of (4.5). Finally, we are denoting by Qjunk the supplement in Q of the
union of the previous regions. It is folklore that in e the non-spatial model possesses a
unique coexistence steady state which is a global attractor for the component-wise positive
solutions of (4.5), whereas in y,; there is a unique coexistence state which is a saddle point,
whose stable manifold, linking (0,0) to the coexistence state, divides the first quadrant,
u > 0, v > 0, in two regions, each of them being the attraction source of one of the
semi-trivial positive solutions.

The main result of this chapter is a substantial generalization of Theorem 4.1 of Hutson,
Lopez-Gomez, Mischaikow and Vickers [63] that provides us with a sharp relation between



110 CHAPTER 4. The singular perturbation problem

the dynamics of (4.1) and the dynamics of the associated kinetic problem (4.5). As [63,
Th. 4.1] had shown to be a milestone for the generation of new results in the theory of
competing species in the presence of spatial heterogeneities, our result should deserve a
huge amount of attention over the next years. In terms of attractivity our main result,
precisely stated in Theorem 4.4, establishes that the coexistence steady-state solutions of
(4.1) (component-wise positive steady states) approximate, for small diffusion rates, d; > 0
and dy > 0, the global attractor of the non-spatial model (4.5) in the regions of Q where
such global attractor exists, i.e., in particular, Qext, per, 25, and 7 .

Our main result in this chapter, Theorem 4.4, also sharpens the main theorem of
Hutson, Lou and Mischaikow [64] as well as Theorem 4.2 (iii) of He and Ni [53], where
the following (very degenerate) problem, introduced by Hutson, Lopez-Gomez, Mischaikow
and Vickers in [63], which later generated a huge literature in the field, was analyzed

%1; —d1Au = \Nz)u — u? — uv in Q x (0, +00),
% — doAv = p(z)v —uv — 02 in Q x (0,400),
%:%:0 in 9Q x (0, 400),

u(-,0) =up >0, v(-,0)=v9 >0, in Q.

All these precursors of our main theorem, imposed some very strong structural conditions
on each of the regions, Qper, 4., Q4,, Qbi, Lext and Qjunk. Indeed, while Hutson, Lopez-
Gomez, Mischaikow and Vickers [63] and He and Ni [53] required that

Qper = @ = be

the singular perturbation theorem of Hutson, Lou and Mischaikow [64] imposed the very
strong restriction that either Q = Qper, oOr Q= Qf,, or Q= 1Y,, all of them extremely
severe, as they do not allow us to deal with truly spatially heterogeneous landscapes as
those considered by Theorem 4.4, where each of the (dynamical) patches Qper, 25,, 3,
Qpi, Qext and Qjuni can exhibit an arbitrary structure and, in particular, can be either
empty, or non-empty; not requiring any additional restriction for applying our result.

Theorem 4.4 cannot be improved up to provide us with the asymptotic limit of the
coexistence states as diffusion rates tend to zero in the bi-stability region y;, because
(4.1) may possess three coexistence states for sufficiently small diffusion rates if Qp; # 0:
two of them might perturb from the stable semitrivial solutions and the third one from the
unstable coexistence state of the non-spatial model, as it is shown in the next chapter, in
Section 5.4. As a bi-product, the limit of an arbitrary family of coexistence steady states
of (4.1) when the diffusion rates, di,ds > 0, go to zero cannot be uniquely determined in
the bi-stability region ;. Therefore, Theorem 4.1 is optimal, in the sense that it cannot
admit any further substantial generalization, though it might be generalized to consider
arbitrary kinetics of competitive type, of course!

Although the proof of Theorem 4.4 relies upon the monotone scheme introduced by
Hutson, Lopez-Gomez, Mischaikow and Vickers [63], which later inspired most of the
existing singular perturbation results in competing species models (see, e.g., Hutson, Lou
and Mischaikow [64, 65|, Hutson, Lou, Mischaikow and Polécik [66], and He and Ni [53]),
the proof given here is substantially sharper than all previous existing ones. It requires an
extremely deep analysis of the monotone scheme introduced in [63], and a sharp study of
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the limiting profile of the solution of the logistic equation to deal with the mixed boundary
conditions.

Monotone scheme techniques in the context of reaction diffusion equations go back,
at least, to the influential works of Amann [2] and Sattinger [108] and have shown to be
extremely useful in studying a huge variety of diffusive Lotka—Volterra systems of predator-
prey type (see, e.g., Lopez-Gomez and Pardo [94]), or competition type (see, e.g., Lopez-
Gomez and Sabina [77], Hutson, Lopez-Gomez, Mischaikow and Vickers [63], as well as
the references therein), or symbiotic type (see, e.g., Lam and Lou [73]), as well as the
seminal work of Molina-Meyer [100], where some rather pioneering results within the same
vain as those of Lam and Lou [73] where found through the theorem of characterization
of Lopez-Gomez and Molina-Meyer [90], later sharpened by Amann and Lopez-Goémez [5]
and Amann [4]).

This chapter is structured as follows. Section 4.1 is devoted to ascertain the limiting
profile of a family of the solution of the diffusive logistic equation, under general mixed
boundary conditions of non-classical type, when the coefficients also depend on the diffu-
sion rate. The result provided herein relies on the theory developed in Chapter 2. Section
4.2 uses the singular perturbation result of Section 4.1 to derive a general singular per-
turbation theorem for the elliptic system (4.2) as (di,d2) — (0,0) from the monotone
scheme introduced by Hutson, Lopez-Gomez, Mischaikow and Vickers in [63], later refined
by the author in [42, 39|. Our singular perturbation result is substantially sharper than
the previous ones because it is valid for general mixed boundary conditions and general
differential operators in divergence form. All the previous ones were given for the —A in
both equations under Dirichlet or Neumann boundary conditions, and some of them, like
those of Hutson, Lopez-Gomez, Mischaikow and Vickers [63, Th. 4.1], or He and Ni [53,
Th. 4.2(iii)], with constant competition rates.

4.1 Singular perturbation results for a family of logistic equa-
tions

This section focuses attention in the problem of ascertaining the limiting profile (as 0 | 0)
of the maximal non-negative solution of the semilinear elliptic boundary value problem

{ 0Ly = y(z)u —m(x)u? in Q,

Bu=20 on 012, (4.7)

where v, m € C(£2), ming m > 0, £ is a uniformly elliptic differential operator of the type
(4.3), and B is a boundary operator of mixed non-classical type, much like the one defined
in (4.4). Note that (4.7) is equation (2.1) for the choice

h(u,x) = y(z) — m(x)u

and d := 0. Moreover, this nonlinearity satisfies hypothesis (H3) for all d > 0 and thus,
the results developed in Chapter 2 hold for all § > 0. Note that according to (2.22), and
Remark 2.19,
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is the unique non-negative linearly stable, or neutrally stable, steady state of the associated

kinetic model
{ u'(t) = y(x)u(t) — m(z)u?(t) te[0,+00),
U(O) =ugp > 0.

On the other hand, following Theorem 2.15, we denote by 65 ,,,) the maximal non-
negative solution of (4.7). Note that

9{(57%7”} =0 if 01[5[: - ’y;B, Q] > 0,

and that
9{57%7”} >0 if 0’1[(5£ —; B, Q] < 0.

Concerning the perturbation problem, the next result is a immediate consequence of
Theorem 2.21. Here, much like in Section 2.5, we will denote by F;g the union of the set
of components of I'g where the function « is everywhere positive. Note that

751(0) = {z € Q: 94 (x) = 0}.

Theorem 4.1. Let K be a compact subset of QU I’}E U ’y_;l(O). Then,

15%1 0(5~m) = % uniformly in K,

where 015 my stands for the mazimal non-negative solution of (4.7).

Note that this theorem is a substantial generalization of Theorem 3.5 of Furter and
Lopez-Gomerz [48] and of Theorem 3.3 of [39], which were established for the very special
case when £ = —n and I'g = 0, as well as of Lemma 2.5 of Hutson, Lopez-Gomez,
Mischaikow and Vickers [63], which was found for the very special case when £ = —A,
I'p = 0 and 8 = 0 on 0. Astonishingly, Theorem 4.1 seems to be the first singular
perturbation result for semilinear elliptic equations under mixed boundary conditions. It
is optimal from two different points of view. First, because the boundary conditions are
completely general; in particular, substantially more general than the ones of Nakashima,
Ni and Su [102]. Secondly, because in general the convergence cannot be expected to be
uniform on €, as B might be of Dirichlet type on some, or several, of the components of
0f), where the positive solution must develop boundary layers. The available techniques
do not work out to deal with our more general setting. Actually, our proofs are based on
sonie rather sophisticated technical devices developed from Lemma 2.1 and Theorem 1.9
of Lopez-Gomez [88], though the overall proof relies on a clever use of the method of sub
and supersolutions, like in the available, less general, results. Naturally, from a technical
point of view, it is much more intricate constructing these sub and supersolutions under
arbitrary mixed boundary conditions.

The main aim of this section is to provide with the limiting profile of the maximal
non-negative solution of (4.7) as 6 | 0 in the general case when the coefficients of the
model also depend on the diffusion, J, in a controlled way. In particular, we consider the
problem

{ 0Lu = ’y((;’n) (x)u - m((;m) (l’)u2 in Q,
Bu=0 on 0f),
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for §,n > 0 decreasing to zero. The next results provide us with some variants of Theorem
4.1 for ‘floating’ coefficients, depending on §. The second one, is a key ingredient in the
proof of the singular perturbation result for the system.

Theorem 4.2. Consider v,m € C(Q), J C (0,+0c0)? with (0,0) € J, and families

emYemer Amen temers C C(Y) such that

(&n%i—IRO,O) Yo =7 and (6,n%i—1>1%070) ms,) =m uniformly in Q. (4.8)
Then,
I _ 0+
(6777%141}%0,0) 0{5»7(5,7]),’#1,(577])} - E

uniformly on compact subsets of QU F;g U (v4)~1(0).

Proof. Let € > 0 be such that € < ming m. Then, by (4.8), d: > 0 exists such that
Yy—e<ysy <vt+te and O0<m—e<mg,) <m+e in

for all §,n < 4, (6,n) € J. Thanks to Lemma 2.18, for such range of § and n we have that

9{6,’7—6,771-‘1—8} S 0{5,"{(5’,])777’1(57.,7)} S 9{(5,"/-‘(‘87771—6} in Q (49)

Let K be a compact subset of Q UT'L U 'y;l(()). By Theorem 4.1, letting (d,7) € J
approximate (0,0) in the restriction of the estimate (4.9) to K yields

D=9 o o (1),
mte : (5777%%20,0) Yoo mon} = (&n%ﬁo,o) 00516m mesm} = Tm—e
uniformly in K. Letting ¢ — 0 ends the proof. 0

Essentially, the next result sharpens Theorem 4.2 by relaxing the uniform convergence
in Q2 to a uniform convergence on compact subsets of Q U5 U 7;1(0).

Theorem 4.3. Consider v,m € C(Q), J C (0,4+00)? with (0,0) € J, and
O CQUTE U~LH0),

an open subset, with respect to the induced topology, such that either (’jﬂl“;g =0, or @ﬂl“;;
consists of components of I’;E, each one contained in either O or RNV \ O. Let

Ve temes CCQ)  and  {ms ) tomes € C(Q)

be such that

3 = d i = 4.10
(&ﬂ)ﬂ&@ﬁy(éﬁ) Toan (5,77)12%0’0)777’(57’7) m (4.10)

uniformly on compact subsets of O. Assume that there exists k > 0 and M > 0 such that

Y,m) (aj)

m ) >k and <M forall (6,n) € J, x€q. 4.11
(5’77)( ) m(é,n)($) ( ) ( )
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Then,
B Osrs mi) =
(6,7)—(0,0) V(8,m) T (8,m) m
uniformly on compact subsets of O. Moreover, for every ¢ > 0 there ezists §: > 0 such
that, for every (6,m) € J with 6,1 < ¢,

9{57%5,7,)7771(5,7,)} SM+e in Q.

The assumption (4.11) was unnecessary in the statement of Theorem 4.2 as it is a direct
consequence of (4.8).

Proof. To prove the convergence, we will obtain first the upper limit. Fix € > 0 and
consider a compact subset, K, of 0. Subsequently, for each r > 0, we will denote by

K, :={zxe€Q : dist(z,K) <1}
the compact r-neighborhood of K. By construction, for sufficiently small r > 0,

KCcK,cO.

According to (4.10), the quotients % converge uniformly to - in K, as (6,17) — (0,0),
n

m
(0,m) € J. Thus, there exists 6.1 > 0 such that

+ in K, for 6,7 <d.1, (0,n) € J. (4.12)

c
2
On the other hand, by Urysohn’s Lemma, a function { € C(Q) exists such that £(x) € [0,1]
forallz € Q, £ =0in K, and £ =1 on 2\ K,. Thanks to (4.10) and (4.11), we have that
L < M in K,. Thus,

M i K,

m

because M > 0 and so,

T _0<M if y<o.
m

Hence, for the previous choice of ¢, the auxiliary non-negative function

4+ € S
Y= E(1—§)+M§+§€C(Q)

satisfies
=45 in K,
ng(1—§)+M§+§:M+§ in O and ¢{ >4 in K \K,
=M+ 3 in Q\ K,.
Consequently, by (4.11) and (4.12), we find that
Y= 20N for 6, < 6oy, (6,1) € J. (4.13)

mM(5,n)
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By Lemma 2.9(a) and Remark 2.10, there exists ¥ € C%(Q) such that BY > 0 on 952 and
b+ <U<yY+S i Q.
4 2
Since ¢ > 0, we have that ¥ > £ > 0, and, owing to (4.13),

v<™icin K, and w00 L f 40 (4.14)
m mM(5,n)

for every 0, < 6.1 with (6,n) € J. If necessary, 6.1 > 0 can be shortened so that

01 < @2 Hagnm'

Then, for every 6,n < 6.1, (d,n) € J, taking into account (4.14) and the hypothesis
M(sy) = k in , we obtain that

2 Y,m) €
Yeom¥ — mEn VT =m )V (m((sn) — \I’> < —k:\I’Z

e\ 2
< — — — < 1
< -k (4) < —=0||LY|oo < SLY in Q.

Therefore, for such range of values of the parameters, ¥ is a strict supersolution of

LU =y — 'm((;m)u2 in €,
Bu =0 on 0f),

and hence, by the maximum principle,

9{577(6,71)7"‘(6,77)} SV in O

for all §,n < 0.1 with (d,n) € J. Consequently, thanks to (4.14), we also have that

Y+

9{577(5,7;),7”(5,”)} < ‘m +e in K

and .
9{67’7(6,71)7777‘(6,71)} S w + 5 S M + € ln Q’
for these values of the parameters, which provides us with the upper estimate and the

global bound of the last assertion of the theorem. Note that, since

Y+ : Y4\t
Osmn) 202 =< i K0 (25) o,

the lower estimate of the theorem holds in K N (15)710,¢] for every 6,7 < 4.1 with
(6,m) € NJ. So, it remains to get this estimate on the compact set

e
Ko:=Kn (%)—1 [§,+oo).
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To apply the available comparison results in a regular open neighborhood of Ky, Oy,
with Og C O, a little bit more of technical work is needed. Since

K cOcCQuTfuyiio),

it becomes apparent that
Ko C O\7;'(0) c QUTH

and hence, for sufficiently small r > 0, the open set
Op:={z €O : dist (2,00 \ (ONTE)) >r}\ (ONTE)

satisfies
Ko C O, U(ONTY)

and 00O, consists of two types of components, O N I’;g and 00, N Q. Note that if 00 C
O NT, then 00\ (ONTH) = 0 and hence, O, = O\ dO is an open set of class C2.
Should this be the case, then we can define Oy := O \ 00. Otherwise, let n > 1 denote
the number of components of 9O, \ (ONT%). Note that, for sufficiently small r > 0, 90,
and 9O have the same number of components. In such case, O, /5 \ O, consists of n (open
connected) components, O;, 1 < j < n. Next, for every j € {1,...,n}, let M; be any
(N — 1)-dimensional compact manifold without boundary of class C* such that

M C O, O CintM;, R\ O,y CextMy,

where int M; and ext 9M; stand for the two components of RN\ 9. Lastly, in this case,
we consider
Op 1= Nj_1int M; N O, 3.

Then, O is an open subset of RV of class C? with
Ko COyu(ONTE)
and 00 consists of two types of components. Namely, those of O N I’;g and those of
00 NQ =Ui My C O, .

Thus, Oy is a compact subset of O and hence, due to (4.10), v, and ms,) converge
uniformly to v and m, respectively, in Og as (4,7) — (0,0) in J. Consequently, applying
Theorem 4.2 in Op provides us with a 6.2 > 0, 6.2 < 0¢,1, such that, for every 0,1 < ¢ 2
with (d,7n) € J,

Bo,00 T+ in Ko,

> —c¢
06y ment = m

where By stands for the boundary operator on 90 defined by By := B on O N F;“z and by
By := D on 00y N Q. On the other hand, owing to Lemma 2.18,

Bo,0o B,Q .
) < El .
9{5%6‘”)”(67”)} < 9{57"/(5,7;)7771(5,7;)} in Qg for all (§,n) € J

Therefore, for this range of values of the parameters,

B,Q T+ .
" > — —¢ in K
{ov6mmemt = m 0

which ends the proof. O
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4.2 A singular perturbation theorem for competing species
models

The main result of this section establishes that, given any family of coexistence states
of (4.2), they must approximate as dy,d2 — 0 the global hyperbolic attractor of the
non-spatial model on every patch of the inhabiting territory where it exists. As in this
section we are dealing with general boundary conditions of mixed type, its main result is
completely new in its greatest generality. Since the proof uses the singular perturbation
results established in Section 4.1 for the scalar equation, which go back to Section 2.5, it
is far from immediate. Actually, it is rather elaborated.

Besides the regions Qext, Qper; Obi, 25, 25, and Qjunk already defined in (4.6), in order
to state the main result of this section it is imperative to differentiate some important areas
within Qjunk. Precisely, we will denote by fo;i{" the set of points for which the non-spatial
model can be perturbed to exhibit either permanence or dominance of the species u, i.e.,

QP =z e Q : ANz) >0, Ma)d(x) > u(z)b(x), p(r)a(z) = \z)c(z)}.

junk

By symmetry, we also define

= {r e Q : plx) >0, MNa)d(z) = p(x)b(x), p(@)a(z) > Mx)c(r)}.

junk

Finally, the remaining part of €,k is added to {,; by considering

Jjunk junk junk
={zeQ: Az) u(z) >0, Mz)d(z) < p(@)b(x), p@)a(z) < Mz)e(@)},

5= Qi U Qe \ (ijgf U QPerv“) — 0\ (Qext U Qper U QY U QP U QY U QP‘”’“)

which consists of the set of values of Q \ Qext such that the non-spatial model can be
perturbed to exhibit founder control competition. Using these notations, it is easily seen
that, for every

T € Qax 1= Q \ le = Qext U Qper U ng U ijflii(u U ng U quiif?
the non-spatial model possesses a steady state which is a global attractor with respect to
the component-wise positive solutions. It is worth-emphasizing that such a steady state
might not be of hyperbolic type, and that, for every x € Qpax, is given by

(0, 0) if xe¢€ Qext’

A@)d@)—p(@)b(z) pe(@)NDe@))
a(z)d(z)—b(z)c(z) ’ a(.r)d(a:)—b(m)c(z)) if ze Qper,

(ux (), v+(2)) E
U (), ve()) = A@)

() it e O, UL,
(0.54) if z € QY Uk,

In agreement with the notations introduced in Section 2.5 and Section 4.1, we will denote
by I’ 71é+ the union of the components of 'y, where A > 0 everywhere, while I‘?; stands for
the union of the components of F% such that g > 0 in the whole component. Similarly,
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we will denote by I'y" the union of the components of F7lz N F% for which the non-spatial

model exhibits permanence everywhere. In particular,
L4 ~ 24
Iy CcTE™ NI N Qper.
We are ready to state the main result of this section.

Theorem 4.4. Consider a family of coexistence states of (4.2), {(U(d, dy)> V(dy,do)) } (d1,d2)e >
with J C (0,+00)? such that (0,0) € J. Then,

1' = k9 Uk
(dl,d;)rg(o,O)(u(dlde)’“(dl,dQ)) (s, Vs)

uniformly on compact subsets of
Omax N (QUTRY) = (Q\ ) UTR".
In particular, if Qper = Q and F%) =T2 =10, ie., F%er = 0}, then

li = (U, Vs formly in Q.
(dl,dgl)rg(o,(])(u(dl’dQ)7v(dl’dZ)) (s, vs)  uniformly in

The proof of this result follows from a series of technical lemmas. The monotone scheme
introduced by the next result goes back to Hutson, Lépez-Goémez, Mischaikow and Vickers
[63], thought it had been previously introduced by Lopez-Goémez and Sabina |77] in another
context.

Lemma 4.5. Fiz di,dy > 0 and consider the families

{t(d,,don) Jn>00 AWy, don) 005 {0(dydon) tn>0  and  {V(a, o) n>0

defined recursively by

y(d17d270) = O’ y(d17d27n) = 9{d27ﬂfcﬂ(d1,d2,n71)7d}7 n>1
277 Pp— 7 Pp— —_— ?
U(dy dg,0) *= O1dy na}r Udy,dam) = O1di A—bvga, gy .m)sa}
and
u(dhdZ:O) = 07 u(dlzd27n) = e{dl)‘*bﬁ(dl,d%n—l)’a}’ n > 1
U(d17d270) = 0{d27:u'7d}’ U(d17d27n) = e{deU'_Cy(dl,dQ,n)?d}’ B
Then,

U(dy,dyn+1) < Udy dont1) < U(dy,dy,n)

U(dy,dyyn) = U
< U(dy,dont1) = V(dy dasnt1) < U(dy,da,n)

for every n > 0.
Y(dr,da,n) =

Moreover, if the elliptic model (4.2) admits a coevistence state, (U(d, dy)s V(d;,d2))s then

y/(dlfd%n) S u(d17d2) S a(dl,dg,n) and y(d17d27n) S U(dl,dQ) S U(dl,dg,n) fOT all n 2 0.

Proof. We will only prove the estimates for the first component, u, as those of v follow the
same patterns. By Lemma 2.18, the maps

C(Q) Sh— H{dh)\_bh’a} and C(Q) Sh— g{dg,,u—ch,d}
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are non-increasing. Thus,

]:(dl,d2) :C(2) — C(Q)
h— H{dl,

Afbe{dQ,,u—ch,d} ,(l}

is a non-decreasing, or order preserving, operator such that

U(dy,dy,0) = 0< ]:(dl,dz)[h] < Q{dl)\’a} = U(dy,da,0) for all h e C(Q) (4.15)

The last estimate follows from Lemma 2.18, while the first one holds by definition. Hence,
for any n > 1, applying n times the operator F(4, 4,) produces

0 < %17d2)[g(d1,d2,0)] < ‘F&Tijz)[u(dhdz,m]

< %T}dz)[ﬂ(dl,dm())] < f(d17d2)[a(d1,d2,0)] < fa(dhdg,ﬂ)'

On the other hand, the iterates {4, d, n) }n>0 and {¥(q, d,.n) }n>0 can be recursively defined
in terms of F(q, 4,) by

U(dy,dp,0) = 0, Udy dy,n) = F(di,do) Wy, don—1)]s 1 2>1,
U(dy dy,0) = Ofdi Nays  W(dydasn) = F(drdo) [U(dr,don—1)], 7 > 1.

The last assertion follows from (4.15) taking into account that U(dy,dz) 18 @ fixed point of
]:(deQ). This ends the proof. -

Lemma 4.6. Fiz J C (0,+00)? with (0,0) € J. For every (di,ds) € J let
{ﬂ(dl,dg,n) }nzb {y(dl,dz,n)}nzh {ﬁ(d1,d2,n)}n21 and {y(dl,dg,n)}nzl
be the sequences introduced in Lemma 4.5. Then, the sequences

{(Untn>1, {Untnz1, {Vatnst,  {Valas1 € C(Q),

defined by
_ A _ 1 _
Up:=0, Up:=", Uy:=- </\—(u—cT_Jn_1)+> , n2>1,
a a +
7 Pty 5 1 5
= = — n - -— - — U¥n— ) > )
satisfy

l. 7 v - U’I’la annvvn
(dl’d;)rg(o’o)(u(deg,n)7u(dl,dg,n)aU(dl,dg,n)vy(d1,d2,n)) ( U Y )

uniformly on compact subsets of QUITR".

Proof. We will restrict ourselves to prove the assertions for g, 4, ) by induction. The
limiting behaviors of w4, d, n)s V(dy,ds,n) @0d V(q; d,,n) Can be obtained similarly. By defini-
tion,
per 1,+ 2,+
R cry" Ny
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and
AMz)d(z) — p(x)b(x) >0 and  p(x)a(z) — Mz)c(z) >0 forall z el .

Moreover,
Ay
a

Thus, since A(z) > 0 for each z € T')y", we find that, for every n > 0,

0<U,< in Q for all n> 0.

— A
w(x) — c(z)Uy(x) > p(z) — c(x) agg >0 forall ey, (4.16)
and hence,
b _ b
Az) — dg)) (n(z) — c(x)Un(x))+ > Nz) — dg))u(x) >0 forall z e  (4.17)
In the case n = 0, according to Theorem 4.1,
lim U = lim 0 M U
(di,da)—(0,0) 20 T (4 gy 0,0y WdrAar T T T O

uniformly on compact subsets of U F%;r U )\;1(0). In particular, this limit holds on
compact subsets of QUI'Y". So, we are done in this case. As induction hypothesis, assume
that, for some n > 0,

y dli)m( )a(dl dsn) = Un  uniformly on compact subsets of QUIR". (4.18)
1,d2)—(0,0 e

Then, by (4.16), QUI'Z" is an open subset of
QUTE U (1 — clUp)310),

where F%’* stands for the union of the components of F% such that g —cU, > 0 everywhere.
ote tha consists of finitely many components of I';;". Moreover efinition
Note that T%" ists of finitely many components of [z, M , by definition,

ﬂ(dhd%n) >0 for all (dl,dQ) cJ.

Thus,

p— CU(dy dyn) < mgxu in

and hence, it follows from (4.18) and Theorem 4.3 that

1

(deii)g(0,0) U dznt1) = (dl,dy)lg(o,o) Ot pcticay ag oty = g(# = Un)t

uniformly on compact subsets of Q UT'". Similarly, thanks to (4.17), QUI}" is an open
subset of

* b 7 -1
QUTL U </\— g(u—cUn)+)+ (0),
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where F71€’* stands for the union of the components of I‘%z such that

b _
A—g(u—cUn)+>O

everywhere. As above, Iy consists of finitely many components of F%é*. Since

A— blj(dl,dg,n-i-l) <max\ in Q> (dlad2) € J,
Q

it follows from Theorem 4.3 that

lim U(dy dynt+1) = lim

0 _
(dl,dQ)—)(0,0) (dl,dQ)—)(0,0) {d17>\ bl}(dldevTLJrl)’a}

1 b _ _
= <>\ == CUn)+> = Unt1

a

+
uniformly on compact subsets of QU F%e '. This ends the proof. O
The next result is Lemma 11 of [42].
Lemma 4.7. Setting
" b\
Sy 1= — m S, for every n >0,
= ad

the continuous functions defined in Lemma 4.6 are given by

0 if Az) <0,
0 # A@) >0 and plx) < SEA@),
0, (x) = ﬁ ()\(SU)Sn(x) - %M(x)an(m)) if Mx) >0, u(i) > Z((g)\ x) and
A(#)8n(z) > Gipi(@)Sna (@),
0 if Mx) >0, p(zr) > Z((g)\(zn) and
AN@)Sn(@) < 5 (@) Sp-1 (),
e if u(x) <0,
0 if w(z)>0 and Mz) < Z(—g,u(a:%
Unoi1(z) = ) (A(w) - %M(@) Sn() if (@) >0, Ax) > 55u(z) and
()8 (2) > SEIN@)Sn1 (),
2o if (@) >0, Az) > 45 u(z) and
1(x)Sn(x) < SN (@) S -1 (2),



122 CHAPTER 4. The singular perturbation problem
(0 if w(z) <0,
% if w(x)>0 and Mz SZ(—Q;))M(@,
V(x) = ) (“(x)sn(x) - Z((i))A(fﬂ)Sn—l(w)) if (@) >0, AMz) > 45 u(z) and
1) Sn () > LBN(@) Sy 1 (),
0 if (@) >0, Az) > 55 u(z) and
() Sn(7) < SBN@)Sn1(2),
(L if AMx) <0,
0 if AM@)>0 and p< &A(2),
1 _ (=) . co(x)
Vipir () = { @@ <M(l‘) a(z))\(x)) Sn () if A(z) >0, u(i?; S AMx) and
A@)Sn () > Gy () Sn-1(2),
o) i M2) >0, u(e) > L) and
AN@)Sn(w) < 58 () Sy 1 (2).

for every x € Q and n > 1.

By the monotone character of these sequences of iterates, they must have a point-wise
limit. The next result characterizes it.

Lemma 4.8. For every x € Q,the sequence (Uy(x), Vy,(z)) converges to

(0,0)

f °

= (AE?
(

w
d

)

)
))d(w)—u(w)b(l’)

N N

)

u(z)a(z)—A(z)c(z)

(z

a
A
a

whereas the sequence (U, (x),

d(z)—b(x)c(z) * a(z)d(z)—b(z)c(x)

V() converges to

)

'Lf T € Qexta

- v per,v
if xe QU qunk )

if © €, U U Qg

if T € Qper,

’Lf x € Qext

if ©e QY U Uk,

‘junk

if ©eQu uopTe

junk

if T € Qper,

Moreover, these limits are uniform on any compact subset of Qmax = Q\ Q.

Proof. Fix z € Q. Note that Sy, (z) = 1 for all n > 1 if b(z)c(x) = 0. If b(x)c(x) > 0, then

Sp(x) is increasing and

lim S,(x) =

n—oo

400
a(z)d(x)
a(z)d(z)—b(z)c(z)

if a(x)d(x)
if a(z)d(z) > b(x)c(x).

< b(z)e(),
b
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Moreover,

b
S, =258, 1 +1, forall n>1,

ad
and hence, Sfii(ﬁl) is decreasing, with

i Sn(z) = max ——
nlgrolo no1(T) {17 a(z)d(z)

b(x)c(x) } [ 2B i a@)d(@) < b)e(), (419)
1 if a(x)d(z) > b(z)e(z). '

To ascertain the limiting profile of (Uy,, V;,) as n — oo, we will differentiate several different
cases. First, suppose that € Qex. Then, A(z), u(x) < 0 and hence, by Lemma 4.7,

(Un(x), Vp(2)) = (0,0) for every n > 2.
Now, suppose that z € Q4 U fogﬁ’ . Then,

p(x) >0, Mz)d(x) < p(z)b(x), and p(z)a(x) > A(z)c(x).

When, in addition, A(x) < 0, then the first rows of the developments given by Lemma 4.7
provide us with

(Un(z), Vp(x)) = (0, %) , for every n > 2.

So, assume that A(z) > 0. If

then

pe) o Sule) o
b(x)——= = Az) < Sn_l(x))\(x) for all n > 1.

and

Vo) = g (40 = S0 ) Sua(o)

lim (Uy(z), Vi (2))

n—oo

Il

N

=

=

=

o

|

S =

8

=

=)

=

oS

=)

—

8

|

=

8

S~—

20

8

S~—

~_
Il

N
=

=

o

~

In the case when

since
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we have that

bade(w) |, | ba)
max{l, a(:v)d(x)})\( ) < . w(x).

Therefore, thanks to (4.19), there exists ng > 1 such that

Su(z) _ bla)

for all n > ng.
S0 1 (0) d(x)u(x) or all n>ng

A@)gnmx{Lb@”“”}A@)gA@)

Consequently, owing to Lemma 4.7, it becomes apparent that

(Un(z), V() = (O, ZEB) for all n > nyg.

IfxeQy U Qif;i(u U €, then

AMz) >0 and p(x)a(x) < Ax)e(x),

and so, thanks to the second line of the developments in the statement of Lemma 4.7,

(%@LM@D—<§Zﬁ> for all 1> 2.

Finally, suppose that & € Qpe,. Then,

a(x)d(x) > b(z)c(x)

and
@), pl@) >0, A@)d(x) > p(@ble),  p@)a@) > Mz)e(@).
Thus, ( (
() Sn(z)

b(;r)m < Az) < o1 (0) Az) forall n>1.
Therefore, by the third row of the developments of Lemma 4.7, it is apparent that

To(2) = L x ) — @ x x

0ulo) = o5 (A8, = G )8, 1))
and

1 c(x)
V = — ——=A Sn—1(x).
Vo) = g5 (40 = SN ) Sua(0)
for all n > 2. Letting n — oo in this identity, provides us with (U, Vs). The uniform
convergence is an easy consequence from Dini’s criterion, because the point-wise limits,
Us, Vi are continuous in Q.. The convergence of (U, V,,) follows similarly. The proof is
complete. O



4.2. A singular perturbation theorem for competing species models 125

We are ready to prove the singular perturbation result for the system.

Proof of Theorem 4.4. We will only obtain the limit of the first component, as the limit of
the second one follows similarly. Thanks to Lemmas 4.5 and 4.6, for every n > 0, we have
that

Un = » < liminf
B (d17d21)13(070) u(dl’d27 ) (d1 71}31?(0,0) u(dlydz)
< limsup wu < lim i =0,
= ) o(00) ) = (@ d) s (00) ()

uniformly on compact subsets 2 U F%er. Hence, by Lemma 4.8, letting n — oo yields

U, < liminf U

= didy) < lmsup w4 < Us
()= 00) = (g 00

uniformly on compact subsets of QmaxN (QUTR"). Since U, = U., this ends the proof. O






Chapter 5

The Induced Instability Principle.
Some consequences

Introduction

The main goal of this chapter is establishing a new principle in the theory of competing
species models, which may be formulated as follows:

INDUCED INSTABILITY PRINCIPLE (IIP): As soon as any steady-state solution
of the non-spatial model (4.5) is linearly unstable somewhere in 2, any steady
state of the spatial model (4.1) perturbing uniformly from it therein — as
(d1,d2) moves away from (0,0) — must be linearly unstable with respect to
the associated parabolic model (4.1).

Therefore, any localized instability of a non-spatial steady-state solution has a global effect
on the dynamics of the spatial parabolic model (4.1) for sufficiently small d; > 0 and dy > 0.
This result has some astonishing consequences. For example, when Qe # (), then the non-
spatial semi-trivial solutions (%,O) and (0, %) are linearly unstable for all € Qper.
Thus, according to the IIP, rigorously established by Theorem 5.9 and Proposition 5.11,
each of the semi-trivial positive solutions of the spatial model, which perturb from those
of (4.5) by Theorem 4.1, must be linearly unstable with respect to (4.1) for sufficiently
small d; and dy. Therefore, (4.1) must be permanent, which provides us with Theorem 2.1
of Furter and Lopez-Gomez [48] and Corollary 4.6 of [39]. The most intriguing feature of
this fact is that Qpe might be B:(x¢), for some zg € 2, € being the inverse of the universe
radius measured in Angstroms, while simultaneously Qy; = Q \ Qper! Under this special
patch configuration, the smaller € the smaller the values of d; and dy are so that (4.1) can
be permanent.

Naturally, the same conclusion holds as soon as Q2§ and € are non-empty. Indeed, if
Q4. # 0, then, for every xz € QY with p(z) > 0, the semi-trivial positive solution (0, %)
must be unstable for all x € Qf . Thus, according to Proposition 5.11, the semi-trivial
positive steady-state solution of (4.1) perturbing from it, (0,v), must be linearly unstable.
By symmetry, since QY # (), also the semi-trivial positive steady state of the form (u,0)
must be linearly unstable for sufficiently small diffusion rates. Therefore, as in the previous

127
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case when Qpe; # 0, also when QY and QY are non-empty, the problem (4.1) is permanent
for sufficiently small d; and do. The striking fact that these permanence results do not
depend on the sizes of the patches Qpe;, 2, and Qf  reveals the strength of our Induced
Instability Principle. Actually, this might explain why in most of empirical studies on
competing species permanence is much more usual than expected in heterogeneous envi-
ronments (see, e.g., Lopez-Gomez and Molina-Meyer [91], Belovsky, Mellison, Larson and
Van Zandt [8], and the references there in). Going beyond it was shown in Lopez-Gomez
and Molina-Meyer [91] how “Most of field experiments and paleontology data corroborate
that in the presence of refuge areas, the species persist during long periods of time, even
under drastic changes in competition patterns as a result of sudden environmental ‘dis-
asters’; so confirming that in many circumstances the competitive exclusion principle is
false.”

The second goal of this chapter consists in establishing, as an important consequence
of the Induced Instability Principle, the multiplicity of coexistence steady states for suffi-
ciently small diffusion rates when Qy; # () in the symmetric model where

di=ds, L1=Ly, B1 =By, A=pu, a=d and b=c

For the validity of this result we need to assume (4.1) to be permanent for small diffusion
rates in order to guarantee the existence of a stable coexistence steady state. We already
know that the permanence for sufficiently small d; and do can be reached by simply im-
posing that Qper # 0, or Q4 # 0 and QY # 0. Although we were unable to establish the
multiplicity result in the general non-symmetric case, we do make the following conjecture:

CONJECTURE: If (4.1) is permanent for sufficiently small diffusion rates and
Qi # 0, then (4.1) possesses at least three coexistence steady-state solutions for
sufficiently small d; and ds. Two among them linearly stable and perturbing
from each of the semi-trivial steady states in €p; and another one linearly
unstable perturbing from the coexistence steady state of the associated non-
spatial model in €; as dy and do move away from 0.

Besides this result should not depend on the size of Qy;, the number of coexistence steady-
state solutions for sufficiently small d; and d2 might depend on the number of components
of Qbi~

This chapter is distributed as follows. Section 5.1 contains a version of the theorem of
characterization of the maximum principle for quasi-cooperative two species systems, as
well as some important monotonicity properties of the underlying principal eigenvalues.
Our results are refinements of some previous findings of [77], based on [90]. Section 5.2
uses most of the previous results to prove the Induced Instability Principle stated above.
Section 5.3 provides us with Theorem 2.1 of Furter and Lopez-Gomez [48] as a byproduct of
the IIP. Section 5.4 establishes the multiplicity of coexistence steady-state solutions when
Oy, # 0 provided (4.1) is permanent for sufficiently small d; and ds. So, corroborating the
validity of the Conjecture above.
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5.1 The strong maximum principle for quasi-cooperative sys-
tems

Throughout this section, for every di,ds > 0, we denote

ﬁ(dhdz) = < 0 dzﬁg ) and E(d1,d2) = ( 0 d2£ ) if £:= El = [,2.

The next result establishes the existence of the principal eigenvalue for any operator of
quasi-cooperative type. The proof of Theorem 6.5 of Lopez-Gomez and Sabina |77] can be
easily adapted to get the first part. The strict dominance can be obtained arguing as in
the proof of Theorem 7.9 of Lopez-Gomez [88]. So, we will omit the technical details here.

Theorem 5.1. Let M € M2(C(Q2)) be such that mia(x) > 0 and may(z) > 0 for all x € Q.
Then, the boundary value problem

(E%fhdﬂ%—M) ( jz > :0'< Z ) i €,
Bi¢p = Bap =0 on 09,

has a unique eigenvalue, denoted by

00 1= 01 |L{; 4+ M (Br, B2), 9] |

associated to an eigenfunction, ($,), such that ¢ > 0 and » < 0. Moreover, it is real
and algebraically stmple. Furthermore, it is strictly dominant in the sense that any other
etgenvalue o satisfies Reo > og.

In order to state the remaining results of this section, the next concepts are needed.
They slightly generalize Definitions 6.1 and 6.2 of Lopez-Gomez and Sabina [77].

Definition 5.2. Let M € M3(C(€2)) be such that mia(z) > 0 and mai(z) > 0 for all
z € Q. A pair (¢,%) € W2P(Q) x W2P(Q), p > N, is said to be a supersolution of
[£12 4+ M;(By,By), Q] if

(d1,d2)
1,2 0] >0 .
(£l + M) ( ) ) S, m o
Biop >0, By <0 on 0f2.

If any of these inequalities is strict, then (¢, ) is said to be a strict supersolution.

Definition 5.3. Let M € M3(C(€2)) be such that mia(z) > 0 and mai(z) > 0 for all
x € Q. Then:

(i) The tern [Eéfl i) T M; (B1,B2), ] is said to satisty the mazimum principle if ¢ > 0
and ¢ < 0 for every supersolution, (¢, ).

(ii) The tern [£%{’h i) T M; (B1, Ba), Q] is said to satisfy the strong mazimum principle if
¢ > 0 and 1) < 0 for every supersolution, (¢,) # (0,0), and, in particular, for any

strict supersolution.
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The next result slightly sharpens Theorem 6.3 of Lépez-Gomez and Sabina [77]; it
goes back to Lopez-Gomez and Molina-Meyer [90] for general cooperative systems. It is
necessary for the proof of Lemma 5.7.

Theorem 5.4. Let M € My(C(Q2)) be such that mya(x) > 0 and moy(x) > 0 for all x € Q.
Then, the following conditions are equivalent:

(1) The principal eigenvalue og := o1 [,C%C’izl &) T M; (B1, B2), Q] is positive,

(i) [£;

(cr.d2) + M; (B1, Bs), Q] admits a strict supersolution, (¢,v), with ¢ > 0 and 1p <0,

(iii) [E%C’fl &) T M; (B1, Ba), Q] satisfies the strong mazimum principle,
(iv) [E%Cfl &) T M; (By, Ba), Q| satisfies the mazimum principle.

Proof. For (i) implies (ii), let (¢,1) be a principal eigenfunction associated to o9 > 0.
Then ¢ > 0, ¢ < 0 and, since o¢ > 0, we have that

diLy 0 ¢ o\ 6\ >0 .
(0w ) (8) 0 (8)=n(2) 20 mo

Blgb = BQI& =0 on 0.

Hence, (¢, ) is a strict supersolution with ¢ > 0 and ¢ < 0.
Next, we will show that (ii) implies (iii). Let (¢, 1) be a strict supersolution with ¢ > 0
and ¢ < 0. Then,
(diLy+mi1)p > —mizp >0 in Q,
{ Bip >0 on 09,

and
(do2La + ma2)(—1) > ma2i1p >0 in £,
Ba(—1) > 0 on 9.

Hence, ¢ and —1 are positive strict supersolutions of the terns
[diL1 4+ mi1;B1,8)  and  [daLo + mag; Ba, ],
respectively, according to Definition 7.3 of Lopez-Gomez [88]. Thus, by [88, Th. 7.10],
o1[di L1 +m11;B1,Q] >0 and  o1[daLy + mag; B2, Q] > 0,

¢ > 0, ¢ < 0, and the resolvents, (diL1 + m11)~" and (d2La + ma2)™!, subject to
the boundary operators By and Bs, are strongly positive and compact. Subsequently, we
consider

¢ = (diL1 +my1) " (—may) >0 and Y= —(doLo + ma2) (marg) > 0.
Then, ¢ — ¢ and (—)) — (—1[1) are supersolutions of

—0 in O =0 in Q
{ (d1£1+m11)w 0 in , and { (d2£2+m22)w 0 in Q, (51)

Biw =0 on 0f2, Bow =0 on 01,
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respectively, one of them being strict. Thus, Theorem 7.10 of Lopez-Gomez [88] yields
¢ > ¢, ¥ < 1. Moreover, since one of them is strict, either ¢ > ¢ or ¥ < 1. Hence,

¢ = (diLy +m1) " (—mageh) > (diLy + ma1) ™ (—magih)
= (diL1+mu) " <m12 (d2Ls +maa) ™! (m21¢)> (5.2)
> (di L1 +myp) ! <m12 (d2L2 + ma2) ™! (m21§2~5)) ;
with one of these inequalities being strict. Similarly,
—tp = (d2Ls + M) (Ma1¢) > (daLo + maz) " (m216)
= (daLs +ma2) ™" (m21 (diLy+may) ! (—m12¢)> (5.3)

> (doLy + maz) ™" (m21 (diLy +map) (—m12¢~})) ;

with one of these inequalities strict. Now, we introduce the strongly positive compact
operators defined by

Ty := (dy Ly +my) ™" [m12 (daLo + maz) "t (may )} ;

Ty := (doLg + mag) [mm (diL1 +ma1) " (Mg - )} .

subject to the boundary operators By and By. We already know that qg > 0, —1/; > 0,

¢—Ti(¢) >0 and (=) —Tr(—¢) >0 in Q,

and

Bi(¢) = Ba(—1p) =0 on 09.
Hence, by Theorem 3.2(iv) of Amann [3],

sprT) <1 and spr7s < 1.
Now, consider a supersolution, (u,v) # (0,0). Then,

(dlﬁl + mll)u > —mqv in £, q (dQ,CQ + mgg)(—v) > moju in £,
Biu>0 on 0%, Ba(—v) >0 on 09,

and setting
U= (dlﬁl + mu)_l(_mmv)’ V= _(d2[’2 + m22)_1<m21u>7

we have that u — @ and —v — (—0) are respective supersolutions of (5.1). Thus, since the
respective principal eigenvalues are positive, it follows from Theorem 7.10 of Lépez-Goémez
[88] that either u > @ or u = @, and either v < ¥ or v = ¥ in Q. Reasoning as in (5.2)
and (5.3), the estimates 4 > 71 (@) and (—0) > T»(—0) hold in Q. Since sprTi,sprTs < 1,
by Theorem 6.3(d) of Lépez-Gomez [88], the resolvent operators (I —T;)~ 1, i = 1,2, are
strongly positive. Hence, either @ > 0 or & = 0, and either v < 0 or ¥ = 0. Consequently,
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either u > 0 or u = 0, and either v < 0 or v = 0. It remains to show that neither u = 0
nor v = 0. If, for example, u = 0, then 0 > —mqov in 2 and so v > 0. Hence v = 0, which
contradicts (u,v) # (0,0). This shows that (ii) implies (iii).

The fact that (iii) implies (iv) is immediate. For the proof of (iv) implies (i), let (¢, )
be an eigenfunction associated to the principal eigenvalue g and suppose that oy < 0.
Then, since ¢ > 0 and 1 < 0, we obtain that

diL1 0 o) ¢\ _ o\ <0 .
(0% ae ) (3) 0 (2)=n(2) 55 ma

Bid = Byh =0 on 9.

Multiplying by —1, we have that (—¢, —) is a supersolution of the tern

[£1,2

(dr.dy) T M; (31,82),9} ,

Since the tern

[ﬁl,Q

(d17d2) + Ma (Blv 82)7 Qi|

satisfies the maximum principle, —¢ > 0 and —v < 0, which contradicts the assumption.
Therefore g > 0. [l

Next, we will derive from Theorem 5.4 some of the main monotonicity properties of
the principal eigenvalue

o1 [EI,Q

(rdz) T M; (B1, Ba), Q.

These results extend the monotonicity properties established in Theorem 2.12 and Lemma
2.14 to cover the case of quasi-cooperative systems. To state them, it is convenient to
introduce the following ordering.

Definition 5.5. Let F, G € My (C(€2)) be two matrices with continuous coefficients. Then,
F is said to be greater than G in Q, F > G in , if F # G and

fis > g in Q forall i€ {1,2} and f;; <g; in Q forall i,j € {1,2}, i#j.

Then, the next comparison result holds.

Lemma 5.6. Let F,G € Ms(C(QQ)) be such that F = G in Q and fi2(x), fo1(z) > 0 for
all x € Q). Then,

o1 [5(12121@2) + F; (51,32),(2} > oy [[’172

(d1,d2) + G7 (81,82), Q.

Proof. Since F' > G in ) we have that
0 < fiz(z) < gi2(z) and 0 < for(z) < go1(z) forall z € Q.

Thus, thanks to Theorem 5.1, the principal eigenvalues

00,F =01 [52&1@2) + F; (B1,B2),Q2| and o¢g =01 Eécﬁ,dg) + G; (B, B2), 2



5.1. The strong maximum principle for quasi-cooperative systems 133

are well defined. Then, any principal eigenfunction, (¢, ), associated to oq g, satisfies
¢ >0, 9Y <0, and

d1L1¢ + 91190 + g12¢ — 00,69 = 0
daLot) + g21¢ + gooth — 00, = 0
Buﬁ = 621/1 =0 on Of).

in £,

Since F' > G in £, we find from ¢ > 0 and ¢ < 0 that

0=d1L1¢+ g11¢ + g12¢ — 00,c¢ < di1L1¢ + f110 + f129) — 00,69,
and
0= daLo®) + go1¢ + go2v) — 00,gY > daLot) + fa10 + fa21) — 00,67,
with some of these inequalities strict. Thus,
di1L1¢ + f11¢ + f12¢ — 00c¢ > 0

da Lo + fo19 + faop — 00, <0
Bi¢p = Batp =0 on 09,

in €,

with some of these inequalities strict. Therefore, by Theorem 5.4, we conclude that
1,2
0<oy [ﬁ(dm) + F —00,g; (B1,B2),82| = 00,Fr — 00,G,

which ends the proof. O

Lemma 5.7. Let Qg be a subdomain of class C* of Q such that QNS consists of finitely
many components of 0, if it is non-empty. For each i € {1,2}, let B; o be any boundary
operator of the type

B b e h on 0y N,
w0t Blh on 0 N OS2,

for every h € W2P(Q), p> N,
where, on each component of 80 N A, either B;h = h, or Bih = B;h. If
(B1, B2, ) # (Bi,0, B2,0, ),
then, for every di,dy > 0 and M € Mo(C(Q?)), such that
miz(x),mai(x) >0 forall x € Q,

we have that

1,2
o1 | L

gy M (B B2), 0| < o1 [£07 ) M; (Bio, Bao), )

Proof. Let (¢,1) be a principal eigenfunction associated to

o1 [£1,2

vy T M (B1.B). €
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such that ¢ > 0, ¢ < 0. Then,

¢ >0 on 9QyN K,
Biop =< Big=¢>0 on QNN if By # By,
Bip=Bip=0 on 9NN if By = By,

and
P <0 on 90y N K,
Booth =3 Both =1 <0  on 9NN if By # Bo,
Botp = Both =0 on 9NN if By = Bo.
Since

(B1, B2, ) # (B1,0, B2, Q0),
either By g¢ > 0 or By gy < 0 on 0, with some of these inequalities strict. Thus,

1,2 1,2 . e Y _ (0 .
(E(dlde) + M — o1 E(dl,dZ) + M’ (817 82)’ Qi|> ( %QZ > - ( 0 > n QOv
Biodi0, >0, Baotg, =0 on 9N,

with some of the boundary inequalities strict. Thus, (¢jq,,%|q,) is a strict supersolution
of the tern

1,2 1, . .
[ﬁ(dth) +M — oy [ﬁ(dth) + M, (Bla 52)7 Qi| ’ (Bl,Oa 82,0)7 QO}

with ¢jq, > 0 and g, < 0. Therefore, by Theorem 5.4,

o1 [ﬁh’fl’dﬂ +M — oy [4&?012) + M; (31732)79} ;(31,0,52,0),90} >0,

and so,

o1 [£00 4y M (Bro, Bao), Qo] = o1 |07 1)+ M (By, B2), 0] > 0.

O

5.2 Perturbation from a kinetic equilibrium which is some-
where unstable in ()

The main result of this section establishes the Induced Instability Principle, according with
it any family of non-trivial states of (4.2) perturbing (uniformly) from any steady state,
(us(x),v«(z)), of the non-spatial model (4.5), with = varying on some open subset, Qyn,
of ©, must be linearly unstable provided (u(x),v«(x)) is linearly unstable for all x € Q.
Note that for every x € Qyy, such equilibria, (u.(x), v.(z)), satisfy

{ (M) = a(z)us(z) = b(x)ve(2)]u(x) = 0,
[1(x) = d(x)ve(2) = c(@)us(2)]ou(2) = 0,

and hence, one of the following alternatives hold:
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(i) (ux(z), va())
(i) (ux(z), v4(2)) =

Il
—
=

O

(i) (usx(),ve()) =
(iv) (ua(x), va(z)) = (A(w)d(z) #(m):(w) HE)ee) Xl
.

o x)d(x)ib(x)c(w)) if both components are well de-
fined and positiv

The fact that this ‘general principle’ holds independently of the size of the instability region
Qun is a rather astonishing feature. The next lemma is the main technical tool to prove
such result, together with the monotonicity of the principal eigenvalue with respect to the
domain. Remember that we are assuming that b(z) > 0 and ¢(x) > 0 for all x € Q.

Lemma 5.8. Assume that £ := L1 = Ly and B := By = By. Let J € (0,400)? be with
(0,0) € J, and consider a family of matrices, {H (d4y,d2) } (dr,do)es C Ma(R), such that

(i) the off-diagonal entries of H 4, 4,) are positive for every (di,dz) € J,
(i) H(g, dy) converges to some matriz H. € Ma(R) as J 3 (d1,d2) — (0,0).
If 010w [Hy] stands for the lower eigenvalue of H,, then

li L H B,B — oon | Hal.
(dl,d;)g(o,()) ULy o) + Hdy do); (B, B), ] = Olow [H.]

Proof. Note that any matrix
H = (hl]) € MQ(R)

with hioho; > 0 has real eigenvalues. Indeed, they are given by

hi1 + haz £ v/(h11 + ha2)? — 4(h11hag — hizhar)
2
_ it he £ v/ (h11 — h22)? + 4hi2ha
5 .

oi[H] =

Hence, such a property holds for every Hg, 4,), (d1,d2) € J, and, by the assumptions,
also for H,. On the other hand, by (i), Theorem 5.1 provides us with the existence and
uniqueness of the principal eigenvalue

O(dyds) *= O11Lay do) T H(dy do); (B; B), €,

associated with it there is an eigenfunction, (¢4, 4,), ¥(d,,ds)), With components ¢4, 4,y >
0 and 94, 4,) < 0, unique up to a multiplicative nontrivial constant. Let oo and ¢ > 0
denote the principal eigenpair of £ in Q, with ¢y normalized so that ||¢g|lcoc = 1. Now, let
us show that (£(4,.4,)%0, ((d;,d2)%0) Provides us with a principal eigenfunction associated
to 0(q,,4,) for appropriate values of {4, 4,) > 0 and ((g, 4,) < 0. By definition,

d1§(a, d2)£900> <§(d d )@0) <§(d d )900>
) + H 1,02 o 1,02 ,
<d2C(d1,d2)£900 (d1,d2) C(dy,d2) PO (d1,d2) C(d1,d2)P0
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which can be equivalently expressed as

d1§(a, d2)0'0> <§(d d )>] (é(d d ))
) +H 1,d2 _ 1,d2) |
%0 |:<d2C(d1,d2)0'0 (d1,dz) C(dy,dz) P00 dr,d2) C(dy.dz)

Thus, dividing by ¢o > 0, it becomes apparent that ({4, d,), {(d;,d)) Must satisfy

d 0 §(dy,d )) <§(d d )>
+H 1,d2) | _ 1d2) )
[UO (0 d?) (dl’dg)] (C(dl,dz) D)\ Clay )

i.e., (§(dy,do)s C(dy,dz)) 18 an eigenvector of the matrix

- d, 0
H(dl,d2) =00 (O dz) + H(d17d2)

associated with the eigenvalue o4, 4,). It remains to show that the lower eigenvalue of

H 4, 4,) admits an eigenvector with components of opposite sign. But this is also a conse-

quence from the fact that the off-diagonal entries of H (g4, 4,), and so of ﬁ(dhdﬁ, are positive.
Indeed, for any matrix H € Mo(R) with hia, ha; >0

_ hi1 + hao — v/(h11 — ha2)? + 4hiohoy
2

Tlow [ H]

and any associated eigenvector, (&, (), satisfies
(h11 — o1ow[H]) € = —h12¢  and  (ho2 — olow[H]) ¢ = —h21&.
Thus, £¢ < 0 if and only if hiy, hoo > 010w [H]|. But, since hiahe; > 0, we have that

hi1 + hoo — |h11 — hag|
2

U]OW[H] < = min{hu, hgg}.
Therefore, ﬁ(dhdz) admits an eigenfunction with components of opposite sign associated
to its lower eigenvalue. By the uniqueness of the principal eigenvalue, o4, 4,), necessarily

01[L 4, d0) + Hay a0); (B, B), QU = 0(q,,45) = Tlow[H (4, dz)]-

Finally, thanks to (ii), the entries of lEI(dth) converge to those of H,. So, it does the lower
eigenvalue of these matrices. O

The next result establishes the Induced Instability Principle when the perturbed steady
states are coexistence states.

Theorem 5.9. Suppose that L := L1 = Lo and B := By = By. Consider a sequence of
coezistence states of (4.2), {(W(dy ) V(dy,d2)) }(d,d)ess With J C (0,400)? and (0,0) € J,
such that, for some open subset Qun C 2,
li - %y Ux ) ly 1 Qun
(d17d21)§(070) (u<d17d2),v(dl’d2)) (uy,vi) uniformly in
with (us(x), vi(x)) linearly unstable for all v € Quyn, as a nontrivial steady-state solution of

(4.5). Then, 6 > 0 ewists such that (u(q, 4,), V(dy,do)) 8 linearly unstable for all di,d2 <6,
(di,da) € J.
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Proof. The linear instability follows from the negativity of the principal eigenvalue of the
linearization of (4.2) at the coexistence state, i.e., 01[£(q, 4,); (B, B), ] < 0, where

—)\+2aud d)+bv(d dz) bU(d dz) )
S = Lidr )+ (dds 12 1.ds . (54
(d1,d2) (d1,d2) < CV(dy ) —p+ 2dv(d17d2) + CU(dy ) ( )

Since the off-diagonal entries of £4, 4,), bu(q, d,) and cv(g, 4,), are positive, the existence
of 01[€(ay,d0); (B, B), 2] follows from Theorem 5.1. Consider g € Quy and € > 0 such that
B:(z9) € Qun. Then, by Lemma 5.7,

01[€(d1,d2); (B; B), Y < 01[€(4y do); (D, D), Be(0)]- (5.5)
Subsequently, we set

Qe,dy do) = én(ax) {—)\ + 2au(d1,d2) + bv(dl,dg)} ,
e(Zo

ﬂ(e,dhdg) = BI:l(III(l)) {bu(d1,d2)} )

7(6,d1,d2) = BI?(III(l)) {Cv(dl,dg)} )

Ple,d1,d2) = énax {_M + 2dv(d1,d2) + Cu(dl,dz)} :

5(1'0)

Then, according to Lemma 5.6, the next estimate holds

Ul['g(dl,dg); ('D,'D),BS(CUU)] <o |:£(d1,d2) + <06(5,d1,d2) /B(e,d1,d2)> ;('D7’D)’Ba(x0):| (56)
V(e,d1,d2)  Ple,di,dz)

for every di,d2 > 0, (di,d2) € J. Since u(g, q,) and v(g, 4,) converge to u, and v,
respectively, uniformly in Qu, as (di,d2) — (0,0), the following limits are well defined

%) — li € > e,x) li € s
Q(e,x) (dl,d;)rg(o,o) Q(e,dy,d2) 6( ) (d17d21)r3(070) B( ,d1,d2)

* = 1 5 * = 1 .
V(e,*) (dhd;g(op) V(e,d1,d2) Ple,*) (dhd;)rg(ovo) P(e,dy,d2)

Moreover, letting € | 0 yields

16%1 ey = —A(20) + 2a(z0)ux(z0) + b(20)Vi(20),

im e = blro)us (o),
lglﬁ} Vi) = C(xO)U* (.’Eo),

lim pie ) = —p1(0) + ela0)us(0) + 2d(x0)v+(wo).

Note that

B (—)\(xo) + 2a(xo)ux (o) + b(zo)vi(20) b(xo)ux(xo) )
c(xg)vs (o) — (o) + c(xo)us(zo) + 2d(z0)vs(20)
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provides us with the linearization of the non-spatial model at (u.(z),v.(xo)), which is
linearly unstable because x¢p € Qy,. Thus, this matrix has a positive eigenvalue, and
hence, for sufficiently small € > 0, the matrix

(0«5,*) 5(5,*>>

Vex)  Ples)

possesses a negative eigenvalue. Therefore, owing to Lemma 5.8, for sufficiently small € > 0
and dy,ds > 0, with (di,dy) € J, we obtain that

Q(e,dy,d2) 5(5,d1,d2)) . ]

o1 | L +  TEdud (D, D), B-(20)]| < 0.
' [ (d1,d2) (’Y(e,dl,dQ) Ple,d1,ds) (D), Be(ao)

Consequently, according to (5.5) and (5.6), we find that o1[£ 4, 4,); (B, B), Q] < 0 for every

sufficiently small dy,ds > 0, with (di,d2) € J. This ends the proof. O

Although in Theorem 5.9 the steady state (u.,v,) might have some component van-
ishing, or both, the next result shows that actually the coexistence steady states of (4.1)
cannot perturb from (0, 0) uniformly in some open subset Q¢ C Q as dy,d2 — 0 if (0,0) is
linearly unstable in Qg as a steady state of (4.5).

Proposition 5.10. Assume that {(u(a, d4,)s V(dr.a)) }(dr,do)es, with J C (0,400)* and
(0,0) € J, is a sequence of coezistence states of (4.2) such that

i =(0,0 ) ly in Q
(dl,d;)g(ﬂ,o) (u(d17d2),v(dhd2)) (0,0) wuniformly in Qo

for some subdomain Qq € Q of class C*. Then, (0,0) cannot be linearly unstable at any
x € Qo as a steady state of (4.5).

Proof. On the contrary, suppose that (0,0) is linearly unstable with respect to (4.5) at
some xg € o. Then, the linearization at (0,0) of (4.5) for x = x, which is given by

(A(g()) u((ﬂ)co)> ’

has a positive eigenvalue. Thus, either
max A > A(zg) >0
Qo
or

max p > p(xg) > 0.
Qo

Suppose maxg, A > 0. Then, the monotonicity with respect to the domain established in
Lemma 2.14 yields

o1 [d1£1 -+ Al (dy dy) T bv(dth); B, Q] <01 [d1£1 -+ al(dy dy) T bv(dl,dQ); D, Qo] (5.7)

for all (dy,dg) € J, while, thanks to Theorem 2.12; the uniform convergence in 0y provides
us with

li diL1— )\ b :D, Qo] = min (—=\) = — A<0. (5.8
(dl,d;)g(o,o) o1[di1Ly + aU(dy dy) T OV(dy dy) o] %1011( ) Hsl,gx (5.8)
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But, since (u(4,,dy)s V(d,,dp)) 15 @ coexistence state,
o1 [dlﬁl -+ av(dy dy) + bv(dth); B, Q] =0 for all (dl, dg) e J,
which contradicts (5.7) y (5.8) and ends the proof. O

Theorem 5.9 admits the next counterpart for semitrivial solutions of (4.2). So, the
Induced Instability Principle holds.

It should be remembered that, thanks to Theorem 4.1, which goes back to Theorem
2.21, i.e., the singular perturbation result for the single equation, the family of semitrivial
solutions of (4.2), (0{a, ra},0), with d; > 0, converges to ()‘7*,0) uniformly in compact
subsets of Q as dy | 0. Similarly, (0,604, ,,.q43) converges to (0, %) uniformly in compact
subsets of Q as do | 0.

Proposition 5.11. The following assertions hold:

(i) Suppose that there ewists an open subset Qun €  of class C? such that, for every
r € Qun, ()‘+(m) 0) s linearly unstable as a steady-state solution of (4.5). Then,

a(z) ?

6 > 0 exists such that (0(q, xa},0) is linearly unstable for every di,ds < 4.

(ii) Assume that there exists an open subset Qun € Q of class C? such that, for every

r € Qun, (0, “J(g)) is linearly unstable as a steady-state solution of (4.5). Then,

6 > 0 ewists such that (0,014, ,,.4y) is linearly unstable for every di,ds < 4.

Proof. As (ii) follows by symmetry, we will only prove (i). The linearization of (4.2)
at (0¢4, xa},0) can be easily determined from (5.4) and provides us with the eigenvalue
problem

(d1L1 — A+ 20074, \ 0y)B(ds o) + WOty N} (s o) = OP(dn.d) 0
(d2Lo — p1+ cOpay na})V(dr do) = TV (dy d) in Q, (5.9)
Bl¢(d1,d2) = BZ¢(d1,d2) =0 on 0f).

It suffices to establish the existence and negativity of one eigenvalue, o4, 4,), associated
to an eigenfunction (@4, ) V(d;,do)), With ¢4, ap) > 0 and (g, 4,) < 0. Actually, this
eigenvalue must be the principal one of do Lo —p+cbg, x.qy- Let ¥4, 4,y < 0 be a principal
eigenfunction associated to

Yy o) = 01[d2L2 — p+ cbia, ay; Ba, Q.

Then, the monotonicity with respect to the domain established by Lemma 2.14 provides
us with the estimate

S(dydo) = 01[d2La — p+ gy ay; B2, QY < o1]dala — p+ chiqy xa); D5 Qunl-

By the uniform convergence of 04, » q) to )‘7* in Qu, as d; — 0, it follows from Theorem

2.12 that

Ay
li daLo — g rxar:D, Qun] = min | —p+c=t ) <0,
(dl,d;g(o,m”l[ 2L — p+ by A a) ] rggl( u+ca>
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because ()‘a+ , O) is linearly unstable in Q. Therefore, § > 0 exists such that

E(dl,dg) <0 forall di,ds <.

It remains to solve the first equation of (5.9), i.e.,

(d1Ly — A+ 2a0¢4, nay — X(dy,do)) P(drdo) = —00pay \ayV(dy,de) 10 €2,

subject to
Bl¢(d1,d2) =0 on 09Q.

By the monotonicity with respect to the potential established by Theorem 2.12,
o1[di L1 — A+ 2a0{d17)\7a} — E(d1,d2); B1,Q] > o1[di1 L1 — N+ a9{dl7k,a};81, Q] =0.

Thus, the operator
-1
(dlﬁl — A+ 2&9{51)\@} - E(d17d2))

is strongly positive. Therefore, the previous equation has a unique solution, ¢4, 4,) > 0,
because —bl(q, xa}¥(d,,dp) > 0. This ends the proof. O

5.3 Permanence for small diffusion rates when . # ), or
04, # 0 and Qf, # 0

As a direct consequence from Proposition 5.11, the following substantial extension of The-
orem 2.1 of Furter and Lopez-Goémez [48] holds. Note that it also refines [39, Co. 4.6]
as we are dealing with a general class of linear second order self-adjoint elliptic operators
under general non-classical mixed boundary conditions, where the weight functions §; of
the boundary operators B; are allowed to change sign. Therefore, the result should be
considered new in its greatest generality.

Subsequently, the model (4.1), or (4.5), is said to be permanent if its trivial and
semitrivial steady states are linearly unstable. In this case the theory of Hess [56] and
Lopez-Gomez [79] and, in particular, Theorems 3.1 and 4.1 of Lopez-Gomez and Sabina
[77], show that the model possesses a stable coexistence steady state, which is a global at-
tractor with respect to the component-wise positive solutions of the model if it is unique.
Note that the results in all those references can be easily adapted to cover our general
framework here in.

Corollary 5.12. Suppose that either Qper # 0, or Q4 U Qileéi(u # 0 and QY U ijueglf # 0.
Then, 0 > 0 exists such that the parabolic problem (4.1) is permanent for all dy,ds < §.
Therefore, it admits a stable coexistence steady state for these diffusion rates.

Proof. Suppose Qper # (0. Then, the semitrivial solutions of (4.5),

(Gere) = i)
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are linearly unstable for all x € Qpe,. Thus, thanks to Proposition 5.11, § > 0 exists
such that (0¢4, xa},0) and (0,04, ,.4)) are linearly unstable for all d; < 0 and dp < 9,
respectively. Therefore, (4.1) is permanent.
Now, suppose
U £ and  Qf, UQYTHY £ ().

‘junk jun

Then, (*;(g),o) is linearly unstable for all z € Q4 U, while (o, “;(fj)) is linearly

unstable for all z € QY U fogk“ Proposition 5.11 ends the proof as in the previous
case. O

Note that Corollary 5.12 holds independently of the size and the shape of Qper, 25, U
Qile;i{“ and Q4 U foﬁf . Essentially, this entails that (4.1) is permanent for sufficiently
small diffusivities for many non-spatial kinetic patterns. This is an extremely surprising
feature at the light shared by the following simple examples. Suppose 2 = Qext, and, in
particular, that A(z) < 0 and p(x) < 0 for all x € Q. Then, not only the non-spatial
model (4.5) exhibits extinction, but also the spatial model (4.1) for small diffusion rates.
Suppose, in addition, that we perturb A\ and mu until A(zg) = 0, u(yo) = 0, AMyo) < 0
and p(zg) < 0 for some xg,y0 € Q, 9 # yo. Then, by slightly perturbing A and p, for
instance taking A + ¢ and p + ¢, for sufficiently small € > 0, we can get A > 0 and u <0
on some small ball around zg, and g > 0 and A < 0 on some small ball around yy. In
these balls we have that QY  # 0, respectively QY  # (. Therefore, by Corollary 5.12,
(4.1) is permanent for sufficiently small d; and ds. Similarly, if A(z¢) = p(zo) = 0 and
a(zo)d(xg) > b(xg)c(xp) for some g € Q, we can perturb A and p nearby xg in such a way
that Qper # 0 around zg. This simple example tells us how a very small perturbation of
the coefficients can provoke dramatic changes on the dynamics of the diffusive model, at
least for small diffusion rates. The independence of these permanence results on the size of
the regions where the non-spatial model (4.5) is permanent, and on the sizes of the regions
where there is dominance of u and v, is utterly attributable to the Induced Instability
Principle established by Proposition 5.11, according with it the semitrivial solutions of
the spatial model are linearly unstable for small diffusion rates as soon as the semitrivial
steady-state solutions of the non-spatial model are linearly unstable somewhere in €.

5.4 Multiplicity for small diffusion rates when ; # ()

This section is devoted to establish the existence of multiple coexistence steady states of
(4.1) when a region of bi-stability, Q;, arises in Q. In particular, the next multiplicity
result follows as an immediate consequence of the Induced Instability Principle derived in
Theorem 5.9.

Corollary 5.13. Suppose (4.1) is permanent for sufficiently small diffusion rates, dy,ds >
0, Qi # 0 and the non-spatial coezistence steady-state solution of (4.5), (u*(z),v*(x)), x €
Qi, admits a perturbed coezistence steady state of (4.1), (U(dy dy)s V(dy.do))s fOT sufficiently
small dy,ds > 0, in the sense that

I : — (u*, 0" forml t subsets of Q.
(dhle)Ig(O’O)(u(dth) V(dy,dg)) = (u*,0") uniformly on compact subsets of Qi
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Then, 6 > 0 exists such that (4.1) possesses at least two coexistence states for each dy,dy <
d.

Proof. By Theorem 5.9, the perturbation (u(q, dy), V(4 ,do)) must be linearly unstable for
small diffusion rates. According to Theorem 3.1 of Lopez-Gomez and Sabina [77], (4.1)
possesses a stable coexistence state for sufficiently small dy, ds > 0, because it is permanent.
This ends the proof. O

It remains an open problem to ascertain whether or not such a perturbation from
(u*,v*) exists. However, the next section provides us with an example exhibiting this
behavior.

5.4.1 The symmetric model

Subsequently, we consider the symmetric Lotka—Volterra reaction-diffusion symmetric com-
petition model, i.e., (4.1) under the assumptions

L=L1=Ly, B:=B1=8By, d:=dy =dy >0, )\:,u,
with maxg A > 0,
a=d with mina > 0,
Q

and b = ¢ with b(z) > 0 for all z € Q. Hence, its elliptic counterpart is given by

§Lu = \x)u — a(x)u? — b(x)uv  in Q,
§Lv = Nz)v — a(x)v? — b(z)uv  in Q, (5.10)
Bu=Bv =0 on 0NQ.

Note that, under the previous assumptions, Q4 = Q4 = 0 and hence,
Q = Qper U Qbi U Qext U qunka

which allows Qpe and Qy; to be nonempty. Moreover, thanks to the symmetry of the
problem, for every solution of (5.10), (u,v), with u # v, we have that (v,u) also is a
solution. Furthermore, (5.10) admits a solution with uw = v, as shown by the next result.

The main aim of this section is to derive Theorem 5.16, which establishes the existence
of at least three coexistence states of (5.10) for small diffusion rates, two of them stable and
the remaining one linearly unstable. In particular, Theorem 5.16 follows from Corollary
5.12 and a series of lemmas.

Lemma 5.14. Assume that maxg A > 0. Then, there exists 6o > 0 such that for every
0 € (0,00) the problem (5.10) admits a unique coezistence state, (u,v), with u = v, given by

(ws, ws) with ws := 055 a4p}- Moreover, it converges to (A—J’ /\—Jr) uniformly on compact

a+b’ a+b
subsets of QUTH U (A4)71(0) as 6 1 0.
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Proof. The pair (w,w) is a component-wise positive solution of (5.10) if and only if w
satisfies

Bw =0 on Of). (5.11)

By Corollary 2.17(b), d9 > 0 exists such that, for every 6 € (0,d), (5.11) admits a unique
positive solution, ws := 05 44p1- 1ts limiting behavior as § | 0 follows from Theorem
2.21. O

{ §Lw = Nx)w — (a(z) + b(z))w? in Q,

Note that the coexistence state whose existence has been established by Lemma 5.14
actually exists if and only if o1[0L — \; B, Q] < 0, which is the same condition guaranteeing
the existence of the semitrivial states. By a rather standard comparison argument, it
readily follows that, in general, the existence of the semitrivial states is necessary for the
existence of coexistence states.

On the other hand, Theorem 5.16 requires the analysis of the attractivity properties
of the coexistence states. The next result provides us with the instability of (ws,ws) for
sufficiently small § > 0 when Qy; # 0.

Lemma 5.15. If O # 0, then there exists dun > 0 such that (ws, ws) is linearly unstable
for all § € (0,0un).

Proof. Since Qy,; # 0, maxg A > 0. Thus, Lemma 5.14 can be applied to infer that
(ws, wgz is a coexistence state for & < g that converges uniformly on compact subsets of
Q to (55, a’\—jb) as 6 — 0. As there is a smooth open subset of QN Qy, D, with D C Q,
such that, for every x € D, the coexistence state

< At (@) At (@) )
a(x) + b(x)’ a(x) + b(x)

is linearly unstable as a coexistence state of the non-spatial model, it follows from Theorem
5.9 that (ws,ws) must be linearly unstable for sufficiently small § > 0. This ends the
proof. O

Combining this result with Corollary 5.12 provides us with the multiplicity result.

Theorem 5.16. Assume that
Qper 7& @ and Qbi 7é @

Then 6 > 0 exists such that, for every ¢ € (0,06m), (5.10) admits at least three coexistence
states; two of them linearly stable and another one linearly unstable. Moreover, such lin-
early unstable coexistence state perturbs from the coexistence steady state of the non-spatial
problem in the region i U Qper.

Proof. Since Qper # 0, by Corollary 5.12, the problem (5.10) is permanent for sufficiently
small 6 > 0. Thus, it admits a linearly stable coexistence state, (us,vs). Moreover, since
My, # 0, according to Lemma 5.15, for sufficiently small §, the coexistence state (ws, ws)
is linearly unstable. Hence, (ug,vs) # (ws, ws). Since (ws, ws) provides us with the unique
coexistence state, (u,v), such that v = v, we find that us # vs and therefore, (vs,us)
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provides us with a third coexistence state with the same stability character. Note that,
by similar reasons, the remaining coexistence states must appear by pairs. Thus, either
the spatial model (5.10) exhibits a continuum of coexistence states, or it admits an odd
number of them. O

In the context of Theorem 5.16, Theorem 4.4 provides us with the limiting profiles of
all the coexistence steady states of (5.10) in

Qmax N (QUTE") = (Qper U Qext) N (QUTET)

as 0 | 0, where the three coexistence states constructed in Theorem 5.16 approximate

a’\—Ib, 2—@) as ¢ | 0. Note that (;‘—Ib, a’\—Ib) is a coexistence state (if A(x) > 0), or the trivial

solution (if A(x) < 0), of the non-spatial model. The analysis of the precise behavior of
the stable coexistence states constructed in Theorem 5.16 in the region {2y; remains open,
though it seems apparent that they should perturb from each of the semi-trivial steady
state solutions in the region ; as § > 0 perturbs from zero. Nevertheless, according to
Theorem 5.9 and Proposition 5.10, they cannot perturb uniformly from the trivial solution
or the coexistence steady state of the non-spatial model.



Chapter 6

Uniqueness of the coexistence state.
(Global dynamics

Introduction

Our multiplicity result in Section 5.4 allows us to establish the optimality of a substan-
tial extension of the main uniqueness theorem of Hutson, Lou and Mischaikow [65] (see
Theorem 1.1 and Proposition 3.5 therein) that establishes the uniqueness of a coexistence
steady-state solution of (4.1) for sufficiently small d; and ds under the rather natural
assumption that

Qper = .

In such case, the unique coexistence steady state must be a global attractor with respect to
the component-wise positive solutions of (4.1). Particularly, the multiplicity result when
(i is non-empty shows that Qper = () is optimal for the uniqueness in the following sense.
If we replace b(x) and ¢(z) by pb(x) and pc(x), where p > 0 is regarded as a real parameter,
then there are choices of b(z) and ¢(x) for which condition Qe = € holds for all p € (0, 1),
but it fails at the single point xgp € Q when p = 1. So, Qper = Q\{x0} if p = 1. As there are
examples of b(x) and c(z) with non-empty Qu; for p > 1 sufficiently close to 1, such that
Qy; shrinks to xg as p | 1, our multiplicity theorem shows that if Qe = () fails at a single
point 2o € €, then the problem (4.1) might exhibit a bifurcation to multiple coexistence
steady-steady solutions.

In addition to the fact that our extension of the uniqueness theorem of Hutson, Lou
and Mischaikow [65], collected in Theorems 6.9 and 6.10 of Section 6.2, is new in its
greatest generality, because it is valid for a general class of differential operators subject to
general mixed boundary conditions, the proof given in this chapter overcomes the highly
sophisticated technicalities of the proof of Proposition 3.5 of Hutson, Lou and Mischaikow
[65] by means of a quasi-cooperative version for mixed boundary conditions of Theorem
2.1 of Lopez-Goémez and Molina-Meyer [90], Theorem 6.3 of Lopez-Gomez and Sabina
[77] and Theorem 2.4 of Amann and Lopez-Gémez [5|. Indeed, our proof is a rather
direct, very elegant, application of the theorem of characterization of the strong maximum
principle through the construction of an appropriate supersolution. It should be noted that
Proposition 3.5 of Hutson, Lou and Mischaikow [65] was found for Neumann boundary
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conditions.

The last goal of this thesis is establishing a general, rather astonishing, uniqueness
result covering the general case when ., is a proper subset of Q. Naturally, according
to our main multiplicity result, established in Chapter 5, in order to get uniqueness one
should assume that Qp; = (. The simplest way to get it is imposing that

bc <ad in . (6.1)
Under (6.1), our general uniqueness theorem precisely stated in Theorem 6.13, establishes
that, if
2 2
max <ac(iF_(/i)> < m{%n (CLCiF+(/£)> ) (6.2)
with

1
Fu(k) = ¢ [27 18k — K24 (9 — k)¥2(1— k)l/ﬂ . kelo1],

then any coexistence state of (4.2) must be linearly stable and hence, unique, if it exists.

ﬁ, or oy, Or %, is a positive constant in )
(see Corollary 6.12). Naturally, these conditions hold when a(z), b(x), ¢(z) and d(x) are
positive constants such that a = d =1 and bc < 1, as it was recently imposed by He and
Ni [55]. Consequently, our result, Theorem 6.13, provides us with an extremely sharp and
substantial extension of Theorem 3.4(iii) of He and Ni [55], because it is valid for general
spatially heterogeneous systems subject to mixed boundary conditions.

In particular, we obtain (6.2) if either Z—i, or e

As a byproduct of Theorem 6.13, under the previous assumptions, as soon as the
model possesses two non-degenerate semi-trivial positive steady states, (4.1) exhibits three
different types of behavior. Namely, either both semi-trivial positive solutions are linearly
unstable, and then the problem has a unique coexistence steady state which is a global
attractor with respect to the component-wise positive solutions of (4.1), or one of the semi-
trivial positive solutions is linearly stable, while the other one is linearly unstable, and in
such case the stable one must be a global attractor, much like in the non-spatial model.

As far as concerns the restrictions imposed on the function coefficients a(z), b(x), c(x)
and d(x) in Theorem 6.13, and more specifically in Corollary 6.12, it should be noted that
each of them involves three of these four coefficients: either a, b, c in the assumption that Z—i

. . . . 3
is constant in €, or a, b, d if we impose that ﬁ
2
C

or b, c,d if, instead, g is constant in §2. Thus, in either cases we have complete freedom to
chose, arbitrarily, three of the coefficients, while the fourth one is uniquely determined by
the remaining ones, up to a positive multiplicative constant chosen to satisfy (6.1). Rather

astonishingly, in this uniqueness theorem A(z) and p(z) can be chosen arbitrarily.

) 3 .
is constant, or a, ¢, d when —=5 is constant,

This chapter has been organized as follows. Section 6.1 is devoted to the calculation
of the fixed point index of the steady states of (4.1) in order to derive the uniqueness
of coexistence steady states when all of them are linearly stable. Section 6.2 proves the
uniqueness result in the special case when e = Q. Finally, Section 6.3 derives the general
uniqueness result when Qe is a proper subset of  through Picone’s identity by assuming
that the differential operators are selfadjoint.
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6.1 Towards a characterization of the global dynamics

The uniqueness results to be delivered in this chapter will follow from the fact that if all
coexistence steady states in the competition model (4.1) are linearly stable, then there
exists, at most, only one of them. Much like in Lopez-Gomez [79] and Lopez-Gomez and
Sabina [77], this section is devoted to provide such auxiliary result by applying the fixed
point index to a certain integral operator associated to the problem

diLiu = M — au?® — ybuv in €,
doLov = pv — dv? — yeuv  in Q, (6.3)
Biu=Byv =0 on 09,

where v € [0, 1] is regarded as an homotopy parameter to uncouple (4.2). Subsequently,
we will set

Wg™ = (| W5"(Q) and Py ={w e Wae  w>0in Q}, i=12,
p>N ¢

which shares the notation introduced in (2.19). Then, w € int P2, for some i = 1,2, if
B;

w € W™ and satisfies (2.18) with (I'g,T'p) = (I, I'h).

The next result provides us with a bounded open set independent of b, ¢ > 0 containing
all the non-negative solutions of (4.2). In particular, it contains all the non-negative
solutions of (6.3) uniformly in v € [0,1]. This is crucial in order to apply the fixed point
index in cones.

Lemma 6.1. There ezxits a bounded set
2,00 2,00
Z/{><VCVVB’1 ><WB’2 ,
independent of b and ¢, such that (u,v) € int (U x V) if (u,v) is a solution of (4.2) with

(U;, U) € PW2,00 X Pw2,00- (64)

By Ba
Proof. Tt suffices to note that, if (u,v) is a solution of (4.2) satisfying (6.4), then

diLiu = Mu — au? —buv < M — au?® in Q,
Biu=0 on 01,

and
{ doLov = pv — dv? — cuv < pv — dv® in Q,

Bov =0 on 0Of).
Thus, v and v are subsolutions of the associated logistic boundary value problems. To

construct the appropriate supersolutions to these problems we will proceed much like in
Section 2.2.2. Consider F defined by

E(z) :=exp (—M distpq(x)) with M > r%%x {07 —b — B2 } 7

(n, Ajn)’ (n, Aon)
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on a sufficiently narrow neighborhood of 9. According to Theorem 2.3, this function is of
class C2, and can be extended to the entire Q with smoothness and positiveness by mean
of cut-off functions, as sugested in Remark 2.4. Furthermore, F satisfies

BiE >0 on I'p,
whereas, on F%z,
B,E = <n, AlVE> + BZE = —EM<II,A¢VdiStaQ('>> + ﬁzE =F (M(n,Aﬂl) + ﬁl) >0

Note that, in the definition of E(x), the function —distgq(-) can be changed by any function,
1, of class C?, like those derived in Theorem 2.3(d), i.e., such that t(z) < 0 for all x € ,
Y(z) = 0 for all z € 92 and

min(n, A;Vy) > 0,1 =1,2.
I'r

Hence, if kK > 0 is a constant such that

7A _ dl[:lTE max 7ﬂ _ d2 C%E
) o dE ’

K > max {max
Q

then kE provides us with a supersolution for both problems. Therefore, by the uniqueness
of solution to these problems, it follows from Theorem 7.10 of Lopez-Gomez [88], or Lemma
3.4 of Fraile, Koch, Lopez-Gomez and Merino [46], that

0<u< H{dl,)\,a} <kFE and 0<v< G{d%“’d} < gE in Q.
This ends the proof. O

Remark 6.2. As an immediate, but important, by-product of Lemma 6.1, we have that the
existence of semitrivial solutions is a necessary condition for the existence of coexistence
solutions of (4.2). Moreover, according to Theorem 2.15, model 4.2 admits semitrivial
solutions, given by (04, x4},0) and (0,04, u.q4}), if, and only if, o1[d1L1 — A\;B1,€2] < 0
and o1[d2Lo — p; B2, 2] < 0, respectively.

6.1.1 Fixed point index calculations

Subsequently, let us consider U x V, the bounded set provided by Lemma 6.1. Let m > 0
be large enough so that

Ul[dlﬁl —|—m;Bl,Q] > 1, Ul[dgﬁg + m; BQ,Q} > 1, (6.5)

and

A—au—vbv+m >0 and p—dv—ycu+m>0 in Q
for all (v,u,v) € [0,1] x U x V. Note that, in particular,

A+m>0 and p+m>0 in Q, (6.6)
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because (0,0) € U x V, by construction.
Consider the family of operators Z: [0,1] x U x V — Wé’loo X Wé;oo defined through

(L +m) (A~ au—Abv+m)ul
Horwo) = < (daLy +m) (= dv — yeu + m)o] ) ’

which are compact order preserving operators, by our assumptions on m. Moreover, their
fixed points are the solutions of (6.3) in P, 200 X Py 200, for each v € [0, 1], respectively.

The following results provide us with the ﬁxed point 1ndlces of the trivial, semitrivial and
coexistence states of (4.2) as fixed points of Z for v = 1.

Lemma 6.3. The total fized point index of Z(1,-,-) in int (U X V) is given by
ip w200 X P 2,00 (I(lv E ')7int (U X V)) =

31 5’2

Proof. By the homotopy invariance property of the fixed point index (see Theorem 1.11(iii)
of Amann [3]),

ipwéfo XPWé’;O (I(l’ . .)7 nt (Z/l X V)) = iPW;’IOOXPWé’;O (I(O, . .)7 nt (U X V))

Thus, owing to the product formula, we find that
/[:PWZ,oo ><PW2,oo (I(lv K ')’int (U X V)) =1ip 2500 (Il( ) intU) ZP 2,00 (IQ( ) int V)v

B) B, W) Wi,
where 7; : U — Wé’loo and Zp : V — Wé;oo are the operators defined by

Ti(u) := (1 L1 +m) (A —au+m)u] and  Tp(v) := (daLa+m)~ ' [(1n — dv + m)].
Now, consider the homotopies

Gi(v,u) == (diLy +m) " [(m+ o1[d1 L1381, Q] — 1+ v(A — o1[d1 L1; B1, Q) + 1 — au)) u] ,
Ga(v,v) := (doLa +m) "L [(m + o1[daLo; Bo, Q) — 1 + (i — 01[d2Lo; B, Q) + 1 — dv)) v] .

By the homotopy invariance property,

ip 200(11() intU) =ip 200(gl( )th/{)—zP 2,00 (G1(0,-),int U),

Bl Bl Bl
b o (Tt V) = ip,_(Ga(L, ),int V) =ip_,_(Ga(0, ), intV).
32 52 62

On the other hand, 0 is the unique fixed point of Gi(0,-) in intY and G2(0,-) in int V.
Moreover, the spectral radio of G;(0,-), j = 1,2, is
m + Ul[djﬁj; Bj, Q] —1
(0.4)) =
0(9;(0,-) m+ o1[d; Lj; Bj, Q]

Thus, thanks to Theorem 13.1 of Amann [3|, we can infer that

ip 200(91( ),iDtU) ip Qw(gg( )7intV) =

131 52

This ends the proof. O
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The next result provides us with the fixed point index of (0, 0) when it is non-degenerate.

Lemma 6.4. Assume that
o1[d1Ly — A\ B1,Q] - o1]de Lo — p; B2, ] # 0.
Then, the following statements hold:
(a) If o1[di L1 — A B1,92] > 0 and o1[d2Lo — p; B2, Q] > 0, then

iPWZoo ><PW2,oo (I(la * ')a (Oa 0)) =1

By Bo
(b) If Ul[dlﬁl — )\;Bl,Q] < 0, or Ul[dgﬁg — M;BQ,Q] < 0, then

ipwz,oo ><PW2,oo (I(lv * ')a (07 0)) =0.

By B2
Proof. Differentiating Z(1, -, -) with respect to (u,v) and particularizing at (0, 0) yields

(L1 +m) " (A + m)u] ) |

D(%v)I(l,O,O)(uv U) = < (dgﬁg—i—m)_l[(u—i-m)v]

Suppose that
o1 [d1£1 — \; By, Q] >0 and oy [dQ,CQ — M;BQ, Q] > 0, (67)

which entails the linearized stability of (0,0) and the non-existence of semitrivial solutions
of (6.3).
Let rg € R be an eigenvalue of D(W})I(l, 0,0) to a component-wise non-negative eigen-
vector, (¢, ) # (0,0). Without loss of generality, we can assume that ¢ > 0. Then,
m—+ A
o

o1 {dlﬁler* ;Bl,Q} =0.
Moreover, thanks to (6.6), by the strict monotonicity and continuity of the principal eigen-
value with respect to the potential delivered in Theorem 2.12, it becomes apparent that

the map

T o1 {d1£1+m— me;Bl,Q]

is strictly increasing and, in addition, is continuous in (0, +00). Taking into account (6.5),

Y 01[d1£1—|—m;81,§2]>1 if & = 400,
lim 01 dlﬁl +m — L;Bl,g} = Ul[dlﬁl — )\;Bl,Q] if §: 1, (6.8)
e r —o it =0

By (6.7) and (6.8), we have that ro < 1. Thus, D, #(1,0,0) cannot admit a positive
eigenvector to an eigenvalue greater or equal than one. Therefore, owing to Theorem 13.1
of Amann [3], we find that

ip 2,00 XP 2 oo (I(lv K ')’ (07 0)) =1

WB1 WB2
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Now, assume that some of the principal eigenvalues in (6.7) is negative, instead of positive.
Without loss of generality, suppose that

0‘1[d1£1 — )\;81,9] < 0.
Then, by (6.8), there is a unique 9 > 1 such that

m+ A
To

o1|di1 L1 +m — B, =0.

Let ¢ > 0 be any principal eigenfunction associated to this eigenvalue. Then, (¢,0)
provides us with a positive eigenvector of D(WJ)I(LO,O) to an eigenvalue greater than
one. Therefore, thanks to Theorem 13.1 of Amann (3],

iPW2,oc><PW2,oo (I(lv K ')7 (07 0)) = 0.

By By

This ends the proof. O

To calculate the indices of the semitrivial solutions we will make an intensive use of
Lemma 4.1 of Lopez-Gomez [79], which goes back to Lemmas 2 and 4 of Dancer [26]. In
our setting, it can be stated as follows. An analogous version holds true for (0,04, ., 4})-
Subsequently, we will denote by

Proj, : Wé’loo X Wé’;o — {0} x Wé’;o
the projection on the second component, i.e., Proj,(u,v) := (0,v).

Lemma 6.5. Assume that o1[d1L1 — \; B1,Q] < 0. So, 0(q, ra} # 0. Then, the following
assertions hold:

(a) If the operator I — D, yZ(1,0¢4, xq},0) is injective in Wé’loo X Wé’;o and the spectral
radius of the operator

PrOjQD(u,v)I(L H{dl,/\,a}a O)‘{O}XW;’OO
2
is greater than one, then

iPW2,oo ><PW2,oo (I(lv % ')7 (e{dl,k,a}v 0)) = 0.

By By

(b) If the operator I — D, \Z(1, 04, x4}, 0) is injective in Wé’loo X Wé’;o and the spectral
radius of the operator

PrOjQD(u,v)I(L H{dl,/\,a}v 0)‘{0}><Wé’°°
2

is less than one, then

iPW2,oo X P 2,00 (I(l? ) ')7 (e{dh/\,a}a O)) = (_1)X7

By Bo

where x stands for the sum of the algebraic multiplicities of the eigenvalues of the
operator D, ,)Z(1,04, ra},0) greater than one.
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R : 2 2
(¢) If I=D(y)Z(1, 054, 2.a},0) is injective in W™ x PWLQ%,;O, instead of in Wg ™ x W™,

and there exists w € Wé’loo X PWQ,oo such that the equation
Ba

(I = DuyZ(1,0¢4, .a3,0))y = w

has no solution y € Wé’loo X Py 2,00, then

Ba
ZPWg}loo XPWé’;O (I(lv *y ')a (H{dl,)\,a}a 0)) = 0.

As a direct consequence of Lemma 6.5, the next result establishes that the fixed point
index of each semitrivial solution is determined by its linear stability as a steady-state
solution of (4.1), as soon as it is a non-degenerate steady state.

Lemma 6.6. The following statements hold:
(a) Assume that o1[d1L1 — X;B1,Q] < 0. Then 014, x ) > 0 and

0 O‘1[d2£2 —u+ Ce{dh)\@}; Bo, Q] <0,
1 if Ul[dgﬁg — U+ Ce{dl,)\,a}; Bo, Q] > 0,
(6.9)

iy (E01), O 01, 0) = §

By By

(b) Assume that o1[d2La — p; Ba, Q] < 0. Then 01dy pay > 0 and

{O if Jl[dlﬁl — A+ b9{d27uyd}; B, Q] <0,
1 f U1[d1£1 — A+ be{dz,,u,d}; B, Q] > 0.
(6.10)

iPW2,oo XPWZ,oo (I(]‘7 K ')’ (07 H{dz,,u,,d})) =

By By

Proof. We will only prove (6.9), because (6.10) follows by symmetry. Since
Ul[dlﬁl — )\;81,9] <0,

by Theorem 2.15 and Corollary 2.16, 64, x4} > 0. On the other hand, differentiating
Z(1,-,-) at this semitrivial solution yields

(diLy + m)_l [()\ — 2a9{d17)\7a} +m)u — bH{dh/\,a}v] > .

DuvI 170 a ’0 ) - N
(w2 (1, O Ay, 0) (0 0) ((dz£z+m) Hln = cbray pay +m)ol

Moreover, thanks to (6.5) and (6.6), D(y,,)Z(1, 04, ,a},0) maps Wé’loo X Py 2,00 into itself.

Bg
Assume that

O'1[d2£2 — U+ Ca{dl,)\,a}§ Bo, Q] > 0. (6.11)

Then, we claim that I — D, ,Z(1,0(4, xa},0) is injective on Wz™ x W5, Indeed, if
there exists (u,v) € Wé’loo X Wé’;o such that

D(u,v)I(]-’ g{dl,k,a}v 0) (ua U) = (ua ’U),

then
(dl,C] — A+ 2a9{d1,>\7a}) U = —be{dl’)\ﬂ}v (6.12)



6.1. Towards a characterization of the global dynamics 153

and
(dgﬁg -+ Ce{dh)\’a}) v =0. (6.13)

If v # 0, then 0 is an eigenvalue of the tern
[dgﬁg — U — Ce{dlv)\’a}; BQ, Q] .

Thus,
o1[d2La — pp — clig, ay; B2, 2] <0,

which contradicts (6.11). Hence, v = 0 and (6.12) becomes
(dlﬁl — A+ 2a9{d1,)\7a}) u=0.
If u # 0, then 0 is an eigenvalue of d1Ly — A + 2af(q, » 4} in  under By. Thus,
o1ldiLy — A+ 20814, »ay; B1s Q] <o. (6.14)

Consequently, by the monotonicity of the principal eigenvalue with respect to the potential
established in Theorem 2.12, we have that

o1[di L1 — A+ abgq, xay; B1, Qf < o1ldiL1 — A+ 2a014, 3035 B1, Q] < 0. (6.15)
This contradicts the fact that
(d1Ly — A+ abgg, xa1)01d na) =0
because this entails that
o1[di L1 — A+ abgg, xq0y; B1, Q] = 0. (6.16)
Therefore, (u,v) = (0,0) and, hence,
I — D(y)Z(1,044, x,a},0)

is injective. For applying Lemma 6.5, it remains to estimate the spectral radio of the
operator

. _ 2,
PI“O‘]QD(%U)I(L 9{d17)\7a}, 0)v := (doLy +m) L [(,u + Ce{dh)\ﬂ} + m)v}, v E WBQOO.
A direct calculation shows that the spectral radius, rg, of this operator satisfies

p— O, xay +m
o

o1|doLo +m —

. By, Q} —0.
Arguing as in the proof of Lemma 6.4, since
p—clig nay +m>0 in Q
by the hypothesis on m, it is apparent that the map S : (0,400) — R defined through

p—cbig, xay +m
T

S(T) = 01[d2£2+m— ; By, Q2



154 CHAPTER 6. Uniqueness of the coexistence state. Global dynamics

is continuous, strictly increasing and, owing to (6.11), satisfies

o1lde Lo +m; B, Q] > 1 if &€= 400,
lim S(r) = Ul[dgﬁg -+ Ce{dh)\ﬂ};BQ,Q] >0 if £€=1,
e o it =0

Hence, 9 < 1 because S(rg) = 0. Therefore, due to Lemma 6.5(b),

iPW2,oo ><PW2,oo (I<17 " ')7 (9{d1,>\,a}7 0)) = (_1)X’

By Bg

where x is the sum of the multiplicities of the eigenvalues of D, ) Z(1,014, x.q},0) greater
than one. Now, assume that 7 > 1 is an eigenvalue of D, ,)Z(1, 04, xa} 0) with associated
eigenvector (u,v) # (0,0), i.e.,

D(u,v)I(lu e{dl,)\,a}a 0)(u7 U) = T(U’ U)' (617)

If v # 0, then, using the v-equation of (6.17), we have that 0 is an eigenvalue of the tern

—ch +m
[dQLQ TIPS s (U By Q} .
T
Hence, by the dominance of the principal eigenvalue,
—ch +m
o1 [dg[:g b PN T o Q} <0, (6.18)
T

However, by the strict monotonicity of the principal eigenvalue with respect to the potential
delivered in Theorem 2.12, it follows from (6.11) that

p— g, nay + M
T

o1 [daLy +m B2, Q| > 01 [daLs — i+ By, 203 Ba 2] >0,

which contradicts (6.18). Consequently, v = 0. Hence, u # 0. Thus, it follows from the
u-equation of (6.17) that

)\ — 20‘9{d1,)\,a} +m

o1|diL1+m — ;Bl,Q:| <0.

T

Moreover, by Theorem 2.12 and (6.16),

A — 2a0{d17)\’a} +m A — a9{d17)\,a} +m

o1 ldigy +m — ;Bl,Q} > o1 {d1£1+m— - ;81,9}

> 01 [d1£1 - A+ ae{d17>\7a};l’>’1,9] =0,

T

which again leads to a contradiction. Therefore, x = 0 and

iPW2,oo ><PW2,oo (I(lv * ')a (0{d1,)\,a}a 0)) =1

By By

This ends the proof of the second identity of (6.9).
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Next, suppose that
o1[d2La — p + g, xay; B2, ] <0, (6.19)
instead of (6.11). We claim that
I — D(y)Z(1,044, 2.a},0)

is an injective operator on Wé’loo X Pj2,.00. Indeed, if there is a
Ba

2,00
(u,v) € Wg™ x Pwé,zoo
such that
D(u,v)I(l’ g{dl,k,a}v 0) (ua U) = (ua ’U),
then the identities (6.12) and (6.13) hold. Since v € PW;.,OO, if v # 0, then
2
01 [d2£2 s Ce{dl,)\,a}; Ba, Q] =0,

which contradicts (6.19). Thus, v = 0. Similarly, arguing as in the previous case, by (6.14)
and (6.15), one can easily infer that u = 0. Hence,

I — D Z(1,044, 7.4}, 0)

is injective on W;’loo X Pyy2.00. According to Lemma 6.5(c), to complete the proof of (6.9),
Ba

it suffices to show that
I— D(u,v)I(la e{dl,)\,a}a 0)

. . . 2 . . .
is not surjective on WB’lC>O X Py2.00. To prove this, we proceed by contradiction. Assume
By

2,00 . 2,00
that, for every (wi,ws) € Wy™ x Pwé,;o there exists (u,v) € W5 ™ x Pwé,;o such that

[l — Dy Z(1, 004, rap, 0)](u,v) = (w1, w2),
ie.,
w— (diLy +m)~" [(A = 2abg4, »ay + m)u— blig, x3v] = w1
and
v — (daLo +m) (p — cl1d, na) +m)v] = wo. (6.20)
In particular, since we are assuming that

Gl[dgﬁg +m; BQ,Q] >1>0,
for every w € Pwé,oo \ {0}, the function wy defined by
2

wy = (daLo +m) lw
is strongly positive. For this choice, (6.20) becomes
(daLlo — p+ cligy ra))v =w > 0.
This implies that v > 0 and hence, thanks to [88, Th.7.10],
o1[daLy — p+ g, ray; B2, 2] > 0,
which contradicts (6.19). This ends the proof. O
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Finally, the next result provides us with the fixed point index of the linearly stable
coexistence steady states.

Lemma 6.7. Assume that (u,v) is a linearly stable coexistence steady state of (4.1). Then
ip w200 X Py 2,00 (Z(1,-,-), (u,v)) =1
Bl BQ
Proof. This is an immediate consequence of the dominance of the principal eigenvalue of
the linearization of (4.2) at (u,v), and the definition of the fixed point index (see Theorem
11.4 of Amann [3]). O

6.1.2 Linear stability of coexistence steady states induces uniqueness

The following result characterizes the existence and uniqueness of coexistence solutions in
terms of the existence and linearized stability of the semitrivial solutions, (64, xa},0) and
(0,0¢4,,1,ay) When every coexistence steady states of (4.1) is linearly stable. It constitutes
one of the the main tools of this chapter.

Theorem 6.8. Assume that Qper # 0 or Q4 U plf;ku # 0 and QY querilf # (). Suppose
that every coexistence steady state of (4.1) is lmearly stable. Then, there exists 6 > 0 such
that for every di,ds € (0,0) the model (4.1) exhibits a unique coezistence steady state.

Moreover, it is a global attractor for the component-wise positive solutions of (4.1).

Proof. By Corollary 5.12 we have that (4.1) exhibits stable coexistence steady states for
small diffusion rates because both semitrivial steady states exist and they are linearly
unstable. On the other hand, let us denote by Y the set of coexistence states of (4.2). By
construction, we have that Y lies in the interior of U x V. Then, by the additivity property
of the fixed point index (see Theorem 11.1 of Amann [3]), we obtain that

ZP 2, ocXP 200(2(17 K ')7int (u X V)) = iPWQ,oo ><PW2,oo (I(lv K ')7 (070))

W) W5, By By
+ZP 2,00 X P 200(1(17'7')7(Q{dl,)\,a}ao))
W) Wi,
8k (T 00 )) (02
2
+ Z ip w200 X P 200(1(1 ‘)7(1‘7”))
(u,0)eY e e

Moreover, by Lemmas 6.3, 6.4, 6.6, and 6.7, we have that
ip w200 X P 2,00 (I(l, ) ')’ int (u X V)) =1, ip w200 X Py 2,00 (I(L ) ')v (070)) =0,

Bl Bo Bl By
ip QOQXP QOQ(I( 7'7')7(6{d1,)\,a}70)) :07 ip QOOXP QOO(I(L’7')7(070{d2,u,d})) :07
Bl 82 Bl 82
and
P 5ooxP 5. (Z(1,-),(u,v)) =1 forevery (u,v)e Y.

WB‘1 WB’2

Hence, for that range of diffusion rates, the system (4.2) admits a unique coexistence state
(linearly stable). The fact that it is a global attractor for the component-wise positive
solutions of (4.1) is an immediate consequence of the uniqueness and the fact that the
system is compressive as pointed out in Remark 33.2 and Theorem 33.3 of Hess [56]. [
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6.2 Uniqueness under permanence

This section shows that under Robin boundary conditions the problem (4.2) admits a
unique coexistence state for sufficiently small diffusion coefficients, d; > 0 and do > 0,
if Q= Qper- In particular, this uniqueness result applies to the next competition Lotka—
Volterra reaction-diffusion prototype model under Robin boundary conditions

diLiu = Au—au® —buv in 9,
doLov = pv — dv? — cuv  in Q, (6.22)
Rlu = RQ'U =0 on Of2.

Here, dy,d2 > 0 and A\, pu,a,b,c,d € C(Q) with
ad—bc>0, A —pb>0 and pua—Ac>0 inQ,

which entails Q = Qpe;. Moreover, in contrast to Section 6.3, in this section, for every
1=1,2,
L, = —diV(Aiv~) + B;V + C;, i=1,2,

with A; € Mi\};m(CQ(Q)), B; € M1xn(C(Q)) and C; € C(Q), and R; := ajﬁ + B; is the
robin boundary operator, where 3; € C(I';;) and % stands for the directional derivative
with respect to the conormal vector field v; := A;n.

Although the first version of Theorems 6.9 and 6.10 below was given in Hutson, Lou
and Mischaikow [65], the proof here is substantially simpler than the original one of [65],
which established for the —A operator under non-flux boundary conditions. Furthermore,
as a result of its simplicity, it can be easily adapted to get the result for wider classes
of differential operators in divergence form subject to Robin boundary conditions. Once
established one of the main uniqueness results of this thesis, its optimality is discussed in
Section 6.2.1 at the light of the multiplicity result established in Chapter 5.

Note that the condition I'}, = FQD = () must be imposed since in the proof of Theorems

6.9 and 6.10 we are using the uniform convergence of the coexistence states as (di,ds) —
(0,0) established by Theorem 4.4.

Theorem 6.9. Assume that ) = Qper and F%) = F2D = (. Then, 6 > 0 exists such that
for all di,dy € (0,0) the diffusive model (6.22) exhibits a unique coexistence state which is
a global attractor with respect to the component-wise positive solutions.

Proof. By Corollary 5.12, § > 0 exists such that (4.1) is permanent for dy,ds € (0,6). As it
was mentioned in Section 5.3, in such a case, the existence of at least a stable coexistence
state is ensured by previous results (see, e.g, Hess [56], Lopez-Gomez [79], and Lopez-
Gomez and Sabina [77]), which are easily adaptable to cover the case of general operators
subject to general boundary conditions of mixed type. Furthermore, such a coexistence
state is a global attractor if it is unique.

Thus, it suffices to establish the uniqueness of the coexistence state for small diffusion
rates. According to the theory developed in the previous section (see Theorem 6.8), which
goes back to |79, 77|, this is a consequence from the fact that all the coexistence states are
linearly stable.
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Let (U4, dy), V(dy o)) D€ @ coexistence steady state of (6.22) for diffusion rates dy, dz > 0.
Then, its linear stability follows from the positivity of the principal eigenvalue, o, of the
associated eigenvalue problem

[dlﬁl - A + 2au(d1,d2) + bv(dth)] (25 + bU(dth)T,D = U¢

[dgﬁg — U + 2d’l)(d17d2) + CU(dth)] ¢ + Cv(dhdz)(b = Uw
Riu=Rov =0 on 0f2,

in Q
oS (6.23)

obtained by linearizing (6.22) at the given coexistence state. Since b(z)u (4, 4,)(z) > 0 and
c(2)v(g, o) (w) > 0 for all x € €, (6.23) is a problem of quasi-cooperative type as those
analyzed in Section 5.1. Thus, the existence of the principal eigenvalue, o, follows from
Theorem 5.1. As a consequence of Theorem 5.4, g > 0 if, and only if,

Lodrdo) = < dily = A+ 204y dy) + DV (dy o) buu(d, dy) >
(d1,d2) CU(d17d2) d2£2 — U + 2dU(d17d2) + C’LL(d17d2) ’

subject to the boundary operator (R1, R2), admits a strict supersolution, (¢(d17d2 ,w(dl,dz)),
with ¢(d1,d72)7¢(d1,d2) S Wlp(Q), for all p > N, and ¢(d1,d2) Z 0, ¢(d1,d2) S 0 in €.
Since = Qper, we have that

b(z)c(z) < a(z)d(xz) for all x € Q.

Thus, 7 € C(2) exists such that

M<T($)<M for all z € Q.
a(x) c()
Indeed, we can take
b+§
T =
a

for some £ > 0 small enough. Now, for sufficiently small n > 0, according to Corollary
2.17, let us denote by 6, _ and 972771 the (unique) solutions of

nLi0 =70 —6%> in Q, nd nLsh =60 —62 in Q,
R0 =0 on 9, & Rol = 0 on 99,

respectively, which, according to Theorem 4.1, which goes back to Theorem 2.21, converge
to 7 and 1 uniformly in © as n | 0. Hence, 1o > 0 exists such that

bo) _ @) _de) o
a(x)<9%071(x)<c(x) for all z € Q,

and so, € > 0 exists such that

a(w)@}mw(x) — b(x)@,%ojl(x) >e>0
and
d(z)0% 1 (z) — c(z)0) (z) >e>0

10, 10,7
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for all € Q. Next, we will show that, for sufficiently small dy,ds > 0, the pair

(D(d1,do) Vdr do)) = (97170,Ta *972;0,1)

provides us with the desired supersolution of [Q(dth); (R1,R2),9]. Indeed, thanks to
Theorem 4.4,

3 _ _ [ Ad=—pb pa—Xc
lim (u(d17d2)’v(d17d2)) - (u*,’u*) - (adfbc’ adfbc)

uniformly in €,
(dl ,dg)—)(0,0)

and hence, applying £y, 4,) yields
(diLy = A+ 2awg, ay) + bv(d11d2))97170,7 - bu(d17d2)920,1
- d1£1971]077_ — (A = aug, a5) — bv(dl,dz))g}m,f + (a07170ﬂ' - 69727071)u(d17d2)
> d1£197170’7_ — ()\ — AUy ,dy) — bv(dl’dz))e,%w + EU(dy,dp)

d1 ,dQ*)O
—

—(\ — auy — bv*)H}mﬁ +eur =cux >0

and, similarly,

Cv(dlde)erliovT — (dzﬁz — U + 2dv(d17d2) + Cu(d1,d2))972]0,1
= —da Lol | + (1t — dv(ay ay) — Ctiay )0 1 — (dO2) 1 = cOp V(4 a)

< *d252972]0,1 + (1 — dv(dy dy) — Cu(d1,d2))07270,1 — EV(dy ,da)

dl,dgﬁ)o
—

(1 — dvy — cuy)0? | —ev, = —ev, < 0,

0,1

with uniform convergence in Q. By the choice of <Z5(d1,d2) and w(dl,dz.), they are independent
of (dy,d2) and satisfy
R1b(d,,do) = R2¥(d,,d,) =0 on 09.

This ends the proof. O

Naturally, the technical device introduced in the proof of Theorem 6.9 can be also
adapted to derive a substantial generalization of Theorem 1.1 of Hutson, Lou and Mis-
chaikow [65], which was established for the —A operator under non-flux boundary con-
ditions. Note that here we are dealing with a more general class of differential operators
under mixed boundary conditions of Robin type. Precisely, Theorem 6.9 can be extended
to cover the next class of reaction-diffusion systems

% + diL1u = uf(u,v,x)
% + doLov = vg(u,v, )
Riu=Rov =0 on 90 x (0,400),
u(+,0) =up >0, v(-,0) =v9 >0, in Q,

in Qx (0,400),
(6.24)

under the following general assumptions on f and g emphagizing the fact that the system
must be of competitive type:

(H1) f,g:R xR x Q — R are of class C! in each variable.
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(H2) For every u,v > 0 and z € Q, 9, f (u,v,7) < 0 and Oy g(u,v,z) < 0 where w € {u,v}.

(H3) There exists a positive constant M such that f(M,0,z) < 0, f(0,M,z) < 0,
g(M,0,2) <0 and ¢(0, M, z) < 0 for every x € Q.

(H4) For every x € (), there exists a unique (u.(x),v«(x)) in the non-negative cone
{(u,v) € R? : u,v > 0} such that f(u,v,z) = 0 and g(u,v,z) = 0. Moreover,
us(z )>0andv( ) >0 for all z € Q.

Q, (

d (H

(H5) For every x € OufOug — Ou fOuG)|(u(2) e (x),2) > O

According to (H2) an 5), for every x € €0, the linearization of the non-spatial model at

(1 (), vi (),

(u*(w)auf(u*(w),v*(w)am) u*(ﬁ)avf(u*(w),v*(w),w))
i (2)Dug (s (), 04 (), ) 04 (2)Dog(us (), Vi), 2) )7

has two negative eigenvalues. In addition, by (H3), the remaining steady states of the non-
spatial model are linearly unstable. This entails (u.(x),v«(x)) to be a global hyperbolic
attractor for the non-spatial model with respect to the positive cone. Consequently, the
previous conditions are actually imposing that e, = Q.

Theorem 6.10. Suppose (H1)-(H5). Then, 6 > 0 exists such that, for every di,dy < 0,
the reaction-diffusion system (6.24) possesses a unique coezistence steady state, which is a
global attractor with respect to the positive solutions.

Proof. The proof follows the same patterns as the proof of Theorem 6.9. Let us consider
(U(dy do)s V(dy,do) ) & cOEXistence steady state of (6.24). Its linear stability is a consequence of
the positivity of the principal eigenvalue of the linearization of (6.24) at (u(q, d,), V(dy,ds))
Le., the principal eigenvalue of the operator £, 4,) defined through

[dlﬁl — F(W(dyds) V(dr,do)s ) — W(dy o) Ou (U(dy,do)s V(dyda)s ')} ¢
¢ _u(dl,dz)avf(u(dl,dg)’ U(d1,d2)> ) rlr[)
L (dr,da) <w> =

[d2£2 - g(u(dl,dQ)av(d1,d2)a ') - U(dl,dz)avg( (di,d2)> V(d1,d2)s ]
_v(dl,dQ)aug(u(dl,dz dl,dg 7 )

subject to the boundary conditions (R, R2). Since 0, f and d,g are negative in [0, +00)? x
Q (see (H2)), the off-diagonal entries of £(4, 4,),

~U(dy do) O f (U(dy d2)> V(dy d2)> *) and — V(dy o) Oug (U(dy d2)> V(dy d2)> *)

are positive functions in . Thus, £(dy,dz) 18 of quasi-cooperative type and hence satisfies
the hypothesis of Theorems 5.1 and 5.4. Therefore, its principal eigenvalue is positive if it
admits a strict supersolution, (¢, ), with ¢ > 0 and ¢ < 0. In particular, it suffices that
these functions satisfy Ri¢ = Rotp = 0 on 05, whereas in 2

[d1L1 — f(Udy do) V(dr,da)s ) — U(dy,do)Out (U(dy da)s V(dy da)» ")

(6.25)
= U(dy ) O f (U(dy do)s V(dy,do)s )P > 0



6.2. Uniqueness under permanence 161

and

[d2La — g(U(d, dy)» Vidyda)s ) — V(dr,dz) Ovg(W(dy da)s V(dy,d2)» "))V (6.26)

- U(dl,dg)aug(u(dl,d2)7 v(dl,dg)’ )¢ <0.

In the special case covered by this theorem, i.e., when Qpe, = Q and 09 = F712 =12,
the singular perturbation results of Section 2.5 and Chapter 4 can be adapted to cover
the slightly more general Kolmogorov system of competitive type (6.24) in order to obtain
that

(dl,d;)rg(o,o) (u(dl,dQ),v(dth)) (U, V) uniformly in

As the corresponding proofs follow mutatis mutandis the general patterns of the proofs of
Section 2.5 and Chapter 4, and a version is provided in Lemma 3.3 of Hutson, Lou and
Mischaikow [65], its technical details are omitted here.

Thus, thanks to (H5), it follows that

(0uf009 = 00 9u9) (s ) (), V(s ) (), ) > O

for every x € Q) and sufficiently small di,ds > 0. Hence, by (H2), there exists a function
7 € C(§2) such that

2, Oy
<3u.];> (U(dr o) (%), V(ay d0) (7), ) < 7(2) < <0uz> (t(dy o) (%) Oy 0) (%), 7)-

Subsequently, we consider the same positive solutions, 0,70
Theorem 6.9, with 7y small enough so that

91
(8;;) ( d17d2)( ) U(dl,d2)(x)7m) < 97270’ (1‘) < <gzg> (U(dl’dz)(x%’U(dth)((I;)’x)

0,1

and #2 ., as in the proof of

T 10,17

for all z € Q and sufficiently small dy,ds > 0. Therefore, owing to (H2), € > 0 exists such
that

0, f( (d1,d2) ( ) v(d1,d2)(a;)7x)97270,1(x> - auf(“(dl,dQ)($)7v(dl,dQ)( ) )01170 ‘r( ) >e>0

and
8ug(u(dhdz)(x)?v(ch,dz)( ) )971]0 T( ) - avg(u(dl,dz)(m)ﬂ U(d1,d2)( ) )9770 1( ) >e>0.
It remains to show that, for sufficiently small di,ds > 0, the vectorial function

<¢(d17d2)’w(d17d2)> = (977077’ 97270, )
satisfies (6.25) and (6.26). Indeed, by substituting, we find that

diLy — f(t(dy o) V(dr,dz)s*) — W(ddz) Out (U(dy da)> V(didz) ')}9}70,7
+ U(dy o) 0o f (U(dy do)s V(dy do) s ')9?270,1
=116} — F(Udy ds)> Vdrda)s ) 0o
+ Uy o) | O f (Ui ) Vi ) Vo1 — Ou (W da)s Vs da)s Voo 7

> dl[«le,}]o T f(u d1,d2 U(d1 dz)’ ')9770,7' + Eu(dl,dz)
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and

. 1 1
d1,1c1112n—>0 dlclenoﬁ - f(u(d1,d2)’v(d1,d2)’ ')971077 + EU(dy dn)

= — [ (U, Vs, ')97170,7 4 euy = €y >0

uniformly in Q. Similarly,

- [dQEQ — 9(U(dy o) V(dy,da)s ") — V(di,do)Ovg(U(dy do)s V(dy do)s ')] 97270,1

— U(dth)aug(u(dl,dg)av(dl,dz)a ')97170,7'
= —d2£291270,1 + 9(U(dy do)> V(dy,ds) ')97270,1

— U(dy,da) [aug(u(d1,d2)’ U(dy,dz)> ')971;0,7 - 3v9(u(d1,d2)a U(dy,d2)> ')972;0,1
< —da L2021+ G(U(dy da) V(dy,da)» )Org 1 — EV(dy,da)

and

. 2 2
d1,1c1l£n—>0 —d2£29no,1 + g(u(dl,dz)’ U(dy,d2)> '>977071 — EV(dy,do)

= g(Us, Vs, -)9727071 — U = —€U, <0

uniformly in Q. Note that, by (H4), u, and v, are positive and separated away from zero
on £). This ends the proof. O

6.2.1 Optimality of the uniqueness result

Theorem 6.9 is optimal in the sense that if condition Qpe; = Q fails to be true in an
arbitrarily small ball, B.(xg), centered at some xo € Q with radius € > 0, where the non-
spatial model exhibits a founder control competition (in other words, B (zg) C Qp;), then,
owing to Theorem 5.16, (6.22) might admit at least three coexistence states for sufficiently
small diffusion rates. A possible strategy to realize what is going on consists in modeling
this change of behavior through some additional parameter incorporated to the setting of
the model, in order to mimic such transition in a continuous way. Let a(z), d(z), b(x) and
¢(z) be four positive continuous functions on €2 such that for some xq € {2

a(zo)  AMzo)  b(zo)

(o) aao)  d(zo) (020
i @) _ Mo) _ b(a)
) > @) > ) for all z € Q\ {zo}. (6.28)
For instance, the one-dimensional choices in 2 = (—1, 1) given by
a(r) =d(z) =2, Mz) =p(z) =1, b(z) =c(z) =2 2%, zc[-1,1], (6.29)

satisfy (6.27) and (6.28) with 9 = 0. Next, we consider (6.22) for these choices of \(x),
p(z), a(z), d(z), and (b,c) := (b, c,), where

by(x) := pb(x), cp(x) = pe(x), r€Q, p>0,
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where p is regarded as a parameter measuring the intensity of the aggressions between the
antagonist species, u and v. According to (6.27) and (6.28), it becomes apparent that, for
every p € (0,1),

a(z) _a(x) M) _ blx) _ pb(x)

(@)~ ez) ~ plz)  d(@)  d()

Consequently, in such range of values of p, Qper = Q and, owing to Theorem 6.9, (6.22)
possesses a unique (linearly stable) coexistence state, which is a global attractor with
respect to the positive solutions of (4.1) for sufficiently small d; and dy. By construction,
the condition Qper = Q) fails to be true at p = 1, where Qper = Q\ {z0}, as well as for
p > 1 sufficiently close to 1, where there are a maximal 1 := £1(p) > 0 and a minimal
g9 1= g9(p) > €1 such that

for all z € Q.

B, (19) C Qi and  Q\ Be,(z0) C Qper-

Actually, e2(p) can be taken arbitrarily small by choosing p > 1 sufficiently close to 1, i.e.,
lim,}1 e2(p) = 0. In other words, for p > 1 sufficiently close to 1, the main assumption of
Theorem 6.9 is ‘almost’ satisfied, except for a small ball centered at xg, Be,(xo), where
Qpi # 0. Thus, thanks to the multiplicity result delivered in Theorem 5.16, at least for
the symmetric choice (6.29) with d; = dg, the problem (6.22) might exhibit, in general,
at least three coexistence states for sufficiently small diffusion rates. Figure 6.1 shows an
admissible bifurcation diagram of coexistence states in terms of the parameter p.

(S —

d — pub .
<ad — SZJC) () u(dlsd%ﬂ)(xo)

Figure 6.1: An admissible bifurcation diagram of g, 4, ,) versus p.

As one cannot represent the entire functions on the ordinate axis, Figure 6.1 plots,
for small fixed values of dy and dy, the components u, 4, ) Of the coexistence states
(U(dy da,p)s V(d1,do,p)) OF (6.22) versus the continuation parameter p using a continuous line,
together with the u-components of the unique coexistence state and the semitrivial positive
solutions of the associated non-spatial model with dashed lines, i.e.,

Ad — pb pa — Ac Ad — ppb  pa — Apce A W
, = , , —,0 and (O, —) .
ad —be’ ad — be ad — p2bc’ ad — p2be a d
As p < 1, the assumptions of Theorem 6.9 hold and the unique coexistence state of
(6.22) is a global attractor for the component-wise positive solutions of (4.1). Similarly, the
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coexistence steady state of the non-spatial model is a global attractor for its component-
wise positive solutions, and each of the semitrivial positive steady states is linearly unstable.
Note that, according to Theorem 4.4, u (g, 4, ) can be taken as close as we wish to 23:’;3 by
choosing d; and dy sufficiently small. According to Theorem 5.16, as p crosses some critical
value, po(dy,ds) ~ 1, the principal eigenvalue, say o1(dy,ds, p), of the linearized system
at the coexistence state that perturbs from the coexistence steady state of the non-spatial
model crosses zero and becomes negative, provoking a pitchfork bifurcation to, at least, two
additional coexistence states of (6.22), which, according to the linearized stability principle,
[25], should be linearly stable. As dj,ds — 0 we conjecture that these stable coexistence
states approximate each of the (linearly stable) semitrivial positive steady states of the
non-spatial model, and that

dl,léﬂopo(dl’dﬁ =L

From a technical point of view, the fact that o1 (dy, da, p) changes sign as p crosses po(dy, d2)
for sufficiently small dy and dy shows how the proof of Theorem 6.9 works out exclusively
when Qper = Q.

Summarizing, when the coefficients of the model move away from their original values
where Qper = ) to any other situation case such that Qper 18 a proper subset of Q and Oy
is non-empty, the principal eigenvalue of the global attractor looses positivity crossing zero
just when Q; becomes non-empty. Since the fact that

dl}gn—m o1(d1,dz2,p) =0
ptl

is exclusively based on the values of the coefficients of the model for p < 1, it becomes
apparent that actually this is the main technical difficulty for getting general uniqueness
results in truly spatially heterogeneous landscapes, where permanence and dominance re-
gions, i.e., (e, 24, and €Y, can coexist within the same habitat, in the sense that the
proof Theorem 6.9 cannot be adapted to treat these general situations. However, this
difficulties are overcome for a wide family of models in the next section through the use of
Picone’s Identity.

6.3 Global uniqueness under low competition

This section derives from Picone’s identity, as stated in Theorem 3.1, a general sufficient
condition so that every coexistence state of a general class of diffusive Lotka—Volterra low
competition systems is linearly stable, which entails their uniqueness. Note that it is said
that low competition occur whenever

bc <ad in €.

Unlike previous sections, here we assume that, for every ¢ = 1,2, £; is an uniformly
elliptic second order self-adjoint operator of the form

,CZ' = *le(AZV) + Cl',

where 4; € MP™(C1(Q)) is definite positive, and C; € C(€).
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More precisely, throughout this section the linear stability of the coexistence steady
states of (4.1) is established under low competition if the estimate (6.31), involving the
coefficients a, b, ¢, and d, and the functions

Fi(k) = é (27 — 18k — k% £ (9 — k)*/?(1 — k)1/2) . kelo,1], (6.30)

holds. The precise profile of both F.y and F_ is plotted in Figure 6.2. In particular, it shows
that strict low competition in the whole € facilitates the linear stability of all coexistence
steady states, with independence of the values of the diffusion rates, d; and do, and the
growth rates, A and pu.

3 F (k)

2

1 F_(k) (1,1)
0 01 02 03 04 05 06 07 08 09 1 k

Figure 6.2: Plots of the functions F_ and F; with respect to k.

The main result of this section can be stated as follows.

Theorem 6.11. Suppose that k := % <1in Q, and that

max (?jﬂ(@) < min <C§F+(n)) , (6.31)

Q

with Fy defined as in (6.30).Then, every coexistence state of (4.2) is linearly stable.

Proof. Let (u,v) be a coexistence state of (4.2). Then, the linearized stability of (u,v)
as an steady-state solution of (4.1) is given by the signs of the eigenvalues of the linear
eigenvalue problem

[diLy — A+ 2au+ bv]p+bu) = op in Q,
[doLo — p+2dv + cult) + cop = oyp in Q, (6.32)
8190 == BQI/J =0 on 8@

Since b(z)u(x) > 0 and c(z)v(x) > 0 for all z € Q, it follows from Theorem 5.1, which
goes back to |7, Th. 1.3], among other references, that (6.32) possesses a unique principal
eigenvalue, o, associated with it there is an eigenfunction (¢, %) with ¢ > 0 and ¥ < 0.
Note that |7, Th. 1.3] extends the findings of [90] to cover our general setting even in the
context of periodic-parabolic problems.

Particularizing (6.32) at o = 0, multiplying the first equation of (6.32) by u and using
the u-equation of (4.2) yields

ooup = udi L1 — pu(X — au — bv) + u?(ap + b))

, (6.33)
=di(ulyp — pLiu) + u*(ap + b).
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Similarly, multiplying the second equation of (6.32) by v and using the v-equation of (4.2),
it is easily seen that

oovy) = vdaLot) — v — dv — cu) + v2(dip + cp)

, (6.34)
= do (VLo — Y Lov) + v*(dip + cip).

Multiplying (6.33) and (6.34) by ﬁ—j and f—j, respectively, and integrating in €2 it becomes
apparent that

oo [ £ =ir [ (£) werp—pta + [ ap+iw),

3 2
o0 v d2/ <¢> (vLo®) — Y Lov) +/ 2 (e + cp).
Qv Q\v Q
On the other hand, applying Theorem 3.1 with ¢(¢) = #> and using the uniform ellipticity
of £1 and Lo provides us with the estimates

/Q <%)2 (ulip — pLiu) = AQU@(VZ,Alv(l'j) — /BQ (%)2 [DuRy¢ — DpRul

(6.35)
:/2u<p<VSO,A1V(p>ZO,
0 u u
and
P\ ? B LR
/| (U) (vt = 60) = [ 200(9%, 4,97 - /a e

- / 200V, 4,9%) <0,
Q v v

where we have used that

Du=Dp=0 on Tk, Ru=Rp=0 on Ik,
Dv=Dy=0 on ', Rv=RyY=0 on T'%,

as well as the fact that u,v,¢ > 0 and ¥ < 0 in €. Hence, the inequalities derived in
(6.35) and (6.36) yield the estimates

3 3
Uo/QiZ/QSOZ(WJrW) and —00/91/1})2—/91#2(&%74'6“/1)-

Therefore, for every positive constant & > 0, we find that

oo < /Q “‘;3—5 /Q f’) > /Q [0 (ap + bp) — €% (e + dp)] (6.37)

Next, we will ascertain the values of ¢ > 0 for which

0 (ap 4+ b)) — Y% (cp 4+ dip) >0 in Q.



6.3. Global uniqueness under low competition 167

Dividing by —? and setting y := —@/%, it suffices to show that, for every y > 0, ¢ satisfies
v (ay —b) —E(cy—d) >0 in Q.
Further, setting z = gy > 0 and dividing by d yields

ad

Note that, since x = % < 1in Q, (6.38) holds if 2 € {0,1} for every & > 0. Hence, the
inequality (6.38) can be split into

ad® , (Z be ) >¢(z—1) in Q. (6.38)

2 _
‘“é 227N S e in Q forall 2> 1,
& z—1
and P2
L2 D <t in Q forall z€(0,1).
C z—1

Therefore, in order to get (6.38) for all z > 0 and x € € it suffices to make sure that the
constant & satisfies

ad? 92 — K ad? 92 — K
— s <&E< —inf in €. 6.39
3 0251(2;;_1) &< c3 gl( z—1 o (6.39)
Subsequently we consider the function
—k
F(zk) = 222 L 220, 241 ke (01)
v —
Note that here k is a constant, not a function, like x := k(z). By differentiating with
respect to z yields
dF( k) (322 = 2kz) (2 — 1) — (23 — kz?) 223 — (3 +k)2% + 2kz
—\ 2 = =
dz "’ (z—1)2 (z—1)2

Thus, the critical points of F(-, k) are given by the roots of
(222 — (34 k)z+2k)z =0,

which are z = 0 plus

(k) 3+ k+t/BrRZ-16k 3+k+/O-k)(1—Fk)
= - _ ; _

It is straightforward to check that if k& < 1, then F(-, k) has local minimum at z4 (k) €
(1,+00), which is global in z € (1 + c0), and it has a local maximum at z_(k) € (0,1),
which is global in z € [0,1). Moreover,

ze (k) —k
ze(k)—1

(3+k Sk« (34 k) (9—k)(1—k)) (3—3ki\/m)
8(—1+ki\/m)

((3+k:)2—8k:i(3—|—k:)\/(9—k)(1—k)> (BVT—F+V9—F)
8(—vV1—-k£V9—k)

Fy(k) = F(zx(k); k) = 23.(k)
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(z4(k), Fy(k))

(z-(k), F_(k))
—

0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 18 2
1 :

Figure 6.3: Plot of the function F for £ = 0.8, together with its relative minimum and
maximum.

and, rationalizing and simplifying, we find that

@+W—%iww)@—muwg@4iwmwm—w
16

1

=2 [—kQ— 18k + 27+ (9 — k) (9—/{)(1—1@)} .

Fyi(k) =

Hence, the condition (6.39) can be rewritten, equivalently, as

ad? ad? )

073 7(K/) S 5 S 673F+(K,) in Q. (640)
Therefore, if there exists a constant £ > 0 satisfying (6.40), then (6.37) yields oo > 0.
Naturally, the condition (6.31) guarantees the existence of £ > 0 such that (6.40) holds.
Let us check that actually o9 > 0. Indeed, arguing by contradiction, assume that og = 0.

We claim that, in such case,

/Qngp<Vi,A1V(5>:/QQU@Z}(V¢

DR
v

Y

AV =) = 0.
v

Indeed, if either

/2“¢<V¢7A1V<p> >0, or /ZWWw,Asz) <0,
Q u u o " .

then,

S03 ¢3
00/ LS / FPlap +by), or —ao/ L —/ G (e + di),
Qu Q Qv Q
respectively and, hence, by the choice of &, we find that

0=a0 ([ £ [ L) > [ [Plar+b0) - evt(eo+du)] 20

which is a contradiction. Thus, since A7 and A, are definite positive, it becomes apparent
that ¢ and 1 are proportional to u and v, respectively. Consequently, going back to (6.33)
and (6.34), we find that

0=¢*(ap+by) and 0=v*(dy +cp) in Q,
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or, equivalently,
O=ap+b=dy+cp in €,

which implies ad = be in 2 and contradicts our assumption that

K= 22+1 in Q.

This contradiction shows that oy > 0 and ends the proof. O

The next result provides us with easy-to-check conditions on the coefficients a, b, ¢ and
d, so that Theorem 6.11 holds. It is [38, Th. 9.1].

Corollary 6.12. Assume that bc < ad in ) and that “ci;, or bgl, or %, or a%, 18 constant
on Q. Then, every coexistence state of (4.2) is linearly stable.

Proof. Tt sufﬁces to show that, under the assumptions, (6.31) holds. On the one hand,
setting k 1= d? we have that

bd ad? b? o ad? b sad?

c2

= K— = =K —5
3’ ac 3’ a2d 3’

On the other hand, for every k € [0, 1],

F+(k)—1:%[—k2—18k+19+(97k) (9—l<:)(1—k)]
%[(19+k)( ~R) 4O - MV R k)] 20
and
K — P (k) = é{8k3+k2+18k—27+(9 ON/CED
:é[ (8k2 + 9k + 27)(1 — k) + (9 — k) (9—k)(1—k)}
1 16k3(1 — k)(4k? + 5k + 23)
8 (8k2+ 9k +27)(1— k) + (9 — k)\/(O— k)1 — k)
Thus,

F (k) <K<K <k<1<F.(k) forall kel0,1],

which can be appreciated on Figure 6.2. Hence,

“dQF(bC> <

L
c3 ad a2d —
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Note that, in particular, Corollary 6.12, and thus Theorem 6.11, always applies when
a, b, c and d are positive constants such that k = be/ad < 1, situation studied by He and
Ni [55, Th. 3.4 (iii)] for the choice

Ly =Ly=-A

under non-flux boundary conditions. However, Theorem 6.11 provides us with the linear
stability of the coexistence states of (4.2) not only in the case of constant coefficients,
but also in a wide range of situations where two among the coefficients a, b, ¢ and d are
arbitrary while the remaining ones are chosen so that all assumptions of Theorem 6.11 are
fulfilled. For example, choose ¢ and d arbitrary and pick n > 0, take

_ne
=
and finally choose any function b such that
b @ _ e
~ ¢ d -’

Note that b can be arbitrary by choosing 7 sufficiently large. Another advantage of Theorem
6.11 is that it provides us with a method that guarantees the linearized stability of any
coexistence state though an easily computable condition.

It is worth-emphasizing that the growth rates of the species, A and pu, do not play any
role in Theorem 6.11. However, they are ultimately responsible of the dynamics of the
associated non-spatial model (d; = d2 = 0). Thus, for any given domain Q and functions
a, b, c and d satisfying the hypothesis of Theorem 6.11, X\ and p can be chosen so that, for
every x € €, the non-spatial model (4.5) can exhibit any desired low-competition dynamics,
as soon ag it respects the continuity of A and p. This feature reveals the huge versatility
of Theorem 6.11, for as it can be applied independently of the underlying non-spatial
dynamics of (4.5).

Furthermore, Theorem 6.11 is optimal in the sense that it is not true in its greatest
generality (non-dependence on di, dg), if k(z) > 1 for some = € €, as shown by the
multiplicity result for the symmetric model delivered in Theorem 5.16.

To conclude, the next result characterizes the existence and uniqueness of coexistence
solutions in terms of the existence and linearized stability of the semitrivial solutions,
(014, 7a},0) and (0,04, ,.qy). Such characterization constitute the main result of this
chapter, which can be stated as follows.

Theorem 6.13. Assume that k = % <1linQ. If
d? d?
max <a3F(/£)) < min <GF+(H)> )
Q c

with Fy defined as in (6.30), then:

(a) If both semitrivial solutions exist and are linearly unstable, then (4.2) admits a unique
coexistence state. Moreover, it is a global attractor for the component-wise positive
solutions of (4.1).
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(b) In any other case the system (4.2) does not admit any coezxistence state.
(¢) Both semitrivial solutions of (4.2) cannot be linearly stable simultaneously.

(d) If a semitrivial solution of (4.2) is linearly stable, then it is a global attractor for the
component-wise positive solutions of (4.1).

(e) If the trivial solution of (4.2) is linearly stable, then it is a global attractor for the
component-wise positive solutions of (4.1).

In particular, if Qper # 0, or QY # 0 and QY # 0, then (a) holds for sufficiently small
di,da > 0 by Corollary 5.12.

Proof. Much like in the proof of Theorem 6.8, the equality (6.21) holds by the additivity
property of the fixed point index (see Theorem 11.1 of Amann [3]), provided both semitriv-
ial states exist. Thus, as a straightforward consequence of Lemmas 6.3, 6.4, 6.6, and 6.7,
the system (4.2) admits a unique coexistence state in the next case

(A) If O’1[d1£1 — )\,;Bl,Q] <0, O'1[d2£2 — W BQ,Q] < 0, and
o1[d2La — p+ cbig, xay; Ba, 2] <0, o1[di L1 — A+ b0, pay; B, Q] <0,
i.e., if both semitrivial states do exist and are linearly unstable.

On the other hand, (4.2) cannot admit a coexistence state in each of the following cases:
(B) If o1[d1L1 — A\ B1,9Q] <0, 01[doLo — p; Ba, Q] < 0, and
o1[daLy — pu+ B¢, xa}; B, Q] <0, oldi L1 — A+ b0dy ,ay; B, Q] > 0.
(C) If o1[di L1 — A B1,9Q] > 0 and o1[d2Le — p; B2, 2] < 0, which implies o1[d1 L1 — X +
b0ty p,ay; B, €2 > 0.
(D) If oq[d1L1—X; B1,Q] > 0, o1[d2 Lo — p; B2, 2] > 0, i.e., there are no semitrivial states.

(E) If [ea] [dlﬁl — )\; Bl, Q} < 0 and o7 [dgﬁg — M;BQ, Q] > 0, which implies 01 [dQEQ — U+
Ce{dh/\,a}; B, Q] > 0.

(F) If Jl[dlﬁl — )\;81,9] < 0, 01[d2£2 — U; BQ,Q] < 0, and

o1[daLly — p+ g, zay; B2, 2] > 0, o1[d1 Ly — X+ 014, 40y B1, Q] < 0.

By the additivity property of the fixed point index, should they exist, the semitrivial
solutions cannot be simultaneously linearly stable. All these regions have been represented
in Figure 6.4 in the special case when A and p are positive constants.

It remains to make sure that there are no coexistence states on each of the following
limiting cases:

(I) Jl[dlﬁl — )\; Bl,Q} < 0 and 01[d2£2 — M;BQ,Q] = 0, or O’1[d1£1 — )\;81,9] =0 and
o1ldoLy — u; Be, 2] < 0.
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(1) o1[d1 L1 — \; By, Q]

>
o1]doLo — p; Ba, Q] >

0 and Ul[dgﬁg — M;BQ,Q] = 0, or Ul[dlﬁl — )\;Bl,Q] =0 and
0.

(II1) o1[d1L1—X; B1,92] < 0 and 04 [d2£2_ﬂ+69{d1,/\,a}5 B2, Q] =0, or o1[deLo—p; B2, Q] <
0 and o1 [dlﬁl — A+ b@{d%%d}; B, Q] =0.

A = o1[d1Ly + b04, p.ay; B1, Q]

"t @
(A)

(o1[diLy; By, ), 01[daLy; Ba, 2])

(D) (E)

|
|
|
|
Figure 6.4: Plot of an admissible (A, x1)-plane for a problem whose coefficients satisfy the
hypothesis of Theorem 6.13.

The non-existence in Cases (I) and (II) follows from the fact that the existence of both
semitrivial steady states is necessary for the existence of coexistence steady states. Indeed,
if there exists a coexistence steady state, (ug, vg), then, by the monotonicity of the principal
eigenvalue with respect to the potential established in Theorem 2.12(a), we have that

0= Ul[dlﬁl — X+ auyg —i—bvo;Bl,Q] > Ul[dlﬁl — )\;Bl,Q]

and
0= Jl[dgﬁg — U+ cupg + d'U(];BQ,Q] > O’1[d1£1 — u; Ba, Q]

It should be noted that this argument also provides us with the non-existence in situations
(C), (D) and (E)

On the other hand, the non-existence in Case (III) will be proved through an argument
involving the implicit function theorem. Such argument reads as follows. Suppose that
(4.2) admits a coexistence state, (ug,vp), and, for every €1, € R, consider the problem

diLiu= (A4 e1)u —au? —buv in Q,
doLov = (pu + e2)v — dv? — cuv  in Q, (6.41)
Blu = BQ'U =0 on Of).

Note that (6.41) satisfies the hypothesis of Theorem 6.13 as soon as (4.2) does. Now,
the coexistence state (ug,vg) solves (6.41) for the choice (£1,e2) = (0,0). Moreover, the
linearization of (6.41) with respect to (u,v), particularized at (1,e2) = (0,0), evaluated
at (ugp,vp), is invertible, because, due to Theorem 6.11, its principal eigenvalue is positive.
Then, the implicit function theorem provides us with a smooth surface of coexistence
states for sufficiently small e1,e9. In particular, there exists gy such that (6.41) admits
a coexistence state for all €1,e9 € [—£p,ep]. Furthermore, due to Theorem 6.11, these
coexistence states are linearly stable.
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Now, suppose that we are under the assumptions of the first part of Case (III), i.e.,
O’1[d1£1 — )\;Bl,Q] <0 and 01[d2£2 —u+ c9{d17,\7a};82,ﬂ] =0,

and that (4.2) admits a coexistence state. Then, by the implicit function theorem, (6.41)
also admits a coexistence state with €1 = 0 and g2 = —gq for sufficiently small g9 > O.
Moreover,

o1]d2L2 — (1 — €0) + by xay; B2, ] > 0,

which fits the situation (F) provided &g is chosen so that
01 [dQ,CQ — (,U, — Eo); BQ, Q] < 0.

This is impossible, as we already know that the problem cannot admit a coexistence state
in that situation.

To conclude the proof of Theorem 6.13, it suffices to note that if (4.1) admits a unique
linearly stable steady state, and the remaining steady states are linearly unstable, or lin-
early neutrally stable, then the model (4.1) is compressive. Therefore, by Remark 33.2,
Theorem 33.3 and Theorem 34.1 of Hess [56], such a linearly stable steady state is a global
attractor for the component-wise positive solutions of (4.1). O

Going back to Figure 6.4, and according to Theorem 6.13, we have that when (A, u) €
R? is located in the shaded region of Figure 6.4, i.e., region (A), then (4.2) admits a unique
coexistence state which is a global attractor for the component-wise positive solutions.
Moreover, if (A, u) belongs to either regions (B), (C), (E) or (F), and the semi-axis between
them, then the stable semitrivial solution ((0(4,,,q4}) in (B) and (C), and (04, » 4}, 0) in (E)
and (I)) is actually a global attractor for the component-wise positive solutions because
in those situations there are no coexistence states and the system is compressive towards
the appropriate semitrivial steady state (see Theorem 34.1 of Hess [56]). Finally, in region
(D) the trivial solution must be a global attractor with respect to the positive solutions of
(4.1).
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