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Theglobalcolourmodel(GCM) of QCD is a quark-gluonquantumfield theorythatvery
successfullymodelsQCD for low energy hadronicprocesses.An effective gluon corre-
lator modelsthe interactionbetweenquarkcurrents.Functionalintegral calculusallows
the GCM to be hadronised.The dominantconfigurationof the hadronicfunctionalinte-
gralsis revealedto betheconstituentquarkeffect, andis identicalto thetruncatedquark
Dyson-Schwingerequations(tDSE).However theGCM shows thathadronicphysicsre-
quiresprocessesthatgo beyondthetDSE.In this review examplesof mesonandnucleon
processesaregiven.TheGCM alsoplaysa pivotal role in showing how QCD maybere-
latedto many otherhadronicmodels.
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1. Introduction

Wereview theglobalcolourmodel(GCM) (Cahill andRoberts(1985)[1]) of quantum
chromodynamics(QCD) with particularemphasison its hadronisationandthe resulting
applicationsto low energy mesonandnucleonprocesses.Otherreviews of theGCM are
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Cahill (1989)[2], Cahill (1992)[3], RobertsandWilliams (1994)[4], Tandy(1996)[5],
Cahill and Gunner(1997) [6] and Tandy (1997) [7]. QCD is definedby the quantisa-
tion of the quark-gluonfields with classicalactionS

�
q� q � Aa

µ� . However all evidencefor
the quarksandgluonsis provided by the propertiesandinteractionsof the hadronsand
by processesinvolving theelectroweakparticles.Thesehadroniclaws areencodedin an
effectiveactionS

�
π � ρ � ω � � � � N � N � � � , whereπ � x� � � � � N � x� � N � x� � � � � arefieldsdescribingcom-

positeconstituent(equivalentlycoreor bare)hadrons,with centre-of-masscoordinatesx.
Thesehadronicfieldsareto be quantisedsubjectto this effective action,yielding finally
the observablesof QCD. Suchan effective actionmustclearly be non-localbecauseof
thecompositenatureof thesehadrons.While a generalderivationof S

�
π � � � � N � N � � � from

S
�
q � q � Aa

µ� hasnot beenachieved, it is possibleto do this hadronisationwithin theGCM.
The hadronisationusesfunctional integral calculus(FIC) techniques,which amountto
dynamicallydeterminedchangesof integrationvariablesin thefunctionalintegral formu-
lationof theGCM;�

DqDqDAexp� � SGCM
�
A � q � q� �	� � Dπ � �DNDN � � exp � � S

�
π � � � � N � N � � � � � � (1)

Heretheconstituenthadronsareessentiallythenormalmodes.A particularfeatureof the
GCM is that it playsa pivotal role in relatingvariousseeminglydifferentmodellingsof
QCDasshown in Fig. 1,andtheserelationshipswill bediscussedlater. A key taskin using
theGCM is thedeterminationof the low energy quark-gluonprocessesfrom experimen-
tal data.In recentyearstherehave beenthreesuchextractionsof increasingcomplexity:
GCM95[8], GCM97[9] andGCM98[10]. We reportherenew detailedab initio studies
of thenucleonwithin theGCM in which oneproceedsin a rigorousmannerfrom theex-
perimentallydeterminedlow energy quark-gluonprocessesto detaileddynamicalstudies
of thenucleon,includingdressingby thepions.

QCD 
 GCM 
 Hadronisation 
 OBSERVABLES

� � �
� � � Trunctated DSE 


� � � � � �
Lattice

�

 Hadron Correlations

� � �� � �
NJL, ChPT

MIT,Cloudy Bag,
Solitons,QHD,QMC

� � � � � �� � � ���� ��� � � �
� � �

Fig. 1. Relationalmapof theGCM to QCDandvariousothermodellings.

2. Globalcolourmodel
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Herewe discussthe constructionof the GCM from QCD. In the functional integral
approach,correlatorsaredefinedby��� � � �

x
� � � � ����� DqDqDADCDC

� � � �
q
�
x
� � � � � �

exp
�  

SQCD ! A � q � q � C � C" �� DqDqDADCDCexp
�  

SQCD ! A � q� q � C � C" � (2)

wherethe‘classical’actiondefiningchromodynamicsis, in Euclideanmetric,

SQCD ! q � q � Aa
µ" �$# d4x % 1

4
Fa

µνFa
µν & 1

2ξ
�
∂µAa

µ
� 2

& q
�
γµ
�
∂µ
 

ig
λa

2
Aa

µ
� &(' � q) � (3)

This involvesthequarkandgluonfieldsandthefield strengthtensorfor thegluonfields.' �+* mu
�
md
� � � ,

arethe quarkcurrentmasses,andghost(C
�
C) andgaugefixing terms

mustbe addedto SQCD in (3). Thechromodynamicactionclearly hastwo importantin-
variancegroups,Poincaŕesymmetryandthelocalcoloursymmetry. Thevariouscomplete
(denotedby scriptedsymbols)correlators

�
leadto experimentalobservables.They arere-

latedby aninfinite setof coupledDyson-SchwingerEquations(DSE),andby theSlavnov-
Taylorgauge-symmetryidentitiesand,in thechirallimit, to theaxialWard-Takahashiiden-
tity (AWTI). Theusualtruncationof theseDSEcausestheviolationof all theseidentities.
Thecorrelatorsin (2) maybeextractedfrom thegeneratingfunctionalof QCD,

ZQCD ! η � η � J" � # DqDqDADCDCexp
�  

SQCD ! A � q � q � C � C" & ηq & qη & JA
� �

(4)

Functionaltransformationsandapproximationsleadto theGCM; briefly andnot showing
sourcetermsfor convenience,thegluonandghostintegrationsareformally performed#

DqDqDADCDCexp
�  

SQCD
���-#

DqDqexp
�  .#

q
�  

γ
�
∂ &-' � q

& g2
0

2
#

jaµ
�
x
�
jaν
�
y
� �

µν
�
x
 

y
�
d4xd4y & g3

0

3!
#

jaµ jbν jcρ
� abc

µνρ & � � � � � � � � d4xd4y (5)

where jaµ
�
x
�/�

q
�
x
� λa

2 γµq
�
x
�
, g0 is the barecouplingconstant,and

�
µν
�
x
�

is the gluon
correlatorwith noquarkloopsbut includingghosts(C

�
C)�

µν
�
x
 

y
��� � DA 0 CDCAa

µ
�
x
�
Aa

ν
�
y
�
exp
�  

SQCD ! A � C � C" �� DADCDCexp
�  

SQCD ! A � C � C" � �
(6)

Figure2 showssuccessivetermsin (5).Thisinfinitesequenceis adirectconsequenceof the
local non-abeliancoloursymmetry. Thetermsof higherorderthanthetermquarticin the
quarkfieldsaredifficult to explicitly retainin any analysis.TheGCM modelsthe effect
of higherordertermsby replacingthe couplingconstantg0 by a momentumdependent
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quark-gluoncouplingg 1 p2 2 , andneglectingtermslike 3 abc
µνρ andhigherorderin (5). This

g 1 p2 2 is a restrictedform of vertex function. The modificationg2
0 3 µν 1 p2/4 Dµν 1 p2/5

g 1 p2 2 3 µν 1 p2 g 1 p2 2 andthe truncationthendefinesthe GCM. We alsocall this effective
quark-quarkcouplingcorrelatorDµν 1 p2 theeffective gluoncorrelatorandshow included
processesin Fig. 3. As discussedhereDµν 1 p2 maybedeterminedfrom experimentaldata.
We thenformally definetheGCM asthequark-gluonfield theorywith theaction

SGCM 6 A 7 q 7 q8 5-9 d4x : q 1 ; γ < ∂ =->?= iAa
µ

λa

2
γµ
2 q = 1

2
Aa

µD @ 1
µν 1 i∂ 2 Aa

ν A (7)

andthegeneratingfunctional

Z 6 J 7 η 7 η8 5-9 DqDqDAexp1 ; SGCM 6 q 7 q 7 Aa
µ8 = ηq = qη = Ja

µAa
µ
2 < (8)

(a) (b) (c)

Fig. 2. Diagrammaticrepresentationof successive termsin the quarkactionin (5). The
quark-gluonvertex strengthis g0, while thegluon-gluonvertices(includinggluoncorrela-
tors)arefully dressedexceptfor quarkloops.

(a) (b) (c)

Fig. 3. (a)TheGCM effectiveDµν in (7), (b) exampleof correlationsformally includedin
(a),andin (c) ann 5 4 processnot formally includedin (a),but which is modelledin the
GCM via thespecificform of Dµν.

HereD @ 1
µν 1 p2 is thematrix inverseof theFouriertransformof Dµν 1 x2 . TheactionSGCM

is invariantunderq 4 Uq 7 q 4 qU† andAa
µλa 4 UAa

µλaU†, whereU is a global 3 B 3
unitary colour matrix; this is the global colour symmetryof the GCM. The gluon self-
interactionsthatariseasa consequenceof the local coloursymmetryin (6) andtheghost
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andvertex effectsleadto D C 1
µν D pE in (7) beingnon-quadratic.Hence,in effect, theGCM

modelstheQCDlocalgluonicaction F Fa
µν G AH Fa

µν G AH in SQCD of (2) whichhaslocalcolour
symmetry, by a highly nonlocalaction in the last term of (7) which hasglobal colour
symmetry. It is importantto appreciatethat while the GCM hasa formal global colour
symmetry, thedetaileddynamicalconsequencesof thelocalcoloursymmetryof QCDare
modelledby theparticularform of D D pE . Thereis anInfrared(IR) saturationeffectwhich,
in conjunctionwith thedynamicalbreakingof chiralsymmetry, appearsto suppressdetails
of the formal colour gaugesymmetryof QCD. As well, in the chiral limit IKJ 0, the
GCM actionhasUL D NF E�L UR D NF E symmetry:theq M q partof Smaybewritten qγµq N
qRγµqR O qLγµqL, whereqRP L N PRP Lq and qRP L N qPL PR. Thesetwo partsareseparately

invariantunderqR J URqR Q qR J qRU†
R andqL J ULqL Q qL J qLU†

L .
A key featureof theGCM analysisis thedemonstrationthat this effective gluoncor-

relatorDµν D pE is successfulin a varietyof hadronicprocesses,i.e. it is a universal feature
of low energy hadronicprocesses.The successof the GCM appearsto be basedon the
phenomenonof anIR saturationmechanismin which theextremeIR strengthof themany
contributingquark-quarkcouplingsis easilymodelledby this oneeffectivegluoncorrela-
tor. This wasusedin the context of the truncatedDyson-Schwinger(tDSE)approachby
MunczekandNemirovsky [11] who useda delta-functionform. Of particulardynamical
interestis the comparisonof this Dµν D pE with oneconstructedtheoreticallyfrom only a
gluoncorrelatorandvertex functions,sayfrom continuumor latticemodellings,for this
givessomeinsightinto theIR strengthof thehigherordergluoniccouplings.

3. Hadronisation

Hadronisationisageneralisationof thebosonisationconceptto includethefermionic(baryonic)
states.Bosonisationis naturallyand conveniently inducedusing the FIC methods,and
indeedthe GCM is a spinor-bosonfield theory which may be exactly bosonisedin 4-
dimensionalspacetime.A key featureof theGCM bosonisationis theuseof bilocalfields
which simply indicatesthat the completetheory is expressibleusing two-point correla-
tors asan equivalentsetof functional integrationvariables.As we shall seethe bilocal
bosonisation(which precedesthehadronisation)not only generatesthemesoniceffective
action,but alsocarriesstructuralinformationwhich is essentialin understandingthecou-
plingsof thesemesons.This information(i.e. vertex functions)is essentialto thepredic-
tion of hadronicpropertiesandinteractions.If we throw away this emergentinformation
we areleft with a non-renormalisableeffective field theorywith no predictive properties.
Therearetwo alternative first stagebosonisationsof the GCM. The first onein 1985in
which Cahill andRoberts[1] introducedcoloursinglet,andcolouroctetmesoniccorrela-
tionshadtwo problems:(1) thecolouroctetcorrelationsdid not appearto have any clear
physicalsignificance,and (b) the baryonicstateswerenot manifest.However, in 1989
Cahill, PraschifkaandBurden[12] discovereda meson-diquarkbosonisationwhich was
inducedby new colour andDirac spinorFierz identitiesandwhich involved the colour
singletmesonicstatesandthecolour3 (qq) and3 (qq) diquark/anti-diquarkstates,these
beingthevery coloursubcorrelationspresentin coloursingletbaryonsandanti-baryons.
Themeson-diquarkbosonisationthenled to themeson-baryonhadronisationof theGCM
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(Cahill 1989)[13]. This hadronisationautomaticallyproducedthecovariantFaddeev for-
mulationof theconstituentbaryonstates,andalsothemesondressingof thesestates;see
later sections.In this review we concentratemainly on this modernhadronisationof the
GCM, which is summarisedby thefollowing sequenceof FIC transformations:

Z RTS DqDqDAexpU V SQCD W A X q X qY Z ηq Z qη [\ S DqDqDAexpU V SGCM W A X qX qY Z ηq Z qη [ (GCM)R S D ] D ^ D ^ exp U V SW ]_X ^`X ^_Y [ (bilocalfields) (9)R S DNDN a aDπDρDω a a a expU V Shad WN X N X a a π X ρ X ω a a a a Y [ (local fields). (10)

The basicinsightsare that (i) the quark-gluondynamicsin (2) is fluctuationdomi-
nated,whereasthe hadronicfunctionalintegrationsin (10) arenot, (ii) the bilocal stage
in (9) producesthe constituentquarkeffect asthe dominantconfiguration,and(iii) this
entailstheIR saturationeffect andthedynamicalbreakingof chiralsymmetryandits sig-
nificantconsequences,and(iv) the inducedhadroniceffective actionin (10) is nonlocal.
Thehadronisationhasalsobeenfurtherstudiedin Refs.14–19.

3.1. Meson-diquarkbosonisation

Herewe review themeson-diquarkbosonisation[2] of theGCM, giving (9). TheFIC
techniquesamountto analoguesof various‘tricks’ of ordinaryintegral calculus.Integrat-
ing out thegluonfieldsZ becomes,

Z W η X ηY R$S DqDqexp b V SW qX qY Z ηq Z qη c	X (11)

where, SW q X qYdR S b q U x[ U γ a ∂x Z(ef[ δ4 U x V y[ q U y[
Z 1

2
q U x[ λa

2
γµq U x[ Dab

µν U x V y[ qU y[ λb

2
γνq U y[ c d4xd4ya (12)

Usingthenew Fierzidentities[12] thequartictermin (12) is rearrangedto give

SW q X qYdRTS d4xd4y g q U x[ γ a ∂δ4 U x V y[ q U y[�V 1
2

q U x[ Mθ
m

2
q U y[ D U x V y[ a

a qU y[ Mθ
m

2
q U x[�V 1

2
q U x[ Mφ

d

2
qU y[ cTD U x V y[ q U y[ cT Mφ

d

2
q U x[ h X (13)

with qc R Cq , qc R qC. The Fierz identitiesarethe two Dirac matrix identitiesγµ
rsγµ

tu R
Ka

ruKa
ts where i Ka j R+i 1 X iγ5 X ik

2γµ X 1k
2γµγ5

j X andγµ
rsγµ

tu RlU KaCT [ rt U CTKa [ us whereC R
176 FIZIKA B 7 (1998)3, 171–202



CAHILL AND GUNNER: THE GLOBAL COLOUR MODEL OF QCD FOR . . .

γ2γ4 m C2 nfo 1 andCγµC n γµT p We alsousethe set q Ka r n q 1 m o iγ5
m_s i

2 t 2γµ m 1
2 t 2γµγ5

r ,
then tr u Ka

Kbv�n 4δab. For the colour algebra[12] λa
αβλa

γδ
n 4

3δαδδβγ w 2
3 ∑3

ρ x 1εραγερδβ
m

while for the Nf
n 3 flavour algebra,δi jδkl

n Fc
il F

c
kj for the mesonswhere q Fc m c n

0 m p p m 8r n q 1t 31 m λ1t 2
m p p m λ8t 2

r
andδi jδkl

n H f
ikH f

l j for thediquarks,whereq H f m f n 1 m p p m 9r nq Fc m c n 7 m 5 m 2 m 0 m 1 m 3 m 4 m 6 m 8r and where q λa

2
r are the generatorsof SU y 3z in the usual

Gell-Mannrepresentation.Wedefinethetensorproductsq Mθ
m
r n q { 4

3KaFc r and q Mφ
d
r nq i { 2

3KaερH f r , where y ερ z αβ
n εραβ. Weseethatq y yz Mθ

mq y xz are1c bilocalqq fieldswith
theflavour(1 f or 8 f ) determinedby theflavourgenerators( q F0 r or q F1| } } | 8 r ) in Mθ

m, while

q y yz cTMφ
dq y xz are3c bilocalqqfieldswith theflavour (3 f or 6 f ) determinedby theflavour

generators( q H1| 2| 3 r or q H4| } } | 9 r ) in Mφ
d. Theseresultsfollow from thecolourandflavour

representationof thequarkfields. The(integral) spinof thesebosonfields is determined
by theKa. By rewriting (12)as(13) wecaninitiatea bosonisationwhich is adaptedto the
attractive channelsimplicit in (12). The1985GCM colourFierz identity [1] leadsto the
colour8 channelswhicharerepulsive.

We make thefirst FIC changeof variablesby notingthatthequartictermsin exp y o Sz
maybegeneratedby thefollowing bilocalFIC integrations,

Z n�~ DqDqD� D � D ��� exp � ~ d4xd4y � o qy xz y γ p ∂ w(� z δ4 y x o yz q y yzo � θ y x m yz � θ y ym xz
2D y x o yz o � φ y x m yz � φ y x m yz �

2D y x o yzo qy xz Mθ
m

2
q y yz � θ y x m yz o 1

2
qy xz Mφ

d

2
qy yz cT � φ y x m yz �o 1

2
� φ y x m yz q y yz cT Mφ

d

2
q y xz � w ~ y ηq w qη z � m (14)

where � θ y x m yz n � θ y ym xz � are‘hermitean’bilocalfields.Integrationover thequarkfields
completesthechangeof variablesto bilocalmesonanddiquarkfields,

Z u η m ηv�n�~ D � D � D �_� y Det � s 1 u � m � m � v z 1
2 p exp � ~ d4xd4y o � θ y x m yz � θ y ym xz

2D y x o yzo�~ d4xd4y
� φ y x m yz � φ y x m yz �

2D y x o yz w 1
2
~ Θ � ΘT � m (15)

whereΘ �+y η m o ηT z m � s 1 u � m � m � v n � o � Gs 1To Gs 1 o � � m
Gs 1 y x m ym u � v z n y γ p ∂ w-� z δ4 y x o yz w ��y x m yz m ��y x m yz n � θ y x m yz Mθ

m

2
m

�.y x m yz n � φ y x m yz � Mφ
d

2
CT and �.y x m yz n � φ y ym xz CT Mφ

d

2
p
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Usingthedeterminantidentity [12] Det��� 1 ��� Det� G� 1 � � 2Det� 1 � � GT � G� �
Z �$� D � D � D ��� exp � TrLn � G � �/� � 1 � � 1

2
TrLn � 1 � � G � �/� T � G � �/� � �

� � � θ � θ�
2D

� � � φ � φ�
2D

� 1
2
� Θ � ΘT �(  (16)

3.2. Baryons

Thediquarksectorof themeson-diquarkbosonisationgenerates[2] thecoloursinglet
baryonstatesof theGCM. Considerthediquarkpartof Z;

Z � � D � D ��� exp � 1
2

TrLn � 1 � � GT � G� � � �.� �
2D

� � � J� �(�$��� J � � �
wherethebilocal diquarksourcetermsfacilitatetheanalysis,andin which the � depen-
denceof G � �/� will affectboththenon-trivial dominantconfigurationandthemesons,and
will providethemeson-baryoncouplings.Theexpansion

TrLn � 1 � � GT � G�	� ∞

∑
n¡ 1

� � 1� ¢ n£ 1¤
n

Tr � � GT � G� n � (17)

givessingleloopprocesses(Fig. 4a)with thequarklinesalternatingin direction,in accord
with their couplingto thediquarkandanti-diquarkfields. Using (17) thediquarkpart of
the actionhasthe expansionS� � � � ��� � ∑n Sn � � � � �_� andwith S1

�+¥ � φ� � ∆ � 1
d
� φψ � ψ

andS¦ � S � S1,

Z � exp� � S¦ � δ
δJ� � δ

δJ
� � � D � D ��� exp � � � �_� ∆ � 1

d �-� �-� J� �(�$��� J � �� exp� � S¦ � δ
δJ� � δ

δJ
� � exp � � TrLn � ∆ � 1

d
� � � J� ∆dJ�§  (18)

(a) (b)
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Fig. 4. (a) Exampleof diagramsfrom expansionof diquarkTrLn in (17). (b) Diagrams
afterdiquarkfield integrations.

Keepingonly thetranslationinvariantpartof ¨ , ¨ CQ © x ª y« - later to be identifiedasthe
constituentquark(CQ)effect,∆ ¬ 1

d haseigenvaluesandeigenvectors(diquarkform factors)
from 

d4q© 2π « 4 © ∆ ¬ 1
d « φψ © p ® q;P« Γψ

k © q;P«	¯ λk © P2 « Γφ
k © p;P« (19)

andwehave theorthonormality, completenessandspectralequations

∑
θ


d4q© 2π « 4 Γθ

k © q;P« ° Γθ
l © q;P«	¯ δkl ® ∑

k

Γθ
k © q;P« Γφ

k © p;P« °±¯ © 2π « 4δθφδ4 © q ª p« ®
∆φψ

d © p ® q;P«�¯ ∑
k

Γφ
k © p;P« λk © P2 « ¬ 1Γψ

k © q;P« ° ² (20)

Usingcompletenessweconstructthelocal-diquark-fieldFIC representation

TrLn © ∆ ¬ 1
d «�¯ ∑

k


d4x


d4P© 2π « 4 ln © λk © P2 « «�¯ ∑

k

TrLn © λk © ª ∂2 « δ4 © x ª y« « ® (21)

exp© ª TrLn © ∆ ¬ 1
d « «�¯  DdkDd³k exp ´ ª ∑

k


dk © x« ³ λk © ª ∂2 « δ4 © x ª y« dk © y« µ	² (22)

Introducinglocalsourcesjk © X «�¯-¶ d4Yd4xΓφ
k © x ® X ª Y « ° Jφ © x ® Y « , sothat

δ
δJφ © x ® X « ¯ ∑

k


d4YΓφ

k © x ® Y ª X « ° δ
δ jk © Y « ®

but keepingonly a singlecomponentof thescalardiquarkto simplify notation,

Z · j ³ ® j ¸ ¯ exp© ª S¹ · δ
δ j ³ ® δ

δ j
¸ « exp º�ª TrLn © ∆ ¬ 1

d « »  j ³ © X « λ0 © ª ∂2 « ¬ 1 j © X « ¼§² (23)

Evaluatingthe effect of the functionaloperatorwe find thatZ · 0 ® 0̧ hasthe form exp ©W «
whereW is the sum of connectedloop diagrams,with the verticesnow joined by the
diquarkcorrelatorsλ0 © P2 « ¬ 1 ¯ © P2 » m0 © P2 « 2 « f 2, in which m0 © P2 « is the diquarkmass
function,andwith Γ0 © p;P« at thevertices.Of particularsignificanceis theinfinite subset
of diagramswhich will beseento have the form of three-quark(i.e. baryon)loops(Fig.
5a).Thesecomewith acombinatoricfactorof 2 (exceptfor theordern=3diagram)which
cancelsthe 1

2 coefficient of the TrLn. These3-loopsareplanarfor even order, but non-
planar, with onetwist, for oddorder. To exhibit thethree-quarkloopstructureweshow, in
Fig. 5a,a typicaldiagramfrom Fig. 4bafterdeformation,revealinga closeddoublehelix:
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adiagramof ordern is drawn onaMöbiusstripof n ½ 1 twists.This infinite seriesmaybe
summedasthediagramsaregeneratedby thekernelK, definedby theone-twistdiagram,
shown in Fig. 5b.

(a) (b)

Fig. 5. (a)Similar to Fig. 4bafterredrawing to revealbaryonloop.Theseloop functionals
determinethecorebaryonmassspectrum.(b) Kernelof thenucleonloop.

The weightings are such that all the double helix diagramsmay be summedto
TrLn ¾ 1 ¿ K À ½ TrK Á WB ½ TrK. ThusZ Â 0 Ã 0Ä Á exp¾WB ¿ DRÀ , in whichDR is thesumof
theremainingconnecteddiagrams.To determinethecontentof WB weconsidertheeigen-
valueproblem ¾ 1 ¿ K À Ψ Á λΨ, which, for Å-Á+Å CQ, hasthefollowing momentumspace
form, andis illustratedin Fig. 6Æ

d4q¾ 2π À 4K ¾ p Ã q;PÀ β j Ç ρh
α f Ç γl Ψγl

ρh ¾ q;PÀ�Á+¾ λ ¾ P2 À�½ 1À Ψβ j
α f ¾ p;PÀ Ã (24)

K ¾ p Ã q;PÀ β j Ç ρh
α f Ç γl Á ∑

iδ

1
12

Γ0εγαδεl f i iγ5C
TGTCT iγ5εβδρε j ihΓ0Gλ È 1

0 É (25)

Equation(24) is a boundstateequationfor a three-quarkstatein which the paired
quarksform a scalardiquark.Ψ in (24) is a Dirac spinorand,aswell, a rank-2tensorin
both colour andflavour. It shouldalsobe clearwhy the baryonloop functionalconsists
of twistedquark-diquarklines; (24) is preciselyof the form of theFaddeev equationsof
standardthree-particletheory- the twisting merelyarosesothat thediagrammaticrepre-
sentationof (24) in Fig. 6 hasthe samelegs in the samepositionson both sidesof the
equation;conventionallyFig. 6 wouldbe

Fig. 6. Thecorebaryoneigenvectorequation.Thediquarkvertex is shown shaded.The
diquarkis essentiallythesamesizeasthebaryon.
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drawn in untwistedform. In fact (24) wasalsoderived by conventionalnon-FICthree-
particlemethods[2] (seeRefs.20 and21 for earlyquark-diquarkmodels).We notethat
because(20) is a discretesum,(24) is of separableform. We separatecolourandflavour
multipletsin (24), by decomposingΨγl

ρh accordingto Ê 3 Ë 3 Ì C Ë-Ê 3 Ë 3 Ì F Í Ê 1C Ë 1F Ì ÎÊ 1C Ë 8F Ì Î(Ê 8C Ë 1F Ì Î-Ê 8C Ë 8F Ì ,
Ψγl

ρh Í 1
9

δγρ ÏΨαk
αk Ð δlh Ñ 1

3
δγρ ÏΨαl

αh Ò 1
3

Ψαk
αkδlh Ð

+
1
3 ÏΨγk

ρk Ò 1
3

Ψαk
αkδγρ Ð δlh Ñ-ÏΨγl

ρh Ò 1
3

Ψαl
αhδργ Ò 1

3
Ψγk

ρkδlh Ñ 1
9

Ψαk
αkδγρδlh Ð Ó (26)

Eachmember(Ψ Ô Ï Ó Ó Ó Ó Ð ) of onemultiplet is thenseento beaneigenvectorofÕ
d4qÊ 2π Ì 4 K Ê p Ö q;PÌ Ψ Ê q;PÌ Í Ê λ Ê P2 Ì Ò 1Ì Ψ Ê p;PÌ Ö (27)

K Ê p Ö q;PÌ Í Ò N ÏmÐ
6

Γ0 Ê P4 Ñ q Ñ p
2

;
P
2 Ò pÌ Γ0 Ê P4 Ñ p Ñ q

2
;
P
2 Ò qÌ ÓÓ λ0 Ê Ê P2 Ò qÌ 2 Ì × 1G Ê Ò q Ò pÌ G Ê P
2 Ñ qÌ Ö (28)

wheretheN ÏmÐ dependonthemultiplet,andwefind N Ï 1C Ë 1F Ð Í Ò 2 Ö N Ï 1C Ë 8F Ð Í$Ñ 1,
N Ï 8C Ë 1F Ð Í-Ñ 1 andN Ï 8C Ë 8F Ð Í Ò 1

2 Ó The1C Ë 1F and8C Ë 8F multipletshavenegative
valuesfor N andthusthequarkrearrangementprocessis repulsive,andthecorresponding
λ Ê Ò M2 Ì s have no zeros.However the colour octet - flavour singlet ‘baryons’ have an
N valuewhich meansthey aredegeneratein masswith the colour-singletflavour-octet
baryons.Like the diquarkstateswe expectcolournon-singletsto not have a mass-shell,
i.e. to beconfined.It is known thatcrossedgluonprocessescanperformthis taskfor the
diquarks[22] (seeSect.6), but therehasbeennocorrespondinganalysisfor thesecoloured
baryonicstates.

Letusnow construct,for thecoloursingletstates,anappropriateFIC representationfor
exp Ê TrLn Ê 1 Ñ K Ì Ì . To this endnotethataneigenvaluefor positive energy solutions,with
degeneracy 2 (for spin Ø and Ù ), hastheform λÚ ÛÜ Ê P2 Ì Í Ê M Ê P2 Ì Ñ i Ý P2a Ê P2 Ì Ì F , (define
F sothata Í 1 whenλ Í 0, thenMk Ê P2 Ì arebaryonrunningmasses),while for negative
energy solutions(anti-baryons)λÚ Û× Í Ê λ Ú ÛÜ Ì Þ . Thus, from the spectralrepresentationfor
1 Ñ K,

exp Ê TrLn Ê 1 Ñ K Ì Ì Í exp ß ∑
k

n
Õ
d4x
Õ

d4PÊ 2π Ì 4 Ï ln Ê λ Ú ÛÜ Ê P2 Ì 2 Ì Ñ ln Ê λ Ú Û× Ê P2 Ì 2 Ì Ð à (29)

wherek sumsthe groundstateandexcited baryonsstatesof (24), the squaresin the ln
termsarisefrom the spin degeneracy andn Í 8 arisesfrom the flavour degeneracy (the
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otherbaryonstatesarenotshown). Therefore,with a á 1 for simplicity,

exp â TrLn â 1 ã K ä ä�á exp å ∑
k

n æ d4x æ d4Pâ 2π ä 4 ln ç â P2 ã Mk â P2 ä 2 ä 2F4
k è é

á exp å ∑
k

TrLn ç â γ ê ∂ ã Mk â ë ∂2 ä ä F2
k δ4 â x ë yä è é

á$æ DNkDNk exp å�ë ∑
k

æ d4xNk â xä â γ ê ∂ ã Mk â ë ∂2 ä ä F2
k Nk â xä é$ì (30)

in termsof Nk andNk, eachof which is a flavour octetof local baryonicspin-12 FIC vari-
ables.Hencetheexponentiatedsumof thecloseddoublehelix diagramsis representable
asa (free)baryonfield theory. TheFk maybeabsorbedwith a re-definitionof thebaryon
fields. Othermorecomplicated(includingbaryonmulti-loops)diagramsarepresentand
constituteawealthof dressingsandinteractionsbetweenthese(bare)baryons.

3.3. Mesons

Wenow briefly indicatehow thenon-diquarkpartof (16),Sí î±ï , givesthemesonsector.
ThecompleteZ hastheform

Z á$æ D î exp ð ë Sí î/ï ë ∑
diquarks

TrLn â λk â ë ∂2; í î CQ ï ä δ4 â x ë yä ä
ã ∑

baryons

TrLn â â γ ê ∂ ã Mk â ë ∂2; í î CQ ï ä δ4 â x ë yä ä ä ã(ê ê ê ê ñ�ê (31)

We first determinethedominantconfiguration(andconstituentquarkeffect) î CQ, asthe
solutionof theEuler-Lagrangeequationsδ í S ã-ê ê ï ò â δ î θ ä	á 0, whichgives

î θ
CQ â x ì yä�á D â x ë yä ç tr â G â x ì yì í î CQ ï ä Mθ

m

2
ä ã-ê ê ê ê è ì (32)

a non-linearequationfor the ó î θ
CQ ô . - a Dyson-Schwingertype equation,where‘+....’

are the diquarkandbaryonparts.Dynamically it describesthe extensive self-energy of
the quarksdueto dressingby gluons,leadingto the quarkrunningmass.This is finite
andextendsover distancescomparableto hadronicsizesandwith anenergy densitythat
impliesthat it hasthedominantrole in determininghadronstructure.Only colour-singlet
translation-invariantsolutions(dependingonly on x ë y) areknown. Fourier andinverse
Fierztransforming(32)weobtain,on retainingonly themesoncontributions,

î CQ â pä�á c
4
3
æ d4qâ 2π ä 4D â p ë qä γµ

1
iγ ê q ã(õöã(î CQ â qä γµ ê (33)
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Herec ÷ 3
4 from themeson-diquarkbosonisation,while normalFeynmanruleswouldgive

c ÷ 1, asdoesthe 1 ø 8 GCM bosonisation[1]. Thatc ù 1 in the 1 ø 3 ø 3 bosonisation
indicatesthatsomestrengthis generatedby additionalmechanismsin (32) involving me-
sonanddiquarksprocesses,i.e. the‘book-keeping’is moresubtlein thisbosonisation,and
is soto avoid doublecounting.At presentwe adoptthepracticeof usingc ÷ 1 until these
additionalprocessescanbeincludeddynamically. This CQ equationhasuniquesolutions
when úüû÷ 0 andG hastheform G ý qþ	÷+ÿ iA ý qþ q � γ � ú � B ý qþ � � 1. ExpandingSÿ ��� about
its minimumgivesSÿ ��� ÷ ∑n� 0� 2� 3	 	 Sn ÿ ��� , whereSn is of ordern in � and,for example,
S2 ÷ 1

2 
 � θ ý ∆ � 1
m þ θψ � ψ. Introducingbilocalsourcetermsin (31)wehave,with S� ÷ S ø S2,

andshowing only themesonpart,

Z ÿ J��÷� D � exp ý ø S� ÿ ��� ø S2 ÿ ��� � ��� θJθ þ
÷ expý ø S� ÿ δ

δJ
� þ � D � exp ý ø�� 1

2
� θ ý ∆ � 1

m þ θψ � ψ � ��� θJθ þ �
÷ expý ø S� ÿ δ

δ j
� þ � Dmk expý ø ∑

k

1
2
� mk ý xþ λk ý ø ∂2 þ mk ý xþ � � jkmk þ �

Herewe have usedtechniquessimilar to that for the diquarksand � mk ý xþ � is an infinite
setof local mesonfields.Eachmk correspondsto onephysicalmesontype,andtheλk are
theeigenvaluesof themesonform of (19)-aBethe-Salpeterequation,whichalsogivesthe
mesonform factorsΓk ý p � Pþ . Applying thefunctionaloperatorexp ý ø S� ÿ δ

δ j � þ ,
Z ÷�� Dmk exp �	ø ∑

k

1
2
� mk ý xþ λ ý ø ∂2 þ mk ý xþ�ø S� ÿmk � ��� (34)

By evaluationof S� ÿmk � , andidentifying themesonsby their quantumnumbers,weobtain
thefull localFIC representationfor themesonsectorof QCD[2,23,24],assummarisedin
Sect.3.5.

3.4. Hiddenchiral symmetry

Whenthequarkcurrentmassesú�� 0 thefundamentalactionSÿ q� q � Aa
µ� hastheim-

portantadditionalglobal UL ý NF þ�� UR ý NF þ chiral symmetry. The consequencesof this
follow naturally throughthe GCM hadronisation.The first significantresult is that the
dominantconfiguration(33)hasdegeneratesolutions[1,2,25]

G ý q;V þ�÷+ÿ iA ý qþ q � γ � VB ý qþ � � 1 ÷ ζ†G ý q;1 þ ζ† � (35)

where ζ ÷�� V � V ÷ expý i � 2γ5πaFa þ and � πa � are arbitrary real constants�
π
� � ÿ 0 � 2π � . Thusin thechiral limit thedominantconfigurationis degenerateandis the

manifold ý UL � URþ û H (a cosetspace)whereH ÷ UV � UL � UR. Thusthe chiral sym-
metryis representedasa hiddensymmetry. This occursbecausetheactionin (31) hasthe
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form of a ‘Mexican-hat’in therelevantvariables[2]. TheNambu-Goldstone(NG) bosons
form homogeneousRiemanncoordinatesfor thisdominantconfigurationmanifold.There
is a technicalcomplexity in expandingS�  mk ! in the chiral limit which is causedby the
actionhaving degenerateminima,sincewe do not have a uniqueminimumaboutwhich
to expand.First we needfieldsadaptedto thecompactdominantconfigurationmanifold.
For this we usethe angles " π # as new field variables" π $ x% # [25,26] in placeof some
of the & θ $ x ' y% . Thedependenceof the actionon thesedominantconfigurationvariables
is suchthat the action will increaseonly if the dominantconfigurationpoint is differ-
ent at different space-timepoints, and so a derivative expansionin ∂µV $ x% must arise.
The Dirac algebraallows finally the useof the matrix U $ x%�( exp $ i ) 2πa $ x% Fa % where
V $ x%*( PLU $ x% † + PRU $ x%,( exp$ i ) 2γ5πa $ x% Fa % . ThentheNG sectorof S & ! is-

d4x $ f 2
π
4

tr $ ∂µU∂µU
† % + κ1tr $ ∂2U∂2U† % + κ2tr $  ∂µU∂µU

†! 2 %+ κ3tr $ ∂µU∂νU
†∂µU∂νU

† % + ρ
2

tr $  1 . U + U†

2 ! / % +10 0 0 0 (36)

wherefπ ' κ1 ' 0 0 aregivenby explicit integrals[25,26]in termsof A $ q% andB $ q% andρ is the
quarkcondensateparameter. In thechiral limit it is importantto note[2,25] thatB $ q% in
thequarkcorrelatoris alsotheNG bosonon-mass-shellform factor, Γπ $ p;P ( 0 %,( B $ p% .
In the chiral limit the groundstatepseudoscalarsplay a dual role: they areat the same
time both theNG bosonsassociatedwith thehiddenchiral symmetryandalsoqq bound
states.Undera chiral transformationwe find [25] U $ x%�2 ULU $ x% U†

R. This is a derived
resultof theFIC analysiswhich is usuallyassumedin phenomenologicalmodelling.We
have includedthe lowestordertermwhich dependson / , i.e. for small breakingof the
chiral symmetryby thequarkcurrentmasses.

Thecouplingof thebaryonstatesto theabovemesonsrequiresusto keepthefull & in
analysingthebaryonsector, andnot just thedominantconfigurationvalue & CQ. However
the long wavelengthlimit of the NG-boson-baryoncoupling may be inferred from the
chiral invarianceof (31).Now

TrLn 3 $ γ 0 ∂ + M $ . ∂2 % % δ4 $ x . y% 45( TrLn 3 $ γ 0 ∂ +�6 M $ . ∂2 % % δ4 $ x . y% 4
reflectsthat invariancein (31), where 6 ( exp $ i ) 2γ5πaTa % , with " Ta # thegeneratorsof
SU $ 3f % 8 representation.

3.5. Hadronic laws

Gatheringtheabove resultsandkeepingonly the low ordersin thehadronicvariables
andin thederivatives(appropriateto a low-energy long-wavelengthexpansion)

Z ( - DπDρDω 0 0DNDN 0 0 0 exp 7 . Shad  π ' ρ ' ω ' 0 0N ' N 0 0 ! 8 ' (37)
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Shad 9 π : ρ : ω : ; ; ; : N : N : ; ; < =>
d4xtr ? N @ γ ; ∂ A m0 A ∆m0 B m0 C 2iγ5πa D a AE; ; F N GA >
d4x H f 2

π
2 9 @ ∂µπ F 2 A m2

ππ2 < A f 2
ρ

2 9 B ρµ @ B ∂2 F ρµ A1@ ∂µρµ F 2 A m2
ρρ2

µ<A f 2
ω
2 9 ρ I ω< B fρ f 2

π gρππρµ ; π J ∂µπ B i fω f 3
π εµνστωµ∂νπ ; ∂σπ J ∂τπB i fω fρ fπGωρπεµνστωµ∂νρσ ; ∂τπA λi

80π2εµνστtr @ π ; F∂µπ ; F∂νπ ; F∂σπ ; F∂τπ ; F F A1; ; ; ; ; ; KL: (38)

in which thebaryonoctetis finally writtenasarank-2tensor, N = Na D a, wherethe ? D a G
aregeneratorsof theSU @ 3f F 3 representation.Wehavewrittenλ j @ P2 F�=�@ P2 A mj @ P2 F 2 F f 2

j

wheremj @ P2 F aretherunningmesonmasses,but only thephysicalmasses(from λ @ P2 F,=
0) areshown above. The imaginarytermsin this mesonactionarethe chiral anomalies
of QCD, including in particularthe Wess-Zuminoterm. In (38) we have shown mπ and
∆m0 whicharemasstermsfrom thechiralsymmetrybreakingquarkcurrentmasses,while
m0 is the ‘chiral mass’of theconstituentbaryons.For non-zeroquarkcurrentmassesthe
NG bosonmasses? mπ G andthebaryonoctetmasssplittings ? ∆m0 G areseento satisfythe
Gell-Mann-OkuboandColeman-Glashow formulae[27].

In generalthe couplingtermsin the hadronicactionarenon-localandthe actionsin
(36)and(38)will alsocontainhigherorderderivativetermslike tr ? N @ mN C 2iγ5∂2πa D a A; ; F N G . Theseshouldnot be thoughtof as‘dif ferent’ couplings,but ratherasjust arising
from theexpansionof themeson-baryonvertex functionΓ0 @ p : qF . Henceratherthanmak-
ing thiseffectiveactionnon-renormalisable,asoftenoccursin effectiveactions,suchterms
whenproperlyretainedaspartsof completevertex functionsactuallyrenderloopdiagrams
finite (anexampleis thepion-nucleonloop in Sect.9).

Thefull non-localmesonsectorof (38) [24] hasbeenusedin many studies,suchasthe
ρ I ππ decay[23], ω B ρ masssplitting[28], chargesymmetrybreakingvia ρ B ω mixing
[29], pion loopcontributionto ρ B ω mixing [30] andpionandρ mesonobservables[31],
for extensionsto includeelectromagneticinteractions[32,33],andfor η andηM [36]. For
the pion loop contribution to the electromagneticpion charge radiusseeRef. 34. The
chirally invariantform of theNG bosonsectorin (36) in particularhasbeeninvestigated
in [35] andtheπ B π scatteringlengthsin Ref.26.

4. Effectivegluoncorrelator

Wenow considerthedetailedimplementationof theGCM.Firstwemustdeterminethe
effective gluoncorrelatorby fitting GCM observablesto experimentaldata.This involves
thedeterminationof thedominantconfiguration,i.e theconstituentquarkeffect. This ef-
fective gluoncorrelatorandquarkcorrelatorarethenusedin theconstituent-mesonBSE
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equationsin orderto determinemesonmasses,andalso fπ. Thedominantconfigurationis
definedby equations,

δS
δ N5O x P yQSRRR T CQ U 0 V (39)

Of the set N CQ O x P yQ only A O x W yQ and B O x W yQ (their Fourier transformsappearin
(41)) arenon-zerobilocal fieldscharacterisingthedominantconfiguration.They arealso
translation-invariant.This is the dynamicalbreakingof chiral symmetry. Suchnon-zero
dominantconfigurationsarealsoknown ascondensates.Writing out thetranslationinvari-
antCQ equationswefind thatthedominantconfigurationis indeedsimply theconstituent
quarkeffectasthey maybewritten in theform of (32)or (33),or

GX 1 O pQ U i Y p Z m Z 4
3 [ d4qO 2π Q 4Dµν O p W qQ γµG O qQ γν V (40)

which is thegluondressingof a constituentquark.Its solutionhasthestructure

G O qQ U O iA O q2 Q q V γ Z B O q2Q Z mQ X 1 U W iq V γσv O q2 Q Z σs O q2 Q V (41)

In thechiral limit therearemore N CQ fieldsthatarenon-zero,andtheresultantdegeneracy
of the dominantconfigurationis responsiblefor the masslessnessof the pion. The con-
stituentquarkcorrelatorG shouldnot beconfusedwith thecompletequarkcorrelator \
from (2) whichwouldbeneededto analysetheexistenceor otherwiseof freequarks.The
G on theotherhandrelatesexclusively to theinternalstructureof hadrons,andto thefact
thatthisstructureappearsto bedominatedby theconstituentquarkeffect.Theevaluation
of \ is a very difficult task,evenwithin the GCM, while G is reasonablyeasyto study
using(40). Thetruncationof theDSEin which the full quark \ is approximatedby this
G amountsto usinga meanfield approximation(see(52)); however from the tDSEthere
is no systematicformalismfor goingbeyondthemeanfield asthereis in theGCM. The
hadroniceffective actionin (31) ariseswhenS] N5P V V ^ is expandedaboutthedominantCQ
configuration;thefirst derivativeis zeroby (39),andthesecondderivatives,or curvatures,
give theconstituentor coremesoncorrelatorsGm O q P p;PQ

GX 1
m O q P p;PQ U F V T V _ δ2S

δ N`O x P yQ δ N`O u P vQ RRR T CQ a P (42)

afterexploiting translationinvarianceandFourier transforming.Higherorderderivatives
leadto couplingsbetweenthemesoncores.TheGm O q P p;PQ aregivenby ladder-typecor-
relatorequationsandthenon-laddereffectsareinsertedby thefinal functionalintegralsin
(10),giving thecompleteGCM mesoncorrelators\ m O q P p;PQ . It is interestingto notethat
thetruncatedandmodifiedDSEin Maris andRoberts[37] areidenticalto (40) and(42),
in theform of (43).

In thepresentanalysistheω anda1 mesonsaredescribedby theseconstituentmeson
correlators;that is, we ignoremesondressingsof thesemesons.The massM of these
statesis determinedby finding thepolepositionof Gm O q P p;PQ in themesonmomentum
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P2 bdc M2 andthis,or equivalentlythemesonversionof (19)whichfor themass-shellhas
λ e P2 f,b 0, leadsto thehomogeneousvertex equation

Γ e p;Pf,bgc 4
3 h d4qe 2π f 4 Dµν e q c pf γµG e q i P

2
f Γ e q;Pf G e q c P

2
f γν j (43)

To solve (40) for variousDµν e pf andthento proceedto useA e sf andB e sf in meson
correlatorequationsfor fitting observablesto mesondatais particularlydifficult. A robust
numericaltechniqueis to useaseparableexpansion[8] asfollows.We have in theLandau
gauge

Dµν e pf*b e δµν
c pµpν

p2
f D e p2 f k and l µν e pf,b e δµν

c pµpν

p2
f lSe p2 f k (44)

whereD e p2 f*b g e p2 f lSe p2 f g e p2 f . FirstexpandD e p c qf in (40) into O e 4f hyperspherical
harmonics

D e p c qf,b D0 e p2 k q2 f i q j pD1 e p2 k q2 f i j j j k (45)

D0 e p2 k q2 f,b 2
π

πh
0

dβsin2βD e p2 i q2 c 2pqcosβ f j j j j (46)

Introducea multi-rankseparableD0 expansion(heren b 3)

D0 e p2 k q2 f,b ∑
i m 1 n nΓi e p2 f Γi e q2 f k (47)

andtheconstituentquarkequationsthenhavesolutionsof theform

B e sf*b ∑
i m 1n nBi e sf k Bi e sf,b biΓi e sf k σs e sf*b ∑

i m 1n nσs e sf i k (48)

b2
i
b 4π2

∞h
0

sdsBi e sf σs e sf k and Bi e sf,b σs e sf i
sσv e sf 2 i σs e sf 2 j (49)

However ratherthanspecifyingΓi in (47) we proceedby parametrisingformsfor theσsi
andσv; theΓi thenfollow from (48)and(49):

σs e sf 1 b c1expe c d1sf k σs e sf 2 b c2 j o 2s2 c d2 e 1 c expe c 2s2 p d2
f f

2s4 q 2 k
σs e sf 3 b c3 j σ e sf j σ e c sln e σ e sf Λ2 f f k σ e sf*b 2s c d3 e 1 c expe c 2sp d3

f f
2s2

k
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σv r ss*t 2s u β2 r 1 u expr u 2sv β2 s s
2s2 w (50)

Theseformsavoid spurioussingularitiesdevelopingin thequarkcorrelatorG. The three
σsi termsmainly determinethe IR, midrangeandUV regions; the σs r ss 3 term describes
theasymptoticform of σs r ss�x 1v s2 ln r sv Λ2 s for s y ∞ andensurestheform for D r ss*x
1v sln r sv Λ2 s .

Thetranslationinvariantform for theeffectivegluoncorrelatoris easilyreconstructed
by usingD r p2 s,t D0 r p2 z 0s in (45)andthenfrom (47)

D r p2 s*t ∑
i

1

b2
i

σs r 0s i
σs r 0s 2 σs r p2 s i

p2σv r p2 s 2 { σs r p2 s 2 w (51)

With theseparametrisedformswe cannumericallyrelate,in a robustandstableman-
ner, theparametersetin Table1 to themassof thea1(1230MeV) andω(783MeV) mesons
from(43),to fπ(93.3MeV) andtonineexperimentaltail pointsfromtheParticleProperties
Databookletfor s | 3 GeV2.
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TABLE 1. σs } s~ andσv } s~ Parameters.

c1 1.839GeV� 1 d1 3.620GeV� 2 β 0.4956GeV
c2 0.0281GeV7 d2 1.516GeV4 Λ 0.234GeV
c3 0.0698GeV3 d3 0.8727GeV2

With theparametersetin Table1 theresultingquark-quarkcouplingcorrelatorD } p2 ~
is shown in Fig. 7. A significantfeatureof QCDis thattheinfrareddominance,asrevealed
by thelargevalueof D } s~ at smalls, causestheCQequationsto saturate,i.e. theformsof
thesolutionsA } s~ andB } s~ at low s areindependentof thedetailedIR form of D } s~ . This
saturationeffectmeansthatlow energy QCDis surprisinglyeasyto model,andthiseffect
is utilisedin theGCM.

Fig. 7. Plotsof D } s~ : GCM98 is the solid line; dashedline is JainandMunczek;lower
solid line is two-loop form (with Λ � 0 � 234 GeV, Nf � 3 andτ � 10); anddataplot is
combinedlattice datafor g } s~ � } s~ g } s~ with � } s~ from Marenzoniet al. andg } s~ from
Skullerud. Insert shows g } s~ from Skullerud(lower dataplot), and from GCM98/� } s~
(upperdataplot).

In Fig. 7 we plot thenew GCM98quark-quarkcouplingcorrelatorD } s~ which shows ex-
cellentoverall agreementwith the Jain-MunczekD } s~ [38,39], andwe alsoplot D } s~��
g } s~ � } s~ g } s~ constructedfrom theMarenzonietal. � } s~ andSkullerudg } s~ latticeresults
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whichshowsagreementdownto s � 1 � 8 GeV2. Thenormalisationandshapeof theMaren-
zonietal. �S� s� agreeswith thatof Leinweberetal. [40]. Howeverthenormalisationof the
muchmoredifficult latticecomputationof g � s� is uncertainandwe have chosenit sothat
the combinedlattice D � s� agreeswith the experimentalParticle PropertiesDatabooklet
for s � 3 GeV2. As shown in Fig. 7 all threeD � s� departfrom the two-loop form below
s � 2 � 5 GeV2 � ThedifferencebetweentheGCM98(or Jain-Munczek)andthelatticecon-
structioncouldbeanindicationof contributionsto thequark-quarkcouplingfrom higher
ordergluonself-couplingsat low energy, sinceprocesseslikeFig. 3cwouldbeincludedin
theGCM fit, but arenot in thelatticeconstruction.TheearlierGCM95andGCM97gave
D � s� thatdifferredmainly in theasymptoticregion,seeplotsin Ref.10.

The insert in Fig. 7 shows the g � s� from g2 � s��� D � s� ���S� s� that thenfollows from
our analysis.This is the effective quark-gluoncouplingvertex if the gluon correlatoris
taken to be that of Marenzoniet al. (or Leinweberet al.) and herethe error barsnow
indicatecombinederrorsanduncertaintiesfrom the lattice spacing.Also shown is g � s�
from Skullerud[41] with thenormalisationasdiscussedabove.

We summarisein Table2 someof the hadronicobservablesthat may be computed
within the GCM, showing in particulartheir sensitivity to the evolving modellingof the
effectivegluoncorrelator. Furthermesonobservablesarereviewedin Tandy[7].

TABLE 2. Hadronicobservables.

Observable GCM1995 GCM1997 GCM1998 Expt/Theory
fπ 93.0MeV* 93.2MeV* 92.40MeV* 93.3MeV
a1 mesonmass 1230MeV* 1231MeV* 1239MeV* 1230MeV
π mesonmass(formu� d) 138.5MeV* 138.5MeV* 138.5MeV* 138.5MeV
α � s� - - fitted †
K mesonmass(for ms) 496MeV* - - 496MeV� mu � md � � 2 � R � µ � 1GeV) 6.5MeV 4.8MeV 7.7MeV � 8.0MeV
ms � R � µ � 1GeV) 135MeV - - 130MeV
ω mesonmass 804MeV 783MeV* 783MeV* 782MeV
a0

0 π � π scatt.length 0.1634 0.1622 0.1657 0.26 � 0.05
a2

0 π � π scatt.length -0.0466 -0.0463 -0.0465 -0.028 � 0.012
a1

1 π � π scatt.length 0.0358 0.0355 0.0357 0.038 � 0.002
a0

2 π � π scatt.length 0.0017 0.0016 0.0018 0.0017� 0.003
a2

2 π � π scatt.length -0.0005 -0.0005 -0.0003 .00013� 0.0003
rπ pionchargeradius 0.55fm 0.53fm 0.53fm 0.66fm
1
2 � � 0� � nucleon-coremass� � 1390MeV 1435MeV 1450MeV � 1300MeV††
const.quarkrmssize 0.51fm 0.39fm 0.58fm -
chiralquarkconst.mass 270MeV 267MeV 325MeV -
0� diquarkrmssize 0.55fm 0.55fm 0.59fm -
0� diquarkconst.mass 692MeV 698MeV 673MeV � 400MeV
1� diquarkconst.mass 1022MeV 903MeV 933MeV -
0� diquarkconst.mass 1079MeV 1049MeV 1072MeV -
1� diquarkconst.mass 1369MeV 1340MeV 1373MeV -
MIT bagconstant (154MeV)4 (145MeV)4 (166MeV)4 (146MeV)4

MIT N-core(nocmscorr.) 1500MeV 1420MeV 1625MeV � 1300MeV††
* fittedobservable;- notcomputedor notknown; † α � s� from ParticleProperties
Databooklet;GCM1995:[8]; GCM1997:[9]; GCM1998:[10].� � only 0� diquarkcorrelation;1� diquarkcorrelationlowersnucleoncoremass.
††nucleoncoremass(i.e.nomesondressing).
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5. Constituentquarks

The constituentquarkeffect [42] is the dominanteffect in determiningthe structure
of hadrons,andalsotheir responsein scatteringevents,particularlydeepinelasticscatter-
ing. Theconstituentmasseffect manifesteditself in theearlystudiesof baryonmagnetic
moments.The GCM analysisrevealsratherdirectly both the effective massandthe ef-
fective sizeof the constituentquarks,andrelatestheseto the effective gluon correlator.
We considerchiral limit constituentquarksandwecarefullydefineconstituentquarksand
constituenthadronsasthoseconstructsappearingin exponentiatedeffectiveactionsin the
functionalformulationof theGCManddistinguishthemfromtheexactcorrelations,which
follow from thecompletefunctionalintegrations.We canexpressthefull quarkcorrelator�S�

x � y� in termsof thebosonisedFIC variables,with (2) and(16)giving�S�
x � y�,��� D � D   D  5¡ G � x � y� �`�  ��  `¡ � exp

� ¢
S£ �`�  ��  `¡ ¤ �� D � D   D   ¡ exp

� ¢
S£ �5�  ¥�   ¡ ¤ � ¦ (52)

Thebilocal field functionalintegralscanbefurtherdecomposedinto local hadronicfunc-
tional integrals.Theconstituentquarkeffect appearsasthedominantconfigurationabout
whichthemeson-diquarkbosonisedGCM actionin (52)is expanded.This is characterised
by  g� 0 andtwo of the �¨§� 0 (with c � 1 in (33),andto simplify thediscussionwehave
useda Feynman-likegauge,but themorerealisticLandaugaugemaybeused),

B
�
p2 �*� 16

3 © d4q�
2π � 4D

�
p
¢

q� ¦ B
�
q2 �

q2A
�
q2 � 2 ª B

�
q2� 2 � (53)£ A � p2 � ¢ 1¤ p2 � 8

3 © d4q�
2π � 4q ¦ pD

�
p
¢

q� ¦ A
�
q2 �

q2A
�
q2 � 2 ª B

�
q2� 2 ¦ (54)

HereB
�
q2 � andC

�
q2 ��� A

�
q2 � ¢ 1 arethe Fourier transformsof the only two non-zero� � x � y� fields,andwheretranslationalinvarianceis used: � � x � y�L«¬� � x ¢ y� . Thesearethe

sameastheoftenusedtDSEfor theconstituentquarkcorrelator. Weseefrom (52) thatthe
full quarkcorrelatoris givenby thedressingof theconstituentquarkcorrelatorby various
hadronicfluctuations.In the context of the tDSE the rainbow diagramsare usedas an
approximation[37] to thefull quarkcorrelator, therebyconfusingthefull andconstituent
quarkcorrelators.TheGCM formulationclearlyrevealsthatthetDSEapproachis actually
usinga meanfield or Gaussianapproximation.Theadditionalprocessesmanifestin (52)
show up in theFIC hadronisationasthedressingof constituenthadronsby otherhadrons,
of whichthepiondressingof thenucleonis themostpronouncedexample.Thesedressings
incorporateadditionalprocessescorrespondingto furtherdressingof theconstituentquarks
aswell asfurtherinteractionsbetweentheconstituentquarks.

Whenconsideringonly theconstituentquarksthebilocal effective actionin (52) may
besimplifiedby keepingonly thetranslationinvariantB andC dependence.Thisdefinesa
reducedactionperquarkflavour,

SCQ £ B � C¤ � V  ¢ 12π2�
2π � 4 © dq q3ln

�
A2 � q2 � q2 ª B

�
q2 � 2 �
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4

π2 ¯ dx x3 B ° x± 2
D ° x± ® 9

2
π2 ¯ dx x3C ° x± 2

D ° x±�² (55)

whereV is the(infinite) spacetimevolume.Theminimizationof SCQ ³ B ´ Cµ gives(53) and
(54).Expression(55) for theconstituentquarkactionprovidesaninsightfulalternativebut
equivalentexpressionto themorefamiliarDSEin (53)and(54).TheactionSCQ ³ B ´ Cµ has
theformof asumof akineticenergyterm(definedasthatpartwhichis localin momentum)
and a potential energy term (definedas that part which is local in relative spacetime).
Bothhaveunconventionalformsbecause(55)describesself-interactioneffects.Thekinetic
energy terminvolvestheconstituentquarkrunningmassM ° s±*¶ B ° s± · A ° s± .

(a) (b)

Fig.8. (a)QuarkrunningmassM ° s± (solidline)andtheintegrandof thekineticenergypart
of theconstituentquarkaction.(b) Integrandof thepotentialenergy partof theconstituent
quarkaction.

Sincethekey constituentquarkeffectivemassis associatedwith thekineticpartof (55),
we subtractthe B ¶ 0 form. In this way we comparethe non-perturbative configuration
with theperturbativeconfiguration,andit is this differencewhich alsogeneratestheMIT
bagconstantdiscussedin Sect.10,

SCQ ³ Bµ¸¶ V ¹`º 12π2° 2π ± 4 » ∞¯
0

dq ¼ q3ln ¹ A ° q2 ± 2q2 ® B ° q2 ± 2
A2 ° q2 ± q2 ²S½® 9

4
π2 » ∞¯

0

dx ¼ x3 B ° x± 2
D ° x± ½ ²¿¾ (56)

The kinetic energy andpotentialenergy integrands,indicatedby the squarebrackets in
(56), areshown in Fig. 8. Figure8aalsoshows thequarkrunningmass.Thechiral limit
constituentquarkmassof approximately300MeV is revealedasthevalueof therunning
massthatdominatesthekineticenergy integrations.Thewidth of theq-integrationsbeing
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a ‘fermi-motion’ effect. The integrandof thepotentialenergy termshows thatgluonex-
changesup to some1.2 fm arerelevant.Hencewe seedirectly that theconstituentquark
characteristicsareimplicit in theaction(55).

6. Constituentmesonsanddiquarks

¿Fromthehadronisationwesaw thattheconstituentmesonsanddiquarksariseaslad-
derBSEstates;with theircorrelatorsdescribedasthegeneralisedcurvaturesof themeson-
diquarkbosonactionwhenexpandingaboutthedominantor constituentquarkconfigura-
tion. This providesa particularlyinstructive insight into thetruerole of suchladderBSE
states.Traditionallytheseladderstatesarose

(a) (b) (c)

Fig. 9. (a)Diagramshowsamesonexchangefrom thefunctionalintegral in (55),dressing
constituentladderdiquarkcorrelations.(b) a low ordergluon processwithin the meson
exchange.In (c) we redraw (b) to show the crossedgluon processesinsertedvia meson
exchange.

asaseveretruncationof thefull coupledDSE,howeverweseethatthey actuallyplayakey
dynamicalrolein thehadronisationin thatthey naturallyariseasappropriateFICvariables,
ratherthanfrom someunstructuredapproximationscheme.Thecrosseddiagramsthatare
normally neglectedin the tDSE areautomaticallyinsertedin the GCM via the hadronic
functionalintegrationsin (37),andit is theseprocessesthatconverttheconstituentmesons
andbaryonsinto theobservablehadronicmodes,asseenlater in Sect.9 for thenucleon.
Hencethe GCM hadronisationrevealsa ‘book-keeping’that wasnot previously known.
In this connectionBender, Robertsandvon-Smeckal[22] have foundevidencethat these
additionalcrossedgluonprocessesmayberesponsiblefor confiningthediquarks,which
is particularlyinterestingsincetheladderBSEhaveamass-shellfor thediquarks,andit is
thesemasseswhich areshown in Table2, seealsoRef.43.Thatstudyexplicitly included
thecrosseddiagramsby extendingtheBSEequationto includethe lowestordercrossed
diagram.Howeverin theGCM hadronisationsuchcrosseddiagramsareseento arisefrom
mesonexchanges,asshown in Fig. 9. Evidencefrom thenucleoncomputationssuggests
that due to the high ‘constituentmass’of the diquarksthe presenceof the pole in the
diquarkcorrelatorat themass-shellis notdynamicallysignificant.

Theconnectionbetweenthebilocalmeson-diquarkactionandtheladderBSEstatesin-
spiredaninsightfulalternativeto thesolvingof thelinearhomogeneousBSE.Thisanalysis
in Cahill, RobertsandPraschifka[44] involvedre-formulatingthe ladderBSE, in which
thebosonmassof interestM occursimplicitly in thequarkcorrelators,asanexplicit mass
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functional.As anexample,for thescalardiquarkstate0À wefind

M Á ΓÂ 2 ÃgÄ 24
f Á ΓÂ 2 Å d4qÆ

2π Ç 4 Γ
Æ
qÇ 2

A
Æ
qÇ 2q2 È B

Æ
qÇ 2 È 9

f Á ΓÂ 2 Å d4x
Γ
Æ
xÇ 2

D
Æ
xÇ�É (57)

where f Á ΓÂ is a normalisationfunctional[44]. Theminimisationof M Á ΓÂ with respectto
thebosonvertex functionΓ thenyieldsthemassM, at leastasa goodapproximationfor
thelow massmesonsanddiquarks.Howeveranotherfeatureof theGCM comesinto play
whenwe usethepropertythatall the low massmesonsanddiquarkshave approximately
thesameΓ

Æ
qÇ , andthatthis is merelytheB

Æ
qÇ functionof theconstituentquarkcorrelator.

This is exact for the pions,asfollows from the dynamicalbreakingof chiral symmetry.
Thisintricaterelationshipis againaconsequenceof thedominanceof theconstituentquark
effect.HenceusingΓ Ã B in (57) thenyieldsanexplicit valuefor theconstituentmassof
the0À diquark.Similarmassfunctionalsfor theotherstatesaregivenin Ref.44.

7. ConstituentNambu-Goldstonemesons

The propertiesof the pion continueto be the subjectof considerabletheoreticaland
experimentalinterestin QCD studies.Thepion is an(almost)masslessNG bosonandits
propertiesaredirectly associatedwith dynamicalchiral symmetrybreakingandthe un-
derlying quark-gluondynamics.The GCM is particularlyeffective in revealingthe NG
phenomenathatfollows from thedynamicalbreakingof chiral symmetry[25,26]. Indeed
theGCM resultsin thecompletederivationof thechiral perurbationtheory(ChPT)phe-
nomenology, but with theaddedfeaturethatagaintheinducedNG effectiveactionis non-
local, so that theusualnon-renormalisabilityproblemsdo not arise(seeSect.3.4). How-
ever againwe mustdistinguishthe full NG degreesof freedomfrom theconstituentNG
modes,asagainthisdistinctionis oftenmissing,particularlyin thetDSEformulation.

Thefull NG (pion)correlator Ê π is theconnectedpartofÊ π
Æ
x É yÉ zÉ wÇ Ã Å DqDqDAq

Æ
xÇ iγ5τiq

Æ
yÇ q Æ zÇ iγ5τiq

Æ
wÇ exp

Æ Ä SGCM Á A É q É qÂ Ç (58)

or, from thehadronisation(10),Ê π
Æ
X É Y Ç Ã Å Dπ Ë ËDNDN Ë Ë Ë π Æ X Ç π Æ Y Ç exp

Æ Ä Shad Á π É Ë Ë Ë É N É N É Ë Ë Â Ç (59)

in which X Ã xÀ y
2 andY Ã zÀ w

2 arecentre-of-masscoordinatesfor thepion. We notethat
now thepionfield appearsin Shad Á π É Ë Ë Ë É N É N É Ë Ë Â in theexponentof (59),with aneffective-
actionmassparametermπ. It is importantto clearlydistinguishthismass,togetherwith the
equationswhich defineits value,from thepion massthatwould emergefrom theevalua-
tion of thefunctionalintegralsin (58)or (59).Equation(58)or (59)definestheobservable
pion mass,whereasthe massin the exponentdefinesthe constituentpion mass.There
is no reasonfor theseto be equalin magnitude,thoughthey may well both be givenby
thegenericGell-Mann-Oakes-Renner(GMOR) [45] formula.Recentlytherehasbeenre-
newedinterestin themassformulaefor thepion [46–48].
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8. Constituentnucleon

We reporthereprogressin calculatingthe constituentnucleonwhich emergesfrom
the GCM hadronisationasa threeconstituent-quarkstate,boundby the effective gluon
correlator. This nucleonstateis treatedasa correlationbetweena constituentquarkanda
constituentdiquarksubcorrelationin theseparableFaddeev approach.Thefirst suchcom-
putationwasin 1989[48] anduseda rank-1descriptionof thescalardiquark;thisyielded
a constituentcoremassof approximately1.3 GeV, which wasvery closeto theexpected
coremass[50]. A full calculationof thenucleoncoremassis particularlydifficult andhas
yet to be attempted,as it requiresthe inclusionof the constituentquarkcorrelatorsand
thevariousconstituentdiquarkcorrelators,but particularlythatof thescalar0Ì andvector
1Ì diquarks.This nucleoncorestatethenhasits massfurther reducedby pion dressing.
As preparationfor theseextensive ab initio computationswe have beenmonitoringthe
responseof thenucleoncoreto theunderlyinglow energy quark-gluonprocessesby com-
puting the quark- scalar-diquarknucleoncorestate.The resultsareshown for GCM95
(rank 2), GCM97 (rank 3) andGCM98 (rank 3) in Table2. We now briefly outline the
presentproceduresusedin thesestudies.Working in a Euclideanmetric theequationfor
thespin 1

2
Ì nucleonform factorseparablecomponents(eachaspinor)is

Ψi Í p;PÎ,Ï 1
6 ∑

jk Ð d4qÍ 2π Î 4 Γi Í Í p Ñ 1
2

q Ñ 2 Ò 3α
2

PÎ 2 Î Γ j Í Í q Ñ 1
2

p Ñ 2 Ò 3α
2

PÎ 2 ÎÓG Í Í 2α Ò 1Î P Ò p Ò qÎ G Í Í 1 Ò α Î P Ñ qÎ Z jk Í Í αP Ò qÎ 2 Î Ψk Í q;PÎ Ô (60)

wherethe Ψk aredefinedin termsof an arbitrarymomentumpartitioningparameterα.
Herethescalardiquarkcorrelatoris modelledusingtheseparableform

∆ Í q Ô p Ô PÎ,Ï ∑
i j

Γi Í qÎ Zi j Í PÎ Γ j Í pÎ Ô (61)

whereq and p are the relative quark momenta,and P is the diquark momentum.This
nucleoncore equationrequirescareful determinationof its only ingredients,the quark
correlatorandthediquarkcorrelator, andparticularlyits vertex functions.Thesearedeter-
minedby solvingthediquarkBSEusingtheseparablerepresentationof theeffectivegluon
correlator. No integrationcutoffs arerequired.

We seeksolutionsto (60) (which beinga homogeneouslinearequationwill only have
solutionsfor particularP2 ÏdÒ M2

0) whichgivethenucleoncoremass.Wework in therest
frameof thenucleonandaccordinglysetP Ï Í 0 Ô iM0 Î . With theabovechoicesof Γ, G, Z
andP, (60) enjoys a spatialO Í 3Î symmetry. A direct calculationshows that the integral
operatorcommuteswith theangularmomentumoperatorJ Ï L Ñ S Ï i ∂

∂p Õ p Ñ 1
2σ, sowe

take theΨk to beoneof thegeneralL Ï 0, S Ï 1
2
Ì states

ΨÖ k ÏØ×ÙÙÚÜÛ 1
0 Ý uk Í pÎ

σ Þ pß
p
ß Û 1

0 Ý vk Í pÎ
à ááâ or Ψã k Ï¬×ÙÙÚäÛ 0

1 Ý uk Í pÎ
σ Þ pß

p
ß Û 0

1 Ý vk Í pÎ
à ááâ Ô (62)
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whereuk andvk arefunctionsonly of p4 and å p å . Equation(60) thenbecomesæ
ui ç pè
vi ç pè¨édê ∑

k ë d4qç 2π è 4Kik ç p4 ì å p å ;q4 ì å q å ;p í q è æ uk ç qè
vk ç qè¨é (63)

Kik ç p4 ì å p å ;q4 ì å q å ;p í q è ê 1
6 ∑

j
Γi ç ç p4 î 1

2
q4 î 2 ï 3α

2
iM0 è 2 î å p î 1

2
q å 2 èí Γ j ç pð qè G̃1G̃2Zjk ç s3 è ì

G̃1 ê 1
s1A2 ç s1 è î B2 ç s1 èí ñ ç ç 2α ï 1è M0 î i ç p4 î q4 è è A ç s1 è î B ç s1 è ç å q å î p ò qó

q
ó è A ç s1 èç å p å î p ò qó

p
ó è A ç s1 è ç G̃1 è 22 ô ì

where ç G̃1 è 22 êdõ ï ç ç 2α ï 1è M0 î i ç p4 î q4 è è A ç s1 è î B ç s1 è ö p ò qó
q
ó ó
p
ó ì

G̃2 ê 1
s2A2 ç s2 è î B2 ç s2 èí æ ç ç 1 ï α è M0 ï iq4 è A ç s2 è î B ç s2 è ï÷å q å A ç s2 èå q å A ç s2 è ï ç ç 1 ï α è M0 ï iq4 è A ç s2 è î B ç s2 èøé ì

andtheargumentsof thequarkanddiquarkcorrelatorsare

s1 ê ç p4 î q4 ï ç 2α ï 1è iM0è 2 î å p î q å 2 ì
s2 ê ç q4 îEç 1 ï α è iM0è 2 î å q å 2 ì
s3 ê ç q4 ï iαM0 è 2 î å q å 2 í ù úû (64)

Equation(63) reducesto n (the rank of the gluon correlatormodelling) coupledtwo-
dimensionalintegral equationsafter performingonetrivial andonenumericalanglein-
tegrations.We searchfor eigenvectorsby introducinganeigenvalueλ ç M0 è andchanging
M0 until theeigenvalueλ ê 1. Valuesfor M0 arein Table2.

Therehave now beenmany quark-diquarkFaddeev studiesof the nucleon[51–60],
with applicationsto hadronicform factors[61,62].

9. Piondressingof constituentnucleon

The GCM hadronisationleadsdirectly to the formalismfor dressingthe constituent
nucleonby mesonsasnotedin Sect.3.5.Thefull determinationof thisnucleonstateis not
yet completed,however we illustrateherethe natureof the mesondressingcalculations.
While chiral symmetrymandatesthe on-mass-shellpion-nucleoncoupling,asin (38), it
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is clearly necessaryto include the πNN form factor in calculatingloop processes.The
nucleoncorrelator ü N is thendeterminedby theEuclideanmetricDSE:ü�ý 1

N þ pÿ�� i
�
p � M0 � 3

MM0

f 2
π

�
d4qþ 2π ÿ 4 1þ p � qÿ 2 � m2

π� Γ þ p � q � qÿ iγ5 ü N þ qÿ iγ5Γ0 þ p � q � qÿ � (65)

whereM0
fπ

and M
fπ

arethecoreanddressedπNN couplings,andü N þ pÿ�� þ iA þ p2 ÿ p � γ � B þ p2 ÿ � M0 ÿ ý 1 � (66)

HereM0 is theconstituentnucleonmass,while themassof thedressedor physicalnucleon
M is givenby themass-shellconditionp2A þ p2 ÿ 2 � B þ p2ÿ 2 	 p2 
 ý M2 � 0. This zerois situ-
atedin thetime-likeregionandis determinedby analyticcontinuationfrom theEuclidean
supportp2 � 0 in (65). As M occursin oneof thecouplingswhensolving(65) we must
find self-consistency for the valueof M. This addsto the non-linearityof this DSE.We
modelthedressedandconstituentform factorsby thesameseparableapproximation,

Γ þ p � qÿ�� Γ0 þ p � qÿ�� 1þ 1 � p2

β2 ÿ þ 1 � q2

β2 ÿ � (67)

in which p is thepion momentumandq thenucleonmomentum,wheretheparameterβ
is computableusingthenucleonstructurefrom Sect.8, but herewe show results,in Fig.
10a,for threetypicalvalues.Despiteits non-linearity(65)convergesaftera few iterations,
indicatingthatthepiondressingof thenucleoncoreinvolvesonly asmallnumberof pions.
Neverthelessdueto thelow massof thepion thenucleonmassshift of typically some300
MeV is significant,a resultthatis alsoseenin MIT bagmodelling[63].
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Fig. 10. (a) Mass M of the dressednucleonfor various constituentnucleonmasses
M0(GeV), for πNN form factorparameterβ � 0  55GeV(longdash),β � 0  65GeV(solid)
andβ � 0  75 GeV (shortdash),(b) Plotsof the MIT bagconstant� 1� 4 � σ � for valuesof
thescalarfield 0 � σ � 1. Thecurvesshow resultsfor GCM98-solid,GCM95-dashedand
GCM97-shortdash.

10. Connectionto othermodels

By furtherapproximationstheGCM providesa derivationof many othermodels,and
somakesit possibleto link thesemodelsto QCD asillustratedin Fig. 1. A particularfea-
tureof thisGCM linking is thatit canpredictthevaluesof many of thephenomenological
parametersoccurringin thesemodels,andrelatetheir valuesto theunderlyinglow-energy
quark-gluonprocesses.Herewebriefly indicatetheconnectionto someof thesemodels.

The Nambu-Jona-Lasiniomodel(NJL) is an obvious specialcaseof the GCM. For-
mally the NJL model [14] is the contactinteractionlimit of the GCM: Dµν

� x � y���
g2δµνδ � x � y� or D � p��� g2. But in the CQ equationthe contactlimit is undefinedbe-
causeit leadsto divergencesin (53) and (54). A cutoff Λ is then always introduced
in NJL computations,which is equivalent to using the ‘step-function’ gluon correlator
D � p��� g2θ � q2 � Λ2 � . Hencethe NJL model is the GCM but with a box-shapedD � p� ,
ratherthana ‘running’ D � p� .

As we have alreadynotedin Sect.3.4 theGCM providesa comprehensivederivation
of the NG sectoreffective action. This is the ChPT effective action [64], but with the
addedinsight that all coefficientsaregivenby explicit andconvergentintegralsin terms
of A andB, whicharein turn determinedby Dµν. Thehigherordertermscontributeto ππ
scattering,andthesensitivity of theseto changesin Dµν areshown in Table2. TheGCM
formalismalsoprovidesthenon-localNG-baryoneffective action,andthis leadsto finite
valuesof observables,andsoobviatesthenon-renormalisabilityproblemsthatplaguethe
local-ChPTphenomenology.

While theGCM hadronisationis themainresult,at an intermediatestageoneobtains
[1] extendedmesonquark-mesoncouplingtypemodels(QMC) [65]. Applying meanfield
techniquesto theGCMquark-mesoncouplingeffectiveactionleadstosolitontypemodels,
which have beenstudiedin detail in Ref. 31 andthesignificanceof theextendedmesons
demonstrated.Fromthesolitonmodelsafurtheransatz[1] for theform of thesolitonleads
to theMIT andcloudybagmodel(CBM). In Ref. 66,baryonsaremodelledashybridsof
solitonsandthreequarkboundstates.An expressionfor the MIT bagconstant,derived
from theGCM is [1]

��� 12π2� 2π � 4 ∞�
0

sds � ln � A2 � s� s � B2 � s�
A2 � s� s ��� B2 � s�

A2 � s� s � B2 � s� ��� (68)

whichis basedontheenergy densityfor completerestorationof chirally symmetricpertur-
bativeconfigurationinsidea cavity. This bagconstantis for corestatesbecauseno meson
cloudeffect is included.With a meanfield descriptionof thepion sectorvia σ � x� , which
describestheisoscalarpartof σ � x� V � x� , whereσ � x� is a ‘radial’ field multiplying theNG
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bosonfieldV � x (seeSect.3.4), ! becomes,for constantσ,

!"� σ  �# 12π2� 2π  4 ∞$
0

sds % ln � A2 � s s & σ2B2 � s 
A2 � s s  �' σ2B2 � s 

A2 � s s & B2 � s ( (69)

which reducesto (68) whenσ # 1, beingthenon-perturbativefield externalto anisolated
nucleoncore. Here σ ) 1 describesa partial restorationof chiral symmetryoutsideof
the core.Using the gluon correlatordiscussedin Sect.4, we obtainthe plot of ! 1* 4 � σ  
shown in Fig. 10b, for the threeGCM gluon correlators.Again we emphasizethat the
GCM providednot only theMIT bagphenomenologybut alsothevalueof theMIT bag
constant.Dressingof thenucleoncoreby mesons,usinga meanfield modelling,is partly
describedby a reductionin σ in the surfaceregion, causinga reductionin the nucleon
mass.

Howeverin nucleiameanmesonfield description[67,68]meansthatσ is evenfurther
reducedoutsideof the nucleons,and the effective bagconstantis further reduced.The
σ field canmodel in part correlatedππ exchangesand,alongwith the ω mesonfield, is
believedto beimportantin ameanfield modellingof nuclei.In Ref.69 it hasbeenargued
thatthereductionof theeffectivebagconstantfor nucleonsinsidenucleiis essentialto the
recovery of featuresof relativistic nuclearphenomenology. The GCM thusallows !"� σ  
anddetailsof relativistic nuclearphenomenologyto bedirectly relatedto the low energy
quark-gluonprocessesthathavebeenextractedfrom low energy mesondata.

11. Conclusion
TheGCM hasturnedout to bea very efficaciousmodelof QCD whenappliedto low

energy hadronicprocesses.Thissuccessappearsto arisefrom afeatureof QCDthatmight
be thoughtto make low energy hadronicphysicstoo difficult to sustainfundamentalan-
alytical models,namelythe strengthandnumberof gluonic processesin the IR regime.
However their verystrengthseemsto leadto anIR saturationeffect in which thehadronic
processesbecomesomewhat insensitive to detailsof thesegluonicprocesses.This fortu-
itouscircumstanceprobablyalsoexplainswhy therearea considerablenumberof seem-
ingly differentbut apparentlysuccessfulhadronicmodels.TheGCM appearsto mostsuc-
cessfullyincorporatethe manifestationsof this simplifying featureof QCD. It doesso
by beingitself a well-definedquantumfield theoryin which theconsequencesof thedy-
namicalbreakingof chiral symmetryareautomaticandsignificant. It alsosupportsthe
powerful hadronisationanalysisfrom which the appropriatedynamicalvariablesfor low
energy hadronicprocessesnaturallyemerge.A key partof this hadronisationis a bilocal
meson-diquarkbosonisationof theGCM. It is throughthisnon-localbosonisationthatwe
avoid the spuriousintroductionof a non-renormalisableeffective actionfor the hadrons.
Becauseof this we canuniquely relatethe numericalvaluesof numeroushadronicob-
servablesto theunderlyingmodellingof thequark-gluonprocesses.This procedureis so
robust that recentprogressis alreadyseeingthe comparisonof lattice-determinedlow-
energy quark-gluonprocesseswith thoseextractedfrom experimentaldata.Until now the
GCM hasmainly beenappliedto themesonsector, however asreportedherework on an
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ab initio computationof the nucleonpropertieswithin the GCM is now well advanced.
Thenucleonis a complicatedstateto studynot only becauseof its threequarkcharacter
but alsobecausethe mesonicfluctuationsplay a significantrole. The studyof the bary-
onicsectorof theGCM will providearich field of phenomenain whichcomplex hadronic
processesmaybedeterminedin thecontext of properlycomputablequantumamplitudes
devoid of thenon-renormalisabilityproblems.
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GLOBALNI MODEL BOJEQCDeZA HADRONSKEPROCESSE

Globalni model boje (GCM) kvantnekromodinamike (QCD) je kvantnateorija polja
kvarkova i gluonakojom se vrlo uspjěsno modelirajuprocesiQCD na niskim energi-
jama. Efektivni gluonski korelatorsluži za opisivanje med–udjelovanjastruja kvarkova.
Funkcionalniintegralni račundozvoljava opishadronizacijeu GCM. Najvažnije konfigu-
racijehadronskihfunkcionalnihintegralasejavljaju kaoučinakkonstituentnihkvarkova,
što je jednakovrijedno krnjoj kvarkovskoj Dyson-Schwingerovoj jednaďzbi (tDSE).
Med–utim, GCM pokazujeda hadronskafizika zahtijeva opis procesakoji prelazetDSE.
U ovom pregledudajuseprimjeri zamezonske i nukleonske procese.GCM je važanjer
pokazujekako seQCDodnosipremamnogimhadronskimmodelima.
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