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Chaotictransientandpreimagesreinvestigatedor anew mapproposedecently having

aholein theunitinterval of ther = 4 logistic map.This mapis characterizetdy deviations
from Frobenius-Perroequationfor averagelifetimesin dependencen hole positionin

theform of burstsof averagdifetime. We presentlassificatiorof theseburstsonthebasis
of averagelifetimes. Using time mapsit is investigatechow theseburstsare causedoy

missingpreimage®f theholeinterval 1 (9. We derive approximatexpressiorfor theratio
of lifetimesdeducedrom Frobenius-Perroandfrom Kantz-Grassbegerequations.

1. Introduction

Transientchaosplays an importantrole in various dynamicalsystems[1]. It was
obsenedin the Lorenzmodel[2-5], low-dimensionalmaps[6—9], nonlinearoscillators
[10,11], delayequationd1?], partial differentialequationg13,14], coupledmaplattices
[15,16], one-dimensionatobot model [17,18], discretegenesequencef biology [19],
modelsof amorphoussolids[20] andof quasicrystal§21], neurobiology[22], epidemi-
ology [23], laserwith modulatedosses[24] etc. It wasfound that the phenomemorof
chaoticchaosis associatedvith dynamicalsystempassingthroughcrisis[25]. It is ob-
senedin adynamicalsystemin the rangeof control parametei whichis slightly above
thecritical valueA; wherethe crisistakesplace.For A > A¢, the characteof time evolu-
tion of thesystenis connectedvith the coexistenceof atleastonestrangaepellerandone

FIZIKA B 6(1997)1, 2334 23



PAAR AND PAVIN: MISSING PREIMAGES FOR CHAQOTIC LOGISTIC MAP.. ..

attractor Trajectoriednitiated in the neighborhoodf a repellerarebouncingchaotically
betweerthe pointsof arepellerduringafinite time afterwhich they leave this region, then
approachhe attractorandstayon it. Thus,the asymptoticbehaoir of a systemis deter

minedby the propertiesof final attractor In a caseof mary repellerscoexisting with one
final attractoroneobsenresa cascad¢26] of chaotictransientendingon theattractor

2. Chaotic transienst for ther = 4 logistic map with a
narrow hole

The significanceof one-dimensionatapsis underscoredby the factthat new ideas
aboutgeneralchaoticsystemsare ofteninvestigatecandexemplifiedon one-dimensional
maps.A furthermotivationfor studyingonedimensionamapsis thathigherdimensional
systemsoften approximatelyreduceto one-dimensionaldynamics. Thus, the one-
dimensionalmapsare well suitedfor studyingtransientchaosnot only sincethey pro-
vide the simplestexamplesbut also becausehey model very closely what is going on
alongtheunstablananifoldsof strangechaoticsetsin higherdimensionasystemswith an
one-dimensionalinstablemaryfold. It is possibleto modeltransientchaosby usingsome
specialmaps.

Transientchaosoccursfor one-dimensionamapsif a unit intenval | is mappedunder
thedynamicsf (x) notonly ontoitself but but partially alsooutsideitself [1]. An example
of suchamapis thelogisticmap[1,27]in the caseof controlparameter beinglargerthan
4.

Recentlywe have introduced[28,29] a nev mapproducingchaotictransientglefined
ontheunitintenal by

f(X):{ b=, X )

o, xel© >
wherel © is anarrav interval (& — 4,€ + 9) within theunitinterval I.

Forr = 4 thelogistic mapmapstheunitinterval | ontoitself, whichis thecaseof fully
developedchaosgexpessedy anexactsolution[30]

Xn = sir?(2"arcsiny/Xo) 2)
where0 < arcsin,/Xp < mmandtheinvariantdensityis
1

m/X- (1—x)

Our map (1) coincideswith ther = 4 logistic map on the unit interval, exceptfor a
narrav hole of the width d at the positionx = £. In the first iteration the interval 19
aroundg escapesheunitinterval I, in the secondterationits first preimagescapeand
soon (Fig. 1). Finally, we end up with aninvariantstrangesetin I, which is a chaotic
repeller Onthe otherhand,ary trajectoryescapingheunitintenal | goesto the attractor
atinfinity.

W(x) = ®)
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Fig. 1. The new map(1) andthel®, 1@ preimageof 119. The holeis definedby (a)
£—05,d=0.1and(b) = 0.75d = 0.1,

In Figs. 2.a-ewe presentasillustrations,trajectoriescorrespondingo chaotictran-
sients.In figure the attractorin which afterinitial transientghe trajectoryendsup is not
at o, asfor themap(1), but is determinedor the caseof a mapwith the constantvalue
f (x) = const. within the hole,whereconstanvalueis takenas 3[ f (§ — %) + f(€+ %)]. In
this caseinsteadof attractorof period1 at infinity, we have attractorsof variousperiods.
In the casesconsideredve have periodsl, 2, 3, 4 and52, respectiely. Of course,the
trajectoryof atransienidoesnot dependnthedefinitionof f(x) within thehole.

lllustrative examplesof distributionsof lifetimesof chaotictransientsaredisplayedn
Fig. 3, which presentddistribution. The numberof surviring orbits asa function of time
(i.e. iterationsteps)is illustratedin Fig. 3. Fromthe ensuingexponentialdistribution we
determinghe averagdifetime.

In analogyto Ref. 28 we have calculatedhe averegelifetime of chaotictransientasso-
ciatedwith themap(1) in dependencen the hole positiong for the hole width d = 0.03
(Fig. 4). The averagelifetime is calculatedfor eachof the positionsof the hole interval
119:(0,d), (15d, 1§d), (£, 33d), ---(L—d,1). In eachcasethe averagelifetime T was
determinedrom anexponentialdecayof the numberof survivors

Np = Noe™¥" (4)

whereN, denoteshenumberof orbitsstayingstill insidetheunitinterval | aftern stepsNog
is a constantorrespondingo theinitial numberof trajectorieqwe take Ng = 10° i.e. 10°
inital positionsuniformly distributedalongthe unit interval) andk is escapeaate. (More
preciselyasnotedpreviously, for smallintervalsNg
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Fig. 2. a-edisplayexamplesof orbitsfor redefinedmap(1) (seethetext) whichendupin
attractorsof periodsl, 2, 3, 4 and52, respectiely.

shouldberenormalizedo Noe~ ', but this doesnotinfluencek.) Thedefinitionof escape
rateshovs thatthe numberof survivorsdecreaseby afactorof 1/e afteraboutl/k steps.
Thereforethenumberl/k is identifiedwith the averagdifetime of transients
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Fig. 3. Distribution of lifetimes for uniformly distributedpositionsin theinterval [0.07 —
£,0.07 + €] for threedifferentvaluesof € = 1076, € = 10~° ande = 1072 (from left to
right) with € = 0.75,d = 0.04.

Ontheotherhand,the Frobenius-Perroaquationeadsto

£+d/2 L t L
v | e e ®

£—d/2

which givesa semicirclepredictionfor lifetimes(dashedine in Fig. 4).

The grossbehaior of calculatedaveragelifetime is approximatedy the Frobenius-
Perronequation,but at somepositionsthereappeamarron "bursts” of averagelifetime,
which sizeablyexceedthe Frobenius-Perroprediction. To successie groupsof peaks
(accordingo the lifetimes)we assigrthe classificatiomumberk sothattrajectoriesstart-
ing from initial positionscorrespondindgo a peakof orderk escapehe unit interval in k
iterationsteps.

In Table1 we presenthe calculatedaveragelifetimes of chaotictransientdor peaks
correspondingo classificatiomumbersk = 1, 2 and3 for the holewidthsd = 1072 and
d = 10~*. The ratio of averagelifetime Tt for a peakwith classificationnumberk and
Frobenius-Perrolifetime (denotedy 1rg) is comparedo the estimate

2k
=0 7
Re= 55 ()
whichwasderivedin Ref. 28 on the basisof consideratiorof successie preimage®f the
holeinterval 1(9. As seen the estimate(7) for R, givesa rathergoodapproximatiorfor
thecalculatedatiot/1rg. We have foundthatwith decreasef theholewith d theaverage
lifetime t approachethevalueRy - Tgg:

é@OT =R« T8 (8)
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Fig. 4. Averagédlifetime T of chaotictransientassociateavith the map(1) in dependence
on the hole position& (solid circles). The width of the holeis fixedatd = 0.03. Dashed
line correspondso the solutionsof Frobenius-Perroaquation.

TABLE 1. Averagédlifetime of chaotictransientdor groupsof peaksof classification
numbek =1, 2 and3 associatedith themap(1) for theholeposition, andtheholewidth
d. Teg andt arethe averagelifetimes determinedfrom the Frobenius-Perroequation
andfrom exponentialdecayof trajectoriesstartingfrom 10° uniformly distributedinitial
positions.

k E TFB T T/TFB ZK/(ZK— 1)
d=10%[d=10"%
1) 0.750| 135.5| 264.6 1.95 2.000
2 10.345]| 148.8| 1914 1.29 1.336 1.333
0.904| 92.0| 1164 1.26 1.335 1.333
310.117| 100.5| 108.8 1.08 1.143
0.413| 154.2| 169.2 1.10 1.143
0.970| 52.9| 55.6 1.05 1.143
310.188| 122.2| 133.2 1.09 1.143
0.611| 152.7 | 168.6 1.10 1.143
0.950| 67.9| 728 1.07 1.143

In orderto studythe patternof preimage®f 1(9 we have calculatecthetime mapsfor
severalpeaksof averagdifetimes (Fig. 5). If we negglectthe preimages
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Fig. 5. Time mapsfor chaotictransientgorrespondingo themap(1) with theholeposition
equalto (a)0.71,(b) 0.75(c) 0.413.Thewidth of theholeisd = 0.03.

which accidentallyfall on the interval 119, i.e. consideringthe caseof the hole width
d — 0, we seethatfor & = 0.5 (i.e. for acentrallyplacedhole),the numberof preimagesn
then-th stepis N, = 2" (seconctolumnin Table2). Similarresultis obtainedor &€ = 0.71,
with the holelying asymetricallybut outsideof positionsof pronouncegeaksof average
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lifetime (Fig. 5a).

TABLE 2. Maximum possiblenumberof preimage®f the holeintenval 19 in then-
th iterationorderdeterminedrom the time mapsfor several low-orderpeaksof average
lifetime.

n €

0.5] 0.75 0.345 0.414
0 1 1 1
1| 2 1 2 2
2| 4 2 3 4
3 8 4 6 7
4| 16 8 12 14
5| 32 16 24 28
n on | on-1 2n—2(22 _ 1) 2n—3(23 _ 1)

A differentpatternoccursfor & = 0.75, correspondingo the positionof largestpeak
(k= 0).In thiscaseNg = 1, Njy = 2™ wherem = 1, 2, ... (third columnin Table2).

For thek = 2 peakat & = 0.345we obtainNg = 1, Ny = 2, Ny, = 2™ 1(22 — 1) where
m= 2, 3, ... (fourth columnin Table2).

For the k = 3 peakat § = 0.414 (Fig. 3c)we obtainNg = 1, Ny =2, Np =4, Ny =
2m-3(23 — 1) wherem= 3, 4, ... (lastcolumnin Table2).

5

10

(1=S(r)/r
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3 ‘/f
10 3 T4 5
10 10 10
1/r

Fig. 6. Determinationof fractal dimensionof chaoticrepellerassociateavith the map
(1) for £ = 0.413 d = 0.03 asa slopeof the log-log plot of R(r) vs. 1/r. The slopeis
D = 0.97284+0.0002

Theseresultscanbe combinedas

2n, n<k
Nn - { 2n—k(2k_ 1), n Z k - (9)
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Usingapproximateelations[28]

Tl > anlNn (10)
n=1

g~ Y on2” (11)
n=1

wherea, arecertaincoeficients,Eq. (9) leadsto theapproximateelation(8).

3. Srange repeller associated with the new map

In apreviousstudyof circlemapfor themode-locledintenvalsthewindingnumbemwas
investigatedshaving the widths of the stepsA(P/Q) versusP/Q [31]. Thecorresponding
graphwasaline whoseslopegivesthefractaldimensionln
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Fig. 7. FractaldimensiorD of the repellerin dependencen the hole position& for d =
0.03. Theverticalaxis displaysﬁ .

ananalogwaywe have calculatecherethetotal width (r) of all cylinderswhicharelarger
thanagivenscaler. (Accordingto Ref. 1 the preimagentenalsof the unit interval | are
calledcylinders.)Thespacebetweerthecylinders,1 — §(r), measurednthescaler gives
the numberof "holes” N(r) = [1— S(r)]/r. In Fig. 6 the log-log plot of N(r) vs 1/r is
presentedor a setof valuesof r in the interval (10~3,10-°), andthe fractal dimension
wasdeterminedasanillustration, for £ = 0.413,d = 0.03. The pointsfall on a straight

line indicatingthe power law
D
N(r) O (}) . (12)
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Fig. 8. Lyapunw exponentcalculatedor the map (1) with & = 0.75, d = 0.03 Theresult
is consistentvith A = In2 which correspondso thelogistic map.

In this way we obtain D = 0.9691+ 0.0002 for § = 0.5 and D = 0.9829+ 0.0002 for

& = 0.75.Heretheuncertaintyon D wasfoundfrom afit of straightline. In dependencen

thehole positiong theresultfor fractaldimensionof the strangenvariantsetis displayed
in Fig. 7. In accordancevith Ref. 28,thegraphﬁ vs & coincideswith thegraphfor the
averagdifetime 1 vs €. Usingthe Kantz-Grassbejerrelation[27]

(13)

it follows thatthe Lyapuna exponentA is a constantjndependenbn &. This prediction
isin accordancevith directly calculated_yapunw exponent\ (Fig. 8), whichturnsoutto
be practicallyequalto the valuewhich correspondso the Lyapunw exponentassociated
with ther = 4 logistic map[27].

4. Discussion and conclusion

Given the cylinders of n-th order eachcylinder expandsto the unit intenal | in n
iteratesandsothelengthA of acylinderis relatedto the characteristieéxponentA by [32]

A=e™ (14)

Theentropy S(\) expresseiow mary cylindershave givenA, i.e. a givenlength. More
preciselye™Md) is thenumberof cylinderswith characteristiexponentn aninterval of

sizedA around\. Oneintroducesa partitionfunctionZ,(3) asasumoverall cylinderslj(”)
onagivenlevel [32-35].

Z(B) = 5 A(1{")P (15)
J
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wheretheparametef is theanalogof inversetemperaturén thermodynamicsThegrowth
rateof the partitionfunctiondefineshe pressurd®(3)

P(B) = lim ~logZ(p) (16)

whichis analogto thefreeenegy densityF (t). HerethevalueP(1) hasa simplephysical
meaningof beingequalto —k, wherek is the escapeaate of pointsin the unit interval |
(Eq.(4)). Accordingto the constructiorof the cylindersthereis [32]

3 A0 ~ e (17)
J

fromwhichoneobtaingherelationto P(1). Thesumovercylindersin (15) canbereplaced
by anintegral over characteristieéxponentsgiving [32]

a@~/@$HWm. (18)

Thus, the thermodynamicalormalismcanbe related,in generalto the mapsassociated
with chaotictransients.

Concluding,we have investigatecchaotictransientsassociatedavith our newv map (1)
andwe deducedan approximateexpressionfor the preimageof the interval definedby
thehole.Thisrelationis in accordancevith theaveragdifetimesobtainedor the”bursts”
with respecto the Frobenius-Perrolifetimes. Finally we notethatin the caseif the map
(1) is modifiedby defining f (x) = 3[f(§ — 9) + f(§+ 3)] in theinterval 1, the position
of theburstsof averagdifetime areassociatevith stabilizationof unstableperiodicorbits
[29].
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NEDOSTJUCE PREDSLIKEZA KAOTICNU LOGISTICKU MAPU SRUPOM

Kaoti€ni tranzijentii predslile istrazuju sezanovu mapukojaima rupuunutarjedinicnog
intenala logisticke mapezar = 4. Ovu mapukarakterizirajuodstupanjeod Frobenius-
Perroneejednadbezavrijemepoluraspada ovisnostio poloZzajurupe,u obliku skokova
u vremenupoluraspadaPrimjenomvremensk mapeistrazuje sekako ti skokovi nastaju
kao posljedicanedostajaih predslikarupnogintervala. Izvodi se priblizanizraz za om-
jervremengoluraspaddobivenogpomdau Frobenius-Perronei Kantz-Grassbgerove

jednadbe.
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